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COMPUTING NORMAL FORM PERFECT EQUILIBRIA
FOR EXTENSIVE TWO-PERSON GAMES

BY BERNHARD VON STENGEL, ANTOON VAN DEN ELZEN,
AND DOLF TALMAN1

August 29, 1997

An algorithm is presented for computing an equilibrium of an extensive

two-person game with perfect recall. The computation is performed efficiently

using the sequence form, which has the same size as the extensive game it-

self. The equilibrium is traced on a piecewise linear path in the sequence form

strategy space from an arbitrary starting vector. If this represents a pair of

completely mixed strategies, then the equilibrium is normal form perfect.

KEYwoxns: Extensive form game, Nash equilibrium, normal form per-

fect, sequence form.

1. INTRODUCTION

In this paper we present an algorithm for computing an equilibrium of an extensive

two-person game with perfect recall. Our method is a synthesis of previous, partly

independent work by the authors and Daphne Koller and Nimrod Megiddo. For

bimatrix games, van den Elzen and Talman (1991) (see also van den Elzen, 1993)

described a complementary pivoting algorithm that traces a piecewise linear path

1The authors thank Eric van Damme, Marciano Siniscalchi, the editor, and the referees for help-

ful comments. The first author was supported by a Heisenberg grant of the Deutsche Forschungs-

gemeinschaft and thanks the CentER for Economic Research in Tilburg for its hospitality duting

the time of this tesearch.
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from a given starting vector to an equilibrium. If the starting vector is a completely

mixed strategy pair, then the computed path leads to a perfect equilibrium. The

free choice of the starting vector makes it possible to compute several equilibria if

they exist. In order to solve extensive two-person games, Koller, Megiddo, and von

Stengel (1996) applied the complementary pivoting algorithm by Lemke (1965) to

the sequence form of the extensive game (Romanovsky, 1962; von Stengel, 1996).

This is a data structure that does not take more space than the extensive game, so

the algorithm is highly efficient. However, the algorithm finds only one equilibrium

and it is not certain whether this equilibrium is normal form perfect.

Here we show how to combine the efficiency of the algorithm of Koller, Megiddo,

and von Stengel (1996) and the flexibility of the algorithm of van den Elzen and

Talman (1991). Our method is a variation of Lemke's algorithm and operates on the

sequence form. It can be started anywhere to search for more than one equilibrium.

If the starting strategy vector is completely mixed, the equilibrium found is normal

form perfect. Degeneracy issues are dealt with properly. They appear generically in

extensive games, even when using the sequence form.

The key to our result is the new observation that the algorithm of van den

Elzen and Talman is equivalent to Lemke's algorithm for a specific auxiliary vector.

This is readily transferred to the sequence form. It remains to study the nature of

the computed path. The path and the equilibrium found have all properties of the

normal form in a compact representation.

The new algorithm is not only better than the two methods out of which it

originates, it is also superior to other existing algorithms. An alternative candidate

is a combination of the algorithms by Wilson (1972, 1992). Wilson's first algorithm

(1972) works on the normal form of an extensive game. It is space efI'icient because

it only uses the part of the normal form defined by the mixed strategy supports,

which can be kept small if one uses an additional subroutine described by Koller and

Megiddo (1996). Wilson's second algorithm (1992) finds a normal form perfect equi-

librium. We discuss in Section 7 that even a combined version of these algorithms

may be exponentially slower than our method.
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The sequence form defines an equilibrium problem where each player's strategy

space is a polytope. Charnes (1953) described the solution of zero-sum games that

are constrained in this way. For a game in extensive form, Romanovsky (1962) de-

rived such a constrained matrix game which is equivalent to the sequence form. Until

recently, this Russian publication was overlooked in the English-speaking commu-

nity. Eaves (1973) applied Lemke's algorithm to games which include polyhedrally

constrained bimatrix games, but with different parameters than we do. Dai and

Talman (1993) described an algorithm that corresponds to ours but requires simple

polyhedra as strategy spaces, which is not the case for the sequence form. Selten

(1988, pp. 226, 237ff) defined sequence form strategy spaces to exploit their linearity,

but not for computational purposes. Recent surveys on algorithms for computing

Nash equilibria are McKelvey and McLennan (1996) and von Stengel (1997).

The setup of the paper is as follows. Section 2 recalls the notion of the se-

quence form, its derivation from the extensive form game, and the corresponding

linear complementary problem whose solutions are the equilibria. The algorithm is

presented in Section 3 and illustrated in Section 4 with an example. In Section 5

we prove that the equilibrium found is normal form perfect if the starting strategy

vector is completely mixed. We also mention further game-theoretical properties

of the algorithm. Section 6 discusses the handling of degeneracy. In Section 7 we

compare our method with other algorithms.

