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Abstract

In this paper we consider the linear-quadratic differential game with an infinite~ planning
horizon. We derive both necessary and suEF'icient conditions for existence of open-loop
Nash equilibria for this game. Furthermore we show how all equilibria can be easily
obtained from the eigenspace structure of a Hamiltonian matrix that is associated with
the game.

Keywords: Linear quadratic differential games, open-loop Nash equilibria, solvability
conditions, Riccati equations



1 Introduction

The last decade there has been an increasing interest to study several problems in eco-
nomics using a dynamic game theoretical setting. In particular in the area of environmen-
tal economics and macro-economic policy coordination this is a very natural framework
to model problems (see e.g. de Zeeuw et al. (1991), Máler (1992), Kaitala et al. (1992)
and Dockner et al. (1985), Tabellini (1986), Fershtman et al. (1987), Petit (1989),
Levine et al. (1994), van Aarle et al. (1995), Douven et al (1995)). In, e.g., policy co-
ordination problems usually two basic questions arise i.e., first, are policies coordinated
and, second, which information do the participating parties have. Usually both these
points are rather unclear and, thereforc, strategies for different, possible scenarios are cal-
culated and conipared with eachother. One of these scenarios is the so-callecí open-loop
strategy. This scenario can be interpreted as that the parties simultaneously determine
tlic~ir strategy, next submit their strategies to some authority who then enforces these
plans as binding commitments. So, this strategy is based on the assumption that the
parties act non-cooperatively and that the only information they have on the model
is its present state and the model structure. Obviously, since according this scenario
the participating parties can not react to eachother's policies, its economic relevance is
mostly rather limited. However, as a benchmark to see how much parties can gain by
playing other strategies, it plays a fundamental role. Due to its analytic tractability the
open-loop Nash eqiiilibrium strategy is in particular very popular for problems where the
underlying model can be described by a(set of) linear differential equation(s) and the
individual objectives the parties are striving for can be approximated by functions which
quadratically penalize deviations from some (equilibrium) targets. Under the assump-
tion that the parties only have a finite-planning horizon, this problem was first modeled
and solved in a mathematically rigorous way by Starr and Ho in (1969) (see also Lukes
et al (1971), Eisele (1982) and Engwerda (1996) for extensions and more precise formu-
lations).
In Abou-Kandil et al. (1993), Weeren (1995) and Engwerda (1996) also convergence of
this equilibrium strategy was studied if the planning horizon expands. Like in the opti-
mal linear quadratic regulator theory it turns out that under some conditions it can be
shown that this strategy converges. Furthcrmore, this convcrged solution is rather easy
to calc.ulate and mucl~ easier to implement than the finite planning horizon equilibrium
solution.
So, the question arises whether this (converged) solution also solves the game if the par-
ties consider an infinite-planning horizon. In Engwerda (1996) this problem was partly
solved. That is, on the one hand a sufficient condition was given under which open-loop
Nash equilibria exist and, on the other hand, for stable systems both a necessary and
sufficient existence condition was derived. In this paper we will extend this approach.
We will show that the condition derived in the above mentioned paper is also necessary
and sufficient for the general case. We will conclude this paper by a discussion on the
consequences of this result for numerical calculation of equilibrium solutions and by con-
sidering some special cases when (generically) a unique equilibrium exists.
The outline of the paper is as follows. In section two we start by stating the problem



analysed in this paper and present some preliminary properties. Section thrcti coutains
the basic result, whereas section four contains the concluding remarks.

2 Preliminaries

Irr this paper we consider the problem where two parties (henceforth called players) try
to minimize their individual quadratic performance criterion. Each player controls a
different set of irrputs to a single system, described by a differential equation of arbitrary
order. As already mentioned in the introduction we assume that both players have to
formulate tlreir strategy already at the moment the system starts to evolve and this
strategy can not be changed once the system runs. So, the players have to minimize
their performance criterion based on the information that they only know the differential
equation and its initial state. We are looking now for combinations of pairs of strategies
of both players which are secure against any attempt by one player to unilaterally alter
his strategy. That is, for those pairs of strategies which are such that if one player
deviates from his strategy he will only lose. In the literature on dynamic games this
problem is well-known as the open-loop Nash non-zero-sum linear quadratic differential
game (see e.g. Starr and Ho (1969), 5imaan and Cruz (1973), Ba~ar and Olsder (1982)
or Abou-Kandil and Bertrand (1986)). Formally the system we consider is as follows:

