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Laeven and Bas Werker in the Committee. I enjoyed the discussions with them,

which were helpful and sometimes enlightening.

i



I am grateful to Marie Kratz, Boualem Khouider, Jim Gower, Sofia Caires and

Pasquale Cirillo for inviting me to present at seminars; to Arnold Heemink, whose

invitation to speak about applications of mathematics in oceanographic services

sparked the idea which eventually led to this thesis. I enjoyed the good company

of Yi He and our discussions while in Tilburg and elsewhere. I would also like to

thank Otilia Boldea for her help and advice.

Over the last four years, I became more and more impressed with the personali-

ties, dedication and achievements of the small group of people working on various

aspects of extreme value theory. This certainly also includes the reviewers of my

journal submissions who mustered the patience to read them.

Several people helped and tried to help by providing me with opportunities to

work on ideas which in some form found their way into this thesis. In particular,

I want to mention Han Wensink, Houcine Chbab, John de Ronde, Frank den

Heijer, Kevin Ewans, Chris Shaw and Jerzy Gra↵.

Finally, love to my family and friends who were always supportive (or pretended

to be, while noticing the obvious signs of madness), and most of all to my mother,

who went through a di�cult time but has nevertheless been looking forward to

this milestone.

Amsterdam, The Netherlands

October 2016

ii



Contents

Acknowledgements i

1 Introduction 1

1.1 Some background: extreme value analysis . . . . . . . . . . . . . . 1
1.2 Extreme events with very low probabilities . . . . . . . . . . . . . 5
1.3 High quantile estimation . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 The tail large deviation principle . . . . . . . . . . . . . . . . . . 9

2 Approximation of high quantiles from intermediate quantiles 11

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 An alternative regularity condition . . . . . . . . . . . . . . . . . 14
2.3 Approximation and convergence . . . . . . . . . . . . . . . . . . . 18
2.4 A simple high quantile estimator . . . . . . . . . . . . . . . . . . 21
2.5 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.7 Proofs and lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.7.1 Proof of Proposition 2.2.1 . . . . . . . . . . . . . . . . . . 34
2.7.2 Proof of Theorem 2.2.2 . . . . . . . . . . . . . . . . . . . . 34
2.7.3 Proof of Proposition 2.3.1 . . . . . . . . . . . . . . . . . . 35
2.7.4 Clarification of Remark 3.4.1 . . . . . . . . . . . . . . . . 35
2.7.5 Proof of Theorem 2.3.1 . . . . . . . . . . . . . . . . . . . . 35
2.7.6 Proof of Theorem 2.4.1 . . . . . . . . . . . . . . . . . . . . 36
2.7.7 Proofs of Theorem 2.4.2 and Corollary 2.4.1 . . . . . . . . 37
2.7.8 Proof that (2.6.1) implies q 2 ERV

1

. . . . . . . . . . . . . 40
2.7.9 Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 A high quantile estimator based on the log-Generalised Weibull
tail limit 43

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

iii



3.2 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3 Asymptotics of the Hill estimator . . . . . . . . . . . . . . . . . . 47
3.4 An estimator for the log-GW index . . . . . . . . . . . . . . . . . 50
3.5 Quantile estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.6 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.7 An application to sea level data . . . . . . . . . . . . . . . . . . . 60
3.8 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.9 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.9.1 Proof of Theorem 3.3.1 . . . . . . . . . . . . . . . . . . . . 62
3.9.2 Proof of Theorem 3.4.1 . . . . . . . . . . . . . . . . . . . . 64
3.9.3 Proof of Proposition 3.5.1 . . . . . . . . . . . . . . . . . . 68
3.9.4 Proof of Theorem 3.5.1 . . . . . . . . . . . . . . . . . . . . 69

3.10 Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4 Approximation and estimation of very small probabilities of mul-
tivariate extreme events 81

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.2 Introducing the tail LDP: the univariate case . . . . . . . . . . . . 85
4.3 Bounds and limits for probabilities of multivariate tail events . . . 89
4.4 A connection to residual tail dependence and related models . . . 95
4.5 A simple estimator for very small probabilities . . . . . . . . . . . 98
4.6 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . 102
4.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.8 Proofs and lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.8.1 Proof of Theorem 4.3.1 and Corollary 4.3.1 . . . . . . . . . 108
4.8.2 Proof of Theorem 4.5.2 . . . . . . . . . . . . . . . . . . . . 109
4.8.3 Proof of Theorem 4.5.1 . . . . . . . . . . . . . . . . . . . . 110
4.8.4 Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

Bibliography 119

Index 127



Chapter 1

Introduction

1.1 Some background: extreme value analysis

Extreme events happen all the time, somewhere: severe storms, floods, earth-

quakes, banks and insurance companies facing heavy losses, finds of exception-

ally large diamonds, new records in sports (Einmahl & Magnus, 2008), wars with

many casualties (Cirillo & Taleb, 2016).

Of most concern are catastrophic events: the more serious the impact, the more

reason to try to avoid the event or to mitigate its e↵ects. For deciding how to

do this, and how much to invest in risk reduction, information is needed about

the probabilities of the events.

Any knowledge about the processes involved may be used to estimate these prob-

abilities. However, what is known may only have been verified under conditions

which are less exceptional than the events one is concerned about. Therefore,

often, some form of extrapolation is involved, relying on assumptions.

Another approach is to start from ignorance, and extrapolate directly from a

sample of data: this is what extreme value analysis is about. This, too, requires

assumptions, in this case on the regularity of the “tail” of the univariate or mul-

tivariate distribution function involved: there should be no surprises (anomalies)

outside the observed sample. To be e↵ective, these assumptions need to be as

1



Chapter 1. Introduction 2

weak as possible, so that in practice, one can be reasonably confident that they

are applicable1.

Extreme value theory (EVT) provides such weak assumptions in the form of tail

limits. In the simple case of a real random variable X with distribution function

F , the regularity assumption is that there is a nondecreasing function U and a

positive function w such that

lim
t!1

tP
⇣X � U(t)

w(t)
> x

⌘
= �(x) (1.1.1)

for some function � and for all real x where � is continuous.

Indeed, (1.1.1) is a weak assumption: the o↵set U(t) and scale w(t) are not

constants, and neither the limiting function �, nor the functions U and w are

prescribed, so it is a nonparametric model. It is useful for extreme value analysis

because eq. (1.1.1) is satisfied only by a restricted class of functions �: we may

(de Haan & Ferreira, 2006, Section 1.1) choose

U(t) = F�1(1� 1/t), (1.1.2)

and choose for w a measurable function such that

�(x) = (1 + �x)�1/� (1.1.3)

for some real number �, the extreme value index (with �(x) = e�x if � = 0).

With (1.1.3), (1.1.1) is known as the Generalised Pareto (GP) tail limit. An

equivalent way to state (1.1.1) with (1.1.3) is

lim
t!1

U(t�)� U(t)

w(t)
= (�� � 1)/�, � > 0, (1.1.4)

interpreting the right-hand side as log � if � = 0. The GP tail limit has a

long history, beginning with the study of the possible limit distributions for the

1In most situations encountered in practice, some combination of domain knowledge and
extreme value analysis is employed. For example, domain knowledge may provide information
about possible anomalies in the tail of a distribution function and where these may be located,
or may constrain a model such as (1.1.1).
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linearly or a�nely scaled maximum of a random sample, as the sample size tends

to infinity.

A traditional alternative to extreme value theory is to use a parametric family

of distribution functions which tends to agree well with the tails of empirical

distribution functions encountered in a particular domain of application. A re-

lated approach is to fit several ad hoc chosen parametric families of distribution

functions to the same sample of data and to select the one that fits best. This

requires faith that

• one of the models considered is the correct one (or as an approximation, is

close enough for the purpose at hand), and

• it can be distinguished from the others based on the goodness of fit in the

tail of the sample.

Lacking such faith, one cannot say anything about the accuracy of these meth-

ods. In contrast, when considering a large enough2 family of distribution func-

tions corresponding to tail limits as in (1.1.1), both the bias and the variance of

estimators of probabilities or quantiles can be analysed: in the large sample limit

as an approximation, but also (helped by such approximations) in the statistical

practice, for example in the trade-o↵ between bias and variance, for the estima-

tion of confidence intervals, and to check assumptions. The key point is that this

can be done without assuming that the unknown distribution function F belongs

to the family of distribution functions corresponding to limits in (1.1.1).

Nonetheless, critical comments about the application of methods based on EVT

can be found in the applied literature. For example, Cope et al. (2009) address the

use of extreme value analysis to quantify the operational risk of banks. Based on

simulation studies in Degen et al. (2007) and Mignola and Ugoccioni (2005), they

conclude that “quantile estimates based on EVT can be inaccurate, especially

in extrapolation, as the amount of available data does not allow us to set a

threshold nearly high enough to place us within range of the asymptotic limit.

Therefore, the use of extreme value theory should not rule out the fitting of other

2“Large enough” means that the unknown F satisfies (1.1.1) or in practice, that there is no
reason to suspect that (1.1.1) would not apply.
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distributions, nor should any extrapolation be performed without attempting

to understand the limitations of the model or the characteristics of the data-

generating processes.”

As another example, from a draft standard for meteorological and oceanographic

design and operating conditions in the o↵shore industry ISO (2005) (A.5.7): “It

has been argued that some distributions are theoretically superior to others.

However, experience has shown that the most robust extreme estimates are ob-

tained by finding the distribution that fits a subset of a reasonable number of

the more extreme data points most closely using an error-minimizing algorithm

(e.g. maximum likelihood method).”

In the context of extreme wind loads on structures, interesting discussions are

found in Cook (1982) and Harris (2005) (with rejoinders). These papers are not

critical of EVT. They note that empirical distribution functions of wind speed

u tend to agree closely with Weibull distributions (also in the tail). Therefore,

they argue, the extreme value index � is zero, so it should not be estimated.

Furthermore, convergence to the limit in (1.1.4) is slow, but can be accelerated

by analysing ub instead of u, with b taken equal to 2 or derived from the data.

This view receives further empirical support in Van den Brink & Können (2008),

employing a sensitive EVT-based data pooling method to check and compare

models of the tails of distribution functions.

In Cope et al. (2009), Cook (1982) and Harris (2005), the main concern about

the application of EVT appears to be slow convergence to the GP tail limit. ISO

(2005) recommends goodness of fit as basis for selecting a distribution function.

Cope et al. (2009), although skeptical about the merits of goodness of fit for this

purpose, also do not want to rule out other types of distribution functions than

GP. This may be for good reasons, but as explained above, it has a downside:

the uncertainty in estimates can not be properly quantified. This is not just a

theoretical concern; the level of uncertainty may be critical to the outcome of

decisions. The issue is particularly important when dealing with rare events,

poorly understood phenomena and small samples, as in such cases, the bias may

be very large.

With this context in mind, the present thesis o↵ers a closer look at regularity

assumptions in extreme value analysis.
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1.2 Extreme events with very low probabilities

Suppose that a random sample of size n of some random variable X is available,

then the probability pn = P (X 2 En) of an event En could be described as very

low if pn ⌧ 1/n, which is usually represented by the condition that pnn ! 0

as n ! 1 (de Haan & Ferreira, 2006, Section 4.3). We will be somewhat more

explicit, and focus on probabilities that satisfy

pn 2 [n�⌧2 , n�⌧1 ] with ⌧
2

> ⌧
1

> 1. (1.2.1)

This choice is motivated by applications involving extreme events with serious

consequences, as these tend to have (or should have) very low probabilities. For

example, both for primary flood defenses in the Netherlands and for o↵shore

structures in the North Sea, the return period of certain events is required to

be at least 10, 000 years, and wind and wave measurements cover periods of the

order of 25�100 years. Therefore, pnn ⇡ 0.01 or lower. As another example, the

current BASEL II guidelines require banks to measure the value of their one-year

aggregate operational loss which has a probability of exceedance of 0.001. With

an operational loss database typically covering 10 years, therefore, pnn ⇡ 0.01.

Let kn be the number of upper order statistics used to estimate a model like

(1.1.1), then for very low probabilities pn as in (1.2.1),

�n := (n/kn)pn ! 0. (1.2.2)

However, as it stands, (1.1.1) is only valid if �n remains bounded and bounded

away from 0 as n ! 1. This has been recognised for a long time, and is generally

dealt with by imposing an additional assumption; see e.g. de Haan & Ferreira

(2006); Beirlant et al. (2004). For example, a common assumption is to extend

(1.1.4) to

lim
t!1

U(t�)�U(t)
w(t)

� (�� � 1)/�

a(t)
= H(�) (1.2.3)

withH not a multiple of the function � 7! (���1)/�, and a satisfying limt!1 a(t) =

0; a determines the rate of convergence to the limit in (1.1.4). By eq. (1.2.3),
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limt!1 a(t�)/a(t) = �⇢ for some ⇢  0 (de Haan & Ferreira, 2006, Section 2.3).

For � � 0, it is often assumed that ⇢ < 0; this implies that eventually, a(t)

vanishes more rapidly than some negative power of t.

The question of how restrictive such assumptions really are has not been given

much attention until now. Chapter 2 shows that the issue concentrates on the

domain of attraction of (1.1.1) with � = 0: assumptions on convergence rate

such as ⇢ < 0 exclude a wide variety of distribution functions within this domain.

In fact, not the assumptions are the problem, but the model (1.1.1) itself (see

Proposition 2.2.1): if � = 0, then there is only one limiting distribution function,

which is not su�cient.

To illustrate the problem, we may consider the Weibull distribution

F (x) = 1� e�x1/�
, x � 0, � > 0 (1.2.4)

as an example3. Its quantile function U (see (1.1.2)) satisfies U(t) = (log t)� and

therefore,

U(�t)� U(t)

tU 0(t)
⇠ (log �)

✓
1 + ��1

2!

⇣ log �
log t

⌘
+ (��1)(��2)

3!

⇣ log �
log t

⌘
2

+ ...

◆
, � > 0.

(1.2.5)

Taking t = n/kn (with n the sample size and kn ! 1 while kn/n ! 0 as n ! 1)

and �t = 1/pn (with pn the probability of exceedance of a quantile to be esti-

mated), the bracketed series in (1.2.5) tends to 1 as n ! 1 (in accordance with

the GP tail with � = 0) if � log pn ⇠ log(n/kn). This excludes the range (1.2.1).

Furthermore, unless � is a small integer, bias correction based on estimation of

H and a in (1.2.3) (e.g. Cai et al. (2013)) or including higher-order corrections

will be ine↵ective, since all terms of the expansion in (1.2.5) are slowly varying

functions.

Distribution functions similar to a Weibull distribution, such as the normal dis-

tribution, “surround” the exponential distribution within the � = 0 domain of

attraction of the GP limit, which also contains much lighter tails with finite end-

points and much heavier tails, such as the lognormal distribution. Therefore,

3For simplicity, we fix the scale parameter to 1, as this does not a↵ect the argument.
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the case of the Weibull distribution is by no means exceptional; rather, it is the

distribution functions with � = 0 satisfying (1.2.3) with ⇢ < 0 which are excep-

tional; see Chapter 2. Since the literature on estimation addressing the � = 0

case is overwhelmingly based on the assumption that ⇢ < 0 (or similarly restric-

tive assumptions on convergence rate), one might say that only easy cases have

been addressed, which are not representative for the domain of attraction of the

GP tail limit with � = 0.

As a solution, an alternative regularity assumption is proposed in Chapter 2:

assuming that F (0) < 1 and replacing P and X in (1.1.1) by their logarithms, a

limit relation is obtained of the form

lim
y!1

y�1 logP
⇣ logX � s(y)

g(y)
> x

⌘
= �(1 + ✓x)1/✓, ✓x+ 1 > 0 (1.2.6)

for some real number ✓, positive function g and nondecreasing function s; we

can take s(y) = logU(ey). This is the log-Generalised Weibull (log-GW) tail

limit, with ✓ the log-GW tail index. Further details and properties are given

in Chapter 2 and also in Section 2 of Chapter 4, which shows that the log-GW

tail limit is equivalent to a large deviation principle (LDP) (Dembo & Zeitouni,

1998), a pair of asymptotic bounds to the logarithms of the probabilities of a

wide class of sets.

The log-GW tail limit generalises the Weibull tail limit (see Gardes and Girard

(2015) for an overview of the literature) and its extension to heavier tails in

Gardes et al. (2011). This work appears to have received less attention than

it deserves, possibly because it was not widely understood why and when these

models would be needed.

Convergence rate assumptions such as ⇢ < 0 are also commonly made for the

case � > 0, implying that limt!1 U(t)t�� = c for some c > 0. However, the

consequences are much more limited than if � = 0. In fact, they are not needed:

If � > 0, then the log-GW tail limit (1.2.6) applies with ✓ = 1, so we can

approximate very low probabilities (1.2.1) or quantiles corresponding to such

probabilities without assumptions on the convergence rate in (1.1.4) (see Chapter

2). Weaker notions of convergence apply to these approximations than under the

convergence rate assumption, but this is not necessarily a drawback, as it may
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evoke more realistic expectations in applications. The case � < 0 is not discussed

in this thesis.

In the case of extreme events involving several dependent random variables, sim-

ilarly restrictive assumptions are common in the literature; in any case, they are

applied to marginals. Furthermore, classical extreme value theory can only ap-

proximate probabilities for restricted classes of distribution functions and events.

For example, in the bivariate case, asymptotic independence poses a problem for

a large class of events. A refinement developed for these cases, known as resid-

ual tail dependence or hidden regular variation, also has its limitations; see e.g.

Wadsworth & Tawn (2013) and Section 4 of Chapter 4. As an alternative, Chap-

ter 4 proposes an LDP as regularity assumption on the tail of a multivariate

distribution function, generalising the univariate log-GW tail limit as well as

hidden regular variation.

1.3 High quantile estimation

A high quantile is a value exceeded with a probability pn satisfying that for some

c > 0, pnn  c whenever n is large enough. As a demonstration of the potential

of the log-GW tail limit as a model for extreme value analysis, a simple high

quantile estimator based on the log-GW tail limit is proposed in Section 4 of

Chapter 2. Conditions for consistency and asymptotic normality of this esti-

mator are established for quantiles exceeded with probabilities including (1.2.1).

Simulations are carried out to compare its performance to that of a well-known

estimator based on the GP tail limit.

Further improvement of the estimation of high quantiles is discussed in Chapter

3, reporting joint work with Juan-Juan Cai. We set out to develop a good

estimator for high quantiles based on the log-GW tail limit, using the familiar

Hill (1975) estimator as a building block. To estimate the log-GW tail index ✓,

we iterate the Hill estimator, as done earlier in an estimator for � in Beirlant et al.

(1996a). The analysis of this new estimator requires an accurate approximation

of the asymptotics of the Hill estimator, which we provide under a second-order

regularity assumption (but without restrictions on the rate of convergence to the
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log-GW limit). Also, we evaluate estimator performance on finite samples by

simulation and in an application to sea level data.

1.4 The tail large deviation principle

Chapter 4 discusses the approximation and estimation of very low probabilities

(1.2.1) of extreme events involving several mutually dependent random variables,

using a large deviation principle (LDP). Because (1.2.1) implies that

�⌧
2

/(1� c)  log pn
log(n/kn)

 �⌧
1

if kn  nc for some c 2 (0, 1), it appears natural to formulate a regularity assump-

tion in the form of asymptotic bounds for normalised logarithms of probabilities

of extreme events4; this is what the tail LDP provides.

From a mathematical point of view, the tail LDP is rather di↵erent from classical

extreme value theory, which is concerned with limits of suitably normalised prob-

abilities. On a practical level, Figure 4.3 in Chapter 4 illustrates the di↵erence

by comparing how two simple nonparametric probability estimators work, one

based on classical extreme value theory, and the other one the tail LDP.

The connection between the tail LDP and hidden regular variation (residual

tail dependence) and its extension in Wadsworth & Tawn (2013) is explored in

Section 4 of Chapter 4. Furthermore5, there is a close connection between the

tail LDP and the concept of convergence of sample clouds toward a compact set

in Fisher (1966, 1969), Davis et al. (1988), Kinoshita & Resnick (1991), Balkema

et al. (2010, 2012, 2013), Nolde (2014). More specifically, the set K = I�1([0, 1]),

with I the rate function defined in Section 3 of Chapter 4, is such a compact set

toward which the sample clouds converge when scaled by a suitable sequence of

positive numbers.

4Limits only apply in certain cases; see Section 3 of Chapter 4.
5Unfortunately, I did not become aware of this before de Valk (2016b) appeared.





Chapter 2

Approximation of high quantiles

from intermediate quantiles

[This chapter was published online in Extremes, doi: 10.1007/s10687-016-0255-3]

Abstract. Motivated by applications requiring quantile estimates for very small prob-

abilities of exceedance pn ⌧ 1/n, this article addresses estimation of high quantiles

for pn satisfying pn 2 [n�⌧2 , n�⌧1 ] for some ⌧
1

> 1 and ⌧
2

> ⌧
1

. For this purpose,

the tail regularity assumption logU � exp 2 ERV (with U the left-continuous inverse

of 1/(1 � F ), and ERV the extended regularly varying functions) is explored as an

alternative to the classical regularity assumption U 2 ERV (corresponding to the

Generalised Pareto tail limit). Motivation for the alternative regularity assumption

is provided, and it is shown to be equivalent to a limit relation for the logarithm of

the survival function, the log-GW tail limit, which generalises the GW (Generalised

Weibull) tail limit, a generalisation of the Weibull tail limit. The domain of attraction

is described, and convergence results are presented for quantile approximation and for

a simple quantile estimator based on the log-GW tail. Simulations are presented, and

advantages and limitations of log-GW-based estimation of high quantiles are indicated.

2.1 Introduction

An important application of extreme value theory is the estimation of tail quantiles.

Theoretical analysis usually addresses tail quantile estimation from n independent

11



Chapter 2. Approximation of high quantiles 12

random variables {X
1

, ..., , Xn} with common distribution function F , and considers

the asymptotic properties of estimators as n ! 1. Of particular interest are high

quantiles, exceeded with probabilities pn = O(1/n); see e.g. Weissman (1978), Dekkers

et al. (1989), de Haan & Rootzén (1993) and for dependent random variables, Drees

(2003).

Let X
1,n  X

2,n  ...  Xn,n be the order statistics derived from {X
1

, ..., , Xn}, and let

U denote the left-continuous inverse of 1/(1�F ) on (1,1). The intermediate quantile

U(n/kn), with the intermediate sequence (kn) satisfying

kn 2 {1, .., n} 8n 2 N, kn/n ! 0 and kn ! 1, (2.1.1)

is under certain additional conditions estimated consistently by the intermediate order

statistic Xn�k
n

+1,n (e.g. de Haan & Ferreira (2006), Theorem 2.4.1). In contrast, the

expected number of data points exceeding a high quantile is eventually bounded. A

high quantile estimator can therefore not be expected to converge without some form

of regularity of the tail, allowing it to be derived from intermediate order statistics.

The classical regularity assumption on the upper tail of the distribution function F

is often expressed as a condition on U ; it requires that a positive function w and a

non-constant function ' exist such that

lim
t!1

U(t�)� U(t)

w(t)
= '(�) 8� 2 C', (2.1.2)

with C' the continuity points of ' in (0,1). As the limiting function ' is continuous

(e.g. de Haan & Ferreira (2006), Theorem 1.1.3), U satisfying (2.1.2) is extended

regularly varying (see e.g. Appendix B2 of de Haan & Ferreira (2006), or Chapter 3 of

Bingham et al. (1987)). Therefore, w can be chosen to be regularly varying and (since

U is nondecreasing) such that

' = h� (2.1.3)

for some real � with for all positive �,

h�(�) :=
R
�

1 t
��1dt, (2.1.4)

which is ��1(�� � 1) if � 6= 0 and log � if � = 0; (2.1.2) with (2.1.3) is equivalent to a

Generalised Pareto (GP) tail limit for the survival function (e.g. de Haan & Ferreira

(2006), Theorem 1.1.2). In (2.1.2), the limit on the right-hand side was left unspecified
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in order to stress the nonparametric nature of the classical regularity assumption,

which makes it particularly attractive from the point of view of applications.

When referring to (2.1.2), we will write U 2 ERV , with ERV the extended regularly

varying functions1. We will write U 2 ERVS to specify that in addition, (2.1.3) holds

with � 2 S ⇢ R, and U 2 ERV{�}(w) for (2.1.2) and (2.1.3) with a particular � and

positive w. We will apply the same notational conventions when a limit relation of the

form (2.1.2) applies to a nondecreasing function other than U . For a regularly varying

function g (e.g. Bingham et al. (1987)), we will write g 2 RV , or g 2 RVS to specify

that limt!1 g(t�)/g(t) = �↵ for all � > 0 for some ↵ 2 S ⇢ R.

It has been known for long that existence of the limit (2.1.2) alone is of limited value

for approximation of a high quantile U(1/pn) with pn = O(1/n) from an intermediate

quantile U(n/kn) with (kn) as in (2.1.1), since �n := kn/(npn) ! 1 as n ! 1.

Usually, additional assumptions on the rate of convergence in (2.1.2) are introduced

for this purpose, such as (strong) second-order extended regular variation (de Haan

& Stadtmüller (1996), de Haan & Ferreira (2006)), the Hall class (Hall (1982)), or

conditions (1.5) and (1.6) of de Haan & Rootzén (1993).

In this article, a di↵erent approach is explored: instead of strengthening (2.1.2), we

will look for an alternative regularity assumption specifically to approximate certain

high quantiles from intermediate quantiles, and by extension, to estimate such high

quantiles. The quantiles we will focus on are very high quantiles corresponding to

probabilities of exceedance (pn) satisfying

pn 2 [n�⌧2 , n�⌧1 ] for some ⌧
1

> 1, ⌧
2

> ⌧
1

, (2.1.5)

without excluding that the approximation may also be suitable for less rapidly van-

ishing (pn). This choice is motivated by applications requiring quantile estimates for

probabilities of exceedance pn satisfying pnn ⌧ 1, such as flood hazard assessment

(de Haan (1990)), design criteria on wind, waves and currents for o↵shore structures

(ISO (2005), paragraph A.5.7), seismic hazard assessment (Adams & Atkinson (2003))

and analysis of bank operational risk (Cope et al. (2009)). In such applications, one

would want an estimator for U(1/pn) which converges in a meaningful sense even when

pnn ! 0 as n ! 1. However, the latter condition is di�cult to handle in its full gen-

erality. Therefore, we will narrow the focus to (pn) satisfying (4.1.1). Moreover, we

will try to find an estimator which for pn = n�⌧ converges (in some yet-to-be-defined

1Ignoring that as an assumption, (2.1.2) is formally weaker than U 2 ERV ; but since U is
nondecreasing, we know that C' = R+, so the di↵erence is immaterial.
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sense) uniformly in ⌧ 2 [1, T ] for every T > 1. In practical terms, this means that if

the assumptions for convergence are satisfied, then an estimate of a quantile exceeded

with a probability of, say, 0.01 can be extended to an estimate of the quantile ex-

ceeded with a probability of 0.0001 without seriously stretching the assumptions2, as

these probabilities di↵er only a factor of two in terms of ⌧ . Such flexibility is important

in applications, because pn is generally based on social and economic considerations,

without regard for the feasibility of estimating U(1/pn).

For convenience, we will assume throughout that U(1) := limt!1 U(t) > 1.

2.2 An alternative regularity condition

The alternative regularity assumption on the upper tail of F proposed for estimation

of a very high quantile U(1/pn) with (pn) satisfying (4.1.1) is

log q 2 ERV (2.2.1)

with

q := U � exp . (2.2.2)

(2.2.1) is of the same nonparametric form as the classical regularity assumption (2.1.2),

but with U replaced by logU � exp. Therefore, it implies that for some real ✓ and

positive function g,

lim
y!1

log q(y�)� log q(y)

g(y)
= h✓(�) 8� > 0. (2.2.3)

To see the relevance of (2.2.1) for approximation of a very high quantile q(� log pn) =

U(1/pn) with (pn) satisfying (4.1.1) from an intermediate quantile q(log(n/kn)) =

U(n/kn), assume that in addition to (2.1.1), lim supn!1 log kn/ log n < 1. This ensures

that � log pn = O(log(n/kn)) as n ! 1, and since convergence in (2.2.3) is locally

uniform in � > 0 (e.g. Bingham et al. (1987), Theorem 3.1.16), it implies

lim
n!1

����
logU(1/pn)� logU(n/kn)

g(log(n/kn))
� h✓

✓
log(1/pn)

log(n/kn)

◆���� = 0.

2Of course, this does not obviate the need to investigate whether these assumptions apply.
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The limit relation (2.2.3) can be reformulated in terms of the survival function :

Theorem 2.2.1. The limit relation (2.2.3) for some positive function g and real ✓ is

equivalent to

lim
y!1

log(1� F (q(y)exg(y)))

y
= �h�1

✓ (x) 8x 2 h✓(R+), (2.2.4)

Proof. Equivalence of (2.2.3) and (2.2.4) is implied by Lemma 1.1.1 in de Haan &

Ferreira (2006).

The pair (2.2.3) and (2.2.4) of equivalent limits can be seen as the analogue for log q

of (2.1.2) with ' = h� and the equivalent GP limit for the survival function

lim
t!1

t(1� F (xw(t) + U(t))) = 1/h�1

� (x) 8x 2 h�(R+) (2.2.5)

(e.g. de Haan & Ferreira (2006), Theorem 1.1.2). It is important to realise that

convergence of a log-ratio of probabilities as in (2.2.4) is a much weaker notion than

convergence of a ratio of probabilities as in the GP limit (2.2.5). This di↵erence

reflects precisely the di↵erence in extrapolation range between (2.2.3) and (2.1.2):

when extrapolating over a longer range, larger errors should be expected in principle,

unless additional assumptions apply.

To illustrate that condition (2.2.1) is a natural assumption, Proposition 2.2.1 below

shows how it may arise in the context of a GP tail limit (2.1.2) with (2.1.3) and the

GP quantile approximation

Ũt(z) := U(t) + h�(z/t)w(t) (2.2.6)

with w and � as in (2.1.2) and (2.1.3).

Proposition 2.2.1. Let U 2 ERV{�}(w).

(a) If � > 0, then

lim
t!1

log Ũt(t�)� logU(t�)

logU(t�)� logU(t)
= 0 8� > 1 (2.2.7)

and

log q 2 ERV{1}.

(b) If � = 0 and

lim
t!1

Ũt(t�)� U(t�)

U(t�)� U(t)
= 0 8� > 1, (2.2.8)
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then

q 2 ERV{1} and log q 2 ERV{0}(1).

Proof. The proof is found in Subsection 2.7.1.

For distribution functions in the domain of attraction of the GP tail limit, Proposition

2.2.1 shows that the condition (2.2.1) must hold if � > 0; if � = 0, it is a necessary

condition for convergence of the relative error in the GP approximation in the sense of

(2.2.8)3.

Proposition 2.2.1 also provides some basic insight into the strengths and limitations

of the GP quantile approximation (2.2.6) for very high quantiles. If � > 0, there is

no problem; the notion of convergence in (2.2.7) may be weak, but can be considered

appropriate for these heavy-tailed distribution functions. However, if � = 0 and (2.2.8)

holds, then necessarily, q 2 ERV{1}, which is a restrictive condition. For example, for

the normal distribution, q 2 ERV{1/2}, so (2.2.8) cannot hold.

