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1. Introduction

If commodities are produced by means of commodities and
only one scarce or primary factor of production equilibrium
prices in certain cases do not depend on the conditions of
demand (Non-substitution theorem). A sufficient condition
for this result is the absence of joint production possibili-
ties. However, along the lines of Torrens-Sraffa-Von Neumann
joint production is an ingredient of durable capital. In this
tradition used or old machines appear as joint products along
with the original output of the process in question. For that
reáson the sufficiency condition of the non-substitution theo-
rem has to be aggravated. As shown by Stiglitz [3] and Van
Schaik [5] it is now necessary to exclude the possibility of
a shift of old machines from one sector of production to an-
other 1~. Shiftability is not relevant in case of equal effi-
ciency of old machines in all places and not possible if there
is no market for old capital goods.

Building on previous results of the second-mentioned
author of the present article we shall explore several conse-
quences of shiftability. In particular, we shall illustrate
the role played by demand in a relatively simple Von Neumann
-Sraffa model with durable capital of unequal efficiency. In
addition it will be made clear how the possibility of shift
and share of old machines furthers the productive efficiency
of the system.

In section 2 we introduce a three-sector model with Neo
-Austrian features after which a summing-up of production
possibilities will be given. On the basis of particular assump-
tions with regard to the capital intensity of sectors the
production possibilities frontier will be traced out in sec-
tion 3. The final section will be devoted to some concluding
remarks.

1) An additional and often implicit condition is that old
machines are not taken out of the system, i.e. are not
consumed.
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2. A three-sector model

According to Hicks [1] durable capital is most convenient-
ly introduced by streams of labour inputs and consumption out-
puts. Elswhere [4] we have shown that this so-called Neo-Aus-
trian approach is a special case of the Von Neumann-Sraffa
model. In this article we shall follow the Von Neumann-Sraffa
tradition but borrow from the Neo-Austrian approach the assump-
tions that capital goods are produced by labour only and that
typical consumption goods do not enter in the production pro-
cess of any commodity.

There is just one capital good, which is used in the
production of two consumer goods. So we have a three-sector
model. Capital goods are supposed to have a technical life
time of two production periods. In the second period they
need more labour for maintenance and repair compared with the
labour necessary to operate them in the first period. In ad-
dition, we make the usual assumptions of proportionality and
additivity of processes or activities.

The catalogue of all possible activities is presented
in Table 1 below. The symbol a represents the row vector of
labour input coefficients, whereas A and X denote respectively
the matrices of commodity input and of commodity output coef-
ficients. There is one activity to produce new capital goods
(number 1). Each consumption good can be produced by five ac-
tivities. Therefore we have altogether eleven activities.
Because of the symmetry between both consumption-good sectors
we need only to explain the production possibilities menu of
one of these commodities, say consumption good 2. This may
be done for reasons of exposition in the following schematic
manner:
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production of
good 2

by means of
new machines

joint output no joint out-
old machines put old machi-

nes (4)

delivered
to sector
2 (2)

delivered
to sector
3 (3)

by means of
old machines

obtained from obtained
sector 2 (5) from sec-

- tor 3 ( 6 )

The numbers in parentheses refer to the activities specified
in Table 1. There are two rows for old machines in each of
Table 1

processes

1 2 3 4 5 6 7 8 9 10 11

a

A -

1 2 2 2 2 2 3 3 3 3 3

0 b b b 0 0 b b b 0 0
2 2 2 3 3 3

0 0 0 0 0 0 0 0 0 0

0 0 0 0 b 0 0 0 0 0 bz

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 b 0 0 0 b
z 3

0

3

0

0

input of

new machines (good 1)

consumption good 2

old machines in sec-
tor 2
consumption good 3

old machines in sec-
tor 3

output of

1 0 0 0 0 0 0 0 0 0 0

0 1 1 1 1 1 0 0 0 0 0

X- 0 b 0 0 0 0 0 b 0 0 0
2 3

0 0 0 0 0 0 1 1 1 1 1

0 0 b 0 0 0 b 0 0 0 0
2 3

new machines (good 1)

consumption good 2

old machines in sec-
tor 2
consumption good 3

old machines in sec-
tor 3
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the matrices A and X, because old machines may have a different
price in different sectors. This will be made clear below.

