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Auditing and Bayes' Estimation

by J.J.A. Moors

Summary

Recently, Cox and Snell (1979) considered Bayes' estimators for rare errors,
starting from an infinite population model and using cleverly chosen prior
distributions. In this way, an upper confidence limit for the total error in
the population was obtained. However, it will be shown here that their re-
sults contain an error. The correct formulae are given, with a full derivation.
Since Smith (1979) was unaware of this error, his simulation results are
in error too. The correct values are given here and clearly show that the
Bayes' upper limit is far less conservative than the limits met in practice.
Finally, the probability distribution of the new confidence limit is calcula-
ted for a theoretical population.

Ke,y words: Bayes' estimation, Cc,nfl~3.PncP l;mit.s, rare ~~..,~s, ,.,uditi:~g,

1. Introduction and main result.

Consider a population of which a small proportion ~ of the elements is in
error. For such an element the amount Y of the recorded value X is incorrect,
where X and Y are assumed to be positive. Hence, the correct value of the
element is X-Y rather than X. The problem is now to derive from a sample an
upper confidence limit for the total error, i.e. the total of Y over the
population, or equivalently, for the total fractional error ~y, i.e. the
total of Y expressed as a fraction of the total of X. The crucial point of
this problem is that cp may be so small that the probability of an error free
sample is not negligible. In sampling for auditing this problem is rather
fundamental.

Since the auditor generally has good insight in the characteristics
of the population at hand, it seems natural to consider this problem from a
Bayesian point of view. Cox and Snell (~979) followed this approach. Assuming
the exponential distribution Ne(1~U) for the fractional error Y~X, they con-
sidered conjugate gamma priors: ~~I'(a~~C,a) and U-(b-1)uC~T with T~ I'(l,b).

b b-1 -axHere, I'(a,b) denotes the distribution with density a x e ~I'(b), while
Ne(a) - T'(a,1),
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Next, they derived the posterior distribution of the total fractional error ~
(Cox and Snell 1979, formula (17)), which is reproduced below for the sake of
reference.

(1.1) ~, ~ {
mz t (b-1 )UO

mfa 2(mfa)
n t a~p0 } mtb F2(mfb)

Here, n denotes the sample size, m the observed number of erroneous elements
and z their mean fractional error. So, ~ has the well-known F-distribution
- iip to a constant - and is therefore easy to handle mathematically, thanks
to the clever choice of the model.

However, it can be seen intuitively that expression (1.1) contains
an error. Consider the case that no errors are observed (hence m- 0) and
let the prior expectation ~0 of cp tend to 0. Then the limiting prior is
degenerate at 0 and the same should hold for the posterior distribution of ~.
However, in this case (1.1) still ehows an F-distribution.

Unfortunately, Smith (1979) obviously did not notice this error and
compared an upper confidence limit obtained from (1.1) with more traditional
limits. The results of his simulation experiments therefore are in error as
well.

Since Cox and Snell's derivation of (1.1) is very sketchy, a more
detailed description of their model and a full derivation of the correct
posterior distribution of ~y are given in the Appendix. Where improvement was
possible, the original notation was changed. In this new notation the assump-
tionsand the correct result are as follows.

Assume that for erroneous elements, the fractional error Y~X has the
exponential di-stribution Ne(a). Let the prior distributions of cp and a be
P(a,b) and P(c,d), respectively, and independent. Then it follows:

(1.2) ~~,(bfm)(ctz) F2(btm)
(afn)(dfm) 2(dtm)

Keeping in mind the differences of notation, comparison with (1.1)
shows that the factor n t a~0 in the denominator of (1.1) should be replaced
by n t a~~0. It follows that Cox and Snell's upper confidence limit is too
conservative; the impact of the error is larger as ~0 decreases. In the se-
quel of their paper Cox and Snell argue that the term acp0 can be neglected,
since cp0 will be small in practice. Clearly, this argument is no longer valid.

In Section 2 the correct upper limit is calculated for some numerical
values of the parameters. Moreover, the consequences for Smith's simulations
are considered.
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Once the parameters are choosen, the posterior upper confidence limit

may be considered as a random variable, merely depending on the sample out-

comes. Hence, its probability distribution can be obtained, at least in prin-

ciple. This is carried through in Section 3 for a given theoretical population.

