
  

 

 

Tilburg University

The efficiency of rotating-panel designs in an analysis-of-variance model

Nijman, T.E.; Verbeek, M.J.C.M.; van Soest, A.H.O.

Publication date:
1991

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Nijman, T. E., Verbeek, M. J. C. M., & van Soest, A. H. O. (1991). The efficiency of rotating-panel designs in an
analysis-of-variance model. (Reprint series / CentER for Economic Research; Vol. 57). Unknown Publisher.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 24. May. 2023

https://research.tilburguniversity.edu/en/publications/3ed26750-8e6a-4695-aac5-92366de56420


- -'~- ~1~~ ~r1~~1 ~~~ f"~f~~~~~
,,,, ~~`~~h IiIIINIIIIII~In III INIinnl lnn lNl'Ipl!III
57

The Efficiency of
Rotating-Panel Designs in an
Analysis-of-Variance Model

by
Theo Nijman,

Marno Verbeek and
Arthur van Soest

Reprinted from Journal of Econometrics,
Vol. 49, No. 3, 1991

Reprint Series
no. 57



CENTER FOR EC,oNOMIC RESEARCH

Research Staff

Helmut Bester
Eric van Damme
Frederick van der Ploeg

Board
Helmut Bester
Eric van Damme, director
Arie Kapteyn
Frederick van der Ploeg

Scientific Council

Eduard Bomhoff
Willem Buiter
Jacques Drèze
Theo van de Klundert
Simon Kuipers
Jean-Jacques Laffont
Merton Miller
Stephen Nickell
Pieter Ruys
Jacques Sijben

Residential Fellows

Svend Albaek
Pramila Krishnan
Jan Magnus
Eduardo Siandra
Dale Stahl lI
Hideo Suehiro

Doctoral Students

Roel Beetsma
Hans Bloemen
Frank de Jong
Pieter Kop Jansen

Erasmus University Rotterdam
Yale University
Université Catholique de Louvain
Tilburg University
Groningen University
Université des Sciences Sociales de Toulouse
University of Chicago
University of Oxford
Tilburg University
Tilburg University

European University Institute
European University Institute
Tilburg University
UCLA
University of Texas at Austin
Kobe University

Address: Warandelaan 2, P.O. Box 90153. 5000 LE Tilburg, The Netherlands
Phone : ~31 13 663050
Telex : 52426 kub nl
Telefax: .3] 13 663066
E-mail : "center~htikub5.bitnet"

ISSN 0924-7874

1991



The Efficiency of
Rotating-Panel Designs in an
Analysis-of-Variance Model

by
Theo Nijman,

Marno Verbeek and
Arthur van Soest

Reprinted from Journal of Econometrics,
Vol. 49, No. 3, 1991

Reprint Series
no. 57



Journal of Econometrics 49 (1991) 373-399. North-Holland

The ef~iciency of rotating-panel designs in
an analysis-of-variance model

Theo Nijman, Marno Verbeek, and Arthur van Soest~`
Tiburg University, St)00 LE Ti[burg, The Netherlands

Received July 1989, final version received June 1990

In this paper we consider the relative efficiency of rotating-panel designs in analysis-of-variance

models. Throughout we assume that the parameter of interest is a linear combination of period

means in the analysis-of-variance model. Results from spectral lheory are used to obtain

manageable expressions for the variance of the BLUE of this parameter. Relative efficiencies of

the BLUE for rotatíng panels with difïerent rotation periods are presented, e.g., [or the period

means themselves, of difierences, or of averages of ineans. Moreover we present bounds on the

relative etficiency which are valid irrespective of the parameter of interest. The analysis shaws

that the gains from choosing an optimal rotation design can be quite substantial, even if the cost

of a reinterview equals the cost of a first observation. In many cases either the smallest or the

highest possible rotation period is optimal. The analysis is illustrated with an empirical example

concerning monthly consumer expenditures on food and clothing.

1. Introduction

The collection of micro-economic data, e.g., in consumer surveys, is charac-
terized by its high cost. It is therefore very important to obtain as much

information as possible from a given budget by using optimal sample designs.

Consider, for example, the choice which a data-collecting agency will have to

make in order to monitor average expenditures on some consumption cate-

gory either to interview the same individuals in several periods or to inter-

view different individuals in different periods. lt is well known in the
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literature that the optimal design of the sample will in general depend on the
parameter of interest [see, e.g., Raj (1968, p. 152 ff.) or Cochran (1977, p. 345
fí.)]. For example, if one is primarily interested in the total consumption over
a number of periods, it is less likely that reinterviews are attractive than if
one is primarily interested in period-to-period changes in consumption.

In an earlier paper [Nijman and Verbeek (1990)] we determined the
optimal split panel design, i.e., the optimal design if one is allowed to spend
part of a given budget on the collection of a series of cross-sections while
another part of the budget is spent on a pure panel where all individuals are
observed every period. For longer panels it is not attractive however to
observe the same individuals in all periods. It has been well documented in
the literature that if the number of times respondents have been exposed to a
survey gets large, the data may be affected [see, e.g., Binder and Hidiroglou
(1988)] and even behavioural changes may be induced. This phenomenon is
known as panel-conditioning. Moreover, it is evident that (selective) nonre-
sponse problems will increase if units are interviewed for a larger number of
periods. In order to avoid these problems rotating panels, i.e., panels where
part of the sample is replaced in each period and every individual is included
in the panel for a limited number of periods only, are often used in practice.
Little attention however seems to have been paid to the relative efficiency of
alternative rotation designs and to the optimal choice of the design of
rotating panels. In the early literature, Patterson (1950) and Eckler (1955)
paid attention to the estimation of a time-dependent mean from several
kinds of rotating samples and to the resulting variances. Rao and Graham
(1964) analysed the variance of both the current mean and the change in
means in a finite-population context, using a special class of recursive
estimators. An excellent survey of the literature in this field is given by
Binder and Hidiroglou (1988).

