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Chapter 1

INTRODUCTION

CAN GOVERNMENT INCREASE the use of alternative energy sources, like biofuels and
solar, simply by increasing fossil fuel taxes? And should an economy impose higher
fossil fuel taxes, or tighter abatement policies in general, if its people live longer than
before? In the next two chapters, I address these two questions from a macroeconomic
perspective. However, environmental issues are not only macro-oriented. The role of
household’s decisions in altering the effectiveness of environmental policies cannot
be discarded. They are likely to respond to any change in relative prices and envi-
ronmental policies through adjusting their decisions. For instance, households react
to changes in energy efficiency of appliances, like improvements in fuel efficiency of
cars, through adjusting their utilization. The increase in utilization of more efficient
appliances, compared to utilization of less efficient ones, is called the rebound effect.
The rebound effect cancels out the potential environmental (and energy security)
benefits of more efficient appliances. Chapter 4 investigates why households with
lower income tend to have larger rebound effects than households with higher income.
Finally, chapter 5 investigates differences in households decisions from a different
perspective. Here, the labor supply decisions of households in urban and rural areas
is analyzed in a historical background. Different patterns of the labor supply of rural
and urban households is explained based on the differences in market productions
and non-market opportunities.

In chapter 2, the effect of a specific type of environmental policy on adoption of
alternative energy sources is analyzed from a positive perspective. It is generally
believed that the imposition of fossil fuel taxation or a consumption cap improves
competitiveness of alternative energy sources. This is true if there is only one substi-
tute for fossil fuel consumption. In the presence of multiple alternatives, e.g. solar
and biofuels, there can be spillover effects such that adoption of one alternative
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CHAPTER 1 · INTRODUCTION

source might increase the price of the other option. I study the long-run adoption of
solar and biofuel, following imposition of fossil fuel taxation or a consumption cap.
Using a general equilibrium model, the interaction between backstop technologies is
highlighted. In a comparative statics analysis of the long run, it is shown that a more
stringent carbon pricing, i.e. higher tax or lower consumption cap, leads to more
solar consumption, while it can end the use of biofuel. In fact, biofuel consumption
is crowded out by more solar consumption. This negative spillover from solar to
biofuel is caused by the capital intensity of solar sources. To produce one unit of solar
energy, a proportional amount of solar capital is required. If the depreciation cost
of solar capital, required for one unit of energy supply, is lower than the extraction
cost of one unit of fossil fuel, then replacing fossil fuel by solar consumption leaves
more resources for consumption. Higher consumption demand increases the prices,
including food or biofuel price. Moreover, it is shown that in this case, the sustained
welfare, defined as the instantaneous utility in the long run, is higher if a relatively
tighter policy is adopted.

In chapter 3, we take up a normative approach toward environmental policy. In
this chapter, we investigate the changes in the optimal level of emission abatement
intensity by the government due to a rise in life expectancy of the population. For
several decades, the rise of life expectancy has been a robust trend across all countries
in the world. Living longer has consequences on savings of households and, therefore,
the rate of interest in the economy. Changes in the rate of interest affect the present
value of future damages to the environment from current emissions. We develop a
stylized overlapping-generations model with pollution and consider the comparative
statics of optimal environmental policy with respect to life-expectancy. We find that,
under weak conditions, an increase in life-expectancy leads to accumulation of more
capital, lower returns on investments, an increased value of natural capital, and
optimality of more stringent environmental policies. Therefore, an aged society tends
to become more cautious with its natural resources.

Chapter 4 takes up a microeconomic view and looks at the households’ decision
on energy consumption and adoption of more efficient energy using appliances. Poor
households are less likely to adopt energy-efficient appliances. On the other hand,
among those households who adopt more efficient appliances, e.g. a fuel-efficient
car, energy consumption is expected to reduce. Nonetheless, households expand
the utilization of the new appliance and, therefore, they cancel out part of expected
energy savings. The higher utilization of the appliance is known as the rebound effect.
Empirical studies show that the rebound effect is not equally strong across different
households income levels. More precisely, poorer households tend to have larger
rebound effects.
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The chapter proposes an explanation for the decline of the rebound effects with
households’ income. It is shown that the two observations can be explained in a
simple energy demand model in which energy users have an income-independent
endowment of energy services. Endowment of energy services decreases total expen-
diture on energy service, e.g. expenditure on driving. Therefore, at low income, the
household’s expenditure on energy service is so low that adoption of the efficiency
improvement is not justified. Furthermore, the endowment of energy service leads
to relatively lower expenditure share of energy service for poorer households. This
lower expenditure share leads to larger rebound effects of poorer households. I show
that two alternative explanations for the lower adoption rate of poorer households,
i.e. credit constraints and low income, cannot lead to higher rebound effects at lower
income levels. Finally, the theoretical model is calibrated to previously-estimated
rebound effects of different income groups following adoption of fuel efficient cars.

In chapter 5, we investigate the fluctuations of the labor supply in cities and the
countryside in England prior to the British Industrial Revolution. The rise in the
number of working days in 18th and 19th century England, known as the “industrious
revolution”, did not spread across all its regions. Although urban workers expanded
their working days during the 18th and 19th century, rural laborers did so only
when real wages dropped. We develop a model that shows how fluctuations in
availability of home production technology, due to enclosure of the Commons in the
18th century and establishment of the allotments in the 19th century, gives rise to
a distinct behavior in city and countryside. Our explanation opposes two rivaling
hypotheses on working hours in England. One is the ‘optimistic’ hypothesis of
“consumer behavior revolution”, arguing a nationwide rise of working hours. The
other is the ‘pessimistic’ hypothesis that hardworking was a result of economic
hardship. Furthermore, using a dataset on allotment establishments in the 19th
century, we explore the incentive for establishment of the allotments. The available
evidence suggests that the distribution of allotments could not have been driven by
the interest of landlords to dissuade cheap labor from migration to the urban sectors,
therefore, ’selfish landlord’ hypothesis for allotment establishment in 19th century is
rejected.

3
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Chapter 2

LONG-RUN EFFECTS OF CARBON

PRICING ON ADOPTION OF

MULTIPLE RENEWABLE ENERGY

SOURCES

2.1 Introduction

ENVIRONMENTAL AND ENERGY security concerns encourage governments to promote
the use of renewable energy sources instead of fossil fuel. Among different available
options, governments might prefer to promote only some renewable sources. GHG
emissions following the use of biofuels (Sedjo (2011)) or intermittent production of
solar and wind1 sources (Gowrisankaran et al. (2011)) are among the reasons why
governments are already selective in choosing renewable options. Whatever the
preferred backstop technology is, governments can directly promote the selected
energy source through subsidies or mandates. Yet, carbon pricing policies (imposition
of cap or tax on fossil fuel consumption) are preferred to direct promotion (Fischer
and Newell (2008)). But, little attention has been paid to the effect of carbon pricing
on different backstop technologies.

Imagine that two energy options are available; the fossil fuel and a renewable
source. Moreover, assume that the fossil fuel is cheaper than the renewable option.
The economy would prefer to use the fossil fuel if it has no other concern besides

1 From now on, the term ‘solar’ represents both solar and wind generators.
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CHAPTER 2 · CARBON PRICING AND BACKSTOP TECHNOLOGIES

energy price. Restricting fossil fuel consumption, through the imposition of a fossil
fuel tax or a fossil fuel consumption cap, hereafter also referred to as an emission
cap, increases the marginal product of energy. If the restriction is strong enough,
high taxes or low emission caps, and it does not raise the price of renewable, then
the renewable option might become competitive. In reality, there are more than two
options; fossil fuel as the dominant energy source and several renewable options
such as solar and biofuel. Restricting fossil fuel consumption raises the marginal
product of energy and, therefore, increases the chance of backstop technologies to
become competitive. But, this does not necessarily mean higher chance for all the
backstop technologies as adoption of one backstop might have spill over effect on
adoption of the other alternative technologies. This becomes important especially
when we notice the differences in characteristics of alternative energy sources. While
solar energy mostly relies on investment in physical capital,2 biofuel production
competes with food production on agricultural land. Therefore, solar production can
be expanded through installing more solar panels but biofuel production is restricted
by the amount of arable lands. If solar is adopted following fossil fuel taxation, and
its adoption increases food demand, then biofuel might step out of energy basket.

In order to see why solar adoption might affect food demand, consider an economy
whose non-food production is either invested in capital, or spend on fossil fuel
extraction or consumed. For simplicity, assume that there is no force of growth
besides capital accumulation. In the long run, if fossil fuel taxation leads to adoption
of solar, then maintaining a constant level of energy requires replacing depreciated
solar capital through investment. Now, assume that the amount of depreciated capital
is smaller than total extraction cost of fossil fuel. Hence, what remains for non-food
consumption could be bigger than the case with lower tax and no solar adoption. The
higher non-food consumption in the long run increases demand for food consumption.
Therefore, biofuel becomes more expensive and might become uncompetitive.

This chapter studies the long-run consequences of carbon pricing policies for solar
and biofuel consumption. The question is of comparative static effect of different
carbon pricing stringencies. For instance, whether higher fossil fuel taxation leads to
relatively more solar and biofuel consumption in the long run or it might increase use
of one of them and crowd out the other one? Similarly, could a relatively lower fossil
fuel consumption cap lead to higher consumption of one of the backstop technologies
and crowd out the other one?

The model of this chapter is based on Tsur and Zemel (2011). They develop a
Ramsey model of a capital accumulating economy with two energy sources: fossil fuel

2 Solar production also requires land, but not a specific type of that. It can be installed almost anywhere
that is exposed to sun light.
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2.1 Introduction

and solar. They analyze the adoption of solar after the imposition of carbon pricing
policies. I add to their model an agricultural sector and the possibility for biofuels as a
substitute for fossil fuels. The extension enables me to compare the long-run adoption
of solar and biofuels as dependent on the level of fossil fuel taxation or an emission
cap. Carbon pricing increases the energy price. If the policy is stringent enough,
solar is adopted. The long-run adoption of biofuel depends on the capital costs of
solar, but in an unexpected way. Consider an emission cap that leads to adoption of
solar, and a more stringent (i.e. lower) cap. In the long run, the lower cap reduces
fossil fuel consumption and (partly) replaces it with solar consumption. That is, fossil
fuel extraction cost go down, solar investments go up, but in the long run, if solar
capital depreciates slowly, then the lower cap saves on the long-run energy cost flow3.
This leaves more resources for consumption. Therefore, the lower cap leads to an
increase of the long-run food demand and higher food prices. The long-run price of
biofuel, therefore, is higher under a lower cap may crowd out biofuel consumption.
We find conditions under which the long-run biofuel consumption versus fossil fuel
consumption cap has a hump-shaped pattern.

The analysis is positive; I address the long-run comparative statics of different
stringency levels of carbon pricing policies on the adoption of biofuel and solar
generators. The results of my analysis suggest that the renewable energy portfolio
that comes out of fossil fuel reduction policies may be non-monotonic. Biofuels
may be compatible with modest climate policies, but stringent policies may lead to
solar energy replacing biofuels. The analysis is not normative as I do not address the
optimal level of stringency of carbon pricing in the presence of multiple backstop
technologies.

Although the adoption of multiple energy sources following environmental poli-
cies have got little attention, the differences in environmental value of different back-
stop technologies have been already addressed in the literature. The environmental
value of a renewable energy source is the amount of emission which is avoided by its
consumption. Therefore, the environmental value depends on the type of generation
displaced by the renewable source (Fell and Linn (2013)) as well as the characteristics
of the renewable source, like intermittency (Kevin (2011), Gowrisankaran et al. (2011)).

The difference in environmental value of renewable energy sources raises the
question of the effect of environmental policies on different backstop technologies. In
general, such questions could be addressed either through a positive or normative
analysis. A positive approach investigates the adoption of different renewable tech-

3 The energy cost is the sum of extraction cost of one unit of fossil fuel multiplied by total fossil fuel
consumption and depreciation cost of solar capital multiplied by installed solar capital. Therefore,
the energy cost is increasing in the fossil fuel extraction cost, capital depreciation rate, fossil fuel
consumption and solar consumption.
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nologies following various policies. In contrast, a normative study wants to find out
the best type of policies and their optimal amount of stringency. In most of the nor-
mative studies, the cost-effectiveness of policies have been addressed. Computing the
environmental value of emission cuts from subsidies to wind power systems (Kaffine
et al. (2013); Kevin (2011); Cullen (2013)) or solar systems (Gowrisankaran et al. (2011))
are examples of such investigations on a single backstop technology. Palmer et al.
(2011) compare different policy measures- like cap-and-trade, tax credits and RPS4- to
find the most effective policy in emission reduction in a partial equilibrium set up.
Fischer and Newell (2008), also, rank different policy types based on their relative
performance in emission reduction using a stylized model.

Besides these empirical and normative studies, Requate (2005) surveys the theoret-
ical literature on incentives for innovation and adoption of clean technologies, arising
from environmental policies. He points out that the whole theoretical literature have
taken into account the adoption or R&D in only one clean technology. Although
the discussion on the most appropriate backstop technology has yet to be addressed
(Nicholson et al. (2011)), the effect of environmental policies on adoption of multiple
backstop technologies is left out of the literature.

To the best of my knowledge, this chapter is the first attempt to address adop-
tion of multiple energy sources by taking their interactions into account in a general
equilibrium set up. The effect of environmental policies in the presence of multiple
backstop technologies in the literature has been addressed either by assuming particu-
lar substitution patterns (Babiker et al. (2001); Paltsev et al. (2005)) or using short-run
predictions of availability of different sources (for instance NEMS (2009)). Castillo
and Linn (2011) have also studied the effect of CO2 pricing on investment incentives
for solar, wind and nuclear sources through a stylized model of the operational differ-
ences during different hours of the day and night. In their analysis, they also assume
constant pattern for energy demand which is not affected by the CO2 pricing.

In total, the positive and normative analysis of the effect of environmental policies
on backstop technologies have two important deficits; they either assume only one
homogeneous backstop technology, or they lack a general equilibrium framework
which capture the interaction of different energy options. The current study uses a
general equilibrium approach to give a positive analysis of the effect of carbon pricing
on multiple backstops.

The rest of the chapter is organized as follows. In the next section, I present my
two sector model. The long-run energy phase of the economy is discussed in the
third section. The fourth section addresses the carbon pricing policies, fossil fuel tax
and emission cap. The main results of the chapter for the effect of carbon pricing on

4 Renewable Portfolio Standard
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adoption of backstop technologies are derived in this section. Section five discusses
the results and the welfare effect of the policies.

2.2 The Model

I use the Tsur and Zemel (2011) model with some extensions. They develop a Ramsey
model of a capital-accumulating economy in which two potential sources of energy
exist, fossil fuel and solar. The solar energy needs upfront investment and is capital
intensive while the fossil fuel consumption has extraction cost. The model can be used
for short-run and long-run analysis of adoption of solar under different carbon pricing
policies. I want to investigate the effect of carbon pricing policies on adoption of
biofuel and solar sources in the long run. I add an agricultural sector whose products
are either consumed as food or as biofuel.

The representative consumer, then, optimizes its consumption of food and manu-
facturing products over the entire life:

U0 =
∫ ∞

t=0
[ln(Ct) + θln(Ft)]e−ρtdt. (2.1)

The consumption of food at every moment is represented by Ft and Ct is the
household consumption of manufacturing products. The relative taste for food is
determined by θ. Therefore, the share of income spent on food is θ

1+θ . The production
of manufactured goods needs energy and capital:

Yt = Am,tKε
m,tE

ν
t , (2.2)

with ε + ν < 1 representing DRS property and the elasticity of energy to be less than
elasticity of capital, ν < ε. The energy has three primary sources; fossil fuel,5, solar
energy and biofuel are three perfectly substitute primary sources of energy:

Et = Ot + St + Bt. (2.3)

Like Tsur and Zemel (2011), oil is assumed to have infinite stock which can be
extracted with a constant marginal cost, ζ. Solar sector needs upfront investments and
storage technologies, like batteries, that alleviate intermittency problems. Moreover,
they are usually installed in remote areas and have to be connected to the regional or
national electricity grids. Furthermore, these energy sources need little maintenance
while producing energy. Hence, solar sector is modeled as a capital intensive sector.

5 Fossil fuel and oil are used interchangeably.
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It is denoted as St in the above equation. The generation of solar energy is modeled
in a similar way to Tsur and Zemel (2011):

St = As,tKs,t. (2.4)

At every moment, there could be two types of capital in the economy; manufac-
turing capital, Km, and solar capital, Ks. For simplicity, I assume that each of these
two capitals can be costlessly transformed into the other type, Kt = Km,t + Ks,t. This
assumption could only be restrictive if an unanticipated shock, an environmental
policy in this model, is realized such that solar becomes immediately competitive for
energy generation. The accumulation of capital in the economy, therefore, is governed
by the following equation:

K̇t = Yt − Ct − ζOt − δKt, (2.5)

where δ is the depreciation rate of capital. The agricultural sector is assumed to
have constant production over time. The assumption helps to have a tractable model
by abstracting from labor in agriculture. In other words, the labor is assumed to
be immobile between agricultural and manufacturing sectors represented by DRS
production function for manufacturing goods. Moreover, it discriminates between the
two backstop technologies as one needs upfront investment for energy generation but
the other one is already produced using restricted agricultural lands. Hence, biofuels
and food compete for land. Therefore, if the agricultural price increases, the biofuel is
less likely to become competitive.

Biofuel consumption is represented by Bt. The agricultural product can either be
used as food or as biofuel. This is Hassler and Sinn (2012) set up of biofuel sector in
the economy:

Z = Bt + Ft. (2.6)

In order to find the optimal decision of the consumer, I use the current value
Hamiltonian:

H = ln(Ct) + θln(Z− Bt) + qt[Am,t(Kt − Ks,t)
ε(Ot + Bt + As,tKs,t)

ν

− Ct − (ζ + τ)Ot − δKt] + λO
t Ot + µt(x−Ot) + λB

t Bt + λS
t Ks,t,

where τ is the tax rate imposed per unit of fossil fuel extraction, x is the fossil
fuel consumption cap, and µt is the shadow price for the constraint, and λI

t for
I ∈ {O, S, B} is the dual variable for the non-negativity constraints. Tax revenues
are returned lump sum, and the orthogonality conditions apply λI

t · It = 0 for I ∈
{O, S, B}, µt(x−Ot) ≥ 0.
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The first order conditions of the Hamiltonian with respect to control variables
imply:

MPEt + λO
t Ct = ζ + τ + µtCt, (2.7)

MPEt + λB
t Ct = PFt , (2.8)

MPEt + λS
t

Ct

As,t
=

MPKt

As,t
, (2.9)

where the marginal product of energy is represented by MPEt, the marginal product
of manufacturing capital is represented by MPKt, and we write PFt = θCt/Ft for
the food price relative to manufacturing price. Positive consumption of an energy
technology, i.e. It > 0, implies λI

t = 0. Moreover, if there is no fossil fuel cap or it
is not binding, then µt = 0. Manufacturing good is the numeraire and its price is
normalized to unity. For fossil fuel consumption, if there is no tax and no emission
cap, τ = 0 and µt = 0, then equation (2.7) implies that fossil fuel is consumed for as
much as the extraction costs do not exceed the marginal product of energy. Fossil fuel
is not consumed if extraction is too costly, λO

t > 0. Both fossil fuel taxation and a cap
drive a wedge between the marginal product of energy and the extraction costs of oil.
Similarly, from (2.8), one can see that biofuel consumption implies that the energy
price equals the food price; biofuel is not consumed if food is more expensive than
the marginal product of biofuel. Finally, according to (2.9) if cost of solar production
exceeds the marginal product of energy, then no solar is consumed. The total capital
of the economy is the only state variable. The FOC with respect to K leads to the Euler
condition:

Ĉt = MPKt − (δ + ρ). (2.10)

The transversality condition reads:

lim
t→∞

Kt

Ct
e−ρt = 0. (2.11)

In terms of contributing energy sources, at each point in time the economy is in one of
these 7 regimes: Fossil-Only (FO), Bio-Only (BO), Solar-Only (SO), Solar-Fossil (SF),
Bio-Fossil(BF), Bio-Solar (BS) and Bio-Solar-Fossil (BSF) regimes. Discussion of the
characteristics of these regimes is left to appendix 2.A and I continue with the long
run of the economy.

2.3 The Long Run

The following lemmas characterize long run of the economy in case of SO or FO
regimes. Later on, I discuss the conditions under which either of 7 regimes will be the
long-run regime of the economy.
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Lemma 2.1. If the economy is in SO regime in the long-run, then its capital stock and
manufacturing consumption in the long run are

KSO = (ε + ν)[
Amεε(Asν)ν

δ + ρ
]

1
1−ε−ν , (2.12)

and

CSO = KSO
(1− ε− ν)δ + ρ

ε + ν
. (2.13)

Proof. See appendix 2.B.

Lemma 2.2. If the economy is in FO regime in the long-run, then its capital stock and
manufacturing consumption in the long run are

KFO = [
ε1−ν Amνν

(δ + ρ)1−νζν
]

1
1−ν−ε , (2.14)

and

CFO = KFO
(1− ε− ν)δ + ρ

ε
. (2.15)

Proof. See appendix 2.B.

Nowadays, economies are not relying solely on biofuel or solar energy. In fact,
fossil fuel is the most significant energy source. In order to characterize how the
economy looks like in the long run, I make a rather plausible assumption that solar is
not competitive in the beginning while biofuels might be able to supply for only a
fraction of energy demands.

Assumption 2.1. The economy starts off in BO regime. Then, discovery of fossil fuel moves
the economy into fossil fuel era while no solar is used, i.e. either FO or BF regimes.

This assumption matches the conditions of early modern economies in which use
of solar was negligible while a transition to fossil fuel regimes, out of BO regime, had
occurred. The following lemma shows that even if the economy starts in BO regime
but experiences a transition, then it will never reach BO in the long run again. Hence,
all other 6 regimes remain candidates of the long run regime.

Lemma 2.3. If the economy leaves BO regime before the long run, then the long-run regime
is not BO.

Proof. See appendix 2.B.
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The lemma (2.3) states if the economy experiences a transition out of BO then
it can never end up in BO again. The reason is that the long-run energy demand
is beyond the short- and medium-run energy demand so that biofuel alone cannot
supply for all of it. Simple intuition is that over time, extraction cost of fossil fuel does
not increase and solar price, due to capital accumulation, declines while food/biofuel
price increases due to rise of manufacturing consumption. I, first, define two types of
economies; solar-based and fossil-based.

Definition 2.1. The economy is called ‘solar-based’ if and only if ζ > (δ + ρ)/As. It is
called fossil-based if and only if ζ < (δ + ρ)/As.

According to this definition, if the long-run price of solar energy, which is (δ +

ρ)/As, is less than extraction cost of fossil fuel, then the economy is called solar-based.
In such an economy, fossil fuel is not used in the long run:

Lemma 2.4. In a ‘solar-based economy’ fossil fuel is not used in the long-run. The long-
run regime is SO if and only if the long-run food price of SO regime is high enough, i.e.
θCSO/Z > (δ+ ρ)/As, where CSO is defined in (2.13). The long-run regime is BS otherwise.

Proof. See appendix 2.B.

The above lemma rules out use of fossil fuel in the long run, i.e. FO, SF, BF and
BSF are not long-run regime of solar-based economy. Moreover, if the minimum food
price (when no biofuel is used) increases above the long-run solar price, (δ + ρ)/As,
no biofuel will be consumed in the long run. Otherwise, the biofuel is cheap enough
to contribute in energy supply in the long run to materialize BS regime. The energy
phases in fossil-based economy is discussed below.

Lemma 2.5. In a fossil-based economy, solar energy is never used. The long-run regime is
FO if and only if the long-run food price of FO regime is high enough, i.e. θCFO/Z > ζ,
where CFO is defined in (2.15). The long-run regime is BF otherwise.

Proof. See appendix 2.B.

Since the marginal product of capital decreases over time, the lowest price of solar
energy is realized in the long run. If the long-run price of solar is above extraction
cost of fossil fuel, then solar is always more expensive than fossil fuel and is never
used. In other words, if extraction cost of fossil fuel is always less than solar price,
the economy will never go through SO, BS, SF and BSF regimes. Therefore, long-run
energy phase of the economy must exclude solar.

If the economy uses fossil fuel in the long run, then environmental and energy
security concerns might urge adoption of policies to restrict or end the consumption
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of polluting energy sources. In the next section, I analyze the presumably dispro-
portionate effect of these policies on backstop technologies while the economy is
fossil-based.6

2.4 Environmental Policy and Backstop Technologies

If the oil extraction cost is always below the solar cost of energy generation, the
economy will never invest in solar technology. Hence, the government might adapt a
policy to restrict the consumption of fossil fuel. I investigate the case in which the
government either levies a tax on oil or imposes a cap on its consumption. Then, I
evaluate the effect of different levels for policies on long run energy basket to see if
there is an unbalance effect on promotion of the two backstop technologies, biofuel
and solar.

2.4.1 Taxing fossil fuel

Taxing fossil fuel, while it’s not scarce, decreases its use. Since the extraction cost of
fossil fuel is less than long-run solar price, the tax can fill in the gap between these
two and lead to adoption of solar. I assume that the income raised through fossil fuel
taxation is taken out of the economy. Now, I am prepared to find out what tax levels
make solar and/or biofuel competitive in the long run.

Definition 2.2. The minimum tax rate required to make the solar competitive in the long-run
of a fossil-based economy is called the ‘solar threshold’.
The minimum tax rate required to make the biofuel competitive in the long-run of a fossil-based
economy is called the ‘biofuel threshold’.

The next lemma describes minimum tax required for use of solar in the long run
of fossil-based economy.

Lemma 2.6. The ‘solar threshold’ is

τ̂ ≡ δ + ρ

As
− ζ. (2.16)

Proof. See appendix 2.B.

6 Although the environmental policies can be justified in a solar-based economy as well, but the analysis of
their effect is not different from fossil-based economy. The reason for such an intervention could be, for
instance, lowering pollution in the short run.
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If the tax-free fossil-based economy won’t consume biofuel in the long run, the
tax can make the biofuel competitive as well. The minimum tax rate needed to make
biofuel competitive in the long run is characterized by the following lemma:

Lemma 2.7. Assume that the solar is not used in the long run. Then the ‘biofuel threshold’
is

τ̄ ≡ [CSO
(1− ε− ν)δ + (1− ν)ρ

(1− ε− ν)δ + ρ
]1−

ν
1−ε [

δ + ρ

θAs
Z]

ν
1−ε

θ

Z
− ζ. (2.17)

Proof. See appendix 2.B.

As it is mentioned in the lemma, τ̄ is derived assuming no solar is consumed
in the long run following imposition of τ = τ̄. Hence, τ̄ < τ̂ is the necessary and
sufficient condition for the assumption mentioned in above lemma. The following
corollary helps to understand τ̄ better.

Corollary 2.1. The long-run regime of a fossil-based economy without tax, i.e. τ = 0, is BF
if and only if τ̄ < 0. The long-run regime is FO otherwise.

Proof. Using equations (2.12)-(2.15), we can rewrite (2.17) as

ζ + τ̄ = (
θ

Z
)

1−ν−ε
1−ε ζ

ν
1−ε C

1−ν−ε
1−ε

FO . (2.18)

If τ̄ < 0 then the right-hand side of (2.18) is less than ζ. This implies θCFO/Z < ζ

which means biofuel is used in the long-run. On the other hand, if the long-run
regime is BF then θCFO/Z < ζ holds. Using (2.18), it is concluded that ζ + τ̄ < ζ

which is equivalent to τ̄ < 0.

As mentioned before, the aim of this chapter is to analyze comparative statics of
carbon pricing in the long run. Nonetheless, understanding the short-run develop-
ments of the model under fossil fuel taxation is helpful for realizing the long run.
Figure 2.1 depicts the effect of low and high tax rate in (Km − E) space. The economy
starts off with some initial level of Km and is located on the curve MPE = ζ + τ. Over
time, as manufacturing capital stock is accumulated, the economy moves along this
curve. The relevant part of this curve in each of the two diagrams in figure 2.1 is
depicted with solid, thick curve. For low tax rates, i.e. τ < τ̂, like τ1 in figure 2.1a,
the curve intersects the long-run curve, i.e. MPK = δ + ρ, without crossing solar
curve, i.e. MPK = As MPE. This is the graphical illustration for no solar adoption.
In contrast, if the tax rate is high enough, i.e. τ > τ̂, like τ2 in figure 2.1b, the curve
MPE = ζ + τ2 crosses the solar curve in medium run. The economy stays at this point
for a while by keeping manufacturing capital at a constant level and accumulating
solar capital to replace fossil fuel consumption. Once all fossil fuel consumption has
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been replaced by solar production, then the economy changes its path and continue
to develop along solar curve by accumulating both manufacturing and solar capital.
When the marginal product of capital reaches δ + ρ, the economy reaches its long run
steady state which is the intersection point of solar curve and MPK = δ + ρ.

The following proposition explains the long run consequences of fossil fuel taxation.

Proposition 2.1. In the case of fossil fuel taxation,
a. The biofuel threshold is less than the solar threshold, i.e. τ̄ < τ̂, if and only if the long-run
food price of SO regime is low enough:

θ
CSO

Z
< [

(1− ε− ν)δ + ρ

(1− ε− ν)δ + (1− ν)ρ
]
δ + ρ

As
.

Then, the long-run regime is FO for low tax rates, i.e. τ < τ̄, and BF for medium tax rates,
i.e. τ̄ < τ < τ̂. For high tax rates, i.e. τ > τ̂, the long-run regime is BS if the long-run food
price of SO regime is low enough, i.e.

θ
CSO

Z
<

δ + ρ

As
,

but SO if
δ + ρ

As
< θ

CSO
Z

< [
(1− ε− ν)δ + ρ

(1− ε− ν)δ + (1− ν)ρ
]
δ + ρ

As
.

b. Otherwise, if the solar threshold is less than the biofuel threshold, i.e. τ̂ < τ̄, the long-run
regime is FO for low tax rates, i.e. τ < τ̂, and SO for high tax rates, i.e. τ > τ̂. The biofuel is
never consumed in the long run.

Proof. See appendix 2.B.

The above proposition shows that if CSO is in medium range, then only medium
range of fossil fuel taxation, i.e. τ̄ < τ < τ̂, can make biofuel competitive in the long
run. High/low tax rates leads to expensive food and, therefore, leaves no chance for
biofuel to enter energy market. It is not surprising that low tax rates does not make
biofuel competitive in the long run. But the case for high tax rates is not straight
forward. It can be explained through the characteristics of solar energy. If tax rate
is high, i.e. τ > τ̂, solar is used in the long run. The price of solar is constant in the
long run. Therefore, biofuel is used in the long run only if food price does not exceed
the long-run price of solar, i.e. (δ + ρ)/As, which is not the case for medium-range
CSO. For low levels of CSO, biofuel is used in the long run if tax rate is above biofuel
threshold. Finally, no tax rate leads to adoption of biofuel in the long run if CSO is too
big. The reason is that biofuel threshold is beyond solar threshold and even if the tax rate
is above the former, it cannot raise the long-run energy price above (δ + ρ)/As. Since
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Km

E

MPE = ζ

MPE = ζ + τ1

MPK = δ + ρ

MPK = As MPE
•

KLR
m,1

ELR
1

(a) Low tax rates, i.e. τ = τ1 < τ̂, does not lead to
adoption of solar in the long run.

Km

E

MPE = ζ

MPK = δ + ρ

MPE = ζ + τ2

MPK = As MPE
•

KLR
m,2

ELR
2

(b) High tax rates, i.e. τ = τ2 > τ̂, lead to adoption
of solar in the long run.

Figure 2.1: Short- and long-run developments of the fossil-based economy under fossil fuel
taxation
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food price, in this case, is more than price of solar, then no biofuel is consumed in the
long run.

In both cases, whether biofuel is consumed in the long run or not is determined
by the conditions in proposition 2.1. The only difference between low and high tax
rates is that the chance of biofuel consumption increases with tax rate if tax rate is
low, i.e. τ < τ̂. The reason is that the tax rate, if below solar threshold, increases the
long-run energy price. In contrary, for all tax rates above solar threshold, the long-run
energy price is constant and equal to the long-run solar price.

The long-run energy price increases continuously with tax rate. At the same time,
proposition 2.1 implies that food price might decline with higher tax rates for τ < τ̂,
but, at least under some conditions, it must increase for higher tax rates. This can be
seen from part a of the proposition in which for medium-range CSO, biofuel is used
if the tax rate is in its medium range. Now the question is why does the food price
behave non-monotonically? Higher fossil fuel taxes does not necessarily lead to lower
manufacturing consumption in the long run. A stringent tax, τ > τ̂, compared to tax
rates below τ̂, raises the relative food price because it leaves more manufacturing
output to be consumed in the long run. In order to find out why, consider two tax
rates below and above, but arbitrarily close to, τ̂. Let’s represent them by τ̂− and
τ̂+. If τ = τ̂−, then the solar is not used in the long run. Therefore, the energy
price/cost for the economy is the extraction cost of fossil fuel plus the tax rate, i.e.
ζ + τ̂− ≈ (δ + ρ)/As. If the tax rate is τ = τ̂+, then the fossil fuel is replaced by
solar in the long run and, therefore, the economy has to pay for the depreciation cost
of solar capital in the long run- δ/As. Thus, according to the capital accumulation
equation (2.5), what is left for manufacturing consumption, following τ = τ̂+, is
higher than the case for τ = τ̂−. Therefore, the food becomes more expensive in case
of τ̂+. Table 2.1 summarizes the results of proposition 2.1.