i- Ax -~ Bru1 f B2ua, x(~) - xo, (1)
where x is the n-dimensional state of the system, u; is an m;-dimensional ( control) vector
player i can manipulate, xo is the initial state of the system, A, Bl, and Bz are constant
matrices of appropriate dimensions, and i denotes the time derivative of x.
The performance criterium player i- 1, 2 aims to minimize is:

lim J,(ul, uz),
tl -~ o0

where

and

e
Jr(ur,uz) :- 21 ~{x(t)TQrx(t) f ur(t)TRr,ur(t)}dt,

~
Js(ur,uz) :- 2 f~{x(t)TQ~x(t) f us(t)TR~sus(t)}dt,

in which matrix R;; is positive definite, Q; is semi-positive definite and additionally is
positive definite w.r.t. the controllability subspace G A, B; ~, i- 1, 2.
Note that usually in literature each player's performance criterium also includes a cross
term, penalizing the control efforts of ihe other player. Since, however, this cross terrn
does not play a role in the analysis of open-loop Nash equilibria, we dropped this term
here (see any of the references quoted above).
The set of admissible control functions we consider, is given by U:-

(){ ur ~ ,t E[O,oo)~ifimoJ;(ut,u~) G oo, á- 1,2.}
s( )



Note, that U depends on the initial state of the system . For simplicity of notation we
omit, however, this dependency. Furthermore, it is clear that u;(.) E Lt, the set of
square integrable frrnctions, but that U is not a linear subspace of Lt. First, since the
zero-function will in general not belong to U and, second, in general with v, w E U,
v~ w~ U. However, U does satisfy the following important property:

Lemma 1:
Assume that both v and v t w are an element of U. Then for any real E also v~- Ew E U.

Proof:
First we introduce some notation.
Let x„ denote the state trajectory obtained by using the control function u, that is,
zu(t) .- eaeyo f fá eA~`-rl(Bi B~)u(r)dT.
Since by assumption both v and v-}- w belong to U, x„(t) and x„~w(t) converge to zero
if t -~ oo. So, x„(t) - x„~w(t) - f~ eA~`-?~(Bl B2)w(T)dr -. 0, if t-. oo. Moreover,

since both x„ and ~„tw are square integrable, also the righthandside of the above equa-
tion is square integrable. Now, consider x„~~w(t). Elementary calculation shows that
x„~~w(t) - x„tw(t) -(1 - E) f~ eA~`-Tl(Br BZ)w(r)dr. So, using the above result, it is
clear that x„~Ew(t) is square integrable. Moreover, since both v and v~ w are square
integrable it follows that w has to be square integrable too. From this follows then im-
mediately that also v f Ew is square integrable.
Combining both results gives then that limi~~~ J;(v-~E2ll) G oo, i- 1,2. Which implies
that v-~ Ew E U. O

Next, we introduce the set of coupled algebraic asymmetric Riccati-type equations asso-
ciated with this problem:

0--AT K, - K,A - Q, f K,S,Kr f K,S2K2i (2)

0--AT K~ - K,A - Q2 f K2S~K2 f K2SiK1, (3)
where S; - B;R;;~BT,i - 1,2.
We will see in the next section that the solutions Kl, KZ to this set of equations, that
satisfy an additional stability property, play a similar role like the stabilizing solution of
the algebraic Riccati equation in the standard LQ regulator problem.

3 The equilibrium strategies

The basic result of this paper is summarized in the next theorem:

1'heorem 2:
The two-player linear quadratic differential game ( 1) has for every initial state an open-

loop Nash equilibrium ~ u' ~ if and only if there exist Kl and K2 that are solutions
uz



oí the algebraic Riccati equations (ARE) satisfying the additional constraint that the
eigenvalues of A~~ :- A- St K, - S2Kz are all situated in the left half complex plane.
In that case, the strategy

u;(t) - -R;;1BTK;x(t),i - 1,2

is an open-loop Nash equilibrium strategy.
Moreover, the costs obtained by using this strategy for the players are

{(ea`,ixo)T (Q; ~- KT S;K;)eA~'`xodt, i- 1, 2.
J~0

O

Proof:
"~" This part was proved by Engwerda (1996), theorem 12.
n~ n To prove this part we use the variational approach (see e.g. Friedman (1971),
Lukes and Russell (1971) and Engwerda (1996)).
Suppose that ut, uz are a Nash solution. That is,

Ji(ui,uz) ? Jt(ut,uz) and Jz(ut,uz) ~ Jz(ut,~z). (4)

Then, for any control function ~ ~~ such that ~ u'u2 w~ E U we have, according

lemma 1, that for any real number e

Jt(E) -- Jt(ut f ew,uz) ~ Jt(ut,uz).