In this paper we derive the design of rotating panels which minimizes the
variance of the best linear unbiased estimator (BLUE) of linear combinations
~~-o~j~t,,-j of the period means F,., in the analysis-of-variance model,

Y;,-hc,ta;fe;~, (1)

where the a; and e;, are unobserved i.i.d. random variables with mean zero
and variances a2 and v; , respectively, which are mutually independent.
Important special cases are of course the determination of the optimal design
if the parameter of interest is the period mean ~.c, itself, if the parameter of
interest is the change in two subsequent period means ~, -~,,- ~, or if the
parameter of interest is the average or sum over m subsequent period means
~k-óu,-k. Throughout this paper we assume for simplicity that the parame-
ters ~á and v~Z are known a priori. If these parameters are unknown and
replaced by consistent estimates, the same results hold true asymptotically
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(assuming that the number of individuals in the sample tends to infinity). The
constant correlation over time between different observations on the same

individual implied by (1) is considered for analytical convenience only. The
analysis can easily be extended to more general correlation patteri~s. More-

over, if no unit is observed for more than two periods, (1) is not restrictive.
We assume that the sample period over which observations on y;, are

available runs from t- r- T to t- T f S, where r is the last period of

interest. In sections 2 through 5 we restrict ourselves to the estimation of

period means not too close to the beginning or end of the sample period, i.e.,

we will present results for the limiting case when T and S tend to infinity. In

section 6 we drop the assumption that an infinite number of future observa-
tions is available at the time of estimation, but the assumption that T is large

is maintained. As a special case we consider the case in which no future

observations are available, i.e., S- 0.
A rotating panel with rotation length r is defined in this paper by the

property that in every period 100r-'olo of the participants is replaced and
the assumption that always those units are replaced which participated the

largest number of periods. If, e.g., r- 2, SOolo of the participants in the first

wave of the rotating sample will be replaced in the second wave, the other

half is replaced in the third wave. New participants in the second wave will

be replaced in the fourth wave, etc. Of course a rotating sample with rotation
period equal to one is simply a series of cross-sections. We determine the

relative efïiciency of efficient estimators of linear combinations of the period

means p,, in (1) from a rotating sample with rotation length r and n,
observations in every wave on the one hand and another rotating panel with

rotation length s and nJ observations in every wave on the other hand.

The plan of the paper is as follows. In section 2 we will show how results
from spectral analysis can be used to obtain manageable expressions for the
variance of efficient estimators of linear combinations of the u, in (1). In

section 3 these results are used to discuss the relative efficiencies of designs
for given parameters of interest. Defining p- QQ (tr~Z t oQ )-', we show, e.g.,

that if the parameter of interest is the period mean ~c, itself, the relative
efl7ciency of a series of cross-sections (r - 1) compared to a rotating panel

with rotation period r- 2 is given by V(~.;}~V{~,;} - n2ni '(1 - pz)-'iZ. In
section 4 bounds on the relative efficiency of rotating panels are derived

which hold true irrespective of the parameter of interest. There we show,

e.g., that the relatíve ef~iciency of efficient estimators of any linear combina-
tion of the period means based on a series of cross-sections and a panel with

rotation period r- 2, respectively, will always lie in the interval (nZni '(1 f
p)-', n2n~ '(1 -p)-'). In section 5 we consider the choice of the optimal
rotation period assuming a simple cost structure. In section 6 the simplifying

assumption that the number of periods after the period of interest is large is
dropped, and it is shown there that this assumption does not strongly
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influence most of the results. Finally, section 7 presents an empirical illustra-
tion and concludes.

2. Theoretical results on the variances of the parameter estimators

In this section we discuss the main steps in the derivation of manageable
expressions for the variance of efficient estimators of (finite) linear combina-
tions of the period means p., in (1) from a rotating panel with rotation period
r. Details are presented in the appendix.

As stated in the previous section the parameter of interest is assumed to be

~~-o~i~r-i~ We define ~i - 0 if j~ J or j G 0, and we define vectors
p - (~~.,-r, . . . , ~~.Tts)~ and i; - (~r~ ~r-i~ . . . , 1--s)' such that ~'p. -

~ Usin the fact that the data in a rotatin anel with rotation~i-o~i~T-i' g 8 p
period r ean be divided into r independent subsamples in such a way that
each subsample is a time series of independent small panels, we first show in
the appendix that the variance of the BLUE of ~'p, can be written as

V{~~W } - oEZ~~`~~rnr. (2)

where Ê,.' is the BLUE of E,, from a rotating panel with rotation period r and
Yr is defined by Yr - A-', where A is a band matrix with elements Atk
(k, l-- T, - T f 1, ..., S- 1, S) satisfying Atk - a ~~-k~ if r- T G l, k G
S - r, and

ai-1-
1-t r-1( )P

r-j p
-- if OGjGr,

r lf(r-1)p
-0 if jzr.

(3)

The main problem then is to find expressions for the elements of A-'.
Several approaches to this problem are possible. We suggest to use an
analogy with a similar problem that has been analysed in the literature on
time-series analysis. There the inversion is considered of a matrix .~MA
defined by ~MA - Ex,xf, with x, generated by some moving-average
process, x, - ~9(L)e, where e~ ~ IID(0, 0~2) and ~9(L) - 1 t ~9~L f--. f
~9,-~L'-' is a polynomial in the lag operator L. It is well known that the
inverse of iMA can be approximated by the matrix EAR defined by i;;R -
Ez~z,, where z, is the autoregressive process obtained by inverting the lag
polynomial in the moving-average process underlying iMA, that is z, -
~9-'(L)e,. More precisely, Shaman (1975) shows that ~MA and ( iAR)-' are
identical except for the (r - I) x(r - I) submatrices in the upper left and
lower right corners.

if j - 0,
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Now choose aez and ~9k (k - 1, ... , r- 1) in such a way that Ex,xs - a i~-Ji,
which is possible because the aj ( j- 0, ..., r- 1) satisfy the conditions given
by Wold (1953, pp. 152-154). lf .EMA and ~AR are chosen in this way the
matrix A which is to be inverted differs from .EMA only by (r - 1) X (r - 1)
submatrices in the upper left and lower right corners. Using this fact and the
result obtained by Shaman ( 1975) we show in the appendix that, if ~j - 0 for
~ ~ ~ l, then

lim ~'A -'~ - lim ~'EAR~ (4)
S,T~m S,T-~m

Thus eq. (4) shows how the variance of a linear combination of period means
not too close to the beginning or end of the observation period can be
approximated.

The simplest way to obtain the elements of the matrix ~AR (and to obtain
the results to be presented in section 4) appears to be to use results from
spectral analysis. The spectral density associated with the series of covari-
ances a; is defined by

1 '-~
Ï.(a)-- ~ aiiie-'"~, -~r~a~~r.

