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A connection between positive semide�niteand Euclidean distance matrixcompletion problemsMonique LaurentLIENS - Ecole Normale Sup�erieure45 rue d'Ulm75230 Paris cedex 05, FranceAbstractThe positive semide�nite and Euclidean distance matrix completion problems havereceived a lot of attention in the literature. Interestingly, results have been obtainedfor these two problems that are very similar in their formulations. Although there isa strong relationship between positive semide�nite matrices and Euclidean distancematrices, it was not clear (as noted in [11]) how to link the two completion problems.The purpose of this note is twofold. First, we show how the results for the Euclideandistance matrix completion problem can be derived from the corresponding results forthe positive semide�nite completion problem, using a functional transform introducedby Schoenberg [17]. Second, we introduce a new set of necessary conditions that arestronger than some previously known ones and we identify the graphs for which theseconditions su�ce for ensuring completability.1 IntroductionA partial (symmetric) matrix1 A = (aij) is a matrix whose entries are speci�ed onlyon a subset of the positions, but in such a way that aji is speci�ed and equal to aijwhenever aij is speci�ed. The positive semide�nite completion problem (PSD completionproblem, for short) can be formulated as follows: Given a partial symmetric matrix A,can the unspeci�ed entries of A be chosen in such a way that the resulting matrix ispositive semide�nite ? Similarly, the Euclidean distance matrix completion problem (EDMcompletion problem, for short) asks whether a given partial symmetric matrix can becompleted to a Euclidean distance matrix.We remind that an n� n matrix X is said to be positive semide�nite if xTXx � 0 forall x 2 Rn and that an n � n matrix D = (dij) is called a Euclidean distance matrix ifthere exist vectors u1; : : : ; un 2 Rm (for some m � 1) such that dij = (k ui � uj k2)2 forall i; j = 1; : : : ; n. (Here, k x k2:= pPmi=1(xi)2 denotes the Euclidean norm of x 2 Rm .)We let PSDn and EDMn denote, respectively, the set of positive semide�nite matrices andEuclidean distance matrices of size n� n.For the EDM completion problem, one may obviously consider only partial matriceswhose diagonal entries are all speci�ed and equal to 0. For the PSD completion problem,1All matrices here are assumed to have real entries and to be symmetric.1



it can be easily observed that one can restrict oneself to the case of partial matrices whosediagonal entries are all speci�ed and equal to 1. Thus we consider the setEn := PSDn \ fX = (xij) j xii = 1 8i = 1; : : : ; ng;called an elliptope in [13]; matrices in En are known as correlation matrices (cf. [10, 14, 15]).The PSD and EDM completion problems can then be reformulated in the followingway. Let G = (Vn; E) be a graph with node set Vn := f1; : : : ; ng and edge set E. Welet E(G) (resp. EDM(G)) denote the projection of En (resp. of EDMn) on the subspaceRE indexed by the edge set of G. Therefore, the sets E(Kn) and En are in one-to-onecorrespondance, as well as the sets EDM(Kn) and EDMn. Then, the PSD (resp. EDM)completion problem amounts to the question of deciding whether a given vector x 2 REbelongs to the projection E(G) (resp. EDM(G)), the edge set of G representing the set ofspeci�ed positions.Two sets of necessary conditions for membership in E(G) and in EDM(G) have beenintroduced in the literature. Moreover, the classes of graphs for which these necessaryconditions are also su�cient have been identi�ed. Interestingly, the classes of graphsturn out to be identical in both cases. Yet, it was not clear how to derive the set ofresults concerning one completion problem from the corresponding results for the othercompletion problem. One �rst purpose of this note is to show that the results concerningthe EDM completion problem can be derived from those