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THE VALUE OF INFORMATION IN A

FIXED ORDER QUANTITY INVENTORY SYSTEM

F.A. VAN DER DUYN SCHOUTEN, MJ.G. VAN EIJS, R.MJ. HEUTS

Tilburg University

P.O.Box 90153 5000 LE Tilbeu~ The Netherlands

Abstract:

The distribution of lead time demand is essential for determining

reorder points in inventory systems. Usually, the distribution of lead

time demand is approximated directly by fitting mean and standard

deviation to a particular theoretical probability function. However, in

some cases it may be worthwhile to take the demand per unit time and

the lead time e~licitly into account, in particular when some specific

information about one or two of them is available.

In this paper we investigate a special situation where a supplier,

who produces on order in fixed production cycli, provides information

about the status of the coming production run at specific moments. The

retailer can use this information to get a better insight in the lead time

process. The information may not only be used to obtain an accurate

appro~cimation of the lead time distribution, but it may also be used in

the operational ordering decisions. We present a fixed order (s, ,Q)-

strategy with a set of reorder points sc , depending on the virtual lead

time t, which follows from the information of the supplier. A Markov

model, which analyses a given (s, ,Q)-strategy, is used to quantify the

value of the information provided by the supplier. Some numerical

examples show that the approach may lead to considerable cost savings

compared to the traditional approach where only one single reorder

point, based on a 2-moment approximation, is used.

The results of this paper can be used to balance the pros and

wns of more frequent exchange of information between a retailer and

his suppliers.
Subjact Ataa Inv~a~tory Managivno~t, Dacàsior~ T7uo~ry, m~d Prodsrc-

~j~M~



1. Introduction

The determination of the distribution of demand during the lead time (or

lead time plus review time) is an important issue in the literature on inventory

modelling. An excellent survey of literature on this topic is given by Bagchi et al.

[1]. Lead time demand can be estimated directly, but can also be estimated by a

combination of two factors, namely demand per unit time and lead time, or even

by a combination of three factors: order intensity, order size and lead time.

Many inventory models emphasize only the variability of demand, and neglect

the variability of lead time. In other models, uncertainty in lead times is incorpo-

rated by a theoretical distribution which is fitted on the first moments of the

lead time (see e.g. Bagchi [2], Carlson [3) and Kottas and Lau [5]) or on the first

moments of the demand during lead time (see e.g. Fortuin [4], Silver and

Peterson [7j and Tadikamalla [9]). However, as pointed out in several studies

(see e.g. Kottas and Lau [6] and Strijbosch and Heuts [8)), a bad approximation

of the empirical distribution of the lead time (demand) can have substantial cost

consequences. An information system which gathers improved empirical informa-

tion on the lead time is therefore a very useful management tool.

In many models, the key component of the lead time in which uncertainty

exists is the shipping time from the supplier to the stocking point. This reflects

the situation where the supplier produces on stock. In this paper, we investigate

another practical situation, where the major source of uncertainty, from the

retailer's point of view, is the time until the supplier stazts a production run to

fulfil his order. Here, the supplier produces on order. Nowadays, there is a trend

towazds more frequent exchange of information between retailers and their

suppliers. A practical example of such a cooperation is that the supplier provides

information about the status ("full" or "not full") of the coming production run of

a particulaz product. We will show that this information provides a better

understanding of the lead time process, which may yield a considerable cost

saving.

In particulaz, we consider a supplier who produces every C(integer)
periods a batch of a particulaz product on order. Deliveries occur only at
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equidistant points in time 0, C, 2C,... Several retailers place, independent of each

other, orders for this product from time to time. An order, placed between time

(j-1)C and time jC, is produced in the j'th run if this run is not full. Otherwise

the order is delivered at time (j t 1)C. The retailers have information about the

length of the production cycle (C) and the production time (7). Moreover, the

supplier informs the retailers as soon as a production run is booked up to

capacity.

The goal of this paper is to investigate the value of the latter information.

The vvtua! lead time t denotes the number of periods before the end of the next

production run, which is not yet full (booked up to capacity). So, the virtual lead

time decreases in real time by units of one and has upward jumps of size C when

a message arrives, stating that the coming production run is filled up or the

production has been started (see figure 1).

