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Introduction

This report is chapter 3 of my Ph. D. Thesis, and therefore the numbering

of the sections and formulas is used as indicated.

We are grateful to Dr. A.L. Hempenius,my thesis advisor, and to

Drs. H.H. Tigelaar for critical remarks and suggestions on earlier drafts.
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Chapter 3: Some reformulations and extensions in the univariate Box-
Jenkins time series analysis approach

3.1. General remarks about the univariate approach

In a series of articles and a subsequent book [~], Box and Jenkins describe
in detail a strategy for the construction of linear stochastic equations

describing the behaviour of time séries.
In this section we only shall give a general description of this Box-
Jenkins approach, after which the more technical details will be explained
in the coming sections. Introductory definitions and theorems about
stochastic processes can be found in appendix A.
The Box-Jenkins approach is a multi-stage procedure in quantif~ring rela-
tionships. The stages are identification, estimation, and forecasting.
In describing the univariate approach we first assume that the time series
under study does not exhibit seasonality. Box-Jenkins assume that such a
series is stationary or can be reduced to stationarity by differencing
a suitable number of times. Assume that there is an integer d such
that the series

(3.1.1) ~t - vd gt

is stationary, where the difference operator v is defined as
vxt: - xt - xt-1, and vd xt: - v(vd-1 xt), then giving

d
vd xt - E(a)(-1)~ xt-~. It is further assumed that ~t satisfies
a stocha~t~c difference equation of the following form

1 q
(3.1.2) kE0 ak ~t-k - s~0 bs ut-s' aC - bC - 1,

where the ut s are a sequence of uncorrelat.ed stochastic variables, with ex-
pectation zero and constant variance 1). Combining equations (3.1.1)

1) Later on we shall see that to provesomething about the asymptotic
distribution of a certain form of the solution of the stochastic
difference equation (3.1.2), we need the additional condition that the
ut s are identically independently distri}~uted.
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and (3.1.2) yields the so-called autoregressive integrated moving average
scheme of order (1, d, q)

1 q
(3.1.3) E ak adXt-k - E b~ ut-s' a0 - b0 - 1.

k-0 s-0

The solution of the above difference equation in terms of the starting
conditions and ut, u~-1,... is called the autoregressive integrated
moving average process (denoted as ARIMA(l, d,q)- process) belonging

to that scheme.
Box and Jenkins fit models of the form (3.1.3) to a set of data by an

iterative three-stage cycle of identification, estimation and forecasting.

At the identification stage values are chosen for the integers l, d and q

in equation (3.1.3). Next, the coefficients a1,...,a1, bl,...,bq of

the chosen model are estimated and finally diagnostic checks on the ade-

qua.cy of the fitted model to the data are made. In the forecasting stage
a suitable model to represent the data is used to predict future values
of the time series.
The two main tools in the identification procedure outlined by Box and
Jenkins are the autocprrelation~ function and the partial autocorrelation
function. For a covariancestation ary process {xt ; t E~ the autocorrelation
function is, when Var(xt) ~ O~ defined as

f (xt}s- Lt)(xt-u)
(3.1.~) Ps' - Var x~

, s - ...,1,0,1,...

where P:- ~(xt), ~l t E T.
The partial autocorrelation function can be explained as follows. Let's

consider the covariance stationary process {x,t, t E T}(see for definition
appendix A) which has expectation zero, then it is possible to ask for
the best linear approximation of xt in terms of xt-1' "''Xt-k'
k - 1,2,... k
Here we mean with linear approximation that combination E aj xt-j

k 2 j-1
for which ~(~ - E aj xt-j) is a minimum as a function of (a1,...,ak).

j-1 , ,
This is then and only then the case when
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(3.1.5)

where Ys -~(Xtts xt) is the covariance of lag s-. Dividing the equations
in (3.1.5) by y~ gives:

r - 0p1 - a1 p~ - a2 p1 ... -
ak pk-1

(3.1.6) ~ :

~pk - a1 pk-1 - a2 pk-2 '

or in matrix notation

1'kA-R

where

A -

- ak

' rk

.. -akp~-0,

p0 pl "' pk-1
p1 p0 "' pk-2

l pk-1 pk-2 "' p0

R -

pk I

In Box and Jenkins terminology the k-th component of the optimal A is

called the k-th partial autocorrelation coefficient ( assuming that it is
uniquely determined), and it will be denoted as a~.
The series {a~, k ~ 1,2,,..} is called the partial correlation function.
The partial correlation coefficients can be determined using Cramer's
rule, namely
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Irkl
( 3 .1. 7 ) a~ - -~ ,

k

where I'k is the matrix I'k with the k-th column replaced with R.

A simple recursive method for fi.nding the partial correlation coefficients

is given by Durbin [5]. The following results which form the core of

Box and Jenkins identification strategy will now be presented (for
technical details and examples we refer to section 3.2).
(i) When the autoregressive moving average scheme of order (l, q),

1 q

k~0 ak Xt-k - s~~ bs ut-s' (denoted as ARMA(l, q)-scheme), has a

wide stationary solution xt in terms of ut, ut-1,..., (denoted as

ARMA(l, q)-process), then it can be shown that the autocorrelation

function tends to zero.
In practice , of course, one never knows the true autocorrelations and

partial autocorrelations and must estimate them from the available
sample data.
The estimator of the autocorrelation ftznction which will be used
in this thesis is as follows

1 n-k
n t~1 (Xt-X)(Xtfk-x)

(3.1.8) r -
~ n E (xt-x)2

t-1

, k - 0,1,2,...,

based on the following grounds.
One may show that in.many cases the biased estimator in the numerator

of (3.1.8) for the covariance of a wide stationary process, has a
smaller mean square error than the unbiased estimator~where one
divides by n-k. While this seems to be true in general, a rigorous
proof has not as yet been found (see Schaerf [16], for proofs in
various special cases).
The behaviour of the above estimator ~ has been investigated for
non-stationary processes by Wichern [26J. Wichern has determined the

expected value of the above estimator for some inportant non-stationary
processes.
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(1)

(2)

For the follo~aing schemes:

Oxt - ut - K ut-1

20 xt - ut - K1 ut-1 - K2 ut-2

1
(3) E aj(oxt-j) - ut ~ (a~ - 1)~

j-0

he finds that in general the expected value of the above estimator

fails to die out rapidly.
It is assumed that when a process xt is non-stationary, that by a

linear operation of the form Od xt or Od OD xt 2) it can be made wide

stationary.

(ii) Suppose that the original process xt has been differenced a sufficient

number of times to produce a covariance stationary process ~t,

then Box and Jenkins [4] and Jenkins and Watts [11] have shown that

the autocorrelation and partial correlation function of the ~t

process behave.as follows:
(a) If the y,t process is an AR(1) process, then the autocorrelation

function pk, k- 1,2,..., will damp out for large k, according to

a mixture of damped exponentials and~or dampèd sine waves, and the

partial. autocorrelations will obey a~ - 0 for all k~ 1.

(b) If the process ~t is a MA(q) process, then the autocorrelation

function will obey pk - 0 for all k~ q, while the partial

autocorrelations will damp out approximately as a mixture of

damped exponential and~or damped sine waves.

(c) If the process ~t is an ARMA(l, q)-process, and if q- 1 ~ 0, then

2) ad OD ~ is defined as follows:

d D
Od oD xt - E(k)(-1)k E(D)(-1)~ xt-k-js.

k-0 j-0
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the whole autocorrelation function pk, for k - 0,1,2,..., will
consist of a mixture of damped exponentials and~or damped sine
waves. If, however, q- 1~ 0 there will be q- 1 f 1 initial
values p0, p1,..., pq-l, which do not follow this general pattern.

The autocorrelation function can be estimated by using formula ( 3.1.8)
and the partial autocorrelat~on function by using the estimated
p0'" '' pk-1~ in equation (3.1.7).

As a rough guide for determining whether the autocorrelations
are in fact zero after the k-th, Bartlett [3] has developed an approximation
formula for the variance of the estimated au~ocorrelation coefficient
of a covariance stationary Gaussian process ( see for definition appendix A).
Various authors have extended Bartlett's result in one way or another,
the most general of these being Anderson and Walker [2 ], who proved the
following theorem.

Theorem 1

Let {~G} be a stochastic process, defined by

~t - u t JEO ~j u,t-j ~ t- 0, f 1, t2, ...,

where E I~~I ~~ and E Ijl~~ ~~ and {ut} is a set of independently
j-~ j-0

and identically distributed random variables with ~(ut) - 0 and
~(~) - 6u ~ ~.
Let ~- ck~c-0 , k- 1,2,...,n-1, where ~ and c~ are defined by

n-k
~ - E (Yt - y)(Ytfk - Y)~n

t-1
k - 0,1,...,n-1.

Then the joint distribution of n 1,2(r~-pk ), 1 ~ k ~ s, where

pk - cov(~t'~ttk)~var(y~), tends to N(O,W) when n;~, W-(w..)
iJ

w.. - E (P P t P P t 2P- P PciJ v vti-j v~titj i J vv--~

is given

- 2Pi Pv PvfJ

- 2 pj pv Pv~i)~

by
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thus W is a function of p. only.i
The above theorem establishes the robustness to nonnormality

of the identification procedures.
From the above theorem it also follows that when {~} is a white noise
process (see appendix A), then we have the following large sample result

í3.1.9),`

Var(rk) - n

LCov(r~,rk}j ) - 0 , j ~ 0

Under the null hypothesis that {~} is a white noise process, the use
of plus or minus 2 about zero should provide a reasonable guide in

~
assessing wh~ther or not the quantities pk are in fact zero.
Quenouille [1~] has shown that for a 1-th order autoregressive process,
the variances of the estimated partial autocorrelations are approximately
n for k~ l. Box and Jenkins state that the estimated partial autocorre-
lations are asymptotically normally distributed, but they do not prove
it, nor given any reference where it can be found. In section 3.2 we
shall prove its correctness under fairly general conditions.

