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DE ECONOMIST 129, NR. 1, 1981 

OPTIMAL CAPITAL ACCUMULATION IN G E N E R A L I Z E D  
LEONTIEF  MODELS** 

BY 

THEO VAN DE KLUNDERT* 

"In the theory of allocation policy it need not be assumed 
that efficient allocation is the unique, unreservedly 
desired goal Its being a policy objective does not preclude 
that policy makers and members of the public will want 
to weigh it against competing aims." 
P. Hennipman in Relevance and Precision (Essays in 
Honour of Pieter de Wolff), 1976, 

IINTRODUCTION 

The dynamic Leontief model, characterised by constant input-output and 
constant capital coefficients, belongs to the standard tools of economic 
analysis. Its simplicity, as compared with, for example, the Von Neumann 
model makes it more suitable for empirical application. A recent example 
is given by Tsukui and Murakami [9]. Building upon earlier work, the authors 
present paths of optimal capital accumulation for the Japanese economy. 

For the time being, our aim is more modest. In this paper we shall analyse 
paths of optimal accumulation in this type of model by means of numerical 
examples. This approach has the advantage that the dynamic characteristics 
can be shown more clearly. More specifically, we shall pay attention to the 
influence of a time preference factor, the meaning of stock activities and the 
heterogeneity of capital with respect to the available techniques. It goes 
without saying that numerical linear programming examples are no more than 
illustrations. However, we think that such a middle-of-the road approach may 
have its own merits along with abstract theorizing on the one hand and 
practical applications on the other hand. 

In programming models a choice has to be made with regard to the objec- 
tive function and the relevant constraints on economic growth. In all our 
examples, discounted per capita consumption will be maximized over a f'mite 

* Professor of Economics, University of Tilburg, The Netherlands. 
** I am grateful to Professor S.K. Kuipers and Dr. A.B.T.M. van Schaik for their com- 
ments and encouragement. Any errors remaining are mine. 
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planning horizon. The Leontief model is generalized in the sense that there is 
a choice with regard to the linear technology. Labour will be the only non- 
produced factor of production. In case of a finite horizon terminal conditions 
must be specified to obtain a solution. Fortunately, this requirement is not 

very restrictive. Due to the so-called turnpike property of Leontief models, 
the optimal solutions do not depend heavily on terminal conditions except 
for some periods near the end of the period. 

In section 2 a general outline of the model will be presented. The turnpike 
property of the system will be illustrated for different discount rates in 
section 3. In section 4, so-called stock activities will be introduced to prepare 
the ground for a model with heterogeneous capital per category of goods. 
The heterogeneity of capital relates to different techniques. More specifically, 
it is assumed that production according to a certain technique is only possible 
with the appropriate type of capital goods. This extension of the traditional 
Leontief model is analysed in section 5. In all cases the same numerical values 
for the parameters will be chosen, so that the results can be compared with 
each other. In the final section of the paper a few remarks will be made with 
regard to the relevance of this study. 

Our treatment of the problem of optimal accumulation in Leontief models 
differs from the approach by Tsukui and Murakami [9] in a number of ways. 
First, more attention is paid to shadow prices, especially in sections 2 and 3. 
Second, it is shown in section 4 that the introduction of stock activities may 
lead to unrealistic results. Third, the model with embodied technical change 
presented in section 5 may perhaps be considered as something new. 

2 A MODEL OF OPTIMAL CAPITAL ACCUMULATION 

Let A and B be square matrices of fixed input-output and capital coefficients 
representing the given technology, respectively. 1 Writing x(t) for the vector 
of gross production and f(t) for the vector of consumption levels the follow- 
ing relation holds: 

( I -A)x( t )  - B[x(t + 1) - x(t)] - f(t)/> 0 

The equation states that the surplus of production (first term) can be used for 

1 A list of main symbols is presented in the appendix. 
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net investment (second term), 2 consumption (third term) or will be wasted 
(inequality sign). The following additional assumptions are made: 

1. Consumption goods are strictly complementary in every period. There- 
fore the vector of consumption variables can be split up in a vector indicating 
the constant shares of different goods in total consumption (7i) and a variable 
for the consumption level in general: f(t) = 7c(t); ZTi = 1, where n stands for 
the number of sectors. 

2. Future consumption is discounted at a constant rate (6). If 6 > 0 con- 
sumption now is preferred over consumption later to a certain extent. For 
6 = 0 consumption is valued equally in every period. We will only consider 
these two cases. 

