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Chapter 1

Introduction

An economic agent is a person or group of persons who makes decisions about which
action to take given a set of alternative actions he can choose from. Mostly, economic
agents do not act on their own but they participate within various organizations such
as firms, trade unions, employer organizations, cooperations (such as agricultural coop-
eratives), markets, political parties, pressure groups, and so on. Such an organization
consists of a set of participating agents, a structure of relations between these agents, and
certain rules and norms according to which the participating agents make decisions. This
means that in participating in an organization an individual agent voluntarily transfers
some of the decision power over his own action to other participants in the organization.
In return the organization gives him the possibility to interact with other participants
and to influence their actions. The influence that an agent has on the actions of other
agents in an organization depends on his and other agents' relations in the organization.
Therefore we refer to this kind of influence as the relational power of an agent in an
organization.

A relation between two agents is a dominance relation if it gives one of them a
direct influence on the set of actions that are available to the other. Organizations of
which the relations are dominance relations are called hierarchical organizations. The
aim of this thesis is to analyze relational power in such hierarchical organizations.

1.1 Hierarchical organizations and hierarchical
structures

In economic organizations there are agents who have a direct influence on the actions
taken by other agents in the organization. So, they are hierarchical organizations. A firm,
for example, is a hierarchical economic organization that contains an employer and some
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employees. The employer owns the production technology (capital) that can be used in
a production process. The employer needs workers who have the ability to operate the
production technology. However, these workers cannot operate on their own but they
need managers who are able to organize the production process. On their turn these
managers are subordinate to higher level managers, and so on till the employer level is
reached. In this way a firm is constituted as a configuration of hierarchical management
levels.

In the literature models have been developed that analyze certain aspects of the
roles of managers in a firm. In, e.g., Williamson (1967) and Keren and Levhari (1979,
1983), a firm is seen as an organization in which a production process is carried out
by workers at the lowest level of the hierarchy, while decisions are taken by the top
managers at the highest level. These decisions are based on information that is available
to the lowest level workers. The task of intermediate managers in such firms is to
process this information from the workers to the decision takers. The actions of the
workers depend on the decisions that are taken by the top managers. The intermediate
managers also should process this information from the top managers to the workers. A
dominance relation between two employees (or between the employer and an employee)
then determines what kind of information they have to process to one another. For a
survey of the literature about the information processing role of managers we refer to
Radner (1992).

Another aspect of the role of managers in a firm is considered in, e.g., Calvo and
Wellisz (1978, 1979) and Rosen (1982). They concentrate on the supervisory task of
managers. The idea is that workers in a firm prefer not to spend too much effort in the
production process. The role of the managers is to monitor the efforts of the workers
such that they can be penalized if necessary. The chance to be penalized stimulates
the workers to put more effort in the production process. The monitoring function of
managers also has been studied in Alchian and Demsetz (1972) in the case of team
production. In this kind of organization the workers are not monitored individually but
groups or teams of workers who are working on one particular task are monitored as
a group. In this example the dominance relations determine for every employee which
other employees he is monitoring.

As a final example of the role of managers we mention their task to judge whether
to accept or reject projects that can be carried out within the firm. Sah and Stiglitz
(1986) compare the process in which a project is accepted if at least one manager accepts
it (which they call a polyarchy) with the process in which a project is only accepted if
all managers accept it (which they call a hierarchy). A disadvantage of a polyarchy is
that it accepts too many bad projects, while a disadvantage of a hierarchy is that it
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rejects too many good projects. What kind of organization is the best depends on what
disadvantage is the most serious. In this example the dominance relations determine
the positions of the managers in making decisions about the acceptance and rejection
of projects. A manager who dominates another manager can reject a project that is
accepted by the other manager.

Besides seeing a firm as a hierarchical organization of workers and managers as in
the examples discussed above, a firm also often can be seen as a hierarchical organization
of more or less separate units or divisions. The multi-divisional firm as considered in,
e.g., Eccles and White (1986, 1988) is constituted from different divisions that result
from decentralization of the process of decision making within the firm. These divisions
act partly on their own responsibility but also have to take account of their relations to
other divisions in the firm, especially those divisions that are superior to them. If one
division supplies certain commodities to another division then the prices against which
these internal transactions take place often are not market prices but are determined by
one of these two divisions or by another division that is superior to both.

Related to this is the vertically integrated firm in which two separate firms that
previously interacted with one another through the market have integrated into one
firm such that decisions with respect to, for example, internal transfer prices are no
longer set by the market but are determined within the firm (see, e.g., Coase (1937),
Klein, Crawford, and Alchian (1978) and Grossman and Hart (1986)). Closely related
to the vertically integrated firm is t.he quasi-firm as considered in, e.g., Eccles (1981).
The quasi-firm consists of several separate firms that have long term relations with one
another that can be very similar to the relations that can be found in integrated firms.

Not only firms may be considered as examples of a hierarchical economic organization.
Another type of hierarchical economic organization is a single commodity market on
which not all agents take all prices as given but on which there are agents that set prices
on certain trade relations while other agents have to take these prices as given. Examples
of such models are monopolies, oligopolies, and monopolistic competitive commodity
markets that are discussed in most economic textbooks such as Kreps (1990) or Varian
(1992). These are examples of two level hierarchies in which an agent is either a price
setter or a price taker on any of his trade relations. In successive monopolies as considered
in, e.g., Machlup and Taber (1960), markets that consist of more hierarchical levels are
considered. A part.icular firm can be a monopolist with respect to its customers, while
at the same time it is a price taker with respect to its monopolistic supplier.

In a general equilibrium framework the organization of markets is very simple.
In competitive market models, such as in Arrow and Debreu (1954) and Debreu (1959),
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the agents are not directly related to one another but all of them are directly related to
an auctioneer who sets prices on all his relations, while the agents take these prices as
given. As a consequence all agents (except the auctioneer) have symmetric positions in
the relational structure of the market. Negishi (1961) discusses markets on which there
are competitive firms (taking prices as given) as well as monopolistic competitive firms
(setting prices). However, a firm is either a competitive or a monopolistic competitive
firm. In Spanjers (1992) more general hierarchically structured markets are considered
in which it can be the case that an agent is a price setter on some of his trade relations
while at the same time he has to take prices on other relations as given.

Above we presented some examples of hierarchical economic organizations which consist
of a set of agents, dominance relations between these agents, and rules according to which
economic decision processes take place within the organization. An essential feature of
an organization is that a decision process is taking place within the organization. A
hierarchical structure consists of a set of positions (which can but need not be agents)
and a set of dominance relations between these positions. Contrary to a hierarchical
organization, in a hierarchical structure it is not necessary that a decision process is
taking place. Thus, by the hierarchical structure of an organization we just refer to the
participating agents and the relations between these agents without considering the kind
of decision processes that take place within the organization.

A tournament in which a set of teams or players play matches against one another
is a hierarchical structure which set of positions corresponds to the set of teams that
participate in the tournament. The dominance relations are determined by the results
of the matches being played. We say that a team dominates another team if it has won
the match it played against this other team.

Another example of hierarchical structures can be found in, e.g., Lazear and
Rosen (1981), Rosen (1982), Carmichael (1983), and Bhattacharya and Guash (1988).
In the models being discussed in these papers decisions with respect to which employees
should be promoted or given a pay rise are taken by comparing the performances of the
employees in some way. In this hierarchical structure an employee dominates another
employee if he performs better.

As a final example of a hierarchical structure we mention a preference relation on
a set of alternatives among which an economic agent or group of agents can choose (see,
e.g., Sen (1979)). The positions in such a preference relation represent the alternatives,
while the relations are determined by pairwise comparison of the alternatives. An al-
ternative dominates another alternative 'if the agent prefers the first alternative to the
second one in case he can only choose among these two alternatives.
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The influence that an economic agent has on the economic processes that take place
within a hierarchical organization depends on his possibilities to influence the actions of
other agents. This in turn depends on his and other agents' relations in the organization.
The influence that an economic agent has on economic processes resulting from his
position in the hierarchical structure of the organization is refered to as his relational

power in the organization. The aim of this thesis is to analyze this relational power in
hierarchical organizations. In Chapters 2 and 3 we start with measuring relational power
by only considering the agents and their relations. This analysis is done in the setting of
the more general hierarchical structures. In Chapter 4 we measure relational power in
hierarchical organizations in which an economic process takes place without specifying
that process.

After these chapters about the measurement of relational power we present models
in which the agents in a hierarchical organization exercise their relational power. This
is also done in the models being mentioned in this chapter. The latter models, however,
describe specific organizations. In chapters 5 and 6 we present a general framework in
which such organizations can be analyzed. After that we illustrate it with some examples.

1.2 Measurement of relational power

The influence that an agent has on the economic processes that take place within an
economic organization resulting from his and other agents' relations in the organization
is refered to as his relational power in that organization. In the previous section we men-
tioned some examples of hierarchical economic organizations in which the participating
agents differ with respect to their relational power. In a firm, for example, the relational
power of a manager depends on which employees are his subordinates and which ones
are his superiors. In case the role of managers is to process information between workers
and top management then they can influence the production process that takes place
within the firm by deciding what information to process. In case their role is to monitor
their subordinates then they can influence the production process by the way and inten-
sity they monitor. In both cases the influence of managers depends on the importance
of their subordinate workers in the production process, and of the importance of their
subordinate managers in the management of these workers.

In multi-divisional and vertically integrated firms the influence of a division on
the performance of the firm depends on its position in the divisional structure of the
firm. If a particular division, for example, has to decide under what transfer prices
internal transactions between two divisions have to take place then the influence of that
particular division depends on the importance of the transfer prices it can influence.
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The influence of agents on the outcomes of market processes in hierarchically
structured markets depends on their possibilities to set prices on their trade relations.

In Chapter 2 we start our analysis of relational power in hierarchical organizations by
introducing relational power measures. These measures are indicators of the influence
that the agents have on the economic processes that take place within the organization
resulting from their position in the hierarchical structure of the organization. They
assign a real number to every position in a hierarchical structure that only depends on
the relations between the positions in the structure. An example of such a relational
power measure that is familiar in graph theory is the score measure (or Copeland score).
According to this measure the power value of a position only depends on the number of
positions it dominates directly. The power value of a position does not depend on the
other relations of these dominated positions.

In Chapter 2 we introduce the BG-measure according to which the power over
a position is equally distributed among all positions by which it is directly dominated.
This means that in determining the power value of a position we not only take account
of the number of positions it dominates but also of the 'strength' of these dominated
positions.

The idea of measuring relational power in hierarchical organizations is related to the mea-
surement of relational power in (non-hierarchical) exchange networks. These exchange
networks consist of a set of positions of which each of them owns certain resources and
a set of pairwise relations between these positions. These positions can be occupied by
agents. The pairwise relations between the positions then describe the possibilities of
the agents who occupy the positions to engage in binary exchange processes. Two agents
can only directly exchange resources if they occupy positions that are directly related to
one another.

In general, not all pairs of positions are directly related to each other. Thus, not
all pairs of agents that occupy the positions can engage in a binary exchange process
directly but there are pairs of agents that need to use agents in intermediary positions in
order to exchange with one another. The possibilities of the agents to obtain favorable
resource bundles depend on their positions in the exchange network. In this context
relational power of a position refers to the possibilities of the agent who occupies that
position to obtain favorable exchange outcomes because of his position in the exchange
network.

Relational power in exchange networks can be measured in various ways. In, e.g.,
Freeman (1977) centrality measures are discussed in which the power value of a position is
determined by the possibilities of the agent who occupies that position to exchange with
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agents in other positions, and by his possibilities to act as intermediary between agents
in other positions. According to these measures the power value of a position increases
if there are more positions to which it is directly related. More exchange possibilities of
these directly related positions of a particular position has a positive as well as a negative
effect on the power value of that particular position. The positive effect arises from the
fact that the position can become intermediary between more pairs of positions. The
negative effect arises from the fact that the position can become less important as an
intermediary for its directly related positions which exchange possibilities increase.

In Cook, Emerson, Gillmore and Yamagishi (1983) and Markovsky, Patton and
Willer (1988) it is argued that there are also networks in which the power of a position
increases if it has more direct possibilities of exchange but always decreases if its directly
related positions have more direct possibilities of exchange. This idea is based on power
dependence theory as discussed by Emerson (1962) which states that if a directly related
position of a particular position has more exchange possibilities then this directly related
position is less dependent on that particular position. This is reasonable if, for example,
every position can engage in only one binary exchange process. Bonacich (1987) discusses
a measure that covers both approaches mentioned here.

In most hierarchical organizations the power value of an agent increases (or at least does
not decrease) if he directly dominates more agents. Both the score measure and the BG-
measure take account of this. The effect of being dominated by more agents on the power
value of an agent can be negative as well as positive. The negative effect arises from the
fact that being dominated by more agents means that an agent has to take account of
more 'superiors'. Relational power measures that take account of this are mentioned at
the end of Chapter 3. The positive effect arises in situations in which an agent only has
to accept authority of one of the agents that dominate him. Being dominated by more
agents then gives an agent more possibilities to choose whose authority he will accept.
At the end of Chapter 4 we discuss a relational power measure that takes account of this
effect. The effect of an indirect relation on the power value of an agent depends on the
positions of the agents on this indirect relation. It seems reasonable, for example, that
the power of an agent is positively affected if the agents that he dominates dominate
more agents. But it also seems reasonable that his power decreases if the agents he
dominates are dominated by more agents.

Thus, relational power in a hierarchical organization can be measured in various
ways. What measure should be used depends on the specific application that is consid-
ered. In order to say something about which measure is the best to use in a particular
situation it is important to analyse properties of the different measures. Therefore, we
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derive properties of the various relational power measures that are discussed. In par-
ticular we present axiomatic characterizations, i.e., we present sets of properties that
uniquely determine these relational power measures. These characterizations give more
insight in the different relational power measures, and thus are helpful in judging what
measure is the best to use in which application.

The relational power measures can be applied in various ways. In this thesis we discuss
two applications. One application is to use them in ranking or ordering the positions
in a hierarchical structure. In many hierarchical structures it is useful to rank or order
the positions in the structure. In a tournament that is played between teams or players,
for example, it is common to make a ranking list telling which team has 'won' the
tournament. This ranking list is derived from the results of all matches that are played.
The value that a relational power measure assigns to a team then can be seen as an
indicator of the 'strength' of that team. The teams then can be ranked according to their
power values, i.e., the team with the highest power value has 'won' the tournament.

It is also useful to rank alternatives in a preference relation. A preference relation
only states the preferences of an agent over pairs of alternatives. It does not tell us what
alternative out of the set of all alternatives that are available is most prefered by the
agent. Using relational power measures we can say that the alternative with the highest
power value is the most prefered one by the agent.

Another application has to do with hierarchical organizations of agents such as
a firm or a hierarchically structured market. Relational power measures then measure
the potential influence of agents in a hierarchical organization by only considering their
relations in the organization. The actual influence of the agents also depend on other
characteristics such as, knowledge, wealth, preferences, and so on. These other char-
acteristics mostly are individual characteristics that can be determined for each agent
individually. On the contrary, the position in the relational structure of an organization
is a relational characteristic that cannot be determined for each agent individually since
the fact that one agent is related to another also says something about the relations of
this other agent". Relational power measures assign a real number to every individual
agent. These numbers can be seen as individual characteristics of the agents. Thus, re-
lational power measures are functions that translate a relational characteristic of agents
in an organization into an individual characteristic. This can be useful since in eco-
nomic analysis individual characteristics are often more easy to handle than relational
characteristics.

1For a discussion about individual and relational characteristics we refer to Gilles (1990).
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1.3 Exercise of relational power

After discussing the measurement of relational power in hierarchical organizations we
present a model in which participants in a hierarchical organization exercise their rela-
tional power. In economic organizations certain social norms and rules exist with respect
to fairness, justice, and so on. The decisions that are made in such organizations are
based on these norms and rules. In, e.g., Simon (1991), it is argued that the behaviour
of agents in an organization is influenced by the fact that belonging to a certain orga-
nization leads to identification with this organization, and to loyalty to the norms and
rules of the organization. In return organizations try to stimulate this loyalty as has also
been argued in Coleman (1980).

Cook and Emerson (1978) describe an experiment which shows that normative
constraints are relevant in the behaviour of agents in exchange networks as discussed
in the previous section. They also show that these normative constraints become more
important if the agents get to know their exchange partners. This coincides with the
idea that the identity of trading partners matters in determining the conditions under
which trade takes place. Transactions that take place on the market, for example, differ
from transactions within a family or internal transactions within a firm, as has been
argued in, e.g., Ben-Porath (1980).

Cooperative game theory provides useful tools in modelling normative aspects of the
functioning of economic organizations. A cooperative game with transferable utilities (or
simply a TV-game) describes a situation in which a set of agents can obtain certain
payoffs by cooperation. Such a TV-game consists of a set of players that corresponds
to the set of agents in the organization, and a characteristic function which assigns to
every coalition or group of players a real number representing the payoff this coalition
can obtain by cooperation. In an economic model this value is the potential payoff the
economic agents in the coalition can earn by coordinating their economic activities.

In Shapley and Shubik (1969), for example, an exchange economy is modelled as
a TV-game of which the set of players corresponds to the set of agents in the economy.
The value of a coalition is determined by the maximal sum of the utility levels the agents
in this coalition can obtain by exchanging commodities only within the coalition.

In Chapter 5 of this thesis we model a firm as a TV-game of which the set of players
corresponds to the set of employees in the firm. The values of coalitions are determined
by the importance of these employees in the production process that is carried out within
the firm.

If we model a situation as a TV-game then it is assumed that every player can cooperate
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with every other player. The players only differ with respect to their contributions to
the payoffs of the coalitions, No account is taken of the relations that exist between
the players, We argue with Coleman (1986), Granovetter (1985, 1992), and Ritzer and
Gindoff (1992) that the behaviour of participants within social systems largely depends
on the relations that exist between them. In an economic context a similar argument is
given in Gilles, Haller, and Ruys (1994).

In the game theoretic literature models have been developed in which there exist
certain specific relations between the players that participate in a TU-game. An example
are the models in which it is assumed that the players are part of a coalition structure
being a partition of the players into different social groups or jurisdictions. Cooperation
then is more easy between players in the same social group than between players in
different groups. This has been considered in, e.g., Owen (1977), Hart and Kurz (1983),
and Winter (1989), In the extreme case of Aumann and Dreze (1974) players can only
cooperate within the social groups and not at all between different groups.

Another relational characteristic that has received much attention in the litera-
ture arises from limited possibilities of communication between the players, If we model
a situation just as a TU-game then it is implicitly assumed that each player can com-
municate directly with every other player, and thus each group of players can form a
coalition, However, in most economic situations not all pairs of agents can communi-
cate directly with one another. In, e.g., Myerson (1977), Kalai, Postlewaite and Roberts
(1978), Owen (1986), Borm, Owen and Tijs (1992), and van den Nouweland (1993), play-
ers that participate in a TU-game are part of a communication structure which is a set
of binary communication links between pairs of players. Players then can only cooperate
if they can communicate through the existing communication links. These games with
limited communication are related to the exchange networks mentioned in the previous
section, They are also related to the relationally structured economies as considered
in, e,g" Kirman, Oddou and Weber (1986), and Gilles, Haller and Ruys (1994), These
papers discuss models in which the possibilities of coalition formation in an exchange
economy are limited because of limited communication possibilities between the agent 5

in the economy,

In the Chapters 5 and 6 we consider another relational characteristic of players in a
TUvgame. In the preceding sections we argued that economic agents participate within
hierarchical organizations. Therefore, we discuss models in which it is assumed that
players who participate in a TU-game are part of some hierarchical organization. In
this hierarchical organization there are players who need permission from certain other
players before they are allowed to cooperate with other players, Thus, the possibilities of
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cooperation of the players in a TU-game are limited because there are players whose ac-
tions can be vetoed by certain other players. The cooperation possibilities of a particular
player are determined by his and other players' positions in this hierarchical permission
structure.

These games with a permission structure provide a general framework that is help-
ful in analyzing hierarchical economic organizations in which the distribution of payoffs
are based on normative considerations. In Chapter 5 we illustrate this with two exam-
ples. One example considers a firm in which the skewness of the income distribution in
the firm depends on the character of the production process that is carried out within the
firm, in particular on the substitutability of the different labor inputs that are used. The
second example considers a situation in which an owner of a production technology can
choose to attract workers through the market on which the workers act as independent
suppliers of their labor skills, or to set up a firm such that the workers carry out the
production process as employees of the firm.

1.4 Summary

The first part of this thesis IS on the measurement of relational power in hierarchical
organizations. In Chapter 2, which is largely based on van den Brink and Gilles (1992)
and van den Brink and Borm (1994), we discuss relational power measures that as-
sign real numbers to every position in a hierarchical structure. These numbers can be
seen as measures of the relational power of these positions. We mainly focus on two
such power measures, the BG-measure and the score measure, and provide axiomatic
characterizations of both.

These axiomatic characterizations are helpful in deciding what measure to use in
which application. These two characterizations differ with respect to one axiom which
states the total power value to be distributed over the positions. It turns out that
the BG-measure totally distributes the number of dominated positions in a hierarchical
structure. The score measure totally distributes the number of dominance relations.
Therefore, if we want to rank the teams that participate in a tournament based only on
the number of matches they have won, then the unit of measurement of relational power
is that of the matches played, i.e., that of the dominance relation. Thus, in this case the
score measure seems to be the better measure to use. However, if we want to measure the
relational power of economic agents who participate within a hierarchical organization
in which the influence of the agents on the economic processes that take place depends
on which agents they dominate, then the unit of measurement of relational power is that
of dominated economic agent. Thus, in this application the BG-measure is the better
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measure to use.
After discussing these power measures we present social power measures which

are functions that assign a real number to every group of positions in a hierarchical
structure. These numbers can be seen as a measure of the relational power of these
groups of positions.

The relational power measures that are mentioned in the preceding paragraphs
are defined for hierarchical structures which dominance relations are equally important.
However, in the examples of hierarchical structures and hierarchical organizations men-
tioned in this chapter it might be the case that one dominance relation is more important
than another. In a tournament that is played between a set of teams, for example, it
can be that two teams both defeat a third team but that one of the two wins the match
against the third with a larger difference than the other does. In a weighted preference
relation it can be that two alternatives both are prefered to a third alternative but that
the preference of one of the two over the third is stronger than the preference of the other
over the third. In a hierarchically structured market it can be that one trade relation is
more important for a particular agent than another trade relation. Therefore, we also
discuss relational power measures for weighted hierarchies in which not all relations are
equally important.

After analyzing relational power measures in a rather abstract way we discuss two ap-
plications. In many hierarchical structures it is useful to rank or order the participants
within the structure. In Section 1.2 we already mentioned the example of ranking teams
in a tournament in order to find out who has 'won' the tournament, ranking the alter-
natives in a preference relation in order to find out what alternative is most prefered by
an agent, and ranking agents on a market in order to find out who is the most powerful
one.

In Chapter 3, which is largely based on van den Brink and Gilles (1994b) and Borm
and van den Brink (1994), we discuss procedures that rank the positions in hierarchical
structures. We mainly consider a ranking procedure that is based on the score measure.
In, e.g., Rubinstein (1980) and Laffont, Laslier and LeBreton (1993) ranking procedures
are discussed for the special class of hierarchical structures in which all positions are
directly related to one another. In the examples mentioned above often not all pairs of
positions are directly related to one another. Therefore, we discuss ranking procedures
for more general hierarchical structures in which there need not be a relation between all
pairs of positions. We also discuss such procedures for weighted hierarchies in which not
all relations are equally important. Finally, we discuss ranking procedures that are based
on the BG-measure, and we briefly mention some alternative relational power measures



13

that can be used in ranking the positions in a hierarchical structure.

In Chapter 4, which is largely based on van den Brink and Gilles (1994a), we discuss
another application of relational power measures. We consider a situation in which
economic processes take place within a hierarchical organization of economic agents.
Such an organization can be, for example, a hierarchically structured market on which
agents set prices on some of their trade relations (the relations with their successors)

while at the same time they take prices on other trade relations as given (the relations
with their predecessors). Before the trade process takes place the agents choose one
of their dominating predecessors as the one with whom they are going to engage in a
binary trade process. Thus, given a hierarchical organization that contains relations that
potentially can be used, the relations that actually will be used depend on the choices
of the agents with respect to which predecessor they approach.

We apply the BG-measure in order to measure the relational power of economic
agents within such hierarchical organizations. We argue that this relational power mea-
sure in some way expresses the fact that every dominated agent approaches each one of
his predecessors with equal probability. In the context of (non-hierarchical) exchange
networks this is related to the idea that agents who occupy positions in an exchange
network approach each one of their directly related agents with equal probability, as has
been mentioned in, e.g., Freeman (1977) and Markovsky, Skvoretz, Willer, Lovaglia and
Erger (1993). In the context of firms buying and selling from other firms this idea has
been mentioned in Eccles and White (1988).

Besides this objective foundation of the BG-measure we also present a subjective

model in which all agents have individual subjective expectations about the choices of
the other agents with respect to whom they are going to approach. We show that, under
some uniformity condition, taking the average of the subjective power measures being
obtained in this way also yields the BG-measure.

The BG-measure distributes the power over an agent fully over his potential
predecessors. Thus, according to this measure agents have no power over themselves.
We conclude Chapter 4 by discussing an alternative relational power measure being
introduced in van den Brink (1989) and axiomatized in van den Brink (1994c). According
to this measure, which is called the apex measure, an agent can have some power over
himself. Moreover, the relational power of an agent increases if he has more predecessors.
If an agent has more predecessors then he can choose his actual predecessor from a
larger set of potential predecessors. The apex measure acknowledges the fact that more
possibilities of an agent with respect to which predecessor to approach results in more
power of this agent.
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After these chapters on the measurement of relational power, the next two chapters
discuss an application of the exercise of relational power in hierarchical organizations.
In Chapter 5 we discuss a model in which it is assumed that players that participate in
a TU-game are part of a hierarchical organization in which there are players who need
permission from certain other players before they are allowed to cooperate. Thus, in these
models the dominance relations are permission relations that limit the possibilities of
cooperation of the players. Various assumptions can be made about how these permission
relations affect the possibilities of cooperation. We discuss two approaches.

In the conjunctive approach, which has been introduced in Gilles, Owen and
van den Brink (1992), it is assumed that every player needs permission from all his
predecessors before he is allowed to cooperate with other players. In the disjunctive
approach, which has been introduced in Gilles and Owen (1994), it is assumed that
every player needs permission from at least one of his predecessors. Given a game with
a permission structure we derive modified games in which we take account of the limited
possibilities of coalition formation for both approaches.

After presenting some properties of these modified games we present two alloca-
tion rules. These are functions that assign to every game with a permission structure
a distribution of the payoffs over the players. If a game with a permission structure
represents, for example, a firm then these allocation rules yield payment schemes which
tell how much every employee in the firm should earn. In case we consider a hierarchical
organization of firms the allocation rules determine how the payoffs that the firms in the
organization can obtain by cooperation should be divided over the individual firms in
the organization.

We also present axiomatic characterizations of these two allocation rules. These
characterizations are useful in deciding which rule is the most reasonable one to use
in which situation. One rule, which is called the conjunctive permission value and has
been axiomatized in van den Brink and Gilles (1991), satisfies structural monotonicity.
This property states that payoffs do not decrease if you reach higher positions in the
hierarchy. The other rule, which is called the disjunctive permission value and has been
axiornatized in van den Brink (1994a), does not satisfy this axiom. Instead, it satisfies
fairness which states that the payoffs of two directly related players change by the same
amount if the relation between them is deleted. The conjunctive permission value does
not satisfy this axiom.

In, e.g., Simon (1957), Williamson (1967), Calvo and Wellisz (1978, 1979), and
Carlson (1982) it is argued that within firms, in general, payoffs of superiors are at least
as high as payoffs of their subordinates. This coincides with structural monoton icity,
and t.hus it can be argued that in determining payment schemes for employees within
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firms the conjunctive permission value seems to be the better allocation rule to use.
However, structural monotonicity seems less reasonable if we consider organizations of
more or less equal firms. For these organizations fairness seems more reasonable, and
thus the disjunctive permission value is the better rule to use in distributing payoffs
between firms.

We conclude Chapter 5 by discussing the two applications of games with a per-
mission structure having been mentioned at the end of the previous section.

The allocation rules mentioned above are obtained by deriving a modified game from a
game with a permission structure in which it is assumed that every player fully exercises
his relational power in the organization. In most hierarchical economic organizations
participants do not fully exercise their relational power. In a firm in which the dominance
relations are permission relations, for example, employees do not have to ask permission
from their superiors for all their actions. In Chapter 6, which is based on van den Brink
and Gilles (1994c), a model is presented in which we allow the players to exercise their
relational power fully, partly or not at all. With this model, which is an application
of the theory of social situations as developed in Greenberg (1990), we show that also
in case no player exercises his relational power the players act as if every player fully
exercises his power, and thus the games that are discussed in Chapter 5 are played.

1.5 Graph and game theoretical preliminaries

We conclude this introductory chapter with discussing some graph and game theoretical
concepts that will be used in this thesis.

A directed graph or digraph on a set of nodes N is a pair (N, D), where DeN x N
is a binary relation on N. We concentrate on finite irrefiexive digraphs. A digraph (N, D)
is finite if N is finite and it is irreflexive if (i, i) rf- D for every i E N. We simply refer
to these graphs as digraphs. Since we take the set N to be fixed we represent a digraph
just by its binary relation D. The collection of all digraphs on N is denoted by VN.

If (i,j) E D then node j is called a successor of node i, and i is called a predecessor
of j in D. By 5D(i) and PD(i), respectively, we denote the set of all successors and
predecessors ' of i E N in digraph D, i.e., 5D(i) = {j E N I (i,j) E D} and PD(i) =

{j E N I (j, i) ED}. For a coalition of nodes E eN we define 5D(E) = UiEE 5D(i) and
PD(E) = UiEE Pa(i).

A digraph D is a single predecessor digraph if every node has at most one prede-
cessor, i.e., if #PD(i) ::::;1 for all i E N. A digraph A is a single predecessor digraph in

2We will often omit the subscript D if this leads to no confusion.
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D E VN if it is a single predecessor subdigraph such that (i) A CD, and (ii) node i has
a predecessor in A if and only if i has a predecessor in D. The collection of all single
predecessor digraphs in D is denoted by AD.

A weighted digraph on N is a pair (N,w), where w: N x N -+ R+ is a function
which assigns a non-negative real number to each ordered pair (i,j) E N x N such that
w(i, i) = 0 for all i E N. Since we take the set N to be fixed we represent a weighted
digraph just by its weight function w. A digraph D can be represented by the weighted
digraph w which assigns the value 1 to every ordered pair (i,j) E D and the value 0 to
all other ordered pairs, i.e., by the weighted digraph w that is given by

w(i,j) = { ~
for all (i,j) E D
else.

(1.1)

For more about the theory of digraphs we refer to textbooks like Harary, Normann and
Cartwright (1965) and Behzad, Chartrand and Lesniak-Foster (1979).

A cooperative game with transferable utilities (or simply a TV-game) on a finite set
of players N is a pair (N, v) where v: 2N -+ R is a characteristic function such that
v(0) = O. Since we take the set of players N to be fixed we represent a TV-game just by
its characteristic function v. The collection of all TV-games on N is denoted by QN.

A single valued solution concept for TV-games is a function J: QN -+ RN which
assigns a #N-dimensional real vector to every TV-game. This vector can be seen as a
distribution of the payoffs that can be obtained by cooperation among the individual
players in the game. An example of a single valued solution concept is the Shapley value

(Shapley (1953)). Let n : N -+ N be a permutation on N. The marginal vector of v E QN
corresponding to 7r is the vector m1T(v) whose i-th component, i EN, is given by

m;(v) = v({j E N 17r(j):S 7r(i)}) - v({j E N 17r(j) < 7r(i)}). (1.2)

Thus, m'; (v) is the value that player i contributes to the coalition of all players that
precede i in permutation 7r. The Shapley value is the function Sh: QN -+ RN which
assigns to every TV-game v the average of the marginal vectors over all permutations of
the players in N, i.e.,

Sh;(v) = (#~)' L mi(v) for all i E N and v E QN,
·1fEn(N)

(1.3)

where II(N) denotes the collection of all permutations on N. The Shapley value can
be axiomatized in various ways. One axiomatization uses the following axioms. A
solution concept f: QN -l R,N is efficient if it exactly distributes the value that the
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'grand coalition' N can obtain by cooperation, i.e., for every v E gN it holds that
LiEN Ji(v) = v(N). A player i is a zero player in game v if v(E) = v(E \ {i}) for all
E C N. A solution concept f satisfies the zero player property if for every v E gN and
every zero player i in v it holds that fi( v) = O. A TU-game v is monotone if for every
E C FeN it holds that v(E) ::; v(F). Player i is necessary in game v if v(E) = 0 for
all E C N \ {i}. A solution concept f satisfies the necessary player property if for every
necessary player i in a monotone game v it holds that fi(V) ~ fj(v) for all j E N. We
denote the collection of all monotone TV-games on N by gft. Finally, for two games
v,w E gN the sum game (v + w) E gN is defined by (v + w)(E) = v(E) + w(E) for all
E c N. A solution concept f is additive iffor every pair of games v, wE gN it holds that
f(v + w) = f(v) + f(w). Now, the Shapley value is the unique single valued solution
concept f: gN --4 RN that satisfies efficiency, the zero player property, the necessary
player property", and additivity.

Other examples of single valued solution concepts are the Banzhaf value which has
been axiomatized in Lehrer (1988) and Haller (1994), the nucleolus (Schmeidler (1969)),

the r-value (Tijs (1981, 1987)), and the r-related solution concepts such as the ones
discussed in van den Brink (1994 b).

A multi-valued solution concept for TV-games is a mapping which assigns a (possibly
empty) set of #N-dimensional real vectors to every TV-game. An example of a multi-
valued solution concept is the Core which for every v E gN is given by

C,",(v) ~ {x E RN
LEN Xi = v(N) }

and .
LiEE Xi ~ v(E) for all E c N

(1.4 )

The core of a TV-game can be empty. A game that has a non-empty core is called a
balanced game. Other examples of multi-valued solution concepts are the bargaining set
(Aumann and Maschler (1964)), and the Kernel (Davis and Maschler (1965)).

The space of TV-games gN can be seen as a (2#N - l j-dimensional real vector space.
Two well known bases of this space are the following. The standard game of coalition
TeN is the game ZT given by

zT(E) = { ~
if E = T
else.

3The necessary player property is often replaced by the equal treatment property.
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It is easy to see that every v E gN can be expressed as a weighted sum of standard
games in the following way

v = L v(T) . zT·
TeN

The unanimity game of TeN is the game UT E gN given by

uT(E) = { ~
if E ::J T
else.

In Harsanyi (1959) it is shown that every v E gN can be expressed as a weighted sum of
unanimity games as follows

v = L b.v(T) . UT,
TeN

with dividends given by

b.v(T) = L (_l)#T-#F v(F) for all TeN. (1.5)
FeT

Using these dividends the Shapley value of game v E gN can be expressed as

b.v (T) .
Shi(v) = L -#T for all zEN. (1.6)

TeN
T3i

Another expression of the Shapley value that will be used in this thesis is the following

Shi(v) = LP(E)· (v(E) - v(E \ {i})), for all i E N,
E3i

(1.7)

h (E) .- (#N-#E)!(#E-l)!were p .- (#N)! .

Besides monotonicity and balancedness we mention two other properties that TU-games
can satisfy. A TU-game v is superadditioe if for every pair of coalitions E, FeN with
En F = 0 it holds that v(E U F) ~ v(E) + v(F).

A TU-game v is convex if for every pair of coalitions E, FeN it holds that
v(E U F) + v(E n F) ~ v(E) + v(F).

To conclude this section we mention a special class of TU-games refered to as apex
games. The apex game of player i E N and coalition 1 c N \ {i} is denoted by ai,I and
assigns the value 1 to every coalition containing all players in 1, or containing player i

and at least one player in 1. All other coalitions are assigned the value 0, i.e.,

if E ::J 1
or
E 3 i and E n 1 =f. 0
else.

For more about TU-games we refer to textbooks like Owen (1982).



Chapter 2

Measuring Relational Power
Directed Graphs

•In

In this chapter we discuss the measurement of relational power in hierarchical structures.
Since a hierarchical structure consists of a set of positions and a set of dominance relations
between these positions it can be represented by a directed graph which set of nodes
corresponds to the set of positions.

In the examples of hierarchical structures that are discussed in Chapter 1 different
positions differ in their relational power. In a firm, for example, the influence of an
employee on the production process that is carried out depends on which other employees
are his superiors and which ones are his subordinates in the firm. In a hierarchically
structured market the inf uence of an agent on trade processes depends on his and other
agents' possibilities to set prices on their trade relations. In a tournament that is played
between different teams the 'strength' of a particular team depends on the results of
the matches that are played. The importance of an alternative for an economic agent
depends on the position of this alternative in the preference relation of this agent.

In this chapter, which is largely based on van den Brink and Gilles (1992) and van
den Brink and Borm (1994), we introduce and analyze relational power measures for
digraphs. These are functions that assign real values to the nodes in a digraph. These
values can be seen as measures of the relational power of the corresponding positions in
the hierarchical structure being represented by the digraph. In Section 2.1 we define and
axiomatize two such relational power measures, namely the BG-measure and the score
measure.

Instead of measuring the relational power of individual nodes in a digraph, in
Section 2.2 we discuss functions that assign real values to groups of nodes. These values
can be seen as measures of the relational power of these groups of nodes in the digraph.
In fact, to every digraph we assign a TV-game which set of players corresponds to the
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set of nodes. Its characteristic function is determined by the dominance relations that
exist between these nodes. We discuss two particular games that can be derived in this
way, and which are called the conservative score game and the score game. Solution
concepts for TU-games distribute the payoffs that can be obtained by cooperation over
the players. Applying such a solution concept to the games mentioned above yields a
relational power measure that measures the relational power of individual nodes in a
digraph. We discuss two solution concepts for these games, namely the Shapley value
and the core.

Finally, in Section 2.3 we generalize the relational power measures that are dis-
cussed in Section 2.1 to the class of weighted digraphs. In these weighted digraphs
each dominance relation is assigned a real value that can be seen as a measure of the
importance of that relation in the weighted digraph.

2.1 Relational power measures

An arbitrary hierarchical structure of a finite set of positions N can be represented by
a digraph D. As we already remarked in Section 1.5, we only consider finite, irreflexive
digraphs, and the class of all such digraphs is represented by 1)N. In this chapter
we introduce and axiomatize relational power measures measuring the relational power
within hierarchical structures that are represented by digraphs. Formally, a relational
power measure on a finite set of nodes N is a function f: 1)N -; RN that assigns a real
value to every node in a digraph. These values can be seen as measures of the relational
power of the nodes in the digraph.

2.1.1 The BG-measure

In this subsection we define and axiomatize one particular relational power measure,
called the BG-measure.

Definition 2.1.1 The BG-measure on N is the function /3: 1)N -4 RN given by

/3i(D) = E #P~(j) for all i E Nand DE 1)N.
jESD(i)

Thus, the BG-measure distributes the 'power' over a node j E N in digraph D equally
among all its predecessors.
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2

4l?<1
Figure 2.1: Digraph D of Example 2.1.2

Example 2.1.2 Consider the digraph D = {(1,3),(1,4),(2,3),(2,4),(3,4)}
on N = {1, 2, 3, 4}. This digraph is illustrated in Figure 2.1.

Since Sv(1) = {3,4}, Pv(3) = {l,2} and Pv(4) = {l, 2, 3} it holds that
(3) (D) = #P~(3) + #P~(4) = ~+ ~= ~. Similar computations for the other nodes yields
the BG-measure of D: j3(D) = (~,~, ~,O).

Next we present four axioms on a relational power measure f: 1)N --t RN that uniquely
determine the BG-measurel. Various units of measurement can be used in measuring
relational power in digraphs. Since the BG-measure distributes the power over each
dominated node equally among all its predecessors it uses 'dominated node' as unit of
measurement. The first axiom states that the BG-measure is efficient in the sense that it
exactly distributes the total power in a digraph in case we take 'dominated node' as the
unit of measurement. This means that the total 'power value' that is to be distributed
over the nodes in a digraph is equal to the total number of dominated nodes in that
digraph. Thus, this axiom is some kind of normalization.

Axiom 2.1.3 (j3-efficiency norm) For every D E 1)N it holds that

L J;(D) = #{j E N I Pv(j) # 0}.
iEN

The second axiom states that a node that does not dominate any other node is assigned
the value zero. Such a node is called a dummy node.

lThese axioms are similar to the efficiency, zero player, necessary player and additivity axioms that
characterize the Shapley value for TU-games and which are discussed in Section 1.5.
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Axiom 2.1.4 (Dummy property) For every D E VN and i E N with SD(i) = 0 it

holds that li(D) = O.

The third axiom states that a node that dominates all dominated nodes in a digraph is
assigned at least as much as any other node. Such a node is called a top node.

Axiom 2.1.5 (Top property) For every D E 'ON and i E N with SD(i) = SD(N) it

holds that j;(D) ~ Ii(D) for all j E N.

The fourth axiom states that if we consider the union of two or more digraphs on the
same set of nodes such that each node is dominated in at most one of these digraphs
then the value assigned to a node in the combined digraph is equal to the sum of the
values assigned to that node in the constituting subdigraphs. In order to formalize this
we introduce the following. A partition of D E VN is a collection P = {D1, ... ,Dt} of
digraphs such that the following two conditions are satisfied:

• o,n Dl = 0 for all 1 < k, I < t, k f- I.

A partition P of a digraph D is called independent if each node is dominated in at most
one digraph in this partition, i.e, besides the two conditions stated above it also holds

that

• # {A E PIP A (i) i- 0} ::; 1 for all i EN.

Axiom 2.1.6 (Additivity over independent partitions) For every D E VN and

each independent partition P of D it holds that

feD) = L f(A).
AEP

The four axioms stated above uniquely determine the BG-measure2
.

Theorem 2.1.7 A function J: 'ON ~ RN is equal to the BG-measure if and only if it

satisfies the f3-efficiency norm, the dummy property, the top property, and additivity over

independent partitions.

2The top property can be replaced by an equal treatment property which states that two similar

nodes in a digraph are assigned the same value, i.e., for every D E 'ON and i.i E N with 5D(i) = 5D(j)

and PD(i) = PD(j) it holds that /;(D) = /j(D).
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PROOF

It can easily be verified that the BG-measure satisfies the four axioms.
Now suppose that the function J: VN -+ RN satisfies the four axioms, and let D E VN.

For every j E N we define the digraph Dj E VN by I), = ((i,j) liE PD(j)}.
We distinguish the following cases with respect to node i E N:

1. Suppose that i E N \ PD(j). Then SD)(i) = 0, and it follows from the dummy
property that fi(Dj) = O.

2. Suppose that i E PD(j). Then SD)(i) = {j} = SdN), and it follows from the top
property that there is some constant Cj E R such that Ji(Dj) = Cj for all i E PD(j).