Figure 1: IDustration of the virtual lead time
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arrival of a real time
message

Let q, denote the probability that the next production run will be filled up during

the next period given a virtual lead time of t. We assume that q, - 0 for t~ C; so

the probability that a production run will fill up before the preceding run has

been nnished is negligabie. Thc produ~~ion t'.,me of an order equals an integra:

number of r periods (1szsC). Order entry for a production run ends as soon as
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the production starts. The last opportunity to place an order is at time r(q, -1).
Without loss of generality, we use T-1 in the rest of this paper. Shipping times

from the supplier to the stocking point are neglected.

To assess the information provided by the supplier, we have to know

which advantages can be drawn by the retailer from this information. Hence, the

problem is to find an appropriate ordering strategy for a retailer which makes

use of this information. We restrict attention to fixed order strategies with

ordering opportunities occurring at the beginning of every period. We propose

the following ordering strategy. For every possible value t of the virtual lead time

there exists a reorder point s, such that a predetermined fixed quantity, Q, is

ordered, as soon as the inventory position drops to or below s, . Note that in

traditional models, one single reorder point applies for all values of the virtual

lead time. In this special situation, the dependance of the reorder points on the

virtual lead times is introduced to take advantage of the information which is

given by the supplier.

Demands for the product in subsequent periods are independent identi-

cally distributed random variables with a discrete probability distribution {~,(k),

OskSM, }. The mean and variance of the one-period-demand are given by ~,

and d, respectively. Excess demands are backlogged.

The retailer wants to minimize the total expected long run average cost

per time unit subject to a given service level. We use a service level constraint of

P2-type, i.e. at least P2olo of demand has to be satisfied directly from stock on

hand. Given the structure of the ordering strategy the retailer has still to decide

on the values of the reorder points sr . Since the ordering decision can be delayed

until t- C without harm (q, -0 for t~ C) we are only interested in s, for t-1,..,C.

The order quantity, Q, is not used as a decision variable. It is predetermined and

based on, for example, EOQ-considerations or the capacity of a shipping

container. The long run purchasing and ordering cost are not affected by the

choice of the decision variables. So the only relevant cost factor is the holding

cost.

As far as we know, this problem has not been investigated in the literatu-
re. We present a method to quantify the value of information provided by the
supplier about the status of the next production run. The performance of a given
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(Sr,Q)-strategy is analysed in Section 2 using a Markov-model. The determination

of the value of information is presented is Section 3 together with some numeri-

cal results. We conclude with some final remarks in Section 4.

2. Analysis ot a given (s„Q)-strategy

In this section, a given ( s, ,Q)-strategy will be analysed as it is seen from

the point of view of the retailer. The performance measures of interest are the

long run average inventory level (since this determines the inventory holding

cost) and the long run fraction of demand which is satisfied directly from stock

on hand (the service constraint).

Before starting with the analysis, we claim that in any realistic situation

s,?s,.,?0 for t-2,..,C (reorder points decrease with decreasing virtual lead time).

Moreover, we assume that Q is large enough to avoid the situation that the

retailer places two orders in the same production cycle (Q?2~a,C).

To analyse the system, we define

X,: - inventory level of the retailer just after the n'th arrival of a supply.

Then, the embedded stochastic process {X„ n-1,2,..} is a discrete-time Markov

chain with a state space S: - { i ~ i- i, ,..,iN }, where io (iN ) denotes the minimal

(maximal) physical inventory level under the (s, ,Q)-strategy (e.g. i~ -s~ f Q).

For any fixed (s„Q)-strategy we define for all states iES:

T(i): - expected number of periods until the next arrival of a supply, given that

the inventory level after the present delivery equals i;

H(i): - expected total number of units on stock until the next arrival of a

supply, given that the inventory level after the present delivery equals i;

B(i): - expected number of shortages until the next arrival of an supply, given

that the inventory level after the present delivery equals i.
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Let p„ , i,j ES, denote the one-step transition probabilities of the Markov

chain {X,} and T r„ iES, its stationary distribution. Finally, define for a given
(s, ,Q)-strategy:

f(s, ,Q) :- long run average inventory level;

a(s„Q) :- long run fraction of demand satisfied directly from stock on hand.

From the theory of regenerative processes (see e.g. Tijms [llJ), it follows
that

and

~ H(')'~,
! ( s,f Q ) - iES '

~ T(t)-xr
rEs

~ B(i)' nr
a(Sr.Q) - 1 - "~ .