The labour input coefficients of processes using old machi-
nes are increased proportionally with a factor v- ltv (v~0).
mherefore, inefficiency is supposed to be independent of use;
an assumption ~ahich is in no way essential for the results of
our analysis, as will be seen later on. The symbol b is used
to denote a quantity of capital goods.

Now the production technology is specified we introduce
the following variables:

P- ~i ' pz ' piz ' p3 ' pl] ~ row vector of prices, where

p - price of new machinesi
p - price of consumption good 2z
p - price of old machines in sector 2
iz

p - price of consumption good 3
3

p - price of old machines in sector 3
1 3

Y- column vector of process levels (number of elements corres-
ponding to the number of activities)

c- column vector of consumption levels(wíth zeros on the places
corresponding to the net output of capital goods)

w - nominal wage rate
r - rate of profit.

Assuming balanced growth at a rate g, full competition
and a given amount of labour (R.) we can write out the following
relationships:

quantity system

(lfg)AY t c - Xy (1)
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ay - R

price system

(2)

(ltr)pA f wa ~ pX (3)

To complete the model we have to introduce, among other things,
an equilibrium condition connecting savings and investments.
To meet this need we postulate r- g without specifying the
implications for behaviour with regard to saving. As a result
of this assumption prices could be "rational" in the sense meant
by Von Weizs~cker and Samuelson in [6]. To get a full solution
one still has to add demand equations and a numéraire. How -
ever,we are not so much interested in specific solutions. So
the last mentioned steps can be omitted and we may proceed by
analysing the meaning of the inequality sign in (3).

An inequality in (3) expresses the fact that the process
in question is too expensive and should therefore be abandoned.
Now we have eleven activities and a maximum number of five
commodities, so at least six activities must be eliminated.
It should be observed that we have five commodities if we dif-

ferentiate between an old machine produced and used in sector
2 and an old machine of identical specification produced and
used in sector 3. Solving for p and p in this case we ob-

12 13
tain 1 ) :

az
(lfr)al - bv

z
piz - 2 f r

a
(lfr)al - b3v

3
2 f r

(4)

(5)

i) These formulas are derived in Appendix A. For reasons
of convenience labour time is taken here as numéraire (w-1).
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Because it may be assumed that the capital intensities differ
between sectors, i.e.

a a

b2 ~ b3 '2 3

the prices or book values of old machines will also be different.
If there exists, however, a market for old machines there can
be only one price for old equipment. This implies that old
machines are sold to the sector yielding the highest book value.
In that case there appear only four commodities. The same con-
clusion holds for the case in which old machines are produced
in one sector to be shared for production purposes by both
sectors. Three-good cases arise if it is assumed that only one
consumption good is produced or alternatively if old machines
disappear from the stage, because they are too expensive in
production. In the latter case machines have an economic life
time of one period. This will happen of course if book values
become negative. Finally, we then have the possibility of two
goods, i.e. the new capital good and one consumption good.
The possible combinations of activities and commodities are

presented in Table 2. We indicate separate cases by Roman fi-

gures. The relevant activities are in each case represented

by their process level variables, whereas the corresponding

commodities are specified by means of their prices. It should

be noted that several cases are combinations of two other ca-

ses. For instance, case I may be obtained by linear combination

of VIII and IX.

The question now arises which cases or combinations are
most efficient in terms of per capita consumption output. In
other words we want to establish the production possibilities
frontier or transformation curve. As will become clear in the
next section this calls for additional assumptions.



Table 2

Case

I

II

III

IV

VI

VII

VIII

IX

X

XI

number of

commodi-
ties

activi-
ties

5

4

4

4

4

4

4

3

3

3

2

S

4

4

4

4

3

3

3

3

3

2

rele

prices

pi pz piz ps pis

Pi pz p3 pi s

pi pz Piz p3

Pi Pz ps pi 3

Pi pz Piz P3

pi Pz ps Pi3

pi Pz Piz p3

P1 P3

vant

process levels

Yi Yz Ys Y~ Yio

Yi Ys Y~ Yio

Yi Yz Ys YB

Y Y Y YI 3 6 1 0

Y Y Y Yi s e ii

Y Y Y
1 3 1 0

Yi Ys Ye

Y1 Yz Ys

Yi Y~ Yio

Y1 Y4 Y9

Y Y1 4

Y1 Y9
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3. The production possibilities frontier

In cases where the number of commodities equals the num-
ber of activities we can derive the per capita consumption
levels from (1) and (2):

àc - a[ X - (ltg)A] -lc - ~. (6)

The symbol à stands for the vector of embodied labour coeffi-
cients. These coefficients measure the amount of direct and
indirect labour necessary to produce one unit of a consumption
good for an economy in balanced growth. The specification of
(6) for the relevant cases is given in Appendix B. The cases
VI and VII appear in linear combinations and are therefore
also covered by formula (6).