By these means, upper confidence limits may be compared analytically, so

that no simulation is needed.
The final Section 4 discusses the findings of the paper.

?. Numerical values

Given the observations, the correct 95q upper confidence limit !C for ~ is ob-
tained immediately from (1,2):

(bfm)(ctz) 2(bfm)(2't) Q - (afn)(dfm) F2(dfm); 0.05

Of course, this limit depends on the choice of the parameters in the prior
distributions. This choice should reflect the auditor's prior trust in the
general correctness of the recorded values. Tn ;t.s t,,~,-n, his trust wiii óe
based upon his experience in the past with this particular company and upon
his evaluation of the company's organisation as a whole. Dependent on his
favc-~rable or unfavorable opinion about these matters, he will adopt a more
optimistic or more pessimistic view about the error rate and choose his
parameters accordingly. Professional organisations of auditors even may con-
sider it their task to publish official guidelines on the choice of these
parameters.

Just to give an idea about the values of IC, two sets of parameters
are considered below. The first, more optimistic, case covers the priors
cp ~ 1' ( 20, 0. 5) and a~ I' (~, 16 ); the upper limit in ( 2. 1) will be denoted
in this case by RO (0 for optimistic). Table 1 presents the values of RO
for some sampling results with n- 100. Note that the prior expectation of ~
equals 0.67~ with a 95q upper confidence limit of 2.59~.



Table 1 Values of QO (in q).

z
m

0 0.1 0.2 0.3 0.5 1

0 0.43 - - - - -
2 - 1.21 1.26 1.32 1.44 1.72
5 - 1.99 2.22 2.44 2.88 3.99

10 - 2.96 3.55 4.15 5.33 8.29
20 - 4.47 5.96 7.45 10.43 17.88

Table 2 deals with a more pessimistic upper limit QP, derived from
the priors ~p ~ 1' ( 10, 1) and J~ ~ I' ( 2, 6). In this case the prior expectation
of ~V is 4.OOq and the prior upper limit 12.96~.

Table 2 Values of Q(in q)
P

-
m

0 0.1 n.2 0.3 0.5 i

0 1.18 - - - - -

2 - 2.05 2.24 2.43 2.80 3.74
5 - 2.76 3.32 3.87 1~.98 7.74

10 - 3.53 4.70 5.88 8.23 14.10
20 - 4.76 7.14 9.52 14.27 26.17

The tables show that for error free samples QO and R,p equal 0.43~

and 1.18q, respectively. These values are rather low in comparison with
the well-known non-Bayesian 95~ upper limit of 3.00~ ( cf. Cox and Snell
1979, p. 127).

Cox and Snell (1979) suggested the parameter values (their own
notation) a- 1, b- 3, u0 - 0. 5 and cp0 - 0, leading to an upper 95q confidence
limit, that will be denoted by ~cs~

R -( mf1)( zt 1) F2mt 2
cs n(mf3) 2mf6; 0.05

The correct derivation shows, however, that the value cp0 - 0 is not allowed
and that Qcs should be corrected by multiplying it by n~(nfl~cp0). So, the



correct upper limit, to be denoted by R~s, reads:

R~s - Rcs~( 1f1~(n~PO) )

Indeed kcs is needlessly conservative; if n- 100 and cp0 - 0.01 for example,
it is too high by a factor 2:

The limit Rcs was investigated by Smith (1979) empirically and com-
pared with several non-Bayesian limits, commonly used in practice. Smith
generated a population of 1000 elements, where errors were introduced accor-
ding to a Poisson process. The (conditional) distribution of the fractional
errors was assumed to be uniform on (0,1j:

(2.3) SI(S ~ 0) ~ U(0,1)

It follows that Smith's numerical results for R, should be divided by thecs
correction factor 1f1~(n~0) mentioned above. This factor depends on the
ArlOr Vallle c~U nf m; fnr t,~hi rh a rn~,;`ti .re ~r~l h } ~ 'rOr exampïe,y.- u~ aS i.v vi- C-riGScál.

if ~q0 happens to equal thttrue value 0.01, the upper limit decreases dramatic-
ally by 62.5~ (for n- 60) and by 50~ (for n- 100).