The coefficient of equation ( 3.1.3) are estimated by minimizing the
sum. of squares of the residuals ut conditional on the parameters
a1,...,al; b1,...,bq and y1,...,yn, where yt - Od xt, utilizing a non-
linear regression routine ( the moving average part in (3.1.3) in fact
causes the ut's to be non-linear functions of the parameters).
Under certain conditions ( see section 3.2) large sample standard errors
and confidence intervals for the population para,meters can be used.
The non-linear regression routine requires initial-valuesfor the
parameters to start off the iteration process. The:se ~an be obtained from
the relation between the sample autocorrelations and the parameters.

In the diagnostic checking stage the sample autocorrelations of
the estimated residuals ut, can indicate any departure from typical white
noise behaviour in the residuals and may suggest an alternative model
specification.
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Suppose that one has constructed an appropriate model for the
data xl,...,xn and requires point forecasts of the future values
xn}1 (1 - 1,2,...). It can be shown that the "best" point forecast (in

terms of minimum mean square prediction error) of xn}1 based on

(...x-1,x0,xl,...,xn) is simply its conditional expectation at time n.

How to use the conditional expectation for an ARMA(l, q)- and ARIMA(l,d,q)-
scheme will be explairied in the coming section and also how to construct
prediction interyals for the future values of the process.

For describing a combination of a seasonal and non-seasonal time series,
Box and Jenkins propose a difference equation of the following form:

1 ls d ds q qs
(3.1.10) E r..E c~ 0 0 x - E b E 0 u

j-0 ~k-0 ks s Jt-j-ks 1-0 1 g-0 gs ~t-1-gs

where {ut} is white noise and a0 -~0 - b0 - 00 - 1, or written in

operator form:

1 s d
(ltai B t...t al B1)(1} ~ls Bs t... t~l B s)Od Oss Xt -

s
q ~

(ltbl B t... tbq Bq)(1}Ols Bs t... t Oq s B~s ) ut
s

where the Od operator is defined before and Bl x,t: - Xt-1'
The principles of model identification, estimation and forecasting of
the above difference equation are essentially the same as for the
ARIMA(1, d, q)-scheme (3.1.3). Therefore we refer for details to Box and
Jenkins.

At the end of this section we shall summarize the major advantages
of the Box-Jenkins approach:
a. The relationships between the variables used in the approach are

very general and include the relationships used in other methods as
special cases.

b. It is applicable to a very wide range of forecasting situations ranging
from simple univariate stochastic modelling to the more complex transfer

function models, where complex forms of interaction between input
and output variables are possible (see chapter 5).
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c. It is a logical multi-stage and self-checking approach which eliminates ma-

ny of the subjective decisions associated with other techniques.

In particular, these other techniques do not include the important

identification stage.
d. It uses more ger,eral forms for the lag structures and the noise part

in comparison to several econometric methods.

e. It has high forecasting accuracy. Reid [15] found that the Box-Jenkins

approach achieved better overall accuracy than other methods on 70q

of 113 economic time series. Naylor, Seaks and Wichern[12] showed~

in a recent study in which forecasts of four economic variables

obtained from the Wharton Econometric Forecasting Model in comparising

with Box-Jenkins forecasts, that the average absolute errors of the

Box-Jenkins forecast~ were substantially smaller than those obtained

from the more elaborate econometric model.
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3.2. Technical details about the univariate Box-Jenkins approach

We shall study now more thoroughly the different stages in the univariate

Box-Jenkins approach.

3.2.1. Random shock representations of ARMA (l, q)- and ARIMA (l,d,q)-

schemes and the as~ymptotic distribution of a certain form of the

random shock representation of an ARIMA (l, d, q)-scheme

In this section we shall study under what general conditions the ARMA(l, q)-
and ARIMA (l, d, q)-scheme have a unique wide stationary solution and
if something can be said about its asymptotic distribution and how

eventually to use this result.
Therefore we shall start to define some things more precisely.

Definition 1

An autoregressive scheme of order 1 is a stochastic difference equation

of the form:

1
( 3. 2. 1. 1) E ~rk ~-k - ut

k-0
t- 0, f 1, f 2,....,

1
where {ut} is white noise and ~r( z ) : - E~rk zk ~ 0 on I z I ~ 1( so ~r0 ~ 0).

k-0
Further ~rl ~ 0. The scheme will be denoted as AR(1)-scheme.

Definition 2

The uniquely determined wide stationary solution ~ of the AR(1)-scheme
is called the autoregressive process of order 1 belonging to the scheme.
(e.g. H. Tigelaar [20] has shown that such a uniquely determined solution
exists).
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Definitie 3

The process {xt} is called a moving average process ( MA) when we can write:

(3.2.1.2) xt - E Kk u~-k , t- 0, t 1, t 2,... (summable in quadratic
k--~ mean)

where {ut} is white noise.
The MA-process is called one-sided when Kk - 0, k ~ 0, and otherwise
two-sided.
A one sided moving average process is called of finite order q when

~ck-0 , k~ qt 1, ~cq~0.

It is denoted as MA(q) process.

Definitie ~t.

A mixed autoregressive-moving average scheme of order (l, q) is a
stochastic linear difference equation of the form

1 q
(3.2.1.3) E~k xt-k - E Kj ut-j , t- 0, f 1, t 2,...

k-0 j-0

where {ut} is white noise and ~r(z): - E~rk zk ~ 0 on Izl ~ 1. F~rther
k-0

~r1, Kq ~ 0. It will be denoted as ARMA(l, q)-sch~me.

Definition 5

The uniquely determined wide stationary solution xt of the ARMA(l, q)-
scheme is called the ARMA(l, q)-process belonging to that scheme.

We shall now present a theorem which is important in studying wide statio-

1

nary processes.
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Theorem 2

Let's define the following linear stochastic difference equation

1 q
(3.2.1.4) kE0 ~k Xt-k -~0 Kj ~-j ~~r0 - KO - 1, t- 0, t 1, f 2,...,

J-

where l, q- 0, 1,...,m,
and the generating functions ~r(z) and K(z) are defined as follows

1 k q
~(z): - E~rk z, K(Z): - E Kj z~ for all

k-0 j-0

complex z.
When the 1 roots of ~r(z) - 0 lie outside the unit circle, then equation

(3.2.1.4) has for a given wide stationary process {vt} (needs not to be

a white noise process) exactly one wide stationary solution. This solution

is given by

(3.2.1.5) Xt - E ~j vt-Jj-0
, (summable in quadratic mean)

where the weights ~j can be determined from

~(z): K(z) -~E V~j z~~ ~z~ ~ 1.
- ~ z) j-0

The representation where vt is expressed in terms of x,~'s can be done in

an analogous way.
For a proof of the existence and the form of the solution.(3.2.1.5)

e.g. van der Genugten [9] and for the uniqueness of the wide stationary

solution see H. Tigelaar [ 20] .
Formally the representation in (3.2.1.5) can also be derived with the

help of lag-operators. Write B zt - xt-1, B2 xt - B(B xt) - x,t-2, etc.,

so that E~k xt-k -~(B) xt when ~(B) - ï~ ~k Bk. Then (3.2.1.4) can be
k-0 k-0

written as

see

Tf(B) Xt - K(B) Vt
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and formally dividing gives

xt -~(B~ Vt - V~(B)Vt - E V~j ~-j-
j-0

However, these manipulations only have a formal value. Box and Jenkins

use this way of reasoning, which can give course to troubles: (a) it

is thén not clear in which way the series ~onverge and under what condi-

tions, (b) they do not prove that there exists a unique wide stationary

solution of the difference equation or not.

The following example demonstrates the use of theorem 2.

Fxample

Let's take an ARMA(1,1)-scheme of the following form

(3.2.1.6) xt -~r1 xt-1 - ut - K1 ut-1

where {ut} is white
the unit circle, so
The coefficients ~j

noise, and the root of 1-~r1 z- 0 must lie outside

I~1I ~ 1.
(in (3.2.1.5) can be determined from the relation

E ~,j zJ ( 1-~r1 z) - 1- K1 z, so that

j-0

2
1~10 - 1, ljll - Tf1 - K1, ~2 - Tf1(~1-K1), ~3 - 7T1(Tf1-K1),...,

i~. - ~i-1 (.~1-K1), J ? 1.
J

So the ARMA(1,1)-process belonging to the above scheme is

(3.2.1.7) xt - ut f E ,~i-1 ( ~1-K1)~- .Jj-1

Box and Jenkins call the above type of representations the random shock

form.
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In the representation of ut in xt's, ut - E Sj ~-j, the coefficients
j-0

can be determined as follows.
When the root of 1- K1 z- 0 lies outside the unit circle, then

IKII ~ 1. The coefficents Sj can be determined from the relation

E Sj zJ(1 - K1 z) -(1 - nl z), so that
j -0

SG - 1, S1 - K1-7f1, S2 - K1(K1-7i1), S3 - K1(K1-7f1),

..., Sj - K~-1 (K1-.~1)~ J ? 1.

So

dj

~
(3.2.1.Ó) ut - Xt t E Ki-1(K1-Tfl)Xt-j.

j-1

Box and Jenkins call the above type of representation the inverted form.

The importance of theorem 2 will be shown now.