Since #{i E N I #PD) (i) > O} = 1 it follows from the .B-efficiency norm that

if #PD(j) > 0
else.

The collection of digraphs {Dj LEN forms an independent partition of D. From additivity
over independent partitions it then follows that

Ji(D) = L J;(Dj) = L #pl (.) = .Bi(D) for all i E N.
jEN jESv(i) D J

o

Next we illustrate the independence of the axioms stated in Theorem 2.1.7.

Example 2.1.8 We illustrate the independence of the axioms stated in Theorem 2.1. 7
by presenting four alternative power measures for digraphs.

1. Let the function P. VN -+ RN be given by

Jl(D) = #SD(i) for all i E Nand D E VN.

Thus, JI assigns to every node in a digraph the total number of nodes that are
dominated by that node.

This function satisfies the dummy property, the top property and additivity over
independent partitions. It does not satisfy the iJ-efficiency norm.

For the digraph of Example 2.1.2 it holds that r (D) = (2,2,1,0).

So, LEN Jl(D) = 5 #2 = #{j E N I PD(j) #0}.



24

2. Let the function j2: 'ON -t RN be given by

i?(D) = #{j E N ~~(j) -=f. 0} for all i EN and DE 'ON.

Thus, t" distributes the power over all dominated nodes in a digraph equally over
all nodes in the digraph.

This function satisfies the ,B-efficiencynorm, the top property and additivity over
independent partitions. It does not satisfy the dummy property.

For the digraph of Example 2.1.2 it holds that P(D) = (~,~,~, ~).
SO, H(D) = ~ > 0 although SD(4) = 0.

3. Let the nodes in N be labelled by the numbers 1, ... ,n, and let the function
j3: 'ON -t RN be given by

fND) = #{j E SD(i) Ii = min{h Iu e PD(j)}} for all i E Nand DE 'ON.

Thus, j3 assigns the power over each dominated node in a digraph to its predecessor
with the lowest label.

This function satisfies the ,B-efficiencynorm, the dummy property and additivity
over independent partitions. It does not satisfy the top property.

For the digraph of Example 2.1.2 it holds that j3(D) = (2,0,0,0).

So, fi(D) = 0 < 2 = ff(D) although SD(2) = SD(N).

4. Let the function r: 'ON -t R,N be given by

ft(D) = #!~i) .#{j E N I PD(j) -=f. 0} for all i E Nand D E 'ON

Thus, r distributes the power over all dominated nodes in a digraph proportional
to the number of successors of each node.

This function satisfies the ,B-efficiencynorm, the dummy property and the top
property. It does not satisfy additivity over independent partitions.

The two digraphs D', D" E 'ON given in Figure 2.2 form an independent partition
of digraph D of Example 2.1.2.

For this independent partition it holds that

f4(D/) + r(D") = O,~,~,0) + (h~,0, 0) = (~,~,~, 0) -=f. (~,~,~, 0) = r(D).
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D' D"
2 2

Figure 2.2: Digraphs D' and D" of Example 2.l.8.4

2.1.2 The score measure

Next we discuss a relational power measure that is well known in graph theory, namely
the score measure (often refered to as the Copeland score). This relational power measure
assigns to every node in a digraph the total number of successors of that node.

Definition 2.1.9 The score measure on N is the function a: VN --> R given by

ui(D) = #SD(i) for all i E Nand D E VN.

It is easy to see that the score measure does not satisfy the ,B-efficiencynorm. Instead it
uses another normalization regarding the measurement of relational power in digraphs.
Instead of 'dominated node' it takes 'dominance relation' as the unit of measurement of
relational power. The score measure is efficient in the sense that it exactly distributes
the total number of dominance relations over the nodes in a digraph.

Axiom 2.1.10 (u-efficiency norm) For every DE VN it holds that

2:: J;(D) = #D.
iEN

We can axiomatize the score measure by replacing the ,B-efficiency norm III Theorem
2.l. 7 by the o-efficiency norm".

Theorem 2.1.11 A function J: VN --> RN is equal to the score measure if and only if

it satisfies the u-efficiency norm, the dummy property, the top property, and additivity

over independent partitions.

3Similarly as in Theorem 2.1.7 the top property can be replaced by the equal treatment property.
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PROOF
It can easily be verified that the score measure satisfies the four axioms.
Now suppose that the function f: VN -+ RN satisfies the four axioms, and let D E VN.

For every node j E N let the digraph Dj be defined as in the proof of Theorem 2.1.7,
i.e., Dj = {(i,j) liE PD(j)}.
Similarly as in that proof it follows from the dummy and top properties that for every
j E N there exists a constant Cj E R such that

if i E PD(j)
else.

Since #Dj = #PD(j) it follows from the c-efficiency norm that

if PD(j) =I- 0
else.

The collection {DjLEN forms an independent partition of D. From additivity over
independent partitions it then follows that

Ji(D) = L Ji(Dj) = L CJ = (li(D) for all i E N.
JEN jESD(i)

o
Thus, both the BG-measure and the score measure satisfy the dummy property, the
top property and additivity over independent partitions. They differ with respect to
the normalization that is used because they use different units of measurement of re-
lational power. Which normalization is the most adequate one to use depends on the
specific interpretation that is given to the hierarchical structure that is represented by
the digraph. In Chapter 4, for example, we measure the relational power of economic
agents in a hierarchical organization in which the influence of the agents depends on
which agents they dominate. In that case the unit of measurement of relational power is
that of dominated economic agent. In this application the BG-measure seems to be the
appropriate measure to use since it uses dominated node as the unit of measurement.

However, if we want to rank the teams that participate in a tournament based
only on the number of matches they have won then the unit of measurement of relational
power is that of matches being played, i.e., that of dominance relation. In this case,
which is one of the applications considered in Chapter 3, the score measure is the better
measure to use.

We conclude this section by illustrating the independence of the axioms stated in
Theorem 2.1.11.
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Example 2.1.12 We illustrate the independence of the axioms stated in Theorem 2.1.11
by presenting four alternati ve relational power measures for digraphs.

l. We have already seen that the BG-measure satisfies the dummy property, the
top property and additivity over independent partitions. It does not satisfy the
O'-efficiency norm.

For the digraph of Example 2.l.2 it holds that LiEN IJ;(D) = 2/= 5 = #D.

2. Let the function j5: VN -> RN be given by

Thus, j5 distributes the number of dominance relations in a digraph equally among
all nodes in the digraph.

This function satisfies the O'-efficiency norm, the top property and additivity over
independent partitions. It does not satisfy the dummy property.

For the digraph of Example 2.l.2 it holds that J5(D) = (~,~,~, ~).
So, fl(D) = ~ > 0 although SD(4) = 0.

3. Let the nodes in N be labelled by the numbers 1, ... ,n, and let the function
j6: VN -> RN be given by

f?(D) = #PD(j) for all i E Nand D E VN.
)ESD(i)

i=rnin{klkEPD(i)}

Thus, j6 assigns the total number of predecessors of a node to its predecessor with
the lowest label.

This function satisfies the O'-efficiency norm, the dummy property and additivity
over independent partitions. It does not satisfy the top property. For the digraph
of Example 2.l.2 it holds that j6(D) = (5,0,0,0). So, ff(D) = 0 < 5 = f~(D)
although SD(2) = SD(N).

4. Let the function F: VN -> RN be given by

Jt(D) = { . ~i~) (') }. #D for all i E Nand DE VN# J EN PD J > 0

Thus, F distributes the total number of dominance relations in a digraph propor-
tional to the BG-measures of the nodes in that digraph.
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This function satisfies the o-efficiency norm, the dummy property and the top
property. It does not satisfy additivity over independent partitions.

Consider the independent partition that is given in Example 2.1.8.4. For this
independent partition it holds that F(D') = (1,1,1,0) and F(D") = (1,1,0,0).

Thus, F(D') + F(D") = (2,2,1,0) =f m,R,~, 0) = F(D).

2.2 Relational power games

In the previous section we discussed relational power measures which measure the re-
lational power of individual nodes in a digraph. In this section we introduce mappings
that assign real values to groups of nodes. These values can be seen as measures of the
relational power of these groups of nodes. Formally this is done by defining for every
digraph D E VN a TU-game which set of players coincides with the set of nodes N, and
which characteristic function v assigns to every coalition E c N a real value that can
be seen as a measure of the relational power of the group of nodes E in digraph D.

2.2.1 The conservative score game

In this subsection we introduce a specific mapping that assigns to every digraph on N
a TU-game v in the collection gN of all TU -games on N. These games can be seen
as measures of the relational power of groups of nodes in digraphs. The game that we
consider in this subsection measures the relational power in a conservative way4 The
set of players in such a TU-game corresponds to the set of nodes of the digraph, while
the characteristic function is given in the following definition.

Definition 2.2.1 The conservative score mapping on N is the mapping

vC: VN -+ gN given by

vC(D)(E) = #{j E 5D(E) I PD(j) c E} for all E C Nand D E VN

The game vC(D) is called the conservative score game corresponding to D E VN. The
value of coalition E C N in the game vC(D) is equal to the number of successors of
E that are 'completely' dominated by E in the sense that they have no predecessors

4In cooperative game theory it is usual to take a conservative approach in determining the values of

coalitions in the sense that the value v(E), E C N, v E qN, is interpreted as the payoff that coalition
E can guarantee for itself irrespective of the actions of the players outside E.
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outside E. Thus, in measuring the relational power of a coalition E, the conservative
score game takes no account of the successors of E that have predecessors outside E. If
we measure relational power in this way then the power over a particular node j E SD (N)
is described by the unanimity game of its predecessors. (Recall from Section 1.5 that the
unanimity game of TeN assigns the value 1 to every coalition that contains coalition
T, and the value zero to all other coalitions.)

Lemma 2.2.2 For every DE VN it holds that

vC(D) = L UPD(i)·
iESD(N)

Example 2.2.3 Consider the digraph D of Example 2.1.2. Since PD(l) = PD(2)
0, PD(3) = {1,2} and PD(4) = {l,2,3} it follows from Lemma 2.2.2 that vC(D) =
U{I.2} + U{I,2,3}'

By Lemma 2.2.2 each conservative score game can be expressed as a positive sum of
unanimity games. Since all unanimity games are convex we have the following corollary.

Corollary 2.2.4 For every DE VN it holds that vC(D) is convex, i.e.,

vC(D)(E) + vC(D)(F) S; vC(D)(E U F) + vC(D)(E n F) for all E, FeN.

It is known that convex games have nice properties, in particular with respect to its
Shapley value and its core which will be discussed in the next subsections.

The conservative score mapping assigns a TU-game to every digraph D E VN.
However, not every TU-game can be the conservative score game corresponding to some
digraph. The following proposition provides a necessary and sufficient condition for a
TU-game to be the conservative score game corresponding to some digraph, and thus
characterizes the class of conservative score games.

Proposition 2.2.5 Let v E gN. Then v is a conservative score game if and only if
there exists a sequence T = (TI' ... ,Tt) of coalitions, and a sequence I = (iI, ... ,it) of
players such that the following three conditions are satisfied:

(i) ikEN\TkforallkE{l, ... ,t};

(ii) ik #- il for all k, I E {I, ... , t}, k #- I;



30

(iii) v = L u-p .
TET

PROOF

Only if
Suppose that v is the conservative score game corresponding to D E DN. According to

Lemma 2.2.2 it holds that v = LiESD(N) UPD(i).

Let 5D(N) = {SI, ... ,Stl. Taking T = (PD(SI), ... ,PD(St)) and I = (SI, ... ,St), the
conditions (i), (ii) and (iii) are satisfied.

If

Let T = (T1, •.• ,Tt) and I = (i1, •.. ,it) satisfy conditions (i), (ii) and (iii) for some
v E gN.

Let D E DN be given by D = Ui=IDk where Di; ;= {(j,ik) I j E Td for every
k E {1, ... , t}. Then it readily follows that v is the conservative score game corresponding
to D.

o
The conservative score mapping is only one possible way to measure the relational power
of groups of nodes in a digraphs. Next we give four axioms on a mapping v; DN --4 gN

that uniquely determine the conservative score mapping. These axioms are similar to the
axioms used in axiomatizing the BG- and score measures in the previous section. The
first axiom again is a normalization with respect to the measurement of relational power.
It takes 'dominated node' as the unit of measurement. The conservative score mapping
is efficient in the sense that the 'grand coalition' N has full power over all dominated
nodes in a digraph.

Axiom 2.2.6 (N-efficiency norm) For every DE DN it holds that

v(D)(N) = #5D(N).

The second axiom states that a node that does not dominate any other node in the
digraph is a zero player in the corresponding game.

Axiom 2.2.7 (Dummy property) For every D E DN and i E N with 5D(i) = 0 it
holds that

v(D)(E) = v(D)(E \ {i}) for all E c N.

SIn Subsection 2.2.4 we discuss an alternative mapping.
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The third axiom states that a node that dominates all dominated nodes in a digraph is
a necessary player in the corresponding game.

Axiom 2.2.8 (Top property) For every D E DN and i E N with So(i) = So(N) it
holds that

v(D)(E) = 0 for all E eN \ {i}.

The fourth axiom states that if we consider the union of two or more digraphs on the
same set of nodes such that each node is dominated in at most one of these digraphs
then the corresponding game is equal to the sum of the games corresponding to the
constituting subdigraphs.

Axiom 2.2.9 (Additivity over independent partitions) For every D E DN and
each independent partition P of D it holds that

v(D) = L veAl·
AE'P

These four axioms uniquely determine the conservative score mapping.

Theorem 2.2.10 A mapping v: DN -> (iN is equal to the conservative score mapping if
and only if it satisfies the N -efficiency norm, the dummy property, the top property, and
additivity over independent partitions.

PROOF

It can easily be verified that the conservative score mapping satisfies the four axioms.
Now let v: DN -> (iN satisfy the four axioms, and let D E DN.

For every j E So(N) let the digraph Dj E DN be defined as in the proof of Theorem
2.1.7, i.e., Dj = {(i,j) liE Po(j)}.
From the N-efficiency norm it follows that v(Dj)(N) = l.

Let E C N.
If E ::) Po(j) then SOl (i) = 0 for every i E N \ E. The dummy property implies that
v(Dj)(E) = v(Dj)(N) = l.

If E "j; PoU) then ?oU) n (N \ E) ::J 0. Since SOl (i) = {j} = SoJN) for every
i E Po(j) n (N \ E), the top property implies that v(Dj)(E) = O.
The collection {Dj LESD(N) is an independent partition of D. From additivity over
independent partitions it then follows that

v(D)(E) = L v(Dj)(E) = #{j E SD(E) I ?oU) C E} = vC(D)(E) for all E C N.
jESD(N)
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D

Next we illustrate the independence of the axioms stated in Theorem 2.2.10.

Example 2.2.11 We illustrate the independence of the axioms stated in Theorem 2.2.10
by presenting four alternative mappings v: 1)N -+ gN.

1. Let the mapping VI: 1)N -+ gN be given by

Thus, vl(D) assigns to every coalition E c N half the number of successors that
are completely dominated by E in D.

This mapping satisfies the dummy property, the top property and additivity over
independent partitions. It does not satisfy the N-efficiency norm.

For the digraph of Example 2.1.2 it holds that vl(D)(N) = 1 < 2 = #5D(N).

2. Let the mapping v2: 1)N -+ gN be given by

Thus, v2(D) assigns to every coalition E c N the number of successors of E that
belong to E and whose predecessors are all part of E.

This mapping satisfies the N -efficiency norm, the top property and additivity over
independent partitions. It does not satisfy the dummy property.

For the digraph of Example 2.1.2 it holds that

v2 (D)( {I, 2, 3,4}) - v2 (D)( {I, 2, 3}) = 2 - 1 = 1 although 5D( 4) = 0.

3. Let the mapping v3: 1)N -+ gN be given by

v3(D)(E) = #5D(E) for all E eN and D E 1)N.

Thus, v3(D) assigns to every coalition E C N the total number of successors of E
in D.

This mapping satisfies the N-efficiency norm, the dummy property and additivity
over independent partitions. It does not satisfy the top property.

For the digraph of Example 2.1.2 it holds that v3(D)({1}) = 2 although 50(2) =

50(N).
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D' D"
2 1 2

•

Figure 2.3: Digraphs D' and D" of Example 2.2.11.4

2

.N3
Figure 2.4: Digraph D of Example 2.2.11.4

4. Let the mapping v4: 1)N -4 (iN be given by

v4(D)(E) = #{j E 5D(E) U 5D(5o(E)) I Po(j) U Po(Po(j)) c E}

for every E eN, and D E 1)N. Thus, v4 (D) assigns to every coali ton E C

N the number of first and second order successors whose first and second order
predecessors are all part of E.

This mapping satisfies the N-efficiency norm, the dummy property and the top
property. It does not satisfy additivity over independent partitions.

Consider the two digraphs D', D" E 1)N given in Figure 2.3. These two digraphs
form an independent partition of the digraph D given in Figure 2.4.

For this independent partition it holds that

v4
( D')( {I, 2}) + v4

( D")( {I, 2}) = 1 + 0 # 0 = v4(D)( {I, 2}).

2.2.2 The Shapley value of a conservative score game

In this subsection we consider the Shapley value of a conservative score game. In Section
2.1 we discuss relational power measures that assign real values to individual nodes in
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a digraph which can be seen as measures of the relational power of those nodes in the
digraph. In this section we discussed the conservative score mapping which assigns to
every digraph a TU-game which can be seen as a relational power measure that measures
the relational power of groups of nodes in the underlying digraph. Since the Shapley value
assigns real numbers to all players in a TU-game, the Shapley value of a conservative
score game again can be seen as a relational power measure that measures the relational
power of individual nodes in a digraph.

Instead of using expression 1.3 in determining the Shapley value of a conservative
score game we provide a formula that makes it possible to determine this Shapley value
directly from the underlying digraph. It turns out that the Shapley value of a conservative
score game is equal to the BG-measure of the underlying digraph. Using the concept
of a single predecessor digraph as introduced in Section 1.5 we can also express this
Shapley value as the average of the score measures of the single predecessor digraphs in
the underlying digraph.

Theorem 2.2.12 Let D E 'ON. Then Sh(vC(D)) = f3(D), and

Sh;(vC(D)) = #~ L O";(A) for all i E N,
o AEAD

where AD denotes the set of all single predecessor digraphs in D.

PROOF

(i)
Let D E 'ON. Then

vC(D) = L vC(Dj),

JEN

where vC(Dj) is the score game corresponding to digraph Dj = {(i,j) liE PD(j)}' i.e.,

(2.1)

if E :J PD(j)
else.

Consider node i E N. For every 7r E II(N) it then holds that

if j E SD(i) and 7r(h) ::; 7r(i) for all h E PD(j)
else,

where the marginal vectors m" are given by (1.2).
If PD(j) = 0 then vC(Dj) is equal to the null game Va given by va(E) = 0 for all E eN.
In that case Sh;(vC(Dj)) = 0 for all i E N.
If PD(j) -:f. 0 then j has #PD(j) predecessors in o;
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Thus, #{1r E I1(N) 11r(h) 'S 1r(i) for all hE PD(j)} = J~~(~). Then

if j E SD(i)
else.

From (2.1) and additivity of the Shapley value it then follows that

Shi(vC(D)) = L Shi(vC(Dj)) = L #Pl (.) = f3i(D) for all i E N.
JEN jESD(i) D J

(ii)
For every (i,j) E D we define AD(i,j) = {A E AD I j E SA(i)}, being the collection of
single predecessor digraphs in D in which i is the (unique) predecessor of j.

Then #AD(i,j) = fhESD(N)\{J} #PD(h). Since #AD = DhESD(N) #PD(h) it then holds
that

1 1 . .
f3i(D) = L #P (.) = #A L #AD(z,J) =

jESD(i) D J D jESD(i)

1 1 1~ L L 1 = --y L L 1 = ~ L o-,(A).
# D jESD(i) AEAD(i,j) # D AEAD jESA(i) # D AEAD

o

Note that the number of permutations of the players in N is equal to #I1(N) = (#N)I,
while the number of single predecessor digraphs in digraph D is equal to #AD =
DiESD(N) #PD(i). Therefore, for many digraphs the number of single predecesor digraphs
will be less than the number of permutations of N. However, this does not hold for all
digraphs as can easily be seen by considering the digraph D = N x N \ {( i, i) liE N}.

Example 2.2.13 Consider the digraph D of Example 2.1.2 whose corresponding con-
servative score game v is given in Example 2.2.3.
This digraph has 6 single predecessor digraphs:

Al = {(I, 3), (1,4)}, A2 = {(I, 3)(2,4)}, A3 = {(1,3)(3,4)},

A4 = {(2,3),(1,4)},As = {(2,3),(2,4)},A6 = {(2,3)(3,4)}.

The corresponding score measures are:

o-(Al) = (2,0,0,0), o-(A2) = (1,1,0,0), o-(A3) = (1,0,1,0),

o-(A4) = (1,1,0,0), o-(As) = (0,2,0,0), o-(A6) = (0,1,1,0).
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Taking the average of the score measures of these single predecessor digraphs yields

-6
1
• ( (2,0,0,0)+(1,1,0,0)+(1,0,1,0) )

= (~,~,~,O) = (3(D) = Sh(v).
+(1,1,0,0) + (0,2,0,0) + (0,1,1,0)

The marginal vectors of v are given by

m"(v) =

(0,1,1,0)
(0,2,0,0)
(1,0,1,0)
(2,0,0,0)
(0,2,0,0)
(2,0,0,0)

if 7r(1) < 7r(2) < 7r(3)
if 7r(1) < 7r(3) < 7r(2)
if 7r(2) < 7r(1) < 7r(3)
if 7r(2) < 7r(3) < 7r(1)
if 7r(3) < 7r(1) < 7r(2)
if 7r(3) < 7r(2) < 7r(1).

Taking the average of these marginal vectors yields

(

4(0,1,1,0) +4(0,2,0,0) +4(1,0,1,0) )
-14. = (~,~, L 0) = (3(D) = Sh(v).

+4(2,0,0,0) + 4(0,2,0,0) + 4(2, 0,0,0)

In Section 1.5 we mentioned the efficiency, zero player, necessary player and additivity
properties that characterize the Shapley value for arbitrary TU-games. In Subsections
2.1.1 and 2.2.1, respectively, we axiomatized the BG-measure and the conservative score
mapping using similar axioms. In this subsection we saw that the Shapley value of a
conservative score game is equal to the BG-measure of the underlying digraph. Next
we show how the sets of axioms that characterize the conservative score mapping and
the Shapley value restricted to the class of conservative score games can be combined
to yield the axioms that characterize the BG-measure. In order to do that we need to
adapt additivity of the Shapley value. For two conservative score games v and w the
sum game (v + w) need not to be a conservative score game as the following example
shows.

Example 2.2.14 Let N = {1,2,3}, v = U{l} + U{!.2}, and w = U{1.3}' The (unique)
digraphs underlying these conservative score games are

Dl = {(1,2),(1,3),(2,3)} and D2 = {(1,2),(3,2)}.
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For the sum game (v + w) = U{l} + U{l,2} + U{l,3} to be a conservative score game,
according to Proposition 2.2.5 it must hold that there are players il E N \ {l} =
{2,3}, i2 E N \ {l,2} = {3}, and i3 E N \ {1,3} = {2} such that all three players
il, i2, i3 are different. Clearly this is not possible and thus there is no digraph D such
that (v + w) is the conservative score game corresponding to D.

We say that a function f: gN -+ RN is additive on a specific subclass 9 of gN if for
every pair of games v, w E 9 such that the sum game (v + w) is also an element of
9 it holds that f(v + w) = f(v) + f(w). Now the Shapley value restricted to the
class of conservative score games can be axiomatized by the efficiency, zero player and
necessary player axioms as mentioned in Section 1.5 plus additivity restricted to the class
of conservative score games. (This can be seen by noting that each unanimity game,
except the unanimity game of N, is a conservative score game and each conservative
score game can be expressed as in Lemma 2.2.2.)

Now we can combine the set of axioms that characterize the conservative score mapping
and the set of axioms that characterize the Shapley value restricted to the class of
conservative score games to obtain the set of axioms that uniquely determine the BG-
measure as stated in Theorem 2.1.7. The N-efficiency norm of the conservative score
mapping states that the value of the grand coalition in vC(D) is equal to the total number
of dominated nodes in digraph D. Efficiency of the Shapley value states that the Shapley
value exactly distributes the value of the grand coalition. Combining these two axioms
yields the ,a-efficiency norm of the BG-measure stating that the total 'power value' that
is to be distributed is equal to that total number of dominated nodes in a digraph.

The dummy property of the conservative score mapping states that a node that
does not dominate any other node in a digraph is a zero player in the corresponding
conservative score game. The zero player property of the Shapley value states that the
Shapley value of a zero player in a game is equal to zero. Combining these two axioms
yields the dummy property of the BG-measure, stating that the BG-measure of a node
that does not dominate any other node is equal to zero.

The top property of the conservative score mapping states that a node that dom-
inates all dominated nodes in a digraph is a necessary player in the corresponding game.
The necessary player property of the Shapley value states that a necessary player in
a monotone TU-game gets at least as much as any other player (see Section 1.5 for
monotonicity of TU-games). Since every conservative score game is monotone we can
also combine these two axioms. This yields the top property of the BG-measure, which
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states that a node that dominates all dominated nodes in a digraph gets at least as much
as any other node.

Additivity of the conservative score mapping states that if P is an independent
partition of digraph D then the sum of the games assigned to the subdigraphs in P is
equal to the game assigned to D. Additivity of the Shapley value (restricted to the class
of conservative score games) states that the sum of the values assigned to two or more
conservative score games such that the sum of these games is also a conservative score
game is equal to the value assigned to this sum game. Combining these two axioms
yields additivity of the BG-measure, which states that if P is an independent partition
of digraph D then the sum of the measures assigned to the sub digraphs in P is equal to
the measure assigned to D.

In this way we have derived the axiornatization of the BG-measure that is given
in Theorem 2.l.7 indirectly by looking at the BG-measure as the Shapley value of a
conservative score game.

2.2.3 The core of a conservative score game

In this subsection we consider the core of a conservative score game. In the previous
subsection we have shown that the Shapley value of a conservative score game is equal
to the average of the score measures of the single predecessor digraphs in the underlying
digraph. The following theorem shows that the core of the conservative score game
corresponding to digraph D coincides with the convex hull of the collection of score
measures of all single predecessor digraphs in D.

Theorem 2.2.15 For every DE VN it holds that

Core(vC(D)) = Conv({O'(A) E RN I A E Ao}),

where Conv(X) denotes the convex hull of X eRN, i.e.,

there exist Xl,'" ,Xj E X and )'1,"" At E R+ }.

such that y = 2:::=1 AiXi

PROOF

Let D E VN, and let M(D) denote the collection of all marginal vectors of the conser-
vative score game corresponding to D, i.e.,

M(D) = {m"(vC(D)) E .RN 17r E TI(N)}.
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Further, by 2:.(D) we denote the collection of score measures of all single predecessor
digraphs in D, i.e., 2:.(D) = {O"(A) E RN I A E AD}. Thus, we have to prove that
Core(vC(D)) = Conv(2:.(D)).
The proof of the theorem consists of the following two steps.

(a) We first prove that M(D) C 2:.(D) by showing that for every rr E Il(N) there is
an A E AD such that m7T"(vC(D)) = O"(A). Therefore, let rr E Il(N). Then

mi(vC(D)) = #{j E 5D(i) Irr(h) :::; rr(i) for all h E PD(j)} for all i E N.

Let A E VN be given by A = {(i,j) E D Irr(h) :::; rr(i) for all hE PD(j)}.

Since A C D and PA(j) = {i E PD(j) Irr(i) 2: rr(h) for all h E PD(j)} it is easy
to see that A E AD and O"(A) = m7T"(vC(D)).

(b) Next we prove that 2:.(D) C Core(vC(D)) by showing that O"(A) E Core(vC(D))
for all A E AD. Therefore let A E AD.

By definition of a single predecessor digraph it holds that

L O"j(A) = #5D(N) = vC(D)(N).
iEN

Further,

LEE O"j(A) = #{j E 5D(E) I PA(j) n E =t 0} 2: #{j E 5D(E) I PD(j) C E} =
vC(D)(E) for all E eN.

Thus, O"(A) E Core(vC(D)).

In Shapley (1971) it is shown that the core of a convex TU-game coincides with the
convex hull of the marginal vectors of that game. Since by Corollary 2.2.4 vC(D) is
convex it holds that Core(vC(D)) = Conv(M(D)).
With the inclusions M(D) C 2:.(D) C Core(vC(D)) which were proved under (a) and (b)
it then follows that Core(vC(D)) = Conv(2:.(D)).

o

Part (a) of the proof of Theorem 2.2.15 implies that every marginal vector of a con-
servative score game vC(D) is the score measure of a single predecessor digraph in the
corresponding digraph D. The converse need not be true as the following example shows.
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( ~~1 = a(As)

Figure 2.5: The core of v of Example 2.2.16

Example 2.2.16 Consider the digraph D of Example 2.1.2 which conservative score
game v is given in Example 2.2.3, and which marginal vectors and score measures of its
single predecessor digraphs are given in Example 2.2.13.
The core of v is represented by the shaded area in Figure 2.5.
Consider the score measure a(A2) = a(A4) = (1,1,0,0). This score measure does not
correspond to a marginal vector of v. The intuition behind this is as follows. Nodes 1
and 2 both have nodes 3 and 4 as their only successors. Therefore, in any permutation
of the players in the game v the marginal contribution of the first of the two players 1
or 2 to enter is equal to zero. Thus, there is no permutation of the players in which the
marginal contribution of both players is positive.

Next we characterize the class of digraphs D for which the set 1:( D) consisting of the score
measures of all single predecessor digraphs coincides with the set M(D) consisting of the
marginal vectors of the corresponding conservative score game. For this we introduce
the following concept.

Definition 2.2.17 Let D E '])N. A sequence of nodes (il, i., i2, is, ... , Zt, jt),
t ~ 2, is an anti-directed semi-circuit in D if the following conditions are satisfied

(i) ik =f. il and i» =f.]1 for all k, IE {1, ... , t} with k =f. I;

(ii) j k E SD( ik) n SD( ik+l) for all k E {1, ... ,t - 1} and i, E S'D(it) n Sv( i1)'
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2

Figure 2.6: Digraph D of Example 2.2.18

Thus, an anti-directed semi-circuit in a digraph D is a cycle such that the neighbours of

each node i in the cycle are either both successors or both predecessors of i and, moreover,

each node appears at most once as a successor and at most once as a predecessor in this

cycle. (Note that a node can appear both as a successor and as a predecessor in the cycle.)

In the digraph of Example 2.1.2 the sequence (1,3,2,4) is an anti-directed semi-circuit.

Next we give an example in which there is no anti-directed semi-circuit.

Example 2.2.18 Consider the digraph D on N = {1, 2, 3, 4} given by

D = {(1,3),(2,3),(2,4),(3,4)}.

This digraph has 4 single predecessor digraphs which are given by

Al = {(1,3),(2,4)}, A2 = {(1,3)(3,4)}, A3 = {(2,3),(2,4)}, A4 = {(2,3),(3,4)}.

The corresponding score measures are

a(Ad = (1,1,0,0), a(A2) = (1,0,1,0), a(A3) = (0,2,0,0), a(A4) = (0,1,1,0).

According to Lemma 2.2.2 the corresponding conservative score game is given by

v = U{l,2} + U{2,3}. The marginal vectors of this game are given by

m1f(v) =

(0,1,1,0)
(0,2,0,0)
(1,0,1,0)
(1,0,1,0)
(0,2,0,0)
(1,1,0,0)

if 7r(1) < 7r(2) < 7r(3)

if 7r(1) < 7r(3) < 7r(2)

if 7r(2) < 7r(I) < 7r(3)

if 7r(2) < 7r(3) < 7r(1)

if 7r(3) < 7r(1) < 7r(2)

if 7r(3) < 7r(2) < 7r(1)

The core of v is represented by the shaded area in Figure 2.7.



42

( ~)
Figure 2.7: The core of v of Example 2.2.18

For the digraph of Example 2.2.18 the set I:(D) of score measures of all single prede-
cessor digraphs coincides with the set M( D) of marginal vectors of the corresponding
conservative score game. This is because this digraph has no anti-directed semi-circuit.

Theorem 2.2.19 Let D E T)N. The set I:(D) of score measures of all single predecessor
digraphs in D coincides with the set M(D) of marginal vectors of vC(D)) if and only if
there is no anti-directed semi-circuit in D.

PROOf

Let D E T)N In the first part of the proof of Theorem 2.2.15 we already proved that
M(D) C I:(D) Therefore we only have to prove that I:(D) C M(D) if and only if there
is no anti-directed semi-circuit in D.
In order to do that we introduce the following.
An anti-directed semi-circuit (iJ, i., ... ,it, jt) is minimal in D if there is no anti-directed
semi-circuit (h1,gl, ... ,h.,gs) in D such that {h), ... ,hs} C {i[, ... ,id.

Only if
Suppose there is an anti-directed semi-circuit in D. Then there is a minimal anti-directed
semi-circuit (i), j11 ... , it,jt) in D.
Let 1= {i), ... ,id and J = {j), ... ,jd.
We distinguish the following two cases with respect to #1.

1. Suppose that #1 = 2, i.e., 1 = {i1,i2}.

Then we can construct an A E AD that satisfies the following conditions:
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(i) PAUl) = il and PA(h) = i2;

(ii) PA(h) c PD(h) n 1 for all h E SD(I) \ J.

Let 7r E TI(N). We may assume without loss of generality that 7r(itJ < 7r(i2)'

Then mi1(vC(D)):::; #(SD(iI) \ SD(i2)) < #(SD(iI) \ SD(i2)) + 1.

Hence, there is no 7r E IT(N) such that !T(A) = m1r(vC(D)).

2. Suppose that #1 > 2.

(a) Let hE SD(I) \ J. We first prove that #(PD(h) n 1) = 1.

Since h E SD(I) it holds that #(PD(h) n 1) ~ 1.

Suppose that #(PD(h) n 1) > 1. Then there exist k, I E {l, ... , t} with
k < I and {ibid C PD(h). We may assume without loss of generality that
k = 1.

If l < t then (il,]l, ,ir,]r) is an anti-directed semi-circuit in D with
{iI, ... , id c I and {i1, , id -=I 1.

If l = t then (i},h, it,]t) is an anti-directed semi-circuit in D with

{il,it} eland {il,it} -=I 1 (since by assumption #1> 2).
Both cases are in contradiction with (il,]I,"" it,]t) being a minimal anti-
directed semi-circuit in D.

(b) Using (a) we can construct an A E AD that satisfies the following condi-
tions

(i) PAUk) = {id for all k E {l, ... ,t}j
(ii) PA(h) = Po(h) n 1for all h E SD(I) \ J.

(c) Next we prove that !T(A) rJ M(D).

Since SA(ik) = SD(ik) \ {]k-d for all k E {2, ... , t} and

SA (il) = SD(il) \ Ud, it holds that

O";(A) = #SD(i) - 1 for all z E I.

Let tt E TI(N) and let i E 1 be such that 7r( i) :::; 7r( h) for all h E 1. Then
{] E So(i) I PDU) c {h E N I 7r(h) :::;7r(i)}} n J = 0.
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But then

m;(vC(D)) #{j E 5D(i) I PD(j) c {h E N I 7r(h) ~ 7r(i)}}

~ #SD(i) - 2.

Hence, there is no 7r E IT(N) such that cr(A) = m"(vC(D)).

Thus, we have proved that if there is an anti-directed semi-circuit in D then
E(D) rt M(D).

If
Suppose there is no anti-directed semi-circuit in D, and let A E AD' We show that there
is a 7r E IT(N) such that cr(A) = m"(vC(D)).

(a) We recursively define the sets L, C N, k E ]\I U {OJ, as follows:

Lo = 0

and

L _ {. N \ kU-lL I For every j E SA(i) it holds that }
k - Z E 1 • k-l' for all kEN.

1=0 PD(J) C (U1=0 LI U {z})

(b) Let kEN be such that N \ ut"d LI =f 0. We prove that i; of. 0.
On the contrary suppose that Lk = 0. Let N := N \ Ut"OIL1. Then, for every
i E N there is a j E SA(i) such that PD(j) rt U7~d LI U {i}, and thus

(?D(j) n N) \ {i} =10.
Let ii := #N. We construct a sequence (il ,J1, i2,J2,"') satisfying the following
conditions:

(i) i1 EN;

(ii) jk E 5A(ik) and ik+1 E (PD(jk) n N) \ {id for every kEN.

Since N is finite there are k, I E {I, ... ,ii + I} with k < I, ik = il and all players
in {ik, ... ,il-d different.

By construction it holds that i, of. i, for all r, s E {k, ... , I - I}.

But then (ik' n, ... ,il-1 ,jl-d is an anti-directed semi-circuit in D.

(c) From (a) and (b) it follows that there is an mEN such that
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(i) Lk i 0 for all k E {I, ... ,m}j

(ii) Lk n L/ = 0 for all k, l E {I, ... , m} with k i l;

(iii) U;;:"l Lk = N,

i.e., the sets Ll' ... ' Lm form a partition of N consisting of non-empty sets only.

(d) Let 7r E Il(N) be such that if i E L, and j E L/ with k < l then 7r(i) < 7r(j). We
show that m1r(vC(D)) = a(A).

Let i E Lk for some 1 S k S m. From (a) it follows that

(i) If j E 5A(i) then PD(j) C U7:~ L/ U {i}j

(ii) If j E 5D(i) \ 5A(i) and 5A(h) = {j} then h E U~k+l L/ and thus

Pa(j) ct U7:o1L/ U {i}.

But then

m'((vC(D)) #{j E 5D(i) 17r(h) S 7r(i) for all s « PD(j)}

Thus, we have proved that if there is no anti-directed semi-circuit in D then

E(D) C M(D).
o

2.2.4 The score game

So far in this section we discussed the conservative score game as a measure of the
relational power of groups of nodes in a digraph. In a conservative score game this
relational power is measured in a conservative way in the sense that in determining the
value of a group of nodes E we only take account of those successors of E that have no
predecessors outside E. In this subsection we introduce an alternative game measuring
the relational power of groups of nodes in a digraph in an optimistic way.

Definition 2.2.20 The score mapping on N is the mapping vS
: 'ON -+ gN given by

vS(D)(E) = #50(E) for all E C Nand D E 'ON.



46

The game vS(D) is called the score game corresponding to D E 1)N. The value of
coalition E c N in vS(D) is equal to the total number of successors of E in D. Thus,
in measuring the relational power of groups of nodes in this way we count all successors
of coalition E to the power value of E irrespective of the fact whether these successors
have other predecessors outside E.

We call vS(D) the score game corresponding to digraph D because the score
mapping is a generalization of the score measure that is discussed in Subsection 2.1.2.
For every D E 1)N and i E N it holds that vS(D)({i}) = #SD(i) = IJj(D). Note that
the conservati ve score game is not a generalization of the score measure. If D E 1)N

and i E N are such that there is a j E SD(i) with #PD(j) > 1 then it holds that
vC(D)({i}) < #SD(i).

As expected, for every E C Nand D E 1JN it holds that vC(D)(E) S; vS(D)(E),
i.e., the conservative score mapping indeed measures relational power in a more conser-
vative way than the score mapping. It is easy to verify that vC(D) = vS(D) if and only
if D is a single predecessor digraph.

In the previous section we saw that the conservative score game corresponding
D E 1)N is convex. The score game corresponding to D E 1)N is concave, i.e.,

vS(D)(E) + vS(D)(F) ~ vS(D)(E U F) + vS(D)(E n F) for all E, FeN.

This implies that the core of a score game, in general, will be empty. It is non-empty if
and only if the underlying digraph is a single predecessor digraph. As mentioned above,
in that case the score- and conservative score games coincide. Moreover, in that case
they are additive, and thus the core consists of a unique element which coincides with
the score measure of the underlying single predecessor digraph (which is equal to the
BG-measure for those single predecessor digraphs). If the digraph D is not a single
predecessor digraph then the core of the score game corresponding D is empty and does
not help in measuring the relational power of individual nodes in D.

In order to determine the Shapley value of a score game it is useful to note that
the score and conservative score games corresponding to D E 1)N are each others dual.

Lemma 2.2.21 For every D E 1)N it holds that

vC(D)(N) - vC(D)(N \ E) = vS(D)(E) for all E eN.

PnOOF

Let D E 1)N and E C N. Then
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vC(D)(N) - vC(D)(N \ E)

-#{j E 5D(N \ E) I ?D(j) c N \ E} -

#5D(N)#{j E 5o(N) I ?D(j) n E = 0}

#{j E 5D(N) I ?D(j) n E -# 0}

#5D(E) = vS(D)(E).

o
As is known, the Shapley value of a TU-game and its dual game coincide. Theorem 2.2.12
characterizes the Shapley value of a conservative score game. According to Lemma 2.2.21
we then can state a similar result for the score game.

Corollary 2.2.22 For every DE VN it holds that Sh(vS(D)) = f3(D) and

5h;(vS(D)) = #~ L O';(A) for all i E N.
D AEAD

In Theorem 2.2.10 we gave an axiomatization of the conservative score mapping. It is
easy to see that the score mapping does not satisfy the top property. Instead it satisfies
a dual top property which states that if node i dominates all dominated nodes in digraph
D then i is a sufficient player in the corresponding score game in the sense that every
coalition E that contains i is assigned the value of the 'grand coalition' N.

Axiom 2.2.23 (Dual top property) For every D E VN and i E N with 5D(i)
5D (N) it holds that

v(D)(E) = v(D)(N) for all E C N, E 3 i.

We can axiomatize the score mapping by replacing the top property in Theorem 2.2.10
by the dual top property.
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Theorem 2.2.24 A mapping v: VN --+ gN is equal to the score mapping if and only
if it satisfies the N -efficiency norm, the dummy property, the dual top property, and
additivity over independent partitions.

PROOF
It can easily be verified that the score mapping satisfies the four axioms.
Now let v: VN --+ gN satisfy the four axioms, and let D E VN

For every j E 5D(N) let the digraph Dj E VN be defined as in the proof of Theorem
2.1.7, i.e., o, = {(i,j) liE PD(j)}.
From the N-efficiency norm of v it follows that v(Dj)(N) = 1.
Let E C N.
Ifj E 5D(E) then there is an i E E with 5D,(i) = {j} = SD,(N). The dual top property
then implies that v(Dj)(E) = v(Dj)(N) = 1.
If j E N \ 5D(E) then 5D,(i) = 0 for all i E E. The dummy property then implies that
v(Dj)(E) = O.
The collection {Dj};ESn(N) is an independent partition of D. From additivity over
independent partitions it then follows that

v(D)(E) = E v(D;)(E) = #5D(E) = vS(D)(E) for all E C N.
jESn(N)

o

We conclude this section by illustrating the independence of the axioms stated in Theo-
rem 2.2.24.

Example 2.2.25 We illustrate the independence of the axioms stated in Theorem 2.2.24
by presenting four alternative mappings v: VN --+ gN.