3. Labour( / )  is a non-produced, homogeneous factor of production. If 
labour coefficients of production (a) are constant, the following relationship 
must hold: ax (0  < l(0. 

4. There exists another more capital-intensive technology to produce the 
same set of goods, which is represented by the.set of coefficients A N, B N, 
a N . Consequently, there are two techniques available in each sector. The total 
number of possible technologies (pure and mixed) is therefore 2 n. 

Given these assumptions we now define the following linear programme: 

Maximize 

c(t) 
X (1 +~)-t 

t=o l(t) 

Subject to 

(I-- A + B) x(t) + ( I -  A N + B N) x N ( t ) - - . . .  

. . .  B X(t  + 1) --  BNxN(t + 1) - 7c(t) >1 0 (1) 

a X ( t )  + a N x N ( t )  • l(t) 

x ( t )  /> O, x N ( t )  > O a n d c ( t )  /> 0 

(t = o, 1 , . . . ,  T) 

This linear programme is referred to as model (1). In order to solve the 
model, the time path of the exogenous variable l(t) must be given, and 

2 Investment is determined on the basis of a forward lag as is obvious in a planning 
model. 
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TABLE1-STANDARD LPFORMULATION OF MODEL1 

(1) (2) (3) (4) (5) (6) (7) 
x(1) x(2) x(3) c(0) c(1) c(2) c(3) -1  

(1) p(0) B 7 G x(0) ~<0 
(2) p(1) - G  B 7 0 ~<0 
(3) p(2) - G  B 7 0 ~<0 
(4) p(3) - G  7 -Bx(4) ~<0 
(5)W(1) a 1(1) ~<0 
(6)w(2) a l(2) <~0 
(7) w(3) a l(3) ~<0 

- 1 0 0 0 coo col (-02 033 0 = F (Max) 

t>0 ~>0 ~>0 1>0 9 0  >J0 ~>0 =G(Min) 

initial conditions x(0), xN(0) as well as terminal conditions x ( T + l ) ,  
xN(T + 1) must be specified. Apart from the obvious non-negativity con- 
straints model (1) contains nT side conditions relating to the use of surplus 
production and T conditions for application of the factor labour. 

Every LP problem has its dual. The dual can be found by rewriting the 
problem in standard notation and applying the appropriate rules for conver- 
sion. 3 A three period example in matrix notation is shown in table 1. The 
number of sectors need not be specified. The technology A N, B N, o( v is 
omitted for ease of presentation. 

The following short-hand notation is employed: 

1 
G = I - A + B ,  cot = 

(1 + 8)tl(t) 

F is the objective of the primal and G that of the dual. 
As can be deduced from table 1 in case of one technology only, the dual 

can be written in a more compact form as: 

Minimize 

T 

t = 1 

w(t) l(t) + [p(0)Gx(0) - p(3)Bx(4)] 

3 See for instance Intriligator [3]. 
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Subject to 

p(t) < p(t) A + [p(t - 1) - p(t)] B + w ( t )  a 

p(t) r / >   o(t) (2) 

p(0 1> O, w(t) /> 0 

(t = 0 , 1 , . . . , T )  

The first set of  constraints relates to production cost including the cost of 
capital. Production processes incuring a loss are not applied. The second set 
relates the shadow prices of goods to the coefficients of valuation with regard 
to consumption (6oi). It says that the shadow price of the composite con- 
sumption good should be at least equal to the social valuation factor of 
consumption. If the shadow price is higher in a certain period there will be 
no consumption. , 

The shadow prices of goods (Pi) and labour (w) are determined in such a 
way that the value of inputs is minimized. In this connection the terminal 
stock of capital can be considered as a negative input to the system. 

The solution of the dual may provide useful information in connection 
with the solution of the primal. For instance, it should be noted that own- 
rates of interest can be defined as: 

P i ( t  - 1) - P i ( t )  
r i = , i =  I , . . . , n  

P i ( t )  

At first sight it may seem curious that the present price is subtracted from the 
price one period earlier. However, as Taylor [8] observes accumulation runs 
naturally forward in time, whereas valuation runs backwards. Own-rates of 
interest are therefore usually (but not always) positive. From the definition 
of r i follows that capital cost of sector ] in period t can be expressed as: 

z ri(t) pi(t) bij. 
i=1  

It is well-known that optimal paths of capital accumulation derived from 
model 1 behave as described by the consumption turnpike theorem. Accord- 
ing to this theorem, an optimal path remains consecutively in the neighbour- 
hood of the turnpike for a certain time within the planning period. The 
exceptions to this rule are found at the beginning and at the end of the 
planning period. The turnpike is defined as the path of steady growth which 
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attains the highest level of the discounted consumption stream. The growth 
rate along the turnpike is determined by the growth rate of the exogenous 
factor, which is assumed to be constant. More specifically, it will be assumed 
that effective labour increases at a rate of 100n%. Proofs of the theorem can 
be found in Morishima [5] and Tsukui and Murakami [9]. 