2Tr i, -.t i
(5)

In the appendix we show that if the ai are given by (3), the spectral density
f,(,1) can be written as

f,(~) -

A direct consequence of standard results in spectral analysis [see, e.g.,
Fishman (1969), Priestley (1981), or Harvey (1981)] is the fact that the
variance of ~~.o~jzt-j, where zt - ~9-'(L)et as before, can be written as

~
ul ~ ~iZ~-i1; -0

1 p 1 - cos(.1r)
1-ptpr--

t(r-1)p{ r 1-cos.l

4~2 JInB(~)f;'(~) d~,

where f;'(~) denotes l~f,(a) and

~
8(~) - ~ Wui

i - -!

(7)

l8)

1.Econ -- D
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with

k - 0,...,J. (9)wk - L SjSjtk ~
j-o

As V{~~-o~jz,-j} can also be written as ~'~"R~ we finally obtain the main
result of this section from ( 4) and (7):

z
lim V(~~1~'} - ~` 2 r~ 8(~)f.'(~)d~~ (10)

s.rym 4n,~r J-n

provided ~j - 0 if IjI~ J for some finite J. For the sake of notation the lim
operation will be deleted in the following sections.

3. The relative ef6ciency of designs for specific parameters of interest

Eq. (10) in the previous section shows how the variance of an efficient
estimator will depend on the linear combination of the period means to be
estimated, on the choice of the rotation period, and on the number of
observations in each wave. In this section we will analyse what this result
implies for the relative efficiency of rotating panels if one is interested ín
some particular linear combination of the period means in (1). In the next
section we will use ( 10) to derive conditions on the retative efficiency of
panels which hold true irrespective of the parameter of interest.

An important feature of (10) is that the weights in the linear combination,
~j (j- 0, ... , J), determine the numerator within the integral while the
choice of r affects the denominator only. In fig. 1 we have plotted the
reciprocal of the denominator, f; '(a), for rotation periods r- 1, 2, 3, 4, 8, 12
assuming that p- 0.5. Similarly the numerator in (10), g(A), is presented in
fig. 2 for six important special cases: estimation of the period means them-
selves (J - 0; ~o - 1), of differences in means between two successive pcriods
(J ~ 1; ~o - 1, ~~ -- 1), and of a k-period sum or average (J - k- 1; ~j - 1,
j- 0,..., k - 1) for k - 2,3,6,12. Note that both f,(,1) and g(a) are symmet-
ric in ,1 and are therefore plotted for nonnegative values of ,l only.

It is obvious from these figures and well known in the literature [see, e.g.,
Cochran (1978, p. 348 ff.)j that the choice of the rotation period which
minimizes the variance of the efficient estimator will in general depend on
the linear combination of the means to be estimated. If the number of
observations per wave does not vary with the choice of the rotation period
(n, - n for all r), a series of cross-sections (r - 1) will be optimal if a
twelve-period average is to be estimated because it is mainly the behaviour of
f; '(,1) for small values of A(`low frequency') which is important. If a
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1

I
I

2 ~ ~ - -- -----..--.--.` ~~ --
- ------- -------------' '-~' ' , ' . I ,T1 , T-, . ' , .~;---r1 ~- ,- -------- ---------- -

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
LAMBDA~PI

R- 1 ------ 2 ---- 3 --- 4 ---- 8 -- 12

Fig. 1. The inverse of the denominator for several rotation periods with p~ 0.5.

12
11
lU
9

Ó 8
á 7
~ 6u~
~ S~z 4

3 -- 1 `-- ~--,
2 ----------- r------ -- -----~,-- -~ ------ ------------ --- ~----.~-------------------~, ---------~-, -------o ~ ------- ---------1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
LAMBDA~PI

INTEREST -FIRST DIFFERENCE
- AVERAGE 6 PER.
------AVERAGE 2 PER.

--AVERAGE 12 PER.
---- AVERAGE 3 PER.
---ILEVEL

Fig. 2. Values of numerator for several linear combinations of interest.
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difference in means is to be estimated, a large value of r is optimal because
the `high frequency' components dominate the variance.

Using (10) it is possible for any given ~ to compute the variance of the
efficient estimator of ~'!e given r and p. The integral in (10) can bc computed
with the Residue Thcorem (see appendix), which yields that

~

1 r-1 Z~-2 wo}2 ~ wkZk
V{~'u.'} - Re n vEZ ~ h, zk~~ (11)

, j~~ ( ,)

where Re(z) denotes the real part of z and the z~ are the r- 1 zeroes within
the unit circle of the polynomial h(z)-z'-'E;-~,t~ai~iz-', and h'(z)-
dh(z)~dz. The wk are defined in (9). Note that the z~ are the r - 1 roots of
the lag polynomial of the moving-average process introduced in section 2 and
that in ( 11) it is assumed for simplicity tha[ h(z) - 0 has no multiple roots.

In order to compute the variances using (11) one has to determine the
zeroes of a polynomial of degree 2r - 2. Although analytical results for r- 3
and r - 4 can be obtained, they are not very revealing. Therefore we present
analytical results for r- 1 and r- 2 only. For r- 1, the variance of ~'~i is
seen to equal

1
V{~'~~} - -a2wo,n~

where az - vó f v~Z, and for r - 2(11) reduces to

(12)

k~ pi
V{~'~2} - laZ 1-pz wof 2 ~ H,kr

1- 1- ~ (13)

nz k-~ l p

Using (12) and (13) it is straightforward to check by substituting ~o - 1 and
J- 0 that the relative efficiency of the BLUE of the period means ~c, based
on a series of cross-sections and on a rotating panel with rotation period
r~ 2 is given by

V{~,;~ nZ 1
i (14)

V~~T} - n i 1- p
.
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RHO
1.0 -----------

0.9 ~~~,~' ' , , - ------

i ~'' " ----------
0.8 ~ ~ --- """"""" "two period ! '"
0 ~ sum ~

,';r ~ 21r z Il~ first
0.6 ~ levél~ difígrénce

~' ~-Zlrmlr~2
0.5 rL2 allt, I I :ral all rsl

I I ':
0.4 ~ Í ~'

1 ~
0.3 ~ ~ ~'

~
0.2 ~~. Í ~ ;,II;
O.l ~'.~Il

,~
O.U

0 1 2 3 4

RELATIVE SAMPLE SIZE nl~n2

Fig. 3. Comparison of a series of cross-sections (r z 1) and a rotating panel with r- 2.

