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PREFACE

This thesis is concerned with the economic theory of exhaustible
resources. My interest in exhaustible resources dates back several
years when prof.dr. J. Cramer and prof.dr. C. von Weizsácker stimu-
lated me to direct my research, at the Faculty of Actuarial Science
and Econometrics of the University of Amsterdam, to the exploitation
of Dutch natural gas. This issue raised many theoretical problems, in
which I got gradually more and more involved. I was lucky to find in
prof.dr. H. Weddepohl a person prepared to listen patiently and to
read and critisize my numerous attempts to solve these problems.
The actual work on the present monograph started in 1982 at the
Faculty of Philosophy and Social Sciences of the Eindhoven University
of Technology, in the context of the program "Equilibrium and Dis-
equilibrium" of the "voorwaardelijke financiering" (universitary
financing system). I wish to thank here my supervisors prof.dr. P. Ruys
and prof.dr. H. Weddepohl for their comments on earlier drafts of this
monograph. When looking back, I realize that their remarks and our dis-
cussions have led to notable improvements. Also the International
Institute for Applied Systems Analysis (Laxenburg, Austria) has made a
valuable contribution by offering me the opportunity to spend three
months in its serene academic environment in the summer of 1983. Thanks
also to the energy group of I.I.A.S.A. and the I.I.A.S.A. foundation
Netherlands. The Faculty of Social Sciences of the Hebrew University

and, in particular, prof.dr. D. Levhari should be mentioned here for
enabling me in the spring of 1984 to discuss parts of my thesis with
the staff of the Faculty.
Many others have directly or indirectly contributed to the present
result: prof.dr. J. Aarrestad (University of Bergen), drs. Ch. Elbers
(Free University, Amsterdam), prof.dr. G. Heal (Columbia University,
New York), prof.dr.ir. M. Hautus and dr. J. van Geldrop (Eindhoven
University of Technoloqy).
I would also like to thank ing. D. Zwama who has put much effort in
arranging secretarial facilities and Mrs. E. Baselmans, Mrs. F.
Dubuisson and Mrs. T. Pellegrino who have typed out the manuscript.
The financial support of the "Samenwerkingsorgaan K.H.T.-T.H.E."is
gratefully acknowledged.
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1. INTRODUCTION

The present monograph deals with exhaustible natural resources., as the
title suggests. It seems therefore self-evident to start by providing
a definition of this concept. This is not an easy task. The problem is
not in classifying resources of an economic system as being natural
resources or not, but in the description of exhaustibility. Among
economists there is some agreement that an exhaustible resource is a
resource which is not producible, in the sense that no human activity
can add to the existing size of it. This classification is not re-
strictive enough, since, then, land would, in principle, be an exhaust-
ible resource, which is counterintuitive.
For this reason, Dasgupta and Heal (1979) add the condition that "the
intertemporal flow of the services provided by a given stock of an
exhaustible resource is finite". This description seems to be opera-
tional and to apply to resources whi~h are generally considered as
exhaustible, such as oil, bauxite, copper, iron, etc. However, if the
horizon taken is infinity, as is qenerally done, then one should rec-
ognize that, in a proper environment, these resources are in some
sense renewable. One way out of this rather embarassing dilemma is
given by the following argument.
The problem would be solved if the economic system under consideration
had a finite horizon, small enough such that the assumption of a
finite flow of services is appropriate. Obviously, then, the horizon
could be rather large. It has been discovered by Koopmans (1965) that,
in the well-known neoclassical one sector growth model, optimal pro-
grams are not very sensitive for the choice of the horizon, if it is
far enough away. This turns out to be the case in many resource models
as well. And Arrow (1968) remarks that "As elsewhere in mathematical
approximation to the real world, it is frequently more convenient and
more revealing to proceed to the limit to make a mathematical infinity
in the model correspond to the vast futurity of the real world".
We conclude, therefore, that the mathematical convenience of working
with infinite horizon models may justify a definition of classes of
commodities, not as rigorous as one would in general wish.
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Bearing this in mind, we turn to the motivation behind the present

study. Economists have intermittently paid attention to exhaustible

resources. W. Jevons predicted the end of the industrial revolution in

the United Kingdom as a consequence of the physical limits of coal

production. Ricardo and Taussig have studied rents in mining. In the

first decades of the 20th century economic theory showed almost no in-

terest in exhaustible resources. This could be explained by pointing

at the fact that for the western world the availability of such re-

sources did not constitute a problem since the reserves owned by the

industrialized countries were considered sufficient or they could dis-

pose of resources in (ex-) colonies at low prices. Even the long-run

economic growth literature of the 50's and the 60's has not dealt with

the phenomenon of exhaustible resources. It should be remarked here

that there are a few notable exceptions. Gray (1914) was the first to

formulate a theory of the mine and Hotelling (1931) in fact founded

the contemporary theory of exhaustible resources: almost all the

issues which nowadays are considered relevant in this field, such as

optimal exploitation and free competition versus monopoly, are dealt

with. Also Herfindahl (1955) should be mentioned. Not surprisingly,

economists's interest in resource problems experienced an enormous up-

swing as a consequence of Forrester's (1971) book on World Dynamics,

and especially by the oil crisis of the beginning of the 70's. Nowa-

days it is hard to find an economic textbook not referring to exhaust-

ible resources.

A large number of questions has been raised and (partially) answered.

These questions have a rather broad range as can be seen from the

following examples: when are resources essential; what is, in some

sense, the optimal depletion rate of a given reserve of an exhaustible

resource in a closed economic system; how should research and develop-

ment towards close substitutes of an exhaustible resource be directed;

what price system could sustain optimal exploitation; what price-paths

can be expected when a resource is owned by a monopolist or when the

market is supplied by an oligopoly; what influence is to be expected

from extraction costs?

Some of these questions refer to resource problems on a world scale or

within closed economies; others take into account that exhaustible

resources, or at least the withdrawal from these resources, are traded
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between economies. In view of the origins of the recent interest in
exhaustible resources it is legitimate to make this distinction.
In the present monograph emphasis is put on the international trade
aspect, since it seems to be important and since we recognize that
global resource problems cannot be dealt with when one ignores inter-
national trade. In the subsequent chapter a review is qiven of the
economic literature existing on this subject. From this survey it is
concluded that relatively minor attention has been paid to "small",
resource-owning, open economies. What particular problems do they en-
counter? When thinking of Norway, the Netherlands, Mexico and others,
several problems are self-evident. These countries possess a relative-
ly large reserve of an exhaustible resource (oil, natural gas) which
is, at prices taken as given on the world market, traded and which
has, in several ways, an important impact on their economy.
The first question, then, we address to is how the revenues of selling
the withdrawal from the resources should be used in order to obtain
maximal welfare (yet to be defined), what exploitation pattern should
be followed and how sensitive the optimal policy is with respect to
variations in expected prices, the non-resource technology and balance
of payments conditions. This problem will be dealt with in chapter 3.
It is found that the role of the balance of payments is crucial. To be
more specific: the results are drastically different according to
whether or not there exísts a perfect world market for lending and
borrowing. Also with regard to the recent financial crises in some
resource-owning countries (especially in Latin-America) it seems in-
teresting to examine more closely the role of balance of payments con-
ditions. In a simple model we shall describe the differences in optimal
extraction policies according to three alternative régimes with respect
to international borrowing facilities. Chapter 4 is devoted to this
issue.
A common feature of almost all the models described in the survey of
the literature in chapter 2 is that each participant in trade in the
withdrawal from exhaustible resources takes the world market prices
or, at least, the demand schedules of the resource commodities as
given. Hence a partial equilibrium approach is pursued. This line of
study is also followed in chapters 3 and 4. It turns out, however,
that for several reasons a general equilibrium approach is in some
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cases more appropriate. This is clearly so when one is interested in

explaining the internationally ruling rate of interest. Other advan-

tages of such an analysis will be given in due course. Interest in

general equilibriutn models of international trade in exhaustible

resources is rather recent. In our opinion we face an unexplored field

of important research. The intention of chapter 5 is to make a contri-

bution in this area.

The summing-up of the issues dealt with subsequently, may suggest that

definite solutions of the problems mentioned will be obtained. Not so.

The models employed are in several respects more general than those

used before in economic theory. In this sense some progress is made.

But still many questions remain unsettled. To mention a few of them:

our analysis is on a high level of aggregation, with respect to tech-

nological postulates as well as with respect to preferences; our models

do not incorporate uncertainty, which is pertinent to all aspects of

planning for the future; finally, relatively few attention is paid to

designing mechanisms capable of implementing policy recommendations in

a decentralized way. As a modest defense we recall to mind the notable

words of Koopmans (1957): "The study of the simpler models is protected

from the reproach of unreality by the consideration that these models

may be prototypes of more realistic, but also more complicated, sub-

sequent models".
Finally some remarks are in order, concerning the rigor of the analy-

sis given below. Exhaustible resource problems are by their nature

dynamic, they have a time dimension. This observation, together with

the fact that we shall deal with optimizing behaviour, calls for the

use of techniques such as dynamic programming or optimal control. A1-

though these tools of analysis are becominq more and more familiar to

economists, it seemed to be useful to add an appendix providing the

major theorems involved in the main text of this monograph. This ap-

pendix will be frequently referred to. Notwithstanding this, the main

text contains quite a lot of mathematics. It is hoped that the attempt

to give a formal treatment has not removed the flavour economists seem

to appreciate.
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2. EXFL4USTIBLE RESOURCES AND INTERNATIONAL TRADE, A SURVEY

2.1. Introduction

It has been pointed out in the preceding chapter that the public's
interest in exhaustible resources experienced an enormous upswing at
the beqinninq of the seventies when the world suffered from the oil
crisis and when the Report of the Club of Rome was broadly dissemi-

nated. Since that time economic theory has been enriched by an abun-
dant literature. We refer to Peterson and Fisher (1977) and Withagen
(1981 a) for surveys and to Dasgupta and Heal (1978) for a standard
introduction. In view of the origins of the recent interest it is
remarkable that, at least in economic theory, the international trade

aspect has only received minor attention. Admittedly the Club of Rome
put special emphasis on the global resource problem and if one is in-
terested in the problem of how the world as an entity can meet for
example the energy scarcity, international markets do not necessarily
enter into the analysis. However, the oil crisis revealed the vulner-

ability of some parts of the world through international trade prob-
lems. Nevertheless some work has been done here and it is the objec-
tive of this chapter to survey this. Apart from the merits such a
survey has on its own by systematically arranging the results obtained
thus far, it also provides an opportunity to point at some important
questions that are not yet settled, and hence serves as a starting
point for further research.
Two preliminary remarks are in order.
First, the uneven distribution of resources over the world and its
implications for international trade have been studied by economists
ever since the profession came into existence. Classical papers on
this subject have been written by Singer (1950) and Prebisch (1959).
The results obtained have elegantly been extended by Kemp and Ohyama
(1978). Although not explicitly mentioned, it is clear that the analy-
sis often refers to exhaustible resources. However the exhaustibility
is not taken into account. Since we wish to concentrate on the impli-
cations of exhaustibility, this type of work will not be reviewed.
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Hence also the contributions made by Chichilnisky (1982), Lawrence and

Levy (1980) and others, however interesting, will not be discussed.

Second, some of the studies discussed below refer to firms trading in

exhaustible resources. It will be shown in the next section that in

those particular cases firm's optimal behaviour will result in an

exploitation pattern that coincides with the policy pursued by a wel-

fare maximizing economy. This observation justifies the convention

followed in the sequel to talk about economies only.

The plan of this chapter is as follows. In the analysis a distinction

can be made between partial equilibrium models and general equilibrium

models. Broadly speaking, the former category deals with exploitation

of natural resources in a single economy facing a given world demand

schedule. Section 2.2 is devoted to such models. Section 2.2.1 sketches

a rather general model into which the subsequent models fit. Section

2.2.2 deals with perfect competition in one- and two-sector models.

Imperfect competition is considered in 2.2.3. In section 2.3 general

equilibrium models are reviewed. Here demand for the commodities in-

volved is derived within the models and the question is what prices

will constitute a general equilibrium in a world with a given number

of countries. Finally section 2.4 summarizes and concludes.

2.2. PartiaZ equilibrízan

2.2.1. A general model

In this section a unifying framework is presented into which the

theoretical contributions to be discussed in the sequel will fit. An

economy can be characterized by its:

1) preferences,
2) endowments,
3) technology,

4) external relations

ad 1. The economy is a welfare maximizer in the utilitarian sense.
Utility is derived from the consumption of certain commodities. Wel-
fare maximization does not take place in a time-less world but is
instead cazried out taking into account the dynamic environment in
which the economy finds itself.



ad 2. The endowments of the economy consist of a stock of capital
goods, a(homogeneous) labour force, and of natural resources.

ad 3. The economy's technical constraints can broadly be described as
follows. Resource goods are goods withdrawn from the exhaustible re-
sources. Labour and capital are inputs in the exploitation technology.
The rate of exploitation might also be subject to other constraints.
Labour, capital and resource goods are combined to produce non-resource
commodities. The final two factors of production are perfectly mobile
within the economy (i.e. between sectors) and labour is immobile
between economies.

ad 4. The external relations refer to the existence of world markets
and the conditions that prevail on these markets.

We now proceed to a more formal treatment and start by giving some
notation. Time will be denoted by t and is considered continuous,
except in some places where for expository purposes a two-period ana-
lysis is convenient. The time index is omitted when there is no danger

of confusion. In the economy there are n t m productive sectors. The
first n sectors produce the non-resource commodities. There is no

joint production, so each sector can be identified by the commodity it
produces. The final m sectors are engaged in resource exploitation. We
shall not make an explicit distinction between row vectors and column
vectors; the distinction will be clear from the context. The further
notation used is as follows.

B(t) is the amount of numéraire commodities, held at t, to be deliv-
ered to the country under consideration at some future date;
alternatively, the amount of bonds held at t.

C. is the rate of consumption of commodity i(i - 1,2,...,n).i

C - (C1,C2,...,Cn).

EQ is the rate of exploitation of resource sector k(!C- 1,2,...,m).

E - (E1,E2,...,Em).
F1 : R}tmt2 -~ Rt, denotes the production function of sector i

(i - 1,2, ..,n).

G~ : R}t3 -T R}, denotes the exploitation function of resource
sector R (k - 1,2,...,m).
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I. is the rate of investments in commodity i(i - 1,2,...,n).i

I - (I1,I2,...,In).

Kl is the stock of capital of type j(j - 1,2,...,n) employed in
J

sector i (i - 1,2, . ,ntm).

K1 - (K1,K2,.. ,Kn), (i - 1,2,...,ntm).

K. F Kl, the total amount of capital of type j employed in the
~ i ~

economy (j - 1,2,...,n).

K - (K1,K2,...,Kn).

Ll is the amount of labour employed in sector i(i - 1,2,...,ntm).

L is the supply of labour.

M. denotes the import flow of commodity i(i - 1,2,...,ntm).i

M

M
4

Me

pi

- (M1,M2,....Mntm).

- (M1,M2,...,Mn).

- (Mntl'Mnt2" " 'Mntm)~

is the world market price of commodity i(i - 1,2,...,ntm).

p - (P1.P2,...,Pntm)-

pg - (p1.P2....,pn).

pe - (pntl'pnt2" " 'pntm)'

r is the rate of interest on the wurld market for financial

capital.

RR is the rate of use of resource commodity R(R - 1,2,...,m) in

sector i (i - 1,2, ..,n).

R1 - (R1,RZ,...,Rm).

R~ - i RR, the total amount of resource commodity k employed in
i

the economy (R - 1,2,...,m).

R - (R1,R2,...,Rm).

S~ is the initial reserve of resource R(R - 1,2,...,m).

SR(t) is the reserve of resource k at time t(R - 1,2,...,m).

U : R} i R is the instantaneous utility function.
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W denotes the economy's non-resource wealth.
X. denotes the export flow of commodity i(i - 1,2,...,ntm).
i

X - (X1,X2,..-,Xntm).

X - (X1,X2,...,Xn).
g

Xe - (Xntl'Xnt2~...,Xn}m).

Y, is the rate of production of non-resource sector i(i - 1,2,...,n).
i

Y - (Y1,Y2,...,Yn).

P ? 0 denotes the rate of time preference.

The model can now be described as follows. The economy's objective is

to maximize the social welfare function

~
J(C) - J e-pt U(C)dt. (2.1)

0

Here a utilitarian postition is taken. Instantaneous utility is assumed

only to depend on non-resource consumption. The utility function U is

constant over time. Utility is discounted at the constant rate of time

preference p. Welfare maximization takes place over an infinite hori-

zon, reflecting the view that society as a whole should not be myopic.

Obviously many modifications of this type of objective functional are

possible. It is usual to make the following (more or less technical)

assumptions about U. It is strictly quasi-concave and increasing and

óU~óCi - W for Ci - 0.

The maximization of (2.1) takes place under a number of constraints,

whose description is in order presently. Sector i(i ~ n) produces a

non-resource commodity according to a production function F1, having

as inputs n capital goods (identified by the first n sectors), m

resource goods (identified by the final m sectors) and labour, whereas

disembodied technical progress may play a role:

Yi - F1(K1,Rl,Ll,t), i - 1,2,...,n. (2.2)

The argument t reflects the possibility of technical progress occurring.

It is assumed that the exhaustible resources are not replenishable.

Hence there is no combination of factors of production that can add to
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the existing resource stocks. This implies that the rate of exploita-

tion is always nonnegative. It furthermore implies that total exploita-

tion over time cannot exceed the amount the resources originally con-

tain. Hence

m
J ER(t)dt ~ SQo, R- 1,2,...,m.
0

(2.3)

ER(t) ? 0, R - 1,2,...,m. (2.4)

With regard to the mode of resource exploitation several assumptions

can be (and are) made. First, one could argue that exploitation re-

quires the input of factors of production. Thus one postulates

ER ~ GR(~tw~LntQ~SR(t).t), R - 1.2,---.m- (2.5)

SQ(t) playing a role in the exploitation technology GR indicates that

exploitation might become more difficult the smaller is the reserve

remaining. In (2.5) the argument t allows for technical progress. It

could be postulated that in order to exploit resource k it is neces-

sary to use some of the other resource goods. In the models to be dis-

cussed below this is not done, so this possibility is not incorporated

here. For further details on the specification of GQ see Heal (1976),

Solow and Wan (1977) and Zimmerman (1977).

The set of inequalities (2.5) puts constraints on the rates of exploi-

tatíon, depending on the efforts that are undertaken. Alternatively

(or in addition) one could assume that there exist upper bounds on the

rates of exploitation, irrespective of such efforts, due to, for ex-

ample, geographical conditions:

EQ - ER, Q - 1,2,...,m. (2.6)

Specification (2.6) (which formally can be incorporated into (2.5)) is

widely used since it is easy to handle and for example excludes ex-

ploitation at an infinite rate.

Since labour can only be used at home, the fairly obvious constraint

with respect to its employment is:
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ntm

F Ll ~ L (t) .
i-1

(2.7)

where L(t) is the exogenously given supply cf labour.
Next we introduce world markets. It turns out to be convenient to work
in discrete time for the moment. Let's take one of the non-resource
commodities as the numéraire and define B(t) as the amount of numéraire
commodities, which in the past (i.e. before t) have been promised by
foreign countries to be delivered to the country under consideration,
during some future period. Two remarks are in order.

1) B(t) might be negative. In that case the economy has a debt.
2) For some applications it might be useful to make a distinction
within the set of claims according to the date at which the debts will
be redeemed and the different interest rates. We shall ignore this by
assuming that if a market for lending and borrowing exists, arbitrage
is always possible.

Define K(t) as the n-vector of stocks of capital the economy owns at
the outset of period t. The value of these stocks is p(t)K(t). Define

9
the economy's wealth as

W(t) - B(t) t pg(t)K(t). (2.8)

Remark that the value of the exhaustible resources is not taken into
account here. At the beginning of period t the economy makes a produc-
tion~exploitation plan. This implies a choice with respect to the input
of capital. We require that capital is in loco before production
starts. By Kdf(t) we denote the stocks of capital sold abroad at the
beginning of period t and Kfd(t) is bought abroad. Hence denoting by
B(t) the amount of claims after these transactions, we have:

B(t) - B(t) t pg(t)(Kdf(t) - Kfd(t)). (2.9)

Therefore the stocks of capital that are going to be used in period's
t domestic production~exploitation equal

K(t) - K(t) t Kfd(t) - Kdf(t). (2.10)
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After production and exploitation during period t, trade takes place

at prices p(ttl) and the economy receives interest on its claim.

Hence

B(ttl) - B(t) t pg(ttl)(Y(t) - C(t) - I(t)) t

t r(t)B(t) t Pe(ttl)(E(t) - R(t)), (2.11)

where the final term refers to the balance of resource exports. At the

end of period t the stocks of capital are

K(ttl) - K(t) t I(t). (2.12)

Then again trade takes place in capital goods:

B(ttl) - B(ttl) t p(ttl)(Kdf(ttl) - Kfd(ttl)). (2.13)
4

K(ttl) - K(ttl) t Kfd(ttl) - Kdf(ttl). (2.14)

The surplus on the current account equals B(ttl) - B(t), or, alterna-

tively, B(ttl) - B(t). The change in the economy's wealth (after trade

in capital goods) is easily seen to equal

B(ttl) - B(t) t pg(ttl)K(ttl) - pg(t)K(t) -

- P9(ttl)(Y(t) - C(t)) t r(t)(B(t) t Pg(t)K(t)) t Pe(ttl)

((E(t) - R(t)) t (pg(ttl) - pg(t))K(t) - r(t)pg(t)K(t). (2.15)

For continuous time we arrive at

W- Pg(Y-C) t r(W-pgK) t Pe(E-R) t Pg K. (2.16)

Now several possibilities arise with respect to the current account of

the balance of payments.
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A. One extreme position is that, for example for institutional reasons,
the economy requires a permanent equilibrium on the current account:

B(t) is constant over time. In the contributions discussed below this

case is specified by requiring B(t) - 0. If there is only one type of

capital good, then

K - I, (2.17)

and since this commodity is by definition the numéraire it follows

from (2.15):

I- Y- C t pe(E-R). (2.18)

If there are more types of capital then (2.9) allows for discontinui-

ties in the time-path of each individual type.

The case B(t) ~ 0, but constant, is not found in the literature.

B. The other extreme position is that neither the economy nor the world
needs to care about the economy's current account. As such this would

in view of the objective functional obviously lead to borrowing at

unbounded amounts. Therefore, in order to have an amenable model one
is in need of some constraint that would prevent the economy from

behaving in this way. In principle a large number of possibilities is

open but we shall restrict us here to the constraint that is used in

the literature almost everywhere. It says that the economy can lend

and borrow as much as it wants provided it submits plans such that in

the limit its wealth, defined above, is positive:

lim W(t) ? 0. (2.19)
t-~

Alternatively one may require that in the limit discounted wealth is

positive:
t

-f r(T)dT

lim W(t)e 0 ? 0.
t-~

(2.20)

To see how this works out, define q(t) as
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t
-j r(T)dT

q(t) - e 0

Premultiply (2.16) by q(t) and integrate. It then follows that:

(2.21)

W
WU } j(q(t)pg(Y-C-r(t)K) t q(t)Pe(E-R) t q(t)PgK)dt ? 0, (2.22)

0

where W~ is the initial value of wealth. Here it should be understood

that in (2.22) the interest rate and the prices are primarily the

interest rate and the prices the economy at hand expects to prevail in

the future but that of course these expectations should not conflict

with those held by the lenders.

Condition (2.22) is very convenient since it allows for the applica-

tion of the separation theorem, at least for some likely cases.

Assume that the economy's expectations with respect to the interest

rate and the prices do not depend on the planned activities on the

part of resource exploitation. This occurs for example when the world

markets for resource commodities are competitive as well as the markets

for capital goods used in exploitation, and when the numéraire market

is competitive. Then a necessary condition for welfare maximization is

profit maximizing from resource activities. This is easily seen as

follows. Formula (2.22) can be rewritten as:

~ ~
ó q(t)PgCdt ~ ó q(t)pg(Y-rKg-peR)dt t

~ ~
t ó q(t)(peE - rpgKe)dt t ó q(t)pg K dt t WU, (2.23)

where K is the n-vector of capital goods employed in the non-resource
4

sectors and Ke is the n-vector of capital goods employed in the re-

source sectors. Now suppose the statement is false so that the welfare

maximizing trajectory of the economy does not maximize the second term

in the right hand side of (2.23). Then we obtain a contradiction since

by increasing this term, which is possible by assumption, we can en-

large the region in which C lies and since U is increasing in C this

is preferred. An immediate consequence of this theorem is that if one

is only interested in optimal resource exploitation, one can restrict
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oneself to the problem of profit maximization from resource activities,
knowing that optimal resource management does not depend on any of the
parameters of the welfare functional.

This completes our description of the general model. When the initial

stocks of capital and wealth are given as well as the economy's expec-

tations with respect to prices and interest rate, the problem is
clearly set and can, under appropriate assumptions with respect to the

economy's technology, be tackled. Nevertheless a few final remarks are
in order.

1) We have neglected depreciation. This might be looked upon as a

serious omission. If however depreciation of capital goods is con-
sidered as an exponential process, as is usually done in this type of

literature, the model needs only a slight modification.
2) It has been assumed that there exist world markets for all commodi-
ties involved, at least as far as commodity flows are considered. If a

market for some commodity flow does not exist, this can, in the model
presented above, easily be taken care of by putting imports and exports

of such a commodity equal to zero by definition.
The question becomes more serious when we turn to markets for stocks.
Chapter 3 will elaborate on this matter. It will be shown there that

in the case of a perfect market for borrowing and lending no difficul-
ties arise. When the current account of the balance of payments is
required to equilibriate, then, in the presence of markets where
property rights on capital stocks or resource stocks are traded, the

models will give outcomes different from the case where such markets
are absent. In this chapter the latter assumption is made throughout.

Therefore the condition of equilibrium on the current account can be
written as:

p (X - M) - 0,

where it should be recalled that X and M are flows.
For the alternative condition under B) we have

(2.24)

~ ~
J q(t)p(X-M)dt t f q(t)pg K dt t Wo ? 0. (2.25)
0 0
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2.2.2. Perfect competition

In this subsection a survey is given of partial equilibrium models of

international trade involving exhaustible resources, where the econo-

mies under consideration act as price-takers. Attention is paid first

to some contributions where there is at most one non-resource sector

explicitly mentioned. Subsequently, two-sector models will be dis-

cussed. The models presented here describe the case of one exhaustible

resource. Therefore in (2.2) -(2.6) n- m- 1 and we shall omit in-

dices where there is no danger of confusion. Obvious conditions such

as

m
J E(t)dt ~ S~,
0

E(t) ? 0,

will hereafter not be mentioned. Also other nonnegativity constraints

will be omitted.

The model studied by Vousden (1974) looks as follows:

max J(C),
C

subject to

Y - F(L1),

E - G(L2),

L1 t L2 - L(t) - L,

(2.26)

(2.27)

(2.28)

C- Y t pe E. (2.29)

The only input in production is labour of which there is inelastic and

constant supply L, L2 is devoted to exploitation and L1 to non-resource

production. Referring to our general model we have p-(pg,pe) -(l,pe).

Here pe is assumed to be constant. Equation (2.29) reflects the re-
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quirement that the current account of the balance of payments equili-
briates at all instants of time:

pg(Xg - M9) - Y - C,

pe (Xe - Me) - pe E,

p(X-M) - 0.

Before giving the results

G and F are such that the

(2.30)

(2.31)

(2.32)

some technical assumptions should be listed.

transformation curve is strictly concave: G
and F are strictly quasi-concave increasing functions for example.

The outcomes can now be summarized as follows:

a) if F'(L) ~ p G'(0), then exploitation will never take place. Thise
is obvious since in the case at hand marginal revenue in the non-

resource sector is larger than in the resource industry for all possi-
ble allocations of labour.

b) if F'(0) ~ G'(L) ~ pe ~ F'(L) ~ G'(0), there will occur simultaneous
non-resource production and exploitation initially. After finite time

the economy specializes in non-resource production. The interpretation

of this result is not straightforward. It is however easily seen that
the second inequality implies that for some input of labour exploita-

tion will be profitable. Hence during some interval of time exploita-
tion takes place. The first inequality guarantees that the economy
does not specialize in exploitation.

These results occur when the rate of time preference is positive. If
it equals zero the optimal program is indeterminate. Finally, Vousden
points at the fact that if the resource is competitively owned (i.e.
there are many individuals each exploiting part of the resource), the
exploitation pattern will in general differ from the socially optimal
one. This might for example be due to discount rates different from

the social rate of time preference. He then shows that imposing a tax
per unit of extraction induces the competitive owners to exploit in

the socially optimal way.
Two remarks should be made. Here (i.e. in our version of the model) it
is assumed that the resource good does not directly attribute to
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social welfare. By doing so, Vousden's contribution is not given full
justice since in his set-up the resource good is incorporated in the
instantaneous utility function U. However, we do not think that this
refinement offers many new insights. For completeness it should also
be mentioned that in Vousden's model the economy's horizon is finite.
The results given here apply to the modified model with an infinite
horizon.

Kemp and Suzuki (1975) generalize the previous model in two respects:

i) it is assumed that the resource good is an input in non-resource

production. Hence:

Y - F(L1,R)- (2.33)

ii) the efforts to be made to extract the resource depend on the re-

maining stock. This is specified by:

E - L2 G(S).

Also here the supply of labour is inelastic and constant so that

(2.28) holds. In view of (2.33), (2.29) should be modified:

(2.34)

C- Y t P(E - R). (2.35)e

In first instance p is assumed to be constant. The teChnicaZ asswRp-e
tions are:
F is quasi-concave, exhibits constant returns to scale and satisfies

the so-called Inada conditions: F'(L1~R,1) - 0 for L1~R -~,

F1(L1~R,1) -~ for Li~R - 0. G is concave, G(0) - 0, G'(0) -~,

G(~) -~, G'(m) - 0. This merely means that exploitation becomes more

difficult the more has already been extracted.

Under these conditions it is shown that if the initial size of the

resource is 'small' no resource activities will be undertaken at all.

This can easily be seen. First notice that C can be written as

wLl t p L2 G(S), where w is a qiven constant. This is due to the con-

stant returns to scale property of F. If w~ pe G(S) it is optimal to



19.

allocate all labour to the non-resource sector. This defines the cri-
tical value of the stock of the resource. It follows immediately that
the resource will not be exhausted. If the initial stock is large

(w ~ pe G(So)) it will be extracted at the maximal rate until the cri-
tical value is reached. Hence production is always specialized. Again,
this is due to the constant returns to scale property. The optimal
exploitation trajectory is also rather sensitive to variations of the
expected time path of world market prices of the resource commodity.
A few remarks are devoted to the non-unrealistic case when prices grow
exponentially. Then eventually both resource and non-resource activi-
ties will be carried out simultaneously and the resource stock ap-
proaches zero. This is what one would expect: exponential growth of
the resource price lowers the critical value of the resource.

Long (1974) is the first to introduce capital. There is only one type
of it, so indices can be omitted here. Capital is a necessary input in
exploitation. No other inputs are required:

E - G(K). (2.36)

Two types of exploitation functions are considered. They are described
in the following technical asswrrptions:

i) the first type is strictly concave with G(0) - 0 (figure 2.1.a);
ii) the second type is strictly concave for all K larger than some
K(~ 0) and G(K) - 0 for K ~ K. Here K reflects set-up costs. See
figure 2.1.b.

G~

figure 2.1.a. figure 2.1.b.
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Foz capital services there exists a world market. The economy owns a

fixed stock of capital W, which at the world market earns a rental

rate ro. If the economy is a net borrower on the world market, the

rental rate charged is non-decreasing as more capital is borrowed.

Formally, let r(K - W) be the rental rate when K- W is borrowed. For

W~ K, r(K - W) - r; for K~ W, r'(K - W) ~ 0. Then Long defines
0

~ (K) - roW t r (K - W) ~ (K - W) .