The computation of the turnpike takes two steps. First, the optimal 
technology must be selected among the existing alternatives. Second, the 
turnpike output ratios z i (production per unit of available labour) and per 
capita consumption (h) corresponding to the optimal or turnpike technology 
must be found. As shown by Morishima [5] the optimal technology should 
be determined by setting the interest rate equal to r = (1 + 7r)(1 + 6 ) -  1. 
Given the interest rate the technology with the highest real wage rate should 
be chosen. In that case a point on the so-called factor-price frontier is 
selected. 4 There is a choice with regard to the definition of the real wage 
rate. It is just the nominal wage rate deflated by one of the production prices. 
The maximum value of the real wage rate can be found by solving for every 
possible technology the equation system: 

p = pAi + r p B i  + wot i (3) 

where the index i relates to the technology. 
In addition to the selection of the optimal technology (A*, B*, a*) the 

turnpike ratios can be found by solving the following system of linear equa- 
tions: 

( I  - A *  - l r B * )  z = 7 h  (4) 

0~Z = 1 

It should be noted that mixed technologies are possible also. In such cases 
some goods are produced by relative labour-intensive techniques, while the 
opposite holds for the other productions. 

4 It follows from the principle of duality that the optimal technology can also be found 
by maximizing per capita consumption (h) for a growth rate equal to the rate of interest 
[ r = g = ( l + c r ) ( l + 6 ) - l ] .  
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3"TIME PREFERENCE AND ACCUMULATION 

To illustrate the points made in the previous section we will make use of a 
numerical example in which two sectors are distinguished, s The input-out- 
put and capital coefficients of the labour-intensive technology are borrowed 
from Dorfman, Samuelson and Solow [2]. A full description of  the techno- 
logy still requires the introduction of a vector of  labour coefficients. The 
complete set reads as: 

A = , B = , = (0 .5  1) 

Next we specify a more capital-intensive technology, which is characterized 
by higher capital coefficients and lower labour coefficients. The input-output 
coefficients are not changed. This alternative technology is specified as: 

1.3 0 
A N =  , B N = , a N = (0.3 0.7) 

0 1. 

Besides the pure technologies (x 1 ex2) and N N (Xl ,X2 ) given above there are two 
mixed cases (xN,x2) and (x I ,x~2 ) in the present example. 

The planning horizon covers fifteen periods (T = 15). It is assumed that 
effective labour increases at a rate of 6% per period: I(t) = 10(1 + 0.06) t. 
Initial and terminal conditions and consumption coefficients are given by 

x(0) = (6 3) ° X(16) = (0 0)' 7 = (0.5 0.5)' 

xN(0) = (0 0)' xN(16) = (15 15)' 

With regard to time preference we will consider two cases. First, it will 
be assumed that there is no such preference, 6 = 0. Secondly, we will analyse 
a case with an outspoken preference for present consumption over future 
consumption, 8 = 0.15. 

In the case of zero time preference (6 = 0) the steady state rate of interest 

5 I am indebted to /d r .  H.A.J. van Terhei jden for his valuable programming assistance. 
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equals the growth rate, so that r = 0.06. By substituting this value and the 
relevant technological parameters in (3) the following results can be ob- 
tained: 

(Xl ,X2)  (XI,XN2 ) (X N XN'~ Techn. (x 1,x2) N I: 1~ 2 )  
real wage 

w/p j 0.40 0.48 0.47 0.57 
w/p2 0.33 0.36 0.42 0.46 

It may be concluded that the (pure) relative capital-intensive technology is 
the optimal one in this c a s e .  6 

The turnpike per capita production levels (z~) and per capita consump- 
tion level (h*) can now be computed by inserting the parameters of the 
capital-intensive technology in (4). The outcomes are: 

* = 0.51 zl = 1, z~ = 1 and h* 

The results of the LP problem formulated in (1) are presented in Table 2. 
The symbol u indicates the number of unemployed. As can be seen, labour 
is abundant from period 0 up to period 4. After becoming scarce in period 
5 there is a switch to more capital4ntensive techniques. The switch of tech- 
niques occurs first in sector 1, because in this sector the highest labour-saving 
can be realized (40% in sector 1 versus 30% in sector 2). The traverse from 

N N the old technology (Xl,X2) to the new one (Xl ,x2 ) takes three periods. 
Then from period 8 the system grows along the turnpike. The turnpike 
solutions for z i and h then appear in the table. The only exception is per 
capita consumption in the last period. The terminal conditions leave room 
for some extra consumption, which is realized in period 15. 