.~~
5
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Similarly the relative efficiency of the BLUEs of ~~,, - pT- t is

V{l~i-t2,-t} nz 1 p

-rlt 1-pz p-lt 1-pz ~
(15)

'I z 1I z
V{I"T - f"T- t

while one obtains

t t
V{1-~,}IïT-t n z 1 p (16)
V {I"T T IlT- t } -nt 1-pz ptl- 1-pz'

if p,T t p,- t is the parameter of interest. The result in (14) implies that a
series of cross-sections yields more efficient estimates of the period means
than a rotating sample with rotation period r- 2 if n t~nz ~( 1 - pz)- t~z. If
this condition does not hold, the rotating sample is preferable. Similar
conditions for the cases where pT - ~z.,-t or ~e, t p,,-t are the parameters of
interest are implied by (15) and (16). A graphical illustration of these
conditions is given in fig. 3 where it is indicated for which values of the
relative sample size r- 1 or r- 2 is preferable. The lines marked `all' will be
dealt with in the next section. Bounds on n,~nz for other linear combina-
tions of interest can be obtained directly from (12) and (13). It can easily be
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~ ~-
I ~

~ level first '
jr- 3j r ~ l di(Terence ''

two period r z 3-r ; 1~

I I ~'
I I '~

~i ~ ~-
i ~~ .-------~

~1',~If

1 2 3
RELATIVE SAMPLE SIZE nl~n3

Fig. 4. Comparison of a series of cross-sections ( r ~ 1) and a rotating panel with r a 3.

verified, e.g., that the condition nt~nZ ~ (1 -p2)-t~2 from (14) is sufficient
for optimality of a series of cross-sections over r- 2 if one is interested in
weighted averages of the period means with nonnegative weights only as in
that case wk Z 0(k - 0, ...,1).

Efficiency comparisons similar to ( 14), (15), and (16) for other combina-
tions of rotation periods can easily be obtained numerically using eq. (11).
These efficiency results imply bounds on the relative sample sizes for the one
or the other rotation period to yietd more e(ficient estimates than the other.
In fig. 4 such bounds are presented for the case where the choice is restricted
to r- 1 or r - 3. Evidently, r- 1 is not an attractive choice if the individual
ef~ect is dominant unless the number of observations in the cross-sections is
much larger than in the rotating panels.

4. The relative efficiency of designs irrespective of the parameter of interest

A problem with the fact that the relative efficiency of panels with different
rotation periods generally depends on the aim for which the rotating panel is
to be used is that one usually wants to use one panel for the estimation of
both levels, differences and averages. In this section we derive bounds on this
relative efficiency which hold true irrespective of the linear combination of
the means to be estimated.
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Eviclently, frc,m (I11), a pancl with rutaticrn perioci r will yield a more
efTicient estimator of t;'~ than an~~ther panel with rotation period s irrespec-
tive of the chuice cif f if

n; ~f, ~(.l) cn.'l,'(A), -~rC,1 s~rr.

If Ihc value rl„ is defined by

~„- max I,(a)I:'(a).
a~-1 n.rl

(IR)

cqs. ( II)) and (17) imply that the relative e(Tciency of panels with rotation
pericxl r ancl .c respectively will he in the interval ( n,n; ~n„c,n,n; ~~„)
irrespective of the paramcter of interest. In particular this implies that the
pancl with rotation period r will yield more e(Ticient estimators of any lin-
ear rnmhination of the period means in (1) than a panel with rotation period
s if the numhers of ohservations per wave satisfy n,,n, ~~,,.

Let u~ fir~t of all consider the choice hetween a series of cross-sections and
a rolaling panel with rotation period equa) to two. Using

I
l~(,1)- 2~(I -l,)

ancl
I

IZ(,~) - 2~(I t l,) '(t -~cosa).

( 19)

(20)

it is straightGrrward m verify fhat rl~Z -(I - p)-~ and ~21 - I f p. T-hus, for
any finilc lincar comhination of intcrest f'~, it hulds true thal

(1 }P) 'nz C V(~'~') ~(I-p) rn2
rti V(~~N,Z) nr

(21)

Expression (21) implies that if ni ~( I- p)- ~nZ, a series of cross-sections is
preferable to a rotating pancl with rotalion period 2 without ambiguity, while
the urposite is true if n~ C( I f p)- rnZ. lf neither of these conditions is
satisfiecl, the choice of the optimal design depends on the parameters of
interest in the way descrihed in the previous section.

Using (~i) it can he shown that ~ i, -( I- p) - r (s - 2, 1, ...) and that
,1„ -( I f( r - I)p)~(1 f(.c - I)p) if r~ s, so that (2 U can he generalized to

rt V ~ n
~I F(r-I)p) r . ~-i~l1) `(1-n) i ,.

rti V{~'N.') rti
(22)
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7'able 1

I.ow er bounds ~„ on the quotient of the number of observations per wave n,~n, for panel with
rotation period r to be unambiguously pre(erable.

p s:l s-2 se3 s~4 s-8 s~12

r- 1 0.3 - 1.43 1.43 1.43 1.43 1.43
0.6 - 2.50 2.50 2.50 2.50 2.S()
0.9 - 10.00 ] 0.00 ]0.00 ]0.00 10.00

r- 2 0.3 1.30 - 1.22 1.38 1.67 1.76
0.6 1.60 - 1.50 1.92 2.95 3.40
0.9 1.90 - 1.99 3.06 7.16 ]0.29

r~ 3 0.3 1.60 1.23 - 1.18 1.67 1.92
0.6 2.20 1.38 - 1.35 2.61 3.48
0.9 2.80 1.47 - 1.60 4.54 7.67

r- 4 0.3 I.90 1.46 1.19 - 1.55 1.92
0.6 2.80 1.75 1.27 - 2.14 3.IS
0.9 3.70 1.95 1.32 - 3.04 5.55

r~ 8 0.3 3.10 2.38 1.94 1.63 - 1.42
0.6 5.20 3.25 2.36 1.86 - I.G9
0.9 7.30 3.84 2.80 1.97 - 1.99

r a 12 0.3 4.30 3.31 2.69 2.26 1.39 -
0.6 7.60 4.75 3.45 2.71 1.46 -
0.9 I0.90 5.74 3.89 2.95 1.49 -

In more general cases it does not appear to be possible to obtain simple
analytical expressions for r~,j, but it is of course straightforward to maximize
(18) numerically. Numerical results for three difTerent values of p are
presented in table 1. If, for example, p - 0.3, r a 3 will be unambiguously
preferable to r- 2 if n3~nZ ~ 1.23, while r - 2 will be unambiguously prefer-
able to r - 3 if n2~n3 ~ 1.22, i.e., if n3~n2 c 0.82. It is evident from these
results that it is relatively simple to choose the optimal rotation period if p is
small, i.e., if individual effects are relatively not very important in the analysis
of variance model ( 1). Of course the choice of the rotation period is also less
important if p is small since in that case the obtainable efficiency gain will
only be marginal.