If for the ARMA(l,q)-scheme

1 9.
(3.2.1.9) kE0 ~k Xt-k -~0 Kj ut-j' ~0 - KO - 1, t- 0, f 1, t 2,...,

J-
1

the roots of ~r(z): - E~rk zk - 0 lie outside the unit circle, then the
k-0

ARMA(l,q)-process {xt} can be written as

(3.2.1.10) xt - E ~Vj ut-j.
j-0

As {ut} is a white noise process, the variance of the ARMA(l,q)-process

xt can easily be calculated:

~
(3.2.1.11) Var(xt) - au E ~~.

j'-0

Further {xt} is Gaussianif and only if {ut} is.

The importance of the so-called inverted form will become clear in the
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estimation and forecasting stage.
We shall now study the properties of the so-called autoregressive

integrated moving average processes. There is a large class of non-

stationary stochastic processes, which can also be reasonable described

by difference equations. Box and Jenkins found these difference equations

useful in studying and controlling the behavior of certain economic and

chemical processes. As the here after following type of non-stationary

models is not always handled correctly by Box and Jenkins, we will

present the results more th~roughly here. First, an autoregressive

integrated moving scheme (here after an ARIMA-scheme) is defined as

follows:

Definition 6

An autoregressive integrated moving average scheme of order (l,d.sq)

(ARIMA(l,d,q)) is a stochastic difference equation of the form:

1 d q
(3.2.1.12) E ak ( E d. ~- k) - E bs ut-s' t- 0, f 1, f 2,...,

k-0 j-0 ~ ~- s-0

where

(a) {ut} is a stochastic process of non-degenerate, identically and
independently distributed real-valued stochastic variables, with

mean zero and finite variance au;
1 k

(b) A(z): - E ak z has no zeros inside or on the unit circle;
k-0d

(c) p(z): - E dj z~ has all its zeros on the unit circle;
j-0

(d) al, Sd, bq are not zero.

Definition 7

When in the ARIMA(l,d,q)-scheme (3.2.1.12):

(a) E 8j x~-j: - y~. is wide stationary~
j-0
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(t,) {x-d}1,..,x0} is a set of starting conditions:

xt - xt with probability 1, t--dt1,...,0;

then the unique solution of the difference equation ( 3.2.1.12) is

called the ARIMA(l,d,q)-process belonging to that scheme.

Remark

In their analysis of non-stationary processes, Box and Jenkins use the following

difference equations

1 d0 q
(3.2.1.13) kE0 ak(0 ~t-k) - EO bs ut-s'J-

for representing non-seasonal non-atationarity in {xt}, and

1 d0 D q(3.2.1.14) kE0 ak(0 Os Xt-k) - s~0 bs ut-s '

for representing a combination of seasonal and non-seasonal non-stationarity

ir~ {xt}, where the difference operations are defined as before.

So it is easily seen that the equations (3.2.1.13) and (3.2.1.14) are

special cases of equation (3.2.1.12).

We shall now present a theorem about the solution of an ARIMA(l,d,q)-

scheme.

Theorem 3

q ~
Defining B(z): - E b zs, ~(z): - B(z) - E~. z~, (zl ~ 1, then the

s-0 s A(z) - J-0 J
ARIMA(l,d,q)-process can be written as

t-1 ~ ~ t
(3.2.1.15) xt - ut t E Sk E~j ut-j-k - ut } 1~0 St,l ut-1 'k-0 j-0

~ t - 1,2,3,...,
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where ut is in general the sum of a polynomial in t and a finite linear

combination of powers of t and sinusoids.

The coefficient St 1 can be determined as follows:

(a) when 1 ~ t-1, St~l is the 1-th Taylor coefficient of p(Z) in a
neighborhood of z - 0;

(b) when 1~ t, St 1 is the 1-the Taylor coefficient of
t-1 '

{ E Sk zk}, ~,(z), I zl ~ 1, and where Rk can be found by taking the
k-0

k-th coefficient in the power series deti-elopment of p~ in a neighbor-
hood of z - 0.

A proof of theorem 3 can be found in appendix B.

Hemark 1

To prove theorem 3 it is not necessary that the ut's are identically

and independently distributed, only wide stationarity and ~(ut) - 0

is required. We shall however need it to prove theorem ~.

Remark 2

When d- 0 and {ut} is white noise then (3.2.1.12) is an ARMA(l,q)-

scheme. In this case p(z) - 1, and there are no starting conditions, so

that (3.2.1.15) is in this case

~
Xt - 1~~ Sl ut-1'

where Ri is the 1-th Taylor coefficient of~~(~), Izl z 1. In this case Si

does not any longer depend on t.

From (3.2.1.15) it follows that



-20-

(3.2.1.16
~ ( Xt ) - ut

) ~
Var(xt) - ou E (Rt 1)2.

1-0 '

Formula (3.2.1.16) proves to be of importance in the forecasting section

in calculating the variance of the forecast error.

Following a procedure given by Stigum [18] we shall study the

asymptotic behaviour of the `AF~IMA(l,d,q) process. We shall show that a

certain form of the ARIMA(l,d,q) process is asymptotically normally

distributed. The procedure outlined here considers a more general

definition of an ARIMA-scheme than Stigum does. Stigum considers the

case that the roots of p(z) - 0 are all 1, we consider the case that the

roots of p(z) - 0 all lie on the unit circle.

Theorem 4

When in the ARIMA-scheme in equation (3.2.1.13) d0 ~ 1(denoted as case

(i) or in the ARIMA-scheme in equation (3.2.1.11~) d0 t D~ 1 and s~ 2

(denoted as case (ii)), then for large k, Sk in equation (3.2.1.15)

satisfies the approximate relation 3)

(3.2.1.17) Rk `~ f k(M-1)

where

M -

3) This is an approximation in the sense that

d0 in case (i)

0D t d in case (ii)

~
k~kM1 -f.
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and f is a constant, which is

i

(3.2.1.18)

1 in case (i)(d0-1):

~ (1~2)D(s-1)
s-1 D

II sin(Sl) (dOtD-1):
-1

in case (ii) .

For large t, ~t in equation (3.2.1.15) satisfies the approximate relation

(3.2.1.19) ut t"(M-1) p a .

Define wt: - E~j ut-j in equation (3.2.1.15), which is a strictly
j-0

stationary process, then

lim P{t-(q~f1~2) xt ~ g} - lim P{f t-(q~t1~2) t~1 kq~ ~~ g}
t-~ t-~ k-1

where q~ - M-1.
It can then be shown that

(3.2.1.20) lim P{t-(q~f1~2)xt ~ g} - 1 N Ig~ e-u2~262 du
t-~ ~ c1 ~

f2 ~ E ~j~~ au
where o2 - j-0

(2 q~ t 1)

For a proof of theorem ~ we refer to appendix B. We shall give two examples
to clarify theorem 4.

Example 1

When we take the following special form of equation (3.2.1.13)
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1
(3.2.1.21) E ak(0 x,t-k) - ut

k-0
a0 - 1,

1
then the condition that A(z): - E ak zk - 1 f a1 z- 0, has its root

k-0
outside the unit circle, means that lall ~ 1. Then the ARIMA(1,1,0)-

process can be written as

t-1
xt - u.t f E

~k ~ ~j ut-k-j ,
k-0 j -0

where

~t - x0, ~k - 1, 0 ~ k ~ t-1, and i~j - a1, J- 0,1,...

So

t-1
xt - x0 f E E a1 ut-k-j' and

k-0 j-0
x

about the asymptotic distribution of t~2 the followingcan be said:

x

t~ P{t ~2 c

~ 2
where Q2 -. ~ E a~ I

j-0

2 ~2
g} - 1 fg~ e-u ~2o du,

yC~ 6

2
2 6uQu - `1-ai)2.

Example 2

For the ARIMA(0,1,0)-scheme

(3.2.1.22) oxt - ut,

the ARIMA(0,1,0)-process is

t-1
xt - x0 t E ut-k ~ t- 1,2,...,

k-0
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which is a special case of a random walk process ~).
In our case ut has expectation zero, which need not be the case in a
random walk process.
Using theorem 4 gives the following result:
the asymptotic distribution of -t is N(0, Qu) (this is the well-known

~
central limit theorem).

We shall now give an explanation why theorem 4 is important in

constructing prediction intervals for future values of the stochastic
process.
Assume that xt F~atisfies the ARIMA(l,d,q)-scheme

1 d q
(3.2.1.23) E ak( ~ d~ Xt- k) - E bs ut-s,k-0 j-0 ~ ~- s-0

m
then wt: - gEl ~g xt-g satisfies the ARIMA-scheme

1 d q m
(3.2.1.21~) E ak( E S. wt- k) - E E bs s ut-s- .k-0 j-0 ~ ~- s-0 g-1 g- g

q~f 1 ~2
From (3.2.1.24) it follows that theorem 4 also applies to Wt~t ,

and as the ~g are arbitrary, it follows that

t-(q~}1,2) {xt~ ,,,, xt-m} is asymptotically m-dimensionally normally
distributed. As we shall see later on (section forecasting) the "best"
forecast for xn}1 at time n is of the following form in an ARIMA-scheme

~) A random walk process {xt, t- 0,1,2,...} is defined as follows

t
~- 0; xt - E u~ , t- 1,2,3,...

i-1

where {ut} is a process of independently, identically distributed

variables (see. e.g. Feller (7 ]).
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(3.2.1.25) ~tl,n - ~ ~~ ~tl-j~j-1

where the I ~jl decrease exponentially to zero for j-~ ~.
Now

Define

~ ~
n-(q }1,2) { E ~. x } can be split as follows~ ~fl-jj-1

N
n-(q~t1~2) { O ~j -X-ntl-j t.