Let x;,(t) and x„t~w(t) be the solutions to (1) corresponding to the controls ("'
` uz

ut f ew
, respectively. Then it is easily verified that ( see also proof of lemma 1)

xufew(t) - xu(t) } Eg(t)i (6)

where g(t) :- jó eA~~-'~Blw(s)ds is a square integrable function.
So, Jt(e) can be rewritten as:

1 ~2 f f(t, e)dt,

where

f(t,E) .- (xu(t) ~- Eg(t))TQt(x,:(t) t Eg(t))~
(ul(t) -~ ew(t)) TR,t (ul(t) f ew(t)).

Note that f( t, e) is differentiable w.r.t. e for every t E(0, oo). Simple calculations show
that t

áE - 2E(9T(t)Qig(t) f wT(t)Rt~w(t))}

uz

2(9T(t)Qtxa(t) f wT(t)Ritui(t))



[ising the facts that g(t), t~(t) and u~(1) are squari, inti~grablc, it is ob~.ions nu~~~ that `1
is integrable for. e.g., all e E[-l, 1]. Gsing standard argumeuts we ha~~r thrn t.h~~t J~(e)
is differentiable on (-1, 1) and that

From (5) we get

So, we get:

dJ,(e) - ~~
de Jo {E(9T (t)Qi9(t) f wT(t)Riiw(t))f

(9T(t)Qixu(t) ~ wT(t)Riiut(t))}dt

dJ,(e)
de ~~-o - 0. (7)

1~{9T (t)Qlx;,(t) -F wT (t)Rllul(t)}dt - 0.

Substitution of the expression for g(t) into this equation and then interchanging the
order ofintegration yields:

1~{ J ~(eAl`-'~B~w(s))TQix;,(t)dt}dsf

f ~ wT (t)Rliul(t)dt - 0.
0

Which can be restated as:

J ~{wT(t)Bi e-AT ~ ~~ eAT'Qlx;,(s)ds}dtf

I~ w~(t)Rllui(t)dt - 0.
0

Now, choose in the above expression consecutively w(t) :- sgn(eT(Bi fi~eATl'-~IQI
x;,(s)ds f R„u,(t))]e-~ie;, i-1,..,n, where .~ is an arbitrary real number larger than the
spectral radius of matrix A and e; is the i-th standard basis vector in IR". Then it is
clear that for every choice of w(t), ul -}- w(t) E U. Consequently it follows that

ul(t) - -R111B; f~ e"Tl'-`1Qix;,(s)ds. (8)

Similarly, it can be shown that uZ(t) necessarily satisfies:

u2(t) - -t~~1B2 J ~ CAT~s-~1Q4xu(s)ds (9)

Next, we introduce the vector v:- (v~ v2 v3 )T as follows: vl(t) : - x„(t), vZ(t) :-

j~ eAT 1'-tlQlxu(s)ds and v3(t) :- jt~ eAT 1'-~I Q2x,;(s)ds. Then ul - -RiI1Bi vZ(t) and
u~ --RZZB2v3(t). Moreover, it is easily verified by differentiation of v~(t) and v3(t),
that v(t) satisfies

-A S, SZ
v(t) -- Qi AT 0 v(t), with vl(0) - xo. (10)

Qz 0 AT



Since by assumption for arbitrary xo, v(t) converges to zero, it follows that there exist
-A Sl Sz I I

Kl, Kz and a stable matrix A such that - Q~ AT~ 0 Kt - Kr A.
Qz 0 AT Kz Kz

Writing out these equations yields then the advertised result. ~

emark:
Parts of the above proof can be substituted by using the results of Haurie et al. (1984,
lemma 5.1). T}ris requires, however, the introduction of tlre concept of weak overtaking
optimality. In this framework it is not required that the state or the performance cri-
terium converge (see Halkin (1974)). Since we like to stay in the framework of bounded
performance criteria, we choose to give an elementary selfcorttained proof of the theorem.