~(K) is called the social cost of capital used. Subsequently Long

formulates the economy's problem as follows:

T
maximize J(C) - J e-pt U(C)dt,
T,C,K 0

subject to

r e-dt p C dt ~ J e-8t(G(K) -~(K))dt.
10 g 0

(2.37)

(2.38)

(2.39)

Here C is a vector of consumer goods to be bought on the world market

at (constant) prices p. T is the time horizon, to be determined endo-
4

genously and d is the 'market rate of discount'. Remark that the

exploited commodity serves as the numéraire.

It seems to us that the problem is not well formulated and that the

model is inconsistent in some respects , Suppose the economy never

engages in exploitation. Then G(K) -~(K) - 0. From (2.39) this implies

that the budqet is nil. On the other hand, however, it is assumed that

the economy owns a stock of capital W at the outset. Therefore to the

right hand side of (2.39) should be added

TJ e-dt ro W dt.
0

In the previous section we have seen that the solution of the problem

posed is such that the right hand side of (2.39) is maximized, subject

to the resource constraints: the economy will wish to consume from a

budget as large as possible. Hence exclusive attention is paid to the

problem of optimal exploitation. Assuming that there exists K ~ 0 with

G(K) ~~(K) and that ~ is convex, we can summarize the results as fol-

lows.
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If the market rate of interest d equals zero, then the original prob-

lem of utility maximization does not have a solution since the term

that is to be added to (2.39) is unbounded (recall that T is to be

determined endogenously), unless of course W- 0. So let's consider

the case W- 0. Then for type 1 exploitation functions no optimum

exists: the economy should choose the rate of exploitation as close to

zero as possible. For type 2 exploitation functions however an optimum

does exist. The rate of exploitation is either zero or such that the

average costs of extraction equal the marginal costs of extraction.

The time profile of exploitation is indeterminate.

When the market rate of interest is positive, an optimum exists for

both types of exploitation functions. For both cases the rate of ex-

ploitation decreases, towards zero for type 1 functions and to E~ (~ 0)

for type 2 functions, where E~ is the rate of exploitation minimizing

average costs of exploitation. The resource is exhausted in finite

time. The larger the market rate of interest the sooner exhaustion

takes place.

Withagen (1981 b) studies a similar problem. But now the world market

for capital services is perfect, implying that the price the economy

has to pay does not depend on the amount of services demanded. Special

attention is paid to the sensitivity of optimal exploitation patterns

to the expected growth rates of world market prices. This, together

with the assumption of the perfectness of the capital market, justi-
fies to consider the following problem:

~
maximize J e-rt(pe(t)G(K) - pk(t)K)dt,

K 0
(2.40)

subject to the usual constraints with respect to the finiteness of the

resource. Aere r is the constant rate of interest. Zt is assumed that
the economy has firm and fixed expectations of the growth rates of the
world market prices:

pe~Pe - y, Pk~pk - ~ (2.41)

where y and ~ are given constants. Technic4l assumptions on G are:
G(0) - 0 and G is strictly concave. The analysis is rather tedious and
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lengthy. Let's therefore restrict ourselves here and suppose that in
addition to the existence of a perfect world market for lending and
borrowing there exists a perfect world market for the type of capital
goods used in exploitation. Arbitrage is possible now. Hence r-~,
otherwise this market would not equilibriate. Obviously, no optimal
program exists when Y ~ r since under this condition the economy will
find it profitable to postpone exploitation forever. If y- r(and
supposing pe(0)G(K) ~ pk(0) for some K~ 0) no optimum exists either:
the economy will wish to exploit at a level as low as possible.
Finally, if y ~ r exploitation will come to an end within finite time.
Possibly something is left in the ground. It follows from the analysis
that in considering models of open economies with exhaustible re-
sources and perfect world markets, one should be careful in choosing
price expectations of the relevant variables.

The problem of international borrowing is also tackled by Aarrestad

(1979). Physical capital is absent from the model, so the economy's

wealth only consists of bonds (B) yielding a constant rate of in-

terest r. The resource good is exported at the price pe and the con-

sumer good is imported at the price pg. Hence (see (2.16)):

B-PeE } rB-pgC. (2.40)

Zt is convenient to present the rest of the model in its original form:

T
maximize J- J e-pt U(C~L)dt,
C,E 0

subject to

E ~ Eent~

B?- zent t nBent, if B ~ 0,

B(T) ? 0, B(0) - 0,

(2.41)

(2.42)

(2.43)

(2.44)

Pe~Pe - Y. Pg~Pg - ~Y. (2.45)
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L - L ent.
0 (2.46)

The most notable feature of the model is given by inequality (2.43).
It says that if the economy has a debt (i.e. when the amount of bonds
held is negative) the per capita debt may increase but for institu-
tional reasons this increase is bounded by some positive number z.
Aarrestad is taking a position here between requiring permanent equi-
librium on the current account and assuming a perfect world market for
lending and borrowing.
Some remarkable aspects of this model should be mentioned. First con-
sider (2.42). The upper bound on E is motivated by technical reasons.
Why then should the upper bound grow at the rate of population growth
n? One possible explanation is that this growth rate coincides with
the rate of technical progress. Such an explanation is however highly
artificial (and is not given by the author). Fortunately the qualita-
tive results do not require n to be positive. Second, crucial in the
formulation of the model is the fixed finite horizon (T). It is
straightforward to see that an optimal strateqy gives B(T) - 0. After
T the economy is left with nothing. Aarrestad 'solves' this problem by
introducing a constant exogenous stream of consumer goods which the
economy has costlessly at its disposal. Such a solution is not entire-
ly satisfactory. For a general discussion on horizon problems see
Takayama (1974).
The results are summarized as follows (for n- 0, T~ S ~E and U with0
constant elasticity of marginal utility).

a) When the expected growth rate of the resource price (y) is larger
than the interest rate, it is optimal to extract at the maximal rate
at the end of the planning period. In the first part of the planninq
period the economy is borrowing abroad and under plausible assumptions
(e.g. t~ ? 0) borrowing is increasing, possibly at the maximal rate.
Repayment takes place at the end of the planning period. If the rate
of time preference is relatively large (small), consumption is de-
creasing (increasing) during the planning period.
b) When the growth rate of the resource price is smaller than the rate
of interest, extraction takes place at the beginning of the planninq
period, at the maximal rate. During this period the economy lends
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abroad. Afterwards the bonds and the returns on them are used for con-

sumption purposes. Consumption is increasing over time if and only if

p ~ r-t~.

In the articles described so far, the acc~ulation of physical capital

is neglected. It seems however very unrealistic to make such a simpli-

fication. A second contribution by Aarrestad (1978) is to be considered

very important: its main objective is to argue that there is a'need

for an integrated model of the economy where optimal savings and re-

source extraction can be determined simultaneously'. Defining net

revenues from exploitation by Q and denoting the rate of depreciation

by u we represent the model by

m
maximize J- J e-pt U(C~L)dt,
C,s,E 0

subject to

Y - F(K,L),

C-(1 - s) (Y t Q) t
Cent,

K- s(Y t Q) - uK,

0 ~ s ~ 1,

E ~ Eent~

nt
L - L - L e ,0

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

Unfortunately we must again start by pointing at some peculiar fea-

tures of the model. With respect to the rate of popuZation grou~th, we

already commented on specification (2.52). In this particular model

there are two additional reasons for rejecting a positive growth rate

of the population. The first reason refers to the formulation of the

problem as an infiníte horizon problem. This obviously does not allow

for a constant positive growth rate. The second reason has to do with

the specification of extraction costs. Aarrestad defines per capita
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costs as b(E~L). Here b does not have t as an argument. This is highly
implausible. What should be understood by costs of exploitation?
Within the present model perhaps the only way to interprete costs is
to assume that, in order to exploit, some factor of production should

be imported in return for which one has to offer V(E) units of con-
sumer goods when E is extracted. But since the per capita costs, b,
are a function of E~L only, V(E) must have been of the type V(E) - aE,

where a is a constant. Then the case b"(~) ~ 0, which is relevant in
Aarrestad's article, does not occur. Alternatively one may assume that
V depends not only on E but on time as well: V- V(E,t). But then the
question arises what the costs should have to do with the growth rate
of the population. We conclude that for several reasons the model is
unacceptable for n~ 0. A second remarkable feature of the model is
the specification of (2.49) -(2.s1). Using the notation of the previ-
ous section we have (assuming n- 0)

pe (Xe - Me) - pe E,

pg(Xg - Mg) - Y t C- C- I- V(E,t),

where I denotes gross domestic investments out of current production.
It can be seen from (2.s0) and (2.48) that the economy is not invest-
ing abroad. Hence the current account is in equilibrium at all in-
stants of time. Now, our second objection concerns the savings ratio
s. Why should s a priori be restricted to the unit interval (2.s1)?
Since there is an exogenous stream of consumer goods (C) social wel-
fare might be increased when s is allowed to exceed unity. In prin-
ciple the optimal s miqht also be negative, which would actually be so
if the economy's initial stock of capital is very large. But Aarrestad
gces even further and remarks that regimes with s- 0'are of limited
economic relevance and will not be referred to'. We conclude that the
analysis is not entirely satisfactory.
How can the results be described? They are of a partial nature. Define
the possible policy regimes as follows:
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I II III IV V VI

s 1 1 1 0 ~ s ~ 1 0 t s~ 1 0 t s t 1

E E 0 G E ~ E 0 E 0 ~ E ~ E 0

Suppose that for a given (Ko,So) constellation the optimal sequence is

V-~ VI. This will be the case when Ko is not too large, say for Ko ~ K1.

Now, under the technical assumptions that F exhibits constant returns

to scale and aQ~aE ~ 0, a2Q~aE2 ~ 0, there exist K1 (i - 1,2,3,4) such

that the optimal policy sequences are

K2 ~ K ~ K1 . IV -f V-r VZ,
0

K3 ~ K ~ K2 I-} ZV ~ V-r VI,
0

K - K3 . I -r V-~ VI,
0

K4 ~ K ~ K3 . I-~ II -Y V-~ VI,
0

K - K4 : I-~ II -r VI,
0

K ~ K4 . I-i I I-~ I I I-~ VI.
0

It should be mentioned that regime V cannot occur when exploitation

costs are linear. Finally, Aarrestad remarks that 'the higher the

capital intensity of the economy, the lower (is) the price rise needed

to make a rising extraction path optimal'.

These results are rather appealing. However, nothing is said about the

characteristics of the critical values of the initial stock of capital.

In spite of our objections, we think that Aarrestad's work is very

valuable.

The extension to two-sector models has been given independently by

Harris (1981) and Kemp and Long (1979). In the economy under considera-

tion there are two non-resource sectors. Each sector produces one out-

put by means of the resource good and capital. Capital and the resource

good are not tradeable on world markets. Capital is mobile within the

economy and it is available in a constant amount K. On the world

market the economy can lend and borrow as much as it wants at the

constant rate of interest r, of course under the kind of proviso dis-

cussed in the previous subsection. Hence the separation theorem can be
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applied and the maximization of social welfare implies the maximiza-
tion of the discounted returns from activities involving exploitation.
Then the model reads:

~
maximize f e-rt(p1Y1 t p2Y2)dt,

0

subject to

Y1 - F1(K1.R1).

Yz - FZ(KZ.RZ),

K1 t KZ ~ K,

R1 t RZ ~ E.

This problem can to a large extent be analysed with the aid of the
results of the well-known neoclassical two-sector growth models (see
e.g. Uzawa (1961), Inada (1964) and Shell (1967)). The technical as-

sumptions are: F1 is neoclassical and exhibits constant returns to
scale and the technoloqy does not allow for factor reversals, i.e. one
sector will be more capital intensive than the other for any (K,E)
constellation.
Now the following can be proved:

a) the economy will for any (K,S ) constellation specialize;0
b) if the relatively resource intensive commodity is ever produced,
this lasts for a finite period. This period is followed by a period
with production of the relatively capital intensive commodity. If the
marginal revenues with respect to the resource input are bounded from
above in this sector, when the resource input becomes small, the
resource will be exhausted within finite time. Otherwise the capital
intensive sector will produce forever.

Some comparative dynamic results are:

c) when the price of the resource intensive good increases, the length
of the period during which this good is produced increases, but if the
resource was initially depleted within finite time, then it takes a
shorter time now to exhaust the resource.
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d) when the initial reserve of the resource increases, the time to

depletion (if exhaustion takes place within finite time) increases as

well as the duration of the production of the resource intensive good.

It has no effect on the length of the period the economy produces the

capital intensive good.

Kemp and Long show that the result with respect to specialization re-

mains valid when technological progress is incorporated and~or extrac-

tion is costly in the sense that the amount of capital needed to ex-

tract is in fixed proportion with the number of units extracted.

In an earlier paper Harris (1978) allows for capital accumulation. He

assumes that all new capital is bought on the world market and that capi-

tal, once imported, cannot be exported anymore. Hence, to the previous

model are added

K - I - j1K,

I ? 0.

The maximand should read now

~
J e-rt(p1Y1 t p2Y2 - I)dt.
0

(2.54)

(2.55)

The optimal policy is 'characterized with an initial jump in the

capital stock and then no subsequent investments until possibly re-

source depletion occurs'. Furthermore 'the comparative static results

and the optimal path are similar' to those given in Harris (1981).

For completeness we refer to Kemp and Long (1980a, 1980b). The models

presented there are highly specialized and not of general interest.

Therefore we restrict ourselves to mentioning them.
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2.2.3. Imperfect competition

2.2.3.1. Introduction

It is not far-qoing to assert that the economists's interest in imper-
fect competition on resource markets is based on real world evidence.
The questions that can be raised are large in number: how does imper-
fect competition influence the world market prices of natural resources
compared with perfect competition; what order of exploitation can one
expect when the market is supplied by a large cartel together with
many competitive suppliers; do small competitive resource holders bene-
fit from cartelization; what (partial) equilibrium concepts are appro-
priate; etc.? Many of these questions are indeed posed in the litera-
ture discussed in the sequel of this section.
The analysis can be thought of as to refer to firms within a single
economy. It is however clear that the questions raised are primarily
relevant in an international context. We shall therefore not make an
explicit distinction between firms and countries. Common to all con-
tributions is that they consider the situation where each economy in-
volved maximizes the present value of profits from resource activities.
Although not explicitly mentioned (except in Dasgupta, Eastwood and
Heal (1978)) the underlying assumption is that there exists a perfect
world market for lending and borrowing (bonds) and that the world
market prices of the commodities that appear in each economy's welfare
function are not influenced by the economy's activities on the resource
market. Hence the separation theorem applies (see section 2.2.1).
Furthermore, attention is restricted to the case of one homoqeneous
resource commodity. World demand for the commodity is given by

pe - pe(E)' where E is de amount demanded. Observe that this demand
function is stationary, i.e. demand does not shift over time.
In this section we shall first pay attention to Dasgupta's, Eastwood's
and Heal's (1978) work who merely prove that the separation theorem
applies to their model of a monopoly. Second, we study some work by
Salant (1976), Ulph and Folie (1980a) and Lewis and Schmalensee (1980a,
1980b). They have in common that Nash-Cournot equilibrium is considered
in a world with oligopoly or with one dominant firm and many competi-
tive firms. It has been recognized by Gilbert (1978) that this equi-
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librium concept might not be suitable and that the Von Stackelberg

equilibrium notion is in many cases more appropriate. Ulph and Folie

(1980b), Newbery (1981) and Ulph (1982) elaborate on this observation.

Their results are described in the fourth subsection. Several of these

authors have put forward that when use is made of the Von Stackelberg

equilibrium concept the problem of so-called dynamic inconsistency

miqht arise. The final subsection will be devoted to this phenomenon.

It should be remarked that the discussion of the papers just mentioned

does not cover the entire literature on imperfect competition in ex-

haustible resources. However, in our opinion the most relevant issues

are being dealt with in this survey.

2.2.3.2. Monopoly

Dasgupta, Eastwood and Heal (1978) consider the following model:

maximize J(C) - f e-pt U(C)dt,
0

subject to

J E(t)dt ~ So, (2.56)
0

E(t) ? 0,

Y - F(K,R,t),

W- Y t r(W - K) f pe(E) (E - R) - C.

(2.57)

(2.58)

(2.59)

Equations (2.56)-(2.58) should be familiar to the reader by now.

(2.59) is the same as (2.16) if there we take pg - 0. In the model at

hand there is only one non-resource commodity, which serves as the

numéraire. Hence its price is constant. Equation (2.59) describes the

motion of the economy's wealth. pe(E)(E - R) is the balance of resource

exports. Y- C becomes available for investments from current produc-

tion. r(W - K) qives the revenues from net investments. It is assumed

that the world market rental rate is constant. We remark that one

would expect an additional constraint such as
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lim W(t) ? 0.
t-~

This constraint is absent from the model, hence the economy might in-
crease its debt beyond any bound. Since the authors assume in the sequel
of their article that an optimal program exists, we suppose that they
have overlooked this problem.
It is shown in the article that for given specification of O

(- (1tn)cl}n, n ~ 0), F(- est Kal Ra2~ al t a2 ~ 1) and pe(E) (- YEY-1,
0 ~ y ~ 1) the optimal rate of exploitation is independent of the
parameters of the welfare function (o and n). Hence an example is pro-
vided of how the separation theorem works. The growth rate of resource
exports is (r~(y - 1)) and the growth rate of resource input in domes-
tic production is ( S- (1 - a 1) r) ~(1 - al - a2 ). Therefore it is re-
quired that s-(1 - al)r ~ 0. The separation result is 'proved' to
remain valid when the international rental rate exhibits an exponential
trend. If however the return on capital depends on the amount of capi-
tal supplied, this does no longer hold. It should be mentioned that the
separation theorem has been used before Dasqupta c.s, did, by Long
(1977) in a renewable resource model for an open economy.

2.2.3.3. Cartel versus fringe; Nash-Cournot equilibrium

The work of Salant (1976) is evidently inspired by the actual indus-
trial organization of the world oil market. But it applies to many
other resource markets such as for bauxite and copper, where cartels
are in existence (see Pindyck (1978) for an empirical analysis). It
seems worthwhile to cite from his introduction (p. 1079) since it
states very clearly the motivation of much of the work to be discussed
in the sequel: 'The current structure of the world's oil industry
bears little resemblance to the extremes assumed in the theoretical
literature on exhaustible resources. There is neither a single cartel
(or firm) which owns all the world's oil ...., nor is there an abun-
dance of ineasureless 'Mom-and-Pop' oil extractors dotting the globe.
Instead the industry contains one cartel with more power than any
other extractor; but other extractors do exist and have enough impor-
tance .... to restrain the full exercise of monopoly power'. The pur-
pose of Salant's article is to take this structure into account.



32.

With regard to demand conditions the following assumptions are made:

i) there exists a'choke price' p. This means that if the price ofe
the resource good is larger than p, demand is zero.e
ii) there exists pé such that the price elasticity of demand equals -1
at p~.e
iii) the price elasticity of demand increases in absolute value as pe
increases.

These final two conditions are satisfied when the demand function is
linear or concave. They are also satisfied for many convex demand
functions. Subsequently Salant assumes that demand is met by a given
number of plants, not necessarily firms or countries. Initially, i.e.
when no cartel is present, each plant is owned by one firm. An impor-

tant assumption is furthermore that each plant is endowed with the
same amount of the resource and that all plants have identical cost

structures. A cartel is defined as a firm owning more than one plant.
The equilibrium concept used is Nash-Cournot: the cartel takes the
supply of the fringe (the set of suppliers not belonging to the cartel)
as given and sets a price so as to maximize its discounted profits
and, given this price path, each member of the fringe maximizes its

discounted total profits. The discount rate is equal for all firms and
constant. It is denoted by r.
First the case of constant and equal marginal extraction costs is con-
sidered. It is shown that an equilibrium exists, characterized as
follows. Initially marginal profits rise at the rate r. During this
period the fringe is exhausting its resource and there is some simul-
taneous exploitation. After finite time the cartel takes over. It then
becomes the sole supplier. Marginal profits now rise at a rate less
than r. Cartel's resource will be exhausted at some date T, where the

price path reaches the choke price. Figure 2.2 summarizes the results.
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figure 2.2.

If the cartel were not in existence the price path would look like
f fpe(0) ; pe(T). Marginal profits are increasing at the rate r. The con-

clusion is that, in terms of the present value of profits, both the

cartel and the fringe benefit from cartelization: the consumers are

the only losers. This is seen as follows. Discounted profits of fringe

members are (p (0) - C)Sf, where C denotes extraction costs. Since ine o
pure competition as well as in a cartel-fringe structure all resources

will be exhausted, the price trajectories have a point of intersection.

This implies that the initial price when pure competition rules, is

smaller than in the presence of a cartel. It is furthermore shown that

the fringe benefits more from cartelization than the cartel.

Second, Salant analyses the case of increasing marginal costs per

plant. Then the relative advantage of the cartel is not only due to a

larqer stock of the resource but also to the fact that it can produce

cheaper than any individual plant. It is shown that qualitatively the

same results hold. The order of exploitation remains unchanged and the

benefits from cartelization for the fringe members are greater than

for the cartel members.

Ulph and Folie (1980a) argue that these results crucially depend on

the assumption that all plants have identical reserves and cost struc-

tures. To illustrate their point they adopt a linear demand schedule:
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p - p - aE.e e
(2.60)

First the case of constant marginal costs is considered. Cc and Cf

denote marginal cost of each member of the cartel and the frinqe

respectively. It is then shown that 7 cases can occur. Sufficient

conditions for each of these cases can be found in Ulph and Folie

(1977) and in the more accessible Ulph (1982) contribution. They are

listed in table 2.1. C, F and S stand for cartel production, fringe

production and simultaneous production, respectively.

Table 2.1. Equilibrium policy sequences

costs

relative
endowments exploitation
cartel sequence

Cf ~}(p t Cc) large C-~ S-~ F
e

Cf ~}(p t Cc) small S-~ F
e

Cc ~ Cf ~}(p t Cc) large S-~ F
e

f S}(p t Cc) border case S- e
Cc ~ Cf ~}(Pe t Cc) small S-i C

Cc ~ Cf large S-~ C

Cc ~ Cf small F-~ S-~ C

It is concluded from this table that the cases where the fringe is

the sole supplier eventually, occur when the cartel is relatively

powerful. It is shown that under this condition the fringe will lose

under cartelization. Although the mathematics behind this result are

not straiqhtforward, there is some simple economic intuition making it

plausible. Since the resources are not replenishable, aqgreqate supply

over time cannot exceed initial endowments. This holds true irrespec-

tive of the structure of the market for the resource good. The assump-

tions with respect to exploitation costs guarantee that in finite time

the resources will be exhausted. If the cartel succeeds in raisinq the

price at the moment it comes into existence, then the price cannot

remain larqer than the competitive one. Therefore, at some future date

the two price trajectories will intersect. When the costs of the cartel
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equal the costs of the fringe, this is an incentive for the fringe to
exploit during the interval of time where price is higher than the
competitive price and therefore the fringe will gain from carteliza-
tion (provided cartel's reserves are small). But if the cartel has
considerable advantage over the fringe, fringe production might not
even be profitable at the outset. Hence the fringe is urged to sell at
prices lower than the competitive ones. One important proviso should
be made, namely that the fringe is not producing when the cartel comes
into existence.

Subsequently, Ulph and Folie argue that if cost curves are convex and
if the cartel's resources are large compared with the fringe's, it is
likely that the results obtained will continue to hold.

Lewis and Schmalensee (1980a, 1980b) generalize the model in several
respects. They provide a proof of the existence of Nash-Cournot equi-
librium in a world with N suppliers, possibly differing in endowments
and (constant) marginal extraction costs. It is furthermore shown that
if all suppliers are identical, increasing the number of firms (while
holding total endowments fixed) leads to a more competitive-like
equilibrium.

2.2.3.4. Cartel versus fringe: Von Stackelberq equilibrium

The Nash-Cournot equilibrium concept attributes equal power to the
suppliers in the sense that each participant in the non-cooperative
game takes the others's actions as given. Hence the cartel does not
behave strategically by taking into account the fringe's reactions.
It can be argued that when a cartel is really strong, meaning that it
owns a relatively large stock and~or has a relatively large advantage
in costs, the Von Stackelberg equilibrium concept is more appropriate.
To see how the introduction of this concept works out, is the motiva-
tion behind the contribution of Gilbert (1978).
With respect to the world demand schedule Gilbert's postulates differ
drastically from those made by Salant. Gilbert focuses on the world
market for oil and reports some fiqures regarding price elasticities
(estimated by Nordhaus (1975), Pindyck (1978) and Cremer and Weitzman
(1976)) indicating that oil demand is inelastic. But following the
contributions already mentioned, he also assumes that there exists a



36.

choke price (pe). Therefore the demand schedule looks as follows: for

p ~ p demand has constant elasticity smaller than unity (in absolutee e
value). For pe ~ pe demand is zero.

Equilibrium in this model is a price trajectory pe(t) and exploitation

patterns Ec(t) and Ef(t) for the cartel and the fringe respectively,

such that demand is always met, such that total discounted profits of

the fringe are maximized given the price trajectory and such that

cartel's total discounted profits are maximized, taking into account

fringe's supply schedule.

The results are not extremely striking. Zf marginal costs are con-

stant, fringe's resources will be exhausted within finite time. This

occurs not later than the moment the price reaches the choke price.

As an example the case of no costs is solved. It is shown that the

growth rate of the price equals the interest rate. The Von Stackelberg

solution coincides with the Nash-Cournot solution in this case.

Newbery (1981), Ulph and Folie (1977, 1980b) and Ulph (1982) elaborate

on the Von Stackelberg equilibrium concept. We restrict ourselves here

to the case of linear demand functions first.

It turns out that, provided marginal costs differ between cartel and

fringe, no simultaneous exploitation will occur. This is easily seen.

If the frinqe exploits, the world market price minus its marginal cost

increases at the rate of interest and the fringe is indifferent between

allocating exploitation at the end or at the beginning of an interval

where prices develop accordinq to this rule. However, the cartel is

not indifferent because marginal costs are not equal. The results are

summarized in table 2.2.

Table 2.2. Equilibrium policy sequences

marginal costs

Cf ~ }(pe t Cc)

Cc ~ Cf ~}(pe t Cc)

Cc ~ Cf ~ }(pe } Cc)

Cc ~ Cf

relative
endowments exploitation
cartel sequence

irrelevant C -~ F

large C } F ~ C

small C -~ F

irrelevant F -~ C
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Given that no simultaneous exploitation occurs, these results do not
differ much from the exploitation sequences in Nash-Cournot equilibria.
However, there is one important qualitative difference. This will have
our attention in the next subsection.
Newbery (1981) considers the case of different discount rates. He puts
forward that 'one of the main sources of inefficiency in the world
energy market is the inability of the 'Low Absorbing' O.P.E.C. produc-
ers to earn a satisfactory real rate of return on their overseas
assets'. Following Gilbert (o.c.) he postulates the existence of a
backstop technology at some pe, and assumes that for pe ~ pe demand is
inelastic:

E- b(a - Pe) . Pe ~ Pe ~ 2a,

E-0, pe ~ pe'

(2.61)

where a and b are of course positive constants. One possible outcome
is depicted in figure 2.3.

Pe T

pe ~ - - - - - i T-- -. ~~~~ ~, .~

fringe cartel

figure 2.3.

t

The Nash-Cournot trajectory is the dotted line. We shall come back to
Newbery's results below.
One final remark is in order. It seems that the demand functions used
are rather specific. However, the results obtained by Ulph remain
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qualitatively the same when a demand function is postulated for which

the elasticity increases in absolute value when prices increase.

2.2.3.5. Dynamic Inconsistency

Above we have studied Nash-Cournot and Von Stackelberg equilibria when

the market is supplied by a cartel and a fringe. Here we shall concen-

trate on a conceptual problem that might arise. In first instance we

shall restrict ourselves to the case where demand is linear and dis-

count rates are equal.

What institutional framework is necessary for either equilibrium con-

cept to be plausible? For Nash-Cournot all participants must assume ex

ante that their behaviour does not affect any other participant's

actions. In a Von Stackelberg concept the fringe recognizes the market

power of the cartel and takes the supply schedule of the cartel as

given. The cartel is capable of using this information. Now suppose

that the market power of each participant is agreed upon. Then, at the

outset of the period under consideration, the cartel sets prices for

the entire period. A crucial assumption made in the tables presented

above is that each supplier will in the future act in accordance with

the announced price trajectory. In other words: the equilibrium out-

comes presented are the outcomes that would occur when the contracts

are binding. This does not cause any conceptual problem in Nash-Cournot

equilibrium since at all future dates no supplier has an incentive to

deviate from the contract. However, in.a Von Stackelberg equilibrium

the problem of dynamic inconsistency might arise. This in fact will

happen in two cases.

a) When Cc ~ Cf the Von Stackelberg price trajectory looks as follows

(see figure 2.4).
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pe t

pe fL

fringe tl cartel tz cartel T t

figure 2.4.

For an initial period of time (0 ~ t 5 tl), pe(t) - ert ~f t Cf, where
af is some constant. This is necessary for the fringe to exploit.
Along the Von Stackelberg binding contracts equilibrium, price will
continue to move according to the given formula, even after the
fringe's resources have been exhausted. There is a final phase
(tz ~ t~ T) where the cartel produces alone and where the price tra-
jectory is less steep. But what happens as soon as time actually ar-
rives at tl? Then the cartel has an incentive to break the contract
and to start acting as a monopolist, since it has become the only
holder of resources. Hence the price will jump at tl. Thus the Von
Stackelberg equilibrium is dynamically inconsistent if contracts are
not binding.
b) When Cc ~ Cf ~ }(p t Cc) and the reserves of the cartel are rela-e
tively large, the binding contract equilibrium looks as in figure 2.5.

pe

pe

cartel tl fringe t2 cartel T t

figure 2.5.
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Here the cartel starts exploitation. This phase is followed by a period
where the fringe exploits alone. In both phases the price trajectory is
pe(t) - ert ~f } Cf, where af is a constant. Now suppose that the first

phase has actually come to an end. It is then profitable for the cartel

to undercut the fringe; in other words to transfer sales from (t2,T) to
(tl,t2). Hence again the cartel will break the contract.

It will be clear by now that the example given by Newbery, involving

different discount rates, presents also the problem of dynamic incon-
sistency.

Finally, Newbery and Ulph suggest that the first two cases of dynamic

inconsistency can occur also when the elasticity of demand is constant

or is increasing (in absolute value) with price. Also introduction of

a backstop technology does not change the results.

Therefore, we conclude that the problem of dynamic inconsistency will

arise when cartel's marginal costs exceed fringe's marginal costs and

when cartel's cost advantage is not very large but the cartel owns

relatively much of the resource. It miqht also arise when the discount

rates differ. What is then in these cases an appropriate equilibrium

concept? Newbery defines it as an 'extraction plan for each agent and

an implied price-path which maximizes the present discounted profit

for each agent at each successive date, and not just at time zero'.

It turns out that it is very difficult to calculate such so-called

rational expectations Von Stackelberg equilibria. They must satisfy

two conditions: 'the fringe must not exhaust before reaching the un-
constrained monopoly price trajectory if it is to remove the risk of a

price jump, and the leader must have no power to deviate from the price
path before it reaches the unconstrained monopoly path - after this the

monopolist will not wish to deviate from the predicted trajectory'
(Newbery, o.c. p. 632, Ulph (1982) p. 218). These conditions are met in

Nash-Cournot equilibrium (the second by definition) and Newbery sug-
gests that indeed Nash-Cournot might be a good approximation but will
in general not coincide with the rational expectations equilibrium. A

formal proof of the latter statement is given by Ulph (1962). These
rather vague and negative conclusions indicate that the problem of

finding rational expectations equilibria is not yet solved. It is sub-
ject to further research.



41.