concerning the PSD completionproblem. The main tool for establishing this link is a functional transform introducedby Schoenberg [17]. Schoenberg showed how the sets EDMn and En are linked via thistransformation; we observe here that this connection extends to the projections EDM(G)and E(G).We also introduce a new set of necessary conditions (the so-called `cut conditions')for the PSD and EDM completion problems. It turns out however that, although thesenew conditions are stronger than some previously known ones, they do not permit tocharacterize the elliptope or the Euclidean distance matrix cone for larger classes of graphs(see Theorem 4.2).The paper is organized as follows. In Section 2 we introduce some tools permitting torelate positive semide�nite matrices and Euclidean distance matrices. In Section 3, afterrecalling some necessary conditions for the two completion problems, we show how theresults for the EDM completion problem can be derived from those for the PSD completionproblem. We present in Section 4 new necessary conditions: the cut conditions (PSD3)and (EDM3) and study the corresponding classes of graphs.Some de�nitions about graphs.In what follows we set Vn := f1; : : : ; ng and En := fij j 1 � i < j � ng. Hence,Kn = (Vn; En) is the complete graph on n nodes. Let G = (Vn; E) be a graph, whereE � En. Its suspension graph rG is de�ned as the graph with node set Vn+1 := Vn[fn+1gand with edge set E(rG) := E [ f(i; n+ 1) j i 2 Vng.Let G = (Vn; E) be a graph. Given a subset U � Vn, G[U ] denotes the subgraph of Ginduced by U , with node set U and with edge set fuv 2 E j u; v 2 Ug. One says that Uis a clique in G when G[U ] is a complete graph. Let C be a circuit in G; an edge e 2 E2



is called a chord of C if it joins two nodes of C that are not consecutive on the circuit C.Then, G is said to be chordal if every circuit of length � 4 in G has a chord. Let Cn�1 bea circuit on n� 1 nodes; then, Wn := rCn�1 denotes the wheel on n nodes, obtained byadding a new node (the center of the wheel) adjacent to all nodes on the circuit.Splitting a node u (of degree � 2) in G means replacing u by two adjacent nodes u0and u00 and replacing every edge uv in an arbitrary manner, either by u0v, or by u00v (butin such a way that each of u0 and u00 is adjacent to at least one node). Figure 1.1 (a), (b)shows the wheel on 7 nodes and a splitting of it, while (c) shows the graphdW4 obtainedby splitting one node in W4 = K4.
 (c) (b) 
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Figure 1.1: (a) The wheel W7; (b) Splitting node u in W7; (c) The graphdW4Finally, we introduce three classes of graphs that will play an important role in thispaper. The class Gch consists of all chordal graphs; the class GK4 consists of the graphsthat do not contain K4 or a splitting of K4 as a subgraph; and the class Gwh consists ofthe graphs that do not contain a wheel Wn (n � 5) or a splitting of a wheel Wn (n � 4)as an induced subgraph.2 ToolsEDM and PSD matrices. We recall here a well-known correspondance between PSDand EDM matrices. For convenience, we present it in the general setting of graphs. LetG = (Vn; E) be a graph and let rG be its suspension graph. One can de�ne a one-to-onelinear correspondance � between the spaces RE(rG) and RE[Vn in the following manner:For d 2 RE(rG) , p 2 RE[Vn , p = �(d) if(2.1) pii = di;n+1 for i 2 Vn;pij = 12(di;n+1 + dj;n+1 � dij) for ij 2 E:(Here, we identify a pair (i; i) with an element i 2 Vn:) Then,(2.2) d 2 EDM(rG)() �(d) can be completed to apositive semide�nite matrix.In the case of the complete graph G = Kn, we obtain the well-known correspondance ofSchoenberg [16, 17] between matrices in EDMn+1 and PSDn. Namely,(2.3) D 2 EDMn+1 () P 2 PSDn;3