1. Let the mapping v5: VN --+ gN be given by

1
v5(D)(E) = "2' vS(D)(E) for all E C Nand D E VN

Thus, v5(D) assigns to every coalition E C N half the number of successors of E
in D.

This mapping satisfies the dummy property, the dual top property and additivity
over independent partitions. It does not satisf the N-efficiency norm.

For the digraph of Example 2.1.2 it holds that v5(D)(N) = 1 < 2 = #5D(N).
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2. Let the mapping v6: VN --> gN be given by

v6(D)(E) = #SD(N) for all E C Nand D E VN

Thus, v6(D) assigns to every coalition E c N the total number of nodes being
dominated in D.

This mapping satisfies the N-efficiency norm, the dual top property and additivity
over independent partitions. It does not satisfy the dummy property.

For the digraph of Example 2.l.2 it holds that v6(D)( {4}) = 2 although SD(4) = 0.

3. In Subsection 2.2.1 we have already seen that the conservative score mapping VC

satisfies the N-efficiency norm, the dummy property and additivity over indepen-
dent partitions. It does not satisfy the dual top property.

For the digraph of Example 2.l.2 it holds that vC(D)( {2}) = 0 =I 2 = vC(D)(N)
although SD(2) = Sn(N).

4. Let the mapping v7: VN --> gN be given by

v7(D)(E) = #(SD(E) u SD(SD(E)) for all E C Nand D E VN.

Thus, v7(D) assigns to every coaliton E c N the total number of first and second
order successors of E in D.

This mapping satisfies the N-efficiency norm, the dummy property and the dual
top property. It does not satisfy additivity over independent partitions.

Consider the two digraphs D', D" E VN that are given in Example 2.2.11.4 and
which form an independent partition of digraph D that is also given in that exam-
ple.

For this independent partition it holds that

v7(D')( {4}) + v7(D")( {4}) = 0 + 1 =12 = v7(D)( {4}).

2.3 Weighted hierarchies

In this section we generalize the relational power measures having been discussed in
Section 2.1 to the class of weighted digraphs. Whenever we represent a hierarchical
structure by a (non-weighted) digraph as we did until now then we only know which nodes
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dominate which other nodes but we cannot differentiate the dominance relations with
respect to their importance. As discussed in Chapter 1, in many hierarchical structures
one dominance relation is more important than another one. In measuring the relational
power of a team that participates in a tournament we possibly not only want to take
account of which matches that team has won but also by how much it won those matches.
In a hierarchically structured market in which the relations between agents represent
hierarchical trade relations one trading partner can be more important for a particular
agent than another one. In a firm an employee possibly has to take account of more
than one s!1perior but one of his superiors can have more to say about him than another
one. A hierarchical structure of the positions N in which not all dominance relations
are equally important can be represented by a weighted digraph w: N x N -t R+ whose
set of nodes corresponds to the set of positions N. The function w assigns non-negative
real values to all pairs i, j E N such that w( i, i) = 0 for all i EN. The value w( i, j)
is a measure of the importance of the relation on which node i dominates node i If
w(i,j) = 0 then node i does not dominate node j at all. A (non-weighted) digraph
D E VN can be represented as a weighted digraph w as is done in equation (1.1) in
Section 1.5.
Next we generalize the BG-measure to the class WN of weighted digraphs on N.

Definition 2.3.1 For every w E WN and j E N the dominance weight over J in w

is given by

Aw(j) = Lw(i,j).
iEN

The weighted BG-measure on N is the function f3w: WN -t RN given by

f3,((w) = L w(i,j). N
Aw(j) for alit E Nand w E W .

The weighted BG-measure distributes the power over a node in w E WN proportional to
the weights of the relations on which that node is dominated. If we represent a digraph
D E VN by the weighted digraph w as in equation (1.1) then Aw(j) = #PD(j) for all
j E N, and thus f3i(w) = LjESo(i) #P~(j) = f3i(D). Thus, the weighted BG-measure
indeed is a generalization of the BG-measure.

Example 2.3.2 Consider the weighted digraph w on N = {I, 2, 3, 4} given by

w(i,j) ~ { :
if (i,j) = (2,3)
if (i,j) E {(1,3),(1,4),(2,4),(3,4)}
else.
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Figure 2.8: Weighted digraph w of Example 2.3.2

This weighted digraph is illustrated in Figure 2.8.
Note that the underlying (non-weighted) digraph of w is the digraph D of Example 2.l.2.

The dominance weights of the nodes in this weighted digraph are >'w(l) = >'w(2) = 0,
>'w(3) = >'w( 4) = 3.
The weighted BG-measure of w is given by J3W(w) = (~' 1,~, 0).

Next we present three axioms that uniquely determine the weighted BG-measure. The
first axiom again is some kind of normalization. The weighted BG-measure takes 'pos-
itively dominated node' as the unit of measurement of relational power, where a node
is positively dominated if its dominance weight is positive. The weighted BG measure
is efficient in the sense that the total value that is distributed among the nodes in a
digraph is equal to the total number of positively dominated nodes.

Axiom 2.3.3 (Weighted J3-efficiency norm) For every w E WN it holds that

L Mw) = # {j E N I>'w(j) > O} .
iEN

Suppose that nodes i and j are such that the proportion of the weights by which i and j

dominate other nodes is a fixed constant for every node. The second axiom states that
in that case also the proportion of the values assigned to i and j is equal to this constant.

Axiom 2.3.4 (Weight proportionality) For every wE WN and every pair i,j E N
such that there is a non-negative constant Ci,j ~ 0 for which w(i, h) = Ci,j . w(j, h) for
every hEN it holds that

fi(W) = Ci,j . fj(w).
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In order to state the third axiom we introduce the concept of an independent partition
of a weighted digraph in a similar way as we did for (non-weighted) digraphs. Thus, a
partition of a weighted digraph W is a collection of weighted digraphs P = {Wj, ... , wd
such that E~=l wk(i,j) = w(i,j) for every (i,j) E N x N. A partition P of W is
independent if it also holds that #{v E P I Av(j) > O} ::::;1 for all j EN.

Axiom 2.3.5 (Additivity over weighted independent partitions) For every
W E WN and every independent partition P of W it holds that

f(w) = L f(v).
vEP

Note that if we represent (non-weighted) digraphs by weighted digraphs according to
equation (1.1), then the weighted ,a-efficiency norm and weight proportionality imply the
dummy property for (non-weighted) digraphs. Together with additivity over weighted
independent partitions they also imply the top property for (non-weighted) digraphs.

Theorem 2.3.6 A function f: WN -> RN is equal to the weighted Btl-measure if and
only if it satisfies the weighted ,a-efficiency norm, weight proportionality, and additivity

over weighted independent partitions.

PROOF

It can easily be verified that the weighted BG-measure satisfies the three axioms.
Now suppose that the function f: WN ---> RN satisfies the three axioms, and let w E WN.

For each j E N we define the weighted digraph Wj by

.(' h) _ { w(i,h)wJ t, - o
if h = j

else.

If Aw(j) = 0 then the weighted ,a-efficiency norm and weight proportionality imply that

J;(wJ) = 0 for all i E N.
Suppose that Aw(j) > O. We distinguish the following cases with respect to i E N.

1. Suppose that i E N is such that w(i,j) = O. From weight proportionality it follows

that Ji(Wj) = 0 = ~:ii~l·
2. Suppose that i E N is such that w(i,j) > O.

For every hEN it then holds that wj(h,j) = w,«h,j)). wj(i,j), and
w) t,)

wj(h, I) = wz«h,j)). wj(i, I) = 0 for alii =f. j.
w) t,t
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From weight proportionality it then follows that !h (Wj)
hEN.

W((h,j» . J;(Wj) for all
W 1,3

But then

L ji(Wj) . w(h,j)
hEN w(z,))

J;(Wj) ." (h .) = ji(Wj) . >. (.)
(
.. ) L-, W,) ( .. ) w ) .W Z,) hEN W Z,)

According to the weighted ,8-efficiency norm it holds that LhEN jh(Wj) = 1 and
thus

ji(Wj) \ (.)
w(i,j) . Aw) = l.

Thus, for each i E N with w(i,j) > 0 it holds that

w(i,j)
ji(Wj) = >'w(j)'

Since {Wj LEN is an independent partition of W it follows from additivity over weighted
independent partitions that

" "w(i,j) wJ;(w) = L-, J;(Wj) = L-, ~(.) =,8i (w).
JEN 1EN w)

A",U»O

D

Next we illustrate the independence of the axioms stated in Theorem 2.3.6.

Example 2.3.7 We illustrate the independence of the axioms stated in Theorem 2.3.6
by presenting three alternative relational power measures for weighted digraphs.

1. Let the function I': WN --> RN be given by

jl(w) = L w(i,j) for all i E Nand W E WN.
JEN

Thus, r assigns to every node in a weighted digraph the sum of the weights by
which it dominates the other nodes.

This function satisfies weight proportionality and additivity over weighted inde-
pendent partitions. It does not satisfy the weighted ,8-efficiency norm.

For the digraph of Example 2.3.2 it holds that t' (w) = (2,3,1,0).

So, LiEN fl(w) = 6 i- 2 = # {j E N I>'w(j) > a}.
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2. Let the function j2: WN -+ RN be given by

Jl(w) = # {j E N~~(j) > O} for all i E Nand w E WN.

Thus, P distributes the power over all positively dominated nodes in a weighted
digraph equally over all nodes in the digraph.

This function satisfies the weighted ,B-efficiency norm and additivity over indepen-
dent partitions. It does not satisfy weight proportionality.

For the digraph of Example 2.3.2 it holds that by f2(W) = (~,~,~,~).

So, Jl(w) = ~ = R(w) although w(4,i) = O· w(l,i) for all i E N.

3. For every w E WN we define the weighted digraph w E WN by

_( .. ) {W(i,j)+LhENW(j,h)
w ~,J = 0

if w(i,j) > 0
else.

Thus, the weight of a relation (i, j) in w is equal to the sum of the weight of relation
(i,j) and the weights of all relations on which j is the dominating node. Now let
the function F: WN -+ RN be given by

Thus, f3 distributes the power over all dominated nodes in a weighted digraph
according to the weighted BG-measure of the weighted digraph w. This function
satisfies the weighted ,B-efficiency norm and weight proportionality. It does not
satisfy additivity over weighted independent partitions,

For the weighted digraph w of Example 2.3.2 the weighted digraph w is given by

if (i,j) = (2,3)
if (i,j) = (1,3)
if (i,j) E {(1,4),(2,4),(3,4)}
else.

The following two weighted digraphs w',w" E WN form an independent partition

of w:

w'(;,j) ~ { :
if (i,j) = (2,3)
if (i,j) = (1,3)
else



55

and

"(' ') {Iw t,] = 0
if (i,j) E ((1,4),(2,4),),(3,4)
else.

Note that the weighted digraphs w' and w' coincide with w' and w", respectively.

For this independent partition it holds that

f3(w') + j3(w") = (~,~,0, 0) + (~,~,~,0) = (~,1, ~,O) =f. m·, H, ~,O) = j3(w).

In a similar way as for the BG-measure we now generalize the score measure for weighted
digraphs.

Definition 2.3.8 The weighted score measure on N is the function a-W
: WN -+ RN

given by
a-i(w) = L w(i,j) for all i E Nand wE WN

jEN

The weighted score measure assigns to every node in a weighted digraph the sum of the
weights of the relations on which that node is the dominating node. Note that if we
represent D E VN by the weighted digraph w according to equation (1.1) then it holds
that a-)"(w) = #{j E N I w(i,j) = I} = a-;(D). Thus, the weighted score measure indeed
is a generalization of the score measure for (non-weighted) digraphs. The weighted
score measure satisfies weight proportionality and additivity over weighted independent
partitions. However, it does not satisfy the weighted ,a-efficiency norm. Instead it uses
another normalization being a generalization of the c-efficiency norm for non-weighted
digraphs.

Axiom 2.3.9 (Weighted a--efficiency norm) For every w E WN it holds that

L J;(w) = L >'w(j) = L w(i,j).
iEN jEN (i,j)ENxN

The weighted score measure can be axiomatized by replacing the weighted ,a-efficiency
norm in Theorem 2.3.6 by the weighted rr-efficiency norm.

Theorem 2.3.10 A function f: WN -+ RN is equal to the weighted score measure if and
only if it satisfies the weighted a--efficiency norm, weight proportionality, and additivity
over weighted independent partitions.
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PROOF

It can easily be verified that the weighted score measure satisfies these three axioms.
Now suppose that the function f: WN -> RN satisfies the four axioms, and let W E WN.

Further, let for each node j E N the weighted digraph Wj be defined as in the proof of
Theorem 2.3.6, i.e.,

Wj(i, h) = { w(zo',h) if h = j
else.

If >'w(j) = 0 then the weighted cr-efficiency norm and weight proportionality imply that
J;(Wj) = 0 for all i E N.
Suppose that >'w(j) > O. Similarly as in the proof of Theorem 2.3.6 it follows from weight
proportionality that fi(Wj) = 0 = ~~ii~lfor all i E N with w(i,j) = 0, and from weight

proportionality that fh(Wj) = :~~,R.fi(Wj) for all i, hEN such that w(i,j) > O.
Take an i E N such that w(i,j) > O. Then

L fh(Wj) = L fi(Wj) . w(h,!) = fi(Wj) . >'w(j).
hEN hEN w(Z,J) w(t,J)

According to the weighted cr-efficiency norm it holds that L.hEN fh(Wj) = >'w(j) and thus

J;(Wj) . >. (.) = >. (.)
(
..) w J w J .W t,J

Thus, for each i E N such that w(i,j) > 0 it holds that

Since {Wj LEN is an independent partition of W it follows from additivity over weighted
independent partitions that

fi(W) = L j;(Wj) = L w(i,j) = cr;(w).
jEN jEN

o
We conclude this section by illustrating the independence of the axioms stated in Theo-
rem 2.3.10.

Example 2.3.11 We illustrate the independence of the axioms stated in Theorem 2.3.10
by presenting three alternative relational power measures for weighted digraphs.

1. The weighted BG-measure satisfies weight proportionality and additivity over
weighted independent partitions. It does not satisfy the weighted cr-efficiency norm.

For the digraph of Example 2.3.2 it holds t.hat L.iEN f3;(w) = 2 #- 6 =

L.(i,j)ENxN w(i,j).
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2. Let the function F: WN --+ RN be given by

4 ) LjEN >'w(j). NIi (w = #N for all zEN and w E W .

Thus, j4 distributes the total sum of the weights of all dominance relations in a
weighted digraph equally over all nodes.

This function satisfies the weighted o-efficiency norm and additivity over weighted
independent partitions. It does not satisfy weight proportionality.

For the digraph of Example 2.3.2 it holds that j4(w) = (%, %, %, %).
So, It(w) = % = N(w) although w( 4, i) = 0· w(l, i) for all i E N.

3. For every w E WN the weighted digraph w E WN is given as in Example 2.3.7.3.
Now let the function j5: WN --+ RN be given by

5 LjENW(i,j). NIi (w) = (lW(w)." _(' ') for all zEN and w E W .
L-jENW Z,)

Thus, j5 distributes the total sum of the weights of all dominance relations III

a weighted digraph according to the weighted score measure of weighted digraph
w normalized so that j5 satisfies the weighted o-efficiency norm. This function
satisfies the weighted o-efficiency norm and weight proportionality. It does not
satisfy additivity over weighted independent partitions.

Consider the independent partition {w',w"} of w that is given in Example 2.3.7.3.
For this independent partition it holds that

j5(w') +j5(w") = (1,2,0,0) +(1,1,1,0) = (2,3,1,0) -1= (~,¥,~,o) = j5(w).
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Chapter 3

Ranking the Nodes in Directed
Graphs

In the previous chapter we have analyzed some relational power measures measuring the
relational power of positions in hierarchical structures being represented by a digraph.
In this chapter, which is largely based on van den Brink and Gilles (1994b) and Borm
and van den Brink (1994), we use these relational power measures to rank the positions
in such hierarchical structures.

A ranking of the nodes in a finite set N is represented by a weak order on N. A
digraph D is a weak order on N if it is (i) reflexive, i.e., (i,i) ED for every i E N, (ii)
complete, i.e., for every pair of distinct nodes i,j EN, i =1= j, it holds that (i,j) E D or
(j,i) E D, and (iii) transitive, i.e., for every triple i,j,h EN it holds that (i,j) ED and
(j, h) E D implies that (i, h) E D. The collection of all weak orders on N is denoted by
WON. A weak order D on N alternatively can be represented as follows. We denote
i ~ j in case (i,j) E D. We then say that i is ranked at least as high as j. Given this
representation we denote i ~ j if (i,j) E D and (j, i) rf. D. In that case we say that i is
ranked higher than j. Finally, we denote i ~ j if (i, j) E D and (j, i) ED. We say that
i and j are ranked equally in that case.

The hierarchical structures having been mentioned in Chapter 1 often are not
weak orders. However, it is often useful to rank the positions in these structures. In a
tournament being played between certain teams, for example, it is common to construct
a ranking list telling which team has 'won' the tournament. This ranking list is based
on the results of the matches that are played. Such a tournament that is played between
teams need not be transitive or complete. Moreover, in complete tournaments in which
each team plays against each other team it is common to make ranking lists during the
tournament when not all matches have been played yet.
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Asking an economic agent for his preferences among a set of alternatives he may
not be able to compare two alternatives with one another, in which case the prefer-
ence relation is not complete. Also it is known that preference relations can exhibit
non-transitivities (see, e.g., Loomes, Starmer, and Sugden (1991)). Given an arbitrary
preference relation of an economic agent it thus is useful to rank the alternatives among
which the agent can choose in order to know which alternative is the most prefered one
by the agent.

As a final example it can be useful to rank the agents in a hierarchically struc-
tured market in order to tell which agent is the most powerful one on the market. The
hierarchical structure of such markets need not be complete or transitive.

These examples illustrate that it is useful to be able to derive rankings from
arbitrary digraphs. Like in the previous chapter we represent a hierarchical structure by
a finite irrefiexive digraph. Again we just refer to these graphs as digraphs. A ranking

procedure is a mapping ~: VN -4 WON that assigns a weak order to every digraph D in
the collection VN of all finite irreflexive digraphs on N. In this chapter we use relational
power measures having been discussed in the previous chapter in ranking the nodes in
a digraph. Given a relational power measure f: VN

-t RN we can derive a ranking
~f (D) for every D E VN by saying that i ~J (D) j if and only if fi(D) ~ fj(D).
All ranking procedures ~ that we discuss in this chapter satisfy the property that if
D = D U {( i, i) liE N} already is a weak order! then ~ assigns D to digraph D, i.e.,

~ (D) = D if DE WON

In Section 3.1 we provide an axiomatization of the ranking procedure being based on the
score measure. In this ranking procedure a node is ranked higher the more nodes it dom-
inates. Rubinstein (1980) gives an axiomatization of this ranking procedure restricted
to the class of digraphs that are complete and asymmetric2• We generalize this result to
the class of all finite irrefiexive digraphs on N. Thus, the theorems of this section can
also be applied to situations not being represented by digraphs that are complete and
asymmetric, like the examples we mentioned before.

In Section 3.2 we discuss a ranking procedure for weighted digraphs. As mentioned
in the previous chapter, we can represent dominance relations in a hierarchical structure
by a (non-weighted) digraph but we cannot differentiate these dominance relations with
respect to their importance. If we want to take into account the importance of the
different dominance relations then we have to represent the hierarchical structure by a

1Digraph D thus is the reflexive digraph that is obtained by letting every node in a digraph dominate

itself.
2 Digraph D is asymmetric if (i, j) E D implies that (j, i) f{. D for all i, j EN.
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weighted digraph. In Section 2.3 we discussed the weighted score measure as a relational
power measure for weighted digraphs. In Section 3.2 we give an axiomatization of the
ranking procedure for weighted digraphs that is based on this weighted score measure.

Finally, in Section 3.3 we make some comments about the ranking procedure
that is based on the BG-measure that has been discussed in the previous chapter. The
ranking by BG-measure has the advantage that in determining the rank of a node we take
account of the 'strength' of the nodes being dominated by that node. This is not the case
in the ranking by score measure. A disadvantage of the ranking by BG-measure is that
in some cases it can be better for a node to be dominated than to dominate other nodes.
The ranking by score measure does not have this disadvantage. This deficiency of the
BG-measure can be prevented by using the reflexive BG-measure being a modification
of the BG-measure. We show how some of the results stated for the BG-measure in
the previous chapter can be restated for the reflexive BG-measure. We conclude by
mentioning some ideas for alternative relational power measures that can be used in
ranking the nodes in a digraph.

3.1 Ranking the nodes in directed graphs by score
measure

In this section we discuss a particular ranking procedure for digraphs. This ranking
procedure is based on the score measure that has been defined and axiomatized in the
previous chapter.

Definition 3.1.1 The ranking by score measure is the mapping "C,,: VN -+ WON

which for every D E VN is given by

i "C" (D) j if and only if a;(D) 2: aj(D).

According to the ranking by score measure a node is ranked higher the more nodes it
dominates. It is easy to verify that for every weak order D it holds that a;(D) 2: aj(D)
if and only if (i,j) E D. Thus, the ranking by score measure maps every weak order
into itself. Next we axiomatize the ranking by score measure using three axioms. The
first axiom is anonymity which implies that two nodes that have similar positions in a
digraph are ranked equally.

Axiom 3.1.2 (Anonymity) For every D E VN and permutation 7r: N -+ N it holds
that
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i t(D) j iJ and only iJ7r(i) t(7rD) 7r(j),

where 7rD E VN is given by (7r(i), 7r(j)) E 7rD iJ and only iJ (i,j) E D.

Suppose that D and D' are two digraphs such that all dominance relations in Dare
also present in D', and on every relation in D' not being present in D node i E N is
the dominating node. Thus, D and D' are the same except that node i dominates more
nodes in D'. The second axiom states that if node i is ranked at least as high as node
j E N \ {i} in D, then i is ranked higher than j in D'. Thus, it is better to dominate
more other nodes.

Axiom 3.1.3 (Positive responsiveness) Let D E VN and i, hEN, i # h, be such

that (i, h) (j. D. Further, let D' = D U {(i, h)}.

For every j E N \ {i} with i t (D) j it holds that i 'r (D') j.

Suppose that D and D' are two digraphs such that node i dominates the same nodes in
both digraphs, and also node j dominates the same nodes in both digraphs. The third
axiom states that the order between i and j is the same in both digraphs. Thus, the
order between two nodes does not change if changes only take place in relations on which
they are not the dominating nodes.

Axiom 3.1.4 (Independence of non-dominated relations) Let D, D' E VN and

i,j E N be such that SD(i) = SD,(i) and SD(j) = SD,(j). Then

i t(D) j iJand only iJi dD') j.

These three axioms uniquely determine the ranking by score measure. As mentioned
before, Rubinstein (1980) has given an axiornatization of the ranking by score measure
restricted to the class of digraphs that are complete and asymmetric. He uses anonymity
and positive responsiveness that are also used here. Independence of non-dominated
relations is a strengthening of the corresponding axiom used by Rubinstein, which states
that the order between two nodes does not change if changes only take place in relations
on which they are neither the dominating nor the dominated node.

Theorem 3.1.5 The ranking procedure t:VN --. WON is equal to the ranking by score

measure if and only if it satisfies anonymity, positive responsiveness, and independence

of non-dominated relations.
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E

J
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c

Figure 3.1: Digraph 15 in case (i,j) rf. D and (j,i) rf. D

PROOF

It is easy to verify that the ranking by score measure satisfies the three axioms.
Now suppose that the ranking procedure ~: 1JN --4 WON satisfies the three axioms and
let D E 1JN. We prove that ~ has to be the ranking by score measure in three steps.

(a)
We first prove that for each pair i,j E N it holds that i ~(D) j if u;(D) = uj(D).
Therefore let i,j E N be such that u;(D) = uj(D).
Consider the digraph 15 where 15 := {(i, h) I b « SD(i)} U {(j, h) I h E SD(j)}. For this
digraph it holds that SD(i) = SB(i) and SD(j) = SB(j). We now prove that i ~(15) j.
(It is clear that independence of non-dominated relations then implies that i ~ (D) j.)
We distinguish the following four cases with respect to the pair i, j.

(i) Suppose that (i,j) rf. D and (j, i) rf. D.

Since u;(D) = uj(D) and i rf. (SB(j) U PB(j)) it follows from anonymity of ~
that i ~ (15) j.

The digraph 15 in this case is illustrated in Figure 3.1.

In this figure A = SD(i) \ SD(j), B = SD(j) \ SD(i), C = So(i) n So(j), and

E = N\(SD(i)USo(j)U {i,j}). It is clear that #A = #B since uj(15) = <7j(15).

(ii) Suppose that (i,j) E D and (j,i) E D.

Since ui(D) = uj(D) and i E (SB(j) n FBU)) it follows from anonymity of ~
thati~(15)j.
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Figure 3.2: Digraph D in case (i,j) E D and (j,i) ED

The digraph D in this case is illustrated in Figure 3.2.

In this figure A = So(i) \ (So(j) u {j}), B = So(j) \ (So(i) U {ill, C =

So(i) n So(j), and E = N \ (So(i) U So(j) U {i,j}). Again #A = #B.

(iii) Suppose that (i,j) E D and (j,i) fj. D.

Since IJ'i(D) = IJ'j(D) it must hold that Sfj(j) \Sfj(i) =I- 0. Let h E Sfj(j) \Sfj(i).

Let A = So(i) \ (Sdj) U {j}), B = So(j) \ (SD(i) U {h}), C = So(i) n So(j),
and E = N \ (So(i) U So(j) U {i,j}). (Note that #A = #B.)

The digraph D in this case is illustrated in Figure 3.3.

Let A = {aj, ... , ad and B = {b1, •.. , bd. Next let D' E 'ON be given by

D' = DU {(h,ak) 11 ::::;k::::; t} U {(h,i)} U {(h,g) I g E C}

Digraph D' is illustrated in Figure 3.4 in case #A = #B = 1 (in this figure we
have deleted the nodes in C and E).
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Figure 3.3: Digraph 75 in case (i,j) E D and (j,i) rf. D

h

b a

Figure 3.4: Digraph D'
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From anonymity of ~ it follows that i ~ (D') j.

Since SD,(i) = Sjj(i) and SD,(j) = So(j) it follows from independence of non-
dominated relations that i ~ CD) j.

(iv) Suppose that (i,j) f/. D and (j,i) ED.

Then i ~(D) j follows similarly as under (iii) with the roles of i and j reversed.

Since i ~CD) j as shown above, SD(i) = SjJ(i), and SD(j) = SjJ(j), it follows with
independence of non-dominated relations that i "-'(D) j.

Thus, we have proved that under anonymity and independence of non-dominated rela-
tions it holds that i "-'(D) j if l7i(D) = I7j(D).

(b)
Let i,j E N be such that l7i(D) > I7j(D).
Let the digraph D be such that the following conditions are satisfied:

• D CD;

• For every hEN \ {i} and every 9 E N it holds that (h,g) E D if and only if
(h,g) E D;

• l7i(D) = I7J(D).

(Since l7i(D) > I7j(D) such a D always exists.)
As shown above, it follows from anonymity and independence of non-dominated relations
that i "-'(D) j.
Repeated application of positive responsiveness then yields that i >- (D) j.
Thus, i >- (D) j if l7i(D) > I7j(D).

Combining the results under (a) and (b) yields that i ~(D) j if l7i(D) ~ I7J(D).
Moreover, the result under (b) implies that l7i(D) ~ 17,(D) if i ~ (D) j.

Thus, we have proved that if a ranking procedure satisfies the three axioms then it has
to be the ranking by score measure.

o

We conclude this section by illustrating the independence of the axioms stated in Theo-
rem 3.1.5.
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Example 3.1.6 Consider digraph D of Example 2.1.2.

The score measure of this digraph is given by (2,2,1,0).

Thus, the ranking by score measure yields the order: 1 r-» 2 >-" 3 >-q 4.
Next we give three alternative ranking procedures.

1. Let the nodes in N be labelled by the numbers 1, ... ,n. Further, let the ranking

procedure C 1 for every D E VN be given by

i h (D) j if and only if either [#SD(i) > #SD(j)]

or [#SD(i) = #SD(j) and i < j]

Thus, C1 ranks the nodes according to the score measure as long as the scores of

the nodes are not the same. If two nodes have equal score than the node with the

lowest label is ranked higher than the one with the higher label.

This ranking procedure satisfies positive responsiveness and independence of non-

dominated relations. It does not satisfy anonymity.

For the digraph of Example 2.1.2 it holds that 1 >-1 (D) 2 although SD(l) = SD(2)

and PD(l) = PD(2).

2. Let the ranking procedure C2 for every D E VN be given by

i ~2 (D) j for all i,j E N.

Thus, according to C2 all nodes are ranked equally irrespective of the dominance

relations that are present.

This ranking procedure satisfies anonymity and independence of non-dominated

relations. It does not satisfy positive responsiveness.

Consider the digraph D of Example 2.1.2 and the digraph D' = D U {( 1,2)}.

If positive responsiveness is satisfied then it must hold that 1 h (D') 2 since

1 ~2 (D) 2. But 1 ~2 (D') 2.

3. Let the ranking procedure C3 for every D E VN be given by

i C3 (D) j if and only if #SD(i) - #PD(i) 2: #SD(j) - #PD(j).
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Thus, ~3 ranks the nodes according to the relational power measure that assigns
to every node the difference between the number of nodes it dominates and the
number of nodes by which it is dominated.

This ranking procedure satisfies anonymity and positive responsiveness. It does
not satisfy independence of non-dominated relations.

Consider the digraph D of Example 2.1.2 and the digraph D' = D U {(3,2)}.

If independence of non-dominated relations is satisfied then it must hold that
1 "-'3 (D') 2 since 1 "-'3 (D) 2, SD(1) = SDI(1), and SD(2) = SDI(2). But 1 >-3(D') 2.

3.2 Ranking the nodes in weighted digraphs

In Section 2.3 we generalized the score measure to the class of weighted digraphs in which
the dominance relations are assigned weights which can be seen as measures of their im-
portance. In this section we generalize the ranking by score measure that we axiomatized
in the previous section to the class of weighted digraphs and give an axiomatization of
this generalized ranking procedure.

Definition 3.2.1 The ranking by weighted score measure is the mapping

~<1: WN ~ WON which for every wE WN is given by

i ~<1 (w) j if and only if O";V(w)2: aj(w).

The ranking by weighted score measure can be axiomatized by generalizing the three
axioms that are stated in the previous section plus adding a new axiom. The first axiom
is a generalization of anonymity which implies that two nodes that have similar positions
in a weighted digraph are equally ranked.

Axiom 3.2.2 (Weighted anonymity)
For every w E WN and permutation 7r: N ~ N it holds that

where 7rW E WN is given by 7rw(7r(i),7r(j)) = w(i,j) for all (i,j) E N x N.
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The second axiom is a generalization of positive responsiveness. Suppose that wand Wi

are two weighted digraphs being the same except that there is at least one node h i- i
such that the weight 01 the relation (i, h) in Wi is greater than the weight of this relation
in w. If node i is ranked at least as high as node j E N \ {i} in w, then i is ranked higher
than j in o',

Axiom 3.2.3 (Weighted positive responsiveness)
Let w, Wi E WN be such that for some pair i, hEN, i i- h, there is a positive constant

c > 0 such that;

{

w(p,q) + C

w'(p, q) =

w(p, q)

if(p,q) = (i,h)

else.

For every j E N \ {i} with i t (w) j it holds that i ~(Wi) j.

The third axiom is a generalization of independence of non-dominated relations. Suppose
that wand Wi are two weighted digraphs such that the weights of all relations on which
i is the dominating node are the same in both digraphs, and also the weights of all
relations on which j is the dominating node are the same in both digraphs. Then the
order between i and j is the same in both weighted digraphs.

Axiom 3.2.4 (Independence of weighted non-dominated relations)
Letw,w' E WN andi,j E N be such thatw'(i,h) =w(i,h) andw'(j,h) =w(j,h)-for all

hEN. Then

i t(w) j if and only ifi t(w') j.

After generalizing the three axioms of the previous section we now state a new axiom.
We combine two weighted digraphs by assigning to every dominance relation the sum
of the weights of that relation in these two weighted digraphs. Suppose that node i is
ranked at least as high as node j in both weighted digraphs. The fourth axiom states
that in that case node i is also ranked at least as high as node j in the sum digraph.

Axiom 3.2.5 (Order preservation)
Let w,w' E WN and let i,j E N. Ifi t(w) j and i t(w') j then i t(w +w') j, where

(w + w') E WN is given by (w + w')(p, q) = w(p, q) + w'(p, q) for all t», q) E N x N.

These four axioms uniquely determine the ranking by weighted score measure for
weighted digraphs.
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Theorem 3.2.6 The ranking procedure t: WN ---+ WON is equal to the ranking by

weighted score measure if and only if it satisfies weighted anonymity, weighted positive

responsiveness, independence of weighted non-dominated relations, and order preserva-

tion.

PROOF
It is easy to verify that the ranking by weighted score measure satisfies the four axioms.
Now suppose that the ranking procedure t: WN ---+ WON satisfies the four axioms, and
let w E WN. Before showing that t has to be the ranking by weighted score measure
we introduce the following. Let w E WN. Then

m(w) .- rnin{w(h,g) I (h,g) EN X Nand w(h,g) > O}

(3.1 )

M(w) .- {(h,g) E N x N I w(h,g) = m(w)}.

(a)
We first prove that for each pair i,j E N it holds that i ~(w) j if CTi(w) = CTj(W).
Therefore let i.i EN be such that CTi(W) = CTj(W).
Consider the weighted digraph w E WN given by

w(h,g) = { w(~,g) if hE {i,j}, 9 EN
else.

We assume without loss of generality that w(i,j) ~ w(j, i).
Next we construct a collection of weighted digraphs {WI, ... , wt} for some finite t E IN
such that nodes i and j take 'similar' similar positions in each of these digraphs, and
thus we can apply weighted anonymity to conclude that i ~(wk) i, 1 ~ k ~ t. We
construct this collection of weighted digraphs using the following procedure.

STEP 1 Let WO be given by

if (h,g) E {(i,j), (j, i)}
else.

Anonymity of t clearly implies that i~(wO) l-

Now let WI E WN be given by

wl(h ) = { w(h,g) - w(j, i)
,g w(h,g)

if (h,g) E {(i,j),(j,i)}
else.
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Note that w1(j,i) = 0 and w1(i,j) 2 o.
Let k = O.

STEP 2 IF {(h,g) E N x N I Wk+1(h,g) > O} = 0 then set t = k and STOP.

ELSE since o-;(w) = o-j(w) and O';(wm) = O'j(wm) for all 0 ~ m ~ k, we know
that there must exist at least one hEN \ {i} such that Wk+l (i, h) > 0 and at least
one 9 E N \ {i,j} such that Wk+l(j,g) > O.

Let k = k + 1 and GOTO STEP 3.

STEP 3 Take a (p, q) E M(wk) where M(w) is given by (3.1). Note that p E {i,j}.

Since o-;(w) = O'7(w) and O';(wm) = o-j(wm) for all 0 ~ m < k, there exists an
(r,s) E N x N such that r = {i,j} \ {p} and w(r,s) > O.

Let Wk+1: N x N -t R be given by

if(h,g) E {(p,q),(r,s)}
else,

where m(w) is given by (3.1). Clearly Wk+l(p,q) = 0 and wk+1(h,g) 2 0 for all
(h,g) =I- (p,q), thus wk+! E WN.

IF (i,j) if- {(p,q),(r,s)} then let wk be given by

if (h,g) E {(p, q), (r, s)}
else.

The weighted digraph wk is illustrated in Figure 3.5 (with p = i and r = j)
for q =I- sand q = s.

Again note that anonymity of C::: implies that i ~(wk) j.

GOTO ST8P 2.

ELSE (i,j) E {(p,q),(r,s)}. Suppose that (i,j) = (p,q) (and thus r = j). Then
let wk be given by

if (h, g) E {(i, j), (j1 s), (s, i)}
else.

The weighted digraph wk is illustrated in Figure 3.6.

Anonymity of C::: also implies that i ~(wk) j in this case.

If (i,j) = (r,s) then we do the same but with s replaced by q.
GOTO STEP 2.
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I N \ {i,j,q,s} I I N \ {i,j,q} I

:I I:
q~s q=s

Figure 3.5: Weighted digraph wk in case (i,j) rt {(p,q),(r,s)}

I N\{i,j,s} I

wk(i,j) = wk(j,s) = wk(s,i)

Figure 3.6: Weighted digraph wk in case (i,j) E {(p,q),(r,s)}
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Since O"i(w) = O"j(w) this procedure leads to a collection of weighted digraphs
{WI, ... ,wt} which have been constructed such that from anonymity of t we can con-
clude that i ,..."(wk) j for every 0 :::::k :::::t.

Now let w' E WN be given by w'(i,j) = L:~=owk(i,j) for all (i,j) E N x N.
Order preservation then implies that i ,..."(w') j.

If w(i,j) = w(j,i) then wO(i,j) = w°(j,i) = w(i,j) and wk(i,j) = c::i(j,i) = 0 for all
1 :::::k :::::t, and thus case 2 in step 3 cannot occur. But then w' = wand thus i ,...,,(w) j.

Else w(i,j) > w(j,i), and then there is some 5 E N \ {I} and some positive constant
c > 0 such that

w'(h ) = { w(h,g) + c
,g w(h,g)

if (h,g) = (5, i)
else.

This 5 is the one in Figure 3.6.
Independence of non-dominated weighted relations then yields that in this case also
i ,..."(w) j.
Thus, i ,...,,(w) i, and since w(i,g) = w(i,g) and w(j,g) = w(j,g) for all 9 EN indepen-
dence of non-dominated weighted relations implies that i ,..."(w) j.
Thus, we have shown that i ,...,,(w) j if O"i(w) = O"j(w).

(b)
Next suppose without loss of generality that O"i(w) > O"j(w).
Let the weighted digraph w E WN be such that the following conditions are satisfied:

• w(h,g) :::::w(h,g) for all (h,g) E N x N;

• w(h,g) = w(h,g) for all hEN \ {I} and 9 E N;

• O"i(w) = O'j(w).

Since O"i(w) > O"j(w) such a w always exists.
As shown above, it follows from weighted anonymity, independence of non-dominated
weighted relations and order preservation that i ,..."(w) j.
Repeated application of weighted positive responsiveness then yields that i >- (w) j.
Thus, i >-(w) j if O'i(w) > O"j(w).

Combining the results under (a) and (b) yields that i dw) j if O'i(w) ~ O"j(w).
Moreover, the result under (b) implies that O'i(w) ~ O'j(w) if i t(w) j.

Thus, we have proved that if a ranking procedure satisfies the four axioms stated in
Theorem 3.2.6 then it has to be the ranking by weighted score measure.
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o
We conclude this section by illustrating the independence of the axioms stated in Theo-
rem 3.2.6.

Example 3.2.7 Consider the weighted digraph w on N = {1, ... ,4} which is given by:

w(i,j) = { ~ if (i,j) E {(1,3),(1,4),(2,3),(2,4),(3,4)}
else.

Note that this weighted digraph represents the (non-weighted) digraph D of Example
2.l.2.
For this digraph it holds that O"W(w) = (2,2,1,0) and thus the ranking by weighted
score measure yields: 1 ~" (w) 2 ?-" (w) 3 ?-<7 (w) 4. Next we give four alternative
ranking procedures for weighted digraphs. The first three of these ranking procedures
are generalizations of the ranking procedures that are given in Example 3.1.6.

1. Let the nodes in N be labelled by the numbers 1, ... , n. Further, let the ranking
procedure ~4 for every w E WN be given by

i h (w) j if and only if either [O";(w) > O"j(w)]

or [O";(w) = O"j(w) and i < j]

Thus, ~4 ranks the nodes according to the weighted score measure as long as the
weighted scores of the nodes are not the same. If two nodes have equal weighted
scores than the node with the lowest label is ranked higher than the one with the
higher label.

This ranking procedure satisfies weighted positive responsiveness. independence
of non-dominated weighted relations and order preservation. It. does not satisfy
weighted anonymity.

For the weighted digraph w given above it holds that 1 ?- 4 (w) 2 although w( 1, h) =
w(2, h) and w(h, 1) = w(h, 2) for all hEN.

2. Let the ranking procedure ~5 for every w E WN be given by

i ~5(W) i, for all i,j E N.
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Thus, according to ?:s all nodes are ranked equally irrespective of the weights of
the dominance relations.

This ranking procedure satisfies weighted anonymity, independence of non-domina-
ted weighted relations and order preservation. It does not satisfy weighted positive
responsi veness.

Consider the weighted digraph w given above and the weighted digraph w' given
by

w'(i,j) = { (2.)
w t,)

if (i,j) = (1,3)
else.

If weighted positive responsiveness is satisfied then it must hold that 1 >-s (w') 2
since 1 ~5 (w) 2. But 1 ~5 (Wi) 2.

3. Let the ranking procedure ?:6 for every w E WN be given by

i ?:6 (D) j if and only if L w(i, h) - L w(h, i) :::=:
hEN hEN

L w(j, h) - L w(h,j).
hEN hEN

Thus, ?:6 ranks the nodes according to the relational power measure that assigns
to every node the difference between the total weight by which it dominates other
nodes and the total weight by which it is dominated by other nodes.

This ranking procedure satisfies weighted anonymity, weighted positive responsive-
ness and order preservation. It does not satisfy independence of non-dominated
weighted relations. Consider the weighted digraph w given above and the weighted
digraph w' given by

w'(i,j) = { (1.)
w t,)

if (i,j) = {(3, 2)}
else.

If independence of non-dominated weighted relations is satisfied then it must hold
that 1 ~e(w') 2 since 1 ~6(W) 2, w(l,h) = w'(l,h), and w(2,h) = w'(2,h) for every
hEN. But 1 >-6 (Wi) 2.

4. Let 0': WN ---> R,N be given by

O'i(W) = #{j E N I w(i,j) > O} for all i E Nand w E WN.
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Thus, a assigns to every weighted digraph w the score measure of the underlying
(non-weighted) digraph D = {(i,j) E N x N I w(i,j) > O}. Now let the ranking
procedure ~7 for every w E WN be given by

i ~7(W) j if and only ifa;(w)· O';(w) ~ O'Aw)· O'J(w).

Thus, ~7 ranks the nodes in a weighted digraph according to the relational power
measure that assigns to every node in a weighted digraph the product of its
weighted score and its score in the underlying (non-weighted) digraph.

This ranking procedure satisfies weighted anonymity, weighted positive responsive-
ness and independence of non-dominated weighted relations. It does not satisfy
order preservation.

Consider the weighted digraph Wi that is given by

w'(i,j) = { ~
if (i, j) E {(1, 2), (2, 3) }
else.

The sum digraph (w + Wi) then is given by

(w +w')(i,j) ~ { :
if(i,j) = (2,3)
if (i,j) E {(1,2),(1,3),(l,4),(2,4),(3,4)}
else.