In analogy to (2.1.2), a natural generalisation of q 2 ERV{1} would be q 2 ERV , so

for some real ✓ and some positive function g,

lim
y!1

q(y�)� q(y)

g(y)
= h✓(�) 8� > 0. (2.2.9)

By a slight modification of Theorem 2.2.1, (2.2.9) is equivalent to

lim
y!1

log(1� F (xg(y) + q(y)))

y
= �h�1

✓ (x) 8x 2 h✓(R+). (2.2.10)

Furthermore, if ✓ > 0, then q 2 RV{✓} (de Haan & Ferreira (2006), Theorem B.2.2(1))

and we may take ✓q for g in (2.2.10), resulting in

lim
y!1

log(1� F (xq(y)))

y
= �x1/✓ 8x > 0. (2.2.11)

The equivalent limit relations q 2 RV{✓} and (2.2.11) with ✓ > 0 are known as the

Weibull tail limit; see e.g. Broniatowski (1993), Klüppelberg (1991), Gardes et al.

(2011) and references in the latter. Therefore, we will refer to both (2.2.9) and

3Irrespective of which additional assumptions are invoked in order to guarantee (2.2.8).
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(2.2.10) as the Generalised Weibull (GW) tail limit. Among the distribution func-

tions with a GW tail limit are the Weibull, gamma, and normal distributions, but

also lighter-tailed distribution functions satisfying q 2 ERV
(�1,0]. The latter satisfy

limy!1 q(y⇠)/q(y) = 1 for all ⇠ > 1; if q 2 ERV
(�1,0), then q(1) is finite.

In view of the above, we will refer to (2.2.3) and (2.2.4) as the log-GW tail limit.

Just as q 2 ERV generalises the condition q 2 ERV{1} arising in the context of a GP

limit and GP quantile approximation in Proposition 2.2.1(b), we can see log q 2 ERV

as a natural generalisation of the restrictive conditions log q 2 ERV{1} and log q 2
ERV{0}(1) in Proposition 2.2.1(a) and (b), respectively. Furthermore, the log-GW tail

limit generalises the GW tail limit: if F satisfies q 2 ERV{✓}, then it must also satisfy4

log q 2 ERV{min(✓,0)}; see e.g. Dekkers et al. (1989) (Lemma 2.5) and Lemma 2.7.1(a)

in Subsection 2.7.9, included for convenience. Therefore, the log-GW tail limit is the

more important limit relation to consider as regularity assumption. Nevertheless, the

GW limit may be useful in certain applications involving distribution functions with

moderate or light tails. In particular, if ✓ < 0, then log q 2 ERV{✓} if and only if

q 2 ERV{✓}; see Lemma 2.7.1(c) in Subsection 2.7.9.

The following result supplements Proposition 2.2.1 by describing the possible overlap

of the domain of attraction of the GP limit with the domains of attraction of the GW

and log-GW limits. It just states the plain results; an interpretation follows.

Theorem 2.2.2. For q := U � exp:

(a) If U 2 ERV and q 2 ERV , then U 2 ERV{0}.

(b) If U 2 ERV and log q 2 ERV , then

either (i) U 2 ERV{0} and log q 2 ERV
(�1,1],

or (ii) U 2 ERV
(0,1)

and log q 2 ERV {1}.

The proof can is found in Subsection 2.7.2.

Theorem 2.2.2(a) supplements Proposition 2.2.1(b) for the � = 0 case: the existence

of a GW limit excludes distribution functions with heavy and light GP tail limits.

Theorem 2.2.2(b) identifies which specific log-GW limits may coexist with a GP limit.

Case (ii) is the classical Pareto limit encountered in Proposition 2.2.1(a). Case (i)

concerns lighter tails; note that it is possible that U 2 ERV{0} and log q 2 ERV{1}, an

4As a reminder, we are always assuming that U(1) > 1.
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example being q(y) = exp(y/ log(y + 1)� 1). By assertion (b), a GP limit with � < 0

excludes a log-GW limit.

The domain of attraction of the log-GW limit covers a wide range of tail behaviour. It

includes the domain of attraction of the GW limit described earlier, and the domain of

attraction of the Pareto limit with � > 0, but also the distribution functions satisfying

log q 2 ERV
(0,1), with tails heavier than a Weibull tail but lighter than a Pareto tail. As

such, it achieves a “unification” of the Pareto and Weibull tail limits sought in Gardes

et al. (2011). An example is the lognormal distribution, which satisfies log q 2 ERV
1/2;

neither (2.2.8), nor (2.2.7) holds for this distribution function. Finally, the domain of

attraction of the log-GW limit also includes the very heavy-tailed distribution functions

satisfying log q 2 ERV
(1,1)

, which do not have classical limits. For these, the mean of

the excess (X � ↵) _ 0 over any finite threshold ↵ is infinite.

Having now established the log-GW limit as a widely applicable regularity assumption

for approximation of high quantiles with probabilities (pn) satisfying (4.1.1), the follow-

ing sections will address the use of a log-GW tail as model for quantile approximation

and estimation.

2.3 Approximation and convergence

The log-GW limit suggests to approximate a quantile q(z) for z > 0 by q(y)eg(y)h✓

(z/y)

for y 2 q�1((0,1)) and with g and ✓ as in (2.2.3). As an introduction to the quantile

estimator presented in the next section, we will consider the following somewhat more

general log-GW quantile approximation:

q̃y(z) := q(y)eg̃(y)h✓̃(y)(z/y), (2.3.1)

with ✓̃ a real function and g̃ a positive function, related to q as follows: for some ⇠ > 1,

✓̃(y)� a⇠(y) ! 0 and g̃(y) ⇠ (log q(y⇠)� log q(y))/h
˜✓(y)(⇠) as y ! 1 (2.3.2)

with for every ◆ 2 (0, 1) [ (1,1),

a◆(y) :=
log
��log q(y◆2)� log q(y◆)

��� log |log q(y◆)� log q(y)|
log ◆

. (2.3.3)
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If q has a second derivative q00, then a◆(y) may be regarded as a finite-di↵erence ap-

proximation of y(log(y(log q(y))0))0 = 1 + yq00(y)/q0(y)� yq0(y)/q(y), a scale-invariant

measure of curvature.

If log q 2 ERV{✓}(g), then log q(Id · ⇠) � log q 2 RV{✓} for every ⇠ > 1 and (2.3.2) is

equivalent to ✓̃(y) ! ✓ and g̃(y) ⇠ g(y) as y ! 1. The following is a straightforward

consequence:

Proposition 2.3.1. If log q 2 ERV{✓}(g) and the real function ✓̃ and positive function g̃

satisfy (2.3.2), then q̃y defined by (2.3.1) satisfies

lim
y!1

sup
�2[⇤�1,⇤]

����
log q̃y(y�)� log q(y�)

g(y)

���� = 0 8⇤ > 1, (2.3.4)

and if

lim sup
y!1

g(y) < 1 (2.3.5)

(for example, if q 2 ERV ), then in addition,

lim
y!1

sup
�2[⇤�1,⇤]

����
q̃y(y�)� q(y�)

q(y)g(y)

���� = 0 8⇤ > 1. (2.3.6)

Proof. A proof of this standard result can be found in Subsection 2.7.3.

Remark 2.3.1. Eq. (2.3.4) remains valid when g(y) in the denominator is replaced by

log q(y) or by log q(y⇠)� log q(y) for any ⇠ 2 (0,1) \ {1}, because by (2.2.3),

g(y)/
��log q(y⇠)� log q(y)

�� = O(1) (2.3.7)

as y ! 1, and therefore also g(y)/ log q(y) = O(1).

Condition (2.3.5) implies that ✓  0 in (2.2.3) and therefore, that q is of bounded

increase (see Bingham et al. (1987), Section 2.1); vice versa, bounded increase of q

implies (2.3.5) by (2.2.3). If (2.3.5) holds, then (2.3.4) and (2.3.6) remain valid when

g(y) is replaced by 1. Furthermore, q(y)g(y) in (2.3.6) can be replaced by q(y⇠)� q(y)

for any ⇠ 2 (0,1)\{1}; see Subsection 2.7.4. Furthermore, if q(1) < 1, then we may

also replace q(y)g(y) in (2.3.6) by q(1)� q(y⌘) for any ⌘ > 0; see Subsection 2.7.4.

The normalisation of the quantile approximation error in (2.3.4) is model-dependent.

Whether (2.3.6) is applicable, and which model-independent normalisations may be

substituted for g in (2.3.4) and (2.3.6), depends on tail weight: i.e., on whether q
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is of bounded increase; see Remark 3.4.1. As an alternative, the error in a quantile

approximation may be expressed in terms of a mismatch between the probabilities of

exceedance of the quantile and of its approximation. As we will see shortly, this can

be done in such a way that a single model-independent notion of convergence holds if

log q 2 ERV .

There may also be other reasons for considering probability-based quantile approx-

imation and estimation errors. For example, in the context of structural reliability

analysis and safety engineering (e.g. flood protection, tall buildings, bridges, o↵shore

structures, etc.), the required overall safety level constrains a design; usually, it takes

the form of a maximum tolerated failure rate, fixed in legislation or in rules issued by

regulators or classification societies. Within this context, errors in estimates of load

quantiles are often viewed in terms of equivalent errors in frequency of exceedance.

In the present context, a natural expression of the mismatch between 1�F (q̃y(z)) and
1� F (q(z)) is

⌫̃y(z) :=
q�1(q̃y(z))

q�1(q(z))
� 1 =

log(1� F (q̃y(z)))

log(1� F (q(z)))
� 1. (2.3.8)

Because F may be constant over some interval, it is possible that ⌫̃y(z) = 0 while

q̃y(z) > q(z). If q(1) < 1 and q̃y(z) > q(1), then ⌫̃y(z) = 1. If F is continuous,

then � log(1� F (q(z))) = q�1(q(z)) = z in (4.5.4).

For the log-GW approximation (2.3.1), convergence of ⌫̃y(y�) to zero as y ! 1 for

� > 0 is a similarly weak notion of convergence as convergence to the log-GW limit

in (2.2.4). In fact, if F is continuous, then with ✓̃(y) = ✓ and g̃(y) = g(y) in (2.3.1),

the log-GW limit can be written alternatively as limy!1 �⌫̃y(y�) = 0 for all � > 0. A

somewhat more general result is the following.

Theorem 2.3.1. If log q 2 ERV and real functions ✓̃ and g̃, g̃ positive, satisfy (2.3.2),

then q̃y defined by (2.3.1) satisfies

lim
y!1

sup
�2[⇤�1,⇤]

|⌫̃y(y�)| = 0 8⇤ > 1. (2.3.9)

Proof. See Subsection 2.7.5.

Alternatively, one may want to consider a stronger notion of convergence such as

lim
y!1

1� F (q(y�))

1� F (q̃y(y�))
= 1 8� � 1. (2.3.10)
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If limy!1 y�1 log(1 � F (q(y))) = �15, then by taking the logarithm, (2.3.10) can be

seen to be equivalent to limy!1 y⌫̃y(y�) = 0 for all � � 1. Ensuring this convergence

rate condition requires strengthening of the assumption of a log-GW limit. We will

discuss this further within the context of a specific estimator in the next section.

2.4 A simple high quantile estimator

To demonstrate the potential of the alternative regularity condition for estimation

of high quantiles, this section introduces a quantile estimator closely related to the

log-GW approximation (2.3.1) and presents consistency results.

Consider a sequence of independent random variables (Xn) with Xi ⇠ F for all i 2 N.
Let Xk,n denote the k-th lowest order statistic out of {X

1

, .., Xn}. Let ◆ > 1 be fixed,

and let6 k
2

: N ! N be nondecreasing and such that k
2

(n) 2 {1, ..., n�1} for all n 2 N.
Define for j 2 {0, 1},

kj(n) :=
j
(k

2

(n)/n)◆
j�2

n
k
. (2.4.1)

A simple log-GW-based estimator for a quantile q(z) with probability of exceedance

e�z is q̂n(z), defined for every z > 0 and n 2 N such that Xn�k0(n)+1,n > 0 by

q̂n(z) := Xn�k0(n)+1,n exp
⇣
ĝnh

ˆ✓
n

(z/yn)
⌘

(2.4.2)

with

✓̂n :=
log log

X
n�k2(n)+1,n

X
n�k1(n)+1,n

� log log
X

n�k1(n)+1,n

X
n�k0(n)+1,n

log ◆
, (2.4.3)

ĝn :=
log

X
n�k1(n)+1,n

X
n�k0(n)+1,n

h
ˆ✓
n,◆

(◆)
, (2.4.4)

and

yn := log(n/k
0

(n)). (2.4.5)

This estimator can be regarded as a straightforward application of the approximation

(2.3.1) to the sampling distribution of {X
1

, .., Xn} instead of F , taking

g◆(y) := (log q(y◆)� log q(y))/ha
◆

(y)(◆) (2.4.6)

5This very weak condition is ensured by, for example, (2.2.4), or (2.2.5), or continuity of F .
6For notational convenience, we write some sequences as functions on N.
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for g̃(y) and a◆(y) for ✓̃(y). Assume that k
2

(n)/n ! 0 and k
2

(n) ! 1 as n ! 1.

Then by (4.6.2), as ◆ > 1, also kj(n)/n ! 0 and kj(n) ! 1 as n ! 1 for j = 1 and

j = 0. Moreover, if k
2

is chosen to satisfy

lim sup
n!1

log k
2

(n)

log n
=: c < 1, (2.4.7)

then by (4.6.2), lim supn!1(log k
0

(n))/ log n = 1 + ◆�2(c� 1), so

lim inf
n!1

yn/ log n = (1� c)◆�2. (2.4.8)

Therefore, for every T � 1, eventually

[T�1 log n, T log n] ⇢ [��1yn,�yn] 8� > T ◆2/(1� c), (2.4.9)

and as a result, � log pn with (pn) as in (4.1.1) is eventually in the interval [��1yn,�yn]

for some � > 1.

If logX were replaced by X in (2.4.2)-(2.4.4) and (4.6.2) were modified to kj(n) :=

bk2(n)◆2�jc and (2.4.5) to yn := n/k
0

(n), then with ◆ = 2, (2.4.3) would become the

Pickands (1975) estimator for the extreme value index �, and (2.4.2) would become an

estimator for U(z). Pickands’ estimator is known to be inaccurate in comparison to

other commonly used estimators; see e.g. de Haan & Ferreira (2006). The estimator

q̂n, also based on only three order statistics, was chosen as an example here because of

its simplicity.

Analogous to ⌫̃y(z) in (4.5.4), define the probability-based quantile estimation error

⌫̂n(z) :=
q�1(q̂n(z))

q�1(q(z))
� 1 =

log(1� F (q̂n(z)))

log(1� F (q(z)))
� 1. (2.4.10)

Theorem 2.4.1. Let k
2

: N ! N satisfy (2.4.7) and k
2

(n)/ log log n ! 1 as n ! 1.

Consider q̂n, ✓̂n and ĝn defined by (4.6.2)-(2.4.5) for some ◆ > 1. If log q 2 ERV{✓}(g),

then

✓̂n ! ✓ and ĝn/g(yn) ! 1 a.s. (2.4.11)

and for every T > 1 (see (4.5.4)),

sup
⌧2[T�1,T ]

|⌫̂n(⌧ log n)| ! 0 a.s., (2.4.12)
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sup
⌧2[T�1,T ]

����
log q̂n(⌧ log n)� log q(⌧ log n)

g(yn)

����! 0 a.s. (2.4.13)

and if (2.3.5) holds (for example, if q 2 ERV ), then in addition,

sup
⌧2[T�1,T ]

����
q̂n(⌧ log n)� q(⌧ log n)

q(yn)g(yn)

����! 0 a.s. (2.4.14)

Proof. The proof is found in Subsection 2.7.6.

Theorem 2.4.1 establishes almost sure convergence of very high quantile estimates for

probabilities of exceedance of n�⌧ uniformly for all ⌧ in an arbitrary compact subset

of (0,1) if log q 2 ERV .

Remark 2.4.1. Remark 3.4.1 about the normalisation in (2.3.4) and (2.3.6) carries over

to (2.4.13) and (2.4.14).

For the analysis of the asymptotic distributions of errors, the assumption log q 2
ERV{✓} in Theorem 2.4.1 will be strengthened somewhat. We assume that the deriva-

tive q0 of q exists, and

(log q)0 = q0/q 2 RV{✓�1}, (2.4.15)

which implies log q 2 ERV{✓}(ḡ) with

ḡ(y) = yq0(y)/q(y). (2.4.16)

If it is given that log q 2 ERV{✓} and that q is di↵erentiable, several seemingly weak

conditions on q0 are known which ensure (3.2.1); see e.g. Bingham et al. (1987) (The-

orems 1.7.5 and 3.6.10).

Let g◆ be defined by (2.4.6), a◆ be defined by (2.3.3), and let

✓(�, ◆) :=
@(h✓(�)/h✓(◆))

@✓
=

8
<

:

1

◆✓�1

⇣
�✓ log �� �✓�1

◆✓�1

◆✓ log ◆
⌘

if ✓ 6= 0

1

2

log �
⇣
log �
log ◆ � 1

⌘
if ✓ = 0

(2.4.17)

for all real ✓, ◆ 2 (0, 1) [ (1,1) and � > 0; note that ✓(1, ◆) = ✓(◆, ◆) = 0. We will

first consider limiting distribution functions of suitably normalised deviations of the

estimates ✓̂n, q̂n and ⌫̂n from their deterministic analogues.
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Theorem 2.4.2. If (3.2.1) holds in addition to the assumptions for Theorem 2.4.1, then

Zn :=
�
✓̂n � a◆(yn)

�
yn
p
k
2

(n)h✓(◆)
d! N(0, (◆✓�2/ log ◆)2) (2.4.18)

and with ✓̃ = a◆ and g̃ = g◆ in (2.3.1), for all T > 1,

sup
z2[T�1

logn,T logn]

����
�
⌫̂n(z)� ⌫̃y

n

(z)
�
yn
p
k
2

(n)�
⇣ z

yn

⌘�✓
✓
⇣ z

yn
, ◆
⌘
Zn

����! 0 a.s.

(2.4.19)

and

sup
z2[T�1

logn,T logn]

����
log q̂n(z)� log q̃y

n

(z)

g(yn)
yn
p
k
2

(n)� ✓
⇣ z

yn
, ◆
⌘
Zn

����! 0 a.s. (2.4.20)

for every positive function g satisfying (2.2.3).

Proof. See Subsection 2.7.7.

Under an additional convergence rate assumption, the previous result implies asymp-

totic normality of the estimation errors ✓̂n � ✓, ⌫̂n and log q̂n � log q:

Corollary 2.4.1. If in addition to the assumptions for Theorem 2.4.2, (3.2.1) is strength-

ened to

q0(y�)/q(y�)

q0(y)/q(y)
= �✓�1(1 + o(1)/�(y)) as y ! 1 8� > 1 (2.4.21)

with � some positive increasing function satisfying limy!1 �(y)/(y
p
log y) = 1, and

if k
2

satisfies k
2

(n) = O(�2(yn)y�2

n ), then

Z0

n :=
�
✓̂n � ✓

�
yn
p
k
2

(n)h✓(◆)
d! N(0, (◆✓�2/ log ◆)2), (2.4.22)

and for all T > 1,

sup
z2[y

n

,T logn]

����⌫̂n(z) yn
p
k
2

(n)�
⇣ z

yn

⌘�✓
✓
⇣ z

yn
, ◆
⌘
Z0

n

����! 0 a.s. (2.4.23)

and

sup
z2[y

n

,T logn]

����
log q̂n(z)� log q(z)

g(yn)
yn
p
k
2

(n)� ✓
⇣ z

yn
, ◆
⌘
Z0

n

����! 0 a.s. (2.4.24)

for every positive function g satisfying (2.2.3).
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Proof. See Subsection 2.7.7.

Remark 2.4.2. Eq. (2.4.19) and (2.4.7) imply that yn
p
k
2

(n)(⌫̂n(yn�) � ⌫̃y
n

(yn�)) is

asymptotically normal with zero mean and variance equal to ((◆✓�2/ log ◆)��✓✓ (�, ◆))
2

for every � > 0. Similar comments apply to (2.4.20), (2.4.23) and (2.4.24).

Remark 2.4.3. If a function � satisfying the conditions of Corollary 2.4.1 exists, then

a k
2

satisfying k
2

(n) = O(�2(yn)y�2

n ), k
2

(n)/ log log n ! 1 as n ! 1 and (2.4.7) can

always be found; for example, for some ↵ > 0, one can take for k
2

(n) the smallest

integer k satisfying k � max(1, bmin(e

↵y ,�2
(y)y�2

)c) with y = ◆�2 log(n/k).

Remark 2.4.4. Using (3.5.5), it can be seen that (2.4.23) implies

sup
z2[y

n

,T logn]

����
1� F (q(z))

1� F (q̂n(z))
� 1

����
p! 0 8T > 1, (2.4.25)

representing a strong notion of convergence of the probability of exceedance of the

quantile estimate to its target value (this may be compared to the comment following

Theorem 2.3.1). Furthermore, if g(y)/y is eventually bounded as y ! 1 (so the tail

is not heavier than a typical Pareto tail), then (2.4.24) implies that for all T > 1,

supz2[y
n

,T logn] |q̂n(z)/q(z)� 1| p! 0.

Convergence rate assumptions like (2.4.21) with � some function increasing to infinity

are commonly made7 to derive asymptotic normality of parameter and quantile esti-

mators under the condition that the rate of increase of k
2

(or more in general, the

number of upper order statistics controlling the accuracy of the estimator) is restricted

by � in some manner.

For the estimator q̂n, the convergence rate assumption is rather restrictive: corollary

2.4.1 requires that �(y)/y tends to infinity as y ! 1. The reason for this is that each

factor
p
k
2

(n) in (2.4.18)-(2.4.20) is preceded by a factor yn, which can only increase

when reducing k
2

(n). While these factors contribute to a low large-sample variability

for this estimator, they make it more di�cult or impossible to “mask” bias by reducing

k
2

(n).

This limitation is due to the particular formulation of this estimator. Alternative

estimators exist which satisfy expressions analogous to (2.4.18)-(2.4.20) but without

the factors yn, thus weakening the restrictions to be imposed on � in (2.4.21) for

establishing asymptotic normality. For the special case of a Weibull tail limit, i.e., ✓ = 0

and g(y) ! g1 2 (0,1) in (2.2.3), examples are the estimators for the Weibull tail

7Often in the form of a second-order ERV assumption.
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index g1 and associated quantile estimators in Gardes & Girard (2006). Preliminary

work suggests that this type of estimator may be extended to log-GW and GW-based

quantile estimators under the appropriate tail limits.

Alternatively, one may try to correct quantile estimates for bias, which may relax

restrictions on k
2

. This would involve extending the model q̃y
n

with ✓̃ = a◆ and

g̃ = g◆ in (2.3.1) and its estimator q̂n to make (log q̃y
n

(z)� log q(yn))/g(yn) vanish more

rapidly with increasing n, without substantially slowing the rate of absolute decrease

of (log q̂n(z) � log q̃y
n

(z))/g(yn) in (2.4.20). Within the context of the GP tail limit

and GP-based high quantile estimation, estimation of a model of second-order ERV to

correct quantile estimates has been developed to an advanced level; see e.g. Li et al

(2010) and Cai et al. (2013). More limited progress has been made within the context

of the Weibull tail limit. For example, bias correction in Diebolt et al (2008a) can

produce asymptotically normal zero-mean estimation errors with the same variance as

obtained with the asymptotically biased uncorrected estimator8. These developments

suggest that bias correction could be successful in the context of the log-GW limit and

log-GW-based quantile estimation.

2.5 Simulations

As an illustration, the log-GW-based quantile estimator q̂n defined in (4.6.2)-(2.4.5) was

applied with ◆ = 2 to simulated samples of iid random variables to estimate very high

quantiles with a probability of exceedance of n�2 . For comparison, a GP-based quantile

estimator was applied to the same data. For this purpose, the moment estimator of

Dekkers et al. (1989) and de Haan & Rootzén (1993) was chosen; see also de Haan &

Ferreira (2006) (3.5, 4.2 and 4.3.2). With k : N ! N such that k(n) 2 {1, .., n} and

Xn�k(n)+1,n > 0 for n large enough, it is given by

q̂mn (z) := Xn�k(n)+1,n + �̂nh�̂m

n

(ezk(n)/n)

�̂mn := M (1)

n (k(n)) + �̂�n , �̂n := Xn�k(n)+1,nM
(1)

n (k(n))(1� �̂�n ),

�̂�n := 1� 1

2

⇣
1� (M (1)

n (k(n)))2/M (2)

n (k(n))
⌘�1

8A zero mean value is required for construction of confidence intervals.
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and

M (j)
n (k) :=

1

k � 1

k�1X

i=1

✓
log

Xn�i+1,n

Xn�k+1,n

◆j

.

This estimator is applicable to all � 2 R, it is accurate in comparison to other well-

known estimators, and its bias is small; see e.g. de Haan & Ferreira (2006) (Section

3.7.1).

For each distribution function considered and each n in {25, 26, ....., 216}, 1000 ran-

dom samples were generated. The estimators were applied with for each n, k
2

(n)

and k(n) chosen to minimise the empirical mean square of log(⌫̂n(2 log n) + 1) and of

log(⌫̂mn (2 log n)+ 1), respectively. The reason for using say, log(⌫̂n+1) instead of ⌫̂n is

that its empirical distributions tend to be more symmetrical with fewer outliers; note

that log(⌫̂n + 1) can replace ⌫̂n in Theorems 2.4.1 and 2.4.2 and Corollary 2.4.1. The

reason for comparing estimates at the optimal k
2

(n) and k(n) for each n is to avoid

biasing the comparison in favour of either estimator. In addition, all quantile estimates

were constrained from below by the sample maxima.

Both the normal and lognormal distribution function satisfy U 2 ERV{0}. For the

normal distribution, q(y) ⇠
p
2y as y ! 1, so q 2 ERV

1/2 and by Lemma 2.7.1(a)

in Subsection 2.7.9, log q 2 ERV{0}; moreover, q0/q 2 ERV{�1}. Similarly, for the

lognormal distribution, it can be shown that log q 2 ERV
1/2 and q0/q 2 ERV{�1/2}.

Therefore, Theorems 2.4.1 and 2.4.2 apply to both distribution functions. However, by

Proposition 2.2.1(b), neither satisfies (2.2.8), and the lognormal does not even satisfy

(2.2.7), so we would not expect good performance of a GP-based quantile estimator

for U(n2).

Figure 2.1 shows the results for the lognormal distribution with the GP-based estimator

in the top row, and with the log-GW-based estimator in the bottom row. The leftmost

column (a) shows the medians and the empirical 90%-intervals (between the 5% and

95% percentiles) of the quantile estimates; the width of an empirical 90%-interval will

be referred to as “spread”. The quantiles U(n2) to be estimated are indicated by a

dashed curve. Approximate thresholds U(n/k(n)) and U(n/k
0

(n)) are indicated by

open squares. The middle column (b) shows the parameter estimates �̂mn (top) and

✓̂n (bottom), with the dashed lines indicating the tail indices � and ✓ for the distri-

bution function considered. The rightmost column (c) displays the probability-based

errors ⌫̂mn (top) and ⌫̂n (bottom). For the log-GW-based estimator, also deterministic

approximations q̃y
n

(2 log n) with with ✓̃ = a◆ and g̃ = g◆ in (2.3.1) and asymptotic

90% intervals based on (2.4.18)-(2.4.20) are displayed. The latter are not confidence
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Figure 2.1: High quantile estimates for probabilities of exceedance of n�2

on simulated independent standard lognormal samples based on GP (top) and
log-GW (bottom) based estimators as functions of n (see text). Diamonds/ver-
tical bars: median of estimates (black) with 90% intervals. Left (a): quantile
estimates, with target quantiles U(n2) (dashed) and approximate thresholds
U(n/k(n)) and U(n/k

0

(n)) (squares). Centre (b): parameter estimates �̂mn
(top) and ✓̂n (bottom), dashed lines indicating the indices � and ✓. Right (c):
errors ⌫̂mn (top) and ⌫̂n (bottom). For log-GW only: quantile approximations

(-) and asymptotic 90% interval bounds (-.).

intervals, but are shown for comparison against the empirical 5% and 95% percentiles

and medians of the (biased) estimates in order to verify how good the approximations

provided by (2.4.18)-(2.4.20) are.

The top row of Figure 2.1 shows the GP-based estimates of logU(n2) apparently set-

tling at a fixed distance upward from the exact values, and no convergence of ⌫̂mn . The

parameter estimates �̂mn appear to converge slowly. In the bottom row, the log-GW-

based estimator is seen to perform well, with bias rapidly vanishing. Also, the spreads

in q̂n and ⌫̂n drop much more rapidly with increasing n than for q̂mn and ⌫̂mn .

Figure 2.2 for the normal distribution displays a similar pattern as Figure 2.1, but with

some di↵erences. The GP-based estimator now underestimates the very high quantiles,
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Figure 2.2: As Figure 2.1, but for the standard normal distribution instead
of the lognormal.

even though the parameter estimator �̂mn converges rapidly. This is the only case in

which the sample maximum as lower bound to the quantile estimate became e↵ective.

The log-GW-based quantile estimator is performing much better in this case, although

convergence is not as rapid as with lognormal data. Based on these results alone, it

is not clear whether the bias in ⌫̂n converges to zero; deterministic computations (not

shown) for n up to 2

60 with prescribed k
2

(n) = bn1/4c show that it vanishes slowly. For

q̂n(2 log n)� q(2 log n), a small nonzero bias eventually remains, but the error relative

to q(2 log n) vanishes, and therefore also the error relative to q(2 log n)� q(yn).

Since the favourable results of the log-GW-based estimator on lognormal data would

translate directly to equivalent results with an analogous GW-based estimator on nor-

mal data, the latter would do better on the normal data than the log-GW-based quan-

tile estimator in Figure 2.2. This indicates that in some cases, the speed of convergence

may be increased by replacing the latter by a GW-based estimator.

The next two examples concern heavy-tailed distribution functions with classical Pareto

tail limits U 2 ERV
(0,1)

. By Proposition 2.2.1(a), log q 2 ERV{1}. Figure 2.3 shows

results obtained for the distribution function satisfying U(t) = t(1 + 2(log t)2) � 1.
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Figure 2.3: As Figure 2.1, but for the Pareto-like distribution (U(t) = t(1 +
2(log t)2)� 1) instead of the lognormal.

Concerning bias, both estimators perform rather well as expected. For small n, the

log-GP-based estimator has a much smaller spread than the log-GW estimator; for

large n, the spreads are similar. Given that the log-GW based estimator is based on

only three order statistics, a large small-sample spread is not surprising. Indeed, re-

placing the moment estimator by Pickands’ estimator for � (Pickands (1975)) based on

three order statistics, the spread becomes larger than for the log-GW estimator (result

not shown).

Finally, Figure 2.4 shows results for the Burr(1,1
4

,4) distribution with U(t) = (t1/4�1)

4,

which also satisfies U 2 ERV{1}. Unlike the previous examples, U has a negative

second-order index (see de Haan & Ferreira (2006)) in this case, so eventually, con-

vergence toward the GP limit should be rapid. As in the previous example, the GP-

based estimator performs rather well; the log-GW-based estimator performs similarly

but with somewhat larger spread (which is again smaller than obtained when using

Pickands’ estimator for the GP-based estimation).