In fig. 3, where we restrict ourselves to the choice between r- 1 and r- 2,
we have drawn the bounds ~12 and rI21' on the relative sample size n~~nZ.
These bounds (marked `all') determine regions in which r- 1 and r- 2
respectively are unambiguously preferable to the other. Analogously, bounds
for the choice between r- 1 and r~ 3 are drawn in fig. 4. Of course the
bounds derived in section 3 for some specific linear combinations of interest
will always lie in the region where the choice depends on the parameter of
interest.
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5. The optimal choice of the rotation period given a budget constraint

In sections 3 and 4 we have shown how the results of section 2 can be used
to obtain the relative efficiency of the estimators from two (given) designs
and thereby to determine which of these two designs yields a more efficient
estimator. In this section we will consider the more general problem of the
optimal choice of the rotation period given an assumed cost structure.
Assume that a sample still has to be drawn and that one is free to choose the
rotation period r as long as it is not larger than some prescribed maximum:
r S rm"X Such a maximum will usually have to be imposed, e.g., to avoid
problems concerning panel conditioning and selective nonresponse referred
to in the introduction. Let p~ denote the cost of observing an individual for
the first time and pz of observing it for a second time. Assume for simplicity
that observing it for a third, fourth, etc. time is equally expensive as the
second observation. If there is a budget B for each period, the number of
observations per wave in case of rotation period r equals

rB rB'
n, -

Pi f (r- 1)PZ 1 f (r- 1)a'
(23)

where B' -B~p~ and a-p2~p~, the relative cost of a repeated observation.
Based on experiences from the Panel Study of Income Dynamics, Duncan,
Juster, and Morgan (1987) suggest that a is smaller than unity. In particular,
they state that the field costs of a cross-section are 3001o to 7001o higher than
for additional waves of the panel, implying values for a between 0.6 and 0.8.

If rm~` - 2, the choice is again restricted to either r- 1 or r- 2 and the
bound in (16), for example, can easily be rewritten to show that spending the
budget on a series of cross-sections will yield more precise estimates of
averages over two periods than a rotating panel with rotation period equal to
two if

2 p
a~

1-p2 ptl- 1-pz

Note that (14) and (IS) imply that the rotating panel will always be preferable
if levels or period-to-period changes are to be estimated as long as a c 1
which is likely to be the case.

More general results on the optimal choice of the rotation period can be
obtaincd using (11). The choice of the rotation period if r`"ax - 8 is visualized
in figs. 5, 6, 7, and 8 for the case of averages over 2, 3, 6, and 12 periods,
respectively. Note that no figures are included for the estimation of a
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Fig. 5. The optimal rotation period for estimating a two-period average mean.
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Fig. 6. The optimal rotation period for estimating a three-period average mean.
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Fig. 7. The optimal rotation period for estimating a six-period average mean.
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Fig. 8. The optimal rotation period for estimating a twelve-period average mean.



388 T. Nijman et aL, The efficiency ojrororing-panel designs

Table 2
Relative efficiency for a panel with rotation period r eompared with a series of cross-sections.

Levels First difierence Two-period sum
p a~0.5 a-1 a-0.5 asl a~0.5 a-1

r~ 2 0.3 0.71 0.95 0.61 0.81 0.83 1.10
0.6 0.60 0.80 0.40 0.53 0.80 1.07
0.9 0.33 0.44 0.12 0.16 0.53 0.71

r m 3 0.3 0.62 0.93 0.50 0.76 0.74 1.11
0.6 0.49 0.74 0.31 0.46 0.68 1.02
0.9 0.24 0.37 0.08 0.12 0.41 0.61

r s 4 0.3 0.57 0.92 0.46 0.73 0.68 1.10
0.6 0.44 0.71 0.27 0.43 0.61 0.98
0.9 0.21 0.33 0.07 0.11 0.34 0.55

r- 8 0.3 0.49 0.88 0.40 0.71 0.59 1.05
0.6 0.36 0.64 0.23 0.41 0.49 0.86
0.9 0.15 0.27 0.06 0.10 0.24 0.43

r- 12 0.3 0.46 0.86 0.38 0.70 0.55 1.01
0.6 0.33 0.60 0.22 0.40 0.43 0.80
0.9 0.13 0.24 0.05 0.10 0.20 0.38

single period mean or a dif~erence in means as our numerical results sugges[
that in these cases the largest rotation period will always be optimal.
However, one should not be tempted to think that a true panel ( r -~) would
yield even more efl'icient estimates if the preferred choice for the rotation
period is rm'x. In case of equal sample sizes, for example, a true panel will
yield estimators of the period means which are as efficient as the ones
derived from a series of cross-sections [see, e.g., Cochran (1977, p. 345 ff.)]. In
general, figs. 5 to 8 clearly show that intermediary rotation periods (r -
2, ..., 7) are optimal in very small parts of the (p, a) space only. Usually it
will either be the maximal ( r - 8) or the minimal (r - 1) rotation period
which is optimal.