In order to grasp a better intuition of what is going on in proposition 2.1, the
long-run energy and food price, conditional on no biofuel consumption, is drawn as
a function of fossil fuel tax rate in figure 2.2. For tax rates below τ̂, higher tax leads
to lower manufacturing consumption and, therefore, lower food price, i.e. θC/Z. In
contrast, when τ ≥ τ̂, the economy becomes solar-based. Therefore, no fossil fuel is
used in the long run if τ ≥ τ̂. Moreover, long-run energy price and marginal product
of capital is not affected from the tax rate anymore. Therefore, using (2.5), we can see
that long-run manufacturing consumption is the same for all τ ≥ τ̂.

Similarly, the long-run energy price increases with tax rate if fossil fuel is used in
the long run, i.e. τ < τ̂. For τ ≥ τ̂, all fossil fuel consumption is replaced with solar
in the long run. Therefore, the long-run energy price is the long-run price of solar,
i.e. (δ + ρ)/As. Now, In order to find out whether biofuel is used in the long run or
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Table 2.1: The long-run regime of the fossil-based economy under fossil fuel taxation

(a) High food price, θ
Z CSO > [ (1−ε−ν)δ+ρ

(1−ε−ν)δ+(1−ν)ρ
] δ+ρ

As

τ < τ̂ τ > τ̂

FO SO

(b) Medium food price, δ+ρ
As

< θ
Z CSO < [ (1−ε−ν)δ+ρ

(1−ε−ν)δ+(1−ν)ρ
] δ+ρ

As

τ < τ̄ τ̄ < τ < τ̂ τ > τ̂

FO BF SO

(c) Low food price, θ
Z CSO < δ+ρ

As

τ < τ̄ τ̄ < τ < τ̂ τ > τ̂

FO BF BS

not, we just need to find for which tax rates the long-run energy price exceeds the
long-run food price conditional on no biofuel consumption, i.e. θC/Z. The gray areas
in figure 2.2 demonstrate use of biofuel in the long run.

Corollary 2.2. Under fossil fuel taxation, adoption of solar in the long run can crowd out
biofuel consumption.

It is now clear that taxing fossil fuel does not always have a proportionate effect
on both types of backstop technologies. Although a higher tax rate makes solar
competitive, it might discourage the use of biofuel in the long run. It is important to
notice that even if biofuel is not used in the long run of the economy, in the short run
it might be used.
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τ
τ̂

θ
Z C

MPEδ+ρ
As

(a) High food price, θ
Z CSO > [ (1−ε−ν)δ+ρ

(1−ε−ν)δ+(1−ν)ρ
] δ+ρ

As
.

Biofuel is never adopted in the long run.

τ
τ̂

θ
Z C

MPEδ+ρ
As

τ̄

(b) Medium food price, δ+ρ
As

< θ
Z CSO <

[ (1−ε−ν)δ+ρ
(1−ε−ν)δ+(1−ν)ρ

] δ+ρ
As

. Biofuel is adopted in the long

run if τ̄ < τ < τ̂.

τ
τ̂

θ
Z C

MPEδ+ρ
As

τ̄

(c) Low food price, θ
Z CSO < δ+ρ

As
. Biofuel is adopted

in the long run if τ̄ < τ.

Figure 2.2: The long-run energy and food prices, conditional on no biofuel consumption, versus
fossil fuel tax rate.
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2.4.2 Cap on fossil fuel consumption

The second type of carbon pricing policy is imposition of a cap on fossil fuel con-
sumption. I use the term pricing since a quantity limit for consumption is equivalent
to pricing (tax) according to Weitzman (1974). fossil fuel consumption cap increases
the long-run energy price and, therefore, can induce consumption of backstop tech-
nologies, i.e. solar and biofuel. The following lemma characterizes what cap level
leads to adoption of solar in the long run.

Lemma 2.8. In a fossil-based economy, fossil fuel consumption caps that make solar competi-
tive in the long-run are less than

x̂|B=0 ≡
Asν

ε + ν
KSO (2.19)

if and only if the long-run food price of SO regime is high enough,

θ

Z
CSO >

δ + ρ

As

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
.

No biofuel is used with x = x̂|B=0.
Fossil fuel consumption caps that make solar competitive in the long-run are less than

x̂|B>0 ≡
δ + ρ

δ + ρ + ζθAs
[KSO(

As

ε + ν
)(ν + θ

(1− ε)δ + ρ

δ + ρ
)− Z],

otherwise. Biofuel is used at x = x̂|B>0.
Moreover, x̂|B>0 < x̂|B=0 if and only if

θ

Z
CSO <

δ + ρ

As

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
.

Proof. See appendix 2.B.

Corollary 2.3. The maximum fossil fuel consumption cap for use of solar in the long run of
the fossil-based economy is

x̂ ≡ min{x̂|B>0, x̂|B=0}.

Proof. Follows from above lemma.

Similar to the case of fossil fuel taxation, discussing the short-run developments
of the economy under fossil fuel consumption cap helps to better understand the long
run. Figure 2.3, depicts the effect of cap in the short run and long run of the economy.
In order to simplify the graph, I have assumed that biofuel is not used. Similar to
explanations of figure 2.1, the economy starts at some initial level of manufacturing
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capital stock. Over time, it accumulates more manufacturing capital and together
with that, the economy expands fossil fuel consumption. The mirror image of these
developments is shifts along the curve MPE = ζ. When the use fossil fuel hits the
cap, the economy cannot expand its energy consumption in the short run. The reason
is that solar price is more than marginal product of energy. Therefore, the economy
only accumulates its manufacturing capital stock. This is represented by the thick
section of the horizontal line at E = x1 or E = x2 in the two graphs. Accumulating
manufacturing capital raises marginal product of energy. If the cap level is not
restrictive enough, i.e. x > x̂ like figure 2.3a, then marginal product of energy does
not rise to solar price in the short- or long-run. Therefore, solar is not used in the short
run and in the long run. In contrast, if the cap level is restrictive enough, i.e. x < x̂
like figure 2.3b, then marginal product of energy reaches solar price in the long-run.
Hence in the long run, both solar and fossil fuel are consumed.

The next lemma paves the road for a proposition about fossil fuel consumption
cap in the long run of a fossil-based economy.

Definition 2.3.

C ≡ δ + ρ

As

Z
θ
·min{1,

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
},

C̄ ≡ δ + ρ

As

Z
θ
·max{1,

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
}.

Lemma 2.9. In the long run of the fossil-based economy, the manufacturing consumption
under cap levels x ≤ x̂ is

C = CSO + x(
δ

As
− ζ) (2.20)

if no biofuel is consumed in the long run.
Otherwise, if biofuel is consumed in the long run, the long-run manufacturing consumption
following x ≤ x̂ is

C =
δ + ρ

(1 + θ)δ + ρ
[CSO + x(

δ

As
− ζ) +

δ

As
Z]. (2.21)

Proof. See appendix 2.B.
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Km

E

MPE = ζ

MPK = δ + ρ

MPK = As MPE
x̂

•

KLR
m

x1

(a) High level of cap, i.e. x1 > x̂, does not lead to

adoption of solar in the long run.

Km

E

MPE = ζ

MPK = δ + ρ

MPK = As MPE

x2

•

KLR
m

x̂

(b) Low level of cap, i.e. x2 < x̂, leads to adoption of
solar in the long run.

Figure 2.3: The short- and long-run developments of the fossil-based economy under fossil fuel
consumption cap, assuming no biofuel consumption.
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Proposition 2.2. In the long run of the fossil-based economy with x < x̂,

• solar is consumed,

• biofuel is consumed if either

◦ CSO < C, or

◦ C < CSO < C̄, and either

* ζ > δ/As and x̄ < x < x̂, or

* ζ < δ/As and x < x̄ where

x̄ ≡
CSO − Z

θ
δ+ρ
As

ζ − δ
As

. (2.22)

• no biofuel is consumed if CSO > C̄.

Proof. See appendix 2.B.

If fossil fuel consumption cap is restrictive enough, then solar is used in the long
run, together with fossil fuel. The above proposition characterizes the conditions
under which biofuel is consumed as well, together with solar and fossil fuel. The
proposition shows that although at low levels of CSO biofuel is used together with
solar. In contrary, given medium-range CSO, then biofuel is not used in the long run
if cap is too stringent. The reason is similar to what I discussed in the taxing section.
If the fossil fuel is not too cheap, i.e. ζ > δ/As, a more restrictive cap forces the
economy to replace oil with equivalent solar energy in the long run. The depreciation
cost of solar capital is less than extraction cost of fossil fuel. Therefore, more resources
are released for manufacturing consumption. This increases the relative food price
and, therefore, raises the price of biofuel in the long run. For medium-range CSO, the
rise of long-run food price is such that biofuel becomes more expensive than solar if
x < x̄. The results of this proposition is summarized in table 2.2.

Figure 2.4 depicts the long-run effect of different cap levels on the long-run food
price if fossil fuel is not too cheap, i.e. ζ > δ/As. As the cap is put in place, it distorts
the decision from the optimal oil consumption. Therefore, it decreases the long-run
manufacturing consumption compared with the case with no cap. Similarly, lower
cap levels lead to lower long-run food price if x > x̂. A cap smaller than or equal
to x̂ makes the solar competitive in the long run. For x ≤ x̂, the long-run energy
price is the long-run solar price, i.e. (δ + ρ)/As. Since the long-run margin product of
capital is constant for all x, therefore, the long-run manufacturing production remains
constant for x ≤ x̂. The more restrictive cap forces the economy to replace more fossil
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Table 2.2: The long-run regime of the fossil-based economy with fossil fuel consumption cap
x < x̂

(a) ζ > δ
As

and x < x̂

CSO < C
C < CSO < C̄

CSO > C̄
x < x̄ x > x̄

BS SO BS SO

(b) ζ < δ
As

and x < x̂

CSO < C
C < CSO < C̄

CSO > C̄
x < x̄ x > x̄

BS BS SO SO

fuel with solar. The extraction cost of fossil fuel is more than the depreciation cost
of maintaining solar capital in the long run, i.e. δ/As. Therefore, using the capital
accumulation equation in (2.5), lower cap levels, compared with higher ones, leave
more manufacturing output for consumption. Hence, for x ≤ x̂, the long-run food
price following a lower cap is higher than the long-run food price following a higher
cap. This implies that biofuel can become too expensive compared to solar energy
and, therefore, the economy might stop use of biofuel if the cap is too stringent.

In contrast, if ζ < δ
As

, then lower fossil fuel consumption cap leads to lower long-
run food price at any level of x. This is shown in figure 2.5. The biofuel is consumed
in the long run of the economy if the cap is tight enough. In the figure, the threshold
that leads to adoption of biofuel is tighter than the necessary threshold for having
solar. In other words, if the economy uses biofuel in the long run, then it does not
cease its use if the cap level is reduced.
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θ
Z C

x̂

δ+ρ
As

MPE

x
ζ

(a) High-range CSO: CSO > C̄. Biofuel is never

adopted in the long run.

θ
Z C

x̂

δ+ρ
As

MPE

x
ζ

(b) Medium-range CSO: C < CSO < C̄. Biofuel is

adopted in the long run if x̄ < x < x̂.

θ
Z C

x̂

δ+ρ
As

MPE

x
ζ

(c) Low-range CSO: CSO < C. Biofuel is adopted in

the long run if x < x̄.

Figure 2.4: The long-run energy and food prices, conditional on no biofuel consumption, versus
the cap level for the case of ζ > δ/As.
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Z C
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δ+ρ
As
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ζ

(a) High-range CSO: CSO > C̄. Biofuel is never

adopted in the long run.

x

θ
Z C

x̂0

δ+ρ
As

MPE
ζ

(b) Medium-range CSO: C < CSO < C̄. Biofuel is

adopted in the long run if x < x̄.

x

θ
Z C

x̂0

δ+ρ
As

MPE
ζ

(c) Low-range CSO: CSO < C. Biofuel is adopted in

the long run if x < x̂.

Figure 2.5: The long-run energy and food price, conditional on no biofuel consumption, versus
the cap level for the case of ζ < δ/As.
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2.5 Discussion

Carbon pricing policies are adopted to suppress the use of fossil fuel and promote
the alternative backstop technologies. Restrictive policies on fossil fuel consumption,
i.e. a tax or emission cap, in the absence of significant fossil fuel scarcity rents, raise
their prices and suppress their use. In this analysis, the long-run consequences of
imposing a fossil fuel cap or tax on solar consumption is similar to Tsur and Zemel
(2011); more solar is adopted in the long run if the carbon pricing is more stringent.
But the case of biofuel adoption, in this chapter added to the analysis, is different. A
more stringent cap or tax might increase long-run biofuel consumption, but it can
also decrease biofuel consumption. In an emission cap leads to the adoption of solar
and biofuel in the long run, a tighter cap leads to lower fossil fuel consumption. This
means that for those cap levels which lead to adoption of solar in the long run, a lower
cap increases the share of solar in energy basket of the long run. Adoption of solar in
the long run fixes the long-run energy price to a level proportional to opportunity
cost of physical capital. Hence, the same energy and manufacturing capital and,
therefore, production is materialized in the long run. The things that change with
different cap levels are fossil fuel consumption, which is replaced by solar capital,
and manufacturing consumption.

The extraction cost of fossil fuel and the depreciation of solar capital exhaust part
of total production of the economy. Therefore, if the cost of extracting fossil fuel is
more than the depreciation of solar capital, tighter cap leads to lower total energy
cost and, therefore, higher long-run consumption of manufacturing goods. This is the
mechanism that makes the biofuel more expensive and suppresses its consumption.
A similar mechanism works under fossil fuel taxation.

The important point behind these results is the difference between the opportunity
cost of capital and its depreciation cost. While the former shapes the choice of energy
source, the latter determines how big is the cost of depreciation of solar capital, which
must be deducted from the total production. While the long-run solar price is pinned
down by the opportunity cost of physical capital, only the depreciation cost of solar
capital is important for manufacturing consumption in the long run. Hence, The long-
run manufacturing consumption is determined by the depreciation rate of capital and
the extraction cost of fossil fuel.

My model is simple in the sense that I discarded labor movement between manu-
facturing and agricultural sectors. Adding labor to the model with a CRS production
function in manufacturing sector and an agricultural production function with DRS
with respect to labor, does not change the results. The reason is that the optimal
manufacturing capital and energy consumption in manufacturing production will be
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proportional to manufacturing labor. Tighter policy increases the energy price and
therefore lower amount of the three production factors will be utilized. If the carbon
pricing policy is so tight that solar investment materializes, the fixed capital and en-
ergy price pins down the manufacturing labor as well. Then for more stringent policy
levels, the level of production factors does not change in the long run. Therefore, the
long-run energy consumption, manufacturing capital and labor stay constant.

In the analysis, two types of policies are studied, tax and emission cap. Using
the FOC (2.7), it can be shown that if no backstop technology is used in the long run,
then the two policies are equivalent. In other words, for any tax rate there is a unique
emission cap that leads to the same amount of fossil fuel consumption in the long
run. The full equivalence breaks down, contrasting Weitzman (1974), when solar
and biofuel are introduced. For instance, with the tax rate τ = τ̂, the economy is
indifferent between solar and fossil fuel in the long run. Therefore, any combination
of the two energy sources is possible, and one needs an emission cap x≤x̂ to specify
the precise allocation. The reason that the equivalence from Weitzman (1974) breaks
down is that our substitutes are perfect with linear production technologies.

Replacing oil with backstop has welfare consequences as well. More stringent
policies imply lower welfare for the consumer, defined as the integral of the stream of
instantaneous utilities over time. This is not surprising as I do not take into account
negative externalities of fossil fuel consumption. Though the present welfare will
decrease with tighter emission caps, the interesting conclusion is that long run utility
may increase. The utility function in (2.1) can be considered as the welfare function
of a society constituted of a continuum of non-overlapping generations, each of
which lives only one moment in time. The relative weight of generations is ρ. To
understand the effect of different levels of stringency of carbon pricing policy, I define
the sustained welfare to be the instantaneous utility of generations in the long run.
According to the analysis of the cases in figures 2.2b and 2.4b, tighter policies (higher
tax or lower cap), compared to looser ones, can lead to higher long-run manufacturing
consumption. In this case, the tighter policy leads to no biofuel consumption in the
long run and, therefore, all the agricultural output is consumed as food. Hence,
the tighter policy leads to higher manufacturing and food consumption in the long
run. In other words, those generations who live in far future will better off from
the tighter policy. On the other hand, the tighter policy will immediately put more
pressure on the current generation. The current generation has to pay higher cost for
energy if the tighter policy is implemented, and has to invest in more capital. The
higher energy price leads to less production and more investments go at the cost of
consumption, therefore, lower welfare for the current generation. Hence, I can say
that a tighter policy, compared to a looser one, can generate higher welfare for the
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long-run generations, the so called sustained welfare is higher, while leads to lower
welfare for current the generation.

The simple model of this chapter, with a minor change in its set up, has some
interesting implications. In the model, I have assumed that the capital can be relocated
between manufacturing production and the solar sector immediately and with no
cost. It means that if the economy is big, i.e. the economy has a huge capital stock,
imposing a tax or cap on fossil fuel consumption may immediately lead to energy
production in solar sector. This simplifying assumption does not hurt if we only
discuss the long run of the economy following carbon pricing policies. The transition
of the economy under these policies could be different if the solar sector needs to
build up some infrastructure before starting the production of energy. Discussions
of transition can be found in Tsur and Zemel (2011) and Smulders and Zemel (2011).
Let’s look at the emission cap policy in a case that solar capital is differentiated from
manufacturing capital. Imposition of a restrictive cap leads to excess demand for
energy at that moment. Thus the economy can only consume fossil fuel for a while.
The policy restricts the production and overall investment of the economy. Hence,
the economy will focus on solar investment only to build up its necessary capital
stock that covers the excess demand of energy. The investment in solar immediately
starts and if the food price is not too high, biofuel is used as a response to the excess
demand. During the transition, the manufacturing capital, therefore, accumulates
slowly, if at all. This procedure slows down the growth of the economy and therefore,
is costly. This is similar to discussion in Smulders and Zemel (2011). Therefore, a
delayed intervention can be costly because it prolongs the catching up phase for solar.
The bigger the economy, the longer the transitional phase with lower growth rate in
capital. This mechanism of slower growth, also discussed in Acemoglu et al. (2012),
can be shown in our set up through the above-mentioned change in solar investment.
A late intervention, therefore, causes a negative level shift in the production of the
economy, due to slower investment in physical capital, compared to an on-time
imposition of the policy.
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2.A Energy Phases

Biofuel-Only (BO) regime The only energy source is the biofuel and no oil or solar
is consumed, Et = Bt. Hence, the manufacturing capital is the only type of capital.
Using (2.10) and the equation of energy and food price, following from (2.8) when
biofuel is being used, the consumption locus is derived to be

C =
νAm

θ
(

δ + ρ

εAm
)

ν−1
ν [ZK

ν+ε−1
ν − (

δ + ρ

εAm
)

1
ν K]. (2.A.1)

Similarly, (2.5) and (2.8) give the locus for capital to be

(θ + ν)C = νA
1
ν
mZK

ε
ν [C + δK]

ν−1
ν − νδK. (2.A.2)

Solar-Fossil (SF) regime No biofuel is consumed and the energy is supplied through
oil extraction and solar production. Hence, the capital will consist of both types. The
extraction cost of oil pins down the energy price and the solar price. Thus, follow-
ing from (2.7) and (2.9), the energy and manufacturing capital are constant during
solar-fossil phase,

Km,SF = [
Am(Asν)ν

Asζ
ε1−ν]

1
1−ε−ν , (2.A.3)

and

E = [
Am(Asν)1−ε

Asζ
εε]

1
1−ε−ν .

The manufacturing consumption in this regime will always increase over time if
ζ > δ+ρ

As
. It’s derivation using (2.10) is straight forward:

Ĉ = Asζ − (δ + ρ). (2.A.4)

The capital locus can be easily derived from (2.5) to be

C = (Asζ − δ)K + [Ȳ− ζ(Ē + AsK̄m)], (2.A.5)

where the bar sign means the variable is constant throughout the SO phase. As the
capital is accumulated during this phase, the manufacturing capital does not change.
Hence, the whole accumulated capital will contribute into the solar capital stock.
Since the total energy consumption remains fixed, the solar production is replacing
for fossil fuel consumption. Therefore, during this phase, the share of fossil fuel from
total energy consumption declines over time.
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Biofuel-Fossil (BF) regime No solar is produced while both biofuel and fossil fuel
contribute in energy supply. Therefore, the food price is constant throughout this
phase and is equal to oil extraction cost (equations (2.7) and (2.8)). The manufacturing
consumption and food expand with the same growth rate to keep the food price
constant. The consumption and capital loci for this phase is derived from the FOCs,
imposing zero shadow prices for biofuel and oil:

K = KBF = [
ε1−ν Amνν

(δ + ρ)1−νζν
]

1
1−ν−ε , (2.A.6)

and
C = A

1
1−ν
m (

ν

ζ
)

ν
1−ν

1− ν

1 + θ
K

ε
1−ν +

ζ

1 + θ
Z− δ

1 + θ
K. (2.A.7)

The long run capital level in BF regime is the same as in FO regime.

Biofuel-Solar (BS) regime Only biofuel and solar will generate energy. Therefore,
the energy price from solar production is equal to food price (equations (2.8) and
(2.9)). Adding the equation for the consumption locus- equation (2.10)- implies a
constant level for manufacturing capital in the steady state. The consumption locus,
then, is derived to be

C =
ρ + δ

θ
K− ρ + δ

θ

ε + ν

ε
K̄m +

ρ + δ

θAs
Z. (2.A.8)

The capital locus in BS regime is

K =
1

As
[m

ε + ν

ν
(C + δK)

1
ν+ε +

mθ

ν
C(C + δK)

1−ν−ε
ν+ε − Z], (2.A.9)

where m ≡ [ 1
Am

( Asν
ε )ε]

1
ν+ε . The steady state of BS regime, using (2.A.8) together with

(2.A.9) and comparing to (2.12) and (2.13) imply

CBS =
(δ + ρ)CSO + (δ + ρ) δ

As
Z

δ + ρ + δθ
, (2.A.10)

and
KBS = KSO −

Z
As

+
θ

δ + ρ
CBS. (2.A.11)

Biofuel-Solar-Fossil (BSF) regime The three sources of energy generation will be
used. The energy and food price is pinned down to extraction cost of oil. The
capital will be accumulated in both manufacturing and solar sectors. Similar to SF
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regime, the energy consumption and the manufacturing product is constant and the
manufacturing consumption, conditioning on solar-based economy, always grow in
this phase

Ĉ = Asζ − (δ + ρ). (2.A.12)

The capital locus using the FOCs and capital accumulation equation is

C =
Asζ − δ

1 + θ
K +

1
1 + θ

[Ȳ− ζ(Ē + AsK̄m)] +
ζ

1 + θ
Z. (2.A.13)

Therefore, similar to SF regime, throughout this phase, the oil consumption declines
over time and the solar generation will increase in a solar-based economy as the
capital is accumulated only in solar sector. As C is increasing and the energy price is
fixed, given the constant agricultural output, the biofuel consumption declines in this
phase.
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2.B Proofs

2.B.1 Proofs of lemmas

Lemma 2.1

Proof. No oil and biofuel is used, Bt = Ot = 0, and the energy is solely supplied
by solar generators, Et = As,tKs,t. There are two types of capital in the economy;
manufacturing and solar capital, Kt = Km,t + Ks,t. Following from the FOC for solar,
equation (2.9), the solar price must be equal to energy price, MPKt = As,t MPEt or
Et = As,tKs,t. This implies the stock of the two types of capital to be proportional,

Ks

Km
=

ν

ε
.

The consumption and capital loci of this energy phase are

Ĉ = 0 ⇒ K = KSO = (ε + ν)ε
ε

1−ε−ν [
Am(Asν)ν

δ + ρ
]

1
1−ε−ν ,

and

K̂ = 0 ⇒ C = Am
εε(Asν)ν

(ε + ν)ε+ν
Kε+ν − δK. (2.B.1)

Therefore, the long run of the economy in which consumption and capital will reach
their steady state levels is

CSO = KSO
δ + ρ− δ(ε + ν)

ε + ν
.

Lemma 2.2

Proof. No biofuel and solar is used. Therefore, Bt = Ks,t = 0, Et = Ot and the capital
will only consist of manufacturing capital, Kt = Km,t. Following (2.7), the energy
price will be the extraction cost of oil; MPEt = ζ. Hence the characteristic equation
for FO regime is

Et = (
νAm

ζ
)

1
1−ν K

ε
1−ν
t . (2.B.2)
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The long run equilibrium in this energy phase will be reached when the consump-
tion and capital growth rates fall to zero. Plugging (2.B.2) into (2.10) and setting the
consumption growth rate equal to zero leads to

K = KFO = [
ε1−ν Amνν

(δ + ρ)1−νζν
]

1
1−ν−ε .

The capital accumulation equation, (2.5) in the long run- forcing K̇ = 0- implies

C = A
1

1−ν
m (

ν

ζ
)

ν
1−ν (1− ν)K

ε
1−ν − δK. (2.B.3)

The long run manufacturing consumption is then

CFO = KFO{(1− ν)
δ + ρ

ε
− δ}.

Lemma 2.3

Proof. Assume that BO is the long run regime of the economy. Therefore, the food
price must be less than fossil fuel extraction cost and long-run capital price,

θ
CLR
DLR

< ζ, and, θ
CLR
DLR

<
δ + ρ

As
.

If there has been a transition to BO regime in time τ, it implies that the food price
must have been equal to at least one of the other two energy sources, fossil fuel and
solar,

θ
Cτ

Dτ
= ζ, and/or, θ

Cτ

Dτ
=

MPKτ

As
.

This implies the long run energy price not to be higher than the transition energy
price. Capital accumulation implies that long run energy consumption must be more
than the transition,

ELR = BLR > Eτ .

Since the long-run energy and manufacturing consumption is not lower than tran-
sition, the long run food consumption must also be higher than transition, in order
to maintain the lower energy price in the long run, implied by the previous two
equations,

θ
CLR
DLR

≤ θ
Cτ

Dτ
, and, CLR ≥ Cτ ⇒ DLR ≥ Dτ .
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Therefore, the long-run biofuel consumption must not be higher than the transition,

BLR ≤ Bτ ⇒ ELR < Bτ ≤ Eτ .

Hence, due to contradiction, the initial assumption of having a transition to BO regime
is ruled out.

Lemma 2.4

Proof. By construction, the long run solar price is lower than fossil fuel price. There-
fore, replacing fossil fuel with solar capital leads to no fossil fuel in the long run.

Non-fossil regimes, excluding BO, are SO and BS regimes. The long run regime
depends on the use of biofuel in the long run which depends on the food price. Using
equations (2.13) and (2.A.10) and the long run solar price, it turns out that either

CSO < CBS <
δ + ρ

θAs
F,

which implies BS regime in the long run, or,

δ + ρ

θAs
F < CBS < CSO,

which means SO regime in the long run. Therefore, discussing the food price in SO
regime clarifies the long run of solar based economy.

Lemma 2.5

Proof. The solar price is MPK
As

. Its minimum price is realized in the long run to be δ+ρ
As

.
Therefore, in a fossil-based economy, the fossil fuel extraction cost is always lower
than solar price.

Two regimes may construct the long run of a fossil-based economy, FO and BF.
similar to the proof of Lemma (2.4), and following equations (2.15), (2.A.6) and (2.A.7),
we either have

CFO < CBF <
ζ

θ
F,

which implies BF regime in the long run, or,

ζ

θ
F < CBF < CFO,

which implies FO regime in the long run.
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Lemma 2.6

Proof. Solar is used in the long run if and only if its price is not more than cost of fossil
fuel. The cost of fossil fuel, following imposition of tax rate τ, is ζ + τ. Using the
FOCs for fossil fuel and solar consumption, (2.7) and (2.9), together with the condition
for the long-run, which is Ĉ = 0 in (2.10), I find τ = τ̂ such that long-run solar price
is equal to cost of fossil fuel. Therefore,

ζ + τ̂ =
δ + ρ

As

Lemma 2.7

Proof. From the FOC (2.7), if MPE = ζ + τ̄, then biofuel can compete with fossil fuel.
Together with FOC (2.10) in the long run, one can compute the long-run levels for
fossil fuel consumption and manufacturing capital. Replacing these values in (2.5) for
the long run, i.e. K̂ = 0, the long-run manufacturing consumption is found to be

C = [(1− ν− ε)δ + (1− ν)ρ](
Amεενν

(δ + ρ)1−ν(ζ + τ̄)ν
)

1
1−ν−ε .

Since biofuel is competitive at τ = τ̄, I can combine the FOCs for fossil fuel and
biofuel to get

θ

Z
C = ζ + τ̄.

Replacing C from above and comparing with the expression in (2.13), the lemma is
proven.

Lemma 2.8

Proof. Only if : Assume that no biofuel is used when x = x̂|B=0 is imposed on fossil fuel
consumption. I find the amount of x̂|B=0. Then I show that no biofuel consumption
requires CSO to be big enough.

No-biofuel assumption implies that E = O = x̂|B=0. Adoption of solar implies
MPE = (δ + ρ)/As. Together with MPK = δ + ρ and (2.2), one can find the long-run
level of E, K and Y. The energy consumption in the long run is equal to the cap level
which, using (2.12), can be written as

x̂|B=0 =
Asν

ε + ν
KSO.
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Equation (2.5) defines manufacturing consumption as a function of Y, x̂|B=0 and
K. Solving for C and using (2.13) gives

C|B=0 =
(1− ε)δ + ρ− Asνζ

(1− ε− ν)δ + ρ
CSO.

I assumed no biofuel is used if x = x̂|B=0. Therefore, in the lung run, food price
must be more than energy price, or θC/Z > (δ + ρ)/As which implies

CSO >
δ + ρ

As

Z
θ

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
.

If : I have to show that if the above equation for CSO holds then the required cap level
for adoption of solar is x = x̂|B=0 and no biofuel is used at this cap level in the long
run. I use the method of ‘proof by contraposition’. In other words, I find the required
cap for using solar in the long run, assuming that biofuel is used. Then, I show that
this leads to violation of above inequality for CSO.

If the cap level makes solar competitive in the long run then, long run levels for E,
K and Y are the same as ‘if’ section. Using equation (2.5) I get

C|B>0 = [(1− ε)δ + ρ]
KSO
ε + ν

− ζ x̂|B>0. (2.B.4)

Biofuel consumption is B = E− x̂|B>0, with E = x̂|B=0, and food consumption is

F = θ
C|B>0

MPE
=

θAs

δ + ρ
{[(1− ε)δ + ρ]

KSO
ε + ν

− ζ x̂|B>0}.

Using (2.6), and solving for x̂|B>0 we have

x̂|B>0 =
δ + ρ

δ + ρ + ζθAs
{AsKSO

ε + ν
[ν + θ

(1− ε)δ + ρ

δ + ρ
]− Z}.

Using (2.B.4), I can find manufacturing consumption at x = x̂|B>0:

C|B>0 =
δ + ρ

δ + ρ + ζθAs
{ KSO

ε + ν
[[(1− ε)δ + ρ]− ζAsν] + ζZ}.

Use of biofuel at x = x̂|B>0 requires θC|B>0/Z < (δ + ρ)/As which turns out to be
equivalent to

CSO <
δ + ρ

As

Z
θ

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
.
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Lemma 2.9

Proof. From lemma (2.8), we know that solar is used for x ≤ x̂. Therefore, the long-
run energy price is MPE = (δ + ρ)/As. Moreover, in the long-run MPK = δ + ρ.
Hence, the long-run levels of E, Km and Y are the same for all x ≤ x̂ and are equal to
the respective levels for SO regime. According to (2.5), for SO regime we have

YSO = CSO + δKSO.

Since no biofuel is used at x = x̂, therefore, E = x̂ in the long-run of SO regime.
Hence, Ks,SO = x̂/As.
For x < x̂, using (2.5) and if no biofuel is consumed, I can write

C = [YSO − δKm − δ
x̂|B=0

As
] + x(

δ

As
− ζ),

in which, according to above equation for SO regime, the first bracket is CSO and I
have replaced Ks = (x̂− x)/As. Therefore,

C = CSO + x(
δ

As
− ζ).