where D is an (n+ 1) � (n + 1) symmetric matrix D with an all-zero diagonal and P isthe n� n symmetric matrix whose entries are given by (2.1).The Schoenberg transform. Given � > 0, we consider the functionF : R+ �! R+t 7! exp(��t);called Schoenberg transform. As observed by Schoenberg [17], it permits to make anotherlink between the cone EDMn and the cone PSDn or, more precisely, its subset En. We usethe following notation: For a matrix D = (dij), F (D) denotes the matrix (F (dij)).Lemma 2.4. [17] Let D be an n � n symmetric matrix with an all-zero diagonal. Thefollowing assertions are equivalent.(i) D 2 EDMn.(ii) exp(��D) 2 En for all � > 0.(iii) The matrix 1� exp(��D) := (1� exp(��dij))ni;j=1 belongs to EDMn for all � > 0.Corollary 2.5. Let G = (Vn; E) be a graph and let d 2 RE . The following assertionsare equivalent.(i) d 2 EDM(G).(ii) exp(��d) 2 E(G) for all � > 0.(iii) 1� exp(��d) 2 EDM(G) for all � > 0.Proof. (i) =) (ii) follows from the corresponding implication in Lemma 2.4 and takingprojections. The implication (ii) =) (iii) follows from the `if' part in relation (2.2).(iii) =) (i) Assume that 1 � exp(��d) 2 EDM(G) for all � > 0. We show that d 2EDM(G). Since the set EDM(G) is a cone, it can be expressed asEDM(G) = fx 2 RE j vTx � 0 8v 2 Vg;for some set V � RE . We show that vTd � 0 for every vector v 2 V. By assumption,vT (1� exp(��d)) � 0:Expanding in series the exponential function, we obtain:vT (1� exp(��d)) =Xe2E ve(1� exp(��de))=Xe2E ve(Xp�1 (�1)p�1p! �p(de)p) =Xp�1 (�1)p�1p! �p(Xe2E ve(de)p) � 0:Dividing by � and, then, letting � �! 0 yields the desired inequality: Pe2E vede � 0.4



3 Results for the two completion problems3.1 Necessary conditionsWe present here some known necessary conditions for membership in E(G) and in EDM(G).Let G = (Vn; E) be a graph and let K be a clique in G. For a vector x 2 RE , xK denotesits projection on the subspace indexed by the edges in K; that is, xK = (xij)ij2E;i;j2K. A�rst obvious necessary condition can be derived by noting that every principal submatrixof a positive semide�nite matrix (or of a Euclidean distance matrix) remains positivesemide�nite (a Euclidean distance matrix). In other words,(PSD1) xK 2 E(K) for every clique K in G;(EDM1) dK 2 EDM(K) for every clique K in Gare, respectively, necessary conditions for x 2 E(G) and d 2 EDM(G). (Here, we use thesame letter K for denoting a clique as a node set or as a graph.)We need a de�nition in order to formulate the other type of necessary condition. LetKn = (Vn; En) be the complete graph on n nodes. The polyhedraMET(Kn) := fx 2 REn j xij � xik � xjk � 0 8i; j; k 2 Vng;MET2(Kn) := MET(Kn) \ fx 2 REn j xij + xik + xjk � 2 8i; j; k 2 Vngare called, respectively, the metric cone and metric polytope of Kn. For a graph G =(Vn; E), MET(G) and MET2(G) are de�ned2, respectively, as the projection of MET(Kn)and MET2(Kn) on the subspace RE . Necessary conditions for membership in E(G) andin EDM(G) can then be formulated in terms of the metric cone and polytope. Namely,(PSD2) 1� arccos x 2 MET2(G);(EDM2) pd 2 MET(G)are, respectively, necessary conditions for x 2 E(G) and d 2 EDM(G); this is obvious for(EDM2) and (PSD2) was formulated in Barrett, Johnson and Tarazaga [6].In fact, the conditions (PSD2) and (EDM2) su�ce for the description of E(K3) andEDM(K3), respectively. Assertion (i) in the following lemma is a classical geometrical fact(already formulated, e.g., by Blumenthal [7]) and (ii) is observed in Johnson, Jones andKroschel [11].Lemma 3.1.(i) E(K3) = fx 2 [�1; 1]E3 j 1� arccos x 2 MET2(K3)g.(ii) EDM(K3) = fd 2 RE3+ j pd 2 MET(K3)g:2Explicit linear inequality descriptions for these polyhedra can be found in Barahona [3].5