In all figures, the threshold values U(n/k
0

(n)) and U(n/k(n)) corresponding to the

numbers k
0

(n) and k(n) of upper order statistics used by the estimators are rather
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Figure 2.4: As Figure 2.1, but for the Burr(1,1
4

,4) distribution (see main
text) instead of the lognormal.

di↵erent for the two estimators. For the log-GW estimator with ◆ = 2, k
0

(n) must be

at least n3/4 irrespective of k
2

(n) (see (4.6.2)), so there is little room for adjustment in

order to optimise performance. However, with the GP estimator, k(n) can be reduced

considerably to reduce bias if needed. For the lognormal and normal distributions in

Figures 2.1 and 2.2, this is seen to lead to a large spread.

The results tentatively confirm the expectations. For distribution functions in the

classical Pareto (� > 0) domain of attraction (satisfying log q 2 ERV{1}), log-GW en

GP-based estimators seem to perform similarly. However, in the classical domain of

attraction of the exponential (� = 0), log-GW may o↵er advantages.

For the log-GW-based estimator, the asymptotic 90%-intervals for for ✓̂n and ⌫̂n based

on (2.4.18) and (2.4.19) provide good approximations to the empirical 90%-intervals.

For q̂n, the asymptotic 90% intervals based on (2.4.20) are in some cases much too

wide.
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2.6 Discussion

The log-GW tail limit log q 2 ERV is a weak assumption of the same nature as the

classical regularity assumption U 2 ERV corresponding to the GP tail limit, but

specifically aimed toward approximation and estimation of very high quantiles for

probabilities in the range (4.1.1). Proposition 2.2.1 indicates that if a GP tail limit

applies, then log-GW-based approximation may provide benefits if � = 0. If � > 0,

then approximation using the GP tail should already be adequate.

Further analysis confirms this: if U 2 ERV{0} and log q 2 ERV , then log q 2
ERV

(�1,1] (see Theorem 2.2.2(b)), o↵ering a continuum of tail shapes for approxi-

mation of quantiles where the GP limit with � = 0 o↵ers only one, the exponential

tail.

Suppose that U 2 ERV{0}. Then any assumption ensuring convergence of GP-based

quantile approximations with � = 0 as in (2.2.8) implies q 2 RV{1}, so log q 2
ERV{0}(1) (see Proposition 2.2.1(b)); therefore, it excludes all other distribution func-

tions satisfying a log-GW tail limit and a GP tail limit with � = 0, such as Weibull-

like distributions (e.g. the normal distribution), distribution functions of exponents of

Weibull-like distributed random variables (e.g. the lognormal distribution), light tails

with q(1) still infinite such as F = 1�exp(� exp Id), distribution functions with finite

q(1) such as F = 1 � exp((q(1) � Id)1/✓) with ✓ < 0, just to mention a few which

correspond to log-GW or GW limits or are close to such limits.

As an example, consider the following seemingly innocent rate assumption for (2.1.2):

lim
t!1

✓
U(t�)� U(t)

w(t)
� h�(�)

◆
log t = 0 8� � 1 (2.6.1)

with � = 0. It implies q 2 ERV{1} (see Subsection 2.7.8), and thus by Lemma 2.7.1(a)

in Subsection 2.7.9, log q 2 ERV{0}(1). Therefore, in the present context, (2.6.1) is

actually quite restrictive.

The Pareto domain of attraction with � > 0 is in the domain of attraction of the

log-GW tail limit log q 2 ERV{1} (Proposition 2.2.1(a)), so all results obtained for the

latter also apply to the former. Therefore, one might expect that if log-GW based

quantile approximation and estimation can not o↵er improvement if � > 0, it may not

do much harm either.
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This is tentatively confirmed by the results of the simulations in Section 2.5, which

indicate that log-GW-based quantile estimation may have merits within the � = 0

subdomain of attraction of the GP limit and performs similarly to GP-based quan-

tile estimation in the � > 0 subdomain. However, it would be premature to draw

conclusions from only these few examples.

For the log-GW based estimator q̂n, the log-GW limit is su�cient for consistency. To

establish asymptotic normality, a relatively high rate of convergence (2.4.21) to the

log-GW limit needed to be assumed. As shown in Section 2.4, this is a consequence of

the particular formulation of this estimator. Therefore, there is a need for alternative

estimators which allow the rate condition (2.4.21) to be relaxed. Based on the sim-

ulation results, there appears to be a need for improved accuracy with small sample

sizes as well. It is suggested in Section 2.4 that bias correction based on estimation

of a higher-order ERV model could be useful in log-GW-based estimators in order to

obtain asymptotic normality while avoiding slow decay of variability with increasing

n.

A limitation of log-GW approximation and estimation is that the notions of conver-

gence in (2.3.4) and (2.4.13) may be weak and cannot be replaced by (2.3.6) and

(2.4.14) for tails heavier than a typical Weibull tail unless additional assumptions ap-

ply. The probability-based errors (2.3.9) and (2.4.12) are based on log-ratios of survival

functions of a quantile and its approximation or estimator. Although natural in view

of the probability range considered, a stronger notion of convergence, e.g. of a ratio

of survival functions, would be desirable for applications. Stronger notions of conver-

gence apply under the additional assumptions for establishing asymptotic normality

for the quantile estimator q̂n in Corollary 2.4.1, notably the rate assumption (2.4.21);

see Remark 2.4.4.

As a final remark, log-GW-based quantile approximation and estimation for light tails

with finite endpoints has only been marginally covered here, so this case remains to be

examined in more detail.
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2.7 Proofs and lemmas

2.7.1 Proof of Proposition 2.2.1

If U 2 ERV{�} for � > 0, then U 2 RV{�} so by the Potter bounds (e.g. Bingham

et al. (1987), Theorem 1.5.6), there is for every " 2 (0, � ^ 1) a y" > 0 such that

y(� � 1)(� � ") � "  log q(y�) � log q(y)  y(� � 1)(� + ") + " for all y � y" and all

� � 1. Therefore, log q 2 ERV{1}(Id · �), so log q 2 RV{1}. Noting that �y ⇠ log q(y)

as y ! 1 and �U(t)/w(t) ! 1 as t ! 1 (both due to de Haan & Ferreira (2006),

Theorem B.2.2(1)), we obtain log Ũt(t�) = logU(t) + log(1 + w(t)
�U(t)(t

(��1)� � 1))) =

logU(t) + (� � 1)� log t + o(1) ⇠ � logU(t) for every � � 1, and since log q 2 RV{1},

(2.2.7) follows, so (a) is proven.

If � = 0, (2.2.8) implies limy!1(q(y�)� q(y))/(w(ey)y) = �� 1 8� > 1. Therefore,

q 2 ERV{1} and by Lemma 2.7.1(a) in Subsection 2.7.9, log q 2 ERV{0}(1), proving

(b).

2.7.2 Proof of Theorem 2.2.2

Suppose that U 2 ERV{�} with � > 0, then as in Subsection 2.7.1, there is for every

" 2 (0, �^1) a y" > 0 such that y(��1)(��")�"  log(q(y�)/q(y))  y(��1)(�+")+"

for all y � y" and all � � 1, and therefore, fixing ◆ > 1 and ⇠ > ◆, there is some

" 2 (0, �(⇠ � ◆)/(⇠ + ◆� 2) ^ 1), � > 0 and z" � y" such that

q(y⇠)� q(y)

q(y◆)� q(y)
� ey(⇠�1)(��")(1� ")� 1

ey(◆�1)(�+")(1 + ")� 1
� exp(�y) 8y � z". (2.7.1)

However, since q 2 ERV , the left-hand side of (2.7.1) must tend to h✓(⇠)/h✓(◆) < 1
for some real ✓ as y ! 1, so � cannot exceed 0. Assuming that � < 0, a similar

argument leads to a similar contradiction, completing the proof of (a).

For (b), if U 2 ERV then by Lemma 2.7.1(a) in Subsection 2.7.9, logU 2 ERV so

since log q 2 ERV , (a) implies that logU 2 ERV{0}. Since U 2 ERV and log q 2
ERV , Proposition 2.2.1(a) implies that either U 2 ERV

(0,1)

and log q 2 ERV{1}, or

U 2 ERV
(�1,0]. In the latter case, since logU 2 ERV{0}, Lemma 2.7.1(c) implies that

U 2 ERV{0} ⇢ RV{0}. Therefore, by the Potter bounds, log q(y) = o(y) as y ! 1, so

again by the Potter bounds, log q cannot be in RV
(1,1)

= ERV
(1,1)

.
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2.7.3 Proof of Proposition 2.3.1

Because ✓̃(y) ! ✓ and g̃(y) ⇠ g(y) as y ! 1, noting that by (2.1.4), h✓+o(1)(�) =

�o(1)h✓(�), we obtain using the mean value theorem,

log q̃y(y�) = log q(y) + g(y)h✓(�)(1 + o(1)) (2.7.2)

locally uniformly in � > 0. Since (2.2.9) also holds locally uniformly in � > 0 (see

Bingham et al. (1987), Theorem 3.1.16), (2.3.4) follows from (2.7.2). If in addition,

(2.3.5) holds, then by (2.3.4), log q̃y(y�) � log q(y�) = (q̃y(y�)/q(y�) � 1)(1 + o(1))

as y ! 1 locally uniformly in � > 0, and (2.3.6) follows. If q 2 ERV , then (2.3.5)

follows from Lemma 2.7.1(b) in Subsection 2.7.9.

2.7.4 Clarification of Remark 3.4.1

Under condition (2.3.5), q(y)g(y) in (2.3.6) can be replaced by q(y⇠)� q(y) for any ⇠ 2
(0,1)\{1}: for ⇠ > 1, this follows from (2.3.7), as q(y⇠)/q(y)�1 > log q(y⇠)� log q(y);

for ⇠ 2 (0, 1), we find
�� g(y)q(y)
q(y⇠)�q(y)

�� = g(y⇠)
q(y)/q(y⇠)�1

O(1) = g(y⇠)
log q(y)�log q(y⇠)O(1) = O(1) as

y ! 1 by regular variation of g and (2.3.7).

If q(1) < 1, then q(y)g(y) in (2.3.6) may be replaced by q(1)� q(y⌘) for any ⌘ > 0:

taking ⇠ > 1, q(y)g(y)
q(1)�q(y⌘)  q(1)g(y)

q(y⌘⇠)�q(y⌘) ⇠ g(y⌘)
log q(y⌘⇠)�log q(y⌘)

g(y)
g(y⌘) = O(1) as y ! 1 by

(2.3.7) and regular variation of g.

2.7.5 Proof of Theorem 2.3.1

From Proposition 2.3.1 and (2.2.3), as y ! 1,

log q̃y(y�) = log q(y) + g(y)(h✓(�) + o(1)) (2.7.3)

locally uniformly in � > 0. Let ⇤ > 1 and b 2 (0,⇤�
��✓
��
/
��✓
��). Applying the mean value

theorem to x 7! h�1

✓ (h✓(�) + x) = (�✓ + x✓)1/✓, we find that for some M > 0,

��h�1

✓ (h✓(�) + x)� �
��  M

��x
�� 8� 2 [⇤�1,⇤], x 2 [�b, b].
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Therefore, by (2.7.3), log q̃y(y�) = log q(y)+g(y)h✓(�+o(1)) uniformly in � 2 [⇤�1,⇤],

so using (2.2.4),

q�1(q̃y(y�)) = � log
�
1� F

�
q(y)eg(y)h✓

(�+o(1))
��

= y(�+ o(1))

uniformly in � 2 [⇤�1,⇤]. As limz!1 z�1q�1(q(z)) = 1 by (2.2.4), we obtain (2.3.9).

2.7.6 Proof of Theorem 2.4.1

Define ◆̂m(n) for all n � 1 and m 2 {0, 1, 2} by

◆̂m(n) := y�1

n q�1(Xn�k
m

(n)+1,n) = �y�1

n log(1� F (Xn�k
m

(n)+1,n)). (2.7.4)

To simplify notation, we will use

s := log q, ŝn := log q̂n, s̃y := log q̃y. (2.7.5)

Since q(1) > 1, almost surely some n
0

2 N exists such that for all n � n
0

,Xn�k0(n)+1,n >

0 and q̂n(z) is defined. By Lemma 2.7.2 in Subsection 2.7.9, (2.7.25) and (2.7.26) hold

for ◆̂
0

(n), ◆̂
1

(n) and ◆̂
2

(n) defined by (2.7.4). Therefore, by (2.4.3) and (2.7.25), using

(2.7.5),

✓̂n =
1

log ◆
log

s(yn◆̂2(n))� s(yn◆̂1(n))

s(yn◆̂1(n))� s(yn◆̂0(n))
8n � n

0

a.s.

and as s 2 ERV{✓}(g) and therefore g 2 RV{✓}, by locally uniform convergence (see

Bingham et al. (1987), Theorems 3.1.16 and 1.5.2), and (2.7.26), almost surely

✓̂n =
1

log ◆

✓
log

h✓(◆̂2(n)/◆̂1(n)) + o(1)

h✓(◆̂1(n)/◆̂0(n)) + o(1)
+ log

g(yn◆̂1(n))

g(yn◆̂0(n))

◆
! ✓. (2.7.6)

Similarly, using (2.7.6), almost surely

ĝn
g(yn)

=
s(yn◆̂1(n))� s(yn◆̂0(n)⌘)

g(yn)h
ˆ✓
n

(◆)
=

h✓(◆̂1(n)/◆̂0(n)) + o(1)

h
ˆ✓
n

(◆)

✓
g(yn◆̂0(n))

g(yn)

◆
! 1,

so (2.4.11) is proven. Furthermore, in a similar manner, almost surely

s(yn)� logXn�k0(n)+1,n

g(yn)
=

s(yn)� s(yn◆̂0(n))

g(yn)
= �h✓(◆̂0(n)) + o(1) ! 0. (2.7.7)
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By (2.4.11), almost surely (ĝn/g(yn))h
ˆ✓
n

(�) ! h✓(�) locally uniformly in � > 0, so

using (2.7.7), ŝn defined by (2.7.5) and (2.4.2) satisfies

sup
�2[⇤�1,⇤]

��ŝn(yn�)� s(yn�)
��/g(yn) ! 0 a.s. 8⇤ > 1. (2.7.8)

Using (2.4.9), we subsequently obtain (2.4.13), and (2.4.14) follows readily as in the

proof of Proposition 2.3.1. From (2.7.8) and (2.2.3), almost surely

ŝn(yn�) = s(yn�) + o(g(yn)) = s(yn) + g(yn)(h✓(�) + o(1)) (2.7.9)

locally uniformly in � > 0. By mimicking the proof of Theorem 2.3.1 in Subsection

2.7.5 with yn replacing y and ŝn(yn�) replacing s̃y(y�), we obtain that for every ⇤ > 1

almost surely, sup�2[⇤�1,⇤]

��⌫̂n(yn�)
��! 0; using (2.4.9), (2.4.12) follows.

2.7.7 Proofs of Theorem 2.4.2 and Corollary 2.4.1

Using the definitions (2.7.5), by (3.2.1), s0 2 RV{✓�1}, so s is a homeomorphism on some

neighbourhood of1. Therefore, without loss of generality, we can take s increasing and

continuous, so logXn�k
m

(n)+1,n = s(yn◆̂m(n)) for all n and m 2 {0, 1, 2}. Furthermore,

by integration, s0 2 RV{✓�1} implies

s(y�)� s(y) = s0(y)yh✓(�)(1 + o(1)) (2.7.10)

with o(1) vanishing locally uniformly for � > 0 as y ! 19. Therefore, with ◆̂ as in

(2.7.4) and

Rm
n :=

logXn�k
m

(n)+1,n � s(yn◆m)

s0(yn◆m)yn◆m
,

using (2.7.26) from Lemma 2.7.2 in Subsection 2.7.9, almost surely

Rm
n =

s(yn◆̂m(n))� s(yn◆m)

s0(yn◆m)yn◆m
⇠ h✓(◆

�m◆̂m(n)) ⇠ ◆�m◆̂m(n)� 1 (2.7.11)

for m 2 {0, 1, 2}. Similarly, for ⌫̃ defined by (4.5.4) with ✓̃ = a◆ and g̃ = g◆ in (2.3.1),

substituting yn�(1 + ⌫̃y
n

(yn�)) for y in (2.7.10) and using s0 2 RV{✓�1} and Theorems

2.3.1 and 2.4.1, almost surely,

s(yn�(1 + ⌫̂n(yn�)))� s(yn�(1 + ⌫̃y
n

(yn�)))

s0(yn)yn
⇠ �✓h✓

✓
1 + ⌫̂n(yn�)

1 + ⌫̃y
n

(yn�)

◆

9This implies logU 2 ERV{0}, supplementing Theorem 2.2.2.
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⇠ �✓(⌫̂n(yn�)� ⌫̃y
n

(yn�)) (2.7.12)

locally uniformly for � > 0. From (2.3.3) and (2.4.3), using (2.7.11), (2.7.10), s0 2
RV{✓�1} and (2.7.26),

(✓̂n � a◆(yn)) log ◆ = log

0

@1 +
R2

n
s0(y

n

◆2)◆
s0(y

n

◆) �R1

n

s(y
n

◆2)�s(y
n

◆)
y
n

◆s0(y
n

◆)

1

A� log

0

@1 +
R1

n
s0(y

n

◆)◆
s0(y

n

)

�R0

n

s(y
n

◆)�s(y
n

)

y
n

s0(y
n

)

1

A

= (h✓(◆))
�1

⇣
◆✓(◆�2◆̂

2

(n)� 1)(1 + o(1))� (◆�1◆̂
1

(n)� 1)(1 + o(1))

�◆✓(◆�1◆̂
1

(n)� 1)(1 + o(1)) + (◆̂
0

(n)� 1)(1 + o(1))
⌘

a.s. (2.7.13)

Because 1� F (X) has the uniform distribution on (0, 1), by Smirnov (1952),

yn(◆̂m(n)� ◆m)
p
km(n)

d! N(0, 1) 8m 2 {0, 1, 2} (2.7.14)

as n ! 1. Therefore, as k
2

(n) = o(k
1

(n)) and k
1

(n) = o(k
0

(n)), (2.7.13) implies

(2.4.18). From (2.4.2) and (2.3.1),

ŝn(yn�)� s̃y
n

(yn�)

yns0(yn)
= R0

n +
ha

◆

(y
n

)

(�)

ha
◆

(y
n

)

(◆)

✓
R1

n

s0(yn◆)◆

s0(yn)
�R0

n

◆
(2.7.15)

+

 
h
ˆ✓
n

(�)

h
ˆ✓
n

(◆)
�

ha
◆

(y
n

)

(�)

ha
◆

(y
n

)

(◆)

!✓
s(yn◆)� s(yn)

yns0(yn)
+R1

n

s0(yn◆)◆

s0(yn)
�R0

n

◆
.

As s is increasing and
p
k
2

(n)/km(n) log log n ! 0 for m 2 {0, 1}, Lemma 2.7.2(b) in

Subsection 2.7.9 implies that

(◆̂m(n)� ◆m)yn
p
k
2

(n) ! 0 m 2 {0, 1} a.s. (2.7.16)

and (◆̂
2

(n)� ◆2)yn
p
k
2

(n) = o(log log n) a.s., so by (2.7.13), (✓̂n � a◆(yn))yn
p
k
2

(n) =

o(log log n) a.s. Therefore, by Taylor’s theorem (see (2.4.17)),

�����
h
ˆ✓
n

(�)

h
ˆ✓
n

(◆)
�

ha
◆

(y
n

)

(�)

ha
◆

(y
n

)

(◆)
� ✓(�, ◆)(✓̂n � a◆(yn))

����� = O(1)(✓̂n � a◆(yn))
2 a.s. (2.7.17)

locally uniformly in � > 0, with on the right-hand side (using (2.4.8)):

(✓̂n � a◆(yn))
2 = o(1)(log log n)2/(y2nk2(n)) = o(1)/(ynk2(n)) a.s. (2.7.18)
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By (2.7.11) and (2.7.16), Rm
n yn

p
k
2

(n) ! 0 a.s. for m 2 {0, 1}. Therefore, from

(2.7.15), using (2.7.17), (2.7.18), (2.7.10) and s0 2 RV{✓�1}, for all ⇤ > 1,

sup
�2[⇤�1,⇤]

����
ŝn(yn�)� s̃y

n

(yn�)

yns0(yn)
� ✓(�, ◆)(✓̂n � a◆(yn))h✓(◆)

���� yn
p
k
2

(n) ! 0 a.s.

(2.7.19)

Therefore, by (2.4.18) and (2.4.9), (2.4.20) is obtained. Because s is continuously

increasing, s(yn�(1 + ⌫̃y
n

(yn�))) = s̃y
n

(yn�) and s(yn�(1 + ⌫̂n(yn�))) = ŝn(yn�) in

(2.7.12) so almost surely,

⌫̂n(yn�)� ⌫̃y
n

(yn�) = (1 + o(1))��✓ ŝn(yn�)� s̃y
n

(yn�)

yns0(yn)

locally uniformly in � > 0. Therefore, using (2.4.9) and (2.4.20), we obtain (2.4.19).

This proves Theorem 2.4.2.

To prove Corollary 2.4.1, note that (2.4.21) must hold locally uniformly in � � 1: with

r defined by r(y) := log s0(y)� (✓ � 1) log y, (2.4.21) is equivalent to limy!1(r(y�)�
r(y))�(y) = 0 for all � � 1, which holds locally uniformly in � � 1 by Theorem 3.1.7c

of Bingham et al. (1987). By integration,

s(y�)� s(y) = ys0(y)h✓(�)(1 + o(1)/�(y)) (2.7.20)

locally uniformly in � � 1. Therefore,

a◆(y) = ✓ + o(1)/�(y), (2.7.21)

so by the mean value theorem,
h
a

◆

(y)(�)

h
a

◆

(y)(◆)
� h

✓

(�)
h
✓

(◆) = O(a◆(y) � ✓) = o(1)/�(y) locally

uniformly in � � 1. Using (2.7.20), therefore,

s̃y(y�)� s(y�)

ys0(y)
=

s(y◆)� s(y)

ys0(y)

⇣h✓(�)
h✓(◆)

+ o(1)/�(y)
⌘
+

s(y)� s(y�)

ys0(y)
= o(1)/�(y)

(2.7.22)

locally uniformly in � � 1. Finally, by (2.7.10) and Theorem 2.3.1, as s0 2 RV{✓�1},

s(y�(1 + ⌫̃y(y�)))� s(y�) ⇠ �✓h✓ (1 + ⌫̃y(y�)) ys
0(y) ⇠ �✓⌫̃y(y�)ys

0(y) (2.7.23)

locally uniformly in � � 1. Since s is continuously increasing, s(z(1 + ⌫̃y(z))) = s̃y(z)

for all z > 0, so combining (2.7.23) and (2.7.22), it follows that

⌫̃y(y�) = o(1)/�(y) (2.7.24)
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locally uniformly in � � 1. Using k
2

(n) = O(�2(yn)y�2

n ), (2.4.22) follows from (2.4.18)

and (2.7.21); using (2.4.9) as well, (2.4.24) follows from (2.4.20) and (2.7.22), and

(2.4.23) follows from (2.4.19) and (2.7.24).

2.7.8 Proof that (2.6.1) implies q 2 ERV1

Take w 2 RV{0}. With R�(t) := (U(t�) � U(t))/w(t), (2.6.1) implies w(t�)/w(t) =

(R�⇠(t) � R�(t))/R⇠(t�) = 1 + o(1/ log t) for all � � 1 and ⇠ > 1, so by Bojanic &

Seneta (1971) (see Bingham et al. (1987), Theorem 2.3.1), w(t�)/w(t) ! 1 locally

uniformly in � � 1 as t ! 1; applying Theorem 3.6.6 in Bingham et al. (1987) gives

U(t�)� U(t) ⇠ (�� 1)w(t) log t for all � � 1, so q 2 ERV{1}.

2.7.9 Lemmas

Lemma 2.7.1. Let f be a nondecreasing function satisfying f(1) > 0.

(a) If f 2 ERV{✓}, then log f 2 ERV{min(✓,0)}(g) with the positive function g converging

to max(✓, 0).

(b) If log f 2 ERV{✓}(g), then f 2 ERV if and only if g converges to some g1 2 [0,1).

If so, then f 2 ERV{min(✓,0)+max(0,g1)}(fg).

(c) For ✓ < 0, log f 2 ERV{✓} if and only if f 2 ERV{✓}.

Proof. If f 2 ERV{✓} with ✓ > 0, then f 2 RV{✓} so log q 2 ERV{0}(✓). If f 2
ERV{✓}(ḡ) with ✓  0, then as y ! 1, ḡ(y)/f(y) ! 0 (see de Haan & Ferreira (2006),

Lemma 1.2.9). Therefore, for every � 2 (0, 1) [ (1,1), also f(y�)/f(y) � 1 ! 0,

so log f(y�) � log f(y) ⇠ f(y�)/f(y) � 1 and as ḡ(y)/f(y) ! 0, we obtain log f 2
ERV{✓}(ḡ/f), proving (a).

If g converges to g1 > 0, then f 2 RV{g1}, so f 2 ERV{g1}(fg). If g converges

to 0, then for every � 2 (0, 1) [ (1,1), f(y�)/f(y) � 1 ! 0, so f(y�)/f(y) � 1 ⇠
log f(y�) � log f(y) as y ! 1. Therefore, f 2 ERV{✓}(fg) and necessarily, ✓  0.

This proves the “if” part of (b); the “only if” part follows from (a), and (c) follows

directly from (a) and (b).
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Lemma 2.7.2. (a) ◆̂ defined by (2.7.4) with (4.6.2) satisfies

Xn�k
m

(n)+1,n = q(yn◆̂m(n)) 8m 2 {0, 1, 2}, n 2 N a.s. (2.7.25)

(b) Let k
2

: N ! N satisfy (2.4.7) and k
2

(n)/ log log n ! 1. If q 2 ERV , then

◆̂m(n) ! ◆m 8m 2 {0, 1, 2} a.s. (2.7.26)

If F is continuous, then

(◆̂m(n)� ◆m)yn
p
km/ log log n ! 0 8m 2 {0, 1, 2} a.s. (2.7.27)

Proof. Almost surely, Xn�k+1,n = q(� logUk,n) for all n 2 N and k 2 {1, ..., n}, with
Uk,n the kth order statistic of a sample of n independent random variables uniformly

distributed on (0, 1). Therefore, by (2.7.4),

◆̂m(n)yn = q�1(q(� logUk
m

(n),n)) 8m 2 {0, 1, 2}, n 2 N a.s. (2.7.28)

and (2.7.25) follows. For (b), note that km(n)/n ! 0 and km(n)/ log log n ! 1 for

each m 2 {0, 1, 2}, so by Einmahl & Mason (1988) (Theorem 3(III) with ⌫ = 1

2

),

�
(n/km(n))Uk

m

(n),n � 1
�p

km/ log log n ! 0 8m 2 {0, 1, 2} a.s.

and as (2.4.7) implies that (log(n/km(n))� ◆myn) = O(1/km(n)) for m = 0, 1, 2,

(logUk
m

(n),n + ◆myn)
p

km/ log log n ! 0 8m 2 {0, 1, 2} a.s. (2.7.29)

If F is continuous, then q�1 � q = Id, so (2.7.27) follows from (2.7.28) and (2.7.29). If

not, then ◆̂m(n) = y�1

n q�1(q(◆myn+o(1))) a.s. by (2.7.28) and (2.7.29), so if q 2 ERV ,

then (2.7.26) follows from (2.2.10).

Acknowledgements The author would like to thank John Einmahl, Laurens de Haan,

Juan-Juan Cai, two anonymous Referees and especially an anonymous Associate Editor

of EXTREMES for their helpful criticism and suggestions.





Chapter 3

A high quantile estimator based

on the log-Generalised Weibull

tail limit

[This chapter is based on a manuscript written jointly with Juan-Juan Cai]

Abstract The estimation of high quantiles for very low probabilities of exceedance

pn much smaller than 1/n (with n the sample size) remains a major challenge. For

this purpose, the log-Generalized Weibull (log-GW) tail limit was recently proposed

as regularity condition as an alternative to the Generalized Pareto (GP) tail limit, in

order to avoid potentially severe bias in applications of the latter. In this paper, we

introduce a new estimator for the log-GW tail index and a related quantile estimator,

both constructed using the Hill estimator as building block. Su�cient conditions for

asymptotic normality are established. These results, together with the results of sim-

ulations and an application, indicate that the new estimator fulfils the potential of the

log-GW tail limit as a widely applicable model for high quantile estimation, showing

a substantial reduction in bias as well as improved precision when compared to an

estimator based on the GP tail limit.

43
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3.1 Introduction

In this paper, we are primarily concerned with estimation of upper tail quantiles ex-

ceeded with very small probabilities

pn 2 [n�⌧2 , n�⌧1 ] (3.1.1)

for some ⌧
1

> 1 and ⌧
2

> ⌧
1

from an iid sample of size n. This is motivated by applica-

tions such as flood protection, ofshore engineering, design of buildings and assessment

of operational and credit risk of financial institutions, which often require estimates of

quantiles for probabilities pn ⌧ 1/n (e.g. de Haan (1990); Cope et al. (2009)). About

the more general problem of estimation of high quantiles exceeded with probabilities

pn = O(1/n), an extensive literature exists; examples are Weissman (1978); Dekkers

et al. (1989); de Haan & Rootzén (1993) and Drees (2003). As regularity assumption

for the tail of a distribution function F , the Generalised Pareto (GP) tail limit is used:

lim
t!1

U(t�)� U(t)

w(t)
= h�(�), � > 0 (3.1.2)

for some positive measurable function w, with U(t) := F�1(1� 1/t) and for � > 0,

h�(�) :=

8
<

:
(�� � 1)/� if � 6= 0

log � if � = 0
(3.1.3)

for some real �, the extreme value index. We refer to (4.1.2) as U 2 ERV�(w): U is

extended regularly varying with index � and scaling function w.

The GP tail limit (4.1.2) by itself is not su�cient to ensure that quantile approxima-

tions for probabilities in the range (3.1.1) converge, as � in (4.1.2) represents a ratio of

probabilities. To circumvent this (and for other reasons), additional assumptions are

commonly invoked; e.g. a negative second-order regularity index (e.g. de Haan & Fer-

reira (2006), Section 4.3) or the Hall class (Hall, 1982). In de Valk (2016a) (Proposition

1), it was shown that such assumptions are restrictive when � = 0, regardless of the

precise nature of the assumption. For example, they exclude for all ↵ 2 (0,1)\{1} the

distribution functions of Y ↵ with Y exponentially distributed1, and of exp((log V )↵)

with V Pareto distributed, as well as distribution functions similar to these, such as the

normal and lognormal distributions. Therefore, instead of strengthening the first-order

1I.e., Weibull distributions.
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condition (4.1.2) in a manner as indicated above, an alternative first-order condition

was proposed in de Valk (2016a): assuming that F (0) < 1, and defining q by

q(y) := U(ey) = F�1(1� e�y), y > 0, (3.1.4)

this condition is log q 2 ERV✓(g), i.e.,

lim
y!1

log q(y�)� log q(y)

g(y)
= h✓(�), � > 0 (3.1.5)

with ✓ real and g a positive measurable function, which must be regularly varying

(RV) due to (3.1.5). Eq. (3.1.5) was called the log-Generalised Weibull (log-GW) tail

limit in de Valk (2016a), and ✓ is referred to as the log-GW index. The log-GW tail

limit is equivalent to a large deviation principle; this “tail LDP” was generalised to

the multivariate setting in de Valk (2016b).

If ✓ < 0 in (3.1.5), then q(1) < 1 (e.g. de Haan & Ferreira (2006), Theorem B.2.2).

