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List of symbols
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D(~ S) class of behavioral decision rules
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9p truncated parameterspace (( 1-P;P] generally)
L loss function : 8 x A-~ ]R
p known upper bound for 6
c~ . - (2P-1)2
R risk function: 6 x D-Y ]R

r Bayes risk: T~` x D~]R

T~ (~ T) class of finite linear prior distributions
Ta density of truncated Beta-distribution
T~ least favorable prior distribution
X observed random variable
X (~ x) sample space
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1. Introduction

Consider a family of probability distributions Pe which depend on an

unknown parameter A. In general the parameterspace 8 is taken to be the

space of all possible values of 9, the only restriction being that Pe

is a proper probability distribution for all 6 E 6. This investigation

however is concerned with the estimation of 9 in the case of a

parameterspace 9~ which is a subspace of A. The main attention is

directed towards the binomial family of distributions with

p~ -[1-P, P] for some known P E(1~2, 1]. As will be described below,

this problem arises in the setting of a randomized response experiment;

the value of P is determined there exactly and objectively by the

design of the experiment. This last feature distinguishes the problem

at hand from other cases of restricted parameterspaces treated in

the literature, where the restriction is a result of the investigator's

prior information and is therefore of a subjective nature.

Randomized response is a relatively new data

gathering technique, devised to protect the respondents' privacy in

inquiries about personal matters and, consequently, to reduce or

even eliminate response bias. The basic idea of the technique is that

the respondent is offered a statement, which is selected by some

chance mechanism. The interviewer only learns the affirmative

or negative answer without knowing to which of the several statements

it applies. This principle was originally devised by Warner [15] to

estimate the unknown proportion ~r of a human population having some

sensitive property A. His method makes use of two statements:

"I possess property A"

"I do not possess prcperty A"

The probability that the respondent is offered the first statement

equals P, the probability of the latter is 1-P. Here P is a known

constant; without loss of generality P E(1~2,1 ] may be assumed.

The respondent replies "correct" or "false" and since the interviewer

does not know which statement was drawn, this answer does not reveal

the respondent's true situation. See Horvitz [ 4] or Verdooren ( 14]
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for a survey of recent developments in randomized response.
The estimation of ~r using the Warner technique can be formu-

lated as a decision theoretic problem ( II,A',L'). The parameterspace
II of ~r is [0,1] as well as the action space A'; for squared error loss the

function L' :II x A' -~ ]R is defined by L' (~r,a' ) -(~r-a' )2. The number

X of answers "correct" can be considered as the observed random variable.

If n respondents are drawn at random with replacement and all answer
truthfully, X has the binomial distribution B(n;8), where

6 : - P~r f ( 1-P ) ( 1-~r ) - 1-P f ( 2P-1 ) ~r

denotes the probability of the answer "correct".
Now consider the decision problem (A~,A,L) of estimating 6,

where A- A~ -[1-P;P] and again quadratic loss is used. T]ien~

f(a') - 1-P t(2P-1)a' defines a one-to-one mapping from A' or II onto

A or 0, while L(A,f(a')) -(8-f(a'))2 -(2P-1)2 L'(~r,a'). Hence, f

defines a one-to-one correspondence between decision rules d for the

problem (II,A',L') and decision rules for (O,A,L); besides, d and fd

have the same risk function (up to a constant). Note that this holds for

more general loss functions, e.g. for any homogeneous function of

I0-al. The two decision problems are therefozéin fact identical, which

implies that the estimation problem for Warner's method of randomized

response is essentially the problem of estimating the parameter 6

of a bínomial distribution with the truncated parameterspace

1- P ~ 6 ~ P.
It will be proved in the following that for this problem no

unbiased rule exists for P ~ 1. The rule d1 defined by

1- P for x~n ~ 1- P

d1(x) - x~n for 1- P ~ x~n ~ P
P for x~n ~ P

loss

is proved to be inadmissible as well. Since this rule is obtained by

trimming the sample proportion, d1 has considerable intuitive appeal.



Therefore, a reasonable approach is to look for, possibly admissible,

rules dominating d1. A second objective of this investigation was to

find minimax rules.
Complete answers to these questions have not been obtained, blirii-

max rules were found explicitly for the cases n- 1 up to ~ only, but

some progress has been made in ~ection 3 towards a general solution.

Ru1es dominating d1 are given in a more general setting in Section 5,

which is considered the most interesting result of this investigation.

However, these rules are generally not admissible, as is shown in Section

6, where linear and tangential decision rules are discussed. Of the

remaining chapters, Section 2 starts with some preliminaries on estimation
theory in general and more specificly for the truncated binomial problem
introduced here. Section 4 deals with a specific class of Bayes rules, based

on the conjugate family of distributions, while the final Section 7 presents
some numerical results. The main reference for decision theoretic aspects
is Ferguson [2]~whose notation has been followed.

Other truncated binomial problems than the (symmetrical) two-

sided truncation considered here, have appeared in literature. Blum and
Rosenblatt (1] studied the case that the parameterspace for the binomial
parameter is [O;P], while Katz [6] gave a more general result for one-sided
truncation from below. These two papers are both inco.rporated in Zacks'
monography (17]; they will be shortly discussed later on.

Schafer [11] investigated the parameterspace (0;1) and offered
some alternatives to the usual minimax estimator. Rafsky [9] noted that
for finite populations, the parameterspace is in fact discrete. This
approach led him to an estimator dominating the sample proportion.
Finally, Skibinsky and Cote [12] considered the case where the prior
knowledge implies that 6 may be outside the interval [1-P;P] with some
small probability only. The showed that then the sample proportion is again

inadmissible.



2. Statistical decision theory.

2.1. General.

A statistical decision problem is a game (O,A,L) coupled with observations
on a random variable X, the distribution of which depends on an unknown
parameter 6(possibly a vector). Throughout the following X is assumed
to be measurable, so for all 6 from the parameterspace A, there exists a
probability distribution Pe defined on the sample space X. A denotes the
action space and L: 0xA -Y]R is the loss function. 0,A and X are supposed
to be finite-dimensional Euclidian spaces.

Let A~ denote the space of probability distributions on A, the
so called randomized decisions. Any mapping d : X-; Az is called a
behavioral decision rule; the class of behavioral rules d is denoted by D.
The loss L(6,S(x)) connected with a randomized decision d(x) - a~ E A~ is
defined as E L(6,Z), where Z has probability distribution a~. The risk
R: 0xD-~]R is defined by R(6,d) - Ee L(6,d(X)): the expected loss if the
rule d is used and 6 is the true value of the parameter. The expectations
are assumed to be well-defined and to exist.

Decision rules that (in same sense) minimize the risk wil be
preferred. A rule d~ E D is said to dominate 82 E D if R(6,d~) ~ R(A,dL)
for all. 6 E A and is said to dominate strictly if besides strict inequality
holds for at least one 6 E 0; d~ and 62 are called equivalent if R(B,S~) -
R(8,d,,) for all 6 E A. Domination induces a partial ordering in D, called
the natural ordering. In general, no rule dominates all other rules.
A rule S E D is called admissible if d is not stricly dominated by any
rule d' E D. A cla5s C C D is called essentially complete, if for any
rule d E D there exists a rule d' E C dominating S. By restricting
attention to an essentially complete class, no superior rules are discarded.
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Since D is generally very large, additional principles will be

necessary to select an optimal rule. These principles may be of two types

which may be used in combination. In the first place the selection may be

restricted to a(preferably essentially complete) subset of D; the subsets
of this kind to be met consist of

- rules based on sufficient statistics
- nonrandomized rules
- unbiased rules
- invariant rules
- tractable and~or practical rules.

Secondly, the rules in D may be ordered by an additional criterion, e.g.
- minimax principle
- Bayes principle
- T-minimax principle.