Now, consider those cap levels x ≤ x̂ which lead to biofuel consumption in the long-
run. Similar to no biofuel case above, Y, E and Km are the same as SO regime. Use of
biofuel implies θC/F = (δ + ρ)/As. Together with (2.6) and (2.3), solar consumption
becomes S = x̂|B=0 − x− Z + θAsC/(δ + ρ). Equation (2.5), therefore, can be written
as Y = C + δKm + ζx + (δ/As)(x̂|B=0− x− Z + θAsC/(δ + ρ)). Similar to no-biofuel
case, C is found to be

C =
δ + ρ

(1 + θ)δ + ρ
[CSO + x(

δ

As
− ζ) +

δ

As
Z].
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2.B.2 Proofs of propositions

Proposition 2.1

Proof. a. The first claim is proven by comparing τ̂ in (2.16) with τ̄ in (2.17). The use of
biofuel and/or solar in the long run, following τ < τ̂, is concluded from lemmas 2.6
and 2.7.
For τ > τ̂, note that lemma 2.6 implies that fossil fuel is abandoned in the long run
and solar is used instead. In order to see if biofuel is used in the long run or not, one
needs to compare the long-run values for food price and energy price. Biofuel is used
in the long run if food price, θCSO/Z, is less than energy price, (δ + ρ)/As.
b. From previous part, we know that τ̄ > τ̂ is equivalent to

θ
CSO

Z
> [

(1− ε− ν)δ + ρ

(1− ε− ν)δ + (1− ν)ρ
]
δ + ρ

As
.

For τ < τ̂, according to lemma 2.6, solar is not adopted in the long run. Biofuel is not
used as well because τ < τ̄. Hence, the long-run regime is FO. For τ > τ̂, solar is
adopted in the long run. Therefore, the long-run food price, θCSO/Z, is more than
the long-run energy price, (δ + ρ)/As, because

θ
CSO

Z
> [

(1− ε− ν)δ + ρ

(1− ε− ν)δ + (1− ν)ρ
]
δ + ρ

As
>

δ + ρ

As
.

Hence, the long-run regime is SO for τ > τ̂ and biofuel is not adopted at all.

Proposition 2.2

Proof. Use of solar in the long-run, following fossil fuel consumption cap of x < x̂, is
the result of lemma (2.8).
For biofuel consumption, first assume CSO < C. Hence,

CSO <
δ + ρ

As

Z
θ

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
.

From lemma (2.8), one can conclude that if x = x̂ then B > 0, i.e. biofuel is consumed
in the long-run. Use of biofuel in the long-run implies that at x = x̂, θC/Z ≤
(δ + ρ)/As. According to lemma (2.9), the long-run manufacturing consumption
is characterized by (2.21). Reducing cap level from x̂ changes the manufacturing
consumption, C. If δ/As > ζ then C declines with x and, therefore, θC/Z declines
as well. Hence, biofuel is used for x ≤ x̂. On the other hand, if δ/As < ζ then
lower cap leads to higher C, according to (2.21). The maximum C occurs at x = 0.
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Using (2.21), it can be shown that maximum of θC/Z is less than (δ + ρ)/As because
θCSO/Z < (δ + ρ)/As which is the result of CSO < C. Thus, for x ≤ x̂ biofuel is used
in the long-run.

Now, assume CSO > C̄. Therefore,

CSO >
δ + ρ

As

Z
θ

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
.

From lemma (2.8), one can conclude that if x = x̂ then B = 0, i.e. biofuel is not
consumed in the long-run. No biofuel in the long-run implies that at x = x̂, θC/Z ≥
(δ + ρ)/As. According to lemma (2.9), the long-run manufacturing consumption
is characterized by (2.20). Reducing cap level from x̂ changes the manufacturing
consumption, C. If δ/As < ζ then C increases with declining x and, therefore, θC/Z
increases as well. Hence, biofuel is not used if x ≤ x̂. On the other hand, if δ/As > ζ

then lower cap leads to lower C, according to (2.20). The minimum C occurs at x = 0.
Using (2.20), it can be shown that minimum of θC/Z is more than (δ + ρ)/As because
θCSO/Z > (δ + ρ)/As which is the result of CSO > C̄. Thus, for x ≤ x̂ no biofuel is
used in the long-run.

Finally, assume C < CSO < C̄. If δ/As > ζ, then,

C =
δ + ρ

As

Z
θ

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
,

and
C̄ =

δ + ρ

As

Z
θ

.

From lemma (2.8), one can conclude that if x = x̂ then B = 0, i.e. biofuel is
not consumed in the long-run. No biofuel in the long-run implies that at x = x̂,
θC/Z ≥ (δ + ρ)/As. According to lemma (2.9), the long-run manufacturing con-
sumption is characterized by (2.20). Therefore, reducing cap level from x̂ reduces the
manufacturing consumption, C. Using (2.20), it can be seen that θC/Z = (δ + ρ)/As

at x = x̄ > 0. Hence, if x < x̄, then biofuel is consumed and C is characterized by
(2.21).
If C < CSO < C̄ holds but δ/As < ζ, then,

C =
δ + ρ

As

Z
θ

,

and

C̄ =
δ + ρ

As

Z
θ

(1− ε− ν)δ + ρ

(1− ε)δ + ρ− Asνζ
.

From lemma (2.8), one can conclude that if x = x̂ then B > 0, i.e. biofuel
is consumed in the long-run. Use of biofuel in the long-run implies that at x =
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x̂, θC/Z ≤ (δ + ρ)/As. According to lemma (2.9), the long-run manufacturing
consumption is characterized by (2.21). Reducing cap level from x̂ increases the
manufacturing consumption, C. Using (2.21), it can be seen that θC/Z = (δ + ρ)/As

at x = x̄ > 0. Hence, if x̄ < x < x̂ biofuel is consumed in the long-run. If x < x̄, then
biofuel is not consumed in the long-run and C is characterized by (2.20).
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Chapter 3

NATURAL CAPITAL IS BACK
1

3.1 Introduction

AS POINTED OUT by Piketty (Piketty (2014)), the capital-income ratio has steadily been
rising in developed countries since the 1970s. The Solowian explanation he brings
forward for this phenomenon is a decline in economic growth caused by a slow down
in population and technology growth (Piketty and Zucman (2014)). Piketty concludes
that the twentieth century has been the exception to a long-time regularity, and that
in the twenty-first century we return to some characteristics of the preindustrial era,
with the capital stock exceeding output by a magnitude, and very low returns on
investments. In this chapter, we add two insights. First, we emphasize that specifically
natural capital (including land), more than industrial capital, sees an increase in value,
and consequently environmental policy will become more important in the current
century. The increase in relative capital abundance leads to falling interest rates,
which translates into lower discount rates for future economic gains or losses. This
implies that future economic losses from current environmental damages gain weight
and efficient environmental policies must adapt through increase in stringency. As
a case in point, we recall that a decline in the annual interest rate from 7% to 1%
increases the social cost of carbon by more than hundred-fold (Weitzman (2013)).
Secondly, we connect the observed capital-output increase to another observed mega
trend – the worldwide rise of life expectancy – and show that the increase in life
expectancy is an alternative but straightforward explanation for the observed change
in savings patterns. Figure 3.1 shows the increasing life expectancy in high-income,
middle-income, and low-income countries. With income rising and improving health

1 This chapter is a joint work with Reyer Gerlagh.
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care worldwide, life-expectancy will robustly continue to increase. Longer lived
consumers accumulate more wealth during working age, also as a means to fund
consumption over a longer retirement. In this chapter we provide a simple model that
connects the increase in life expectancy, the accumulation of wealth, the decreasing
interest rate, and natural capital and environmental policies. We use the model to
consider the environmental policy implications of rising life expectancy in various
policy frameworks.

The intuition of our analysis is straightforward. The value of industrial and
natural capital depends on the net present value of all future services delivered.
The value depends on the real interest rate at which future services are discounted,
interacting with the depreciation of the capital stock. Consider an asset A whose
current services at time t = 0 are valued at y0. The asset could be machinery, a piece
of land, or a natural ecosystem. Assume that the asset depreciates at rate δ, and that
the marginal value of the services produced by the asset tends to grow at rate g, so
that the value of services depreciates at rate δ− g. Furthermore, assume that the real
return required for investments is set at r. The net present value of this asset can then
straightforwardly be calculated as2

V0 =
y0

r + δ− g

The effective discount rate for the asset equals ρ = r + δ− g.3 The remarkable feature
is that a falling rate of interest does not only increase the value of capital, but it
changes the relative value of different types of capital, conditional on the typical
depreciation and development of prices. Natural capital is to a large extent self-
maintaining; in economic terms it has a low or zero depreciation rate. Nature needs
millions of years for new species to evolve. When considering nature as a sink
for pollution, we also find many very slow processes governing nature’s dynamics.
Carbon dioxide in the atmosphere is slowly taken up by the biosphere and oceans;
the depreciation of atmospheric CO2 is typically considered to be about 1 per cent
per year. That is, whereas for industrial capital a depreciation rate of about δ = 0.1
may be considered typical, for the global stock of nature a very low depreciation rate
– even a negative rate which indicates self-maintenance – better reflects the laws of
nature. In addition to the low depreciation rate for natural capital, we note that while
the value of a machinery’s product tends to deteriorates through Schumpeterian
destructive innovation, for natural capital, on the other hand, the valuation per unit
2 Dynamic efficiency requires that capital is not over-accumulated: r ≥ g. We assume this condition

holds. For the economy developed below, it can be shown that production is efficient if (i) the economy
is dynamically efficient with respect to industrial capital, and (ii) the FOCs for optimal environmental
policies are satisfied.

3 A similar proxy for the ’effective discount rate’ appears in a formula for the carbon price (van den
Bijgaart et al. (2016)).
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Table 3.1: Value of unitary flow of capital income

Capital 1970 2010 Relative
type r = 0.1, gY = 0.03 r = 0.03, gY = 0.02 change

Industrial,
δ = 0.1, g = 0

5.0 7.7 1.5

Natural,
δ = 0.01, g = gY

12.5 50 4

of output tends to increase over time with rising income (Hoel and Sterner (2007)).
For machinery, we have g ≤ 0, while g > 0 is typical for natural capital.

That is, we find that the value of δ− g tends to be relatively high for industrial
capital, while much lower or even negative for natural capital. Consequently, the
effect of a declining rate of interest on nature’s value is bigger than for industrial
capital, which depreciates faster and whose value increases slower. Indeed, the rise
of natural capital is clearly depicted by Piketty and Zucman (2014); the share of
housing in total wealth increased spectacularly relative to other types of capital over
the last decades. Admittedly, house prices are affected by many variables including
construction costs, but the value of land is an important determinant for urban house
prices, and land does not physically depreciate, while its price has a tendency to
increase with income. In this respect, housing is a type of private capital that is very
similar to natural or environmental capital. Hoel and Sterner (2007) also show that
prices of houses in the UK, during 1993-2004, have increased much faster than the
retail price index with an average growth rate that was more than twice the rate
of interest. Table 3.1 sketches the substance of the matter: a back-of-the-envelope
calculation for the value of industrial and natural capital, and changes in these values
following a drop in the return on capital from 10 per cent annually to 3 per cent
annually.

The table clearly shows the tendency for the price of capital to increase, both
industrial and natural capital. For industrial capital, the tendency of its value to rise
induces an increase in investments until higher marginal costs balance the increased
marginal value. In equilibrium, when the return on investments declines, the stock of
capital increases and its marginal productivity decreases so that the marginal value
of one unit of capital equals its costs of production. The equilibrium effect explains
the pattern seen over the last decades with an increase in the industrial capital stock,
relative to output. The table also presents the increase in the present value of natural
capital, following a decline in interest rate; natural capital increases in value much
more compared to industrial capital. Yet, natural capital cannot be built; there is no
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Figure 3.1: Life expectancy in three groups of
countries, data from The World Bank (2014).

equilibrium mechanism that brings back the price to its previous levels. Instead, for
long lived natural capital, prices go up more than proportionally. For environmental
challenges, such as climate change, declining interest rates push up the net present
value of future damages, and thus also increase the optimal level of abatement greatly.

The first stepping stone of our analysis considers robust demographic develop-
ments. Over the past century, in most countries people enjoyed a vastly increased
prosperity and life-expectancy (figure 3.1). The majority of current born people will
reach an old age, and life expectancy is predicted to increase further. For the U.S., the
life expectancy is projected to increase from below 80 to 83 years (Lee (2014)). In 1950
in the U.S. an average 15 percent of the life time was spent in retirement; this share is
projected to rise to 24 percent by 2050 (Lee (2014)). The share of people aged 65 and
above in the U.S. is projected to increase from 8 percent in 1950 to 20 percent in 2030
(Lee (2014)).

The elderly are not entirely dependent on their savings for retirement. Some
citizens retire partially and continue to contribute to the labor market and earn wages.
Yet, the typical wage earnings during the retirement age are significantly below
earnings when younger, and living longer will most likely induce higher saving rates
to smooth consumption over the life time. In turn, higher saving rates will increase
the capital-output ratio and depress the capital returns.

In various policy areas, the return to investments is a key input variable; it is
used as a measure of society’s willingness for an intertemporal consumption trade-off
between periods, the so-called discount rate. Over the last decades, the discount rate
has become increasingly important in policy debates. Its level can determine the per-
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ceived social profitability of nuclear plants, large scale renewable energy deployment,
or nature conservation. Many of these projects or policies bring immediate costs;
construction costs for nuclear plants are huge, firms have to find costly substitutes
for fossil fuel resources. The benefits of these projects are spread over a long period.
The gains of a steady nuclear electricity supply at low marginal costs, or the benefits
of a stable climate, are reaped over an extended period in the future. A lower return
to investments gives a higher weight associated with future periods, increasing the
value associated with future benefits. Indeed, Nordhaus (1991) in his early calculation
on the social costs of carbon considered the historic rate of return relevant for climate
change policy assessment to be 6 to 7% annually, but he also presented calculations
considering the possibility that future returns could drop to close to zero. The social
costs of carbon, defined as the net present value of future damages associated with
the emission of one unit of carbon dioxide, were shown to deviate by more than a
factor 10 between the high and low discount rate scenarios.

In our analysis, we bring together the two mechanisms outlined above that are
consistent with past observations. First, in a simple framework, an increased life-
expectancy goes hand in hand with an increased capital-output ratio and a decreasing
return on investments. This mechanism explains the observed decline in the interest
rate, as an alternative to the decline in population and technology growth considered
by Piketty and Zucman (2014). Second, lower returns on capital investments lead to
an increase in the share of natural capital, and consistent with that, to more stringent
environmental policies. Connecting the two mechanisms, and given the projected
life expectancy patterns for the future, we foresee even lower investment returns in
coming decades, suggesting an upgrade of climate policy proposals that are based on
models calibrated to the immediate post-WWII era. The optimist prospect is an aged
society with abundant care for its natural resources: natural capital is back.

3.2 Related Literature

We draw on a rich literature connecting life-cycle (retirement) savings to capital
markets. Many papers were written about the connection between demographic
changes and the capital market in the context of the US post-WWII baby boom and its
effect on asset prices. In a seminal study, Modigliani (1986) developed the Life-Cycle-
Hypothesis (LCH), pointing out that consumption smoothing over the life-cycle of
an individual leads to wealth accumulation when young and decumulation of assets
during retirement. The asset holding is hump-shaped, so that a baby boom generation
leads to an aggregate accumulation of assets during the baby-boom working period,
and aggregate dis-saving (or at least lower savings) during the retirment of the baby
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boom generation. Higher demand for assets drives up the asset prices in the period
before the baby boom retires, while the baby boom generation retirement period will
see suppressed asset prices.

The baby boom generates a pulse over time through the economy, as one cohort
of large size transits through its life-cycle. The large weight of one cohort distorts
the average age of society: a baby boom leads to an initially lower average age when
the boomer cohort is still young, while the average age increases when the boomer
cohort reaches its retirement. As the baby boom cohort dies out, society converges to
its long term average age. Along the demographic pulse, aging, the capital-output
ratio and asset prices follow a specific pattern. Brooks (2002), calibrating a 4-period
OLG model to the US, finds that the baby boomer cohort earns a 100 basis points4

lower return on their savings when they retire. Geanakoplos et al. (2004), modeling
a 3-period OLG closed economy with recurring cycles of small and large cohorts,
show that the assets’ price-earning ratio are proportional to the ratio of middle-aged
to young workers. The middle aged workers save the most for their retirement and
their demand for assets drives up the asset prices. Kuhle et al. (2007) set up an OLG
model to project the effect of the baby boom and its end on future equity. They point
out that the decrease of labor supply when the baby boom cohort retires decreases
the rate of return on capital. Calibrating the model to the US economy, they expect a
decrease of the rate of return to capital up to 1.2 percentage point until 2030.

Whereas the baby boom is a transitory phenomenon, in this study we are interested
in a permanent change in demography. We may consider a permanent decline in
the fertility rate, or a permanent increase in the life expectancy5 due to better health
care; both lead to a society that is permanently older than before. A permanently
lower fertility rate leads to a higher ratio of old to young, and thus a bigger fraction
of society who dissaves. Asset prices will be suppressed, and the return on assets
declines. On the other hand, a higher life expectancy has mixed effects. People who
foresee a longer life tend to save more when they are in their working age, and so drive
up asset prices during the period in which life-expectancy increases. Yet, when the
increased life-expectancy has materialized, the large group of retired people dissave
suppressing asset prices. The overall impact of higher life expectancy, therefore, is
not clear priorly. Krueger and Ludwig (2007) calibrate a 2-period OLG model to the
US economy to project the consequences of aging. They predict a 86 basis points
decline in the rate of return until 2080 due to decline in fertility and mortality rates.
There is a variety of studies looking into the effect of demographic changes on overall

4 100 basis points is equal to 1 percentage point.
5 A higher life expectancy is not one-to-one with lower mortality rate. A society with higher life expectancy

might have higher mortality rate due to having higher average age and lower fertility rate. The life table
which depicts the age specific mortality rate and life expectancy is more comprehensive.
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assets ermpirically (Poterba (2001)) or through simulation (Poterba (2004), Takáts
(2012), Poterba (2014)), or considering specific assets, such as housing (Bakshi and
Chen (1994)), or based on international comparisons (Davis and Li (2003), Ang and
Maddaloni (2005), Ang and Maddaloni (2005), Ang and Maddaloni (2005), Ang and
Maddaloni (2005)). Overall, the literature agrees that demographic changes affect
savings, asset prices and returns though the size of this effect is a matter of dispute
(Lashgari (2008), Lee (2014)).

The second strand of literature that we connect to studies efficiency and sus-
tainability of long-run environmental policies. Howarth and Norgaard (1992) show
that efficient environmental policy, implemented through a complete evaluation of
future environmental damages into present-day decisions, is insufficient to guarantee
sustainability. Whereas for industrial capital a high return on investments signals
ample opportunity for future profits, in the context of long-run environmental policy,
a high required return on environmental assets also signals little care for the future,
as measured by a high discount rate; it is then possible that environmental resources
are managed efficiently, yet not sustainably. Efficient environmental policy only leads
to sustainability when the future is given enough weight in current decisions. In
a similar vein, Chichilnisky et al. (1995) derive a “green golden rule”. They show
that long-run utility is maximal with zero utility discounting, and based on Phelps
(1961) golden rule analysis, show that the golden rule equilibrium requires both an
efficient environmental policy but also a specific savings rate. That is, they show
that the (life-cycle) savings decisions have an effect on the stringency of efficient
environmental policies. It is then natural to ask how higher life expectancy affects
savings and, therefore, optimal environmental policy. Recall that, in the economy,
investment opportunities from firms balance the demand for savings assets from
households. Demographic changes will affect the savings supply and the equilibrium.
The allocation will depart more or less from the (green) golden rule.

To analyze these questions, we develop an overlapping generations (OLG) model
where in each period a new young generation enters the economy, earns labor in-
come and saves part of it as so-called life-cycle savings to pay for the retirement
consumption when old in the next period. Our study builds on previous OLG-
environment models. John et al. (1995) and Marini and Scaramozzino (1995) use an
OLG-environment model to argue that governments need to look beyond the interests
of the generations currently alive. John et al. (1995) study optimal environmental
policy and give every generation the same weight in a social welfare function, while
Marini and Scaramozzino (1995) assume an ad-hoc discount rate for the welfare of
future generations. Both these approaches imply that the regulator is involved in sub-
stantial intergenerational redistribution of income. John et al.’s approach depicts the
golden rule capital accumulation as the social optimum. Marini and Scaramozzino’s
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approach, on the other hand, depending on the level of the discount rate, may lead to
an increased accumulation of capital towards the golden rule level, but it can also lead
to a myopic social optimum in which the capital stock is dropped, and the adverse
effect of pollution on future generations is not fully internalized. As an alternative to
the pre-set discount rate, one can assume that the regulator adapts its policies to the
discount rate observed in the market so that it separates its efficiency considerations
from intertemporal and intergenerational income redistributions. In this case, the
regulator only seeks an efficient allocation of natural resources. In a similar vein,
Bovenberg and Heijdra (1998) discuss economic instruments for environmental poli-
cies that can help to implement Pareto improvements. They describe instruments that
let future generations, who benefit from present-day environmental policies, also pay
for the costs of these policies. Gerlagh and Keyzer (2001) turn the argument around;
they present a policy based on the benchmark where the future has the right for a
clean environment, and their proposed instrument let current generations compensate
future generations for the deterioration of environmental resources; they show that
this instrument always implements an efficient and sustainable allocation.

Gerlagh and van der Zwaan (2001) also consider efficient climate policies without
income redistribution between generations, and add to that an analysis on the effect
of higher life expectancy. They pull numerical results from an integrated climate-
economy assessment model. Conceptually, some of the mechanisms studied in that
paper are close to those studied here, but we study these in the context of a stylized
but rigorous analytical model enabling us to state results in formal terms. Loosely
speaking, we identify conditions under which higher life expectancy leads to more
or less stringent environmental policies. Other studies on the intergenerational
distribution of environmental policies include Kavuncu and Knabb (2005), Gerlagh
(2007), Bahn and Leach (2008), and Leach (2009).

Our analysis comes with a number of caveats. We leave aside the effect of liv-
ing longer on the composition of consumption. Various empirical and simulation
studies have asked the question whether an aged society tends to spend more on
environmentally-intensive goods, or not. Tonn et al. (2001) examine the potential
implications for environmental quality of how elderly allocate their time and money.
In a similar study, Dalton et al. (2008) conclude robustly that future aging reduces
future emissions. Cole and Neumayer (2004) study the implications of demographic
changes for sulphur dioxide and carbon dioxide emissions. Mariani et al. (2010)
show that life-expectancy is positively correlated with environmental quality. Menz
and Kühling (2011) find that societies with a low proportion of young and a high
proportion of senior citizens emit more sulfur dioxide. Liddle (2013) summarizes
the evidence from other studies about the effect of demographic factors on carbon
emissions and energy consumption.
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We also do not study the distributional aspects of environmental policies, and
related to that, the political economy of environmental policies. Various studies with
an OLG model have considered environmental policy as the outcome of a political
process, where the currently living generations choose the level of environmental
stringency that maximizes their own welfare, without considering the welfare of
their descendants. Ono (2002), Ono (2005) and Ono and Maeda (2002) build an OLG
model with aging and environmental policy. Ono and Maeda (2002) find that greater
longevity increases the capital stock and environmental quality when the market
provides a fair annuity to consumers to insure their uncertain lifetime. Mariani
et al. (2010) build a model where environmental quality, health and life-time are
interconnected. They find that the bidirectional relation between longevity and
environment can create two distinct stable steady states, one with high and the other
with low levels for life-expectancy and environmental quality. Balestra and Dottori
(2012) compare health versus environmental expenditures and conclude that the
former responds mostly to an increase in life-expectancy. Apart from the different
focus, this manuscript characterizes efficient policies as opposed to political economy
outcomes studied in the above papers, most of the above models assume a logarithmic
utility function, and that consumers have no labor income when old and must fully
pay for their consumption when old through savings. In our analysis we follow a
more flexible set up where consumers also work in their old age and have a more
general utility function with constant-elasticity of substitution. This helps us to
depict more subtle conditions under which greater longevity leads to more capital
accumulation.

In Section 3 we set up the model that we exploit in Section 4 for our analysis. In
Section 5 we discuss our results.

3.3 Model Set Up

We consider a one-sector economy where output is a homogeneous good, produced
by use of capital and labor. Time is discrete, running through periods t = 1, 2, ... We
add to this simple economy an environment. Production tends to go hand in hand
with pollution of the environment, and pollution accumulates to a pollutant stock
St. Total factor productivity (TFP) of the representative firm is negatively affected by
the stock of pollution, which is good reason to put some effort in reducing pollution.
But, the abatement activity at itself is also costly. Its cost is also materialized through
lower TFP. These basic features of the model are captured in the production function
through

Yt = Γ(St)Ω(at)F(Kt, Lt), (3.1)
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where t is time, Kt is capital, Lt is labor, at is the abatement activity6, and St is the
pollution stock, which develops according to

St+1 = χSt + (1− at), (3.2)

where χ is the persistence of pollution. We assume that low pollution levels do not
harm but that damages increase rapidly, and similarly that a small abatement effort
is cheap, but that a substantial effort becomes costly. Technically, we assume that
abatement and pollution satisfy all conditions for an interior optimal allocation:7

Γ(0) = Ω(0) = 1; 0 < Ω(1) < 1; Γ′(S), Ω′(a) ≤ 0; Γ′′(S), Ω′′(a) < 0; Γ′(0) =

Ω′(0) = 0; Γ′(∞) = Ω′(1) = −∞. It turns out that Γ(S) will be equal to zero for
some pollution stock S̄. Since the production will be zero once Γ(S) = 0 and this
leads to utility to diverge to −∞, and the abatement cost is bounded, the stock of
pollution will never increase to S̄. Hence, it is sufficient for the analysis to focus only
on S ∈ [0, S̄). Furthermore, for convenience of the analysis, we assume that F(Kt, Lt)

is a Cobb-Douglas function with capital share in income α and constant returns to
scale (CRS),

F(K, L) = KαL1−α. (3.3)

Output, capital and labor markets are competitive, so that wages and capital
payments make up the constant shares of the value of output,

wtLt = (1− α)Yt, , (3.4)

RtKt = αYt, (3.5)

where wt are wages and Rt is the marginal productivity of capital (or gross return
on investments including depreciation costs), and the price of the output good is
normalized to unity.

The setup of our model is optimistic. Pollution is reversible, and a higher level
of pollution can be compensated by a higher level of capital, that is, pollution and
man-made capital are reasonably good substitutes. In this way, environmental pol-
lution is treated as an intermediary between present and future income, much like
a negative form of capital. The setup is not intended to provide the details of more
persistent problems associated with pollution that lasts for thousands of years, such
as nuclear waste, loss of species and ecosystems that cannot recover. Climate change
is qualitatively captured in so far that it is reversible on the human time scale.

6 Modeling the abatement intensity as a factor which affects the TFP of the economy is similar to Gerlagh
and Liski (2016).

7 For ease of notation we sometimes leave out time subscripts.
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We abstract from long-run income growth.8 Output can be used for consumption
of young, old, and investments in the next capital stock. We assume full depreciation
of capital within one period,

Yt = C1,t + C2,t + Kt+1, (3.6)

where C1,t and C2,t represent the aggregate consumption of young and old generation
at time t, respectively. The young live the full period, the life-expectancy of the old is
denoted by H < 1. There are two equivalent interpretations. In the first interpretation,
each individual lives for H time. In the second interpretation, the variable H can
be thought of as the ratio of the young who survive until the second period; each
individual has a probability of H to live two periods, and a probability of 1− H to
live for only one period. Given a perfect life-insurance and annuity market, the two
interpretations are consistent with the same model.

The population of young is normalized to 1; the old cohort has population size H.
In each period, the young supply one unit of labor, inelastically, while the old supply
a share η of their time,

Lt = 1 + ηH.

The young receive income from wages, and spend this on consumption or save it
into next-period capital, which they sell the next period to pay for their consumption
when old. Through a life-insurance and annuity market, the savings of those who do
not survive after their first period are transferred to the survivors and therefore, will
contribute to their consumption,

C1,t + Kt+1 = wt, (3.7)

C2,t = ηwt H + RtKt. (3.8)

Life time utility has constant elasticity of substitution between the two periods,
and households maximize expected utility subject to their budget constraints (3.7)
and (3.8),

Ut = (C1,t)
σ−1

σ + βH(
C2,t+1

H
)

σ−1
σ , (3.9)

where β is the discount factor for the expected future utility from the consumption of
a single individual when old, conditional on survival. We can interpret H as either

8 If income continues to increase without bound, it becomes a qualitatively different question whether the
environment and man-made goods are good or poor substitutes (Gerlagh and Van der Zwaan (2002),
Gerlagh and Papyrakis (2003)). Can a future world where income has increased by, say, more than a
factor 10, but where some large ecosystems have irreversibly collapsed (e.g., the Amazon), be considered
a better place to live, or is such a world incomparable? When pollution can lead to irreversible damages,
the model dynamics can drastically change and current environmental policies become more important
as they affect the future irreversibly (Gerlagh and Keyzer (2003), Gerlagh and Keyzer (2004)).
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the probability of survival to the next period or the length of the second period as a
fraction of one complete period. In the first interpretation, only fraction H of members
of young cohort will survive to their second period. In the second interpretation,
everyone is assumed to survive and live for equal share of the second period, H. The
first order condition for the utility maximization provides the Euler condition,

C2,t+1

C1,t
= H(βRt+1)

σ. (3.10)

The above equations describe the supply of labor and capital, production of output,
and consumption decisions by the consumers. We now turn to environmental policy
as controlling abatement, at, and the pollution stock, St.

Ono and Maeda (2002), Mariani et al. (2010) assume that environmental policies
come out of a political equilibrium where welfare of the generations currently alive
is maximized. Chichilnisky et al. (1995), John et al. (1995), and Stern (2007) assume
that the regulator looks beyond the interests of those currently alive, and sets the
environmental policy such that the economy converges to a steady state with maximal
utility. The environmental policy associated with such a policy is referred to as the
green golden rule. Balestra and Dottori (2012) compare the political equilibrium
and social optimum policies. Here, we follow the line of Bovenberg and Heijdra
(1998) and of much of the climate-economics literature (e.g. Nordhaus (1993a,b))
assuming that the regulator aims at efficiency, but does not want to engage in direct
intertemporal or intergenerational income transfers. To be sure, environmental policy
has intergenerational income effects, as the current generation pays for abatement
activities while future generations benefit from lower pollution stocks.9

The regulator maximizes the discounted utility of all current and future genera-
tions,

Max Σ∞
t=1γt[u(C1,t) + βHu(

C2,t+1

H
)]. (3.11)

The government weighs the utility of future generations with rate γt.We could
assume that the aggregate utility of different generations have the same importance
in government optimization, meaning that the welfare weights γt are constant over
time. This would result in the utilitarian approach leading to the green golden rule,
but it also implies a substantial increase in investments in capital, relative to observed
investment rates, which is interpreted as an intergenerational redistribution of welfare
from the current generation to the future relative to ‘business as usual’. We follow a
different approach, where the government chooses the weights γt that are consistent

9 But if we consider a clean environment as benchmark, we would frame the distributional effects of
environmental policies the other way around: the current generation benefits from being allowed to
pollute, while future generations pay the costs because of the pollutant stock (Gerlagh and Keyzer 2001).
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with the equilibrium, so that the regulator does not need to intervene in the capital-
savings market, but only decides on the level of abatement at, such that the resulting
equilibrium path is Pareto Efficient, that is, maximizes (3.11).

3.4 Analysis

3.4.1 Policy types

Degradation of the environment is considered as externalities of current economic
activities for future generations. Governments or regulators, here also labeled the
central planner, may intervene into the market to internalize the costs of environmen-
tal degradation. In comparing future benefits and present costs of environmental
regulation, the central planner has to give relative weights to trade off inter- and
intra-generational interests. In the OLG literature on environmental policy-making,
we find three distinct approaches. The first approach defines a social welfare func-
tion that is given, independent from the specific environmental problem, and that is
maximized using the regulator’s available instruments. We label this approach as
consequentialist; the planner focuses on welfare as the final outcome of the policy. The
second approach assumes environmental policy to be the outcome of a democratic
political process. The resulting outcome is a political equilibrium that implements the
policy favored by the agents in power, e.g. the currently alive generations. A third
approach is characterized through its focus on property rights over environmental
and natural resources. Below we briefly discuss the three approaches.

The consequentialist approach is the most common. In the simplest (utilitarian)
version, a Social Welfare Function (SWF) is defined as the weighted sum of the
preferences of different generations. Weights declining at a constant rate guarantee
a constant preference structure and time consistent policies. The utilitarian SWF is
modeled as

SWF = Σ∞
t=1γtU(C1,t, C2,t+1), (3.1)

where, γ ≤ 1 is the relative weight between two subsequent generations. If the
relative weight is set normatively, the method is called prescriptive discounting. The
policy maker selects a γ based on meta-preferences, such as an ethical perspective.
The prescriptive framework usually calls for a policymaker who is more patient than
private consumers. Ramsey (1928) represents this view as he claims that discounting
the future is “ethically indefensible”. The choice for γ guarantees that a, so called,
fair distribution of consumption will be reached if the choice of policy by the gov-
ernment is implemented. Imposition of γ < 1 means that subsequent generations
are considered decreasingly important. A lower γ means that less weight is given to
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future generations, and the policy maker will tolerate higher levels of externalities
from current generation.