In periods 1 and 2 a curiosity can be observed, e.g. the application of 
technology (xN,x2).The reason for this aberration is a slack of good 1 in 
period 1 (the amount is 5.20). The slack depends on the initial conditions. 
The excess of capital goods of type 1 can be mitigated by application of a 
capital-intensive technique in sector 1, which proves to be efficient. In fact, 

6 In all cases Pl < P2 holds, because good 2 is always the relatively labour-intensive 
commodity.  
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T A B L E  2 - OPTIMAL PATH OF ACCUMULATION FOR 6 = 0 
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Variable x I x N x 2 x N c u z I z 2 h 
Period 

0 6 0 3 0 0 4 0.6 0.3 0 
1 0 2.92 3 0 0 6.72 0.28 0.28 0 
2 0 3.65 4.03 0 0 6.11 0.32 0.36 0 
3 5.83 0 5.49 0 0 3.5 i 0.49 0.46 0 
4 7.89 0 7.21 0 0 1.47 0.62 0.57 0 
5 5.61 3.95 9.39 0 0 0 0.71 0.70 0 
6 0 10.76 9.19 2.51 0 0 0.76 0.82 0 
7 0 13.28 4.48 9.38 1.56 0 0.88 0.92 0.10 
8 0 15.94 0 15.94 8.14 0 1 1 0.51 
9 0 16.89 0 16.89 8.63 0 1 1 0.51 
10 0 17.91 0 17.91 9.14 0 1 1 0.51 
11 0 ' 18.98 0 18.98 9.69 0 1 1 0.51 
12 0 20.12 0 20.12 10.27 0 1 1 0.51 
13 0 21.33 0 21133 10.89 0 1 1 0.51 
14 0 22.61 0 22.61 11.54 0 1 1 0.51 
15 0 23.96 0 23.96 39.29 0 1 1 1.64 

xi  + x N  (i = 1,2) 
Zi = 1 

15 
c( t ) / l ( t )  = 5.32 

t = 0  

it is a way to save capital for future use, whereas the corresponding extra 

amount of  unemployment has no further consequences in the model. 

As stated before, the labour constraint is not  binding in these periods. In 
such a situation the system will move towards the ratios of the Von Neumann 

or final state turnpike, which implies maximal growth of capital and output. 
In our example the optimal output ratio of the final state turnpike is equal 
to x*j/x~ = 1.7 The equality of output ratios in case of  growth maximization 

and in case of  consumption maximization is a mere coincidence. 

It may be rewarding to look at the shadow prices, which are obtained 

from the dual for our LP. The shadow prices and own-rates of  interest are 

presented in Table 3. For the interpretation it is necessary to compare the 
outcomes in the Tables 2 and 3. Labour is abundant during the periods 

7 The optimal output proportions in case of maximal growth correspond to the right- 
hand eigenvector of the Frobenius matrix (I-A) -1B. For proof see for instance Lan- 
caster [4]. 
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T A B L E 3 - S H A D O W P R I C E S ( C A S E 6  =0)  

Variable Pl P2 rl r2 w w/p 1 w/p 2 
Period 

0 0 .7343 
1 .0733 .4560 - 1  .610 0 0 0 
2 .1009 .2938 - . 2 3 4  .552 0 0 0 
3 .0998 .1962 .011 .497 0 0 0 
4 .0869 .1351 .148 .452 0 0 0 
5 .0774 .1051 .123 .285 .0142 .183 .135 
6 .0687 .0874 .127 .202 .0177 .258 .203 
7 .0600 .0730 .145 .197 .0144 .240 .197 
8 .0563 .0692 .064 .055 .0320 .568 .462 
9 .0529 .0655 .064 .056 .0302 .571 .461 
10 .0498 .0619 .062 .058 .0285 .572 .460 
11 .0469 .0584 .062 .060 .0269 .574 .461 
12 .0442 .0552 .061 .058 .0254 .575 .460 
13 .0417 .0521 .060 .060 .0239 .573 .459 
14 .0393 .0491 .061 .061 .0226 .575 .460 
15 .0371 .0463 .059 .060 .0213 .574 .460 

Objective: 5.32 

1-4 ;  therefore its shadow price (w) is zero. Capital goods of type 2 are 
scarce, which is reflected in a high own-rate of interest (r2). There is a 
problem with the other capital good. The own-rate of interest ( r l ) i s  negative 
in the periods 1 and 2. The corresponding capital goods of type 1 are rela- 
tively abundant. They are only used if adequately subsidized. It should be 
noted that the negative own-rates relate to - what we called previously - 
a curiosity with regard to the choice of technique. 