E ~j xn}1-j}.
j-1 ~-NOf1

(3.2.1.26) S~ - ~ ~n } WN ,n '0 0

where

(3.2.1.27)
~ ~

WN n - n- ~ ~' ~tl-' ' 1 ~ 1 .j-

n - 1,2,... ; N~ - 1,2,...,

N
~ 'n - n-(q~f1I2) O ~j

~tl-j ~ 1 ~ 1
0 j-1

(q t1~2)
0' N t1 ~ ~

We shall use the following theorem proved by Anderson [1] (theorem 7.7.1
in Anderson's book).

Theorem 5

Let

~ - ~V n } -W~i- n ~ n - 1,2,... ; N~ - 1,2,... .
0' 0'

Suppose that for every e~ 0 there is a m - m(~) (independent of n), such
that for N~ ~ m we have Var(~ n) ~ e. Further suppose

P( ZN n ~ z) - FN n( z)-~ FN l z ), as n -~ ~, ar}d 12m FN ( z) - F( z) at every
0' 0' 0 N~--~ 0
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continuity point of F(z).
Then

lim P(S ~ z) - F(z)~-n-~

at every continuity point.of F(z).
First we start by studying the variance of ~~.

0 n
The sequence {Z~~n,Z2~n,...} is summable in quadratic mean, which means

that lim~(Z -S )2 - 0(see section 3.2.5).N ~ -NC,n ~
So ~

Var ( Sn - Z~ n)-~ 0
0'

NC ~ ~.

Using the Cauchy-Schwarz inequality we have

~ ~
Var(~ ~n) ~

n-2q -1 E ~~ Var(~tl-j )
f

0 j -N~f 1

2 E E ~
j~k~iV~tl j k~

Var(~tl-~)Var(xn-1-k)

n

From theorem 4 it follows that lim Var( ~ )- Q2, or lim Var(~) - o2n2q~`f1,
n~ nq t 1 ~2 n-~

~
and more generally we also have lim Var(xn) - 62 Inl2q t1.

InI~
So for a large index we may use to a certain approximation the above formula
for the variance of xn, and for the sum of the variances of xi,l with small
index we may use a constant, because we have a f~nite number of them.,
So from the above it follows that

~
2 1ntl-j~2q t1

Var(~ ~n) ~ a~ E ~. ~ f 2 a2 E E ~. ~~
0 j-N~t1 ~ n2q t1 j~k~N~t1 ~ k

q~ q~~ntl-,j~2 }~~ntl-k~2 t1

n4q~t2

~
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As

I(nt1-j)2q~f11 - I(1 }~)2q~t11 ~ max {1~Ijl2q~t1}~ as
n n

1 is a positive number, we get

~
Var(W ) ~ a E ~~ IJI2q t1 t

~T~,n - 1
j-NOf1

IJI2q~t1lkl2q~f1t 2 a2 ~ ~ ~ ' ~kj~k~N~f1 J

and so

(3.2.1.28) Nl~ Var(~O~n) -Y 0, uniformly in n.
0

We already know that Z has a normal distribution when n-~ W,'and that

in our case F(z) in~t1heorem 5 is F(z) - jz~ 1 P-1~2 t2~6N~ dt,
Np NO ~ 6N

0

z 1 -1~2 t2~Q1
where QN - Var(lim ~ 1). In showing that FN (z) ~ I~ e dt,

0 rr~ 0' 0 ~ Q 1

for N~~, we have to prove that lim o2 -Y a2.
p N0~ N~ 1

From (3.2.1.28) it follows that for every e~ 0 there exists a N1 (independent
of n) such that for N~ ~ N1~Var(~O~n) ~ e. Now for N~ large enough we get

Var(S~,1) - Var(~O~n) t Var(~O~n) f 2 Cov(~O~n, WN~,n)

~ Var(~ ~n) t e f 2 e Var(~ ~n .
0 0

As Var(~ ~n) is b~unded for fixed N~, it follows that
0

Var(S,n) ~ Var(ZN ~n) f d1.
0

~
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We also have

Var(Sn) ? Var(~ ~n) - 2~e Var Z~ ~n
0 0

~ Var(~ ~n) - d2
0

So, lim Var(Sn)-Q~ exists and is equal to lim lim Var(~ ~n).
n-~ N0~ n-~„ 0

x fl,n
Under fairly general conditions. we have shown that ~ is asymptotically

nq~t1~2

normally distributed.
For thesame reason as above the normalized forecast error,

n-(q~}1,2) {~tl- ~tl,n} is also asymptotically normally distributed.

A~ approximate (1-a)q prediction interval for xrlfl is now:

(3.2.1.29) x ~`-nfl,n } d1~2a o '

where d1~2a is chosen so that

fd1~2a ~-1~2t2 dt - 1-a
-d1~2a ~ ~

and

(3.2.1.30) 6~ - Var(x - x ) - ~~(x - x )2 -~tl ~tl,n -rifl -nfl,n

1-1
C 2 )- Q(X2 2 t 2
C(~tl G~tl,n) - 6u. ~ ( Sntl, j)j-0

(see equation (3.2.5.5).

As the distributions of many financial data are not Gaussian (see e.g.
Fama [6] and our own data in the next chapters), theorem ~ can be of help in

constructing prediction intervals when using ARIMA-schemes for those data.
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Remark

When in the ARMA(p,q)-process in equation (3.2.1.10) the {ut} process
consists of independently and identically distributed variables with mean
zero and finite variance ou, then using lemma 1 in appendix B leads to
the following result.

where

lim P{ E~ ~ a} - 1 N faM e-u2,2o2 du,
T-~ t -1 ~ ' ~ Q

~
a2 - I ~ ~Vj I2 ou.

j-0

However, this result of the asymptotic distribution of a certain form of the

ARMA(p,q)-process, is difficult to use to saysomething about the distribu-

tion of the best forecast.
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3.2.2. The identification stage

As we have seen in section 3.1 in the identification stage
tentative values are chosen for the parameters 1, q in the ARD:A(l,q)-scheme
and for l, d and q in theARIMA(l,d,q)-scheme.5). The two main tools
in the identification procedure are the autocorrelation and the partial
autocorrelation function. The following can now be said about the behaviour
of the autocorrelation function of the wide stationary solution of an
~~(l,q)-scheme. The wide stationary solution has an absolutely continuous
spectrum, or equivalently Ys' -~(Xt Xtts) is the s-th Fourier coefficient
of an integrable function (e.g. Feller [7]). Using a theorem of Riemann-
Lebesgue [22], which states that the Fourier coefficients of an integrable
function f tend to zero as ~:~I -~ ~, it follows that the product moments
ys tend to zero. So, for an ARMA(l,q)-scheme with a wide stationary solution,
the autocorrelation function tends to zero. In section 3.1 we saw that
when the estimated autocorrelation function fails to damp out, it is an
indication for non-stationarity and then one or more difference operations
of the base series may lead to stationarity of the transformed series.
So the behaviour of the autocorrelation function determines the number of
differences which is performed. When the number of differences (d and~or D)
is determined in the above way, then an indication of the orders of the
autoregressive and moving average schemes can be found by using the remarks
under (a), (b) and (c) in section 3.1. Three examples will be given to
illustrate the special behaviour of the autocorrelation and partial auto-

5) The concept of identification in this section should not be confused
with the concept of identifiability, which is defined as follows.
Suppose we observe the stochastic process {xt} during t- 1,2,...,n, so we
have at our disposal x1,...,xn. Let the distribution of this vector
be denoted as P~n) and ~(n). -{PÓn) 0 E 6}. The function ~y(0) is said
to be identifiable with respect to the class n(n), when
~(01) ~~(02) --~ PC ~ PC . Conditions under which ~(0) in an

1 2
ARMA(l,q)-scheme is identifiable are given in Tigelaar [21].
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correlation function.

Example 1

For the AR(1)-scheme

xt - ~ 1 Xt-1 - ut ~

with the root of 1-~r1 z- 0 lying outside the unit circle (I~1I ~ 1),
the AR(1)-process is

Jxt - E ~r 1 u~-j.
j-0

So ,`f, ( xt )- 0,y t E T and

g(xt2Jt}k) - ~rk , k - 0,1,2,...,
`~(Xt)

which damp out exponentially for large k.
Using formula (3.1.7) the partial correlations are

p1 1

Ip P I P2-p1
a11 - p1 -~1 , a22 - 2 21 - 2- 0, etc.

1-p 1 1-p 1

so the partial correlations have a cutoff after lag 1.

Example 2

For the MA(1)-process

xt - ut t K 1 ut-1 ,

we have

~( xt )- 0 , y t E T and
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~(Xt Xttk~
when k - 0

pk -~( X2 ~ 1}K2 when k- 1
t 1

when k ~ 2.

Using formula (3.1.7) the partial autocorrelations are

~rk~
a~ - T--r , where

~'k~

K
1 ~2 ~ ... ~

1tK1
' . .

K12 1 K12 ~ 0
r - 1fK1 . - 1tK1 .

k ~ ~ K1

(kxk~ O ' ' ~ 1fK2
. 1

r~ -k

(kxk)

' . K '
0 ........ 0 12 111fK1

1 K12 0 ............. 0 K12
1fK1 . 1tK1

K1 . ~ .
1 ` . ~

1fK1 ' . . . : .

0 .

~ . ~

y ' ' KÍ

' - 1tK2. ' K1 . 1
. . 0 2 1 0

1tK1
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The determinants of the matrices I'k and I'k are:

Irkl
ÍÍ {. K

Irkl - Irk-1~ - ( K12)2 Irk-2I.~fK,~

This last expression is a linear homogeneous difference equation with

characteristic equation

K
x2-xt ( ~2)2-0.