A special case of prescriptive discounting occurs when γ = 1; all generations
are equally important for the central planner, which is sometimes intepreted as a
preference for an egalitarian economy. Typically, the optimization of such an SWF
can only be reached through large-scale redistribution of resources from the current
generation towards future generations or from old aged to young. John et al. (1995)
and Stern (2007) consider this approach and find that an ‘egalitarian’ outcome requires
a steep increase in capital investments, and a very strict environmental policy. The
utilitarian approach can also be justified for a myopic, rational consumer if the
consumer enjoy the consumption history as much as the anticipated future (Caplin
and Leahy (2004)). In this case, the market will only reveal the forward-looking
preferences, but the true social optimum is more patient vis-a-vis the market. Hence,
the optimal policy would encompass a time discount rate for the future below the
revealed rate in the market.10

Still within the consequentialist approach based on a SWF, but as an alternative
to above mentioned foundation for the choice of γ, the SWF can be chosen such
that it avoids the income redistribution between/within generations, an approach
called descriptive discounting. This approach focuses on the efficient allocation of
natural resources, while not being concerned with a fair distribution. The policy
maker wants to address one externality, emissions, using only one instrument, the
abatement intensity. Therefore, it relies on the revealed intertemporal preferences
of consumers. It calibrates the relative weight of subsequent generations, γt, such
that the optimum for (3.1) satisfies the generation’s budget constraints (3.7) and (3.8),
given the market rate of interest is not affected. Descriptive discounting is particularly
popular for models with infinitely lived agents, e.g. the DICE model by Nordhaus
(1991, 1993b). In that setting, the factor γ is interpreted as the social preference for
intertemporal substitution, which is revealed through observed savings-investment
market outcomes. For the OLG model, the descriptive approach is a bit more elaborate,
as it needs to differentiate between the intra-generational discount rate β and the
intergenerational discount rate γt, which also needs not be constant over time.

Use of a prescriptive discount rate typically lead to a redistribution of income.
Let γ∗t be the sequence of welfare weights such that the budget balances, for each
generation. Then, if the prescriptive welfare weights are chosen to decline faster,
vis-a-vis γ∗t , this means that future generations receive a lower weight, and thus, in

10 Although enjoying consumption history might imply more patience from social perspective, the sub-
sequent discount rate depends on private discount rate which is revealed from individual decisions
(Caplin and Leahy (2004)) not meta-preferences of the policy maker.
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the optimum income of future generations is transferred to the present. In contrast,
if the prescriptive welfare weights are chosen to remai tn level or to decline slowly,
vis-a-vis γ∗t , this means that future generations receive a higher weight, and thus, in
the optimum income of present generations is transferred to future generations.

The second approach assumes the policy to be the outcome of a voting system (e.g.
Balestra and Dottori (2012)). For example, the currently alive (homogeneous) voters
can be modeled as individuals who care more about their own welfare than about
welfare of their offspring. This approach leads to a myopic policy making framework
in which the externalities for future generations are only partly taken into account.

The third approach considers the resource externality as a sign of incomplete
property rights that can be amended. It is rooted in the Libertarian moral philosophy
with a strong focus on fundamental human rights Perman (2003), and equal rights
between people for the use of environmental and natural resources. Though it seems
not too controversial to suggest a fair allocation of property rights and ownerships,
the approach becomes more difficult in an intergenerational context. One perspective,
within this approach, argues that every current and future generation has equal rights
for benefiting from a clean environment. If one generation pollutes the environment, it
expropriates future generations, and thus must compensate those future generations
for leaving fewer environmental amenity values as compared to the benchmark prop-
erty rights. This approach has been used in Gerlagh and Keyzer (2001) and Gerlagh
and Van der Zwaan (2002), who describe a trust fund that represents the interests
of future generations, receiving payments from current generations to compensate
future generations for the deteriorated environment that they will inherit.

In this chapter, we investigate the first two approaches and characterize the effect
of higher longevity on abatement policies.

3.4.2 Effects of higher life expectancy

We consider comparative statics of a permanent rise in H in the steady state for a
closed economy. Therefore, the analysis is a comparison between the initial steady
state of a closed economy, with low life expectancy, and the same economy in its
new steady state with higher life expectancy. Throughout the text, the terms ‘aging’,
‘greater longevity’ and ‘higher life expectancy’ are used interchangeably. First we
characterize the steady state of the economy. We write for the ratio of consumption
and labor supply by the old versus young,

c̃ =
C2

C1
= H(βR)σ,

l̃ = ηH.

57



CHAPTER 3 · NATURAL CAPITAL IS BACK

It follows from the condition that capital is positive, Kt > 0, and (3.7) and (3.8),
that the ratio of consumption of old exceeds their ratio of labor supply,

c̃ >
ηwtH + RtKt

wt
> l̃. (3.2)

Savings of the young contribute to the capital stock of the next period (3.7).
Assuming no population growth, using Euler condition (3.10) we can replace C2,t+1

in (3.8) with an expression of C1,t. Combining that with (3.7) gives us an expression
for savings It = Kt+1 as dependent on current and next-period wages (3.4) and
next-period returns on investments (3.5),

It =
H(βRt+1)

σwt

H(βRt+1)σ + Rt+1
− ηHwt+1

H(βRt+1)σ + Rt+1
.

The equation tells that an increase in current wages is partly transferred to next-
period consumption through savings, while an increase in future wages reduces the
propensity to savings for retirement.

In steady state, we can rewrite this equation using the capital-labor ratio k = K
1+ηH .

We note that w = (1− α)∆kα, R = α∆kα−1, with ∆ ≡ Γ(S)Ω(a), and then we can
rewrite the above savings equation such that it connects the marginal productivity of
capital r and life-expectancy H,

R =
α

1− α
(1 + ηH)

H(βR)σ + R
H(βR)σ − ηH

. (3.3)

That is, the steady state marginal productivity of capital (and capital-labor ratio) is
an implicit function of life-expectancy. This means that an increase in life-expectancy
affects the capital per labor and the rate of interest. This is stated in the following
proposition:

Proposition 3.1. Higher life expectancy leads to a higher capital stock and lower returns on
capital if and only if the returns on capital is large relative to the consumption share by the old
and the labor share of the old, namely

dk
dH

> 0, and
dR
dH

< 0 iff R > c̃l̃.

Proof. In appendix 3.A.

The proposition shows that the rise of life expectancy tends to increase savings
and the capital stock under mild conditions, reducing the marginal productivity of
capital. How strong or mild is the condition in proposition 3.1? The condition is
certainly met for a young population, with low values for H, and thus c̃, l̃. For a
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mature population, we still have that the relative labor supply of old is less than unity
by construction, l̃ < 1, and that if 0 < σ ≤ 1, the condition is certainly met if β < 1,
R > 1. Only if a country has a mature population, H ≈ 1, and a high elasticity of
substitution so that the old consume a large part of output, c̃ > 1, will the condition
be violated.

In order to understand the set up better, we analyze behavior of rate of interest
when life expectancy declines to zero. In other words, we want to find the value of
limH→0 R from implicit function (3.3). Let’s rewrite the implicit function to get

(1 + ηH)(βσRσ−1 +
1
H
) =

1− α

α
[(βR)σ − η]. (3.4)

If σ > 1 then there are three possibilities for limH→0 R, and we investigate them
one by one to see which one is acceptable. The first case is that limH→0 R ∈ (0, ∞),
meaning that the rate of interest converges to a bounded value when life-expectancy
approaches zero. The left-hand side of (3.4) diverges to ∞ but the right-hand side
is bounded. Therefore, limH→0 R|σ>1 ∈ (0, ∞) cannot be the case. The second
possibility is limH→0 R|σ>1 = 0. Again, the left-hand side of (3.4) diverges to ∞ but
the right-hand side stays bounded. Moreover, because of condition (3.2) we must
have nonzero investment which implies (βR)σ > η, which sets a lower bound for
R. Therefore, R cannot decrease all the way to zero. Hence, this case is rejected as
well. The last case is limH→0 R|σ>1 = ∞. The right-hand side of (3.4), as well as its
right-hand side, goes to ∞. Hence,

lim
H→0

R|σ>1 = ∞.

Next is the case of σ < 1. Similar to previous case, the only possibility is
limH→0 R|σ<1 = ∞. Therefore,

lim
H→0

R = ∞.

Figure 3.2, depicts the schematic pattern of rate of interest for different levels
of life-expectancy. The rate of interest has a positive minimum value. At low life-
expectancy, only high rate of interest can encourage young cohort to opt for saving
part of their income. In other words, since young labor force is always available,
marginal product of capital does not decline as fast as supply of savings. This leads to
high rate of interest at low levels of life-expectancy. Higher life-expectancy increases
supply of saving while it cannot increase marginal productivity of capital with the
same rate. Therefore, rate of interest declines first. High life-expectancy, on the other
hand, increases the marginal product of capital as the effective labor force, i.e. 1 + ηH,
increases. This effect dominates slowing speed by which supply of saving increases
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H

R

dR
dH = 0

σ > 1

R(H)

H

R dR
dH = 0σ < 1

R(H)

Figure 3.2: dR/dH = 0 locus and rate of interest in R− H space.

with H and increases the rate of interest. Therefore, the rate of interest has a U-shaped
pattern.

We also want to assess the strength of this effect. Consider two countries with the
same observed life expectancy, H, old labor participation, η, capital per labor, k, rate
of interest, R, and similar share for consumption of old, c̃. But the two countries differ
with respect to preferences, specifically, with respect to the elasticity of substitution
between the two periods, σ. For the countries to have the same consumption shares c̃,
they must also differ with respect to the weight given to consumption when old, β.
Here, we want to assess which country tends to respond more strongly to the increase
of life expectancy.

Proposition 3.2. For given labor and consumption share, c̃, l̃, the same rate of interest, R,
and the same life expectancy, H, the effect of higher life expectancy on capital decreases with
elasticity of substitution,

d
dσ
{ dk

dH
} < 0, and

d
dσ
{ dR

dH
} > 0 iff R > c̃l̃.

Proof. In appendix 3.A.

The proposition effectively tells us that the capital stock and the marginal produc-
tivity of capital, in absolute terms, are less sensitive to life expectancy, given a larger
elasticity of substitution. Greater longevity leads to an increased demand for savings
because people live longer in their second period. But then, the rate of interest drops
and if the elasticity of substitution is high, the demand for savings adjusts strongly,
so that a small change in the rate of interest suffices to restore equilibrium.

The above analysis paves the road for investigating the effect of higher life ex-
pectancy on environmental policy. A lower marginal productivity of capital (interest
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rate), following a rise in life expectancy, implies that the future damages of a pol-
lution stock are evaluated to be more harmful and therefore stronger abatement
activity might be optimal. The following proposition depicts the comparative statics
of government’s decision on abatement activity following a change in life-expectancy.

The instrument of the government to maintain the maximum welfare is abatement
activity at. Here we follow the descriptive SWF approach. The government selects
the level of the abatement activity such that the utilitarian welfare function, equation
(3.11), is maximized subject to (3.1), (3.2), (3.3) and (3.6). We furthermore assume
that the regulator chooses welfare weights γt such that the first order conditions with
respect to C1,t, C2,t+1 and kt coincide with the rational decisions by consumers. We
will label the resulting regulation the ’efficient’ abatement policy.

Let pt be the shadow price of aggregate budget constraint (3.6). The Lagrangian
for the government optimization is

L = γ0βHu(
C2,1

H
) + Σ∞

t=1[γt[u(C1,t) + βHu(
C2,t+1

H
)] + pt{Yt − C1,t − C2,t

− Kt+1}+ λt{St+1 − χSt − 1 + at}].

The FOC with respect to C1,t, C2,t, C2,t+1 determines the consumption smoothing
condition for each generation and the effect of intergenerational relative weights, γt,
on relative consumption of old and young at each period

LC1,t = 0 and LC2,t+1 = 0 :
βu′(C2,t+1

H )

u′(C1,t)
=

pt+1

pt
, (3.5)

LC1,t = 0 and LC2,t = 0 :
βu′(C2,t

H )

u′(C1,t)
=

γt

γt−1
. (3.6)

Consumption decisions of individuals do not affect the abatement intensity. This
is because each individual’s decision cannot change the aggregate consumption
in the economy since individuals are assumed to be infinitesimal. Moreover, they
cannot coordinate with each other to choose different consumption levels such that
the aggregate consumption is altered. Therefore, for each individual consumer,
and for the aggregate consumption as well, the abatement intensity is exogenous.
The following proposition characterizes the optimal abatement policy in absence of
redistribution:

Proposition 3.3. In absence of income redistributional policies, efficient abatement satisfies

Ω′(a∗)
Ω(a∗)

=
1

R− χ

Γ′(S∗)
Γ(S∗)

. (3.7)

Proof. In appendix 3.A.
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One percent decrease in TFP of the representative firm due to abatement activity
(left-hand side) must be equal to the net present value of future increases in TFP due
to lower pollution stock. The denominator at the right-hand side of (3.7) captures
the effective pollution discount rate: the rate of return on capital plus the physical
depreciation of pollution. Intuitively, a lower interest rate leads to higher net present
value of benefits (right-hand side) and thus making higher levels of abatement optimal
in an efficient allocation. A less physical depreciation (higher χ) also induces an
increase in abatement activity. In steady sate the dynamic constraint for the pollution
stock, (3.2), becomes

S∗ =
1− a∗

1− χ
. (3.8)

A lower interest rate leads to less pollution. We formalize this finding in the
following proposition:

Proposition 3.4. In absence of income redistributional policies, higher life expectancy leads
to a higher optimal abatement activity and a lower optimal level of pollution iff the rate of
interest is high enough,

da∗

dH
> 0 and

dS∗

dH
< 0 iff R > c̃l̃.

Proof. In appendix 3.A.

The term 1
R−χ can be interpreted as the price of natural capital, defined as the

marginal value of a lower pollution stock. Once the rate of interest falls, the present
value of the stream of future benefits from a decrease in stock of pollution increases,
resulting in a higher price for the environment. We can compare the price of natural
capital with the price of capital, R. The following corollary depicts changes in the
relative value of natural and industrial capital and its dependence on ageing.

Corollary 3.1. The relative price of natural and industrial capital, which is 1
R(R−χ)

, rises

with life expectancy iff R > c̃l̃.

Proof. Follows from proposition 3.1.

3.5 Utilitarian Equilibrium

A different equilibrium arises when the planner assigns the same weight to every
generation. This approach is also labeled ’zero discounting’ and has been followed in
John et al. (1995), who maximize utility of a representative average generation. Zero
discounting results in over-accumulation of industrial capital compared to a ’business
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as usual’ scenario (with positive discounting). In a stationary economy, zero utility
discounting implies a zero rate of interest, which increases the present value of the
stream of future gains from current abatement to its maximal possible value. The zero
discounting utilitarian equilibrium will therefore implement higher abatement inten-
sities, compared to the efficient equilibrium. The following proposition characterizes
the optimal utilitarian abatement relative to efficient abatement:

Proposition 3.5. For the prescriptive Utilitarian policy, optimal abatement satisfies

Ω′(a∗)
Ω(a∗)

=
1

1/γ− χ

Γ′(S∗)
Γ(S∗)

(3.1)

and is independent from life expectancy.

Proof. In appendix 3.A.

The proposition resembles the result in John et al. (1995). An important distinction
between the efficient and the utilitarian policy relates to the effect of higher life
expectancy. A regulator focusing on efficient policy employs the rate of interest,
which depends on longevity. In contrast, the utilitarian regulator does not change
the relative weights of generations, γ, with a change in the life expectancy. Instead,
the utilitarian government imposes a constant level of abatement, determined by γ,
independently from the life expectancy of people.

3.6 Political Equilibrium

The political equilibrium framework presumes that the regulator chooses its policy
to maximize support among voters, which in the OLG context, are the currently
living generations (Ono (2005)). This framework has been used to study the level
of public pensions, assuming these are decided by politicians who merely represent
the preferences of currently living generations (Meijdam and Verbon (1996)). The
approach is put on the same formalism as utilitarianism through the interest function
approach developed by van Winden (1983). Consistent with this view on policy
making, the externalities of pollution are not fully internalized, but policies are based
on bargaining power of the subsequent generations, or on myopic governments. We
consider a political equilibrium where environmental policies maximize the welfare
of the current old and young generations. It can be formulated through the following
interest function

Max (1− θ){u(C1,t) + βHu(
C2,t+1

H
)}+ θHu(

C2,t

H
) (3.1)
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The relative weight of the old cohort is denoted by θ
1−θ . The formulation allows

for various interpretations (Potters and van Winden (1996)). Coughlin et al. (1990)
justify this formulation based on probabilistic voting model of government decision
making. The weight of each group is directly proportional to its size and is higher if
the group members are more homogeneous (Coughlin et al. (1990)). The probabilistic
voting framework, assuming parties who care mainly about the number of votes, can
be restructured such that it is equivalent to a benevolent planner that maximizes a
weighted welfare of its citizens (Potters and van Winden (1996)).

If only old cohort can influence the outcome of the political process, θ = 1, then
no abatement is undertaken, i.e. a∗ = 0. The reason is that current old generation
does not care about the pollutive impact of its activities because in future this cohort
will not be around. In contrast, if old cohort has no influence at all, i.e. θ = 0,
then abatement cost is only paid by young cohort and its gains will be reaped by
themselves in the next period. Comparing with efficient case in (3.7), in which instead
of only one generation there was a sequence of them, if the pollution stock is not
persistent, i.e. χ = 0, then we can expect politically determined abatement to be close
to efficient level.11

Apart from the weights in the interest function, which represent the relative
power of groups, the policy depends on the (lack of) anticipation of the regulator
regarding the impact of its abatement policy on saving decisions of the individuals
and future policy makers. If the regulator anticipates a consumer’s response, it acts as
a Stackelberg leader. Here, for the sake of simplicity, we assume that the regulator does
not anticipate the savings response, but instead assumes that these are independent
of its policy. That is, savings follow individual decisions and are exogenous to the
political process of determining optimal abatement intensity. Individuals privately
decide how much to save, then, every individual votes non-strategically for the
optimal abatement intensity taking into account the effect of at on its life time budget.
In this way, the individual is assumed to think of what happens if her preferred
abatement intensity is going to be implemented in the economy, with no concern of
the vote of the other group of individuals (young/old). Similarly, we assume that
the government does not take into account the effect of current abatement on optimal
abatement in the future. The current abatement effort decreases the future pollution
stock and, therefore, tends to reduce the required abatement intensity of the future
governments. Abatement effort is a strategic substitute over time. We assume that the

11 One important difference still remains between efficient case with χ = 0 and political case with θ = 0.
In efficient case, current pollution not only affects currently young cohort in their next period but also
the following generation which is born in the next period. Moreover, current abatement cost is paid for
by both young and old cohorts. In contrast, in political case with θ = 0, young cohort pays abatement
cost for its gains to be harvested by themselves as the old cohort of the next period.
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policy maker does not exploit this effect strategically. In this sense, the policy maker
in the political equilibrium is assumed to be naive and myopic. These assumptions
keep the model tractable. We then find

Proposition 3.6. In political equilibrium, optimal abatement satisfies

Ω′(a∗)
Ω(a∗)

=

α+ηH
1−α

R + α+ηH
1−α

θ
(1−θ)β

Γ′(S∗)
Γ(S∗)

. (3.2)

Abatement exceeds the efficient level (Proposition 3.3) if the old cohort’s income share is
large, α+ηH

1−α > 1, the young are politically powerful, and the pollution stock is not persistent,
θ = χ = 0. Finally, the politically determined abatement intensity declines with political
power of the current old generation,

da∗

dθ
< 0.

Proof. In appendix 3.A.

The young cohort when they get old earn income from both their labor supply,
i.e. ηHw, and total capital income, i.e. RK. Hence, they earn fraction α + ηH(1−
α)/(1 + ηH) = (α + ηH)/(1 + ηH) of total income in the next period. In contrast,
their earning in the current period is fraction (1 − α)/(1 + ηH) of total income.
Therefore, the intertemporal income ratio is (α+ ηH)/(1− α). Since current pollution
reduces income of currently young cohort when they get old, therefore, the higher the
intertemporal income ratio is, the bigger the gain from lower pollution stock in future
will be. Thus, higher intertemporal income ratio increases optimal level of abatement
activity. When we take into account the presence of current old generation, the relative
importance of current old is determined by their relative income multiplied by their
relative weight in policy function, α+ηH

1−α
θ

(1−θ)β
.

If the weight of the current old generation relative to the future old one is big
enough, the political equilibrium abatement intensity will be lower than its efficient
level. The effect of χ is straight forward to interpret. When pollution stock does not
vanishes fast, high χ, the optimal abatement in the efficient case of previous section
will be high. The reason is that current pollution will last for a longer time periods
and decreases a long stream of future productions. Hence, a persistent pollution stock
is much worse in the efficient case than in the political equilibrium case since in the
political allocation only the pollution stock of the next period is important. In contrast,
pollution stock of all future periods is important in efficient allocation. This leads
under-abatement in political equilibrium.

It is worth mentioning that if old cohort has no influence on policy, i.e. θ = 0, and
pollution stock is not persistent, i.e. small χ, then high η and H can lead to abatement
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levels above efficient case. The reason is that in efficient case current young and old
cohorts carry the burden of abatement and future young and old cohorts reap its
benefits while in political case with θ = 0 currently young cohort pays for abatement
and they gain from it in the next period. Therefore, in political set up, if the gain
when old exceeds the cost of abatement when young, i.e. α + ηH is far more than
1− α, then too much abatement, comparing to efficient case, would be optimal.

Another important point is the effect of greater longevity on the optimal abatement
intensity in political equilibrium, explained in the following corollary.

Corollary 3.2. In the political equilibrium, optimal abatement increases with longevity iff
R > c̃l̃. Moreover, the relative price of natural and industrial capital rises with longevity iff
R > c̃l̃.

Proof. Following from proposition 3.1, R falls with rise of H if and only if R > c̃l̃.
Moreover, partial derivative of the right-hand side of (3.2) with respect to H is positive.
Therefore, rise of life-expectancy increases abatement intensity. Hence, higher life
expectancy leads to higher abatement intensity in a political equilibrium setting given
R > c̃l̃. Furthermore, the fall in the rate of interest implies rise of relative price of
natural capital with respect to physical capital.

3.7 Altruism

We introduce altruism in the model to analyze its effect on optimal abatement intensity.
Defining Ut as direct utility of generation t derived from its own consumption, given
in (3.9), altruistic preferences are described through

UA
t = Ut + φΣ∞

i=1ζ iUt+i,

where φ ≤ 1 is the weight given to the next generation, and ζ < 1 is the declining
weight given to subsequent generations. Generations can transfer income through
bequests bt ≥ 0 from the old to thee young generation at time t. The generation’s
budget constraints become

C1,t = wt + bt − Kt+1,

C2,t = ηHwt + RtKt − bt.

Generation t has two decision variables; how much to save for the next period
when young, Kt+1, and how much bequest to leave when old, bt+1. Thus, the La-
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grangian for the individual decision, conditional on nonnegative bequests, is

L =u(wt + bt − Kt+1) + βHu(ηwt+1 +
Rt+1

H
Kt+1 −

bt+1

H
)+

φΣ∞
i=1ζ i{u(wt+i + bt+i − Kt+i+1)+

βHu(ηwt+i+1 +
Rt+i+1

H
Kt+i+1 −

bt+i+1

H
)}+ ξbt+1.

The FOC of the Lagrangian for Kt+1 and bt+1 is

LKt+1 = 0 : u′(C1,t) = βRt+1u′(
C2,t+1

H
), (3.1)

Lbt+1 = 0 : βu′(
C2,t+1

H
) = φζu′(C1,t+1) + ξ. (3.2)

The savings FOC smooths the life-cycle consumption. Bequests are used to transfer
income if and only if the next generation’s marginal utility of consumption is large
compared to the generation’s own marginal utility. Using above FOCs, one can
immediately see that in steady state, if φζR < 1, then no bequest will be transfered to
offspring. In the steady state consumption of young cohorts across all generations are
the same. Therefore, when a consumer is making her lifetime consumption decision
in the first period, one unit of bequest has cost of 1/R times marginal utility of
consumption when young. On the other hand, utility gain from this sacrifice would
be φζ time marginal consumption of her offspring when young. If the former exceeds
the latter then there is no rationale for leaving bequests. Moreover, in the steady state,
when the consumption of young is equal across generations, as well as old cohort’s
consumptions, nonzero bequests implies R∗ = 1/φζ.

Following the analysis in section 3.4.2, low life-expectancy leads to high rate of
interest in case of selfish individuals. In case of altruism, however, the rate of interest
does not exceed 1/φζ. Similarly for high levels of life-expectancy, rate of interest of
altruistic society sticks to 1/φζ. For medium range of H, however, altruism plays no
role because no bequest is left for the off-springs.

3.7.1 Efficient allocation

The government that seeks only efficient allocation of resources and avoids any intra-
and intergenerational redistribution has to decide on optimal abatement intensity
for each period. It does so subject to its aggregate budget constraint (3.6) and the
dynamic condition for pollution stock, (3.2).
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Proposition 3.7. In absence of income redistributional policies, altruism does not change the
efficiency condition (3.7). If no bequests are left, the efficient abatement level is independent
of the level of altruism, but increases with life expectancy. With positive bequests, efficient
abatement increases with intergenerational altruism (φ and ζ) and is independent of life
expectancy, as the return on capital satisfies

R =
1

φζ
.

Proof. In appendix 3.A.

In order to better understand the intuition, imagine a non-altruist society with low
life expectancy. Due to low savings the rate of interest of this economy is high. Now,
assume an altruist society with the same life expectancy. High rate of interest means
low price for leaving bequests. Leaving bequest increases total savings and, therefore,
drives down the rate of interest to Raltr. = 1/φζ. This means that γ = 0 is adopted in
the regulator’s first order condition R = 1

γ+φζ if bequest are positive. On the other
hand, if the rate of interest in altruist/non-altruist society is low, i.e. R < 1/φζ, there
will be no bequest and government intervention for an efficient optimum is required
such that R = 1

γ+φζ is satisfied, which implies γ > 0. Figure 3.3 depicts the rate of
interest of an altruistic society as a function of life expectancy. At very low/high
levels of life expectancy rate of interest sticks to 1/φζ. For the medium range of H,
similar to selfish economy, rate of interest initially decreases with life expectancy and
then rises. If an economy is extremely altruist, i.e. 1/φζ < c̃l̃, then the rate of interest
is not affected from longevity. The following corollary points this out.

Corollary 3.3. The relative value of natural capital rises with life expectancy iff c̃l̃ < R <

1/φζ and no bequest is left iff R < 1/φζ. In case of very altruistic economy, i.e. 1/φζ < c̃l̃,
rate of interest is not affected from life expectancy.

Proof. If households leave bequests, then the rate of interest is constant and equal to
1/φζ. Therefore, the rate of interest is not affected from life expectancy as long as
nonzero bequests are left. Households change savings and bequests accordingly.
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H

R

1
φζ

R(H)

b > 0 b = 0

Figure 3.3: The rate of interest of altruistic soci-
ety in R− H space.

3.7.2 Utilitarian

The following proposition characterizes the optimal utilitarian abatement intensity in
an altruist society.

Proposition 3.8. In a prescriptive utilitarian policy, the optimal abatement level for an
altruistic society satisfies

Ω′(a∗)
Ω(a∗)

=
1

1
γ+φζ − χ

Γ′(S∗)
Γ(S∗)

.

The optimal abatement level increases with altruism, but higher life expectancy has no effect.

Proof. In appendix 3.A.

In political equilibrium, in which each generation cares only for its preferences,
the optimal abatement intensity of an altruist society is higher than a selfish society.

What is the difference between “efficient” allocation and “utilitarian” one? If
the government seeks an efficient allocation, it has to observe the rate of interest
from the market and then decide on redistribution (how much to consume and how
much to abate, and how big the intergenerational transfer should be). Therefore,
the intergenerational weight is derived from the market outcome and the abatement
follows. In case of utilitarian set up, the government has a predetermined intergen-
erational weight. Then it seeks transfer and abatement intensity such that rate of
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interest matches its exogenous weights. Moreover, similar to non-altruistic utilitarian
optimum we have

Corollary 3.4. Assuming nonzero intergenerational weight in prescriptive utilitarian frame-
work, i.e. γ > 0, no bequest is left.

Corollary 3.5. Rising life expectancy does not affect optimal abatement and price of natural
capital in a prescriptive utilitarian framework.

3.7.3 Political equilibrium

Proposition 3.9. Optimal abatement in a political equilibrium of an altruist society satisfies

Ω′(a∗)
Ω(a∗)

=

α+ηH
1−α + Rφζ 1−θ+θζ

1−θ+θφζ

R + α+ηH
1−α

θ
(1−θ+θφζ)β

Γ′(S∗)
Γ(S∗)

. (3.3)

It increases with altruism and life expectancy.

Proof. In appendix 3.A.

The politically optimal abatement effort in an economy with altruist individuals is
higher. This is not a surprise since the altruist consumer would care for its offspring
and hence supports more intense abatement activity to decrease future pollution
stocks. Investigating the RHS of above equation makes clear that an increase in
ζ, which means a higher importance for farther generations, leads to more intense
abatement. The effect of old generations political power, θ, is yet to be discussed.
Taking the derivative of the fraction on the RHS of (3.3) with respect to θ, one can
see that an increase in political power of old generation leads to lower abatement
intensity if and only if:

βR2φ(1− φ)ζ2 <
α + ηH
1− α

(
α + ηH
1− α

+ Rφζ).

3.8 Discussion and Conclusion

The production requires two types of capital; man-made capital and natural capital.
Piketty and Zucman (2014) have discussed the rise of capital-output ratio during
recent decades to pre-modern era levels. The interesting feature of their results is the
rising share of housing in total capital. Housing is tightly connected to land.

The production requires two types of capital; man-made capital and natural capital.
Piketty and Zucman (2014) have discussed the rise of capital-output ratio during
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recent decades to pre-modern era levels. They do not point out the environmental
consequences of this rise though. The increase in capital-output ratio, leading to
lower rate of interests, implies a higher value for natural capital as a complement
for the production of final output. This is observable from the results in Piketty and
Zucman (2014) from the rising share of housing capital in total capital. Housing is
closely tight to natural resources, namely land. Land was the dominant type of capital
back in 1700 and now it is gaining importance again. In this chapter, we propose a
mechanism through which the rising life expectancy over the recent decades give rise
to increase in the stock of man-made capital and the optimal stock of natural capital.
In other words, living longer requires better protection of the environment.

Economic prosperity may tend to increase environmental pressure, but higher life-
expectancy as one of the signals of prosperity, can promote a more sustainable resource
use. Greater longevity increases the supply of labor and also the accumulation of
capital, where the latter outpaces the increased labor supply such that the new steady
state is characterized by lower interest rates. The data shows that in developed
countries an ever increasing fraction of GDP is being saved for the retirement.12

This confirms the theoretical results that we derive in this chapter. For a reasonable
range of parameters, a longer lived agent, even if it works more when old, saves
more, and by way of speaking, strengthens the intertemporal linkages between
generations. Through a decreasing marginal productivity of capital, future gains of
current abatement activities gain weight in today’s decisions, and environmental
policies concerned with efficiency while taking the intergenerational distribution
of consumption as given, will target more intense abatement activities and lower
pollution stocks.

As an alternative to the efficient policies, we can consider political economics
mechanisms, where short lived governments deviate from the Pareto efficient allo-
cation and choose a political equilibrium in which the current generation is more
important than the future. In such a context, care for the future needs to come from
altruism towards future generations embedded within the current generation. If the
current generations care enough about their offspring, a political economy equilib-
rium will also implement resource policies that give weight to future consequences.
Characterizing the political equilibrium of the economy with altruism, comparing it
to the Pareto efficient allocation, and considering the effect of altruism on the optimal
abatement activity is subject for future research.

12 Contribution in pension funds in the US since 2001 has increased from 3 percent to 4 percent of GDP.
This increase has been stronger for the UK, Canada (from 1.5 to 3 percent of GDP) and the Netherlands
(from 3 to 6 percent of GDP) and Switzerland (from 6 to 9 percent of GDP) during the same period
(OECD (2013)).
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3.A Proofs

Proposition 3.1

Proof. The inverse relation between capital and the marginal productivity of capital
follows directly from the above mentioned R = α∆kα−1. Since α < 1, for the direction
of change in capital per labor following a rise in the life expectancy we get

sign(
dk
dH

) = −sign(
dR
dH

).