If F satisfies a Pareto tail limit, i.e., (4.1.2) with � > 0, then it also satisfies the

log-GW tail limit with ✓ = 1 and with g(y) = �y (see Proposition 1(a) of de Valk

(2016a)). If ✓ = 0 and g(y) tends to a positive number as y ! 1, then (3.1.5) reduces

to the Weibull tail limit considered in e.g. Broniatowski (1993); Beirlant et al. (1996b);

Girard (2004); see also Gardes and Girard (2015). In Gardes et al. (2011), a parametric

generalisation of the Weibull and Pareto tail limits was proposed which implies a log-

GW tail limit (3.1.5) with ✓ 2 [0, 1] and g(y) = cy✓ for c > 0; see also El Methni et al.

(2012).

In de Valk (2016a), a quantile estimator based on the log-GW tail limit was considered;

like the Pickands (1975) estimator, it uses only three order statistics to estimate the

log-GW index ✓ and quantiles. Despite its simplicity, it has favourable asymptotic

properties and appears to do well in simulations. However, it has also less desirable

properties. Its performance on small samples is unsatisfactory, and asymptotically, it

is too precise for its own good: unless convergence to the log-GW tail limit is rapid,

the variance tends to zero at a higher rate than the bias squared as n increases. This

hampers the construction of confidence intervals.

In this article, we present new estimators for the log-GW index and for quantiles

without these limitations under a mild strengthening of (3.1.5), ensuring smoothness

of the tail. As in earlier work in the context of the Weibull tail limit (see Gardes and

Girard (2015)), these estimators are based on the Hill estimator. Therefore, we derive

an accurate uniform approximation of its asymptotic behaviour under the given model,
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before constructing the new estimators. The proofs of the main results can be found in

Section 3.9, and technical lemmas in Section 3.10. As regards notation: log
2

denotes

the iterated logarithm. Limiting relations involving n are by default for n ! 1.

3.2 The model

In addition to the log-GW tail limit (3.1.5), we assume some additional smoothness of

the tail. Assume that the derivative q0 of q exists and that (log q)0 is regularly varying

(RV), so for some real ✓,

(log q)0 = q0/q 2 RV✓�1

. (3.2.1)

By integration, (3.1.5) follows from (3.2.1), with g given by

g(y) = yq0(y)/q(y), y > 0. (3.2.2)

Defining the function r✓ by r✓(y) := y1�✓q0(y)/q(y), (3.2.1) is equivalent to r✓ 2 RV
0

.

We make the following additional assumption: r✓ has a derivative r0✓ and
��(log r✓)0

�� is
regularly varying, so for some real ⇢,

��(log r✓)0
�� 2 RV⇢�1

. (3.2.3)

Therefore, by integration, log r✓ 2 ERV⇢(⌘) with ⌘(y) := yr0✓(y)/r✓(y) satisfying that��⌘
�� 2 RV⇢. Since r✓ 2 RV

0

, this implies that limy!1 ⌘(y) = 0 and ⇢  0, and

q0(y�)/q(y�)

q0(y)/q(y)
= �✓�1

⇣
1 + ⌘(y)h⇢(�)(1 + o(1))

⌘
(3.2.4)

locally uniformly in � 2 (0,1). By integration, therefore,

log q(y�)� log q(y)

g(y)
= h✓(�) + ⌘(y) ✓,⇢(�)(1 + o(1)) (3.2.5)

locally uniformly in � 2 (0,1), with

 ✓,⇢ := ⇢�1(h✓+⇢ � h✓), (3.2.6)

to be interpreted as  ✓,0 = dh✓/d✓ if ⇢ = 0.
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The assumptions above combine smoothness with second-order regularity. Smoothness

is important within the context of the log-GW tail limit when considering estimators

based on closely spaced order statistics, as we will see in this paper. Second-order

regularity is not essential. However, it is a common assumption, and will provide

us with some insight about the behaviour of the estimators to be discussed. On the

other hand, we explicitly avoid assumptions on the rate of convergence of ⌘(y) to zero

as y ! 1 (such as the common assumption that ⇢ < 0), since these can be quite

restrictive: see e.g. eq. (6.1) in de Valk (2016a) for an example within the context

of the GP tail limit with � = 0. Therefore, apart from smoothness, the model is still

rather general.

3.3 Asymptotics of the Hill estimator

Consider a random sample X
1

, ..., Xn from the distribution F . Let X
1:n  ...  Xn:n

denote the corresponding order statistics. The Hill estimator (Hill (1975)) for positive

� is

�̂Hi,n :=
1

i

iX

j=1

⇣
logXn�j+1:n � logXn�i:n

⌘
. (3.3.1)

We will construct estimators for the log-GW index ✓ and scaling function g using a

multiple of Hill estimators �̂Hi,n, 1  i  k. To this end, we derive an asymptotic

expansion of these Hill estimators in this section.

Using (3.1.4), Xi can be represented as Xi = q(Ei), with E
1

, ..., En a random sample

from the standard exponential distribution, and E
1:n  ...  En:n its order statistics.

Hence,

�̂Hi,n =
1

i

iX

j=1

⇣
log q(En�j+1:n)� log q(En�i:n)

⌘
. (3.3.2)

By Rényi’s representation,

En�i+1:n =
nX

j=i

j�1Ēj,n (3.3.3)
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where for n fixed, Ē
1,n, ..., Ēn,n are independent standard exponential random variables.

Hence,

EEn�i+1:n =
nX

j=i

j�1 =: #i,n. (3.3.4)

By construction, #i,n � #k+1,n =
Pk

j=i j
�1 = #i,k for i  k. For large k, the harmonic

number #
1,k is similar to a logarithm, as

#
1,k = log k + �E +

1

2
k�1 +O(k�2) (3.3.5)

with �E ⇡ 0.577 the Euler-Mascheroni number. Lemma 3.10.2 in 3.10 gives other

properties of #i,k. If

lim sup
n!1

log kn
log n

= c 2 [0, 1), (3.3.6)

then by (3.3.5), since #
1,n/#k

n

+1,n = (1� #
1,k

n

/#
1,n)�1,

lim sup
n!1

#
1,n

#k
n

+1,n
= (1� c)�1 < 1.

Define the following variables (see (3.1.3) and Section 3.2):

⌧i,n(✓) : = #i+1,n
1

i

iX

j=1

h✓
⇣ #j,n
#i+1,n

⌘
; (3.3.7)

�i,n(✓, ⇢) : =
1

⇢

⇣
⌧i,n(✓ + ⇢)� ⌧i,n(✓)

⌘
⌘(#i+1,n), (3.3.8)

interpreting {⌧i,n(✓+⇢)�⌧i,n(✓)}/⇢ as d⌧i,n(✓)/d✓ if ⇢ = 0. Furthermore, for Ē
1,n, ..., Ēn,n

as in (3.3.3), let

⇣i,n :=
1

i

iX

j=1

(Ēj,n � 1). (3.3.9)

Theorem 3.3.1. If log q satisfies (3.2.1) and (3.2.3) and the positive integer sequence

(kn) satisfies (3.3.6), then

max
i=1,...,k

n

i1/2
����̂Hi,n

q(#i+1,n)

q0(#i+1,n)
� ⌧i,n(✓)� ↵i,n�i,n(✓, ⇢)� ⇣i,n

��� p! 0 (3.3.10)

for some ↵
1,n, ...,↵k

n

,n satisfying maxi=1,...,k
n

��↵i,n � 1
�� p! 0, and

⌧i,n(✓)� 1 =
�
1� 1

2
i�1#

1,i + o(1)
�
(✓ � 1)#�1

i+1,n = (✓ � 1)O(#�1

k
n

+1,n) (3.3.11)
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and

�i,n(✓, ⇢) =
�
1� 1

2
i�1#

1,i + o(1)
�
#�1

i+1,n⌘(#i+1,n) = O(#�1

k
n

+1,n)⌘(#kn+1,n) (3.3.12)

uniformly2 for i = 1, ..., kn.

The proof of this theorem is found in 3.9.1.

The random variables ⇣
1,n, ..., ⇣k

n

,n have translated gamma distributions with zero

means. When we regard �̂Hi,n as an estimator for q0(#i+1,n)/q(#i+1,n), Theorem 3.3.1

distinguishes two bias terms: a model bias �i,n(✓, ⇢) (related to convergence to zero of

⌘(y) as y ! 1) and an estimator bias ⌧i,n(✓)� 1. For the model bias,

max
i=1,...,k

n

i1/2
���i,n(✓, ⇢)

��! 0 (3.3.13)

if kn#
�2

k
n

+1,n

��⌘(#k
n

+1,n)
��2 ! 0 (see (3.3.12)). The estimator bias ⌧i,n(✓) � 1 is zero if

✓ = 1 (see (3.3.11)); as mentioned in Section 3.1, this is the case if F satisfies a Pareto

tail limit. For other ✓, (3.3.11) implies that

max
i=1,...,k

n

i1/2
��⌧i,n(✓)� 1

��! 0 (3.3.14)

if kn#
�2

k
n

+1,n ! 0. The latter condition is equivalent to

kn = o((log n)2) (3.3.15)

which implies that c = 0 in (3.3.6).

If ✓ = 0 and g(y) ! g⇤ 2 (0,1), then the log-GW tail limit reduces to the Weibull

tail limit, and �̂Hi,n is an estimator for g⇤/#i+1,n, so �̂Hi,n#i+1,n is an estimator for the

Weibull tail index g⇤. In that context, conditions on (kn) such as (3.3.15) are well

known; see e.g. Gardes & Girard (2006).

For any value of ⇢, both (3.3.13) and (3.3.14) are ensured by (3.3.15). If ⌘(y) tends

to zero su�ciently rapidly with y ! 1 (e.g., if ⇢ < 0), then the left-hand side of

(3.3.13) tends to zero more rapidly than the left-hand side of (3.3.14), so estimator

bias dominates model bias. It may therefore be worthwhile to reduce the estimator

2Here and in many other instances, “uniformly” applies to the big O’s and small o’s.
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bias. If ✓ is known, then a more refined estimator for q0(#i+1,n)/q(#i+1,n) is3

�̂i,n(✓) := �̂Hi,n/⌧i,n(✓) (3.3.16)

(so as ⌧i,n(1) = 1, �̂Hi,n = �̂i,n(1)). From Theorem 3.3.1,

max
i=1,...,k

n

i1/2
����̂i,n(✓)

q(#i+1,n)

q0(#i+1,n)
� 1� ↵i,n

�i,n(✓, ⇢)

⌧i,n(✓)
� ⇣i,n
⌧i,n(✓)

��� p! 0. (3.3.17)

If ✓ is unknown, we could try to replace ⌧i,n(✓) in (3.3.16) by ⌧i,n(✓̂n), with ✓̂n an

estimator for ✓; we will discuss this in Section 3.5.

3.4 An estimator for the log-GW index

In view of Theorem 3.3.1, we propose estimating the log-GW index ✓ by iterating the

Hill estimator (3.3.1) as follows:

✓̂k,n := 1 + u�1

k,n

1

k � 1

k�1X

i=1

⇣
log �̂Hi,n � log �̂Hk,n

⌘
(3.4.1)

with

uk,n :=
1

k � 1

kX

i=2

log
⇣
1 +

#i,k
#k+1,n

⌘
. (3.4.2)

For the intuition behind this estimator, let m(y) := (log q(y))0 2 RV✓�1

. If kn satisfies

(3.3.6), then from the proof of Theorem 3.3.1,

�̂Hi,n ⇠ 1

i

iX

j=1

⇣
log q(#j,n)� log q(#i+1,n)

⌘
⇠ q0(#i+1,n)

q(#i+1,n)
= m(#i+1,n).

3Similar refinements were considered in the context of the Weibull tail limit; see e.g. Girard
(2004); Gardes & Girard (2006).
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for i = 1, ..., kn in probability. Let kn ! 1, then as u�1

k
n

,n ⇠ #k
n

+1,n, the analogy

between (3.4.1) and (3.3.1) suggests that we may expect that

✓̂k
n

,n � 1 ⇡ #k
n

+1,n
1

kn � 1

k
n

�1X

i=1

⇣
logm(#i+1,n)� logm(#k

n

+1,n)
⌘

⇡
#k

n

+1,nm0(#k
n

+1,n)

m(#k
n

+1,n)
,

which tends to ✓ � 1 as #k+1,n ! 1 by Proposition B.1.9.11 in de Haan & Ferreira

(2006). These approximations are made rigorous in the proof of the forthcoming The-

orem 3.4.1.

For a more restricted model with parametric scaling g in (3.1.5), El Methni et al.

(2012) proposed an estimator for ✓ (named ⌧ there) which is based on the di↵erence of

log �̂Hk,n at two distinct values of k. The estimator (3.4.1) is related to the generalised

Hill estimator for � from Beirlant et al. (1996a) (see also Section 5.2.3 of Beirlant et

al. (2004)), which is closely approximated by

�̂Hk,n + (✓̂k,n � 1)uk,n.

By the same reasoning as above, the generalized Hill estimator can be regarded as an es-

timator for q0(#k+1,n)/q(#k+1,n) + (log(q0(#k+1,n)/q(#k+1,n)))0 = q00(#k+1,n)/q0(#k+1,n)

= tnU 00(tn)/U 0(tn) + 1 with tn := exp(#k+1,n), which tends to � as tn ! 1.

For Ē
1,n, ..., Ēn,n as in (3.3.3) and (3.3.9), let

�i,n :=
1

i

iX

j=1

(Ēj,n � 1)(#j,i � 1). (3.4.3)

Theorem 3.4.1. Assume that log q satisfies (3.2.1) and (3.2.3). Let the intermediate

sequence (kn) satisfy

k1/2n #�2

k
n

+1,n ! 0 (3.4.4)

and for some real µ,

k1/2n #�1

k
n

+1,n⌘(#kn+1,n) ! µ. (3.4.5)

Then

max
i=l

n

,...,k
n

i1/2
���#�1

i+1,n

⇣
✓̂i,n � ✓ � ⌘(#i+1,n)

⌘
� �i�1,n

��� p! 0 (3.4.6)
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for every (ln) satisfying (1 _ log
2

kn)2+�  ln  kn for some � > 0. Furthermore,

k1/2n #�1

k
n

+1,n

⇣
✓̂k

n

,n � ✓
⌘

d! N (µ, 1). (3.4.7)

A proof of this theorem can be found in 3.9.2.

Corollary 3.4.1. If in addition,

k1/2n #�1

k
n

+1,n ! 1 (3.4.8)

(automatically fulfilled if µ in (3.4.5) is nonzero), then (3.4.7) implies that ✓̂k
n

,n
p! ✓.

Remark 3.4.1. Because
��⌘
�� is regularly varying, the sign of ⌘(y) becomes eventually

constant as y ! 1. Therefore, (kn) satisfying (3.4.5) exists, provided that the sign of

µ agrees with the limiting sign of ⌘. Furthermore, (3.4.4), (3.4.5) and (3.4.8) can be

satisfied simultaneously, if necessary by setting µ = 0 for ⇢  �1.

Remark 3.4.2. The conditions on kn are not as restrictive as they may seem, for most

practical purposes at least. An upper bound follows from (3.4.4). If we want the index

estimator to converge, (3.4.8) gives a lower bound. The range for kn is illustrated in

Figure 3.1, showing kn = #2k
n

+1,n and kn = (5#k
n

+1,n)4 for n up to 105 (the factor 5

matches n = 1 to kn = 1 after rounding). With n increasing, kn must eventually be

kept well away from these curves to satisfy (3.4.4) and (3.4.8); for reference, the curves

corresponding to kn = n3/4 and kn = n are also shown.
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Figure 3.1: Examples of kn as a function of n: kn = #2k
n

+1,n and kn =

(5#k
n

+1,n)4 (solid) and kn = n3/4 and kn = n (dashed).



Chapter 3. A high quantile estimator based on the log-GW tail limit 53

Remark 3.4.3. To construct a confidence interval for ✓, (kn) satisfying (3.4.5) with

µ = 0 should be considered. We retain the case of µ > 0 here in order to examine in

the next section how bias in ✓̂k
n

,n a↵ects a quantile estimator based on ✓̂k
n

,n.

Remark 3.4.4. The uniformity of convergence in (3.4.6), describing the fluctuation of

✓̂i,n as a function of i, may be useful for choosing kn for index estimation; see e.g.

Drees & Kau↵man (1998) and Boucheron & Thomas (2015).

3.5 Quantile estimation

For estimation of high quantiles, we need a scale estimator, in addition to the index

estimator ✓̂k
n

,n. To estimate g(#i+1,n) for some i 2 {1, ..., kn}, with g the scaling

function defined by (3.2.2), a natural choice would be

ĝi,n := #i+1,n�̂i,n(✓̂k
n

,n) =
#i+1,n�̂Hi,n

⌧i,n(✓̂k
n

,n)
(3.5.1)

in view of (3.3.17) derived from Theorem 3.3.1. From the previous results, we can

derive the following proposition.

Proposition 3.5.1. If the conditions of Theorem 3.4.1 apply, and (ln) is an intermediate

satisfying ln  kn and

l1/2n k�1/2
n #k

n

+1,n ! � 2 [0,1), (3.5.2)

then

l1/2n

0

B@

ĝl
n

,n

g(#l
n

+1,n)
� 1

✓̂k
n

,n � ✓

1

CA d! N
⇣⇣ 0

µ�

⌘
,
h 1 0

0 �2

i⌘
. (3.5.3)

The proof of this proposition is found in 3.9.3.

Based on the log-GW tail limit (3.1.5) and the index and scale estimators, we can

estimate the quantile q(z) exceeded with probability e�z by4

q̂n(z) := Xn�l
n

:n exp

✓
ĝl

n

,nhˆ✓
k

n

,n

⇣ z

#l
n

+1,n

⌘◆
, z > 0, (3.5.4)

4In the literature, this quantile is often denoted by xp with p = e�z and its estimator by
x̂p,n, for example.



Chapter 3. A high quantile estimator based on the log-GW tail limit 54

for all n large enough that Xn�l
n

:n > 0, using Xn�l
n

:n as an estimator for the inter-

mediate quantile q(#l
n

+1,n).

For a quantile q(z), we will consider the error in the estimate of log q(z) normalised by

g(#l
n

+1,n) and in addition, the log-probability-based quantile estimation error

⌫̂n(z) :=
q�1(q̂n(z))

q�1(q(z))
� 1 =

log(1� F (q̂n(z)))

log(1� F (q(z)))
� 1. (3.5.5)

In de Valk (2016a), ⌫̂n was proposed as a model-independent measure of error in a

quantile estimate; it is typically applicable in a large deviations context with the focus

on ratios of logarithms of probabilities rather than probability ratios.

Define

 ✓(�) :=
dh✓(�)

d✓
=

8
<

:
✓�1(�✓ log �� h✓(�)) if ✓ 6= 0

1

2

��log �
��2 if ✓ = 0.

We can establish the following asymptotic normality result for the quantile estimator

(3.5.4):

Theorem 3.5.1. Assume that log q satisfies (3.2.1) and (3.2.3). Let (ln) be an inter-

mediate sequence satisfying ln  kn and (3.5.2), with (kn) also satisfying (3.4.4) and

(3.4.5) for some real µ. Then there exist two sequences of standard normal random

variables (Z
1,n) and (Z

2,n) such that Z
1,n and Z

2,n are independent for every n, and

such that

sup
⌧2[⌧1,⌧2]

��������

l1/2n
log q̂n(⌧ log n)� log q(⌧ log n)

g(#l
n

+1,n)

�
⇣
Z
1,nh✓(⌧) + �Z

2,n ✓(⌧) + �µ( ✓(⌧)� ✓,⇢(⌧))
⌘

��������

p! 0 (3.5.6)

and

sup
⌧2[⌧1,⌧2]

������

l1/2n ⌫̂n(⌧ log n)

� ⌧�✓
⇣
Z
1,nh✓(⌧) + �Z

2,n ✓(⌧) + �µ( ✓(⌧)� ✓,⇢(⌧))
⌘
������

p! 0 (3.5.7)

for every ⌧
1

> 0 and ⌧
2

> ⌧
1

.

The proof of this theorem is found in 3.9.4.

Remark 3.5.1. Clearly, Theorem 3.5.1 covers the probability range (3.1.1), but also

larger probabilities.
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Remark 3.5.2. If a positive value of � is chosen in (3.5.2), then instead of choosing

(kn), we may choose (ln) as an intermediate sequence satisfying

l1/2n #�1

l
n

+1,n ! 0 and l1/2n ⌘(#l
n

+1,n) ! µ; (3.5.8)

then (kn) satisfying (3.5.2) with � > 0 satisfies (3.4.8), (3.4.4) and (3.4.5), the latter

because
��⌘
�� is regularly varying.

In order to construct confidence intervals for quantiles, one would normally assume that

(kn) satisfies (3.4.5) with µ = 0, which ensures that the bias term �µ( ✓(⌧)� ✓,⇢(⌧)) in

(3.5.6) and (3.5.7) vanishes. The following corollary follows immediately from Theorem

3.5.1.

Corollary 3.5.1. Under the conditions of Theorem 3.5.1 with µ = 0 in (3.4.5), for every

⌧ > 0,

l1/2n

log q̂n(⌧ log n)� log q(⌧ log n)

g(#l
n

+1,n)
d! N

�
0,
��h✓(⌧)

��2 + �2
�� ✓(⌧)

��2� (3.5.9)

and

l1/2n ⌫̂n(⌧ log n)
d! N

�
0, ⌧�2✓(

��h✓(⌧)
��2 + �2

�� ✓(⌧)
��2)
�
. (3.5.10)

The case of µ > 0 in Theorem 3.5.1 provides some additional insight about the nature

of bias in the quantile estimator and how it can be suppressed. If ⇢ = 0, then  ✓,⇢ =  ✓,

so the bias term in (3.5.6) and (3.5.7) vanishes, and (3.5.9) and (3.5.10) hold. If ⇢ < 0,

then the bias is not cancelled, but it can be suppressed by choosing a small value

for �, which also reduces the variance. With ln given (see Remark 3.5.2), a small �

corresponds to a large value of kn in the index estimator ✓̂k
n

,n.

Bias may become a serious issue only for ⌧ substantially di↵erent from 1: Taylor

approximation gives  ✓(⌧) �  ✓,⇢(⌧) = �⇢1

6

(⌧ � 1)3 + O(1)(⌧ � 1)4 locally uniformly

in ⌧ > 0. In applications, ⌧ will normally not exceed 1 by a large factor. Furthermore,

although q̂n is designed for quantiles corresponding to very small probabilities (3.1.1),

it may be well suited to estimation of less extreme quantiles.
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3.6 Simulations

To obtain an impression of finite-sample behaviour, we applied the new estimators ✓̂n

for the log-GW index and q̂n for quantiles to 500 simulated random samples of size

n = 5000, estimating the quantile with probability of exceedance pn = n�2 (so pn =

4 · 10�8). We repeated this for the four distribution functions considered in de Valk

(2016a): the standard normal and standard lognormal distribution, the Burr(1, 1/4, 4)

distribution given by U(t) = (t1/4 � 1)4, and the “Pareto-like” distribution function

given by U(t) = t(1 + 2(log t)2) � 1. All four satisfy GP and log-GW tail limits; the

first and second order regularity indices are listed in Table 3.1.

For comparison, the same simulations were carried out with two other estimators:

1. The simple quantile estimator based on the log-GW tail limit from de Valk

(2016a), which is given by q̂Sn (z) := Xj,n�k
n

+1:n exp
�
ĝSnhˆ✓S

n

(z/yn)
�
with yn :=

log(n/k
0,n) and with

✓̂Sn :=
log

2

X
n�k2,n+1:n

X
n�k1,n+1:n

� log
2

X
n�k1,n+1:n

X
n�k0,n+1:n

log ◆
and ĝSn :=

log
X

n�k1,n+1:n

X
n�k0,n+1:n

h
ˆ✓S
n

(◆)
, (3.6.1)

for (k
2,n) a sequence satisfying that lim supn!1 log k

2,n/ log n < 1 as well as

limn!1 k
2,n/ log

2

n = 1, and with

ki,n :=
j
(n/k

2,n)
�◆i�2

n
k

for i 2 {0, 1} (3.6.2)

with ◆ > 1, taken equal to 2. For comparison with the other estimators, we

take kn = k
0,n in this case. Like the Pickands (1975) estimator for the extreme

value index, the estimator ✓̂Sn is based on only three order statistics. However,

it behaves di↵erently, because the spacings between (k
0,n), (k1,n) and (k

2,n) are

di↵erent.

2. The quantile estimator q̂Mn (z) = ÛM
n (ez) with ÛM

n the quantile estimator based

on the the GP tail limit from Dekkers et al. (1989), using the moment estimator

�̂Mn for the extreme value index �.

For the two quantile estimators q̂Sn and q̂Mn , log-probability-based errors ⌫̂Sn and ⌫̂Mn
defined in the same manner as ⌫̂n in (3.5.5) were computed. For q̂n, we fixed � in

(3.5.2) to 1.
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Figure 3.2: Bias (left) and RMSE (right) based on log-probability-based
quantile estimation errors ⌫̂n (circles), ⌫̂Sn (triangles) and ⌫̂Mn (squares) as
functions of kn for n = 5000. From top to bottom: Burr, Pareto-like, normal

and lognormal distribution (see text).
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Table 3.1: First and second order ERV indices of the distribution functions
in this section.

GP limit log-GW limit

� ⇢
GP

✓ ⇢

Burr(1,

1
4 ,4) 1 � 1

4 1 �1
Pareto-like 1 0 1 -2

Normal 0 0 0 -1

Lognormal 0 0

1
2 -1

Figure 3.2 shows the simulated mean and root mean square (RMS) of ⌫̂n, ⌫̂Sn and ⌫̂Mn
as functions of kn. These quantities are referred to as the bias and root mean square

error (RMSE) of the three estimators. The reason for showing these results for ⌫̂n,

⌫̂Sn and ⌫̂Mn instead of the bias and RMSE of q̂n, q̂Sn and q̂Mn is that the former are

model-independent and of similar order of magnitude for all distribution functions, so

they can be compared. For some intuition about the present cases, values of 0, 0.05,

0.1 and 0.5 of ⌫̂n correspond to (1�F (q̂n(� log pn)))/pn = 1, 0.43, 0.18 and 2.0 · 10�4,

respectively.

In Figure 3.2, the bias for the new quantile estimator (the mean of ⌫̂n) shows a rapid

initial decrease in magnitude with decreasing kn, before settling in an interval close

to zero. Some bias of magnitude of the order of 0.1 remains for the Burr and normal

distributions. The magnitude of the mean of ⌫̂Sn also shows rapid initial decrease, but

as estimates are available only for a limited range of relatively large kn, the mean of

⌫̂Sn does not appear to stabilise. For the estimator based on the GP limit, the bias

(the mean of ⌫̂Mn ) is more severe overall; it does not tend to zero but exhibits a stable

slope, intersecting 0 at some kn. Concerning the RMSE, we find that as a function of

kn, the RMS of ⌫̂n achieves a lower minimum than the RMS of ⌫̂Sn and ⌫̂Mn , except for

the lognormal distribution: in this case, it is the RMS of ⌫̂Sn that reaches the lowest

value. The minimum of the RMS of ⌫̂Mn (based on the GP tail) is considerably higher

than of ⌫̂n and ⌫̂Sn .

For q̂n, experiments with � < 1 in (3.5.2) produced similar results as described above,

but necessarily only for a more limited range of values of kn. The errors in the index

estimators ✓̂n and ✓̂Sn follow qualitatively similar patterns as shown for ⌫̂n and ⌫̂Sn (not

shown); we will not discuss them in further detail here.

The results for bias and RMSE combined suggest that a statistician would be able to

obtain a much better quantile estimate from q̂n as a function of kn than from either of

the other two estimators, as in selecting kn, small fluctuations are easier to deal with

than a large trend.
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Figure 3.3: Estimates q̂n and q̂Mn of the 10�4 per year quantile of sea level
at Hoek van Holland (upper) and corresponding index estimates ✓̂n and �̂Mn

(lower); see text. Line types are as in Fig. 3.2.

Whilst benefits of the log-GW tail limit as model would be expected primarily for

distribution functions in the classical domain of attraction of � = 0, the good perfor-

mance of the new estimator q̂n on the heavy-tailed distribution functions with � > 0

is remarkable. This may be related to the fact that if � > 0, then ✓ = 1, so ⌧i,n(✓) = 1

for i = 1, ..., n; according to the proof of Theorem 3.4.1, this would allow us to relax

(3.4.4), allowing larger values of kn.

Finally, an experiment was performed with the GP-based quantile estimator applied

to logarithmically transformed data, to see to what extent this transformation might

explain the favourable performance of log-GW based estimation. The results were

generally worse than without the logarithmic data transformation; in some cases, much

worse.
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3.7 An application to sea level data

As a demonstration, we applied q̂n and q̂Mn to sea level maxima at high tide mea-

sured by Rijkswaterstaat (www.rijkswaterstaat.nl/english) at Hoek van Holland in the

Netherlands. The dataset which we analysed covers the storm seasons (Oct 1 to Mar

31) over the years 1887 to 2009; it was corrected for relative sea level rise. Further-

more, only values were retained which correspond to a surge (the excess of the observed

water level maximum over the astronomical water level maximum over a tidal cycle)

exceeding 0.30 m and also (to suppress serial dependence) exceeding the surge in a

time-window containing the preceding four and succeeding four tidal maxima; see de

Haan (1990). The window-based selection poses a problem for the application of q̂n:

since we do not have a complete sample, we do not know n. In this case, we guessed n

as the total number of tidal cycles from 1887 to 2009 during the storm season (42960)

multiplied by the fraction retained by the window-based selection (roughly 1/3); this

guess also gives a fairly stable profile of ✓̂n as a function of kn. Figure 3.3 shows the

index estimates ✓̂n and �̂Mn and the estimates q̂n and q̂Mn for the quantile exceeded with

a frequency of 10�4 per year. For q̂n, we used � = 1 again.

For both estimators, the estimates of the indices seem fairly stable as a function of

kn. For the quantiles, q̂n is more stable than q̂Mn as a function of kn (the ranges of

kn di↵er, due to the nature of the estimators): for high kn, q̂Mn remains about 4 m,

and fluctuates widely around 5 m for smaller kn; q̂n increases to a level of around 5

m and exhibits small fluctuations around this value at small kn. Also, the widths of

the 95% confidence intervals derived from asymptotics (from Section 4.3.2 of de Haan

& Ferreira (2006) for q̂Mn and from this paper for q̂n) di↵er appreciably, the intervals

being much wider for q̂Mn than for q̂n. The current standard value for the 10�4 per

year sea level at Hoek van Holland is 5.00 m. This value seems to be confirmed by

both estimators. However, q̂n is less ambiguous and has a much narrower confidence

interval: about ±1 m, where for q̂Mn , estimates close to 5 m have a confidence interval

of about ±2 m or wider.

Summarising, it appears that the log-GW tail limit o↵ers substantial benefits in this

application by producing more precise estimates without making restrictive or specu-

lative assumptions.
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3.8 Discussion

The estimators for the log-GW tail index and for quantiles studied in this article appear

to meet the objectives: confidence intervals can be constructed without restrictions on

convergence rate to the log-GW tail limit, and performance is improved in comparison

to the simple estimators based on three order statistics from de Valk (2016b), also for

on relatively small samples.

The new tail index estimator is somewhat unusual in that its asymptotic variance

scales with #k
n

+1,n/kn and not with 1/kn as is often the case. For this reason, the

index estimator is applied to a larger number of upper order statistics than the scale

estimator. This is reminiscent of bias correction within the context of the GP tail limit

as in e.g. Cai et al. (2013), where the second-order parameters are estimated from a

larger fraction of the sample than the first-order parameters.