Tables 3 and ~-t below reproduce Smith's Table 3, showing the frequency
distribution of several upper confidence limits obtained in his simulation
stucl,y. Here, ATUEL stands for the Anderson and Teitlebaum upper limit and
MATUEL for its modified version, while PBUEL denotes a pseudo-Bayes limit.
CSUEL is the Cox and Snell upper limit ~cs, modified by minor corrections. See
Smith (1979) for precise definitions. To Smith's table the frequency distribu-
tion of Q~s with cp0 - 0.01 has been added here. Note that this distribution
was obtained through the foregoing column and hence may deviate slightly from
the exact distribution. Especially, the attribution of the 177 observations on

CS U E Lin the open class '~ 7' was rather arbitrary. Yet, the last columns of the
Tables 3 and 4 present a good picture of the behaviour of k~cs'
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Table 3 Several upper confidence limits for n- 60.

S' 1000 ATUEL MATUEL PBUEL CSUEL R,~cs
~ 2 1357

2- 2.5 317 317 102
2.5 - 3 84 120
3- 3.5 255 11 57

3.5 - 4 711 27
4 - 4.5 317 46

~.5 - 5 317 95 193 829
5- 5.5 95 27 152 65

5.5 - 6 46
6- 7 710 894 8 80

~ 7 514 257 177
Total 1636 1636 1636 1636 1636

Table 4 Several upper confidence limits for n- 100.

~ 1000 ATUEL MATUEL PBUEL CSUEL R~cs
~ 2 171 61 533

2- 2.5 61 315 102 338
2.5 - 3 61 56 160 388 90

3 - 3.5 54 96
3.5 - 4 406 380 224 2
4- 4.5 84 2 15 289

4.5 - 5 289 49
5 - 5.5 280 49

5.5 - 6 60 75 90
6 - 7 90 15

~ 7

Total 981 981 981 981 981
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The tables clearly show the importar~t numerical consequences of Cox and
Snell's error. Further, the Bayesian limit Q~ is far less conservativecs
than the other limits, used in practice. Note, that occasionally ~,~cs
will take values lower than ~ 972, the actual total error in Smith's
population.

3. Anal.ytical study of' Bayes' limits

In the preceding section, the upper confidence limit was studied by making
tabulations for certain parameter values or by means of Smith's simulations.
This section is devoted to another approach which is of interest on its own
from a methodological viewpoint.

Once the parameters values in the prior distributions have been
chosen, the upper limit R only depends on the sample outcomes. Hence, before
the sample has been drawn, this limit can be viewed as a random variable and
will be denoted by L, accordingly, For any given population, the probability
distribution of L can be derived, at least in principle. This allows one to
study the behaviour of L without being forced to use simulation. This approach
will be illustrated in the sequel.

Following Smith's numerical example, a population is considered
for which (2.3) is assumed to hold; the values cp - 0.01 and n- 100 were
chosen. For this population the distribution of the following (random) upper
limits will be derived:

-(M f 0. (Z t 4) F2Mt1( 3. 1) LO - 120(M f 16 2Mf32. 0

(3.2)

~ .05

L-( M t 1)( Z t 2) F2Mf2
p 110 M f ) 2Mf12; 0.05

Note that these random variables correspond with the limits introduced in the
preceding section. See the Appendix for the precise meaning of the symbols.

First of all, the distribution of Z.- É g,m' i-1 1(with all S. ~ 0)ihas to be found. Denoting the density of Zm by gm~ (?,3) leada to



z for 0 ~ z ~ 1
(3.3) g2(z)

2-z for 1 ~ z ~ 2

o.5z2

( 3. 4) g3( z).- -z2 f 3z - 1. 5

o.5z2 - 3z f 4.5

for 0 ~ z ~ 1

for 1 ~ z ~ 2

for 2 ~ z ~ 3

For m~ 3, gm will be approximated by the normal distribution N(m~2, m~12).
Note that the distribution of Zm is precisely the conditional distribution

of Z, given M- m.
Since for given M, L is a linear transformation of L, the conditional

distributions of L~ and Lp follow at once. Denoting by Hm the conditional
distribution function of L~ for given M- m, Table 5 can be calculated
directly.