We focus here on the marginal productivity of capital. Rewriting (3.3) in form of
an implicit function leads to

G(H, R) = R− α

1− α
(1 + ηH)

H(βR)σ + R
H(βR)σ − ηH

= 0. (3.A.1)

Using the Implicit Function Theorem we can find the derivative of steady state
capital-labor ratio with respect to life-expectancy as

dR
dH

= −∂G/∂H
∂G/∂R

. (3.A.2)

The derivative of G(H, R) with respect to H, GH , only depends on the derivative of
the second term. We see that G increases in H if the growth rate of (1+ ηH)(H(βR)σ +

R) with respect to H is less than the growth rate of the denominator, which is one.
Thus, ∂G/∂H > 0 if and only if

ηH
1 + ηH

+
H(βR)σ

H(βR)σ + R
< 1,

or, equivalently,

l̃
1 + l̃

+
c̃

c̃ + R
< 1.

which simplifies to c̃l̃ < R. In order to derive the sign of ∂G/∂R, we write G(H, R) =
R · g(H, R). We then notice that the term (H(βR)σ + R)/H(βR)σR is decreasing
in R, and that H(βR)σR− ηHR = H(βR)σR(1− η/(βR)σ)) where the last part is
increasing in R, so that it follows that g(H, R) is increasing in R and thus ∂G/∂R > 0
(note that g(.) = 0). Noting (3.A.2), the proposition for the rate of interest follows.
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Proposition 3.2

Proof. We analyze dR/dH as a function of σ, given a certain level for c̃, l̃, and R. From
equation (3.A.2), we only need to analyze ∂G/∂H and ∂G/∂R. Using (3.A.1) and
differentiating with respect to R we get

∂G
∂R

= 1− α

1− α
(1 + ηH)

H(βR)σ(1− σ)− ηH(1 + σH(βR)σ

R )

(H(βR)σ − ηH)2 . (3.A.3)

The only term that depends on σ is the last fraction of above expression. Its de-
nominator is determined by c̃ and l̃. In the numerator, for given c̃ and l̃, both terms
H(βR)σ(1− σ) and −ηH(1 + σH(βR)σ/R) are decreasing in σ. Therefore, because
of the negative sign in front of the second term in (3.A.3), ∂G/∂R is increasing in σ.
Moreover, from analysis above, we know that ∂G/∂R > 0. Thus, if σ1 > σ2, we have

∂G
∂R

(σ1) >
∂G
∂R

(σ2). (3.A.4)

The numerator of (3.A.2) is yet to be discussed. Differentiating (3.A.1) with respect to
H we get

∂G
∂H

= − α

1− α
[η

H(βR)σ + R
H(βR)σ − ηH

+ (1 + ηH)(
R(η − (βR)σ)

(H(βR)σ − ηH)2 )].

Having different elasticity of substitutions does not affect ∂G/∂H given certain values
for c̃, l̃, H and R. Noting that ∂G/∂H > 0 and using (3.A.2) and (3.A.4), for σ1 > σ2

we get
dR
dH

(σ1) >
dR
dH

(σ2).

Proposition 3.3

Proof. The first-order condition for capital gives the standard result that prices for
future consumption, expressed in present value, decrease at the marginal return on
capital,

LKt = 0 : ptRt = pt−1. (3.A.5)

The FOC with respect to at and St+1 characterize the government optimal regula-
tion policy (by an asterisk),

Lat = 0 : ptYt
Ω′(a∗t )
Ω(a∗t )

= −λt, (3.A.6)

LSt+1 = 0 : pt+1Yt+1
Γ′(S∗t+1)

Γ(S∗t+1)
+ λt = χλt+1. (3.A.7)
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Putting (3.A.7) into (3.A.6), we get

Ω′(a∗t )
Ω(a∗t )

=
1

Rt+1
Σ∞

i=1
χi−1

∏i
j=2 Rt+j

Yt+i
Yt

Γ′(S∗t+i)

Γ(S∗t+i)
. (3.A.8)

In the steady state, when the rate of interest is constant and the consumption of
old generations are the same as well as for the young, FOC (3.5) and (3.6) imply that

γt

γt−1
=

1
Rt+1

,

therefore, imposing the condition for the steady state that St and at are constant over
time, condition (3.A.8) collapses to

Ω′(a∗)
Ω(a∗)

=
1

R− χ

Γ′(S∗)
Γ(S∗)

.

Proposition 3.4

Proof. The first order condition for optimal abatement activity, equation (3.7), together
with the stock-abatement relation (3.8), provide us abatement and pollution as an
implicit function of the marginal productivity of capital. Equation (3.8) implies
χdS∗ = −da∗, and then we can derive dS∗/dR through differentiating (3.7),

dR = [
Γ′′ΓΩ′Ω− Γ′2Ω′Ω− χ(Γ′ΓΩ′2 − ΓΓ′Ω′′Ω)

(ΓΩ′2
]dS.

From the assumptions Γ′, Ω′, Γ′′, Ω′′ ≤ 0, it follows that both the numerator and
denominator are positive. Therefore,

sign(
dS∗

dH
) = −sign(

da∗

dH
) = sign(

dR
dH

).

Proposition 3.5

Proof. The Utilitarian equilibrium can be considered a special case of the above-
efficient abatement, with γ↘ 1. We use (3.7) and R = 1/γ, which gives the optimal
abatement intensity in steady state as

Ω′(a∗)
Ω(a∗)

=
1

1/γ− χ

Γ′(S∗)
Γ(S∗)

.
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Furthermore, using (3.8), we know that S∗ decreases in a∗, so that we can write
S∗ = S∗(a∗) with S∗′(a∗) < 0 , and the left-hand side of the above equation is negative
and decreases in a∗, while the right-hand side is negative and decreases in S∗, so that
it increases in a∗. It follows then immediately that if γ increases, the first ratio on the
right-hand side increases, and a∗ increases alongside:

a∗γ=1 > a∗γ<1

Proposition 3.6

Proof. The maximization problem is subject to individual budget constraints at time
t and t + 1. Replacing consumptions with the expressions from (3.7) and (3.8), the
Lagrangian can be written as a function of capital, pollution stock and abatement
intensity,

L = (1− θ){u(wt − Kt+1) + βHu(ηwt+1 +
Rt+1

H
Kt+1)}+ θHu(ηwt +

Rt

H
Kt)

+ pt{Yt − (1 + ηH)wt − RtKt}+ λ{St+1 − χSt − 1 + at}.

The first order condition with respect to at and St+1 characterize the political
equilibrium. Following from equations (3.1)-(3.5) for wage and the capital return we
get

Lat = 0 :
Ω′(a∗t )
Ω(a∗t )

{(1− θ)u′(C1,t)wt + θH[ηwt +
Rt

H
Kt]u′(

C2,t

H
)}+ λ = 0,

LSt+1 = 0 : (1− θ)βH
Γ′(S∗t+1)

Γ(S∗t+1)
[ηwt+1 +

Rt+1

H
Kt+1]u′(

C2,t+1

H
) + λ = 0,

therefore, the dynamic condition for the political equilibrium is

Ω′(a∗t )
Ω(a∗t )

{(1− θ)u′(C1,t)wt + θH[ηwt +
Rt

H
Kt]u′(

C2,t

H
)} =

(1− θ)βH
Γ′(S∗t+1)

Γ(S∗t+1)
[ηwt+1 +

Rt+1

H
Kt+1]u′(

C2,t+1

H
).

In the steady state, the pollution and capital stock, abatement intensity, wage and the
interest rate does not change. Therefore, using the Euler condition from individual
optimization that implies

βRu′(
C2

H
) = u′(C1).
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The following condition characterizes the political equilibrium of the economy:

Ω′(a∗)
Ω(a∗)

=
(1− θ)β[ηHw + RK]

θ[ηHw + RK] + (1− θ)βRw
Γ′(S∗)
Γ(S∗)

,

or, equivalently,
Ω′(a∗)
Ω(a∗)

=
1

w
ηHw

R +K
+ θ

(1−θ)β

Γ′(S∗)
Γ(S∗)

, (3.A.9)

where the pollution stock in the steady state is a function of a∗ and χ as in (3.8).
The term w

ηHw
R +K

in the right-hand side of above equation is the income when young

relative to present value of income when old for the currently young generation.
The relative weight of current and future old generation is θ

(1−θ)β
. Since the saving

decision is not affected from distribution of political power, i.e. ∂R/∂θ = ∂w/∂θ = 0,
if political power of old cohort rises, i.e. rise of θ, then abatement intensity declines.
This is because the abatement has no value for the currently old. The question is
whether the political outcome might lead to higher than efficient abatement intensity
or not. Using (3.4) and (3.5), one can rewrite (3.A.9) as

Ω′(a∗)
Ω(a∗)

=

α+ηH
1−α

R + α+ηH
1−α

θ
(1−θ)β

Γ′(S∗)
Γ(S∗)

.

Comparing (3.2) with efficient abatement in (3.7), it turns out that (α + ηH)/(1−
α) > 1 together with θ = χ = 0 is sufficient for having

α+ηH
1−α

R + α+ηH
1−α

θ
(1−θ)β

>
1

R− χ
,

which implies political abatement to be above efficient case.

Proposition 3.7

Proof. The Lagrangian can be written as

L =γt−1βHu(
C2,t

H
) + φΣ∞

i=1ζ i{u(C1,t−1+i) + βHu(
C2,t+i

H
)}+ Σ∞

m=t[γm{u(C1,m)+

βHu(
C2,m+1

H
) + φΣ∞

i=1ζ i{u(C1,m+i) + βHu(
C2,m+i+1

H
)}}+

pm{Γ(Sm)Ω(am)Kα
m(1 + ηH)1−α − C1,m − C2,m − Km+1}+

λm{Sm+1 − χSm − 1 + am}].
(3.A.10)
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Similar to previous section, consumption smoothing condition, (3.5), still holds
but the other condition changes:

LC1,t = 0, and, LC2,t = 0 :
βu′(C2,t

H )

u′(C1,t)
=

γt + φζγt−1

γt−1
.

Assuming γt = γt, the above condition becomes

βu′(C2,t
H )

u′(C1,t)
= γ + φζ. (3.A.11)

Comparing the above with no altruism case, depicted in equation (3.6), at each
point in time the consumption of old relative to young is lower than non-altruistic
optimal. This is because altruist old prefers to give up part of its consumption for
young to consume more. There is no commitment for the government to secure
a decision on future plans. Therefore, the suitable policy of each moment in time
is decided at the same time, not earlier. This implies that the periods before that
time (and generations who are not alive anymore) do not matter for the policy
maker. There is altruism hence the reallocation of consumption within the same time
and between young and old is in favor of young. The reason is that the young is
important for both young and old generation while the old is only important for
themselves, meaning one-sided altruism. The FOC with respect to consumption
of current young generation when old, capital, abatement intensity and pollution
stock imply the same conditions as (3.5), (3.A.5) and (3.A.8). Hence, the steady state
condition implies γ + φζ = 1/R and, therefore, the same condition for abatement
as (3.7) is reached, except for the regulator’s γ which is implicit and derived from
the equilibrium outcome, and which has to be lower due to altruism of individuals.
Lower γ in case of altruism, compared to non-altruist case, means that the government
needs to give relatively higher weights to current generations if these, in turn, give
weights to future generations. The optimal abatement intensity in efficient allocation
of an altruist society is the same as selfish one. The first order conditions with
respect to at and St gives the same result as (3.7). Therefore, in efficient allocation,
the abatement intensity only depends on the market rate of interest and not the
altruistic attitude of people. The consumption is also the same because only the rate
of interest is important for MRT. In the steady state we have C1,t = C1,t+1 = ... and
C2,t = C2,t+1 = .... If Rsel f . > 1/φζ then following the FOCs for altruism nonzero
bequest will be transfered between generations. The bequest drives down the rate
of interest such that Raltr. = 1/φζ < Rsel f .. Hence, the efficient abatement in selfish
society will be less than altruist society.
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Proposition 3.8

Proof. The Lagrangian is the same as (3.A.10) in which γt = γt. The FOC with respect
to consumptions leads to the same conditions as (3.5) and (3.A.11). Therefore, the
resulting rate of interest would be

R =
1

γ + φζ
.

The FOC with respect to abatement and pollution stock will be the same as (3.7).
Therefore, providing a predetermined intergenerational weight, γ, the rate of interest
of an altruist society is lower than the selfish one. This, in utilitarian framework,
implies more intensive abatement to be optimal in case of altruism.

Proposition 3.9

Proof. The political equilibrium in case of altruist individuals is the outcome of
optimizing the following Lagrangian:

L =(1− θ){u(wt + bt − Kt+1) + βHu(ηwt+1 +
Rt+1

H
Kt+1 −

bt+1

H
) + φΣ∞

i=1

ζ i{u(wt+i + bt+i − Kt+i+1) + βHu(ηwt+i+1 +
Rt+i+1

H
Kt+1 −

bt+i+1

H
)}}+

θ{Hu(ηwt +
Rt

H
Kt −

bt

H
) + φΣ∞

i=1ζ i{u(wt−1+i + bt−1+i − Kt+i)+

βHu(ηwt+i +
Rt+i

H
Kt+i −

bt+i
H

)}+ pt{Yt − (1 + ηH)wt − RtKt}+

λt{St+1 − χSt − 1 + at}.

The FOC with respect to at and St+1 lead to dynamic condition for political equilib-
rium,

Ω′(at)

Ω(at)
{(1− θ)u′(C1,t)wt + θHu′(

C2,t

H
)[ηwt +

Rt

H
Kt] + θφζu′(C1,t)wt+

pt[Yt − (1 + ηH)wt − RtKt]} =
Γ′(St+1)

Γ(St+1)
{(1− θ)βH[ηwt+1 +

Rt+1

H
Kt+1]u′(

C2,t+1

H
)+

(1− θ)φζu′(C1,t+1)wt+1 + θφζβH[ηwt+1+

Rt+1

H
Kt+1]u′(

C2,t+1

H
) + θφζ2u′(C1,t+1)wt+1}.

In the steady state, C2,t = C2,t+1 = ... and C1,t = C1,t+1 = .... Therefore, the political
equilibrium in the steady state is

Ω′(a∗)
Ω(a∗)

=
Γ′(S∗)
Γ(S∗)

β[ηHw + RK](1− θ + θφζ) + βRwφζ(1− θ + θζ)

θ[ηHw + RK] + βRw(1− θ + θφζ)
,
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which, similar to (3.2), can be rewritten as

Ω′(a∗)
Ω(a∗)

=

α+ηH
1−α + Rφζ 1−θ+θζ

1−θ+θφζ

R + α+ηH
1−α

θ
(1−θ+θφζ)β

Γ′(S∗)
Γ(S∗)

.

Comparing with no altruism case, where φ = 0, and noticing that, according to
analysis in section 3.4.2, Raltr. ≤ Rsel f ., given φ > 0 in case of altruism, the fraction on
the RHS is bigger than respective fraction in selfish case, i.e. equation (3.2). Therefore,
the equilibrium abatement is higher as well.
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Chapter 4

ONE LAW FOR THE RICH AND

ANOTHER FOR THE POOR:
VARIATION OF THE REBOUND

EFFECTS ACROSS HOUSEHOLDS

INCOME GROUPS

4.1 Introduction

POOR HOUSEHOLDS ARE less likely to adopt more efficient energy-using durables
while the rebound effect of adoption is stronger among them. Poor households’
stronger rebound effect means that their relative increase in consumption of energy
service is larger than richer households. Therefore, among those who adopt an energy
efficiency improvement, the relative increase in energy service consumption is bigger
among poorer adopters (Aydin (2016); Chitnis et al. (2014); Murray (2013); Sorrell
et al. (2009); Thomas and Azevedo (2013)).

Households who consume more energy services are expected to be more willing
to adopt energy-efficient options. This is due to lower marginal cost of utilizing
energy-efficient appliances. Empirical studies show that poorer households are
less willing to adopt high energy-efficiency appliances. This implies that poorer
households, compared to their richer counterparts, consume less energy services.
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At the same time, empirical evidence shows that energy service consumption of
households increases following the adoption of energy efficiency improvements. This
phenomenon is called the rebound effect. The rebound effect cancels out part of
energy savings which is usually expected to be realized when an energy-efficiency
improvement is adopted. The interesting stylized fact about the rebound effect is that
it is declining in households’ income. Conditional on adoption of energy efficiency
improvement, poorer households have higher rebound effects than richer ones. Then,
the question is what can explain the stronger rebound effect of poorer adopters.

Adoption of an energy efficient appliance encompasses a trade-off between the
capital cost of the appliance and the marginal cost of its utilization. The higher capital
cost of the more efficient option is a barrier for adoption while the lower marginal
cost of energy service is in favor of adoption. Similarly, the higher capital cost works
against increasing energy service consumption due to a reduction in household
budget following adoption of a more expensive appliance. In contrast, the lower
marginal cost of energy service promotes an increase in utilization of appliance, i.e.
the rebound effect, through substitution and income effects.

The smaller likeliness of adoption of the efficient option by poorer households is
evidence that at lower income the trade-off mentioned above tilts toward stronger
(weaker) effect from the rise in the capital cost (decline of the marginal cost). Poorer
households experience a bigger relative decline in their budget in case of adoption.
In contrast, higher rebound effect among poorer households indicates that the effect
of higher fixed cost (lower marginal cost) is relatively weaker (stronger) when the
income is lower. Explaining this observation is not straightforward because one
would expect the effect of the higher capital cost of efficient option on its utilization
to be weaker among richer households and, therefore, lead to higher rebound effect
among them, not among poorer households.

The question, then, is what can explain the relatively stronger rebound effect
among poorer households. Why does the stronger effect of the higher capital cost on
poorer households’ budgets go away when it comes to utilization of more efficient
options? In this chapter, I present a theoretical model which reproduce the two
stylized facts mentioned so far. One is the lower adoption rate of poorer households,
and the other is the decline of the rebound effect conditional on adoption of energy
efficiency improvement. I show that one of the barriers to adoption of efficient options
by poorer households explains their stronger rebound effect conditional on adoption.

To the best of my knowledge, this chapter is the first attempt to give a theoretical
interpretation, which bridges between the two empirical regularities observed in
the fields of energy efficiency gap and the rebound effect: lower rate of adoption of
energy-savings among low-income households and stronger rebound effect following
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adoption. In this chapter, I theoretically analyze two mechanisms through which
potential barriers to adoption affect the direct rebound effect of an efficiency measure.1

The higher capital cost of a more efficient option is a barrier to its adoption. This
higher cost affects the size of the rebound effect through a mechanism which is called
the capital-cost effect. Households’ budgets shrink due to the adoption of a more
expensive option. The shrink in household’s budget (partially) offsets the gains from
the lower marginal cost of energy service following adoption of a more efficient
option. Therefore, capital-cost effect, ceteris paribus, decreases the rebound effect. The
stronger the capital-cost effect is, the lower the rebound effect will be. Moreover, the
strength of this effect depends on household income. Poorer households experience
stronger capital-cost effects than rich households because the relative change in their
budget is bigger than for richer households. Therefore, the capital-cost effect implies
the rebound effect of poorer households to be weaker than richer ones.

The second mechanism is the relative-price effect. When the relative price of en-
ergy service declines due to the adoption of a more efficient option, the household
reallocates its resources between energy and non-energy consumption such that total
income is spent again. For a given change in the relative price of energy service, if
the expenditure share of energy service is low, a reallocation of the budget leads to
a big relative change in energy service consumption. Similarly, if the expenditure
share of energy service is high, a reallocation of the budget cannot make big relative
changes in energy service consumption. Therefore, if poorer households have lower
energy service expenditure share, the relative-price effect is bigger than their richer
counterparts. Equivalently, the relative-price effect declines with the households’
income.

Now, the question is why should the expenditure share vary across households.
I argue that the endowment of energy services lead to the rise of their expenditure
share and, therefore, the decline of the ‘relative-price effect’ following adoption of
energy efficiency improvements. Looking into transportation, as an example of energy
services, one can argue that most people can manage their simple transportations,
like shopping, through walking. Moreover, it is not strange if one claims that people
benefit from walking while they do not have to pay for it.2 Therefore, once a consumer
is deciding on, for instance, purchasing a car, (s)he takes into account its ability to
move around- or walk- without the car. Similarly, we can look into indoor lighting.

1 An efficiency measure decreases required energy consumption for a given amount of energy service,
like using double-glazed windows. In contrast, a ‘sufficiency measure’ is a behavioral change in
consumption, for instance, reducing internal temperature. While efficiency measures have both direct
and indirect rebound effect, sufficiency measures have only indirect rebound effect. I only investigate
the direct rebound effect in this chapter and, therefore, abstract from sufficiency measures.

2 Although one needs to have enough calorie intake to be able to walk, it seems reasonable to assume that
everybody has some minimum amount of walking, independent from its calories intake.
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Once a consumer wants to decide on how much lighting it has to undertake, (s)he
knows that free daylight is available every day. Then, (s)he has to decide how much
extra light during the night, or for dark corners of its home, is needed. The story
is not much different for the space heating. Everybody needs to leave its house
for, let’s say, at least a few hours in a month. Therefore, (s)he needs to have warm
clothes during cold seasons. When deciding on how much space heating should
be bought, (s)he takes into account the possibility of putting on those warm clothes
when at home. All these stories can be summarized as such: for, at least, energy
services mentioned above, households are already enjoying some endowment of that
energy service. Owning such an endowment, together with income heterogeneity
of households, can lead to cross-household differences in the expenditure share for
energy services. Specifically, poorer households spend a lower share of their income
on energy services.3 Endowment decreases the chance of adoption for lower income
quantiles, since it crowds out their expenditure on energy services. Therefore, the
endowment is a barrier to adoption of efficiency measure. Moreover, due to lower
energy service expenditure share of poorer households, the relative-price effect is
stronger at lower income levels.

I develop a static model of household consumption, in which energy service
consumption incorporates household’s decision on purchasing energy-using products
and its utilization. It is shown that household would obtain more efficient, yet more
expensive, energy-using product if it is rich enough and, therefore, its consumption
of energy service is high enough. If the overall gains from a lower variable cost of
more efficient service cannot outweigh its higher capital cost, then adoption would
not be justified. Therefore, anything which increases the fixed cost of adoption or
lowers the subsequent benefits of lower marginal cost of energy service consumption
hampers adoption. It is shown that credit constraints by increasing effective fixed
cost of appliance hinders adoption while poverty and endowment decrease the
expenditure on energy service and, therefore, lower benefits of cheaper energy service.
Furthermore, I show that only endowment can explain bigger rebound effect of
poorer households, due to their stronger relative-price effect, while poverty and credit
constraints can only lead to lower rebound effects of poorer households.

To assess the quantitative properties of the model, I also calibrate the theoretical
model to measure rebound effect gap between different quintiles in the UK following
adoption of fuel efficient cars. The difference between baseline estimations of direct
rebound effects of quintiles, which comes from Chitnis et al. (2014), is compared with
the model’s prediction. The model proves powerful in explaining the gaps between
rebound effects of different quintiles.

3 In this way, energy service can be considered as a luxury consumption. In other words, its income
elasticity of demand is above unity.
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The rest of the chapter is organized as follows. In the next section, I discuss
the relevant literature on adoption of energy efficient products, known as energy
efficiency gap, as well as the rebound effect. Section 3 presents the set-up of the
model. Moreover, the adoption decision and the rebound effect is discussed in the
same section. The numerical example is presented in section 4, in which variation in
estimated rebound effects of households income groups are compared with model’s
predictions. Section 5 discusses credit constraints and poverty and shows that none of
these two can explain the pattern of the rebound effect versus income. Finally, section
6 presents the conclusion of the chapter.

4.2 Related Literature

In what follows, I review the literature on the energy efficiency gap and the rebound
effect.

4.2.1 The energy efficiency gap

Slow rates of adoption of energy-efficient durables, known as the energy efficiency
gap or energy paradox (Heutel (2015)), has been widely discussed in the literature.4

The adoption rate of energy efficiency improvements could be slow only if some
notion of optimality is defined. The optimal adoption rate is defined from two
perspectives; social and individual’s optimum. The individual optimal level of energy
efficiency investment requires no deviation from the rational choice of utility/profit
maximizer agents. In other words, underinvestment in energy efficiencies that are
privately profitable, creates energy efficiency gap from an individual perspective.
Lack of information, asymmetric information, principal-agent problems and bounded
rationality are among factors that create a wedge between the cost-minimizing (utility-
maximizing) level of energy efficiency and its realized level.

On the other hand, energy consumption might cause externalities such as human
health issues, climate change or energy security concerns (Allcott and Greenstone
(2012)). Therefore, even if investment in energy efficiency is not profitable from an
individual perspective, it might improve social welfare. In other words, externalities
create a wedge between socially optimal investment in energy efficiency and its
realized level. Note that previous type of factors can still cause deviation from the
socially optimal level of energy efficiency investment but not vice-versa.

4 See, for instance, Allcott and Greenstone (2012) and Gillingham et al. (2009) for discussions of different
theoretical and empirical approaches.
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The choice between energy-using products with different energy efficiencies en-
compasses a trade-off between capital versus operation cost of durable (Gillingham
et al. (2009); Rapson (2014)). Hausman (1979) shows that households trade-off be-
tween capital costs and expected operating costs when deciding on the purchase of
air-conditioners. He estimated households’ implied discount rate from their choice of
an air-conditioner. The estimated discount rate, Hausman (1979) shows, is declining
in households’ income. The trade-off depends not only on the rate of time preferences
but also on the rate of interest that household faces. Hence, a household whose
rate of time preference is higher or faces higher interest rate for borrowing from the
market would put a higher weight on the capital cost of appliances. A more efficient
energy-using product usually has a higher capital cost (Chakravarty et al. (2013)). The
cost-benefit analysis implies that a rational consumer is expected to adopt a product
if the internal rate of return of its adoption is higher than the market rate of interest
plus depreciation rate (Dubin and McFadden (1984)). Empirical estimates show that
individuals adopt energy efficient products only if their internal rate of return is far
beyond the market interest rates.5

Several explanations can be found in the literature, among them is market failures-
especially capital market failures (Gillingham et al. (2009)).6 Allcott and Greenstone
(2012) argue that the lower bound of empirical estimates of households’ discount rate
in adoption of durables be at least slightly above real credit card interest rates. This
means that interest rate for borrowing is higher than saving. Moreover, households
with lower income tend to face more credit constraints (Dubin and McFadden (1984))
and face higher interest rate (Hausman (1979)). Klein (1987) finds that if energy prices
increase then poor households, compared to others, tend to use less space heating
instead of adopting more efficient space heating methods. He interprets this as an
indicative of resource constraints that poor households face.

Besides capital market failures, owning some endowment of energy service or low
income of the household can also hinder adoption of more energy-efficient options.
Both of these two lead to low expenditure on energy service and makes adoption
unjustifiable. Although poverty or endowment are market barriers to adoption of
more efficient durables, they are not (necessarily) market failures. In contrast, credit

5 Hausman (1979) estimates the individual discount rate for adoption of air-conditioners to be about 20
percent. Gillingham et al. (2009) in their review of literature find rates between 25 to 100 percent.

6 Other causes of energy efficiency gap in the literature are energy market failures due to externalities or
energy security concerns, asymmetric information and potential behavioral failures such as bounded
rationality (see Gillingham et al. (2009), Linares and Labandeira (2010) and Gerarden et al. (2015) for
classification of these channels, and Heutel (2015) for a discussion of behavioral failures). In this chapter,
I am concerned with voluntary energy conservation and abstract from principal-agent issues or energy
pricing policies which aim to internalize externalities. Moreover, I seek a rather classic explanation and,
therefore, do not discuss bounded rationality.
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constraints can be considered a market failure. The optimal policy to cure the energy
efficiency gap depends on the cause of high implied discount rates which this chapter
wants to shed some light on it. Therefore, this chapter helps to understand the reason
behind lower adoption rates of poorer households and can help to undertake better
policies to cure that.

4.2.2 The rebound effect

4.2.2.1 The definition

Before discussing the literature of the rebound effect, I have to define it. The engi-
neering effect of an energy service efficiency improvement is the amount of energy
savings given the same level of energy service is consumed. For several reasons, this
amount of saving exceeds the realized energy savings of households following an
improvement in energy efficiency. If the household adopts a more efficient technology,
then its response to the lower cost of energy service might partially offset engineering
savings. This is called the rebound effect. There are three types of the rebound effects.
The first type is called the direct rebound effect. Higher energy service efficiency
decreases the marginal cost of energy service and, due to income and substitution
effects, consumption of the energy service increases (Sorrell (2007)). The second type
is the indirect or economy-wide rebound effect. Since there is saving in households
expenditure on energy service, the household might spend more on other goods and
services. Higher expenditure can increase energy consumption in all other sectors
and therefore cancels out part of the engineering effect of an improved efficiency (Hu
and Poliakov (2015); Sorrell et al. (2009)). The third source of rebound effect comes
from the required energy for production of the new and more efficient technology
and is called the embodied energy (Sorrell (2007)).

Empirical evidence shows that the direct rebound effect is the most significant
of the three types (Hu and Poliakov (2015)). The weakness of the other two types
of the rebound effect can be explained by low share of energy consumption in total
economy which makes the indirect effect small. Therefore, I abstract from the indirect
and embodied energy effects and focus on the direct rebound effect. Similar to Chitnis
et al. (2014), I define the direct rebound effect as follows

RE =
Engineering effect− Realized effect

Engineering effect
,

where Engineering effect is the hypothetical energy saving if more efficient technology
is used given no change in energy service consumption. The energy service, S, is
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produced using an appliance with energy efficiency of a = A and energy input of E:

S = AE.

Adoption of a more efficient appliance leads to a marginal improvement in energy
efficiency, dA. Therefore, the Engineering effect is

Engineering effect = −dE|dS=0 = E
dA
A

.

The Realized effect is the amount of energy saving which actually materializes,

Realized effect = −dE.

The direct rebound effect, therefore, becomes

RE = 1 +
dE
dA

A
E

.

Substituting the first derivative of E = S/A with respect to A, the direct rebound
effect can be defined as follows

Definition 4.1. For a household who is utilizing an appliance with energy efficiency a = A,
conditional on adoption of an energy efficiency improvement, i.e. adoption of a higher A,
the direct rebound effect is defined to be the ratio of the percentage change in energy service
consumption relative to the percentage change in energy efficiency:

RE =
dS
dA

A
S

(4.1)

The rebound effect is measured conditional on adoption of a more energy-efficient
appliance. The new appliance, compared to the old one, delivers the energy service
at a lower marginal cost. Assuming that the energy service is a normal good, one
expects that household demands more energy service consumption once its marginal
cost declines. Responsiveness of the energy service demand to a change in its price is
represented by the price elasticity of demand. A higher elasticity means that a given
change in the efficiency of the appliance and, therefore, in the relative price of energy
service, leads to a larger increase in energy service consumption. On the other hand,
larger increase in energy service consumption following adoption of a more-efficient
appliance, is equivalent to a larger rebound effects. Thus, the rebound effect is closely
related to the price elasticity of demand.

4.2.2.2 The literature

One might think that the demand for energy service is so inelastic that a change
in its price does not play a role. Empirical evidence shows the contrary. Kilian
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(2008) estimates households’ one-year price elasticity of total energy consumption,
i.e. electricity, gasoline, natural gas and heating oil and coal, between 1970 till 2006
to be −0.45. Reiss and White (2005) find a short-run price elasticity of household’s
electricity consumption of −0.39. Dahl (2012), in a survey of the literature, reports
the short-run price elasticity of gasoline demand between −0.11 and −0.33. The
price elasticity of demand might change with household’s income. Wadud et al.
(2010) estimate the price elasticity of gasoline demand for households’ expenditure
quintiles. They find that elasticities significantly decline with total expenditure of the
households. Measuring the price elasticity of electricity consumption for households’
income quartiles, Reiss and White (2005) reports lower elasticities for higher income
quartiles. Varying price elasticity of demand for energy services across households’
income levels suggests that the rebound effect can be different across households’
income as well.

The rebound effect can vary across countries and even between households
( Chakravarty et al. (2013)). The stronger rebound effect of low-income households
following the purchase of capital intensive products is empirical regularities. This dif-
ference in the rebound effect among households is mostly observed if the purchasing
cost of energy-using durable is high relative to the income of the household. Small
and van Dender (2005) studying the rebound effect in using automobiles show that
controlling for the number of cars, consumers with higher income tend to have less
elastic driving mileages if the variable cost of driving changes. Therefore, the rebound
effect of a reduction in the driving cost of car declines with income. Sorrell et al. (2009)
assert that due to the rise of the opportunity cost of time with rising income, rebound
effect from driving fuel-efficient cars may be smaller for higher income households.
They claim that it is expected to observe smaller rebound effect in household heating
and cooling and automotive transport if household income rises over time.