In the above theorem the costs for the individual players are expressed as an integral.
In fact, analogously to the optimal LQ regulator theory, we have that the costs can be
obtained indirectly by solving the following associated Lyapunov equationsl

ATM;fM;A~1fQ;fKTS;K;-~, (11)

where A~i :- A- S, Kl - SZKz, i-1,2.
Note that if all e.igenvalues of A~~ are in the left half complex plane and Q;t KT S; K; ) 0,
this equation has a unique positive semi-definite solution M;. The equilibrium costs can
then also be obtained as

Proposition 3:
Assume that K~, Kz solve (ARE) and satisfy the stabilization property mentioned in
theorem 2. Let M; be the unique positive semi-definite solution of the above Lyapunov
equation (11): Then,

J;(ul,uz) - xóM;xo, i - 1,2. (12)

Proof:
Let M; ~ 0 be the unique solution of (11). Then, using the notation x(t) :- eA~~~xo, we
have

J;(ui, uz) f~ x(t)T (Q; f KTS;K;)x(t)dt
0
- f~ x(t)T (A~M; d- M;A~r)x(t)dt

0

- -~~ át~x(t)TM;x(t)ldt
- xóM;xo - lim x(t)T M;x(t)

e--.oo

xóMtxo,

'I like to thank Arie Weeren for pointing out this to me



which proves the claim. ~

4 The solutions for the algebraic Riccati equation
In the previous section we saw that we can find all equilibrium solutions by determining
all solutions Kl, Kz of the set of algebraic Riccati equations (ARE), which satisfy the
additional property that all eigenvalues of the corresponding matrix A- S~ Kl - S2Kz
lie in the left half complex plane.
MacFarlane (1963) and Potter (1966) independently discovered that there exists a re-
lationship between the stabilizing solution of the algebraic Riccati equation and the
eigenvectors of a related Hamiltonian matrix in linear quadratic regulator problems.
Abou-Kandil et al. (1993) already pointed out the existence of a similar relationship
for our problem. One of their results was that if the planning horizon t~ in (1) tends
to infinity, under some technical conditions, the solution of the finite planning horizon
problem converges to a solution which requires the calculation of a solution K~, Kz of
(ARE) which can be calculated from the eigenspaces of the matrix

-A S, Sz
M :- Qi AT 0

Qz p AT
. (13)

In Engwerda et al. (1995) this relationship between solutions of (ARE) and eigenspaces
of matrix M was elaborated. Using the notation JN`nv for the set of all M-invariant
subspaces, it was shown that all solutions for the set of algebraic Riccati equations can
be calculated from the following subset of M-invariant subspaces:

0 0
1C~' :- {lC E IVI'nv~IC ~ Im I 0 - lR3n}.

0 I

Note that elements in this set 1C'o' can be calculated using the set of matrices

0 0
Kpo, :- { K E]~,3nxn ~ImK ~ Im I O - 1R3n }.

0 1

The following result was proved:

Proposition 4:
(ARE) has a real solution (K1,Kz) if and only if K~ - YX-1 and Kz - ZX-~ for some

X
1C -: 1 m Y E 1Cao,

Z
Moreover, if the control functions u~(t) --R;;' BT K;~(t)xo are used to control the
system (1), the spectrum of the closed-loop matrix A- S1K~ - S2Kz coincides with



?(-M~„). o

From this result we first of all observc: that every element of 1C~' defines exactly one
solution of (ARF.). Furthermore, this set contains only a finite number of elements if and
only if the geometric multiplicities of all eigenvalues of M is one (see e.g. Lancaster and
'I'ismenetsky ( 1985)). So, in that case we immediately conclude that ( ARE) will have at
most a finite number of solutions. Furthermore, we see that

Corollary 5:
(ARE) will have a set of solutions (Kl, Kz) stabilizing the closed-loop system matrix
A- Si Ki - Sllí~ if and only if there exists an M invariant subspace ~ in ICPo' such that
Rea)Oforall.~EQ(M~x). O