Table 5 Conditional distribution functions of L~

Q
(in q)

H~(~.) H2(Q) H3(Q) H4(R) H5(Q)

0.5 0
1 0.722 0 0
1.5 1 0.701 0.006 0 0
2 1 0.692 0.0~7 o.ooi
2,5 1 0.692 0.092
3 0.996 0.663
3,5 i o.985
4 ~

Since M has the Poisson distribution Po(1), the unconditional distribution
of LD is obtained by multiplying the columns by the Poisson probabilities.
These are rather small for m~ 3, whence the normal approximation here is
good enough. For the same reason the ca~e m~ 6 is irrelevant. Of course,
L can be treated similarly; Table 6 shows both (unconditional) distribut-P
ions.



Table 6 Distributions of upper limits LO and L
P

A P(LO E A) P(L E A)
P

0.5-1.0 0.266
1.0-1.5 0.232
1.5-2.0 0.098 0.177
2.0-2.5 0.029 0.23~
2.5-3.0 0.006 0.093
3.0-3.5 0.001 0.072
3.5-~.0 0.030
4 - 5 0.022
5 - 6 0.003

-----------
pointmass

-----------------------------

0.368 at: 0.43 1.18

Both distributionsappear to be mixed: a density with total proba-
bility 0.632, combined with a point mass of 0.368, corresponding with error
free samples. It is clear that indeed Lp is more conservative than L0.

The distributiona in Table 6 allow two different interpretations:
(i) they present the distribution of L for all samples from an infinite

population (with 1~ erroneous values and uniformly distributed f~ac-
tional errors);

(ii) they present the distribution of L for all samples from all possible
(finite) populations (with 1~ erroneous values and uniformly distri-
buted fractional errors).

The second interpretation is in accordance with a superpopulation model.
In this case the true value of ~ equals 0.5q.

The practical importance of Table 6 is that it shows the behaviour
of a Bayes' limit, devised for one population (in this case: with exponent-
ially distributed erroneous elements),but applied to another (here: with
tuliformly distributed erroneous elements). In short, Table 6 is an indica-
tor for the robustness of the Bayes' limit presented here. Of course, the
analysis of this section may be applied to still other populations.
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4. Discussion

Although Cox and Snell (1979) appear to have made a mistake, their main point
still holds; the present author agrees with their view that a Bayesian
approach will be useful in auditing problems.

To obtain widely applicable Bayesian methods, it will be necessary
to have more experience with Bayes' upper limits in the first place, both in
theory and in practice. Simulation will be a forceful tool in this process;
a more analytical way of comparison was described in Section 3 of this paper.

Other models may be designed which may be better suited still than
Cox and Snell's. For example, their assumed distributions may be somewhat un-
realistic.

In the end the auditing profession may arrive at the position that
official guidelines are available, prescribing the choice of the a priori
distribution in any possible situation.

ACknnwlPC~aamant.

The author wishes to thank B.B. van der Genugten, J. Kriens and a referee for
their useful comments. ~

Appendix

A. Population model

Consider an infinite population, of which elements a small proportion is in
error. Assume that the probability of an element being in error, is indepen-
dent of its recorded value X and its error Y; denote by S the fractional error
Y~X of an element, chosen at random from this population. Assume that for
erroneous elements S has an exponential distribution:

SI(S ~ 0) ~ Ne(a)

Then the full distribution of S is given by
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(11.1) (P(S - 0) - ~ - N1 P( s ~ S ~ s f ds )- cpae-~sds, s ~ 0

Note that this is a mixed distribution consisting of a mass point as well
as a density; E(S) - cp;'a and Var (S) - cp(2-~)~a2.

A central quantity in this paper is the total fractional error
~, i.e. the total of all errors in the population expressed as a proportion
of the total recorded value. Since 1~a is the mean fractional error for
erroneous elements, the assumptiona imply that ~ equals cp~a.