These notions will be discussed now c~n..the order given. .
A statistic T defined by a measurable mapping: X-} T is called sufficient
for A, if the conditional distribution of X, given T- t, does not depend
on 6(almost everywhere, with respect to Pe for all 6 E A). A sufficient
statistic carries all the information from the sample about 6. T(X) may be
considered as the observed variable and the class of decision rules based
on T is essentially complete. A sufficient statistic T is called complete
sufficient if for every measurable real valued function f, the property
E8 f(T) - 0 implies Pr~{f(T) - 0} - 1 for all 0 E 6.
A can be embedded in A by identifying a E A with the probability distri-
bution degenerated at a. Then, any rule with range in A is called a
nonrandomized decision rule and the class D of nonrandcmized rules is a
subset of D. (A randomized decision rule d~ is a probability distribution
on D; D can be embedded in the class D~ of randomized rules. In it's turn
D~ may be considered a subset of D.)

A decision rule d E D is called unbiased (in the parametric case)
if Ee d(X) - 6 for all 8 E 9(supposing the expectation exists).

Let G be a group of ineasurable transformations of X onto itself.
The statistical decision problem ( 6,A,L) with observed X is called invaríant
under G if

(i) for all g E G and all 8 E 6, there exists a unique g(6) E 9
such that the distribution of g(X) is given by Pg(e) if Pe is the distribu-
tion of X- we will denote this for short by Pe(g(X)) - Pg(e)(X); and
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(ii) for all g E G and all a E A, there exists a unique g(a) E A
such that L(6,a) - L(g(A),g(a)) for all 6 E 9.

The two sets of mappings {g : 6-~ A} and {g : A --~ A} are groups.

For an invariant problem, the decision rule d E D is called invariant under

G if d(g(x)) - g(d(x)) for all x E X, g E G.

As to the properties of tractability and practicality, restricting

D to classes of rules that are easily treated mathematically and are simple

to apply, has obvious advantages.

The minimax principle is one of the criteria which induce in D

an additional ordering. A rule d E D is called minimax if

sup R(6,d) - inf sup R(6,d')
A E A d' E D 6 E 8

According to the minimax principle, the statistician mi.tigates the worst
that can happen; it leads to a complete ordering of D.

The Bayes principle considers the 'true' value of 6 not as a con-
stant, but as a random variable having some prior distribution T E T~,
chcsen by 'nature'. The class T~ is assumed to contain all finite distri-
butions and to be linear. The Bayes risk r of a rule d with respect to a
prior distribution T of 6 is defined as r(T,8) - ER(Z,d), where Z is a
random variable over 9 with distribution T. A rule 8 E D is called Bayes
with respect to T if

r(T,d) - inf r(T,d')
S'E D

So a Bayes rule has the smallest risk with respect to T. If T is not a
probability distribution, but a measure on 6, the rule with minimum Bayes
risk is called generalized Bayes with respect to T. A prior distribution
r~ is called least favorable if

inf r(TG,S) - sup ~ inf r(T,d)
d E D T E T d E D

In words: T~ maximizes the minimum Bayes risk; T~ can be considered to be
a minimax rule for 'nature'.

An attempt to reconcile the minimax and the Bayes principle is the

notion of T-minimaxity, introduced by Hodges and Lehmann [3].
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Assume that the statistician'sprior knowledge enables him to specify a
subset T C T~, to which the prior distribution T belongs. Then, a rule
d E D is called T-minimax if

sup r(T,d) - inf sup r(T,d')
TET d'ED TET

Note that a T-minimax rule reduces to a Bayes rule if T-{T} and to a
minimax rule if T- T~. This last assertion can be extended to the case
of a truncated parameterspace A~ C A: the minimax rule for that problem
is the T-minimax rule where T- {T E T~ with support c g~}~

We shall make no further use of the concept of T-minimaxity,
since it is analytically manageable only in relatively simple cases.

Applicatiors to binomial estimation were given by Blum and Rosenblatt [1],

who considered T-{T I T- aT1 f(1-a)T'} with T1 given and T' arbitrary,

and by Jackson e.a. [5], who took T to be the class of priors with known

first two moments.

2.2. Truncated binomial estimation.

The foregoing theory will be applied to the estima~ion problem (A~,A,L)

where A- 6~ -[1-P;P] for some known P E(1~2;1]. It is assumed that

squared error loss is used - L(6,a) -(A-a)2 - and that X~ B(n;6) is
observed with known n. For shortness, this problem will be referred to as
the truncated binomial problem (A~,A,L). First of all, it will be shown

that by the reduction of the n original observations to X, no essential

rules were discarded. This follows (after reparametrization) from Theorem
2.1, since the original observations stem from the exponential family of

distributions f(yl8) - 6y(1-6)1-y -(1-6) exp[ y ln (6~(1-A))], y- 0,1.

(The difficulty that for P-1 the binomial distributionsform no exponential

family, is easily overcome.)

Theorem 2.1. If (Y1,Y2,...,Yn) is a random sample from the exponential
family of distributions with probability mass function or density

k
f(YI6) - h(y) exp [ E 6iti(Y) t c(6)~

i-1
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(with n~ k)~where the ti are linearly independent and the parameterspace

A contains an open set in Ek, then

n n
T:- ( E t1(Yj)~..., E tk(Yj))

j-1 j-1

is complete sufficient for A.
Proof see Lehmann [7], Theorem 4.3.1.

Next is shown that attention may be restricted to the class D

of nonrandomized decision rules.

Theorem 2.2. (Ferguson [2], Theorem 2.8.1). Let A C Ek be convex and

L(6,a) convex in a for all 8 E A. If for some 6 E A there exist an e~ 0

and a c such that L(6,a) ? e~alfe, then for all a~ E A~, there exists an

a~ E A such that L(A,aD) ~ L(A,a~) for all A E 9.

(If Z denotes a random variable over A with distribution P and if we choose

EZ for a0, the proof is essentially given by

L(6,a~) - EL(A,Z) ~ L(6,EZ) - L(6,ap)

where the ínequality sign follows from Jensen's inequality.)

Now for all x E X and d E D, d(x) denotes a probability distribution over

A. Hence the theorem states that l.mder certain conditions the class of
nonrandomized rules is essentially complete. These conditions hold obvi-
ously for the truncated binomial problem - choose c--(1fe~2)2 - which

proves the next lemma.

Lemma 2.3. For the truncated binomial problem the class D of nonrandomized

rules is essentially complete.

In fact this stateme;~t holds for slightly more general problems. For the

parameterspace may be taken any interval of [0;1], while any loss function

W(~0.-a~) with convex continuous W will do.



The following lemma is a direct. corollary of Theorem 2.5.

The lemma can be generalized to loss functions W(~0-al) with convex W.

Lemma 2.~. For the truncated binomial problem with P ~ 1 no unbiased esti-
mator exists.

Theorem 2.5. Consider the decision problem (9,A,L) where the observed

variable stems from an exponential family of distributions P0 with natural
parameterspace A C Ek~ while L(0,a) - W(I0-a~) with strictly increasing W.

If A~ is a closed convex strict subset of 6, containing an open set in Ek,
no admissible unbiased nonrandomized decision rule for the problem (6~,A,L)

exists.
Proof. According to Theorem 2.1 a complete sufficient statistic T(of di-

mension k) exists for A E 6. Hence no essential decison rule is overlooked

by considering only rules based on T. If d(T) and d'(T) are both nonrando-
mized unbiased estimators for 0 E A then E0[d(T)-d'(T)] - 0 for all 0 E 9

and d(T) - d'(T) a.e. So there exists at most one unbiased nonrandomized
estimator d for 0 E 6 based on T.
T is complete sufficient for 0 E 60 as well. Any unbiased nonrandomized

rule d(T) for 8 E 6~ must therefore be the unique unbiased estimator for

8 E A. Since E0 d(T) - 0 for all A E 6 and A-9C ~~, the set
S:- {t E T ~ d(t) E e-eo} has the property Pr0(S) ~ 0 for all 0 E 8-A~.