2. THE SEQUENCE FORM LINEAR COMPLEMENTARITY PROBLEM

We consider extensive two-person games, with conventions similar to von Stengel

(1996) and Koller, Megiddo, and von Stengel (1996). An extensive game is given by a

tree with a finite number of nodes, chance moves with positive probabilities, payoffs

to both players at the leaves (the terminal nodes), and information sets partitioning

the set of remaining decision nodes. The choices of a player at an information set

are denoted by labels of tree edges. For simplicity, labels corresponding to different

choices anywhere in the tree are distinct. On the unique path from the root to

a node of the tree, the labels denoting the choices of a particular player define a

sequence of choices for that player. We assume that both players have perfect recall.
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By definition, this means that all nodes in an information set h of a player define the

same sequence oh of choices for that player. Under that assumption, each choice c

at h is the last choice of a unique sequence ahc. This defines all possible sequences

of a player except for the empty sequence 0 . The set of choices at an information

set h is denoted Ch. The set of information sets of player i is H;, and the set of his

sequences is S;, so

S;-{0} U {vhC~hEH;,CECh}.

The size of the extensive game is the amount of data needed to specify it. It is

proportional to the total number of nodes of the game tree. The number ~5;~ of

sequences of player i is 1-}- ~hEH; ~Ch~, which is at most linear in the size of the

extensive game.

A behavior strategy Jj of player i is given by probabilities p(c) for his choices

c which fulfill p( c) ) 0 and ~~ECh,Q(c) - 1 for all h in H;. This definition of ,Q can

be extended to the sequences Q in S; by writing

~[o-] - ~ Q(c). (2.1)
cino

A pure strategy a of a player is a behavior strategy with ~r(c) E {0,1} for all

choices c. The set of pure strategies of player i is denoted P; . Thus, ~r [o] E{0, 1}

for all sequences Q in S;. The pure strategies ~r with a[o-] - 1 are those "agreeing"

with o by prescribing all the choices in o-, and arbitrary choices at the information

sets not touched by Q.

In the normal form of the extensive game, one considers pure strategies and

their probability mixtures. A mixed strategy p of player i assigns a probability

p(~) to every ~ in P;. In the sequence form of the extensive game, one considers

the sequences of a player instead of his pure strategies. A randomized strategy of

player i is described by the realization probabilities of playing the sequences v in S;.

For a behavior strategy Q, these are obviously Q[o] as in (2.1). For a mixed strategy

p of player i, they are given by

l~[~] - ~ ~[~]F~(~).
~EP~
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For player 1, this defines a map ~ from Sl to lR by x(v) - p[v] for Q in Sl which

we call the realization plan of p, or a realization plan for player 1. A realization

plan for player 2, similarly defined on S2, is denoted y. The important properties of

realization plans are stated in the following two lemmas (Koller and Megiddo, 1992;

von Stengel, 1996).

LEMMA 2.1: For player 1, x is the realization plan of a~m,ixed strategy if and

only if x(v) ~ 0 for all o E Sl and

~(~) - 1,
~ x(ahc) - x(ah), h E H1. (2.3)

cECn

A realáxation plan y of player ,2 is characterized analogously.

PROOF: Equations (2.3) hold for the realization probabilities x(o-) -,Q[o-] for

a behavior strategy ~3 and thus for every pure strategy ~, and therefore for their

convex combinations in (2.2) with the probabilities p,(~r). p

To simplify notation, we write realization plans as vectors x- (x,)oES, and

y-(yv)oES, with sequences as subscripts. According to Lemma 2.1, these vectors

are characterized by

x~0, Ex-e, y?0, Fy- f (2.4)

for suitable matrices E and F, and vectors e and i that are equal to (1, 0..., 0)T,

where E and e have 1} ~H, ~ rows and F and f have 1-~ ~H2 ~ rows; an example for

E, e, F, and f is given in (2.6) below. Inequalities like (2.4) hold componentwise

and 0 denotes a vector of zeroes. The number of information sets and therefore the

number of rows of E and F is at most linear in the size of the game tree.

Mixed strategies of a player are called realizatáon equivalent (Kuhn, 1953) if

they define the same realization probabilities for all nodes of the tree given any

strategy of the other player.

LEMMA 2.2: Two mixed strategies p and p' of player i are realization equiv-

alent if and only if they have the same realization plan, that is, p[o-] - p,'[o-] for all

QES;.
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PROOF: Consider ( 2.2) as defining a linear map from IR~P'~ to ]R~s'~ that maps

the vector (p(~r))xEp t0 ( !c[Q]),ES, with the fixed coefficients a[o-], ~r E P;. Then

mixed strategies with the same image under this map are clearly realization equiv-

alent. ~

The linear map in the preceding proof maps the simplex of mixed strategies

of a player to the polytope of realization plans. These polytopes are characterized

by (2.4) as asserted by Lemma 2.1. They define the player's strategy spaces in the

sequence form and are denoted by

X-{x~x~0, Ex-e}, Y-{y~y~0, Fx- f}. (2.5)

The vertices of X and Y are the players' pure strategies up to realization equivalence,

which is the identification of pure strategies used in the reduced normal form of the

game (for generic payoffs).