Q

(1)

(2)

Before we derive explicit expressions for T(i), B(i) and H(i), we define
~, (k) :- probability that demand during t periods equals k;

~, (i,k): - probability that demand during t periods equals k and no order is
placed during the next t periods, given that the present inventory level
equals i and the virual lead time equals t.

~,(i,k) can be computed recursively for t-1,..,C, ieS and k-0,..,M, by

t l
~t(i.~)-1u„~ ~~(k){l~r-ts;-,?t1U-t:r,-,Iqr}'lu-t:s,-,)(1-q~)~~~(j)~~-~(il.kl) 1 .

~-o

(3)
with

~~(i,k) ~ l~r,~~~~t(k) . (4)

To explain formula (3), we consider the case t-2. For this special case, formula
(3) transforms to



i-,,-~
~2~t~k~ - Ilisy~) ~2~k~{ Iii-kia,) t Iii-kss,1Q2~ t Ili-ksa,l~l -92~ ~ ~IV~~I~k~~ '

~-0

If iss„ then an order will be placed at the beginning of the first period, and

~2 (i,k) equals zero, regardless of the demand k. Now, we concentrate on the

situation that i~ s, . In case i-k ~ s, , no order will be placed during the next two

periods, and ~, (i,k) equals ~2 (k). If i-kss, , then two different scenarios can be

distinguished. Firstly, the production run is filled during the first period, which

occurs with probability q, . In this case, no order will be triggered during the next

two periods, and ~, (i,k) equaLs q~ ~, (k). Secondly, consider the case that the

production run is not filled during the first period (this occurs with probability

1-q, ). Then, the inventory level at the beginning of the second period equals i-j

with probability ~, (j), Osj sk. The retailer will not order if i-j ~ s, . The contribu-

tion to ~, (i,k) is then (1-q, )~, (j) ~, (k-j).

~, (i,k) is a key function in the deriviation of expressions for T(i), H(i),

B(i) and p,; . Denote the maximum demand during C periods by M~ . Then, by

conditioning on the demand during a production cycle of C periods, it readily

follows that

~~
T(i) - C t ~ ~c(i,k) T(i -k) ,

k~0

and

B(~) -

~ { ~c(k) [k-i,0]' t ~c(i,k)B(i-k) } if i~U ,
k~0

~c
~ ~c(~) k - ~ Ck.o

if i s0 .

(6)

(7)

Note that formula (7) is based on the assumption s~~0.
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It is obvious that H(i)-0 for i50. Using the same conditioning argument as

above, we obtain

M~

H(i) -~ { tpc(k) Vc(i,k) t ~c(i,k) H(i -k) } iÏ i'p ,
k-0

(g)

where

V, (i,k): - total expected number of items on stock during the next t periods,

given that the starting inventory is i, the total demand is k, the virtual

lead time is t and no order arrives during these t periods.

V,(i,k) equals zero if is0. Under the condition that demands occur at the end of

the period, V, (i,k) can be computed for t~ 1 using the following formula

~ik,iy
V~(i,k) - i f ~ ~~(j) V~-~(i -j,k-j) if i~0 . (9)

~-o

Hence, the quantities V, (i,k) can be computed recursively starting with V, (i,k) - i

if i~ 0 and V, ( i,k) - 0 otherwise.

Recall that p;; denotes the probability that the inventory level of the

retailer just after the next arrival of an supply equals j, given that the inventory

just after the last delivery was i. These one-step transition probabilities are also

derived by conditioning on the demand during a production rycle of C periods.

Given that demand during one rycle equals k and the starting inventory level is

i, an order of Q units will arrive at the end of the current production cycle with

probability ~~ (k)-~~ (i,k). The inventory level just after the delivery will equal j

if the demand k equals i-j t Q. Given a demand of k units, no order will be

placed with probability ~~ (i,k), in which case the inventory at the end of the

production rycle will equal i-k. Hence, the following recursive relation can be

derived: Y~

p~.1 - ~c(t-~ }Q) - ~c(t~i-~tQ)' ~ ~c(l~k)p~-k.1 ' (10)
k-0
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The stationary distribution can now be obtained by the solution of the set

of linear equations II-IIP (II denotes the vector of steady state probabilities ~r;

and P denotes the matrix of one-step transition probabilities p„ ), together with

the normalizing equation ~,; -rr; -1.