One reason, they argue, could be saturation of the demand (Sorrell et al. (2009)).
Rich households do not want to set the air-conditioner at freezing condition in the
summer or warm up their houses more than 25 Celsius degrees in the winter. First,
similarly, rich households do not want to drive the whole day even though they
afford to pay for the fuel costs. These are the common types of arguments/examples
supporting saturation of households’ energy demand. Nevertheless, demand satura-
tion, I believe, should be the very last explanation. There are two types of arguments
against demand saturation. Similar to the above line of reasoning, one can argue
that households prefer to set the desired temperature of the house while they enjoy
the flow of fresh air. Therefore, a rich household might set the air-conditioner at
maximum and open the windows to have an inflow of the fresh air. Moreover, open
windows help getting rid of indoor pollutions. For the driving, people can drive in a
less fuel-efficient way by not spending time on finding the shortest, less congested
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routes or through frequently accelerating-braking cycles. Second, demand saturation
hypothesis is more of an ad-hoc than an explanation. It is already clear that if we as-
sume that the demand for consumption of a normal good/service has an upperbound,
then the rich will not go beyond that maximum. Moreover, a common assumption in
Microeconomics is local non-satiation of preferences. According to this assumption,
for any consumption bundle there is always a better consumption bundle. Demand
saturation assumes an upperbound for energy consumption implying that for a/some
level of energy consumption neither higher nor lower is preferred. Therefore, I argue
that demand saturation hypothesis is not theoretically interesting.

Chitnis et al. (2014) have estimated the rebound effect for several efficiency and
sufficiency measures such as fuel-efficient cars, cavity wall insulation, reducing food
wastes, using LED lamps. Similar to studies mentioned above, they find that direct,
as well as indirect, rebound effect is stronger among lower income household. Aydin
(2016) and Murray (2013) find rebound effect of, respectively, cavity wall insulation
and efficient lamp adoption to be declining with households’income.

While energy efficiency gap literature investigates why poor households are less
willing to adopt more efficient options in the first place, studies mentioned above
find rebound effect of poor households to be bigger than rich ones. In the following
section, I formulate a model to see how adoption barriers, i.e. low income, credit
constraints, the endowment of energy service, affect the direct rebound effect through
the capital-cost and the relative-price effect.

4.3 The Set Up

The household’s preferences over energy service and non-energy consumption are
described by an additively separable utility function,

Ui = u(Ci) + αv(Si + S̄), (4.1)

where

u(Ci) =
C1−1/σu

i
1− 1/σu

,

and

v(Si + S̄) =
(Si + S̄)1−1/σv

1− 1/σv
,

with a continuum of households i ∈ [0, 1]. The total energy service consumption is
Si + S̄, with Si = aiEi, where ai ∈ (0, A] is energy efficiency of the appliance which is
used by household i and Ei is the household’ energy consumption. Households enjoy
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endowment of energy service of S̄ ≥ 0. The household decides how much to spend
on Si.

The household is assumed to have already purchased the energy appliance. The
household i’s budget constraint is

Ci +
p
ai

Si = Wi − P(ai), (4.2)

where P(ai) ≥ 0 is the capital cost of obtaining energy-using appliance, for instance,
the price of a car, a lamp or a boiler, and is increasing in the energy efficiency, P′(.) > 0,
and is convex, P′′(.) > 0. The relative price of using the appliance is indicated by
lower case, i.e. p/ai, where p is the energy price which is the same for all households.

The set of available technologies, (0, A], expands over time due to the rise of A.
There are two questions; who adopts the state-of-the-art efficiency, i.e. A, and how
does the energy consumption of different households, poor and rich, changes after
the adoption of new frontier technology. The Lagrangian of the decision of household
i is

Li = u(Ci) + v(Si + S̄) + λ[Wi − Ci −
p
ai

Si − P(ai)] + µi[A− ai]. (4.3)

The FOCs with respect to Ci, Si and ai is characterized by

Ci = (
p

αai
)σu(Si + S̄)σu/σv , (4.4)

pSi ≥ P′(ai)a2
i , (4.5)

where, for the interior solution, ai < A, the second inequality becomes

pSi = P′(ai)a2
i . (4.6)

Moreover, the corner solution, i.e. ai = A, is represented by (4.4) and

pSi ≥ P′(A)A2. (4.7)

Substituting the FOC (4.4) into the budget constraint, (4.2), gives the budget constraint
regarding energy service consumption,

(
p

αai
)σu(Si + S̄)σu/σv +

p
ai

Si = Wi − P(ai), (4.8)

where Wi − P(ai) is labeled as the“effective income” of the household. Energy service
consumption cannot be expressed explicitly as a function of income and its relative
price. Moreover, this set up does not imply a constant elasticity of substitution
between non-energy consumption and energy service consumption. Using (4.6), one
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can rewrite the budget constraint of households whose choice of technology is interior
as a function of ai,

(
p

αai
)σu(P′(ai)a2

i /p + S̄)σu/σv + P′(ai)ai = Wi − P(ai). (4.9)

In order to see this, I define the expenditure share on energy service first and, then
I characterize the elasticity of substitution.

Next, I define the expenditure share of energy services. It is defined as a share in
effective income of households

Definition 4.2. Expenditure share of the energy service consumption for household i is
defined as

Xi ≡
pSi/ai

Wi − P(ai)
. (4.10)

The following lemma shows that expenditure share of energy service increases
with income for low levels of purchased energy service.

Lemma 4.1. Given a constant frontier technology, A, the energy service expenditure share
of those who adopt the frontier technology, A, increases with income, i.e. dXi/dWi > 0, iff
energy service consumption is low compared to energy service endowment

Si

Si + S̄
<

σv

σu
.

Proof. In appendix 4.A.

The above lemma indicates that the energy service expenditure share is hump-
shaped if Si can increase without bound. The following proposition clarifies the
hump-shaped pattern of the energy service expenditure share.

Proposition 4.1. The energy service expenditure share versus households’ income is hump-
shaped for σu > σv.

Proof. In appendix 4.A.

Corollary 4.1. The energy service expenditure share increases with income for all income
levels if σu = σv.

Proof. Following the above proposition, together with σu = σv, the condition

σu

σv

Si

Si + S̄
< 1,

holds for all Si, and, therefore, all income levels.
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The endowment of energy service leads to a positive relationship between expen-
diture share and income. At low income levels, the household consumes mostly S̄
and spends very little on energy service consumption. Therefore, a rise in income
leads to a rise in total energy service consumption, Si + S̄, which leads to a more than
proportional rise in Si. On the other hand, at higher income levels, the purchased
energy service is the major part of total energy service consumption. Therefore, a rise
in total energy service consumption due to higher income leads to almost propor-
tional rise in Si. In contrast, because of lower curvature of v(.) compared to u(.), i.e.
σu > σv, when income rises the marginal rate of substitution between energy service
and consumption declines if the two consumption bundles increase proportionally.
The reason is that the marginal utility from energy service consumption drops faster
than the marginal utility from non-energy consumption.

At low income levels, purchased energy service, Si, is small compared to its
endowment. Therefore, the positive effect of the endowment on energy service
expenditure dominates. This channel weakens as Si rises with income. At high
income, the effect of endowment is weak enough to be dominated by the effect of
higher curvature of v(.) compared to u(.). Therefore, higher income leads to a faster
increase in non-energy consumption than energy service consumption and, therefore,
leads to declining expenditure share of energy service.

The following proposition characterizes the elasticity of substitution between the
two consumption bundles.

Proposition 4.2. For a household who adopts the technology, A, the elasticity of substitution
between consumption, Ci, and total energy service, Si + S̄, is

σi = σu − (
σu

σv
− 1)

Xi + σu(1− Xi)

Xi + σu(1− Xi)/σv + pS̄/A
. (4.11)

Proof. In appendix 4.A.

The elasticity of substitution changes with the energy service expenditure share
and, therefore, depends on household’s income, Wi. This is true even if there is no
endowment of energy service, i.e. S̄ = 0. The reason is that the preferences in this
set up have the general VES7 form. For the special case of σu = σv, the preferences
become CES.

Corollary 4.2. If σu = σv, then the elasticity of substitution is constant.

Proof. Follows immediately from (4.11).

7 Acronym for Variable Elasticity of Substitution.
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4.3.1 Adoption

In order to find out who adopts the frontier technology, A, I, first, characterize
adoption of all technologies assuming there is no boundary for ai. Then, I discuss the
adoption when a = A is the state-of-the-art technology.

If the Lagrangian is concave, the household chooses the technology, ai, and the
energy service consumption, Si, that satisfy (4.9). This equation implies two possible
choices for the household:

Lemma 4.2. With no boundary for available technologies, i.e. a ∈ (0, ∞), equation (4.9)
implies a U-shaped pattern for the household’s income, W, versus energy efficiency of the
appliance, a.

Proof. In appendix 4.A.

Therefore, dW/da is increasing in a. This means that W(a), as formulated in (4.9),
is convex and, therefore, U-shaped.

a

W

a0

W0

Wi

Figure 4.1: Income versus potential choices of
technology according to (4.9), assuming no up-
perbound for the available energy efficiency

Together with the two solutions of equation (4.9), there is an option of no-adoption
for households, in which the household only consumes the endowment of energy
service, S̄

94



4.3 The Set Up

Corollary 4.3. Regarding the energy service technology, each household has three choices:
no adoption and consuming S̄ only, adopting the low-a solution of (4.9), and adopting the
high-a solution of (4.9).

Among the two solutions of (4.9), only those points in which the Lagrangian is
concave are among the potential optimal choices. The following lemma shows that
the Lagrangian is convex at the solution with low energy efficiency.

Lemma 4.3. With no boundary for available technologies, i.e. a ∈ (0, ∞), the Lagrangian in
(4.3), is concave at the high-a solution of (4.9) but is convex at its low-a solution.

Proof. In appendix 4.A.

Therefore, the low-efficiency solution of (4.9) is a local minimum of the Lagrangian,
not a maximum:

Corollary 4.4. The household prefers the high-a solution of (4.9) to its low-a solution.

Having defined the optimal interior choice of the household, I have to characterize
whether the household adopts an energy-using appliance or opts for consuming the
endowment of energy service only with no adoption:

Lemma 4.4. With no boundary for available technologies, there is a minimum income
level, W, above which households adopt the high-efficiency energy-using appliance instead of
consuming S̄ only.

Proof. In appendix 4.A.

Households with low income prefer not to spend on energy service consumption
at all and consume S̄ only. The marginal rate of substitution between energy service
consumption and non-energy consumption increases with income. When the income
is high enough, the household adopts an energy-using appliance. According to above
lemmas, the energy efficiency of the adopted appliance rises with income. If there is a
boundary for available technologies, at some income level the household adopts the
state-of-the-art technology, A. The following proposition characterizes the adoption
decision of households when there is a frontier for available technologies, i.e. A:

Proposition 4.3. For given p > 0, S̄ ≥ 0, and A > 0, there is a unique threshold income
level W̃(p, S̄, A) such that the optimal choice of appliance for household i has an interior
solution, ai < A, iff Wi < W̃(p, S̄, A). The threshold income level, W̃(p, S̄, A), is increasing
in S̄. The threshold income level is increasing in p iff σv > P′(A)A2/(P′(A)A2 + pS̄). The
threshold income level is increasing in A if W̃(p, S̄, A) > W, where W is determined from
lemma 4.4.
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Proof. In appendix 4.A.

According to (4.11), low σv leads to low elasticity of substitution between energy
service and non-energy consumption. If the two consumption bundles are poor
gross substitutes, then a rise in p leads to an increase in energy service expenditure
share. Higher energy service expenditure share for all consumers implies that those
households whose income were just slightly below threshold income will find it
profitable to adopt higher energy efficiencies. In contrast, if the two consumptions
are not good gross complements but gross substitutes, then the rise of p leads to
lower energy service expenditure share. Therefore, marginal household and those
households whose income is slightly above marginal household will opt for energy
efficiencies below the frontier, A.

A rise in S̄ crowds out purchased energy service, Si for all households. Therefore,
the previously-marginal household, Wi = W̃(p, S̄, A), finds adoption of A suboptimal
because of a fall in Si. The new marginal household must have a higher income than
previously-marginal household to have (4.6) hold for ai = A.

The Households with Wi > W̃(p, S̄, A) adopt the technology frontier, A. Ac-
cording to (4.7), for these households, the marginal benefit of adopting a more ef-
ficient technology is more than its marginal cost. When A rises, these households
adopt a more efficient technology. In contrast, the marginal household, the one with
Wi = W̃(p, S̄, A), stays with its previous choice of ai = A.

Poor households either do not adopt any energy-using appliance or adopt a
less efficient appliance. In contrast, rich households adopt the technology frontier.
Once the frontier expands, those who have already adopted the frontier are the only
candidates for adoption of the new appliance. On the other hand, poor households do
not adopt the energy efficiency improvement. Figure 4.2 shows that the rebound effect
of adopting energy efficiency improvement is only defined for households whose
income is above the threshold income. Moreover, it can be seen that the rebound effect
declines with households’ income. The pattern of the rebound effect is investigated
in the following sections.
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Wi

REi

ai < A

W̃(p, S̄, A)

Figure 4.2: The rebound effect and household
income

4.3.2 The rebound effect

The adoption of an energy efficiency improvement has two effects on the decision
of a household on consumption bundles. One is the decline of effective income of
the household due to higher capital cost of the more-efficient appliance. Adoption
of a more expensive appliance leads to a bigger decline in the effective income and,
therefore, negatively affect all consumptions, including consumption of energy service.
The second effect is a change in the relative price of energy service. Adoption of a
more efficient appliance decreases the relative price of energy service consumption.
The subsequent substitution and income effects change the decision of household on
allocation of the effective income across consumption bundles. Moreover, according
to (4.1), the rebound effect is defined as the change in S following a change in A.
Therefore, since there are two channels through which a rise in A affects S affects
, the rebound effect of adoption of more efficient energy-using appliance can be
disentangled into two effects. The negative effect from higher capital cost of new
appliance and the positive effect of lower marginal cost of energy service consumption.
The two effects are defined below:

Definition 4.3. The rebound effect as in (4.1) can be written as the sum of the effect of lower
relative price of energy service for a given effective income, labeled as the ‘relative-price effect’
and the effect of the change in the capital cost, labeled as the ‘capital-cost effect’,

REi = RPEi + CCEi,

with

RPEi =
A
Si

∂Si
∂q

∂q
∂A

,
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and,

CCEi =
A
Si

∂Si
∂Z

∂Z
∂A

,

where Z ≡Wi − P(A) and q ≡ p/A.

In order to focus on the effect of efficiency rise, I assume that the energy price, p,
does not change. This assumption is particularly harmless in a small open economy,
in which energy price is exogenously determined in the world market. Therefore, I
abstract from spill-over effect of adoption of an energy efficiency improvement by
households on the energy price in the market. Hence, change in energy service price
following adoption boils down to a rise in the energy efficiency of the appliance. The
following proposition formulates the rebound effect of each household based on the
definition of the rebound effect, given in definition 4.3:

Proposition 4.4. For the rebound effect of household i with Wi ≥ W̃(p, S̄, A), following
adoption of an energy efficiency improvement, the ‘relative-price effect’ is

RPEi =
Xi + σu(1− Xi)

Xi + (1− Xi)
σu
σv

Xi
Xi+pS̄/(A(Wi−P(A)))

> 0, (4.12)

and the ‘capital-cost effect’ is

CCEi = −
P′(A)A/(Wi − P(A))

Xi + (1− Xi)
σu
σv

Xi
Xi+pS̄/(A(Wi−P(A)))

, (4.13)

where

− Xi

Xi + (1− Xi)
σu
σv

Xi
Xi+pS̄/(A(Wi−P(A)))

< CCEi < 0.

Proof. In appendix 4.A.

There are two channels in the model which can affect the pattern of the rebound
effect. These channels are the endowment of energy services, i.e. S̄, and the effect of
σu 6= σv. The assumption of σu 6= σv, according to proposition 4.1, enables the model
to reproduce the hump-shaped pattern of energy service expenditure shares. For the
rebound effect, I am only interested in the effect of endowment of energy services on
the pattern of the rebound effect. In order to see if S̄ > 0, alone, leads to decline of
the rebound effect with households’ income, I first demonstrate the pattern of the
rebound effect in a simplified, one-σ model.
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4.3.2.1 The one-σ model

In this section, I assume σu = σv. Therefore, I can check whether endowment of
the energy services can reproduce the declining pattern of the rebound effect or
not. According to the subsequent corollary of proposition 4.1, the energy service
expenditure shares increase with households’income. According to proposition 4.3,
households whose income is at least W̃(p, S̄, A) adopt the frontier technology. Using
proposition 4.4, I can formulate the rebound effect of the one-σ model as in the
following lemma

Lemma 4.5. Given σ ≡ σu = σv, the ‘relative-price effect’ and the ‘capital-cost effect’ of an
energy efficiency improvement are

RPEi =
Xi + σ(1− Xi)

Xi

Xi +
pS̄/A

Wi−P(A)

1 + pS̄/A
Wi−P(A)

,

and,

CCEi = −
P′(A)A

Xi(Wi − P(A))

Xi +
pS̄/A

Wi−P(A)

1 + pS̄/A
Wi−P(A)

.

Proof. Follows directly from setting σ = σu = σv in (4.12) and (4.13).

The two effects decline in absolute terms when household’s income rises:

Lemma 4.6. Given σ ≡ σu = σv, the absolute value of both relative-price effect and capital-
cost effect decline with income.

Proof. See proposition 4.6 for the more general case.

The expenditure share of energy service increases with income of the adopters
of the frontier technology. Adoption of efficiency improvement changes the relative
price of energy service consumption and, therefore, leads to reallocation of resources
between the two consumption bundles. For a household who spends a small share of
its total expenditure on energy service, a little bit of relocation of resources between
the two bundles leads to big relative changes in energy service consumption. This
implies the decline of the relative-price effect with income of adopters of efficiency
improvement. On the other hand, adoption of efficiency improvement decreases
the effective income of households because the more-efficient option is the more-
expensive one. Lower effective income negatively affects the expansion of energy
service consumption, i.e. the rebound effect. The decline in effective income is bigger
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for low-income households. Therefore, the capital-cost effect is stronger among low-
income adopters of efficiency improvement. The decline of the relative-price effect
with income leads to the higher rebound effect of poorer adopters. On the other hand,
the decline of the absolute value of the capital-cost effect with income leads to the
lower rebound effect of poorer adopters. Therefore, it is not straight forward to say
how the pattern of the rebound effect versus households’ income looks like.

Having defined the two components of the rebound effect and their changes
with income, the following proposition characterizes under what circumstances the
rebound effect of an energy efficiency improvement declines with income:

Proposition 4.5. Assume σ ≡ σu = σv and households enjoy the same S̄ > 0 but are
heterogeneous in income, Wi. The rebound effect declines with households’ income if the
change in the capital cost of the appliance is small enough,

P′(A)A < σS̄(
p

Aα
)σ. (4.14)

Proof. In appendix 4.A.

With the one-σ model, the sufficient condition for the declining pattern of the
rebound effect versus households’income is a slow rise of the capital cost. With small
P′(A)A, the rise of capital-cost effect (or the decline of its absolute value) is weak
enough to be dominated by the decline of the relative-price effect. Therefore, the sum
of the two effects, which is the rebound effect, declines with income. The one-σ set up
shows that endowment of energy services alone, i.e. S̄ > 0, can explain the decline of
the rebound effect with income.

4.3.2.2 The two-σ model

The simplified, one-σ model can reproduce the decline of the rebound effect with
income. Yet, it imposes a strict structure on the pattern of the energy service expendi-
ture shares. Under one-σ model, the energy service expenditure shares increase with
household’income. The two-σ model, as in proposition 4.1, is more flexible regarding
the expenditure shares pattern. Therefore, it is worth discussing the rebound effect
under the two-σ model to see if the extensive version of the model can reproduce
patterns for both rebound effects and expenditure shares. The following proposition
characterizes how the relative-price and capital-cost effects change across income
levels

Proposition 4.6. Assume σu > σv and households enjoy the same S̄ > 0 but are heteroge-
neous in income, Wi. Everything else equal, the absolute value of both relative-price effect and
capital-cost effect decline with household’s income.
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Proof. In appendix 4.A.

Similar to one-σ model, the absolute values of both relative-price and capital-cost
effects decline with income. Unfortunately, it is not possible to theoretically determine
whether the rebound effect of two-σ model declines or increases with income. Yet, I
can say something about the rebound effect at very high income levels:

Proposition 4.7. Assume σu > σv and households enjoy the same S̄ > 0 but are hetero-
geneous in income, Wi. For Wi increasing without bound, the rebound effect converges to
σv.

Proof. In appendix 4.A.

It is not possible to characterize the pattern of the rebound effect for the two-σ
model. Therefore, it seems reasonable to conduct a calibration exercise to see if the
model can perform a reasonable job in predicting the pattern of the rebound effect.
The next section presents such a numerical evaluation of the two-σ model.

4.4 A Numerical Example

In this section, the developed model is confronted with estimated direct rebound
effects from Chitnis et al. (2014). They have estimated direct and embodied rebound
effect following adoption of more fuel efficient cars among different expenditure
quintiles in the UK in 2009.

4.4.1 Simulation method

First, I have to find a proxy to pin down the endowment of energy service consump-
tion, S̄. A significant majority of people are endowed with the ability to walk, and that
can be used to pin down S̄. According to Department for Transport (2009), Britons,
on average, walked about 322 kilometers in 2009. I consider this number as the initial
transport endowment of a person in the UK. Since the size of households can vary
across different quintiles, and the rebound effects and expenditure data are provided
for household level, rather than individual level, I need to transform walking en-
dowment of individuals into households’endowments. I use the equivalized size of
household in each quintile following Chitnis et al. (2014). Therein, the size of each
household is transformed into equivalized household size using “OECD modified
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scale”.8 Then, the average of these sizes within a quintile is computed as the mean
equivalized household size of the quintile which can be seen in table 4.1. In the
model, the set up assumes that the endowment of energy service is the same across
all households. I take the average of equivalized household size across five quintiles,
which is 1.6. Therefore, the initial transport endowment of British households in 2009
is set to be equal to 322*1.6=515.2 kilometers.

The benchmark estimations of the direct rebound effects of different quintiles
and their respective fuel expenditure shares together with annual equivalized expen-
ditures can be seen from table 4.1. Similar to Chitnis et al. (2014), I assume that a
purchased car is used for ten years. Therefore the endowment and the equivalized
households expenditures must be multiplied by 10. Next, I have to pin down p/A.
According to Chitnis et al. (2014), the average fuel price and the average fuel effi-
ciency of cars in Britain were £1.275/liter and 6.1 liter/100Km in 2009. Therefore,
p/A becomes (£1.275/liter) * (6.1 liter/100Km)/100=£0.078 per kilometer.

As we can see from table 4.1, the pattern of expenditure shares of fuel consumption
versus expenditure of quintiles in Chitnis et al. (2014) has an inverse-U shape. The
maximum of the expenditure share belongs to quintile three. On the other hand, the
direct rebound effect is monotonically declining with the expenditure of the quintiles.
I simulate the model to get the patterns for expenditure share and the rebound effect.
I use MATLAB for the simulations.

Since the maximum of all expenditure shares in the data falls on quintile three, I
enforce the model to reproduce the maximum expenditure share of all quintiles at
quintile 3. According to lemma 4.1 and proposition 4.1, for quintile three we must
have

σu

σv

W∗3 X3

W∗3 X3 + pS̄/A
= 1,

where W∗i ≡ Wi − P(A) is the total expenditure of quintile i. Note that p/A, as the
unit cost of fuel, is already measured to be £0.078/kM. I let X3 to have different values
around its value in the data. Precisely, I assign values from 4% (less than 5.9%) up
to 8% (more than 5.9%) during the simulation to find out the best fit of the model.
For each assigned value for X3, using the above equation, I can find the respective
ratio of σu/σv using the data from total expenditure of quintile three and S̄. Therefore,
for each hypothetical value of expenditure share in quintile three, I have a value for
the ratio of the two σ’s. Now, I use the expressions for the two components of the
rebound effect in (4.12) and (4.13). Chitnis et al. (2014) argue that the adoption of fuel
efficient car is as costly as conventional cars. For the sake of consistency, I follow their

8 “OECD modified scale” assigns a value of 1 to the first adult member of household, of 0.5 to additional
adults and 0.3 to each child. Hence, a family that consists of two adults and three children has an
equivalized size of 2.4. See http://www.oecd.org/eco/growth/OECD-Note-EquivalenceScales.pdf
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approach and assume that the price of a more fuel efficient diesel car in 2009 was not
different from conventional cars. Therefore, the capital-cost effect is zero. Moreover,
the denominator of the expression is 1 for quintile three. Therefore, we have

RE3 = X3 + σu(1− X3).

Similar to the expenditure share of the third quintile, I assign a range of values,
from 10% (below 14%) up to 20% (more than 14%), to RE3. Then, using the above
expression, for any pair of values of X3 and RE3, I compute the respective σu, which
is between 0.02 and 0.17. Using the values of σu and the respective values for the
ratios of σ’s, I can compute the respective values for σv, which is between 0.007 and
0.045. Finally, rewriting the budget constraint equation (4.8) using (4.10), gives an
expression in terms of energy service expenditure share

(1− X3)W∗3 = (
p/A

α
)σu(

X3W∗3
p/A

+ S̄)σu/σv . (4.1)

Using this equation, for any value of (X3, σu, σv, RE3), and the expenditure of
quintile three from the data, multiplied by 10, and the value of p/A, I compute
respective values of α. Now that I have a set of values for (X3, σu, σv, RE3, α). For each
value of this quintuple, I can compute the expenditure shares and the rebound effects
of different quintiles. For each quintile, I plug in the total expenditure of the quintile,
Wi, in (4.1). Then, I use vpasolve function of MATLAB9 with different values of the
triple of parameters, (σu, σv, α), to find the respective values of expenditure share of
each quintile. Therefore, I come up with a set of quadruples of the form (σu, σv, α, Xi)

for each quintile. Then, I use (4.12) to get the respective relative-price effects of each
quintile for each value of the quadruple. For the capital-cost effect, similar to Chitnis
et al. (2014), I assume that the price of the more fuel-efficient car is not more than
the conventional cars. Therefore, the capital-cost effect is zero in this exercise and
the rebound effects are equal to the relative-price effects. Finally, I construct the sum
of squared error for deviation of different measurements of five expenditure shares
and five rebound effects from the data in table 4.1. Then, I find the set of parameters
which minimizes the sum of ten squared errors.

9 This function can solve nonlinear equations and finds their roots.
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Table 4.1: Quintiles’ demography and rebound effect

Quintiles
Fuel expen-
diture
share (%)

Equivalized
household
size

Equivalized
expenditure†

Direct
rebound
effect (%)‡

Q1 3.7 1.46 4700 32
Q2 5.5 1.59 7800 20
Q3 5.9 1.65 10500 14
Q4 5.7 1.64 14100 10
Q5 4.4 1.64 24600 2

Source: Chitnis et al. (2014)
† Total equivalized expenditure in 2009 £.
‡ Direct rebound effect from a shift to more fuel-efficient cars.

4.4.2 Model’s prediction

The best fit of the simulated model into the data points for the expenditure share and
the rebound effect happens at σu = 0.11 and σv = 0.1. Figure 4.3 shows the simulated
points for the expenditure share and the data points. The simulated expenditure
shares have a mild inverse-U shape around 5%, varying between 4.9% and 5.1%.
Figure 4.4 shows the simulated points for the rebound effects of different quintiles
and the relevant data points. The simulated rebound effect declines by 2% from 17%
for quintile 1 to 15% for quintile five.

Q1 Q2 Q3 Q4 Q5
3.5

4

4.5

5

5.5

6
·10−2

Figure 4.3: The simulated expenditure share of
quintiles (circles) and their measured expendi-
ture share from Chitnis et al. (2014) (diamond)

104



4.4 A Numerical Example

Q1 Q2 Q3 Q4 Q5
0

0.1

0.2

0.3

Figure 4.4: The simulated rebound effect of
quintiles (circles) and their measured rebound
effect from Chitnis et al. (2014) (diamond)

The model fits the estimated expenditure shares and rebound effects of Chitnis
et al. (2014) poorly. The inverse-U pattern of the expenditure shares has little variation,
compared to the data. The reproduced rebound effect of the model also does not
follow the data closely. Then, the question is what could be the cause of the weakness
of the simulated results. Is it an issue with the model or it comes from the calibration
method.

With the current method of simulation, i.e. enforcing the two patterns to be close
to the data at quintile three and imposing the inverse-U pattern for expenditure share,
I have little flexibility with the two σ’s. The reason is that changing σu, while imposing
quintile three to be the maximum of all expenditure shares, leads to change in σv and,
finally, further deviations from the data. The remaining driving force of variations,
besides expenditures of quintiles, is the endowment of energy service, here driving. I
change calibrated value of S̄ to see if that helps to improve the power of the model.
It turns out that both patterns for the expenditure share and the rebound effect are
reproduced with less deviation from the patterns of the data if high amounts of S̄ are
used.

Figures 4.5 and 4.6 show the outcome of the simulation when the endowment is
multiplied by factor 40. As shown in the figures, higher endowment improves the
power of the model for both expenditure shares and the rebound effects of quintiles
enormously. The respective σ’s are σu = 0.09 and σv = 0.02.
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Q1 Q2 Q3 Q4 Q5
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·10−2

Figure 4.5: The simulated expenditure share of
quintiles when S̄ is multiplied by 40 (circles)
and their measured expenditure share from
Chitnis et al. (2014) (diamond)

Q1 Q2 Q3 Q4 Q5
0

0.1

0.2

0.3

Figure 4.6: The simulated rebound effect of
quintiles when S̄ is multiplied by 40 (circles)
and their measured rebound effect from Chitnis
et al. (2014) (diamond)

4.4.3 Discussion

In the first simulation in the numerical example, I used a specific measure for the
endowment of the transport service. Walking is only one of the substitutes for driving.
According to Department for Transport (2009), less than 3% of travels in 2008 were

106



4.5 Alternative Explanations

done by means of walking. At the same time, driving has around 50% share in
total travels. There remains around 47% of travels which were completed using
cycling, public transport, motorcycles, etc. Adding only part of this 47% to walking
endowment, let say 27% of all travels to be considered as the endowment when
compared to driving, could lead to a 10-fold increase in S̄. Such an increase would
lead to a much better fit of the model for both rebound effects and expenditure shares
patterns. Moreover, the realized amount of walking in the dataset is a result of the
household’s decision while its endowment of walking possibilities are bigger than the
realized amount. For instance, Britons, on average, walked more than 410 kilometers
each year in 1970s (Department for Transport (2002)), higher than 322 kilometers of
2008. Furthermore, the developments of IT infrastructures have made people less
dependent on actual travels. Households know and exploit these opportunities when
making their decision on how much to spend on driving.

The next point is about the consistency of the data source. The expenditure
share of driving has an inverse-U pattern in Chitnis et al. (2014). In contrast, the
expenditure elasticity of fuel consumption in Chitnis et al. (2014) is estimated to
be above one for all five expenditure quintiles. Moreover, the majority of gasoline
demand studies estimate long-run income elasticity of fuel demand to be more than
unity.10 This implies that the expenditure share of driving increases with income.
These observations pose a question of consistency of the data presented in Chitnis
et al. (2014). In spite of this issue of the data, the model is capable of reproducing
expenditure shares which monotonically increase with income across quintiles. More
specifically, σu = σv is the sufficient condition for ever rising expenditure share. Then,
the preferences simplify to a one-σ function of CES form. This is already discussed in
previous section.

4.5 Alternative Explanations

According to proposition 4.3, the endowment of energy service, S̄, decreases pur-
chased energy services, Si, and, therefore, makes the adoption of the frontier technol-
ogy suboptimal for low-income households. Moreover, the endowment of energy
service leads to the declining pattern of the rebound effect versus households’ income
for those households who adopt the frontier technology. This can be seen from propo-
sition 4.5. One might argue that there might be other explanations for the decline
of the rebound effect with household’s income. In this section, I investigate two
mechanisms that might contribute to the decline of the rebound effect with income.
The claim is not that all the alternative explanations are discussed here, rather two

10 See, for instance, Graham and Glaister (2002) and Goodwin et al. (2004) for a review of the literature.
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barriers of the adoption of energy efficiency improvements and their effect on the
rebound effect of households are discussed. For both mechanisms, in order to focus on
the effect of the mechanism only, I assume there is no endowment of energy services,
i.e. S̄ = 0. Moreover, for the discussion of the effect of each of the two mechanisms
on the pattern of the rebound effect I use the one–σ set up, similar to proposition
4.5. Therefore, I can see whether the highlighted mechanism leads to decline of the
rebound effect with income or not.

4.5.1 Income differences and the rebound effect

A natural cause of adoption of less energy-efficient appliances, instead of frontier
technologies, by poorer households is their lower income. Following from proposition
4.3 and assuming no endowment of energy service, i.e. S̄ = 0, poorer households
tend to adopt lower efficiency levels. This is true with the one-σ version of the model
as well. For the rebound effect, first, I have to determine how the expenditure share
of energy services change across income groups. The following lemma characterizes
the pattern for the expenditure share of energy service.

Lemma 4.7. For S̄ = 0 and σ ≡ σu = σv, the energy service expenditure share is constant
across households’ income, dXi/dWi = 0.

Proof. Follows from lemma 4.1.

The expenditure share of energy service is constant, given the preferences are
homothetic, i.e. no endowment of energy service, and σu = σv. Now, the pattern of
the rebound effect can be discussed:

Proposition 4.8. For S̄ = 0 and σ ≡ σu = σv, the rebound effect of adoption of an energy
efficiency improvement increases with household’s income.