C 3~ `0 J `0 J` O I `4J` 0 J `0 I `1 I

FIGURE 2.1.-A two-person extensive game.

Figure 2.1 shows an extensive game where the choices of player 1 and player 2

are denoted by the upper and lower case letters L, R, S, T and a, b, c, d, respectively.
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The sets of sequences are Sl -{0, L, R, RS, RT} and S~ -{~, a, 6, c, d}. In the

constraints (2.4) we have

1 1 1
E- -1 1 1 , F- -1 1 1 , e- f- 0. (2.6)

-1 1 1 -1 1 1 0

Sequence form payoffs are defined for pairs of sequences whenever these lead

to a leaf, multiplied by the probabilities of chance moves on the path to the leaf.

This defines two sparse matrices A and B of dimension ~Sl~ x ~5~~ for player 1 and

player 2, respectively. For the game in Figure 2.1, A and B are shown in Figure 2.2.

When the players use the realization plans x and y, the expected payoffs are xT Ay

for player 1 and xT By for player 2. These terms represent the sum over all leaves

of the payoffs at leaves multiplied by their realization probabilities.

0 a b c d

11 3
A-

0 0 0 12

6 0

0 a b c d

0
L
R
RS
RT

3 0
B-

0 5 2 0
0 1

0
L
R
RS

RT

FICURE 2.2.-Sequence form payoff matrices A and B for the game in Figure 2.1.
Rows and columns correspond to the sequences of the players which
are marked at the side. Any sequence pair not leading to a leaf has
matrix entry zero, which is left blank.

Using linear programming duality, von Stengel (1996) showed that any Nash

equilibrium of the game is a pair (x, y) of realization plans so that there exist vectors

u, v, r, s that fulfill the linear constraints

x, y~0

Ex - e

Fy - f

r-ETU -Ay?0

s- FTV-BTx ~0
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and the complementarity condition

xTT - 0, yTS - 0.

The vectors u and v have dimension 1 f ~H,~ and 1-}- ~H2~, respectively, and are

unconstrained in sign. The nonnegative slack vectors r and s have dimension ~Si ~

and ~52~, respectively.

Conditions (2.7) and (2.8) define a linear complementarity problem or LCP. A

standard LCP is specified by an n x n matrix M and an n-vector 6. The problem

is to find n-vectors z and w so that

z~0, w-6fMz10, zTw-O. (2.9)

The condition zTw - 0 states that the nonnegative vectors x-(zl,...,z„)T and

w- (wl, ..., w„)T are complementary, that is, at least one variable of each pair

(z;, w;) for 1 G i C n is zero.

The LCP defined by (2.7) and (2.8) is a more general mixed LCP (see Cottle,

Pang, and Stone, 1992, p. 29). Here z -(u, v, x, y)T and w-(0, 0, r, s)T and

certain variables z; (the components of u and v) are unrestricted in sign and the

corresponding variable w; is always zero, so that z and w are also complementary.

The normal form may be exponentially large in the size of the extensive game

since a player may have exponentially many pure strategies, even in the reduced

normal form. In contrast, the size of the sequence form is linear in the size of the

game tree (if the matrices E, F, A, and B in (2.7) are stored sparsely, otherwise

quadratic). Hence, any operations working on this data structure (like pivoting)

may be exponentially faster than standard normal form methods.

3. THE ALGORITHM

Lemke (1965) described an algorithm for solving the LCP (2.9). It uses an addi-

tional n-vector d, called covering vector with a corresponding scalar variable zo,

and computes with basic solutions to the augmented system

z~0, zo10, w-ófMzfdzo70, zTw-O. (3.1)
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At initialization, zo has a positive value. The algorithm then performs a sequence of

complementary pivoting steps. At each step, one variable of a complementary pair

(z;, w;) leaves and then its complement enters the basis. In a mixed LCP, a variable

z; without sign restrictions never leaves the basis. The goal is that eventually zo

leaves the basis and then has value zero, so that the LCP is solved. Koller, Megiddo,

and von Stengel (1996) give a detailed exposition of Lemke's algorithm and show

that it terminates for the LCP derived from the sequence form if d-(1,1, ...,1)T.

We choose a covering vector d that is related to the starting point for our

computation. Let (p, q) be an arbitrary starting vector, that is, a pair of realization

plans for the two players, so that

p~0, Ep-e, q~0, Fq-f, (3.2)

and let
e

d - -Aq
. (3.3)

-BT p
We augment the mixed LCP with constraints (2.7) with d as in (3.3) and obtain

analogous to (3.1)

a, y, zo ~ 0

Ex ~- e zo - e

Fyf fzo-f

r-ETU -Ay- (Aq)zo~0

S- FTV - BT x - (BT P)zp ~ 0

and the complementarity condition (2.8). An initial solution is given by zo - 1,

x - 0, y- 0, and suitable vectors u and v so that ETU 7 Aq and FTV ~ BTp,

that is, r 1 0 and s 7 0.

