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Abstract: This note proposes the Burr utility function. Burr utility is a flex-
ible two-parameter family that behaves approximately power-like (CRRA)
remote from the origin, while exhibiting exponential-like (CARA) features
near the origin. It thus avoids the extreme behavior of the power family near
the origin. We show how to characterize Burr utility as a special case in the
general class of utility functions with non-increasing and convex absolute risk
aversion, and non-decreasing and concave relative risk aversion. We further
show its connection to the Burr probability distribution. A related class of
generalized exponential utility functions is also studied.
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1 Introduction

In most decision theories, including expected utility and most non-expected
utility theories, the utility function U is unique up to positive affine transfor-
mations, that is, U is a cardinal (or interval) scale. In searching for a suitable
utility function, it is the curvature of the function that is of interest. Since
the second derivative U ′′ is not invariant to positive affine transformations
in U , we typically normalize the second derivative by dividing by the first
(de Finetti, 1952; Pratt, 1964; Yaari, 1969; Arrow, 1971). This gives the
Arrow-Pratt measure of absolute risk aversion:

ARA(x) =
−d logU ′(x)

dx
=

−U ′′(x)

U ′(x)
. (1)

This degree of curvature is also referred to as the concavity index, a name
that is particularly proper in non-expected utility theories, where concavity
of U and risk aversion can not be identified. It captures all information for
cardinal scales.

Up to positive affine transformations, there is precisely one function with
constant absolute risk aversion (CARA), namely the cumulative distribution
function of the exponential distribution,

U(x) = 1− e−x/λ (λ > 0). (2)

Equally important is relative risk aversion:

RRA(x) =
−d logU ′(x)

d log x
=

−xU ′′(x)

U ′(x)
. (3)

Again, there exists precisely one function with constant relative risk aversion
(CRRA), namely the power function,

U(x) =
x1−α − 1

1− α
(α > 0). (4)

Throughout, we consider only non-negative inputs (x ≥ 0). Exponential
utility is bounded from above and below, and satisfies ARA(x) = 1/λ and
RRA(x) = x/λ. Thus, it exhibits constant ARA and increasing RRA. Power
utility is either unbounded from above (0 < α < 1) or from below (α > 1)
or both (α = 1), and satisfies ARA(x) = α/x and RRA(x) = α. Thus, it
exhibits decreasing ARA and constant RRA.

In both theory and applications, power and exponential utility—in this
order—are the most commonly used parametric families of utility functions.
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They perform credibly, but only if a restricted range of x is considered. If we
are interested in inputs x remote from 0, as is common in macroeconomics
and finance, then power utility is often appropriate (Wakker, 2008). If, on
the other hand, we are interested in near-catastrophe cases (small x), as in
the insurance literature, then exponential utility is often used (Gerber, 1979,
Chapter 5), thus avoiding the extreme behavior of power utility near x = 0.
(We return to this issue at the end of Section 3 and in Section 6.) But if we
are interested in the whole non-negative range of inputs, then more flexible
families are required.

In this note we propose the Burr function, a utility function which behaves
approximately power-like for inputs remote from 0 and exhibits exponential-
like features for inputs near 0. In Section 2 we provide a characterization
of an important class of utility functions, namely those where ARA is non-
increasing and convex, and RRA is non-decreasing and concave. This is
class U . We restrict our attention to members of class U . Two subclasses
suggest themselves. In Section 3 we study the HARA subclass of which the
Burr function is a special case. Section 4 provides a further rationale for
the Burr function. In Section 5 we study another subclass of U , leading to
‘gexpo’ utility, a generalization of exponential utility, which is of independent
interest. Section 6 provides a comparison of four utility functions, including
the Burr function. Section 7 concludes.

2 Characterization of the U class

Motivated by the fact that both exponential and power utility exhibit non-
increasing ARA and non-decreasing RRA in the spirit of Arrow (1971), we
shall consider the following class of functions.

Definition 1 Let U(x) be defined for x ≥ 0 such that U ′(x) > 0 and

U ′′(x) < 0 for x > 0. If ARA(x) is non-increasing and convex and if RRA(x)
is non-decreasing and concave for all x > 0, then we say that the function U
belongs to the class U . If, in addition, RRA(x) → 0 as x → 0, then we say

that U belongs to the class U0.

The importance of the reduction from U to U0 lies in the fact that if
RRA(0) > 0 then the expected pricing kernel does not exist in the presence
of heavy tails (Ikefuji et al., 2010). Note that exponential utility belongs to
U0, while power utility belongs to U but not to U0.