2,3. GeneraZ equilibrium

Only rather recently attention has been paid to general equilibrium
models of open economies trading in natural resources. The number of
contributions in this field is very small. There is no clear explana-
tion of these facts. The relevance of a general equilibrium approach
seems to be indisputable since it not only covers the partial equi-
librium line of work but it might in addition provide conditions to be
taken into account when dealing with partial equilibrium models. These
conditions may concern price trajectories of the resource or of other
commodities, the interest rate or the demand schedule.
In this section four models will be described which, to our knowledge,
give an exhaustive account of what has been done in this field so far.
The first model is due to Kemp and Long (1980c). There are two coun-
tries. One of the countries (indexed 1) owns a natural resource, of
given size S. Exploitation is costless. This country is unable to0
produce consumer goods and, since utility is derived only from these
goods, it exports all that is exploited. Hence the first country seeks
to maximize

1 e-Plt U1(C1)dt,
0

subject to

(2-62)

C1 - Pe E. (2.63)

~
J E(t)dt ~ S ,- n
0

(2.64)

where pe is the relative world market price of the resource. For the
time being it is taken as given. C1 is the rate of consumption. The
second country is not in the possession of a natural resource but in-
stead has the disposal of a technology to convert the raw material
into the consumer good. The second country's problem is to maximize

~ -p t
f e 2 U2(C2)dt,
0

(2.65)

subject to
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Y - F(E), (2.66)

C2 - Y - peE, (2.67)

where F is the conversion technology, strictly concave with F'(0) -~.

It is seen from the equations that the current accounts of the balances

of payments are eguilibriatinq at all instants of time. It now follows

that in equilibrium F'(E) - p. No other general conclusion can bee
drawn: the signs of C., p and E` depend on the elasticity of marginal

i e
utility and the elasticity of production of country 1. If these quan-

tities are bounded from below by -1, then the rate of exploitation is

steadily decreasing. An example is provided by means of the 'CObb-

Douglas' case.

v.
Ui(Ci) - Cil, 0 ~ vi ~ 1, i- 1,2, (2.68)

F(E) - Ea, 0 ~ a ~ 1. (2.69)

In this special case, which can be solved explicitly, exploitation is
decreasing exponentially at a rate - pI~(1 - avl) and the world market
price increases at a rate pl(1 - a)~(1 - avl).

Subsequently it is assumed that the resource-rich country starts

behaving as a monopolist, while the resource-poor country keeps be-
having passively. In general nothing more can be said than that the

solution pattern differs from the competitive one. If however the pro-
duction function exhibits constant elasticity of production the two
solution paths coincide, that is: the resource-rich country has no
effective monopoly power. This conclusion crucially depends on the
specification of the technology and has been reached before by Stig-
litz ( 1976) for a closed economy (see also Withagen ( 1981c)). If, on
the other hand, the resource-poor country becomes aggressive, it is
offering an arbitrarily low price for the resource good, which must be
accepted by the resource-rich country in order to survive.

Chiarella ( 1980) works along the same lines as Kemp and Long. The

differences compared with the previous model are:
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i) in both countries the population (L.) grows exponentially at ani
exogenously given rate n.;i
ii) the utility functions Ui are Li ln Ci~Li;
iii) the model allows for capital accumulation and technical progress
(a) in the resource-poor country in the following way:

a a a
Y- e~t K 1 E 2 L23, ai ~ 0 Eai - 1, (2.70)

K- Y- pe E- C2. (2.71)

Both countries behave as price takers. A rather complicated and tedious
analysis yields the following results:

a) Due to the particular utility function of the resource-rich country
the supply of the resource good is inelastic.
b) For the share of each country in total consumption there exists a
value which is monotonically approached as an asymptote. Whether or
not the optimal path tends to this value from above depends on the
initial values So, Ko and Lio.
c) The asymptotic growth rate of the price of the resource good is

{a3(n2-n1tP1) ta} I(1-al).

The formulation above describes economies with permanent equilibrium
on the current accounts. The possibility of lending and borrowing is
introduced in the second part of Chiarella's article. This is done as
follows. Let B. denote the amount of bonds held by country i(i - 1,2).i
In the context of the model this means that country 1, not disposing
of productive uses of capital at home, lends B1 units of capital to
country 2. Denoting by r the rate of interest we have:

B1 - pe E t rBl - C1. (2.72)

Capital actually used as an input in country 2(K) shows the following
time path:

K- Y- pe E- rBl - C2 t B1. (2.73)
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In equilibrium (characterized by B1 t B2 - 0) we have:

a) the growth rate of the price of the resource equals the rental

rate r;
b) the asymptotic growth rate of the price of the resource is the same
as in the previous model;
c) the consumption share always moves in favour of the country with
the smallest p!~ (- p. - n.).

i i i

Undoubtedly Chiarella's work is very important, for example to the
extent that it is shown that resource price and rental rate heavily
depend on almost all parameters of the model.

A rather peculiar general equilibrium model is presented by Suzuki and

Ogawa (1979). They also postulate a resource-poor and a resource-rich

country, but now each country disposes of the same non-resource tech-

nology:

a a aY1 - eat K11 R12 L13. (i - 1,2). (2.74)

The labour force is assumed to grow at an exponential rate n in both

countries. The resource-rich country exports X1 of the resource at

price p. The current account of each country is assumed to equili-e
briate. Out of national income a fraction s, is saved and invested:i

K1 - sl (Y1 t pXl ) . (2.75)

K2 - s2(Y2 - pXl). (2.76)

Capital is assumed not to depreciate. In equilibrium:

pe - óYi~óRi, i - 1,2. (2.77)

Then it is assumed that the asset market only exists in the resource-

rich country and that it is in equilibrium. If the resource is com-

petitively owned in country 1 this implies:

pe~pe - áY2~aK1. (2.78)
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Finally we have:

S - -X1-R1- (2.79)

Suzuki and Ogawa are interested in steady state equilibria. They show
that a sufficient and necessary condition for these to exist is that

the savings share of the resource-rich country is smaller than the
share of capital (s2 ~ al). It is furthermore shown that the shares of

production and consumption for each country converge to positive con-
stants, smaller than unity.

Finally some work by Elbers and Withagen (1984) is reviewed. They are
concerned with general equilibrium too, but in a world where both

countries are in the possession of a natural resource. The model is
very simple in that the resource good is the only commodity in exis-
tence. Associated with exploitation there are costs, differing between

the countries. If Ei is the amount exploited the consumable amount is
Fi(Ei). One can think here of transportation losses. It is assumed
that Fi is increasing and strictly concave.
There exists a perfect world market for bonds, allowing each country

to borrow and lend. By definition:

Bi - Fi(Ei) t rBi - Ci, ( i- 1,2), (2.80)

where Bi is the amount of bonds (expressed in resource goods) held by
country i. The constraint is that in the limit each economy's debt is
nonnegative, implying that B. ~ 0 as t-r ~ for both i. Hencei

~ ~
ó q(t)Mi(t)dt ~ ó q(t)Xi(t)dt t B~,

where
t

- J r(T)dT

q(t) - e
0

(2.81)

and Mi and Xi denote imports and exports of the resource good respec-
tively. Now for country i the problem is to maximize
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~ -pit
Ji(Ci) - J e Ui(Ci)dt,

0
(2.82)

subject to (2.81) and the usual resource constraints.

General equilibrium is an allocation (i.e. Ci(t), Ei(t), Mi(t), Xi(t))

for each country and an associated price pattern r(t) such that each

country's objective function is maximized under the conditions given

and such that for all t

M1 - X1 - X2 - M2. (2.84)

The results are the following. An equilibrium exists. Equilibrium

price is continuous and decreasing. General equilibrium is Pareto
a. a.

efficient. An example with Fi(Ei) -(Ei t ai) 1- ail, 0 ~ ai ~ 1,

suggests that one of the resources is exhausted within finite time.

This is interesting since it provides a very simple illustration of

the problem of dynamic inconsistency in a general equilibrium model.

2.4. Conelusions

In this section we wish to evaluate the models presented in the pre-

ceding paragraphs and to suggest some further research. A broad (but

practical) distinction can be made between the models primarily focused

on optimal resource management at prices not endogenously determined

within the model, and the models designed to explain resource price

developments.

Large part of the analysis has been devoted to the former type of

models, involving small, or at least price taking, economies in the

possession of a natural resource. Such an economy has been character-

ized by its endowments (labour, capital, the reserves of the resource),

its industrial structure (the set of technologies) and a balance of

payments condition (specifying borrowing and lending facilities).

World market prices are data. This type of model is important since

many of the world's economies belong to the category just described.

One can think of Norway, the Netherlands and resource-rich developing

countries. The theories discussed above have led to the insight that,

at least when the country under consideration is a welfare maximizer,
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the outcomes are rather sensitive for altering the balance of payments
condition and that, in relation with this condition, optimal resource
management cannot be separated from optimal capital management. These
observations are due to Aarrestad. Unfortunately they are illustrated
by means of models that are not analysed in full detail and are sub-
ject to some criticism. With regard to the balance of payment condi-
tions one could ask whether it is relevant to restrict the speed of
borrowing rather than the amount of borrowing. Therefore one is in need
of a further development of the theory into these directions.
In the first class of models it is generally assumed that world market
prices are constant or grow exponentially. This kind of behaviour is
not explained within the models. However, in order to develop an
exploitation plan the economy under consideration must estimate price
movements. On the conditions with respect to this estimation a very
elegant literature has evolved. The cartel versus fringe case is ex-
tensively treated and has offered much new insights. Obviously, the
problem of finding rational expectations Von Stackelberg equilibria is
a starting point for further research. But also a second problem miqht
be very interesting to study more closely. In the cartel versus fringe
models the discount rates are exogenous. Some very preliminary attempts
have been made in the general equilibrium literature on exhaustible
resources and international trade, to explain prices and interest rate
simultaneously. It seems not far-going to conclude that this area
offers many opportunities for fruitful further research.
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3. OPTIMAL EXPLOITATION AND INVESTMENTS IN A SMALL OPEN ECONOMY

3.1. Introduction

One of the conclusions drawn from the survey of the literature on
exhaustible resources in open economies, was that a closer exam-
ination of the problem of simultaneous determination of optimal ex-
ploitation of the resource and the optimal savings rate was in order.
This is the purpose of the present chapter. It will turn out that
the results heavily depend on whether or not certain markets are in
existence and on the expectations the economy under consideration
holds with respect to the prices that come about on these markets.
This observation gives rise to various models, to be dealt with
subsequently. We shall outline here some of the characteristics the
economy will always (i.e. in all models) be assumed to exhibit and
we shall present a description of the environments in which the
economy may find itself. Essentially the models are special cases
of the general model presented in chapter 2 section 2.2.1.
We consider an economy in the possession of a single type of a
natural resource. The initial size of this resource (denoted by S)0
is given. The resource is not replenishable and there exists an
upper bound É on the rate of exploitation. The economy has further-
more the disposal of a technology, to produce one single commodity
by means of capital. F(K) denotes the output when an amount K of
capital is employed. F is assumed to be neoclassical and it fulfils

F(0) - 0, F' (0) -~, F' (~) - 0.

These assumptions are made for mathematical convenience. It is
assumed than capital depreciates at a constant rate u. The initial
stock of capital (K(0)) is given. The models used would be more
general if the resource commodity would enter into the production
function. This would however seriously complicate the analysis in a
number of models to be discussed below. Non-resource output consists
of a commodity that can be used for consumption purposes and for in-
vestments. In this sense output is perfectly malleable. The economy's
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objective is to maximize

m
J - f e-pt U(C(t))dt~

0
(3.1)

where p(~ 0) is the rate of time preference, C(t) is the rate of
consumption at date t and U is the instantaneous utility function.

It will be assumed that U is strictly increasing, concave and that
U'(0) -~. By n(C) we shall denote the elasticity of marginal util-
ity (U" C~U'). It will sometimes be assumed that n(C) - t1, a constant.
Then U(C) - 1 t n C1}n. Of course t1(C) ~ 0.

For the consumer good and for the exploited commodity there exist
perfect world markets. The price that comes about on the world mar-

ket of the latter good at time t is denoted by p(t). The small
country assumption boils down to postulating that the economy takes

p(t) as given for all t. It will be convenient to write

p~p - y(t), p(0) given.

The consumer good serves as the numéraire.
Several other markets may or may not be in existence. Three of them
are particularly relevant since they are related to the co~odities
which are of importance to the economy at hand.

1) First, there is the world market for bonds. In this

chapter it will be assumed that if this market exists, it is per-
fect, meaning that at the going interest rate r(t) the economy can
lend and borrow as much as it wants, provided that it submits plans
such that the present discounted value of expenditures is smaller
than the present discounted value of income.

2) The second and third market of relevance are the markets
for capital stocks and resource stocks.
These possibilities give rise to three models that will be studied
below. The first model describes the situation where there is no
world market for bonds, nor world markets for capital and resource
stocks. Section 3.2. is devoted to this model. In section 3.3. we in-

troduce markets for capital stocks and resource reserves while main-

taining the assumption that the world market for bonds is not in
existence. In the third model, to which section 3.4. is devoted, this
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latter assumption is dropped. In the sequel optimal programs for the

economy will be characterized. In section 3.5 these programs of the

different models will be compared. There also the conclusions of

this chapter are presented.

3.2. No ~orld market for bonds, no morZd markets for stocks

3.2.1. The model and preliminary results

In the model presented in this section there is no world market for
bonds nor markets for capital and resource stocks. Non-existence of

the world market for bonds implies that the current account of the
balance of payments of the economy under consideration must equi-

libriate at all instants of tíme. Furthermore, since there are no
markets for stocks, the stock of capital and the reserve of the re-

source must be continuous. The state of the economy at time t is
given by the stock of capital K(t) and the remaining reserve of the

resource S(t). The instruments by which the economy tries to reach
its goal are the rate of exploitation of the resource E(t) and the

rate of consumption C(t). We shall a priori E(t) and C(t) require

to be piece-wise continuous. This class of functions is quite large.

Allowing for more general classes would make the use of the Pontry-
agin maximum principle, given in appendix B, impossible. A feasibZe

program is a quadruple

z (t) - {K(t) , S (t) , C (t) , E (t) },

defined for all t? 0, with K(t) and S(t) continuous and C(t) and

E(t) piece-wise continuous such that for all t:

K(t) - F(K(t)) t p(t) E(t) - u K(t) - C(t),

S(t) - -E(t),

K(t) ? 0, S(t) ? 0,

K(0) is given, S(0) - S, given,0

(3.2)

(3.3)

(3.4)

(3. 5)
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C(t) ? 0, E? E(t) - 0. (3.6)

A feasible program is called optimal if there is no other feasible
program yielding a larger value for the objective functional (3.1).
Ample use will be made of the results of the one-sector optimal
growth model. These results are summarized in appendix A, which we
recommend to the reader not familiar with this model. It will be
assumed in this section that y(t) is a positive constant, denoted
by y. Before giving the Lagrangean of the problem some remarks are
in order.
i) the specification of the instantaneous utility function U
guarantees that in an optimal program the rate of consumption is
positive at all instants of time.
ii) the assumptions with respect to the production function F
guarantee that along an optimal program the stock of capital is
positive.
iii) it follows from (3.3) that

t
S(t) - So - J E(t)dt.

0

Since in view of (3.6) (E ? 0) the reserve of the resource is de-
creasing, we may write as a necessary condition

~
J E(t)dt ~ S ,
0 0

or

~
J (be-bt S - E(t))dt ? 0,
0 0

where b is an arbitrary positive constant.
Now the Lagrangean of the problem is

L(K,C,E,~,~,Ot,s) - e-pt U(C) t~(F(K) - uK t p(t)E - C) t

t a(be-bt So - E) t q.E t S (E - E) .

Let z(t) -{K(t), S(t), C(t), E(t)} be an optimal program. Then,
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according to the maximum principle, there exist continuous ~(t), a

constant a and piece-wise continuous a(t) and B(t) (possibly dis-

continuous at points of discontinuity of E) such that for all t:

aL~aC - 0 : e-pt U'(C(t)) - ~(t), (3.7)

óL~óK - -~(t) : y~(t)(F'(K(t)) - )1) - -~(t), (3.8)

aL~BE - 0 : p(t) ~(t) t a(t) - B(t) - a, (3.9)

á(t) É(t) - 0, á(t) - 0,

B(t)(E-E(t)) - 0, B(t) ? 0.

(3.10)

(3.11)

In the sequel we shall omit time indices when there is no danger of

confusion.

To interprete the necessary conditions let's assume that the economy is

competitive and that the ruling interest rate r(t) is given to each agent

in the economy. The consumer good serves as the numéraire. Define

t
- J r(T)dT

q(t) - e 0 (3.12)

q(t) represents the present market value of a consumer good: it is

the number of consumer goods the consumer would have to pay at time

zero in order to get one consumer good delivered at time t. Given a

present discounted life-time income of, say, M, a rate of time pre-

ference p and instantaneous utility function U, the representative

consumer will at each point of time demand consumer goods such that

his marginal rate of substitution equals the discount factor:

e-pt U'(C(t)) - q(t) U'(C(0)) . (3.13)

In economic terms (3.13) means that the intertemporal marginal rate
of substitution equals the price ratio (q(t)). To see that (3.13)
holds true, suppose
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e-pt U'(C(t)) ~ q(t) U'(C(0)).

Consider a discrete time two-period analogue. Construct an alterna-

tive consumption pattern with a units less in period 0 and augment

period 1's consumption by a(1 t r). Hence, the budget constraint re-

mains satisfied. Then, for a sufficiently small,

U(C(0)-a) t (1~(ltp))U(C(1)ta(ltr)) ~ U(C(0)) t (1~(ltp))U(C(1)).

Therefore the original consumption plan is not optimal: a contra-

diction. A contradiction would also be obtained when the marginal

rate of substitution is smaller than the discount factor. Now con-

sider a typical non-resource producer aiming at the maximization of

the present discounted value of his profits. He is discounting at

the rate r(t) and in equilibrium the rental rate of capital coin-

cides with r. So his problem is to maximize

J q(t) (F(K) - (rfu)K)dt.

0

Hence the optimal choice of K is such that

F'(K) - r f u,

which is equivalent to

F'(K) - u - -q~q- (3.14)

Finally consider a resource onmer, maximizing his present discounted
profits from exploitation:

~
f q(t) p(t) E(t)dt,
0

under constraints (3.4) and (3.6). Suppose that, during some inter-
val of time, he decides to exploit at a level 0 ~ E ~ E. Then

q(t)p(t) must be constant during this interval. For if it were

growing during some subinterval, it would be profitable to allocate

sales to this subinterval. The same kind of contradiction can be
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obtained if q(t)p(t) were decreasing during some subinterval. If, for

an interval of time, it is optimal to exploit at a maximal level then

obviously the level of present discounted profits per unit of ex-

traction (q(t)p(t)) is larger than for the case of interior exploit-

at.ion. For E- 0 the opposite holds. -

Let us now return to the necessary conditions (3.7)-(3.11). It follows

from t}ie preceding analysis that ~ can be interpreted as the discount

factor q(t) times marginal utility of initial consumption. Suppose ~(t)

is given. Then the rate of consumption follows from (3.7). The rental
i

rate (-~~~) determines the supply of the non-resource good through (3.8).

Exploitation is determined in (3.9)-(3.11). Therefore~we conclude that

the necessary conditions can be given a nice economic interpretation.

The problem is of course to find the optimal ~.

Before tackling this question we give some preliminary results. We

introduce two definitions that will frequently be used. KY}u is the

solution of F' (K) - Y t}l; Kp}u is the solution of F' (K) - p} u.

By virtue of the properties of F both solutions exist. For shortness

of notation the following convention will be adopted. For a variable

x(t) we define:

x(tt) - lim x(tth),
h~YO

x(t-) - lim x(tth).
h~0

We first show that, in order to have interior exploitation

(0 t E ~ E), the stock of capital must equal
KYtu-

Lemma 1

Let tl ~ tZ. If 0 ~ E(t) ~

K(s) - K,Y~ for all s E V,

E for all t E V: -[tl, t2~, then

Proof
It follows from (3.10) and (3.11) that in V cx - S- 0. Hence
~~~ --y. Substitution into (3.8) gives the desired result. o

To interprete this lemma let us consider a discrete time analogue
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with two periods. Capital is installed at the beginning of each
period. Let subscripts refer to the periods.

C1 - F (K1 ) - 1~K1 f Pl E1 - ( KZ - Kl ) .

CZ - F(KZ) - UKZ f p2 EZ -(K3 - Kz).

Now construct the following alternative trajectory

C1 - F (Kl ) - uKl t P1 E1 - ( ÍCZ - Kl ) .

CZ - F(ÍCZ) - UK2 f PZ EZ -(K3 - ÍCZ) r

C1 - C1,

E1 tE2-É1 tÉ2.

Hence the alternative path uses the same amount of the resource; it
ends up with the same amount of capital. Straightforward calcu-
lations (using the concavity of F) yield:

C2 - CZ ? (F' (ÍCZ) - (11 f Y) ) ( ÍC2 - KZ) .

Hence if KZ ~ KY}u the optimal program can be overtaken by investing
(and exploiting) more in the first period. For then ÍCZ - KZ ~ 0 and
K2 can be chosen such that the first factor of the right hand side
is positive. A similar conclusion is reached for KZ ~ KY}u. There-
fore,if E1 and E2 are both interior and K2 ~ KY}u, then the program
is not optimal. The lemma thus actually says that net returns on
activities (non-resource production and exploitation) should be
equalized.

Next a sufficiency theorem is provided.

Theorem 1
Let z-{K, S, C, E} be a feasible program, which, together with a,
~, a and s, satisfies the necessary conditions (3.7)-(3.10). Let



56 .

lim S(t) - 0, lim ~(t) K(t) - 0.
t-~ t~

Then z is the unique optimal program.

Proof

Let z be an alternative program with z

Then application of the concavity of

integration by parts yield:

T T
JT - J e-pt(U(C)-U(C))dt - J

0 0
T

- f ~(F'(K) - u)(K-K)dt
0
T

- J -~(F'(K) - u)(K-K)dt
0
T

t J ~(E-E)dt -
0

~ z
U

for some interval of time.

and F, (3.2), (3.6)-(3.11) and

e-pt U'(C)(C-C)dt

t
T T
j ~d(K-K) t J p ~(E-E)dt
0 0
T .

- J ~(K-K)dt t (K(T)-K(T))m(T)
0

T T
J Ot(E-E)dt t J S(E-E)dt
0 0

? ~(T)(K(T)-K(T)) t a(S(T)-S(T))

lim JT ?-lim ~(T)K(T) -~ lim S(T) - 0
T-~ T-~ T-~

In fact the inequality will be strict since U and F are strictly

concave and z~ z for an interval of time. o

The following lemma shows that the necessary conditions impose some

constraints on the ways jumps may occur in the rate of exploitation.

It says that if during some interval of time the optimal stock of

capital is smaller than Ytu and if, for some instant of time in

that interval, the rate of exploitation is zero, then exploitation

will after that instant of time be zero, at least as long as the

stock of capital is smaller than KYtu. Mutatis mutandis the same

holds for the stock of capital larger than KYtp and a rate of

exploitation equal to E.

Lemma 2
Let 2 be the optimal program. Then 2 has the following properties:
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a) Let tl ~ t2. Define V as [tl, t2]. If K(t) ~ KY}u for all t E V

and E(s) - 0 for some s E V, then E(t) - 0 for all t E[s, t2].

b) Let tl ~ t2. Define V as [tl, t2]. If K(t) ~ K,Y}u for all t E V

and E(s) - E for some s E V, then E(t) - E for all t E[s, t2].

Proof

a) K ~ Ky}u ~ F'(K) ~ Y}ji since F is strictly concave. Then from

(3.6) F'(K) - u--~~~ ~ Y and ~p is decreasing in V. Since

É(s) - 0 we have S(s) - 0. À is constant, hence a is increasing.

An upward jump in É implies that a jumps downwards. ct - S is

continuous and therefore S jumps to a negative value, which is

not allowed in view of ( 3.11).

b. This proof runs along the same line as the proof under a. o

The sequel of this section will be organized as follows. In 3.2.2

the case p~ Y is considered, 3.2.3 is devoted to the case y ~ p.

3.2.4 deals with p- y. Finally in 3.2.5 we go into problems that

may arise when the upper bound É is "small". The exact meaning of

the expression "small" in this context will become clear below.

3.2.2. The case p~ y

Here the situation is analysed where the rate of time preference is

larger than the expected growth rate of the price of the resource

good. Our main objective is to prove existence of optimal programs

and to give a characterization.

In the sequel some additional notation will be used. We define C~ as

the optimal rate of consumption at time T when K(T) - Ky}u, S(T) - 0.

Hence C~ is the unique rate of consumption solving the problem of

optimal economic growth in the neoclassical one-sector model. See

Appendix A. The modified golden rule rate of consumption is denoted

by Cp}u.

Cp}u :- F(Kp}u) - uKptp.

In an analogous way we define

Cy}u :- F(Kytu) - uKy}u.

These concepts are illustrated in figure 3.1 for p~ y.
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We first prove

iigure 3.1.

Lemma 3
Suppose p~ Y. Let tl ~ t2. If K(tl) - K(t2) - KY}u, then K(t) ~ KY}u
for all t E[tl, t2].

Proof

If the lemma were not true, then the K trajectory depicted in figure
s.2. could be optimal.

K

K

C - F(K) - uK

Ytu

tl
figure 3.2.

t2 t

Since K(tlt) ~ 0 and K(t2-) ~ 0 we have (using (3.2))

C(tl) ~ C,~,tu t P(tl) E(tlt).
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c(t2) ~ cYtu t p(t2) Ê(t2-).

Observe first, that neither Ê(tlfl nor E(t2-) is i.nterior, since for

t E(t1, t2) K(t) ~ KY}u (lemma 1).

If E(tlt) - 0, C(tl) ~ C(t2). If E(tl}) - E, then, by virtue of le~a

2, E(tZ-) - E, and again C(ti) ~ C(t2).

It follows from

~
-~ - ~(F(K) - U), (3.8)

that ~~~ ?-Y for K? KY}u. Differentiation with respect to time of

e Pt U'(C) - ~ (3.7)

yields

n(C) C~C - P f~~~ ? U.

Hence,for K? KY}u,C is non-increasing, a contradiction.

It will turn out to be useful to make a distinction between the cases
K(0) ~ KY}u and K(U) ~ Y}u. The case K(0) ~ KYtu is analysed first.

Theorem 2
Suppose p ~ Y, K(0) ~ KY}u. If there is no upper bound on the rate of
exploitation, then the optimization problem posed has no solution.

Proof
Suppose that the theorem does not hold true. It follows from lemma 1
that exploitation will take place only when K- KYt~. Since exploit-
ation is costless, it is optimal to exploit somewhere in the future.
Until then E- 0. K is required to be continuous. As long as K ~ K ,

Ytu
~p is decreasing, hence á must increase (see 3.9). Therefore as soon
as KY}u is reached exploitation cannot become positive for that would
require that q. jumps downwards, contradicting the continuity of á.
But at some point of time exploitation must start. Hence K can be
depicted as follows:
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K

KYtu
~ ~
~ i
i ~
i i
i i
I I

tl tZ

figure 3.3.

1t

But such a K-trajectory has been excluded by the previous lemma. o

It will be clear that the non-existence of a solution is caused by

the continuity requirements with respect to S and K. What actually

the economy would desire is to exploit at an infinite rate in order
to enlarge its stock of capital as fast as possible. We shall return

to this issue below.
Theorem 2 holds irrespective of the magnitudes of the initial stock

of capital and the reserve of the exhaustible resource. It therefore
implies that in the presence of an upper bound on the rate of ex-

traction, this upper bound will be binding, at least for an initial
period of time. Then two possibilities arise.

a) The resource is exhausted during the phase where E- E.

b) The phase with E- É is followed by a phase with an interior

solution for the rate of exploitation.
It is easily seen that there are no other possibilities. It follows

from theorem 2 that E- E for all t such that K(t) ~ KYtu, S(t) ~ 0.

Hence a jump to E- 0 could occur only when the resource is exhausted,

giving the type a program, or for K~ KY}u. But this possibility is

ruled out by lemma 2 that says that jumps to É- 0 can occur only for
K ~ KY}u. In order to present a more precise description of the opti-

mal program we prove the following lemma.

I.emma 4

Suppose p~ y. Suppose that there exists an interval of time, starting

at, say, tl such that, along this interval, the optimal rate of exploit-
ation is interior. 2'hen there exists tZ ~ tl such that
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i) 0 ~ E(t) ~ E , E(t) ~ 0 , tl ~ t~ t2

ii) S(t2) - 0 ,

iii) C(t2) - C ~`

iv) K(t) - KY~u ~ tl ` t`- t2.

Proof

During an interval following ti, E is interior. It follows from lemma 1
that there K- K and from (3.2) and (3.7) -(3.11) that there exists
- YtV
a with

U'(F(KYtu) - UKYtu t pE) - e(R-Y)t a~P(0). (3.15)

Since p~ y, the solution pE of ( 3.15) is decreasing. y~ 0, hence E is
decreasing. If the ínterval with interior exploitation would be followed
by an interval with maximal exploitation, then K would jump upwards (3.2).
But the economy cannot maintain maximal exploitation forever. Hence, one
should return to interior exploitation, with K- K (lemma 1) or to zero

Ytu
exploitation, which, in view of lemma 2, can only occur after some instant
of time with K - K . Both cases are excluded by lemma 3, however. Hence

Ytu
the interval with interior exploitation lasts until the resource has been
exhausted or the interval is followed by a period where the resource is
not exploited, although being positive. However, the latter possibility
is ruled out by theorem 2, saying that exploitation is maximal for
K ~ K . We conclude that interior exploitation lasts until the resource

Ytu
is exhausted.
It follows from ( 3.15) that, indeed, the resource will be exhausted within
finite time. Since p~ y~the right-hand side goes to infinity, implying
from the concavity of U that E goes to zero within finite time. From the

moment of exhaustion on, the economy will pursue the program leading to

the modified golden rule. Therefore t2 can be derived from

U'(C~) - e(P-Y)t2 a~p(0) .

This proves the lemma. o



62.

A consequence of this lemma is that, for p ~ Y and K(0) ~ K , along~ Ytu
an optimal program K(t) ~ KYtu. For if the economy would arrive at
IC - KYtu then it cannot continue with maximal exploitation (lemma 3).
And if, at that moment, it starts with interior exploitation, K will
never exceed KY}u (lemma 4). We have then proved:

Theorem 3

Suppose p ~ Y and K(0) ~ K . The optimal program can be character-
Ytu

ized as follows. There exists T1 ~ 0 such that for 0 ~ t ~ T1,
E(t) - E and K(t) ~ K,Ytu.
For t~ T1 either one of the following two propositions holds:
a) E(t) - 0. (K(t). C(t)) ;(Kp}u. Cp}u). -

-b) there exists some T2 ~ T1 such that, for T2 ? t~ T1, 0 ~ E(t) ~ E,
K(t) - KYtu and, for t~ T2, E(t) - 0, (K(t), C(t)) -~ (Kp}u, Cp}p).
The rate of consumption is decreasing for T2 ? t ~ T1.
In case a) as well as in case b) the modified golden rule is
approached monotonically. o

Whether or not in the case at hand an interior solution for the rate

of exploitation will occur obviously depends on the specification of
the functions used and the value of the parameters of the model.

Nevertheless some more or less intuitive reasoning may help to obtain
useful results. Suppose there exists an interval with an interior
solution and that the switch to this solution occurs at T1 ~ 0.
F(K) - UK ~ F(KYtp) - uY}u. Then for 0 ~ t ~ T1

K ~ ~Y}u t P(t) E,

yielding

YT
KY}u - K(O) ~ T1CY}p t Y p(0) E e 1.

Obviously~one must have T1 ~ So~E and hence

YS ~É
KY}p - K(0) ~ CY}u SorE t Y p(0) E e o.
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Therefore~a necessary condition for having an interior solution is

that So or SóE is sufficiently large or that KY}u is sufficiently

close to K(0). The role of E is ambiguous. The right hand side of the

above inequality is decreasing for small É and increasing for large

E. Therefore a necessary condition is that É is sufficiently small or

large. It should be understood that all these statements hold ceteris

paribus.

We now proceed to the case K(0) ~ K . One would expect the following
Ytu

program to be optimal: initially the rate of exploitation is zerc and
the stock of capital is reduced up to the level Y}u. Then there fol-
lows an interval with interior exploitation. Finally the economy stops
exploitation and approaches the modified golden rule program. It will
be shown that in its generality thís conjecture is not correct. How-
ever it holds for E large enough. The excercise will be carried out
for a utility function with constant elasticity of marginal utility

(n). This is not a serious simplification. Intuitively it is easily
seen that the results will hold for more general utility functíons,
provided that the elasticity of marginal utility is bounded. However,
a rigorous proof would require tedious calculations and is therefore
omitted here.

Suppose there exists an optimal program z - {K, S, C, E}, such that,
for t ~ T1, É- 0, for T1 ~ t ~ T2 , 0 ~ E ~ E and, for t~ TZ , E- 0.
See figure 3.4.

K p}u YtuK K(0)

figure 3.4.

K
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Figure 3.4. gives the phase diagram for the neoclassical one-sector

optimal growth model. T2 is the date of exhaustion. From T2 on t.he

economy faces the problem of the neoclassical one-sector growth eco-

nomy. Hence at T2 the economy will find itself at KY}u.and C(T2) - C~.

From T1 on exploitation is interior. Hence Ct -~ - 0, ~~~ --Y (from

3.11) and C~C -(p-Y)~r1 ( from 3.7), for T1 ~ t ~ T2- It follows that

(p-Y)(t-T2)
C(t) - C~`e n , T1 ~ t ~ T2.

Using

C(t) - C.~,~u t P(t)E, T1 ~ t~ T2

(3.17)

(3.18)

we find

-(~)T
E(t) -(C~~P(0)) e~t e n 2-(CY}uIP(0))e-Yt, T1 ~ t ~ T2,

(3.19)

where t~ -(p-Y(ltn))~n. Remark that t~ ~ 0 since p~ Y and n ~ 0.

Between T1 and T2 the resource is exhausted. Substitution of (3.19)

into

T2
! E(t)dt - S~,
T1

yields after straightforward calculations

-YT ~, -1~1 (T -T ) C Y (T -T )

P(0)So - e 2{~ (1 - e 2 1) f Y}u ( 1 - e 2 1)}
Y

- F(T1,T2). (3.20)

We are interested in the behaviour of F(T1, T2) for T2 ~ T1. Since
C~ ~ C,Y}u we find

2F~aT1 ~ 0, áF~óT2 ~ 0 and áF~óT1 t aF~áT2 ~ 0.

Furthermore for each p(0)So there exist T1 and T2 such that (3.20)

holds for T2 ~ T1 ~ 0. This is so since aF~2T2, evaluated at T2 - T1 -
0, equals -CYtu t C~, and it is bounded away from zero for all T2 ~ 0.
For any given p(0)S our information about (3.20) is summarized in0
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curve I in figure 3.5.

TZ

T'2

figure 3.5.

T1

Now consider (3.17). Suppose T1 is set equal to zero. This means that
the economy should "infinitely" fast go from K(0) to KY}u. This can
only be carried out by choosing an infinite initial rate of con-
sumption. Therefore T2 -~ when T1 - 0. Clearly TZ decreases as T1
increases for if the economy is left more time to arrive at KY}u,
the initial rate of consumption will be smaller, implying that C(T1)
is smaller. (See appendix A). For T1 - T2, C(T1) - C~ and T1 takes a
finite value. In figure 3.5. curve II represents this relation be-
tween T1 and T2. From the previous argument it will be clear that
curves I and II have a point of intersection (Ti,T2), such that T2 ~
Ti. Hence if the program z is optimal T1 - Ti and TZ - Tz. It is now
straightforward to show that z is indeed the optimal program, provided
that E is large enough. This restriction has to be made since there is
no guarantee that the solution E(Ti) is smaller than E for an arbit-
rary E. Presently we can state the following theorem.

Theorem 4
Suppose p~ Y and K(0) ~ Y}u . Suppose furthermore that E is suf-
ficiently large. The optimal program can be characterized as follows.
There exist 0~ T1 ~ T2 such that
a) for 0 S t ~ Tl, E(t) - 0, K(t) ~ 0, C(t) ~ 0,
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b) for T1 ~-t ~ T2, 0 ~ E(t) ~ E, E(t) ~ 0, K(t) - KY}u, C(t) ~ 0,

c) for t ~ T2, E(t) - 0, (K(t), C(t)) -~ (Kp}u, Cp}u). o

Fígure 3.6 depicts the time path of E.

E

T1
n
T2 t

figure 3.6.

A few comments are in order. A feature of the optimal program is
that when the resource is discovered, the economy is not starting to

increase instantaneous welfare by exploiting the resource. Instead~
exploitation is postponed and instantaneous utility is raised by
means of a large rate of desinvestment. Secondly one could argue that
the case at hand is not very realistic in the sense that relative
capital abundance (K(0) ~ Kp}u) is not likely to occur. One should
however bear in mind that the discovery of a natural resource could
influence the economy's rate of time preference to the extent that
this rate is substantially increased. Nonetheless this type of
argument is of course rather intuitive and should be tested for its

empirical relevance.

3.2.3. The case p ~ Y

Here we consider the situation where the rate of time preference is

smaller than the growth rate of the price of the resource. It turns
out to be useful to make a distinction between K(0) ~ KY}u and

K(0) ~ K . For the ease of exposition we shall continue to work with
Y}u

the constant elasticity of marginal utility type of utility function. It
should be recalled that CY}u denotes F(K1,}u) - UK,~u. We Shall proceed

as follows. First it will be shown that the re.soulrce will never be
exhausted and that eventually (which means for all instants of time
after some given point of time) exploitation will be interior. From
this a necessary condition for the existence of an optimal program



67.

can be derived. Secondly, optimal programs are characterized for

sufficiently large upper bounds on the rate of exploitation. Small
upper bounds will be dealt with in subsection 3.2.5.

Theorem 5
Suppose Y~ p. Then along an optimal program S(t) ~ 0 for all t.

Proof
If the theorem were not correct, then E(t) - 0 eventually and the

economy would face the neoclassical one sector growth problem. Hence
the rate of consumption approaches Cp}u, a constant. Then, from

(3.7), the qrowth rate of ~ approaches p. Since eventually S(t) - 0
(in view of E(t) - 0) a(t) must become negative (see (3.9)). This
contradicts a(t) 2 0(3.10). o

Lemma 5
Suppose Y~ p. If there exists an optimal program, then 3T ~ 0
Vt ~ T 0 ~ E(t) ~ E.

Proof

Suppose that the lemma does not hold. In view of theorem 5 it is not

optimal to have E- 0 eventually. Hence there is an infinite series
of intervals of time with E- E. In view, again, of theorem 5

there is also an infinite series of intervals with 0 ~ E ~ E. We now
show that for some point of time, say T, C(T) ~ C YtU~ K(T) - Ytu~
Suppose, for some tl, E(tl) - 0. If K(tl) ~ K}, then E will remainYu
zero, at least as lor3g as K ~ K,Y}u. Hence there exists t2 ~ tl such
that E(t2) - 0, K(t2) ~ Ytu (see lemma 2). But it cannot be optimal
to have K~ Y}~ and E- 0 eventually, in view of theorem S. There-
fore, either there is some t3 such that K(t3) - KY}u and K(t3) ~ 0,
implying C(t3) - CY}u, or for K~ KY}p, E jumps to E. But we cannot
have E- E eventually, hence the former statement holds.

ASuppose, for some tl, E(tl) - E, then this same result is obtained.
Denoting t3 by T, we find C(T) ~ CYtu, x(T) - KYtu.
At T three possibilities arise. The economy has a choice to make
between E(Tt) - 0, 0 ~ E(Tt) ~ E or E(Tt) - E. The first choice is
not optimal since then the economy behaves according to the one-
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sector optimal growth rule and E(t) - 0 for all t? T. Remark that
here the continuity of C is used. In the second option K- KY}u for
an interval of time following T and C is increasing during this
interval, as can be seen from ( 3.7) and (3.8). In the final possi-
bility we know that exploitation at the maximal rate must come to
an end. This can only happen through a switch to E- 0, for K ~ K ,

Ytu
or by switching to an interior solution. Let tz denote the point of
time where the switch takes place. In the former case C(tZ) ~ CYtu.
since C is increasing for K ~ KYtu (see 3.7 and 3.8) and K(t) ~ KYtu
for T ~ t 5 tz or K(tl) - KY}u,with K(tl)~ 0 for some tl, T ~ tl ~ t2, im-
plying also that C(t ) ~ C . We conclude that in the former case the2 Ytu
economy behaves according to the one-sector optimal growth rule and
Ê(t) - 0 eventually. Therefore a switch must occur to an interior
solution.
It follows from the previous arguments that E(t) ~ 0 eventually.
Since it has been assumed that the lemma does not hold true, there
exists an infinite series of intervals of time with E- É. Hence a
typical K-trajectory looks as follows.

K I

K
Ytu

a b

figure 3.7.

t

Consider a feasible program {K~, C~`, E~`}. Suppose that for tl ~ t ~

t2, Et - E - E and K~(tl) - K(tl) - K~`(tz) - K(t2) - KY}u.
t2

J e-pt (U(C~) - U(C))dt ?
tl

t2

J e-pt U' ( C~`) (F' ( K~`) -}1 - p t r) C~~C~) ( K~`-K)dt.
tl
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Now take K'(t) - KY}u for tl ~ t ~ t2. Then

C
~``IC~` - YI ( Y}u t 1) .

p(t)E

By choosing [tl, t2] far enough in the future,C~IC~ can be made
arbitrarily close to y. Therefore

F'(K~) - u- p t nC~IC~

can be made arbitrarily close to

-p t Y(ltn).

If this expression is positive, then by taking t1 - b, t2 - c(see
figure 3.7) the optimal path can be improved upon. If the expression
is negative, then taking tl - a and t~ - b yields more welfare. Hence,
in both cases a contradiction has been obtained.

Using this lemma it is easy to prove:

Theorem 6
Suppose Y ~ p. A necessary condition for the existence of an optimal
program is that p~ Y(ltn).

Proof
Suppose the contrary. It follows from lemma 5 that from, say, T on,
there is interior exploitation. Hence from ((3.7)-(3.11)):

p-Y (t-T)
C(t) - C(T) e n , t? T, (3.21)

and

p-Y (t-T)
É(t) - C(T) e n e-YtIP(0) -(e-YtIP(0)) CY}p.

We must have

~

J E(t) dt ~ S.
T o

(3.22)

(3.23)
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But the integral diverges, since p? Y(ltn), o

The interpretation of the condition given is straightforward. The
rate of time preference should not be too small relative to the growth
rate of the resource price, otherwise the economy tends to postpone
exploitation and consumption until infinity and any program can be
overtaken by another program along which consumption takes place
further in the future. Henceforth it will be assumed that p~ y(ltn).

In order to characterize optimal programs, it will be supposed, to
start with, that along an optimal program there is no exploitation
initially and that after finite time exploitation becomes interior.
More formally, let 2-{K, S, C, E} be an optimal program. Then it is

supposed that there exists T ~ 0 such that, for t ~ T, É(t) - 0 and,
for t~ T, 0 ~ È(t) ~ É. It follows from the necessary conditions
that, for t~ T, (3.22) must hold with T replaced by T and that (3.23)
must hold with equality, for T- T. Combination of these two equations
yields:

c(T) -- p-y~fn) {YP(T) So t CY} 4, (3.24)

This relation between C(T) and T is depicted as curve I in figure 3.8.

C (T)

C

figure 3.8.
T

It turns out to be convenient to consider first the case K(0) ~ YtU.
See figure 3.9.



figure 3.9.

From this figure, which is the phase diagram for the neoclassical
one-sector optimal growth model, we can derive some information about
the way the economy behaves before KY}u is reached ( see also appendix A).
The initial rate of consumption is to be chosen on the line K- K(0).
If C(0) is very large, it takes little time to reach KY}u and the
corresponding C(T) is large. The smaller C(0) is chosen, the longer
it takes to arrive at K . This does not imply that the correspondingYtV
C(T) is getting smaller. On the contrary, it is seen from figure 3.9
that, if the initial rate of consumption is smaller than F(K(0))-uK(0),
C(T) is larger, the smaller is C(0). Clearly, C(0) must be above C,
the rate of consumption lying on the unique trajectory, starting from
K(0), leading to the modified golden rule. The closer C(0) to C, the
closer C(T) to C. C(T) as function of T, obtained in this way, is
given by curve II in figure 3.8.
Then it is easily seen that curves I and II have a point of inter-
section. Therefore, we have found the point in time where interior
exploitation should start, and the corresponding rate of consumption.
By construction, the rate of exploitation is positive since C(T) ~ CYtu.
The only thing to worry about is the upper bound on the rate of
exploitation.
This problem will be studied in section 3.2.5. For the time being it
is assumed that the upper bound is large enough. Now obviously we can
find functions a, ~, ~ and a such that the necessary conditions are
satisfied. Furthermore S(t) -~ 0 and K(t) e-pt U'(C(t)) -r 0 as t-~ ~.
Therefore theorem 1 on sufficiency can be invoked to establish the
optimality of the program. It should be remarked that the two curves
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of figure 3.8 have only one point of intersection since an optimal
program is unique.

Theorem 7

Suppose Y~ p and K(0) ~ K . Suppose furthermore that E is suffi-Y}U
ciently large. The optimal program is characterized as follows. There
exists T~ 0 such that

~
a) for 0 ~ t ~ T, E(t) - 0, K(T) - K , C(t) ~ 0,Ytu:
b) for t ~ T, 0 ~ E(t) ~ E, K(t)- KY}u, C(t)~C(t) -(p-Y)~n ~ 0.

Proof
Existence of an optimal program follows from the arguments given
above. That the rate of consumption is increasing during the phase
with E- 0, is clear from figure 3.9. When the rate of exploitation
is interior, the growth rate of the rate of consumption is easily
derived from the necessary conditions (3.7)-(3.11).

Next consider the case K(0) ~ KY}u. See figure 3.10.

K(0) KYt~

figure 3.10.

Kpfu K

We first observe that the initial rate of consumption should lie
between C(0) and C(0), given in figure 3.10. C(0) is the rate of
consumption lying on the unique trajectory leading from K(0) to the
modified golden rule. C(0) is such that the trajectory departing from
(C(0), K(0)) passes through the point(CYtu, KYtu). The choice of the
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initial rate of consumption is restricted to this set for the fol-
lowing reasons. If C(0) ~ C(0), then E(t) - 0 eventually, in view of
lemma 2. If C(0) ~ C(0), then KY}u is approached from the left. At
the moment exploitation becomes interior, that is when Y}u is
reached, K jumps downwards, implying that the rate of exploitation
jumps to a negative value which is clearly ruled out. Consequently,
the rates of consumption arrived at, as function of the time necessary
to reach them, are given in figure 3.11.

C (T)

Cmax

CYtu

T .min

In order to see what the optimal T(if any) is, the curve in figure
3.11 and curve I in figure 3.8 have to be compared. If the curves
displayed have a point of intersection and if the correspondinq rate
of exploitation is smaller than E(which holds true by assumption),
the existence of an optimum is established and the characteristics of
the optimal program are readily given. If there is no point of inter-
section, the policy sequence proposed is not optimal. It seems
interesting to investigate under which circumstances this would
occur. Obviously, the smaller the initial stock of capital relative
to Ytu, the longer is the minimal period of time necessary to reach

Ytu.
This implies that the point (CY}u, Tmin) in figure 3.11 shifts to

the right. Hence the smaller the stock of capital, the more unlikely
is a point of intersection to occur. It is easily seen from (3.24)
that a relatively large initial value of the resource (p(0) S) will0
have the same effect. Figure 3.12 gives in the p(0) S, K(0) plane0
the region of constellations not allowing for a point of inter-
section.
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no point of
intersection

! 1 figure 3.12.
xY{u x(o)

What is then the optimal policy sequence when there is no point of

intersection? We first remark that the economy should start with

exploitation at a maximal rate. For, if it were not, exploitation
would be zero for an initial period of time and by virtue of lemma 2

e~cploitation would still be zero for some t with ÍC(t) ~ K,Y}u. But it

has been shown that for K~ KY}~ there exists an optimal program

where initially the rate of exploitation is zero. So if the economy
would start with zero exploitation there must be a point of inter-

section, contradicting our point of departure. Hence there are two

possible candidates for an optimal program:

a) maximal exploitation -~ interior exploitation,
b) maximal exploitation -r zero exploitation i interior exploitation.

Both sequences may be optimal as is shown presently. Let T denote the

point of time where exploitation at the maximal rate comes to an end

and suppose sequence a is optimal. At T the reserve of the resource

equals S- TÉ. Hence we must have0

C(T) - P-Y(ltn) {YP(T)(s - TÉ) } C }.
Yn o Ytu

Now suppose

P-Y(1tn)

and

Yn (Yp(o) so t ~Y}u) `- cY}u,

E ~ Y S .
0

(3.25)

(3.26)

(3.27)

Then C(T) can be depicted as in figure 3.13.
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C (T)

CYtu

- P-Y(lt~)C
Yn Ytu

T

figure 3.13.

At T exploitation becomes interior, so it is required that C(T) ~ CYtu
Since C is continuous we conclude that policy sequence a is not
optimal and that the optimal rate of exploitation should be as in
sequence b. If, on the other hand, the initial reserve of the resource
is large, then policy sequence a is optimal.
The results are summarized in the following theorem.

Theorem S
Suppose Y ~ p and K(0) ~ KYtP. Suppose furthermore that E is suf-
ficiently large. The optimal program is characterized as follows.
1) If p(0) S is small relative to K(0), there exists T ~ 0 such that0
a) for 0 á t 5 T, E(t) - 0, K(T) - KYtu, C(t) ~ 0,
b) for t ~ T, 0 ~ E(t) ~ E, K(t) - Ytu, C(t)~C(t) -(p-Y)~n,
c) K(t) is increasing initially and decreasing for an interval

preceding T.
2) If p(0) S is large relative to K(0), there exists T~ ~ 0 such0
that for 0 5 t ~ T', E(t) - E. For t~ T~ the optimal program is of
the same type as described under la - 1c or as under lb. o

A final remark concerns the case K(0) - KYt~. It is not necessarily
true that the economy starts with interior e~cploitation. in fact, it
will not do so when the initial reserve of the resource is small in
the sense that the solution C(T) of ( 3.24) is smaller than C forYtu
T- 0. It is better~for the economy to wait until the resource price
is sufficiently large.
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3.2.4. The case p- Y

Presently we analyse the case where the rate of time preference co-
incides with the expected growth rate of the price of the resource
commodity. We shall maintain here the assumption that the upper bound
on the rate of exploitation is sufficiently large. First the case
K(0) ~ K is considered.

Ytu
It is easily seen that lemma 3 and theorem 2 hold for p- Y. Hence
K(t) 5 K ( lemma 3) and initially E(t) - E. Therefore, if the- Y}u
initial reserve of the resource is "small", the optimal policy is to
start with exploitation at a maximal rate. This phase ends within
finite time. Afterwards the economy approaches the modified golden
rule. When the initial size of the resource is "large", the interval
with maximal exploitation is followed by an interval with interior
exploitation. This phase will last into infinity. This is seen as
follows. It cannot be optimal to jump from an interior solution for
the rate of exploitation to exploitation at a zero level, since then
exploitation is zero forever and the economy diverges from the modi-
fied golden rule. It cannot be optimal either to jump to maximal
exploitation, since then lemma 3 would be violated. Hence the resource
will last forever. The rate of consumption is constant when exploit-
ation is interior. This constant is larger than the modified golden
rule consumption. Along the phase with interior exploitation, ex-
ploitation decreases at the rate Y. Hence we have

Theorem 9
Suppose Y - p and K(0) ~ KYtu. The optimal program is characterized
as follows.
1) If p(0) S is small relative to K(0), there exists T~ 0 such that0
a) for 0 ~ t ~ T, E(t) - E, K(t) ~ KY}u, C~ 0,

b) for t ~ T, E(t) - 0, K(t) -~ Kp}p, C(t) ~ Cp}u.
2) If p(0) So is large relative to K(0), there exists T~ 0 such that
a) for 0 ~ t ~ T, E(t) - E, K(t) ~ 0, C(t) ~ 0, K(T) - KYtu,
b) for t ~ T, 0 ~ E(t) ~ E, É(t)~E(t) --Y, K(t) - KY}u, C(t) - 0. o

Secondly we consider the case K(0) ~ K . Then the following holds.Y}u
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Suppose Y- p and K(0) ~ KY}u. Suppose furthermore that E is suf-
ficiently large. The optimal program can be characterized as follows.
There exists T ~ 0 such that:

- - za) for 0 ~ t í T, E(t) - 0, K(t) ~ 0, K(T) - KY}u, C(t) ~ 0,

b) for t ~ T, 0 ~ E(t) ~ E, E(t)~E(t) --y, K(t) - KYtu, C(t) - 0. o

if K(0) - K , then clearly it is optimal to have interior ex-
Y}u

ploitation forever, provided E is large enough.

3.2.5. A small upper bound on the rate of exploitation

In the previous subsections it has been assumed that the upper bound

on the rate of exploitation is large enough so as to make interior

exploitation feasible, when, at some instant of time, the state of

the economy is given by a positive reserve of the resource and a

stock of capital equal to KY}u.Here this assumption will be dropped.

Several cases have to be considered.

1) p~Y.

The optimal program for the case K(0) ~ K has been characterizedYtu
in theorem 3. There it was not necessary to assume that E is large
enough. Hence this case poses no problems.
We therefore turn to the case K(0) ~ KY~u.
In theorem 4 we had to make a proviso with respect to É. There are

only four possible policy sequences with respect to the rate of ex-

ploitation when E is small. To see this, observe that, if, along an

optimal program, exploitation is interior for an interval of time,
the resource will be exhausted during that interval. Furthermore,

since K(0) ~ K the economy starts with either E(0) - 0 or E(0) - E.
Ytu

In the former case the interval with E- 0 must be followed by an

interval with E- E since it is assumed here that E will be binding

somewhere. In the latter case, the interval with E- É is followed by

an interval with interior ex~loitation, or by an interval, extendina

into infinity, with zero exploitation, in view of lemma 2, saying that

for K ~ KY}p it is impossible to jump from E- E to E- 0 and theorem

3, showing that, if K ~ Ytu and S ~ 0, E- E. Hence the four possible

policy sequences are:
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a) E- 0-i E- E-~ 0 ~ E ~ E t E- 0,

b) E- E-; 0~ E ~ E-~ E- 0,

c) E- 0-~ E- E-~ E- 0,

d) E- E-~ E- 0.

Therefore we can state the following theorem.

Theorem li
Suppose p~ y. There exist T such that S(T) - 0. o

Which one of these policy sequences will be optimal depends obviously
on the parameters of the model. It is not the purpose of this sub-
section to give a full account of the conditions under which each of
the sequences is optimal. It seems that this problem is difficult to
solve analytically and that a numerical approach is more appropriate.
It is however intuitively clear that sequence a is optimal, when the
upper bound on the rate of exploitation is not too different from the
one the economy would like to prevail. On the other hand, if E is
very small as well as the initial size of the resource, the optimal
policy sequence is d, as the following argument shows.
Suppose, that for some T1 ~ 0, K(T1) - Ky}u and S(T1) ~ 0. Define, as
before, C~ as the rate of consumption lying on the unique trajectory,
starting at Ky}u, leading to the modified golden rule. If C~ ~ Cy~utp(T1)E,

then the economy will not choose for interior exploitation. This is so
since, if the economy did, the rate of consumption after exhaustion of
the resource would be smaller than C~` and the modified golden rule
cannot be approached, since C must be continuous. It is also not
optimal to have E(Tlt) - 0. This contradicts theorem 3 (E - É for
K ~ Ky}p and S ~ 0) or lemma 3(excluding that K is growing for
K~ Y}u and S~ 0). Hence if C~ ~ Cytu t p(T1)E, then E(Tit) - E.
Suppose then that for some time T2 (~T1) on the rate of exploitation
is interior. The time path of K is depicted in figure 3.14.
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KYtu

T1

figure 3.14.

T2 t

K(T2-) ~ 0 implying that C(T2-) ~ CYtu } p(T2)E. But we must also have
C~ ~ CYtu t p(T2)E. This implies that T2 - T1? M for some positive M,

depending on the difference between C~` and CYtU } P(T1)E. On the other

hand T2 - T1 ~ S(T1)~E because, at T2, the resource is not yet
exhausted. M can be made arbitrarily close to C~ - CYtu

by manipulating
p(0). Now, if S(T1) is sufficiently small, then we cannot have
C~` ~ CY}u t p(T2)E. It can therefore be concluded that, if the state of
the economy at some instant of time is given by K - K , S~ 0, it

Ytu
is not necessarily optimal to have interior exploitation at some
future instant of time.

2) p~Y.

Here we shall not make a distinction according to whether or not
K(0) ~ K . Let us assume that, along an interval of time, the rateYtu
of exploitation is interior. It follows that, along this interval,
K - KY}U and

U'(CY}u t pE) - ae(P-Y)t~P(0). (3.28)

Given a, we can depict the,not necessarily feasible,solution E(t) of
(3.28) as follows.
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r

0

-CYtu

figure 3.15.

small
À large

a very large

t

Clearly the larger is a, the smaller is the initial E. For a-~ ~,

p(0)E(0)-r -CY}u. Differentiation of (3.28) with respect to time yields

n(Y f E~E)~(1 t CY}u~PE) - p- Y.

For ~ very small, p(0)E(0) is large. Furthermore, pE is increasing in

time. Since it has been assumed that p ~ Y(ltn), È~É ~ 0 for small a.

If a is large, p(0)E(0) is small. Eventually pE must become positive
in view of (3.28). However E~E ~ 0 eventually. This explains the form
of the curves in figure 3.15. We conclude that if, along an optimal
program, the rate of exploitation is interior, it is decreasing
eventually and that it might increase for an initial interval of time.
Next it will be shown that if, along an optimal program, the rate of
exploitation is interior and decreasing during some interval of time,

then the rate of exploitation will remain interior throughout the
program. This is seen as follows. Suppose the statement is not true.
Then, at the moment of the transition to maximal exploitation, the
rate of investments jumps upwards and there follows an interval with

~ -
K~ Ytu. Along such an interval C~C ~( p-Y)~rl. Therefore, since the

rate of consumption is continuous, the "optimal program" can be
improved upon by a program, keeping the stock of capital at the KYtu
level, yielding a growth rate of consumption equal to (p-Y)In.

Subsequently, it is shown that if, along an optimal program, the rate
of exploitation is interior and increasing for some interval of time,
then there follows at most one interval of time with exploitation at



81.

a maximal rate. Consider figure 3.16.

E

E

figure 3.16.
t1 t2 t

Suppose, 0 ~ E(t) ~ E, for tl ~ t ~ t2. Zf É(tz ) - E, then clearly
the statement is proven in view of our previous remarks. So let us
suppose that, at t2, the rate of exploitation jumps upwards to E and
that, at t3 (~ t2), it becomes interior again. Then the argument used
above can be invoked again to show that such a policy is not optimal.
These results are summarized in

Theorem 12
Suppose p ~ y and there exists t1 such that 0 ~ E(tl) ~ E. Then
0 ~ E(t) ~ E for all t? tl or 0 ~ E(t) ~ É for all t? tl except
for one interval of time where E(t) - É.

Admittedly, this theorem does not deal with the effects of a small

upper bound É on the e~cploitation policy to be pursued initially. We

leave this problem to be solved numerically.

3) p-Y.

Since in this case, the rate of exploitation is decreasing whenever
it is interior, we have the following theorem.

Theorem 13
Suppose p- Y and there exists tl such that 0 ~ E(tl) ~ E. Then
0 ~ E(t) t E for all t? tl.
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3.3. Markets for stock.s

Here we introduce markets for capital stocks and resource reserves,

while maintaining the assumption that there is no world market for

bonds. Let us first give a motivation for considering this case. In

the model of the previous section, the economy will in general wish

to adjust its stock of capital to a certain level (KYtu). The speed

of this adjustment is however limited by the continuity requirements

on K and S. But it might be interesting to find out what the economy's

best policy would be when these constraints were not present. Then it

could for example import total industries in exchange for concessions

on its resource.

No problem arises when defining markets for capital. A market for

capital stocks is a market where property rights on capital stocks

are bought and sold. It will be assumed here that capital as a stock

is perfectly mobile and can (and will) immediately be used in the

buying economy. For this assumption there are some alternatives: one

could assume that capital as a stock is immobile and that, therefore,

the buyer gets only rights on the flow of revenues derived from it,

or that capital is mobile and that the new owner can use it as an

input anywhere in the world. We shall not make these assumptions,

because we are primarily interested in the optimal size of the

domestic stock of capital. It is more difficult to give a definition

of a market for property rights onexhaustible resources. If there are

no restrictions on the rate of exploitation, no problems occur: buying

or selling resources is like trading in pieces of land where the

resource finds itself (at least when land does not have any other

possible use). But matters become complicated when such restrictions

aze present. The motivation behind the introduction of E in chapter 2

was of a geogrjaphical nature. Therefore, selling part of the resource

cannot be considered írrespective of the exploitation schedule the

buyer will follow: the price at which the owner is willing to sell,

depends on this schedule, since the geoqraphical conditions do not

change as a consequence of the sale. (Matters will of course become

even more complicated when exploitation requires the input of

factors of production). It cannot be hoped to give a full account of

all possibilities, so this section will only deal with sa~me special

cases.



83.

The analysis will be carried out as follows. We shall compare optimal

programs for different ínitial stocks. From these comparisons con-
clusions can be drawn with respect to the optimal composition of

these initial stocks. Then enter the world markets for stocks and
conditions on the relative price of the resource reserves can be

derived under which trade will actually occur. The results give
sufficient conditions for trade.

A priori it seems worthwile to pay attention to the presence of stock
markets not only at the outset of the planníng period. There is how-

ever a theorem by Arrow and Kurz (1968) saying that, if the Hamil-
tonian of a control problem is strictly concave, jumps in the state
variables will only occur at t- 0. Since our U and F are strictly
concave, this condition is satisfied here.
We now consider the case K(0) ~ KY}u. It follows from theorems 4 and 7,

that if K(0) ~ Ytu, there is an initial interval with E- 0. At the
end of this interval K- KY}u. Let 2-{K, S, C, E} denote the cor-

responding optimal program and denote by T the time where this initial
interval ends. Suppose now that, at time zero, there exist stock
markets and that the economy were offered an extra reserve of the
resource in return for which it has to pay some capital. In particular,
the economy is offered f(t) units of the resource to be delivered at
time t for 0- t 5 T. By K(0) we denote the economy's new stock of
capital when the deal is accepted. The economy will accept the offer

if, between 0 and T~it enjoys more welfare and ends up with the same

amount of capital. Consider therefore the following problem. Maacimize

T
! e-pt U(C(t))dt,
0

subject to

K- F(K) - uK - C t pf (t) ,

K(0) - K(0),

K(T) - K(T).

Let z-{K,~S,~,É} be the solution of this problem and let ~,,1,a and B

denote the corresponding auxiliary variables. Then
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JT: - J e-pt (U(C)-U(C))dt ? f e-pt U'(C)(C-C)dt
0 0

T T
? J ~(F'(K)-}1)(K-K)dt t J p~f(t)dt

0 0

T
t f ~d(K-K)

0

T
- ! p~f(t)dt - (K(0) - K(0))~(0).

0

Since ~p is non-decreasing for ÍC ? K,Ytu we have

T
JT ? p(0)~(0) f f(t)dt - (K(0)-R(0))~(0).

- 0

Therefore the economy will accept the offer if the value of the extra
resources, evaluated at p(0), exceeds the stock of capital that has
to be sold in return.

We next turn to the case K(0) ~ KYtu. The economy is offered a new
stock of capital K(0) in return for which it sells an exploitation
schedule given by f(t). Suppose that, along the optimal program in
the absence of stock markets, E(t) - E for all t smaller than some T
and that from T on the rate of exploitation is interior, at least for

some interval of time. Consider now the following problem. Maximize

T
J e-pt U(C(t))dt,
0

subject to

K- F(K) - j1K - C t pE,

0 ~ E ~ E- f(t) ,

T
f(E(t) t f(t))dt S So - TE,
0

K(0) - K(0),

K(T) - K~.
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Let i-{K, S, C, E} be the optimal program and let ~, a, a and S be

the auxiliary variables. Then

T
JZ,: - J e-pt (U(C) - U(C))dt

0

T
? f ~ p(E-E)dt - (K(0) - K(0))~(0).

0

Hence the economy will accept the offer if 0 ~ E(t) ~ E- f(t) for

0 ~ t ~ T(and hence K(0) - KYtp) and

T

Ytu - K(0) ~ p(0) f f(t)dt.
0

This is so, since under these conditions ~p is constant for 0 ~ t ~ T.

Hence again the economy will engage in trade when the stock of

capital newly obtained exceeds the value of the exploitation scheme

sold.

3.4. A perfect morld mcmket for bonds

The model presented here describes a competitive economy that can lend

and borrow as much as it wants, provided the present discounted value

of total expenditures does not exceed the present discounted value of

total income. The world market rate of interest is r(t), which is

given to the economy. These assumptions allow for the application of

the separation theorem. Hence the economy should aim at the maxi-

mization of the present discounted value of the revenues from re-

source activities. We shall show that such a model leads to rather

peculiar outcomes, unless there is some rule relating the interest

rate to the growth rate of the price of the resource good. Consider

t
v(t) - - J (r(T) - Y(T))dT.

0
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The economy wishes to maximize

~
v(t)J e p(0)E(t)dt,

0

subject to

m
J(b e-bt So - E(t))dt ? 0,
0

0 ~ E ~ E.

The Lagrangean reads

L(E.a.a~~) -
ev(t) p(0)E t a(b e-bt So - E) t aE t S(E-E).

Necessary conditions for an optimum are that there exist a constant 1

and piece-wise continuous a(t) and ~(t) (possibly discontinuous at

points of discontinuity of E) such that

BLIaE - 0: e~(t) p(0) -~ t a(t) - S(t) - ~,

a(t) E(t) - 0, a(t) ' 0,

R(t) (E-E(t)) - 0, Q(t) ? 0.

If v(t) is unbounded, no optimum exists. This is seen as follows. The

maximand will attain the value infinity and the original problem of

maximizing total welfare will not have a solution. In fact the growth

rate of the price of the resource good is too large relative to the

rate of interest. Hence we assume that v(t) is bounded from above. The

optimal program looks as follows. Take a constant ~ and calculate the

total length of time during which v(t) ?~. If this total length of

time equals T- SoIE, then put E- E during these intervals and E- 0

otherwise. If the total length of time is smaller than T, then take a

smaller ~. Continue this procedure until the total length of intervals
equals at least T. If the total length exceeds ~ then the optimal

policy is to have maximal exploitation during the intervals where
v is maximal, taking into account the limitation of the resource.

The solution needs obviously not be unique. See figure 3.17.
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E

tl

figure 3.17.

t2 t

Also, when r(t) - y(t) for all t, then an optimal program could be

0 ~ E(t) ~ E for all t.
As for the present value of income from non-resource production, the
economy will maximize

where

f q(t) (F(K) - (r(t) t u)K)dt,
0

t
-J r(T)dT

q(t) - e 0

Hence the economy will always employ capital up to the amount equating

marginal product and the gross rental rate:

F'(K(t)) - r(t) t u. (3.29)

Due to our assumptions on the production function, (3.29) has a

solution for any r(t). Denoting the sum of the present discounted
values of resource exploitation and non-resource production, carried

out in the optimal way, by M, we can formulate the economy's problem
with respect to consumption:

maximize J- j e-pt U(C(t))dt,
0

subject to

j q(t) C(t)dt ~ M.
0
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The Lagrangean reads

L(C,~) - e-Pt U(C) - t~(q(t) C- b e-bt M).

where b is some positive constant. A necessary condition for an
optimal program is that there exists a constant t~ such that

e-Pt U'(C(t)) - ~ 4(t).

Hence

C~C - (P-r(t))~n(C). (3.30)

Hereby the optimal program has not yet been established. Suppose an

optimum exists and denote the initial rate of consumption by C. Then0
it follows from (3.30) that

t P-r(T) (ltp(C(T)))dT
~ J n(c(T))
J C e 0 dt ~ M.
0 0

(3.31)

If eventually (which means for all t~ T for some T? 0) p~ r(t), no

problem arises, since the rate of consumption is decreasing even-
tually and there will exist a C such that (3.31) is satisfied. If0
eventually p ~ r(t), then the rate of consumption is increasing.
Given that

r:- lim r(t),
t-~

~:- lim n(c)
c-~

exist, it is easily seen that a necessary and sufficient condition

for the existence of an optimal program for the case at hand, is

p ~ r(ltn).

It should be remarked that in the analysis no attention has been paid

to the amount of bonds the economy starts with. Essentially nothing

will change, if we assume the initial bond holdings to differ from

zero. Only the value of M, disposable income, will be larger or
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smaller depending on whether initially the economy has positive or

negative bond holdings.

The results of this section are summarized in

Theorem 14

Suppose there exists a perfect world market for bonds, bearing
interest rate r(t). Then necessary conditions for the existence of

an optimum are:

t
i) - J(r(T) - Y(T))dT is~bounded above~

0

ii) p ~ r(ltn).

Condition i) is sufficient for the existence of an optimal ex-
ploitation pattern (which needs not be uniquely determined). Con-
dition ii) is (given that condition i) holds) sufficient for the
existence of an optimal consumption plan. Along this plan the rate
of consumption is increasing (decreasing) if p ~ r(t) (p ~ r(t)). a

A final remark is in order with respect to condition i) of this
theorem. There are several good reasons to justify the assumption

that it holds. It has been postulated that the world market for bonds
is competitive as well as the market for the resource good. If con-
dition i) would not hold the market for bonds would not be in equi-
librium since the country under consideration would supply an
infinite amount of bonds which would not be absorbed in the market.
Furthermore, our country would not supply resource goods, but in
addition no other owner of the resource would, since each agent is
assumed to have perfect knowledge. Hence the resource commodity
would not be supplied at all, until infinity. This could never
establish world wide general equilibrium since there is always

demand for the resource good.

3.5. Conelusions

In this chapter we have analysed the problem of simultaneous optimal

exploitation of a natural resource and optimal investments for a
small country. It has been shown that the nature of optimal programs
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heavily depends on which world markets are in existence. We shall

here briefly summarize the results and give some conclusions. In the

case of no bonds market nor markets for stocks the outcomes

drastically differ according to whether or not the growth rate of

the world market price of the resource good is larger than the rate

of time preference and according to the initial stock of capital

relative to KY}u. Along an optimal program the rate of exploitation

is initially either at the maximum level or zero. If p ~ Y, the

resource will be exhausted within finite time, whereas, if Y~ p,

the resource will last forever. In some cases the upper bound on the

rate of exploitation prevents non-existence of optimal programs.

When we introduced world markets for stocks, while maintaining the

assumption that the world market for bonds is absent, we were able

to calculate for some situations the resource-stock price that would

provide the economy with an incentive to engage in trade on these

markets. Finally, in the presence of a world market for bonds, we

characterized the optimal investmentrexploitation program. Here the

optimal exploitation path typically depends on the course of the real

interest rate minus the growth rate of the resource price. In order

to have an optimum, the real interest rate should be sufficiently

high. What can be learned from the results obtained in this chapter?

Before dealing with this question, it should be stressed that here it

is necessary to be modest. Although we have been considering several

models, it is clear that these models represent extreme cases. In

reality the relevant markets are less perfect than we have been

postulating here and moreover we have not taken into account any

type of uncertainty (see on the problem of uncertainty with respect

to e.g. the reserves of the resource, Crabbé (1982)). Nonetheless the

very large variety of possible optimal programs, depending on the

parameters of the models, will only be increased when more realistic

models are studied. Therefore, our general conclusion is that simple

rules such as the Hotelling rule can in the case of open economies

where physical capital plays a role in non-resource production, not

be applied.
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4. RATIONING ON THE BONDS MARKET

4.1. Introduction

Zn the previous chapter we have been analysing the problem of optimal
exploitation and optimal savíngs of a small, price taking, economy.
With respect to the debt position of the economy two cases have been
discussed. Firstly, the case where the economy was a priori held to
establish permanent equilibrium on the current account of its balance
of payments. Secondly, attention has been paid to a situation where
the economy was allowed to lend and borrow at will, provided the sum
of discounted exports exceded the sum of discounted imports. Obviously
these cases are extremes and not very realistic. It is the objective
of the present chapter to give an account of an intermediate possi-
bility.

Such an analysis seems to be important, since in the real world the
amount of money a country can borrow or will lend is in some sense
limited, in a way different from the cases mentioned above. The ex-
planation of this phenomenon is to be found in the imperfection of
the international market for financial capital. This imperfection can
on its turn be explained by a large variety of circumstances. One
reason could be that transactors on this market do not have uniform
expectations with respect to the future prices. One could also think
of different attitudes towards risk. Uncertainty with respect to, for
example, the size of a natural resource may play a role as well. As a
final possibility we mention the phenomenon of dynamic inconsistency,
being a result of the non-enforceability of contracts. From this
summing up it follows that the limitation of borrowing facilities
can have different grounds. One possible line of research would then
be to model each of these reasons of imperfection in order to say
something of the type of rationing occurring on the financial market,
Such an analysis, however interesting, will not be followed here. The
problems mentioned are not specific for natural resources and could
be studied in a context not including these resources. We shall, in
this chapter, pay attention to the effects credit rationing has on
the exploitation scheme of an economy.
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Rationing on the world's financial market can be modeled in several

ways. One could assume that a country's debt is not allowed to exceed

a given proportion of current (per capita) income or that repayments

and interest payments should not exceed such a proportion. Another

assumption would be that the increase of per capita debt is bounded

by some given number (see Aarrestad (1979)). Here we shall simply

postulate an upper bound on the indebtedness of the economy. Admit-

tedly this choice is an arbitrary one, but in view of our previous

remarks, it is not less plausible than any other, necessarily ad hoc,

assumption.

In the sequel we shall adopt a simplified version of the model used

in the previous chapter, at least with respect to the features not

referring to lending and borrowing. It will be assumed that physical

capital does not play a role. This assumption is made in order to

facilitate the analysis and to be able to identify in detail the

effects of rationing. The objective functional of the economy is

simplified in the sense that it is assumed throughout that the elas-

ticity of marginal utility is constant (n). There is no reason why

the consumer good, appearing in the utility function, should be the

numéraire . We shall assume that the economy takes the price of this

good (p ) given and expects it to grow at a constant rate, denoted by
c

~. As usual, the growth rate of the resource commodity is denoted by Y.

The plan of this chapter is as follows. In sections 4.2. and 4.3. the

extreme cases with respect to borrowing facilities, will be analysed.

This analysis is concise since the results are contained in the out-

comes of the previous chapter. Section 4.4. is devoted to credit

rationing. Finally section 4.5. contains the conclusions.

4.2. Permanent equiZibrium on the current account

The problem of the economy is to maximize

~
J - J e-pt U(C(t))dt,

0

subject to

f E(t)dt - So,
0

(4.1)

(4.2)
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0 ~ E(t) ~ E, (4.3)

pc(t) C(t) - Pe(t) E(t), (4.4)

where p(t) stands for the price of the resource commodity the economye
expects to prevail at time t. As already mentioned, it is assumed that

pc,pc -~' pe,pe - Y' U"C~U' - n. This type of utility function

quarantees that along an optimal program the rate of consumption and
hence the rate of exploitation are positive. Therefore the constraint

E(t) ? 0 will never be active. Then the Lagrangean reads

L(C,E.~r~.R) - e-Pt U(C) t~(P (t)E - P(t)C)e c

t~(be bt So - E) t S(E - E) ,

where b is an arbitrary positive constant. Let z(t) -{C(t), E(t)} be
an optimal program. Then, according to the maximum principle (see
appendix B), there exist a nonnegative constant ~ and piece-wise con-
tinuous Q(t) and S(t), possibly discontinuous at points of discon-
tinuity of E(t), such that

8L~8C - 0: e-Pt U'(C(t)) -~(t) pc(t), (4.5)

óL~óE - 0:~(t) pe(t) - S(t) - a, (4.6)

S(t) (E - E(t)) - 0, S(t) ? 0. (4.7)

In the sequel time indices will be omitted when there is no danger of

confusion. We first show that an optimal program needs not to exist.

Theorem 1

If p~(y-~r)(ltn), then the problem posed has no solution.

Proof
Suppose the contrary. It is convenient to distinguish between the cases
p ~(y-~r)(ltn) and p-(y-~r)(ltn). Consider the former case first.
Assume that during some interval of time E- E. During such an interval
S and ~ are continuous. Differentiation of (4.5) with respect to time
and the use of (4.4) gives:
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~~~Y - -P t (Y-~r) ( ltn) .

Since a is constant, it then follows from (4.6) that S is increasing.

The phase with E- E cannot last forever, hence at some point of time
a transition to interior exploitation must be made. At that point of

time S jumps downwards and so does ~, implying that C jumps upwards

(see (4.5)). But jumps of E and C in opposite directions are excluded
by (4.4). Therefore, for all instants of time the rate of exploit-
ation is interior. Then it is easily seen that S- 0(4.7), implying
that ~~~ --Y (4.6). Upon using this in (4.5) it is found from (4.4)

that

E~E -~-(Y-~r) (ltn) ~ C~
n

contradicting (4.2). If p-(Y-~r)(ltn) and if, during some ~nterval

of time, E- É, then, using the same argument as above, we find that

~p is constant along this interval. Suppose S~ 0 in this interval.

At some instant of time E becomes interior. Then s jumps downwards,

~ jumps downwards (4.6) and C jumps downwards (4.5), contradicting

(4.4). Hence s- 0 along the entire program. Therefore ~ is con-

tinuous (4.6) and so are C(4.5) and E(4.4). It then follows from

(4.5) and (4.4) that E is constant. Sut there is no positive con-

stant rate of exploitation not violating (4.2). o

Remark that this result is analogous to the outcome of theorem 6 of
the previous chapter.
Henceforth it will be assumed that ~(:-(p-(y-n)(ltn))~n) is negative.

Then the optimal program is readily established. Consider the equation

-E~tD - So - ET. (4.8)

The right hand side of this equation denotes what, at time T, is left

of the resource, if, up to T, it is exploited at the maximal rate.

The left hand side of (4.8) is the reserve of the resource needed

when from T on the rate of exploitation is interior and È(T) - É.
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This can be verified as follows

E(t) - E e~ (t-T~ for t? T ,

from (4.4)-(4.6). The left hand side of (4.8) then equals:

~
f É eaf(t-T)dt.

Now consider figure 4.1.

-E

figure 4.1.

If S?-E~W,(4.8) has a solution for T, denoted by T. The optimalo -
exploitation program is to have exploitation at the maximal rate for
0 ~ t ~ T and interior exploitation for t~ T.

If S ~ -E~til then it is optimal to have interior exploitation for all0
instants of time. The optimality of these policies is easily seen in
view of the concavity of U. Whether or not the rate of consumption is
increasing or decreasing depends on the sign of ~r - Y t p. If the

rate of time preference is large (p ~ y-~r), consumption decreases,
otherwise it increases. The results are summarized in

Theorem 2
Suppose p~(Y-~f)(ltn). Then the problem posed has a unique solution
z - {C, E}.
If So ~-E~til, 0 ~ E ~ E for all t, c~c - (p-Yfn)~n~ E(O) --WSo.
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If S~-E~t~, there exists T 2 0 such that: É - E and C~C - y- 7f foro -
0 ~ t ~ T, and 0 ~ E ~ E and C~C -(p-ytn)~n for t~ T. o

4.3. A perfect raorZd market for bonds

The problem of the economy is to maximize (4.1) subject to the usual
resource constraints (4.2) and (4.3) and subject to

~ oo m-rt
J e pc(t) C(t)dt ~ ó e-rt pe(t) E(t)dt t ó e-rt r Bo dt,
0

where r denotes the interest rate and B is the amount of bonds0
the economy holds at time 0.
The Lagrangean of the problem reads:

L(C.E.U,a,a.~) - e-Pt U(C) t u(e-rt p(t)E t e-rt r Be o

-e-rt pc(t)C) t a(be-bt So - E) t aE t~(E - E),

(4.9)

where b is an arbitrary positive constant. Obviously the separation
theorem holds in this case. Therefore, we shall mainly deal with op-

timal exploitation.

Let z(t) -{C(t), E(t)} be an optimal program. Then, according to the

maximum principle, there exist nonnegative constants U and a and piece-

wise continuous a(t) and ~(t), possibly discontinuous at poínts of

discontinuity of E(t), such that

aL~aC - 0 . e-pt U'(C(t)) - ue-rt pc(t), (4.10)

óL~áE - 0 . u e-rt pe(t) t a(t) - ~(t) -~, (4.11)

a(t) É(t) - 0, a(t) ? 0, (4.12)

S(t) (E - E(t)) - 0, S(t) ? 0, (4. 13)

11[J e-rt (pe(t) E(t) t rBO - pc C(t)) dt] - 0. (4.14)
0
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Three cases are to be considered now.
If r ~ Y,the optimal policy is to extract as fast as possible. Hence

E- E for 0 ~ t ~ So~E. The optimality of such a program is evident:
the economy should invest in bonds, which give a higher rental rate

than the resource, kept in the ground. Also the necessary conditions
make clear that this should be the optimal exploitation policy. It is
seen from (4.11) that it is not optimal to have 0 ~ E~ É for any

interval of time. Suppose then, that there is an interval of time,
ending at T, with E- 0, whereas for some interval of time, starting
at T, E- E. It follows from (4.11) that up to T á is increasing. At
T,E jumps from 0 to E. Hence a jumps to 0. Then S must jump downwards,

becoming negative and contradicting (4.13).
If r- Y, the optimal program is indeterminate. Any extraction profile,

exhausting the resource, is optimal,
If r ~ Y, no optimal extraction policy exists. This is seen as fol-

lows. First remark that, for the same reasons as for the case r~ Y,
there exists no interval with 0 ~ E ~ É. Suppose then, that eventually

(which means for all t? T for some T- 0) E- 0. Then it follows from
(4.11) that eventually a becomes negative, contradicting (4.12). Hence

for all T there exists an interval of time after T with E- E. But
such an interval is finite since the resource is of finite magnitude.

At the inevitable jump to E- 0, a becomes negative. Obviously all of
this is clear from simple economic reasoning. The economy should ex-

ploit as far away in the future as possible, issuing bonds at an
infinite rate.

Although r? Y is sufficient and necessary for the existence of a
profit maximizing extraction policy, an overall optimal program does

not necessarily exist, as has been seen in the previous chapter.
Ne need in addition that the rate of time preference is large enough.

To be more specific: if p~(r-n)(lfn), then along an optimal program
the total discounted value of consumption would be unbounded, and
(4.9) is violated.
The results are summarized in

Theorem 3
a) Suppose Y ~ r. Then the problem posed has no solution.
b) Suppose Y ~ r and p ~(r-tr)(ltn). Then the problem posed has a
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solution. If y ~ r, E- E for 0 ~ t~ So~E and C~C -(p-rtn)~n.
If y- r, B is indeterminate and C~C -(p-rt~rt)~n,
c) Suppose y ~ r and p ~(r-n)(ltn). Then the problem posed has no
solution.

4.4. Credit rationing

4.4.1. Introduction

Here we present the model, give some preliminary results and outline
the sequel of this section.
The model resembles the model of the preceding section but with one
additional constraint introduced. It requires that at any instant of
time the economy's bond holdings exceed some given number B, where B
is negative. Defining the bond holdings at time t by B(t) we have:

B(t) - r B(t) t pe(t) E(t) - pc(t) C(t), (4.15)

B(t) ? á. (4. 16)

Hence the problem is to maximize (4.1) subject to the resource con-
straints, (4.2) and (4.3), (4.9) and the additional constraints
(4.15) and (4.16). Condition (4.16) causes some mathematical diffi-
culties. It does not involve any of the instrumental variables and
problems may arise at points of time where the constraint becomes
effective. If,for some t, B(t) - B, the riqht hand side of (4.15) must
be nonnegative. We invoke here a theorem on bounded state variables,
established by Guinn (1967). First the notion of ,junetion time is
introduced. Suppose that for to ~ t ~ tl, B(t) ~ B and that for
tl ~ t- t2, B(t) - B, then tl is called a junction time. Next define
the Lagrangean:

L(B,C,E,u,~~~.~,S,K) - e-Pt U(C)

t u(e-rt -rt -rtpe(t)E t e r Bo - e pc(t)C) f~(pe(t)E t rB -

- c(t1C) 4 a(b e-bt g- E) t aE t S(E - E) f K (B - B),-c o
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where b is an arbitrary positive constant. Necessary conditions are

now readily given. Let z(t) -{B(t), C(t), E(t)} constitute an optimal

program. Then there exist nonnegative constants a and u, and functions

~(t), á(t), ~(t) and K(t) which are continuous, except gossibly at

junction times or when C(t) or E(t) are discontinuous, such that:

óL~óC - 0: e-Pt U'(C(t)) -~(t) Pc(t) t U Pc(t) e-rt~ (4. 17)

áL~óE - 0: u pe(t) e-rt t~(t) Pe(t) t a(t) -~(t) -~. (4-18)

óL~aB - -~(t) : -~(t) - r ~(t) f K(t). (4.19)

a(t) E(t) - 0, a(t) ? 0, (4.20)

S(t) (E - E(t)) - 0, S(t) ? 0, (4.21)

K(t) (B(t) - B) - 0, (4.22)

~
}1~J e-rt (pe(t) E(t) t r Bo - pc(t) C(t)) dt] - 0.

0
(4. 23)

For details on these necessary conditions we refer to appendix C.

From here on time indices will be omitted when there is no danger of

confusion.
We first prove a sufficiency theorem.

Theorem 4

Let z(t) -{B(t), C(t), E(t)} be a feasible program. Let along this

program C(t) be continuous, B(t) tend to B and the resource be ex-

hausted. If there exist u, ~(t), a, a(t), S(t), K(t) ~ 0, which to-
gether with z(t) fulfil the necessary conditions given above, then
z(t) is the unique optimal program.

Proof
Let {B(t), C(t), E(t)} constitute an alternative feasible program

with C(t) ~ C(t) for some interval of time. Then
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JT: - J e-pt(U(C)-U(C))dt ? J e-ptU'(C)(C-C)dt
0 - 0
T

- f (~tue-rt)(-BtrBtpeEtB-rB-peE)dt
0
T T

- f (À-a-~)(E-E)dt t j (~tue-rt)(r(B-B))dt
0

t (B-B)(ue-rtt~)

0
T T

- J (B-B)(-ur e-rt-r~-K)dt
0 0

T T T
- f~(E-E)dt t j(S-a)(E-E)dt t f(B-B)(-K)dt

0 0 0

t (B(T)-B(T))(ue-~t~(T)).

The inequality follows from the concavity of U. The equalities are
obtained from the feasibility and necessary conditions.
Consider the first term of the right hand side. The resource is
completely exhausted, so

T
lim J E dt - S,
T-~ 0 0

hence in the limit the first term is nonnegative.
The second term is nonnegative in view of (4.21) and (4.22).
The third term is nonnegative for the following reason. If B ~ B, then
K- 0(4.23). If B- B then x(B-B) ~ 0, since we have assumed K(t) ? 0.

Finally consider the fourth term. The second factor is positive for
all T since the rate of consumption is positive. The first factor
tends to a nonnegative number.

As a conclusion we have

T~

Furthermore, z is the unique optimal program since the utility function

is strictly concave. o

lim JT ? 0.

In principle six policy regimes are to be considered, according to

whether the amount of bonds held is larger than or equal to the

mininal amount that is required and according to the rate of
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exploitation taking one of its extremal values or not. Obviously the

case B- B and E- 0 cannot occur. Furthermore, for r~ Y we cannot

have B~ B and 0 ~ E ~ E. In that case à- S- K- 0, from (4.20) -

(4.22) and ~~~ --r from (4.19). But if r~ Y, (4.18) cannot

hold for any interval of time. The possible regimes are listed below.

table 4.1

B E E- 0 0~ E ~ E E- E

B~ B I ruled out II
forr~y

not
g- g pos- III IV

i :-;,,1e

In the sequel of this section firstly the case r ~ y is treated
(4.4.2). Next attention is paid to the case r- y (4.4.3). Finally we
consider the case r ~ Y(4.4.4).

It should be recalled that w has been defined as (p-(Y-~)(1}n))In-
t~ is defined as follows:

~ - (P-(r-~rt) (ltn))~~1.

4.4.2. Credit rationing. The case r ~ Y

(4.24)

When the rate of interest is large compared with the growth rate of
the resource price, it is to be expected that the optimal policy is to
exploit as fast as possible. After exhaustion the economy lives out of
its bonds holdinqs. This conjecture is correct as will be shown below.

Theorem 5

Let z(t) -{B(t), C(t), E(t)} be the solution of the problem posed
here. Then E(t) - E for 0 ~ t ~ S ~E.0

Proof

m
j e-rt pe(t) E(t)dt
0
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reaches a maximum for E(t) - E, 0 ~ t ~ SóE, since y~ r. Hence any

feasible exploitation policy, different from E(t) - É for 0~ t~ So~É,

gives less consumption possibilities ( see 4.10) and can therefore not

be optimal. o

Since total discounted profits from exploitation are bounded, it is

clear that, as in the previous section, a necessary condition for the

existence of an optimum is that the rate of time preference is large

enough.

Theorem 6
If p ~(r-~r)(ltn), then the problem posed has no solution.

Proof

Suppose the contrary. Then, from T - SóE on, B(t) ~ B, otherwise the
economy's debt would go to infinity. Hence,for t~ T, K(t) - 0(4.22).

, -
It then follows from (4.19) that ~~~ - -r. Usíng definition (4.24) and
differentiation of (4.17) with respect to time yield

e-rt pc(t) C(t) - C(Tt) pc(T) e~(t-T), for t? T.

But then condition ( 4.9) is violated. o

The final question to be answered is how the optimal trajectories for

B and C look like.
S ~E
o -rtV: - J e
0

pe(t) Édt - Pe(0) r-Y
-(r-Y1S ~E

Hence the present value of the total income equals: V f Bo. Notice

that in order to have an optimum we must require V t Bo ~ 0,

otherwise consumption is negative in view of (4.9), which is not

allowed.

Now suppose that along the optimal program B(t) ~ B. Then straight-

forward, but tedious, calculations (using K- 0 and (4.10) holding

with equality) give:

1
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(Y-r)(So~É) ( r)tY-B(t) - ert V { e 1- e(Y-r)(So~É) } t(VtBo) e(~}r)t~

for 0 ~ t ~ S ~É,
- - o

B(t) - (VtB ) e(~r)t
0 for t ~ S ~E.- o

It follows that

B(0) - V 1 - e(YYr)SóÉ t(t~tr)Bo t~V.

Then it is easily seen that,for certain sets of parameters,B(0)
is negative. And if B is sufficiently large, then the assumption
B(t) ~ B is violated. B(0) is negative for example when the rate of
time preference is large, or when So~E is large and ~ t r ~ 0. We
therefore conclude that in certain circumstances the borrowing con-
straint will be binding.

4.4.3. Credit rationing. The case r- Y

When the rate of interest equals the growth rate of the price of the
resource good, the economy would, in the absence of a borrowing con-
straint, be indifferent with respect to the profile of exploitation.
That needs not to be true for the case at hand. Suppose that there
exists an optimal program. Then,clearly we must have t~ ~ 0. If, for
so~me t, B(t) - B, whereas, through a reallocation of sales of the
resource good, it could be avoided that the borrowing constraint
becomes binding, then the proposed proqram is not optimal. Therefore,
in the case at hand, credit rationing could be an incentive to the
economy to exploit earlier and faster. If the analysis would be
extended to a world-wide scale, then problems might arise when one
is interested in general equilibrium. If demand for the resource
commodity is smooth, then credit rationing could prevent the
establ3shment of such an equilibruim, even in this case, which is
sometimes considered as ideal.
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4.4.4. Credit rationing. The case y~ r

It has been shown in section 4.3, that, when there is no credit ratio-

ning and the growth rate of the price of the resource good is larger

than the interest rate, the problem of optimal exploitation has no

solution. When borrowing is bounded however, a solution could exist,

as will be demonstrated in the present subsection. We shall proceeed

as follows. The possible policy regimes have been listed in table 4.1.

It has already been shown that policies (B - B, E- 0) and (B ~ B,

0 ~ E ~ É) cannot be followed along an optimal program. It will be

shown next that transitions from some policies to some other policies

are ruled out. This will provide us with a necessary condition (such

as t~ ~ 0) for the existence of an optimal program. It then follows

that in addition some transitions can be ruled out. We then find the

policy sequence that is the unique candidate for an optimal program

and estabLish that it is optimal indeed to follow it.

First, consider regime II (B ~ B, E- E).
It is not possible to have a transition from this regime to regime Z

(8 ~ B, É- 0). The proof of this statement is rather lengthy and

therefore given in appendix C. The intuition behind the proof is

simple, however. Since y~ r it is better to postpone exploitation.

It is furthermore not possible to jump to regime III. To show this,

let us assume that the statement is incorrect. Let tl be the junction

time. Then

E(tl-) - E, E(tlt) S E, B(tl-) ~ 0, B(tl) - B.

Since y~ r, S increases along regime II (see 4.18 and remark that