Conditions (3.4) and (2.8) hold for all points on the piecewise linear path

computed by the algorithm. In the remainder of this section, we show that this

path induces a path in the product X x Y of the two strategy spaces defined in

(2.5), which begins at the starting vector (p, q) and ends at an equilibrium.
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LEMMA 3.1: In any solution ( u, v, x, y, zo) to (3.4), let

~-xfpzo, y-y-~qzo.

Then~EX, yEY, andxg-yg-1-zo?0.

PROOF: Constraints (3.4) and (3.2) imply i ) 0, y 1 0, Ei - E(x -I- pzo) -

Ex -h (Ep)zo - Ex -f ezo - e, and similarly Fy - f. By (2.3) and (2.4), the first of

each of these equations reads xg -~ zo - 1 and yg -{- zo - 1, respectively. t]

By Lemma 3.1, any solution to (3.4) fulfills 0 G zo G 1. The algorithm

terminates as soon as zo - 0, so that x-~ E X and y- y E Y and (x, y) is an

equilibrium. At intermittent steps of the computation with 0 G zo G 1, the pair

(x, y) in (3.5) can be seen as a convex combination of a pair (x`, y') and the starting

pair ( p, q) with weights 1- zo and zo, respectively. Namely, let

x' - x. 1~(1 - zu), y' - y- 1~(1 - zo), (3.6)

so that i- x -{- pzo - x' (1 - zo) ~ p zo and y- y~ qzo - y' ( 1 - zo) -~ q zo. By

(3.4), Ex - e(1 - zo) and Fy - f(1 - zo), which implies x' E X and y' E Y. The

positive components x, and yo of x and y are the same as the positive components

of x' and y', up to scalar multiplication with 1- zo. By the following lemma, these

are best response sequences to the current pair ( ~, y) of realization plans.

LEMMA 3.2: For a solution (u, v, x, y, zo) to (3.4) and (2.8) with zo C 1,

consider i and y as in (3.5), and x' and y' as in (3.6). Then (x', y') is a pair of

realization plans where a' is a best response to y and y' is a best response to ~.

PROOF: Let (u, v, x, y, zo) be a solution to (3.4) and (2.8) with zo G 1, and

let x and y be as in (3.5). Any realization plan x' is a best response to y if and

only if it maximizes the expected payoff x'T (Ay) subject to x' ~ 0, Ex' - e. The

dual of this linear program (LP) is to find u' minimizing eTU' subject to

ETu' ~ Ay. (3.7)

F'easible solutions x' and u' to this primal-dual pair of LPs are optimal if they fulfill

the complementary slackness condition

x'T(ETU' - Ay) - 0. (3.8)

10



Let x" be as in (3.6) and u' - u. Then x' is a realization plan as shown above.

Furthermore, (3.4) and (3.5) imply (3.7), and (3.8) is equivalent to 1~(1-zo).xT r- 0

which holds by (2.8). So x" is indeed a best response to y. Similarly, y' in (3.6) is

a best response to i. p

In order to leave the starting vector (p, q), it is necessary to find solutions

to (3.4) and (2.8) where zo G 1 is possible. Whenever zo decreases from one,

the conditions (2.3) for realization plans imply that usually several components of x

(and similarly of y) become simultaneously nonzero in the equations Ex - e(1-zo),

since these are the same homogeneous equations as in (2.3) except for the first,

nonhomogeneous equation x0 - 1- zo which is different. The initial solution x- 0,

y - 0 does not show which components of x and y should be increased. One of these

components is the first entering variable, the others must belong to the initial basis.

This can be achieved by a first phase of Lemke's algorithm which first performs

a sequence of degenerate pivoting steps that bring all components of u and v and

suitable components of x and y into the basis, as discussed in detail in our discussion

paper von Stengel, van den Elzen, and Talman (1996).

For expository purposes, we explain an equivalent way of finding the initial

basis by linear programming, similarly to Kamiya and Talman (1990) and Dai and

Talman (1993). This initialization step is motivated by Lemma 3.2. Compute a

best response x' to q and a best response y` to p. That is, x` is a solution to the

LP: maximize xT (Aq) subject to Ex - e, x 1 0, and y' to the LP: maximize

(pTB)y subject to Fy - f, y~ 0. This yields also corresponding optimal dual

vectors u and v so that x'T(ETU - Aq) - 0 and y'T (FTv- BT p) - 0. We may

assume that x` and y" are basic solutions to these two LPs, for example as they are

computed by the simplex algorithm for linear programming. That is, an invertible

submatrix of each matrix E and F determines the respective basic components xó

and ya which may become positive, and determines uniquely u and v, respectively.

Then, the basis to start Lemke's algorithm contains zo, all components of u and v,

all but one of the variables x, and yo corresponding to the basic LP variables xó

and yo above (the missing one is the first entering variable), and the slack variables
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ro and s, in r- ET u- Aq and s- FTV - BT p for the other sequences v. We

obtain the following procedure.