It will be useful to define absolute risk tolerance as

T (x) =
−U ′(x)

U ′′(x)
=

1

ARA(x)
=

x

RRA(x)
. (5)
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We have T (x) = λ for exponential utility and T (x) = x/α for power util-
ity, and hence both functions exhibit linear absolute risk tolerance. Utility
functions with linear absolute risk tolerance are said to display ‘harmonic ab-
solute risk aversion’, and are particularly useful to derive analytical results
(Gollier, 2001, Section 2.6). Defining

R1(x) =
xT ′(x)

T (x)
, R2(x) =

x2T ′′(x)

T (x)
, (6)

we obtain the following result.

Proposition 1 Assuming that T (x) is twice differentiable, the class U is

characterized by the inequalities

0 ≤ R1(x) ≤ 1, −2R1(x)(1− R1(x)) ≤ R2(x) ≤ 2R2
1(x).

If, in addition, T (x)/x → ∞ as x → 0, then we obtain the class U0.

Proof. Differentiating ARA(x) = 1/T (x) and RRA(x) = x/T (x) twice with
respect to x, we find

ARA′(x) ≤ 0 ⇐⇒ R1(x) ≥ 0, RRA′(x) ≥ 0 ⇐⇒ R1(x) ≤ 1,

ARA′′(x) ≥ 0 ⇐⇒ R2(x) ≤ 2R2
1(x),

and
RRA′′(x) ≤ 0 ⇐⇒ R2(x) ≥ −2R1(x)(1− R1(x)). ‖

For power utility we have R1 ≡ 1, for exponential utility we have R1 ≡ 0,
and these two utility functions are therefore corner cases in U . For both
power and exponential utility we have R2 ≡ 0. The two cases R2 ≡ 0 and
R1 ≡ r (0 ≤ r ≤ 1) thus suggest themselves as natural extensions to power
and exponential utility, and we analyze these two cases in Sections 3 and 5,
respectively.

3 The class R2 ≡ 0: HARA utility

The class R2 ≡ 0 is characterized by T (x) = ax + b, and hence contains all
utility functions that display linear harmonic absolute risk aversion (HARA).
Since in this case R1(x) = ax/(ax + b), we find that U belongs to U if and
only if a ≥ 0, b ≥ 0, and a + b > 0. If a ≥ 0 and b > 0, then U belongs to
U0. From (1) and (5) we find that the HARA class is also characterized by
the differential equation

d logU ′(x) +
dx

ax+ b
= 0 (a ≥ 0, b ≥ 0, a+ b > 0).
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There are three cases. For a = 0 and b > 0 we obtain the CARA utility
function (exponential), for a > 0 and b = 0 we obtain the CRRA utility
function (power), and for a > 0 and b > 0 we obtain the utility function in
two steps. We first solve U ′(x) = A(ax + b)−1/a, and then, letting α = 1/a
and λ = b/a,

U(x) =
(x+ λ)1−α − 1

1− α
(α > 0, λ > 0), (7)

apart from positive affine transformations. We see that

ARA(x) =
α

x+ λ
, RRA(x) =

αx

x+ λ
.

Both RRA and ARA are bounded in this case. When 0 < α ≤ 1 utility
is bounded from below but unbounded from above; when α > 1 utility is
bounded. Marginal utility is bounded for every α, also at zero.

We conclude that the HARA class contains seven types of utility func-
tions, as follows:

U does not belong to U0:

unbounded: U(x) = log x,

bounded from below, but not from above: U(x) = xr (0 < r < 1),

bounded from above, but not from below: U(x) = 1− x−k (k > 0);

U belongs to U0:

bounded from below, but not from above:

U(x) = log(1 + x/λ) (λ > 0),

U(x) = (1 + x/λ)r − 1 (λ > 0, 0 < r < 1),

bounded:

U(x) = 1− e−x/λ (λ > 0),

U(x) = 1− (1 + x/λ)−k (λ > 0, k > 0),

where we have normalized the functions—without loss of generality—such
that if there is a lower bound, it is zero; and if there an upper bound, it is
one. The last of these seven functions is the so-called Burr utility function.
It is bounded, belongs to U0, and has a number of other attractive features;
see Section 4 below.