For all t E S, define 8t E A~ (uniquely) by

~d(t)-8tl - inf ~d(t)-0I
e E eo

Since L(8,0t) ~ L(A,d(t)) for t E S and all 0 E 8~, the rule d" defined as

d(t) for t E T-S
d"(t) - 0t for t E S

has smaller risk than d for all 0 E 6. Hence the unique unbiased estimator

for 0 E 6~ is inadmissible.

The last part of the proof states in fact that a rule taking values outside

the convex parameterspace 6~ is inadmissible.



It can be improved by replacing such a value by the nearest point of 60.

Note that the condition for an exponential family in this theorem can be
replaced by the weaker condition that a complete sufficient statistic
exists.

In estimation theory maximum likelihood estimators (MLE) are very
important because of their nice asymptotic properties. For exponential
families the MLE can be derived rather simply (under certain regularity
conditions). Using the exponential family of distributions introduced in

Theorem 2.1, the MLE for 6 either is found by solving the system of

equations

ac(e) - -t.(Y),i - 1,2,...ae. ~~
or it lies on the border of A. Indeed, the Hessian of the loglikelihood

function L(6) - ln f(ylA) is negative in the interior of 9, since

a2L a2c(a) - - Cov [t.(Y),t.(Y)]aAiaA~ - a6ia8~ 6 i ~

(Ferguson [2], Exercise 3.5.2). Compare Zacks [171, Theorem 5.1.2.

For the truncated binomial case it follows that the rule d1 introduced
in Section 1 is the unique MLE:

Lemma 2.6. For the truncated binomial problem the rule d1 defined by

dí(x) - 2 t sgn(n - 2) min [~n - 2I, P-~

is the unique MLE.

Since in fact d1 is a trimmed modification of the sample proportion - more
precisely, the rule d0 given by d0(x) - x~n -, d1 has great intuitive appeal.
As d0 takes values outside 60 (unless P- 1), d0 is not a proper estimator;
anyway d0 is dominated by d1. However d1 is admissible neither, as will
be shown more generally in ~heorem 5.10. Therefore it is of interest to
look for (admissible) rules dominating the MI,E.

The two mappings e and g: X--~ X with X- {0,1,...,n} defined by
e(x) - x and g(x) - n-x, consitute a group G:- {e,g}. It is easily checked
tizat, by choosing g(A) - í-A and g(a) - 1-a, the truncated binomial problem



(A~,A,L) is invariant under G. A11 invariant rules d must have the property
d(x) - 1-x. This holds for any loss function of the form L(9,a) - W(I6-al).

Note that the rules d0 and d~ are both invariant under G. In the
following attention is concentrated on nonrandomized invariant rules.



3. Minimax rules.

In this section minimax rules for the truncated binomial problem are
considered. First of all the existence of minimax rules is established.

Theorem 3.1. ( Ferguson [2], theorem 2.9.2.). Let C C D~ be an essentially
complete class for the problem (A,A,L).
Assume that there is a topology on C such that C is compact and R(A,d) is
continuous in d E C for all 6 E 6. Then, a minimax rule exists.

Lemma 3.2. For the truncated binomial problem (9,A,L) a nonrandomized

invariant minimax rule rsxists for all values of P and n.

Proo.f. The supremum norm makes the space D of nonrandomized rules metric

and complete, hence compact. The boundedness of the loss function on
A~ x A implies that the risk function is continuous. So according to

Theorem 3.1. a nonrandomized minimax rule exists. Since the problem is

invariant for g(x) - n-x and since the loss function is convex, even a

nonrandomized invariant minimax rule exists (see Ferguson [2], p. 158).

One may expect that a minimax rule is Bayes with respect to a least favora-

ble prior distribution T~. This offers a method to derive minimax rules.

Lemm-a. 3.3. For the truncated binomial problem the admissible Bayes rule

dT with respect to some T E T~ is given by

dT(i) - mil~mi~,i - 0,1,...,n

where mi~ :- ET[61}~(1-0)n-1].
Proof. Any nonrandomized rule d can be written as a(nf1)-tuple (d(0),d(1),

...,d(n)) with d(i) E A~ for i- O,l,...,n. The risk function is

R(6,d) - E (i)A1(1-8)n-i(e-d(i))2
i-0

Hence the Bayes risk of d with respect to T E T~ equals
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r(T,d) - E (i)(mi2-2mi1d(i) f mi~d2(i))
i-0

2

- E (1) [mi2 -
mi1 } mio(d(i) - mi1)2]

i-0 i0 i0

The Bayes rule with respect to T is the rule dT defined in the lemma,

since mi~ ~ 0 and mil,mi0 E 8~ for i- 0,1,...,n. The admissibility of

dT follows immediately from the next theorem.

Theorem 3.~. If for a given distribution T a Bayes rule with respect to

T is unique up to equivalence, this Bayes rule is admissible.

Proof. Let dT be Bayes with respect to T; assume R(A,d1) ~ R(A,dT) for

some d1 and all 6 E A. Then r(T,d1) ~ r(T,dT) - inf r(T,d), so d1 is Bayes

with respect to T and equivalent to dT. S

Lemma 3.3. implies that the Bayes rule with respect to T depends on T only

through the first nf1 moments u i :- ET(6i).

The minimum Bayes risk equals
2

r(T,dT) - ~ (i) [ mi2 - mi1 ]i-0 i0

and a least favorable distribution is found by maximizing this expression.

To this end we need to know what values the series of moments {u1,u2'..'un}1}
can take for distributions on [1-P;P]. This is a variant of the famot:s
moment problem, concerning a finite series of momeffts for distribu-

tions on a finite interval. 'I`wo other variants received more attention in

the literature; relatively recent references are von Mises [8] and Widder

[16]. The case of a finite series of moments for distributions on (-~,~)

was discussed by von Mises [8], who showed how to construct step functions

with given moments. For the case of an infinite series of moments and a
finite interval Hausdorff's moment theorem is very important;

Theorem 3.5. (Widder [16], Theorem 6.6.6.) The series {un}o represents the
moments of some distribution on (0;1] if and only if u~ - 1 and

(-~)k un ~ 0, k,n - 0,1,2,...
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where ~Un :- un~1 - un'

Ic~ the remainder of this section we will consider the special cases of

high P-values and of very small sample sizes, for which explicit minimax

rules will be found. Note that since we are interested in invariant rules,

only symmetric prior distributions need to be considered, i.e. with the
2i-1property ET(8-1~2) - 0 for i E IIV.

For P-1 the rule d2 defined by

d2(x) - xf~~2
nf~

is minimax with constant risk R(6,d2) -(~f1)-2~4 ( e.g. see Ferguson [2 ]

p. 94 or Steinhaus [13], whose intuitive reasoning is very lucid). One

may expect that for P-values chose to 1, d2 is minimax as well.

Lemma 3.6. If in the truncated binomial problem the inequality
P ~(nt~~2)~(nffn) holds and if there exists a distribution on 8S with

moments u i satisfying

if~~2
uitl - ui~

iffn
i - O,l,...,n

the rule d2 is minimax.
Proof: The condition on P is obvious because of the necessity d2(n) E 6~.

According to Lemma 3.3. d2 is Bayes with respect to any T with the

property mil,mi0 -(1}~~2)~(i-~~) for i- 0,1,...,n. This is equivalent

to the condition in the lemma as is proved in Lemma 3.7. Subject to these

conditions, d2 is a Bayes rule with constant risk and hence minimax

(Ferguson [2], Theorem 2.11.3).