Proof. In appendix 4.A.

Constant energy service expenditure shares because of homothetic preferences
imply the same relative-price effect across all income levels. On the other hand, higher
income levels decrease the absolute value of the capital-cost effect. Therefore, poorer
households must have a lower rebound effect because of pure income difference. Pure
income differences, assuming homothetic preferences, cannot explain the decline of
the rebound effect with income. The next candidate mechanism for lower adoption
rate across poorer households is credit constraints.
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4.5.2 Credit constraints and the rebound effect

A possible reason that poor households do not adopt frontier technologies could be
that borrowing is too costly for them. As a result of costly borrowing, the capital cost of
appliances are effectively higher for credit-constrained households, compared to other
households. It is usually argued that low income leads to credit constraints. Therefore,
there can be a causal relationship between low income and credit constraints and,
therefore, adoption of less efficient appliances. Here is the definition of a credit
constrained household:

Definition 4.4. A household is credit constrained if it has higher costs for purchasing the
energy-efficient appliance compared to a typical household,

Ci + pSi/ai = Wi − κP(ai),

with κ > 1.

This definition of credit constraints in my static model is equivalent to facing a
higher rate of interests in a multiple-period model. Households invest in energy
efficiency in return for future savings on their energy bills. A household who faces
relatively higher rate of interests enjoys less from a $1 future savings on its energy bill.
Therefore, a credit constrained household finds the frontier technology less beneficial,
or equivalently, more costly.

Similar to the previous section, for those households who adopt the frontier
technology, the energy service expenditure share does not change with income level:

Lemma 4.8. For S̄ = 0 and σ ≡ σu = σv, the energy service expenditure share is con-
stant across households’ income, dXi/dWi = 0 and is not affected from credit constraints,
dXi/dκ = 0.

Proof. In appendix 4.A.

Credit constraints, conditional on homothetic preferences, do not affect the expen-
diture shares of energy service, but it can change the adoption decision of households.
Credit constraint increases the cost of borrowing against future savings and, therefore,
decreases the benefit of adopting a certain energy efficiency level. The effect of credit
constraint on adoption decision is characterized in the following proposition:

Proposition 4.9. For given p > 0, S̄ = 0, and A > 0, the threshold income level,
W̃(p, S̄, A), increases with κ.

Proof. In appendix 4.A.
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The rise of κ means that the household becomes more constrained financially.
This is due to the rise of the borrowing cost which is equivalent to an increase in
the capital-cost of the energy-using appliance. Therefore, adoption of the frontier
technology, following a rise in κ, would require bigger expenditure on energy service
and, therefore, higher income.

A credit constrained household who adopts an energy-using appliance, compared
to an unconstrained household with the same income, needs to spend more on adop-
tion of the appliance. Therefore, the effective income of the constrained household is
lower than the unconstrained one. This difference affects the rebound effect as well.
The following proposition characterizes the effect of credit constraints on the rebound
effect:

Proposition 4.10. Assume σ ≡ σu = σv, and no energy service endowment, S̄ = 0.
Comparing two households with the same income, W, the credit constrained household has
lower rebound effect.

Proof. In appendix 4.A.

Having lower effective income, a credit constrained household has fewer resources
to spend on energy service and other consumptions. Therefore, the increase in energy
service consumption for a credit constrained household, following adoption of an
energy efficiency improvement, is weaker than an unconstrained household. From
the definition of the rebound effect in (4.1), the smaller increase in energy service con-
sumption is equivalent to lower rebound effect for the credit constrained household.
Therefore, with homothetic preferences, the relative-price effect of all households is
the same. Credit constraint affects only the capital-cost effect of adoption and leads to
lower rebound effect for the constrained household.

I discussed two potential mechanisms that affect the rebound effects. It is shown
that none of these two, lower income or credit constraints, can lead to higher rebound
effects of poorer households. It is important to note that in both mechanisms I assume
the preferences are homothetic since the only source of non-homotheticity in this
chapter, i.e. the energy service endowment, is omitted.

4.6 Conclusion

Numerous evidence shows that low-income households are less likely to adopt
energy-efficient appliances. These records are in contrast to the bigger expansion of
consumption of energy services by lower income households following adoption,
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i.e. higher rebound effect of lower quantiles. In other words, poor households are
not as much willing to adopt as rich households are, but they are more willing to
expand their energy services consumption than rich ones. The decline of the rebound
effect with households’ income has been observed in adoption of more efficient cars
or space heating (Chitnis et al. (2014)), cavity wall insulations (Chitnis et al. (2014);
Aydin (2016)) and utilizing more efficient lamps (Murray (2013); Chitnis et al. (2014)).
In this chapter, it is shown that endowment of energy services, through decreasing
total expenditure on energy services, hinders adoption of more efficient energy-using
appliances. Moreover, the endowment of energy services leads to increase of energy
service expenditure share with income. Therefore, at low income levels, households
have low expenditure share of energy services. Low expenditure share on energy
services implies that a small relocation of expenditures from other consumptions
to energy service consumption leads to a big relative increase in energy service
consumption. This effect is called the relative-price effect. On the other hand, the
higher capital cost of more efficient appliance leads to a bigger relative decline in
effective income of poorer households. This effect is called the capital-cost effect. The
relative-price effect can dominate the capital-cost effect and lead to the decline of the
rebound effect with income.

It is shown that two other mechanisms which hinder adoption of technology
frontiers by poor households cannot lead to the decline of the rebound effect with
income. Low income of poorer households leads to low energy service expenditure
which makes adoption of state-of-the-art energy technology unjustified. On the other
hand, among richer households who adopt the frontier, those with lower income
experience a bigger relative decline in their effective income following adoption
of efficiency improvement. As a result, the energy service consumption of poorer
households cannot grow as much as richer households. Therefore, the decline of the
rebound effect with income cannot be explained by the pattern of income. Similarly,
credit constraints, through increasing the cost of borrowing, decreases the benefit of
adoption of frontier technology. Among those who adopt, credit constraints effectively
increase the capital cost of energy efficiency improvement. As a result, the relative
decline of effective income of poorer adopters of efficiency improvement is bigger.
Therefore, poorer adopters of efficiency improvement cannot expand their energy
service consumption as much as richer ones. This means that credit constraints can
only lead to increase of the rebound effect with income.

I have simulated the model for the rebound effect of adopting fuel efficient cars.
Further evaluation of the model against the rebound effect of other energy service
consumptions is needed. The declining pattern of the rebound effect with income
is observed in at least space heating and lighting. Calibration of the model into
other energy service consumptions requires estimations of the rebound effect of

111



CHAPTER 4 · THE REBOUND EFFECTS AND HOUSEHOLDS INCOME

income groups as well as their respective expenditure shares on the energy service
consumption to be available. Even though the former is already available from some
studies, the latter is not reported in those studies which measure the rebound effect
of income groups.

I have simulated the model for the rebound effect of adopting fuel efficient cars.
Further evaluation of the model against the rebound effect of other energy service
consumptions is needed. The declining pattern of the rebound effect with income
is observed in at least space heating and lighting. Calibration of the model into
other energy service consumptions requires estimations of the rebound effect of
income groups as well as their respective expenditure shares on the energy service
consumption. Even though the former is already available from some studies, the
latter is not reported in the studies which measure the rebound effect of income
groups. New studies of the rebound effects and the energy service expenditure shares
of households income groups will help to validate the model of this chapter.
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4.A Proofs

4.A.1 Proofs of lemmas

Lemma 4.1

Proof. Taking the first derivative from the definition of the expenditure share, (4.10), I
get

dXi
dWi

=
p
A

dSi/dWi
Wi − P(A)

− Xi
Wi − P(A)

.

Using (4.10), I get dXi/dWi > 0 if and only if dSi/dWi > Si/(Wi − P(A)). Taking the
first difference from (4.8) for those who adopt A, I get

p
A

dSi + (
p

αA
)σu

σu

σv
(Si + S̄)σu/σv−1dSi = dWi.

Using above result, I can write the derivative of purchased energy service, Si, with
respect to income as

dSi
dWi

=
1

p/A + ( p
αA )

σu σu
σv
(Si + S̄)σu/σv−1

.

Substituting this result into dSi/dWi > Si/(Wi − P(A)), I get

dXi
dWi

> 0 ⇔ Si

Si + S̄
<

σv

σu
.

Lemma 4.2

Proof. First, I take the limit of W when a goes to zero and ∞. 11 Using (4.9), one can
immediately see that

lim
a−→0

W = lim
a−→∞

W = +∞.

Then, I look at the first derivative of W with respect to a. Taking the first derivative
from (4.9) with respect to a, I get

dW
da

= 2P′(a) + P′′(a)a + (
p

αa
)σu (

P′(a)a2

p
+ S̄)

σu
σv
−1σu[

P′′(a)a2

pσv
+

2P′(a)a
pσv

− P′(a)a
p
− S̄

a
].

(4.A.1)

11 For simplicity, I drop the subscript i.
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Then, I find the limit of dW/da when a goes to zero and ∞:

lim
a−→0

dW
da

= lim
a−→0

(
p

αa
)σu S̄σu/σv−1σu[−

S̄
a
] = −∞,

and
lim

a−→∞

dW
da

= +∞.

Therefore, there is at least one a, labeled as ā, in which dw/da(ā) = 0. In order to show
that this point is unique, I look into how dw/da changes with a. The first two terms
on the right-hand side of (4.A.1) increase with a. The last expression is proportional to

P′′(a)
pσv

a2−σu +
P′(a)

p
a1−σu(

2
σv
− 1)− S̄

a1+σu
,

which is increasing in a if σv < 2 and σu < 1. I have already assumed that σv < σu.
Therefore, I only need to show that the second condition holds. As it will be shown
in section 4.4, condition σu < 1 is required for the rebound effect to be less than
unity.12

Lemma 4.3

Proof. First, the Lagrangian (4.3), when there is no boundary for available technolo-
gies, becomes

Li = u(Ci) + v(Si + S̄) + λ[Wi − Ci −
p
ai

Si − P(ai)].

The FOC with respect to ai is

Lai = 0 ⇔ P(ai) =
p
a2

i
Si,

where the left-hand side is the marginal cost of an increase in ai and right-hand
side is the marginal benefit of an increase in ai. According to previous lemma, for
a household with Wj, there are two solutions for (4.9), labeled al < ah. I show that
the Lagrangian is convex at al but concave at ah. For al , imagine a technology with
a′ < al . The curve W versus a, as characterized in (4.9), has a negative slope around al .
Therefore, (a′, W ′) as a point on (4.9) satisfies W ′ > Wj. Therefore, if a′ adopted, then
equation (4.8) implies that the household with Wj has lower energy service purchase
than the household with W ′, i.e. S(a′, Wj) < S(a′, W ′). But since (a′, W ′) satisfies
equation (4.9), then we have

P′(a′) =
p

a′2
S(a′, W ′) >

p
a′2

S(a′, Wj),

12 The rebound effect above unity is called back-fire which is empirically unconventional.
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therefore, La(a′, Wj) < 0. Similarly, for a′′ > al , I get La(a′′, Wj) > 0. Therefore, the
Lagrangian is convex at al .

In contrast, because of positive slope of W versus a around ah, characterized by
(4.9), the Lagrangian is concave at ah.

Lemma 4.4

Proof. Assume there is no W as such. Then, as the income rises, the consumption of
the numeraire increases but the energy service consumption stays at S̄ level. This
implies that the marginal utility of numeraire consumption declines toward zero as
the income rises. In other words, the relative price of energy service consumption
increases. Since available technologies provide bounded relative price for energy
service consumption relative to numeraire, therefore households choice of consuming
S̄ only at any income level contradicts rational decision making by households.
Therefore, there is a W.

Lemma 4.8

Proof. Similar to previous lemma, if the expenditure share is defined as the share in
effective income,

Xi ≡
pSi/A

Wi − κP(A)
,

then dXi/dWi = 0. Moreover, due to symmetry between Wi and κP(A), we also have
dXi/dκ = 0.

4.A.2 Proofs of propositions

Proposition 4.1

Proof. Following from the proof of above lemma, we have dSi/dWi > 0 for given
A. Moreover, from equation (4.8) for ai = A, it can be seen that Si increases with
income without bound. Following above lemma, when Si is small, then Xi increases
with income. Once Si is big enough, further increase in household’s income leads to
violation of the condition in the lemma. Therefore, Xi starts to decline with income.
This implies a hump-shaped expenditure share pattern.
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Proposition 4.2

Proof. The elasticity of substitution for consumer i is the ratio of percentage change in
Ci/(Si + S̄) and the percentage change in the relative price of energy services:

σi =
(̂ Ci

Si+S̄ )

(̂ p
A )

.

Using the FOC (4.4), and taking the growth rate of the two sides, I can write

σi = σu + (
σu

σv
− 1)

Ŝi + S̄

(̂ p
A )

.

Taking the first difference from (4.8) for ai = A, I get

σu

α
(

p
αA

)σu−1(Si + S̄)
σu
σv d(

p
A
) + (

p
αA

)σu
σu

σv
(Si + S̄)

σu
σv −1 + d(

p
A
)Si +

p
A

dSi = 0.

Rewriting the above result to get the growth rates for p/A and Si + S̄, I get

Ŝi + S̄

(̂ p
A )

= −
p
A Si + σuCi

p
A (Si + S̄) + σu

σv
Ci

.

Therefore, the elasticity of substitution becomes

σi = σu − (
σu

σv
− 1)

Xi + σu(1− Xi)

Xi + σu(1− Xi)/σv + pS̄/A
.

Proposition 4.3

Proof. First, I prove that the income threshold exists and is unique. For the household
whose choice of technology is ai = A but is not bounded by the technology frontier,
labeled as the ‘marginal household’, the FOC (4.6) holds. Therefore, the budget
constraint, (4.9), for the marginal household can be written as

W̃(p, S̄, A) = (
p

αA
)σu(P′(A)A2/p + S̄)σu/σv + P′(A)A + P(A). (4.A.2)

I call W̃(p, S̄, A) the ‘threshold income’. Since the right-hand side of the above
expression is single-valued and is defined at A, W̃(p, S̄, A) exists.

116



4.A Proofs

For the uniqueness, I have to show that for income below the threshold income,
households opt for an interior solution, i.e. ai < A. Taking the first derivative from
(4.8) with respect to Si and assuming ai = A is adopted, we get

∂Wi
∂Si

= (
p

αA
)σu

σu

σv
(Si + S̄)σu/σv−1 +

p
A

> 0.

therefore, for income Wi < W̃(p, S̄, A) adoption of ai = A leads to energy con-
sumption Si < P′(A)A2/p. This violates the FOC (4.5). Therefore, households
whose income is below threshold income do not adopt ai = A. Similarly, for
households with Wi > W̃(p, S̄, A), we get Si > P′(A)A2/p. Let’s assume that they
adopt ai < A. Then, according to (4.6), their energy service consumption satisfies
Si = P′(ai)a2

i < P′(A)A2/p which contradicts the budget constraint (4.8). There-
fore, households with higher income relative to the marginal household adopt the
technology frontier. Therefore, the threshold income is unique.

Next, I show that the threshold income level, W(p, S̄, A), increases with S̄. Taking
the first derivative of (4.A.2) with respect to S̄, I get

∂W̃(p, S̄, A)

∂S̄
= (

p
αA

)ε σu

σv
(P′(A)A2/p + S̄)σu/σv−1 > 0,

which is positive. Then, I show how W̃(p, S̄, A) is affected if the energy price, p,
changes. The derivative of (4.A.2) with respect to p is

∂W̃(p, S̄, A)

∂p
=

σu

αA
(

p
αA

)σu−1(
P′(A)A2

p
+ S̄)

σu
σv −

σu

σv
(

p
αA

)σu(
P′(A)A2

p
+ S̄)

σu
σv −1 P′(A)A2

p2 .

Setting ∂W̃(p, S̄, A)/∂p > 0 leads to

σv >
P′(A)A2

P′(A)A2 + pS̄
.

Finally, according to lemmas 4.2-4.4, W is an increasing function of a. Therefore, if the
frontier of the available technologies, A, increases, then the income of the marginal
household who adopts this technology as an interior solution increases as well.

Proposition 4.4

Proof. Rewriting equation (4.8) in terms of q and Z, I get

(
q
α
)σu(Si + S̄)σu/σv + qSi = Z.
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Taking first difference from above equation, I get

Si · dq + q · dSi +
σu

α
(

q
α
)σu−1(Si + S̄)σu/σv · dq + (

q
α
)σu

σu

σv
(Si + S̄)σu/σv−1 · dSi = dZ,

where dq = ∂q/∂A · dA, dZ = ∂Z/∂A · dA and

dSi = ∂Si/∂q · ∂q/∂A · dA + ∂Si/∂Z · ∂Z/∂A · dA.

Therefore, taking only the two terms containing dSi to one side, the difference
equation can be rewritten as

A
Si

∂Si
∂q

∂q
∂A

+
A
Si

∂Si
∂Z

∂Z
∂A

=− A
Si
[

Si +
σu
α ( q

α )
σu−1(Si + S̄)σu/σv

q + (q/α)σu σu
σv
(Si + S̄)σu/σv−1 ]

∂q
∂A

+
A
Si

1
q + (q/α)σu σu

σv
(Si + S̄)σu/σv−1

∂Z
∂A

,

in which, both sides are multiplied by A/Si. Since ∂Z/∂A = −P′(A) and ∂q/∂A =

−p/A2 and using the definition of the energy service expenditure share, (4.10), I can
rewrite the above result as

A
Si

∂Si
∂q

∂q
∂A

+
A
Si

∂Si
∂Z

∂Z
∂A

=
Xi + σu(1− Xi)

Xi + (1− Xi)
σu
σv

Xi
Xi+pS̄/(A(Wi−P(A)))

− P′(A)A/(Wi − P(A))

Xi + (1− Xi)
σu
σv

Xi
Xi+pS̄/(A(Wi−P(A)))

.

It can immediately be seen that RPEi > 0 and CCEi < 0. P′(A)A is the energy
service expenditure of the marginal household, who has the minimum income among
those adopting the frontier technology A (see proposition 4.3). Therefore, Xi >

P′(A)A/(Wi − P(A)), and

CCEi > −
Xi

Xi + (1− Xi)
σu
σv

Xi
Xi+pS̄/(A(Wi−P(A)))

.

Proposition 4.5

Proof. The rebound effect, using (4.12) and (4.13), can be written as

REi = [Xi + σ(1− Xi)− P′(A)A/Zi]
Xi +

pS̄
AZi

Xi + Xi
pS̄

AZi

,
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where Zi ≡Wi − P(A). Multiplying both numerator and denominator of the ratio by
Zi A/p, I get

REi = [Xi + σ(1− Xi)− P′(A)A/Zi]
Si + S̄

Si + XiS̄
.

To simplify this, using (4.8), (4.10) and σ ≡ σu = σv, I can write

1− Xi =
Si + S̄

Wi − P(A)
(

p
αA

)σ,

and, therefore,

Si + XiS̄ = Si + S̄− (1− Xi)S̄ =
Si + S̄

Wi − P(A)
[

p
A

+ (
p

αA
)σ]Si.

Substituting these two results into the expression for the rebound effect, I get

REi = [
p
A

+ σ(
p

αA
)σ +

1
Si
(σ(

p
αA

)σS̄− P′(A)A)]
1

p
A + ( p

αA )
σ

.

The only part that changes with Wi is Si with ∂Si/∂Wi > 0. Therefore, we have
∂REi/∂Wi < 0 if and only if P′(A)A < σS̄( p

Aα )
σ.

Proposition 4.6

Proof. Rewriting (4.12) using (4.10), I get

RPEi = [p/A + σuCi/Si]
1

p/A + σu
σv

Ci
Si+S̄

.

Note that from equation (4.8), we have ∂Si/∂W > 0. Therefore, from the FOC (4.4)
and σu > σv, it can be seen that Ci/(Si + S̄) is increasing in Wi. Therefore,

1

p/A + σu
σv

Ci
Si+S̄

declines with Wi. We know from (4.1) that at low levels of Si, ∂X/∂W > 0. Therefore,

p/A + σuCi/Si

declines with income at low levels of income. Therefore, RPEi is declining in income
at low income levels. At higher income levels, where ∂X/∂W < 0, I rewrite RPEi as

RPEi =
p/A + m

p/A + m + n
,

where
m ≡ σuCi/Si, n ≡ σu

σv

Ci
Si
[

Si

Si + S̄
− σv].
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It’s easy to show that

R̂PEi < 0 ⇔ m′n < n′(p/A + m).

We have m′, n′ > 0 because ∂X/∂W < 0 and ∂Si/∂W > 0. Therefore, if n < 0 then
R̂PEi < 0 is immediately concluded. In contrast, if n > 0, then we need to have

m′

p/A + m
<

n′

n
.

One can see that m′/(p/A + m) < m′/m and n′/n = m′/m + Ŝi
Si+S̄ − σv > m′/m.

Therefore, the above condition holds and the relative-price effect declines with income.
For the capital-cost effect, I rewrite (4.13) to get

CCEi = −
P′(A)A

pSi/A + σu
σv

Ci
Si

Si+S̄

.

It can be seen that the numerator is constant while the denominator is increasing
in income. Therefore, the absolute value of the capital-cost effect declines with
income.

Proposition 4.7

Proof. From proposition 4.1, we know that for Wi −→ ∞, the expenditure share of
energy service goes to zero. Therefore, we have

lim
Wi−→∞

RPEi =
σu

σu/σv
= σv.

Similarly, we get

lim
Wi−→∞

CCEi = − lim
Wi−→∞

P′(A)A
Wi − P(A)

1
σu/σv

= 0.

Therefore, we have
lim

Wi−→∞
REi = σv.

Proposition 4.8

Proof. Using (4.12), σu = σv, S̄ = 0 and previous lemma, it turns out that the relative-
price effect does not vary across income levels. Using (4.13), one can see that the
capita-cost effect depends only on the income of the household. Therefore, the
absolute value of the capital-cost effect declines with income. This means that the
rebound effect increases with income of households.
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Proposition 4.9

Proof. Using equation (4.9) for ai = A, the right-hand side becomes W̃(p, S̄, A)− P(A).
With credit constraints, the right-hand side changes to W̃(p, S̄, A) − κP(A). Now,
assume that κ rises. Since the frontier technology, A, is given, the left-hand side
is constant. Therefore, the right-hand side has to stay constant which implies that
W̃(p, S̄, A) rises as well.

Proposition 4.10

Proof. Using (4.12), σu = σv, S̄ = 0, and dXi/dκ = 0, the relative-price effect is
the same between constrained and unconstrained households. For the capital-cost
effect, from absolute value of equation (4.13), it can be seen that the denominators
of the two households are the same but the numerator is bigger for the constrained
household. Therefore, the rebound effect of constrained household is smaller than
the unconstrained household with the same income.
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Chapter 5

URBAN VS. RURAL LABOR

SUPPLY AND HOME

PRODUCTION IN 1750-18301

5.1 Introduction

IN TRADITIONAL VIEW, productivity growth caused income to rise during early
decades of the British Industrial Revolution. Recently this view has been challenged
by - or at least complemented with - the view that labor hours per worker substantially
increased, implying that an industrious revolution drove the industrial revolution.2

Calculations of productivity growth are usually based on the assumption of constant
working hours. Correcting for the growth of labor input documented by the indus-
trious revolution view brings down productivity growth substantially (Voth (2001)).
Therefore, understanding different aspects of the industrious revolution is central to
our understanding of the British Industrial Revolution.

Several authors have studied causes of the industrious revolution. One can divide
the extant literature into “optimistic” and “pessimistic” views (Koyama (2012)). The
optimists ascribe the expansion of market labor to a consumer behavior revolution
(De Vries (2008, 1994)). An increasing desire toward new luxurious goods led house-
holds in pre-modern era to work harder to afford acquiring them. The pessimists, by
contrast, argue that people worked harder at the onset of the Industrial Revolution be-

1 This chapter is a joint work with Sjak Smulders.
2 Another challenge comes from Crafts and Harley (1992) who show that the role of structural changes

dominates the role of productivity growth.
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cause of economic hardship due to falling real wages from 1500 to 1800 (Van Zanden
(1999)): workers needed to work harder in the market in order to maintain previous
consumption levels. In analytical terms, this implies that the labor supply of laborers
in the 18th and 19th centuries is downward-sloping (i.e. negative wage-elasticity of
labor supply), with the income effect dominating the substitution effect. Workers
then respond to a decline of real wages by supplying more labor to the market.

Allen and Weisdorf (2011) study working hours in England from 1300 until 1830.
The period between 1750-1830 is the only period for which they report separate
numbers for working hours in the city and countryside based on estimates in Voth
(2001). According to their analysis, urban workers have steadily increased their
working hours and income beyond what was needed to afford what the authors call
‘the subsistence basket of consumption’. In contrast, rural farm laborers have worked
harder only when subsistence consumption required more effort. They conclude that
the industrious revolution in the countryside was caused by economic hardship, while
in urban regions there was enough income for tastes to evolve toward consuming
new goods, the so-called consumer behavior revolution. In this view, the driving
force and economic mechanism behind the industrious revolution differs markedly
between the two regions and leaves the question what is the underlying reason for
the two developments showing up simultaneously.

In this chapter, we use a general equilibrium model to explain why the develop-
ments of labor supplies in cities and the countryside during 1750-1830 were different.
To the best of our knowledge, this is the first formal analysis of labor supply move-
ments of the two regions in early decades of the British Industrial Revolution. The
proposed explanation is simple and the model is tractable. Our model nests the
"hardship mechanism" by which lower wages induces workers to work more to cover
subsistence needs, and the "opportunity cost mechanism" by which a higher opportu-
nity cost of “free labor”, the time not spent on market activities, induces more work.
More generally, we build a model with two regions connected by trade and migration
in which labor supply is endogenous and affected by shifts in not only wages and
prices, but also subsistence needs and possibilities to earn income outside the market.

Three key ingredients elements in our model allow for a sophisticated modeling of
labor supply in the different regions. The first key ingredient of our model is the classic
leisure-labor trade-off. Accordingly, higher real wages may increase or decrease labor
supply depending on whether the income or substitution effect dominates. We allow
for a broad interpretation of leisure. We define leisure as the time not spent on market
labor and label it as “free labor”. Free labor time includes the time spent on home
production, which is the second key ingredient in our model. The opportunity cost of
free labor time increases if time spent working on small-scale production activities

124



5.1 Introduction

at home becomes more productive, possibly because of improved technology and
organization, better complementary inputs, or higher prices for the goods produced
at home. Hence, this second key ingredient adds a new channel through which prices
affect labor supply. Since different regions specialize in different goods, through
this new channel a given price change affects labor supply differently across the
regions. The third key ingredient in our model is subsistence consumption. Only
after satisfying subsistence needs for certain goods, households start caring about
other goods and free labor. This makes the region specializing in the subsistence good
different from the other region, since spending will shift to the latter region if real
incomes rise. Again this adds a new channel through which labor supply responds to
wages, prices, and productivity shocks.

Home production and subsistence consumption seem to be particularly relevant
in England in the early modern era and the time of the industrial revolution. Home
production or self-provisioning constituted a significant share of households’ con-
sumption (Horrell and Humphries (1997)). Changes in self-provisioning possibilities
in the countryside are likely to have affected rural labor supply in the 18th and 19th
century. In the 18th century, the enclosure of the commons restricted home production
possibilities of rural households. This increased the opportunity cost of free labor for
rural households and might have led to higher labor supply in the countryside. Later
on, as a result of establishment of allotments in the countryside, which accelerated
in the 19th century, self-provisioning possibilities expanded again. This led to lower
opportunity cost of free labor, tending to lower labor supply in the countryside.

Prior to the 18th century England, access to the common lands was an important
source of self-provisioning for rural households. Grazing animals, hunting hares
and rabbits and collecting firewood from open fields were publicly available options
for self-provisioning (Humphries (1990); Acemoglu and Robinson (2012)). Access
to the Commons was challenged via enclosure, the most important of which was
the parliamentary enclosure act of 1773 (Humphries (1990); Burchardt (2002)). Over
time, as the enclosure incidents unfolded, rural households’ access to the Commons
declined and this increased the opportunity cost of free labor time. Subsequently,
supply of labor increased enormously around the beginning of the 19th century (Allen
and Weisdorf (2011)) in the countryside despite the falling agricultural productivity
due to war (Chambers et al. (1967)). In the city, in contrast, there is no effect from
enclosure and the rising supply of labor is a consequence of rising opportunity cost
of free labor due to advances in technologies. The ongoing technical progress in
non-agricultural sector, therefore, leads to ever rising supply of labor in cities. What
happens later on in the countryside, during the 19th century, is another change in self-
provisioning opportunities of rural households, known as ‘the allotment movement’.
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The allotment movement of the 19th century England aimed at relieving pres-
sure for the poor (Gazeley and Horrell (2013)). It tried to convince land owners to
assign small pieces of land (usually less than one acre) to agricultural laborers to
cultivate staple foods or graze animals (Burchardt (2002)). This movement increased
self-provisioning opportunities of rural households and, therefore, reduced the op-
portunity cost of free labor. Hence, despite relative recovery of agriculture from war
damages in the 19th century which led to declining relative price of corns (Moselle
(1995)), rural households chose to work less in the market and stay home more often.
Overall, technical progress in cities together with enclosure and then allotment estab-
lishments provide sufficient power to explain different patterns of labor supply in
city and countryside during the period of 1750-1830.

Our hypothesis is that enclosures increased rural labor supply, allotments de-
creased rural labor supply and productivity improvements in the non-agricultural
sector increased urban labor supply. Ongoing technical progress in non-agricultural
market sector drives up the opportunity cost of free labor and translates into a steady
rise of urban labor supply. The generally declining pattern of relative price of non-
agricultural and agricultural goods motivated relocation of households from the
countryside to the city and spurred urbanization.

In our model, urbanization is a sectoral shift from agriculture to non-agriculture.
In this respect, our analysis is related to the literature on sectoral shifts. Kongsamut
et al. (2001) set up a model which features a generalized balanced growth path. They
use Stone-Geary preferences over three types of consumption goods, agriculture,
manufacturing, and services. The three sectors differ: while there is subsistence
demand for agricultural goods, service goods are treated as luxury goods for which
there is only demand in the market if the household’s fixed own services production
becomes insufficient. We also use Stone-Geary preferences and household’s home
production, but apply it to the rural-urban labor supply decision in the context of
productivity shocks.

Matsuyama (1992) investigates how the rise of agricultural productivity affects in-
dustrialization and how this effect depends on openness of the country. He concludes
that agricultural productivity growth boosts industrialization in an open economy,
while in an open economy, due to acquired comparative advantages, agricultural
productivity growth negatively affects the industrialization. In another paper, Mat-
suyama (2009) shows how productivity growth in manufacturing sector leads to
global decline in its labor share, while those countries that experience faster growth
in manufacturing productivities do not see a faster decline in their manufacturing
labor share. This discrepancy between global level versus individual countries level
is due to gains in comparative advantage in manufacturing sector. When there is
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trade between countries, those who have faster growth in manufacturing produc-
tivity gain comparative advantage in that. Therefore, they attract labor from other
sectors/countries to work in their manufacturing sector. In contrast, in global level,
the rise of average manufacturing productivity leads to decline of the global labor
share of manufacturing. In our closed economy model agricultural – as well as non-
agricultural – productivities are subject to exogenous shocks. A rise in agricultural
productivity leads to further urbanization/industrialization. We analyze how the
labor supply of sectors are affected from productivity shocks.

After presenting more background information about self-provisioning, enclo-
sures, allotments (Section 2) and formally setting up and analyzing our theoretical
model (Section 3), we check consistency of our hypothesis in our general equilibrium
model and check in particular if the labor supply developments are consistent with
general equilibrium in the two regions that are connected through prices and migra-
tion. We then dig a bit deeper in the sparse data that is available on allotments to
check an important alternative explanation. Qualitative discussions ascribe several
reasons for spread of allotments. One of them connects the spread of allotments to
productivity in non-agricultural market sector. In a political economy context one
might argue that given the pulling force from urban productivity improvements on
rural workers, land owners might fear to lose cheap labor and responded to this
challenge by establishing allotments for laborers to prevent them from migrating to
cities. If credible, this political economy channel would imply that establishment of
allotment cannot be independent from technical progress in the model. Our anal-
ysis of the data at the end of the chapter documents, however, that this political
economy channel is not quantitatively significant. We use datasets on allotments
establishments and occupational data of households in the 19th century England to
explore whether assigning small pieces of land to agricultural laborers was aimed
at preventing from further urbanization or not. Cross-county analysis shows no
evidence of migration-preventing-allotments hypothesis for the pattern of allotment
establishments in England.