ALGORITHM 3.3: Consider an extensive game for two players with perfect

recall, and its sequence form with payoff matrices A and B and constraint matrices

E and F for player 1 and player 2, respectively. Choose a starting vector (p, q)

fulfilling (3.2). Construct the augmented mized LCP with constraints ( 3.4) and

(2.8). Solve this LCP as follows.

(a) Find an initial basic solution with xo - 1 where the basic variables are zo,

all components of u and v, and all but one of the components of x and y

representing best response sequences against q and p, respectively.

(b) Iterate by complementary pívoting steps applied to pairs ( xo, rv) or (y„ so) of

complementary variables.

(c) As soon as zo becomes zero, let zo leave the basis and pivot. Terminate. The

computed equilibrium is (x, y).

Lemma 3.1 shows that in the course of the computation, the values of x, y,

and zo determine always a pair (~, y) of realization plans and thus a path in the

product X x Y of the two strategy spaces. We are only interested in this path, since

the basic variables in u and v are uniquely determined.

It remains to show that the algorithm terminates. With the above interpreta-

tion, we can exclude ray termination, which may cause Lemke's algorithm to fail,

because the path cannot leave the strategy space. Thus, the algorithm terminates

if the path is unique in the sense that no basis is revisited. This is achieved by a

systematic degerzeracy resolution which we discuss in Section 6.

4. ILLUSTRATION OF THE ALGORITHM

We illustrate the computation for the game in Figure 2.1. The constraints for the

strategy spaces X and Y in (2.5) are given by (2.6). We denote the elements of X

and Y by i and y as in (3.5). Figure 4.1 shows X for the possible values of iL,

~RS, xRT. Figure 4.2 shows Y with the pairs ya, yb and y~, yd corresponding to the

12



vertical and horizontal coordinates of a square, respectively, since ya ~- yb - 1 and
y~ ~- yd - 1. The redundant variables i~, xR, and y0 are not shown since their value

is known, and they also have no payoff entry in Figure 2.2.

Each strategy space is subdivided into best response regions for the sequences

of the other player. In Figure 4.2, these are the sequences L, RS, RT of player 1,

which correspond to player 1's pure strategies in the reduced normal form. In

Figure 4.1, X is partitioned twice, namely into regions where sequence a or b is

a best response of player 2, and independently into regions where c or d is a best

response. This multiple partition of X into best response regions results because a, b

and c, d are the choices at parallel information sets h and h' where oh - Qh~. This

is also reflected in the structure of F and the complementary slackness condition for

the constraints FTV 1 BTZ, as explained in detail in von Stengel et al. (1996). In

effect, the four pure strategies of player 2 consisting of the choice pairs (a, c), (b, c),

(a, d), and (b, d) appear both as vertices of the strategy space Y in Figure 4.2 and

as intersections of best response regions partitioning X in Figure 4.1.

We choose the starting vector ( p, q) defined by

(pLipRSePRT) - (3,10~7,20e~,20)~ ( Qav~]óiqeeqd) - (1,3~2,3i~,3~2,3).

In Figure 4.1 and 4.2, p and q are marked by a dot in the interior of each strategy

space. The unique best response sequence of player 1 to q is RS, and the unique

best response sequences of player 2 to p are b and c. Among the components of

x and y, the initial basic variables and the first entering variable in the system

(3.4) are therefore ~RS, yb, and y~. The algorithm performs the following steps as

indicated in the figures.

1. The first step is the line segment starting at (p, q) so that (i, y) in (3.5)

changes by decreasing zo from one and increasing at the same time the vari-

ables xRS, yb, y~ from zero. When zo - 9~1s, the path hits the best response

region for the sequence L of player 1 in Figure 4.2 because the slack r~ of the

payoff for that sequence becomes zero.

For any zo, the current pair (á , y) of realization plans defined by (3.5) belongs to

X(zo) x Y(zo), the product of the restricted strategy sets defined by

13



xRS - 1 zRT- 1

FIGURE 4.1.-Strategy space X of player 1 for the sequence form of the game in
Figure 2.1, with best response sequences of player 2. Computation
steps are indicated by arrows or as underlined steps with no change
for player 1. The starting point p for player 1 is (pL, pRS, pRT) -
(3,10i7,20i7,20).

X(zo) -{ x E X ~~o ~ pozo b'v E Sl },
- (4.1)

Y(zo)-{yEY~yo7qozo `dvES2}.

For zo - 9~1s, the set Y(zo) is shown in Figure 4.2 as a square, a smaller sized

replica of the strategy space Y containing the starting point q in the same relative

position. The end of the arrow "1." is the lower left corner y- y f qzo of that

square, where only the sequences b and c of player 2 have positive components yb

and y~ and ya - yd - 0. Similarly, the end of the arrow "1." in Figure 4.1 is the

corner ~- z f pzo of X(zo) with zRS ~ 0 and zL - zRT - 0.