Lemma 3.7. The three following systems of equations are equivalent

(i)
E[ 8it1 ( 1-8 )n-1] - it~~2

E[ 61(1-6)n-i] - nf~
i - 0,1,...,n

E[ 8it1
(1-9 )~ if~~2(ii) - ifj - 0,1,...,n

E[ 61(1-6)~] itjt~
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(iii)
E(gltl) - if~ 2

i- 0 1 n~ ~...,
E(A1) if~

Proof: De lemma is proved following the scheme (iii) ~(ii) ~(i) ~(iii).
(iii) ~(ii). Denote the lefthandside of (ii) by ~(i,j). The relation

W(ieJf1) - 1- (if1 -)
1~~ lej -1 ~ - 0,1,...,n-j-l

is easy to establish, so the correctness of (ii) for some j(0 ~ j ~ n)
and all i~n-j implies the correctness for jf1 and all i ~ n-j-1. Sínce
(ii) and (iii) are identical for j- 0, repeated application gives the
desired result.

(ii) ~(i). Follows from the substitution j- n-i.
(i) ~(iii).The proof is given by induction. For i- n, (i) and

(iii) are identical. Suppose (i) holds for i - 0,1,...,n and (iii) holds
for i- n,n-1,...,kf1 (k ~ 0). Then it is enough to show that (iii) holds
for i- k. Expressing ( 1-e)n-1 as a power series, (i) may be written for

i - k as

n-kt1
E (-1)J E(Ak}J) ((n-1) }(n-k) kf~ 2- 0

j-~ J- j nf~

By substitution of (iii) with i- n,n-1,...,kt1 respectively, the
expectations E(6n}1), E(0n),...,E(6k}2) are eliminated successively.

n-mf 1After m substitutions the highest moment left is E(6 ) with coefficient

( n-k ) n-mt~
n-k-m n}~

(as can be proved by induction with respect to m). Hence, after n-k
substitutions the summation is reduced to

k}~ E(Akf1
)- kf~ 2

E( 6k) - 0
nf~ nf~

which is identical to (iii) with i- k.
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Together the two condition in Lemma 3.6 are sufficient, but not

necessary. The condition on P is necessary, but not sufficient by itself.

The last parts of these statements will. appear to follow from Lemma 3.8.

The second condition in Lemma 3.6 demands the existence of a distribution

T with given first moments. E.g. for n- 2:

1 ~t2 ~t1~
u0 - 1, u1 - 2 ~ u2 ' ~(~t1 )

, u3 '
8(~f1 )

This implies that (~f1)-1~~ - VarT(6) ~(P - 2)2 should hold for n~ 1,

whence

It follows that for n- 1 and P~ 0.854, or for n- 2 and P~ 0.803, d2

is minimax.
Since (-~)kun - E[6n(1-A)k] for k,n ? 0, Theorem 3.5 implies

that for P- 1 and any n, a distribution exists with moments satisfying
the equations of Lemma 3.7. Indeed it is easily checked that the Beta-

distribution Be (a;s) with a- s-~nI2 has this property; of course,

d2 is Bayes with respect to this distribution.

Blum and Rosenblatt [1] studied a similar estimation problem, how-

ever with parameterspace [O;P] and considered the truncated rule d; defined
L

by d2(x) - max {d2(x),P}. They proved that for

~ 2 ~ P ~ nf~ 2

nf~ - - nffn

d2 is not minimax. It is to be expected that a similar result will hold

in the pz-esent case for a two-sidedly truncated variant of d2. This is

not investigated, as the rule d5 introduced in Section 6 will give a

further improvement on dZ.
The practical usefulness of Lemma 3.6 is rather restricted, since

for high n-values it will lead to a minimax rule only for values of P

very close to 1. Minimax rules d(n) holding for all P could be found for

very small n only.
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Lemma 3.8. For the truncated binomial problem with n-1 and n-2 respecti-

vely, the invariant minimax rules d(1) and d(2} are given by

1(1t~)~2 for ~ ~ 2
d(1)(1) -

~ for ~ ? 2

2 f ~~(1f~P ) for ~ ~ ~ - 1

( 3-~ ~2 for ~ ~ ~ - 1

where ~p :- (2P-1)2.
Proof. The proof of Lemma 3.3 implied that the minimum

prior distribution T equals
2

r(T,dT) - u2 - E (i) mi1
i-0 i0

Bayes risk of some

For n-1 and symmetric T(hence invariant Bayes rule dT) this expression

can be simplified to VarT(6) [ 1-1~ VarT(8)] .
Maximization with respect to T gives as the least favorable prior distri-

bution T~:

T -~

~0 -
any T E T~ with VarT(6) - 1~8

for ~ ~ 1
- 2

for ~ ~ ~- 2

where T-~ is defined by Pr(8-P) - Pr(6-1-P) - 1~2 and has the property

maX VarT ( 6) - VarT ( 6) - cp ~1~ .
T -~

Now d(1) is Bayes with respect to T~ and minimax (Lemma 3.9). The risk

function equals ~

r(TD,d(1))
c~(1-~)~4

1

1
for cp ~ 2

16
for cp ? ,1-,

L

The proof for n- 2 is quite similar.
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Lemma 3.9. Assume that the problem (O,A,L) has a value, while a minimax

rulF exists as wel7. a least favorable prior T~. If dp is the unique Bayes

ru]e w.i.th respect to T~, d~ is minimax.
.'roof. That the problem has a value means that supT infd r(T,d) -

infs supT r(T,d). Now apply Exercise 2.2.2 of Ferguson [2], using the

uniqueness of S~. ~

To illustrate the problems encountered for larger samples, the case n-3

will be considered. Using Lemma 3.3., rather tedious calculations give

as invariant Bayes rule dT with respect to some prior T:

1 3m2 } m4 1 m2 - m~
dT(3) - 2} 2 1f3m2 ' dT(2) - 2} 2 1-m2

where m. :- E(26-1)1. The minimum Bayes risk equals
i

r(T,d )~

6m2m~ - 2m2m4 - 3m2 - m~ - m2 t m2

~(1-m2)(1}3m2)

with partial derivatives

2
8r 1 3m2(1fm2)(1-m~)
8m2 - ~ - 2(1-m2)2(1t3m2)2

8r (1f2m2)(1-m~) 1
am~ - 2(1-m2)(1t3m2) - 2

Now r(T,dT) has to be maximized with respect to m2 and m~, which

should be moments of some random variable 26-1 with support in [-(1-2P);

1-2P]. According to Lyapunov's inequalities any random variable 2n-1 on

[-1;1] must satisfy

[E(2n-1)2l2 ~ E(2n-1)~ ~ E(2n-1)2

Hence for 26-1 -(2P-1)(2r~-1) the double inequality



2
m2 ~ m4 ~ `~m2

should hold, which determines a convex subset S~ of the (m2,m~)-plane.

By considering probability distributions of the type

P(6 - 2) - 1-a P(A - 2 f 2 c~) - a~2

2 ~ 2
(where 0 ~ c ~ 1 and 0 ~ a ~ 1) with moments m2 - ac ~ and m~ - ac ~,
it is easily checked that all points of S~ correspond with a(discrete)
symmetric probability distribution. Hence, r(T,dT) must be maximized over
the set S~. Figure 3.1. shows some curves of equal risk r(T,dT) as well
as the set S1.

m2

Figure 3.1. Iso-risk curves for n-3.
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o f cp .

solution

Three cases have to be distinguiahed, according to the value

(i) Equating the partial derivatives of r(T, dT) to 0 gives the

m2 - (~-1 )~2 m~ - (2~-3)~2

Since the Hessian turns out to be negative definite, this solution

determines the least favorable distributions, provided it lies in S~.