~~~ --r, because B~ B). Hence, S(tl-) ? E for some positive E.

~(tlt) - 0. Hence S jumps downwards at tl. In view of the continuity

of À and (.t, ~ jumps in the same direction (4.18). Hence, from (4.17)

C jumps upwards. Now consider (4.15j. C(tlt) ~ C(tl-). Then it follows
S

that B(tlt) t 0 and B(tlf) ~ B, contradicting (4.16).

Second, consider regime III (B - B, 0 ~ E~ E).

We show that a transition to regime I(B ~ B, E- 0) is not allowed.

Suppose the contrary and let tl be the junction time,
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E(tlt) - 0, B(tlt) ? 0, B(tl) ~ 0.

It follows from

B- rB t peE - pcC,

that C(tlt) ~ 0, a contradiction.

(4.15)

Third, consider regime IV (B - 8, E- E).
A transition to regime I(B ~ B, E- 0) is excluded. Suppose the
contrary and let tl be the junction time,

B(tl-) - 0, B(tlt) ~ 0, E(tl-) - E, E(tlt) - 0, B(tl) - B.

It follows again from (4.15) that C(tlt) t 0, a contradiction.

These preliminary results are summarized in table 4.2 below.

Table 4.2. Possible policy switches
to

From I B~B, E-0 II B~B, E-E III B-B, O~E~E IV B-B, E-E

I B~B, E-0 x
II B~B, É-E no x no
III B-B, O~E~E no x
IV B-B, E-E no x

It will turn out that regime III is of special interest. Therefore it
will be given a close look. Along this regime a- S- 0(from (4.20)
and (4.21)). It then follows from (4.18) that

~ - -Y~ - u(Y-r) e-rt

The solution of this differential equation is of the type

~ - we-rt t ve-~, (4.25)

where w and v are constants. Substitution of (4.25) into (4.17) and
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differentiation with respect to t yields

C~C - (~r - y t p)~n. (4.26)

It then follows that

Pc~Pc t C~C - w f Y. (4.27)

Furthermore, B- 0 and B - B. Hence

Pe(t) E(t) --rB t pc(T) C(T) e(t~Y)(t-T)~ (4.28)

where T is the point of time where regime III starts.

Next we pass on to the derivation of a necessary condition for the
existence of an optimum.

Theorem 7
If p ~(y-n)(Stn), then the problem posed has no solution.

Proof

First, remark that, in view of definition (4.24), p ~(Y-n)(ltn) is
equivalent to w ? 0.
Suppose that the theorem dces not hold. Since it has been assumed
that Bo ~ B, the economy must, at the outset of the planning period,
make a choice between regimes I and II.