It is not possible to derive explicit formulas for the steady state probabilities.

However, the set of equations can be solved numerically by standard procedures,

such as the iterative method of successive overrelaxation (see Tijms [11]).

Summarizing, for a given (s„Q)-strategy, the quantities T(i), B(i) and H(i)

are computed recursively from formula (6), (7) and (8). Once the one-step

transition probabilities have been obtained by formula (10), the stationary

distribution can be found using the simple and fast method of successive

overrelaxation. Finally, the long run average inventory level and the long run

fraction of demand which is directly met from stock on hand can be computed

by formula (1) and (2).

3. Determination of the value of information

In the preceding section a method is presented to compute the perfor-

mance of a given ( s, ,Q)-strategy. This method will be used to quantify the value

of information. Recall that the supplier provides information about the status of

the next production run of a given product. The retailer receives a message from

the supplier as soon as the delivery date of orders, which will be placed in the

near future, changes ( in this case the virtual lead time increases with C units).

Past empirical information can be used by the retailer to estimate the q, -values,

which determine the lead time distribution.

Now suppose that the supplier provides no information about the status of

the production cycli. Then, the retailer cannot do better than using a(s, ,Q)-

strategy with s, -s for t-1,..,C (note that the retailer has no notion about what t

or q, is). Denoting the number of periods before the end of the current producti-

í)ïi Lycie by w w~~l .~,t t ~ i p a : e r. a r ur ~~ ic t ap P, ,.., ,, he e..ect v„ le d t m f,-n ord r ti h rigo r

now equals w if this production run is not yet booked up to capacity, and w f C

otherwise.
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Define PF (w) as the probability that the current production cycle is full at

the beginning of period w. Since q, - 0 for t~ C, PF (C) - 0. The probabilities

PF (w), w -1,..,C-1, can be obtained from

c
Pp(w) - 1 - ~ (1 -q~) . (11)

r.w.l

Denote the probability that an order is triggered at the beginning of period w by

Po (w). Given the lack of information it seems reasonable to assume that the

trigger-moments of orders are uniformly distributed over the production cycle

w-1,..,C. Hence, Po (w)-1~C for w-1,..,C. Denoting P~T (j) the probability of

having a lead time of j periods, then it is easily seen that

PITV ) -

Po(.!) (1 -Pp(J)) ,

P(j c) P ~ c)o - p - I lor~-c.-ti,..,~c,-i .

for j-1,..,C,
(12)

Further, the expected lead time, F.~,,., and the variance of the lead time, V~,., are

given by

c
ELT -~ po(w) { w t CPF(w) ~ I

N1 w-~

c
Vir - ~ Po(w) { Pp(w) (w f C)2 ; (1-PF(w)) w2 } - E~T .

w.i

Of course, in the situation without information, E,,T and V~T cannot be

obtained from formula (13), but they are estimated from historical records or

subjective estimates by managers. Denote the expectation and variance of

demand during the lead time (LT) plus review time (RT) by Ep en Vp respecti-

vely, then it's well-known (see e.g. Silver and Peterson [7, p.297]) that

ED -(RT t E~T) W, VD -(1eT t E~.) o~ . V~ ~~ . (14)

Note that we use RT- I in our anaiysis. iws mentioned in the introduction, the
distribution of demand during lead time or lead time plus review time is usually

approadmated by fitting a suitable probability density function, by matching the
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first two moments of the empirical probability distribution function. The calcula-
tion of the reorder point in the inventory system is then based on this theoretical
distribution.

Tijms and Groenevelt [10] developed 2-moment approximations of the
reorder point in periodic and continuous review (s,S)-inventory systems. They
found that normal approximations give very good results with respect to the
required service level when Vp ~Ep's0.25; otherwise good approximations may
be found by fitting gamma (or a mixture of Erlang) distributions to the empirical
distribution. It is easy to adapt the method of Tijms and Groenevelt, which also
takes account of undershoots of the reorder point, for periodic (s,Q)-inventory
systems. We will use this method to obtain the reorder point s, that will be used
in case the supplier provides no information. The average inventory level under
this (s, ,Q)-strategy, with s, -s for t-1,..,C, can be obtained by the method in
Section 2.