It is not only relevant to know how the optimal rotation period can be
determined, but also to know how much efficiency will be lost if a suboptimal
choice is made. In table 2 we present the relative efficiencies compared with
a series of cross-sections (r - 1) for several rotation periods, some specific
parameters of interest, and values of a and p. As an illustration consider the
case where p - 0.6 and a - 1 (equal cost). Then it follows from table 2 that
the variance of the estimator of a particular ~~,~ in case r - 4 is equal to 71010
of the variance for r- 1 (a series of cross-sections) and only 43qo if one is
estimating a first difference. It is clear that the gains in effiiciency can be quite
substantial if an optimal sample design is chosen. Even in case of equal cost
(a - 1) gains of more than SOolo are not uncommon. Using (23) and the
results for a- 1, one can easily compute relative efficiency bounds for any a
by multiplying the numbers in the table by (1 f (r - 1)a}~r.
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Fig. 9. Regions with restrictions on the optimal rotation period r.

Similar to the approach chosen in section 3, one can check whether it is
possible to determine the rotation period which minimizes the variance of
the BLUE irrespective of the parameter of interest, assuming that the cost
structure (23) holds and imposing r 5 r`"ax Using (23), each bound ~7,s can be
rewritten as a bound on the relative cost of resampling, a. Pairwise compar-
isons are used to determine regions of the parameter space where one or
more rotation period(s) can never be optimal, whatever the parameter of
interest. These regions are presented in fig. 9 where we assumed rm~` - 8.
Note that in most regions there is no unique optimal rotation period since
this will depend on the parameter of interest. However, optimality of some
rotation periods can be excluded for some values of p and a. If, e.g.,
p c(1 - a)~(1 f a), a series of cross-sections will not be optimal for any
choice of the parameter of interest. More general results can be inferred
from fig. 9. If, e.g., a C 0.5, a series of cross-sections cannot be optimal for
any parameter of interest if p c 0.33, while r- 2 and r - 3 will always be
suboptimal if p ~ 0.17 and p c 0.09, respectively.

6. The optimal design for specific parameters of interest if one is estimating
in recent periods

A drawback of the results of the previous sections is that they are only
valid if one is estimating period means not too close to thc end of the sample
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period. In those sections we restricted attention to the limiting case where
the number of future periods on which data are available, S, tends to infinity.
In this section we consider the case of a fixed S, still assuming for conve-
nience that the number of past periods in the sample, T, is infinitely large.
The results in this section suggest that, unless p is close to unity and S very
small, the earlier results are hardly affected.

The main reason for considering the limiting case where S tends to infinity
in the previous sections is that in this case a simple expression for the inverse
of the matrix A, which arises in the variance-covariance matrix of the
efficient estimator, is available. In this section we show how to obtain an
expression for the inverse of this matrix if S is fixed. Denote the moving-aver-
age process which generates the autocovariances Ex,x, - ai~-,i by x~ -
~9(.-,)e, with e, ~ IID(0, oc2) as before. Define z, - ~9-'(L)e, -~i(L)e, where
~y(L) -~io t~i~L t rJiZL2 f .... In section 2, where it was assumed that T
and S tended to infinity, we have approximated the inverse of the matrix
.~MA defined by ~,~` - Ex,xj by ~AR defined as ~AR - Ez,zs. A valid
approximation to (FMA)-' if S is fixed is to use the matrix of covariances of
more-than-S-period-ahead prediction errors of the AR process instead of the
matrix of covariances of the variable z, itself. In the appendix we show that if
we define the symmetric matrix B-(b~k) by

S-k

blk - ~e Z L ~i~itk-I
i-0

and partition B as

B- ~B„
Bzi

B,z
BZZ '

kZl, -T5l,k5S, (25)

c26)

where B22 has dimension (r - 1) x (r - I), it holds true that, if ~i - 0 for
j 1 J for some fixed J,

lim A- B lTy~f' ~~- Tim~'!B- 12 (1 ~-PzzBu)-~PzZ(BziBzi) 1 ~,1 Bzz

(27)

where S is fixed and P22 denotes the lower right (r - 1) x (r - 1) block of
A - ~~`. Evidently, (27) generalizes (4).
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In order to illustrate these results consider again the case wherc r- 2 in
which case ~9(L) - 1- ~9L with

1 - (1 -pz)~~z 1 p 1
,9 - p a n d v~z - 2 ~9 1 f p.

(28)

In this case brk reduces to

S-k 1-tiz~s-ktl,
6rk-~c z ~ ~i~yifk-r-~t z~k-r 1 ~z

j~0
k ~ !. ( 29)

Using ( 27) and (29) it is straightforward to verify that the variance of
~'~' -~~.~~~~~r-~ for a rotating panel with rotation period r- 2 is given by

J l 1 ~~` C
VI~~FLZJ --~z(1-p) L Sl~kb-k.-I

n2 k.l-0

pz ( ~ )z

-~ 2(I -p~)(1 }p) I t~ ~rbs.-r j- (30)

Note that (30) is a generalization of (13), while the two expressions coincide
if S tends to infinity. For the special case of estimating the period means p,r,
it is readily verified from (30) that the relative efficiency of a series of
cross-sections and a rotating panel with r- 2 can be written as

i
V ~`1 nz 1 zstz -i

z zV{~c,} - n~ 1 -p
{1f~9 } . (31)

Note that this relative efficiency decreases with S and tends to the expression
in (14) if S tends to infinity since ~~ I c 1 if p C 1. It is not surprising that (31)
is always smaller than ( 14) because the nonavailability of future observations
has no impact on the efficient estimator in the cross-section case (r - 1), but
implies an information loss for the r- 2 case.
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Table 3

Relative efficiency for a panel with rotation period r eompared with a series of cross-sections (in
case of equa) sample sizes).

p S-0 S-1 S-2 S:o~

Level
r- 2 0.3 0.98 0.96 0.95 0.95

0.6 0.89 0.85 0.82 0.80
0.9 0.61 0.58 0.54 0.44

r e 3 0.3 0.96 0.95 0.93 0.93
0.6 0.85 0.79 0.75 0.74
0.9 0.53 0.47 0.43 0.37

r- 4 0.3 0.95 0.94 0.93 0.92
0.6 0.82 0.78 0.74 0.71
0.9 0.48 0.45 0.42 0.33

First difference

ra2 0.3 0.82 0.81 0.81 0.81
0.6 0.55 0.54 0.53 0.53
0.9 0.17 0.17 0.16 0.16

r s 3 0.3 0.77 0.76 0.76 0.76
0.6 0.48 0.46 0.46 0.46
0.9 0.13 0.13 0.12 0.12

r- 4 0.3 0.75 0.74 0.74 0.73
0.6 0.45 0.44 0.44 0.43
0.9 0.12 0.11 0.11 0.11

Two-period sum

r- 2 0.3 1.12 1.10 1.10 1.10
0.6 1.15 1.08 1.07 1.07
0.9 0.94 0.80 0.74 0.71

r a 3 0.3 1.14 1.12 1.11 1.11
0.6 1.16 1.08 1.04 1.02
0.9 0.87 0.78 0.71 0.61

r a 4 0.3 1.15 1.13 1.11 1.10
0.6 1.15 1.U8 1.03 0.98
0.9 0.81 0.75 0.70 0.55

For thc special case of S- 0, (31) reduces to

V{~;} nz 1

V{Êc;} - n~ 2 1- p2
PZ

1- 1-pZ
(32)