All members of the HARA class belong to U . If a member of the HARA
class does not belong to U0, then it belongs to the power family (and vice
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versa). In that case RRA(0) > 0 by definition, so that ARA(0) = ∞. If
a member of the HARA class does belong to U0, then RRA(0) = 0 and
always ARA(0) < ∞. The extreme behavior of the power family near x = 0,
where ARA is unbounded, can generate important problems when inputs are
not bounded away from 0; see Ikefuji et al. (2010) for a detailed analysis.
Modifying the units of inputs (to x̃ = ax, a > 0) does not affect the power
family—an exclusive property of this family—but does not remedy these
problems. Modifying the level of inputs (to x̃ = x + b) could conceivably
solve the problems, but does affect the power family.

We note that for all utility functions in the intersection of HARA and
U0, a modification of the units of inputs can be nullified by adjusting the
parameter λ. Also, within the HARA class, only the exponential family is
invariant to a modification of the level of inputs.

The utility function (7) has received some attention (Harrison et al., 2007)
as an alternative to the power family (4). The behavior of (7) is quite different
when λ < 0, as is the case for Stone-Geary utility functions. The parameter
λ then plays the role of subsistence level. With λ > 0, RRA(0) = 0 and
RRA is increasing, while with λ < 0, RRA(−λ) = ∞ and, for x > −λ, RRA
is decreasing.

4 Burr utility

There is an interesting connection between the HARA class and the Burr
distribution. The Burr cumulative distribution function (Burr, 1942; Burr
and Cislak, 1968) is defined by

U(x) = 1− (1 + (x/λ)c)−k (k > 0, λ > 0, c > 0). (8)

This is a three-parameter family of distribution functions with the property
that many of the known distribution functions are special or limiting cases. It
is therefore an appropriate function to approximate an unknown distribution
function. Absolute risk tolerance is given by

T (x) =
λ(1 + (x/λ)c)(x/λ)

(ck + 1)(x/λ)c + (1− c)
.

One verifies that U belongs to U if and only if c ≤ 1, and that U belongs to
U0 if and only if c = 1. For c = 1 we obtain

U(x) = 1−
(

λ

x+ λ

)k

(k > 0, λ > 0), (9)
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corresponding to T (x) = (x + λ)/(k + 1). We call this function the Burr

utility function and we see that it is precisely the HARA utility function (7)
when α > 1. If we think of the Burr family of distribution functions as a
family of utility functions, and require only that utility is concave and that
RRA(0) = 0, then we obtain the non-exponential bounded HARA utility
function, that is, Burr utility.

Burr utility has several appealing features. It is bounded, and satisfies
RRA(0) = 0 and ARA(0) < ∞, properties that are particularly relevant
when considering risks with arbitrarily heavy tails. It further has increas-
ing RRA as is empirically justified for decisions under risk (Wakker, 2008).
Finally, it behaves approximately power-like for inputs remote from 0, cor-
responding to empirical evidence (Chiappori and Paiella, 2008). No other
member of the HARA class satisfies this combination of features.

5 The class R1 ≡ r: gexpo utility

The class R1 ≡ r (0 ≤ r ≤ 1) is characterized by T (x) = xr/β, and we see
that R2(x) = −r(1−r). Clearly, U belongs to U ; it belongs to U0 if and only
if β > 0 and 0 ≤ r < 1. To solve U(x) from T (x) we first obtain marginal
utility U ′(x) from

d logU ′(x) + βx−r dx = 0.

This yields U ′(x) = A exp(−βx1−r/(1− r)), where A is an arbitrary positive
constant. Let us reparameterize by letting p = 1/(1−r), excluding henceforth
the power family (r = 1), and choose A such that U ′(x) is a proper density
function. Then,

U ′(x) =
(pβ)pe−h(x)

Γ(p+ 1)
, h(x) = pβx1/p (p ≥ 1, β > 0), (10)

is a special case of the three-parameter generalized gamma density, other
special cases of which include the two-parameter gamma, the Weibull, and
the lognormal densities (Stacy, 1962; Johnson et al., 1995). This density, first
proposed by Subbotin (1923), is sometimes called the ‘exponential power’ or
the ‘power exponential’ density (Johnson et al., 1995, pp. 195–198); we shall
call it the ‘gexpo’ density, because it generalizes the exponential density
from p = 1 to p ≥ 1. From the density function U ′ we obtain the cumulative
distribution function U as

U(x) = 1− (pβ)pxh−p(x) Γ (p, h(x) )