Denote the fixed order strategy which makes the most effective use of the
information of the supplier by (s;,Q). The value of information, V, , is then given
by

~~ - h{I(~,,Q) -f(St ,Q)} , (15)

where h denotes the holding cost per unit per time unit.
To get some insight in the magnitude of the value of information, some

numerical examples are presented. We consider the following situations:
the length of the production cycle equals C-2;

the mean demand per period equals ~,-4 with variance d. The standard
deviation o is varied over three levels (0-1, 2, 4);

demands per period follow a mixed Erlang distribution if o~~ ~ 0.5 and a
normal distribution otherwise;

the production time equals T- 1; so q, -1. The value of q, is varied over three
levels ( qz -0.2, 0.5, 0.8);
the predetermined order quantity is varied over two levels (Q-20, 40);
the service level requires that at least 95qo of demand is met directly from
sicri;k on hánd.
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The Markov model from the preceding section is used to compare the long run

average inventory level of two strategies:

- st~ategy Sl: (s, ,Q)-strategy, with s, -s for t-1,2. Here, s is based on the 2-

moment approximation of Tijms and Grcenevelt;

- strategy S2: (s; ,Q)-strategy, where s;, t-1,2, is a vector containing the optimal

reorder points. The set of optimal reorder points is obtained by an efficient

search-procedure, which makes use of the evaluation procedure of Section 2.

All together, we examine 18 examples. The numerical results are presen-

ted in Table 1. The percentage (cost) saving on inventory on hand, which can be

obtained by an effective use of the information is given by 100. V, ~f(s, ,Q).

Table 1: Numerical examples

strategy S1 strategy S2 percentage
saving on

o Q ~ s, s2 f("s„Q) s; s2 f(s;,Q) holding cost

1 20 0.2 13 13 16.66 7 12 12.54 24.73
1 20 0.5 15 15 17.46 7 12 12.52 28.29
1 20 0.8 17 17 18.26 8 12 12.56 31.20
1 40 0.2 9 9 22.66 6 10 20.78 8.29
1 40 0.5 12 12 24.44 6 10 20.67 15.45
1 40 0.8 14 14 25.24 7 10 20.69 18.01
2 20 0.2 14 14 17.14 9 13 13.74 19.86
2 20 0.5 16 16 17.90 10 13 13.78 23.05
2 20 0.8 19 19 19.63 0 14 14.11 28.11
2 40 0.2 10 10 22.90 6 11 21.14 7.69
2 40 0.5 13 13 24.61 7 11 21.18 13.94
2 40 0.8 15 15 25.37 9 11 21.21 16.40
4 20 0.2 20 20 21.55 16 18 18.71 13.16
4 20 0.5 23 23 23.12 14 20 19.20 16.95
4 20 0.8 25 25 23.86 0 21 19.69 17.47
4 40 0.2 IS 15 26.24 12 13 23.86 9.08
4 40 0.5 17 17 26.96 12 15 24.27 9.97
4 40 0.8 19 19 27.67 9 16 24.45 11.64

It turns out that the percentage cost saving can be very large (up to 30010).

This result corresponds with other studies which pointed out that a misspecifica-

tion of the distribution of the (demand during the) lead time can have very bad

consequences.
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Table 1 shows that the percentage cost saving increases if q, increases,

while the other factors are kept the same. This can be explained by the fact that

~T , Y LT and the standard deviation of the lead time increase if q2 increases.

Note that, in our examples, the average inventory level f(s; ,Q) dces not change

substantially when varying the value of q2. This would imply that the system is

rather insensitive to inaccurate estimations of q,.

With increasing a, the variability in demand gets more important in

comparison with the variability in the lead time. Hence, it is not surprising to see

that the percentage cost saving decreases if the ccefficient of variation of

demand increases.

Table 1 shows also that the size of the order quantity has a large impact

on the percentage saving. A larger order quantity leads to less orders per unit

time, such that the effect from a better lead time information will be significantly

smaller.

We conclude with some remarks on the composition of the value of

information. Two effects can be distinguished:

- E1: effect of using the information to obtain an accurate approximation of the

lead time distribution;

- E2: effect of using different reorder points for different values of the virtual

lead time.