It is easily seen that this is de case for ~~(3-~)~2 - 0.63~.

The minimax rule is then d2 with risk (2-~~8 (point A in Figure 3.1).

(ii) For ~p ~(3-~)~2, the maximum of r(T,dT) will lie on the

line L defined by m~ - cpm2. On L the risk equals

m2(-2~2 f ócp-3)-m2(~2 f 1)fm2
rL(T,dT) -

~(1-m2)(1f3m2)

with first derivative rL(T,dT) equal to

-3m2 f(cp) t 4m2 f(cp) t m2 [ 3f(~)-2~2t1] -2m2(~2 t 1) t 1

~[ (1-m2 ) (1 }3m2 )] 2

where f(cp) :- -2cp2 f 6~ -3. For 'small' cp,T-~ (with m2 - cp) will be least

favorable, which means that rL(T,dT) ~ 0. Now

[rL(T,dT), m - ~ a(1-w)2(6~~-1~~3-9w2 t 1)
2

which is positive for 0 ~ cp ~ 0.283. In this case the rule defined by

2
d(2) - ~- d(3) - 2 3cpf11

is minimax with risk cp(1-cp)2(2~pf1)~1~(3~Pf1).

(iii) For 0.283 ~~P ~ 0.63~ extreme risks occur if rL(T,dT) - 0.
From this equation, the values of m2 and m4 for least favorable distribu-
tions T D were found numerically, as well as the Bayes rule dT corresponding
with T0, which is the minimax rule dC3~ according to Lemma 3.y.
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In figure 3.2.(a) the results are summa~ized: the minimax rule d(3) and

tYie minimax risk r(T~,d(3)) are present~d as functionsof ~p. Figure 3.2.(b)

gives the corresponding picture for n-~~,. Note the rather suprising fact

that d(3)(2) and d(4)(3) are decreasing in some areas.

Finally the truncated binomial problem with however the loss

function

L,(e~a) - (6-a)2
e(i-e)

is considered briefly. In this case the minimax rule for P-1 is simply

the sample proportion d~(x) - x~n ( e.g. Ferguson [2], Exercise 1.8.9).

However, for this loss function the problem is no longer identical with

the corresponding randomized response model: L'(6,a) is not a homogeneous
function of IA-al. Minimax rules for small n may be found directly. F'or

n-1 the risk function is

R(0,d) -
(e - 2)2(3-~ d(1)) f (d(1) - 2)2

e(i-e)

- ~d(~) 3 } 4(d(~)-~)2
1-Y'

where y~ :- (26-1 )2. The maximum with respect to A is taken for Y' - N,

whence the minimax rule is found to be given by

d(1) - (ltcp)~2

Similary for n-2:

2
R(6,d) - -2(d(1)-3~2)2 t 1 t ~(d(~)~~)

and the minimax rule is given by

d(~) - 2 t W~(1fN)



In both cases the minimax rules correspond with the part of d~3~ holding
for 'small' W.
By considering the case n-3, this can be shown not to hold generally.



-25-

4. Specific Bayes rules.

In order to derive explicit Bayes rules for general n and P, it is neces-
sary to restrict the class T~ of all possible prior distributions on 80

to a more tractable class T. Because of its nice properties we choose
for T the conjugate family of distributions, a concept introduced by
Raiffa and Schlaifer [ 10] .

Definition ~.1. For the exponential family of distributions defined in
i'heorem 2.1. the family of distributions

T(6) - s exp [b'6 f ac(8)]

witli suitable s,a and b' -(b1,b2,...,bk) is called the conjugate famil~
of distributions.

Lemma ~.2. If a prior distríbution T(6) is of the conjugate family, the
posterior distribution T(6Ix) is of this family too.
Proof: The simultaneous distribution of n independent observations
X-(X1,X2,...,Xn) from the exponential family is

n k n
f(x~6) - II h(x.) exp [ E A. E t.(x.) f nc(6)]

j-1 J i-1 1 j-1 1 J

Following Bayes' theorem, these observations lead to the posterior dis-
tribution T(8Ix) - f(x~6) T(A)~f(x) and hence

k n
T(Alx) - s(x) exp [ E 6. { E t.(xj) t b.} f(nfa) c(6)]

i-1
1 j-1 i 1

Definition 4.3. The probability distribution with density

T(e) - c-1(a;s) ea-1 (1-e)s-1 I[1-P;P](e)

where a and S are finite, 2 ~ P ~ 1 and



c(a; R) - IP-P ea-1(1-e)s-1 ae

is called the truncated Beta-distribution and denoted B(a;S;P).

It follows at once that the conjugate family for the binomial family

with truncated parameterspace 6~ is exactly the exponential family of

truncated Beta-distributions. So, if 6~ B(a;S;P) and x is the observed

value of a binomially distributed variable, then the conditional distri-

bution of A given x is B(afx ; Stn-x; P). The observations only influence
the parameters of the assumed distribution of A- not the functional form.

Note that unlike the Beta-distribution,B(a;S;P) is defined for negative
parameter values as well. The following properties of C(a;R) are easily
proved.

Lemma ~.4. The following recursive relations hold:

(i) C(a;R) - C(S;a)
(ii) C(a;st1) t C(atl;s) - C(a;R)

(iii) a C(a;stl) - SC(atl;s) - Pa(1-P)S-PS(1-P)a
(iv) (afs) C(afl ;R) - a C(a;s) -[ P( 1-P)] S[

pa-S-( 1-P)a-R]

(v) C(af1;a) - 2 C(a;a)

(vi) C(at2;a) - C(af1;a) - C(afl;atl)

Under very general conditions decision problems with squared error loss

have the property that the Bayes rule dT with respect to some prior

distribution T is the posterior expected mean:

dT(x) - ET(elx)

(compare Ferguson [2], Rule 1.8.1.). For the present problem this results
in Lemma 4.5 with straightforward proof.

Lemma ~.5. For the truncated binomial problem the rule d defined by

d(x) - C(atxtl.sfn-x)
- C(atx;sfn-x
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is Bayes with respect to the prior distribution B(a;S;P).

For this rule, properties (i) and (ii) of Lemma ~.4. imply

C(Stxfl.atn-x)1-d(n-x) - ~S~x;afn-x

Hence for a- S, this Bayes rule is invariant. Therefore the conjugate

family may be restricted to (symmetric) distributior~s with a- S, the

density being denoted by T. The Bayes rule with respect to T is denoted
a a

by da;{da} is a class of Bayes rules which are nonrandomized, invariant

and (Theorem 3.~.) admissible.
The limiting cases a- f~ are found with the help of the next

lemma.

Lemma 4.6. For all x,y E]N U{0} the following limits hold:

lim C(a}x~a} ) - 2-x-Y
C a;aa-~

C(atx~at ) 1 x y
lim -~-~- [P (1-P) t Py(1-P)x]
a}-~ - C~a;a J - 2

Proof: We shall pro ve only the second statement, as the proof of the first

is similar but simpler.
Assume x~ y and use induction on x. For x- 0(hence y- 0) the state-

ment is correct. Suppose it holds for all x ~ k, where k E IN U{0}.