Because of the constraint (3.4.4), the asymptotic rate of convergence is low. However,

this constraint does not seem restrictive for sample sizes typically encountered in prac-

tice (see Figure 3.1); simulations indicate that initially, with n fixed, bias in quantile

estimates tends to diminish rapidly with decreasing kn, so relatively large values of

kn can be used. This is useful in applications: bias correction tends to complicate an

extreme value analysis, so it is better avoided if possible. The observed good perfor-

mance of the new quantile estimator and its apparent fitness for use, not only within

the domain of attraction of the GP limit with � = 0 but also with � > 0, confirms

that the log-GW tail limit o↵ers a widely applicable model for the estimation of high

quantiles.

Based on the asymptotic analysis in this paper, further refinement of the proposed

index and quantile estimators may be possible, e.g. by a method for choosing kn.
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3.9 Proofs

3.9.1 Proof of Theorem 3.3.1

Recalling the representation (3.3.2) of the Hill estimator, we define the random vari-

ables (see Section 3.3)

⇠j,n :=
En�j+1:n

#j,n
and "j,i,n :=

⇠j,n
⇠i+1:n

� 1. (3.9.1)

Lemma 3.10.1 gives, because of (3.3.6),

max
i=1,...,k

n

��(i#i+1,n)
1/2(⇠i+1,n � 1)

�� p! 0. (3.9.2)

Therefore, since
��⌘
�� is regularly varying,

max
i=1,...,k

n

��⌘(En�i:n)/⌘(#i+1,n)� 1
�� p! 0, (3.9.3)

and using (3.2.4),

g(En�i:n)

g(#i+1,n)
= ⇠✓i+1:n

⇣
1 + ⌘(#i+1,n)h⇢(⇠i+1:n)(1 + op(1))

⌘
(3.9.4)

uniformly in i 2 {1, ..., kn}. Furthermore, using Taylor’s theorem, we obtain from

(3.9.2) for every real s,

⇠si+1,n = 1 + (i#i+1,n)
�1/2op(1) (3.9.5)

uniformly in i 2 {1, ..., kn}. Therefore, from (3.9.4),

max
i=1,...,k

n

i1/2
���
g(En�i:n)

g(#i+1,n)
� 1
��� p! 0
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and since
En�j+1:n

En�i:n
=

#j,n
#i+1,n

(1 + "j,i,n), using (3.2.5), we obtain

log q(En�j+1:n)� log q(En�i:n)

g(#i+1,n)

= (1 + op(i
�1/2))

⇣
h✓
⇣En�j+1:n

En�i:n

⌘
+ ✓,⇢

⇣En�j+1:n

En�i:n

⌘
⌘(#i+1,n)(1 + op(1))

⌘

= (1 + op(i
�1/2))h✓

⇣ #j,n
#i+1,n

(1 + "j,i,n)
⌘

(3.9.6)

+ (1 + op(1))
1

⇢

⇣
h✓+⇢

⇣ #j,n
#i+1,n

(1 + "j,i,n)
⌘
� h✓

⇣ #j,n
#i+1,n

(1 + "j,i,n)
⌘⌘
⌘(#i+1,n),

uniformly for i = 1, ..., kn.

Because hs(ab) = hs(a)+ashs(b) for a and b positive and s real, we obtain from (3.9.6)

and (3.3.2):

�̂Hi,nq(#i+1,n)/q
0(#i+1,n) = (1 + op(i

�1/2))⌧i,n(✓) + (1 + op(i
�1/2))Ii,n(✓)

+ (1 + op(1))
1

⇢

⇣
⌧i,n(✓ + ⇢)� ⌧i,n(✓)

⌘
⌘(#i+1,n)

+ (1 + op(1))
1

⇢

⇣
Ii,n(✓ + ⇢)� Ii,n(✓)

⌘
⌘(#i+1,n) (3.9.7)

uniformly for i = 1, ..., kn, with ⌧i,n defined in (3.3.7) and with

Ii,n(s) := #i+1,ni
�1

iX

j=1

⇣ #j,n
#i+1,n

⌘s
hs(1 + "j,i,n).

By Lemma 3.10.4 (see (3.3.9)),

max
i=1,...,k

n

i1/2
��Ii,n(✓)� ⇣i,n

�� p! 0 (3.9.8)

and furthermore, for all ⇢  0,

max
i=1,...,k

n

��i1/2 1
⇢

⇣
Ii,n(✓ + ⇢)� Ii,n(✓)

⌘�� p! 0, (3.9.9)

with 1

⇢(Ii,n(✓+⇢)�Ii,n(✓)) to be interpreted as dIi,n(✓)/d✓ if ⇢ = 0. Combining (3.9.7)

with (3.9.8), (3.9.9) and limy! ⌘(y) = 0, we obtain (3.3.10). Finally, (3.3.11) and

(3.3.12) follow from Lemma 3.10.3(a) and (3.3.6).
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3.9.2 Proof of Theorem 3.4.1

From (3.4.1) and (3.3.16), with s := log q:

✓̂i,n �
u�1

i,n

i� 1

i�1X

j=1

⇣
log ⌧j,n(✓)� log ⌧i,n(✓)

⌘
= 1 +

u�1

i,n

i� 1

i�1X

j=1

⇣
log �̂j,n(✓)� log �̂i,n(✓)

⌘

= 1 +
u�1

i,n

i� 1

iX

j=2

log
s0(#j,n)

s0(#i+1,n)
+

u�1

i,n

i� 1

i�1X

j=1

log
�̂n,j(✓)/s0(#j+1,n)

�̂n,i(✓)/s0(#i+1,n)
. (3.9.10)

Using (3.2.4) and Lemma 3.10.3,

1 +
u�1

i,n

i� 1

iX

j=2

log
s0(#j,n)

s0(#i+1,n)
= ✓ + (1 + o(1))⌘(#i+1,n)

u�1

i,n

i� 1

iX

j=2

h⇢
⇣ #j,n
#i+1,n

⌘

= ✓ + (1 + o(1))⌘(#i+1,n). (3.9.11)

By the Hájek-Rényi inequality (Hájek and Rényi, 1955), as ln ! 1,

max
i=l

n

,...,k
n

��⇣i,n
�� p! 0. (3.9.12)

Therefore, from (3.3.17) (based on Theorem 3.3.1), using (3.3.11) and (3.3.12), we have

max
i=l

n

,...,k
n

���
�̂i,n(✓)

s0(#i+1,n)
� 1
��� p! 0. (3.9.13)

Hence, applying Taylor’s theorem to the logarithm,

u�1

i,n

i� 1

i�1X

j=1

log
�̂n,j(✓)/s0(#j+1,n)

�̂n,i(✓)/s0(#i+1,n)
= I(1)i,n +Op(I

(2)

i,n ) (3.9.14)

uniformly for i = ln, ..., kn and

I(1)i,n :=

✓
s0(#i+1,n)

�̂i,n(✓)

◆
u�1

i,n

i� 1

i�1X

j=1

�̂j,n(✓)

s0(#j+1,n)
� �̂i,n(✓)

s0(#i+1,n)
,

I(2)i,n :=

✓
s0(#i+1,n)

�̂i,n(✓)

◆
2 u�1

i,n

i� 1

i�1X

j=1

✓
�̂j,n(✓)

s0(#j+1,n)
� �̂i,n(✓)

s0(#i+1,n)

◆
2

.
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By (3.3.17), using (3.9.13),

(i� 1)1/2ui,nI
(1)

i,n = (1 + op(1))
⇣
J (1)

i,n + J (2)

i,n + J (3)

i,n

⌘
(3.9.15)

uniformly for i = ln, ..., kn, with

J (1)

i,n : = (i� 1)�1/2
i�1X

j=1

⇣ ⇣j,n
⌧j,n(✓)

� ⇣i,n
⌧i,n(✓)

⌘
,

J (2)

i,n : = (i� 1)�1/2
i�1X

j=1

⇣�j,n(✓, ⇢)
⌧j,n(✓)

� �i,n(✓, ⇢)

⌧i,n(✓)

⌘
, (3.9.16)

J (3)

i,n : = (i� 1)�1/2
i�1X

j=1

⇣
j�1/2z̄j,n � i�1/2z̄i,n

⌘
,

and with z̄
1,n, ..., z̄n,n random variables satisfying

max
i=1,...,k

n

��z̄i,n
�� p! 0. (3.9.17)

From (3.3.9), changing the order of summation, we find that

(i� 1)�1

i�1X

j=1

(⇣j,n � ⇣i,n) = �i�1,n (3.9.18)

with �i�1,n defined by (3.4.3). Therefore, using (3.9.12) and Lemma 3.10.3(b),

max
i=l

n

,...,k
n

���J (1)

i,n ⌧i,n(✓)� (i� 1)1/2�i�1,n

��� = max
i=l

n

,...,k
n

���(i� 1)�1/2
i�1X

j=1

⇣j,n
⇣ ⌧i,n(✓)
⌧j,n(✓)

� 1
⌘���

 max
i=l

n

,...,k
n

��⇣i,n
�� max
i=l

n

,...,k
n

���(i� 1)�1/2
i�1X

j=1

⇣ ⌧i,n(✓)
⌧j,n(✓)

� 1
⌘��� p! 0

and using (3.3.11), we obtain

J (1)

i,n = (1 +O(#�1

i+1,n))(i� 1)1/2�i�1,n + op(1) (3.9.19)

uniformly for i = ln, ..., kn. By (3.3.11) and (3.3.12), as
��⌘
�� 2 RV⇢,

�j,n(✓, ⇢)

⌧j,n(✓)
= dj,i,n

⇣#j+1,n

#i+1,n

⌘⇢�1 ⌘(#i+1,n)

#i+1,n
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with dj,i,n = 1� 1

2

j�1#
1,j + o(1) uniformly for j = 1, ..., i and i = 1, ..., kn. Therefore,

��J (2)

i,n

�� 
���i1/2

⌘(#i+1,n)

#i+1,n

��� max
j=1,...,i

��dj,i,n
��
���(i� 1)�1

i�1X

j=1

⇣⇣#j+1,n

#i+1,n

⌘⇢�1

� 1
⌘���

+
���i1/2

⌘(#i+1,n)

#i+1,n

���
���o(1) + (i� 1)�1

i�1X

j=1

1

2

j�1#
1,j � 1

2

i�1#
1,i

��� (3.9.20)

uniformly for i = 1, ..., kn, so using (3.4.5) and Lemma 3.10.3(a), as #
1,j  #

1,i�1

for

j  i� 1,

max
i=l

n

,...,k
n

��J (2)

i,n

��! 0. (3.9.21)

Furthermore, by (3.9.17),

max
i=1,...,k

n

��J (3)

i,n

��  max
i=1,...,k

n

��� max
j=1,...,i�1

��z̄j,n
�� 1

i� 1

i�1X

j=1

⇣ i� 1

j

⌘
1/2

+
��z̄i,n

��
��� p! 0. (3.9.22)

Combining (3.9.15) with (3.9.19), (3.9.21) and (3.9.22), we find

(i� 1)1/2ui,nI
(1)

i,n = (1 +O(#�1

i+1,n))(i� 1)1/2�i,n + op(1) (3.9.23)

uniformly for i = ln, ..., kn. For I
(2)

i,n in (3.9.14), we have, using (3.3.17) and (3.9.13),

(i� 1)1/2ui,nI
(2)

i,n  (3 + op(1))
⇣
K(1)

i,n +K(2)

i,n +K(3)

i,n

⌘
(3.9.24)

uniformly for i = ln, ..., kn, with

K(1)

i,n := (i� 1)�1/2
i�1X

j=1

⇣ ⇣j,n
⌧j,n(✓)

� ⇣i,n
⌧i,n(✓)

⌘
2

,

K(2)

i,n := (i� 1)�1/2
i�1X

j=1

⇣�j,n(✓, ⇢)
⌧j,n(✓)

� �i,n(✓, ⇢)

⌧i,n(✓)

⌘
2

, (3.9.25)

K(3)

i,n := (i� 1)�1/2
i�1X

j=1

⇣
j�1/2z̄j,n � i�1/2z̄i,n

⌘
2

.

From Theorem 1 of Darling and Erdős (1956),

max
i=1,...,k

n

(i⇣2i,n)/(log2 kn)
p! 2, (3.9.26)
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so for n large enough, using (3.3.11),

max
i=l

n

,...,k
n

��K(1)

i,n

��  (1 + o(1)) max
i=l

n

,...,k
n

⇣
2i�1/2

i�1X

j=1

j�1(j⇣2j,n) + 2i�1/2(i⇣2i,n)
⌘

(3.9.27)

 (4 + op(1))(log
2

kn) max
i=l

n

,...,k
n

i�1/2(#
1,i�1

+ 1)
p! 0 (3.9.28)

by the lower bound on ln. Furthermore, by (3.3.12), (3.3.11) and (3.4.5),

max
i=1,...,k

n

��K(2)

i,n

��  max
i=1,...,k

n

4(i� 1)1/2 max
j=1,...,i

���
�j,n(✓, ⇢)

⌧j,n(✓)

���
2

= max
i=1,...,k

n

i1/2O(#�2

i+1,n)
��⌘(#i+1,n)

��2 ! 0,

and maxi=1,...,k
n

��K(3)

i,n

�� p! 0 follows readily from (3.9.17). Therefore,

max
i=l

n

,...,k
n

(i� 1)1/2ui,n
��I(2)i,n

�� p! 0. (3.9.29)

Combined with (3.9.23), (3.9.14), (3.9.11) and (3.9.10) and using Lemma 3.10.3(b), we

obtain, with op converging uniformly for i = ln, ..., kn:

max
i=l

n

,...,k
n

(i� 1)1/2
���ui,n

⇣
✓̂i,n � ✓ � ⌘(#i+1,n)

⌘
� (1 +O(#�1

i+1,n))�i�1,n

��� p! 0. (3.9.30)

Now (3.4.6) follows from the following observations:

(a) From (3.9.18) and (3.9.26), max
i=1,...,k

n

(i�2i,n) = Op(log
2

kn), so

max
i=l

n

,...,k
n

(i� 1)1/2O(#�1

i+1,n)�i�1,n ! 0;

(b) i⌧i,n/(i� 1) � ui,n#i+1,n � (i⌧i,n � #
1,i)/(i� 1), so using (3.3.11),

max
i=l

n

,...,k
n

��ui,n#i+1,n � 1
�� = O(#�1

k
n

+1,n) +O(l�1

n #
1,l

n

) ! 0.

Together, (a) and (b) imply max
i=l

n

,...,k
n

��u�1

i,n#
�1

i+1,n � 1
��(i� 1)1/2�i�1,n ! 0.

Hence, after multiplying by u�1

i,n#
�1

i+1,n in (3.9.30), we obtain (3.4.6). Finally, (3.4.7) is

obtained from (3.4.6) by a standard argument invoking the central limit theorem.
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3.9.3 Proof of Proposition 3.5.1

Let (ln) be some intermediate sequence satisfying ln  kn. By (3.5.1), (3.3.16) and

(3.3.17) (from Theorem 3.3.1),

ĝi,n
g(#i+1,n)

� 1 =
�̂i,n(✓)q(#i+1,n)

q0(#i+1,n)

⇣
1 +

⌧i,n(✓)� ⌧i,n(✓̂k
n

,n)

⌧i,n(✓̂k
n

,n)

⌘
� 1

=(I(1)i,n + 1)(I(2)i,n + 1)� 1 (3.9.31)

with

I(1)i,n = i�1/2op(1) + (1 + op(1))�i,n(✓, ⇢)/⌧i,n(✓) + ⇣i,n/⌧i,n(✓),

I(2)i,n = ⌧i,n(✓)/⌧i,n(✓̂k
n

,n)� 1.

Using Theorem 3.3.1, (3.4.5) and (3.5.2), l1/2n �l
n

,n(✓, ⇢)/⌧l
n

,n(✓) = O(#�1

k
n

+1,n)
p! 0, so

using (3.3.11), as Eln
��⇣l

n

,n

��2 = 1,

l1/2n I(1)l
n

,n = op(1) + l1/2n ⇣l
n

,n. (3.9.32)

By the mean value theorem,

I(2)l
n

,n = �⌧l
n

,n(✓)
��⌧l

n

,n(an)
���2

d⌧l
n

,n(an)

dan
(✓̂k

n

,n � ✓)

with an 2 (✓̂k
n

,n, ✓) or an 2 (✓, ✓̂k
n

,n). Therefore, as

l1/2n (✓̂k
n

,n � ✓) = �µ+ �k1/2n �k
n

�1,n + op
d! N (µ�,�2) (3.9.33)

by Theorem 3.4.1 and (3.5.2), we obtain using Lemma 3.10.3(a),

l1/2n I(2)l
n

,n = �(1 + op(1))#
�1

l
n

+1,nl
1/2
n (✓̂k

n

,n � ✓)
p! 0.

Combined with (3.9.32) and (3.9.31), this gives

l1/2n

✓
ĝl

n

,n

g(#l
n

+1,n)
� 1

◆
= op(1) + l1/2n ⇣l

n

,n. (3.9.34)
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By a standard argument involving the Cramér-Wold theorem and the central limit

theorem, it is readily verified that (l1/2n ⇣l
n

,n, k
1/2
n �k

n

�1,n)
d! N (0, I

2

) with I
2

the 2⇥ 2

identity matrix, and (3.5.3) follows from (3.9.34) and (3.9.33).

3.9.4 Proof of Theorem 3.5.1

Since #l
n

+1,n/ log n ! 1 by (3.4.4) and (3.5.2), it is su�cient to prove the following

two uniform limits.

sup
�2[⇤�1,⇤]

��������

l1/2n

log q̂n(#l
n

+1,n�)� log q(#l
n

+1,n�)

g(#l
n

+1,n)

�
⇣
Z
1,nh✓(�) + �Z

2,n ✓(�) + �µ( ✓(�)� ✓,⇢(�))
⌘

��������

p! 0

(3.9.35)

and

sup
�2[⇤�1,⇤]

������

l1/2n ⌫̂n(#l
n

+1,n�)

� ��✓
⇣
Z
1,nh✓(�) + �Z

2,n ✓(�) + �µ( ✓(�)� ✓,⇢(�))
⌘
������

p! 0

(3.9.36)

for every ⇤ > 1.

By (3.2.5) and (3.5.4), we can write

l1/2n

log q̂n(#l
n

+1,n�)� log q(#l
n

+1,n�)

g(#l
n

+1,n)

= I
(1)

n + I
(2)

n h✓(�) + I
(3)

n (�) + l�1/2
n I

(2)

n I
(3)

n (�) + I
(4)

n (�) (3.9.37)

with

I
(1)

n := l1/2n

logXn�l
n

:n � log q(#l
n

+1,n)

g(#l
n

+1,n)
,

I
(2)

n := l1/2n

⇣ ĝl
n

,n

g(#l
n

+1,n)
� 1
⌘
,

I
(3)

n (�) := l1/2n (h
ˆ✓
k

n

,n

(�)� h✓(�)),

I
(4)

n (�) := �l1/2n ⌘(#l
n

+1,n) ✓,⇢(�)(1 + o(1)).
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By (3.2.5) and Lemma 3.10.1,

I
(1)

n = l1/2n

log q(En�l
n

:n)� log q(#l
n

+1,n)

g(#l
n

+1,n)
= l1/2n h✓

⇣En�l
n

:n

#l
n

+1,n

⌘
(1 + op(1))

p! 0. (3.9.38)

By Proposition 3.5.1, for a standard normally distributed random variable Z(1)

n ,

I
(2)

n = Z(1)

n + op(1). (3.9.39)

Using the mean-value theorem, I
(3)

n (�) = l1/2n  a
n

(�)(✓̂k
n

,n � ✓) with an 2 (✓̂k
n

,n, ✓) or

an 2 (✓, ✓̂k
n

,n), so by (3.5.2) and Proposition 3.5.1, locally uniformly in � > 0,

I
(3)

n (�) = (1 + op(1)) ✓(�)l
1/2
n (✓̂k

n

,n � ✓) = op(1) + � ✓(�)(Z
(2)

n + µ) (3.9.40)

with Z(2)

n standard normal and independent of Z(1)

n . Finally, by (3.4.5) and (3.5.2),

sup
�2[⇤�1,⇤]

��I(4)

n (�) + µ� ✓,⇢(�)
��! 0. (3.9.41)

We obtain (3.9.35) by combining (3.9.37) - (3.9.41).

As q is continuously increasing,

q(#l
n

+1,n�(1 + ⌫̂n(#l
n

+1,n�))) = q̂n(#l
n

+1,n�), (3.9.42)

so by (3.5.6), for every ⇤ > 1,

sup
�2[⇤�1,⇤]

����
log q(#l

n

+1,n�(1 + ⌫̂n(#l
n

+1,n�)))� log q(#l
n

+1,n�)

g(#l
n

+1,n)

����
p! 0.

Furthermore, by (3.2.5) and (3.2.1), sup�2[⇤�1,⇤]

��h✓(1 + ⌫̂n(#l
n

+1,n�))
�� p! 0. Applying

Taylor’s theorem to h�1

✓ , therefore,

⌫̂n(#l
n

+1,n�) = (1 + op(1))h✓(1 + ⌫̂n(#l
n

+1,n�)) = op(1)

locally uniformly in � > 0, and using (3.2.5), (3.2.1) and (3.9.42),

⌫̂n(#l
n

+1,n�) = (1 + op(1))
log q̂n(#l

n

+1,n�)� log q(#l
n

+1,n)

g(#l
n

+1,n)
��✓
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locally uniformly in � > 0. Combining with (3.5.6), we obtain (3.9.36).

3.10 Lemmas

Lemma 3.10.1. Let E
1

, ..., En be a random sample from the standard exponential dis-

tribution. Its order statistics satisfy

max
i2{1,...,n}

i1/2|En�i+1:n � #i,n|/(2 log
2

n)1/2
p! 1. (3.10.1)

Proof. Applying Theorem 6.2.1 of Csörgő and Horváth (1993) to the exponential dis-

tribution, we obtain for some sequence of Brownian bridges B
1

, B
2

, ....,

sup
t2[1/n,1]

��(tn)1/2(Ebn(1�t)c+1:n + log t)� t�1/2Bn(t)
�� = Op(1),

which implies that for a sequence of Wiener processes W
1

,W
2

, ...,

max
i2{1,...,n}

��i1/2(En�i+1:n + log
i

n
)� (i/n)�1/2Wn(i/n)

�� = Op(1). (3.10.2)

Note also that by (3.3.5) and (3.3.4),

max
i2{1,...,n}

i1/2
��#i,n � log

n

i

��(log
2

n)�1/2

=O((log
2

n)�1/2) + max
i2{2,...,n}

i1/2 log
⇣
1 +

1

i� 1

⌘
(log

2

n)�1/2 ! 0. (3.10.3)

Combining (3.10.2) and (3.10.3), we see that it is su�cient to show

(2 log
2

n)�1/2 max
i2{1,...,n}

��(n/i)1/2Wn(i/n)
�� p! 1. (3.10.4)

Since n1/2Wn(i/n)
d
= Wn(i),

(n/i)1/2Wn(i/n)
d
= i�1/2

iX

j=1

(Wn(j)�Wn(j � 1)) .
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Therefore, by Theorem 1 of Darling and Erdős (1956), for every real x,

P
⇣

max
i2{1,...,n}

(n/i)1/2Wn(i/n)

(2 log
2

n)1/2
 1 +

x+ 1
2 log3 n� 1

2 log 4⇡

2 log
2

n

⌘
! e�e

�x

,

which implies (2 log
2

n)�1/2maxi2{1,...,n}(n/i)
1/2Wn(i/n)

p! 1. Since Wn
d
= �Wn,

(3.10.4) follows, and the proof is complete.

Lemma 3.10.2.

k�1

kX

i=1

#i,k = 1, k�1

kX

i=1

#2i,k = 2� k�1#
1,k (3.10.5)

and

k�1

kX

i=1

#3i,k = 6� 3k�1#
1,k � k�1

kX

j=1

�
j�1#

1,j

�
� k�1#2

1,k. (3.10.6)

Proof. Using the definitions and properties in Section 3.3:

k�1

kX

i=1

#i,k = k�1

kX

i=1

kX

l=i

l�1 = k�1

kX

l=1

1;

k�1

kX

i=1

#2i,k = k�1

kX

i=1

kX

l=i

kX

j=i

(jl)�1 = k�1

kX

l=1

kX

j=1

(jl)�1min(j, l)

= k�1

kX

l=1

⇣
1 +

kX

j=l+1

j�1

⌘
= 1 + k�1

kX

l=1

(#l,k � 1/l).

which proves (3.10.5). To prove (3.10.6), we start with

k�1

kX

i=1

#3i,k = k�1

kX

i=1

kX

l=i

kX

m=i

kX

j=i

(lmj)�1 = k�1

kX

l=1

kX

m=1

kX

j=1

(lmj)�1min(l,m, j).

Working this out with similar methods as above (we omit the details) gives (3.10.6).

Lemma 3.10.3. (a) If (kn) satisfies (3.3.6), then uniformly for i = 1, ..., kn,

⌧i,n(s) = 1 + (s� 1)#�1

i+1,n(1�
1

2

i�1#
1,i) + (s� 1)O(#�2

i+1,n). (3.10.7)

and

d⌧i,n(s)/ds = #�1

i+1,n(1�
1

2

i�1#
1,i) +O(#�2

i+1,n). (3.10.8)
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(b) If (kn) satisfies (3.4.4), then uniformly for i = 2, ..., kn,

i�1/2
i�1X

j=1

hr

✓
⌧j,n(s)

⌧i,n(s)

◆
! 0. (3.10.9)

Proof. By Taylor’s theorem applied to hs, using (3.3.6),

⌧i,n(s) = #i+1,n
1

i

iX

j=1

hs(#j,n/#i+1,n)

=
1

i

iX

j=1

#j,i + (s� 1)1
2

#�1

i+1,n

1

i

iX

j=1

#2j,i + (s� 1)O(#�2

i+1,n)
1

i

iX

j=1

#3j,i,

so (3.10.7) follows using Lemma 3.10.2 and (3.3.6). Similarly,

d⌧i,n(s)

ds
= #i+1,n

1

i

iX

j=1

#
j,n

/#
i+1,nZ

l=1

ls(log l)dl = 1

2

#�1

i+1,n

1

i

iX

j=1

#2j,i +O(#�2

i+1,n)
1

i

iX

j=1

#3j,i,

and (3.10.8) follows as above. For (b), note that (3.4.4) implies (3.3.6), and also

max
i=1,...,k

n

i1/2#�2

i+1,n ! 0. (3.10.10)

Therefore, by Taylor’s theorem and (3.10.7), the left-hand side of (3.10.9) is expanded

uniformly for i = 2, ..., kn as

(1 + o(1))i�1/2
i�1X

j=1

�
⌧j,n(s)� ⌧i,n(s)

�
+O(i�1/2)

i�1X

j=1

�
⌧j,n(s)� ⌧i,n(s)

�
2

.

Furthermore, by (3.10.7),

⌧j,n(s)� ⌧i,n(s) = (s� 1)#�1

j+1,n(1� 1
2j

�1#
1,j) + (s� 1)O(#�2

j+1,n)

� (s� 1)#�1

i+1,n(1� 1
2 i

�1#
1,i)� (s� 1)O(#�2

i+1,n)

= (s� 1)
�
#�1

j+1,n � #�1

i+1,n

�
+ (s� 1)O(#�2

i+1,n)

� 1
2(s� 1)

�
#�1

j+1,nj
�1#

1,j � #�1

i+1,ni
�1#

1,i

�
. (3.10.11)
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Therefore, ⌧j,n(s)� ⌧i,n(s) = O(#�1

i+1,n), so using (3.10.10), uniformly for i = 2, ..., kn,

i�1/2
i�1X

j=1

�
⌧j,n(s)� ⌧i,n(s)

�
2

= O(#�2

i+1,n)i
1/2 ! 0. (3.10.12)

For j  i, 0 � #�1

j+1,n � #�1

i+1,n � #�2

i+1,n(#i+1,n � #j+1,n), so using Lemma 3.10.2 and

(3.10.10), uniformly for i = 2, ..., kn,

0 � i�1/2
i�1X

j=1

(#�1

j+1,n � #�1

i+1,n) � �i�1/2#�2

i+1,n(i� 1) ! 0. (3.10.13)

Write #�1

j+1,nj
�1#

1,j�#�1

i+1,ni
�1#

1,i = (#�1

j+1,n�#
�1

i+1,n)j
�1#

1,j + #�1

i+1,n(j
�1#

1,j�i�1#
1,i).

Since #�1

j+1,n�#
�1

i+1,n  (#�1

j+1,n�#
�1

i+1,n)j
�1#

1,j  0 and 0  j�1#
1,j� i�1#

1,i  j�1#
1,i

for all j  i, we obtain, using (3.10.13):

���i�1/2
i�1X

j=1

(#�1

j+1,nj
�1#

1,j � #�1

i+1,ni
�1#

1,i)
���  o(1) + i�1/2#�1

i+1,n#
2

1,i ! 0 (3.10.14)

uniformly for i = 2, ..., kn. Now (3.10.9) follows by combining (3.10.12), (3.10.11),

(3.10.13), (3.10.10) and (3.10.14).

Lemma 3.10.4. Let E
1

, ..., En be a random sample from the standard exponential dis-

tribution. With ⇠j,n and "j,i,n defined by (3.9.1) in 3.9.1, let for all real s,

Ii,n(s) := #i+1,ni
�1

iX

j=1

⇣ #j,n
#i+1,n

⌘s
hs(1 + "j,i,n). (3.10.15)

If (kn) satisfies (3.3.6), then for ⇣i,n defined by (3.3.9) and (3.3.3),

max
i=1,...,k

n

i1/2
��Ii,n(s)� ⇣i,n

�� p! 0 (3.10.16)

and for all real s and t,

max
i=1,...,k

n

��i1/2 1
t

⇣
Ii,n(s+ t)� Ii,n(s)

⌘�� p! 0 (3.10.17)

with for t = 0, 1

t (Ii,n(s+ t)� Ii,n(s)) = dIi,n(s)/ds.
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Proof. As in the proof of Theorem 3.3.1, ⇠j,n and "j,i,n satisfy (3.9.2)-(3.9.2) in 3.9.1.