During the time interval 8 -15  the sytem is on, or at least very close to, 
the consumption turnpike. The own-rates of interest are both approximately 
equal to the growth rate (r I ~ r 2 -~ lr ~ 0.06), as should be expected if the 
"golden rule of accumulation" applies. The real wage rates (w/pl and W/pz ) 
approach the equilibrium values calculated previously. The example shows 
once again that there is no need for a separate theory of capital to explain 
interest rates and wage rates. It is just a matter of scarcity! 

It has become clear that the consumption turnpike theorem holds in our 
example. If sufficient time is available for adaption the system converges to- 
wards the equilibrium ratios. We now turn to a second exercise assuming a 
rate of time preference equal to 6 = 0.15. A change in time preference can 
only be of influence if there is a choice with regard to consumption and 
investment patterns. In case of one technology only the possibilities for 
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shifting consumption are severely limited. If alternative technologies are 
available there is room for different consumption patterns, The next example 
serves to illustrate this point. 

The rate of interest which should be applied to select the turnpike technol- 
ogy is now: r = (1 + 6)(1 + lr) - 1 = 0.219. Calculation of real wage rates 
from (3) then results in: 

Techn. ( x l , x z )  N N ,x2 ) 
Real wage 

w/p~ 0.16 0.10 
w/p2 0.14 0.09 

Real wages in case of mixed technologies always lie between the outcomes 
of pure technologies. Verification in this case is left to the reader. It appears 
that the relatively labour-intensive technology is the optimal one or turnpike 
technology in this case. The corresponding turnpike per capita outputs and 
consumption level are obtained from (4): 

• = 2 • 2 h *  z I ~-, z 2 = ~ ,  = .36 

The optimal path of capital accumulation is given in Table 4. All condi- 
tions are the same with exception of the rate of time preference, which is 
now 15%. 8 As should be expected, consumption is put forward in time. Con- 
sequently, the total value of undiscounted per capita consumption is less than 
in the former case (3.95 versus 5.33). The consumption turnpike is 
approached earlier, e.g. in period 5. In this case, no switch of technology is 
required. The aberration in periods 1 and 2 is again observable. The slack with 
regard to commodity 1 in period 1 amounts of 5.31. In period 3 the final 
state output proportions are realized, whereas in period 4 already some 
consumption is drawn off, because labour scarcity in period 5 restrains 
further growth along the final state or Von Neumann turnpike. 

8 Strictly speaking terminal conditions should be specified in terms of production 
according to the relative labour-intensive technology. However, experimentation showed 
that the only difference relates to consumption in period t = 15. 
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TABLE 4 - -  OPTIMAL PATH OF ACCUMULATION FOR 8 = 0.IS 

Variable x I x 2 e u z I z 2 h 
Period 

0 6 3 0 4 0.6 0.3 0 
1 2.84* 3 0 6.75 0.27 0.28 0 
2 3.53* 4.05 0 6.12 0.31 0.36 0 
3 5.58 5.58 0 3.54 0.47 0.47 0 
4 7.44 7.44 2 1.46 0.59 0.59 0.16 
5 8.92 8.92 4.88 0 0.67 0.67 0.36 
6 9.46 9.46 5.17 0 0.67 0.67 0.36 
7 10.02 10.02 5.48 0 0.67 0.67 0.36 
8 10.63 10.63 5.81 0 0.67 0.67 0.36 
9 11.26 11.26 6.16 0 0.67 0.67 0.36 
10 11.94 11.94 6.52 0 0.67 0.67 0.36 
11 12.65 12.65 6.92 0 0.67 0.67 0.36 
12 13.41 13.41 7.33 0 0.67 0.67 0.36 
13 14.22 14.22 7.77 0 0.67 0.67 0.36 
14 15.07 15.07 8.24 0 0.67 0.67 0.36 
15 15.98 15.98 3.61 0 0.67 0.67 0.15 

* Production according to the relative capital-intensive 
15 

1.15-tc(t)/l(t) = 1.20 
t=O 

technology. 