Thus, a(w) = O'(w) = (2,2,1,0) and a(w') = O'(w') = (1,1,0,0). [forder preser-
vation is satisfied then it must hold that 2 ~7 (w + w') 1 since 2 ~7 (w) 1 and
2 b(w') 1. But 1 h(w) 2 sincea(w+w') = (3,2,1,0) and O'(w+w') = (3,3,1,0).

3.3 Ranking the nodes in directed graphs by BG-
measure

In the previous sections of this chapter we discussed the ranking procedure that is based
on the score measure for both weighted and non-weighted digraphs. In Chapter 2 we
also discussed the BG-measure as a relational power measure for digraphs. We can
also use this BG-measure in ranking the nodes in a digraph. In this section we make
some comments about this ranking procedure. We restrict attention to (non-weighted)
digraphs.
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2

Figure 3.7: Digraph D of Example 3.3.2

Definition 3.3.1 The ranking by BG-measure is the mapping t/1: VN -+ WON

which for every D E VN is given by

i t/1(D) j if and only if (3;(D) ~ (3j(D).

If D is a weak order then it holds that (3;(D) ~ (3j(D) if and only if (i,j) ED. Thus, like.
the ranking by score measure the ranking by BG-measure also maps every weak order
into itself. An important difference between ranking by score measure and ranking by
BG-measure is the following. With the score measure a node is just assigned the number
of nodes it dominates. No account is taken of the fact whether the nodes it dominates
are dominated by many or by few other nodes. The BG-measure, however, takes account
of this fact. If node i dominates node j then the BG-measure of node i decreases when
more other nodes dominate node j. This is illustrated in the following example.

Example 3.3.2 Consider the complete, asymmetric digraph D on N = {1, 2, 3, 4} given
by D = {(1,2),(1,3),(2,4),(3,2),(3,4),(4,1)} as illustrated in Figure 3.7.
The score measure of this tournament is given by O'(D) = (2,1,2,1) and the BG-measure
is given by (3(D) = (1~,~, 1, 1).
According to the score measure nodes 1 and 3 both are ranked highest. According to
the BG-measure only node 1 is ranked highest. This is because, besides that both nodes
dominate node 2, node 1 also dominates the 'strong' node 3 which is only dominated by
1, while node 3 dominates the 'weak' node 4 which is also dominated by 2. It is even
so that according to the BG-measure nodes 3 and 4 are ranked equally although node
4 dominates only one node while node 3 dominates two nodes. This is because node 4
dominates the 'strong' node 1.

Thus, in ranking the nodes in a digraph by BG-measure we take account of the 'strength'
of the nodes that are dominated. In the ranking by score measure this is not the case.
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)
6

r-. -.-.-)
234 51 7

Figure 3.8: Digraph D of Example 3.3.3 (Arrows that are not drawn go from the lower
to the higher labeled node)

Figure 3.9: Digraph D' of Example 3.3.3 (Arrows that are not drawn go from the lower
to the higher labeled node)

If we want to take account of the strength of the nodes that are dominated then the
ranking by BG-measure is more adequate than the ranking by score measure. However,
for certain applications the BG-measure has an important disadvantage. Consider, for
example, a tournament being played between a set of teams. It seems reasonable that
winning a particular match is always at least as good as losing that match. This is not
always the case if we rank by BG-measure, as the following example shows.

Example 3.3.3 Consider the complete, asymmetric digraph Don N = {I, 2, 3, 4, 5, 6, 7}
given by D = {(1,2),(1,3),(1,4),(2,3),(2,4),(2,5),(2,6),(2, 7),(3,4),(3,5),(3,6),
(3, 7), (4,5), (4,6), (4,7), (5, 1), (5,6), (5,7), (6, 1), (6, 7), (7, I)}.
This digraph is illustrated in Figure 3.8 where all relations that are not drawn go from
the node with the lowest label to the node with the higher label.

The BG-measure of this digraph is given by (3(D) = lo(llO, 97,67,47,47,32, 20).
Thus, node 1 is ranked highest if we use the ranking by BG-measure, while node 2 is
ranked second.

Now suppose that node 2, instead of dominating node 7, is dominated by 7. The resulting
complete, asymmetric digraph D' is illustrated in Figure 3.9 (again all relations that are
not drawn go from the node with the lowest label to the node with the higher label).

The BG-measure of D' is equal to (3(D') = lo(80,85, 70,50,50,35,50).
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Thus, by being dominated instead of dominating node 7, node 2 becomes the highest
ranked node. This is clearified by the following reasoning.
Since node 7 is dominated by all nodes except node 1, by dominating node 7 node 2

gets t of the power over 7. So, node 2 'loses' t if it is dominated by node 7 instead of
dominating it.
If node 2 dominates 7 then node 1 is the only node that dominates 2, and thus gets full
power over 2. If node 2 is dominated by node 7 then node 1 gets only ~ of the power
over 2. Thus, node 1 'loses' more than node 2 if 2 is dominated by 7. In the example
this difference is enough to make node 2 the highest ranked node.

So, in ranking the nodes in a digraph by BG-measure it can be that a particular node
that is dominated by a few nodes performs better if it is dominated by a node that is
dominated by many nodes. This is because the few nodes that dominate it 'lose' a lot
while the particular node itself 'loses' less. This cannot happen if we use the ranking by
score measure.

Proposition 3.3.4 Let DE VN and i, hEN, j =1= h. Further, let D' E VN be given by
D' = (D \ {(j,h)}) U {(h,j)}. Then it holds that

(i) if (j, h) E D then i 'Cu (D) j implies that i ';-u (D') j for all i E N \ {j};

(ii) if (j,h) rf. D then i 'Cu(D) j implies that i 'Cu(D') j for all i EN.

PROOF

Let D E VN, j,h E N, j =1= h, and let D' E VN be given by D' = (D\ {(j,h)})u{(h,j)}.

(i) Suppose that (j, h) E D.

Then it is easy to verify that Gj(D) > Gj(D'), Gh(D) S Gh(D'), and Gi(D) =

Gi(D') for all i E N \ {j,h}.

Thus, for every i E N \ {j} it holds that Gi(D) ::::Gj(D) implies that

(ii) Suppose that (j, h) rf. D.

Then the strict inequality signs under (i) are replaced by weak inequalities and
part (ii) follows in a similar way as part (i).
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o
We can prevent this anomaly of the ranking by BG-measure by adapting it III a way
such that every node shares in the power over itself.

Definition 3.3.5 The reflexive BG-measure on N is the function T 'ON ---> RN given

by

7i(D) = L (#P (\ ) for all i EN and D E 'ON.
jE{i}USD(i) D J + 1

The ranking by reflexive BG-measure is the mapping ~-y: 'ON ---> WON which for

every D E 'ON is given by

i ~-y (D) j if and only if 7i(D) 2: 7j(D).

Thus, the reflexive BG-measure is equal to the BG-measure of the reflexive digraph that
is obtained by letting every node in a digraph dominate itself'. The ranking by reflexive
BG-measure then ranks the nodes according to their reflexive BG-measure. This means
that in determining the rank of a node by reflexive BG-measure we take account of the
number of nodes that dominate its successors, as well as of the number of nodes that
dominate that node itself.

Example 3.3.6 Consider the complete, asymmetric digraph D of Example 3.3.2. The
reflexive BG-measure of this digraph is given by 7(D) = (q,~,l~, ~).

According to the ranking by BG-measure nodes 3 and 4 are ranked equally. According
to the ranking by reflexive BG-measure node 3 is ranked higher than node 4. This is
because node 3 is dominated by one node while node 4 is dominated by two nodes.

Like in the ranking by score measure, in the ranking by reflexive BG-measure a node
cannot 'perform' better by being dominated instead of dominating a particular node.

Proposition 3.3.7 Let D E 'ON andj,h E N, j =1= h. Further, let D' E 'ON be given by

D' = (D \ {(j, h)) U {(h,j)}. Then it holds that

(i) if (j, h) E D then i ~-y(D) j implies that i 'r-y(D') j for all i E N \ {j};

(ii) if (j,h) tt D then i ~-y(D) j implies that i ~'Y(D') j for all i EN.

3Formally we only defined the BG-measure for finite, irreflexive digraphs. This definition can straight-
forwardly be extended to reflexive digraphs and digraphs being neither reflexive nor irreflexive. Note,
however, that the reflexive BG-measure is defined on the class of finite irrefelexive digraphs.
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PROOF

Let D E VN, j,h EN, j =I- h, and let D' E VN be given by D' = (D\ {(j,h))U {(h,j)}.
(i)
Suppose that (j, h) E D.
Then we distinguish the following two cases with respect to relation (h,j):

(a) Suppose that (h,j) ED.

Then it can be verified that

'"U(D')-lj(D) = - (#FD(~) + 1)'

li(D') -,i(D) = (#F~(h)) - (#FDth) + 1) for all i E (FD(h) \ {j}) U {h},

and
li(D') -li(D) = 0 for all i E N \ (FD(h) U {j, h}).

Thus, li(D') - li(D) > ,j(D') - Ij(D) for all i E N \ {j}, and part (i) of the
proposition follows directly in this case.

(b) Suppose that (h,j) tf. D.

Then it can be verified that

(' () 1 1 1
Ij D) -,j D = (#FD(h) + 1) + (#FD(j) + 2) - (#FD(j) + 1)'

') () 1 1 1
Ih(D -,h D = #FD(h) - (#FD(h) + 1) + (#FD(j) + 2)'

ii(D') -,i(D) = #F~(h) - (#FD/h) + 1) for all i E FD(h) \ ({j) U PD(j)),

li(D') -'i(D) = (#FD(j) + 2) - (#FD(~) + 1) for all i E FD(j) \ FD(h),

, 1 1 1 1
li(D) -ii(D) = #FD(h) - (#FD(h) + 1) + (#Fn(j) + 2) - (#FD(j) + 1)'

for all i E FD(h) n FD(j), and

li(D') -,i(D) = 0 for all i E N \ (FD(j) U FD(h) U {j, h}).

From this it follows that li(D') -'i(D) > ,j(D') -,j(D) for all i EN \ {j}.
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(ii)
Suppose that U, h) rf- D.
Again we distinguish the following two cases with respect to relation (h,j):

(a) Suppose that (h,j) E D.

Then D = D', and thus it directly follows that fi(D') ;::: fj(D') if and only if
fi(D) ;:::fj(D) for all i E N.

(b) Suppose that (h,j) rf- D.

Then it can be verified that

1

(#PDU)+l)'

fh(D') -fh(D) = (#PD(~) + 2)'

fi(D') - fi(D) = (#Pv(~) + 2) (#PD(~) + 1) for alJ i E PDU),

and

fi(D') -fi(D) = 0 for all i EN \ (PDU) u {j, h}).

Thus, fi(D') -fi(D) ;:::fj(D') -fj(D) for all i E N.

o
Compared to the BG-measure the reflexive BG-measure has the advantage that in rank-
ing the nodes in a digraph a node cannot perform better by being dominated instead of
dominating a particular node. Compared to the score measure the reflexive BG-measure
has the advantage that in determining the rank of a node it takes account of the 'strength'
of the nodes that are dominated by that node.

In Section 2.2 of the previous chapter we gave a game theoretic analysis of the
BG-measure using the conservative score mapping. A similar kind of analysis can be
done for the reflexive BG-measure.

Definition 3.3.8 The reflexive conservative score mapping on N is the mapping

vT
: VN -+ gN given by

vT(D)(E) = #{j EEl PD(j) c E} for all E C Nand DE VN.
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Thus, the reflexive conservative score game vr(D) corresponding to D E VN assigns to
every coalition E C N the number of nodes in E which predecessors are all part of E
or which are not dominated at all. (Note that this game can be seen as the conservative
score game corresponding to the reflexive digraph that is obtained by letting every node
in D dominate itself.) Similar to Lemma 2.2.2 this game can be expressed as follows.

Lemma 3.3.9 For every DE VN it holds that

vr(D) = L U({i}UPD(i))·
iEN

From this lemma it immediately follows that vr(D) is convex for every D E VN. The
class of all reflexive conservative score games can be characterized in a similar way as
the class of conservative score games.

Proposition 3.3.10 Let v E gN with N = {il, ... ,in}. Then v is a reflexive conserva-

tive score game if and only if there exists a sequence T = (Tl' ... ,Tn) of coalitions such

that the following two conditions are satisfied:

(i)

(ii)

ik E Tk for all k E {I, ... ,n};

v = L UT·
TET

PROOF

The proof is similar to the proof of Proposition 2.2.5 with I = (i], ... ,in) taken as the
sequence of players.

o
Let Mr(D) and Er(D), respectively, be the collection of all marginal vectors of vr(D)

and the collection of the score measures of all single predecessor digraphs" in

D := D U {(i, i) liE N}.

In a similar way as the proofs of Theorems 2.2.12, 2.2.15 and 2.2.19, it can be shown
that

(i) the Shapley value of the reflexive conservative score game corresponding to di-
graph D is equal to the reflexive BG-measure of D and, moreover, is equal to
the average of the score measures of all single predecessor digraphs in D;

4Single predecessor digraphs for reflexive digraphs are defined in a similar way as they are defined
for irreflexive digraphs in Section 1.5.
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(ii) the core of the reflexive conservative score game vT(D), DE VN, coincides with
the convex hull of the score measures of all single predecessor digraphs in D;

(iii) ET(D) coincides with Mr(D) if and only if there is no anti-directed semi-circuit

in D.

Moreover, the latter result can be restated using the concept of a cycle in a digraph. A
sequence of nodes (i], ... ,it) is a cycle in D E VN if it holds that (i) i] = it, and (ii)
ik+l E SD(ik) U FD(ik) for all 1 ~ k ~ t - 1.

Theorem 3.3.11 Let D E VN. The set Er(D) of score measures of all single prede-
cessor digraphs in D = D U {(i,i) liE N} coincides with the set Mr(D) of marginal
vectors ofvT(D)) if and only if there is no cycle in D.

PROOF
Let DE VN, and let D:= D U {(i,i) liE N}.
With Theorem 2.2.19 we only have to prove that there is a cycle in D if and only if there
is an anti-directed semi-circuit in D.

Only if
Let (i], ... ,it) be a cycle in D.
Then we can construct a sequence (j1,' , , ,j() as follows.
Suppose without loss of generality that i2 E SD(i]).

STEP 1 i, = il, k = 1, 1=1. GOTO STEP 2.

STEP 2 If k = t then STOP.

ELSE k = k + 1, I = 1+1. GOTO STEP 3.

STEP 3 If either k is even and ik E SD(ik-1), or k is odd and ik E PD(ik-1), then j( = ik,

GOTO STEP 2.

Else j( = ik-1• GOTO STEP 2.

The sequence (jll'" ,j() obtained in this way is an anti-directed semi-circuit in D,

If
Let (iI' ... ,it) be an anti-directed semi-circuit in D.
Then we can construct a sequence (h,. , . ,j() as follows.

STEP 1 i. = il, k = 1, 1= 1. GOTO STEP 2,
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3

Figure 3.10: Digraph D of Example 3.3.12

STEP 2 If k = t then STOP.

Else k = k + 1. GOTO STEP 3.

STEP 3 If ik = ik-J then GOTO STEP 2.

Else j, = ik, I = 1+ l. GOTO STEP 2.

The sequence (j1, ... , ]1) obtained in this way is a cycle in D.
o

Next we present an example which illustrates the concepts introduced in this section.

Example 3.3.12 Consider the digraph D = {(1,2),(1,3),(2,3)} on N = {I,2,3} as
illustrated in Figure 3.10.
The reflexive conservative score game corresponding to D is the game v given by

ifE={1,2,3}
if E = {I,2}
if E E {{I}, {1,3}}
else.

Digraph D = D u {(i, i) liE N} has six single predecessor digraphs given by

AI = {(1,1),(1,2),(1,3)}, A2 = {(1,I),(I,2),(2,3)}, A3 = {(I,I),(1,2),(3,3)}

A4 = {(1, 1), (1, 3), (2, 2)}, As = {(1, 1), (2, 2), (2, 3)}, A6 = {(1, 1), (2, 2), (3, 3)} .

The score measures of these single predecessor digraphs are

O'(AJ) = (3,0,0), 0'(A2) = (2,1,0), 0'(A3) = (2,0,1)

0'(A4) = (2,1,0), O'(As) = (1,2,0), 0'(A6) = (1,1,1).

The average of these score measures is equal to

16( (3,0,0) + (2,1,0) + (2,0,1) + (2,1,0) + (1,2,0) + (1,1,1)) =
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( 3~)a(AJ) =

Figure 3.11: The core of v of Example 3.3.12

1= 6(11,5,2) = "((D) = Sh(v).

The marginal vectors of v are given by

m"(v) =

(1, 1,1)
(1,2,0)
(2,0,1)
(3,0,0)
(1,2,0)
(3,0,0)

if 11"(1)< 11"(2)< 11"(3)
if 11"(1)< 11"(3)< 11"(2)
if 11"(2)< 11"(1)< 11"(3)
if 11"(2)< 11"(3)< 11"(1)
if '1"(3)< 11"(1) < 11"(2)
if 11"(3)< 11"(2)< 11"(1).

Taking the average of these marginal vectors yields

1 16"( (1,1, 1) + (1,2,0) + (2,0,1) + (3,0, 0) + (1,2,0) + (3,0,0)) = 6(11,5,2) =

= "((D) = Sh(v).

The core of v and the score measures of the single predecessor digraphs are illustrated

in Figure 3.11.
Since D contains a cycle the set of score measures of all single predecessor digraphs in
D does not coincide with the set of marginal vectors of v: 'L/ (D) \ MT(D) = {(2, 1, o)}.

In this chapter we applied the relational power measures discussed in Chapter 2 in
ranking the nodes in directed graphs. We characterized the ranking by score measure,



87

and made some comments about the ranking by BG- and reflexive BG-measure. Besides
these measures many other measures can be used such as the ones that are mentioned in
the examples of this and the previous chapter. We conclude this section by mentioning
two ideas for other relational power measures.

In the ranking procedures that are discussed in this chapter the rank of a node
depends on which nodes are its successors. Instead of this we can also take the opposite
approach and look at the predecessors of a node in determining its rank. We can define,
for example, the reverse score measure as the function a*: 'ON ---> RN which assigns to
every node i in digraph D the number of nodes that dominate i, i.e.,

ai(D) = #PD(i) for all i E Nand D E 'ON.

This reverse score measure can be axiomatized using similar axioms as the ones that
are stated in Theorem 2.1.11. First, the reverse score measure satisfies the a-efficiency
norm. Second, the dummy property has to be replaced by a reverse property stating that
a node that is not dominated by any other node is assigned the value zero, i.e., for every
D E 'ON and i E N with ?D(i) = 0 it holds that J;(D) = O. Thirdly, the top property
has to be replaced by a reverse property stating that a node that is dominated by every
dominant node is assigned a value that does not exceed the value assigned to any other
node", i.e., for every D E 'ON and i E N with PD(i) = PD(N) it holds that f;(D) S; fj(D)
for all j EN. Finally, a partition P of digraph D is reverse independent if every node
is dominant in at most one subdigraph in P, i.e., if #{A E P I SA(i) =I- 0} S; 1 for
all i E N. Additivity over reverse independent partitions is defined in a similar way as
additivity over independent subdivisions. It can be shown that the reverse score measure
is the unique relational power measure that satisfies these four axioms. (The proof is
similar to the proof of Theorem 2.1.11.)

The ranking by reverse score measure is the mapping ~<1': 'ON ---> WON given by

i ~<1' (D) j if and only if ai(D) S; aj(D).

Note that according to this ranking procedure a node is ranked higher the lower is
its reverse score. This ranking procedure can be axiomatized by adapting positive re-
sponsiveness and independence of non-dominated relations in Theorem 3.1.5 by reverse
properties (anonymity stays the same). Reverse positive responsiveness states that if
two nodes i and j are ranked equally in digraph D, and digraph D' is the same as D
except that node i is dominated by more other nodes, then i is ranked lower than j in

51nstead of this axiom we can also use the equal treatment property mentioned in footnote 2 of
Chapter 2
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D'. Reverse independence of non-dominated relations states that if two digraphs D and
D' are such that node i has the same predecessors in D and D', and also node j has the
same predecessors in D and D', then the pairwise ordering of i and j is the same in D

and D'.

We define the reverse BG-measure fJ*:1)N --+ RN by

fJ;(D) = L #5
1

(.) for all i E Nand DE 1)N.
jEPD(i) D J

This measure can be axiomatized by replacing the a-efficiency norm in the axiomatization
of the reverse score measure mentioned above by the reverse fJ-efficiency norm, which
states that the total value that is to be distributed over the nodes in a digraph is equal
to the total number of dominant nodes, i.e., LiEN fi(D) = #FD(N) for all D E 1)N.

In ranking the nodes by reverse score measure we only take account of the number
of nodes that dominate a particular node in determining its rank. No account is taken
of the 'strength' of the nodes by which it is dominated. In the ranking by reverse BG-
measure !::{J": 1)N --+ WON given by

i !::{J" (D) j if and only if fJ;(D) ~ fJj(D),

we take account of the 'strength' of the predecessors of a node in determining its rank.
Like the ranking by BG-measure, a disadvantage of the ranking by reverse BG-measure
is the fact that a node can perform better by being dominated instead of dominating
another node. This is not the case in the ranking by reverse score measure. This anomaly
can be prevented by using the reflexive reverse BG-measure ,*: 1)N --+ RN given by

,*(D) = L 1 foralliENandDE1)N
t jE{i}UPD(i) (#SD(j) + 1)

It is also possible to combine the score- and BG-measures with the reverse measures
mentioned above. The score- and reverse score measures can be combined yielding the
function &: 1)N --+ RN given by

&(D) = a(D) - a*(D) for all DE 1)N

The same can be done for the BG- and reflexive BG-measures. In this way we take
account of both the nodes that are dominated by node i as well as the nodes that
dominate i in determining the rank of node i.
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1

3

Figure 3.12: Digraph D of Example 3.3.13

Example 3.3.13 Consider the digraph D = {(1,3)} on N = {1,2,3} as illustrated in
Figure 3.12.
The score- and reverse score measure of this digraph, respectively, are given by
cr(D) = (1,0,0) and cr'(D) = (0,0,1). (Note that these are the same as the BG-measure
and reverse BG-measure, respectively.)
Combining these two measures yields i'i(D) = (1,0, -1).
Node 1 dominates node 3, while nodes 2 and 3 do not dominate any node. Therefore,
node 1 is ranked highest according to the ranking by score measure, while nodes 2 and
3 are ranked equally.
Nodes 1 and 2 both are not dominated, while node 3 is dominated by node 1. Therefore,
nodes 1 and 2 both are ranked highest according to the ranking by reverse score measure.
If we combine the two measures then node 1 is ranked higher than node 2 because 1
dominates 3, while node 2 does not dominate a node. Node 2 is ranked higher than node
3 because 3 is dominated by 1, while node 2 is not dominated.

The second alternative type of relational power measures that we mention here are the
measures that take account of higher order effects. The 2nd-order score measure, for
example, assigns to node i in digraph D the sum of the score measures of the successors
of i in D. In general, we recursively define the kth-order score measure o": VN -+ RN

,

kEN U {O}, by

cr?(D) = 1 for all i EN and D E VN,

and
crt(D) = L crj-l(D) for all kEN, i E Nand D E VN.

jESD(i)

Similarly, the kth-order BG-measures, (3k:VN -+ RN, k E {O} UlN, recursively are given
by

(3?(D) = 1 for all i E Nand D E VN,
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and
f3k-l(D)

f3;(D) = L ifF () for all kEN, i E Nand DE 'ON.
jESD(i) D J

Note that (J"l(D) = (J"(D) and f31(D) = f3(D) for every D E 'ON. Both the 2nd-order
score measure and the 2nd-order BG-measure take account of the effect that the re-
lational power of a position in a hierarchical structure increases if its successors have
more successors. Both the 1st-order BG-measure and the 2nd-order BG-measure take
account of the effect that the relational power of a position decreases if its successors
have more other predecessors. The 2nd-order BG-measure thus takes account of both
the positive and negative effects mentioned above. Therefore, higher order BG-measures
look interesting to analyze in the future.



Chapter 4

Measuring Relational Power
Hierarchically Structured
Populations of Agents

•
In

In this chapter, which is largely based on van den Brink and Gilles (1994a), we apply
relational power measures as discussed in Chapter 2 to situations in which agents are part
of some hierarchical economic organization. As discussed in Chapter 1, economic agents
mostly do not act on their own but participate within certain hierarchical organizations.
As discussed in Chapter 1, hierarchical organizations consist of a set of agents, a set of
dominance relations, and certain norms and rules according to which the organization
makes decisions on behalf of the participating agents. In Section 1.1 we already discussed
some examples of such organizations such as hierarchically structured markets and firms.

Different agents in a hierarchical organization have different influences on the eco-
nomic processes that take place within the organization. By relational power of an agent
in a hierarchical organization we refer to the potential influence that the agent has on the
economic processes that take place within the organization resulting from his position
in the hierarchical structure of the organization. Thus, by relational power we refer to,
for example, the possibilities of agents on a hierarchically structured market to influence
the trade processes on the market resulting from their possibilities to set prices. In the
example of a firm relational power refers to the possibilities of the employees to influence
the production process that is carried out resulting from their possibilities to influence
the behaviour of their subordinates in the firm. The purpose of this chapter is to measure
this relational power. Since relational power refers to the potential influence of agents
resulting only from their positions in the hierarchical structure of the organization we
only take account of these positions in measuring relational power of agents. Therefore,
relational power measures as discussed in Chapter 2 can be used for this purpose.

91
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In Section 4.1 we present a model of a hierarchical organization which hierarchical
structure satisfies certain conditions, and in which the different positions of agents in
the hierarchical structure of the organization lead to different influences on the processes
that take place within the organization. Such organizations are refered to as hierar-
chically structured populations. Although such hierarchically structured populations are
organizations in which some economic process takes place we do not specify what kind
of process takes place.

Within hierarchically structured populations we distinguish two sources of rela-
tional power of the agents. First of all we derive an ordered subdivision of the agents into
different groups such that agents in 'higher' groups dominate agents in 'lower' groups in
the sense that agents in 'higher' groups set the conditions under which binary economic
processes with agents in 'lower' groups will take place. Such an ordered hierarchical
subdivision of the agents is called an echelon partition. Each group in an echelon par-
tition is called an echelon. Such an echelon partition can be seen as a special kind of
coalition structure as considered in, e.g., Aumann and Dreze (1974), Owen (1977), Hart
and Kurz (1983), and Winter (1989). The first source of relational power of an agent in
a hierarchically structured population is his possibility to set the conditions under which
economic processes with lower echelon agents will take place.

Second, we show that in a hierarchically structured population not all pairs of
agents are directly related to one another. This means that there are pairs of agents who
need other agents in order to engage in some binary economic process. The possibilities
of agents in a hierarchically structured population to engage in binary economic processes
can be described by a communication structure as considered in, e.g., Myerson (1977),
Kalal, Postlewaite and Roberts (1978), Owen (1986), Borm, Owen and Tijs (1992), and
van den Nouweland (1993). The second source of relational power in a hierarchically
structured population arises from these limited communication possibilities. Two agents
who cannot communicate directly with one another might be able to communicate with
each other with the help of other agents. In that case these intermediary agents will
have some influence on the economic process that takes place between the two agents.

In most economic organizations not all pairs of agents are directly related to each other.
Further, not all relations that are present actually are used. A buyer on a commodity
market, for example, mostly cannot reach all suppliers that are present. Moreover, a
buyer does not buy from all suppliers that he can reach but only buys from a subset (often
consisting of just one) of those suppliers. Hierarchically structured populations describe
the relations that are present in an organization. Only a subset of these relations actually
will be used. In this chapter we assume that economic processes in a hierarchically
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structured population consist of two subsequent stages. In the first stage an agent
chooses one of his dominating agents as the one with whom he is going to engage into
a binary economic (trade) process. Second, this process actually is carried out. This
means that an agent actually uses only one of his relations with dominating agents.
Which relations actually will be used is described by a special kind of hierarchically
structured population refered to as an echelon tree. In Section 4.2 we argue that within
this setting both sources of relational power mentioned above are in some sense identical.

In general, there exists more than one echelon tree in a specific hierarchically
structured population. Eventually only one of these will emerge. The influence of an
agent on an economic process clearly depends on which situation eventually will occur.
Given a specific hierarchically structured population we do not know which echelon tree
will occur. Therefore, the relational power in a hierarchically structured population is a
potential feature of the agents in the population. In Section 4.3 we apply the BG-measure
being discussed in Chapter 2 in measuring the relational power of agents in hierarchically
structured populations. We argue that this BG-measure measures relational power in a
situation in which each echelon tree is given equal probability of occurrence. This can
be seen as an objective interpretation or characterization of the BG-measure.

In Section 4.4 we present a model in which the agents have subjective expecta-

tions about their relational power in a hierarchically structured population. For each
agent we then derive a probability distribution over the echelon trees representing their
expectations about which echelon tree will occur. Given such a probability distribution
for an agent we define a subjective relational power measure that measures the relational
power as it is expected by this agent. Under some uniformity condition the average
of the subjective relational power measures over all agents turns out to be equal to
the BG-measure. This result can be interpreted as a subjective characterization of the
BG-measure.

In Section 4.5 we illustrate the objective and subjective characterizations of the
BG-measure with an example.

Finally, in Section 4.6, we discuss an alternative relational power measure, the
apex measure, which is introduced in van den Brink (1989) and axiomatized in van den
Brink (1994c). An important property of this apex measure is fairness which states
that deleting the relation between two agents in a hierarchically structured population
changes the power value of both agents on that relation by the same amount.
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4.1 Hierarchically structured populations

In this section we give a formal description of the hierarchical organizations that are
discussed in the introduction of this chapter. Let N be a finite set of agents. In previous
chapters a hierarchical structure was represented by a digraph D E 1)N. A digraph D
can alternatively be represented by the corresponding successor mapping 5: N ---> 2N

which is given by S(i) = {j E N I (i,j) ED}. Thus, S(i) contains all agents that
are dominated directly by agent i E N. A hierarchical structure on a set of positions
only describes the relations between these positions. It need not be the case that some
process is taking place. Although we do not specify what processes take place within
a hierarchically structured population it is essential that some process is taking place
between the agents in the population. In order to stress this we use successor mappings
in representing hierarchically structured populations of agents.

Given a successor mapping 5 we denote by 5: N ---> 2N the transitive closure of 5,
i.e., j E S(i) if and only if there exists a sequence of agents (hJ, ••• , ht) such that h1 = i,
hk+l E S( hk) for all 1 :'S k :'S t - 1, and ht = j. Thus, the agents in S( i) \ S( i) are all
agents that are dominated indirectly by agent i. The hierarchical structure of economic
organizations often satisfy the conditions stated in the following definition.

Definition 4.1.1 A successor mapping 5: N ---> 2N is hierarchical if it satisfies the

following two conditions:

(i) 5 is acyclic, i.e., for every agent i E N it holds that i tf- S(i);

(ii) For every pair of agents i, j E N, i -=I- i, there is some hEN such that

{i,j} c (S(h) U {h}).

The first condition in Definition 4.1.1 states that an agent cannot dominate himself (nei-
ther directly nor indirectly). The second condition states that for each pair of agents it
holds that either one of the two dominates the other, or there is a third agent dominating
both. The collection of all hierarchical successor mappings on N is denoted by SrI.

A pair (N, 5), where N is a finite set of agents and 5 is a hierarchical successor
mapping on N is called a hierarchically structured population. The agents in S(i) are
called the potential successors of agent i in S. Agent i sets the conditions under which
binary economic processes between himself and his potential successors have to take
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place. The agents in the set Ps( i) := {j E N liE S(j)} are called the potential prede-

cessors) of agent i in S. Since we take the set of agents N to be fixed we will represent
a hierarchically structured population (N, S) by its hierarchical successor mapping S.

Next we formally introduce the concept of an echelon partition that is already
mentioned in the introduction of this chapter. We recursively define the sets Lk,

k E IN U {O}, by
Lo = 0

and

t., = {i E N \ ~>p I S(i) C :9>p} for all kEN.

In order to show that these sets can be seen as different hierarchical levels in a hierarchi-
cally structured population we first prove that they form a partition of the set of agents
in N.

Theorem 4.1.2 For every S E Sfj there exists a finite number M E IN such that

{Ll, ... , LM} is a partition of N consisting of non-empty sets only.

PROOF

Let S E Sfj and let k E IN be such that N \ U7:d L, =f. 0. We prove that i, =f. 0.
On the contrary suppose that Lk = 0.
Let N = N \ ut"d L,. By definition of the sets i, it then holds that S(i) n N =f. 0 for
every i E N.
Then we can construct a sequence (ii, i2, ... ) such that

(i) i1 E N;

(ii) ik E S(ik-d n N for every kEN.

For every k E IN and I :::=: k + 1 it holds that ik E S(i,) n N.
Acyclicity of S then implies that all agents in the sequence are different.
Thus, the sequence consists of an infinite number of different agents.
But this implies that the set N C N is infinite, which contradicts with finiteness of N.
Thus, N \ U7:01 L, =f. 0 implies that c, =f. 0.

From this and finiteness of N it follows that there is a finite number MEN such that.

11n the previous chapters we refered to the agents in the sets S( i) and Ps (i) as the successors and

predecessors of node i, respectively. The reason why in this chapter we refer to these agents as the
potential successors and potential predecessors of agent i will become clear in the next sections of this
chapter.
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• L; f- 0 for all k E {l , ... ,M}, and

• U~l Lk = N for all k > M.

From the definition of the sets Lk it directly follows that

• t; nLI = 0 for all k,l E {I, ... ,M} with k f-l.

Thus, the sets Lh ... ,LM form a partition of N consisting of non-empty sets only.

o
The number M in Theorem 4.1.2 is called the length of the hierarchically structured
population 5 and is denoted by 1(5). The partition ~ = {Ll"'" LM} is called the
echelon partition of 5. The elements Lk, 1 :::;k:::; M, in the echelon partition are called
echelons. Next we show that the hierarchy described by such an echelon partition has a
unique topman.

Theorem 4.1.3 Let 5 E Sfi, and let {Ll"'" LM} be the echelon partition of 5. Then
LM is a singleton.
The agent io E LM is the unique agent for which Ps(io) = 0. Moreover, io is the unique
agent for which S(io) = N \ {io}.

PROOF

Let 5 E Sfi, and let {LJ" .. , LM} be the echelon partition of S.

The proof consists of a number of steps.

(a)
Let i, j EN be such that Ps(i) = Ps(j) = 0. From condition (ii) of Definition 4.1.1 it
then directly follows that i = j. Thus, there can be at most one agent i E N for which
Ps(i) = 0.

(b)
Suppose that Ps( i) f- 0 for all i E N. Then we can construct a sequence (ii, i2, ... ) of
agents such that it EN, and ik E S(ik+rl for all kEN.
For every kEN and I ~ k + 1 it holds that ik E S(il)'
Acyclicity of S then implies that all agents in the sequence are different.
Thus, the sequence consists of an infinite number of different agents.
But this implies that the set N is infinite, which contradicts with finiteness of N.
Thus, there is at least one agent i E N for which Ps(i) = 0.

(c)



97

Next we show that for every i E N it holds that S(i) = N \ {i} if and only if Ps(i) = 0.
Only if
Suppose that i E N is such that S(i) = N \ {i}.
If j E Ps(i) then i E S(j). Since by assumption j E S(i) it then holds that i E S(i).
This is in contradiction with acyclicity of S.
If

Suppose that Ps(i) = 0. Then i tf. S(j) for all j EN.
If j E N \ (S(i) U {i}) then j tf. S(i).
According to condition (ii) of Definition 4.l.1 there exists an hEN \ {i,j} such that
{i,j} c S(h). This is in contradiction with Ps(i) = 0.
Thus, N \ (S(i) U {i}) = 0.
With acyclicity of S it then follows that S(i) = N \ {i}.

From (a) and (b) it follows that there is a unique agent io E N such that Ps(io) = 0.
From (c) it then follows that io is the unique agent for which S(io) = N \ {io}.

Now we only have to prove that LM = {io}.
Suppose that i« E Lk, for some k E {l, ... ,M}. By definition of the sets Lk it then
holds that S(io) = N \ {io} C U~:/L/.
Since {L], ... , LM} is a partition of N consisting of non-empty sets only (see Theorem
4.l.2) it must hold that LM = {io}.

o
The echelon partition of a hierarchically structured population thus can be seen as a
hierarchical subdivision of the agents in different hierarchical levels. In this hierarchi-
cal subdivision there is a unique topman who dominates all other agents (directly or
indirectly) and who is not dominated himself. Besides this hierarchical subdivision, a
hierarchically structured population S also describes the possibilities of the agents to
engage in binary economic processes. These possibilities are represented by the commu-
nication structure R given by

R = {{i,j} liE N,j E S(i)}.

Thus, the communication structure R is the undirected graph underlying the digraph
D = {(i, j) E N x N liE N, j E S( i)}. The following corollary directly follows from
condition (ii) in Definition 4.1.l.



98

Corollary 4.1.4 For every S E sf, it holds that the communication structure R is

connected, i.e., for every pair of agents i, j E N, with i of i, there exists a finite sequence

(hI' ... ' ht) such that hI = i, ht = i, {hk, hk+d E R for every 1 :::; k:::; t-l, and hk of h/

for every 1< k of I :::;t.

If {i,j} E R then agents i and j can engage in a binary economic process direcly without
the help of other agents. If {i, j} rt. R then agents i and j cannot engage in a binary
economic process directly, but according to Corollary 4.1.4 they can indirectly with the
help of one or more other agents. A sequence (hI, ... , ht) as described in Corollary 4.1.4

is called a communication path between i and j.

We have distinguished two relational features of economic agents in a hierarchically struc-
tured population, namely their position in the echelon partition and their communication
possibilities. For these two relational characteristics the following holds.

Theorem 4.1.5 Let S E sf, with length M, and let {LI' ... ' LM} and R, respectively,

be the echelon partition and the communication structure of S.

(i) For every 1 :::; k; I:::; M and every pair of agents i ELk, j E L/ it holds that:

i E S(j) if and only if {i,j} E Rand k: < I;

(ii) For every 2 :::; k: :::; M and every agent i E Lk there exists an agent j E Lk-1

such that {i,j} E R;

(iii) For every 1 :::;k :::;M - 1 and every agent i E Lk there exists an agent

j E U~k+I L/ such that {i,j} E R.

PROOF

(i) Let i E u, j E L/, 1:::; k,l:::; M.

Only if
Suppose that ~ E S(j). Then, by definition of Lk it holds that

i E S(j) c U:::~Lt. This implies that k: :::; 1- l.

If
Suppose that k < l. {i, j} E R implies that either i E S(j) or J E S( i). But if

j E S(i), then 1< k: < I. Thus, i E S(j).
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(ii) Let i ELk, for some k E {2, ... , M}. Suppose that 5(i) n Lk-1 = 0. But then
5(i) C U:;;;~ t.; This contradicts with i ELk' Thus, 5(i) n Lk-1 -=J 0. Result (ii)
then follows with result (i).

(iii) Let i ELk, for some k E {I, ... , M - I}. From Theorem 4.1.3 it follows that
Ps(i) -=J 0. Result (iii) then follows with result (i).

o

The first result in Theorem 4.1.5 says that if two agents are directly related in the
communication structure R then they must be part of different echelons. Moreover, the
agent in the higher echelon dominates the lower echelon agent on that relation. Together
with this result, the second result says that if an agent is not part of the lowest echelon,
then there must be an agent in the echelon right below him that he dominates. Together
with the first result, the third result says that if an agent is not part of the highest
echelon, then he must be dominated by another agent. The following example illustrates
the concepts introduced in this section.

Example 4.1.6 Consider the hierarchically structured population 5 on N = {I, ... ,6}
given by

5(l) = {2,3,4}, 5(2) = {4}, 5(3) = {5}, 5(4) = {6}, 5(5) = 0, 5(6) = 0.

The echelon partition' of 5 is given by, = {Lt, L2, L3, L4} with Ll = {5, 6}, L2 = {3, 4},
L3 = {2}, and L4 = {I}.
The communication structure R of 5 is given by

R = {{1,2},{1,3},{1,4},{2,4},{3,5},{4,6}}.

This communication structure can be drawn in a way such that agents belonging to the
same echelon are placed on the same horizontal line as is done in Figure 4.1.

4.2 Relational power in hierarchically structured

populations

In the previous section we presented hierarchically structured populations. The influence
that an agent has on the economic processes that take place within the organization
depend on his relations in the population. The influence that an agent has resulting
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Figure 4.1: The communication structure R of 5 of Example 4.1.6

from his position in the hierarchical structure of the population is refered to as his
relational power in the hierarchically structured population. It is clear that the direct

influence that an agent has on his relations with agents in lower echelons, i.e., with his
potential successors, is some source of relational power.

In a hierarchically structured population there is a second source of relational
power, namely the possibilities to influence economic processes resulting from the po-
sitions of the agents in the limited communication structure. If two agents i, j E N
cannot communicate directly then, according to Corollary 4.1.4, i and j can commu-
nicate indirectly through one or more other agents. These intermediary agents in the
communication process between i and j have some influence on the economic process
that takes place between i and j. This indirect influence is the second source of relational
power that an agent has in a hierarchically structured population.

We argue that both sources of relational power of an agent are in some sense
identical within the setting of a hierarchically structured population. This follows from
the following proposition.

Proposition 4.2.1 Let 5 E Sfj and let R be the communication structure induced by

S. For all agents i,j E N, i =I- i, there exists a sequence (hI,"" ht) of agents and a
positive integer T :::;t such that;

(i) b, = i

(ii) hk E S(hk+1) for k E {I, ... , T - I}

(iii) hk+1 E S(hk) for k E {T, ... , t - I}

(iv) ht = j
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PROOF

Let {L1, ... , LM} be the echelon partition of S.
By Theorem 4.1.3 it holds that #LM = 1. Suppose that i E Lk, for some 1::;k ::; M -1,
and let io E LM denote the unique topman in the hierarchically structured population S.
From Theorem 4.1.5 it directly follows that there exists at least one communication path
between i and io satisfying the condition stated in the lemma. Such a communication
path can be found using the following algorithm:

STEP 1 Let hI = i, P = 1. GOTO STEP 2.

STEP 2 If hp E LM (i.e., hp = io), then (hI, ... , hp) is a communication path between
i and io satisfying the condition stated in the lemma. STOP.

Else hp E L" k ::; I < M. According to Theorem 4.1.5 there exists an
M

hp+l E U La such that hp E S(hp+I)'
a=I+1

GOTO STEP 3.

STEP 3 Let p = p + 1. GOTO STEP 2.

From finiteness of {LJ, .•• , LM} it follows that this algorithm always leads to a commu-
nication path between i and io satisfying the condition stated in the lemma.

Suppose that i ELk, JELl, i -=I- j.
If {i,j} n LM -=I- 0 then it follows from the discussion above that there exists a commu-
nication path between i and j satisfying the condition stated in the lemma.