As a consequence,

"j,i,n =
1 + (j#j+1,n)�1/2op(1)

1 + (i#i+1,n)�1/2op(1)
� 1,

so

max
i=1,...,k

n

max
j=1,...,i

��"j,i,n
��(j#j+1,n)

1/2 p! 0. (3.10.18)

Therefore, applying Taylor’s theorem to hs, using (3.3.6), for some M > 0,

max
i=1,...,k

n

i1/2
��Ii,n(s)� #i+1,ni

�1

iX

j=1

⇣ #j,n
#i+1,n

⌘s
"j,i,n

��

 max
i=1,...,k

n

M#i+1,ni
�1/2

iX

j=1

⇣ #j,n
#i+1,n

⌘s
"2j,i,n

= op(1) max
i=1,...,k

n

#i+1,ni
�1/2

iX

j=1

⇣ #j,n
#i+1,n

⌘s
j�1#�1

j+1,n

= op(1) max
i=1,...,k

n

i�1/2
iX

j=1

j�1

⇣ #j,n
#i+1,n

⌘s�1

= op(1) max
i=1,...,k

n

i�1/2#
1,i

p! 0. (3.10.19)

Using (3.3.3),

"j,i,n =
#i+1,n

#j,n

✓
En�j+1:n

En�i:n
� #j,n
#i+1,n

◆
=
#i+1,n

#j,n

✓Pi
l=j l

�1Ēl,n

En�i:n
� #j,i
#i+1,n

◆

= ⇠�1

i+1:n

#i+1,n

#j,n

✓Pi
l=j l

�1Ēl,n

#i+1,n
� #j,i
#i+1,n

⇠i+1:n

◆

= ⇠�1

i+1:n

#i+1,n

#j,n

✓Pi
l=j l

�1(Ēl,n � 1)

#i+1,n
+ (1� ⇠i+1:n)

#j,i
#i+1,n

◆
. (3.10.20)

Therefore, using (3.10.19) and (3.9.5), uniformly in i 2 {1, ..., kn},

i1/2Ii,n(s) = op(1) + ⇠�1

i+1:ni
�1/2

iX

j=1

⇣ #j,n
#i+1,n

⌘s�1

✓ iX

l=j

l�1(Ēl,n � 1) + #j,i(1� ⇠i+1:n)

◆

= op(1) + (1 + (i#i+1,n)
�1/2op(1))

�
J (1)

i,n + J (2)

i,n

�
(3.10.21)
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with

J (1)

i,n : = i�1/2
iX

j=1

⇣ #j,n
#i+1,n

⌘s�1

iX

l=j

l�1(Ēl,n � 1)

J (2)

i,n : = (1� ⇠i+1:n)i
�1/2

iX

j=1

⇣ #j,n
#i+1,n

⌘s�1

#j,i.

By (3.9.2), (3.3.6) and Lemma 3.10.2(a), noting that 1 < #j,n/#i+1,n  #
1,n/#k

n

+1,n

and #j,i > 0 for all i 2 {1, ..., kn} and j 2 {1, ..., i},

max
i=1,...,k

n

��J (2)

i,n

�� = max
i=1,...,k

n

���op(#�1/2
i+1,n)i

�1

iX

j=1

#j,i
��� = op(#

�1/2
k
n

+1,n)
p! 0. (3.10.22)

Reversing the order of summation,

J (1)

i,n = i�1/2
iX

l=1

⇣#l+1,n

#i+1,n

⌘s�1

al,n(Ēl,n � 1) (3.10.23)

with

al,n := l�1

lX

j=1

⇣ #j,n
#l+1,n

⌘s�1

= 1 + (s� 1)
⇣
#�1

l+1,nl
�1

lX

j=1

#j,l +O(#�2

l+1,n)l
�1

lX

j=1

#2j,l

⌘

= 1 + (s� 1)(#�1

l+1,n +O(#�2

l+1,n)) (3.10.24)

by Taylor’s theorem and (3.3.6). We will now prove that

max
i=1,...,k

n

��i�1/2
iX

l=1

⇣⇣#l+1,n

#i+1,n

⌘s�1

al,n � 1
⌘
(Ēl,n � 1)

�� p! 0. (3.10.25)

This is trivial if s = 1. Else, by the mean value theorem, there exist t
2,n, ..., ti+1,n

satisfying that #i+1,n  tj,n  #j,n for j = 2, ..., i+ 1 and such that

#s�1

l+1,n � #s�1

i+1,n = (s� 1)ts�2

l+1,n#l+1,i = (s� 1)ts�2

l+1,n#l,i � (s� 1)ts�2

l+1,nl
�1.
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Therefore,

i�1/2
iX

l=1

⇣⇣#l+1,n

#i+1,n

⌘s�1

al,n � 1
⌘
(Ēl,n � 1) = L

(1)

i,n + (s� 1)
�
L

(3)

i,n � L
(2)

i,n

�
(3.10.26)

with (changing the order of summation to derive the last line)

L
(1)

i,n := i�1/2
iX

l=1

(al,n � 1)(Ēl,n � 1),

L
(2)

i,n := #1�s
i+1,ni

�1/2
iX

l=1

ts�2

l+1,nl
�1al,n(Ēl,n � 1),

L
(3)

i,n := #1�s
i+1,ni

�1/2
iX

l=1

ts�2

l+1,n#l,ial,n(Ēl,n � 1)

= #1�s
i+1,ni

�1/2
iX

j=1

j�1

jX

l=1

ts�2

l+1,nal,n(Ēl,n � 1).

By the Hájek-Rényi inequality (Hájek and Rényi, 1955), using (3.10.24) and (3.3.6),

P
�

max
i=1,...,k

n

��L(1)

i,n

�� > "
�
 "�2

k
nX

l=1

l�1(1� al,n)
2  "�2#

1,k
n

#�2

k
n

+1,n ! 0 (3.10.27)

for every " > 0. Also by the Hájek-Rényi inequality, (3.3.6) and (3.10.24), for every

" > 0,

P
⇣

max
i=1,...,k

n

��L(2)

i,n

�� > "
⌘
 P

⇣
max

i=1,...,k
n

��L(2)

i,n

�� #i+1,n

#k
n

+1,n
> "
⌘

 "�2#�2

k
n

+1,n

k
nX

l=1

⇣ tl+1,n

#l+1,n

⌘
(s�2)2

l�2a2l,n ! 0. (3.10.28)

Let zj,n := #�1

k
n

+1,nj
�1/2t2�s

j+1,n

Pj
l=1

ts�2

l+1,nal,n(Ēl,n � 1). For every " > 0,

P
�

max
j=1,...,k

n

��zj,n
�� > "

�
 "�2#

1,k
n

#�2

k
n

+1,na
2

l,n ! 0,

again by the Hájek-Rényi inequality and using (3.3.6) and (3.10.24).
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Hence, as L
(3)

i,n = #k
n

+1,n#
1�s
i+1,ni

�1/2
Pi

j=1

j1/2ts�2

j+1,nzj,n, we obtain, using (3.3.6),

max
i=1,...,k

n

��L(3)

i,n

�� = #k
n

+1,n max
i=1,...,k

n

��#1�s
i+1,ni

�1/2
iX

j=1

j1/2ts�2

j+1,nzj,n
��

 max
i=1,...,k

n

#k
n

+1,n

#i+1,n

✓
max

i,j=1,...,k
n

⇣ tj+1,n

#i+1,n

⌘s�2

◆ iX

j=1

(ij)�1/2 max
i=1,...,k

n

��zi,n
�� p! 0. (3.10.29)

since
Pi

j=1

(ij)�1/2 is uniformly bounded for every integer i.

Combining (3.10.26) with (3.10.27), (3.10.28) and (3.10.29) gives (3.10.25), and com-

bining the latter with (3.10.23), (3.10.22) and (3.10.21), we obtain

max
i=1,...,k

n

i1/2
��Ii,n(s)� ⇣i,n

��  op(1) + op(1) max
i=1,...,k

n

��⇣i,n
�� p! 0,

as by the Hájek-Rényi inequality, P(maxi=1,...,k
n

��⇣i,n
�� > z)  2z�2 for all z > 0.

For t 6= 0, this also implies (3.9.9), so we only need to prove (3.9.9) for t = 0. Write

i1/2
dIi,n(s)

ds
= K(1)

i,n +K(2)

i,n (3.10.30)

with

K(1)

i,n (s) : = #i+1,ni
�1/2

iX

j=1

⇣ #j,n
#i+1,n

⌘s
log
⇣ #j,n
#i+1,n

⌘
hs(1 + "j,i,n)

K(2)

i,n (s) : = #i+1,ni
�1/2

iX

j=1

⇣ #j,n
#i+1,n

⌘s d

ds
hs(1 + "j,i,n).

By (3.10.18) and (3.3.6), uniformly for i = 1, ..., kn,

��K(1)

i,n (s)
��  op(1)#i+1,ni

�1/2
iX

j=1

⇣ #j,n
#i+1,n

⌘s⇣ #j,n
#i+1,n

� 1
⌘
(j#j+1,n)

�1/2

 op(1)#
�1/2
i+1,ni

�1/2
iX

j=1

#j,ij
�1/2 = op(1)#

�1/2
i+1,ni

�1/2
iX

j=1

j�1/2
iX

l=j

l�1

= op(1)#
�1/2
i+1,ni

�1/2
iX

l=1

(il)�1/2
lX

j=1

(lj)�1. (3.10.31)
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To bound K(2)

i,n (s), note that by (3.10.18), using Taylor’s theorem,

d

ds
hs(1 + "j,i,n) =

Z
1+"

j,i,n

l=1

(log l)ls�1dl = Op(
��"j,i,n

��2) = op((j#j+1,n)
�1)

uniformly in j = 1, ..., i. Therefore, using (3.3.6), uniformly for i = 1, ..., kn,

��K(2)

i,n (s)
��  op(1)i

�1/2
iX

j=1

j�1 = op(1)i
�1/2#

1,i,

and with (3.10.30) and (3.10.31), we obtain

max
i=1,...,k

n

��i1/2dIi,n(s)/ds
��  max

i=1,...,k
n

��K(1)

i,n (s)
��+ max

i=1,...,k
n

��K(2)

i,n (s)
�� p! 0, (3.10.32)

proving (3.10.17) for t = 0.
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Chapter 4

Approximation and estimation of

very small probabilities of

multivariate extreme events

[This chapter was published online in Extremes, doi: 10.1007/s10687-016-0252-6]

Abstract. This article discusses modelling of the tail of a multivariate distribution

function by means of a large deviation principle (LDP), and its application to the

estimation of the probability pn of a multivariate extreme event from a sample of

n iid random vectors, with pn 2 [n�⌧2 , n�⌧1 ] for some ⌧
1

> 1 and ⌧
2

> ⌧
1

. One

way to view the classical tail limits is as limits of probability ratios. In contrast,

the tail LDP provides asymptotic bounds or limits for log-probability ratios. After

standardising the marginals to standard exponential, tail dependence is represented

by a homogeneous rate function I. Furthermore, the tail LDP can be extended to

represent both dependence and marginals, the latter implying marginal log-Generalised

Weibull tail limits. A connection is established between the tail LDP and residual

tail dependence (or hidden regular variation) and a recent extension of it. Under a

smoothness assumption, they are implied by the tail LDP. Based on the tail LDP,

a simple estimator for very small probabilities of extreme events is formulated. It

avoids estimation of I by making use of its homogeneity. Strong consistency in the

sense of convergence of log-probability ratios is proven. Simulations and an application

illustrate the di↵erence between the classical approach and the LDP-based approach.

81
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4.1 Introduction

In this article, we will consider estimation of very small probabilities pn of multivariate

extreme events from a sample of size n, with

pn 2 [n�⌧2 , n�⌧1 ] with ⌧
2

> ⌧
1

> 1, (4.1.1)

motivated by applications requiring quantile estimates for pn ⌧ 1/n in e.g. flood

protection and more generally, natural hazard assessment, and in operational risk

assessment for financial institutions. Multivariate events with such low probabilities are

also relevant to these fields of application. Examples are breaching of a flood protection

consisting of multiple sections di↵ering in exposure, design and maintenance along a

shoreline or river bank (Steenbergen et al (2004)), damage to an o↵shore structure

caused by the combined e↵ects of multiple environmental loads like water level, wave

height, etc. (ISO (2005)), and operational losses su↵ered by banks in di↵erent business

lines and due to various types of events (Embrechts & Puccetti (2007)).

Most work on estimation of probabilities of extreme events is based on the regularity

assumption that the distribution function F is in the domain of attraction of some

extreme value distribution function (de Haan & Ferreira (2006); Resnick (1987)). In

the univariate case, this is equivalent to the generalised Pareto (GP) tail limit

lim
t!1

t(1� F (xw(t) + U(t))) = 1/h�1

� (x), x 2 h�((0,1)) (4.1.2)

for some positive function w, with U(t) := F�1(1� 1/t) and for � > 0,

h�(�) :=

8
<

:
(�� � 1)/� if � 6= 0

log � if � = 0
(4.1.3)

for some � 2 R, the extreme value index. In the multivariate case, with F the dis-

tribution function of a random vector X = (X
1

, .., Xm) with continuous marginals

F
1

, .., Fm, it implies that each marginal satisfies the GP tail limit (4.1.2) and that

V := (V
1

, .., Vm), the random vector with standard Pareto marginals with

Vj := (1� Fj(Xj))
�1 (4.1.4)

for i = 1, ..,m, satisfies

lim
t!1

tP (V 2 tA) = ⌫(A) (4.1.5)
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for every Borel set A ⇢ [0,1)m such that infx2Amax(x
1

, .., xm) > 0 and ⌫(@A) = 0,

with ⌫ a measure satisfying ⌫(Aa) = a�1⌫(A) for all these A and all a > 0. Based

on the GP tail limit and the properties of the exponent measure ⌫, estimators for

probabilities have been formulated; e.g. Smith et al (1990), Coles & Tawn (1991,

1994), Joe et al (1992), Bruun & Tawn (1998), de Haan & Sinha (1999), Drees & de

Haan (2013).

If the maxima of some components of X under consideration are asymptotically in-

dependent, these estimators may produce invalid results. To alleviate this problem,

residual tail dependence (RTD), also known as hidden regular variation, was introduced

as an additional regularity assumption on the tail of the multivariate survival function

F c, defined by F c(x) = P (Xi > xi, i = 1, ..,m); e.g. Ledford & Tawn (1996, 1997,

1998), Peng (1999), Resnick (2002), Draisma et al. (2004) and He↵ernan & Resnick

(2005). This model was recently extended in Wadsworth & Tawn (2013). Another

approach, based on conditional limits, was proposed in He↵ernan & Tawn (2004) and

He↵ernan & Resnick (2007).

The first-order tail regularity conditions (4.1.2) and (4.1.5) can be seen as limiting

relations for probability ratios. As such, they only allow estimation of probabilities pn

vanishing slowly enough, that is,

pn � �kn/n (4.1.6)

for some � > 0 and some intermediate sequence1 (kn); therefore, npn ! 1 as n ! 1.

For an iid sample, the empirical probability p̂n is an unbiased estimator for such

pn, satisfying that p̂n/pn
p! 1 (from the binomial distribution of np̂n). Therefore,

estimators for these pn which make use of tail regularity can at best achieve a reduction

in variance when compared to p̂n. To allow tail extrapolation to be carried further

to more rapidly vanishing pn, additional assumptions beyond (4.1.2) and (4.1.5) are

introduced. Initially, e.g. in Smith et al (1990), Coles & Tawn (1991, 1994) and

Joe et al (1992), the tail is assumed to follow the limiting distribution exactly above

some thresholds, so likelihood methods can be employed. Later, e.g. in de Haan &

Sinha (1999), Peng (1999), Drees & de Haan (2013), Draisma et al. (2004) and de

Haan & Ferreira (2006), convergence to the limiting distribution and its e↵ect on bias

in estimates is explicitly considered. For the marginals, additional assumptions on

convergence to the limit (4.1.2) in these articles are identical to or stronger than those

1An intermediate sequence (kn) satisfies that kn ! 1 and kn/n ! 0 as n ! 1.
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invoked for univariate quantile estimation2. However, the latter appear to be restrictive

when � = 0, regardless of the precise nature of the assumption; see de Valk (2016a),

Proposition 1. For example, they exclude the normal and the lognormal distribution,

but also for all ↵ 2 (0,1) \ {1} the distribution functions of Y ↵ with Y exponentially

distributed, and of exp((log V )↵) with V Pareto distributed.

To overcome these limitations, we will consider a di↵erent approach in this paper.

Rather than imposing additional assumptions on convergence beyond the first-order

limits (4.1.2) and (4.1.5), we will attempt to replace them by di↵erent types of first-

order limits more suitable for the probability range (4.1.1). Let (kn) be an intermediate

sequence satisfying kn  nc for some c 2 (0, 1). Then (pn) satisfying (4.1.1) does not

satisfy (4.1.6), but

⌧
1

 log pn
log(kn/n)

 ⌧
2

/(1� c) < 1. (4.1.7)

This suggests that replacing the classical limits of probability ratios by limits of log-

probability ratios could provide a framework for constructing estimators for probabil-

ities of extreme events in the range (4.1.1).

In the next section, we address the limiting behaviour of log-probability ratios in

the univariate case as introduction to the multivariate case. We will find that this

behaviour is described by a large deviation principle (LDP) (see e.g. Dembo & Zeitouni

(1998)). It is generalised to the multivariate setting in Section 4.3. In Section 4.4, we

establish a connection between this LDP and residual tail dependence and related

assumptions. Section 4.5 returns to the basic LDP and applies it to formulate a

simple estimator for probabilities of extreme events in the range (4.1.1) and to prove

its consistency. In Section 4.6, this estimator is compared to its classical analogues in

simulations, and an application of the LDP-based estimator is presented as illustration.

Section 4.7 closes with a discussion of the results and of outstanding issues. Readers

primarily interested in tail dependence could scan Section 2 for the approach and

background, read the first part of Section 3 until eq. (4.3.12), and then continue with

Sections 4-7. Lemmas can be found in Section 4.8.

The following notation is adopted: Id denotes the identity. The interior of a set S is

denoted by So and its closure by S̄. The image of a set S under a function f is written

as f(S). The infimum of an (extended) real function f over S is written as inf f(S);

by convention, inf{;} := 1. To avoid tedious repetition, expressions of the form

2Common assumptions are strong second-order extended regular variation as in e.g. Theo-
rem 4.3.1(1) of de Haan & Ferreira (2006) or the Hall class (Hall (1982)).
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a  lim infy!1 f(y)  lim supy!1 f(y)  b are abbreviated to a  lim infy!1 f(y) 
lim supy!1 ...  b.

4.2 Introducing the tail LDP: the univariate case

We begin by examining the univariate case in order to become acquainted with a

particular type of large deviation principle (LDP) as a model of the tail of a distribution

function.

Let X be a real-valued random variable and let {by, y > 0} be a family of real functions

such that for D ⇢ [0,1), by(D) becomes more extreme in some sense when y is

increased. In line with the classical limits (e.g. (4.1.2)), we could consider an a�ne

function for by, i.e., by(x) = r(y) + g(y)x, with r some nondecreasing function and

g some measurable positive function. Instead, for a reason to be explained later, we

assume that F (0) < 1 and consider

by(x) = r(y)eg(y)x (4.2.1)

with g and r as above and r(1) > 0. We examine the limiting behaviour of

1

y
logP (X 2 by(D)) (4.2.2)

as y ! 1. Substituting yn = � log(kn/n) for y, this determines the behaviour of the

log-probability ratio in (4.1.7) with pn = P (X 2 by
n

(D)) as n ! 1.

Generally speaking, normalised logarithms of probabilities like (4.2.2) do not need to

satisfy limits, so we only assume that3

J(Do)  lim inf
y!1

1

y
logP (X 2 by(D))  lim sup

y!1
...  J(D̄) (4.2.3)

for (at least) D = (x,1) for all x � 0, with J some monotonic set function taking

values in [0,1]. Noting that '(x) := �J((x,1)) is nondecreasing in x, we have at

every continuity point x of ' in (0,1),

lim
y!1

1

y
log(1� F (eg(y)xr(y))) = �'(x). (4.2.4)

3See the end of Section 4.1 for the notation employed here.
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Let q be the left-continuous inverse of � log(1� F ), so

q := F�1(1� e�Id) = U � exp . (4.2.5)

Assume that ' is not constant. By Lemma 1.1.1 of de Haan & Ferreira (2006), (4.2.4)

implies limy!1(log q(y�) � log r(y))/g(y) = '�1(�) at every continuity point of the

left-continuous inverse '�1 of ' in ('(0),'(1)). Therefore (cf. the proof of Theorem

1.1.3 in de Haan & Ferreira (2006)), we may take r = q and choose g measurable and

such that '�1(�) = h✓(�) for some real ✓ (see (4.1.3)). As a result,

lim
y!1

log q(y�)� log q(y)

g(y)
= h✓(�), � > 0, (4.2.6)

and from (4.2.4),

lim
y!1

1

y
log(1� F (eg(y)xq(y))) = �h�1

✓ (x), x 2 h✓((0,1)). (4.2.7)

Eq. (4.2.6) states that log q is extended regularly varying with index ✓. By (4.2.6),

limy!1 g(y�)/g(y) = �✓ for all � > 0, so g 2 RV✓ (g is regularly varying with index

✓); see Appendix B of de Haan & Ferreira (2006). Now (4.2.3) can be fully specified:

Proposition 4.2.1. (a) Suppose that asymptotic bounds (4.2.3) with (4.2.1) apply to

all D of the form D = (x,1) with x � 0, with J monotonic and x 7! J((x,1))

non-constant. Then g in (4.2.1) can be chosen such that (4.2.3) holds with r = q and

J = � inf h�1

✓ (Id) for some ✓ 2 R for every Borel set D ⇢ [0,1), i.e., for every Borel

set D ⇢ [0,1),

� inf h�1

✓ (Do)  lim inf
y!1

1

y
logP

✓
logX � log q(y)

g(y)
2 D

◆

 lim sup
y!1

...  � inf h�1

✓ (D̄); (4.2.8)

(b) Eq. (4.2.8) is equivalent to (4.2.6), which is equivalent to (4.2.7).

Proof. We have proven that (4.2.3) forD = (x,1) implies the equivalent limit relations

(4.2.6) and (4.2.7), so it remains to be shown that (4.2.7) implies (4.2.8) for every Borel

set D ⇢ [0,1). The lower bound holds if Do is empty. Else, with ↵ := inf h�1

✓ (Do) � 0

and � > 0 such that (h✓(↵), h✓(↵ + �)] ⇢ Do and for every " 2 (0, �/2), P ((logX �
log q(y))/g(y) 2 Do) � F (eg(y)h✓

(↵+�)q(y))� F (eg(y)h✓

(↵)q(y)) � e�y(↵+") � e�y(↵+��")
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� e�y(↵+")(0 _ 1 � e�y(��2")), provided that y is large enough, as a consequence of

(4.2.7). As � > 0 is arbitrary, this implies the lower bound in (4.2.8). The proof of the

upper bound is similar and is therefore omitted.

The pair of equivalent limit relations (4.2.6) and (4.2.7) was named the log-Generalised

Weibull (log-GW) tail limit in de Valk (2016a), where it was proposed as a model for

estimating high quantiles for probabilities in the range (4.1.1), as an alternative to the

more familiar GP tail limit. If ✓ = 0 and g(y) ! g1 > 0 as y ! 1, it reduces to the

Weibull tail limit; see e.g. Broniatowski (1993) and Klüppelberg (1991).

The log-GW tail limit looks deceptively similar to a GP tail limit, but it is a very

di↵erent object, primarily due to the logarithm in (4.2.7) (or equivalently, due to the

exponent in (4.2.5)). Its domain of attraction covers a wide range of tail weights: a

class of light tails having finite endpoints, tails with Weibull limits (such as the normal

distribution), all tails with classical Pareto tail limits and, more generally, with log-

Weibull tail limits. For the latter, F � exp satisfies a Weibull tail limit; an example is

the lognormal distribution. For estimation of high quantiles with probabilities (4.1.1)

of distribution functions within the domain of attraction of the GP limit with � = 0,

the log-GW tail limit o↵ers a continuum of limits instead of just one; as a consequence,

it is much more widely applicable (see de Valk (2016a)). Readers more comfortable

with classical tail limits may consider focusing on tails with a Pareto tail limit (� > 0),

which have a log-GW limit with ✓ = 1 (so h✓(�) = � � 1) and g(y) = �y. This may

make reading of the rest of the article easier.

An expression of the form (4.2.8) is an example of a large deviation principle4 (LDP);

see Section 1.2 of Dembo & Zeitouni (1998) for a general background. The rate function

of the LDP (4.2.8) is h�1

✓ . The bounds provided by an LDP are crude; for example,

they are una↵ected by multiplying the probability in (4.2.8) by a positive number.

One could see this as the price to be paid for approximating probabilities over a very

wide range. More precise bounds may exist, but such cases should be regarded as the

exception rather than the rule. Observe also that the bounds do not involve integration

and in fact, most of D does not even matter to the values of the bounds. The LDP

(4.2.8) reduces to a limit only if D satisfies inf h�1

✓ (Do) = inf h�1

✓ (D̄); such a D is

called a continuity set of the rate function.

4An LDP on a topological space T is an expression of the form (4.2.8) with
P ((logX � log q(y))/g(y) 2 D) generalised to µy(D), with {µy, y > 0} some family of

probability measures on the Borel �-algebra, and h�1
✓ generalised to some rate function (=

lower semicontinuous function) I; the expression is supposed to hold for every Borel set D in
T .
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Had we considered events of the form by(x) = r(y) + g(y)x instead of (4.2.1), then

in the same way as above, we would have arrived at a di↵erent tail limit, the GW

limit defined by replacing log q by q in (4.2.6) (see de Valk (2016a)). Its domain of

attraction covers a much more limited range of tail weights. Furthermore, if F (0) < 1,

then the GW limit implies a log-GW limit (cf. the proof of Lemma 3.5.1 in de Haan

& Ferreira (2006)). Therefore, to ensure that the results of this article are su�ciently

widely applicable, we focus on the log-GW limit.

The events considered in (4.2.8) with D ⇢ [0,1) imply that X is in the interval5

[q(y),1) for q(y) > 0. In a multivariate setting, it would be desirable to extend this

interval to R, since a multivariate event could be extreme in one variable, but not in

some other variable. This can be accomplished using a trick: define an approximation

q̃y of q (see (4.2.5)) for y 2 q�1((0,1)) by

q̃y(z) :=

8
<

:
q(z) if z  y

q(y)eg(y)h✓

(z/y) if z > y,
(4.2.9)

so for z > y, q̃y(z) is the log-GW tail approximation; for z  y, it is exact.

A random variable Y with the standard exponential distribution satisfies

� inf Ao  lim inf
y!1

1

y
logP (Y 2 Ay)  lim sup

y!1
...  � inf Ā (4.2.10)

for every Borel set A ⇢ [0,1), which can be proven in a similar manner as Proposition

4.2.1. If F is continuous, then Y = � log(1 � F (X)) has the standard exponential

distribution and q is increasing, so we can substitute P (X 2 q(Ay)) for P (Y 2 Ay) in

(4.2.10). Under the assumptions of Proposition 4.2.1, we can substitute P (X 2 q̃y(Ay))

for P (Y 2 Ay) in (4.2.10) as well, extending (4.2.8) to

� inf Ao  lim inf
y!1

1

y
logP (X 2 q̃y(Ay))  lim sup

y!1
...  � inf Ā (4.2.11)

for every Borel set A ⇢ [0,1):

Proposition 4.2.2. If F is continuous, then (4.2.8), (4.2.6) and (4.2.7) are all equivalent

to (4.2.11).

5Depending on ✓, we can extend this somewhat to [q(y)e�cg(y),1) for some c > 0; see
(4.2.7).
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Proof. Equivalence of (4.2.6), (4.2.7) and (4.2.8) follows from Proposition 4.2.1(b). If

Ao \ (�1, 1) is nonempty, then P (X 2 q̃y(Ay)) � P (Y 2 (Ao \ (�1, 1))y) and the

lower bound in (4.2.11) follows from (4.2.10). If not, then by (4.2.9), P (X 2 q̃y(Ay)) �
P (X 2 q̃y(Aoy)) = P ((logX � log q(y))/g(y) 2 h✓(Ao)) with h✓(Ao) ⇢ [0,1), so

Proposition 4.2.1 implies the lower bound in (4.2.11). The upper bound is proven

similarly. To show that (4.2.11) implies (4.2.7) for x 2 h✓((1,1)), take A = [�,1) for

� � 1; it can be extended to x 2 h✓((0,1)) by a standard argument.

When restricting A to [1,1), (4.2.11) is equivalent to (4.2.8) for D = h�1

✓ (A). With A

in [0,1), therefore, (4.2.11) provides the intended generalisation of (4.2.8). Note that

the log-GW index ✓ and auxiliary function g are now hidden in the approximation q̃y

in (4.2.9). However, they are as essential in (4.2.11) as they are in the more explicit

(4.2.8).

4.3 Bounds and limits for probabilities of mul-

tivariate tail events

For the univariate tail, we obtained the LDP (4.2.11) in a form which closely resembles

(4.2.10) for the standard exponential distribution. This suggests that for a multi-

variate generalisation, we examine first the case of a random vector Y := (Y
1

, .., Ym)

with distribution function having standard exponential marginals. A straightforward

multivariate generalisation of the LDP (4.2.10) would be

� inf I(Ao)  lim inf
y!1

1

y
logP (Y/y 2 A)  lim sup

y!1
...  � inf I(Ā) (4.3.1)

for every Borel set A ⇢ [0,1)m, with I some rate function; we may regard (4.3.1) as

the analogue of the classical expression (4.1.5). Further on, we will prove that (4.3.1)

holds if

I(x) := � inf
">0

lim inf
y!1

1

y
logP (Y/y 2 B"(x)) = � inf

">0

lim sup
y!1

1

y
logP (Y/y 2 B"(x)),

(4.3.2)

with B"(x) := {x0 2 Rm :
��x � x0

��
1 < ✏} the open ball of radius " > 0 with centre

x 2 Rm. For now, we turn to the rate function I, defined by (4.3.2) as some kind of

limiting density, with the probability of an open ball replaced by its logarithm. Several

properties of I follow immediately from (4.3.2) and the exponential marginals of Y .
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For every " > 0 and x 2 Rm with xj = � > 0 for some j 2 {1, ..,m}, 1

y logP (Y/y 2
B"(x))  1

y logP (Yj/y > (�� ")) = "� �, so

I(x) � max
j2{1,..,m}

xj , x 2 Rm. (4.3.3)

This implies that I is a good rate function, meaning that I�1([0, a]) is compact for

every a 2 [0,1). Also, since B"(x�) = �B"/�(x),

I(x�) = �I(x), � > 0, x 2 Rm. (4.3.4)

Furthermore, I(0) = 0, since P (kY k1  y") � 1 � mP (Y
1

> "y) = 1 � me�"y in

(4.3.2), and I(x) = 1 whenever min(x
1

, .., xm) < 0.

Remark 4.3.1. By (4.3.4), I(x) = %(x)I(x/%(x)) for every x 2 Rm \ {0} and every

norm % on Rm. This gives for every norm a “spectral representation” of I, analogous

to the spectral measures in classical extreme value theory (e.g. de Haan & Ferreira

(2006), Section 6.1.4). For example, in the bivariate case, the rate function can be

represented on [0,1)2 \{0} by I(x) = (x
1

+x
2

) (x
2

/(x
1

+x
2

)) with  (t) := I(1� t, t)

for t 2 [0, 1], so by (4.3.3), it satisfies  (t) � max(t, 1 � t) for all t 2 [0, 1]. The

similarity of  to the dependence function A of Pickands (1981) may be misleading, as

a rate function defined by (4.3.2) and a distribution function are very di↵erent objects.

Besides satisfying A(t) � max(t, 1� t) for all t 2 [0, 1], Pickands’ function A is convex,

and A(1) = A(0) = 1. These latter conditions do not need to apply to  .

Example 4.1. Let X ⇠ N (0, V ) with V an m ⇥m positive-definite matrix with unit

diagonal; let W := V �1. Then

I(x) =
X

1i,jm

wji
p
xixj , x 2 [0,1)m.

In the bivariate case with v
12

= v
21

=: ⇢, I(x) = (x
1

+ x
2

� 2⇢
p
x
1

x
2

)/(1 � ⇢2), so

 (t) = (1�2⇢
p
t(1� t))/(1�⇢2). If ⇢ > 0, then I is convex and therefore,  is convex.

Figure 4.1 shows contour plots of I for ⇢ = 0.8 (left) and ⇢ = 0.2 (middle). On the

right, the function  is plotted for these two values of ⇢; for both,  (1) =  (0) > 1.