Now, the foïlowing additional assumptions are made:
(i) Capital goods serve till the end of their technical life

time. As can be seen from ( 4) and (5) this implies:

a.
(lfg)al ~ blv (i-2,3)

i

(ii) Capital intensity in sector 2 is lower than that in sec-
tor 3:

a ap ) 3
~ b3 .

Again from (4) and (5) we derive:

It therefore pays to shift old capital goods from sector 2
to sector 3.

It can be shown that under these assumptions the production
possibilities of consumption goods are such as illustrated in
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Figure 1. The Roman figures correspond to the cases mentioned
in Table 2.

Figure 1

As can be seen from Figure 1 the following inequalities hold:

oa ~ ob ~ oc and oe ~ of ~ og.
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If we substitute for the different line segments the corres-
ponding embodied labour productivities (reciprocals of embo-
died labour coefficients) as given in Appendix B every ine-
quality reduces to assumption (ii). Further we may write:

ob ~ od and og ~ oh.

Applying the same procedure it can be proven that these ine-
qualities are identical with assumption (i). (Nothing can be
said, however, about the relation between oc and od).

The production possibilities frontier is marked by the
heavy drawn lines in Figure 1. These lines are the result of
linear combinations of respectively the cases VIII and VI and
the cases VI and IX. In both cases VIII and IX there appears
only one consumption good, which is produced with new machines
as well with old ones, delivered by the same sector. Case VI
is more typical. Both consumption goods are produced in posi-
tive amounts, but consumption good 2 is made exclusivelly with
new machines whereas consumption good 3 is produced with old
machines. Consequently old machines are shifted from sector 2
to sector 3 in accordance with assumption (ii). Under these
circumstances both commodities have to be supplied in the fixed
proportion ~):

cz b3 (lfg)
c3 - bz

(7)

This could be considered as a case of joint production of cz
and c3, but it should be kept in mind that the link is indirect,
due to the simaltaneous production of output and old machines
in sector 2. Nevertheless it is this aspect which violates the
non-substitution theorem. In this case relative prices are
determined by the conditions on the demand side, as may be il-
lustrated by drawing an indifference curve through the point
marked by VI in Figure 1.

') For a derivation of (7) see Appendix C.



- 11 -

To complete the picture we now turn to the combinatoral
cases II and IV. Let us take II first. Consumption good 3 is
produced with new and old machines, but for the production of
consumption good 2 only new capital goods are used. Old machi-
nes jointly produced in sector 2 are shifted towards sector 3.
Contrary to this, in case IV good 2 is produced with both new
and old equipment, but now consumption good 3 is made with
old machines only. Consequently, old machines, their prices
being equal, are shared by both sectors. The relative price
of good 3 in terms of good 2 is now so low that the book value
of old equipment in sector 3 is no longer higher than that in
sector 2.

It will by now be clear what importance has to be attached
to the assumptions (i) and (ii). The inequality sign based on
assumption (ii) may be reversed without invalidating the con-
clusions with regard to the efficiency of shiftability and
the influence of demand on prices. The only difference will
be a change in the dominating combinations. Instead of the
cases II and IV the maximal consumption possibilities will then
be given by the cases III and V. If assumption (i) is abandoned
combination X will dominate all other cases, so that the non
-substitution theorem is rehabilitated. (Because the economic
life time is one year in our system this comes down to the
circulating capital model).
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4. Concluding remarks

On the basis of a three-sector model with durable capital
of unequal efficiency we have demonstrated that:

a. the labour theory of value even in the extended form as
proposed among others by Von Weizsácker and Samuelson in
[ 6] and Diorishima in [ 2] is not valid, if one allows trading

in old equipment;

b. shiftability of used equipment between sectors increases
the over-all efficiency of the productive system, as shown
by the shaded area in Figure 1;

c. the life time of equipment may depend on economic factors,
provided unequal efficiency takes the form of higher ope-
rating costs of old machinery [see formulas (4) and (5)].