Now suppose that {i, j} n LM = 0. Then it follows from the discussion above that
there exists at least one communication path 7i. = (hI = i, ... , hm = io), for some
m E {I, ... , M - k}, between i and io, and there exists at least one communication path
d = (dp = i, ... ,d1 = io), for some p E {I, ... , M -l} between j and io satisfying the
condition stated in the lemma. Then it follows from Theorem 4.1.5 that at least one of
the following three conditions holds:

1. There exists a communication path 7i. = (hI = i, ... , he = i, ... ,hm = io) between
i and io such that j is part of that communication path and h; E S(hr+J)' 1 ::; r ::;
m - 1. In this case (hI = i, ... ,he = j) is a communication path between i and j
satisfying the condition stated in the lemma.

2. There exists a communication path d = (dp = i, ... ,df = i, ... , dl = io) between j

and io such that i is part of that communication path and dr+J E S(dr), 1 ::; r ::;
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p - 1. In this case (dp = i. ... ,dj = i) is a communication path between i and j
satisfying the condition stated in the lemma.

3. There is a position c E Lq, with max{ k,l} < q ::; M such that there exist com-
munication paths (hI = i, ... , he = c, ... , hm = io) between i and io and (dp =

i, ... ,dJ = C, ... , dl = io) between j and io such that h; E S(hr+d, 1 ::; r ::; m -1,

and dr+1 E S(dr), 1::; r::; p -1. In this case (hI = i, ... ,he = c = dJ, ... ,dp = j)
is a communication path between i and j satisfying the condition stated in the
lemma.

o
The agent b-r in a communication path as described in Proposition 4.2.1 is called the
topman on that communication path. According to Proposition 4.2.1 there is a commu-
nication path between each pair of agents i, j E N such that each agent on that commu-
nication path, except the topman, directs himself to one of his potential predecessors.
That is, the intermediary agents within such a communication path are dominating each
other in an order such that there is a unique agent at the top of this communication
chain.

Not all communication paths between two agents in a hierarchically structured
population need to be of the form as in Proposition 4.2.1. However, the following discus-
sion implies that communication paths other than those described in Proposition 4.2.1
will not be used.

We assume that, in case some economic process takes place between the agents in
N, each agent chooses one of his potential predecessors as the one with whom he is going
to engage in a binary economic process. Such a situation is described by a predecessor

function.

Definition 4.2.2 Let S E Sfj with length M, and let {L1, ... , LM} be the echelon par-

tition of S.

A function t: N \ LM -+ N is a predecessor function in S if for everi) i E N \ LA! it
holds that t(i) E Ps(i).
A hierarchically structured population T E Sfj is an echelon tree if it has a unique

predecessor function t.

A n echelon tree T is an echelon tree in S if the unique predecessor function t in T is

such that t(i) E Ps(i) for all i EN.

The collection of all echelon trees in S E Sfj is denoted by T«. Note that for an echelon
tree T the digraph D = {(i,j) liE N, j E T(i)} is a single predecessor digraph as
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introduced in Section 1.5. The agent t(i) is the predecessor to which agent i E N \ LM
directs himself in case t is the predecessor function describing the situation that actually
occurs. This agent t( i) is called the actual predecessor of i according to the predecessor
function t. In such an echelon tree there exists exactly one communication path between
each pair of agents and all these paths are of the form as described in Proposition
4.2.1. In this way the power of an agent resulting from his possibilities to let other
agents communicate with one another also depends on which agents are his potential
successors.

We remark here that the echelon partition of an echelon tree T in S need not
be the same as the echelon partition of S E SJj itself. This is shown in the following
example.

Example 4.2.3 Consider the hierarchically structured population S of Example 4.1.6.
Agent 4 is the only agent who has more than one potential predecessor, i.e., agent 4 is
the only agent who can choose to which agent he is going to direct himself. Since agent
4 has Lwopotential predecessors there are exactly two predecessor functions in S. These
are the functions t1: N \ {l} ---t Nand t2: N\ {l} ---t N which, respectively, are given by

and

The echelon partition e and communication structure WI of the echelon tree T1 corre-
sponding to t I are given by:

W1 = {{1,2},{1,3},{l,4},{3,5},{4,6}},

and those of the echelon tree T2 corresponding to t2 are given by:

W2 = {{ 1, 2}, {1, 3}, {2, 4 }, {3, 5}, {4, 6} }.

These communication structures are illustrated in Figure 4.2.
Note that if agent 4 chooses agent 1 as his actual predecessor then the echelon partition
el that actually occurs has one echelon less than the echelon partition ~ of S. If agent 4
chooses agent 2 as his actual predecessor then the echelon partition that actually occurs
is the same as the echelon partition of S.
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1 2

3 4 4

5 6 2 5 6

Figure 4.2: Communication structures of the echelon trees of Example 4.2.3

It is easy to see now why the members of S(i) and Ps(i), respectively, are called the
potential successors and potential predecessors of i in S. If a potential successor of i
has more potential predecessors besides i, then it is not known whether this potential
successor actually will direct himself to i. Thus, the relational power of an agent in a
hierarchically structured population is a potential feature. The actual power of an agent
depends on which echelon tree eventually will occur.

4.3 Relational power measures

In this section we discuss a relational power meaSU1·e that measures the relational power
of the agents based only on their positions in a hierarchically structured population.

From the discussion in the previous section it is clear that the relational power of
an agent in a hierarchically structured population depends on which agents he directly
dominates. Therefore, the 'unit of measurement' of relational power in an economic
organization as decribed by a hierarchically structured population is that of 'dominated
economic agent'. A relational power measure thus should tell us in which way the power
over all dominated agents in a hierarchically structured population is distributed over
the agents. Since a hierarchically structured population has a unique topman who has
no predecessors we define a relational power measure in the following way.

Definition 4.3.1 A relational power measure for hierarchically structured pop-
ulations on N is a function f: St/ --+ RN such that for every 5 E Sfj it holds that

L. J;(S) = #N - 1.
iEN
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The power over the #N - 1 dominated economic agents can be distributed in various
ways as long as this distribution satisfies the condition stated in Definition 4.3.1. In
the previous section we indicated two sources of relational power within the setting of a
hierarchically structured population. We argued that for an agent i EN, both sources of
relational power depend on which agents he directly dominates. Thus, in measuring the
relational power of economic agents in a hierarchically structured population the power
value of an agent should depend on which agents are his potential successors.

In Chapter 2 we discussed the BG-measure as a relational power measure for
arbitrary hierarchical structures that are represented by digraphs. If we consider hier-
archically structured populations then the ,8-efficiency norm of the BG-measure (Axiom
2.1.3) states that this measure totally distributes the power over all #N - 1 dominated
agents. Thus, the BG-measure,8: SJj -+ RN given by ,8i(S) = LjES(i) #P~(;) for all i E N
and S E SJj, can be applied as a relational power measure for hierarchically structured

populations.
In Subsection 2.1.1 of Chapter 2 we gave an axiomatization of the BG-measure for

arbitrary digraphs. Next we present a characterization of the BG-measure restricted to
the class of hierarchically structured populations. Therefore we give two other axioms on
a relational power measure f: SJj -+ RN that are especially important for hierarchically
structured populations as considered in this chapter.

According to the discussion in the previous section, which agents eventually are
dominated by agent i E N depends on which echelon tree eventually will occur. Thus,
given a hierarchically structured population S it is not known ex ante which agents
actually will be dominated by agent i E N. However, if a potential successor j E S(i)
has agent i as his only potential predecessor then j has to direct himself to agent i. The
first axiom states that an agent at least has full power over all his potential successors
having him as their only potential predecessor.

Axiom 4.3.2 (Full domination property) For every S E SJj it holds that

fi(S) 2 #{j E S(i) I #Ps(j) = I}.

Which echelon tree eventually will occur depends on which of their potential predecessors
the agents in N \ LM choose as their actual predecessor. Suppose we apply a relational
power measure f: SJj -+ RN in distributing the relational power in an echelon tree. Thus,
for an echelon tree T E Is, S E SJj, the measure f(T) is a distribution of relational
power in a situation that actually might occur. The second axiom states that the average
of these measures over all echelon trees in a hierarchically structured population S yields
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the same power distribution as the one that results from directly applying the relational
power measure f to 5.

Axiom 4.3.3 (Normalized additivity over echelon trees) For every 5 E Sj'f it
holds that

1
f(5) = #7. 2: f(T).

s TETs

These two axioms uniquely determine the BG-measure as a relational power measure
for hierarchically structured populations. (Note that by definition for a relational power
measure f on hierarchically structured populations on N it must hold that LiEN fi(5) =

#N - 1 for all 5 E Sj'f.)

Theorem 4.3.4 The relational power measure f: Sj'f -4 RN is equal to the BG-measure
if and only if it satisfies the full domination property and normalized additivity over
echelon trees.

PROOF

We have already noted that the ,8-efficiency norm of the BG measure implies that it is
a relational power measure for hierarchically structured populations.
For every 5 E Sj'f and i E N it holds that

,8i(5) =2: #pi( .) ~ #{j E 5(i) I #Ps(j) = ij.
JES(i) S J

Thus, the BG-measure satisfies the full domination property.

Let 5 E sj'f and T E Ts· Since #PT(j) :S 1 for all j E N the BG-measure of T is given
by ,8i(T) = #T(i) for all i E N.
By noting that the echelon trees in 5 correspond to the single predecessor digraphs in
digraph D = {(i,j) E N x N liE N, j E 5(i)} it follows with Theorem 2.2.12 that

,8i(5) = #1 2: #T(i) = * 2: ,8i(T), for all i E N. (4.1)
Ts TETs # S TETs

Thus, the BG-measure satisfies normalized additivity over echelon trees.

Now let f: Sj'f -4 RN be a relational power measure that satisfies the full domination
property and normalized additivity over echelon trees, and let 5 E Sj'f.
From the full domination property it follows that for every T E Ts and i E N it holds
that J;(T) ~ #T(i).
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By I being a relational power measure it then follows that

1i(T) = #T(i) = (3i(T) for all i E Nand T E Ts·

From normalized additivity over echelon trees it then follows that

li(S) = #~ L #T(i).
S TETs

With equation (4.1) it follows that 1(S) = (3(S).
o

Normalized additivity over echelon trees expresses the fact that ex ante nothing is known
about the choices of the agents which potential predecessor they choose as their actual
predecessor. Thus, we might see the BG-measure as an objective relational power mea-
sure in which it is assumed that each echelon tree occurs with the same probability.
Therefore, the characterization given in Theorem 4.3.4 can be seen as an objective char-
acterization of the BG-measure.

Example 4.3.5 Consider the hierarchically structured population S of Example 4.1.6
which echelon trees are given in Example 4.2.3. The BG-measure of S is given by
(3(S) = (2},~,1,1,0,0).
The BG-measures of the echelon trees T" and T2, respectively, are given by
(3(Tl) = (3,0,1,1,0,0) and (3(T2) = (2,1,1,1,0,0).
Taking the average of the two measures (3(Tl) and (3(T2) yields the BG-measure of S:

1 1 1
2 ((3,0,1,1,0,0) + (2,1,1,1,0,0)) = (22, 2,1,1,0,0) = (3(S).

Next we illustrate the independence of the axioms stated in Theorem 4.3.4.

Example 4.3.6 We illustrate the independence of the axioms stated in Theorem 4.3.4
by presenting two alternative relational power measures for hierarchically structured
populations.

1. Let the function I': sfj --4 RN be given by

I(S) #N - 1 for all z S NIi = #N oralltENand ESH·

Thus, I' distributes the power over all #N - 1 dominated agents equally among
all #N agents in a hierarchicaly structured population.
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Note that LiEN Jl (5) = #N - 1 for all 5 E Si'J, and thus r is a relational power
measure for hierarchically structured populations.

This measure satisfies normalized additivity over echelon trees. It does not satisfy
the full domination property.

For the hierarchically structured population of Example 4.1.6 it holds that

r(5) = (~,~,~,~,~, ~). Thus, Jl(5) < 2 = #{j E 5(1) I #Ps(j) = I}.

2. Let the function p: Si'J ~ RN be given by

#{j E 5(i) I #Ps(j) = I}

+#{j E 5(N) I #Ps(j) :::::2} for all i E Nand 5 E SHN.

#N

Thus, J2 first assigns to every agent the power over those potential successors
that have him as their only potential predecessor, and after that distributes the
relational power over all agents that have more than one potential predecessor
equally among all agents in a hierarchically structured population.

Note that LiEN Jl(5) = #N - 1 for all 5 E Si'J, and thus P is a relational power
measure for hierarchically structured populations.

This measure satisfies the full domination property. It does not satisfy normalized
additivity over echelon trees.

For the hierarchically structured population of Example 4.l.6 it holds that

J2(5) = (2~,~,1~,1~,~,~).

For the echelon trees T" and T2 of 5 which are given in Example 4.2.3 it holds
that P(T1) = (3,0,1,1,0,0) and P(T2) = (2,1,1,1,0,0). Thus,

~(f2(Tl) + P(T2
)) = (2~,~, 1, 1,0) i P(5).

In Chapter 2 we also discussed mappings that assign to every digraph a TU-game which
can be seen as a relational power measure measuring the relational power of groups
of nodes in the digraph. We can also apply these mappings to the measurement of
relational power in hierarchically structured populations. According to the conservative
score mapping VC

: si'J ~ (IN given by vC(5)(E) = #{j E 5(E) I Ps(j) C E} for all
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E C Nand S E Sf'j, all potential predecessors of an agent i are necessary in order
to have power over agent i. According to the score mapping VS

: Sf'j ----> gN given by
vS(S)(E) = #S(E) for all E C Nand S E Sf'j, one potential predecessor of agent i is
sufficient to have full power over agent i. With Theorem 2.2.12 and Corolarry 2.2.22
stated in Section 2.2 we can conclude that the Shapley values of the games that these
mappings assign to a hierarchically structured population S are the same and are equal
to the BG-measure of S.

4.4 A subjective approach to the measurement of
relational power in hierarchically structured
populations

..

In the previous section we argued that the BG-measure can be seen as an objective rela-
tional power measure which measures the relational power in a hierarchically structured
population in case every echelon tree occurs with the same probability. In this section we
show that the BG-measure also can be seen as a subjective relational power measure, i.e.,
as a power measure that measures relational power from the viewpoint of the individual
agents in the hierarchically structured population.

Consider a specific hierarchically structured population S E Sfi, and an agent
i E N \ L1. If a potential successor j E S( i) has more potential predecessors besides i,
then it is not known whether j actually directs himself to i. We assume that each agent
has certain expectations about which of his potential successors eventually directs them-
selves to him. These subjective expectations of the agents are given by their expectation
functions.

Definition 4.4.1 Lei S E Sfi and i EN. A function f.Ls:N ----> [0,1] is an expectation
function of i in S if the following two conditions are satisfied:

(i) f.LsU) = 0 for all j E N \ S(i);

(ii) f.L~U) = 1 for all j E S(i) with #PsU) = 1.

A collection {f.Ls} iEN where for every i EN, f.L~ is an expectation function of i in S is
an expectation pattern of S.

Agent i E N expects with probability f.L~U) that he will be the actual predecessor of
agent i, and with probability 1-f.LsU) that he will not be the actual predecessor of agent
j. Agent i must expect that he will never be the predecessor of an agent who is not a
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potential successor of him. This is expressed by the first condition in Definition 4.4.l.

Further, agent i must expect that he will be the predecessor of a potential successor

j E S(i) with certainty if he is the only potential predecessor of j. This is expressed by

the second condition in Definition 4.4.1. Note that i E L1 implies that f.I.~(j) = 0 for all

j E N. If j E LM then f.I.~(j) = 0 for all i E N.
The choices of actual predecessors by all agents in N \ LM result in a particular

echelon tree T E Ts. An expectation function of an agent induces a probability distribu-

tion on Ts, representing the individual subjective expectations of this agent about which

echelon tree eventually will occur. This is done in the following way. Take a particular

agent i E N, and let f.l.s be his expectation function. For every agent j E N \ LM and

every potential predecessor h E Ps(j) the probability that agent i gives to the event that

agent j chooses agent h as his actual predecessor can be derived from this expectation

function of agent i. The probability agent i gives to the occurrence of a particular echelon

tree T E Ts then is equal to the product over all agents j E N \ LM of the probabilities

agent i gives to the occurrence of an echelon tree in which j chooses the particular agent

in PT(j) as his actual predecessor. (Note that #PT(j) = 1 for all j EN \ {io} where io

denotes the unique topman for which PT(io) = 0.)

Let T E Ts. In order to determine the probability agent i gives to the event that

agent j chooses the agent in PT(j) as his actual predecessor we distinguish the following

three cases with respect to agent j E N \ {io}.

1. Suppose that j E T( i).

Thus, i is the actual predecessor of j In T. Then it directly follows that the

probability agent i gives to the event that agent j chooses agent i as his actual

predecessor is equal to f.l.s(j).

2. Suppose that j E S(i) \ T(i).

Thus, agent j is a potential successor of i who does not choose i as his actual

predecessor. Agent i gives probability 1 - f.I.~(j) to the event that agent j does

not direct himself to him. We assume that agent i expects that all other potential

predecessors of j have equal probability to be the actual predecessor of j. Since

agent j has (#Ps(j) - 1) 2 1 other potential predecessors besides agent i, the

probability agent i gives to the event that agent j directs himself to the particular

predecessor hE PT(j) c Ps(j) \ {i} is given by ;;:;J~~l'
3. Suppose that j EN \ (S(i) U LM)'

Thus, agent j is not a potential successor of agent i. For such an agent j we assume
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that agent i gives each potential predecessor of agent j the same probability #P~(j)

to be the actual predecessor of agent j.

This discussion results in the following functions that yield the expectation of agent i
about which echelon tree will occur".

Definition 4.4.2 Let S E St/) i EN) and let J.L~ be an expectation function of i in S.
The expectation distribution of agent i induced by J.L~is the function p~: Ts -+ [0, 1]
which for every T E Ts is given by

Ps(T) = IT J.L~(j) IT 1 - J.L's(j) IT _1 - (4.2)
iET(i) JES(t)\T(t) #Ps(J) - 1 JEN\(S(I)uLM) #Ps(J)

It can be verified that for every S E St/ and every i E N it holds that p~(T) ::::0 for every
T E Ts and LTETs p's(T) = 1. Thus, the function p~: Ts -+ [0,1] describes a probability
distribution over Ts. This probability distribution reflects agent i's expectation about
which echelon tree in S will occur.

We illustrate the expectations of agents about the occurrence of echelon trees by
discussing three specific types of expectation functions, namely the cases of pessimistic,
neutral, and optimistic expectations.

We say that agent i has pessimistic expectations about his power over his potential
successors in S E St/ if his expectation function J.Ls satisfies:

. { 1J.Ls(j) = 0
if j E S(i) and #Ps(j) = 1

else.

If T E Ts is such that there is an h E T(i) with #Ps(h) -=f. 1 then IliET(i) J.L~(j) = 0

since J.Ls(h) = O. If, on the other hand, #Ps(j) = 1 for every j E T(i) then J.L's(j) = 1

for every j E T(i), and thus IljET(t) J.Lk(j) = 1. From equation (4.2) it then follows that
in case agent i has pessimistic expectations his expectation distribution is such that for
every T E Ts it holds that

P8(T) ~ {

o if {j E T(i) I #Ps(j) -=f. I} -=f. 0

Il #P () Il #P1 ( .)
jES(i)\T(i) s J -1 jEN\(S(i)uLM) s J

if {j E T(i) I #Ps(j) -=f. I} = 0.

2Taking a product over an empty set in Definition 4.4.2 equals 1.
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This shows that if agent i has pessimistic expectations about his power over his potential
successors, then he gives zero probability to the occurrence of all echelon trees in which
he is the predecessor of at least one of his potential successors who have more potential
predecessors besides himself. If Ns(i) := {T E Is I {j E T(i) I #Ps(j) #- I} = 0}, then
we can verify that #Ns(i) = IT ,esU) (#Ps(j)-l)ITjEN\(S(i)ULM) #Ps(j). IfT E Ns(i)

#Ps(j)f-l
then {j E S(i) I #Ps(j) =I I} = S(i) \ T(i). Thus, for every T E Ns(i) it holds that

. II 1 II 1 1
p's(T) = jES(i)\T(i) #Ps(j) - 1 jEN\(S(i)uLM) #Ps(j) #Ns(i)"

This shows that agent i gives equal positive probability to the occurrence of all echelon
trees in which he is not the predecessor of any of his potential successors who have more
than one potential predecessors.

We say that agent i has neutral expectations about his power over his potential
successors if his expectation function f.L~satisfies

. 1
f.L's(j) = #Ps(j) for all j E S(i).

From equation (4.2) and the fact that #Ts = ITjEN\LM #Ps(j) it follows that in this
case agent i's expectation distribution is such that for every T E Is it holds that

p's(T) = II #pl ( .)
jEN\LM S J

Thus, if agent i has neutral expectations, then he gives equal probability of occurrence
to each echelon tree in S.

Finally, we say that agent i has optimistic expectations about his power over his
potential successors if his expectation function f.Lksatisfies

f.L's(j) = 1 for all j E S(i).

It is clear that ITjET(i) I-l~(j) = 1 for every T E Is. If T E Is is such that there is an

h E S(i) \ T(i) then ITjES(i)\T(i) ~;:~;~j)l= 0 since f.L's(h) = 1. If, on the other hand,

S(i) \ T(i) = 0 then ITjES(i)\T(i) ~;:;~~~l= l. From equation (4.2) it then follows that
in case agent i has optimistic expectations his expectation distribution is such that for
every T E Is it holds that

p's(T) = { 0 1IT #P (.)jEN\(S(i)uLM) S J

if T(i) #- S(i)
if T(i) = S(i).
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This implies that in case agent i has optimistic expectations about his power over his
potential successors, then i gives zero probability to the occurrence of an echelon tree in
which he is not the predecessor of all his potential successors.
If Ms(i) := {T E Ts I T(i) = S(i)} , then we can verify that #Ms(i) =

ITjEN\(S(i)ULM) #Ps(j) and thus for every T E Ms(i) it holds that

. IT 1p's(T) = --.
jEN\(S(i)uLM) #Ps(J)

Thus, we may conclude that in case of optimistic expectations agent igives equal positive
probability to the occurrence of all echelon trees in which he is the predecessor of all his
potential successors.

Given a particular echelon tree there is no uncertainty with respect to the choices of
the agents about which one of their potential predecessors they choose as their actual
predecessor. Suppose that f: sJ'j -+ RN is a relational power measure as defined in
Definition 4.3.l. As said in the previous section, for an echelon tree T the measure f(T)
can be seen as a distribution of the relational power in the echelon tree T that actually
might occur. This measure f(T) thus is an objective measure which is based on some
kind of social norm with respect to the measurement of relational power in echelon trees
in which there is no uncertainty with respect to the choices of the agents about which
potential predecessor they are going to direct themselves to.

However, if we want to measure the relational power in an arbitrary hierarchi-
cally structured population then besides the social norm for the distribution of power in
echelon trees, we also have to take account of the uncertainty with respect to the choices
of the agents in N \ LM about which potential predecessor they choose as their actual
predecessor. We take account of this subjective element in the measurement of relational
power by using the exogenously given expectation distributions of the agents as defined
in Definition 4.4.2. Given a relational power measure for echelon trees we can define a
subjective relational power measure which measures relational power from the agents'
point of view in the following way.

Definition 4.4.3 Let S E Sri, let {fLs LEN be an expectation pattern of S! and lei

f: sri -+ RN be a relational power measure. Further, let pk be the expectation distribution

o] agent i E N induced by fLk. Agent i's subjective expectation oj f on S is the

Junction e-: sJ'j -+ RN given by

Bi.J(S) = L p's(T)· f(T) [or all S E Sri·
TETs
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probability distributions of
agents 1 and 2 in the case of

echelon tree (#Tk(l), #Tk(2)) pessimistic neutral optimistic
expectations expectations expectations

Tl (3,0) 0 1 1 1 1 02 2

T2 (2, 1) 1 0 1 1 0 12 2

Table 4.1: Expectation distributions of Example 4.4.4

Thus, e-! (S) measures the relational power of the agents in hierarchically structured
population S as it is expected by agent i. With the assumptions made in the previous
definitions we have constructed a model of subjective expectation patterns with respect
to relational power in the setting of a hierarchically structured population. We illustrate
this model with an example.

Example 4.4.4 Consider the hierarchically structured population S of Example 4.1.6
which echelon trees are given in Example 4.2.3. In Example 4.3.5 we have given the
BG-measures of S and both echelon trees Tl and T2 in S.
The agents 3, 4, 5 and 6 all have no potential successors with more than one potential
predecessors. This implies that for pessimistic, neutral as well as optimistic expectations
these agents each give probability! to the occurrence of both echelon trees. Thus,

(4.3)

Moreover, it holds that

Ey"\S) = (3j(S) for all i E N and all j E {3,4,5,6}.

Thus, the only agents of interest are the agents 1 and 2 since they are the only ones that
have a potential successor with more than one potential predecessors, namely agent 4.
The second column in Table 4.1 gives the values #Tk(i), k E {l, 2}, i E {1,2}.
In the case of pessimistic expectations agent 1 expects with probability one that agent
4 chooses agent 2 as his actual predecessor. Therefore, if agent 1 is pessimistic he
gives probability one to the occurrence of echelon tree T2, and probability zero to the
occurrence of echelon tree TI. Similarly agent 2 gives probability one to the occurrence
of echelon tree TI, and probability zero to the occurrence of echelon tree T2. These
probabilities are summarized in the third column of Table 4.1.
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For the subjective expectations of the BG-measure it then follows that

EI,(3(5) = f3(T2) = (2,1,1,1,0,0) and E2,(3(5) = f3(T1) = (3,0,1,1,0,0)

If all agents have neutral expectations about their relational power in 5 then all agents
give probability ~ to the occurrence of both echelon trees (see column 4 of Table 4.1).
In this case

If the agents have optimistic ecpectations then agent 1 (agent 2) gives probability one to
the occurrence of echelon tree TI (echelon tree T2) and probability zero to the occurrence
of echelon tree T2 (echelon tree TI). (See column 5 of Table 4.1). In this case

Next we state a new axiom for relational power measures that says something about the
subjective expectations of the agents in a hierarchically structured population. Suppose
that for each agent j E N \ LM it holds that all his potential predecessors in 5 E sfj
have the same subjective expectations regarding their own power over him. The new
axiom states that in that case taking the average of the subjective expectations of a
relational power measure f over all agents yields the same power distribution as the one
that results from directly applying f to 5.

Axiom 4.4.5 (Normalized additivity over subjective expectations) For every

f: sfj -> RN! 5 E Sfj! and every expectation pattern {A }iEN such that for every j E

N \ LM there is a constant !ls(j) E [0,1] with

!l~(j) = !ls(j) for every i E Ps(j)

it holds that

f(5) = _1 L Ei.J(5).
#N iEN

We can alternatively characterize the BG-measure by replacing normalized additivity
over echelon trees in Theorem 4.3.4 by normalized additivity over subjective expecta-
tions.

Theorem 4.4.6 The relational power measure f: Sfj -> RN is equal to the BG-measure

if and only if it satisfies the full domination property and normalized additivity over

subjective expectations.
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PROOF
In the proof of Theorem 4.3.4 we already showed that the BG-measure is a relational
power measure that satisfies the full domination property.
Let S E Sfj be such that that for all j E N \ LM there is a constant flS(j) E [0,1] such
that

fl~(j) = fls(j) for all i E Ps(j).

Consider a pair of agents i, hEN.

First we determine E~·{3(S).
Let j E S(i), and let Ts(i,j) := {T E Ts I j E T(i)}. Then the probability agent h
gives to the occurrence of an echelon tree in which agent i is the predecessor of agent j

is given by

E~(i, j) = L p~(T),
TETs(i.j)

where p~: Ts --> [0,1] is the expectation distribution of agent h. We distinguish the
following three cases with respect to agent hEN:

1. Suppose that h = i.

Then it immediately follows that

E1(i,j) = fl~(j) = fls(j). (4.4)

2. Suppose that h E Ps(j) \ {i}.

Thus, h is another potential predecessor of j. Then h gives probability 1 - fls(j)
to the event that he is not the predecessor of j. We assumed that agent h expects
that all other potential predecessors of j have equal probability to be j's actual
predecessor. Therefore it holds that

h(" I-fls(j)
Es Z,)) = #Ps(j)-l (4.5)

3. Suppose that hEN \ Ps(j).

Thus, h is not a potential predecessor of i. We assumed that, if j is not a potential
successor of h, then h expects that j will direct himself to each one of his potential
predecessors with equal probability. Therefore it holds that

E~(i,j) = #~(j) if hEN \ Ps(j). (4.6)
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This holds for all potential successors j of agent i. From (4.4), (4.5), and (4.6) it then
follows that for every hEN it holds that

Et,/3(S) = L.: p~(T)f1i(T) = L.: p~(T)#T(i) = L.: L.: p~(T)
TETs TETs JES(i) TETs(i,j)

{

L: /l-s(j)
JES(i)

L.: E~(i,j) =
JES(i) L: 1-l's(i) + L: _1_.

jES(h)nS(i) #Ps(J)-1 jES(i)\S(h) #Ps(J)

Next we establish the following facts:

if i = h

if i~h.

• If j E S(h), h ~ i, then #Ps(j) ~ 1;

• A potential successor j of agent i has #Ps(j) - 1 other potential predecessors
besides i;

• There are (#N - #Ps(j)) agents in N who are no potential predecessor of j.

With this we can determine the following

L.: Et,/3(S) = E;,/3(S) + L.: Et,/3(S)
hEN hEN\{i}

L.: (') L.: ( L.: 1- /l-s(j) L.: _1 -)
JES(i) /l-s J + hEN\{i} jES(h)nS(i) #Ps(j) - 1 + jES(i)\S(h) #Ps(j)

= L.: /l-s(j) +
jES(i) JES(,)

#Ps(j)io1

(#PS(j) - 1)(1- /l-s(j)) + L.: #N - #~s(j)

(#Ps(j) - 1) JES(i) #Ps())

#N #N #N
L.: #P ( .) + L.: #P ( .) = L.: #P ( .)

J€S(,) S ) J€S(.) S ) JES(i) S )
#Ps(i)=l #Ps(i)io1

Equation (4.7) immediately implies that

(4.7)

L.: Et,/3(S) = L.: _1 -. = f1i(S),
hEN #N JES(i) #Ps())
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This holds for every agent i EN, and thus the BG-measure satisfies normalized additivity
over subjective expectations.

Next let f:sft -t RN be a relational power measure that satisfies the full domination
property and normalized additivity over subjective expectations, and let S E sft.
From the fact that j is a relational power measure that satisfies the full domination
property it follows similar as in the proof of Theorem 4.3.4 that for every i E Nand
T E Is it holds that

ji(T) = #T(i) = (3i(T).

From this it follows that

#N

L: L: p~(T)ji(T)
hEN TETs

2:: L: pHT)(3i(T)
hEN TETs

#N#N #N

Let {Ilk }iEN be an expectation pattern such that for every j E N \ LM there is a constant
J.1s(j) E [0,1] with J.1k(j) = J.1s(j) for all i E Ps(j).
From normalized additivity over subjective expectations and equation (4.7) it follows
that j is equal to the BG-measure.

o
Normalized additivity over subjective expectations expresses the fact that, under some
uniformity condition with respect to these expectations, the BG-measure of a hierarchi-
cally structured population S is equal to the average of the subjective expectations of
the power distribution over all agents if these agents use the BG-measure in measuring
the relational power in echelon trees. Therefore, Theorem 4.4.6 can be seen as a subjec-
tive characterization of the BG-measure. Note that if all agents have either pessimistic,
neutral or optimistic expectations about their power over their potential successors as
discussed in this section, then the expectation functions are as described in Axiom 4.4.5.

Example 4.4.7 Consider the hierarchically structured population of Example 4.1.6
which echelon trees are given in Example 4.2.3. In Example 4.3.5 we have given the
BG-measures of S and both echelon trees in S, and in Example 4.4.4 we gave the sub-
jective expectations of the agents in case they have pessimistic, neutral, and optimistic
expectations about their relational power.
Taking the average of the subjective expectations of the BG-measure over all agents in
case they all have pessimistic expectations yields that

1( 11 ) 116". 4· (22, 2' 1, 1,0,0) + (2,1,1,1,0,0) + (3,0,1,1,0,0) = (22, 2' 1, 1,0,0) = (3(S).
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Similarly, taking the average of the subjective expectations of the BG measure in the
cases of neutral and optimistic expectations yields the BG-measure of 5.

The independence of the axioms stated in Theorem 4.4.6 can be illustrated using the
same relational power measures as presented in Example 4.3.6.

4.5 An example

In this section we give an example which illustrates the model as developed III this
chapter.

Example 4.5.1 Consider the hierarchically structured population 5 on N = {I, ... , 7}
given by

5(1) = {2,3,4,5}, 5(2) = 5(3) = 0, 5(4) = {2,6}, 5(5) = {3,7}, 5(6) = 5(7) = 0.

The echelon partition ~ and communication structure R of 5 are given by:

and
R = {{I,2},{I,3},{1,4},{I,5},{2,4},{3,5},{4,6},{5,7}}.

The communication structure R corresponding to 5 is illustrated in Figure 4.3 (in this
figure the black dots are the agents in the second echelon L2 and the ringed dot is the
agent in the highest echelon L3)'
The BG-measure of 5 is given by (3(5) = (3,0,0, q, q, 0, 0).
The only agents that have a choice possibility with respect to their predecessor are agents
2 and 3. They both have two potential predecessors and therefore there are four echelon
trees in 5. These four echelon trees Tk are given in the first column of Table 4.2. In the
second column of Table 4.2 we give the BG-measures of these four echelon trees.

Consider the first echelon tree. Suppose that f is a relational power measure
that satisfies the full domination property and normalized additivity over echelon trees.
According to the full domination property it must hold that f(T!) ~ (4,0,0,1,1,0,0).
Together with f being a relational power measure this implies that equality holds, and
thus fi(Tl) = #T! (i) = (3i(Tl) for all i E N. The same result holds for the other three
echelon trees. According to normalized additivity over echelon trees it then must hold
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probability distributions of agents
1,4 and 5 in the case of

echelon tree (3(Tk) pessimistic neutral optimistic
expectations expectations expectations

1:()3

5 (4,0,0,1,1,0,0) 0 1 1 .! .! .! 1 ° °2" 2" 4 4 4

7

1

:r13

5 (3,0,0,2,1,0,0) ° ° .! .! .! .! ° .! °2 4 4 4 2

7

1:(13

5 (3,0,0,1,2,0,0) 0 1 ° .! .! .! ° ° 1
2" 4 4 4 2"

7

1
2

r1
3

4 5 (2,0,0,2,2,0,0) 1 ° ° .! .! 1 ° .! 1
4 4 4 2 2"

6 7

Table 4.2: Expectation distributions of Example 4.5.1
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2 o----fe1---~O 3

4 5

6 7

Figure 4.3: Hierachically structured population S of Example 4.5.1

that Ji(S) = ~Lk=1 J;(Tk) = ~Lk=l #Tk(i) = (3i(S) for all i E N. This illustrates
Theorem 4.3.4.

In order to illustrate Theorem 4.4.6 we need to give the subjective expectations of the
agents with respect to their relational power. We consider the three special cases in
which all agents have either pessimistic, neutral or optimistic expectations about their
power over their potential successors. (As said in the previous section, the expectation
functions belonging to these special cases are as described in Axiom 4.4.5.) Since agents
2, 3, 6, and 7 are part of the lowest echelon it follows from Definitions 4.4.2 and 4.4.3

that

(3(S) for all i E {2, 3,6, 7}

(4.8)

Ej,f3(S) = (3j(S) for all i E Nand j E {2,3,6, 7}.

Therefore, the only agents of interest are agents 1, 4 and 5. In the last three columns of
Table 4.2 we give the probability distributions representing the expectations about the
occurrence of echelon trees of agents 1, 4 and 5 in the case they all have pessimistic,
neutral, or optimistic expectations, respectively.

We first consider the case of pessimistic expectations. Agent 4 has one potential
successor for which it is not certain that he will direct himself to 4, namely agent 2.
In the case of pessimistic expectations therefore, agent 4 gives zero probability to the
occurrence of an echelon tree in which he is the predecessor of agent 2. These are the
second and fourth echelon trees. The other two echelon trees both are given probability
~ of occurrence from agent 4.

Similarly, agent 5 gives zero probability of occurrence to the third and fourth
echelon tree, and probability ~ to the occurrence of both the first and second echelon
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tree.
Agent 1 has two potential successors with more than one potential predecessors,

namely agents 2 and 3. Therefore, agent 1 gives probability one to the occurrence of the
fourth echelon tree, which is the only echelon tree in which he is not the predecessor of
either 2 or 3. The other echelon trees are given probability zero from agent 1.

Next we are able to give the subjective expectations of the BG-measure for the
agents 1, 4 and 5 in the case of pessimistic expectations:

El,f3(S) = (2,0,0,2,2,0,0),

4,f3( ) _ 1 ( 1 ) _ 1 1E S - 2' 4,0,0,1,1,0,0) + 2'(3,0,0,1,2,0,0 - (32',0,0,1,12',0,0),

and

5,f3 _ 1 1 _ 1 1
E (S) - 2'(4,0,0,1,1,0,0) + 2'(3,0,0,2,1,0,0) - (32',0,0,12',1,0,0).

Taking the average of the subjective expectations over all agents yields with equation
(4.8) that

1
7 (

4·(3,0,0,1!,Q,0,0)+(2,0,0,2,2,0,0) ) 1 1
= (3,0,0,1-,1-,0,0) = (3(S).

1 1 1 1 2 2+(3'2,0,0,1,1'2,0,0) + (3'2,0,0,1'2,1,0,0)

Since in the case of neutral expectations all agents give equal probability ~ to each echelon
tree the subjective expectations of the BG-measure is equal to (3(S) for all agents in N.
Taking the average of these subjective expectations thus yields the BG-measure of S.

Finally, in the case of optimistic expectations the agents give zero probability to the
occurrence of each echelon tree in which they are not the predecessors of all their potential
successors. For agents 4 and 5 this means that they give probability! (probability zero)
to the occurrence of each echelon tree to which they give probability zero (probability
!) in the case of pessimistic expectations.

The only echelon tree in which agent 1 is the predecessor of all his potential
successors is the first echelon tree. Therefore, agent 1 gives probability one to the
occurrence of this echelon tree, and probability zero to the other echelon trees. The
subjective expectations of the BG-measure for the agents 1, 4 and 5 in the case of
optimistic expectations thus are given by

El,f3(S) = (4,0,0,1,1,0,0),
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4,/3 _ 1 1 _ 1 1
E (5) - 2(3,0,0,2,1,0,0) + 2(2,0,0,2,2,0,0) - (2

2
,0,0,2,1

2
,0,0),

and

5,/3 _ 1 1 _ 1 1E (5) - 2(3,0,0,1,2,0,0) + 2(2,0,0,2,2,0,0) - (2
2
,0,0,1

2
,2,0,0).

Again, taking the average of the subjective expectations over all agents yields with
equation (4.8) that

1
7 (

(4'(3'0'0,q'1~'0'0)+(4'0'0'1'1'0'0)+) _ ~ ~ _
- (3,0,0,1

2
,1

2
,0,0) - 13(5).

(2~,0,0,2,1~,0,0) + (2~,0,0,lt,2,0,0)

4.6 An alternative relational power measure

In this chapter we discussed relational power in hierarchically structured populations of
agents. We used the BG-measure in measuring this relational power. Of course, other
measures can be used. We conclude this chapter by discussing an alternative relational
power measure for hierarchically structured populations introduced in van den Brink
(1989) and axiomatized in van den Brink (1994c)3.

In Section 2.2 we discussed relational power games that measure the relational
power of groups of nodes in arbitrary digraphs. At the end of Section 4.3 we mentioned
that these relational power games also can be used in measuring the relational power of
groups of agents in a hierarchically structured population. In these games the potential
predecessors of agents j are the only agents of interest in getting power over agent j.
Next we introduce an alternative relational power game in which also agent j himself is
of interest with respect to the power over himself.

Definition 4.6.1 The apex power mapping on N is the mapping va; Sfj --> gN given

by

va(5)(E) = #(E n 5(E)) + #{j E N \ E I Ps(j) c E} for all E C Nand 5 E SJ{.

The game va( 5) is called the apex power game corresponding to hierarchically structured
population 5. According to this power game there are two ways for a group of agents

3In that paper this measure is axiomatized for arbitrary digraphs.



124

E to obtain power over agent j. First, agent j can make an agreement with one or
more of his potential predecessors in which he promises to direct himself to one of these
predecessors. This is expressed by the fact that coalition E has full power over all its
potential successors that belong to E, i.e., the agents in En S(E). Second, all potential
predecessors of agent j can cooperate so that agent j is forced to direct himself to one of
them. This is expressed by the fact that coalition E has full power over all its potential
successors that do not belong to E but whose potential predecessors all belong to E, i.e.,
the agents j E N \ E for which Ps(j) C E.

The games that are obtained in this way can be expressed as sums of apex games
that were mentioned at the end of Section 1.5.

Lemma 4.6.2 For every S E sIt it holds that v"(S) = L ai.ps(i).
iES(N)

PROOF

Let S E sIt. For every j E N we define s, E SIt by Sj(i) = {
Then

{j}
o

if i E Ps(j)
else.

if E:J Ps(j)
or

E 3 j and En Ps(j) =1= 0
else.

Thus, va(Sj) = aj,ps(j)'
The lemma then follows directly from the fact that v"(S) = LjES(N) va(Sj).

o
The apex measure is defined as the relational power measure that assigns to every hi-
erarchically structured population S the Shapley value of the correponding apex power
game va(s).

Definition 4.6.3 The apex measure for hierarchically structured populations on N is
the function 0:: SIt --+ RN given by

o:(S) = Sh(va(s)) for all S E SJf,

where va: S11 --+ gN is the apex power mapping on N.

It is easy to verify that LiEN O:i(S) = #N -1 for all S E SIt, and thus the apex measure
is a relational power measure for hierarchically structured populations as defined in
Definition 4.3.1.
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Example 4.6.4 Consider the hierarchically structured population S of Example 4.1.6.
The apex power game corresponding to S is given by
vn(s) = a2,{1} + a3,{1} + a4,{1,2} + as,{3} + a6,{4} = 2· u{1} + u{3} + U{4} + a4,{1,2}, where UT

denotes the unanimity game of TeN. (See Section 1.5 for the definition of unanimity
games.)
The apex measure of S is given by a(S) = Sh(va(s)) = (2~,~,1,1~,O,O).

We have defined the apex power measure of S E SIi as the Shapley value of the apex
power game corresponding to S. The next proposition yields a formula that makes it
possible to determine the apex measure directly from a hierarchically structured popu-
lation.

Proposition 4.6.5 For every S E SIi and i E N it holds that

{

LjES(i) #Ps(J)(;Ps(J)+l) if i = io
ai(S) =

" 2 + #Ps(i)-l f' N \ .
L..,jES(i) #Ps(J)(#Ps(j)+l) #Ps(i)+! t t E to,

where io denotes the unique topman in S (for which Ps( io) = 0).