Effect El
The messages of the supplier provide the data for the estimation of the

q, -values. Once the q, -values have been estimated, the empirical lead time

distribution can be approximated very accurately (see formula (12)). Instead of

approximating demand during lead time (plus review time) directly (as Tijms and

Grcenevelt do), lead time demand can also be decomposed into two compo-

nents: demand per time unit and lead time. Using the more detailed information

about the lead time, instead of just the first two moments of it, may decrease

the reorder point s while the required service level is still satisfied.

Now, consider the following strategy:

- strategy S3: ( ~, ,Q)-strategy, with 3, - ~ for all t, where S is the smallest reorder

point for which the required service level is achieved.
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Note that the difference between strategies S3 and S1 is that under S3 the

information about the values of q, is explicitly used. Starting with S-s (this is

strategy S1), the Markov model from Section 2 can be used to evaluate with how

many units 5 can be decreased without violating the service level constraínt.

Table 2 lists the value of ~, , t-1,2, and f(~, ,Q) for the 18 examples. The

difference h.{f(s„Q)-f(S„Q)} gives the value of an accurate approximation of the

probability distribution function of the lead time.

Effect E2
The information of the supplier is also used to differentiate between

situations where the present production cycle is already booked up to capacity or

not. In the former case the lead time is C periods more than in the latter case.

So, in the daily operations, different reorder points are used for different values

of the virtual lead time. The difference h.{f(S„Q)-f(s; ,Q)} gives the additional

value of using the information of the supplier on an operational level.

Tabk 2: Decomposition of the percentage cost saving in two effects (E1 and E2)

strategy S3 percentage saving on holding cost

o Q q2 ~, ~, f(~„Q) total E1 E2

1 20 0.2 10 10 13.68 24.73 17.88 6.85
1 20 0.5 11 11 13.49 28.29 22.76 5.52
1 20 0.8 12 12 13.28 31.20 27.26 3.95
1 40 0.2 8 8 21.67 8.29 4.36 3.94
1 40 0.5 9 9 21.48 15.45 12.13 3.32
1 40 0.8 10 10 21.27 18.01 15.71 2.30
2 20 0.2 11 11 14.29 19.86 16.63 3.23
2 20 0.5 13 13 15.05 23.05 15.93 7.12
2 20 0.8 14 14 14.86 28.11 24.27 3.84
2 40 0.2 9 9 21.95 7.69 4.13 3.56
2 40 0.5 10 10 21.77 13.94 11.54 2.40
2 40 0.8 11 11 21.58 16.40 14.95 1.45
4 20 0.2 17 17 18.91 13.16 12.27 0.89
4 20 0.5 19 19 19.60 16.95 15.25 1.70
4 20 0.8 21 21 20.34 17.47 14.78 2.69
4 40 0.2 13 13 24.48 9.08 6.71 2.37
4 40 0.5 15 15 25.20 9.97 6.53 3.44
4 40 0.8 16 16 25.03 11.64 9.54 2.10



In Table 2, the percentage holdin~cost saving of using strategy S2 instead

of S1 is decomposed in the effects E1 and E2. It appears that, as expected, the

effect EI has the largest impact.

4. Concluding remarks

In this paper, we have developed a method for computing the value of

information, provided by a supplier, in a fixed order inventory system. The

information of the supplier, who produces on order in fixed production cycli,

provides a better understanding of the lead time process. The special structure of

the lead time process is taken into account explicitly by means of a Markov

model, which determines the performance of a given ordering strategy.

Some numerical results show that, for the special situation considered,

large cost savings can be achieved if the Markov model is used in the optimizati-

on instead of the commonly used 2-moment approximation of the demand during

lead time and review time. The savings obtained from a better approximation of

the lead time distribution are in general much higher than the savings obtained

from an operational use of this information in the ordering process.

On an average, 35 CPU-seconds were needed on a VAX-8700-computer

to obtain the optimal (s; ,Q)-strategy in our examples. This computer time will

centaintly increase if the value of C increases. Note, however, that we can

restrict ourselves to strategies of type S3 for larger values of C, since the largest

part of the value of information is due to a better approximation of the lead

time distribution. Furthermore, in general, the retailer will use this method only

once to determine the expected savings of more frequent exchange of informati-

on with his supplier.
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