Γ(p)
, (11)
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where Γ(p, h) =
∫∞
h

tp−1e−t dt denotes the incomplete gamma function, and
Γ(p) = Γ(p, 0) is the (complete) gamma function; see Abramowitz and Ste-
gun, 1964, Chapter 5. This expression can not be simplified unless p is a
positive integer, in which case we obtain

Γ (p, h(x) ) = Γ(p)e−h(x)

p−1
∑

k=0

hk(x)

k!
,

and hence

U(x) = 1− e−h(x)

p−1
∑

k=0

hk(x)

k!
. (12)

This specializes to exponential utility (2) when p = 1, and to

U(x) = 1− e−2β
√
x(1 + 2β

√
x) (13)

when p = 2. Like Burr utility, gexpo utility is bounded from above and
below. But unless p = 1, gexpo utility, just like the power family, exhibits
extreme behavior near the origin, with ARA(0) = ∞.

6 Comparison of four utility functions

In this section we shall compare, mostly graphically, the behavior of four
members of the U class of utility functions:

exponential:

U1(x) = 1− e−x/λ1 , U ′
1(x) = (1/λ1)e

−x/λ1,

power:

U2(x) =
x1−α − 1

1− α
, U ′

2(x) = x−α,

Burr:

U3(x) = 1−
(

λ2

x+ λ2

)k

, U ′
3(x) =

kλk
2

(x+ λ2)k+1
,

gexpo:

U4(x) = 1− e−h(x)

p−1
∑

k=0

h(x)k

k!
, U ′

4(x) =
(pβ)pe−h(x)

p!
,
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where h(x) = pβx1/p, and λ1 > 0, α > 0, k > 0, λ2 > 0, β > 0, and p ≥ 1.
The ARA and RRA functions in the four cases are given by

ARA1 = 1/λ1, ARA2 =
α

x
, ARA3 =

k + 1

x+ λ2
, ARA4 =

β

x(p−1)/p
,

and

RRA1 = x/λ1, RRA2 = α, RRA3 =
(k + 1)x

x+ λ2
, RRA4 = βx1/p.

In order to compare the four utility functions, we determine a point x∗ where
we want the four functions to be ‘close’. Without affecting the results, let
us choose x∗ = 0.08. By ‘close’ we mean that RRA(x∗) is the same for each
of the four functions. If we choose α = 2, k = 1.5, and p = 2, then this
condition implies λ1 = 0.04, λ2 = 0.02, and β = 5

√
2.
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Figure 1: Marginal utility (scaled) for four utility functions

In Figure 1 we graph the (scaled) marginal utility g(x) = U ′(x)/U ′(x∗),
in the left panel for 0 < x < 0.2 and in the right panel zoomed in closer to
the point x∗ = 0.08. The four graphs do not intersect, and, because of the
normalizations, they are tangent at x = x∗. For x 6= x∗ we have

gpower(x) > gBurr(x) > ggexpo(x) > gexp(x),

and, at x = 0,

gpower(0) = ∞, gBurr(0) = 55.9, ggexpo(0) = 54.6, gexp(0) = 7.4.

Marginal utility is bounded except for the power function.
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Figure 2: Absolute risk aversion for four utility functions

Absolute risk aversion ARA is graphed in Figure 2. We have, for 0 < x <
0.005,

ARApower(x) > ARAgexpo(x) > ARABurr(x) > ARAexp(x),

where ARApower(0) and ARAgexpo(0) are both infinite, and ARABurr(0) = 125
and ARAexp(0) = 25; for 0.005 < x < x∗ we have

ARApower(x) > ARABurr(x) > ARAgexpo(x) > ARAexp(x);

and, for x > x∗,

ARApower(x) < ARABurr(x) < ARAgexpo(x) < ARAexp(x).

We see that ARA (Burr) is very close to ARA (power) when x > x∗, but that
this is no longer the case when x is close to zero, since ARA (Burr) remains
finite while ARA (power) goes to infinity.

In Figure 3 we graph relative risk aversion RRA. This shows that RRA(0) =
0 except for power utility, that both Burr and gexpo lie in-between power and
exponential, and that, when x is large, gexpo behaves more like exponential
and Burr more like power.
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Figure 3: Relative risk aversion for four utility functions

7 Conclusions

In this note we propose Burr utility, a flexible two-parameter family of utility
functions. Burr utility enjoys a combination of appealing properties, not
shared by any other member of the HARA class nor by the gexpo class of
utility functions. This combination of properties is particularly relevant in
heavy-tailed risk analysis.
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