Property (iv) of Lemma ~.~. implies

C(afkt1-af ) - atk C(atk~at ) }
C a;a) - 2afkfy ' C a;a

- Pk(1-P)y-Py(1-P)k [P(1-P) a
2afkty ~a ' aC a;a

For all negative a we may write

aC(a;a) P A(1-8) a-1 d6 P 1 e(1-e) a

[ P( 1-P)]
a- I1-P a[ P 1-P)] P 1-P - f 1-P 1-26 d[ P 1-P ~



-[ 1 { 0(1-p)]a]P - fP [ e(~-e ]ad 1
1-26 P 1-P 1-P 1-P P 1-P 1-29

2
2P-1 - 2

fP-P ( 1-26)-2 [ P ~ ~-P) ] ad6

Since A(1-6)~P(1-P) ~ 1 for 1-P ~ 6 ~ P, the integrand approaches 0 for

a-~-~ except in the isolated points 1-P, 2 and P. So the integral nears

0 for a-~-~, which ímplies

lim C(afkfl.at ) - 1 lim
a-.-~ C a ' a 2 a-~-~

C(afk-at ) }
C a;a

t[ Pk( 1-P)y - PY( 1-P)k] 2T

The lemma follows from the induction assumption (for y- kf1 apply pro-

perty ( v) of Lemma, 4.4 ).

The limiting Bayes rules d~ and d-~ are found to be

1d~(x) :- lim da(x) - 2
a-~

Pxfl(1-P)n-x } Pn-x(1-P)xt1
d-~(x) :- lim da(x) - x n-x n-x x

a-}-~ P( 1-P ) f P ( 1-P )

- 2 t (P f 2)
P2x-n - ( 1-~x-n

p2x-n f ( 1-~x-n

- 1 t (P - ~) tgh [ (x - n) ln P ]
2 2 2 1-P

It is obvious that d~ is Bayes with respect to the degenerate distribution

T~ defined by Pr(6 - 2) - 1, while d-~ is Bayes with respect to T-~.



-29-

An obvious extension of the family of distributions B(a;a;P) is

obtained by considering densities T which are weighted means of
(a;R;Y)

densities from B(a;a;P):

T(a;~;Y)(a):- YTa(e) f(i-Y) Ts(e) Y E[o,i]

The Bayes rule d with respect to T
(a;S;Y) ( a;R;Y) is given by

d(a;R;Y)(x) - YC(S;R)C(afx;atn}x)t)1(Y-C)a;a)C)Sfx;~tn-x)n-x)

and is of course admissible. In Section 7 some numerical results con-

cerning these rules are presented, showing that they dominate the MLE

(for certain values of a, R and Y).
The rules found in this section bear some relation to the more

general investigation of Katz [6] (covered in Zacks [171 as well).

Katz considered one-sided truncation of the parameterspace in the case

of an exponential family and quadratic loss. Ae derived a simple admissible

estimator for the expected value of the observed variable by proving the

following theorem.

Theorem 4.7. Consider the problem (6~,A,L) where 8~ -{6 I 6~ 8C} for

some known 6~ and L(6,a) -[E8(X}-a] , while the density of the observed

X is f(xl6) - c(6) h(x) exp(x6) I[e ~). Then the rule d3 defined by
0'

d3(x) - x t ~
te c(e) exp(xe)ae

0
is admissible for E8(X).

Katz' proof starts from the class of prior distributions Ta(a ~ 0) defined

by TQ(6) - Q exp(-6~a) I[e ~) with corresponding Bayes rules
0'

dQ(x) - x - Q t c(AD) exp {(x-1~6)00}~té c(6) exp {(x-1~a)6}d0
0

c(6~) exp(x6~)

Next he shows by a rather tedious investigation of the risk function that

d3(x) - lim dQ(x) is admissible.
Q-~



We present a simpler proof of Theorem 4.7. using the notion of

a generalized Bayes rule and two general theorems.

Theorem 4.8. Let A- E~ and assume that R(6,d) is a continuous function

of 8 for all d E D. If d~ is generalized Bayes with respect to a measure

T on the real line, for which r(T,d~) is finite, and if the support of

T is the whole real line, then d~ is admissible.
Proof. This theorem is a slight generalization of Ferguson's [2] Theorem
2.3.3; the proof is identical.

Theorem ~.9. (Ferguson (2], Theorem 3.7.2). Let A be the real line. Suppose

that the following three conditions hold:
(i) For all 8~ and 62 E A there exist functions B~(6~,82) and

B2(6~,62) bounded on compact sets of AxA, such that for all a E A

~L(e2,a)~ ~ B1(A~,e2)~L(e~~a)~ } B2(e~~e2)

(ii) L(6,a) is continuous in 6 for all a E A.
(iii) f(x~6) - c(8) h(x) exp [~r(6) t(x)] , where ~r(6) is a conti-

nuous increasing function.

Then R(6,d) is a continuous function of 6 for all d E D.

Proof of Theorem ~.7. It is clear that the conditioris of Theorem ~.9.

are satisfied (choose B~ - 2 and B2 - 2(6~-62)2 in (i)). For the measure

T defined by T(e) - e, the posterior expectation of h(6) :- Ee(X) equals

E(h(8)Ix)-I~ h(6) c(6) exp(xA)d6,t~ c(A) exp(x6)dAeo eo

Since c-~(8) - I h(x) exp(xA)dx is analytic for all interior points of A~,

E8(X) --c'(8)~c(8) and partial integration gives E(h(8)~x) - d3(x).

Hence d3(x) is generalized Bayes and according to Theorem ~.8. admissible.

Katz' method can be used for two-sided truncation of the parameterspace

as well. For A~ -{8I8~ ~ A ~ A~} the rule

c(6~) exp(x60) - c(A~) exp(x6~)
d(x) - x f e

I ~ c(A) exp(x6)d6eo



is admissible for Ee(X), since it is Bayes with respect to the prior dis-
tribution T( 6) - I~e ~e ~(6)~(61-60).

0 1

Example 4.10. Applying the last remark to the truncated binomial problem

(AO,A,L), we find the admissible rule

d(x) - x t(1-P)x Pn-x -(1-P)n-x Px

n n fP-P ex-1(1-6)n-x-1d6

This offers however nothing new since this rule is identical to da for
a- 0, which is Bayes with respect to the distribution B(O;O;P).

In case of one-sided truncation the rule d3 reads in this example

(1-P)x Pn-x
d (x) - x

3 n} n IP 6x-1 ( 1-A ) n-x-1 d6
1-P
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5. Rules dominating the MLE.

For truncated parameterspaces in particular, decision rules may take
values on the border of the (convex) parameterspace, like the MLE in
case of an exponential family. By presenting dominating rules it will
be proved in this section that rules of this kind are not admissible
in case the estimation problem is invariant under a group of two elements
and quared error loss is used. That in these circumstances admissible
rules taking bordervalues will be rare, follows immediately from the
fact that for squared error loss a Bayes rule is equal to the posterior
expectation of the parameter 6. This can be a borderpoint of A only if
the posterior distribution of 6(given the observations) is degenerated a~
that point, which implies that the prior distribution must be degenerated
and that the observations must be in agreement with that prior. The in-
variance excludes however this type of prior distributions. Note that
for absolute error loss, Bayes rules are the median of the posterior
distribution of 8, which may be a borderpoint of 8 for nondegenerated
priors; compare Example 5.16.

Lemma 5.1. If the decision problem (9,A,L) is invariant with respect to
thé group {e,g} and L(6,a) is a strictly increasing function of Ih(6)-al,g
satisfies either g(a) - a(for all a E A) or g(a) --a for all a E A.

Proof. Suppose 6 C]Rk and A C]R; let L be given by

L(6,a) - W(Ih(6)-al)

for some h: 6-~IR, while W:IR} ~IR} is strictly increasing. (So in fact
the problem is to estimate h(6),) Since {e,g} is a group, e : X-~ X is the
identity and g : X; X has the pro ert -1p y gg - e. The invariance of (6,A,L)
implies that unique mappings g: A; 6 and g: A-} A exist, such that

Pe(g(X)) - P (X) d e E e
g(6)

L(6,a) - L(g(6),g(a)) ~ a E A, ~ 8 E 6
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The transformations g and g are one-to-one and onto, while gg and gg
are identities.