Despite a strong preference for consumption now as compared with 

consumption afterwards, there remain a few periods with c = 0 at the begin- 
ning of  the planning period. There is nothing against this in an example of  
optimal accumulation. Nevertheless, it would be quite easy to take account 

of  minimum consumption requirements in the equation for distribution of 
surplus production. 

4 THE I N T R O D U C T I O N  O F  STOCK ACTIVITIES 

In the examples presented in the previous section there is a slack of commo- 
dity 1 in the first period. This implies that an amount  of  good 1 is eliminated 
or - to state it differently - is thrown away. Unused stocks have no place 
in the model, which may be considered undesirable. The problem can be 
solved by introducing stock activities. Unused stocks can then be shifted 
forward in t ime.  The principle is that stocks are absorbed by  additional 
variables [s(t)] and transferred to the next  period [s(t + 1)]. 

The model with stock activities reads as follows: 
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Maximize 

r c(t) 
(1 + 8) - t  

t=o l ( t )  

Subject to 

(I - A + B) x(t)  + (I - A N + B N) xN(t) -- Bx(t + 1) - 

. . .  B N x ~ ( t  + 1) + s(t) -- s(t + 1) -- 7c(t)  /> 0 (5) 

(t) + dVx N (0 < l(O 

(t = O , 1 , . . . , T )  

and the usual non-negativity constraints. 

The solution of (5), for 8 = 0 and the usual values for the other parameters, 
is given in Table 5. It is assumed: s(0)= (0 0)' and s(16)= (0 0)'. The 
introduction of stock variables does not change the turnpike, but there are 
interesting differences during the period of convergence as can be seen by 
comparing Tables 2 and 5. 

The turnpike is reached one period earlier in the present case. Conserva- 
tion of capital goods of type 1 induces a smoother adaptation. Production 
can more easily be directed towards the second sector, which has a relatively 
unfavourable initial position. The production of both commodities increases 
even faster than in the model without stock activities. As a consequence, 
unemployment decreases faster. Full-employment is reached in period 4. The 
value of the objective function is also higher (6.03 versus 5.32). 

All these results are a consequence of the fact that there is more capital 
available in model (5). Capital goods of type 1 are less scarce compared 
with the situation in model (1). 

Perfect malleability of capital is an unrealistic feature of Leontief models, 
which becomes very clear in this case. 9 The point can be illustrated by 
analysing the initial development of the accumulation process in Table 5. 
Surplus production in period 0 is equal to: 

( I -  A) x(0) = (3 0)' 

9 Perfect transferability of capital is another assumption incorporated in the model 
which is not very realistic. However, in our numerical examples transferability does not 
play a role because of the specific structure of our B matrices (all non-diagonal elements 
are zero). 
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T A B L E  S - -  O P T I M A L  A C C U M U L A T I O N  A N D  S T O C K  A C T I V I T I E S  (/~ = 0)  

Variable x I xNl x 2 x N s I s2  c u h 
Period 

1 0 0 3 0 9 0 0 7.60 0 
2 0 2.81 5 0 4.35 0 0 5.39 0 
3 8.21 0 7.40 0 0 0 0 0.41 0 
4 1.66 7.35 9.59 0 0 0 0 0 0 
5 0 10.79 6.84 4.72 0 0 0 0 0 
6 0 13.36 2.11 11.52 0 0 4.36 0 0.31 
7 0 15.04 0 15.04 0 0 7.68 0 0.51 
8 0 15.94 0 15.94 0 0 8.14 0 0.51 
9 0 16.89 0 16.89 0 0 8.63 9 0.51 

10 0 17.91 0 17.91 0 0 9.14 0 0.51 
11 0 18.98 0 18.98 0 0 9.69 0 0.51 
12 0 20.12 0 20.12 0 0 10.28 0 0.51 
13 0 21.33 0 21.33 0 0 10.89 0 0.51 
14 0 22.61 0 22.61 0 0 11.55 0 0.51 
15 0 23.97 0 23.97 0 0 39.29 0 1.64 

15 
Y, c ( t ) / l ( t )  = 6.03 

t = 0  

The capital stocks available at the start of period 1 are therefore: 

k(1) = (6 3)' + (3 0)' = (9 3)' 

The capital stock of type 1 is not used for production but stored Ix I (1) = 0]. 
However, production of x2 (1)= 3 requires 1 unit of x l ,  which is available 
in the form of stock decumulation. In period 2, commodity 1 is produced 
according to the capital-intensive technique. This requires an amount of 
capital equal to 1.3 × 2.81 = 3.65. These capital goods must also be available 
at the start of the first period. Therefore total decumulation equals 4.65. 
The same figure is obtained by subtracting s I (1) - s 2 (1) = 9 - 4.35 = 4.65. 
This exercise shows that capital stocks can be decumulated without restric- 
tion and used for different purposes. It may even be possible to consume 
accumulated stocks as Can be deduced from (5). 