This relative efficiency implies a bound on the relative sample sizes for the
series of cross-sections to be preferable to a panel with r- 2, which is always
lower than the one given by Eckler (1955) - in his `two-level rotation
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sampling' case - viz.

n~ 1
- ~
t~z 2 1 -p2

(33)

This result is not surprising either since for the two-level rotation sampling
case, it is assumed that all individuals in the sample are observed twice (with
one retrospective observation), which implies that the final-period sample
size is half of the sample size in the preceding periods.

In table 3 we present values for the lower bounds on the relative sample
size n~~n, for rotation period r to be preferable to a series of cross-sections
for r- 2, 3, 4 and three specific parameters of interest. The relative efficiency
of two designs is obtained if the entries in the table are multiplied by n,~n~.
The value of S indicates how many periods of observation are available after
pcriod r. Of course the results for S-~ coincide with the results of sec-
tion 3.

Table 3 shows that the relative efficiencies do not strongly depend on S,
except possibly for large values of p. Moreover, the more observations are
available after the estimation period(s), the smaller the difference between
the exact bounds and the bounds from section 3 will be. Table 3 therefore
clearly suggests that when p is known to be moderate, the results of section 3
may be used as an approximation. It is clear from the table that, if the cost
structure in (23) is valid and thc relative cost of resampling a is smaller than
unity, a rotating panel will be preferred to a series of cross-sections, when
one is interested in a level as well as a first difference. If a is still smaller
(e.g., 0.8), then the rotating panel is also preferable in case of estimation of a
two-period sum.

7. Concluding remarks

The collection of data, e.g., in consumer surveys, is characterized by its
high cost. Therefore it is important to obtain as much information as possible
from a given budget by using optimal sample designs. In this paper we have
determined the relative efficiency of rotating-sample designs and have con-
sidered the problem of the choice of the rotation period which minimizes the
variances of the BLUE of specífic linear combinations of the period means or
of any linear combination of the period means in an analysis-of-variance
model.

The analysis-of-variance model (1) is characterized by an individual effect
a;, implying a constant correlation over time between different observations
on the same unit. The results can however easily be extended to more
general correlation patterns because the assumptions on the correlation
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pattern do not affect the structure of the band matrix A to be inverted in
order to derive expressions for the variance of efficient parameter estimates.

In a previous paper [Nijman and Verbeek ( 1990)j where we discussed the
choice between a pure panel, a pure series of cross-sections, and a combina-
tion of these two data sources, model (1) was used to model monthly
consumer expenditures on food and clothing in 1985 in The Netherlands
using the so called Expenditure Index panel conducted by INTOMART, a
marketing research agency. The assumptions on the error terms appeared to
be valid and the maximum-likelihood estimates of p in (1) for food and
clothing were 0.76 and 0.25 with standard errors 0.005 and 0.002, respec-
tively. If the cost structure introduced in section 5 is valid, these results imply
that a series of cross-sections cannot be optimal to monitor expenditures on
clothing if the relative cost of resampling is less than 0.60 irrespective of the
parameter of interest. The corresponding figure for food where the individual
effect is more prominent is 0.14. If one considers one parameter of interest
only, these bounds can be sharpened.

Alternatively, the results in this paper can be used to determine the
relative efficiency of rotating panels. If one is, e.g., interested in estimates of
the average consumer expenditures in the last month of the sample, our
results in section 6 imply that the relative efficiency of a panel with ro[ation
period 2 to a series of cross-sections is U.79n2n~ ' for food and 0.98n2n~ ' for
clothing. If the parameter of interest is the period mean in a more distant
past, these relative efliciencies drop to 0.65n2rr~ ' and 0.97nZni ', respec-
tively. Alternatively, the relative efficiencies for a recent change in means are
0.37nZn~ ' and 0.8SnZni ' for food and clothing, respectively, while these
bounds drop to 0.35nzn~ ' and 0.85n2n~ ', respectively, if one is estimating in
a more distant past.

In summary, our results show that the gains from choosing an optimal
rotation design can be quite substantial, even in the case the cost of a
repeated observation equals the cost of a first observation (a - 1). Our
analysis suggests that in many cases either the smallest (r - 1) or the highest
possible rotation period is optimal. In the above-mentioned example of food
expenditures, a rotating panel with r - 4 will yield an eflïciency gain of over
7001o if one is estimating a difference in subsequent means, compared to a
series of independent cross-sections with the same number of observations in
every period.

Appendix: Uetails on some technicalities

In this appendix we will derive the expression for A given by (3) and prove
the results in (4), (6), (11), and (27).
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A.1. Proof of (.3)

In order to derive (3) we split the individuals in the data set into r
independent subsamples, each of which containing a time series of indepen-
dent small panels. If r- 2, e.g., a first subsample consists of the units
included in the first wave only, of those included in the second and the third
wave, of those in the fourth and fifth wave, etc., while the second subsample
consists of units observed in even periods and in the preceding period. The
ordinary-least-squares estimator is the BLU estimator F,.~ of ~. in the jth
subsample (j- 1, ..., r). If we define a k x k matrix !2k by

z i ,.Íl~ -Q, ~k f Q~ LkCk, (A.1)

where Ik is the k-dimensional identity matrix and ~k is a k-dimensional
vector of ones, it can be easily verified that

r
V{N,;} - nr ~Y~, (A.2)

where Y~~ is a block-diagonal matrix with upper left block .Rj, subsequently
[(T-j)~rJ blocks equal to . f2, where [xJ denotes the integer part of x, and
finally a lower right block I2T-~-~tr-~~~,~, and n,~r is the number of observa-
tions per period in each subsample.