So, the study of the equilibria of our LQ game boils down to the study of all M in-
variant subspaces IC in 1Cflo' for which Re ,~ 1 0 for all .~ E v(M~~).
The next example illustrates that in general tliere may be more than one equilibrium:

Example 6:
In Engwerda et al. (1995) the following example was considered:

0 -1 0 -1

`4 - 0 0 11 O1 ~
B1 - I4, Q1 - diag(3.5,2,4,5), Q2 - diag(1.5,6,3,1),

-2 0 0 1
Rll - I4, and R2~ - 214.
By considering the eigenvalues and corresponding eigenspaces of matrix M, it was shown
that (ARE) has 7 solutions Kl, K~ satisfying the stabilization property. So, according to
theorem 2, for this choice of matrices, the infinite planning horizon game has 7 open-loop
Nash equilibria. O

5 Concluding remarks

In this paper we considered the existence of open-loop Nash equilibrium solutions in the
two-player infinite-planning horizon linear quadratic game. We derived both necessary
and suf6cient conditions for existence of such equilibria. Furthermore we showed how
these equilibria can be calculated from the invariant subspaces of the Hamiltonian matrix

-A S~ S~
associated with this game M- Q~ AT 0 . It turns out that the eigenvalues of

Qz 0 AT
the closed-loop system, if the open-loop control strategies are implemented in (1), can
be obtained from the eigenvalues of this matrix.
As was illustrated in an example, in general the game will have more than one equilib-
rium. An important open problem remains the study of the eigenstructure of this matrix



M.
One property, which was already noted in Engwerda (1996), is that if a discounting factor
is included in the performance function that is large enough, matrix M will have n stable
eigenvalues. So, in that case there exists at rnost one eyuilibrium. Since generically the
corresponding eigenvectors will be such that they together form an element of ICpo', we
get generically a unique equilibrium in the discounted case. Moreover, combining the
results on scalar systems from Engwerda (1996) and the results of theorem 2, we have
that for scalar systems there exists always a unique equilibrium.
Finally we note that the obtained results can be straightforwardly generalized to the N
player game.
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Het gebruik van financiele derivaten door grote Nederlandse ondernemingen
Communicated by Prof.dr. P.W. Moerland

701 Ad H.J.J. Kolnaar en Pieter J.F.G. Meulendijks
Zijn Cobbenhagen's ideeën opnieuw aktueel?
Communicated by Prof.dr. Th. van de Klundert

702 C.L.J.P. van Raalte en H.M. Webers
Spatial competition with intermediated matching
Communicated by Prof.dr. A.J.J. Talman

703 Herbert Hamers en Marco Slikker
The PEGS-rule for probabilistic sequencing situations
Communicated by Prof.dr. S. Tijs

704 Nick van der Lijn
Measuring well-being with social indicators, HDIs, PQLI, and BWI for 133 countries
for 1975, 1980, 1985, 1988 en 1992
Communicated by Prof.dr. J. James

705 Nick van der Lijn
Well-being, democracy, and the economic system: an empirical analysis
Communicated by Prof.dr. J. James

706 Jack P.C. Kleijnen
Sensitivity Analysis and Related Analyses: a Survey of Statistical Techniques
Communicated by Dr.ing. W.J.H. van Groenendaal

707 Aldo de Moor
The Development of a Research Network Information System Specification Method
Communicated by Prof.dr. R.A. Meersman

708 J.J.A. Moors, M.H. Schuld and A.C.A. Mathijssen
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A new method for assessing judgmental distributions
Communicated by Prof.dr. B.B. van der Genugten

709 Laurence van Lent
Onderzoek op het gebied van de externe verslaggeving
Communicated by Prof.drs. G.G.M. Bak

710 Josien van Cappelle-Konijnenberg
Restructuring, firm performance and control mechanisms
Communicated by Drs. P.J.W. Duffhues

71 1 B.B. van der Genugten
Blackjack in Holland Casino's: basic, optimal and winning strategies
Communicated by Dr. A.M.B. De Waegenaere

712 Prof.dr. F.W. Vlotman
Het vragen naar Toegevoegde Waarde
Communicated by Prof.dr.mr. P.M. v.d. Zanden RA
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713 Jeroen Suijs en Peter Borm
Cooperative games with stochastic payoffs: deterministic equivalents
Communicated by Prof.dr. A.J.J. Talman