3.2 Linking the conditions (PSD2) and (EDM2)We establish here an intermediary result3 which will enable us later to make a connectionbetween the two necessary conditions (PSD2) and (EDM2).Lemma 3.2. Let G = (Vn; E) be a graph and d 2 RE+ . Then,pd 2 MET(G) =) 1� arccos(e��d) 2 MET2(G) for all � > 0:Proof. Note �rst that it su�ces to show the result in the case when G = Kn (as thegeneral result will then follow by taking projections). Next, observe that it su�ces to showthe result in the case n = 3 (as MET(Kn) and MET2(Kn) are de�ned by inequalities thatinvolve only three points). Now, we have: pd 2 MET(K3) () d 2 EDM(K3) (byLemma 3.1 (ii)); d 2 EDM(K3) () exp(��d) 2 E(K3) for all � > 0 (by Corollary 2.5);�nally, exp(��d) 2 E(K3)() 1� arccos(e��d) 2 MET2(K3) (by Lemma 3.1 (i) ).3.3 ResultsLet G1 (resp. G2, G12) denote the class of graphs G for which the condition (PSD1) (resp.the condition (PSD2), the two conditions (PSD1) and (PSD2) taken together) is su�cientfor the description of E(G). In other words, G 2 G1 if and only ifE(G) = fx 2 RE j xK 2 E(K) 8K clique in Gg;G 2 G2 if and only ifE(G) = fx 2 [�1; 1]E j 1� arccos x 2 MET2(G)g;and G 2 G12 if and only ifE(G) = fx 2 [�1; 1]E j xK 2 E(K) 8K clique in G; jKj � 4; 1� arccos x 2MET2(G)g:Similarly, let G01 (resp. G02, G012) denote the class of graphs G for which the condition(EDM1) (resp. the condition (EDM2), the two conditions (EDM1) and (EDM2) takentogether) su�ces for the description of EDM(G).The classes G1, G2, and G12 have been characterized, respectively, in Grone, Johnson,S�a and Wolkowicz [9], Laurent [12], and Barrett, Johnson and Loewy [5]. The classes G01and G012 are characterized, respectively, in Bakonyi and Johnson [2] and Johnson, Jonesand Kroschel [11].It turns out that G1 = G01, G12 = G012. One can also identify the class G02 (using thesame techniques as in [12]) and show that G2 = G02.3This result holds, in fact, as an equivalence but we will need here only the present implication.6



Our objective here is to supply an easy argument for showing the inclusions: G1 � G01,G2 � G02, and G12 � G012. As the reverse inclusions are easy to verify, this implies that thedescription of each class G0i follows from that of Gi.For showing the inclusion Gi � G0i, it is not important to know which graphs belongto Gi. We use here the results from Corollary 2.5 on the Schoenberg transform andLemma 3.2.Proposition 3.3. G1 � G01, G2 � G02, and G12 � G012.Proof. Let G 2 G1 and let d 2 RE such that dK 2 EDM(K) for every clique K in G; weshow that d 2 EDM(G). For � > 0, set x(�) := exp(��d) 2 RE+ . Then, by Corollary 2.5,x(�)K 2 E(K) for every cliqueK in G (as dK 2 EDM(K)). This implies that x(�) 2 E(G),since G 2 G1. Therefore, using again Corollary 2.5, we obtain that d 2 EDM(G). Thisshows that G 2 G01.Suppose now that G 2 G2. Let d 2 RE+ such that pd 2 MET(G); we show that d 2EDM(G). Then, by Lemma 3.2, 1� arccos(e��d) 2 MET2(G) for all � > 0. Hence,e��d 2 E(G) for every � > 0, since G 2 G2. This implies that d 2 EDM(G), using againCorollary 2.5.The inclusion G12 � G012 follows by combining the above arguments.In order to show the reverse inclusions: G01 � G1, G02 � G2, G012 � G12, we need to knowthe explicit description of the classes G1, G2, and G12. We remind that the classes Gch,GK4, Gwh have been de�ned in the Introduction. It is shown in [9], [12], [5], respectively,that G1 = Gch; G2 = GK4; G12 = Gwh:The two inclusions: G02 � GK4, G012 � Gwh will follow from relation (4.1) and Theorem 4.2in Section 4 and the inclusion G01 � Gch is given in Lemma 3.4 (i) below.Therefore, as we just saw, the description of class G01 follows from that of G1. In fact,Lemma 3.4 shows that the description of G1 also follows from that of G01. In other words,the two theorems from [9] and [2] concerning the PSD and EDM completion problems forchordal graphs are equivalent.Lemma 3.4.(i) ([9],[2]) G1; G01 � Gch.(ii) If Gch � G01, then Gch � G1.Proof. (i) Let G = (V;E) be a nonchordal graph and let C = (V (C); E(C)) be achordless circuit of length � 4 in G. For the inclusion G1 � Gch, we exhibit a vectorx 2 RE satisfying (PSD1) and such that x 62 E(G). Namely, de�ne x 2 RE be settingxe := 1 for all edges e 2 E(C) except xe0 := �1 for one edge e0 2 E(C), and xe := 0for all remaining edges. For the inclusion G01 � Gch, we de�ne a vector d 2 RE satisfying(EDM1) and such that d 62 EDM(G) by setting de := 0 for all edges e 2 E(C) except7