Consider now a random sample of size n. Let M denote the observed
number of erroneous elements and define for the fractional errors S. in thei
sample:

n
Z :- E S.i

i-1

Since ~p was supposed to be small and n is generally lareP; M,.~i 11 have thc
Poisson distribution Po(n~p) in very good approximation. The conditional dis-
tribution of Z given that M- m(~0) is obtained by taking m times the con-
volution of S~(S ~ 0) with itself. Since the convolution of I'(a,b) with it-
self is I'(a,2b) (cf. Kendall and Stua.r.t 1969, p. 288), it follows that con-
ditionally Z has a gamma distribution:

ZI (M - m) ~ I'(a,m)

Hence the simultaneous distribution of (M,Z) is given by

(A.2) P(M - 0, Z- 0) - e-n~ )m -ncp-a z
P(M - m, z ~ Z ~ z f dz) -(n~zm:(m-1); dz

for z ~ 0, m- 1,2,...

The moments of this bivariate distribution can be derived directly:

P(M) - ncp Var ( M) a n~ E(Z) - n~~a
Var (Z) - ?ncp~~2 Cov ( M,Z) - n~~a
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'I'he correlation between M and Z is seen to be positive, in accordance with
intuition. In fact, p(M,Z) -~, independent of the values of the para-
meters cp and a:

Furthermore, it follows immediately that within this model Z~n is
an unbiased estimator for t~.

B. Bayesian approach

Starting now the Bayesian analysis, it will be assumed in the sequel that
~p and a are random variables instead of parameters. They are supposed to be
independent with gamma (prior) distributions; in obvious notation:

(B. 1 ) (cp,a) ~ I'(a,b) x I'(c,d)

This prior distribution was chosen by Cox and Snell (1979) for its mathemati-
cal convenience. Note that it is somewhat unrealistic, since in fact ~ and a
both have the domain [0,1]. However, for suitable values of the parameters,
this condition is satisfiPd with prcbability aïmost Í. Further, note that
E(cp) - b~a and Var 2(cp) - b~a with analogous formulae for a.

Now it is well-known that the ratio of two independent random varia-
bles with distributions I'(1,b) and I'(1,d), respectively, is distributed ac-
cording to (b~d) F2d (cf, Kendall and Stuart 1969, p. 406), Hence, the pro-
bability law of the total fractional error ~, -~~a is given by

( B. 2 ) ~ ~ F2d

Since the moments of X~ Fin are found from

E(~) - mrr(kl2tr)I'(mI2-r) -k~2 ~ r ~ m~2
krI'(k~?)r(m~2) ~

(Kendall and Stuart 1969, p. 423 ) , the prior moments of the total fractional
error are

E(~) - bc (for d ~a(d-1)

Var (~) - c2b(bfd-1)
a~(d-1)2(d-2)

1)

(for d ~ 2)
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The prior upper ( 1-a)-confidence limit for ~ equals

bc F2b
ad 2d;1-a

From the Bayesian point of view (A.2) is a conditional distribution,
given the values of cQ and ~. The simultaneous (mixed) distribution of (M,7,,cp,a)
~s now obtained from (A.2) and (B. ~), while Bayes' theorem Ftives t;h~, cond~ i,i~~n-
a1 dist;ribution of the pair (cp,a). By considering the cases M- 0 and M- m~ 0
se:parately, it is easily seen that in both cases this posterior distribution is
absolutely continuous:

(~,a)I(M - Z- 0) ~ I'(atn,b) X I'(c,d)

(B.3) (~,a) ~(M - m, Z- z) ~ I'(afn, btm) x I'(cfz, dtm)

Since the former formula is an exact analogon of the latter, (B.3) holds fur
z~ 0 and m- 0,1,2,... In the same way as before,the posterior distribution
nf I~l f'an bc,? r3ari ~rcr7 ~

(P.~) (afn) dtm) ,~ F2(b~m)
(btm)(cfz 2(dfm)

This formula is identical to (1.2). Note that if no observations are made at
all (hence z- m- n- 0), (B.~) reduces to (B.2).
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