2. Since the slack rL has become zero, it is replaced by its complementary variable

zL that is now increased from zero, according to step (b) of Algorithm 3.3.
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y~ - 1
ya-1

yd-1
ya-1

yn-1 ' ~ ~ y6-1

y~-1 yd-1

FIGURE 4.2.-Strategy space Y of player 2 for the sequence form of the game in
Figure 2.1, with best responses of player 1 and computation steps.
The starting point q for player 2 is (qQ, qb, q~, qd) - (1~3, 2~3, 1~3, 2~3).

That is, rL has left and xL enters the basis. When x~ is increased, then zo can

neither decrease since this would make RS nonoptimal, nor increase since this

would make L nonoptimal (see Figure 4.2). So zo remains unchanged. Since

b and c are still the unique best responses for player 2, his current position in

Y(zo) is unchanged, marked with "2." (underlined) in Figure 4.2. For player 1,

the arrow "2." in Figure 4.1 denotes an increase of a~ along the boundary

of X(zo) until the best response set of the sequence a of player 2 is reached.

Then, the basic slack variable sa becomes zero and is exchanged with ya.

3. Since r~ and rRS are nonbasic and zero, the next piece of the path in Figure 4.2

must belong to the best response regions for both L and RS. The relative size

of ya can only increase if zo is increased, which shrinks the set Y(zo). By the

same shrinking factor, X(zo) becomes a smaller triangle in Figure 4.1, until
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tRS becomes zero, which happens when zo is increased to ~~7r. Then the end

of the arrow "3." points to the corner ~ - x fpzo of X(zo) where ~L is the only

positive component of a. The variable xRS leaves the basis and is replaced by

its complement rRS, so that in the next step, the path leaves the best response

region for RS in Figure 4.2.

4. Since ya, yb, y~ are all basic, zo remains constant and nothing changes for

player 1 in Figure 4.1. By increasing rRS from zero, ya is increased and yb

decreased until it is zero. Then yb is replaced by its complement sb.

5. The current basis contains only xL,ya,y~, so the best response sequences are

L for player 1 and a and c for player 2. By increasing sb from zero, zo is

decreased again until it is zero, reaching the equilibrium (x, y) -(i, y) with

xL - 1 and ya - y~ - 1, which terminates the algorithm.

This example is specifically designed to show that an intermittent increase of zo

is possible, which seems to be rare, at least for low-dimensional strategy spaces.

The starting vector (p, q) is used throughout the computation for reference since it

determines the system (3.4) and the sets X(zo) and Y(zo). Other starting vectors

lead to different paths and possibly to different equilibria (see von Stengel et al.,

1996).

5. PERFECT EQUILIBRIA

Technically, our method is related to the algorithm by Koller, Megiddo, and von

Stengel (1996). Conceptually, it is based on the algorithm by van den Elzen and

Talman (1991) for the normal form. The mixed LCP with constraints (2.7) and

(2.8) can also be used to characterize the equilibria (x, y) of a game in normal form

with payoff matrices A and B. Then E and F each consist of a single row of ones

and e- f- 1, so that the strategy spaces X and Y in (2.5) are the mixed strategy

simplices. In that case, Lemke's algorithm with the covering vector d in (3.3) is

equivalent to the algorithm by van den Elzen arrd Talman. This follows easily from

Lemma 3.1, but has not been observed before.
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The main game-theoretic property of the van den Elzen-Talman algorithm for

the normal form is that the computed equilibrium is perfect whenever the starting

vector is completely mixed. This result carries over to the sequence form, as follows.

Call a realization plan x for player 1(similarly y for player 2) completely mixed

if x~ 0. By (2.3), x is the realization plan of the behavior strategy ~3 defined by

~(ah) , c E Ch, h E Hl . (5.1)Q(c) - ~(ahc)

The behavior strategy ~3 assigns positive probability to any choice c. Regarded

as a mixed strategy, Q is therefore also completely mixed in the sense that every

pure strategy is played with positive probability. Conversely, any completely mixed

strategy defines a completely mixed realization plan by (2.2).

As shown in Lemma 2.2, the linear map defined by (2.2) maps the mixed strat-

egy simplices to the sequence form strategy spaces X and Y. The path computed

by Algorithm 3.3 is part of X x Y. A suitable pre-image of this path under the linear

map (2.2) yields a piecewise linear path in mixed strategies. We show this only for

player 1; the consideration for player 2 is analogous. Consider two endpoints ~' and

x2 in X of a line segment [a',x2] of the computed path; these endpoints are defined

by two successively computed bases. Let pl and lC2 be mixed strategies of player 1

that have realization plans xl and x2, respectively. In the mixed strategy simplex

of player 1, the line segment connecting lCl and la2 is mapped under (2.2) to [~1, ~2]

since that map is linear. Thus, [s', ~2] is indeed the image of a line segment in

mixed strategies.