de0 := 1 for one edge e0 in C; de := 1 for every edge e joining a node of C to a node ofV n V (C); and de := 0 for every edge e joining two nodes of V n V (C).(ii) Let G = (Vn; E) be a chordal graph; we show that G 2 G1. For this, let x 2 REsuch that xK 2 E(K) for every clique K in G. Consider the suspension graph rG andthe vector d 2 RE(rG) de�ned in the following manner: di;n+1 := 1 for every i 2 Vn anddij := 2(1 � xij) for all ij 2 E. Then, by relation (2.2), drK 2 EDM(rK) for everyclique K in G. Observe now that rG 2 G01, as rG remains a chordal graph. Therefore,d 2 EDM(rG), which implies that x 2 E(G).Finally, observe that the above reasoning does not extend to the other classes. Forinstance, it is not clear whether the description of the class G2 can be derived from that ofthe class G02, the reason for that being that the graph property in question is not preservedby taking graph suspensions. Indeed, the suspension graph rG may contain a splitting ofK4 as a subgraph even if G itself does not.4 Further necessary conditionsWe formulate here further necessary conditions for membership in E(G) and EDM(G).For this we need a de�nition. Let G = (Vn; E) be a graph and let S � Vn be a subsetof the nodes. The cut �G(S) consists of the edges e 2 E having one end node in S andthe other one in Vn n S. Then, CUT(G) and CUT2(G) denote the cone and polytopegenerated by the cuts of G; that is,CUT(G) := fXS�Vn �S��G(S) j �S � 0 for all S � Vng;CUT2(G) := fXS�Vn �S��G(S) j �S � 0 for all S � Vn and XS �S = 1g:(Here, ��G(S) 2 f0; 1gE denotes the incidence vector of the cut �G(S).) CUT(G) is calledthe cut cone of G and CUT2(G) its cut polytope. Clearly, CUT(G) and CUT2(G) are,respectively, the projections of CUT(Kn) and CUT2(Kn) on the subspace indexed by theedge set of G. (See, e.g., [8] for a survey on these polyhedra.) Necessary conditions formembership in E(G) and EDM(G) can be formulated in terms of CUT(G) and CUT2(G).Namely,(PSD3) 1� arccos x 2 CUT2(G);(EDM3) pd 2 CUT(G)are, respectively, necessary conditions for x 2 E(G) and d 2 EDM(G). The condition(PSD3) was formulated in [12]. That (EDM3) is indeed a necessary condition for mem-bership in EDM(G) relies on a well-known connection between `1- and `2-spaces as wenow explain. First, observe that it su�ces to consider the case when G = Kn is a com-plete graph (as the general result will follow by taking projections). So, let us consider8



d 2 EDM(Kn); that is, pd is `2-embeddable (by the de�nition of EDM(Kn)). Thisimplies4 that pd is `1-embeddable and, therefore5, that pd 2 CUT(Kn).The conditions (PSD3) and (EDM3) are respectively stronger than the conditions(PSD2) and (EDM2), because the following inclusions6 hold:CUT(G) � MET(G); CUT2(G) � MET2(G):(Again, it su�ces to check it for the complete graph, which is easy.)Hence, arises the question of characterizing the graphs for which these new strongerconditions are su�cient. Let G3 (resp. G03) denote the class of graphs G for which (PSD3)(resp. (EDM3)) su�ces for ensuring membership in E(G) (resp. EDM(G)). Similarly, letG13 (resp. G013) consist of the graphs G for which the two conditions (PSD1) and (PSD3)(resp. (EDM1) and (EDM3)) together su�ce for ensuring membership in E(G) (resp.EDM(G)). Clearly,(4.1) G2 � G3; G12 � G13; G02 � G03; G012 � G013:In fact, as we see below, these inclusions hold at equality. In other words, even thoughthe cut condition (PSD3) (or (EDM3)) is stronger than the metric condition (PSD2) (or(EDM2)), it su�ces for ensuring membership in the elliptope (or the Euclidean distancematrix cone) for the same class of graphs. Namely,Theorem 4.2. G2 = G3 (= GK4), G02 = G03 (= GK4), G12 = G13 (= Gwh), and G012 = G013(= Gwh).Before giving the proof let us remark that we now have to treat the two classes G13and G013 separately. Indeed, we do not know whether the analogue of Lemma 3.2 holds ifone replaces the metric polyhedra by the cut polyhedra. Thus we do not have `for free'the inclusion G13 � G013. We start with a preliminary lemma.Lemma 4.3. Let Wn := rC