Suppose first that regime II is chosen. In view of the limited
availability of the resource, the regime cannot last forever. Hence
a transition will be made to regime IV, since, according to table 4.2,
this is the only policy switch allowed. But regime IV cannot last
forever either. We infer from this that at some point of time the
economy enters into regime III. Just before doing so, the economy is
pursuing regime IV (see table 4.2). If, at the switch time, E jumps

downwards, then C jumps downwards (in view of (4.15)), implying that
~ jumps upwards (in view of (4.17)). Hence 6 would jump upwards (see

(4.18)l. But, along regime III, S- 0. We have therefore obtained
a contradiction. It can be concluded that, at the switch time, E is
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continuous. The economy cannot stay in regime III indefinitely since

it follows from (4.28) that then E(t) would become arbitrarily large
(w ~ 0) or E(t) would be bounded from below by a positive constant
(w - 0). In both cases a contradiction is obtained. Therefore a
transition must be made to regime ii or IV and the argument can be
repeated. Hence for all T~ 0 there exists T~ T such that at T a
switch takes place from regime IV to regime III. At such T's

pc(T) C(T) - rBtpe(T)E. (4.29)

Substitute (4.29) into ( 4.28) and differentiate with respect to t.
Then

E(t) ~ 0~ W(rB t p (T)E) e(~Y)
(t-T) t~.rB ~ 0.e

Hence, for T large enough, E(t) ~ 0 along regime III. But then for T
large enough E(Tt) ~ E, a contradiction.
Suppose then that the economy chooses regime I at the outset of the
planning period. One will get into the same difficulties, since it is
necessary to enter into one of the regimes II, III or IV. Otherwise
3~ond holdings would become smaller than B, which is not allowed, or
they would go to infinity, which cannot be optimal, since the resource
can costlessly be exploited, thereby increasing the rate of consumption
and the target function. o

We now turn to the case w ~ 0. An additional number of switches from
one regime to another can be excluded.

First, a transition from regime III to regime IV is impossible.

This is seen as follows. Along regime III the rate of exploitation is

decreasing (see (4.28)). Hence at the point of time where the transi-

tion is made, the rate of exploitation jumps upwards and the rate of

consumption jumps upwards. Hence, in view of (4.17), ~ jumps downwards.

Consequently, Q jumps downwards to a negative value. But S? 0.

Second, a transition from regime III to regime II is ruled out.
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Suppose that the proposition is not correct and that the transition
is made at t1. Regime II cannot last forever and, according to table
4.2., a transition must be made to regime IV, say at t2.
Then it follows that

B(t1t) - rB t pe(t1)É - pc(t1) C(t1t) ~ 0,

B(t2-) - rB t pe(t2)E - pc(t2) C(t2-) ~ 0.

Now consider figure 4.2.

B

B
IZ `ZV

~
t1 t2 t

figure 4.2.

Since, along regime II, B ~ 0, we have K- 0(4.22). Hence ~~~ --r
from (4.19). Substitution into (4.17) yields

pc(t) C(t) - Pc(t1) C(t1t) e(~tr)(t-tl)~ t1 ~ t ~ t2 .

We must therefore have

pe(tl)E - pc(t1) C(tlt) ~ Pe(t2)E - pc(t2)C(t2-)

- Pe(t1)E e - pc(tl) C(tlt) e
- Y(t2-t1) . (~tr)(t2-t1)

Y(t2-t1) „ (V~tr-Y)(t2-t1)
- e {pe(tl)E - pc(t1)C(tl~-) e }.
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But

t~tr-Y-~t (Y-r)In~O.

and a contradiction has been obtained.

Third, for the same reasons it is impossible to get into regime II

from regime IV.

Fourth, one cannot go from regime TV to regime III. Suppose this
statement is incorrect. Let tl denote the switch point. Remark first
that, at tl, E is contïnuous. For if E would jump downwards, C would

jump downwards, ~ upwards and R upwards. But g- 0 along regime ZII.
Hence E, C, ~ and K are continuous at tl. Therefore ~ and C are con-

tinuous at tl.

(pcC)~(pcC) - Y~((rB~peE)tl), for t ~ tl,

(PcC)~(PcC) - w f Y, for t ~ tl. (4.27)

Hence we must have

W t Y- Y~((rB~PeÉ) t 1) for t- tl.

Since W ~ 0, the left hand side of this expression is smaller than y,
whereas, since B ~ 0 and rB t p E~ 0, the right hand side is largere
than y, a contradiction.

We can now complete table 4.2.

Table 4.3. Possible policy switches for w ~ 0.

To
From I B~B, E-0 II B~B, E-E IZI B-B, O~E~F. IV B-B, E-E

I B~B, E-0 x

II B~B, E-E no x no
III B-B, O~E~E no no x no

IV B-B, E-E no no no x
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With the aid of this table the unique candidate for an optimal proqram

is readily found. The economy has to start with either regime i or

regime II. From reqime II, one can only qet into IV, from which no

escape is possible. In view of the limited reserve of the resource~

this program is not feasible and thus obviously not optimal. Bence the

economy should start with regime I. Since the resource can costlessly

be exploited, at some point of time a transition must be made to a

regime with positive exploitation. A transition to II or IV cannot

be optimal since then exploitation would be at its maximal rate for-

ever, thereby violating the feasibility conditions. Hence the economy

should switch to regime III.

We can therefore state the following theorem.

Theorem 8
Suppose p~(Y-~r)(ltn). Then the optimal program can be character-

ized as follows.

For an initial finite interval of time B~ B, E- 0. Afterwards~
B- B, 0 ~ E~ E and E is strictly decreasing.

We next proceed to a more precise description of the program sketched

in theorem 8, thereby establishinq the existence of an optimal pro-

gram.
Let regime III (B - B, 0 t E ~ E) start at T and suppose that C is

continuous throughout the program. Then it follows from (4.2) and

(4.28) that

pc(T) C(T) - (-rHW~~l - WSope(T),

E(T) - - WSo - rB(totY)~YPe(T)-

(4.30)

(4.31)

So, (4.31) gives the initial rate of exploitation when exploitation

starts at T. This E(T) might not be feasible. It could be that

E ~ E(T). We return to this problem below.

For t ~ T regime I rules. Hence

B- rB-pcC, for 0~ t~T.



It follows from (4.17)-(4.22) that

. -
C~C -(~i-rtp)~H, for 0 ~ t ~ T. (4.32)

Hence

s(t) - ert {B~ }(1-eV~t)p~(0) C(O)~V~}, 0- t- T.

Using (4.32) again and realizing that B(T) ~ B we find

pc(T) C(T) - iV(-B t erT Bo)~(1 - e-~). (4.33)

In figure 4.3 the graphs of pc(T) C(T), given by (4.30) and (4.33) are
drawn.

figure 4.3.

The right hand side of (4.30) is easily drawn. For T- 0, the
expression might be negative. Eventually, for T large enough, it be-
comes positive. The derivative with respect to T is larger than y.
(4.33) causes some problems. The right hand side of (4.33) is positive
for all T? 0. For T tending to zero~the expression tends to infinity.
Denoting the right hand side of (4.33) by F(T), we find

F' (T)~F(T) - (r Bo~(-B e-rT ~Bo))- (t~I(e~ - 1)).
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For ~ ~ 0 we have: F' (T) ~F (T) -~ -~ if T-y 0; F' (T) ~F (T) -~ ~7 t r if

T-~ ~. For t~ ~ 0: F' (T) ~F (T) -~ -~ if T-~ 0; F' (T) ~F (T) -~ r if T-~ ~.

If t~ ~ 0, then t~ t r ~ y. If ~~ 0, then we also have t~ t r ~ y since

~ t r- y- w t (y-r)~n ~ 0.

The excercise learns that the two curves have a point of intersection,

say for T- T~. The interpretation of T~ is the following. If there

exists an optimal program, along which the rate of consumption is

continuous, then exploitation starts at T'. T~ is uniquely determined,

as can easily be seen.

If E(T~) ~ E, then the unique candidate for an optimal program is such

that regime III starts with exploitation at the maximal rate. Also

then the junction time is uniquely determined, by (4.31).

Finally, we have to establish the optimality of the programs proposed.

In view of theorem 4 on sufficiency, we have to prove only that,

along these programs, the corresponding Kis nonnegative. To see that

this is true~remark first that K- 0 for B~ B. Second, for t~ T~`~

we are in regime III, and

m - - Y~ - U (Y-r)e-rt (from 4.18)

Hence

K-(Y - r)(~ t Ue-rt) ~ 0-

4.5. Swrunary and caneZusions

(4.19)

In the present chapter three possible kinds of borrowing facilities

for a country in the possession of an exhaustible resource have been

examined. Before giving the conclusions of this study, we summarize

the results.
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A. No borrowing facilities.
A necessary and sufficient condition for the existence of an optimal
program is p~(y-n)(1-n). The optimal policy with respect to exploi-
tation is:

for E"large": E is interior for all t? 0, and decreasing at a con-
stant rate,
for E"small": E is maximal for an initial period of time, and de-
creases eventually at a constant rate.
Exhaustion does not take place.

B. Perfect world market for financial capital.
For y~ r and for y ~ r and p ~(r-n)(ltn) there exists no optimal
program.
If y ~ r and p~(r-~)(ltrl), E- E until the resource is exhausted.
If y- r and p~(r-~)(ltn), E is indeterminate.

C. Credit rationing.
For y ~ r and p ~(r-n)(itn), there exists no optímal program.
If y ~ r and p~(r-n)(ltn), E- E until the resource is exhausted.
If Y- r and p~(r-n)(Itn), E is possibly not indeterminate.
If y~ r then a sufficient and necessary condition for the existence
of an optimal program is that p~(y-n)(ltn). The optimal exploitation
policy is: E- 0 for an initial period of time. After this period the
rate of exploitation becomes interior and the economy's debt is max-
imal. This exploitation profile will last ad infinitum.

What conclusion can be drawn? It does not seem very interesting to
comment on conditions such as p~ (r-n)(lt~), since these are famil-
iar from traditional growth theory and not especially related to the
problem at hand. Moreover, an intuitive guess says that they are
satisfied in the real world (take n- 0,02, r- 0,04, ~r - 0,06,
p - 0,03, r( ~ -0,25).
If the two extreme cases studied are co~npared, the differences in
extraction policies are striking, as one would expect from the ana-
lysis in the preceding chapter. When world supply of the resource
commodity is taken into consideration, then the first case guarantees
a steady stream of the good to the world market. In the second case
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this is not so: equilibrium on the world market can only occur when
the expected growth rate of the price coincides with the interest
rate. When there is credit rationing, then equilibrium on the world
market might be established, also when y~ r. But then it has to be

accepted that the resource exporting economy has a debt until infin-

ity.
We conclude that exploitation policies of resource exporting countries

heavily depend on the way these countries can invest there earnings
and that it is recommendable to investigate further the conditions

that would allow for world-wide equilibrium.
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5. A GENERAL EQUILIBRIUM MODEL OF INTERNATIONAL TRADE IN

EXHAUSTZBLE RESOURCES

5.1. Introduction

In the preceding two chapters of the present monograph we have been
studying international trade in exhaustible resources from a partial
equilibrium point of view. It has been remarked in several places,
that a qeneral equilibrium type analysis would be more appropriate.
This has also been stressed in the survey of the existing literature
in chapter 2. Here we shall adopt the approach proposed: the aim of
the present chapter is to study general equilibrium in a world with
two open economies, both in the possession of a natural resource.
The plan of the chapter is as follows. In section 5.2 the model is
described. In 5.3 we derive the necessary conditions for equilibrium
and give some preliminary results. Section 5.4 is devoted to the
characterization of general equilibrium. In 5.5 the outcomes will be
compared with those obtained in earlier studies and the conclusions
and some recommendations for further research are given.

5.2. The model

We consider two economies, which can be described as follows. Economy i
(i - 1,2) maximizes its social welfare function:

~ -p.t
J1(Ci) - J e 1 Ui(Ci(t))dt,

0
(5.1)

where, as usual, t denotes time, pi is the rate of time preference
(pi ? 0), Ci is the rate of consumption and Ui is the instantaneous
utility function. It is assumed that

Ui(Ci) ~ 0 and Uï(Ci) ~ 0 for all Ci ? 0 and Ui(0) -~.

Maximization of (5.1) takes place subject to a number of constraints,
referring to the resource technology, the non-resource technology and
the world markets.
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The initial (i.e. at t- 0) reserve of the resource of economy i is
denoted by S. The resource is not replenishable. Denoting the rateoi
of exploitation by E., we havei

~
f Ei(t)dt ~ Soi,0

(5.2)

Ei(t) ? 0. (5.3)

Exploitation is not costless. It is assumed that, in order to exploit,
one has to use capital (which is perfectly malleable with the consumer
good) as an input. In particular, we postulate an extraction technol-
ogy of the fixed proportions type:

Ei(t) - Ke(t)~ai, (5.4)

where a. is a positive constant and Ke is the amount of capital.i i
This specification is widely used in exhaustible resource models (see
for example Heal (1976), Kay and Mirrlees (1975) and Kemp and Long
(1980b)).

Capital can also, together with the resource commodity, be allocated
to non-resource production. Let R. denote the rate of use of the re-i
source good, Ky the use of capital, Y. the rate of non-resource pro-i i
duction and F, the technology. Theni

Yi(t) - Fi(K1(t),Ri(t)).

About F, the following assumptions, customary in models of inter-i
national trade, are made:

A1) both inputs are necessary for production:

dRi~O KY-.0 Fi(Ki,Ri) - 0; b'K1~0 RimO Fi(Ky,Ri) - 0,
1 1

(5.5)

A2) Fi exhibits constant returns to scale,
A3) positive marginal products:
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~l y ~l F (Ky,R.) ~ 0, F. (Ky,R,) ~ 0,
K.~O R.~O iK 1 1 iR i 11 1

A4) Fi is concave.

In A3), FiK and FiR denote the partial derivative of Fi with respect
to Ky and R, respectively.i i
The open character of the economy finds its expression in the balance

of payments. There is trade in the resource good as well as in the
non-resource good. Since we wish to describe general competitive
equilibrium, the economy is assumed to take the prices at which trade

takes place, as given. Furthermore, it has fixed and firm expectations
of the time-path of these prices. The non-resource commodity is taken
as the numéraire. pi(t) denotes the price of the resource good the
economy expects to prevail at time t, where the expectation is formed
at time 0. In addition to the existence of the markets for the ex-
tracted commodity and the non-resource commodity, we assume that there
is a perfect world market for lending and borrowing. The interest rate
economy i expects to rule at time t is given by r.(t). Then the time-i
path of the total stock of capital is

Ki(t) - ri(t)(Ki(t) - Ki(t) - Ki(t)) t

} pi(t)(Ei(t) - Ri(t)) t Yi(t) - Ci(t), (5.6)

Ki(0) - Kio, given. (5.7)

The interpretation of these equations is straightforward. The economy
rents all its capital (Ki), sells all that is extracted and total non-
resource production: this generates expected earnings at time t amount-
ing to ri(t)Ki(t) t pi(t)Ei(t) t Yi(t). Subsequently, it hires capital,
buys resource goods for production purposes and consumer goods: total
expected expenditures at time t are then r.(t)fKe(t) t Ky(t)) t

i i i
t pi(t)Ri(t) t Ci(t). If the difference is positive, the economy's
wealth (Ki(t)) is increased, otherwise it is decreased. Remark that
Ki(t) might be neqative for some instant of time. Given its price ex-
pectations, the economy makes a consumption-production plan. This may
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and, in the model presented sofar, will exhibit borrowing at an un-

bounded amount. In order to prevent this, we force the economy to

perceive the following constraint:

lim Ki(t) ? 0
t-~

Finally, there are the obvious nonnegativity conditions

for economy

(Ci(t),Yi(t),Ki(t),Ri(t),Ke(t)) ? 0. (5.9)

Given pi(t) and ri(t), {Ki(t),zi(t)} ;- {Ki(t),Ci(t),Yi(t),Ki(t),Ri(t),

Ke(t),E.(t)}, defined for all t? 0, is called a feasible program if it
i i -

satisfies (5.2)-(5.9). A feasible program is called optímaZ if it maxi-

mizes (5.1).

Next we define general competitive equiZibrium.

{K1(t),K2(t),zl(t),z2(t),p(t),r(t)}, with p(t) ? 0 and

stitutes a general equilibrium if

i) {K.(t),z.(t)} is optimali i
p(t) and r(t) to prevail,

ii) no excess demand on the

resource (flow) market:

r (t) ? 0,

(5.8)

con-

i(i - 1,2), when it expects

resource market, capital market and non-

R1(t) f R2(t) ~ E1(t) t E2(t).

K1(t) t KZ(t) t Ki(t) t KZ(t) ~ K1(t) t 1C2(t),

C1(t) t C2(t) t K1(t) t K2(t) ~ Y1(t) t Y2(t)

(5.10)

(5.11)

(Walras' law),

iii) p(t) - 0 when (5.10) holds with strict inequality, r(t) - 0 when

(5.11) holds with strict inequality.

Before proceeding a few remarks are in order. Imagine a single closed

economy with many resource owners, whose deposits can be exploited

according to extraction technoloqy (5.4). Hence some of them need al

units of capital to extract one unit of the resource and others need

a2 units of capital for the same purpose. Furthermore, in this economy
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there are many non-resource producers which can employ the F1 tech-

nology and others that use the F2 production possibilities. Consumers

earn all the profits from resource exploitation and non-resource pro-

duction, in some way. They dispose of the initial capital endowments

and are characterized by preference relations, given by (5.1). Then

the definition of general equilibrium given above applies to this

economy provided that resource and non-resource producers aim at the

maximization of the present discounted value of their profits. This

observation is of course not very striking but it might help under-

standing the sequel of this chapter.

Second, the model of each economy i can be looked upon as the aggre-

gate of models describing individual agents in this economy. Then an

optimal program of such an economy constitutes a general equilibrium

in the sense described above.

5.3. Necessary conditions for an equiZibrium and some preliminary

results

In this section we start by deriving necessary conditions for an op-

timal program for an individual economy. Subsequently we prove a

sufficiency theorem and show that a general equilibrium is Pareto-

efficient.
In the sequel we shall often omit the index i and the time variable t

will be suppressed when there is no danger of confusion. It will be

assumed that the economy expects the prices to be piece-wise continu-

ous and, on a priori grounds, desires an optimal program to exhibit

continuous K and piece-wise continuous z.

Remark that resource constraint (5.2) can be written as

~
j (be-bt So - E(t))dt ? 0,
0

(5.12)

where b is an arbitrary positive constant. (5.6)-(S.8) imply

t
- J r(T)dTm

J e ~ {Y t p(E - R) - C- r(Ke t Ky) t me-mt Ko}dt? 0, (5.13)
0

where m is an arbitrary positive constant.
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The Lagrangean of the (modified) problem is:

L(C,Y,Ky,R,Ke,E,a,ll,~,w,al,a2,a3,a4,a5,a6) -
t

- J r(T)dT

- e-Pt U( C) t Á(be-bt 3 - E) t}le 0 { Y t p( E - R) - C0

- r(Ke t Ky) t me-mt K} t~(F(Ky,R) - Y) t w(- E t Ke~a)
0

t alcl t a2Y t a3Ky t a4R t aSKe t a6E.

Let {K,z} -{K,C,Y,Ky,R,Ke,E} constitute an optimal program. Then,

according to Pontryagin's maximum principle, there exist multipliers

~, U, ~, w, ai ( i - 1,2,---,6),

such that

i) a and u are nonnegative constants and

a L So - j E(t)dt J - 0,
0
t

- f r(T)dT

}1~ J e 0 {Y t P ( E - R) - C- r(Ke t Ky)} dt t KoJ - 0.
0

ii) ~, w and a. (i - 1,2,...,6) are continuous functions of time,i
except possibly at points of discontinuity of z.

aL~aC - 0 . e-Pt U'(C) t al - 7T,

aL~aY-O . ,~-~ta2-0,

aL~aKy-O: -7rrtpFK ta3-0,

aL~aR - 0 .- ifp t~FR t a4 - O,

aL~aKe - 0:-~rr t w~a t a5 - 0,

aL~aE-o . -~ t~rp-wtà6-0,

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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t
- J r(T)dT

where ~r(t) is defined as ue 0 - , FK is the derivative of F with
respect to Ky, evaluated at (Ky,R) and FR is defined in an analogous
way.
iii) a1C - 0, al ? 0,

a2Y - 0 , a2 ? 0,

a3Ky - 0, a3 ? 0,

a4R - 0 , a4 ? 0,

aSKe - 0, a5 ? 0,

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

a6E - 0 , a6 ? 0. (5.25)

Since all functions involved are concave, we have not explicitly men-
tioned conditions saying that the Hamiltonean is maximized. The multi-
pliers ~, u and ~r have a nice economic interpretation. ~ is the
shadow-price of the resource. It gives the value (in terms of 'utils'
discounted at the rate of time preference) that the economy attaches to
an increase of the initial stock of the resource with one unit.
Similarly, }t is the value of an extra dollar of initial wealth. Since
n~u is defined as the present market value of the consumer good, (5.14)
says that the intertemporal rate of substitution should equal the
price ratio (of course as long as the rate of consumption is positive,
as will be the case). See also the discussion in chapter 3 after equa-
tion (3.11).
We shall now reduce the system (5.14)-(5.25) to a more amenable form.
We proceed step by step.

1) Since U'(0) - m, C(t) ~ 0 for all t? 0. It follows from (5.20),
that a1 - 0 and, from (5.14), that u~ 0. This implies that, along an
optimal proqram, the budget constraint holds with equality.
2) It follows from the definition of n, that 1r~ir --r.
3) For i- 1,2,...,6 define Si - ai~~r.-Then ai ~ 0 if and only if
Ri ~ 0. It follows from (5.15) that ~~n - 1 t s2. Substitution into
(5.16) and (5.17) yields:
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FK t Y1 - r, FR t Y2 - P.

where yl - S2FK t~3 and y2 - S2FR t s4. Obviously, yl and y2 are non-

negative. If Ky ~ 0, then S3 - 0 from (5.22). Then Y~ 0 as well since

it cannot be optimal to use capital unproductively. But in order to

have Y~ 0, R must be positive. Hence: yl ? 0, y1Ky - 0, y2 ? 0,
y2R - 0.

- ..
4) It follows from (5.19) that w~~r - p t a6- a~n- Substitution into

(5.18) yields ~-~r(p - ar) t y3, where y3 - a5n t a6n~a.

For convenience the reduced set of necessary conditions is listed

below. It should be recalled that a is a nonnegative constant, ~rt is

continuous and yl, yz and y3 are piece-wise continuous.

e-pt U'(C) - ~. (5.26)

n~~r - - r, (5.27)

FK t Y1 - r, Y1 ~ 0, Y1Ky - 0, (5.28)

FR t Y2 - P, Y2 ~ 0, Y2R - 0, (5.29)

~-~r(p - ar) t Y3, Y3 ~ 0. Y3E - y3Ke - 0. (5.30)

We next prove a sufficiency theorem.

Theoreml

Let there exist a program {K,z} -{K,C,Y,Ky,R,Ke,E}, which together

with a, u, yl, y2 and y3 solves (5.1)-(5.9) and (5.26)-(5.30) for

given (p,r). Then {K,z} is an optimal program.

Proof

Let {K,z} ~{K,z} be an alternative feasible program. It follows from
standard arguments (using the concavity of U and F and the equations

mentioned) that
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T
J,r :- f e-pt(U(C) - U(C))dt ?

0 -

? a ( S (T) - S (T) ) t 7T (T) (K (T) - K (T) ) ,

where S(T) denotes the reserve of the resource at time T. Along an
optimal program S(T) ~ 0 as T-roo, or ~- 0. Since (5.8) must hold,
7f(T)K(T) ~ 0 as T-~ ~. Therefore

lim JT ? 0. o
T-~

As a final preliminary result we prove that a general equilibrium is
Pareto-efficient.

Theorem 2
Let {K1,K2,zl,z2,p,r} constitute a general equilibrium. Then the cor-
responding allocation is Pareto-efficient.

Proof
Suppose the theorem does not hold true. Then there exist feasible
programs {Kl,zl} and {K2,z2} such that

~ -p t ~ -p t
ó e 1 U1(C1)dt ? ó e 1 U1(C1)dt,

00 -p2t oo -p2t
ó e UZ(C2)dt ? ó e U2(C2)dt,

with one inequality holding strictly. Take a- 7r1~~r2 - ul~u2. a is
positive and constant.

T -plt - T -pZt
J,I, :- J e (U1(C1) - U1(C1))dt t a J e (U2(C2) - U(C2))dt

0 0
T

(a) ~ j~1(cl - cl t c2 - c2)at0
T

(b) - J itl{r(K1 - Ki - Ki t K2 - KZ - K2) - r(K1 - Ki - Ki t
0
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tK2 -KZ-KZ) tp(E1 tE2 -R1 -R2) -p(E1 tE2 -R1 -R2)

t(Y1 t Y2 - Y1 - Y2) -(K1 t KZ - K1 - K2) }dt

T
(c) ? J 7T1{r(K1 t K2 - K1 - K2) - r(Ki t KZ - Ki - KZ)

0

- ral(E1 - Ei) - ra2(E2 - E2) t P(E1 - E1) t P(E2 - E2)

- P(R1 - R1) - p(R2 - R2) t F1K(Ki - K1) t F1R(R1 - R1)

t F2K(KZ - K2) t F2R(R2 - R2)}dt

T . .

- f~rld(K1 t K2 - K1 - K2)
0

(d) ? J~1{r(K1 t K2 - K1 - K2)
0

t al(E1 - E1)~ifl t~2(E2 - E2)~7f2}dt

t 7T1 (T) (K1 (T) t K2 (T) - K1 (T) - K2 (T))

T . .
t J(K1 t K2 - K1 - K2) (- r)idt

0

T . .
- J{al(E1 - E1) t a~2(E2 - E2)}dt

0

t if 1 (T) (K1 (T) t K2 (T) - K1 (T) - K2 (T) ) .

The (in)equalities are arrived at as follows:

(a) using concavity of Oi, and (5.26);

(b) from (5.6);
(c) using concavity of Fi, and (5.4);

(d) from (5.28)-(5.30), and (5.27).

Along general equilibrium, ~ri(T)Ki(T) tends to zero as T goes to in-

finity (see (5.8)) and ai equals zero or resource i is completely ex-

hausted in infinity. Hence



125.

lim JT
T-~

contradicting our point of departure. o

5.4. The equilibrium soZution

In this section we shall proceed as follows. First the concept of cost
functions is introduced. It will turn out that this concept is very

valuable for the subsequent analysis. Second, it will be shown that,

along general equilibrium, there is no simultaneous non-resource pro-

duction, provided the production functions differ. There will, further-

more, not occur simultaneous extraction, if the ai's differ. Third,
the general equilibrium price-paths are sketched. Finally, some remarks

are devoted to the existence of a general equilibrium.
Nowadays it is widely recognized that the concept of duality is a use-

ful tool in economic analysis. See Diewert (1982a) for an excellent

survey and Ruys (1974) and Weddepohl (1970) for early applications.
It is also helpful for the solution of the problem studied here. We

start with a brief diqression on the cost function.

Consider a production function F(Ky,R). Input prices are denoted by r

and p respectively. The cost function, c(Y,r,p), is defined as:

c(Y,r,p) - min {rKy t pR IF(Ky,R) ? Y}.
Ky,R

It has been proved by a.o. Diewert (1982b) that, if F is increasing,

quasi concave and continuous for (Ky,R) ? 0, then c(Y,r,p) is in-
creasing, linearly homogeneous in (r,p), concave in (r,p) and con-

tinuous for positive (r,p). If, moreover, F exhibits constant returns
to scale, c(aY,r,p) -~c(Y,r,p) for all a~ 0. Our assumptions on the

production functions F, satisfy the conditions qiven, so the listedi
properties of the cost function hold. Moreover, in competitive equi-

librium with constant returns to scale, we must have ci(Yi'r'p) - Yi
(i - 1,2), since otherwise profits could be made arbitrarily large.

Then, from the linear homogeneity: ci(l,r,p) - 1, i- 1,2. The graphs
of these relations are called the factor-price frontiers (fpf). The

fpf's can have several configurations. They may or may not intersect
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or they may or may not be tangent to the axes. For the ease of exposi-
tion (and only for that reason) we shall make one addítional assump-
tion.

AS) There are at most two positive (r,p) configurations for which the
fpf of country 1 intersects the fpf of country 2. Furthermore, at
points of íntersection p~ air (i - 1,2).

Some elucidation of AS is in order. A5 in fact excludes some patho-
logical cases. Consider figure 5.1.

Ky
Í ~1̀

R

figure 5.1.

R

The dotted curve represents an isoquant of, say, country 1 and the

curve 2-2' is the isoquant for the second country at the same output
level. Both curves display a kink at the point (Ky,R). This implies

that the fpf's coincide for (r,p)'s on a line segment. This is ex-
cluded by assumption A5. Obviously, also the case where isoquants
coincide cannot occur under assumption A5. Hence, our fpf's will
typically look like the ones depicted in figure 5.2.



127.

(a) P

r

(b)

figure 5.2.

P (C)

L~-
-i

P

So A5 guarantees that the non-resource technologies differ between
countries. The second part of A5 rules out that intersections occur at
specific points. The meaning of this will be made clear below.
Straightforward calculations show that for a Cobb-Douglas technology
with parameter a, the fpf is given by

(r~a)a(p~(1 - a))1~ - 1.

For a C.E.S. production function, with elasticity of substitution
equal to 1~(1 t a) and share parameter d, it is

[(r~d)a~(lta) t (p~(1 - d))a ~(lfa)](Sta)~a - 1.

Remark here that in order to satisfy A1 (necessity of both inputs), we
must have a ~ 0.

The following two theorems assert that, along general equilibrium, pro-
duction of non-resource commodities and exploitation are always special-
ized.

Theorem 3

f'or all non-degenerate intervals of time either Y1 - 0 or Y2 - 0.

Proof
Suppose the contrary. Let V:- [tl,t2], with t2 ~ tl, be an interval of
time such that for all t E V, Y1(t) ~ 0 and Y2(t) ~ 0. Since both in-
puts are necessary (A1), it follows from (5.28) and (5.29) that

r t
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FiK - F2K - r, F1R - F2R - p. (5.31)

A3 (positive marginal products) implies that r~ 0 and p~ 0. Since F1
and F2 exhibit constant returns to scale, marginal products are func-
tions of the input ratio (KY~R.) only. In view of A5 the fpf's inter-i i
sect for positive r and p in at most two isolated points. Hence along V
r and p are constants. At least one of the economies exploits its
resource, because the exploited commodity is a necessary input. Assume,
without loss of generality, this is the first economy. Then, along V,

~1 -~1(p - alr). Since, by virtue of A5, al is a positive constant, we
must have that ~r1 is constant, implying from (5.27) that r- 0, a
contradiction. o

Theorem 4

Suppose al-~ a2. Then, for all non-degenerate intervals of time, either
E1 - 0 or E2 - 0.

Proof
Suppose the contrary. Let V:- [tl,t2], with t2 ~ t1, be an interval
of time, such that for all t E V, E1(t) ~ 0 and E2(t) ~ 0. Along V we
have from (5.30):

a1 - ~r1 (p - a1r) , a2 - ~r2 (p - a2r) .

S - ~Since a1 and ~2 are constants and ~1,~1 -~2,~2 -- r, it follows that

- r(p - alr) t p- a1r - 0,

- r(p - a2r) t p- a2r - 0.

Substitution yields r~r - r and substitution gives p~p - r. Hence both
r and p are increasing. At least one of the economies is engaged in
non-resource production, since, in equilibrium, supply of the resource
good should equal demand. Assume that the first country is producing.
Define kl - Ki~R1 and fl(k1) - F1(k1,1). Then

~~ ~F1K - f1 FiR - fl - f1 ,~ kl.
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It follows that

SIGN r- SIGN fï ~ kl -- SIGN fï ~ kl - - SIGN p,

contradicting that both r and p are increasing along V. o

Theorems 3 and 4 assert that, in equilibrium, production and exploita-
tion are specialized. The next theorem goes into the problem of the

order of exploitation. A well-known outcome of partial equilibrium
models is that the 'cheap' resource should be exhausted before exploi-
tation of the 'expensive' resource starts. It is shown presently that

this statement holds true in general equilibrium.

Theorem 5 . t ~
Suppose al ~ a2. Then E2(t) ~ 0 implies ~ E1(t)dt - Slo-0

Proof
Suppose that the statement is incorrect. In view of the previous
theorem this means that there exist tl and t2, with t2 ~ tl, such
that E1(tl) - 0, E2(tl) ~ 0, E1(t2) ~ 0 and E2(t2) - 0. It follows
from (5.30) that

i) al ? ~1(tl)(p(tl) - alr(tl)),

ii) ~2 - n2(tl)(P(tl) - a2r(tl)).

iii) ~1 - ~1(t2)(p(t2) - alr(t2)),

iv) a2 ? ~2(t2)(p(tZ) - a2r(t2)).