The particular pre-image of [x', x2] in the mixed strategy simplex does not

matter, because mixed strategies with the same realization plans are realization

equivalent and therefore payoff equivalent. A canonical choice for p' and p2 are the

corresponding behavior strategies of player 1 as in (5.1). Only the endpoints of the

line segment [xl, x2] should be translated to behavior strategies in this way, but not

every point on the segment since this does not yield a line in the mixed strategy

simplex if the convex combinations of pl and p2 are not all behavior strategies.

THEOREM 5.1: Let the starting vector (p, q) be completely mixed. Then Algo-

rithm 3.3 computes an equilibrium that is normal form perfect.
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PROOF: Let (x', y') be the computed equilibrium. Except for its endpoint

(x', y'), the last line segment of the computed path consists of pairs (x~pzo, y~- qzo)

of realization plans where zo 1 0, due to condition 3.3(c). Therefore, these real-

ization plans are, like p and q, completely mixed. The equilibrium (x', y') is the

limit of these realization plans when zo goes to zero, and is a pair of best responses

to these realization plans because of the complementarity condition (2.8), since x`

and y` have the same basic components as x and y (a similar argument is made

in the proof of Lemma 3.2). These properties hold also when the computed path

is translated to mixed strategies as described above. According to Selten (1975,

Thm. 7), they imply that the equilibrium ( x', y') is perfect in the normal form. ~

Any point (i, y) on the computed path is an equilibrium of the game with the

restricted strategy sets X(xo) for player 1 and Y(zo) for player 2 in (4.1), where any

nonoptimal sequence a has the minimum probability pszo for player 1 and qozo for

player 2. In the final computation step when zo goes to zero, these can be considered

as mistake probabilities so that the equilibrium is "trembling hand" perfect. The

equilibrium is perfect for the normal form but not necessarily for the extensive form

(see van Damme, 1987, p. 114).

The relative mistake probabilities for sequences are as in the starting vector

(p,q), so they can be varied. The algorithm by Wilson (1992) for a game in normal

form computes also a perfect equilibrium, but with mistake probabilities for pure

strategies that have different orders of magnitude, according to an initially chosen

order of the pure strategies. Different starting vectors for our algorithm may also lead

to different equilibria. In the latter case, a modified initialization of the algorithm

yields additional equilibria of opposite index (see van den Elzen, 1993, p. 117).

Another game-theoretic property of our algorithm is that it mimics the linear

tracing procedure by Harsanyi and Selten (1988), applied to the normal form of the

game. Thereby, the starting vector (p, q) is the players' prior which the players take

into account with probability zo, whereas 1- zo is the probability for the current

strategy pair (x', y") defined in (3.6). For further details see van den Elzen and

Talman (1995).
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6. DEGENERACY RESOLUTION

The support of a mixed strategy is the set of pure strategies it uses with positive

probability. A game is called degenerate if the number of pure best responses to

some mixed strategy exceeds the size of its support (this is the simplest of many

equivalent definitions, see von Stengel, 1997). Degeneracy can also be defined for

augmented linear systems like (3.4) and for the sequence form, where it means that

certain basic solutions have basic variables with value zero. Then the leaving variable

in a pivoting step may be not unique and must be determined by an additional (for

example lexicographic) rule that guarantees termination of the algorithm.

A bimatrix game is nondegenerate with probability one if its payoffs are generic,

that is, drawn independently from continuous distributions. The normal form of an

extensive game, however, is often degenerate even if payoffs are generic. The reason

is that there may be many best response strategies specifying choices in unreached

parts of the game tree. This holds also for the sequence form, even though it is

less redundant than the normal form. For example, the game in Figure 2.1 has the

equilibrium (x, y) in realization plans with x~ - 1, ya - y~ - 1. Here the sequence d

of player 2 is also a best response but has probability zero, so both the slack variable

sd and its complement yd have value zero, one of which is a basic variable. This

degeneracy is due to the structure of the game tree and not due to the payoffs, since

after the choice L of player 1, the second information set of player 2 with its choices

c and d is unreached. In larger games, such degeneracies can also be observed at

intermediate steps of the computation.

In our algorithm, degeneracy is handled by the well-known lexicographic method

as follows (for a detailed exposition see Koller, Megiddo, and von Stengel, 1996). In

a pivoting step, the leaving variable is determined by a minimum ratio test applied

to the right hand side of the current tableau divided by the positive entries of the

entering column. In a nondegenerate game, the minimum is unique. Otherwise, the

set of candidates for the leaving variable is tested again by comparing the ratios

for the next column of the tableau, until a unique minimum is found. Sometimes

all relevant tableau columns must be iteratively tested in this way (for example in

certain computations for the game in Figure 2.1); this is not a problem for the small
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sized sequence form. The lexicographic rule determines the leaving variable and the

computed path uniquely. Hence, no basis is repeated and the algorithm terminates.