Conclusions a and b remain valid if instead of higher
operating costs one assumes that old machines have a lower
productivity compared with new ones depending on use. In that
case the labour input coefficients of the activities 5, 6
remain equal to az, but the corresponding capital coefficients
should be set at (lfhz)bz. With regard to the activities 10
and 11 a similar adaptation becomes necessary with capital
coefficients now being equal to (lfh3)b3. The book values of
old machines then follow from 1):

P -iz
(lfr)al

(lthz) (lfr) f 1

Pi 3 - (lfh3) (ltr) f 1

(8)

(9)

Shiftability requires therefore hz ~ h3, implying that the
lower efficiency of old machines depends on their use.

i

The model may of course be generalized with regard to the

) These results can be found by a similar procedure as set
out in Appendix A.



- 13 -

number of sectors, their interdependency and the life time of
equipment. However, the conclusions will basically be the same,
while sight on the details gets lost. For this reason we have
chosen to analyse the simplest of possible models yet containing
all problems with regard to durability and unequal efficiency
of capital.

Appendix A Book values

On the basis of formula (3) we may write for the price
system of case I(see Table 2):

- a wpi i

p f b p -(ltr)b p f a w
2 2 i 2 z i z

pz - (ltr)bzp1z f azvw

p f b p -(lfr)b p t a w
3 3 1 3 3 1 3

(A1)

(A2)

(A3)

(A4)

p-(lfr)b p t a vw (A5)
3 3 1 3 3

Substitution of (A1) and (A3) into (A2) gives:

(2tr)bzplz - (lfr)bzalw - azvw (v - lfv)

az
(lfr)al - bv

z
P -1z 2 t r w ~

The book value p can be derived in a similar way from (A1),13
(A4) and (A5).
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Appendix B Consumption possibilities

The quantity system of case I according to formula (1)
reads as follows:

y - (1}g)(b y fb y )
1 2 2 3 7

y t y - c
z s z

b y - (lfg)b y
z z z s

y t y - c
7 10 3

b3y~ - (lfg)b3yio

(B1)

(BZ)

(B3)

(B4)

(B5)

From (2) we get in this case:

a y f a y f a vy f a y f a vy - R ( B6 )
1 1 2 2 2 5 3 7 3 1 0

Substitution of (B1) into ( B6) gives:

[(lfg)a b t a] y f a vy t[(ltg)a b f a] y f a vy - k
1 2 2 2 2 5 I 3 3 7 3 1 0

(B7)

The relations (B2) and (B3) lead to:

1
Ys - 2 f g z

From (B3) and (B4) we get:

1
yi o- 2 tg3

and l~c
Yz - Z ~ g z '

and y~ - 2--gc3 .

Substituting the above values for y in (B7), rearranging terms
and setting v- 1 f v results in the transformation function
of case
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: ~(ltg)z v -I L 2fg albztazf2}gaz c tz
z

(~ alb3ta3t2g3

The transformation functions of other relevant cases can
be found in a similar manner. The outcomes are given below.
Case

II 2}g albzfazt2}g b3bz' L l~z V a3 J

IV :

2

(~ albztazt2}gaz czf

z
(Z-g albztazf2}gaz czf

z
czf (2~ alb3fa3f2tga3

z a(lt~ a b fa f~ zb2fg i 3 e 2fg b2 s

c - R
3

c - R
3

z a v
(2}g a~b3ta3(ltv)-2}g b?b3 c3 - R

2

V: L2fgzalbzfaz(lfv)-2~g b3Vb J3

X . L lfg)a b ta~i

c t
2

z(2fg) alb3}a3t2}ga3 c3 - R

c tl(lfg)a b fa Ic - k
2 1 3 3 3

Appendix C Joint production

The quantity system of case VI on the basis of formula (1)
consists of the following equations:

(lfg)b y - Y
2 3 1

c - y
2 3

c - y
3 10

2 2

(lfg)b y - b y
3 io z ~

(C1)

(C2)

(C3 )

(C4)
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From (C2) through ( C4) we get immediately:

c b
? - 3 (ltg) -c - b

3 2

Consumption goods are produced in a fixed proportion in this
case.

G.W.
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