714 Herbert Hamers
Generalized Sequencing Games
Communicated by Prof.dr. S.H. Tijs

715 Ursula Glunk en Celeste P.M. Wilderom
Organizational Effectiveness - Corporate Performance?
Why and How Two Research Traditions Need to be Merged
Communicated by Prof.dr. S.W. Douma

716 R.B. Bapat en Stef Tijs
Incidence Matrix Games
Communicated by Prof.dr. A.J.J. Talman

717 J.J.A. Moors, R. Smeets en F.W.M. Boekema
Sampling with probabilities proportional to the variable of interest
Communicated by Prof.dr. B.B. van der Genugten

718 Harry Webers
The Location Model with Reservation Prices
Communicated by Prof.dr. A.J.J. Talman

719 Harry Webers
On the Existence of Unique Equilibria in Location Models
Communicated by Prof.dr. A.J.J. Talman

720 Henk Norde en Stef Tijs
Determinateness of Strategic Games with a Potential
Communicated by Prof.dr. A.J.J. Talman

721 Peter Borm and Ben van der Genugten
On a measure of skill for games with chance elements
Communicated by Prof.dr. E.E.C. van Damme

722 Drs. C.J.C. Ermans RA and Drs. G.W. Hop RA
Financial Disclosure: A Closer Look
Communicated by Prof.drs. G.G.M. Bak RA

723 Edwin R. van Dam 8~ Edward Spence
Small regular graphs with four eigenvalues
Communicated by Dr.ir. W.H. Haemers

724 Paul Smit
Inexact Iterations for the Approximation of Eigenvalues and Eigenvectors
Communicated by Prof.dr. M.H.C. Paardekooper
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725 Tammo H.A. Bijmolt, Michel Wedel
A Monte Carlo Evaluation of Maximum Likelihood Multidimensional Scaling
Methods
Communicated by Prof.dr. R. Pieters

726 J.C. Engwerda
On the open-loop Nash equilibrium in LQ-games
Communicated by Prof.dr. J.M. Schumacher

727 Jacob C. Engwerda en Rudy C. Douven
A game-theoretic rationale for EMU
Communicated by Prof.dr. J.E.J. Plasmans

728 Willem H. Haemers
Disconnected vertex sets and equidistant code pairs
Communicated by Prof.dr. S. Tijs

729 Dr. J.Ch. Caanen
De toekomst van de reserve assurantie eigen risico
Communicated by Prof.dr. A.C. Rijkers

730 Laurence van Lent
The Economics of an Audit Firm: The Case of KPMG in the Netherlands
Communicated by Prof.drs. G.G.M. Bak RA

731 Richard P.M. Builtjens, Niels G. Noorderhaven
The Influence of National Culture on Strategic Decision Making:
A Case Study of the Phitippines

732 S. Tijs, F. Patrone, G. Pieri, A. Torre
On consistent solutions for strategic games
Communicated by Prof.dr. A.J.J. Talman

733 A.J.W. van de Gevel
From Strategic Trade Policy to Strategic Alliances in the Global Semiconductor
Industry
Communicated by Prof.dr. A.B.T.M. van Schaik

734 M. Voornevetd, H. Norde
A Characterization of Ordinal Potential Games
Communicated by Prof.dr. S. Tijs

735 J.C. de Vos, B.B. van der Genugten
Fitting a stochastic model for Golden-Ten
Communicated by Dr.ir. A.A.F. van de Ven

736 Gert Nieuwenhuis
Ergodicity Conditions and Cesàro Limit Results for Marked Point Processes
Communicated by Prof.dr. B.B. van der Genugten



VI

737 P.J.F.G. Meulendijks, D.B.J. Schouten
Dynamiek, Analyse en Politiek
Communicated by Prof.dr. A.H.J.J. Kolnaar

738 Antoon van den Elzen
Constructive application of the linear tracing procedure to polymatrix games
Communicated by Prof.dr. A.J.J. Talman

739 René van den Brink
Skewness of the Wage Distribution in a Firm and the Substitutability of Labor
Inputs
Communicated by Prof.dr. P.H.M. Ruys

740 Sharon Schalk
General Equilibrium Model with a Convex Cone as the Set of Commodity Bundles
Communicated by Prof.dr. A.J.J. Talman
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