As L is a strictly monotone function of ~h(6)-al one of the
following statements is correct:

(i) h(e) - h(g(e)) - a- g(a) ~ e E e d a E A

(ii) n(e) f h(g(e)) - a} g(a) v e E e ~ a E A

In case (i) both sides must be constant:

g(a) - a-c d a E A, h(g(e)) - h(e)-c ~ e E e

Substituting g(6) for 6, the last equation implies h(9) - h(g(6))-c whence
c-0. So g is the identity and h(g(6)) - h(A) ( tl6 E 8). A similar reasoning

in case (ii) leads to g(a) --a (d a E A) and h(g(A)) - -h(6) (b~A E A).

Definition 5.2. A decision problem (A,A,L) that is invariant under a group

{e,g}, while g(a) --a (~f a E A), is called s.ymmetric with respect to g.

Definition 5.3. If the decision problem (O,A,L) is symmetric with respect

to g, an invariant rule d E D is called symmetric with respect to g.

Since the invariant problem where g is the identity seems less interesting,

no definitions are introduced for case (i). The Examples 5.5 - 5.9 show

that the concept of a symmetric decision rule is applicable in a number

of estimation problems.

Example 5.4. The random variables X~ and X2 are observed in unknown order.

X~ has the distribution Pe(A E 0), X2 has the known distribution Pc.

E.g. two coins are flipped, one of which (but not which one) is known to

be fair. The actual parameterspace is

g;- {(g~j) I 6 E 0, j index variable observed first}

and the loss function is L((0,j),a) -(0-a)2. This problem is invariant

under {e,g} for g(x~,x2) -(x2,x~), g(8,j) -(6,3-j) and g(a) - a.
Invariant rules must have the property d(x~,x2) - d(x~,x~), hence the

decision does not depend on the order oí' the observations.



Example 5.5. ~he truncated binomial problem (AO,A,L) is invariant under

{e,g} where g(x) - n-x. Defining h(A) - A-2 and L(A,a) -[h(6)-a]2 makes

the problem symmetric. So, symmetric rules d must satisfy d(n-x) --d(x).

Example 5.6. Assume X~ H(n;6;M) and h(8) - 6-M~2, while
6-{6IN ~ 6 ~ M-N, 0 ~ N ~[M~2]; N,M,B E IN U{0}}. For g(x) - M-x it

follows g(x) ~ H(n;M-6;M) so g(6) - M-6. Symmetric rules satisfy d(M-x) -

-d(x).

Example 5.7. Assume X~ Be(a;B) and define 6:- ( a,s)' and h(A) -
(a-R)~2(afR). For A-[ p,qj 2 C]R2 (p ~ 0), the problem (6,A,L) is sym-

metric with respect to g defined by g(x) - 1-x, since g(8) - (B,a)' and
g(a) --a. Symmetric rules d must have the property d(1-x) --d(x).

Exactly the same reasoning holds if X~ BB(a;R;n), the beta-binomial

distribution.

Example 5.8. Assume X~ C(a;s) and A-[-r,r] x[ p,q] C 1R2 (p,r ~ 0) where
0:- (a,s)'. For h(A) - a~s and g(x) --x the problem (a,A,L) is symmetric:

g(6) -(-a,s)' since g(X) ~ C(-a;s). Sy~nnetric rules d satisfy d(-x) -

-d(x).

n
Example 5.9. For X~ N(6;E) with 6- II[-ki,ki] C]Rn, h(6) - 6 and

i-1
g(x) --x, the problem (6,A,L) is symmetric with g(6) -- 6. Sy~etric

rules d have d(-x) - -d(x). ~

Theorem 5.10. Let d be a nonrandomized decision rule for the problem
(6,A,L), that is symmetric with respect to g, while L(6,a) -(h(6)-a]Z.
If there exists a V C X with positive propability for some 6 E A, having
the property

f (x)-f- (x)
d(x) ~ sup [fe x tf-(e)(x) h(6)] d x E V

e E e e) g(a)
then d is inadmissible.



Proof: In this theorem fe(x) denotes the Radon-Nikodyln derivative of the
distribution Pe with respect to some Q-finite measure u; hence
Pe(B) - IB fe(x) u{dx} for all measurable B(compare Zacks [16J, Section
2.2). For any nonrandomized rule d the risk function is by definition

R(6,d) - IX fA(x) L(A,d(x)) u{dx}

Assume d symmetric with respect to some g : X~X and define
W~ :- {x E X I g(x) - x}. Then d(x) - 0 for x E W~ and X-W~ can be parti.-
tioned into W1 and W2 where

Wi -{x E X ~ g(x) E W3-i} i- 1,2

and V C W~. Now

IW fe(x)L(8,d(x)) u{dx} - IW fe(g(x))L(e,d(g(x))) u{dx}
2 1

- IW f~(e)(x) L(6,-d(x)) u{~}
1

whence

R(6,d) - .fW fe(x) h2(6) u{dx} t
0

where

f !W [fe(x) f fg(e)(x)J [h2(e)-2A(6,x)d(x)fd2(x)J u{dx}
1

fe(x) - f-(A)(x)
A(6,x) :- f x f f- x h(A)

e g(e)

The property h(g(A)) --h(6) implies sup h(6) --inf h(A), so that
eEe eEe

A(g(a),x) - A(6,x) - -A(6,g(x)). Defining

A(x) :- sup A(6,x)
eEa
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it follows

d(x) ~ A(x) p d(g(x)) ~-A(x)

Now the rule d' defined as

A(x) for x E V

d'(x) - -A(x) for g(x) E V
d(x) elsewhere

is nonrandomized and symmetric with respect to g; R(6,d)-R(A,d') equals

tV [fe(x)ffg(0)(x))[d(x)-d'(x)j[d(x)fd'(x)-2A(6,x) j u{dx}

For all x E V we have d(x) ~ d'(x) and d(x) f d'(x) ~ 2A(x) ~ 2A(6,x), so
R(6,d) ? R(6,d') for a11 8 E 6, strict inequality holding for 6 with
Pre(V) ~ 0. Hence d is not admissible.

Note that d' dominates d uniformly (in 8), if Pre(V) ~ 0 holds for all 8E 6.

The most interesting feature of Theorem 5.10 is that in general admissible

symmetric rules cannot take the extreme values sup h(6) or inf h(6), as

the corollary states more precisely.

Corollary 5.11. Admissible symmetric estimators d for h(A) must be smaller

than sup h(8) (almost) everywhere, unless there exists a 60 E 6 with

h(60) e Esup h(6) and fg(8 )(x) - 0.
eEe o

Proof. This follows immediately from A(x) ~ sup h(8), where equality

can occur only under the condition given.

Application to Example 5.5. shows that for P ~ 1 any admissible estimator

for 8-2 should satisfy d(x) ~ P-2 for all x E X. Comparison with Lemma 2.6

therefore shows that the MLE is in this case not admissible. However for
P- 1, the rule d0(x) - x~n-2 is admissible (take 60 - 1). More precise
results follow from Theorem 5.10. Substitution gives

62x-n-(1-6)2x-nA(6,x) '
e~x-n}(1-0)2x-n

(6-2)
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which expression is maximized for 6- P. This proves the following two
lemmas for the binomial case.

Lemma 5.12. For the truncated binomial problem (6~,A,L) the rule d~ defined
by

dp(x) for ldD(x)-~I ~ Id-~(x)-ZI
d~(x) -

d-~(x) for ~dD(x)-2~ ? ~d-~(x)-2~

dominates the MLE d1.

Definition 5.13. Of the functionsfi : S2-}IR (i - 1,2,3), f2 is said to be
between f1 and f3 if for all w E St one of the double inequalities

f1(c~) ~ f2(w) ~ f3(w), f3(w) ~ f2(w) ~ f1(w)

holds.

