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A note on Heckman-type corrections in models
for zero expenditures

Frederic Vermeulen�

Center for Economic Studies
Katholieke Universiteit Leuven

July, 2001

Abstract

In Heien and Wessells (1990), a two-step estimation procedure, that
makes use of Heckman-type corrections, is proposed to estimate consump-
tion on household budget surveys. It is shown that this approach, which
draws from switching regressions models, leads to inconsistent estimates.

1. Introduction

In Heien and Wessells (1990), a two-step estimation procedure, that makes use of

Heckman-type corrections, is proposed to estimate demand systems on household

budget surveys. The latter are characterised by the presence of zero expenditures.
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The proposed two-step estimation procedure however, draws from a wrong inter-

pretation of Lee�s (1981) generalised framework, which nests, among others, the

switching regressions model. Moreover, it can easily be shown that the approach

results in the same inconsistent estimates as if ordinary least squares (in the case

of a single equation) or, for example, seemingly unrelated regressions (in the case

of a demand system) would have been used on all the observations, including the

zeroes.

2. The switching regressions model

In Lee (1981) a uni�ed simultaneous equations model is presented that consists of

observable continuous endogenous variables, limited dependent variables, unob-

servable latent endogenous variables with binary indicators and censored depen-

dent variables. A special case of this model is the switching regressions model,

that was put into practice by, for example, Lee (1978).

Suppose that an agent can be subject to two mutually exclusive and exhausted

regimes. More speci�cally, his behaviour can be described by two di¤erent regres-

sion equations. Each observation in the sample either belongs to the �rst regime

or to the second, but never to both. A selection mechanism, which determines

whether an observation will be found in the �rst regime or in the second, is cap-
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tured by a standard probit model :

z�i = W
0
i + ui; i = 1; 2; :::; n (1)

Ii = 1 if z�i > 0 (2)

Ii = 0 if z�i � 0 (3)

where z�i is an unobservable latent variable, Wi is a vector of exogenous variables,

Ii is a binary indicator and n is the number of observations in the sample. The

normalisation restriction �2u = 1 is assumed. Each regime is characterised by an

own equation with (possibly the same) vectors of explanatory variables X1i and

X2i :

y1i = X
0
1i�1 + "1i (4)

for observations belonging to the �rst regime (Ii = 1), and

y2i = X
0
2i�2 + "2i (5)

for i belonging to the second regime (Ii = 0). It is assumed that ui; "1i and "2i

follow a trivariate normal distribution, independent of all regressors. The prob-

lem now is, that E ["1i j Ii = 1] and E ["2i j Ii = 0] do not equal zero, if ui is

correlated with "1i or "2i, respectively. Consequently, in that case, ordinary least
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squares (OLS) estimation of equations (4) and (5) would yield inconsistent esti-

mates of respectively �1 and �2. In particular, it follows that

E ["1i j Ii = 1] = E ["1i j ui > �W 0
i] = �"1uE [ui j ui > �W 0

i] (6)

and

E ["2i j Ii = 0] = E ["2i j ui � �W 0
i] = �"2uE [ui j ui � �W 0

i] (7)

where �"iu denotes the covariance between the error term of regime i and that

of the selection mechanism. It is possible to use the above results to adjust the

regime regressions, such that they have a mean zero error term uncorrelated with

the explanatory variables. Writing

y1i = X
0
1i�1 + �"1u

� (W 0
i)

� (W 0
i)

+ �1i (8)

y2i = X
0

2i�2 � �"2u
� (W 0

i)

1� � (W 0
i)

+ �2i (9)

yields zero conditional mean error terms �1i and �2i. Both equations are thus

adjusted with a Heckman-type correction term, where � (:) and � (:) are the nor-

mal probability density function and the normal cumulative distribution function,

respectively. The two-stage estimation procedure suggested by Lee (1978, 1981)

is as follows. In a �rst step the selection mechanism is estimated by making use of

probit maximum likelihood in order to obtain estimates of . These
^
 coe¢ cients
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are used to obtain consistent estimates of the correction terms � (W 0
i) =� (W

0
i)

and �� (W 0
i) = [1� � (W 0

i)]. In a second step the regressions (8) and (9) are

estimated consistently by OLS.