Since the ~~ are independent, the BLUE of ~, using all subsamples is

r ~ r

~ - ( L~ y!~- t ) - ~ ~j '~l

I-~ 1~~

and the variance of this estimator is

(A.3)

~Z 1 r 1 -~
V{~.} - n Y~ where Yr-v~ Z( ~ ~ Y'; ~ J (A.4)

. j-1

Using the fact that

i
I1k ~- oÉ Z(Ik -~á ~QFZ f kvá )- LkGk), (A.5)

it is easy to check that the elements of A- Y~- ~ satisfy eq. (3).
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A.2. Proof of (4)

Subsequently, we want to prove eq. (4) which states that

lim d - lim (~'A -'~ - ~ '~AR~) ~ 0, (A.6)
S,T-~m S,T--~m

if ~j - 0 for 111 ~ J for some finite J.
First define ~MA and EAR as in section 2. Apart from the (r - 1) x(r - 1)

upper left and lower right corners, A equals ~~`. Moreover, as stated in the
main text, Shaman ( 1975) shows that ~MA, apart from the ( r - 1) x (r - 1)
upper left and lower right corners, is equal to ( ~~)-'. Define the symmetric
(T t S f 1) x(T t S f 1) matrix W as W-A -(EAR)-'. From the results
above it is obvious that only the (r - 1) x (r - 1) upper left and lower right
corners of W contain nonzero elements. Since (.~~)-' is positive definite
and W is symmetric, there exists a nonsingular matrix Q such that

Q,( ~AR) - ~ Q
- Í, (A.7)

Q'WQ - D - Diag{ A~} , (A.g)

with D a diagonal matrix containing the eigenvalues ~l~ of EAR W and Q the
eigenvectors of FAR W[see, e.g., Gantmacher (1959, p. 310 ff.)J. Using (A.7)
and (A.8), it is easily verified that

s ,t .
d - ~'A-i~ - ~,~AR~ - - ~ S? ~ with S - Q'~. (A.9)

~ 1 ta.i--T i

If the eigenvectors of ~AR W associated with the zero eigenvalues are
included in a matrix Qi and the remaining 2r - 2 eigenvectors in a matrix
Qz, it is evident that QZ(~AR)-'Q~ - 0 and that the first and last r- 1 rows
of Qi consist of zero elements only. From (A.9) then follows that

lim d- 0 if lim QZ~ - 0,
S,Tym S,Tym

that is, d approaches zero if the first and last r elements of EAR~ approach
zero. Since ~~ - 0, 111 ~ 1, and EAR is a covariance matrix of an autoregres-
sive process, this condition is satisfied.
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A.3. Proof of (6)

We start with ,~ ~ 0. First note that, by using (3),

r-1

2rrj(A) - ~ Qi,ie-~A~

1
- 1-~ r-2 p( )1 f (r- 1)p

2p r-i
- - ~ k{ei~'-k~" f e-icr-kiA}

r k-~

Furthermore,

r-t r-~
~ k ei~'-k~A - eirA ~ k(e-iA)k

kLl k-1

e-iA - e-irA ( r - 1)e-irA
- eirA -

(1 - e-iA)z 1 - e-iA

(A.10)

(A.11)

Using the analogue expression for ~k:~rk e-i~'-k~A and substituting e'Ak -
cos(,1k) t i sin(~k), it is straightforward to check that

1 p 1 -cos(ar)
2~rf(a)- 1-f-( r-1)P(1-pfpr-

i 1-cos~ ). (A.12)

Secondly, we consider ,1 - 0. Since cos(k,l) - 1, ~k;~~k cos(k.1) -~k-rrk -
r(r - 1)~2 proves the second equality in (6).

A.4. Proof of (11)

First note that (8) can be rewritten as

r ~
g(A)-Relw~t2 ~ wke`Ak

1 k-1
(A.13)

where Re(z) denotes the real part of z. With g(z) - wo f 2~k -1WkZk and
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f,(z) -(1~(2rr))~;-~ ,t,ai;iz-~, the integral in ( 10) can be written as

.f ~8(a)f. ~(a) da - Re( f ~g(e,A)f.
~(e;a) d~1)

- Re(f g(z)Ï, ~(z) ~z ), (A.14)
y tZ

where y is the unit circle with positive orientation. With h(z) - 2rrz'-'f (z),,
it follows that

1 ,r ( zr-z~(z)
2~rrJ-.~g(~)Í.

~(.1)d,1 - Rel -rf h(z) dz). (A.15)
` r

Note that z'-'g( z ) is a polynomial of degree J t r- 2 and h( z) is a
polynomial of degree 2r - 2 with r - 1 roots outside the unit circle and
r- 1 roots within the unit circle. The latter roots are denoted by z~
( j- 1,... , r- 1). We assume that the equation h(z) - 0 has no multiple
roots. (This assumption is of no importance since the multiple-roots case can
be treated as a limit of the no-multiple-roots case). Application of the
Residue Theorem [see, e.g., Holland (1980, p. 160)] yields

1 r.R r-1 Zs-z8( Z) l
4-rrz J-„~(~)!. ~(a) dA - Re ~ ResZ-Z h(z) J , (A.16)

i-~

where Rcsz,, denotes the residue at z~. In the no-multiple-roots case, the
z~'s are all single poles and we have

Zr-z~(Z) Zr-2~(Z) Z~-2~(Z,)

Resz.Z
h(z)

Zlim (z-z~)
- ~ h(z) } - h(z,)

(A.17)

Thus, wc finally obtain from (10)

v~ .-i
lim V(~'fc'} - ` Re ~

s,r--m n, ~-i h'( z~)
(A.18)
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A.S. ProoJ of (27)

First, we prove that the lower right elements of (~M")-' equal the lower
right elcments of B. It is readily verified that sM~ -~~ZCC' and B- cT,: ZDD'
witlt

C-

I

di ~Z and D -

0

' ~i ~o
~ ~z ~t ~o

(A.19)

A suf~icient condition for (~M~)-'!3 - I is then that C'D - I. Elaboration of
this eyuality yields exactly the same conditions as ~9(L)~i(L) - l. To prove
(27), use

A-'-(~M~~-P)-~-B(IfPB)-t where P- 0 0
0 PZZ '

and standard results on partitioned matrices yield the expression within
curved brackets in the right-hand side of (27).
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