ÍtK~

The roots are
2K1

xl - ~fKl ' 2 - ~fK,~

and

e

so the general solution of the determinant of I'k is
2

K
Irkl - a~ ( ~2)k t a2 ( 12)k

1fK.~ ~fK,~

with starting conditions:

I I'~ I- 1 and I I'2I - 1-( K~2)2.
1tK1

Determining a~ and a2 gives
' 2 2

I r I- ~ ( ~)k K~ ( K~ )k.f
k j-iC~ ÍtK~ K2-Í ~-FK~

So the final result is

K.~ ( ~-K,~ )

akk - 1-K2kt2
1
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As IK1I ~ 1, the following holds: 1-K~ ~ 0, 1-Kikt2 ~ 0, and further we
2 2kt2 2kf2 2 k

have K1 ~ K1 , so that {1-K1 }~ 1- K1. Thus, akk ~ K1, and the

partial autocorrelation function is dominated by a da.mped exponential.

Example 3

For the ARMA(1,1)-scheme

Xt } ~1 Xt-1 - -~t } K1 ut-1

we have seen that the ARMA(1,1)-process looks as follows

xt - ut t(~1-K1) E ~~-1 ut- 'Jj-1

So

~(Xt Xttl) ( 1-7T1K1)(~1'K1)

pl - ~(x~) - 1-EK1 - 21T1K1

and

pk - -~r1 pk-1 , k ~ 2.

The partial autocorrelations can not be easily calculated, as the determinants

of the matrices in (3.1.17) are difficult to determine. However, it can

be shown that the behaviour of the partial autocorrelation function of an

ARMA(l,q)-process can be approximated by the autoregressive w~ights obtained

by representing the ARMA(l,q)-scheme in autoregressive or inverted form.

This can be done as follows. Assume that in the ARMA(l,q)-scheme in
q

(3.2.1.3) the zeros of K(z): - E Kj .z~ are outside the unit circle, then
j-0

the inverted form representation is as follows

ut - E d~ xt-j.
j-0
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From this follows the following form for the autocorrelation fl.inction

~ x
pk - -d1 pk-1 - d2 pk-2 } ... ,

which can be approximated by

i: ~ t ... -d~`pk --al pk-1 - d2 pk-2 N pk-N

as the d~ weights are damping to zero.
J

We know that for the N-th order ( N sufficient large) autoregressive process
as approximation for an ARMA(l,q)-process the following holds for the partial
autocorrelation coefficient

~aNN - -dN.

As these autoregressive weights damp out, so does the partial autocorrelation
function.

It is natural to ask whether the sample autocorrelations reproduce the

patterns of their theoretical counterparts. The answer to this question involves

the sampling distribution of the autocorrelations..We refer to

theorem 1 of this chapter for distributional properties of the estimated
autocorrelations.

About the distributional properties of the sample partial auto-
correlations the following can be said.
Box and Jenkins state that the estimated partial autocorrelations are
asymptotically normally distributed, but they do not prove it and give no

leference where it can be found. This can however be shown as follows.

Let w1, w2,..., be a sequence of stochastic vectors in i~k, where
wn: -(r~n),...,~n)) and rkn) is formula (3.1.8), then using theorem 1

in section 3.1 of Anderson and Walker fn{(rjn),...,r~n)~)' -( p1,...,pk)'}
is asymptotically distributed as N(O,E).
The partial autocorrelation coefficient a~ - f(p1'" ''pk) -'
Irk}1I sum of products of pí'" ''pk
~I'~ - sum of products of p1,,,,~pk is a rational function of
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p1,...,pk, which is continuous differentiable when II'kl ~ G, ~ P1' "''pk~~
Then (see e.,g. theorem 6.3.23 in v.d. Genugten [8] ) a~ is asymptotically

normally distributed. ,
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3.2.3. The estimation stage

The general problem of fitting the parameters ak (k - 1,...,1) and
bs (s - 1,...,q) in the ARIMA(1, d, q)-scheme

1 d q
(3.2.3.1) E ak ( E d. xt- k) - E bs ut-s , a~ - 1, b~ - 1,

k-0 j-0 ~ ~- s-0

is equivalent to fitting to the wide stationary y.t's the ARMA(l,q)-scheme

1 q
(3.2.3.2) kEO ak yt-k - s~~ bs ut-s '

d
where ~t - E d~ ~-j.

j-0

An estimation procedure using directly the observations {~1,...,~n} is
as follows.
Let's assume that the joint distribution of any finite set of the ~t is
normal, with expectation zero. Then the logarithm of the likelihood of the

data Y~1: - {~1,...,y~}~can be written

(3.2.3.3) 1(0;62IY )-- n log 2~r - 1~2 loglV (O,o2)I- 1~2 Y'{V (O,Q2)}-1 Yu n 2 n u n n u n

where

0 - {a1,...,al, b1,...,bq}

Vn(O,cu) - {vrs(~~QU)}~ (1 ~ r~ s ~ n)

vrs(O,QU) - ~(~s ~r).

Assume

Vn(O,ou) - 2 Vn(~,ou),
6
U

then
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(3.2.3.~) 1(O,cs2~Y )-- n log 2n a2 - 1~2 loglV'(O,Q2)I fu n 2 u n u
Y'{V'(O,a2)}-~ Y
n n u n

It would be natural to consider estimation of 0 and Qu by the method of
maximum likelihood, but this is awkward because of the term
- 1~2 loglVn(O,6u)I. For complicated moving average models, this involves
solving highly non-linear equations. However, Whittle (24] showed that
lim IV'(0,62)I - 1(at least if the generating function of the movingn un~ W
average representation of ~t, E~j z~, is analytic and never zero in

j-0
~zl ~ 1 f S, for certain small d~ 0)6), so that when n is fairly large it
should make little difference if the expression

~ Y'{V'(O,Q2)}-~ Y
(3.2.4.5) 1(O,QUIYn) -- 2 log 2~r Qu - n n 2 ;} n

26u

is maximised. The estimates which are obtained by minimizing
Yn{Vn(O,a2)'r-~ Yn for 0 are called the least squares estimates for this

u
procedure.
Whittle has proved (25l the following useful theorem about these least
squares estimators.

Theorem 6

Under suitable regularity conditions and the assumption that the ut's in

(3.2.3.2) are independently and identically distributed as N(O,Q~), the

~
6) This implies the following. Assume E~j z~ is analytic in Izl ~ 1 f d,

~ j -0
then E ( 1 t S~2 ) ~ iyj is convergent, which implies that I( 1t'd~2 )~~j I-~0.

j -0
So the ~j's damp exponentially to zero for j}~.
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least squares estimators of the parameters in a time series model, which
can be put in a unique one-sided moving average representation, are con-
sistent and have a limit distribution which is normal, and their asymptotic
variances and covariances are the same as those for the maximum likelihood
estimators of a Gaussian process.

Walker [23] has generalized the above result in theorem 6 in the following
way. Suppose the normality assumption for the ut's does not hold. In this
case Walker has rigorously proved that, for a stochastic process {~rt},

represented as y~ - JEO ~yj ut-j, ~0 - 1, where the ut's are independently

and identically distributed, with ~(ut) - 0, 0 ~~(ut) ~~, E~? ~~,
j-0 ~

and the ~j are functions of the parameters Oi and 6u, and some regularity
conditions hold, the least squares estimators of Oi and Qu have still the
property of consistency and asymptotic normality.
- It can be shown that for large samples the least squares estimates obtained

from the above procedure do not differ much form those obtained from the
procedure which shall be described now.

q
When the zeros of B(z): - E bs zs are outside the unit circle, the unique

s-0
wide stationary solution of (3.2.3.2) considered as an equation in ut is

(3.2.3.6) ut - E S~ y~ -j,
j-0

where theld~ can be determined from B(Z~ - EO d~ z~, Izl ~ 1 and
J

A(z): - E ak zk.
k-0

Using that the u1,...,un are normally independently distribut:ed variables,
they have the lik.elihood (conditional on ~t, t- n, n-1,...,-~)

(3.2.3.7) L(O,o2l n~2 2 -n~2 1 n 2 ~~u Yn) -(2~)- ( ou) exp{- 2 E u,~ (0 Yn)
2o t-1u

where 0: - {a1,...,al, b1,...,bq} and

~Yn: - {... y~, y1, ... , yn}.
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The log-likelihood is up to a positive constant

(3.2.3.8) 1(O,Q2~Y~) -- n log Q2 - 1 S(O~Y~).u n 2 u 202 n
u

n
using S(OIYn) - E ut(OIYn).

t-1

Minimizing S with respect to 0 gives the maximum likelihood estimators for 0
(also least squares estimators) assuming that there is an infinite observa-
tion horizon. One technique for calculating the maximum likelihood estimates
rests on model (3.2.3.2) written in the form

ut -- b1 ut-1 "' - bq ut-q }~t } a1 ~t-1 "' } al ~t-1 and consists of
minimizing S(OIYn) by a search over the parameter space, where
Yn: - {y1,...,yn}.
Given the parameters, ut is calculable with use of yt'" ''yt-1 and previously
compute3 ut-~'s.
However, some observations will be lost at the beginning of the recursive
process, which can be solved by a backward forecasting procedure. This
method is used for estimating the unknown starting values y0' y-1'" '
(see appendix C).
The calculation of ut (t - 1,...,n) (for given initial estimates) is there
as follows:

(3.2.3.9)

0 0 0
u 1 - y 1 f a 1 y~ f... t al Y-l~ 1

0 0 0 0u2 --b1 u1 f y2 f a1 y1 t... f al y-lt2

u3 --b 1 u2 - b2 u~ t y3 t a~ y2 t.... f ao y-lt3

etc.