Heien and Wessells (1990) draw from the above switching regressions frame-

work to estimate demand systems on household budget surveys. Implicitly (and

incorrectly), they suppose that positive expenditures belong to the �rst regime

of the model, while zero expenditures are captured by the second regime. In

�rst instance, a selection mechanism is estimated by probit maximum likelihood

to derive the Heckman-type correction terms for both regimes. In the second

stage of their approach, a demand system is estimated by seemingly unrelated

regressions (SUR) by merging both regimes and estimating the system on all ob-

servations. More speci�cally, positive expenditures are given the correction term

of equation (8) while zero expenditures are corrected by the extra regressor of

equation (9). The other regressors are the same for both positive and zero expen-

ditures. This approach however, results in inconsistent estimates of the coe¢ cients

of the demand system. A characterisation of this inconsistency is given in the next

section.
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3. The nature of the bias

Without loss of generality, we will concentrate on a single equation which explains

the demand for a certain commodity. The observed demand is drawn from a

censored distribution with censoring at zero. Such a censored regression can be

adequately estimated by a tobit model or by Heckman�s two-stage estimation

procedure (see Heckman, 1979)1. Let us now formalise the approach followed by

Heien and Wessells (1990), which resembles the Heckman two-stage procedure.

We have again a selection mechanism which determines whether the expen-

ditures will be positive or equal to zero. Depending on the binary indicator Ii,

associated with the latent selection variable z�i , a limit or a continuous observation

yi will be observed :

z�i = W
0
i + ui; i = 1; 2; :::; n (10)

y�i = X
0
i� + "i; i = 1; :::; n (11)

yi = y
�
i , Ii = 1 if z

�
i > 0 (12)

yi = 0, Ii = 0 if z�i � 0 (13)

under the assumption of a bivariate normal distribution of the error terms ui
1Note that in the tobit model, zeroes are assumed to be the result of a corner solution. In

Heckman�s model it is assumed that consumers of a certain commodity in a budget survey are
a nonrandom sample of the population, so that there is a sample selection problem.
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and "i and the normalisation �2u = 1. Note that in terms of Lee�s (1978) model,

both equations of the switching regressions model collapsed. For the positive

observations we have the following conditional expectation (remark that the latter

is also conditional on the explanatory variables, but to keep notation simple this

is not formalised here) :

E [yi j Ii = 1] = X 0
i� + �"uE [ui j ui > �W 0

i] = X
0
i� + �"u

� (W 0
i)

� (W 0
i)
: (14)

In the trivial case of zero expenditures, E [yi j Ii = 0] = yi = 0. So, in general,

the following expectation of yi can be derived :

E [yi] = E [yi j Ii = 1] � P (Ii = 1) + E [yi j Ii = 0] � P (Ii = 0) (15)

E [yi] =

�
X 0
i� + �"u

� (W 0
i)

� (W 0
i)

�
� (W 0

i) + 0 � [1� � (W 0
i)] (16)

E [yi] = � (W
0
i) �X 0

i� + �"u� (W
0
i) : (17)

This equation can be estimated in two steps using all observations, including the

zeroes (see, for example, Maddala, 1991). On the other hand, in the Heien and

Wessells approach, it is implicitly assumed that :

E [yi j Ii = 0] = X 0
i� + �"uE [ui j ui � �W 0

i] = X
0
i� � �"u

� (W 0
i)

1� � (W 0
i)
: (18)

Consequently, if we substitute the conditional expectations (14) and (18) into

7



(15), we obtain the following :

E [yi] =

�
X 0
i� + �"u

� (W 0
i)

� (W 0
i)

�
� (W 0

i) +

�
X 0
i� � �"u

� (W 0
i)

1� � (W 0
i)

�
� [1� � (W 0

i)]

(19)

E [yi] = X
0
i�: (20)

This result corresponds to OLS estimation on all the observations (including the

zeroes), so that this approach yields inconsistent estimates of the regression coef-

�cients. The estimation procedure was also applied by Heien and Durham (1991),

Warnaar and Van Praag (1997) and Saha, Capps and Byrne (1997), in the con-

text of systems of regression equations. Byrne, Capps and Saha (1996) used the

approach for the estimation of a single equation.

4. A simple illustration

To illustrate the above result, an Engel curve for expenditures on public transport

is estimated on the Belgian Household Budget Survey of 1995-1996. Public trans-

port was chosen because it may be the case that users of it form a nonrandom

sample of the population (remark that 62% of all households do not report any

expenditures on this commodity). Consequently, a sample selection model may

be adequate to use. In what follows, the Engel curve is estimated by OLS on all

observations, by the Heien and Wessells approach and by Heckman�s two-stage es-
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timation procedure. A Working-Leser Engel curve was chosen as functional form

(Leser, 1963) :

wih = �ih + �ih log xh (21)

where wih is the budget share of commodity i, xh are total expenditures and �ih

and �ih are coe¢ cients which may depend on other household characteristics.

In this illustration, we assume that household characteristics enter only in the

constant.