PROOF

Let S E SIi, j EN, and let S, be defined as in the proof of Lemma 4.6.2.
We distinguish the following three cases with respect to agent i E N.

(i) Suppose that i EN \ (Ps(j) U {j}). Then i is a zero player in va(Sj). The zero
player property of the Shapley value then implies that ai(Sj) = Shi(va(Sj)) = O.

(ii) Suppose that i = j. Then

if E n Ps(j) -:I 0 and E 1J Ps(j)
else.

If #Ps(j) ::::2 then for any permutation 7r: N ~ N it holds that

if there exist g, s « Ps(j) such that 7r(g) < 7r(j) < 7r(h)
else,

where m"(v) denotes the marginal vector of v E (iN corresponding to 7r (see
equation (l.2) in Section 1.5).
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Thus, in order to determine mj(vQ(Sj)) we only have to consider the players in
Ps(j) U {j}.

The number of permutations 11" E II(N) for which there exist agents g, hEN
such that 1I"(g) < 1I"(j) < 1I"(h) is equal to (#Ps(j))!(#Ps(j) - 1).

Thus, by definition of the Shapley value (see equation (1.3)) it follows that

Shj(vQ(Sj)) = (#~)' L mj(vQ(Sj))
. 1fErI(N)

(#P (\ )' L mj(vQ(Sj))
s J + 1 . 1fErI(Ps(j)u{j})

(#Ps(j))!(#Ps(j) - 1) #Ps(j) - 1
(#Ps(j) + I)! #Ps(j) + I.'

If #Ps(j) = 1 then j is a zero player in vQ(Sj). The zero player property of the
Shapley value then implies that Ctj(Sj) = Shj(vQ(Sj)) = 0 = :~:~~l~~.

(iii) Suppose that i E Ps(j). Efficiency of the Shapley value implies with the cases
considered above that

L Shi(vQ(Sj))
iEPs(j)

vQ(Sj)(N) - L Shi(vQ(Sj))
iEN\Ps(j)

1 _ #Ps(j) - 1 = 2
# P s (j) + 1 -:-:#-===Ps-'(-:7j)-+--:-1.

From the equal treatment property of the Shapley value it then follows that

Thus, we have shown that

2

#Ps(j)-l
#Ps(j)+l if i = j (4.9)

if i E Ps(j)#PS(J)(#Ps(j)+l)

o else.

The proposition then follows from additivity of the Shapley value and the fact that
vQ(S) = LjES(N) vQ(Sj).
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o

Next we provide an axiomatic characterization of the apex measure as a relational power
measure f: SJj ----> RN. Besides the full domination property (Axiom 4.3.2) we need to
introduce two new axioms. The first new axiom states that the deletion of the relation
between two agents in a hierarchically structured population (such that the resulting
structure still is hierarchical) changes the power values of both agents on that relation
by the same amount. This axiom is closely related to fairness as discussed by Myer-
son (1977) for games with limited communication possibilities". Given a hierarchically
structured population 5 E SJj and two agents h,j E N such that j E 5(h) we define the
successor mapping 5-(h,j) by

5_ . (i) = { S(i) \ {j}
(h,)) 5( i)

if i = h
else.

Thus, S-(h,j) is the successor mapping that results after deleting the relation between
agents hand j E 5(h). Note that in order for S-(h,j) to be a hierarchical successor
mapping it must hold that #Ps(j) 2: 2. (If this is not the case then PS_(h,,/j) = 0, and
thus j rf. S-(h,j)(iO), which contradicts condition (ii) of Definition 4.3.l.)

Axiom 4.6.6 (Fairness) Let S E SJj, and let h, j E N be such that j E 5( h) and
#Ps(j) 2: 2. Then

The second new axiom states that the power values of the agents are 'locally' determined
in the sense that the value of agent i does not change if the hierarchical structure only
changes with respect to relations that are 'far away' from agent i as decribed in the
following axioms.

Axiom 4.6.7 (Local determinateness) Let 5, 5' E SJj and i E N be such that S( i) =
S'(i), and Ps(j) = Ps,(j) fOT all j E {i} U S(i). Then fi(S) = fi(5').

These two axiom together with the full domination property uniquely determine the
apex measure as a relational power measure for hierarchically structured populations".

4For these games fairness means that deleting a communication relation between two players in a
TV-game has the same effect on both their payoffs.

5This axiom is also stated in Borm and van den Brink (1994).
6This axiomatization is based on the axiomatization of the Shapley value restricted to the class of

apex games as given in van den Brink (1994c).
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Theorem 4.6.8 The relational power measure f: Sfj -t RN is equal to the apex measure
if and only if it satisfies the full domination property, [airness, and local determinateness.

PROOF
Using Proposition 4.6.5 it is easy to verify that the apex measure satisfies the axioms.

Now suppose that the relational power measure f: Sfj -t RN satisfies the axioms, and
let5ESfj.
Note that for every 5 E Sfj it holds that 0 ~ #{j E N I #Ps(j) ::::2} ~ #N - 2 since
#Ps(j) ~ 1 for all i E {io}U 5(io).

If #{j E N I #Ps(j) ::::2} = 0 then the full domination property implies that
ji(5) ::::#5(i) for all i E N.
Since LiEN #5(i) = #N - 1 in this case it follows by definition of a relational power
measure for hierarchically structured populations that /;(5) = #5( i) = a,( 5) for all
i E N.

Proceeding by induction we assume that f(5') = a(5') for all 5' E Sfj with
#{j E N I #Ps,(j) ::::2} < #{j E N I #Ps(j) ::::2}.
Suppose that #{j E N I #Ps(j) ::::2} = k + l.

Let j E N be such that #Ps(j) ::::2, and let #5) = c· for some constant c" E R.
We distinguish the following two cases with respect to agent i E N \ {j}.

(i) Suppose that i E N \ (Ps(j) U {j}). Let h E Ps(j). Local determinateness and
the induction hypothesis then imply that ];(5) = f;(5_(h,j)) = ai(5_(h,j))'

(ii) Suppose that i E Ps(j). Fairness then implies that

With the induction hypothesis and jj(5) = c" this yields that

In this way we have determined all values j;(5) as functions of c' for all i E N.
Since by Definition 4.3.1 it holds that LiEN j;(5) = #N - 1, the value c" is uniquely
determined.
Thus, we have shown that there can be at most one relational power measure for hier-
archically structured populations j: Sfj -t JRN that satisfies the axioms.
Since the apex measure satisfies the axioms it must hold that j(5) = a(5).
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o
We illustrate the axioms stated in Theorem 4.6.8 with an example.

Example 4.6.9 Consider the hierarchically structured population 5 of Example 4.1.6
which echelon trees are given in Example 4.2.3 and which apex measure is given in
Example 4.6.4.
We already illustrated the full domination property.
The hierarchical successor mapping 5-(2,4) that results if the relation between agents 2
and 4 is deleted is given by echelon tree TI (see Example 4.2.3).
The hierarchical successor mapping 5-(1,4) that results if the relation between agents 1
and 4 is deleted is given by echelon tree T2.
The apex measures of these echelon trees are equal to their BG-measures:

O'(TI) = (3,0,1,1,0,0),

O'(T2) = (2,1,1,1,0,0).

Thus,
I) 1 1 I)0'2(5) - O'2(T = 3 - ° = 13 - 1 = 0'4(5) - O'4(T ,

2 1 1 ( ( 20'1(5) - O'l(T ) = 23 - 2 = 13 - 1 = 0'4 5) - 0'4 T ).

This illustrates fairness.
Further, O'j(5) = O'j(Tl) = O';{T2) for all i E {3,5,6} which illustrates local determinate-
ness.

As said before, in van den Brink (1994c) the apex measure is axiomatized for arbitrary
digraphs. The reason why we treat the apex measure in this chapter is because it is
especially useful as a relational power measure for hierarchically structured populations.
We argued that economic processes within a hierarchically structured population consist
of two steps. First every agent, except the topman, approaches one of his potential
predecessors. After that, some binary process takes place between the agents.

The BG-measure distributes the power over an agent fully over its potential pre-
decessors. According to this measure agents have no power over themselves. However,
according to the apex measure agents who have more than one potential predecessor do
have some power over themselves. The apex measure acknowledges the fact that the
possibility of an agent i who has more than one potential predecessor to choose which
one of his potential predecessors to approach results in some power of i over himself.
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According to the apex measure this power over himself increases if agent i has more
potential predecessors, and thus more choice possibilities.

Note that this property of the apex measure is not desirable if we want to apply it
in ranking the teams in a tournament or ranking the alternatives in a preference relation.
In the application of a tournament it says that a team performs better if it is defeated
by more other teams. Thus, although the apex measure is an appropriate measure for
measuring relational power in hierarchically structured populations it is not appropriate
as a measure for ranking the teams in a competition or ranking the alternatives in a
preference relation. This stresses the fact that before applying relational power measures
in specific situations it is important to analyze these measures as is done in this thesis.

We conclude this chapter by illustrating the independence of the axioms stated
in Theorem 4.6.8.

Example 4.6.10 We illustrate the independence of the axioms stated in Theorem 4.6.8
by presenting three alternative relational power measures for hierarchically structured
populations.

1. Consider the relational power measure f2 of Example 4.3.6. This function satisfies
the full domination property and fairness. It does not satisfy local determinateness.

Consider the hierarchically structured population 5 of Example 4.1.6 and the hier-
archically structured population 5-(2,4) which is obtained after deleting the relation
between agents 2 and 4. Note that 5-(2,4) is the echelon tree T" given in Example
4.2.3.

If local determinateness is satisfied it must hold that /3(5)
fi(5) = 1~ -I 1 = !i(5-(2,4))'

2. The BG-measure satisfies the full domination property and local determinateness.
It does not satisfy fairness.

Again consider the hierarchically structured population 5 of Example 4.1.6, and

5-(2,4),

For these hierarchically structured populations it holds that

3. Let j3: Sfj -t RN for every 5 E srI be given by

fl(5) = { ~
for all i E N \ {io}

else.
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Thus, f3 assigns to every agent, except the topman io, exactly the power over
himself.

This function satisfies fairness and local determinateness. It does not satisfy the
full domination property.

For the hierarchically structured population 5 of Example 4.1.6 it holds that
il(5) = 0 < 2 = #{j E 5(1) I #Ps(j) = I}.
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Chapter 5

Games with a Permission Structure

The previous chapters were on the measurement of relational power. In Chapters 2 and
3 we discussed the measurement of relational power of positions in arbitrary hierarchical
structures that are represented by digraphs. In Chapter 4 we discussed relational power
in the more specific context of a hierarchically structured population of agents. In
this chapter we focuss on the exercise of relational power. We do this by studying
models in which agents who can generate certain payoffs by cooperation are part of a
hierarchical organization such that the possibilities of the agents to cooperate depend
on their positions in the hierarchical structure of the organization.

A situation in which a finite set of agents N can generate certain payoffs by
cooperation can be described by a TU-game v E gN which set of players N corresponds to
the set of agents. In a TU-game the players only differ with respect to their contributions
to the payoffs that coalitions can obtain by cooperation. It is assumed that the players
are socially identical in the sense that every player can cooperate with every other player.
In Section 1.3 we already mentioned some game theoretic models in which there are social
asymmetries between players in a TU-game. In, e.g., Aumann and Dreze (1974), Owen
(1977), Hart and Kurz (1983), and Winter (1989) models are discussed in which it is
assumed that the players are part of a coalition structure being a partition of the set
of players into different social groups or jurisdictions. In these models it is easier for
players to cooperate with players in their own group than to cooperate with players in
other groups.

Another social asymmetry that we mentioned in Section 1.3 arises from limited
possibilities of communication between the players as considered by, e.g., Myerson (1977),
Kalai, Postlewaite, and Roberts (1978), Owen (1986), Borm, Owen, and Tijs (1992), and
van den Nouweland (1993). In these models players that participate in a TU-game are
part of a communication structure which is an undirected graph which set of nodes
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corresponds to the set of players, and which edges represent the binary communication
links that exist between pairs of players. Players then can only cooperate if there are
enough communication links between them.

In this chapter we consider another social asymmetry between players in a TV-game. In
previous chapters we argued that economic agents often participate within hierarchical
organizations. Therefore, we assume that players who participate in a TV-game are part
of some hierarchical organization in which there are players who need permission from
certain other players before they are allowed to cooperate. The abilities of the players to
let coalitions earn certain payoffs thus are a potential feature of the players. The actual
abilities of the players also depend on their possibilities to cooperate with one another.
In their turn these cooperation possibilities depend on the positions of the players in the
hierarchical permission structure.

Various assumptions can be made about how a permission structure affects the
cooperation possibilities in a TV-game. In this chapter we consider two specific cases.
In Section 5.1 we discuss the conjunctive approach to games with a permission structure
as developed in Gilles, Owen, and van den Brink (1992). In this approach it is assumed
that each player needs permission from all his predecessors in the permission structure
before he is allowed to cooperate with other players. Given a game with a permission
structure we derive a modified game in which we take account of the limited possibilities
of coalition formation as determined by the permission structure. We also discuss some
properties of the games that are obtained in this way. Other properties of these games
can be found in Derks and Gilles (1994).

An allocation rule for games with a permission structure is a function that assigns
to every game with a permission structure a distribution of the payoffs that can be
obtained by cooperation. In Section 5.2, which is based on van den Brink and Gilles
(1991), we discuss and axiomatize a particular allocation rule, called the conjunctive
permission value. This allocation rule is based on the conjunctive approach.

In Section 5.3 we discuss the disjunctive approach to games with a permission
structure as developed in Gilles and Owen (1994). In this approach it is assumed that a
player does not need permission from all his predecessors but needs permission from at
least one of his predecessors before he is allowed to cooperate. Again a modified game
is derived in which we take account of the limited possibilities of coalition formation.

In Section 5.4, which is based on van den Brink (1994a), we discuss and axiomatize
the disjunctive permission value being an allocation rule that is based on the disjunctive
approach.

We conclude this chapter by 5.5 discuss two applications of the models developed
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in this chapter. One application relates the wage differences across different hierarchical
levels of a firm to the substitutability of the labor inputs in the production process that is
carried out within the firm. The other application studies a situation in which an owner
of a production technology needs workers to operate this technology. He can choose to
attract these workers through the market or to set up a firm in which the workers operate
the technology as employees.

Other models in which the possibilities of cooperation in a TU-game are limited because
the players are part of a hierarchical organization can be found in Faigle and Kern (1992)
and Derks and Peters (1993).

5.1 The conjunctive approach

In this section we consider the conjunctive approach to games with a permission struc-
ture. In this approach the possibilities of coalition formation in a TU-game are limited
because there are players who need permission from certain other players before they
are allowed to cooperate.

5.1.1 Conjunctive permission

Let N be a finite set of players. Formally, a hierarchical organization of the players is
represented by a mapping S: N ---> 2N called a permission structure! on N. The players
in S( i) are called the successors of player i E N in the permission structure S. The
players in Ps(i) := {j E N liE S(j)} are called the predecessors of i in S. Similarly
as in Chapter 4 we denote by S the transitive closure of S, i.e., j E S(i) if and only
if there exists a sequence of players (h), ... , ht) such that h) = i, hk+) E S(hk) for all
1 S; k S; t - 1, and ht = j. Further, we denote Ps(i) = {j E N liE S(j)}. The agents
in S(i) and Ps(i), respectively, are refered to as the subordinates and superiors of i in S.
Further, for every E C N we define S(E) = UiEE S(i), and similarly Ps(E), S(E), and
Ps(E) are defined. The collection of all permission structures on N is denoted by SN.

A triple (N, v, S) where v E gN and S E SN is called a game with a permission
structure. As said before, a permission structure limits the possibilities of coalition
formation in a TU-game. In this section we consider the conjunctive approach to games
with a permission structure in which it is assumed that each player needs permission

I Conceptually, a permission structure is equivalent to a successor mapping as has been introduced

in Chapter 4. We change terminology in order to stress the difference in interpretation that is given to
the relations in the hierarchy.
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from all his predecessors before he is allowed to cooperate with other players. This
means that a coalition can only form if for every player in that coalition it holds that all
his superiors are also part of the coalition.

Definition 5.1.1 Let S E SN. A coalition E c N is conjunctively autonomous in

S if Ps{i) C E for all i E E.

The collection of all conjunctively autonomous coalitions in S E SN is denoted by <I>5 ,

i.e.,

<I>s:= {E C N I for every i E E it holds that Ps{i) C E}. (5.1)

These are the only formable coalitions in permission structure S according to the conjunc-
tive approach. As the following proposition shows, the set of conjunctively autonomous
coalitions in permission structure S always contains the empty set, the 'grand coalition',
and is closed for taking unions and intersections.

Proposition 5.1.2 For every S E SN it holds that 0 E <I>sJ N E <I>sJ and for every

E, FE <I>s it holds that E U FE <I>s and E n F E <I>s.

PROOF

Let S E SN.

From Definition 5.l.1 it directly follows that 0 E <I>s and N E <I>s.
Suppose that E, FE <I>s. For every i E E it then holds that Ps{i) C E, and for every
i E F it holds that Ps{i) C F.
For every i E E u F it holds that either

(i) i E E, and thus Ps{i) C E C EU F, or

(ii) i E F, and thus Ps(i) C FeE U F.

This implies that E U F E <I>s.
Further, for every i E En F it holds that

(i) i E E, and thus Ps{i) C E, and

(ii) i E F, and thus Ps(i) C F.

This implies that Ps(i) C En F for every i E En F, and thus En F E <I>s.
o

In Derks and Gilles (1994) it is shown that if a collection of coalitions satisfies the prop-
erties stated in this proposition then this collection is the collection of all conjunctively
autonomous coalitions in some permission structure S.
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From Proposition 5.1.2 it follows that every coalition E has a largest conjunctively
autonomous subset and a smallest conjunctively autonomous superset.

Definition 5.1.3 Let S E SN The conjunctive sovereign part of E C N according

to S is the coalition given by

(7C(E) = U{F E <I>s IF c E} = E \ S(N \ E).

The conjunctive authorizing set of E C N according to S is the coalition given by

aC(T) = n{F E <I>s I F:J E} = E UPs(E).

The conjunctive sovereign part of coalition E is the largest conjunctively autonomous
subset of E. It consists of those players in E whose superiors are all part of E. In other
words, coalition E just has enough permission power to let the players in its conjunctive
sovereign part (7C(E) cooperate. The conjunctive authorizing set of coalition E is the
smallest conjunctively autonomous superset of E. It consists of E together with all its
superiors. In other words, the conjunctive authorizing set aC(E) is the smallest coalition
that has enough permission power to let all the players in coalition E cooperate.

For the conjunctive sovereign parts and authorizing sets of the coalitions in a
permission structure we can derive the following results.

Proposition 5.1.4 For every S E SN and E, FeN it holds that

(i) (7C(E) U (7C(F) C (7C(E U F);

(ii) (7C(E) n (7C(F) = (7C(E n F)i

(iii) aC(E) U aC(F) = aC(E U F)i

(iv) aC(E n F) C aC(E) n aC(F).

PROOF

Let S E SN and E, FeN. Then we can derive that
(i)

(7C(E) U (7C(F) {i EEl Ps(i) c E} U {i E F I Ps(F) C F}
C {i EEl Ps(i) c E U F} U {i E F I P(i) C E U F}

{i E EU F I Ps(i) c EUF} = (7C(EU F);
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2A3

~5

Figure 5.1: Permission sturcture S of Example 5.1.5

(ii)

aC(E) n aC(F) {i EEl Ps(i) c E} n {i E F I Ps(i) C F}

({i EEl Ps(i) c En F} U {i EEl Ps(i) c E, Ps(i) ct F})

n({i E F I Ps(i) C En F} U {i E F I Ps(i) ct E, Ps(i) C F})

{i E EnF I Ps(i) c EnF} = aC(En F);

(iii)

aC(E) U aC(F) (E U Ps(E)) U (F U Ps(F))

(E U F) U Ps(E U F) = aC(E U F);

(iv)

aC(EnF) (EnF)UPs(EnF)

(E U Ps(E n F)) n (F U Ps(E n F))

c (E U Ps(E)) n (F U Ps(F)) = aC(E) n aC(F).

o
We conclude this subsection with an example which illustrates the concepts introduced
so far.

Example 5.1.5 Consider the permission structure S on N = {1,2,3,4,5} given by

S(l) = {2,3}, S(2) = {4}, S(3) = {4,5}, S(4) = S(5) = 0.

The collection of conjunctively autonomous coalitions in this permission structure is
given by
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<I>s = {0, {l}, {1,2}, {1,3}, {1,2,3}, {1,3,5}, {1,2,3,4}, {1,2,3,5}, {1,2,3,4,5}}.

Clearly, the coalition {1,2,4} is not conjunctively autonomous since player 4 needs per-
mission from player 3. The conjunctive sovereign part and conjunctive authorizing set
of this coalition are given by UC

( {I, 2,4}) = {I, 2} and aC
( {I, 2, 4}) = {l, 2,3,4}, respec-

tively.

5.1.2 Conjunctive restrictions

In the previous subsection we discussed how in the conjunctive approach a permission
structure limits the possibilities of coalition formation in a TU-game. Using the notion
of conjunctive sovereign part we can transform the game v so that we take account of
the limited possibilities of cooperation which are determined by the permission structure
S.

Definition 5.1.6 Let v E (IN and S E SN. The conjunctive restriction ofv on S is

the game Rs(v) E (IN given by

Rs(v)(E) = v(uC(E)) for all E eN.

In the conjunctive restriction of a game on permission structure S a coalition E only
obtains the payoff that can be generated by its conjunctive sovereign part according to S.
Thus, the only payoff generating coalitions are the conjunctively autonomous coalitions.
This means that a player who enters a coalition that does not contain all his superiors
adds the value zero to the payoff of that coalition. On the other hand, if a coalition
contains all superiors of a player then this player adds the contribution (in game v) of
himself and of all his subordinates whose other superiors are part of the coalition.

Example 5.1.7 Consider the permission structure 5 of Example 5.1.5, and let v E (IN

be the unanimity game of player 4, i.e.,

v(E) = { ~
if E 34

else.

The conjunctive restriction of v on 5 is given by

Rs(v)(E) = { ~
if E:) {1,2,3,4}
else.
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In this example it turns out that the conjunctive restriction of the unanimity game of
player 4 is equal to the unanimity game of the conjunctive authorizing set of player 4.
This result holds in general, as follows from the following theorem.

T'heor ern 5.1.8 For every v E (iN and S E SN it holds that

Rs(v) = L ~~(F)· uF,
FE~s

where ~~(F):= 2: ~v(T) for every FeN with dividends ~v(T), TeN) given
TeF

o<'(T)=F
by equation (J. 5).

PROOF

Let v E (iN and S E SN.

We distinguish the following two cases with respect to E C N.

(i) Suppose that E f/. <l>s. Then there exists a J E E such that Ps(j) rt. E, and thus
Ps(j) rt. F for all FeE.

This implies that Rs(v)(F) = Rs(v)(F\ {j}) for all FeE. Thus,

L (-1)#E-#FRS( v )(F)
FeE

L ((-l)#E-#FRs(v)(F)) + L(-l)#E-#FRs(v)(F)
FeE\{j} FeE

F3J

L ((_1)#E-#FRs(v)(F)) +
FeE\{j}

L ((_1)#E-(#F+l)Rs(v)(FU u}))
FeE\{j}

L ((-l)#E-#FRs(v)(F) - (-l)#E-#FRs(v)(F)) = D.
FeE\{j}

(ii) Suppose that E E <l>s. We prove that ~'R.s(v)(E) = 2: ~v(F) by induction
FeE

o<C(F}=E
on #E.

1. Suppose that #E = 1.
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Since E E <lis if and only if aC( E) = E it holds that

ClRS(v)(E) = Rs(v)(E) = v(E) = Clv(E) = L:: Clv(F).
FCE

aC(F)=E

II. Suppose that ClRs(v)(E) 2: Clv(F) for all E E <lis with #E < k,
FCE

aC(F)=E

1 S; k S; #N - 1.

Let E E <lis be such that #E = k + 1. Using the induction hypothesis and the

facts that

(i) ClRs(v)(F) = 0 for all F rf- <lis as shown above, and

(ii) there exists an FeE, F # E, and aTe F such that aC(T) = F if and
only if aC(T) C E, aC(T) # E,

we can derive that

Rs(v)(E) = L:: ClRs(v)(F) = L:: ClRs(v)(F) + L:: ClRs(v)(F)
FeE FCE FCE

FE~s F~~s

ClRs(v)(E) + L:: ClRs(v)(F)
FCE,F"'E
FE~s

TCE
(Xc(T)eE,(Xc(T)#E

Since Rs(v)(E) = v(E) = 2:TeE Clv(T) it follows that

ClRs(v)(E) = L:: Clv(T) - L:: Clv(T) = L:: Clv(T),
TeE TCE TCE

(XC(TleE, (XC(Tl#E (XC(T)=E

But then

Rs(v)(E)
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o
According to this theorem we can express every conjunctive restriction Rs( v) as a
weighted sum of unanimity games of the conjunctively autonomous coalitions in S. The
weights /:}'~(F) = L TCF /:}.v(T) can be seen as weighted dividends for games with a

(X«T)=F
permission structure.

From Theorem 5.1.8 it readily follows that the conjunctive restriction of the una-
nimity game of a coalition TeN on permission structure 5 is equal to the unanimity
game of the conjunctive authorizing set of E according to S.

Corollary 5.1.9 For every 5 E SN and TeN it holds that

Next we state some properties of conjunctive restrictions. (For the definitions of these
properties we refer to Section 1.5.)

Theorem 5.1.10 For every v E ON and 5 E SN it holds that

(i) If v is monotone then the conjunctive restriction Rs( v) is monotone.

(ii) If v is monotone and superadditive then the conjunctive restriction Rs( v) IS

superadditive.

(iii) If v E ON IS monotone and convex then the conjunctive restriction Rs( v) is
convex.

(iv) If v is monotone and balanced then Rs( v) is balanced.

Moreover, Core(v) C Core(Rs(v)).

(v) If v is monotone and there exists a playerio E N with S(io) = N\ {io} then the

conjunctive restriction Rs( v) is superadditive and balanced.

PROOF

Let v E ON and 5 E SN.

(i) Suppose that v is monotone, and let E C FeN. With statement (i) of
Proposition 5.1.4 it follows that (jC(F) = (jC(EU(F\E)):) (jC(E)U(jC(F\E):)

(jC(E). Monotonicity of v then implies that

Rs(v)(F) = v((jC(F)) ~ v((jC(E)) = Rs(v)(E).
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(ii) Suppose that v is monotone and superadditive. Let E, FeN be such that
En F = 0, and thus crC(E) n crC(F) = 0. From monotonicity and superadditivity
of v, it then follows with statement (i) of Proposition 5.1.4 that

Rs(v)(E U F) = v(crC(E U F)) 2: v(crC(E) U crC(F))

2: v(crC(E)) + v(crC(F)) = Rs(v)(E) + Rs(v)(F).

(iii) Suppose that v is monotone and convex, and let E, FeN. From monotonicity
and convexity of v and statements (i) and (ii) of Proposition 5.1.4 it then follows
that

Rs(v)(E U F) + Rs{v)(E n F) v(crC(E U F)) + v(crC(E n F))

> v(crC(E)) U crC(F)) + v(crC(E)) n crC(F))

> v(crC(E)) + v(crC(F))

Rs(v)(E) + Rs(v)(F).

(iv) Suppose that v is monotone and balanced. Let x E Core( v), i.e., LiEE Xi 2: v(E)
for all E C N, and LiEN xi = v(N). Monotonicity of v then implies that
LEE Xi 2: v(E) 2: v(crC(E)) = Rs(v)(E) for every E eN.

Since LiEN xi = v(N) = Rs(v)(N) it holds that x E Core(Rs(v)).

(v) Suppose that there exists a player io E N with S(io) = N \ {io}, and that v

is monotone. For any two coalitions E, FeN such that En F = 0 it clearly
holds that io ~ E or io ~ F. Suppose without loss of generality that io ~ F.
Since Rs(v)(T) = 0 for all TeN \ {io}, it follows with monotonicity of v and
statement (i) of Proposition 5.1.4 that

Rs(v)(E U F) = v(crC(E U F)) 2: v(crC(E) U crC(F)) 2:

2: v{crC(E))) = v(crC(E)) + v(crC(F)) = Rs(v)(E) + Rs(v)(F).

Thus, Rs( v) is superadditive.

N { v( N) if i = io
Let x E R be given by Xi = 0

else.

Then LEEXi = v(N) 2: Rs(v)(E) for all E '3 io, LiEEXi = 0 = Rs(v)(E) for
all E eN \ {io}, and LiEN Xi = v(N) = Rs(v)(N). Thus, Rs(v) is balanced.
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D

Thus, if game v is monotone then its conjunctive restriction on any permission structure
S is monotone. In that case also the properties of superadditivity, balancedness and
convexity are kept by the conjunctive restriction",

As mentioned in Section 1.5, the collection gN of all TV-games can be seen as
a (2#N - 1)-dimensional real vector space. Given a permission structure S E SN, not
every game wE gN can be the conjunctive restriction of some game v on S. However, it
is easy to see that every game w for which w(E) = w(aC(E)) for all E C N can be the
conjunctive restriction of some game v on the permission structure S. Let gN (S) denote
the real vector space generated by the collection of all games that can be the conjunctive
restriction of some game on S. Then we can introduce the mapping Rs: gN -t gN(S)

which assigns to every v E gN the conjunctive restriction of v on S.

Theorem 5.1.11 For every S E SN it holds that the mapping RS:gN -t gN(S) is a

projection mapping of rank #~ s - 1 on gN! which kernel is generated by the standard

games ZE of all non-autonomous coalitions E E 2N \ ~s} and which image is generated

by the unanimity games UE of all non-empty conjunctively autonomous coalitions E E

~s \ {0}.

PROOF

Let S E SN.

If E f/. <l>sthen E =I aC(F) for all FeN. Thus, RS(ZE)(F) = zE(aC(F)) = 0 for all
FeN. This implies that ZE E J{ ernel(Rs).

Since all these games are linearly independent it holds that J{ ernel(Rs) has dimension
at least (2#N - 1 - #~s).

If E E ~s, E =I 0, then E = (1C(E). With Corollary 5.1.9 it then follows that
RS(UE) = UE, and thus UE E Image(Rs).

Since all these games are linearly independent it holds that Image(Rs) has dimension
at least #~ 5 - 1.

Since the sum of the two dimensions has to be equal to 2#N -1 it follows that j{ ernel(Rs)

and Image(Rs) have rank 2#N - 1 - #~s and #~s - 1, respectively.

Since the unanimity games of the autonomous non-empty coalitions form a basis of
Image(Rs) it follows that every v E Image(Rs) can be expressed as v = LEE~s CEUE,

2For a discussion about the core of conjunctive restrictions we refer to Derks and Gilles (1994).
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where CE E R is some constant. With Corollary 5.1.9 it then follows that Rs(v) = v.
Thus, Rs is a projection mapping.

o

5.2 The conjunctive permission value

In the previous section we discussed the conjunctive approach to games with a permission
structure. We derived a modified game Rs(v) from a game with a permission structure
(N, v,S) in which we take account of the limited possibilities of coalition formation as
determined by the permission structure 5. An allocation rule for games with a permission
structure is a function f: gN x 5N -> RN that assigns to every game with a permission
structure a distribution of the payoffs that can be obtained by cooperation.

In this section we consider a particular allocation rule for games with a permission
structure, called the conjunctive permission value. This allocation rule assigns to every
game v and permission structure 5 the Shapley value of the conjunctive restriction of v

on 5.

Definition 5.2.1 The conjunctive permission value is the function
ip: gN x SN -> RN given by

r.p(v,5) = Sh(Rs(v)) for all v E gN and 5 E SN.

If we take the trivial permission structure 50 E SN which is given by 50(i) = 0 for all
i E N, then it is easy to see that uC(E) = E for all E C N. This implies that the
restriction RS0(V) is equal to the original game v, and thus r.p(V,50) = Sh(v). Thus, the
conjunctive permission value r.p is a generalization of the Shapley value for TU-games.

Example 5.2.2 Consider the game with permission structure (N, v, 5) of Example
5.1.7. The Shapley value of game v is given by Sh(v) = (0,0,0,1,0). The conjunc-
tive permission value of (N, v, 5) is given by r.p(v, 5) = (~,~,~,~, 0).
In the original game v player 4 gets the total payoff of 1 since he is the only player that
can generate some payoff. As expected, according to the conjunctive permission value
player 4 has to give up some of this payoff to his superiors. In fact, all superiors of player
4 get the same payoff as player 4 expressing the fact that they all are necessary for a
coalition to have enough permission power to let player 4 cooperate.
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5.2.1 An axiomatization of the conjunctive permission value

Before presenting an axiomatization of the conjunctive permission value we give the
following proposition which yields a formula for determining the conjunctive permission
value.

Proposition 5.2.3 Let v E gN, S E SN, and for every i E N

ri:= {E eN I En (S(i) U {i}) # 0}.

Then

PROOF

Let v E gN and S E SN. From Theorem 5.1.8 and additivity of the Shapley value it
follows that

Shi(Rs(v)) = L
FE"s
F3i

Since

(i) FE <I>s if and only if there is an E C N such that o:C(E) = F, and

(ii) i E o:C(E) if and only if E E f;,

it holds that

o
From this proposition it directly follows that the conjunctive permission value is a gen-
eralization of the Shapley value since for S0 E SN it holds that T, = {E C N liE E}
for all i E N, and #o:C(E) = #E for all E c N.

Next we present five axioms on an allocation rule f: gN X SN -+ RN that uniquely
determine the conjunctive permission value for games with a permission structure. The
first two axioms are generalizations of the efficiency and additivity axioms of the Shapley
value. Efficiency of an allocation rule for games with a permission structure states that
the total value that is distributed over the players is the value v(N) that the 'grand
coalition' can earn by cooperation without any restrictions.
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Axiom 5.2.4 (Efficiency) For every v E gN and S E SN it holds that

L j;(v, S) = v(N).
iEN

Additivity states that, given a particular permission structure S and two games v and
w, the sum of the values that are assigned to these two games, both with permission
structure S, is equal to the value that is assigned to the sum game (v+w) with the same
permission structure S.

Axiom 5.2.5 (Additivity) For every v, w E gN and S E SN it holds that

f(v + w,S) = f(v,S) + f(w,S).

Suppose that player i E N is a zero player in game v, i.e., v(E) = v(E \ {i}) for all
E eN. Further, assume that the players are not part of a permission structure but can
cooperate without having to ask anyone for permission. The zero player axiom of the
Shapley value then states that player i gets a payoff equal to zero. But if the players
are part of a permission structure S then, although player i is a zero player in game v,

it might be that there are other (possibly non-zero) players that need his permission.
In that case it seems no longer reasonable to assume that player i gets a zero payoff.
However, if all subordinates of the zero player i are zero players in v then it again seems
reasonable to assume that player i gets a payoff equal to zero. We call such a player
weakly inessential in (N, v, S).

Axiom 5.2.6 (Weakly inessential player property) For every v E gN, S E SN,
and i E N such that every player j E S( i) U {i} is a zero player in v, it holds that

j;(v,S) =0.

The final two axioms are stated for monotone TU-games. Suppose that v is a monotone
game in the collection gi:r of monotone TU-games on N, and let player i E N be necessary
for every coalition to obtain a positive payoff. Then, regardless of his position in the
permission structure, player i can always guarantee that the other players earn nothing
by refusing any cooperation. Therefore it seems reasonable that such a necessary player
gets at least as much as any other player.

Axiom 5.2.7 (Necessary player property) For every v E gi:r, S E SN, and i E N

such that v(E) = 0 for every E C N \ {i} it holds that

!i( v, S) ::::h(v, S) for all j E N.



j;(v,S) ~ fj(v,S) for all j E S(i).
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The final axiom states that in a monotone game with a permission structure every player
i E N gets at least as much as any of its successors in the permission structure. In other
words, positions that are higher in the hierarchy get at least as much as lower positions.

Axiom 5.2.8 (Structural monotonicity) For every v E gz., S E SN and player

i E N such that S( i) =I- 0 it holds that

The five axioms stated above uniquely determine the conjunctive permission value for
games with a permission structure. We introduced the conjunctive permission value as
the Shapley value of the restricted game Rs( v). This restricted game gives the permission
structure S the specific interpretation that we considered in this section. Note that the
restricted game Rs( v) does not appear in any of the five axioms. These axioms are
stated only in terms of the game v and the permission structure S.

Theorem 5.2.9 An allocation rule f: gN X SN ~ RN is equal to the conjunctive per-

mission value ip if and only if it satisfies efficiency, additivity, the weakly inessential

player property, the necessary player property, and structural monotonicity.

PROOF

We first prove that ip satisfies the five axioms.
Efficiency of <p follows directly from efficiency of the Shapley value and the fact that
(7C(N) = N for every S E SN.

Additivity of <p follows directly from additivity of the Shapley value and the fact that
Rs(v) + Rs(w) = Rs(v + w) for all v, wE gN and S E SN.

For every S E SN and i E N we can derive that

(7C(E) \ (S(i) U {i}) = (E \ S(N \ E)) \ (S(i) U {i})

= (E \ {ill \ (S(N \ E) U S(i)) = (E \ {ill \ S(N \ (E \ {ill) = (7C(E \ {ill·

Let lEN be a weakly inessential player in (N,v,S). Since every j E S(i) U {i} is a zero
player in v it thus follows that for every E C N it holds that

Rs(v)(E) = v«(7C(E)) = v«(7C(E) \ (S(i) U {i})) = v«(7C(E \ {i})) = Rs(v)(E \ {ill.

The weakly inessential player property then follows from the zero player property of the
Shapley value.
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For every v E g~, S E SN, and i E N such that v(E) = 0 for all E C N \ {i} it
holds that (JC(E) C E and thus Rs(v)(E) = v((JC(E)) = 0 for all E c N \ {i}. Thus,
i is a necessary player in Rs(v). From statement (i) of Theorem 5.1.10 it follows that
Rs(v) E g~. From this we can derive that

(i) Rs(v)(E) - Rs(v)(E \ {i}) = Rs(v)(E) ~ Rs(v)(E) - Rs(v)(E \ {j}) for all
j E Nand E c N;

(ii) Rs(v)(E) - Rs(v)(E \ {i}) ~ 0 for all j E Nand E 3 i;

(iii) Rs(v)(E) - Rs(v)(E \ {j}) = 0 for all j E Nand E;i i.

With equation (l.7) and the three facts stated above it then follows that

!p;(v, S) = Sh;(Rs(v))

= L p(E) . (Rs(v)(E) - Rs(v)(E \ {i})) + L p(E) . (Rs(v)(E) - Rs(v)(E \ {i}))
E3i
E3j

~L p(E) . (Rs(v)(E) - Rs(v)(E \ {j})) + L p(E) . (Rs(v)(E) - Rs(v)(E \ {j}))

= Shj(Rs(v)) = !pj(v, S) for every j E N.

Thus, !p satisfies the necessary player property.

Let v E g~, S E SN, i E N, and j E S(i). From monotonicity of Rs(v) it then follows
that

(i) Rs(v)(E) - Rs(v)(E \ {i}) ~ Rs(v)(E) - Rs(v)(E \ {j}) since (JC(E \ {i}) C

(JC(E \ {j}) for all E eN;

(ii) Rs(v)(E) - Rs(v)(E \ {i}) ~ 0 for all E 3 i;

(iii) Rs(v)(E) - Rs(v)(E \ {j}) = 0 for all E;i i.

With this and equation (l. 7) it then can be shown that c satisfies structural monotonicity
in a similar way as it has been shown that !p satisfies the necessary player property.

Now suppose that f: gN x SN ---> RN satisfies the five axioms.
Consider the game WT = CTUT where UT is the unanimity game of TeN, and CT ~ 0
is some non-negative constant.
Further, let S E SN. We distinguish three cases with respect to a player i EN.
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1. Suppose that i E N \ QC(T). Then i and all j E S(i) are zero players in WT. Thus,
it follows from the weakly inessential player property that !i( WT, S) = o.

2. Suppose that i E T. Then i is a necessary player in the monotone game WT.
According to the necessary player property it then holds that !i(WT, S) ~ fJ(WT, S)
for all j E N. Thus, there exists a c ~ 0 such that

!i(WT, S) = c

!i( WT, S) :s c

for all i E T
for all i E N \ T.

(5.2)

3. Suppose that i E QC(T) \ T. Then S(i) =f. 0. Since WT is monotone it follows with
repeated application of structural monotonicity that

From (5.2) and the fact that S( i) n T =f. 0 it then follows that !i( WT, S) = c.

Thus, we have shown that

for all i E QC(T)
else.

Efficiency then implies that c = #:~T)' and thus !(WT, S) = c.p(WT, S).

This completes the proof that f is equal to c.pfor all non-negative weighted unanimity
games with a permission structure. Suppose that WT = CTUT with TeN, CT :s o.
Let Va E gN denote the null game, i.e., va(E) = 0 for all E C N. From the weakly
inessential player property it follows that fi( Va, S) = 0 for all i E Nand S E SN. Since
-WT is a non-negative weighted unanimity game and Rs( WT) + Rs( -WT) = Rs( va) it
follows from additivity of f and of the Shapley value that f( WT, S) = - f( -WT, S) =
-c.p(-WT'S) = -Sh(Rs(-WT)) = -Sh(-Rs(WT)) = Sh(Rs(WT)) = c.p(WT'S) for all
S E SN. Since every game V E gN can be expressed as a weighted sum of unanimity
games it then follows with additivity that f( v, S) = c.p(v, S) for all V E gN and 5 E SN.

o
As said before, the conjunctive permission value of (N, v, 50) is equal to the Shapley value
of v. Thus, Theorem 5.2.9 should give axioms that uniquely determine the Shapley value
if we consider the trivial permission structure. Therefore, suppose that 5 = 50. Then
efficiency and additivity are just the efficiency and additivity axioms of the Shapley value.
A player is weakly inessential in (N, v, S0) if and only if he is a zero player in game v.
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Thus, the weakly inessential player property boils down to the zero player property of
the Shapley value. Structural monotonicity is irrelevant in case 5 = 50. Finally, the
necessary player property states that a necessary player in a monotone TU-game gets at
least as much as any other player. Hence, for 5 = 50 efficiency, additivity, the weakly
inessential player property and the necessary player property characterize the Shapley
value for TU-games.

We conclude this subsection by illustrating the independence of the axioms stated
in Theorem 5.2.9.

Example 5.2.10 We illustrate the independence of the axioms stated in Theorem 5.2.9
by presenting five alternative allocation rules for games with a permission structure.

1. Let the allocation rule p J}N x SN -+ RN be given by

fl(v,5) = Sh(v) for all v E gN and 5 E sN.

Thus, I' assigns to every game with a permission structure (N, v,S) the Shapley
value of game v irrespective of the permission structure 5.

This allocation rule satisfies efficiency, additivity, the weakly inessential player
property and the necessary player property. It does not satisfy structural mono-
tonicity.