be a wheel on n nodes, with center u0 and circuit C. Considerthe vector d indexed by the edge set of Wn and de�ned by d(u0; u) := 1 for each node u ofC, d(u; v) := 4 for each edge uv of C. Then, d 2 EDM(Wn) () n is odd.Proof. Let x be the vector indexed by the edge set of C and taking value �1 on everyedge. Then, by Corollary 2.2, d 2 EDM(Wn) if and only if x 2 E(C). The latter holds ifand only if 1� arccos x 2 MET2(C), that is, if and only if C has an even length.Proof of Theorem 4.2. The inclusion G3 � GK4 is proved in [12] and the inclusionG03 � GK4 can be easily veri�ed using the same techniques.4It is a classical result in analysis that, for a distance d, d is `2-embeddable =) d is `1-embeddable;see, e.g., [19].5We use here the well-known fact that the set of `1-embeddable distances on an n-element set is a conewhose extreme rays are generated by the cuts of Kn; in other words, d is `1-embeddable if and only ifd 2 CUT(Kn) (see [1] or [8]).6The class of graphs for which equality holds has been identi�ed in [4, 18]. Namely, CUT(G) = MET(G)or, equivalently, CUT2(G) = MET2(G) if and only if G does not admit K5 as a minor.9



The inclusion G13 � Gwh relies on the following claims: (i) the wheel Wn (n � 5) andthe graph dW4 (recall Figure 1.1 (c)) do not belong to G13; (ii) the class G13 is preservedunder the operations of taking induced subgraphs and (iii) contracting edges. Assertion(i) follows from the fact that Wn (n � 5), dW4 62 G3 (as they contain a splitting of K4)and that these graphs have no clique of size 4. We leave the veri�cation of (iii) to thereader and we now check (ii). For this let G = (V;E) be a graph in G13 and let H := G[U ](U � V ) be an induced subgraph of G. We show that H 2 G13. Let x be a vectorindexed by the edge set of H satisfying (PSD1) and (PSD3); we show that x 2 E(H).For this we extend x to a vector y indexed by the edge set of G by setting yuv := 0 foran edge uv 2 E with u 2 U , v 2 V n U and yuv := 1 for an edge uv 2 E contained inV n U . It is clear that y satis�es (PSD1). By assumption, a := 1� arccos x 2 CUT2(H);we verify that b := 1� arccos y 2 CUT2(G). Indeed, say a = XS�U �S�H(S) where �S � 0,PS �S = 1. Then, b = 12 XS�U �S (�G(S) + �G(U n S)) ; which shows that b 2 CUT2(G).Hence, y satis�es (PSD3). Therefore, y 2 E(G) which implies that x 2 E(H).We now show the inclusion G013 � Gwh. Let G = (V;E) be a graph in G013 and letH := G[U ] be an induced subgraph of G. Suppose in a �rst step that H is a wheelWn := rC (n � 5) with center u0. Consider the vector d indexed by the edge set ofG and de�ned in the following manner: d takes value 4 on every edge of the circuit Cexcept value 0 on one edge if n is odd; d takes value 1 on every edge joining the centeru0 of the wheel to a node of C; d takes value 1 on an edge between a node of C anda node outside the wheel; d takes value 0 on every remaining edge (i.e., an edge joiningu0 to a node outside the wheel or an edge joining two nodes outside the wheel). Then dsatis�es (EDM1) and d 62 EDM(G) (by Lemma 4.3). Moreover d satis�es (EDM3), i.e.,pd 2 CUT(G). Indeed, say C is the circuit (u1; : : : ; un�1). Then, pd = n�1Xi=1 �G(ui) if n iseven and pd = �G(fu1; un�1g) + n�2Xi=2 �G(ui) if n is odd and (u1; un�1) is the edge of C onwhich d takes value 0. Finally, if H is a splitting of a wheel Wn (n � 4), extend the abovevector d by assigning value 0 to every new edge created during the splitting process. Thisconcludes the proof.References[1] P. Assouad. Plongements isom�etriques dans L1: aspect analytique. Number 14 in S�eminaired'Initiation �a l'Analyse (G. Choquet, H. Fakhoury, J. Saint-Raymond). Universit�e Paris VI,1979-1980.[2] M. Bakonyi and C.R. Johnson. The Euclidian distance matrix completion problem. SIAMJournal on Matrix Analysis and Applications, 16(2):646{654, 1995.[3] F. Barahona. On cuts and matchings in planar graphs. Mathematical Programming, 60:53{68,1993. 10
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