Lemma, 5.14. For the truncated binomial problem (A~,A,L) any admissible
!

rule must be between d-~ and d~.

The question arises for which values of n and P the rule d~ is admissible.
The following lemma considers the case that d4 and d-~ are identical.
That d~ is not admissible in general, is illustrated in Section 7 by some
numerical examples.

Lemma 5.15. If the values of n and P are such that ncp ~ 1, then d~ is
admissible.
Proof. Because of the symmetry it suffices to consider x-values exceeding
n~2, for whi.ch d~(x) - min [dD(x),d-~(x)].
The lemma will be proved by showing that d-~ ~ d~ holds for n~p ~ 1, which
follows from the next two statements:

(i) d-~([ n~2] fl ) ~ d~([ n~2] t1 )

(ii) ~d-~(x) ~ ~d~(x)



where Od(x) - d(xt1)-d(x).
Proof of (i). For odd n we have d-~([n~2]t1) -(ltcp)~2 ~(1t1~n)~2 -
d0([n~2]t1), for even n: d~(n~2t1) -(1t3~)~2(1t~) ~ 1~2t1~n - d0(n~2t1).
Proof of (ii). By definition ~d0(x) - 1~n and

~d (x) - ~ `~~P~ ~-P)~ k
-~

Further,

[Pkt(1-P)k][Pkt2t(1-P)kt2]

[ Pkt( 1-P)k] [ Pkt2t( 1-P)kt2] -[ P( 1-P)] k

- P2kt2t(1-P)2kt2 t [p(1-P)] ~ P2t(1-P)2-1]

- [ pktl
- ( 1-P)kt1] 2 ~ 0

whicli implies statement (ii).

It may be thought that in Theorem 5.10 the condition of squared error
loss could be replaced by the weaker condition of a convex loss function.
The following counterexample shows th~,t Theorem 5.10 is not generally true
if convex loss is assumed.

Example 5.16. Consider the truncated binomial problem (60,A,L), however
with absolute error loss and assume n- 1. Hence AO -[1-P,P), L(A,a) -
I~-a~ and X~ B(1;6). Any nonrandomized symmetric rule d is determined by
z:- d(1) and has risk

R(6,z) - AI6-z~ t (1-A)I6-ltzl

Since R(P,z) -(2P-1)(1-z) is decreasing in z, the rule determined by
z- P has the lowest possible risk for A-P and is admissible.
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6. Tractable and~or practical rules.

In this section we investigate two classes of nonrandomized invariant
rules, that seem plausible on intuitive grounds. The first is the class

of linear rules dc defined by

dc(x) - 2 f (n - 2)c c ~ 0

Remark that d0, d2 and d~ belong to this class for c- 1, ~~(~f1) and

0 respectively. The next lemma gives the minimax rule within this class.

Lemma 6.1. The linear minimax rule is the rule dc determined by

I n~} 1-~ for cp ~(~f1)-1

~ t 1
for cp ~ (~t1 )-1

Proof. The lemma follows from

hence

4R(8,d ) - (2A-1)2{(1-c)2-c2~n} t c2~n
c

max R(6,dc) -
e

R(P,dc) for c ~ ~~(~t1)

R(Z,dc) for c ~ ~~(~t1)

and straightforward calculation of the minimum.

Note that for n-1 and n-2 the linear minimax rule is precisely the mini-

max rule (Lemma 3.8). F~.irther, Lemma 6.1. implies that d2 is not minimax

for all values of P. On the other hand, d2 can be improved by applying

Theorem 5.10, which leads to the rule d5 defined by



d~(x) for ~d2(x)-~I ~ ~d~(x)-~~
L

d-~(x) for ~d2(x)-~~ ? d-m(x)-~~

This rule is not minimax either in general, as is shown numerically in
Section 7.

Another promising class of decision rules is the class H of
tangentisl rules d defined by( a;b )

d(a;b)(x) - 2 f atgh ~b(x~n-z)]

where tgh(x) :- (ex-e-x)~(exte-x). Lemma 6.2 shows why these rules are
attractive.

Lemma 6.2. The class H of tangential rules d(a;b) has the properti.es:
(i) d(a;b) is increasing in x for all positive a and b;

(ii) d~ and d-~ belong to H;
(iii) d2 belongs to H.

Proof. Property (i) is of course essential for any reasonable rule; the
proof is straightforward. Property (ii) is of interest in view of Lemma
5.14; the choice a-0 or b-0 leads to d~, while a- P-2 and b-n ln(P~(1-P)]
gives d-~. The last property states that the minimax rule for P-1 belongs
to H; it follows from

d(x) - lim d ( x) with a - ~ tgh (b~2)
2 b-~0 ( a'b ) 2(~f 1)

as is demonstrated by the next lemma.

Lemma 6.3. For all y E]R

lim tgh(by)~tgh(b) - y
b-~0

Proof. Application of de 1'Hópital's rule gives for y~ 0

2by
lim e2b - 1 - y lim e2b(y-1) - y
b}0 e -1 b-}0
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hence

2by 2by
lim tgY1~b - lim e2b -1 . lim e2b }1 - Y
b-~0 b;0 e -1 b-~0 e t 1

as was to be proved.

Within the class H we have looked for minimax rules and for rules dominating
d~. See Section 7 for some numerical results.



7. Numerical results

For the Ba.yes rules d introduced in Section 4 and the tangential(a;s;Y)
rules d(a;s) defined in Section 6, some calculations were made on the
I.C.L. 1900 computer of the Tilburg University.
In all cases the risk function was calculated for the parametervalues
6- 0,5(0,05)P and the comparisons made were based upon these results.

In Section 5 the rule d4 dominating the NILE was derived; this
rule was proved to be admissible for ncp ~ 1(Lemma 5.15).
Here it is shown that d~ is not admissible generally: for certain values
a, S and Y(and certain n and P values) d(a;S;Y) appears to dominate
d~ (and hence d2 as well). Table 7.1. presents the numerical results.

Table 7.1.

n- 10 n- 15 n-22
P

a R Y a S Y a R Y

0.6 - - - - - - - - -

~ -~ 0.1 ~ -~ 0.22 ~ -~ 0.28
0.7 0 -~ 0.3 20 -~ 0.42 20 -~ 0.53

-4 -~ 0.3 0 -~ 0.55
~ -~ 0.26 ~ -20 0.16

0.8 - - -
5 -~ 0.56 20 -~ 0.51

0.9 - - - - - - - - -

Rules d
(a~S~Y)

dominating d4.

Of course for P- 0.6 (and n ~ 25), d~ cannot be dominated; then we have
d~ - d-~ - d(-~;-~;Y'.When n and P increase, dominating rules seem more
difficult to find.

In section 6 the rule d5 was obtained by applying Theorem 5.10
to the minimax rule d2 for the case P- 1. This rule d5 is not generally
minimax, since it is shown to have a higher maximum risk than the minimax
tangential rule for certain values of P and n. Further, d~ is shown to
be dominated by certain tangential rules as well. Table 7.2. gives the
numerical results; the order relation used there is based on the maximum
risk:



d ~ d p max R(6,d ) ~ max R(A,d )1 2 e E 9 ~ A E 6 2

Table 7.2. Optimal tangential rules d for n-10.(a;b)

minimax dominating d~
P

a b order a b

0.6 o.i ~.055 - d5 - -

0.7 o.i98 4.8~0 ~ a 0.2 6.25

0.8 0.372 2.229 ~ d5 0.312 3.9
0.~07 2 ~ d5

0.3800.9 tgh b~2 ~ 0 - d5
- -

The second rule for P- 0.8 leads to estimates exceeding 0.8, while the

first is minimax under the additional restriction d(10) ~ 0.8. Of

these two the inadmissible rule d(0.407;2) has the smaller maximum risk.

Therefore further improvements are possible.
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