In the next section the malleability of capital will be restricted. It will be 
assumed that capital goods are specific with regard to the technology in 
which they are applied. Speaking loosely, one could say that technological 
change or substitution of techniques is embodied. In addition, an upper 
bound for capital decumulation will be introduced. 
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5 EMBODIED TECH N O L O G IC A L  CHANGE 

The introduction of technique-specific capital goods implies that there are 
two different vectors indicating available amounts of capital in each period, 
e.g. k and 1~. These quantities limit the production possibilities according 
to the two technologies. Both types of capital can be built up from the same 
source. Putty is transformed into clay after investing. The way back from clay 
to putty is blocked. This means that capital accumulation is not fully rever- 
sible. Decumulation of capital is of course always possible by pure destruc- 
tion, but that is hardly an interesting case. Otherwise, the stocks diminish 
because of technical deterioration. If no replacement of worn-out capital 
goods takes place the corresponding production quantity is available for 
consumption. This point of view has two important implications. First, 
the decrease of the capital stocks has to be constrained. Secondly, the rele- 
vant constraints follow from the relation between the coefficients of the 
A and B matrices. 

As stressed by Brddy [1] the quotient of the capital coefficient bii and the 
corresponding input-output coefficient ai! is a measure of the turnover time 
of capital ti]. For that reason in applied work depreciation of fLxed capital 
is summed with intermediate deliveries in the usual sense to compute technical 
input-output coefficients, On the other hand, stocks of raw materials and 
finished products are taken into account when capital coefficients are deter- 
mined. See for instance Tsukui and Murakami [9]. It is a little bit clumsy 
to work with specific turnover times tii, which differ according to destination 
and origin of the capital goods. Instead we will use (average) turnover times 
on the basis of origin t i to determine the maximal decumulation of capital 
stocks. Further we will assume that idle capital does not depreciate. 

The considerations formulated above lead to the following linear pro- 
gramme: 

Maximize 

o(t) (1 + ~)- t  
, : o  l(t) 

Subject to 

( I  - A )  x ( t )  + (I  - A N )  x N ( t )  - [ k ( t  + 1) - k ( t ) ]  - [ IcN( t  + 1) - -  

. . .  k N ( t ) ]  - - ~ c ( t ) / >  o 



3 6  T H .  V A N  D E  K L U N D E R T  

c x(t) + xU(t) I(0 (6) 

Bx(t) ~< k(t) 

BNx N (t) <~ k N (t) 

k(t + 1) - k(t) ~> --Dx(t) 

k N(t + 1 ) - k  N(t) ~ --DNx N(t) 

and the usual non-negativity constraints. 

(t = o,1 . . . .  , r )  

D en D N are 
example they 

diagonal matrices of depreciation coefficients. In the numerical 
are: 

I 0;] [3011 D = , D N = 

The turnover time is thus in all cases equal to 3 periods. This corresponds with 
the figure appearing in the A matrices. The other data are the same as before. 
The solution of model (6) is presented in Table 6. 

The value of the objective function is lower than the value reached in 
model (5) (5.65 versus 6.03). The reason for this is the extra friction built 
into model (6) by the assumption of non-malleability of capital. On the other 
hand, total per capita consumption is higher than in model (2) (5.65 versus 
5.33). Capital stocks appear as explicit variables in (6), which means that the 
model takes care of stock activities. Therefore, the results should be com- 
pared with the solution of model (5). 

As can be deduced from Table 6, the turnpike, which is the same as 
before, is approached eventually. In period 13 per capita consumption is 
equal to the turnpike ratio, while the production volumes of both sectors are 
almost equal to each other. The long way towards the turnpike can be divided 
into three subperiods. First, it takes more time to reach full employment, 
because it is more difficult to get rid of abundant capital in sector 1. The 
shadow price of not (fully) utilized capital stocks is zero. it is a measure o]~ 
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the rental price of stocks, lo 
The second subperiod (periods 4-8)  shows the switch of technology, 

which also takes more time in the present case. The problem is that old 
capital goods must be decumulated and new capital goods must be acquired 
by investment. 11 A part of the old capital stocks is even left after the swtich 
is completed in period 7 with regard to sector 1 and period 8 with regard to 
sector 2. From an economic point of view these capital stocks are obsolete. 
Nevertheless, they may play a role in the form of stand-by capacity as is 
shown in period 12. Incidental application of old (obsolete) capital can be 
optimal if bottle-necks arise. This is very well-known in everyday fife. 