An íterative procedure for calculating the least squares estimates will
be described now. This procedure we have also used for our applications.
rrom (3.2.3.6) we know that-
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(3.2.3.10) ut ~ g(O,Yt), where 0: - {a1,...,al, bl,...,bq}

and Yt: - {yl,...,yt}.
This last approximation becomes better when t is larger, as the weights

d~ in (3.2.3.6) damp exponentially to zero. When there is a moving average
J

scheme present (3.2.3.10) is non-linear in the parameters.
Expanding ut in (3.2.3.10) in a Taylor series about its value corresponding

to some guessed set of parameter values 00 -(0~,...,OD~q) -
0 0 0 0(al,...,aq, bl,...,bq), we have approximately

lfq
(3.3.11) ut ~ g(OO,Yt) - E(Oi-0~)r~t, t- 1,...,n

i-1

where

0
rit

ag(O,Yt)
- -[ a0i

I0-00] ~

In the above expression 00 is a vector of initial values for the parameters.

The adjustments Oi
n

E ut(OIYt) using
t-1
in (3.2.3.11) will

- 0o in (3.2.3.11) are obtained by minimizing

the approximate relation (3.2.3.11). Because the ut's

not be exactly linear in the parameters 0, a single

adjustment will not immediately produce least squares values. Ïr~stead,
1 r` 0 0

the adjusted values (0 -(Oi - Oi) t Oi, i- 1,...,ltq) are substituted

as new guesses and the process repeated until convergence occurs.

The derivatives rit may be obtained analytically or numerically. The

computer program we have used in our applications calculates them numerically

(see Box and Jenkins [4] for the way this can be done). The final iteration

also provides an approximate variance-covariance matrix for the parameters:

(3.2.3.12) E.. ~ ( R'R)-1 Q2,
0

n
with Q2 - E ut~(n-1-q) and R'R the matrix of sum of squares and cross

t-1
products of the {rit} at the final iteration.



3.2.4. Diagnostic checking

A number of diagnostic checks onthe adequacy of representation of the
estimated model can be applied. An examination of the statistical significance

of the estimates of additional parameters will indicate whether or not
they should be included in the model.
Box and Jenkins further propose a number of tests on the estimated

residuals from the fitted model.
Denote these as ut and their sample autocorrelations as rk(u). On the

assumption that the true residuals ut are white noise, ~(u) has mean zero and

standard error approximately n-1,2 (see Pierce [13]). -
However, Pierce has also shown that for ARMA(l,q)-schemes and for small k

the rk(u) can be highly correlated and their variances can be much lower

than n. For instance, for the AR(1)-scheme

Xt - ~1 Xt-1 } ut
2

Var(rk(u)) ~ n {1-~r1 (1-~r1)}, and so Var(r1(u)) ti n1 ,

though for moderate and large k

Var(rk(u)) Po n.

Rather than considering the ~(u) individually, an indication is often needed

of whether the first K autocorrelation of the ut's taken as a whole, indicate

inadequacy of the model. Suppose that we have the first K autocorrelations
rk(u) (k - 1,2,...,K) from an ARIMA(l,d,q) process; then it is possible to

show, see [ 13] , tliat, if the fitted model is appropriate

K
Q - n E rk(u)

k-1

is approximately distributed as X2(k-1-q), where n is the number of observed
d

yt's in the scheme (3.2.1.12) and ~t - E dj xt-j.
j -0

1 2(k-1) 2 ~
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3.2.5. Forecasting

Let {xt, t-...-1,0,1,...} be a stochastic process with discrete time
parameter. When the observation period belonging to that process is very
large, then this period can without objection be taken infinite in the
mathematical model, especially when the analysis of the model becomes more simple
as in our case.
The infinite observation period is taken as {...-1,0,1,...,n}. In the
mathematical model we assume that we have observed
(...,x-1, x0, xl,...,xn) of the stochastic sequence (... ~1, x-0, x1,...,xn).
So let {xt, t-...-1,0,1,...} be a stochastic process observed over
the period {... -1.0,1,...,n}, n - 1,2,....
Let X(n) be the set of all possible realisations of (...,x 1,x~,x1,...,~)
and Xt the set of all possible realisations of xt (t ~ n). A point predictor
xt n for xt (t ~ n) based on the period {...-1,O,1,...,n} is a function~
of X(n) to Xt.
Assume that the stochastic process {xt} has finite second moments, then the
mean square prediction error is defined as

~ {Xt n - Xt}2~

A point predictor xtln for xt is called at least as good as the point
predictor x~2n for xt when~

~ (xt~n - xt)2 ~ ~ (~2n - xt)2

and is called better when the smaller sign holds.

According to the above definition the best point predictor can be found

by choosing xt~n such that

~ (xt~n-xt)2 - ~(xt~n(...x 1,x0,xl,...,xn)-xt)2

is as small as possible.
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The best point predictor xt n in the class of all point predictors for
~

xt is with probability 1 uniquely determined and given by

(3.2.5.1) xt~n: -~(xt I...x 1,x~,x1,...,x~.1)

Moreover we have:

~ (x-t n) - C, (xt)
~

(3.2.5.2)~ ~ (xt~n - xt)2 - ~ (Xt) -~(~~n)

~
-2

(~~n Xt) -~(~~n)

(~ee e.g. v.d. Genugten [ 10] ) .

The results in (3.2.5.1) and (3.2.5.2) shall now be applied to an

ARIMA(l,d,q)-scheme, in first instance assuming that the parameters in the

scheme are known (an, ARMA(l,q)-scheme can be handled in an analogous

way and will therefore not be worked out). Later on we shall see what can be

said about the forecasts when the parameters are not known, but must

be estimated.
When in the ARIMA(l,d,q)-scheme

1 d q
(3.2.5.3) kE0 ak 0 xt-k - s~0 bs ut-s'

q
the generating function B(z): - E bs zs has all its zeros outside the

s-0
unit circle, then equation (3.2.5.3) can also be written as

(3.2.5.~t) ut - E ~i Xt-i'i-0

where the coefficients ~i can be determined from

~(z): - B~Z~ (1-z)d - E~i zl, Izl ~ 1, where A(z):
i-0

Wheri a0 - b0 - 1, then ~0 - 1 and we get

~ 1
- E ak

k-0
kz .

~



xt - ut - i~1 ~i Xt-i'

So, when the ut are m~utually~independent, the best point predictor for

xntl given (.. . x 1,x~,x1,...,xn) is

~(x I x x x x ) - ~,(u - E ~. x . I...x ,x x ,..,x )n}1 . . . ,~1 ,~,-1 , . . .
~~ ~}1 i-1 1 ~}1-i ~1 ~'-1 ~

- ~ ~i ~t1-i - Xnf1 ,n'
i-~1

The best point predictor for xn}2 given (... x 1,x~,x1,...,xt,1) is

~(xnf2l...x-1,x~,x1,...,xn) - -~1 Xnt1,n - i~2 ~i Xnf2-i -

Xnt2,n'

etc.
The variance of the forecast error can be determined as follows:

-{ 2 - Q 2 - ~ 2
C. (~tl,n - Xni-1) C.(-xmtl) (~tl,n).

For an ARIMA(l,d,q)-process we can use expression

~
xt - ut } l~~ St,l ut,-1

from whích we get

~

~ (Xntl) - untl } au .~0 (Sntl,J)2'
J

As

~~ ~
Xntl,n - untl,t E Rntl.j ~tl-j'

j -1

(3.2.1.15)

we get
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~
(Xntl,n) - untl t au ~ (sntl~j)2j-1

and so

2 1-1
(3.2.5.5) ~ (x - x )2 - Q E (S~ )2.-ntl,n ~tl u j-0 ntl~J '

In the above we have assumed that the parameters ~rk and Kj in the ARMA(l,q)-

scheme (3.2.1.9) and ak and bs in the ARIMA(l,d,q)-scheme (3.2.1.12) are

known, and so also the 8~ in (3.2.3.6) and the ~i in (3.2.5.~). However in

practice they are not known, but must be estimated. In the estimation

stage we saw that under general conditions the least squares estimators are

consistent. As the dj and ~i are continuous functions of the parameters ak and bs,

dj and Fsi are consistent estimators for dj and ~i.

So, for large samples we may proceed in deriving the best point forecast

as if dj and ~i are known and then replacing di by di and ~i by ~i.
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Appendix A: Introductory definitions in studying stochastic processes

A stochastic process {xt; T} on the set of events S2 is a set of stochastic
variables xt on Sl for all t E T. The set T is an index set, which is
(... -1,0,1,...) for discrete processes, and (-~,~) for continuous processes.
In this thesis only d.iscrete stochastic processes will be studied. The
following introductory definitions are important when studying stochastic
processes.

Definition 1

The stochastic process {xt; t E T} is called Gaussian when (xt ,...,xt )
1 n

is simultaneously norma.lly distributed for all finite n and
t1,...,tn E T.

Definition 2

The stochastic process {xt; t E T} is .called strictly stationary when

P{xt1 E A1,...,x,~n E An} - P{~1}T E A1,..., xtn}T E An}

for all finite n- 1,2,... and t1,...,tn, T E T.

Definition 3

The stochastic process {xt; t E T} with~(x~) ~~, dt E T is called wide

stationary when

~( xt xt )-~ (~ ~T xt }T ) for all t 1, t2 , T E T.
1 2 1 2

Definition 4

The stochastic process {xt; t E T} is called stationary of order n,
n - 1 ,2, . . . ,M, when ~(xt xt . . . x~ ) - ~(xt fT . . . x,t fT ) for all

1 2 n 1 n
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t1,...,tn, T E T, and stationary u to and including the order n when it

is stationary of order k for k- 1,...,n.

Definition 5

The stochastic process {xt; t E T} is called covariance-stationary when

it is stationary up to and including the second-order.

Definition 6

The autocorrelation function of a covariance stationary process is, when

Var(xt) ~ 0, defined as:

~ (~}S-u ) ( xt-u )
Ps' - Var(xt) ~ s - ...-1,0,1,...

where u: -~(xt), t E T.