For the game with permission structure (N,v,5) of Example 5.1.7 it holds that
P(v,5) = (0,0,0,1,0).

Thus, fi(v,5) < fI(v,5) although 4 E 5(2).

2. Let the allocation rule f2: gN x SN -+ RN be given by

f/(v,5) = L ~(v, 5) for all i E N, v E gN, and 5 E s«.
jES(i)U{i} #Ps(j) + 1

Thus, r distributes the conjunctive permission value of a player equally among
this player and all his superiors.

This allocation rule satisfies efficiency, additivity, the weakly inessential player
property and structural monotonicity. It does not satisfy the necessary player
property.

For the game with permission structure (N, v,S) of Example 5.1.7 it holds that
P(v,5) = iB(9,3,3, 1,0).

Thus, n(v,S) < ff( v,S) although 4 is a necessary player in game v.
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Figure 5.2: Permission structure 5' of Example 5.2.10.3

3. For every v E <;iN and 5 E SN we define C(5) = {i E N liE S(i)}, and Vs E <;iN

by

vs(E) = { Rs(~)(E) if E ~ C(5)
else.

Thus, in the game Vs a coalition only gets a non-zero payoff if it contains all players
that are subordinates of themselves. Such a coalition is assigned its value in the
restriction Rs'; v).

Now, let the allocation rule f3: gN X SN -+ RN be given by

This allocation rule satisfies efficiency, additivity, the necessary player property and
structural monotonicity. It does not satisfy the weakly inessential player property.

Consider the permission structure 5' on N = {1,2,3,4,5,6, 7} which is the same
as the permission structure 5 of Example 5.1.5 except that we add a domination
cycle between the players 5, 6, and 7.

Let v again be the unanimity game of player 4. Then it holds that j3( v, 5')
(1 1 1 1 1 1 1)

7'7'7'7'7'7'7 .

Thus, i?( v, 5') > 0 for all i E N although players 5, 6 and 7 are weakly inessential
in (N,v,5').

4. For every v E gN and 5 E SN we define

H(v,S) = {i E N I Rs(v)(N \ {i}) = min Rs(v)(N \ {j})}.
JEN

Thus, H( v, 5) consists of those players for whom the 'grand coalition' loses the
most in the conjunctive restriction of von 5 if they individually leave this coalition.
Clearly H( v, 5) f:. 0 for all v E <;iN and 5 E SN.
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Now, let the allocation rule r: gN x SN ---+ RN be given by

ifiEH(v,S)
else.

Thus, r equally distributes the value v(N) over all players in H(v, S).

This allocation rule satisfies efficiency, the weakly inessential player property, the
necessary player property and structural monotonicity. It does not satisfy additiv-

ity.

Consider the game with permission structure (N, v, S) of Example 5.1.7 and let
w be the unanimity game of player 1. Then it holds that r(v, S) + r(w, S)
(~,~,~,~,O) + (1,0,0,0,0) = (1~,~,~,0) of (2,0,0,0,0) = r(v+w,S).

5. Let the allocation rule j5: gN x SN ---+ RN be given by

R(v,S) = 0 for all i EN, v E gN, and S E SN.

Thus, r always assigns the value zero to any player in any game with a permission

structure.

Clearly, this allocation rule satisfies additivity, the weakly inessential player prop-
erty, the necessary player property and structural monotonicity. It does not satisfy

efficiency.

5.2.2 Acyclic permission structures

In the previous subsection we gave an axiomatization of the conjunctive permission value
for games with an arbitrary permission structure. In an arbitrary permission structure
there can occur 'domination cycles'. A 'domination cycle' occurs if there is at least one
player that is a subordinate of himself. (Note that in that case all players in the cycle
are subordinates of themselves.) In this subsection we concentrate on games with an
acyclic permission structure in which such domination cycles do not occur.

Definition 5.2.11 A permission structure S E SN is acyclic on N if for every i E N

it holds that i tf- S( i).

We denote the collection of all acyclic permission structures on N by S'1. We can
axiomatize the conjunctive permission value restricted to the class of games with an
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acyclic permission structure by replacing the weakly inessential player property by two
other axioms",

The first new axiom states that a player who is a zero player in v E gN and,
moreover, is powerless in the acyclic permission structure S E S;: in the sense that
he does not dominate any other player, gets a zero payoff. Such a player is called
strongly inessential in (N, v, S). Note that in determining whether a player is strongly
inessential in a game with a permission structure we look at the game and the permission
structure separately. In determining whether a player is weakly inessential (as we did
in the previous subsection) we have to look at the game and the permission structure
simultaneously.

Axiom 5.2.12 (Strongly inessential player property) For every v E gN, S E S;:,
and i E N such that i is a zero player in v and S( i) = 0 it holds that !i(v, S) = o.

Since every player that is strongly inessential in (N, v, S) is also weakly inessential III

(N, v, S) the strongly inessential player property is weaker than the weakly inessential
player property.

The second new axiom states that the final distribution of the payoffs should not
change if we delete relations in which strongly inessential players are dominated.

Axiom 5.2.13 (Inessential relation property) For every v E gN, S E S;:, and
i E N such that i is a zero player in v and S( i) = 0 it holds that

where s., E S;: is given by S-i(j) = S(j) \ {i} for all j E N.

The conjunctive permission value restricted to the class of games with an acyclic permis-
sion structure can be axiomatized by replacing the weakly inessential player property in
Theorem 5.2.9 by the two axioms introduced in this subsection.

Theorem 5.2.14 An allocation rule f: gN X S;: -> RN is equal to the conjunctive
permission value c.p if and only if it satisfies efficiency, additivity, the strongly inessen-
tial player property, the inessential relation property, the necessary player property, and
structural monotonicity.

3The axioms in the previous subsection are stated on the class gN x SN. In this section, when we
refer to one of the axioms of the previous subsection, we mean this axiom stated on the class gN x slj.
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PROOF

We already have shown in the proof of Theorem 5.2.9 that c.psatisfies efficiency, additivity,
the necessary player property, and structural monotonicity.

Let v E gN, S E SI}, and i E N. If S(i) = 0 then (JC(E \ {ill = (JC(E) \ {i} for all
E C N. If, moreover, i is a zero player in v it thus holds that Rs(v)(E) = v((JC(E)) =
v((JC(E) \ {ill = v((JC(E \ {ill) = Rs(v)(E \ {ill for all E c N. This implies that

(i) c.pi(V, S) = Shi(Rs(v)) = 0, and

(ii) Rs(v)(E) = Rs_,(v)(E) for all E C N, and thus c.pj(v,S) = c.pj(v,S-d for all
j E N.

Hence, c.psatisfies the strongly inessential player property and the inessential relation
property.

Now suppose that f: gN x SI} -> RN satisfies the six axioms.
Let SI(N, v, S) denote the set of strongly inessential players in the game with permission
structure (N, v, S).
Similarly as in the proof of Theorem 5.2.9 consider the game WT = CTUT, where UT is the
unanimity game of TeN and CT 2: 0 is some non-negative constant, and let S E s:
It is easy to show that S(N)\aC(T) -I- 0 implies that SJ(N, WT, S) -I- 0. According to the
inessential relation property we can delete all relations with the players in S J(N, WT, S)
without influencing the value f(WT, S).
Proceeding in this way we can show that it must hold that f(WT,S) = f(WT,S") where
So: N -> 2N is given by

S·(i) = S(i) n aC(T) for all i E N.

From the strongly inessential player property it follows that
J;(WT, SO) = 0 for all i E N \ aC(T).
Similarly as in the proof of Theorem 5.2.9 it follows from the necessary player property
and structural monotonicity that there exists a C 2: 0 such that fit WT, So) = C for all
i E aC(T).
From efficiency it then follows that c = #:~T)' and thus f(WT,S) = f(WT,S*) =

c.p(WT, S).

If v E gN then f(v, S) = c.p(v, S) follows from additivity in a similar way as in the proof
of Theorem 5.2.9.

o
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The axioms of Theorem 5.2.14 are not sufficient in order to uniquely determine the
conjunctive permission value for games with an arbitrary permission structure. (The
allocation rule f3 of Example 5.2.10 satisfies all six axioms of Theorem 5.2.14.) Thus,
the set of axioms of Theorem 5.2.14 is weaker than the set of axioms of Theorem 5.2.9.

Next we illustrate the independence of the axioms stated in Theorem 5.2.14.

Example 5.2.15 The allocation rules I', I', t', and r of Example 5.'2.10 satisfy all
axioms except structural monotonicity, the necessary player property, additivity, and
efficiency, respectively.

1. Let the allocation rule r: gN x S': -t RN be given by

6( S) v(N) . N Nfi V, = #N for all ~ E N, v E 9 ,and S E SA .

Thus, r equally distributes the value v(N) over all players in N irrespective of
their roles in the game and their position in the permission structure.

This allocation rule satisfies efficiency, additivity, the inessential relation property,
the necessary player property and structural monotonicity. It does not satisfy the
strongly inessential player property.

For the game with acyclic permission structure of Example 5.1.7 it holds that

f6(v,S) = (~,k,k,~,~).
Thus, f~(v,S) > 0 although player 5 is strongly inessential in (N,v,S).

2. For every v E gN and S E S': we define U(S) = {i E N I S(i) =J 0} and vs E gN
by

{
v(E)

vs(E) == 0
if E :J U(S)
else.

Thus, in vs a coalition only obtains a non-zero payoff if it contains all players who
have sucessors in S. Such a coalition E is assigned its value v(E).

Let the allocation rule F: gN X S': ---> RN be given by

F(v,S) = Sh(vs) for all v E gN and S E S,:.

This allocation rule satisfies efficiency, additivity, the strongly inessential player
property, the necessary player property and structural monotonicity. It does not
satisfy the inessential relation property.
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Figure 5.3: Permission structure S' of Example 5.2.15.2

Let S' be the acyclic permission structure on N = {1, ... ,6} which is the same as
the permission structure of Example 5.1.7 except that player 5 dominates player
6.

Let v again be the unanimity game of player 4. Then it holds that

F(v, S') = (k, k, k, k, k, 0).
Let S be the same as the permission structure of Example 5.l.7 (but defined on
N = {1, ... ,6}). Note that S is obtained from S' by deleting the inessential

relation between players 5 and 6. But r (v, S) = (~'~'~'~'0, 0) =1= F (v, S').

5.3 The disjunctive approach

In the conjunctive approach to games with a permission structure which is discussed in
the previous sections of this chapter we assumed that a player needs permission from
all his superiors before he is allowed to cooperate. This means that each predecessor of
a player has individual veto power over the actions of this player. This is an extreme
situation. In the next sections we discuss another extreme situation in which individual
predecessors cannot veto the actions of a player but all predecessors together can.

5.3.1 Disjunctive permission

In this section we discuss the disjunctive approach to games with a permission structure.
We restrict attention to a special class of hierarchical structures which have also been
considered in Chapter 4.

Definition 5.3.1 A permission structure S on N is hierarchical if
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(i) it is acyclic, i.e., for every i E N it holds that i rt S(i), and

(ii) for every pair of players i, j E N it holds that there exists an hEN such that

{i,j} C (S(h) U {h}).

Note that according to Theorem 4.1.3 this implies that there exists a unique player
io E N such that Ps(io) = 0. Moreover, S(io) = N \ {i}. This player io is called
the topman in the permission structure. We denote the collection of all hierarchical
permission structures on N by srf.

In the disjunctive approach to games with a permission structure it is assumed
that each player needs permission from at least one of his predecessors before he is
allowed to cooperate with other players. Consequently, a coalition can cooperate only if
every player in the coalition, except the topman io, has a predecessor who also belongs to
the coalition. (Note that this implies that the unique topman io belongs to the coalition.)
Thus, a coalition E C N is formable if and only if E contains the unique topman io, and
for every player i E E \ {io} there is a 'permission path' from the topman io to player i
such that every player on that path belongs to E.

Definition 5.3.2 Let S E Srf. A coalition E C N is disjunctively autonomous In

S if for every i E E it holds that Ps(i) = 0 or Ps(i) n E -=1= 0.

The collection of all disjunctively autonomous coalitions in S E Srf is denoted by ills,

i.e.,

for every i E E ~here is a sequence of players (hl, ... , ht) 1
such that hl = ~o, hk+l E S(hk) for ali 1 ..:;k ..:; t - 1, . (5.3)
and ht = i

Similarly as for the conjunctively autonoumous coalitions in a permission structure it can
be shown that the collection ill s always contains the empty set, the 'grand coalition', and
is closed for taking unions. We remark that ills is not closed for taking intersections".

Proposition 5.3.3 (Gilles and Owen (1994), Lemma 2.4) For every S E Srf it

holds that 0 E ills, NEill s, and for every E, FE ills it holds that E U FEW s.

4For the proof of this proposition as well as the other proofs of this section we refer to Gilles and

Owen (1994).
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Like in the conjunctive approach it follows from this proposition that for every coalition
E C N there exists a largest disjunctively autonomous subset. Also, for every coalition
there exists at least one disjunctively autonomous superset. However, E can have more
than one disjunctively autonomous supersets, say E1 and E2, such that neither E1 C E2
nor E2 eEl. Thus, there need not exist a unique smallest disjunctively autonomous
superset of E.

Definition 5.3.4 The disjunctive sovereign part of E C N according to S E sri is

the coalition given by
(Td(E) = U{F E Ills I FeE}.

The disjunctive authorizing sets of E C N in S E sri are the coalitions in the set

Qd(E) given by

d() { I F ~ E and for every G C F, G =I F, it holds that }
Q E = FE Ills .

G 1J E or G rf- Ills

The disjunctive sovereign part of E C N is the largest disjunctively autonomous subset
of E. It consists of those players in E that can be reached by a 'permission path' starting
at the topman such that all players on this path belong to coalition E. In other words,
coalition E C N just has enough permission power to let the players in its disjunctive
sovereign part (Td(E) cooperate. The disjunctive authorizing sets of E C N are those
disjunctively autonomous supersets of E that do not have a disjunctively autonomous
strict subset that contains E. In other words, a disjunctive authorizing set of E just has
enough permission power to let all the players in E cooperate. As the following example
shows, a particular coalition can have more than one disjunctive authorizing sets in a
permission structure.

Example 5.3.5 Consider the permission structure S of Example 5.1.5. (Note that this
permission structure is hierarchical with topman player 1.) The collection of disjunctively
autonomous coalitions in this permission structure is given by

<l>s _ { 0, {I}, {1,2}, {1,3}, {1,2,3}, {1,2,4}, {l,3,4}, }
- {1,3,5}, {1,2,3,4}, {1,2,3,5}, {1,3,4,5}, {1,2,3,4,5} .

In Example 5.1.5 we have shown that the coalition {I, 2, 4} is not conjunctively au-
tonomous since player 4 needs permission from player 3 in the conjunctive approach.
However, in the disjunctive approach permission from players 1 and 2 is sufficient to
make player 4 active. Thus, coalition {1,2,4} is disjunctively autonomous.
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The coalition {1,4} is neither conjunctively nor disjunctively autonomous. The con-

junctive and disjunctive sovereign part of this coalition are the same: (TC({I, 4}) =
(Td({ 1,4}) = {I}. The conjunctive and disjunctive authorizing sets of this coalition

are given by aC({1,4}) = {l,2,3,4} and ad({1,4}) = {{1,2,4},{1,3,4}}, respectively.

Thus, this coalition has two disjunctive authorizing sets.

It can be verified that every conjunctively autonomous coalition in a permission structure

S is also disjunctively autonomous in S. The converse need not be true as shown in

Example 5.3.5.

Proposition 5.3.6 (Gilles and Owen (1994), Lemma 5.1) For every S E Sf'j it
holds that <I> 5 C Ws-

The conjunctive approach to games with a permission structure thus is more restrictive

than the disjunctive approach in the sense that the possibilities of coalition formation

are more restricted in the conjunctive approach.

5.3.2 Disjunctive restrictions

Sirnilarly as in the conjunctive approach we can use the concept of disjunctive sovereign

pari to transform a game v E gN into a modified game in which we take account of

the limited possibilities of coalition formation as determined by the permission structure

S E Sf'j.

Definition 5.3.7 Let v E gN and S E Sf'j. The disjunctive restriction of v on S is

the game Vs( v) E gN given by

Vs(v)(E) = v«(Td(E)) for all E C N.

Example 5.3.8 Consider the game with permission structure (N, v, S) of Example

5.1.7. The disjunctive restriction of v on S is given by

Vs(v)(E) = { ~
if E:J {1,2,4} or E:J {1,3,4}
else.
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Similarly as the result of Theorem 5.1.8 every disjunctive restriction Vs( v) can be ex-
pressed as a weighted sum of unanimity games of the disjunctively autonomous coalitions
in 5 with as weights the weighted dividends as given in the following theorem.

Theorem 5.3.9 (Gilles and Owen (1994), Theorem 3.2) For every v E gN and

5 E sri it holds that

where for every TeN,
t

a(T) := {E c N I there exists E\ ... , Et E ad(T) such that E = U Ek},
k=l

and for every F, TeN, bF(T) := flVs(ur)(F).

Disjunctive restrictions satisfy the following properties.

Theorem 5.3.10 (Gilles and Owen (1994), Theorem 3.5) For every 5 E sri and

every monotone game v E g~ it holds that Vs( v) is monotone, superadditive, and bal-

anced.

Similarly as Theorem 5.1.11 it can be shown that for every 5 E sri it holds that the
mapping Vs: gN --+ 9/((5), which assigns to every game v its disjunctive restriction", is
a linear projection mapping of rank # IIIs - 1 on gN, whose kernel is generated by the
standard games ZE of all E E 2N \ IIIs, and whose image is generated by the unanimity

games UE of all E Ellis \ {0}.

5.4 The disjunctive permission value

In Section 5.2 we discussed the conjunctive permission value as an allocation rule for
games with a permission structure which is based on the conjunctive approach. In this
section we discuss the analogue of this allocation rule for the disjunctive approach.

In Section 5.2 we defined the conjunctive permission value as the function which
assigns to every game with a permission structure the Shapley value of the conjunctive
restriction of that game on the permission structure. Similarly we define the disjunc-

tive permission value as the function which assigns to every game v and hierarchical
permission structure 5 E sri the Shapley value of the disjunctive restriction of von 5.

5Here 9{((5) denotes the collection of all TV-games v such that v(E) = v(l7d(E)) for all E E \lis·
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Definition 5.4.1 The disjunctive permission value is the function
1/;:gN X Sfj -+ RN given by

1/;(v,5) = Sh(Vs(v)) for all v E gN and 5 E Sfj.

Note that the disjunctive permission value also is a generalization of the Shapley value
for TV-games. For the trivial permission structure 50 it holds that ad(E) = E for all
E C N, and thus Sh(Vse(v)) = 5h(v) for all v E gN.

Example 5.4.2 Consider the game with a permission structure (N, v, 5) of Example
5.1.7 which disjunctive restriction is given in Example 5.3.8. The disjunctive permission
value of (N, v, 5) is given by 1/;(v, 5) = h(5, 1, 1,5,0).
Compared to the Shapley value of the original game v player 4 has to give up some payoff
to his superiors as expected. Compared to the conjunctive permission value we see that
player 4 does not have to give up that much because players 2 and 3 get less. This is
because in the conjunctive approach both players 2 and 3 are necessary in order to let
player 4 cooperate, while in the disjunctive approach only one of them is necessary.

5.4.1 A fairness axiom

In this subsection we discuss a particular axiom that plays an important role in the
axiomatization of the disjunctive permission value to be presented in the next subsection.
This axiom states that if we delete a permission relation between two players, say hand
j E 5(h), then their disjunctive permission values change by the same amount. Moreover,
if player i dominates player h 'completely' in the sense that all permission paths from the
unique topman io to player h contain player i, then also player i's disjunctive permission
value changes by that same amount.

Given a permission structure 5 E sri and two players h,j E N such that j E 5(h)
we define the permission structure 5-(h.j) by

5 . (i) = { 5(i) \ {j}
-(h.J) 5(i)

if i= h
else.

Note that in order for S-(h.i) to be a hierarchical permission structure it must hold that
#PsU) 2: 2. (If this is not the case then PS-Ch.J)(j) = 0, and thus j rt S-(h.il(io).) Before
analyzing how the deletion of the relation between two players affect their disjunctive
permission values we state a proposition which points out an important difference be-
tween the conjunctive and disjunctive approaches to games with a permission structure.
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If we delete a relation in a hierarchical permission structure (such that the permission
structure stays hierarchical) then this leads to less autonomous coalitions in the disjunc-
tive approach, while it leads to more autonomous coalitions in the conjunctive approach.

Proposition 5.4.3 For every S E sri and h,j EN such that j E S(h) and #Ps(j) ~ 2

it holds that \lIS_(h.}) C \lis and ellS_(h.}) :J ells·

PROOF

Let S E sri and h,j E N be such that j E S(h) and #Ps(j) ~ 2.

(i) Suppose that E E \lIS_(h.})' Since S_(h,j)(i) C S(i) for all i E N it follows with
(5.3) that E E \lis.

(ii) Suppose that E E ells. Since pS_(h.})(i) C Ps(i) it follows with (5.1) that
PS_(h.})(i) C Ps(i) C E for all i E E. Thus, E E ellS_(h.})·

o
Next we present a lemma which states that a disjunctively autonomous coalition E that
does not contain player h and his successor j E S( h) is still disjunctively autonomous
after the deletion of the relation between hand j.

Lemma 5.4.4 For every S E sri and h,j E N such that j E S(h) and #Ps(j) ~ 2 it
holds that

E E \lIsand E 1; {h, j} implies that E E \lIS_(h.})·

PROOF

Let S E sri and h,j EN be such that j E S(h) and #Ps(j) ~ 2.
Further, let E E \lis and E 1; {h,j}.
If E 'j j then it follows with (5.3), E E \lis and the fact that PS_(h.}) (i) = Ps( i) for all
i E N \ {j} that E E \lIS_(h.})·
If E 3 j then by assumption E 'j h. Since E E \lis it holds that (Ps(j) \ {h}) n E #- 0.
But then PS_(h.})(j) n E #- 0. Since S_(h,j)(i) = Ps(i) for all i E E \ {j} it then follows
with (5.3) that E E \lIL(h.})'

o
Now we are able to state the main result of this subsection which says that deleting the
relation between two players hand j E S(h) changes the disjunctive permission values
of players hand j by the same amount. Moreover, also the disjunctive permission values
of all players i that 'completely' dominate player h in the sense that all permission paths
from the topman io to player h contain player i, change by this same amount.
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Theorem 5.4.5 For every v E gN, 5 E srt and h,j E N such that j E 5(h) and
#Ps(j) 2': 2 it holds that

where Ps(h) := {i E Ps(h) lEE iIts and E '3 h implies that E '3 i}.

PROOF

We first prove that the theorem holds for all weighted unanimity games with a hierar-
chical permission structure.
Let WT = CTUT, where UT is the unanimity game of coalition TeN, and CT E R is some
constant. Further, let S E srt and h,j E N be such that j E 5(h) and #Ps(j) 2': 2.

With equation 1.6, and the fact that ~Vs(wT)(E) = 0 for all E E 2N \ IIis (this follows
from a more general result that is stated in Derks and Peters (1993)) it follows with
Proposition 5.1.2 that for every i E N it holds that

Next we establish the following facts:

(i) If E jJ {h,j} then clearly F jJ {h,j} for all FeE. But this implies
that the disjunctive sovereign part of F in permission structure 5 is the same
as the disjunctive sovereign part of F in permission structure S-(h,j). Thus,
'Ds(wT)(F) = 'Ds_(h,)WT)(F) for all FeE. For the dividends it then holds
that £>"vs(wT)(E) = £>"vs (wT)(E) for all E jJ {h,j}.

-(h,})

(ii) Lemma 5.4.4 is equivalent to saying that

E E iIts \ iItS_(h,}) implies that E:J {h,j}.

Thus, it follows with this lemma that

From this we can derive that
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EE~Eh'J) ('~vs;iE)) - EE~Eh'J) C~vs;~(E))
E3h E3j

(5.4 )

Further, we can deri ve the following facts:

(iii) By definition of \]is it holds that E E \]is and E 3 h imply that E => Ps(h).

(iv) If E 3 h then E E \]i s if and only if E E \]i S-(h,J)'

(v) From fact (i) stated above it follows that 6vs(WT)(E) = 6vs (wT)(E) for all
-(h,J)

E 3 h.

From this it follows that for every i E P(h) it holds that
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Together with facts (i) and (ii) stated above we then can derive that for every i E P(h)
it holds that

EE'I' S-(h,J)
E3i, E;lh

1/;i( WT, 5) - 1/;j( WT, 5)

With (5.4) we can conclude that

Thus, we have shown that the theorem holds for all weighted unanimity games with a
hierarchical permission structure.
For arbitrary games v E (iN with a hierarchical permission structure 5 E SJi it holds
that

Ds(v)(E) = v(a(E)) = L t.v(T)wT(a(E)) = L t.v(T)Ds(WT)(E) for all E eN.
TcN TcN

Similarly DS_(h,J)(v)(E) = LTCN t.v(T)Ds_(h,))(WT)(E) for all E eN.
The theorem then follows directly from additivity of the Shapley value.

o
An allocation rule that satisfies the condition stated in Theorem 5.4.5 is said to be
fair. This concept of fairness is closely related to the fairness concept as has been
introduced in Myerson (1977) for games in which the possibilites of cooperation are
restricted because of limited communication possibilities between the players. In the
context of the measurement of relational power in hierarchically structured populations
it is also closely related to the fairness concept as discussed in Section 4.6. As the
following example shows, the conjunctive permission value is not fair.

Example 5.4.6 Consider the game with hierarchical permission structure (N, v, 5) of
Example 5.1.7. The conjunctive and disjunctive permission values of (N,v,5) are given
in Examples 5.2.2 and 5.4.2, respectively. Let 5' be the permission structure that is
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2~3

). ~5

Figure 5.4: Permission structure 5' of Example 5.4.6

obtained by deleting the relation between players 3 and 4, i.e., 5' = 5-(3,4)' This
permission structure is illustrated in Figure 5.4.
Then

Vs,(E) = Rs,(E) = { ~

and thus 1/J(v,5') = cp(v,5') = (~,~,O,~,O).
Comparing this with the values for 5 yields

if E:J {1,2,4}
else,

and

Note that the conjunctive permission values of the players 3 and 4 even change in opposite
directions.

5.4.2 An axiomatization of the disjunctive permission value

In this subsection we give an axiomatization of the disjunctive permission value for
games with a hierarchical permission structure using six axioms. The first four axioms
are efficiency, additivity, the weakly inessential player property, and the necessary player
property, which have already been stated in Subsection 5.2.1 and are also satisfied by
the conjunctive permission value.

Contrary to the conjunctive permission value, the disjunctive permission value
does not satisfy structural monotonicity as introduced in Subsection 5.2.l. In Example
5.4.2 the disjunctive permission value of player 4 exceeds the one of player 2, although
player 4 is a successor of 2. Note that structural monotonicity is equivalent to stating
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that each player gets at least as much as any of its subordinates in case the game is
monotone. Now we introduce a weaker version of structural monotonicity. It states that
if player i dominates player j 'completely' in the sense that all permission paths from
the topman io to j in the permission structure contain player i, then i gets at least as
much as j if the game is monotone.

Axiom 5.4.7 (Weak structural monotonicity) For every v E gz., S E Sj'j and
i E N it holds that

j;(v,S) ~ fj(v,S), for all j E SCi),

where

SCi) = {j E N liE Ps(j)} = {j E SCi) lEE Ills and E 3 j implies E 3 i}.

The sixth axiom is fairness as discussed in the previous subsection.

Axiom 5.4.8 (Fairness) For every v E gN, S E Sj'j, and h,j EN such that j E S(h)
and #Ps(j) ~ 2 it holds that

fi(v,S) - f;(V,S-(h,j)) = h(v,S) - fj(v,S-(h,j)) for all i E {h} uPs(h).

These six axioms uniquely determine the disjunctive permission value for games with
a hierarchical permission structure. Before proving this result we present the following
lemma.

Lemma 5.4.9 Let S E Sj'j and WT = CTUT where UT is the unanimity game of TeN,
and CT ~ 0 is some non-negative constant.

(i) If f: gN x Sj'j -+ RN satisfies the weakly inessential player property then
j;(WT, S) = 0 for all i EN \ aCT) where aCT) := T U peT).

(ii) If f: gN X Sj'j -+ RN satisfies the necessary player property and weak structural
monotonicity then there exists a constant c ~ 0 such that fie WT, S) = c for all
i E (J(T) where (J(T):= {i E a(T) I Tn ({i} US(i)) i- 0}.

PROOF

Let S E Sj'j and WT = CTUT with CT ~ O.

(i) If i E N \ aCT) then i f/. T and SCi) n T = 0. Thus, i is weakly inessential in
(N, WT, S). The weakly inessential player property then directly implies that
j;( WT, S) = o.
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(ii) If i E T then i is a necessary player in the monotone game WT. From the
necessary player property it then follows that there exists a constant c ;:::0 such

that
fi(wT,S) = c for all i E T
J;(WT'S) < c for all i E N \ T

If i E (3(T) \ T then S(i) n T =1= 0. Weak structural monotonicity then implies

that also J;( WT, 5) = c.

o
Next we state the main result of this section.

Theorem 5.4.10 An allocation rule f: gN x Sfj -> RN is equal to the disjunctive per-

mission value 1/J if and only if it satisfies efficiency, additivity, the weakly inessential

player property, the necessary player property, weak structural monotonicity, and fair-

ness.

PROOF

In the previous subsection we already have shown that 1j; satisfies fairness.
Efficiency of 1/J directly follows from efficiency of the Shapley value and the fact that
(Jd(N) = N for every 5 E sfj.
Additivity of 1/J directly follows from additivity of the Shapley value and the fact that
Ds(v) + Ds(w) = Ds(v + w) for all V,W E gN and 5 E Sfj.

For every v E gN and 5 E Sfj it holds that a weakly inessential player in (N, v,S) is a
zero player in Ds(v). The zero player property of the Shapley value then implies that 1/J
satisfies the weakly inessential player property.

For every monotone game v E g~ and 5 E Sfj it holds that 'Ds( v) is monotone, and
that a necessary player in v is a necessary player in Ds(v). That 1/J satisfies the necessary
player property then follows in a similar way as is proved for the conjunctive permission
value 'f' in the proof of Theorem 5.2.9.

Let v E g~, 5 E Sfj, i E N, and j E S(i). Then 'Ds(v)(E) U {j}) = 'Ds(v)(E) for all
E c N \ {i, j}. Since Ds( v) E g~ for all v E g~ it then follows that 1/J satisfies weak
structural monotonicity in a similar way as it is proved that the conjunctive permission
value o satisfies structural monotonicity in the proof of Theorem 5.2.9.

We thus conclude that 1/J satisfies the six axioms.
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Now suppose that f: gN X S;: ~ RN satisfies the six axioms.
Consider the hierarchical permission structure 5 and the monotone game WT = CTUT

where UT is the unanimity game of TeN, and CT ;:::0 is some non-negative constant.
Note that for every hierarchical permission structure 5 E S;: it holds that LiEN #5(i) ;:::
#N -1.
If LiEN #5( i) = #N - 1 then #P( i) = 1 for all i E N \ {io}, and thus S( i) = S( i) for
all i E N. In that case Tn ({i} U S(i)) -=I- 0 for all i E a(T). Thus, f3(T) = a(T), where
a(T) and f3(T) are as defined in Lemma 5.4.9. With that lemma it then follows that
there exists a constant C ;::: 0 such that

if i E a(T)
else.

Efficiency then implies that C = #~TT)' and thus f( WT, S) = 1/;( WT, 5).

Proceeding by induction we assume that f( WT, 5') = 1/;( WT, 5') for all 5' E S;: such that
LiEN #5'(i) < LiEN #S(i).
Next we recursively define the sets Lk, k E {OJ UN, by

Lo = 0,

and

{ k-l I k-l}t., = i EN \ P~l t.; 5(i) C P~l L; ,for all kEN.

Note that these are the same sets as defined in Section 4.1. With Theorem 4.l.2 it then
follows that for hierarchical permission structures there exists an M < 00 such that the
sets L), ... ,LM form a partition of N consisting of non-empty sets only.
Let c· ;:::0 be such that fi(WT, 5) = c" for all i E f3(T). (The existence of such a constant
c" follows from Lemma 5.4.9.)
Next we describe a procedure which determines the values fi( WT, 5) as functions of the
constant c· for all i E N.

STEP 1 For every i E L) one of the following two conditions is satisfied:

(i) If i E N \ a(T) then J;(WT, 5) = 0 by Lemma 5.4.9.

(ii) If i E a(T) then i E T since 5(i) = 0. Thus, J;(WT' 5) = c'.

Let k = 2.

STEP 2 If Lk = 0 then STOP.

Else, for every i E Lk one of the following three conditions is satisfied:
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(i) If i E N \ a(T) then 1;(WT, S) = 0 by Lemma 5.4.9.

(ii) If i E f3(T) then f'(WT,S) = c",

(iii) If i E a(T) \ f3(T) then by definition of a(T) and f3(T) there exists an
n e {i} U S(i) and a j E S(h) such that #P(j) ;:::2. Fairness then implies
that

Using the induction hypothesis we can write

Since j E S(i) implies that j E L/ with I < k we already determined
fj( WT, S) as a function of c', and thus with (5.5) we have determined
f.(WT, S) as a function of c'.

STEP 3 Let k = k + 1. GOTO STEP 2.

Since there exists an M < 00 such that the sets Ll' .. ·' LM form a partition of N
consisting of non-empty sets only, the procedure described above determines the values
f'(WT,S) as a function of c* for all i E N.
Efficiency then uniquely determines the value c'.
Since the disjunctive permission value satisfies the axioms it then must hold that

f(WT, S) = 1/;(WT' S).

Above we showed that f is equal to 1/; for all non-negative weighted unanimity games with
a hierarchical permission structure. Using additivity we can show that f( v, S) = 1/;( v, S)
for arbitrary v E gN and S E SJj in a similar way as this is proved for the conjunctive
permission value in the proof of Theorem 5.2.9.

o

We illustrate the independence of the axioms stated in Theorem 5.4.10.

Example 5.4.11 We illustrate the independence of the axioms stated in Theorem 5.4.10
by presenting six alternative allocation rules for games with a hierarchical permission
structure.

1. The conjunctive permission value ip: gN x SJj -; RN satisfies efficiency, additivity,
the weakly inessential player property, the necessary player property, and weak
structural monotonicity. It does not satisfy fairness as shown in Example 5.4.6.
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2. Consider the allocation rule P of Example 5.2.10 (defined on the class (iN x St/)
which assigns to every game v and hierarchical permission structure S the Shapley
value of the game v irrespective of the permission structure.

This allocation rule satisfies efficiency, additivity, the weakly inessential player
property, the necessary player property, and fairness. It does not satisfy weak
structural monotonicity.

For the game with hierarchical permission structure of Example 5.1. 7 it holds that
P(v,S) = (0,0,0,0,1,0).

Thus, !lev,S) > !lev,S) although 4 E 5(1).

3. Let the allocation rule r: (iN x St/ -+ RN for every i E N, v E (iN, and S E St/
be given by

if Ps(i) = 0
else.

Thus, f8 assigns the total value v(N) to the unique topman in the permission
structure.

This allocation rule satisfies efficiency, additivity, the weakly inessential player
property, weak structural monotonicity, and fairness. It does not satisfy the nec-
essary player property.

For the game with hierarchical permission structure of Example 5.1.7 it holds that
f8(v,S) = (1,0,0,0,0).

Thus, f:(v,S) < f~(v,S) although player 4 is necessary in game v.

4. Consider the allocation rule f6 of Example 5.2.15 (defined on (iN x St/) which
equally distributes the total value v( N) over all players in N. This allocation rule
satisfies efficiency, additivity, the necessary player property, weak structural mono-
tonicity, and fairness. It does not satisfy the weakly inessential player property.

For the game with hierarchical permission structure of Example 5.1. 7 it holds that

f6(v, S) = 0, L t, L t)·
Thus, f~(v,S) > ° although player 5 is weakly inessential in (N,v,S).

{
I if En T =1= 0

5. For TeN, let 9T E (iN be given by 9T(E) = ° else.

Thus, 9T assigns the value one to every coalition that contains at least one player
of T, and zero to all other coalitions.
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Now let the allocation rule f9: gN X SIf -; RN for every v E gN and 5 E SIf be
given by

if v = 91', #T:::: 2
else.

Thus, r assigns the total value v(N) to the unique topman III the permission

structure if the game is of the form described above, and the disjunctive permission
value to all other games with a hierarchical permission structure.

This allocation rule satisfies efficiency, the weakly inessential player property, the
necessary player property, weak structural monotonicity, and fairness. It does not
satisfy additivity.

Consider the game with hierarchical perrrussion structure (N, v,S) of Example
5.1. 7, and the game w = 9{I,2}' Then it holds that

J9(v,S) + r(w,S) 12(5,1,1,5,0) + (1,0,0,0,0) 12(17,1,1,5,0) i-
f2(1l, 7, 1,5,0) = J9(v + w, 5).

6. Clearly, the allocation rule f5 of Example 5.2.10 assigning the value zero to every
player in any game with a hierarchical permission structure satisfies additivity, the
weakly inessential player property, the necessary player property, weak structural
monotonicity, and fairness. It does not satisfy efficiency.

In this section we presented an axiomatization of the disjunctive permission value for
games with a hierarchical permission structure. The axioms that characterize the con-
junctive permission value for games with an arbitrary permission structure (see Theo-
rem 5.2.9) also characterize the conjunctive permission value restricted to the class of
games with a hierarchical permission structure. Comparing these axiomatizations we see
that both values satisfy efficiency, additivity, the weakly inessential player property, the
necessary player property, and weak structural monotonicity. Besides these axioms the
conjunctive permission value satisfies structural monotonicity which is a stronger version
of weak structural monotonicity. The disjunctive permission value does not satisfy this
stonger axiom but, instead, it satisfies fairness which is not satisfied by the conjunctive
permission value.

Structural monotonicity coincides with the assumption that the wages of employ-
ees in a firm are such that superiors earn at least as much as their subordinates (see,
e.g., Simon (1957), Williamson (1967), Calvo and Wellisz (1978, 1979), and Carlson
(1982)). Therefore the conjunctive permission value seems a reasonable rule in determin-
ing payment schemes for employees within firms. However, if we consider hierarchically
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2 3

4 5 6 7

Figure 5.5: Permission tree 5 of Example 5.6.1

structured cooperatives of similar firms then fairness seems more reasonable, and thus
the disjunctive permission value is the better rule to use in distributing payoffs between
firms.

5.5 Examples

In this section we discuss two applications of games with a permission structure.

Example 5.5.1 In the literature about the firm it is often assumed that the hierarchical
structure of a firm satisfies the conditions stated in Definition 5.3.1 and, moreover, for
every i =1= io it holds that #Ps(i) = 1, where io denotes the unique topman who has
no predecessors (see, e.g., Williamson (1967) and Keren and Levhari (1979, 1983)). We
refer to a permission structure that satisfies these properties as a permission tree. The
collection of all permission trees on N is denoted by TN.

It also is often assumed that all employees that have successors in the firm have
the same number of successors. This number is refered to as the span of control of the
firm and is denoted by s.

Consider, for example, the permission tree 5 on N = {1, ... , 7} given by

5(1) = {2,3}, 5(2) = {4,5}, 5(3) = {6,7}, 5(4) = 5(5) = 5(6) = 5(7) = 0.

This permission tree is illustrated in Figure 5.5. It has three hierarchical levels and span
of control s = 2.
In most firms the wages of employees differ accross different levels of the hierarchical
structure. It is often assumed that the wage of an employee is at least as high as the
wage of each one of his successors, i.e., the ratio between the wage of an employee and
the wage of his successors is at least equal to one. For permission trees this corresponds
to weak structural monotonicity (Axiom 5.4.7). Further, it is assumed that the ratio
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between the wage of an employee and the wage of his successors is at most equal to the
span of control s. In this example we use games with a permission structure to give a
reasoning for these lower and upper bounds.

First we remark that for a game v E gN with permission tree S E TN the
conjunctive restriction Rs( v) coincides with the disjunctive restriction 'Ds( v). Thus, for
games with a permission tree the conjunctive permission value equals the disjunctive
permission value. In this example we therefore refer to this value as the permission value
and denote it by c.p:gN x TN --+ RN.

Similarly as in the papers mentioned above we assume that the production process
that takes place within the firm is carried out by the workers in the lowest level of the
hierarchy. The other players are managers who organize the production process. We
consider aCES (constant elasticity of substitution) production process which produces
an output using the four types of labor inputs that can be provided by the players 4, 5,
6, and 7, according to the production function [": R4 --+ R given by

In this production function Xi E R is the amount of labor that is provided by worker
i E W = {4,5,6, 7}. We consider three special cases with respect to p.

(i) In case p = 1 we have a linear production technology with production function

7

P(X4, xs, X6,X7) =ri -~ Xi for all X4,XS, X6, X7 E R.
i=4

(ii) If p approaches 0 then fP approaches a Cobb-Douglas production function given
by

7

fO(X4, Xs, X6, X7) = , .IIXi for all X4, Xs, X6, X7 E R.
i=4

(iii) Finally, we consider an intermediate case with p = ~in which case the production
function is given by

We assume that every worker i E W can choose either to provide all his labor effort in
producing the output (in which case Xi = 1) or to provide nothing at all (in which case
Xi = 0).
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Thus, if the workers in E C Ware active in the production process then the labor inputs
4 {1 if i E Eare given by the vector eE E R given by ef = o else.

The production process with production function I". 0 < p :s 1, then can be described
by the game v" E gN given by

The three cases mentioned above yield the following games.

(i) If p = 1 the corresponding game is given by

v1(E) = t(eE
) = " L ef =, . #E for all E C W.

iEW

In terms of unanimity games this game can be expressed as v1 = , . LiEW U{i}'

In this case the labor inputs are perfect substitutes. Every worker can produce
an output ,. If workers cooperate together then they produce the sum of what
they produce individually.

(ii) If p -+ 0 the corresponding game is given by

vO(E) = " IIef = { ,
iEW 0

if E ::) W
else.

Thus, VO = , . UW. In this case the labor inputs are complementary. Together
the workers can produce-r. But if at least one of them does not cooperate the
others can produce nothing.

(iii) If p = i the corresponding game is given by

By taking, = ~ in case (i)" = 1 in case (ii), and, = if, in case (iii) we have normalized
the games such that in all three cases total output equals l.

The Shapley values of these games are the same and given by
Shi( v1) = Shi( va) = Shi( V1/2) = ~ for all i E W.

Now suppose that these production processes take place within a firm with hierarchical
structure 5 as illustrated in Figure 5.5. Again we consider the three special cases p = 1,

P -+ 0, and p = ~.
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(i) Ifp=l(andl=~)then

Rs(vl) = ~(RS(U{4}) + RS(U{5}) + RS(U{6}) + Rs(u{7})).

{
1 if i E {I, 2, 4}

With Corollary 5.1.9 it follows that CPi( U{4}, S) = 03
else.