From i) and ii) and iii) and iv) respectively, it follows that

a2~~2(tl) - ~l~nl(tl) ~ (al - a2)r(tl) ~ 0,

~2~n2(t2) - ~l~nl(t2) ~ (al - a2)r(t2).
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Since ni -- r~ri, for i- 1,2: r(t2) ? r(tl). From i) and iii) we have

~rl (tl) . , nl (tl)
p(t2) -- p(tl) - alr(t2) t al - r(tl) ? 0.

~rl(t2) ~rl (t2)

Therefore p(t2) ~ p(tl). But then p and r have increased simultaneously

which is ruled out since the fpf's are negatively sloped, o

We now proceed to a discussion of the equilibrium price paths. It has
already been remarked that the fpf's can have several forms. However,
in any case, if non-resource production takes place, the cheapest
country is producing. This is a consequence of the fact that general
equilibrium is Pareto efficient. But it can also be seen as follows.

Suppose p is an equilibrium price and let rl and r2 be the correspond-
ing rental rates on the fpf of the first and the second country respec-

tively. If rl ~ r2, then (p,r2) cannot constitute an equilibrium price
pair. For, if it did, the first economy would make arbitrarily large

profits in production, which is ruled out in equilibrium. We conclude
that if non-resource production takes place, the equilíbrium prices

should lie on the outer envelope of the fpf's (seen from the origin).
If the frontiers do not have points in common, one of the economies
will never be engaged in non-resource production. Consider, by way of

example, figure 5.3.

p~a2

figure 5.3.
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In this figure the curves 1-1' and 2-2' represent the fpf's of economy
1 and economy 2 respectively. They intersect at point S. The straight
lines represent the prices at which exploitation yields zero profits.
In the figure, and also in the sequel, it is assumed that the first
economy is relatively cheap in exploitation. We define some notions to
be used below.
(r,p) is the point where the line r- p~al intersects the outer
envelope of the fpf's.
(r,~) is the point where the line r- p~a2 intersects the outer
envelope of the fpf's.
p~ is the point where the outer envelope of the fpf's intersects the
p-axis.

By virtue of our assumptions on the non-resource technologies (r,p)
and (r,p) exist. p~ might not exist. This occurs for example when both
technologies are Cobb-Douglas.
In order to prove our main theorems 6 and 7, some lemmas are established
first.

Lemma 1
Let {r(t),p(t)} be equilibrium prices. Then r(t) ~ r for all t? 0.

Proof

Suppose the lemma is not correct. If, for some t, r(t) ~ r, then, at t,
exploitation is not profitable and will not be carried out. Hence
there is no non-resource production either. Therefore, demand for
capital equals zero, which, from the definition of general equilibrium,
implies r(t) - 0, a contradiction. o

Lemma 2
Let {r(t),p.(t)} be equilibrium prices. If r(tl) - 0 for some ti ? 0,
then r(t) - 0 for all t? ti.

Proof
It follows from (5.28) that for i- 1,2, FiK(Ki(ti)Ri(tl)) - 0. This
implies that one of the inputs equals zero by virtue of assumption A3.
Since each economy is a profit maximizer in non-resource production,
output equals zero. Hence, at ti, no production occurs in either
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economy and nothing of the resources is beinq exploited. Suppose that
for some t2 ~ tl the first country is exploiting. Then

nl(t2)(p(t2) - alr(t2)) ? nl(tl)P(tl).

from (5.30). ~rl(t2) 5~1(tl) since ~rl is continuous and decreasing.
p(t2) ~ p(tl) since p(t2) should lie on the outer envelope of the
fpf's in order to have demand for the extracted quantities. Hence
- alr(t2)~rl(t2) ? 0, implying that r(tz) - 0. But then again no country
is carrying out non-resource production. The same holds when EZ(t2) is
assumed to be positive. Hence, for all t? ti and for both i, Ei(t) - 0.
Therefore, for all t? tl, non-resource production is nil and demand
for capital is nil, implying that r(t) - 0 for all t? tl. This fol-
lows from the definition of qeneral equilibrium. a

Lemma 3
Let {r(t),p(t)} be equilibrium prices. Then r(0) ~ 0.

Proof
If r(0) - 0, then r(t) - 0 for all t? 0, from the previous lemma. If
p(tl) - 0 for some tl, then demand for capital and the resource good
would be unbounded, since profits from non-resource production can be
made arbitrarily large. This is not feasible. Hence p(t) ? p~. But
since resource suppliers aim at profit maximization, there will, along
general equilibrium, resource goods be supplied, which however are not
demanded. This contradicts p(t) ? p~ ~ 0. o

Lemma 4
Let {r(t),p(t)} be equilibrium prices. Suppose (r(0),p(0)) -(r,p).
Then {r(t),p(t)} -(r,p) for all t` 0.

Proof
Exploitation at time zero is not profitable for the second country.
Since r(0) ~ 0, there is demand for the exploited commodity, which
has to be satisfied by the first economy. It follows from (5.30) that
al - 0. In view of lemma i this proves the lemma. o
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Lemma 5

Let {r(t),p(t)} be equilibrium prices. Suppose r(0) ~ p(0)~al. Then
there exists tl ? 0 such that for all t? tl, r(t) ~ r.

Proof
Two cases are to be considered.

1) Suppose there exists E ~ 0 such that, for all t, r(t) ? r t e, Then
p(t) ~ p for all t. We are in a region (between r- p~al and r- p~a2)

where it is not profitable for the second country to extract. Hence

the first country will exploit its resource, since there is demand for
it. Therefore, by (5.30)

(P - alr)~(P - alr) - r ? r t E

and p goes to infinity as t goes to infinity, a contradiction.
2) If, for some tl, r(tl) t r, then either the first or the second

economy is exploiting (except when r(tl) - 0, which in view of the
lemma stated is not interesting). In both cases the resource price is

increas.ing and the rental rate is decreasing, according to (5.30). o

It should be remarked that lemmata 4 and S do not exclude the possibil-

ity that in equilibrium r(t) - r and p(t) - p or r(t) - r and p(t) - p
for all t. The following lemma provides necessary conditions for the

first possibility to occur.

Lemma 6

Let {r(t),p(t)} be equilibrium prices. If for all t? 0, r(t) - r and

p(t) - p, then pl ~ r and p2 ~ r.

Proof
For all t? 0 the second economy incurs losses if it were to engage in
exploitation activities. The first economy will not make profits in

exploitation. Whichever economy produces the non-resource commodity,

it earns no profits from this activity since Fi is linearly homogeneous.
It follows from (5.6) that

Ki(t) - rKi(t) - Ci(t), i- 1,2, t? 0.
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The input ratio in non-resource production is constant. Since the
reserve of the first economy's resource is limited, the rate of ex-
traction and hence also the amount of capital in use should decrease,
towards zero. But then it is necessary that both rates of consumption
decrease. It follows from (5.26) and (5.27) that

ni(Ci)Ci~Ci - pi - r, i- 1,2,

where ni(Ci) denotes the elasticity of marginal utility of economy
Since Ui is concave, r~i is negative. Therefore we must have pi ~ r,
i - 1,2.

Now we proceed to the characterization of the equilibrium prices. It
is first shown that they are continuous.

Theorem 6
Let {r(t),p(t)} be equilibrium prices. Then r(t) and p(t) are con-
tinuous.

0

Proof
Suppose the theorem is false. Let there occur a discontinuity in r at,
say, tl. Then several possibilities are to be considered.

1) r(tl -) ~ 0, r(tl -)~ r(tl t) ? 0. Since equilibrium prices move
along smooth factor-price frontiers, the downward jump in r must be
accompanied by an upward jump in p. Since, at tl -, at least one of
the resources is being exploited and since n. is continuous, at leasti
one of the y3's jumps to a negative value, which is not allowed.
2) r(tl -)~ 0, r(tl t)~ r(tl -). The upward jump in r must be accom-
panied by a downward jump in p. Hence both y3's jump upwards, implying
that, at tl t, no resource is being exploited, contradicting that, for
r~ 0, there is demand for the resource good, which must be met in
equilibrium.
3) r(tl -)- 0, r(tl t) ~ 0. This possibílity cannot occur in view of
lemma 2.

These observations lead to the conclusion that 3iscontinuities in p can
occur only for r- 0. But since r is continuous at the point of time
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where it reaches zero, say at t2, p is continuous at t2. Therefore
Ei(t2 -)~ 0 for some i and the corresponding y3 is continuous at t2
and equals zero. We conclude that, also for r- 0, p is continuous. o

At first sight it might seem that {r(t),p(t)} -(r,p) cannot consti-
tute equilibrium prices. Below we shall provide an example to show
that this conjecture is not correct. The idea is basically that there
are situations where the cheaper resource is abundant. Then a1 - 0 and
a fortiori a2 - 0.
Suppose that ni(Ci) :- Uï ~ Ci~Ui is constant and denote it by ni.
Assume pi ~ r(~ r(1 t ni)) for i- 1,2. If (r,p) are equilibrium
prices, the second country would incur a loss when it engages in ex-
ploitation activities. Therefore, the first economy is extracting.
No economy, however, earns profits, neither from non-resource produc-
tion nor from exploitation. It follows from (5.6) that for all t? 0:

Ki(t) - rKi(t) - Ci(t), i- 1,2,

and from (5.26) and (5.27) that

Ci(t)~Ci(t) - (Pi - r)~ni.

Take

Ci(0) - -
pi - r(1 t ni)

Then it is found that

pi-r

Kio, i - 1,2.

K,(t) - K. e ni ert~ i- 1,2.i io

Hence (5.7) is satisfied. Moreover, K.(t) -; 0 as t-~ ~,i

p1-r(ltnl) p2-r(ltn2)
t t

K(t) :- K1(t) t K2(t) - K10 e n 1 t K20 e n2

Without loss of qenerality it is assumed that the second country is
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producing the non-resource goods. Since F2 is linearly homogeneous it
follows that

and

f2(KZ~R2) :- F2K(KZ,R2) - r,

KZ(t) - g(r)R2(t) - q(r)E1(t),

where g is the inverse of fZ. Since K(t) - KZ(t) t Ki(t), it follows
that

Then

pl-rcltr~l) p2-r(ltn2)
t t

1 al t g(r)
E (t) -
' K10 e- nl t K20 e n2

~
f E1(t)dt
0

is easily calculated. If the outcome is equal to or smaller than Slo'
all the conditions for a general competitive equilibrium are satisfied.

This will occur for small initial capital stocks and a large initial
reserve of the resource of the first economy.

The result is summarízed in

Theorem 7
Suppose p. ~ r, i- 1,2. Let K. be 'small' and~or S. be 'large'.i io io
Then the equilibrium prices are given by p(t) - p and r(t) - r for
all t.

Proof

The proof has been given above for constant elasticities of marginal
utility. An extension to variable elasticities is straightforward but

is omitted here. o
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What is, then, the equilibrium price-path when one of the conditions

mentioned in the previous theorem does not hold? It is shown below

that in that case the prices are not constant and that the interest

rate converges towards zero and the resource price converges to p~, if

it exists, and goes to infinity otherwise.

Theorem 8
Suppose that one of the conditions given in theorem 7 does not hold.

Let {r(t),p(t)} be equilibrium prices. Then

1) 0 ~ r(0) ~ r, p(0) ~ p,

2) r(t) ~ 0, p(t) ~ 0 for all t, as long as r(t) ~ 0 and p(t) ~ 0,

3) r(t) -~ 0 and p(t) -~ p~ or p(t) -r ~ as t-~ ~.

Proof
ad 1. This follows from lemma 3, lemma 4 and theorem 7.

ad 2. Suppose that for an interval of time during which r~ 0 and

p~ 0, r(t) - 0. One of the countries is carrying out non-resource

production. This implies through (5.28) and (5.29) that p(t) - 0 along

that interval. Since non-resource production takes place, there is

also exploitation. But in view of (5.30) and because the n of the ex-

ploiting country is decreasing this implies that the corresponding Y3
is increasing, unless of course p- ar, or, to be more specific,

p- a2r in the interval. By the same argument it can be seen that a

constant p along some interval can only occur when p- a2r. It there-

fore suffices to show that there cannot be a non-degenerate interval

, of time, along which p- a2r. Suppose there is, and that the interval

starts at tl. It is seen from (5.31) that, from tl on, the Y3 of

country 1 starts increasing. Therefore, from tl on, the first economy

is not exploiting whereas the second economy is. Before tl, p- alr

is positive, and, from (5.30)

(p - alr)~(P - alr) - r ~ 0. (5.32)

But for the second economy we have for t ~ tl: p- a2r ~ 0. Since p
and r are continuous, the second economy's Y3 is decreasing before tl.
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This implies that for t ~ t2

(p - a2r)~(p - a2r) ~ r.

But then p has decreased before tl and r has increased, contradicting
(5.32). We conclude that, for r~ 0 and p~ 0, there is no non-degen-
erate interval of time along which the equilibrium prices are constant.
The argument given here a fortiori holds when it is assumed, to start
with, that r is increasing during some interval of time.
ad 3. Suppose r approaches a positive constant. Then, from (5.30),
there will not be exploitation eventually. Hence, no non-resource
production takes place eventually and demand for capital is zero. Then
the value of excess demand is not equal to zero, a contradiction. o

It would be interesting to elaborate on some comparative dynamic
results. This will not be done here formally. It is clear from theorems
7 and 8 that a large sum of initial stocks of capital necessitates a
small initial interest rate, relative to the initial price of resource
commodities. The opposite holds for a large sum of initial resource
reserves. The larger the smallest rates of time preference, the smaller
is the initial resource price. Of course these results hold ceteris
paribus.

Finally, there is the problem of the existence of a general competitive
equilibrium. The commodity space in which we work is of an infinite
dimension. Therefore, the standard techniques to establish general
equilibrium cannot be invoked. However, the example given above strongly
suggests that equilibria will in general exist under the assumptions
made. In addition, Elbers and Withagen (1984) have shown existence of
general equilibria in a model of trade in exhaustible resources. Without
going into details, one may safely assume that, for the model presented
here, the same type of argument can be pursued.
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5.5. Conelusions

In the preceding sections we have analysed a simple two country world

model of general competitive equilibrium. Under the assumption of

differing technologies accross countries, the main results are:

- there is never simultaneous exploitation,

- there is never simultaneous non-resource production,

- the cheaper resource is exhausted before the more expensive

resource starts being exploited,

- at any price constellation the country with the cheaper non-

resource technology is producing the non-resource goods,

- the rental rate is non-increasing, the resource price is non-

decreasing,
- equilibrium prices are continuous.

As always, these outcomes are dependent on the type of functions

involved and on the equilibrium concept used. In this section we shall

leave the features of the functions mentioned as they are, since these

are customary in international trade models. We shall first compare

briefly our results with those obtained in earlier studies by other

authors. Second, some remarks will be devoted to the appropriateness

of our (and their) equilibrium concept. Finally, suqgestions are given

for further research.

Most of the earlier studies in this field have been discussed in

chapter 2. It is easily seen that the model presented here is in most

respects more general than those described there. Kemp and Long (1980c)

give a model with rather specific utility functions, there is only one

resource-owning country and one non-resource good producing country,

there are no extraction costs and no capital is required for produc-

tion. Chiarella (1980) is more general in that he allows for capital

as an input in non-resource production, as well as for technical pro-

gress. However, he restricts himself to a Cobb-Douglas technology. In

Elbers and Withagen (1984) both countries own an exhaustible resource,

which is costly to exploit, but non-resource production is not incor-

porated in their model. We conclude that Chiarella's model is closest

to ours. The two models have several results in common, such as: prices

equal marginal products and 'the Solow-Stiglitz efficiency condition,
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equating the return on the use of the resource to the marginal product
of capital' holds. There is, however, one important exception. In
Chiarella's model the resource price and the rental rate monotonically
approach positive values, whereas in our model the prices are either
constant throughout or approach (p~,0). This difference has to be ex-
plained by the fact that we have employed a constant returns to scale
exploitation technology, contrary to Chiarella, where exploitation is
costless.
One rather peculiar outcome in our model is that the cheaper resource
is exhausted before the more expensive resource is taken into exploita-
tion. Peculiar, not because this phenomenon is striking, but because it
points at a conceptual problem concerning the equilibrium concept. In
chapter 2 the problem of dynamíc inconsistency, occurring when one of
the participants in trade has an incentive to break the contract made
up at the outset of the planning period, has been discussed. There,
this feature has been associated with a world where a cartel and a
fringe were supplying the resource goods. The phenomenon of dynamic
inconsistency could occur in our model as well. Consider figure 5.4
below.

- P~a2

figure 5.4.

Here, if contracts are enforceable, the second country is carrying out
both activities from a given instant of time on (at least under the
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assumptions of theorem 8). It is easily seen that, from that time on,
the second country is not motivated to pay the equilibrium rental rate
to the capital supplying first country, since country 1 has no reserves

left and can therefore not produce on its own. On the other hand, if,
at that instant of time, the second country owns no capital, the first

country might try to force it to supply the consumer good at arbitra-

rily low prices.
Evidently this problem is important and deserves a closer examination.

First, one would have to find out under which circumstances the problem

might arise. Second, and this seems to be more difficult, one wishes to
identify the price-path that would constitute a rational expectations

general equilibrium. It should be stressed here however, that the

problem described is not inherent to trade in exhaustible resources

but might occur also in traditional general equilibrium models with

dated commodities.

A second line of research would be to generalize the model so as to

include increasing and~or decreasing returns to scale, in non-resource
production as well as in exploitation technologies.
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VI. SUMMARY AND CONCLUSIONS

6.1. Introducttion

The present study contains four related essays on the economic theory
of exhaustible resources. The common feature of the essays is that
they treat the problem of optimal exploitation of exhausti.ble re-
sources in trading economies. In this final chapter the main results
are summarized ( 6.2). In section 6.3 an attempt is made to indicate
the empirical relevance of the results. Section 6.4 gives the conclu-
sions.

6.2. Swrnriary

In chapter 2 of this monograph a survey has been given of the litera-

ture on trade in exhaustible resources. A broad distinction has been
made between partiaZ equiZibrium models and general equilibrium models.

Generally speaking, the partial equilibrium approach deals with the
problem of optimal exploitation of natural resources when world market
prices or world demand schedules are given, whereas in the general

equilibrium approach demand is derived within the model. Both branches
of research have led to useful insights.

The former line of research is the one pursued most frequently and

has covered several issues such as: the impact of extraction costs on

optimal exploitation, and the differences in optimal exploitation
patterns according to the world market structure, where especially the

problem of dynamic inconsistency has received much attention. It has
been concluded that two phenomena have been insufficiently studied:

first, the problem of simultaneous optimization of exploitation and
investment in small price-taking economies and, second, the problem of

credit rationing on a world scale. Both issues have been subject to
further research, which will be discussed below.

The general equilibrium theory with trade in exhaustible resources, as
described in the survey chapter, is very interesting but still lacks
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the maturity of the general equilibrium theory developed in 'conven-
tional' models. In chapter 5 we have attempted to offer a contribution
in this field.

Chapter 3 deals with the problem of optimal investment and optimal
exploitation in a small, price-taking, economy. It is found that there
is a strong relationship between capital accumulation and optimal ex-
ploitation and that the outcomes are extremely sensitive to variations
in the economy's time preference, initial stock of capital, price ex-
pectations and balance of payments conditions.
In chapter 4 we have elaborated on the balance of payments conditions
and in particular the effect of credit rationing has been studied.
It was concluded that in some circumstances no optimal programs exist
and that the results concerning sensitivity, found in the preceding
chapter, remain valid. In several cases the optimal rates of exploita-
tion are extremal (zero or maximal). When the analysis is extended to
a world-wide scale, these cases are unlikely to be candidates for
general equilibrium. This observation calls for a general equilibrium
approach.
Chapter S provides such an analysis. It analyses a model more general
than those studied earlier. Equilibríum prices and equilibrium time-
paths of commodity flows have been characterized. Under the assumptions
usually made in the economic theory of international trade, there is
in our model always complete specialization and the Solow~Stiglitz
condition for dynamic efficiency is satisfied.

6.3. EhrptiricaZ relevance

Aere we tentatively answer the question whether the foregoing analysis
is suited to make empirical inferences. This question can be conceived
of in different ways. First of all, one can ask for the positive
(descriptive) significance of the analysis, in the sense that it may
or may not explain actual economic behaviour. Second, there is the
possibility of normative implications: can there practical policy
recommendations be derived from the models presented? We shall go into
both matters, while concentrating on the Dutch situation.
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In the design of recent Dutch energy policy an important role is played

by energy scenarios and the 'plan of sales of naturaZ gas'.

In 1981 Parliament ínitiated a large-scale public debate on Dutch

energy policy. The results of this debate can be found in the final

report of the so-called Stuurgroep (Steering Committee) (1983). In the

framework of the debate four energy scenarios have been developed: two

on act of the Steering Committee, one by the Ministry of Economic

Affairs and one by the Centre for Energy saving. Energy scenarios

describe possible future developments of the economy with special

reference to the supply of and demand for the various types of energy.

In order to make the outcomes of the scenarios comparable, all four of

them depart from some, commonly agreed upon, basic assumptions such as:

a given growth rate of international trade over the period under con-

sideration (1982-2000), a steady growth rate of the real world market

price of energy, a surplus on the current account amounting to at

least 1~ of national income and an economic policy directed towards

the reduction of inflation and government budget deficit. With respect

to the exploitation of natural gas it is assumed that exports from

exploitation gradually decline towards zero in 2000 and that the rate

of exploitation is given, in accordance with the plans of sales of

natural gas, issued by Gasunie in 1980 and 1981 (see below). Basically,

each scenario is then the result of alternative policy measures with

respect to energy pricing, environmental issues, employment, sectoral

structure etc. The final pictures of the scenarios represent a.o.

equilibrium supply of and demand for energy per sector of the economy.

Whether or not the growth rate of gross national product is an outcome

or an assumption in the exercises differs per scenario.

The N.V. Nederlandse Gasunie, a firm partly owned by the Government,

annually submits a'plan of sales of natural gas' to the Minister of

Economic Affairs containing proposals concerning purchases, trans-

portation and sales of natural gas. This plan is subject to approval

of the Minister who is also responsible for the pricing of natural

gas. The plan usually refers to a 25 years period. The 1981 plan is

based on an expected average annual growth rate of G.N.P, amounting

to 2}~. From this, total demand for energy is derived. Subsequently,

it is put forward that, in view of the aim of conserVation of natural

gas, exports should gradually decline and that, since gas is to be



145.

used efficiently, deliveries should take place mainly to public
utilities (not including electricity plants) and advanced industrial
applications. This, and some other considerations, then determine the
future exploitation of natural gas.
The relationship between energy scenarios and exploitation plans,
described above, poses some problems. First of all, it is highly
questionable whether they are mutually compatible. To qive one example:
none of the scenarios uses (or yields) G.N.P. growth rates as high as
2}g (Gasunie's estimate). But even if compatibility exists, it can be
doubted whether the results are optimal. Recall that in each scenario
the rate of exploitation was treated as given. But, whatever the ob-
jectives of the scenarios are, it might be that more, or less, exploi-
tation of natural gas is beneficial in the light of these objectives.
If future Dutch energy policy would be based on one of the four
scenarios, then we can say without exaggeration that, irrespective of
the ultimate choice of the preferred scenario, this policy is quite
partial in nature and will yield suboptimal results. This monograph
emphasizes the desirability of a simultaneous design of energy policy
and general economic policy. It has been the purpose of chapter 3 to
provide a starting point for a more integrated approach (see also
Withagen (1981d)). It was concluded that balance of payments conditions
and price expectations play a crucial role in this analysis. It may be
concluded from chapter 4 on financial world markets that a reconsidera-
tion of the Dutch position with respect to current account objectives
is in order, whereas chapter 5 may provide an incentive to study models
of interrelated economies so as to predict more precisely future
movements of energy-bearers.

Let us now proceed to an analysis of the positive significance of this
monoqraph. In the framework of the public debate there has also been
an inquiry into the ideas of many organizations on the exploitation of
natural qas. They were confronted with several propositions about the
speed of exploitation (although not in quantitative terms), on which
they were asked to react. The opinions differ drastically: some of them
can be characterized as being extremely conservationist, others support
a larqer rate of exploitation, provided that the revenues are used to
improve the economic structure. These differences can possibly be
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explained with the aid of the outcomes of chapter 3, saying that op-

timal exploitation policy strongly depends on rate of time preference,

expected growth rate of energy prices and attitude towards balance of

paymentsconditions. Zn much the same way could be explained the recent

modification in actual energy policy amounting to a reconsideration of

export possibilities and the input of natural gas in electricity

plants. There is also the recent advice of the Social Economic Council

(1983) to embed energy policy in general economic policy. In this con-

text it is appropriate (and perhaps provoking) to mention an early

(but not outdated at all) contribution of de Wolff (1964), who offers

a long term reflection on the problem of exploitation of Dutch natural

gas so as to "maximize the total discounted national economic value of

the reserve" (translation by the author).

6.4. Coneluding remarks

Apart from the issues discussed in the preceding section and the con-

clusions given per chapter, there are some other general conclusions

to be drawn. First, one should be very careful in designing optimal

policies for resource extraction. Zn this context it seems appropriate

to cite Koopmans (1965) again: "Ignoring realities in adopting 'prin-

ciples' may lead one to search for a nonexistent optimum, or to adopt

an optimum that is open to unanticipated objections". Second, that

especially the design of inechanisms to implement optimal policies in a

decentralized way is a challenging field of future research.
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APPENDIX A. THE ONE-SECTOR OPTIMAL GROWTH MODEL

In this appendix a brief review is presented of the neoclassical one-
sector growth model. Special emphasis will be put on some properties
that are relevant for the discussion in chapter 3 of this monograph.
The optimal growth model dates back to Ramsey (1928) and has been ex-
tended by Cass (1965), Chakravarty (1962), Koopmans (1965 and 1967),
Mirrlees (1967), Von Weizsácker (1965) and many others. For surveys of
this literature we refer to Takayama (1974) and Wan (1971). There also
one may find discussions about conceptual issues with respect to the
horizon, final stocks, rate of time preference etc.
We consider an aggregate model of a closed economy for a given period
of time. Time is denoted by t and is considered continuous. The initial
and final instants of time are 0 and T(possibly infinity). The eco-
nomy's output is produced by means of capital according to a given
production function. Output is devoted to qross investments and con-
sumption. The purpose is to find an allocation which maximizes social
welfare over time.
Let K(t) denote the stock of capital at time t, Y(t) the rate of pro-
duction and C(t) the rate of consumption. A feasibZe program is a set
of functions {K(t),Y(t),C(t)}, defined for t E[O,T], with K(t) con-
tinuous and Y(t) and C(t) piece-wise continuous (see appendix B for a
definition) such that

Y(t) ~ F(K(t)),

K(t) t}IK(t) t C(t) ~ Y(t) ,

K(0) ~ KC, K(T) ? K~,,

K(t) ? 0, C(t) ? 0.

(A1)

(A2)

(A3)

(A4)

Here, F is a given neoclassical production function. The assumptions
about F are:
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F'(K) ~ 0, F"(K) ~ 0, for all ~~ K? 0,

F(0) - 0, F'(0) -~, F'(~) - 0.

u denotes the rate of depreciation and is constant. KU is the given

initial stock of capital; KT is the minimal final stock of capital

required. K(t) :- dK(t)~dt. A feasible program is called optimal if it

maxir.;iïe.-

T
JT :- J e-pt U(C(t))dt,

0
(AS)

where p(~ 0) is the constant rate of time preference and U is the

instantaneous utility function, fulfilling:

U'(C) ~ 0, U"(C) ~ 0, for all C? 0,

U'(0) - ~.

Before proceeding to the characterization of an optimal program, we

make some remarks. First, in view of the assumptions with respect to F

and U, it is straightforward to see that along an optimal program

(A1), (A2) and (A3) will hold with equality and that (A4) will hold

with strict inequality. Second, the restriction to continuous functions

K(t) is natural. A downward jump in the stock would mean that capital

is thrown away, which,in view of the perfect malleability of invest-

ments and consumption, cannot be optimal. An upward jump in the stock

of capital would indicate that, before the instant of time, where the

jump occurs, the existing stock of capital has not been fully used,

which cannot be optimal, or that capital as a stock has been newly

created at an instant of time, which in the closed system under con-

sideration is impossible.

The Hamiltonean of the problem is (upon substitution of (A1) into

(A2)):

H(K,C,~) - e-pt U(C) t~(F(K) -}1K - C).
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Let {K(t),C(t)} be an optimal program. Then, accordinq to Pontryagin's
maximum principle ( see appendix B), there exists a continuous ~(t),
such that

aH~aC - 0 : e-pt U'(C(t)) - ~(t), (A6)

óH~óK - - c~(t) : ~(t)(F'(K(t)) - }1) - - ~(t). (A7)

To see how the optimal program looks like, define Kp}u as the solution
of

F'(K) - P t u~

and Cptu as

CPtu - F(Kp}u) - uKp}u.

(KP}u,Cp}u) will be referred to as the modified golden rule.
Consider the locus K- 0. This is given by C- F(K) - uK. C- 0 for
K- Kp}u, from (A6) and (A7). Both loci are displayed in figure A1.

C
PtU

Kptu

- 0

K

figure A1.
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It is clearly seen from (A6) and (A7) that to the left of the line

K- KPtu, C ~ 0, and to the right of this line, C t 0. For points above
the locus K- 0, K ~ 0, for points under this locus, K~ 0. The arrows

in figure A1 represent these findings.

In order to have, in general, a solution of the problem posed, it is

necessary that the planning period is large enough to enable the eco-

nomy to reach at least KT. When the initial stock of capital is small

relative to the required final stock and when the planning period is

short, there may not exist a feasible program. Henceforth we shall
restrict ourselves to (KT,T)-tuples such that feasible programs exist.

In view of the strict concavity of the instantaneous utility function

and the production function, a program fulfilling (A1)-(A4) and the

necessary conditions (A6) and (A7) is optimal.Furthermore, it is the

unique optimal program. It has been shown by Cass (1965) that optimal

programs exist.
Now consider first the optimal growth problem for T-~. In this case

the constraint K(T) ? KT is omitted. It can been seen from figure A1,

that there are three types of programs fulfilling the necessary condi-

tions (A1)-(A3), (A6) and (A7) (see also Takayama (1974)):

TYPe 1: 3t~0 dt~t K(t) ~ KP}u,

Type 2: x(t) ; xP}u, c(t) } cP}P for t 3~,

TYPe 3: 3t~0 dt~t K(t) ~ K}-Pu

The type 1 programs cannot be optimal for the following reason. From

some time on, K(t) ~ K and C(t) ~ C . Therefore, a type 1 program
Ptu Ptu

can be improved upon by desinvesting to reduce capital to KP}u, as

soon as capital exceeds KP}u. This will give a higher rate of consump-

tion and a larger value of the target function.

Along the type 3 programs, the stock of capital is decreasing eventual-

ly, but the rate of consumption is increasing. Hence the stock of

capital will eventually become negative, thereby violating feasibility

condition (A4).

We conclude that, for an infinite planning period, only the type 2

program is a candidate to be optimal. Such a program exists. Therefore,
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one should choose the initial rate of consumption on the unique branch
leading to the modified golden rule. The modified golden rule is asymp-
totically approached in a monotonic way.

We turn now to the case of a finite horizon. See figure A2.

figure A2.