Definition 7 ~

White noise is a stochastic process {ut, t E T} with

~(ut) - 0~ Cov(ut,uttk) { ~ whenk-0

0 whenk~0.

Definition 8

Normally distributed white noise is white noise which is Gaussian.

Definition 9

The sequence {x1,x2,...} with ~{xi} ~~, i- 1,2,..., is called summable
- - 2

in guadratic mean when there exists a stochastic variable S with f(S ) ~~,

such that
n

lim`~{ E x -S}2-0.
n-~ k-1 ~



-48-

The variable S is c~,lled the sum of the sequence {x~,x2,...} and is denoted

by

S - E
k-1 ~.
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Appendix B: Mathematical details corresponding to section 3.2.1.

Proof of theorem 3

Defining ~t - E Sj x~-j, then equation ( 3.2:1.13) can be written as
j-0

1 q
(B.1) kEO ak ~t-k - s~~ b s ut-s'

1
It is well known (see theorem 1 in chapter 3) that when A(z): - E ak z

k-0
has no zeros inside or on the unit circle, then equation (B.1) has only

one wide stationary solution

(B.2)

k

~t - E V~j ~-j~
j-0

where the coefficient ~. can be determined from the power series develop-

ment of ~y(z): - B(z) - E ~. zJ, (zl ~ 1.
A z) - ,7j-0

The following procedure is now applied:

~~0
~t - SD E V~j ~-j

j-0 ~

~t-1 - S1 ~ ~j ut-j-1j-0

l, St-1 yt - St-1 ~~ j u-jf1
j-0

By a suitable choice of R~,...,St-1 it is possible to sum the equations to

t-1 ~
(B.4) xt t cp~~t x~ t... f~Vd-1,t x-(d-1) - E Rk ~~j ut-j-k'k-0 j-0

From the above equation it follows that

d-1
Ut : - ~( xt ) - - E ~J ~t x-J ~j-0
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Equation(B.~) can now be written as follows

t-1
(B,5) xt - ut f E Sk ~~j ut-j-k'k-0 j -0

F~arther we have

or

t-1 d-1
k~~ Sk ~t-k - Xt } j~S ~j~t x-J

t-1 d d-1
(B.6) E Sk { E d. Xt- k} - xt t E cp. t x-j.

k-0 j-0 ~ ~- j-0 ~'

As p(z) - 0 was defined as the characteristic equation belonging to the
d

difference equation E dj xt-j - 0, the coefficients Sk (0 ~ k ~ t-1)
j -0

can be determined by the equality

(B.7)
t-1

( E Sk zk)P(z) - 1 f cp~~t zt t..
k-0

tt(d-1)
~ } ~d-l,t z .

Assuming that p(0) ~ 0, the equation (B.7) can be written a.s

t-1
E Sk zk - K(z) t P(z)~

k-0

where K(z) is the power series development of 1~p(z) in a neighborhood of

?- 0 and P(z) is a power series with leading term of power t.

So the Sk coefficient (0 ~ k ~ t-1) can be determined by the power series

development of 1~p(z) ~n a n~ighborhood of z- 0.

Equation (B.5) can be written as

t-1
(B.8) xt - u.t f E Rk E~l-k ut-1 -k-0 1-k

t-1 1 ~ t-1
ut } 1~0 (k~0 Sk ~l-k)ut-1 } l~t(k~0 Sk ~1-k)ut-1'
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Moreover we have

t-1 1 Sk , k ~ t-1
k~0 Sk ~l-k - k~~ Sk,t ~1-k where Sk~t -

0 , k~ t
~ t-1

Define Bt(z) - E Rk t zk,then Bt(z) - E sk zk.
k-0 ' k-0

Now equation (B.8) can be written as

~ ~
(B~9) Xt - ut } 1~0 St,l ut-1

where,
a) the Rt 1 coefficient for 1 ~ t-1 can be found by developing

~
power series in a neighborhood of z- 0;

b) the ~t 1 coefficient for 1~ t can be found by developing
t-1 '

{ E Sk zk}~,( z) for I z I ~ 1.
k-0

~i(z)
p(z)

in a

We shall now show that the function ut is the sum of a polynomial

in t and a finite linear combination of powers of t andsinusoids, and deter-

mine its form.
The following conàitions

(a) ut - xt t - -d t 1,...,0;

d
(b) E dj ut-j - 0, t- 1,2,...,;

j -0

(c) the roots of p(z) - 0 all lie on the unit circle;

imply that the general solution of the difference equation under (b) is:

d
ut - E c. f. ,

where the cj, j- 1,2,...,d are constants and the functions f. , j- 1,2,...,d~ ,t
can be of the following form:

1(i) t, 0 ~ 1 ~ m1 ~ d, when there exists the real root 1 with

multiplicity m1;
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1(ii) t cos t~r, 0 ~ 1 ~ m2 ~ d, when there exists the real root -1
with multiplicity m2;

1 1(iii) t cos t bj and t sin t bj, 0 ~ 1 ~ m3 ~ d, when there exists
a pair of complex roots: cos bj f i sin bj, with multiplicity
m3j.

The characteristic equation p(z) - 0 so has, when there are n different
pairs of complex roots, the following general form:

P(z) -(z-1)m1(zt1)m2 II{z-(cos bj f i sin bj)}m3j ~t
j-1

{z-(cos b~ - i sin bj)}m3J -
V

(z-1 )m1 (zfl )m2 II [ z2-(2 cos bj )z t 1] m3j - 0
j-1

n
and this is a polynomial in z of degree m1 t m2 t E m3j - d.

j-1
Summar.izing the above gives

m1 i-1 m1}m2 i-m1-1
E c. t t E c. t cos t~r t

~ - i-1 1 i-m1t1 1

(B.10) n g(J)
f E E ci tl-g(J-1)-1 cos(tbj t di)

j-1 i-g(j-1)f1
J

where m30 - 0 and g(J) - m1 f~2 t E m3k . (q.e.d).
k-0
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Proof of theorem ~ (section 3.2)

From equation (B.10) it follows that for large t, l.tt satisfies the approximate

relation

(B.11) ~ t-(M-1) ~ a ~

where M- max{m3j, j- 1,...,n; m2 ; m1},
We shall also try to determine an approximate relation for Bk in equation

(B.5) for large enough k.

As in known the Sk (0 ~ k ~ t-1) can be determined from the development

of 1~p(z) in a neighborhood of z- 0 where p(z) is a polynomial of degree

d(positive integer) which has all its zeros on the unit circle.

We shall consider two cases:

(i) P(z) - (1-z)d (d ~ 1)

The power series development of p(1) - ~ in a neighborhood ofz (1-z)d

z - 0 is

1 ~ (dfk-1)zk - ~ S zk
- (1-z)d - k-0 k k-0 k

1~2 nf1~2 -n
Using Stirling's approximation for n:, namely n: ~(2~r) n e,

we may approximate Sk for large k by

dfk-1 ( dfk-1 )
dfk-1 e-~ c~-1 )

k kk d-1):

which on its tiarn for large k may be approximated by

-(d-1)
(1 f dk1)k (dtk-1)d-1 ed-1): .

So for large k, ~k satisfies
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i~ d-1 i: 1
(B.12) Sk ~ c k (c -(d-1):) in the sense that

Gk ie
k~ kd-1 - c ~

(ii) p(z) -(1-z)d(1-zs)D , d f D? 1, s? 2

The power ser~.es development of d s D in a neighborhood of

z - 0 is (1-z) (1-z )

(B.13) 1 - 1 -

(1-z)d(1-zs)D s-1 2~ril

(z-1)d}D II (z - e s )D
1-1

~
1 1 ~(-P)(-Z)k, and so the coefficient b

k a -- l~P~k
(z-a)p - (-a)p k-0

written as:

s-1 D c dfD c'
P ~ 1 ~? -

l~ 1 p~ 1 2~rsl p} p~1( z-1 )P

~z-e ~

s-1 D ~ dfD ~
E E E b zk f E E b' zk -

1-1 p-1 k-~ 1'P'k p-1 k-0 P'k

~ s-1 D dtD
- E { E E b f E b' } zk -

k-0 1-1 p-1 1'P'k p-1 P,k

k
k

L .

k-0
- E s

To study the behaviour of Bk for large k we proceed as follows.
2~ril

Define a - e s, thén the power series development of 1 is:
( 1-n )p

cah be

-2~ril

bl~P~k
- cp~l(-1)p(e s )ptk (P}k-1).
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F~rther we have

D s-1 D s-1 ptk-1 l-E E b ~ E E ( )Ic 1 ~
p-1 1-1 l~P~k - p-1 1-1 k P~

D tk-1 s-1 s-1 D x p-1 D-1
~ (P k ) ~ ~ cP,l~ `- ~ ~ ~P~l ( ~ ~ (k ) - ~(k ) ~

p-1 1-1 1-1 p-1

In a similar way

dfD
E b'

P-1 p'k

- ~,ie ( kdtD-1 ) .

So in approximating Rk for large k we must consider the expression
dfD
E bP k, because it is of highest order(~~. Now the second part of

p-1 '
equation (B.13) can be written as

E dED bp~k zk - dED cP E(P}k-1)zk -
k-0 p-1 p-1 k-0

~ dtD
E { E cp(p}k-1)}zk.

k-0 p-1

So Sk is

~ ( c ( dtDfk-1 ) ) ~
dtD k

7)

and using the result in (i) we may say that Rk, for large k is approximately
equal to:

~7) The (q symbol will be defined as follows:

~ f(x) - (~~ (u(x) ) for x -~ ~ p lim f (x) - c ~ 0.
x~ux)
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cdtD dtD-1(B.14) Sk ~ (dtD-1): k .