Table 1 shows the estimated parameters of the selection mechanism with their

standard errors and t-ratios. It is clear from the table, that the probability of

observing positive expenditures on public transport decreases signi�cantly with

the logarithm of total expenditures. Due to the positive coe¢ cient associated with

the squared of the latter, this probability decreases less than proportional with

the logarithm of total expenditures. Further, the probability of having non-limit

observations increases signi�cantly with the number of household members and

with the age of the head of the family. Also living in the Brussels and Walloon

region increases this probability2. As to social status, households with a white-

collar head of the family, or a head of the family which is unemployed, are more

likely to have positive expenditures on public transport.
2As to the dummy variables, Flemish region and self-employed head of the family are chosen

as the base.
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Table 1 : Parameter estimates of the selection mechanism
Variable coe¤. s.e. t-ratio
Constant 42.9868 13.6284 3.154
log x -6.6391 2.0009 -3.318
(log x)2 0.2497 0.0734 3.401
Number of earners -0.0404 0.0566 -0.714
Number of household members 0.0954 0.0248 3.847
Age head of the family 0.0772 0.0302 2.557
Brussels region 0.7784 0.0830 9.383
Walloon region 0.1328 0.0553 2.399
White-collar head of the family 0.4299 0.0922 4.665
Blue-collar head of the family 0.1618 0.1005 1.610
Retired head of the family 0.0294 0.1365 0.215
Other non-employed head of the family 0.4089 0.1405 2.910
The above results are now used to obtain the correction terms for the second

stage of both the Heien and Wessells approach and Heckman�s two-stage esti-

mation procedure. In table 2, the results of both procedures are shown, together

with the OLS results on all observations. It is clearly seen from the table, that the

Heien and Wessells approach and the OLS estimator obtain the same inconsistent

parameter estimates, except for the correction term of course.

As to the more appropriate Heckman�s two-stage estimation procedure, there

is a signi�cant (with corrected standard errors) negative relationship between the

share of public transport and the logarithm of total expenditures. Further, the

share declines signi�cantly with the age of the head of the family. A test of the

null hypothesis of no sample selection bias (�"u = 0 in equation (14)) has been

performed, using the standard t-test on the uncorrected standard errors (see,
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Heckman, 1979). The alternative hypothesis of sample selection bias could in-

deed not be rejected, so that the take up of the correction term was appropriate.

Finally, in order to illustrate the importance of using the correct parameter esti-

mates, income elasticities for both Heckman�s two-stage estimation procedure and

OLS were calculated. Evaluated at the average budget share of those households

having positive expenditures on public transport, the income elasticities equal

0.035 and 0.739, respectively. As to the character of the commodity, public trans-

port appears to be a necessity under both estimation methods. The di¤erence in

magnitude between both income elasticities however, is rather large. According

to Heckman�s two-stage estimation procedure, public transport even tends to an

inferior commodity.
Table 2 : Engel curve estimates

Heckman H & W OLS
Variable coe¤. s.e. coe¤. s.e. coe¤. s.e.

Constant 0.2369 0.0359 0.0548 0.0069 0.0548 0.0083
log x -0.0139 0.0019 -0.0037 0.0005 -0.0037 0.0006
Number of earners 0.0002 0.0013 -0.0002 0.0004 -0.0002 0.0005
Number of household members -0.0011 0.0008 0.0005 0.0002 0.0005 0.0002
Age head of the family -0.0026 0.0009 -0.0004 0.0002 -0.0004 0.0003
Brussels region -0.0087 0.0050 0.0053 0.0006 0.0053 0.0008
Walloon region -0.0023 0.0015 0.0005 0.0004 0.0005 0.0005
White-collar head of the family -0.0046 0.0034 0.0026 0.0007 0.0026 0.0008
Blue-collar head of the family -0.0029 0.0025 0.0002 0.0008 0.0002 0.0009
Retired head of the family -0.0023 0.0031 -0.0000 0.0010 -0.0000 0.0013
Other non-employed head of the fam. -0.0038 0.0043 0.0045 0.0011 0.0045 0.0013
Correction term -0.0185 0.0096 0.0089 0.0003
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5. Conclusion

In this paper, it is shown that the two-step estimation procedure proposed by

Heien and Wessells (1990) to estimate demand on budget surveys, obtains incon-

sistent parameter estimates. This procedure, which makes use of Heckman-type

correction terms for both positive and zero expenditures, draws from a wrong

interpretation of the switching regressions model that is nested in Lee�s (1981)

generalised framework. It can be shown that this approach gives the same incon-

sistent estimates as if ordinary least squares would be applied on all observations,

including the zeroes.
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