In the computation described in Section 4, the final pivoting step where zo

leaves the basis is degenerate since the variable sd could leave as well. According

to step (c) of Algorithm 3.3, zo is chosen to leave the basis. According to the

lexicographic rule, sd would leave the basis, with yd entering and then rRS leaving

and xRS entering, and finally zo leaving the basis. This determines the equilibrium

(x, y) with x~ - 1, ya - 1, y~ - 1~1~ (see von Stengel et al., 1996). Koller, Megiddo,

and von Stengel (1996) showed that the lexicographic rule guarantees termination

of the algorithm, even without testing before if zo can leave the basis. The above

example shows that the extra test for zo can shorten the computation, which was an

open question. Recall that in Algoríthm 3.3(c), the variable zo leaves the basis as

soon as possible in order to obtain a normal form perfect equilibrium by Theorem 5.1.

The lexicographic rule maintains the invariant that all computed bases are

lexico-positive, so this must also hold for the initial basis. The simplest initialization

for Algorithm 3.3 is to start Lemke's algorithm in a first phase with artificial slack

variables that are complementary to u and v. The components of u and v are

then brought into the basis using the lexicographic rule, and never leave again. For

details see von Stengel et al. (1996).

7. COMPARISON WITH OTHER ALGORITHMS

Wilson (1992) amended the algorithm by Lemke and Howson (1964) with a lex-

icographic perturbation technique so that it computes a perfect equilibrium of a

two-person game in normal form. This algorithm can only be efficient for extensive

game computation if it is combined with Wilson (1972). We will show that the

resulting algorithm gives rise to serious efficiency problems.

Wilson (1972) applied the Lemke-Howson algorithm to the normal form of

the extensive game, which is stored only for the - ideally small - support of the

current mixed strategies. The algorithm computes a sequence of complementary

pivoting steps applied to pairs (x;, r;) or (y„ s~) of complementary variables. Of the

20



basic variables, only the mixed strategy probabilities x; and y~ are stored explicitly,

whereas the slack variables r; and sj are merely known to be nonnegative. For the

pivoting step, the leaving variable is determined by a minimum ratio test which is

performed indirectly for the tableau rows corresponding to basic slack variables, as

follows.

Suppose, for example, that yk enters the basis. Then the conditions y~ 1 0

and r; 1 0 for the basic variables y~ and r; determine the value of the entering

variable y~ by the minimum ratio test. In Wilson (1972), this test is performed as if

the requirements r; 1 0 were absent, obtaining a new mixed strategy yo of player 2.

Against this strategy, a pure best response i of player 1 is computed from the game

tree by dynamic programming. If i is in the current support of x, then r) 0 and

some component of y leaves the basis. Otherwise, r; C 0(in the nondegenerate

case) so that at least the inequality r; 1 0 is violated. Adding that inequality for

the minimum ratio test determines a new, smaller value yk for the entering variable

and a corresponding mixed strategy y1. Then the subroutine for finding a pure

best response to yl is invoked again, computing in that fashion a sequence of mixed

strategies yo, yl, ..., y~ until r~ 0 holds and the correct leaving variable r; is found.

This is computationally inefficient for a number of reasons. First, as noted

by Wilson (1972, p. 452), the described method to determine the leaving variable

"involves a number of iterations which in principle may be of the same order of

magnitude as [the number of pure strategies of a player]". Conceivably, a careful

implementation of the best response subroutine may require fewer iterations, but

this has not yet been analyzed.

Second, degeneracy can occur if the mixed strategy y` above has several best

responses of player 1. This may be a large number of pure strategies, for example

all of them in a completely mixed equilibrium. Then the leaving variable must be

selected according to the lexicographic rule described by Wilson (1992) which is

necessary to obtain a perfect equilibrium. As noted in Section 6, this may require

an iterated minimum ratio test for all tableau columns. Since their number may

be exponential in the size of the game tree, this is the most severe limitation of the

algorithm.
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Third, the method by Wilson (1972) does not guarantee that the mixed strat-

egy supports stay small. This can be achieved by maintaining a linear system of

equations for realixation weights of the leaves of the game tree and with a basis

crashing subroutine, as shown by Koller and Megiddo (1996) who introduced these

additional concepts.

Fourth, any pure strategy in the algorithm by Wilson (1972) is not represented

by a simple index i or j but as a tuple of choices in the game tree. This alone makes

the algorithm rather inefficient (Wilson, 1994, personal communication). Because

Wilson's algorithm requires a number of subroutines and is complicated and slow,

Koller and Megiddo (1996, p. 91) recommend to use the sequence form instead.

The algorithm by Koller, Megiddo, and von 5tengel (1996) uses the sequence

form and is simple and efficient. In comparison to that method, our algorithm has

the following advantages. Our convergence proof is straightforward because the

path remains in the strategy space which precludes ray termination. The proof in

Koller, Megiddo, and von 5tengel (1996) is very technical. Most importantly, we

can freely choose the starting vector, and that choice has a clear interpretation. In

consequence, our algorithm can find several equilibria if they exist, and the computed

equilibrium is normal form perfect if the starting vector is completely mixed.
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