The same can be done for the unanimity games of players 5, 6, and 7. Additivity
ofcp then yields that cp(vI,S) = 12(4,2,2,1,1,1,1).

Thus, in case of perfect substitutability of the labor inputs the ratio between the
wage of a manager and the wage of his successors is equal to the span of control
s = 2. (It is easy to see that this result also holds for other values of the span of
control. )

(ii) If p -+ 0 (and I = 1) it follows from Corollary 5.1.9 that

In this case cpi(VO, S) = ~ for all i E N.

Thus, if the labor inputs are complements then the wages are the same in all
levels of the hierarchical structure, i.e., the ratio between the wage of a manager
and the wage of his successors is equal to one.

(iii) Finally, for p = ~ (and I = 16) the dividends D.ul/2 of the unrestricted game V1/2

are given by
if #E = 1
if #E = 2
else.

With Proposition 5.2.3 it then follows that

if i = 1
ifiE{2,3}
if i E {4,5,6, 7}.

Thus, in this intermediate case in which the labor inputs are neither perfect
substitutes nor perfect complements it holds that (i) the ratio between the wages
of a manager and of his successors is larger for the managers in the higher level
of the hierarchy, and (ii) at every level this ratio is strictly between 1 and the
span of control s = 2.



178

In this example we have illustrated how games with a perrrussron structure can give
a reasoning for the assumption that the ratio between the wages of employees in two
consecutive levels of a firm is between 1 and the span of control s. Using CES production
technologies we have shown that this ratio depends on the character of the production
process that is carried out within the firm. The lower bound 1 turned out to be reasonable
in case the labor inputs are complements. The upper bound s is reasonable in case the
labor inputs are perfect su bstitutes.

To conclude this example we remark that the perrrnssion value cp: gN X TN -> RN
restricted to the class of games with a permission tree can be characterized by efficiency,
additivity, the weakly inessential player property, the necessary player property, and
weak structural monotonicity. (This follows immediately from the proof of Theorem
5.4.10.) If we take these properties as reasonable for a payment scheme in a firm then
this payment scheme should be determined by the permission value <.p.

Example 5.5.2 In this second example, which is based on an example in Gilles and
Owen (1994), we apply games with a permission structure in comparing the production
of an output through the market with production within a firm. Using transaction cost
theory (see, e.g., Coase (1937)) we present a model which shows under what circum-
stances production of an output within a firm is prefered to production through the
market. Let player 1 be the owner of a production technology such that on his own he
can produce an output "y > O. Further, let there be a collection W of workers such that
each worker can produce an output 1 if he is allowed to use the production technology.
We assume that W "I 0. The game that represents this production process is given by

v = "Y' u{l) + L:= U{i,l}'
iEW

(5.6)

We compare two ways in which this production process can be organized. First, the
owner of the production technology can attract workers through the market. In that
case, for every worker that is attracted a transaction cost c > 0 must be paid. We
assume that these transaction costs are paid by the workers. The game that describes
this situation is given by

vm = V - c L:= U{i}'
iEW

The Shapley value of this game is given by

if i = 1
if i E W.
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m

Figure 5.6: Permission tree S of Example 5.6.2

Instead of attracting workers through the market the owner also can set up a firm.
The hierarchical structure of this firm is represented by the permission structure S on
N = {m,l} U W given by

if i = m

if i E W
if i = 1.

This permission structure is illustrated in Figure 5.6.
The idea behind this is the following. The owner can set up a firm in which he himself
also acts as manager m of the workers in W. These workers operate the production
technology which is represented by player 1. In case production takes place within the
firm the workers do not have to pay the transaction cost c, and thus production is
represented by the game v given by (5.6). Note that in case production takes place
within a firm the owner cannot produce 'I on his own but he needs workers to operate
the production technology. If we use the disjunctive permission value l/J in determining
the payment scheme in the firm then

{

#W(#W+3) #W
.1•. ( S) = 'I' 2(#W+I)(#W+2) + -3-
'1'. v, 2')' 1

#W(#W+I){#W+2) + :3

if i E {m, l}

if i E W.

Since the owner acts as manager in the firm, his payoff equals l/Jm( v, S) + l/JI (v, S). Com-
paring the payoffs of the owner and the workers in case production takes place through
the market with production within the firm we can draw the following conclusions:

(i) The owner strictly prefers to set up a firm to organizing production through the
market if l/Jm(v, S) + l/JI(V, S) > Shl(v), which is equivalent to

< #W(#W+l)(#W+2)
'I 12 .

(ii) The workers strictly prefer to be employee in the firm to being independent
participants on the market if l/Ji(V, S) > Shi(v) for all i E W, which is equivalent
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t 2"1 1
o C > #W(#W+l)(#W+2) - 6'

From this we can conclude that for low enough I the owner prefers production within
the firm to production through the market. Given I the workers prefer to be employee
in the firm to being independent participants on the market for high enough transaction
costs c. There are combinations of I and c such that both the owner and the workers
prefer the firm to the market. Take, for example, I = #W(#Wi~)(#W+2). Then the owner
strictly prefers the firm to the market. Given this value of I the workers strictly prefer
the firm to the market for any transaction cost c > O.

In this example we used the disjunctive permission value in determining the payment
scheme in a firm. From the axiomatization of the disjunctive permission value as pre-
sented in Theorem 5.4.10 we can derive four properties that uniquely determine this
payment scheme for situations as described above.

Let N = {m, I} U W, and let FN denote the collection of permission structures in
SN in which player m is the predecessor of all players in W, each player in W either has
no successors or has player 1 as his only successor, and player 1 has no successor, i.e.,
TN := {S E SN I S(m) = W, S(i) C {l} for all i E W, and S(I) = 0}. If S(i) = {I} for
all i E W we have the permission structure S as considered in this example. If S(i) = 0
then player i is not an employee of the firm. The four properties on an allocation rule
J: (iN X FN .......RN that characterize the disjunctive permission value are:

(i) (Efficiency) For every v E (iN and S E FN it holds that LEN Ji(V,S) = v(N).

(ii) (No production property) For every v E (iN and S E FN with S(W) = 0 it holds
that Ji(V, S) = 0 for all i E N.

(iii) (Unemployment property) For every v E gN and S E FN it holds that

j;(v, S) = 0 for all i E W with S(i) = 0.

(iv) (Fairness) For every v E (iN, S E FN, and i E W with S(i) = {l} it holds that

The proof of this result is similar to the proof of Theorem 5.4.10 and is omitted. The no
production property states that in case there are no employees in the firm then nothing
can be produced. This implies that, although the owner can produce I on his own, he
needs employees to operate the production technology whenever he has decided to set
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up a firm. The unemployment property states that unemployed workers earn nothing.
Fairness as discussed in Section 5.4 states that deleting a dominance relation between two
players hand j E S(h) changes the disjunctive permission values of h, j and all players
that 'completely' dominate h by the same amount. Fairness in the situation considered
in this example means that if a worker leaves the firm then his payoff is decreased by the
same amount as the payoffs of the production technology (player 1) and the payoff of
the manager m (who completely dominates all workers) are decreased. Since the owner
of the production technology gets the payoff of player 1 plus the payoff of player m this
means that by leaving the firm the payoff of a worker decreases by half of the decrease
in the payoff of the owner.

Game v represents a production process in which the labor inputs of the workers are
perfect substitutes. If we consider a production process in which the labor inputs are
complements then game v should be replaced by the game w given by

w = ,u{1} + #W . u({1}UW)'

Again the owner of the production technology can produce output, by himself. The
workers again can produce #W units together but as soon as one of them does not
cooperate the others can produce nothing. If the owner attracts the workers through the
market and the workers pay the transaction costs then the corresponding game is given

by
Wm=W-C'LU{i)'

iEW

The Shapley value of this game is given by

if i = 1
if i E W.

If the owner sets up a firm with hierarchical structure S as considered above the disjunc-
tive permission value of W on S is given by

{

#W(#W+3) ~
o".(w S) _ " 2(#W+I)(#W+2) + #W+2
'1'1 , - 2,,( ~

#W(#W+I)(#W+2) + #W+2

ifiE{m,1}
if i E W.

From this we can derive the following

(i) The owner strictly prefers the firm to the market if 1/Jm (w, S) +1/JI (w, S) > Sh, (w),
which is equivalent to , < (#~f.
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(ii) The workers strictly prefer the firm to the market if 'l/Ji( w, 5) > Shi( w) for all
. W h· h . . Itt 21 #W
l E ,w IC IS equiva en 0 c> #W(#W+1)(#W+2) - (#W+1)(#W+2).

Again it can be shown that there are values for c and I for which both the owner and
the workers prefer the firm to the market. Since #W(#W~~)(#W+2) ~ (#~)' it holds
that whenever the owner prefers the firm in case of complementary labor inputs he also

prefers the firm in case of perfect substitutable labor inputs. Since (#w+r)~W+2) ~ ~

the reverse holds for the workers.

A similar analysis as done above with the disjunctive permission value can be done using
the conjunctive permission value cp in determining the payment scheme in the firm. The
conjunctive permission value cp: gN X FN --+ RN can be axiomatized as a payment
scheme for the situation described above by replacing fairness in the axiomatization of
the disjunctive permission value by:

(v) (Equal wage property) For every v E c", S E FN, and i E W with S(i) = {l}
it holds that

Since the owner gets the payoff of player 1 and player m this property states that the
owner always earns twice as much as the workers in the firm.

Using games with a permission structure we presented a model which explains when it
is prefered that a production process is organized within a firm to production through
the market. Whether the firm is prefered to the market depends on the transaction
costs, the output that an owner can produce on his own, the character of the production
process, and the payment scheme that is used in the firm.

Similarly as this example a situation in which firms have to decide whether to
integrate or not can be studied.



Chapter 6

An Application of the Theory of
Social Situations to Games with a
Permission Structure

In the previous chapter we discussed games with a permission structure. These games are
models in which players that participate in a TU-game are part of a hierarchical structure
such that there are players who need permission from certain other players before they
are allowed to cooperate. Given a game with a permission structure we derived modified
games in which we took account of the limited possibilities of cooperation as determined
by the permission structure. In the conjunctive restriction, for example, it is assumed
that a player can only actively cooperate in coalitions in which also all his predecessors
are active. Thus, it is assumed that every player fully exercises his veto power in the
sense that he allows his successors to be active only in coalitions that contain himself.

Agents that participate in a hierarchical organization mostly do not fully exercise
their power in the organization. In a firm in which the relations between employees
of different hierarchical levels have the interpretation of being permission relations, for
example, the employees do not have to ask permission for every action they take.

In this chapter, which is based on van den Brink and Gilles (1994c), we present a
model in which players that participate in a game with a permission structure need not
fully exercise their veto power over their successors. We concentrate on the conjunctive
approach as discussed in Section 5.1. What game is played depends on how the players
exercise their veto power. If all players veto all their successors then the conjunctive
restriction will be played. If not all players fully exercise their veto power then another
game can be played. The question then is what game will be played if not all players fully
exercise their veto power. The main result of this chapter states that also in case the
players do not exercise their veto power the conjunctive restriction is played. Applying

183
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this result to a firm which relations represent permission relations it states that also in
case the employees do not have to ask permission for all their actions they behave as if
they have to ask permission for all their actions.

The model that is presented in this chapter is an application of the theory of social
situations as developed by Greenberg (1990). Therefore, Section 6.1 briefly reviews part
of this theory of social situations.

A property of solution concepts for TU-games that plays an important role in the
main result of this chapter is dual monotonicity. This property is discussed in Section
6.2.

In Section 6.3 we present the main result of this chapter. Given a game with a
permission structure we define a social situation in which players can announce which
ones of their successors they intend to veto. We assume that players can announce only
once the successors they actually intend to veto, and this decision cannot be changed. We
show that the players behave as if players who have not yet announced which successors
they intend to veto, veto all their successors. In particular, if no player has announced
the successors he intends to veto then the conjunctive restriction will be played, i.e., the
players behave as if all players fully exercise their veto power.

6.1 Social situations

In this section we briefly discuss part of the theory of social situations as developed
by Greenberg (1990)1. Let N be a finite set of players. First of all we denote by I'
a set of states that possibly can occur", A social situation induced by I' is a tuple
(I', (XG, uG, fG)GEr), where for every state G E I':

• XG is the set of feasible outcomes;

• uf: XG -> R is the utility function of player i in state G;

• fG: 2N X XG -> 2r is an inducement correspondence in G which assigns to every
coalition E c N and x E XG a subset of the set of states in f.

The set of feasible outcomes in state G can be of various kinds. It can, for example, be
a set of possible payoff distributions, i.e., XG C RN In the model that is presented in
Section 6.3 the set of feasible outcomes in a state G will be a set of TU-games that can
be played, i.e., XG C (IN.

1The model presented here is slightly different from that of Greenberg.
2These states correspond to what Greenberg refers to as positions.
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Player i E N evaluates the different outcomes that are feasible in state G by his
utility function uf in state G. Note that a player has a possibly different utility function
for every state that can occur.

The inducement correspondence -yG describes how the players can reach other
states from state G. For state G E I' the set -yG(E, x) C I' is the set of states that
coalition E C N can induce from state G given that outcome x E XG is proposed.

A standard of behaviour for the social situation (T', (XG, uG, -yG)GEr) is a function
a: I' --+ 2xG that assigns to every state G E I' a subset of XG which contains outcomes
that are reasonable in some sense. Various standards of behaviour can be defined. We
concentrate on a particular standard of behaviour as discussed in Greenberg (1990). Let
a be a standard of behaviour for the social situation (f,(XG,uG,-yG)GEr), and let G E f.
The optimistic dominion of G relative to a, denoted by OD(a, G), is the collection of
those outcomes x E XG for which there is a coalition E, a state H that E can induce
from G given the proposed outcome x, and an outcome y E a(H), such that every player
in E prefers outcome y in state H to outcome x in state G, i.e.,

thereisanECN, HE-yG(E,X)'}
and y E a( H) such that .

uf(y) > uf(x) for all i E E
(6.1)

The outcomes in 0D( a, G) are said to be dominated optimistically in (a, G). A standard
of behaviour a is optimistically stable for a social situation if to every state G it assigns
those outcomes that are not dominated optimistically in (a, G).

Definition 6.1.1 The standard of behaviour a is an optimistically stable standard
of behaviour for the situation (T, (XG, uG, -yG)GEr) if a(G) = XG \ OD(a, G) for every

G E f.

Thus, for an optimistically stable standard of behaviour, or shortly OSSB, a for the
social situation (I', (XG, uG, -yG)GEr) it holds that for all G E I' and x E XG:

(i) if x E a(G) then x ¢ OD(a, G), i.e., if x is reasonable in state G according to a
then x is not dominated optimistically in (a, G) (internal stability);

(ii) if x E XG \ a(G) then x E OD(a, G), i.e., if x is not reasonable in G according
to a then x is dominated optimistically in (a,G) (external stability).

Definition 6.1.2 The social situation (I', (XG, uG, ,G)GEr) is
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(i) acyclic if there exists a finite partition (T 1, ... , rK) of r such that for every
G E rk, 1 :-:;k :-:;K, it holds that

«(U~k+l rt) U {G},(XH,uH,/,H)HE(U::ktJI)U{G}) is a social situatioti",

(ii) irreflexive if for every G E I', E C N, and x E XG it holds that G rf. ,G(E, x).

A social situation induced by the set of states r is acyclic if it can be partitioned into
labeled subsets such that for every state G in one of these subsets it holds that G together
with all states that are elements of a lower labeled subset induce a social situation. This
implies that if there is a coalition that can induce a state H from state G then H is the
same as G, or H is an element of a lower labeled subset in the partition than G. A social
situation is irreflexive if there is no coalition that can induce a state G from itself".

Theorem 6.1.3 (Greenberg (1990), Corollary 5.3.3) Let
W = (T', (XG, uG, ,G)GEr) be an acyclic, irrefiexive social situation. Then W has a
unique OSSEo

For a proof of this Theorem we refer to Greenberg (1990). It is clear that the unique
OSSB, say 0'*, for an acyclic, irreflexi ve social situation is such that 0'* (G) = XG for all
G E r for which ,G(E, x) = 0 for all E c N and x E XG The OSSB 0'* then can be
determined recursively using equation 6.1.

6.2 Dual monotonicity

As mentioned in the previous section, in the situation (r,(XG,uG,/,G)GEr) player i
evaluates the outcomes in state G E r by the utility function uf: XG -t R. In the next
section we define social situations in which the outcomes in the different states are TU-
games that can be played. The utility functions then can be seen as solution concepts
for TU-games. In this section we discuss a property of solution concepts that is crucial
for the main result of the next section.

Consider two games v, w E gN which assign the same values to all coalitions
except to coalition FeN. Suppose that the value v( F) does not exceed the value
w(F). A solution concept f: gN -t RN satisfies dual monotonicity if for each player i
that does not belong to F it holds that the payoff assigned to i in v is at least as much

3Taking the union over the empty set yields the empty set.
4Social situations that are acyclic and irreflexive are refered to as strictly hierarchical social situations

by Greenberg.
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as the payoff assigned to i in w. Thus, a player does not get worse off if coalitions to
which he does not belong do not perform better.

Definition 6.2.1 A solution concept f: gN -+ RN satisfies dual monotonicity if for
every v, w E gN such that there is an FeN for which

(i) v(F):::::; w(F), and

(ii) v(E) = w(E) for all E E 2N \ {F},

it holds that fi(V) ~ fi(W) for all i E N \ F.

We compare dual monotonicity with some familiar monotonicity concepts. First, we
compare it with strong monotonicity as discussed in Young (1985). A solution concept
f: gN -+ RN satisfies strong monotonicity if for every v, w E (iN and i E N it holds that
fi(V) ~ fi(W) whenever v(E U {i}) - v(E) ~ w(E U {i}) - w(E) for all E C N \ {i}.

Proposition 6.2.2 If f: (iN -+ RN satisfies strong monotonicity then it satisfies dual
monotonicity.

PROOF

Suppose that f: (iN -+ RN satisfies strong monotonicity and let v, w E (iN satisfy the
condition stated in Definition 6.2.1.
For every i E N \ F it then holds that v(F U {i}) - v(F) ~ w(F U {i}) - w(F) and
v(E U {i}) - v(E) = w(E U {i}) - w(E) for all E E 2N \ {F}.
From strong monotonicity of f it then follows that fi(V) ~ fi(W).
Thus, f satisfies dual monotonicity.

o

Dual monotonicity does not imply strong monotonicity as the following example shows.

Example 6.2.3 Let f: gN -+ RN be given by

fi(V) = v~':J for all i E N and v E gN.

This solution concept satisfies dual monotonicity but does not satisfy strong monotonic-

ity.
Consider the games v,w E (iN with N = {1,2,3} given by v(E) = #E for all E C N,
and w = u{l} being the unanimity game of player l.

Then v(E U {l}) - v(E) = w(E U {I}) - w(E) for all E C N \ {1}.
But /J(v) = 1 > ~ = fl(W).
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A solution concept f: gN --+ RN satisfies coalitional monotonicity if for every v, W E gN
such that there is an FeN for which

(i) v(F) ~ w(F), and

(ii) v(E) = w(E) for all E E 2N \ {F},

it holds that f;(v) ~ f;(w) for all i E F. Coalitional monotonicity has been considered
in Shubik (1962) and can in some sense be seen as a dual property of dual monotonicity.
The following example shows that these two properties do not imply one another.

Example 6.2.4 Let gi(V) = max{maxE3i v(E),O} for all i E N and v E gN, and let
G(v) = I:iEN gi(V).
Let f:gN --+ RN distribute the value v(N) proportional to the values gi(V) over the
players if G( v) > 0, and according to the rule that is considered in Example 6.2.3 if

G(v) = ° (note that G(v) ~ 0), i.e.,

{~
J;(v) = ~

#N

if G(v) > °
else.

This function satisfies dual monotonicity but does not satisfy coalitional monotonicity.
Consider the games v, wE gN with N = {I, 2, 3} given by

v(E) = { ~
if E E {{I}, {I, 2}}
else

and

w(E) = {01 if E = {I}
else.

Then v({1,2}) > w({1,2}) and v(E) = w(E) for all E E 2N \ {{l,2}}.
But fl(V) = ~ < 1 = fl(W).

Similarly, by taking gi(V) = max{minE3i v(E),O} it can be shown that coalitional
monotonicity does not imply dual monotonicity.

It turns out that dual and coalitional monotonicity are equivalent under the assumption
that the solution concept satisfies the zero player property and is additive (these two
properties were already mentioned in Section 1.5).

Proposition 6.2.5 Let f: gN --+ RN be additive and satisfy the zero player property.
Then f satisfies dual mono tonicity if and only if it satisfies coalitional monotonicity.
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PROOF

Let f: gN -+ RN be additive and satisfy the zero player property.
According to Theorerrr'S in Weber (1988) it then holds that for every i E N there exists
a collection of constants pk, E c N \ {i}, such that (i) LECN\{i} pk = 1, and (ii)
fit v) = LECN\{i} pk(v(E U {i}) - v(E)) for every v E gN.
We now show that f satisfies dual monotonicity if and only if pk ~ 0 for all i E Nand

ECN\{i}.

Only if
Suppose that f satisfies dual monotonicity. Let i E N, FeN \ {ilo and let v E gN be
such that v( F) < vol F) and v( E) = vole) for all E E 2N \ {Flo where va denotes the
null game, i.e., vole) = 0 for all E C N.
From Weber's result it follows that fi(V) = p~(v(FU {i}) - v(F)).
According to dual monotonicity and the zero player property it holds that

J;(v) ~ fi(VO) = O.
Since v(F U {i}) - v(F) ~ 0 it must hold that p~ ~ o.

If
Suppose that pk ~ 0 for all i E Nand E C N \ {i}.
Let v, w E gN satisfy the condition stated in Definition 6.2.1 for coalition FeN, and

let i E N \ F.
Further, let u E gN be given by ute) = w(E) - v(E) for all E C N.
Since p~ ~ 0, u(F U {i}) = 0, and u(F) ~ 0 it holds that
fi(U) = pF(u(F U {i}) - u(F)) ::; O.
Since f is additive and w = v + u it holds that J;(w) = J;(v) + J;(u) ::; f;(v).
Thus, f satisfies dual monotonicity.

In a similar way it can be shown that f satisfies coalitional monotonicity if and only if
PE ~ 0 for all i E Nand E C N \ {i}. Combining these two equivalences yields that f
satisfies dual monotonicity if and only if it satisfies coalitional monotonicity.

o
In Section 6.3 we use a stronger version of dual monotonicity. A solution concept f: gN -+

R N satisfies strong dual monotonicity if it satisfies the condition stated in Definition
6.2.1 with the inequalities replaced by strict inequalities. Similarly we can replace the
inequalities in the definitions of strong and coalitional monotonicity by strict inequalities.
Propositions 6.2.2 and 6.2.5 also hold if we replace the monotonicity concepts by these
strict monotonicity concepts.
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We restate strong dual monotonicity in a form as it will be used in Section 6.3.

Lemma 6.2.6 A solution concept f: gN -+ RN satisfies strong dual mono tonicity if and

only if for every v, w E gN and i E N such that there is an FeN \ {i} for which

(i) v(F) < w(F),

(ii) v(E)::; weE) for all E C N \ {i}, and

(iii) veE) = weE) for all E :3 i,

it holds that /;(v) > fi(w).

PROOF

The "only if" part is straightforward. The "if" part follows from repeated application
of the definition of strong dual monotonicity.

o
It is easy to see that, for example, all solution concepts f: gN -+ RN for which there
are constants »» > 0, 0 ::; k ::; #N, such that for every v E gN it holds that
fi(v) = LECN P#E(v(EU{i} )-v(E)), satisfy strong dual monotonicity as well as strong
coalitional monotonicity. Familiar examples of such solution concepts are the Shapley
value, for which Pk = (k-1)~~~-k)!, and the Banzhaf value, for which Pk = 2#1-1' for all
1::; i < #N.

As mentioned before, in the next sections we use solution concepts for TU-games as
utility functions by which the players evaluate the different games that can be played.
For discussions about representing preferences of players over TU-games by solution
concepts we refer to, e.g., Roth (1977, 1988).

6.3 The conjunctive situation

In this section we define a social situation in which players that participate in a game with
a permission structure need not fully exercise their veto power over their subordinates.
We concentrate on the conjunctive approach as discussed in Section 5.1. In this approach
it is assumed that a player needs permission from all his predecessors before he is allowed
to cooperate. In other words, every player is assumed to veto all his successors that want
to enter a coalition that does not contain himself. Using the theory of social situations
we present a model which explains why players might behave in this way.
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We only consider monotone games, i.e., games v for which E c F implies that
v(E) ::; v(F). Again the collection of all monotone TV-games is denoted by gZ-. Before
defining a social situation based on the conjunctive approach we introduce the following.
Given a permission structure 5 E SN we denote by Zs the set of all permission structures
which dominance relations are all part of 5, i.e.,

z; := {Z E SN I Z(i) C 5(i) for all i EN}.

Next we denote by Zs(E), E C N, the set of all permission structures in Zs such that
every player in E dominates at least one of his successors in 5, i.e.,

Zs(E) := {Z E z, I Z(i) =f. 0 for all i E E}.

Thus, Zs(0) = Zs. Finally, we denote by No the set of players that have no successors in
5, and by N the set of players that do have successors in 5, i.e., No = {i E N I 5(i) = 0}
and N = N \ No.

We only consider games with a permission structure in which there are no weakly
inessential players". Given a game with a permission structure (N, v, 5) we define the
set of states r by

r = {(E,Z) lEe N, Z E Zs(E)}.

Thus, there corresponds a state to every coalition E c N of dominating players and every
permission structure Z in which the players in E dominate at least one of their succes-
sors in 5. The conjunctive situation corresponding to (N, v, 5) is the social situation
C(N, v, 5) = (r, (X(E,Z) ,f(E,Z), ,(E,Z))(E,Z)Er) where for every state (E, Z) E r.

• X(E,Z) = {Rz'(v) E gN I Z' E Zs, Z'(i) = Z(i) for all i E E};

• j(E,Z): X(E,Z) ---> RN is some solution concept for TV-games;

• for every w E X(E,Z) the inducement correspondence ,(E,Z) is given by

f {(E FZ')i Z'EZs(EUF), }
1(E,Z'(F, w) ~ 1 U, Z'(i) ; Z(i), i E N \ P

if #F = 1,
FCN\E

else.

In state (E, Z) the players in E have announced that they intend to veto their successors
in Z. The set of outcomes X(E,Z) consists of the set of TV-games that potentially can

5 A similar result as stated in this section can also be stated in case there are weakly inessential

players. However, we do not consider these cases for notational convenience.
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be played in that state. These are all games in which every player i E E vetoes his
successors in Z(i) C SCi). Note that in state (E, Z) a player i E E need not veto all his
successors in SCi) while it is not known what the players in N \ E do.

Since the set of outcomes in state (E, Z) consists of TU-games, the functions
j(E,Z): X(E,Z) -+ RN by which the players evaluate the different games can be seen as

solution concepts for TU-games.
The inducement correspondence i(E,Z), (E, Z) E I', expresses the fact that only

individual players can announce which ones of their successors they intend to veto.
Further, a player can announce only once which ones of his successors he intends to veto,
and this decision cannot be changed.

Before stating the main result of this section we give the following lemma.

Lemma 6.3.1 Let v E gz, S E SN, and let E C N be such that E :j h, h E N.
Further, let Z E Zs(N \ E) be such that Z(h) =I- S(h), and let Z' E SN be given by

1
S(h)

Z'(i) =

Z(i)

if i = h

else.

Then it holds that

(i) Rz,(v)(F) = Rz(v)(F) for all F 3 h , and

(ii) Rz'(v)(F);:::: Rz(v)(F) for all F :j h.

PROOF

Suppose that F 3 h. Then for every i E F it holds that PZ'( i) c F if and only if
Pz(i) C F.
From this it follows that O'z,(F) = O'Z(F), where O"z(F) denotes the conjunctive sovereign
part of coalition F according to Z, i.e., O'z(F) = {i E F I pz(i) C F}.
Thus, Rz,(v)(F) = Rz(v)(F).
Suppose that F :j h. Then Pzo(i) :J Pz(i) for all i E F, and thus O'z,(F) C O'Z(F). From
monotonicity of v and statement (i) of Theorem 5.1.10 it follows that Rz'(v) ;::::Rz(v).

D

This lemma states that whenever player h does not veto all his successors, then by vetoing
more successors a game is played which is such that (i) all coalitions that contain player
h earn the same as before, and (ii) coalitions that do not contain h do not earn more
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than before. This implies that if a different game is played then at least one coalition
that does not contain player h earns strictly less than before.

With respect to the OSSB of the conjunctive situation we have the following
result.

Theorem 6.3.2 Let v E g~ and S E SN be such there are no weakly inessential players
in (N,v,S). Further, let C(N,v,S) = (r,(XE,Z),f(E,Z),-y(E,Z))(E,Z)Ef) be the conjunc-
tive situation corresponding to (N, v, S). Then

(i) C(N, v, S) has a unique OSSB, say a";

(ii) If there is a function f: gN -t RN that satisfies dual monotonicity and is such
that f(E,Z(v) = f(v) for all (E, Z) E r and v E X(E,Z), then a" satisfies

a*(E, Z) = {'R.Z,(V) E gN I Z'(i) = Z(i) for all i ~E, }.
Z(i) = S(i) for all i E N \ E

In particular, a*(0, Z) = {'R.s(v)} for every Z E Zs.

PROOF

Let v E g~ and S E SN be such that there are no weakly inessential players in (N, v, S).
Further, let C(N,v,S) = (f,(X(E,Z),f(E,Z),-y(E,Z))(E,Z)Er) be the conjunctive situation

corresponding to (N, v, S).

(i) We first prove that C(N, v, S) is acyclic and irreflexive.

Let fk = {(E,Z) E f I #E = k} for all 0:::; k:::; #N + 1. (Thus, for example,
f#N+l = 0, r, = {(0,Z) E r I Z E Zs}, f#N = {(N,Z) E r I Z E Zs(N)}.)

Suppose that G = (E, Z) E ft, 0 :::;t :::;#N. For every FeN and w E XG it
then holds that -yG(F,w) C rt+1.

Thus, for every G = (E, Z) E r., 0:::; t :::;#N, it holds that

((Uf!;!: fk) U {G)}, (XH, .», -yH) U#N+1 ) is a social situation.
HE( k=.+l fk)U{G}

Thus, the conjunctive situation is acyclic.

Since, moreover, there is no FeN and w E XG such that G E -yG(F, w) it
holds that the conjunctive situation is irreflexive.

By Theorem 6.1.3 it then follows that C(N, v, S) has a unique OSSB.
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(ii) There is a function f: gN ---t RN that satisfies dual monotonicity and is such
that f(E,Z(v) = f(v) for all (E,Z) E T and v E X(E,Z).

We prove the second part of the assertion by induction.

(a) Let (E, Z) E r#71>i.e., E = Nand Z E Zs(N).
Using (6.1) we determine that

(J*(N, Z) = X(fl,Z) = {Rz'(v) E gN I Z'(i) = Z(i) for all i E N} =

{

Z'(i) = Z(i), for all i E N, }
= Rz'(v) E gN I .

Z( i) = S( i) for all i E N \ N

(b) Suppose that for all (F, Z) E ft, 2::; k ::; t ::;#N, it holds that

*( ) { () r.NI Z'(i) = Z(i) for alii EF, }(J F, Z = Rz' v E ':I .
Z(i) = S(i) for all i E N \ F

Let (E, Z) E fk-1, n « N \ E, and let Z E Zs(E) be such that

Z(h) i S(h). Further, let Z' E Zs(E U {h}) be given by

Z'(i) = { S(h)
Z(i)

if i = h
else.

If Rzo(v) i Rz(v) then it follows with Lemma 6.3.1 and strong dual
monotonicity of f that fh(Rz'(v)) > fh(Rz(v)).

Since Rzo(v) E X(E,Zln-y(E,Z)( {h}, Rz(v)) it holds that Rz(v) rt (J*(E, Z)

if Rz'(v) i Rz(v).

Thus,

(J*(E, Z) C {Rz,(V) E gN I Z'(i) = Z(i) for all i E E, }
Z(i) = S(i) for all i E N \ E

From Lemma 6.3.1 it also follows that the inclusion holds in the other
direction.
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(c) In particular, it holds that

(7*(0, Z) (7*(N \ N, Z)
{Rz(v) E gN I Z(i) = S(i) for all i E N} = {Rs(v)}.

o

This theorem states that every conjunctive situation has a unique OSSB. Moreover, if
the solution concept by which the players evaluate the games that can be played satisfies
strong dual monotonicity then each game that will be played according to the unique
OSSB is such that the players act as if the players that have not yet announced who they
intend to veto, will veto all their successors. In particular, in case no player has made
an announcement yet the game that is played according to the OSSB is the conjunctive
restriction in which all dominance relations are activated.

In the previous section we showed that the Shapley value and Banzhaf value
satisfy strong dual monotonicity. Thus, Theorem 6.3.2 holds if we take either of these
solution concepts as utility functions.
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Samenvatting

Een economische agent is een persoon of groep personen die, gegeven een verzarnel-
ing alternatieve acties waaruit hij kan kiezen, beslissingen neemt met betrekking tot
welke acties te ondernemen. Economische agenten handelen meestal niet als individuele
individuen, maar participeren binnen verschillende organisaties zoals bedrijven, vakbon-
den, werkgevers organisaties, cooperaties, markten, politieke partijen, enzovoorts. Zo'n
organisatie bestaat uit een verzameling van participerende agenten, een verzameling re-
laties tussen deze agenten, en een aantal normen en regels volgens welke men in de
organisatie beslissingen neemt. Dit betekent dat, door in een economische organisatie te
participeren, een individuele agent vrijwillig enige beslissingsmacbt over zijn eigen acties
overdraagt aan andere agenten in de organisatie. Daartegenover geeft de organisatie
hem de mogetijkheid om met andere participanten samen te werken en hun acties te
beinvloeden.

De invloed welke een agent heeft over de acties van andere agenten in een orga-
nisatie hangt af van de relaties tussen de agenten in de organisatie. Derhalve noemen
we deze invloed de relationele macht van een agent in een organisatie. Een relatie
tussen twee agenten is een dominantie relatie als bet ren van de twee agenten een directe
invloed geeft over de acties welke de ander ter beschikking staan. Organisaties wiens
relaties dominantie relaties zijn noemen we hierarchische organisaties. Het doel van dit
proefschrift is om enkele concepten te introduceren en te bespreken waarmee relationele
macht in zulke hierarchische organisaties geanalyseerd kan worden.

Hoofdstuk 1 is een inleidend hoofdstuk waarrn enkele voorbeelden van hierarchische
organisaties besproken worden, zoals een bedrijf waarin managers direct invloed hebben
op de acties van hun ondergeschikte managers en arbeiders. Een ander voorbeeld is een
hierarchisch gestructureerde markt waarop binaire ruilprocessen tussen paren agent en
plaatsvinden tegen prijzen welke door een van de twee agenten bepaald worden. Verder
geeft hoofdstuk 1 een overzicht van de inhoud van de volgende boofdstukken, en een korte
bespreking van de in dit proefschrift gebruikte graaf- en speltheoretische concepten.

De volgende hoofdstukken kunnen grofweg in twee delen opgesplitst worden. In de
hoofdstukken 2 tim 4 staat bet meten van relationele macht in hierarchische organisaties
en hierarchische structuren centraal. Een hierarcliische siructuur bestaat uit een verza-
meting posities (welke met een verzameling economiscbe agenten kan corresponderen)
en een verzameling van dominantie relaties tussen deze posities. In tegenstelling tot
een hierarchische organisatie vindt in een hierarchische structuur geen beslissingsproces
plaats. De structuur van een hierarchische organisatie beschrijft dus slechts de relaties
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welke tussen de agenten in de organisatie bestaan, maar zegt niets over het beslissingspro-
ces dat binnen de organisatie plaatsvindt. Een derde voorbeeld van een hierarchische
structuur is een sport competitie waarin enkele teams paarsgewijs wedstrijden tegen
elkaar spelen. De posities in zo'n hierarchische structuur corresponderen met de teams
die aan de competitie meedoen, terwijl de dominantie relaties bepaald worden door de
uitslagen van de gespeelde wedstrijden (team i domineert team j als de wedstrijd tussen
i en j door i gewonnen is). Een ander voorbeeld van een hierarchische structuur is een
prejerentie relatie op een verzameling alternatieven waaruit een economische agent kan
kiezen. De posities in zo'n hierarchische structuur corresponderen met de alternatieven,
terwijl de dominantie relaties bepaald worden door paarsgewijze vergelijking van de alter-
natieven (alternatief i domineert alternatief j als een agent bij paarsgewijze vergelijking
alternatief i prefereert boven alternatief j).

In hoofdstuk 2 bespreken we relaiionele machtsmaten. Dit zijn functies welke aan
iedere positie in een hierarchische structuur een getal toewijst. Deze getallen kunnen
gezien worden als maten voor de relationele macht van de posities. Een voorbeeld van
zo'n relationele machtsmaat is de score maat volgens welke de machtswaarde van een
positie uitsluitend afhangt van het aantal posities dat door deze positie direct gedorni-
neerd wordt. Behalve deze score maat bespreken we ook de BG-maat volgens welke de
macht over een positie gelijkelijk verdeeld wordt over aIle posities die deze positie direct
domineren. Derhalve houdt deze BG-maat bij de bepaling van de machtswaarde van een
positie niet aIleen rekening met het aantal posities dat door deze positie gedomineerd
wordt, maar ook met de 'sterkte' van de door hem gedomineerde posities. Voor beide re-
lationele machtrnaten geven we een axiomatische karakterisering. Deze karakteriseringen
zijn behulpzaam bij het bepalen welke machtsmaat het meest geschikt is in een bepaalde
situatie.

Na de analyse van deze relationele machtsrnaten bespreken we machtsmaten welke
aan iedere verzameling van posities in een hierarchische structuur een getal toewijst.
Deze get allen kunnen gezien worden als maten voor de relationele macht van verza-
meling.en van posities in een hierarchische structuur.

Bovengenoemde relationele machtsrnaten meten de relationele macht in hierar-
chische structuren waarin aile dominantie relaties even belangrijk zijn. We besluiten
hoofdstuk 2 met een bespreking van relationele machtsmaten voor gewogen hierarchi-
sche structuren waarin de ene dominantie relatie belangrijker kan zijn dan de andere.

Na de bespreking van relationele machtsmaten behandelen we twee toepassingen van
deze machtsmaten. In hoofdstuk 3 gebruiken we relationele machtsmaten in het ordenen
van posities in hierarchische structuren. In veel hierarchische structuren is het gebruike-



205

lijk om een rangorde op te stellen welke aangeeft welke posities het 'beste' of 'meest
belangrijk' zijn. Voorbeelden hiervan zijn de zojuist genoemde sport competities en
preferentie relaties. Wij concentreren ons hoofdzakelijk op de ordening welke gebaseerd
is op de score maat. Volgens deze ordening is een positie hoger gerangschikt naarrnate
deze meer andere posities direct domineert. We geven axiomatische karakteriseringen van
deze ordening voor zowel ongewogen als gewogen hierarchische structuren. We plaatsen
ook enkele opmerkingen over de ordening welke gebaseerd is op de BG-maat.

In hoofdstuk 4 gebruiken we relationele machtsmaten voor het meten van rela-
tionele macht van agenten in hierarchische organisaties, zoals een hierarchisch gestruc-
tureerde markt. Op zo'n markt kan een bepaalde agent op enkele van zijn relaties prijs-
zetter zijn (de relaties met zijn volgers), terwijl hij tegelijkertijd prijsnemer is op enkele
andere realties (de relaties met zijn voorgangers). In het in hoofdstuk 4 besproken model
handelt iedere agent met slechts een van zijn dominerende voorgangers. Derhalve worden
niet alle relaties in de organisatie daadwerkelijk gebruikt. We gebruiken de BG-maat in
het meten van de relationele macht van agenten in zo'n hierarchische organisatie in het
geval we niets weten over de keuzes van de agenten met betrekking tot welke voorgangers
zij benaderen. Hierna bespreken we de apex maat welke een alternatieve machtsmaat
voor deze toe passing is.

Na deze hoofdstukken over het meten van relationele macht bespreken we in de hoofd-
stukken 5 en 6 speltheoretische modellen waarin de uitoefening van relationele macht
centraal staat. Een cooperatie] spel met ouerdraaqbaar nut beschrijft een situatie waarin
een verzameling agenten (voorgesteld door de spelers in het spel) bepaalde opbreng-
sten kunnen verdienen door middel van samenwerking. In hoofdstuk 5 introduceren
we een model waarin wordt aangenomen dat de spelers in zo'n speJ deel uitmaken van
een hierarchische organisatie waarin er spelers zijn die toestemming nodig hebben van
bepaalde andere spelers alvorens zij met anderen kunnen samenwerken. De dominantie
relaties in deze modellen zijn dus toestemmings relaiies welke de mogelijkheden van
coalitievorming beperken. Gegeven zo'n spel met een toesiemminqsstructuur leiden we
andere spelen af waarin rekening wordt gehouden met de beperkte mogelijkheden tot
coalitievorming. We bespreken ook enkele allocatie reqels welke functies zijn die aan
ieder spel met een toestemmingsstructuur een bepaalde verdeling van de verdiensten
over de individuele spelers geeft. Tot slot geven we een tweetal economische toepassin-
gen van deze spelen met een toestemrningsstructuur. In het eerste voorbeeld modelleren
we een bedrijf waarin de scheefheid van de inkomensverdeling afhankelijk is van de aard
van het produktieproces dat binnen het bedrijf wordt uitgevoerd. Deze scheefheid hangt
met name af van de substitueerbaarheid van de voor het produktieprocess benodigde
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arbeid. Het tweede voorbeeld modelleert een situatie waarin een eigenaar van een pro-
duktie technologie kan kiezen om ofwel arbeiders aan te trekken via een markt waarop
de arbeiders als zelfstandige aanbieders van hun arbeid opereren, ofwei om een bedrijf
op te richten waarbinnen de arbeiders als werknemers van het bedrijf opereren.

In de modellen als besproken in hoofdstuk 5 wordt er vanuit gegaan dat iedere speler zijn
relationele macht volledig uitoefent. In de meeste hierarchische econornische organisaties
oefenen de participanten hun relationele macht echter niet volledig uit. In een bedrijf
waarin de dorninantie relaties de interpretatie van toestemming relaties hebben is het in
het algemeen niet zo dat de werknemers voor iedere actie die zij ondernemen toestemrning
aan hun meerderen moeten vragen. In hoofdstuk 6 behandelen we een model waarin
we toelaten dat spelers hun relationele rnacht slechts gedeeltelijk of in het geheel niet
uitoefenen. Met behulp van dit model geven we een verklaring waarorn ook in een
situatie waarin geen enkele speIer zijn relationele macht uitoefent de spelers handelen
also! iedereen zijn rnacht volledig uitoefent, en dus de spelen als besproken in hoofdstuk
5 gespeeld worden.
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