The constant ~átD can be determined as follows.
We shall study the Taylor series development of in some

~z-1)dtDf(Z~
s-1 2~ril

neighborhood of the point z- 1, where f(z) - II(z - e s ) D (see equation
1-1

B.13).
Assuming that f(1) ~ O8), then f1z) can be written in the following form:

aQ t a1(z-1) t a2(z-1)2 t... ,

f(1)(1)where a. - .i i:
So

1 a0 t a1 t.
(z-1)dtDf(z) - (z-1)dtD (z-1)dtD-1

t adtDtl(z-1) t ... ,

where

i
dzi(f(z))z-1

i:

1

adtD-1
t z-1 t adtD t

We are interested in a0 - f~~ - cdtD' which when worked out gives:

s-1 2~ril

8) f(1) - II(1 - e s )D ~ 0, because it can only be zero when the
1-1

index 1 is 0 or s, which values are excluded.
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(B.15) cátD -
1

f(1)
1 s-1 1 D

s- i
II (1-e s )

1-1
1-e

-nil -~ril
s s-1 s

e )D- ( B e )D-
-~ril ~ril ~l
s se - e

1-1 2i sin(-)s

s-1 1
-~i(1 - 1,2) -~iD A (S - 1~2)

( s~I1 e s )D -( 1 ~2 )D( s-1 ) e
1-1 -

~al s-1 ( ~rl D1-1 2 sin(S ) ( ii sin -) )
1-1

D(s-1)
s-1 '

( II sin(Sl)D
1-1

(1 2)

s

Summarizing case (i) and (ii) gives for large k the following result

(B. 16) sk ~ f. k(M-1 )

where M - { in case (i)

Dfd in case (ii)

and f is a constant, which is

1 in cr~se ( i )
(d-1):

(1~2)D(s-1)
s-1 ~l D{ II sin(s )} (dfD-1):
1-1

in case (ii).

For large enough t equation (B.5) can now be approximated by

2nil - ~l~ 1 2~ril~ -
D s

t-1
(B.17) xt ~ a tM-1 t E

Rk Wt-k'k-0
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where Wt-k is defined as

wt-k:
- E V~j ~-j-k~

j-0

Multiplying equation (B.17) by the factor (t-(M-1~2)) we get

t-(M-1~2)x ~ a } t-(M-1~2) E-1 B w --t ~ k-0 k -~t-k

~} t-(M-1~2){NE1 Bk Wt-k } t~1 Sk wt-k}.k-0 k-N

For large t and N large enough and using (B.16) we get

(B.18) t-(M-1~2) xt ~ t-(M-1~2) t~1 f kM-1
w~t-k'k-N

because lim a- 0 and lim {t-(M-1~2) N~1 S w }- 0 with probability 1.
t-~ ~ t~ k-0 k -Jt-k

For large t we can now conclude that for all g E(-~,~)

(B.19) lim P{t-(M-1~2)xt ~ g} - lim P{t-(M-1~2) t~1 f kM-1 wt-k ~ g}.
t-~ t-~ k-1

Assume q~ - M-1, then equation (B.19) is

ie}1 t-1 t
(B.20) lim P{f t-(q ,2) E kq wt-k ~ g}~

t-~ k-1

and as the process {wt} is strictly stationary we also have

(B.21) lim P{t-(q~t1~2)xt ~ g} - lim P{f t-(9.~t1~2) t~1 kq~wk ~ g}.
t-~-~ t-~ k-1

We shall now use the following lemma of which a proof can be found in an

article of Stigum [ 19] . ,
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Lemma 1

Let {wt ; t- 1,2,...} be a real valued stochastic process which satisfies

wt - E as ut-s ~ t- 1,2,...,
s-0

where u-{ut ; t-... -1,0,1, ...}isa~stochastic process of non-degenerate,

real-valued, independently and identically distributed variables with mean

zero and finite vairance Qu, and as a sequence of real constants, which

satisfy the following condition:

s-0
E las~ ~ ~ 9) .

Let fw(a) denote the spectral density of wt, thus

-isa 2 2
fw(a): - I ~ as e I ou , a E [~r,~r).

s-0

Let further

T ~
sT: - E tq wt , T- 1,2,...,

t-1

~ ):where q is a non-negative integer, then for all g E(-~,~

2 Q2

lim P{T-(c1~f1~2) ~ ~ g} - 1 fg~e-u ~2 du,

~ ~ o

where

~2 , . m-(2q }1 ) ~ -q ,.q -f ~.. 1 - w~ T z i: f (0)

T~ t,s ~ ~ (2q~t1 )

9) This condition assures that

~

T
lim ~ {wt - E as ut-s}2 - 0.
T-~ s-0
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As in our case the polynomial A(z) has all its zeros outside the

unit circle, we know that for ~(z): - Á(Z~ - E~j z~, the coefficients ~j
~ j -0

satisf~: E~j convergent. Applying lemma 1 we get
j-0

(B.22) lim P{t-(q~t1~2) Xt ~ g} - 1 N fg~ e-u2,2c2 du,
t~ ~ a

where

~: t ~ ie f2 f (0)
(B.23) a2 - lim t-(2q }~) f2 E rq sq ~,(wr ws) - ~w ~q.e.d).

t~ r,s (2q f1 )
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Two special cases for ~t 3.n. ( B.10) considered more clasely ( section 3.2)

The expression for u.t in (B.10) can be split as follows U.t - pt } rt
where

m1

(i) pt - E ci t
i-1

i-1

is a polynomial in t of degree m1, and

m1}m2 i-m - 1 n g(j)
(ii) st - E ci t 1 cos t~ t E E citl-g(J-1)-1 ~

i-m1t1 j-1 i-g(j-1)f1

cos(t bj t di),

is a finite linear combination of powers of t and periodic functions.

We shall consider two cases, namely st - 0 and st ~ 0. When st - 0, then

m2 - 0 and m3j - 0, j- 1,2a...,n and so m1 - d. In that case
p(z) -(1-z)d and the difference equation (3.2.1.13) looks as follows

(B.24)
1 d q

k-0 ak(0 Jt-k) - s~0 bs ut-s'

which is called an ARIM.A(l,d,q) model by Box and Jenkins. Further we know

that in this case

(B.25) od ut - 0,

such that

d
(B.26) ~ - pt - E ci-ltl-1'i-1

where the coefficients c. can be determined as followsi
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(B.27)

When the polynomial p(z) - O,has real and complex roots on the unit circle,

then st ~ 0.
A polynomial equation which has both real and complex roots which all lie

on the unit circle, is:

P(z) - (1-z)d(1-zs)D - 0.

When s in even, this polynomial has the following roots:

z1 - ...... - zd - 1

zdtl - ......- zdtD - 1

(B.28) zdfDtl - ...... - zdf2D - -1

zd}2D}1 - ...... - zd}3D - a1

zdf(s-2)Dt1 - " " " - zdf(s-1)D - as-2

i b.
where aj - e ~- cos bj f i sin bj.
In this case

s-2
d}D j-1 D J J-1 D 1-1 2(B.29) ut - E c. t t E b.(-1) t t E t E
j-1 ~ j-1 ~ 1-1 j-1

(p. cos b. t t
J ~

qj sin bj t) ,

When s is uneven the roots of (1-zs) - 0 are 1, a1, .. ., as-1 which are
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equo.l to 1, a,a2,...,as'1, where a- cos 2~ f i sin 2-~ , and according to
k 2~r ks} i sin 2~skde Moivre's theorem we have a- cos s s ( see e.g. Spiegel

[17l).
When s is even the roots of (1-zs) - 0 are 1, - 1, a1,..., as-2.
So Ut can when s is even also be written as

s-2
2

(B.30) ut - dED cj t'~-1 f D bj(-1)~ t~-1 t D t1-1 E aj cos 2~ .s
j-1 j-1 1-1 j-1

When s is uneven ut is equal to
s-1

(B.31) u.~ - dED c. t J-1 t D t1-1 E a. cos 2~.
Jj-1 ~ 1-1 j-1
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Appendix C: A backwar3 forecasting procedure for finding starting values in

an ARI~IA(l,q)-scheme

Assume that the ~t's satisfy the ARMA(l,q)-scheme

1 q
(C.1) kEO ak ~t-k - s~C bs ut-s ~

so that

(C.2) ut --b1 ut-1 ... -bq ut-q f yt-q t y.t t a1 ~t-1 f .. f al Yt-l~

Let b0,...,bq and a~,..., a~ be initial estimates of b1,...,bq and

a1,,. ,al.
Obviously if the calciilations were to start with u1, values for

y0' y-1'" ''y-lt1' u0'" ''u1-q are required. The problem of the choice of

starting values will be discussed now.

Assume that in equation (C.1) for certain t~,ut - et , ut -s - et ts'
0 0 0 0

where the et have the properties of the ut under definition 6, then ~t

also satisfies

(C.3)
1 q

k~C ak ~t-k - s~C bs etfs

q
When the zeros of B(z): - E bs zs are outside the unit circle then

s-0

(C.4) et - E ~~ ~ttj
j -0

where the d~ coefficient can be determined from
J

A(Z) - ~ -
1

E 8~ z~, Izl ~ 1 and A(z): - E ak zk.
B z) - J k-0j-0

From (C.4) we have

~
~

~t - e t - E d j~,ttj
j-1
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Setting t- 0 we have

(C.5) y~ - gC - E d~ ~j
j-1

As in ( C.5) e~ is ;ndependent of ~t,...,yj,l, the best forecast for y-0
using the information ~~,...,~n, can be obtained by taking the conditional
expectation

n
~

-~(y-0~~~,...,~n) - - E dj ~j
j-1

Setting t -- 1, etc. we can in an analogous way obtain the forecasts for
~~,...,~-1}~.
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