Remark 4.3.2. If limy!1 P (minj=1,..,m Yj > y)/P (Y
1

> y) > 0, then I(1 ) = 1 with

1 = (1, .., 1); the converse is not true. In the bivariate case, I(1 ) = 1 implies that

 ( 1
2) =

1
2 for  in Remark 4.3.1. It does not fix  (t) at other t 2 [0, 1]. For example,
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Figure 4.1: Left and middle: contours of the rate function I (drawn) and
function  (dotted; see Section 4.4) for the bivariate normal distribution with
standard marginals and ⇢ = 0.8 (left) and ⇢ = 0.2 (middle). Right: function

 (see text) for ⇢ = 0.8 (drawn) and ⇢ = 0.2 (dashed).

for the bivariate normal distribution with standard marginals (see Example 4.1) and

with ⇢ = 1,  (t) = 1 for all t 2 [0, 1]\{ 1
2}, but for a positive mixture of this distribution

function with a similar one with ⇢ = r < 1,  (t) = (1 � 2r
p
t(1� t))/(1 � r2) for all

t 2 [0, 1] \ { 1
2}.

Remark 4.3.3. If I is subadditive, then by (4.3.4), it is convex, and furthermore, by

(4.3.3), it is a norm. Again, this condition does not need to be satisfied in general.

Since P (Y
1

> y↵)  P (kY k1 > y↵)  mP (Y
1

> y↵),

lim
y!1

1

y
logP (kY k1 /y > ↵) = �↵, ↵ � 0, (4.3.5)

so the tail of the maximum of Y
1

, .., Ym satisfies the same limit relation as the tails

of each of Y
1

, .., Ym individually. This implies that the family of probability measures

corresponding to the random variables {Y/y, y > 0} is exponentially tight (Dembo &

Zeitouni (1998)): for every ↵ < 1, a compact E↵ ⇢ Rm exists such that

lim sup
y!1

1

y
logP (Y/y 2 Ec

↵) < �↵, (4.3.6)

which follows from (4.3.5) when taking E↵ = {x 2 Rm : kxk1  ↵+"} for some " > 0.

As a consequence,

Proposition 4.3.1. Let Y := (Y
1

, .., Ym) be a random vector with standard exponential

marginals. If it satisfies (4.3.2), then it satisfies (4.3.1) for all Borel A ⇢ [0,1)m with



Chapter 4. Very small probabilities of multivariate extreme events 92

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

2.5

Figure 4.2: Illustration of a continuity set of I (see main text)

good rate function I satisfying (4.3.4), I(0) = 0 and the marginal condition

inf
x2Rm

: x
j

>�
I(x) = �, � � 0, j = 1, ..,m. (4.3.7)

Proof. By Theorem 4.1.11 in Dembo & Zeitouni (1998), (4.3.2) implies the weak LDP,

i.e., the lower bound in (4.3.1) holds for all Borel A, and the upper bound of (4.3.1)

holds for all compact A. Because of exponential tightness (4.3.6), this implies the LDP

(4.3.1); see Lemma 1.2.18 in Dembo & Zeitouni (1998). Then (4.3.7) follows from

(4.3.1) and the exponential marginals of Y .

Remark 4.3.4. (4.3.3) is implied by (4.3.7).

For a continuity set A of I satisfying that inf I(Ā) = inf I(Ao), the bounds in (4.3.1)

reduce to a limit:

lim
y!1

1

y
logP (Y 2 Ay) = � inf I(A). (4.3.8)

A su�cient condition for a set A to be a continuity set of I is that I is continuous and

A ⇢ Ao. Homogeneity (4.3.4) of I allows us to relax this condition: without assuming

continuity of I, A is a continuity set if inf I(Ā) = I(x) for some x 2 Ao \ [�>0

(�Ao)

([�>0

(�Ao) is the smallest cone containing Ao). A bivariate example is sketched in

Figure 4.2. Let Ao be the grey set; if I attains its infimum over Ā on the part of its

boundary drawn as a fat line (excluding the points indicated by circles), then A is a

continuity set. In the remainder of this article, we will discuss continuity sets of rate

functions without considering the particular conditions which make them so.
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It is straightforward to extend Proposition 4.3.1 to a random vector X with a distribu-

tion function F having continuous marginals F
1

, .., Fm. As in (4.2.5), let for i = 1, ..,m,

qi := F�1

i (1� e�Id) (4.3.9)

and for every x 2 [0,1)m,

Q(x) := (q
1

(x
1

), .., qm(xm)). (4.3.10)

Let Y := (Y
1

, .., Ym) with for j = 1, ..,m,

Yj := � log(1� Fj(Xj)), (4.3.11)

so Y = Q�1(X). Because F
1

, .., Fm are continuous, Y has exponential marginals. Al-

most surely, X = Q(Y ) with Q defined by (4.3.10) and (4.3.9). Since Q is injective,

P (X 2 Q(yA)) = P (Y 2 yA), so (4.3.1) is equivalent to

� inf I(Ao)  lim inf
y!1

1

y
logP (X 2 Q(yA))  lim sup

y!1
...  � inf I(Ā). (4.3.12)

Having obtained a multivariate version of (4.2.10), we are now ready to generalise the

univariate tail LDP (4.2.8) and its extension (4.2.11) to the multivariate context. Con-

cerning the latter, one would expect its multivariate generalisation to be like (4.3.12),

with Q replaced by an approximation. Let F
1

, .., Fm satisfy log-GW tail limits with

scaling functions g
1

, .., gm and log-GW indices ✓
1

, .., ✓m, respectively. As in (4.2.9),

define marginal quantile approximations

q̃j,y(z) :=

8
<

:
qj(z) if z  y

qj(y)e
g
j

(y)h
✓

j

(z/y) if z > y
(4.3.13)

for y 2 \m
j=1

q�1

j ((0,1)), and let for all x = (x
1

, .., xm) 2 [0,1)m,

Q̃y(x) := (q̃
1,y(x1), .., q̃m,y(xm)). (4.3.14)

Theorem 4.3.1. Let the random vector X = (X
1

, .., Xm) have distribution function F

with continuous marginals F
1

, .., Fm having positive endpoints.
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(a) If Y defined by (4.3.11) satisfies (4.3.2) and the marginals satisfy log-GW tail limits

(4.2.6) with q = qj , g = gj and ✓ = ✓j for j = 1, ..,m, then X satisfies

� inf I(Ao)  lim inf
y!1

1

y
logP (X 2 Q̃y(yA))  lim sup

y!1
...  � inf I(Ā) (4.3.15)

for every Borel set A ⇢ [0,1)m, with Q̃y given by (4.3.13) and (4.3.14), and I a good

rate function satisfying (4.3.4), (4.3.7) and I(0) = 0.

(b) If X satisfies (4.3.15) for every Borel set A ⇢ [0,1)m with Q̃y given by (4.3.13)

and (4.3.14) and with rate function I satisfying (4.3.7), then the marginals satisfy log-

GW tail limits, and Y defined by (4.3.11) satisfies (4.3.1) with good rate function I

satisfying (4.3.4), (4.3.7) and I(0) = 0.

The proof can be found in Subsection 4.8.1.

Remark 4.3.5. This theorem justifies viewing (4.3.1) as representation of tail depen-

dence within the context of the LDP (4.3.15), which also represents the marginal tails.

The relationship between the LDPs (4.3.15) and (4.3.1) is the large deviations ana-

logue of a similar relationship in classical extreme value theory; compare e.g. Resnick

(1987), Propositions 5.10 and 5.15.

From the multivariate generalisation of (4.2.11), we can now also derive a multivariate

version of (4.2.8), equivalent to the restriction of (4.3.15) to A ⇢ [1,1)m:

Corollary 4.3.1. Let ✓ := (✓
1

, .., ✓m) and H✓(z) := (h✓1(z1), .., h✓m(zm)) for all z 2
(0,1)m. Then (4.3.15) implies for every Borel set D 2 [0,1)m:

� inf I(H�1

✓ (Do))

 lim inf
y!1

1

y
logP

✓⇣ logX
1

� log q
1

(y)

g
1

(y)
, ..,

logXm � log qm(y)

gm(y)

⌘
2 D

◆
(4.3.16)

 lim sup
y!1

...  � inf I(H�1

✓ (D̄)).

Proof. See Subsection 4.8.1.

Note that (4.3.16) only addresses events within (q
1

(y),1) ⇥ .. ⇥ (qm(y),1), which is

“covered” by all marginal log-GW tail approximations simultaneously. Just as (4.2.8),

it can be extended somewhat. However, the main interest of (4.3.16) is that it shows
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the multivariate tail LDP explicitly as a pair of asymptotic bounds for the probabilities

of extreme events defined in terms of a�nely normalised logarithms of the components

of X. For applications in statistics, (4.3.15) should be more useful, as it applies also

to events which are not simultaneously extreme in every component of X.

4.4 A connection to residual tail dependence

and related models

In this section, we digress from the main storyline to examine an interesting connection

between the theory of Section 4.3 and earlier work on residual tail dependence (RTD)

or hidden regular variation, introduced in Ledford & Tawn (1996, 1997, 1998) and

studied in depth in Resnick (2002), amongst others. In the bivariate case, RTD o↵ers

a model of tail dependence within the classical domain of asymptotic independence of

component-wise maxima (e.g. de Haan & Ferreira (2006), Section 7.6). For a random

vector X on Rm with continuous marginals F
1

, ..., Fm, defining the random vector

V := (V
1

, .., Vm) with standard Pareto-distributed variables by (4.1.4), one way to

describe RTD is that for some positive function S on (0,1)m,

lim
t!1

P (Vj > txj , j = 1, ..,m)

P (Vj > t, j = 1, ..,m)
=: S(x) > 0, x 2 (0,1)m. (4.4.1)

The limiting function S satisfies S(1 ) = 1, with 1 the vector in Rm with all its

components equal to 1. Furthermore, the denominator in (4.4.1) must be regularly

varying, so S(�1 ) = ��1/⌘ for all � > 0 with ⌘ 2 (0, 1] the residual dependence index ,

and by (4.4.1),

S(x�) = ��1/⌘S(x), x 2 (0,1)m, � > 0. (4.4.2)

Every regularly varying function f 2 RV↵ can be represented as

f(y) = c(y)e
R
y

y0
a(t)t�1dt

(4.4.3)

with c(y) ! c
0

> 0 and a(y) ! ↵ as y ! 1. A minor strengthening of regular variation

is that f satisfies the Von Mises condition (see e.g. Proposition 1.15 of Resnick (1987)),

which means that c in (4.4.3) can be taken equal to a positive number c
0

; it implies

that f is di↵erentiable with derivative f 0(y) = a(y)f(y)/y. Note that whenever the
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LDP (4.3.1) holds for Y given by (4.3.11) and inf I(A) 2 (0,1) for a Borel continuity

set A of I, then the function (y 7! � logP (Y/y 2 A)) is in RV
1

. Therefore, within

the context of the LDP (4.3.1), the statement that (y 7! � logP (Y/y 2 A)) satisfies

the Von Mises condition makes sense as a smoothness condition. The following relates

RTD to the tail LDP (4.3.1).

Proposition 4.4.1. (a) RTD (4.4.1) implies

lim
y!1

1

y
logP (Y/y 2 (�,1)m) = ��/⌘, � > 0, (4.4.4)

with ⌘ the residual dependence index of X.

(b) If X satisfies the LDP (4.3.1) with the function (y 7! � logP (Y/y 2 (1,1)m))

satisfying the Von Mises condition, then (4.4.1) holds for x = �1 for all � > 0, with S

satisfying S(1�) = ��1/⌘ and ⌘ = 1/I(1 ).

Proof. Define Y^ := minj2{1,..,m} Yj , and let H^ be the distribution function of Y^ . By

(4.4.1), the survival function 1 � H^ � log of the random variable expY^ is regularly

varying with index �1/⌘. Therefore, f := 1/(1 � H^ � log) 2 RV{1/⌘}, so by the

Potter bounds (Bingham et al. (1987)), for every " 2 (0, 1/⌘), there is z" > 0 such that

(1 � ")(x/z)1/⌘�"  f(x)/f(z)  (1 + ")(x/z)1/⌘+" for all z � z" and x � z. Taking

logarithms and substituting ey� for x gives limy!1 y�1 log f(ey�) ! �/⌘ for all � > 0,

so (4.4.4) follows. For (b), note that due to (4.3.4), the LDP (4.3.1) implies (4.4.4) with

⌘ = 1/I(1 ), so w(y) := � log(1�H^(y)) ⇠ y/⌘ as y ! 1. Therefore, since w satisfies

the Von Mises condition, w0(y) ! 1/⌘ and by averaging, w(y + r) � w(y) ! r/⌘ as

y ! 1 for every r 2 R. This is equivalent to (4.4.1) for x = �1 with S(1�) = ��1/⌘

for every � > 0.

Proposition 4.4.1 shows that RTD implies a limited LDP-like condition and in turn, the

LDP (4.3.1) with an additional smoothness condition implies an RTD-like condition.

Example 4.2. The bivariate normal X of Example 4.1 satisfies the conditions for

Proposition 4.4.1(b) with I(1 ) = 2/(1 + ⇢). Indeed, (4.4.1) holds for x = �1 for all

� > 0, with S(1�) = ��1/⌘ and ⌘ = (1 + ⇢)/2; see Example Class 2(1) in Ledford &

Tawn (1996).

If limt!1 t�1P (Vj > t, j = 1, ..,m) = 0, then there is a discrepancy between the

“hidden” regularity of the survival function in (0,1)m described by (4.4.1) and the
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regularity of the marginals. In contrast, the LDP (4.3.1) provides a single consistent

description of the multivariate tail which includes the marginal tails. Furthermore,

the next theorem shows that under a smoothness assumption similar to the one in

Proposition 4.4.1(b), the LDP (4.3.1) implies a useful extension of RTD. Let for all

a 2 Rm,

Aa := {x 2 Rm : xj > aj , j = 1, ..,m}. (4.4.5)

Theorem 4.4.1. (a) Assume that the LDP (4.3.1) applies. To any Borel set A ⇢ Rm

which is a continuity set of I with (y 7! � logP (Y/y 2 A)) satisfying the Von Mises

condition, the following limit relation applies:

lim
t!1

P (Y 2 A log(t�))

P (Y 2 A log t)
= �� inf I(A), � > 0, (4.4.6)

with I satisfying (4.3.4), (4.3.7) and I(0) = 0. In particular, for every a 2 [0,1)m

such that the function (y 7! � logP (Yj > yaj , j 2 1, ..,m) satisfies the Von Mises

condition,

lim
t!1

P (Vj > (t�)aj , j = 1, ..,m)

P (Vj > taj , j = 1, ..,m)
= �� inf I(A

a

), � > 0. (4.4.7)

(b) Eq. (4.4.6) with inf I(A) 2 (0,1) implies (4.3.8).

Proof. For A a continuity set of I, (4.3.1) implies (4.3.8), and (4.4.6) is obtained in the

same manner as in the proof of Proposition 4.4.1(b). In particular, Aa is a continuity set

of I for every a 2 [0,1)m. Therefore, substituting Aa for A in (4.4.6), we obtain (4.4.7).

This proves (a). For (b), note that f := (t 7! 1/P (Y 2 A log t)) 2 RV
inf I(A)

. There-

fore, just as in the proof of Proposition 4.4.1(a), limy!1 y�1 log f(ey�) ! � inf I(A)

for all � � 1, which implies (4.3.8).

Combining (a) and (b) in Theorem 4.4.1, we see that under the Von Mises condition

(for A a Borel continuity set of I), the limit relation (4.4.6) for a probability ratio, and

the limit relation (4.3.8) for the normalised logarithm of a probability are equivalent.

In the special case of a = 1 , (4.4.7) becomes equivalent to (4.4.1) with x = �1 and

⌘ = 1/I(1 ), so on the diagonal, (4.4.7) and RTD (4.4.1) agree; elsewhere, they di↵er.

Defining a function  by (a) := inf I(Aa) for every a 2 [0,1)m, (4.4.7) becomes

identical to an extension of RTD recently introduced in Wadsworth & Tawn (2013).

Wadsworth & Tawn (2013) proposed this assumption to close the possible gap between
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(4.4.1) and the regularity of the marginal tails. It is curious that this condition,

requiring the existence of separate limits of the survival function along chosen paths,

is derivable from the simple LDP (4.3.1).

The generalisation of (4.4.7) with inf I(Aa) replaced by (a) to the apparently new

limit relation (4.4.6) is not trivial. Another generalisation, proposed in Wadsworth &

Tawn (2013), is

lim
t!1

P (Y 2 B + a log(t�))

P (Y 2 B + a log t)
= ��(a), � > 0, (4.4.8)

derived in Section 3.3 of Wadsworth & Tawn (2013) for the bivariate case under the

assumption that  is di↵erentiable and a 2 [0,1)m \ {0} satisfies @(a)/@aj > 0 for

j = 1, ..,m. As noted in Wadsworth & Tawn (2013), a in (4.4.8) would have to be

chosen in an application. This would be no problem if the choice did not matter.

However, the limiting behaviour of the probability of the event Y 2 B + a log t as

t ! 1 is determined by a in (4.4.8); not by B. Therefore, for estimating probabilities

of extreme events, (4.4.6) seems more promising than the local limits (4.4.8) for chosen

a.

In (4.4.6), it is not , but the rate function I which determines the attenuation rate. For

any a 2 [0,1)m, I(a) and (a) are identical only if I(a+x) � I(a) for all x 2 [0,1)m.

This condition is rather restrictive, as a rate function resembles a density more than

it resembles a survival function; see definition (4.3.2).

Example 4.3. As an illustration, let X be bivariate normal with correlation coe�cient

⇢ as in Example 4.1 (Section 4.3). By Example 1(a,b) in Table 1 of Wadsworth & Tawn

(2013), (x) = I(x) if min(x
1

/x
2

, x
2

/x
2

) > ⇢2 or if ⇢ < 0 and min(x
1

, x
2

) > 0, and

(x) = max(x
1

, x
2

) for all other x 2 [0,1)2. The left and middle panels of Figure

4.1 display contours of  overlaying the contours of I for ⇢ = 0.8 and ⇢ = 0.2. For

⇢ = 0.2, contours of  largely overlap with those of I; for ⇢ = 0.8, there are wide zones

where the contours of  and I di↵er.

4.5 A simple estimator for very small probabil-

ities

We are now going to apply the theory of Section 4.3 to the problem of estima-

tion of probabilities of extreme events pn satisfying (4.1.1) from X(1), ..., X(n), with
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X(1), X(2), ... a sequence of iid copies of a random vector X in Rm with distribution

function F having continuous marginals F
1

, .., Fm. Denoting the underlying probability

space as (⌦,F ,P), let Fn ⇢ F be the �-algebra generated by X(1), ..., X(n).

Generalising (4.1.1) to ⌧
2

> ⌧
1

> 0, consider events of the form Bn := Q(A log n)

with A ⇢ [0,1)m and Q given by (4.3.10). Suppose that the tail LDP (4.3.1) applies.

Then for every Borel set A ⇢ [0,1)m which is a continuity set of I satisfying that

inf I(A) 2 (0,1), we have: � logP (X 2 Bn) = � logP (Y 2 A log n) ⇠ (log n) inf I(A)

and � logP (Q(Y/`) 2 Bn) = � logP (Y 2 A` log n) ⇠ `(log n) inf I(A) for all ` > 0, so

logP (X 2 Bn) ⇠ `�1 logP (Q(Y/`) 2 Bn), ` > 0. (4.5.1)

This suggests estimating the left-hand side of (4.5.1) by replacing Q on the right-hand

side by an estimator Q̂n and Y by an estimator Ŷn, and then choosing ` small enough

that P (Q̂n(Ŷn/`) 2 Bn) can be estimated nonparametrically by counting.

Estimation of Q boils down to a univariate quantile estimation problem, so we proceed

to examine this first. Assume that every marginal satisfies a log-GW tail limit (i.e.,

the univariate tail LDP, see Section 4.2). Let Xj,1:n  ...  Xj,n:n be the marginal

order statistics derived from the marginal sample X(1)

j , ..., X(n)
j . For some intermediate

sequence (kn) and for n large enough that Xj,n�k
n

+1:n > 0 for j = 1, ..,m, define the

following estimator q̂j,n for qj (compare (4.3.13)):

q̂j,n(z) :=

8
<

:
Xj,bn(1�e

�z

)c+1:n if z 2 [0, yn]

Xj,n�k
n

+1:n exp
⇣
ĝj,nh

ˆ✓
j,n

(z/yn)
⌘

if z > yn
(4.5.2)

with

yn := log(n/kn). (4.5.3)

For z > yn, q̂j,n(z) follows a log-GW tail with ✓̂j,n and ĝj,n estimators for ✓j and gj in

(4.3.13), respectively; for other z, the empirical quantile is used as estimator. The only

assumption we make on the quantile estimator is that the probability-based quantile

estimation error ⌫̂j,n, defined by

⌫̂j,n(z) :=
log(1� Fj(q̂j,n(z)))

log(1� Fj(qj(z)))
� 1 =

q�1

j q̂j,n(z)

z
� 1, z � 0 (4.5.4)
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satisfies for all ⇤ > 1 and j = 1, ..,m that

lim
n!1

sup
�2[1,⇤]

|⌫̂j,n(yn�)| = 0 a.s. (4.5.5)

Estimators ✓̂n,j and ĝn,j in (4.5.2) satisfying this requirement were considered in de

Valk (2016a). Let

Q̂n(x) := (q̂
1,n(x1), ..., q̂m,n(xm)) (4.5.6)

for every x 2 [0,1)m. Define the following estimator for Y (i)
j := � log(1� F (X(i)

j )):

Ŷ (i)
j,n := � log(1� (R(i)

j,n � 1
2)/n) (4.5.7)

with R(i)
j,n :=

Pn
l=1

1(X(l)
j  X(i)

j ) the marginal rank of X(i)
j .

For every n-tuple of events Cn := (C(1)

n , .., C(n)
n ) satisfying C(i)

n 2 Fn for i = 1, .., n,

define the “empirical probability” p̂n(Cn) := ! 7! p̂n(Cn)(!) on ⌦ by

p̂n(Cn)(!) := n�1

nX

i=1

1(! 2 C(i)
n ). (4.5.8)

For some ⇠ > 0, determine a value of the analogue of ` in (4.5.1) as

`+n (B) := sup{l > 0 : p̂n(Q̂n(Ŷn/l) 2 B) � (kn/n)
⇠}, (4.5.9)

with sup{;} := 0 and with p̂n(Q̂n(Ŷn/l) 2 B) = n�1

Pn
i=1

1(Q̂n(Ŷ
(i)
n /l) 2 B) in

accordance with (4.5.8).

Let ⇡ denote the probability measure corresponding to F . Now consider the following

estimator for ⇡(B) := P (X 2 B):

⇡̂In(B) := (kn/n)
⇠/`+

n

(B). (4.5.10)

If Bn,⌧ := Q(A⌧ log n) is substituted for B, then under mild restrictions on A and (kn),

this estimator converges in the large deviation sense for all ⌧ > 0:

Theorem 4.5.1. Let X(1), X(2), ... be iid copies of a random vector X on Rm satisfying

the conditions of Theorem 4.3.1(a), including continuous marginals satisfying log-GW
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tail limits. For a sequence (kn) satisfying

0  c0 := lim inf
n!1

log kn
log n

 lim sup
n!1

log kn
log n

=: c < 1, (4.5.11)

consider the estimator (4.5.10) for P (X 2 B), with the quantile estimator (4.5.2)

satisfying (4.5.5) and with ⇠ 2 (0, (1 � c0)�1). Then for Bn,⌧ := Q(A⌧ log n), with

A ⇢ [0,1)m any Borel set which is a continuity set of I defined by (4.3.2) and (4.3.11)

and satisfies inf I(A) 2 (0,1),

lim
n!1

sup
⌧2[T�1,T ]

����
log ⇡̂In(Bn,⌧ )

logP (X 2 Bn,⌧ )
� 1

���� = 0 a.s. (4.5.12)

for every T > 1.

The proof can be found in Subsection 4.8.3.

Remark 4.5.1. By (4.3.12), as inf I(Ao) = inf I(Ā), P (X 2 Bn,⌧ ) = n�⌧ inf I(A)(1+o(1))

in (4.5.12), so the probability range (4.1.1) is covered by Theorem 4.5.1.

In practice, computing or approximating (4.5.9) may not be easy; for example, in

engineering applications, it may involve running a complex numerical model for every

datapoint. Therefore, it would be an advantage to replace `+n (B) in (4.5.10) by an

arbitrary value in some suitable interval. Define for some # 2 (0, ⇠]

`�n (B) := sup{l > 0 : p̂n(Q̂n(Ŷn/l) 2 B) � (kn/n)
#}. (4.5.13)

Then `�n (B)  `+n (B). Let `n(B) be the result of an algorithm designed to satisfy

`n(B) 2 [`�n (B), `+n (B)]; (4.5.14)

for the present analysis, it is su�cient to assume that `n(B) is a random variable

satisfying (4.5.14). Now consider the following generalisation of the estimator (4.5.10)

for ⇡(B) := P (X 2 B):

⇡̂IIn (B) :=
⇣
p̂n(Q̂n(Ŷn/`n(B)) 2 B)

⌘
1/`

n

(B)

. (4.5.15)

Theorem 4.5.2. For X(1), X(2), ..., (kn) and c0 as in Theorem 4.5.1, consider the esti-

mator (4.5.15) for P (X 2 B), with the quantile estimator (4.5.2) satisfying (4.5.5) and
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with ⇠ 2 (0, (1� c0)�1) and # 2 (0, ⇠]. Then for Bn,⌧ as in Theorem 4.5.1,

lim
n!1

sup
⌧2[T�1,T ]

����
log ⇡̂IIn (Bn,⌧ )

logP (X 2 Bn,⌧ )
� 1

���� = 0 a.s. (4.5.16)

for every T > 1.

The proof can be found in Subsection 4.8.2.

The constraints on (kn), ⇠ and # ensure that for some " 2 (0, 1
2

), eventually, n" <

np̂n(Q̂n(Ŷn/`n(Bn,⌧ )) 2 Bn,⌧ ) < n1�". This does not seem restrictive for applications.

In practice, based on a few trial values of `n(B) which give “acceptable” numbers

of np̂n(Q̂n(Ŷn/`n(B)) 2 B), one could check the stability of ⇡̂IIn (B) with respect to

np̂n(Q̂n(Ŷn/`n(B)) 2 B).

4.6 Numerical examples

First, we discuss simulations, considering the case of a bivariate normal random vector

U with standard normal marginals and correlation coe�cient ⇢ = 0.5. We are not yet

concerned with marginal estimation, so forX, we take the random vector with standard

exponential marginals obtained from U by marginal transformations; therefore, X

equals Y defined by (4.3.11) in this case.

As extreme events, we consider halfspaces, i.e., U 2 {x 2 R2 : a
1

x
1

+ a
2

x
2

> c} for

some a 2 R2 and c > 0; their probabilities are easily calculated. In terms of X, these

events are represented by X 2 B with

B = {x 2 [0,1)m : a
1

��1(1� e�x1) + a
2

��1(1� e�x2) > c}. (4.6.1)

Experiments were performed with a
2

= 1 and with several di↵erent values of a
1

, with c

in each case chosen to ensure that P (X 2 B) = 4 · 10�8. In all experiments, n = 5000,

and the estimator (4.5.10) was applied with ⇠ = 1 and kn = 20.

Our first case concerns a
1

= 0.5; B is shown as a grey patch in Figure 4.3. Figure

4.3(a) shows Ŷn, which has no datapoint in B. The stretched data cloud Ŷn/`+n (B) is

shown in Figure 4.3(b), with kn = 20 datapoints in B; `+n (B) equals 0.334. According

to (4.5.10), the probability of B is estimated as (20/5000)1/0.334 = 6.6 · 10�8.
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Figure 4.3: Simulation with bivariate normal dependence and exponential
marginals (see text). From left to right: (a) Ŷn (dots) and failure event B given
by (4.6.1) (grey); (b) Ŷn/`+n (B) and failure event; (c) the classical analogue

Ŷn + �n(B) of (b) (see main text).

To appreciate how this estimator di↵ers from the classical approach, an estimator

similar to (4.5.10) but based on the classical multivariate tail limit (4.1.5) was applied

as well: ⇡̂cln (B) := (kn/n)e��
n

(B) with �n(B) := inf{l > 0 : p̂n(Ŷn + l1 ) 2 B) � kn/n}
with 1 = (1, 1). It is similar to the estimator considered in de Haan & Sinha (1999) and

Drees & de Haan (2013) without marginal estimation. Figure 4.3(c) shows Ŷn+�n(B)1

with �n(B) = 8.92; the corresponding probability estimate equals 5.4 · 10�7. The

qualitative di↵erence between Figures 4.3(b) and 4.3.1(c) is striking.

Figure 4.4 summarises the results of simulations with a
1

= 1, 0.5, 0.1, 0,�0.1,�0.5 and

a
2

= 1, in each case with 500 realisations: (a) shows the boundaries of the events

considered, labelled by a
1

; (b) shows the root mean square errors (RMSE) of the

logarithms of the probability estimates, and (c) shows the bias of the logarithms of

the probability estimates. For the bivariate normal with ⇢ < 1, the limiting measure

in (4.1.5) is concentrated on the boundaries, so the classical estimator is not expected

to do well in this case. Therefore, in addition, a correction of the classical estimator

based on residual tail dependence (4.4.1) was applied cf. Draisma et al. (2004).

The results in Figure 4.4 indicate that the standard deviation is generally small in

comparison to the bias, despite the small value of kn used. The two classical estimators

perform better or worse depending on the value of a
1

, but the LDP-based estimator

(4.5.10) performs consistently as good as or better than both classical estimators in all

cases.

The probability estimator (4.5.10) can also be applied to estimate the survival function.

This makes it possible to compare it to the estimator for the survival function proposed
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Figure 4.4: Simulations with bivariate normal dependence and exponential
marginals (see text). From left to right: (a) boundaries of failure events (4.6.1)
labelled by a

1

, for a
2

= 1; (b) RMSE of the logarithm of probability as function
of a

1

for estimator (4.5.10) (circles), its classical analogue (diamonds) and its
classical analogue accounting for residual tail dependence (squares); (c) bias

for the estimators as under (b).

in Wadsworth & Tawn (2013) (Sections 5.1 and 5.2) based on (4.4.7) with inf I(Aa)

replaced by (a), estimated using an approach employing the Hill estimator. With

both estimators, the same simulations were carried out as reported in Section 5.3 of

Wadsworth & Tawn (2013): for X considered above, estimates of the survival function

F c(x
1

, x
2

) were made with x
2

= 1.5 log n and x
1

/x
2

= 0.05, 0.10, ..., 0.50. With n =

5000, kn = 20, 500 realisations, and Ŷn replaced by the exact Y (see (4.3.11)) as in

Wadsworth & Tawn (2013), the RMSE of the logarithm of probability for (4.5.10)

was 11-17% higher than for the estimator from Wadsworth & Tawn (2013), which

performed similarly to an estimator based on the conditional probability approach of

He↵ernan & Tawn (2004) (see Section 5.3 of Wadsworth & Tawn (2013)). This is an

encouraging result for an estimator as simple and widely applicable as (4.5.10).