In the third subperiod (,periods 8-12) the turnpike is approached in an 
irregular way. It is not possible to attain the turnpike ratios by a process of 
smooth accumulation as is demonstrated in Table 5. Some extra flexibility 
is now necessary, which is obtained by combining accumulation and decu- 
mulation. Even idle new capital is built up in sector 1 in order to approach 
the turnpike by decumulation of stocks in periods 10 and 11. Decumulation 
is constrained by the depreciation conditions. Inspection shows that the 
depreciation conditions are binding with regard to k N in periods 10 and 11 
and with regard to/~z in period 10. Nevertheless decumulation has gone too 
far and a final correction the other way around appears to be desirable in 
period 12 to get close to the turnpike in the end. In this period, the capital 
stock in sector 2 is still lower than in sector 1. Some extra accumulation in 
sector 2 is therefore necessary to attain the Von Neumann ray. Additional 
accumulation becomes possible by temporary use of old capital goods (stand- 
by capacity) in this sector for the production of consumption goods. 

The terminal conditions leave room for extra consumption in the last 
period, as we have seen in other examples. 

6 EVALUATION 

The dynamic Leontief model has certain advantages as well as disadvantages. 
The simple structure of the technology facilitates the exploration of optimal 
paths of capital accumulation. The numerical illustrations of the consump- 
tion turnpike theorem in section 3 summarize many useful results of 
economic theory in a clear and compact way. 

10 The rental  cost of an abundant  factor should always be zero. However, the interpreta- 
t ion of  the dual is complicated by the addit ional  constraints  on deeumulation.  
11 The depreciation constraints are binding for k 1 in periods 1 - 1 5  and k~ in periods 
4 - 1 5 .  
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In Leontief models, each product can serve as a capital good. For that 
reason capital is heterogeneous but the treatment of the factor capital is far 
from satisfactory. The introduction of stock activities provides the oppor- 
tunity to carry on unused production capacity. As shown in section 4 the use 
of stock activities accentuates the unrealistic properties of the model. In this 
connection, mention should be made of the treatment of fixed capital assum- 
ing perfect malleability and perfect transferability. 

Fixed capital is dealt with in a moreadequate way in the Von Neumann 
model. Clear expositions are presented among others by Sraffa [7] and Van 
Schaik [6]. In applied work this elegant solution seems out of reach. Lack of 
information with regard to the quantitative value of the parameters and size 
of the system prevent for the time being the empirical implementation of the 
Von Neumann model. 

The assumptions of perfect malleability and transferability can however be 
relaxed by proper respecification of the model. An attempt in this direction is 
presented in section 5. The introduction of technique-specific capital goods 
makes the model more realistic. The cost to be paid is a larger model and 
therefore a larger computational burden. (In our example, programme (6) 
takes about five times as much computer time as programme (5).) Whether 
this burden can be carried in applied work remains to be seen. At any rate 
our example shows that it deserves serious consideration. 

A P P E N D I X  

LIST O F  MAIN SYMBOLS 

A : matrix of input-output coefficients 
B : matrix of capital coefficients 
c : general consumption level 
D : matrix of depreciation coefficients 
h : per capita consumption level 
k : column vector of capital stocks 
l : volume of labour 
p : row vector of production prices 
r : own-rate of interest 
s : column vector of unused stocks 
T : time horizon of planning period 
u : number of unemployed 
w : wage rate 
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x : column vector of production levels 

z : column vector of per capita production levels 
a : row vector of  labour coefficients 

3' : column vector of consumption coefficients 
: time discount rate 

7r : growth rate of  effective labour 
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Summary 

OPTIMAL CAPITAL ACCUMULATION IN GENERALIZED 
LEONTIEF MODELS 

This study is in normative growth theory. Discounted per capita consumption 
is maximized subject to Leontief technologies. Numerical linear programming 
examples exhibiting consumption turnpikes are presented and carefully 
analysed. Special attention is given to shadow prices and the discount rate in 
case of a choice between different technologies. It is shown that the introduc- 
tion of so-called stock activities may lead to unrealistic results. An interesting 
extension is obtained by assuming embodied technological change. In this 
case, a new technique in a certain sector of the economy can only be intro- 
duced by means of investment. It appears that the consumption turnpike is 
approached in a very irregular way. The computer time increases substan- 
tially, which may be a problem in practical applications of this variant. 