It has been assumed that K~ ~ KT ~ Kp}u. It follows from (A1) and (A2),
and (A6) and (A7) that along an optimal program:

K - F(K) - )!K - C, (A8)

n(C)C~C -- F'(K) t P t u, (A9)

where r)(C) is the elasticity of marginal utility (U" C~U'). K(0) is
given. Hence, due to the assumptions with respect to U and F, the
choice of the initial rate of consumption (C(0)) uniquely determines
the paths {K(t),C(t)} satisfying (A8) and (A9). Now C and C are
defined as follows. If C(0) - C, (K(t),C(t)) -~ (Kptu,Cp}u). If C(U) - C,
there exists b~ 0 such that K(b) - 0, K(b) - KT, where KT is the number
given in figure A2. This means that, if the required final stock were KT
and the final tíme, (T), were b, the optimal initial rate of consumption
would be C.
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In the sequel KT will be kept fixed. We shall carry out a comparative

dynamic analysis on the initial rate of consumption. It has been proved

by Cass (1966) that, for a large final time T, the stock of capital

along the optimal program is 'close' to the modified golden rule K,

except for an initial and a final interval of time. The initial rate of

consumption is 'close' to C. In view of our previous remarks, we can

say that, if C(o) is 'close' to C, there exists a'large' number e such

that the corresponding solution K(t) of (A8) and (A9) satisfies

K(c) - KT, K(c) ~ 0. On the other hand, if C(o) - C, there exists b ~ c,

such that the corresponding solution satisfies K(b) - KT, K(b) - 0.

This is illustrated in figure A3.

K

Kptu
c(o) - c

KTf
K(0)

a b

figure A3.

t

I

Since the solutions of (A8) and (A9) are unique, it is easily seen

that for all C(o) E(C,C) the corresponding K will equal K,I, at some

instant of time and at that instant of time K ~ 0. What we wish to

show here, and this is relevant for the discussion in chapter 3, is

the following. The closer the initial rate of consumption is to C, the

longer it takes the corresponding K trajectory to reach KT from above.

To see this, suppose first that the dotted K-trajectory in figure A3

corresponds to a C(o) E(C,C). Let hats refer to the dotted trajectory

and stars to the trajectory corresponding to C(o) - C. For t ~ a,
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K ~ K' and therefore

- F'(K) t jl t p~- F'(K~) t}1 } p,

implying that n(C)C~C ~ n( C~)C'~C'. Furthermore

K(a) - F(K(a) )- uK(a) - C(a) - 0,

K~(a) - F(K~(a)) - uK~(a) - C~(a) ~ 0,

and therefore C(a) ~ C~(a). Since C(0) ~ C~(0), there must have been
an instant of time, say v, where both rates of consumption were equal
and, at that instant of time, C was growing more rapidly that C~. It
follows from (A9) that

n(C~(v))(C(v~C(v) - C'(v)~C~(v)) - F'(K~(v)) - F'(K(v)) ~ 0.

But this contradicts ~(C)C~C ~ r)(C~)C~~C'.
We conclude that, for C(0) E(C,C), the K trajectory reaches KT after
instant of time b. Since the uniqueness of the solutions rules out
that K-trajectories intersect, the statement is proved.

The relevance for chapter 3 is now immediate. Look at figure A2. If
the objective is to reach KT from the right within some given period
of time, then, if this period is long, the initial rate of consumption
should be chosen close to C. The fastest way to reach KT from the right
is to choose the initial rate of consumption equal to C.
For different constellations of K~, KT and K} similar conclusionsP u
hold. The formal argument will not be qiven here.
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APPENDIX B. OPTIMAL CONTROL THEORE~IS

In this monograph frequent use is made of optimal control theory.

This appendix provides a non-rigorous treatment of the major theorems

invoked in the preceding chapters. No proofs will be given. For a

neat and advanced approach we refer to Hestenes (1966), Kirsch et al.

(1978), Lee and Markus (1967), Luenberger (1969) and Pontryagin et

al. (1962).

We study a system during a given period of time. The time variable

is denoted by t. The initial instant of t'ime is denoted by 0 and the

final time is T, which is supposed to be fixed. The state of the

system at each instant of time is characterized by n real numbers

x-(xl, x2, .. , xn). The variables xi are called the State

Variables. In the problems we consider in this monograph, the system

is an economy, which at each instant of time is characterized by its

stock of capital, the size of the natural resource and possibly the

number of bonds, held or issued. The motion of the system is caused

by three factors. Firstly, time itself may be of influence. Here one

can think of the autonomous decay of the stock of capital. Also the

state variables may have an impact on the motion of the system: bond

holdings increase, ceteris paribus, the number of bond holdings in

view of the interest earned. Finally, the system can be controlled.

The time-path of the resource stock, for example, is affected by the

rate of extraction, and the stock of capital is governed (amongst

others) by the rate of consumption. Such variables are called control

variabZes. In the models discussed these are the rates of consumption

and exploitation, non-resource production and the inputs of capital

in the sectors of the economy (chapter 5). Let us assume that there

are r control variables, denoted by u-(ul, u2, .. , ur). Obviously,

there are restrictions on the range of u. The rate of extraction,

for example, is restricted to nonnegative real numbers. The objective

of the economy is to find controls, such that a certain target is

maximized, in casu, social welfare. Thereby, it wishes that the state

variables are continuous and that the controls are piece-wise

continuous. For the sake of clarity we give a formal definition of

the concept of piece-wise continuity. An r-vector valued function
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u: [O,T] -~ Rris piece-wise continuous if there exists a partition,
0- to ~ tl ~ t2 ... ~ tp - T, of [O,T] and continuous functions ul:
[ti-1, ti] -~ Rr, for i- 1,2,...,p, such that u(t) - ul(t)
(ti-1 ~ t ~ ti) for i- 1,2,...,p. Alternatively, u is piece-wise
continuous if u is continuous, except possibly at a finite number of
points. At such points T

lim u(t) and lim u(t)
t~T tTT

exist.
We can now proceed to formulate a theorem, due to Hestenes, giving
necessary conditions for a rather general problem (see Takayama
(1974 pp. 656-659)). The problem is to find a continuous function
x(t) and a piece-wise continuous function u(t) maximizing

T
J,1,: - f fo(x(t),u(t),t)dt,

0

subject to

xi(t) - fi(x(t),u(t),t),

gj(x(t).u(t),t) ? 0,

gj (x(t) .u(t) ,t) - 0.

T
1 hk(x(t),u(t),t)dt ? 0,
0
T
f hk(x(t),u(t),t)dt - 0,
0

xi(0) - xo, given,

Txi(T) - xi, given,

(B.1)

(B.2)

(B.3)

j - m'tl, m't2, ... ,m, (B.4)

k - 1,2,.. ,1', (B.5)

k - 1'tl, 1't2, ... ,1, (B.6)

(B.7)

(B.8)

where f, f, (i - 1,2,...,n), gj (j - 1,2,...,m) and hk (k - 1,2,...,1)o i
are continuously differentiable in an open set of points, containing
the (x,u,t) which satisfy (B.3) and (B.4). The set of points (x,u,t)
satisfying (B.3) and (B.4), is denoted by Xo and will be called the
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set of admissible elements. It is furthermore assumed that the matrix

a91 agl agl
aul au2 ~-- aur sl 0 U

ag2 ag2 ag2

0

aul auz ... aur 0 g2 0 ... 0

agm agm agmaul au2 -.. aur u u u ... gm

has rank m for all admissible elements. Here we can remark that in

the cases, dealt with in this monograph, this condition is always

satisfied: our g functions are of very simple forms such as ul ? 0,

u- ul ? 0, where u is a given constant.

The theorem of Hestenes reads:

Theorem B.1

Suppose z(t): -{x(t), u(t)} is a solution of the problem posed above.

Then there exist multipliers

po, P(t) - (P1(t). P2(t), ..., Pn(t)).

9(t) - (41(t), q2(t), ..., qm(t))

a - (al, ~Z, --.. ak).

not vanishing simultaneously on [O,T], and functions L and H defined

as

H(x,u,t,p ,p,a) - p f (x,u,t) f0 0 0
1

f ~ ak hk(x,u.t) ,
k-1

n

L pii-1
f,(x,u,t)i

m
L(x,u.t.Po~P,~.q) - H(x.u.t,Po.P.a) t~ qj gj(x,u,t).

j-1
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such that the following relations hold:

í) po, ~k, k- 1,2,...,1, are constants. ~k ? 0, k- 1,2,...,1' and

T
~k J hk(x(t),u(t),t)dt - 0,

0
k - 1,2,..,1.

ii) F~i(t), i- 1,2,...,n, is continuous and is piece-wise smooth

(meaning that pi(t) can be written as

t
pi(t) - A t f Y(T) dT,

0

where y(t) is piece-wise continuous and A is a constant).

iii) ~j(t), j- 1,2,...,m, is continuous, except possibly at points

of discontinuity of u(t). For each j, 1 5 j 5 m', we have

qj(t) ? 0. ~j(t) gj(x(t),u(t),t) - ~,

iv) Ri(t) - aL~api, pi(t) --aL~axi, i- 1,2,...,n.

a~aU. - o, i - 1,2,...,r,i

where aL~api is the derivative of L with respect to pi, evaluated at

(x, u, po,-p, a, q) and the meaning of -aL~axi and aL~aui is analogous

Moreover, L is continuous on [O,T], and

dL~dt - aL~at

on each interval of continuity of u,

v) H(x(t),u(t),t, po,P(t).a) ? H(R(t).u(t),t.Po,P(t).a).

for all admissible elements. o

Some remarks are in order.

1) L is called the Lagrangean, H is called the Hamiltonian.
2) The nature of the problems we consider is such that p is0
necessarily a positive constant. The proof of this statement is not
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given here. We refer to Takayama (1974, p. 618). In the main text p0
is given the value 1.

3) In the text of chapters 3, 4 and 5 we shall not always explicitly

mention conditions such as

. T
ak j r~ (X(t),u(t),t)at - o.

0

4) If L is a concave function of u, then óL~óu - 0 implies condition

v. In the problems we encounter, L is indeed concave in u, so con-

dition v wi11 not be referred to.

5) The necessary condition dL~dt - aL~at is trivially satisfied in

our models.

6) In the main text we are concerned with control problems with an

infinite horizon (T -~). It has been shown by Halkin (1974) that in

that case the necessary conditions given still apply for the

optimality criterion used in the main text. For T-~, obviously, no

terminal conditions are imposed.

Theorem B.1 is sufficient to deal with the problems we encounter in

chapters 3 and 5. In chapter 4 we face a constraint of the type

x(t) ? 0. Then theorem B.1 cannot be used, since there it is assumed

that the g-constraints contain u. There is however a theorem by Guinn

(1965), dealing with bounded state variables, which can be invoked.

We paraphrase Long and Vousden (1977, pp. 20-23) for the case

xl(t) ? 0. We introduce gmtl(x(t),u(t),t): - fl(x(t),u(t),t).

Suppose xl(t) ~ 0 for to ~ t ~ T, for some to and T, and 'xl(t) - 0

for T S t S tl for some tl, then T is called a junction time. In this

simple case the rank conditions are satisfied. Then, necessary

conditions for optimality can be stated as follows.

Theorem B.2

Suppose z(t): -{x(t), u(t)} is a solution of the problem posed above.

Define the Hamiltonian as in theorem B.1. Define the Lagrangean also

as in theorem B.1, with one term added, namely

qmtl fl ( x,u,t) .

Then the conditions i) - v) of theorem B.1 hold with the following



159.

modifications.

ii) p.(t), i- 1,2,...,n, is continuous except possibly at junction
i

times T, where discontinuities in pi(t) are of the form

pi(Tt) - Pi(T-) - w ,

where w is a constant.

iii) qj(t), j- 1,2,...,mt1, is continuous, except possibly at points

of discontinuity of u(t) and at junction times. For each j, 1~ j~ m',

we have

c~j (t) ? 0, qj (t) gj (R (t) ,u (t) , t) - 0,

qmtl(t)
- 0 when xl(t) ~ 0,

qmtl(t) is a non-positive function with the same continuity properties

as u(t) .

iv) H may not be continuous at junction times. o

Finally, there is the problem of existence of optimal programs. For
this we refer to Cesari (1966). For the models we use, existence
proofs are given on an ad hoc basis.
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APPENDIX C. TWO NOTES ON CHAPTER 4

In chapter 4, section 4, the following model is analysed. Maximize

~
J: - J e-Pt U(C(t))dt

0

subject to

~

j E(t)dt ~ So ,

0

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

~ ~ ~
J e-rt p(t) C(t)dt ~ J e-rt p(t) E(t)dt t J e-rt r B dt,(C.6)
0 c 0 e 0 0

B(t) - r B(t) f Pe(t) E(t) - pc(t) C(t), B(0) - Bo , (C.7)

B(t) ? B , (C.8)

where p(t) - p(0) e~t, p(t) - p(0) eYt. p, r, ~r and Y are given
c c e e

positive constants, S, p(0), p(0) and E are given positive con-
o c e

stants. B is a given negative constant, Bo is given and Bo ~ B. The

function U is of the type U(C) - 1}n C1}n with p a negative constant.

In this appendix we derive the necessary conditions for optimality

given in chapter 4 and we show that a transition from the so-called

regime II to the so-called regime I is ruled out for the case Y~ r.

When deriving the necessary conditions for optimality, we must use

theorem B.2, since (C.8) indicates that here we have a problem with

a bounded state variable. It is convenient to write the model in the

standard format (B.1) -(B.8). Therefore, we define: x(t): - B(t) - B,

ul(t): - C(t), u2(t): - E(t),

fo(x(t).u(t).t): - e-Pt U(ul(t)).
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fl(x(t),u(t),t): - r x(t) f pe(t) u2(t) - pc(t) ul(t) t r s,

gl(x(t),u(t),t): - u2(t),

g2(x(t),u(t),t): - E - u2(t),

g3(x(t),u(t),t): - ul(t),

g4(x(t),u(t),t): - r x(t) t pe(t) u2(t) -pc(t) ul(t) t rB,

hl(x(t),u(t),t): - b So e-bt - u2(t),

h2(x(t),u(t),t): - e-rt (pe(t) u2(t) t r Bo - pc(t) ul(t)),

x(0): - Bo - B ,

where b is a positive constant.
The Hamiltonian of the problem is

H(x,u,t,P1.11,a2) - fo(x,u,t) t plfl(x,u,t) t

al hl(x,u,t) t Á2 h2(x,u,t) .

The Lagrangean is

L(x.u,t,Pl,al.a2.41.42,43,44) - H(x,u,t,pl,al,a2) t

4c
L 4j 4j(x,u,t) .

j-1

Let {3~(t), ul(t), u2(t)} be the solution of the problem posed. Then,
according to theorem B.2, there exist multipliers pl(t), ql(t), ~2(t),

~3(t), q4(t), ~1, ~2, such that:

i) al and a2 are non-negative constants and

~
al J(b e-bt So - u2(t))dt - 0, (C.9)

0
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~
~2 r e-rt (Pe(t) u2(t) t r Bo - pc(t) ul(t))dt - 0.

JO
(C.10)

ii) pi(t) is continuous, except possibly at junction times, and is
piece-wise smooth,

-E~1(t) - aL~óx: - pl(t) - r~Pl(t) t q4(t)).

iii) ql(t), q2(t), q3(t) and q4(t) are continuous, except possibly

at points of discontinuity of u(t) and at junction times. Furthermore

Q1 (t) u2(t) - Or 91 (t) ? 0,

q2(t) (E - u2(t)) - 0, q2(t) ? 0,

~I3 (t) ul (t) - 0, q3 (t) ? 0,

~4(t) - 0 when x(t) ~ 0.

q4(t) ~ 0.

iv) aL~8u1 - 0: e-Pt U'(ul(t))-pl(t) pc(t)-q4(t) pc(t)-

-rta2 e pc(t)tq3(t) - 0 .

BL~óu2 - 0: pl(t) Pe(t)tql(t)-q2(t)tq4(t) Pe(t) -

alta2 e-rt pe(t) - 0 .

Since U'(0) -~, C(t) ~ 0 for all t; hence q3(t) - 0 for all t.

Define ~(t)- - pl(t) t q4(t), a(t)- - 41(t), S(t): -~i2(t), a: -~i,
u: - a2 and K( t): ---(-~--r~-êq4 - q4. Then we have

e-pt U'(C(t)) -~(t) pc(t) t U Pc(t) e-rt ~ (C.11)

U Pe(t) e-rt t~(t) pe(t) t a(t) - S(t) - a, (C.12)

-~ (t) - r~ (t) t K(t) , (C. 13)



a(t) Ê(t) - 0, ce(t) ? 0,

s (t) (E - E (t) ) - 0, S (t) ? 0 ,

K(t) (B(t) - B) - ~ ,

W
u[~ e-rt (Pe(t) E(t) t rBO - pc(t) C(t))dt] - 0,

0
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(C.14)

(C.15)

(C.16)

(C.17)

where a(t), S(t), ~(t) and K(t) are continuous, except possibly at

points of discontinuity of C(t) and E(t), and at junction times.
(C.il) -(C.17) is the set of necessary conditions we work with in

chapter 4, section 4.

The second purpose of this appendix is to show that a transition from

a regime with B~ B and E- E to a regime with B~ B and E- 0 is
ruled out. Suppose the contrary and assume that, for a~ t ~ b, we

have B(t) ~ B and E(t) - É, and, for b~ t~ c, B(t) ~ B and E(t) - 0.

Zt follows from (C.16) that K(t) - 0 for a~ t ~ c. Hence along this

interval ~~~ --r. For a ~ t ~ b, a(t) - 0(C.14) and s(t) is in-

creasing. At time b the rate of exploitation jumps downwards. Hence

S(t) jumps downwards and in view of (C.12), ~(t) jumps downwards,

implying that C(t) jumps upwards. Hence a typical C trajectory looks

as in figure C.1.

C

a b c t
~ figure Ci.

We shall now construct a program with the following properties: the

rate of consumption equals the "optimal" rate of consumption; it uses
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the same amount of the resource and the amount of bonds the economy
holds at time c is larger than in the optimal program. Therefore, the
alternative program is to be preferred to the optimal program and a
contradiction is obtained.
The construction is as follows. Firstly, take the intervals [a,b] and
[b,c] of equal length. Let starred variables refer to the alternative
program. E~`(t) - 0, C~`(t) - C(t), for a ~ t ~ b, and E~(t) - E,

z -
C~(t) - C(t) for b- t- c. For B~ B we have C~C } pc~pc - t~ t r,
where ~ - (p - (r-~r)(ltr)))~n, This can be seen from (C.12) - (C.17).
Hence for a ~ t ~ b:

B(t) - rB(t) t pe(0) E eYt - pc(a) C(at) e(~r)(t-a)

Solving this differential equation yields

B(t) - ert[V e(Y-r)a{e(Y-r)(t-a)-1} - pc(a) C(at) e-ra{et~(t-a)-1}

t e-raB ] , a ~ t 5 b ,
a

where V: - pe(0) E~(y-r).
For B~`(t) we obtain in an analogous way:

~

B (t) - ert pc(a) C(at) -ra~ [- ~ e {e~(t-a)-1} } e-ra Ba] .

a ~ t ~ b.

Hence

B(b) - B~`(b) - erb[V e(Y-r)a{e(Y-r)(b-a)-i}] .

For b ~ t ~ c we have:

rt pc (b) C (bf )
B(t) - e [- ~ e-rb{et~(t-b)-1}t e-rb g(b)] .

(C.18)

(C.19)

B~(t) - ert[V e(Y-r)b{e(Y-r)(t-b)-1} - pc(b) C(bt) e-rb{e~(t-b)
V~ -1}

} e-rb B~`(b)] .
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Hence

B(c) - B~(c) - erc[-V e(Y-r)b{e(Y-r)(c-b)-1} t e-rb(B(b)-B~(b))]

rc (y-r)c (Y-r)b (Y-r)b (Y-r)a-e V {-e te te -e }

~ 0

since y- r ~ 0. Now it has to be proved that B'(t) ~ B for a 5 t ~ c.
In order to see this, first remark that, since B(b) ~ B, we can, by a
proper choice of (b-a), take care that B~(b) ~ B. It then follows that
for a ~ t ~ b, B~(t) ~ B. Suppose this were not the case. Then B~(t)
would be increasing for some interval of time, where B~(t) ~ 0. This
contradicts

.~
B (t) - rB~ (t) - Pc (t) C (t) ,

which is negative for B~(t) ~ 0. Next it is shown that, also by a
proper choice of (c-b) (and hence b-a), the condition that B`(t) ~ B
for b ~ t ~ c, is satisfied.
For b ~ t 5 c we have :

,~ rt -rb - ~ (y-r)t (y-r)bq(t): - B(t) - B (t) - e [e (B(b)-B (b)) - V(e -e ]

- ert[V(e(Y-r)b-e(Y-r)a) - v(e(Y-r)t-e(Y-r)b)]

hence

- ert V e(Y-r)b[1-e(Y-r)(a-b) - e(Y-r)(t-b) t 1] .

w rt (Y-r)b (Y-r)(a-b) (Y-r)(t-b)g(t): - B(t)-B (t) - r e V e [1-e -e tl]

t ert V e(y-r)b (Y-r)(t-b)][(Y-r) e

t r- Ye(Y-r)(t-b) t re(Y-r)(t-b)

- ert V e(Y-r)b[r-re(Y-r)(a-b)-re(Y-r)(t-b)

]
- r ert V e(Y-r)b[1-e(Y-r)(a-b)- ][ e(y-r)(t-b)tl].

r
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Since y~ r, we can choose b-a (and therefore c-b) such that g'(t) ~ 0
for b ~ t ~ c. Then also g"(t) ~ 0 in that interval. Now, see figure
C.2.

B(b) ~

g(b)

B~(b)

B

B-g(b)

figure C2.

The time path of B(t) for t? b is given. By taking c-b small enough,

we can take care that B~`(t) ~ B, for b ~ t ~ c.
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SAMENVATTING

Deze monografie bestaat uit Vier onderling samenhangende verhandelingen
over diverse aspecten van uitputbare natuurlijke hulpbronnen en inter-
nationale handel.
In het inleidende hoofdstuk 1 wordt de probleemstelling geschetst. Deze
luidt kortweg cwat is de optimale exploitatiesnelheid Van een uitput-
bare hulpbron die in het bezit is van een open economie, en hoe dienen
de revenuen te worden gealloceerd ?
Hoofdstuk 2 bevat een overzicht van de litteratuur op het gebied van
de economische theorie over natuurlijke uitputbare hulpbronnen en
internationale handel. Er wordt een onderacheid gemaakt tussen partieeZ-

evenr~ichtsmodellen en algemeen-evenarlchtsmodellen.

In het eerste type modellen is de vraag aan de orde wat Voor een economie
de beste politiek is met betrekking tot de uitputting van haar voorraden
bij een qegeven vraagschema Voor de grondstof op de wereldmarkt. Van
belang Voor de beantwoording van deze Vraaq zijn natuurlijk de karakte-
ristieken van de economie. Daaronder moeten worden verstaan de markt-
positie van de economie; de mate Van toegankelijkheid Van de wereldmarkt
voor financieel kapitaal; de technologische mogelijkheden, zowel op het
terrein van exploitatie als dat van niet gewonnen goederen; en de voor-
keuren Van de economie. Deze laatste worden steeds utilitaristisch ver-
ondersteld. Na de presentatie van een algemeen model waarbinnen alle
volgende passen, komt eerst de marktvorm van volledige mededinging aan
de orde. Aandacht wordt besteed aan de optimale allocatie van arbeid over
de onderscheiden produktiealternatieven: exploitatie en niet-grondstof
produktie. Ook komen aan de orde afnemende exploitatiemogelijkheden bij
afname van de omvang Van de bron. Tevens worden bestudeerd beperkingen
op de wereldmarkt voor kapitaal, de rol van prijsverwachtingen, simultane
optimalisatie van exploitatie en investeringen en tenslotte modellen met
twee niet-qrondstof sectoren. Vervolgens worden modellen met orzvolledige

mededinging op de grondstofmarkt besproken. In al deze modellen wordt uit-
gegaan van een perfecte wereldmarkt voor financieel kapitaal. In dat geval
is een noodzakelijke Voorwaarde voor optimaliteit in de utilitaristische
zin dat de economie haar qedisconteerde winst uit exploitatieactiviteiten
maximaliseert. Derhalve wordt de aandacht verder op die activiteiten ge-
concentreerd. Aet optimale gedrag van een monopolist wordt gekarakteriseerd.
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Vooral echter oligopolie en cartel versus „ frinae "(de marktvorm

waarbij er een grote aanbieder is op de wereldmarkt, tezamen met een groot

aantal kleine (de „ fringe ")) bevatten interessante aspecten, zeker ook

vanwege het realiteitsgehalte van deze marktvormen. Veelal wordt in deze

modellen het Nash-Cournot evenwichtsconcept gehanteerd, hoewel er recente-

lijk ook studies zijn verricht die opteren voor het evenwichtsconcept van

von Stackelberg. In dit laatste type modellen kan zich het verschijnsel

van „ dynamische inconsistentie " voordoen. Dit houdt in dat in zekere

omstandigheden het von Stackelberg evenwicht, uitgerekend voor een situatie

waarin contracten bindend zijn, onder de veronderstelling van rationalíteit

van de marktpartijen, niet zal worden gerealiseerd. Het onderzoek naar

rationele verwachtingen von Stackelberg evenwichten duurt voort.

In de algemene evenwichtsmodellen wordt de vraag naar de grondstoffen

bepaald binnen het model. Er is op dit gebied niet veel litteratuur voor-

handen, hoewel een algemeen-evenwichtsanalyse grote voordelen kan bieden

boven de partieel-evenwichtsbenadering. Met name de onderlinge samenhang

tussen interestvoet en prijsontwikkeling van de grondstof kan in deze

modellen worden bestudeerd.

Uit het litteratuuroverzicht kunnen meerdere conclusies worden getrokken.

Relevant voor de overige hoofdstukken van deze monografie zijn de aanbe-

velingen dat het simultaan optimaliseren van exploitatie en kapitaalaccu-

mulatie voor kleine open economieën nadere studie behoeft, dat de betekenis

van financiële wereldmarkten verder moet worden onderzocht en dat er

zeker waardevolle resultaten te behalen zijn bij een grondiger aanpak van

algemeen-evenwichtsmodellen. Dat laat overigens onverlet dat het probleem

van dynamische inconsistentie belangrijk is. Hieraan is in de onderhavice

studie echter niet gewerkt.

Hoofdstuk 3 behandelt het probleem van een kleine open economie die de

grondstofprijzen op de wereldmarkt als gegeven neemt. De economie is in

het bezit van een uitputbare natuurlijke hulpbron en heeft daarnaast de

beschikking over een technologie om met behulp van kapitaal niet-grondstof-

goederen (consumptiegoederen en~of nieuwe kapitaalgoederen) te produceren.

Er wordt aangetoond dat de optimale exploitatiesnelheid zeer gevoelig is

voor de door de economie verwachte groeivoet van de wereldmarktprijs ten

opzichte van de tijdsvoorkeurvoet van de economie. Het is bijvoorbeeld zo

dat het al dan niet in eindige tijd uitputten van de bron afhankelijk is
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van deze verhouding. Deze heeft bovendien gevolgen voor de op lange
termijn na te streven omvang van de kapitaalgoederenvoorraad, althans
voorzover de economie een, op a priori gronden vastgesteld, evenwicht
op de lopende rekening nastreeft. Tevens volgt uit deze analyse dat er
voor de optimale exploitatievoet sprake kan zijn „bang-bang" oplossingen:
maximale exploitatie afgewisseld met geen exploitatie. Tenslotte is een
van de conclusies van dit hoofdstuk dat de optimale exploitatiestrate-
gie sterk afhangt van de mate van toegankelijkheid van de wereldmarkt
voor financieel kapitaal.
Daarop wordt in hoofdstuk 4 de aandacht gericht. De genoemde conclusie
van het voorgaande hoofdstuk wordt belicht aan de hand van twee modellen
die extreme betalinqsbalansconditeis belichamen nl. permanent evenwicht
en perfecte toeqankelijkheid, en een derde model waarin er een boven-
grens aan de schuld van de economie wordt opgelegd. De eerste twee mo-
dellen zijn in feite vereenvoudiqingen van eerder behandelde modellen
en dienen slechts als referentiekader voor de evaluatie van de resultaten
van het derde model. Het opvallendste effect van de introductie van
rantsoenering op de kapitaalmarkt doet zich voor wanneer de verwachte
prijsstijging van het gewonnen qoed groter is dan de rentestand. in
het geval van qeen rantsoenering bestaat er dan geen optimale exploi-
tatiepolitiek, in de zin dat de economie de exploitatie steeds zal
uitstellen. Bij rantsoenerinq echter doet dit verschijnsel zich niet
voor vanwege de beperkte mogelijkheid van het hebben van schuld. Er
wordt aanqetoond dat het voor de economie optimaal is om initieel niet
te exploiteren en na verloop van tijd, wanneer de maximale schuld is
bereikt, juist voldoende om een constante groeivoet van de consumptie
te realiseren, onder handhaving van die maximale schuld.
Een algemeen evenwichtsmodel van handel in homogene gewonnen grondstoffen
komt aan de orde in hoofdstuk 5. Het model is alqemener dan tot dusverre
bekende modellen. Fysiek kapitaal speelt een rol in de exploitatie en
in de produktie van niet-grondstofgoederen. Voor die goederen is ook
de grondstof zelf een noodzakelijke input. In dit model worden de
volgende conclusies bereikt : exploitatie en niet-grondstof produktie
zijn altijd gespecialiseerd (bij technologieén die per land verschillen);
de bron die het goedkoopst kan worden geexploiteerd, wordt het eerst
uitgeput; de evenwichtsprijzen zijn continu; indien de qoedkoopste bron
overvloedig is in verhouding tot de omvang van de kapitaalgoederenvoor-
raad en de tijdsvoorkeur van elke economie qroot is, dan zijn de even-
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wichtsrentevoet en de evenwichtsprijs van de grondstof beide constant;

en indien aan die voorwaarden niet is voldaan dan daalt de evenwichts-

rente ten opzichte van de evenwichtsprijs van de grondstof. Deze re-

sultaten hebben implicaties voor partieel-evenwichtsanalyses.

De conclusies van deze monografie worden samengevat in hoofdstuk 6,

waar voorts wordt ingegaan op de mogelijke normatieve betekenis van

de analyse voor het Nederlandse energiebeleid en op de verklarings-

kracht van de ontwikkelde modellen.



1

Volledige mededinging is een noodzakelijke noch voldoende voorwaarde
voor de efficiënte exploitatie van een natuurlijke uitputbare hulp-
bron.

II

Dat het nationale inkomen een maatstaf vormt voor de welvaart van
een land gedurende een zekere periode, maar niet voor de rijkdom,
komt vooral tot uitdrukking wanneer natuurlijke uitputbare hulpbron-
nen snel worden geëxploiteerd.

iII

Het maximumprincipe van Yontryagin geeft noodzakelijke voorwaarden
voor de oplossing van optimalisatieproblemen met continue tcestands-
variabelen en stuksgewijs continue instrumentvariabelen. In theo-
retisch-economische studies wordt veelal verwaarloosd om economische
gronden aan te geven die het werken met deze klassen van functies
rechtvaardigen.

Het is, onderwijskundig gezien, zinvol in micro-economische leer-
bceken expliciet onderscheid te maken tussen economische theorie die
gericht is op het construeren van kwantificeerbare relaties tussen
economische grootheden enerzijds en de theorie welke ten dcel heeft
de student met algemene concepten bekend te maken anderzijds. Uit
onderscheid wordt veelal niet gemaakt.

V

De uitdrukking 'economische interpretatie' van de uitkomst van een
economisch model suggereert ten onrechte dat de betreffende uitkomst
voor de hand Ligt.



VI

De sterke progressie in de tarieven voor opvang in kinderdagver-
blijven kan leiden tot een eenzijdige samenstelling van de groep van
opgevangen kinderen. Dat heeft zowel opvoedkundige als financieel-
economische nadelen.

VII

Er bestaan minstens twee woorden die elk, afhankelijk van de plaats
waar ze worden afgebroken, twee betekenissen hebben. Het automatisch
laten verrichten van het afbreken van woorden kan derhalve slechts
verantwoord geschieden wanneer ook inhoudelijke informatie wordt
gegeven.

VIII

Gezien de toenemende verwildering in het hoofdstedelijke autover-
keer, valt het te betwijfelen of vervanging van ijzeren door levende
Amsterdammertjes enig soelaas biedt tegen de parkeeroverlast.

Stellingen bij het prcefschrift
ECONOMIC THEORY ANU INTERNATIONAL TRADE
IN NATURAL EXHAUSTIBLE RESOURCES
van
C. Vithagen
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