The final case is a trial application of the estimator (4.5.15) to an oceanographic

dataset, in order to estimate the mean fraction of time that wave run-up reaches the

crest of a fictitious seawall. Figure 4.5 (upper right) shows simultaneous 3-hourly values

of wave period measured at the o↵shore site YM6 in the North Sea and surge level

from the nearby harbour of IJmuiden provided by Rijkswaterstaat, the Netherlands6.

The dataset covers 24 years (n = 70128). For this trial, a strongly simplified version

of a model from TAW (2002) is used to approximate the run-up height of the 2%

highest waves on the seawall from wave period and still water level. The set B of wave

period/water level combinations leading to wave run-up exceeding 15m is indicated by

6Wave period is Tm�1,0 (s); surge is still water level minus estimated astronomical tide (m).



Chapter 4. Very small probabilities of multivariate extreme events 105

the grey area in the same figure. In the model, the mean depth at the seawall base is

0m and the seawall has a flat smooth 1:4 slope. The RMS wave height at the base is

approximated by its upper bound from Ruessink et al. (2003). For the water level, we

use surge data, ignoring the astronomical tide. Dependence on wave direction is ignored

in marginals and nearshore wave transformation. Because of all these simplifications,

estimates obtained do not carry concrete relevance to coastal flood safety.

Quantile estimates for wave period and surge were made using the simple log-GW-based

quantile estimator from de Valk (2016a): let (k
2,n) be a nondecreasing intermediate

sequence satisfying that lim supn!1 log k
2,n/ log n < 1 and limn!1 k

2,n/ log
2

n = 1
(with log

2

the iterated logarithm), fix some ◆ > 1, and define

ki,n :=
j
(n/k

2,n)
�◆i�2

n
k

for i 2 {0, 1}. (4.6.2)

Taking kn = k
0,n in (4.5.2), and

✓̂n,j :=
log

2

X
j,n�k2,n+1:n

X
j,n�k1,n+1:n

� log
2

X
j,n�k1,n+1:n

X
j,n�k0,n+1:n

log ◆
and ĝn,j :=

log
X

j,n�k1,n+1:n

X
j,n�k0,n+1:n

h
ˆ✓
n,j

(◆)
, (4.6.3)

(4.5.5) is ensured by Theorem 4 of de Valk (2016a). Like the Pickands (1975) estimator

for the extreme value index, the estimator ✓̂n is based on only three order statistics.

However, its behaviour is entirely di↵erent, because the spacings between (k
0,n), (k1,n)

and (k
2,n) are di↵erent.

Quantile estimates (4.5.2) with (4.6.2)-(4.6.3), ◆ = 2 and kn = 5009 are shown in the

upper left and middle panels of Figure 4.5. The lower left panel shows Ŷn, the lower

middle panel shows Ŷn/`n(B) with `n(B) = 1/2.13; Q̂n(Ŷn/`n(B)) is shown in the

lower right panel. In this case, p̂n(Q̂n(Ŷn/`n(B)) 2 B) = 41/n = 5.85 · 10�4, so for the

estimator (4.5.15), ⇡̂IIn (B) = (41/n)2.13 = 1.3 · 10�7, about 11 hours per 10,000 years.

Contrary to the assumptions made earlier, the 3-hourly surge and wave period are

serially dependent. Since we are estimating a fraction of time, serial dependence does

not need to invalidate the estimate; its principal e↵ect is that the estimate is less precise

than it would have been if the process were iid. Imposing a minimum separation of 24

hours between storm events, the 41 datapoints moved into B in Figure 4.5 (lower right)

represent 18 distinct events, giving a mean duration per event of 6.8 hours. Using this

value, the estimate ⇡̂IIn (B) can be converted to an estimate of the frequency of wave

run-up exceeding 15m; its value is 1.7 · 10�4 per year. Evidently, this unconventional,
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Figure 4.5: Marginal log-GW tail estimates for wave period X
1

(upper left)
and surge level X

2

(upper middle); sample of X and set B corresponding to
wave run-up exceeding 15m (upper right); Ŷn (lower left); Ŷn/`n(B) (lower
middle); Q̂n(Ŷn/`n(B)) (lower right); fat dots indicating points with run-up

exceeding 15m.

but intuitively appealing variation of the peaks-over-threshold approach would need

formal underpinning by a model of serial dependence in order to be taken seriously.

4.7 Discussion

Like similar methods in the classical setting (e.g. de Haan & Sinha (1999); Drees &

de Haan (2013); Draisma et al. (2004)), the estimators (4.5.10) and (4.5.15) exploit

homogeneity of a function describing tail dependence; in this case, homogeneity (4.3.4)

of the rate function I. This o↵ers the advantage that no explicit estimate of I is

required. However, in certain situations, there may be good reasons to estimate I,

such as if for a given random vector X, probabilities need to be estimated for multiple

sets in a consistent and reproducible manner. Therefore, estimation of I remains a

topic deserving elaboration.
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The limitation of A to continuity sets of I in Theorems 4.5.1 and 4.5.2 is less restrictive

than it may seem, since the homogeneity of I makes continuity sets rather common,

as noted in Section 4.3. The other conditions on A are weak.

To prove convergence of the estimators under such weak conditions, local uniformity

in d of convergence in (4.8.5) is employed, which is derived from uniformity in d of

convergence in (4.8.12). The latter also ensures local uniformity in � of convergence in

(4.8.5), and therefore local uniformity in ⌧ of convergence of the estimators in (4.5.12)

and (4.5.16). In practice, this means that if such an estimator applied to a given dataset

produces a fair estimate of P (X 2 B
0

) for some B
0

⇢ Rm, then it may also be applied

with confidence to the same dataset to estimate the probability of B
1

⇢ Rm such that

P (X 2 B
1

) � P (X 2 B
0

)⌧ for ⌧ > 1 not too large, e.g. ⌧ = 2. If P (X 2 B
0

) ⌧ 1,

e.g. P (X 2 B
0

) = 0.01, this amounts to extrapolation over several additional orders

of magnitude in probability. How far one can extrapolate in practice will depend on

the rates of convergence to the marginal log-GW tail limits and in (4.3.1), which will

di↵er from case to case.

Convergence of log-probability ratios as in (4.5.12) and (4.5.16) is typical for the prob-

ability range (4.1.1). A stronger notion of convergence might be desirable, but would

require restrictive additional assumptions which would be hard to justify in applica-

tions. Rather, it is recommended to diagnose bias in estimates and take this into

account in estimates of uncertainty. For this reason, modelling of bias and rate of

convergence deserves further study.

Deriving asymptotic error distributions will require additional assumptions beyond

those for Theorems 4.5.1 and 4.5.2 and methods quite di↵erent from those employed

in the present article. Because it is complex (see e.g. Drees & de Haan (2013) for a

comparable problem), this important topic needs to be left for a follow-up study as

well.

The theory is readily extended from events involving a high value of at least one of the

variables to events extreme “in any direction”, by replacing the exponential distribution

as standard marginal by the Laplace distribution cf. Keef et al (2013). Other choices of

standard marginal are also possible, with minor adaptations to theory and estimator.

Furthermore, the main results of this article can be generalised straightforwardly from

a random vector in Rm to a random element of Cb(K), the continuous functions on a

compact metric space K. Classical multivariate extreme value theory and estimation

have been generalised to this setting earlier; see e.g. de Haan & Lin (2001), Part III of
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de Haan & Ferreira (2006), Einmahl & Lin (2006) and Ferreira & de Haan (2014). For

the theory presented here, the main di↵erence between the Rm setting and the Cb(K)

setting is that in the latter, exponential tightness of {P (Y/y 2 ·), y > 0} no longer

follows from the exponential marginals; it is an independent assumption. In loose

terms, it entails that all but an exponentially small probability mass is concentrated

on an equicontinuous set of functions in Cb(K) (see e.g. Dembo & Zeitouni (1998)).

4.8 Proofs and lemmas

4.8.1 Proof of Theorem 4.3.1 and Corollary 4.3.1

Convergence in (4.2.6) is locally uniform in � (e.g. de Haan & Ferreira (2006), B.1.4

and B.2.9), so for all ⇤ > 1,

lim
y!1

sup
�2[⇤�1,⇤]

max
j=1,..,m

���h�1

✓j

⇣ log qj(y�)� log qj(y)

gj(y)

⌘
� �

��� = 0. (4.8.1)

For every y > 0, Q̃y is injective, so we can define the random vector

Ỹy := Q̃�1

y (X) = Q̃�1

y Q(Y ) a.s. (4.8.2)

with Y defined by (4.3.11). By (4.8.1), there exists almost surely for every ⇤ > 1 and

� > 0 some y
⇤,� > 0 such that for all y � y

⇤,�,
���Ỹy � Y

���
1

> �y implies kY k1 > ⇤y.

Therefore, by (4.3.5), since ⇤ > 1 is arbitrary, for all � > 0,

lim
y!1

1

y
logP (

���Ỹy � Y
���
1

> �y) = �1. (4.8.3)

By Proposition 4.3.1, the distribution functions of {Y/y, y > 0} satisfy the LDP (4.3.1)

with good rate function I, so (4.8.3) implies the same for the distribution functions of

{Ỹy/y, y > 0}; see Theorem 4.2.13 of Dembo & Zeitouni (1998). Therefore, (4.3.15)

follows from (4.8.2). To prove (b), note that by (4.3.15) and (4.3.7),

lim
y!1

1

y
log
⇣
1� Fj

⇣
qj(y)e

g
j

(y)h
✓

j

(�)
⌘⌘

= ��

for all � � 1 and j = 1, ..,m, so (4.2.6) holds with q = qj , g = gj and ✓ = ✓j for

j = 1, ..,m. As in the proof of (a), this implies (4.8.3). Moreover, (4.3.7) implies
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(4.3.3), so I is a good rate function. An application of Theorem 4.2.13 of Dembo &

Zeitouni (1998) completes the proof of the theorem.

For the Corollary, note that for A ⇢ [1,1)m, P (X 2 Q̃y(yA)) in (4.3.15) is equal to

P

✓⇣ logX
1

� log q
1

(y)

g
1

(y)
, ..,

logXm � log qm(y)

gm(y)

⌘
2 H✓(A)

◆

by (4.3.13). Therefore, by the contraction principle (see Theorem 4.2.1 in Dembo &

Zeitouni (1998)), (4.3.16) follows from (4.3.15).

4.8.2 Proof of Theorem 4.5.2

For convenience, the following shorthand notation will be used:

µ̂n,l(A) := p̂n(Q̂n(Ŷn/l) 2 Q(ynA)), (4.8.4)

and ln(A) := `n(Q(ynA)), l+n (A) := `+n (Q(ynA)), l�n (A) := `�n (Q(ynA)).

By Proposition 4.3.1, Y defined by (4.3.11) satisfies the LDP (4.3.1) with good rate

function I. Noting that ⇠ 2 (0, (1 � c0)�1) with c0 as in (4.5.11), take any � 2
(⇠/ inf I(A), (1� c0)�1/ inf I(A)). Fixing an arbitrary ⇤ > 1, then by Lemma 4.8.4, for

every � 2 (0,�) (see (4.8.4)),

lim
n!1

sup
�2[⇤�1,⇤], d2[�,�]

��y�1

n log µ̂n,d/�(A�) + d inf I(A)
�� = 0 a.s. (4.8.5)

and

lim sup
n!1

sup
�2[⇤�1,⇤], d>�

y�1

n log µ̂n,d/�(A�)  �� inf I(A) < �⇣ a.s. (4.8.6)

Choosing � < #/ inf I(A), since � > ⇠/ inf I(A), we observe that

d inf I(A)

8
<

:
 ⇠ if d 2 [�, ⇠/ inf I(A)] ⇢ [�,�]

> ⇠ if d 2 (⇠/ inf I(A),�] ⇢ [�,�]

in (4.8.5). Therefore, with (4.8.6), using (4.5.9),

lim
n!1

sup
�2[⇤�1,⇤]

���l+n (A�)� ⇠/ inf I(A)
�� = 0 a.s. (4.8.7)



Chapter 4. Very small probabilities of multivariate extreme events 110

and similarly, using (4.5.13), we find that

lim
n!1

sup
�2[⇤�1,⇤]

���l�n (A�)� #/ inf I(A)
�� = 0 a.s. (4.8.8)

By (4.8.7), (4.8.8), (4.5.14) and (4.8.5),

lim
n!1

sup
�2[⇤�1,⇤]

��y�1

n l�1

n (A�) log µ̂n,l
n

(A�)(A�) + � inf I(A)
�� = 0 a.s. (4.8.9)

or equivalently, by (4.5.15),

lim
n!1

sup
�2[⇤�1,⇤]

��y�1

n log ⇡̂IIn (Q(ynA�)) + � inf I(A)
�� = 0 a.s. (4.8.10)

Since (4.3.12) holds with inf I(Ao) = inf I(Ā) and inf I(A) > 0, by (4.3.4) and (4.8.10),

lim
n!1

sup
�2[⇤�1,⇤]

����
log ⇡̂IIn (Q(ynA�))

logP (X 2 Q(ynA�))
� 1

���� = 0 a.s.,

and (4.5.16) follows from (4.5.11), since ⇤ > 1 is arbitrary.

4.8.3 Proof of Theorem 4.5.1

Following the proof of Theorem 4.5.2 in Subsection 4.8.2, (4.8.7) and (4.5.10) yield

lim
n!1

sup
�2[⇤�1,⇤]

��y�1

n log ⇡̂In(Q(ynA�)) + � inf I(A)
�� = 0,

and the result (4.5.12) follows as in the proof of Theorem 4.5.2.

4.8.4 Lemmas

Lemma 4.8.1. Let Y be a random vector in [0,1)m with standard exponential marginals

satisfying the LDP (4.3.1) with good rate function I, and Y (1), Y (2), ... a sequence of

iid copies of Y . Let the Borel set A ⇢ [0,1)m be a continuity set of I satisfying

inf I(A) 2 (0,1). If (yn > 0) and � > 0 satisfy limn!1 yn = 1 and

� < lim inf
n!1

log n

yn inf I(A)
< 1, (4.8.11)
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then with p̂n defined by (4.5.8), for all � 2 (0,�),

lim
n!1

sup
d2[�,�]

��y�1

n log p̂n(Y 2 dAyn) + d inf I(A)
��! 0 a.s., (4.8.12)

and

lim sup
n!1

sup
d>�

y�1

n log p̂n(Y 2 dAyn)  �� inf I(A) a.s. (4.8.13)

Proof. Let A := [��1

(�A); by (4.3.4), A is a continuity set of I satisfying inf I(A) =

inf I(A) < 1. Define the random variable

v := inf{w > 0 : Y w 2 A} (4.8.14)

with inf{;} := 1, and let G be its distribution function. Since [��1

(A�) ⇢ A,

Y 2 Aoz ) v  z�1 ) Y 2 Āz for every z > 0, so by (4.3.1) and (4.3.4), for all w > 0,

lim
y!1

y�1 logG(w/y) = �w�1 inf I(A). (4.8.15)

Therefore, since inf I(A) 2 (0,1), � logG(1/Id) 2 RV{1}, so by Bingham et al. (1987)

(Theorem 1.5.2) and (4.8.15) again, for every a > 0,

lim
y!1

sup
w�a

��y�1 logG(w/y) + w�1 inf I(A)
�� = 0. (4.8.16)

By (4.8.15), there is for every " > 0 an n" 2 N such that for all n � n",

nG(a/yn) � elogn�("+a�1
inf I(A))y

n . (4.8.17)

Taking a = 1/�, then by (4.8.11), " > 0 can be chosen small enough that the exponent

in (4.8.17) eventually exceeds " log n. Therefore,

lim
n!1

nG(a/yn)/ log n = 1. (4.8.18)

With G�1 the left-continuous inverse of G, almost surely v(i) = G�1(U (i)) for all i 2 N,
with U (1),U (2), ... independent and uniformly distributed on (0, 1), so almost surely

(see def. (4.5.8)), p̂n(v  w/yn) = p̂n(U  G(w/yn)) for all n 2 N and all w � a.
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Therefore, by Wellner (1978) (Corollary 1) and (4.8.18),

lim
n!1

sup
w�a

��log p̂n(v  w/yn)� logG(w/yn)
�� = 0 a.s., (4.8.19)

and since v  w/yn )Y 2 Ayn/(wl) ) v  wl/yn for all l > 1 and w > 0, using

(4.8.16) and (4.3.4), as a = 1/�,

lim
n!1

sup
d2(0,�]

��y�1

n log p̂n(Y 2 dAyn) + d inf I(A)
�� = 0 a.s. (4.8.20)

Therefore, as A ⇢ A and inf I(A) = inf I(A),

lim sup
n!1

sup
d2(0,�]

y�1

n log p̂n(Y 2 dAyn) + d inf I(A)  0 a.s. (4.8.21)

A is a continuity set of I and I satisfies (4.3.4), so there is for every " > 0 a point x" 2 Ao

such that I(x") < inf I(A) + ". Let " > 0 and ⌘ > 1 be such that �⌘(inf I(A) + ") <

lim infn!1 y�1

n log n (see (4.8.11)). Then for ⌘ su�ciently close to 1, an open set

B ⇢ [0,1)m can be constructed such that

[��1

(�B) ⇢ B, x" 2 B \ (B⌘) ⇢ Ao, and

inf I(Bo) = inf I(B̄) 2 (inf I(A), I(x")] (4.8.22)

as follows. The first two requirements on B are satisfied by B0 = [��1

(�U) for some

su�ciently small neighbourhood U ⇢ Ao of x", with ⌘ > 1 close enough to 1. If B0

is a continuity set of I, then set B = B0. Else, consider the function f : [0,1)m ⇥
[0, 1] ! [0,1)m defined by f(y, a) := ay + (1 � a)(kyk1 / kx"k1)x". It satisfies

f(B0, 1) = B0, f(B0, 0) = B0 \ [�>0

(�x"), and f(B0, a) ⇢ f(B0, a0) if a  a0. Therefore,

a 7! inf I(f(B0, a)) is non-increasing, so with ↵ any of its continuity points in (0, 1),

B = f(B0,↵) is a continuity set of I and satisfies (4.8.22). By (4.8.22),

p̂n(Y 2 dAyn) � p̂n(Y 2 dByn)� p̂n(Y 2 d⌘Byn)

= p̂n(Y 2 dByn)(1� elog p̂n(Y 2d⌘By
n

)�log p̂
n

(Y 2dBy
n

)), (4.8.23)

and furthermore, (4.8.20) continues to hold after substituting B or B⌘ for A. Therefore,

by (4.3.4), for every � 2 (0,�) almost surely, the right-hand side of (4.8.23) is p̂n(Y 2
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dByn)(1 + o(1)) uniformly in d 2 [�,�] and furthermore, using (4.8.22),

lim inf
n!1

inf
d2[�,�]

y�1

n log p̂n(Y 2 dAyn) + dI(x") � 0 a.s. (4.8.24)

Now (4.8.12) follows from (4.8.21) and (4.8.24), because I(x") < inf I(A)+", and " > 0

can be chosen arbitrarily close to 0. Finally, by (4.8.20), as [��1

(A�) ⇢ A,

lim sup
n!1

sup
d>�

y�1

n log p̂n(Y 2 dAyn)  �� inf I(A) a.s., (4.8.25)

and because A ⇢ A and inf I(A) = inf I(A), (4.8.13) follows.

Lemma 4.8.2. Let Y be a random vector on [0,1)m with standard exponential marginals

and Y (1), Y (2), ... a sequence of iid copies of Y . Define

Ŷ (i)
n := (Ŷ (i)

1,n, .., Ŷ
(i)
m,n)

for i = 1, .., n, with

Ŷ (i)
j,n := � log(1� (R(i)

j,n � 1
2)/n) (4.8.26)

and

R(i)
j,n :=

nX

l=1

1(Y (l)
j  Y (i)

j ).

For (yn > 0) satisfying lim infn!1 yn/ log n > 0,

sup
">0

lim sup
n!1

y�1

n log p̂n
⇣��Ŷn � Y

��
1 > yn"

⌘
= �1 a.s. (4.8.27)

Proof. Since p̂n(
��Ŷn � Y

��1 > yn") 
Pm

j=1

p̂n(|Ŷj,n � Yj | > yn"), it is su�cient to

prove (4.8.27) for the univariate case.

Let U (i) := exp(�Y (i)), and let �n and ��1

n denote the empirical distribution func-

tion and the empirical quantile function of U (1), ..,U (n), which are independent and

uniformly distributed in (0, 1). By Theorem 2 of Shorack and Wellner (1978), as

supt2[0,1] t
�1�n(t) = supt2[1/n,1] t/�

�1

n (t),

lim sup
n!1

sup
t2[1/n,1]

log(t/��1

n (t))/ log
2

n = 1 a.s. (4.8.28)
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Similarly, as supt2[U1:n,1] t/�n(t) = 1_ supt2[1/n,1] t
�1��1

n (t), by Theorem 3 of Shorack

and Wellner (1978),

lim sup
n!1

sup
t2[1/n,1]

t�1��1

n (t)/ log
2

n = 1 a.s.

so

lim inf
n!1

inf
t2[1/n,1]

log(t/��1

n (t))/ log
2

n = 0 a.s. (4.8.29)

Since Yn�i+1:n = � log��1

n (i/n), Ŷn�i+1:n = � log((i � 1

2

)/n), and yn/ log
2

n ! 1,

(4.8.28) and (4.8.29) imply

max
i=1,..,n

|Yn�i+1:n � Ŷn�i+1:n|/yn ! 0 a.s. (4.8.30)

As a consequence, there is almost surely for every " > 0 an n" 2 N such that for all

n � n", p̂n(|Y � Ŷn| > yn") = 0 and therefore y�1

n log p̂n(|Y � Ŷn| > yn") = �1,

implying the univariate case of (4.8.27).

Lemma 4.8.3. Let X be a random vector on Rm having continuous marginals satisfying

log-GW tail limits, and let X(1), X(2), ... be a sequence of iid copies of X. With Q, Q̂n

and Ŷn defined by (4.3.10), (4.5.6) and (4.5.7), let (kn) satisfy (4.5.11) and q̂j,n defined

by (4.5.2) satisfy (4.5.5) for j = 1, ..,m, with yn defined by (4.5.3). Then for every

� > 0 and " > 0,

lim
n!1

sup
l��

y�1

n log p̂n
⇣��Q�1Q̂n(Ŷnl

�1)� Ŷnl
�1

��
1 > yn"

⌘
= �1 a.s. (4.8.31)

Proof. Fix " > 0 and � > 0. As in Lemma 4.8.2, we only need to prove (4.8.31) for the

univariate case, so we proceed with this. Note that (4.8.31) holds if an n�," 2 N exists

such that (suppressing the labels of vector components in the univariate case)

sup
l��

max
j=1,..,n

|q�1q̂n(Ŷj:nl
�1)� Ŷj:nl

�1|  yn" for all n � n�,". (4.8.32)

Fixing ⇤ > max(1, ��1)/(1 � c) � max(1, ��1) lim supn!1 log(2n)/yn with c as in

(4.5.11), (4.8.32) holds if

sup
z2[0,y

n

⇤]

|q�1q̂n(z)� z|  yn" for all n � n�,". (4.8.33)
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Such an n�," 2 N exists if ⌫̂n defined by (4.5.4) satisfies

sup
z2[y

n

,y
n

⇤]

|⌫̂n(z)| ! 0 (4.8.34)

and also,

sup
z2[0,y

n

]

|q�1q̂n(z)� z|/yn = sup
t2[e�y

n ,1]

��log(t/��1

n (t))
��/yn ! 0, (4.8.35)

with U (1), ..,U (n) as in the proof of Lemma 4.8.2 (note that for all z 2 [0, yn], q�1q̂n(z)

= q�1(Xbn(1�e

�z

)c+1:n)= Ybn(1�e

�z

)c+1:n= � log��1

n (e�z)). As in the proof of Lemma

4.8.2, (4.8.28) and (4.8.29) hold. Therefore, since the upper bound in (4.5.11) implies

that lim infn!1 yn/ log n > 0, (4.8.35) holds almost surely. Furthermore, by (4.5.5),

(4.8.34) holds almost surely. This proves the univariate case.

Lemma 4.8.4. Let the random vector X on Rm have continuous marginals satisfying

log-GW tail limits and let Y defined by (4.3.11) satisfy the LDP (4.3.1) with good rate

function I. Let X(1), X(2), ... be a sequence of iid copies of X. Let (kn) satisfy (4.5.11)

and let the quantile estimator q̂j,n given by (4.5.2) satisfy (4.5.5). Let the Borel set

A ⇢ [0,1)m be a continuity set of I satisfying inf I(A) 2 (0,1). Then µ̂ defined by

(4.8.4) satisfies for every ⇤ > 1 and every

� 2
⇣
0,

1

(1� c0) inf I(A)

⌘
(4.8.36)

and � 2 (0,�):

lim
n!1

sup
�2[⇤�1,⇤], d2[�,�]

��y�1

n log µ̂n,d/�(A�) + d inf I(A)
�� = 0 a.s. (4.8.37)

and

lim sup
n!1

sup
�2[⇤�1,⇤], d>�

y�1

n log µ̂n,d/�(A�)  �� inf I(A) a.s. (4.8.38)

Proof. With {prop} denoting the subset of ⌦ satisfying the proposition prop, consider

for positive a and b

C(i)
a,b,n := {supl�a

��Q�1Q̂n(Ŷ
(i)
n l�1)� Y (i)l�1

��
1 > ynb}, i = 1, .., n, (4.8.39)

which are elements of Fn. Furthermore, following (4.5.8), we can define the empirical

probability p̂n(Ca,b,n) := n�1⌃i2{1,..,n}1(C
(i)
a,b,n). Combining Lemmas 4.8.2 and 4.8.3,
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we obtain

lim
n!1

y�1

n log p̂n(Ca,b,n) = �1 a.s. for all a, b > 0. (4.8.40)

For every S ⇢ Rm and ◆ > 0, let S◆ := {x 2 Rm : infx02S
��x� x0

��
1  ◆} (closed) and

S�◆ := {x 2 Rm : infx02Sc

��x� x0
��
1 > ◆} (open). Set S0 := S. Since I is a good rate

function, Lemma 4.1.6 of Dembo & Zeitouni (1998) implies

lim
◆#0

inf I(A◆) = inf I(Ā) = inf I(Ao) = inf I([◆>0

A�◆) = lim
◆#0

inf I(A�◆), (4.8.41)

so the non increasing function ◆ 7! inf I(A◆) is continuous in (�◆
0

, ◆
0

) for some ◆
0

> 0,

and therefore, A◆ is a continuity set of I for every ◆ 2 (�◆
0

, ◆
0

). Moreover, by (4.8.36),

there exist " > 0 and ◆
1

2 (0, ◆
0

) such that for all ◆ 2 [0, ◆
1

], inf I(A�◆)  inf I(A) +

��1" < ��1(1� c0)�1. Therefore, for

E(i)
d,◆,n := {Y (i) 2 dynA◆} 2 Fn, i = 1, .., n, (4.8.42)

Lemma 4.8.1 implies for � satisfying (4.8.36) and every � 2 (0,�) and ◆ 2 [�◆
1

, ◆
1

]

that

lim
n!1

sup
d2[�,�]

��y�1

n log p̂n(Ed,◆,n) + d inf I(A◆)
�� = 0 a.s., (4.8.43)

and therefore, as � inf I(A�◆1) < (1� c0)�1,

inf
◆2[0,◆1]

lim inf
n!1

inf
d2[�,�]

y�1

n log p̂n(Ed,�◆,n) � �(1� c0)�1 a.s. (4.8.44)

Let

D(i)
�,d,n := {Q̂n(Ŷ

(i)
n �/d) 2 Q(ynA�)} 2 Fn, i = 1, .., n. (4.8.45)

By (4.8.42), (4.8.39) and (4.8.45), we have for all d � �, ◆ > 0 and � 2 [⇤�1,⇤] that

E(i)
d,�◆,n \ (C(i)

d/�,◆�,n)
c ⇢ D(i)

�,d,n, so p̂n(D�,d,n) � p̂n(Ed,�◆,n)� p̂n(C�/⇤,◆/⇤,n). Therefore,

for all ◆ 2 (0, ◆
1

],

lim inf
n!1

inf
d2[�,�], �2[⇤�1,⇤]

y�1

n log p̂n(D�,d,n)� y�1

n log p̂n(Ed,�◆,n)

� lim inf
n!1

y�1

n log
⇣
1� elog p̂n(C�/⇤,◆/⇤,n

)�inf

d2[�,�] log p̂n(Ed,�◆,n

)

⌘
� 0 a.s., (4.8.46)
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the last inequality following from (4.8.40) and (4.8.44). Therefore, by (4.8.43) and

(4.8.41),

lim inf
n!1

inf
d2[�,�], �2[⇤�1,⇤]

y�1

n log p̂n(D�,d,n) + d inf I(A) � 0 a.s. (4.8.47)

Furthermore, for all d � �, ◆ > 0 and � 2 [⇤�1,⇤], we have D(i)
�,d,n \ (C(i)

�/⇤,◆/⇤,n)
c ⇢

E(i)
d,◆,n, so D(i)

�,d,n ⇢ E(i)
d,◆,n [ C(i)

�/⇤,◆/⇤,n and therefore,

p̂n(D�,d,n)  2max(p̂n(C�/⇤,◆/⇤,n), p̂n(Ed,◆,n)). (4.8.48)

Therefore, by (4.8.40), (4.8.43) and (4.8.41),

lim sup
n!1

sup
d2[�,�], �2[⇤�1,⇤]

y�1

n log p̂n(D�,d,n) + d inf I(A)  0 a.s., (4.8.49)

so with (4.8.47) and (4.8.4), (4.8.37) is obtained. By Lemma 4.8.1, with ◆
0

as above,

lim sup
n!1

sup
d>�

y�1

n log p̂n(Ed,◆,n)  �� inf I(A◆) a.s. (4.8.50)

for all ◆ 2 [0, ◆
0

). Now (4.8.38) follows from (4.8.48) using (4.8.40), (4.8.50) and

(4.8.41).
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Van den Brink, H.W. and Können, G.P. (2008). The statistical distribution of

meteorological outliers. Geophys. Res. Lett. 35 L23702.

Wadsworth, J.L. and Tawn, J.A. (2013). A new representation for multivariate

tail probabilities. Bernoulli 19(5B) 2689–2714.

Weissman, I. (1978). Estimation of parameters and large quantiles based on the k

largest observations. J. Amer. Statist. Assoc. 73 812–815.

Wellner, J.A. (1978). Limit theorems for the ratio of the empirical distribution func-

tion to the true distribution function. Z. Wahrscheinlichkeitstheorie verw. Gebiete

45 73–88.





Index

bounded increase, 19

continuity set, 87, 92

su�cient condition, 92

estimator

for very small probabilities, 98

generalised Hill, 51

Hill, 47

moment, 26

simple, 21

exponent measure, 83

exponentially tight, 91

extended regulary varying (ERV), 13

hidden regular variation, 95

index

extreme value, 2

log-GW, 7, 45

residual dependence index, 95

Weibull, 25

intermediate

order statistic, 12

quantile, 12

sequence, 12

large deviation principle (LDP), 87

tail LDP, 85

weak LDP, 92

order statistic, 12

intermediate, 12

quantile

high, 8

intermediate, 12

tail, 11

rate function, 87, 89

good, 90

regularly varying (RV), 13

residual tail dependence (RTD), 95

survival function

multivariate, 83

univariate, 15

tail limit

Generalised Pareto (GP), 2

Generalised Weibull (GW), 17

log-Generalised Weibull (log-GW), 17

log-Weibull, 87

Pareto, 17

Weibull, 16

Von Mises condition, 95
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