5.2 Home Production In the 18th and 19th Centuries

Non-wage sources for consumption were common among British households at the
onset of the Industrial Revolution. One type of non-wage origins were the so-called
self-provisioning3 or home production (Horrell and Humphries (1997); King (1991)).4

3 Home production and self-provisioning are used interchangeably throughout the text.
4 Home production or self-provisioning includes activities which provide consumption goods and services

to the household not through earning wage or receiving monetary transfers such as poor reliefs.
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It consisted of activities like gleaning, herding, collecting firewood and growing
potato and was usually done by women and children (Horrell and Humphries (1997)).
The contribution of these activities to annual income of households was considerable
(King (1991)) and they were more important among agricultural households. The
imputed value of self-provisioning activities has been around 10% of male’s earnings
in agricultural households and around 5% among the rest of households in the last
quarter of eighteenth century. This share has increased to around 30% for agricultural
households in 1850 (Horrell and Humphries (1997)).5 Moreover, the combination
of tasks changed over time. Before 1800, self-provisioning was mainly gathering
firewood and gleaning, carried out mostly in countryside, while growing potato is not
reported. In contrast, potato growing becomes the common type of self-provisioning
activity in countryside after 1830. Urban families, on the other hand, did not cultivate
potatoes because of lack of access to land in urban areas (Horrell and Humphries
(1997)).

We derive two stylized facts. First, self-provisioning was more important in
rural than in urban areas just before and after 1800. Second, the prevalent source of
self-provisioning in countryside changed from exploiting the common rights, like
gleaning and collecting firewood, to activities which required acquisition of property
rights on land, i.e. cultivating potatoes.

The common rights have been a significant source of consumption for up to 75
percent of English families prior to nineteenth century (Humphries (1990)). Non-
parliamentary enclosure of the Commons started earlier than eighteenth century.
But pace of parliamentary enclosure was unprecedented. Parliamentary enclosure
dominated private enclosures in the period of 1750 to 1830 through which about
18% of England’s land area was enclosed in two periods of 20 years each; in 1760s
and 70s, and during the French Revolutionary and Napoleonic Wars, i.e. from 1793
till 1815 (Turner (1986)). The common rights were exploited for grazing, gleaning
and cutting wood as sources of subsistence for families. Parliamentary enclosure
eroded this source and left poor families increasingly dependent on wage (Humphries
(1990); Burchardt (2002)). When households became more dependent on wage income,
they needed to work harder to survive. Therefore, one expects that parliamentary
enclosure should have led to an increase in labor supply of households who relied on
benefits of the Commons; i.e. rural households.

Although parliamentary enclosure was a significant change in self-provisioning
opportunity of rural families, it was not the only one. During the nineteenth century,
the proportion of households recording an allotment, garden or growing their own

5 Horrell and Humphries (1997) report self-provisioning for both agricultural as well as non-agricultural
families. The latter group mainly consists of urban households.
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potatoes has increased (Gazeley and Horrell (2013)). During the period from 1786 to
1865, self-provisioning is found to be more important among agricultural families
after 1816 (Horrell and Humphries (1992)). From 1790s to 1830s, relative value of
home production in countryside has been doubled to 15% of male’s earnings. Similar
value for urban households stayed stable at around 5% (Horrell and Humphries
(1997)). What can explain this rise of home production in countryside is ‘the allotment
movement’, which relieved pressure for poor farmers in rural regions (Burchardt
(2002)). Small pieces of land, known as allotment, usually between one-eighth to
half an acre, were given to laboring men as a supplement to their income (Moselle
(1995)). Allotments performed similar role to the common rights before enclosure
and reduced dependence on wage income (Moselle (1995)). Allotments’ small size
made them suitable for low-capital, labor-intensive cultivations such as potatoes and
other vegetables (Moselle (1995)). They were lent by either landowners or parishes or
were sublet by tenant farmers (Moselle (1995)). Burchardt (2002) claims the allotments
were meant to increase the welfare of poor agricultural laborers, improving laborers
morals6 and their industriousness and preventing them from migration to cities.7

The establishment of allotments and parliamentary enclosure has undoubtedly
affected non-wage sources of consumption of households at the end of the eighteenth
and during the nineteenth centuries. The change in home production possibilities
successively affected value of non-labor hours of households. Therefore, it seems
reasonable to expect labor supply fluctuations because of change in self-provisioning
possibilities of families at the onset of the Industrial Revolution.

5.3 The Model

There are two regions in the model, rural and urban. Households can freely choose
where to live. The rural market produces only agricultural goods while urban market
only produces non-agricultural commodities; home production generates both goods.
We first characterize household decisions for given prices, then derive wages from
producer decisions, and finally solve for general equilibrium prices and quantities.

6 For instance, allotments have sometimes been used to keep the poor away from drunkenness or
committing crimes. In this case, an assignee kept an allotment as long as he/she did not frequent
alehouse or commit crimes like poaching, thieving, etc.

7 These motives are discussed further in section 5.5.
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5.3.1 Household decisions

The representative household has Stone-Geary preferences over agricultural and
non-agricultural goods consumption and free labor:

U =

{
α ln(Ca − a + ε) + β ln(Cn) + (1− α− β) ln(T − l); if Ca > a,
α(Ca − a)/ε + α ln(ε); if Ca ≤ a,

(5.1)

where Ca and Cn are agricultural and non-agricultural consumption of the household,
respectively, and a ≥ 0 is the subsistence consumption of agricultural goods. The
parameter ε > 0 ensures continuity and differentiability of the utility function at
subsistence level.8 To simplify our expressions, we let ε→ 0 from now on. Total time
endowment available for work (i.e. after sleeping and eating time) 9 of the household
is T, of which l is spent working in market activities. The time remaining for “free
labor”, T − l, is valued by the household, per se, i.e. independent of and in addition
to the returns. This reflects the preference for being free of duties and obligations and
being in own command of what to do. For simplicity we label it as “free labor”.

Time not spent on market activities can be spent on home production, raising
children, as well as on productive activities. For our purposes it suffices to only model
home production. We assume home production is proportional to “free labor” time
and both types of goods are jointly home-produced.10 The home production functions
are assumed to be linear in free labor time. Therefore, the budget constraint of the
household is

Ca + pCn = lw + θa(T − l) + pθn(T − l). (5.2)

Here, w is the market wage. One unit of free labor time produces θa units of
agricultural goods and θn units of non-agricultural goods, so that these two parame-
ters reflect productivity of home production. The relative price of non-agricultural
products is p; the agricultural good is taken as numeraire.

The household11 in a region takes productivities, θa and θn, and price, p, as given
and chooses consumption and free labor to maximize utility, subject to the budget
constraint and the non-negativity constraints on market labor time, free labor, and

8 Cf. Voigtländer and Voth (2013), equation 2.
9 Leisure in the "modern" meaning of "not being productive" is abstracted from in our model.
10 The jointness of production may arise from economies of scope in the home production process. Also it

may reflect traditions and technologies.
11 We abstract from within-households decisions on female and children labor supply, or fertility. The

reason is that, to the best of our knowledge, estimates of the intensive margin of market labor supply
at the onset of the Industrial Revolution is only available for men. When bringing the model to the
data, we need to assume that the same fluctuations occurred in labor supply of both men, women, and
children. For instance, we assume whenever male working hours in the market fell in countryside then
women and children’s working hours decreased as well.
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consumption,

l ≥ 0; T − l ≥ 0; Ca ≥ 0; Cn ≥ 0. (5.3)

If none of the constraints are binding, the first-order conditions imply the following
consumption rules:

Ca − a
T − l

=
α

1− α− β
(w− θa − pθn), (5.4)

and,
Cn

T − l
=

β

1− α− β
(

w− θa − pθn

p
). (5.5)

The term w − θa − pθn is the opportunity cost of free labor time. Substituting
the above FOCs in the budget constraint, we solve for the optimal free labor choice
in terms of parameters and variables that are given for the household in the given
region,

T − l = (1− α− β)
wT − a

w− θa − pθn
. (5.6)

The equation shows that a constant fraction of the market-value of total time,
i.e. wT, after deduction of the subsistence consumption, is spent on free labor. Any
change in the productivity of self-provisioning activities changes the free labor cost
and therefore the market labor supply.

As usual, labor supply responds to changes in the wage for two reasons: an income
and a substitution effect. First, a higher wage increases income and increases the
demand for free labor, thus decreasing labor supply. Second, a higher wage increases
the opportunity cost of free labor and reduces the demand for free labor. In our model,
the income effect dominates if the subsistence requirement is high as follows from
differentiating 5.6 with respect to the wage w,

dl/dw|dp=0,0<l<T < 0 iff a > (θa + θn p)T.

The second inequality indicates that home production cannot generate subsistence
need a and market labor is needed to raise income above the subsistence level. A wage
increase then reduces "hardship", i.e. moves total income further above subsistence
level, and creates the room for free labor. If the second equality is reversed, the
substitution effect dominates and households supply more market labor in response
to an increase in the market wage.

From (5.6) we can directly derive a condition for positive labor supply,

w > θa + θn p ∧ (α + β)(wT − a) > (θa + θn p)T − a ⇒ l > 0, (5.7)

131



CHAPTER 5 · REGIONAL LABOR SUPPLY AND HOME PRODUCTION

which implies that market labor supply is positive if (i) the opportunity cost of free
labor is positive, so that a trade-off exists between free labor and income (first part),
and (ii) the value of the time endowment is bigger when evaluated at the market
wage (net of subsistence need and corrected for the share of marketable consumption
in total utility, α + β; see left-hand side of second part), than when evaluated at home
productivity (see the right-hand side).

We can show that the two inequalities are not just sufficient but actually necessary
conditions, i.e. the "⇒" in (7) can be replaced by “⇔”. Moreover, from the household
optimization problem, we can determine the conditions for labor supply to be interior
and to be at the corner, respectively

0 < l < T ⇔ (α + β)(wT − a) > (θa + θn p)T − a ∧ wT > a, (5.8)

l = T ⇔ w > θa + θn p ∧ wT ≤ a, (5.9)

l = 0 ⇔ (α + β)(wT − a) < (θa + θn p)T − a ∨ w < θa + θn p. (5.10)

Intuitively, if the wage exceeds the value of time in home production and still
maximal wage income cannot finance subsistence needs, the household cannot care
about free labor and will be best of spending all time in the market - see condition 5.9.
Even more intuitively, if the wage falls short of the value of time in home production,
the household prefers to not supply labor in the market and enjoy maximal free labor
time and earn a relatively income - the trade-off between work and free labor is gone
since the opportunity cost of free labor is negative - see the second inequality in 5.10.
The case we will concentrate on is interior labor supply, which requires condition 5.8:
the market wage is high enough to both allow to cover subsistence needs and make it
attractive to give up some free labor in exchange for income.

5.3.2 Market production and wages

Market production at the countryside generates agricultural output only, while market
production in the city generates non-agriculture output only. We assume that the
firms cannot relocate to the other region. Both activities require labor as the only input
with constant returns. We assume that the total mass of households in the economy
equals unity. We denote the fraction of this mass living in the city by u, our measure
of urbanization; the remaining fraction 1− u is in countryside. Market production
can then be written as

Ya = AaLa = Aala(1− u), Yn = AnLn = Anlnu, (5.11)
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where Aa and An are the labor productivities in the rural and urban markets re-
spectively; subscript a indicates agricultural production and subscript n indicates
non-agricultural production. Goods markets are perfectly competitive, so that wages
are equal to marginal productivity of labor,

wa = Aa, wn = pAn. (5.12)

There are no transportation cost between the two regions so that the prices of
the two goods are the same in both regions. Focusing on an interior solution and
substituting 5.12 into 5.6 and 5.8, we can express labor supply in both regions as a
function of the relative price p and parameters,

a/T < Aa ∧ θr
n p < (1− α− β)a/T + (α + β)Aa − θr

a

⇔ T − la = (1− α− β)
AaT − a

Aa − θr
a − pθr

n
≡ T − l̃a(p),

(5.13)

and,

a/T < pAn ∧ ((α + β)An − θc
n)p > θc

a − (1− α− β)a/T

⇔ T − ln = (1− α− β)
pAnT − a

pAn − θc
a − pθc

n
≡ T − l̃n(p).

(5.14)

Here, the superscripts r and c indicate the region, rural area and city, respectively. In
principle, we allow the productivity of free labor to be different across the regions.
This might reflect, for instance, differences in availability of fertile land, so that time
spent on home production of agricultural goods is more productive in the countryside
than in the city, in which case we assume θr

a > θc
a.

Equation 5.13 shows that rural labor supply falls with the relative price p. Intu-
itively, a higher relative price of non-agricultural goods makes home production more
attractive; moreover, it implies a terms of trade loss for the agriculture-specialized
rural area, bringing rural households closer to subsistence, increasing the need for
income relative to free labor. Both effects make more labor supply attractive. The
effect of a higher relative price on urban labor supply is ambiguous: on the one
hand it increases the value of non-agricultural production in which the urban area
specializes, and increases the opportunity cost of free labor; on the other hand, it
implies a terms of trade gain and makes urban households richer, bringing them
further from subsistence, and increasing demand for free labor. The latter effect is
dominated by the former effect if subsistence requirement is not too stringent, as we
formalize in the following lemma:

Lemma 5.1. At equilibrium wages satisfying 5.12 and at a relative price supporting interior
labor supply in both regions (i.e. p satisfying the inequalities in 5.13 and 5.14), rural labor
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supply is decreasing in p, while urban labor supply is increasing in p iff(
1− θc

n
An

)
a
T

< θc
a. (5.15)

Proof. In appendix 5.A.

To characterize labor supply for all possible values of the relative price, we need
to take into account the corner solutions. We first define

¯̄p ≡ Aa − θr
a

θr
n

, p̄ ≡ Aa − θr
a + (1− α− β)(a/T − Aa)

θr
n

, (5.16)

p ≡ θc
a

An − θc
n

, p ≡ θc
a − (1− α− β)a/T

An − θc
n − (1− α− β)An

, (5.17)

and then from 5.12, 5.9, and 5.10 we derive the following:

Lemma 5.2. Rural labor supply satisfies the following at equilibrium wages satisfying 5.12
and at a given relative price p:

• If a/T < Aa, rural households never supply all their labor to the market, with (i)
0 < la = l̃a(p) < T iff p < p̄ and (ii) la = 0 iff p ≥ p̄.

• If a/T ≥ Aa, rural households (i) supply all their labor to the market, la = T iff
p < ¯̄p; (ii) supply no labor to the market la = 0 iff p > ¯̄p; (iii) are indifferent between
supplying labor in the market and working at home if p = ¯̄p.

Urban labor supply satisfies the following at equilibrium wages satisfying 5.12 and at a given
relative price p:

• If α + β ≤ θc
n/An, urban households supply no labor to the market, ln = 0.

• If α+ β > θc
n/An and θc

a > (1− θc
n/An)a/T, (i) ln = 0 iff p ≤ p and (ii) ln = l̃n(p)

iff p > p.

• If α + β > θc
n/An and θc

a < (1− θc
n/An)a/T, (i) ln = 0 iff p ≤ p and (ii) ln =

min{T, l̃n(p)} iff p > p.

Proof. In appendix 5.A.

Lemma 5.2 shows that rural labor supply is never increasing in the relative price
of non-agricultural goods. An increase in this relative price always makes rural
households worse off so that they cannot afford more free labor. If the subsistence
requirement is stringent, their labor supply is kinked, maximal when the price is
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low and minimal when the price is high; the latter because a high price makes home
production of non-agricultural goods very valuable.

Lemma 5.2 shows urban households do not supply labor to the market if home
production is too large relative to productivity in non-agricultural production. In the
opposite case of relatively low home-production efficiency, there are two cases: first,
if the subsistence requirement is not stringent, urban labor supply is increasing in the
relative price of non-agricultural goods (for the reason explained above); second, if the
subsistence requirement is stringent, urban labor supply is kinked/humped shaped:
for low non-agricultural price no labor is supplied to the market, for intermediate
price all labor is supplied to the market and for high price the rural household is
sufficiently rich and away from subsistence to afford free labor again.

The case of our interest is the one in which both regions have both some free labor
and market labor supply. The following corollary describes the necessary conditions
for this to be a possible equilibrium:

Corollary 5.1. An interior solution in both regions, i.e. 0 < la = l̃a(p) < T and 0 < ln =

l̃n(p) < T, requires the following inequalities to hold:

1. a/T < Aa,

2. θc
n < (α + β)An,

3. (i) if θc
a > (1− θc

n/An)a/T,

θr
n

An

(
α + β + (θc

a − θr
a)/Aa

α + β− (θc
n − θr

n)/An

)
+

θr
a

Aa
< (α + β) + (1− α− β)

a/T
Aa

(5.18)

(ii) if θc
a < (1− θc

n/An)a/T,

θr
n

An

(
a/T
Aa

)
+

θr
a

Aa
< (α + β) + (1− α− β)

a/T
Aa

. (5.19)

Proof. In appendix 5.A.

Although the conditions are a bit involved due to the many possible cases, they all
point in the same direction: market production should be sufficiently productive, both
relative to home production and to subsistence need, for rural and urban households
to spend time in both the market and at home.
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5.3.3 Location decision and goods market equilibrium

In order to close the model, we have to characterize the third decision of the household,
viz. where to live. We will show in this subsection that this decision will allow us to
determine the equilibrium relative price. Together with the market clearing conditions
in both goods market, all equilibrium values will be determined.

In equilibrium, total supply and demand for each of the two goods must equalize.
According to Walras’ law, we only need to impose the equilibrium condition for one
of the two markets. The market clearing condition for the agricultural good is

u [Cc
a − θc

a(T − ln)] = (1− u) [Aala + θr
a(T − la)− Cr

a]

Since Ci
j, lj and Ya can be expressed as a function of p only, by using our results above,

this equation expresses the urbanization rate u as a function of p and parameters.
We write this result as u = υ(p). We elaborate the case of interior labor supply in
both regions. Substituting the production function, 5.11, labor supply solutions, 5.13
and 5.14, and equilibrium consumption levels,12 we can write the market clearing
condition in agriculture in case of interior labor supply as

u|0<la ,ln<T = υ̃(p, .) ≡
[

1 +
a + α(pAnT − a)− θc

a(T − l̃n(p))
θr

aT + (Aa − θr
a)l̃a(p)− a− α(AaT − a)

]−1

. (5.20)

Notice that if the rural area exports agricultural goods to the urban area, υ̃ is
declining in p.13 The negative market-clearing-relationship between the mass of
urban producers, u and the price of non-agricultural goods, p, can be intuitively
explained as follows: an increase in the relative price of non-agricultural goods
creates a larger excess supply of the goods coming mainly from the urban area and
requires fewer people living and producing in the this area to restore market clearing.

The representative household chooses between living in the urban or the rural
region. The regions can be different in terms of market wage and self-provisioning
efficiencies. We assume that relocation of household is free and costless and that
households relocate until the marginal household is indifferent between living in city
or countryside. This implies that in equilibrium the utility of households in the two
regions are the same. We write this arbitrage condition as

V(p) ≡ Vr(p)−Vc(p) = 0, (5.21)

in which Vi(.) is the indirect utility from living in region i, evaluated at equilibrium
consumption and wages, given relative price p. Since Ci

j and lj can be expressed as

12 In case of an interior solution, we find Cr
a = a + α(AaT − a) and Cc

a = a + α(pAnT − a).
13 This implies numerator and denominator of the ratio in 5.20 are both positive.
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functions of p only, by using our results above, substitution of our results in the utility
function allows us to write indirect utility as an expression in p and parameters. We
elaborate the case of interior labor supply in both regions. Using the specification of
the utility in (5.1) and the first order conditions, (5.4) and (5.5), utility in region i, in
case of interior solution for free labor, can be written as

Ui|0<li<T = ln(ααββ) + ln(T − li) + (α + β) ln
(

wi − θi
a − pθi

n
1− α− β

)
− β ln(p), (5.22)

and using 5.12, (5.13), and (5.14), we can write the arbitrage condition in case of
interior solution as the following function of the relative price:

V(p)|0<li<T = (1− α− β) ln
(

p(An − θc
n)− θc

a
Aa − θr

a − pθr
n

)
− ln

(
pAnT − a
AaT − a

)
= 0. (5.23)

By construction, the arbitrage equation has only one endogenous variable, viz the
relative price. Hence, 5.23 determines the equilibrium relative price and the lemmas
in the previous subsection then immediately solve for labor supply.14

If utility in the rural region exceeds that in the urban region, urban households
move and become rural households, until utilities are equalized. We thus need that
V and u move in the same direction, i.e. dV/du = V′(p)/υ′(p) > 0, evaluated at
equilibrium price p = p∗, i.e. the price that solves 5.21. We call this inequality the
stability condition: it ensures that a slight deviation from the equilibrium price gives
immediate incentive to move back to the equilibrium price.15

Now, we can define the equilibrium of the model.

Definition 5.1. Given parameter set {α, β, a, T, θr
a, θc

a, θr
n, θc

n, Aa, An}, equilibrium
is the set of variables {p∗, u∗, l∗a , l∗n, Cr∗

a , Cc∗
a , Cr∗

n , Cc∗
n , Y∗a , Y∗n , w∗a , w∗n} such that (i)

households maximize utility given wages and prices, (ii) firms maximize profits given wages
and prices wages and markets clear, i.e. (5.11), (5.12), and u∗ = υ(p∗) are satisfied, and (iii)
the arbitrage condition is satisfied, V(p∗) = 0 and V′(p∗)/υ′(p∗) > 0.

For the case with interior labor supply we choose to be more specific about
equilibrium:

Proposition 5.1. If, given parameter set {α, β, a, T, θr
a, θc

a, θr
n, θc

n, Aa, An}, some price
p∗ admits V(p∗) = 0, υ(p∗) ∈ (0, 1), and l̃j(p∗) ∈ (0, T), then p = p∗ is the unique

14 Also for non-interior solutions, the associated arbitrage equation determines the equilibrium relative
price.

15 Hence, we have V(p) > 0⇔ u > u∗ and V(p) < 0⇔ u < u∗, as well as V(p∗) = 0⇔ u = u∗, where u
is the fraction of households living in the urban region and the asterisk denotes the equilibrium value. If
the urbanization ratio is a negative function of the relative price, stability requires V to be also declining
in p, so that if V > 0, u falls, p increases and V declines until V = 0.
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equilibrium with interior labor supply and interior urbanization rate and the equilibrium
values {u∗, l∗a , l∗n, Cr∗

a , Cc∗
a , Cr∗

n , Cc∗
n , Y∗a , Y∗n , w∗a , w∗n} satisfy equations (5.2)-(5.5),

(5.11), (5.12), for each region separately, and (5.20).

Proof. In appendix 5.A.

5.3.4 Symmetric equilibrium

As a useful benchmark case, we first find the case in which agents in both regions
happen to choose the same equilibrium level of consumption and labor supply. Not
surprisingly, this benchmark is the symmetric equilibrium as defined in the following
lemma:

Lemma 5.3. If θi
j = θj and θa/Aa + θa/Aa < α + β + (1 − α − β)a/T < 1, then

p∗ = Aa/An constitutes a stable equilibrium, in which rural and urban households face
identical wages and prices and choose identical labor supply 0 < l∗a = l∗n < T.

Proof. In appendix 5.A.

We can now start from this symmetric equilibrium and change one or more
parameters to create possibly asymmetric equilibria. Our aim is first to keep labor
supply interior and we can explore what restrictions this impies on the change of the
parameters.

First, we find that if the θi
j, Aj, and a all change with the same factor, equilibrium

labor supply is not affected and symmetry is not broken. Second, we find the com-
parative statics for changes in Aa and An. Notice that if we start from a symmetric
equilibrium, change in the productivity parameters Aj are not going to break symme-
try. Hence, rural and urban labor supply cannot move in opposite directions (and,
therefore, cannot explain the stylized fact as we derive from Allen and Weisdorf (2011)
and Voth (2001)).

dp∗

dAn
|symmetry = −p∗

1
An

< 0,

dl∗a
dAn
|symmetry =

dl∗n
dAn
|symmetry = l̃′a(p∗)

dp∗

dAn
|symmetry > 0,

dp∗

dAa
|symmetry =

1
An

> 0,

dl∗a
dAa
|symmetry =

dl∗n
dAa
|symmetry = l̃′n(p∗)

dp∗

dAa
|symmetry ∝

[
θa −

(
1− θn

An

)
a
T

]
.

More productive non-agricultural market unambiguously shifts out labor supply
in both regions. Both regions become richer (urban because of higher market wages
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and rural households because of terms of trade gains), moves both of them further
from subsistence and increases the opportunity cost of free labor.

More productive agricultural market production drives up the price of non-
agriculture and reduces labor supply in both regions if and only if the subsistence
requirement is not too stringent. In the urban area this happens because the higher
price increases the opportunity cost of free labor. In the rural area this happens
because the wage (Aa) increase.

An even more restrictive benchmark case is the economy without home pro-
duction, but with subsistence consumption: a > 0 and θ

j
i = 0. Since the home-

productivities are identical across regions (and zero), we have a symmetric equilib-
rium again. Labour supply in both regions now unambiguously falls in response to
productivity increases.

The opposite case is the case with home production but no subsistence con-
sumption. Labour supply in both regions now unambiguously rises in response to
productivity increases.

5.3.5 Comparative statics

Now that we have defined the equilibrium of the economy, the question is how
changes in self-provisioning efficiencies, as well as technical changes of the two
markets, affect the equilibrium labor supply of the two regions. The following
propositions characterize the comparative statics of the effect of changes in Aa, An

and θr
a on labor supply in the two regions.

Proposition 5.2. If both regions supply part of their labor time to the market, every other
parameter constant, dp∗/dAa > 0 and dl∗n/dAa > 0 while dl∗a /dAa has ambiguous sign.

Proof. In appendix 5.A.

A rise in market productivity for agricultural production increases the supply of
agricultural output. Therefore, the relative price of non-agricultural consumption
rises. The higher relative price of non-agricultural consumption rises opportunity
cost of free labor and leads to higher labor supply in the city. In the countryside the
developments are not that straightforward. The rise of p decreases the opportunity
cost of free labor, lowering labor supply. In contrast, the increase in agricultural
market productivity, Aa, increases the opportunity cost of free labor and nominal
income in the countryside. This change implies higher supply of labor. Therefore, the
two forces act against each other and the dominant force is not clear until the model
is calibrated.

139



CHAPTER 5 · REGIONAL LABOR SUPPLY AND HOME PRODUCTION

Proposition 5.3. If both regions supply part of their labor time to the market, every other
parameter constant, dp∗/dAn < 0 and dl∗a /dAn > 0, while dl∗n/dAn has ambiguous sign.

Proof. In appendix 5.A.

The rise of non-agricultural market productivity has a mirror image effect of the
previous proposition. An increase in An increases supply of non-agricultural output
and, therefore, decreases its relative price. Lower price increases the opportunity
cost of free labor in the countryside and leads to higher l∗a . Lower p decreases the
opportunity cost of free labor in the city and increases market income. These effects
indicate lower l∗n. In contrast, even though higher An leads to higher market income
but it also increases the opportunity cost of free labor in the city. Therefore, it is not
immediately clear which effect dominates.

Proposition 5.4. If both regions supply part of their labor time to the market, every other
parameter constant, dp∗/dθr

a > 0, dl∗a /dθr
a < 0, and dl∗n/dθr

a > 0.

Proof. In appendix 5.A.

The rise of market and self-provisioning productivities of a specific region have
opposite effects on labor supply of its households. For instance, while a rise in agricul-
tural productivity leads to higher supply of agricultural laborers in countryside, a rise
in agricultural self-provisioning efficiencies of rural households leads to lower labor
supply. The reason is that the two changes affect the cost of free labor in opposite
directions. Moreover, the rise of the market productivity of a region affects the labor
supply of the other region through changing the relative price of consumption. There-
fore, analyzing developments of labor supply of households should be conducted in
the light of changes in cost of free labor and relative price of consumption bundles
arising from shocks to home and market productivities.

5.4 Calibrating the Model to the 18-19th Century Eng-
land

The comparative statics of the model shows that the effect of a rise in market produc-
tivity on households’ labor supply is against the effect of a rise in self-provisioning
efficiency. England, at the onset of the Industrial Revolution, witnessed several sig-
nificant changes in market and home-production efficiencies. The rise of market
productivity of non-agricultural production in cities is the well known phenomenon
of this era. At the same time, rural households experienced fluctuations in their access
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to land for self-provisioning purposes. While enclosure of the Commons in the 18th
century declined rural households’ access to land, allotment movements of the 19th
century empowered them in agricultural self-provisioning. On top of these devel-
opments, the spread of Napoleonic wars at the turn of the 19th century negatively
affected market productivity of agricultural productions. Our model predicts that
all these developments should have affected the opportunity cost of free labor and,
therefore, the labor supply of households in city and countryside. However, the
direction of these changes have opposite effect on labor supply of households in the
two regions. For example, while Napoleonic wars tend to decrease the cost of free
labor, the enclosure of the 18th century increases this cost. Therefore, whether the
model can predict the movements of labor supply is not obvious.

In this section, we bring the model to the data of 18th-19th century England to see
how the model performs and to gain more insights about labor supply movements in
England. We first calibrate the model by finding relevant values for parameters and
productivities. Then, we simulate the model for three historical snapshots for which
we have data, i.e. 1750, 1800 and 1830.

We first calibrate the parameters of utility function and then the self-provisioning
parameters. Parameters α and β represent the expenditure share of the two goods
in the budget of the household. Assuming the labor share of agriculture in the very
long run to be 0.5% or 1%, some authors, such as Adamopoulos and Restuccia (2014)
and Lagakos and Waugh (2013), argue that the expenditure share of agriculture, α,
should be equal to its very long-run labor share. However, this is true only if the
expenditure share on each commodity is equal to the respective share of labor cost in
total labor compensation of the economy. Therefore, if varying intensities of other
factors are used in different sectors, like different capital intensity in agriculture
versus manufacturing and services, or if there are sources for production of goods
other than domestic market, like home production or trade, this method leads to
biased estimations for parameters. In contrast, Gollin and Rogerson (2014) uses the
expenditure share of agricultural food consumption of rich countries to calibrate the
weight of agricultural consumption in household’s preferences. We calibrate α in
the same way. The relevant data is obtained from ICP 2005.16 The agricultural food
in the dataset includes bread and cereals, meat, fish, dairy products and eggs, oil
and fats, fruits, vegetables and honey. From the dataset, it turns out that in 2005
households in high income countries spent around 10% of their total expenditure
on agricultural products. Using the FOCs (5.4) and (5.5), and assuming that self-
provisioning efficiencies of modern households were negligible compared to market

16 International Comparison Program 2005, retrieved from http://www.ers.usda.gov/data-
products/international-food-consumption-patterns.aspx, table 9.
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wages in 2005, we can write

Expenditure on agriculture in 2005
Total expenditure in 2005

=
α

α + β
.

Therefore, the ratio α
α+β must be equal to 0.1. For the weight of free labor in prefer-

ences, 1− α− β, we use the FOC (5.5). In order to calibrate the ratio β/(1− α− β), we
need to know the opportunity cost of free labor in the RHS of (5.5). For this, we choose
the year 1800 since the labor supplies of the two regions are not too different when
compared to 1750 and 1830.17 Moreover, in this year, the agricultural self-provisioning
efficiencies of the two regions are expected to be the closest to each other of the years
1750, 1800 and 1830. The reason is that in 1800 enclosure has already swapped
England but allotment movement has not gathered pace yet. At the same time, we
have no reason to believe that the manufacturing self-provisioning opportunities
were different between urban and rural households during the period of 1750-1830.
Horrell and Humphries (1997) have estimated the value of self-provisioning relative
to earnings of male in rural England in around 1800 to be 15%. This ratio is equivalent
to the ratio of total value of self-provisioning divided by total market wage in our
model

γH ≡
(θ1800

a + p1800 θ1800
n )(T − l1800)

l1800 w1800 = 0.15. (5.1)

From the above equation, the free labor cost can be written as

w1800 − θ1800
a − p1800 θ1800

n = w1800(1− γH
l1800

T − l1800 ).

Therefore, (5.5) can be rewritten as

β

1− α− β
=

p1800C1800
n

w1800(T − l1800)

1

1− γH
l1800

T−l1800

. (5.2)

The ratio β/(1− α− β) is expressed as the multiplication of two ratios. For the second
ration, we need to find the value of l1800/(T − l1800). We assume that total available
time for labor supply decision throughout a year, once we exclude Sundays and
assume 14 hours per day, is T = (365− 52) ∗ 14 = 4382 hours. Using the average of
the two labor supply hours in 1800, we get l1800/(T − l1800) = 3.18

17 The urban and rural yearly working hours of 1800 are estimated to be 3196 and 3431 while the respective
estimations for 1750 are 3060 and 2311 and for 1830 are 3430 and 2762 (Voth (2001)).

18 As of here, the total available time for the household, T, is normalized to 1.
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Table 5.1: Yearly labor supply
hours

Year la
† ln †

1750 2311 3060

1800 3431 3196

1830 2762 3430

† Source: Voth (2001)

Then, we need to find out the value of (p1800C1800
n )/(w1800(1− l1800)) in (5.2).

We divide the numerator and the denominator by GDP per capita in 1800 while
normalizing total population of 1800 to 1. According to Broadberry et al. (2013), the
share of non-agriculture in GDP at 1800 was 70%. Therefore,

γB ≡ p1800C1800/gdp1800 = 0.7. (5.3)

For (w1800(1− l1800))/GDP1800, we define w1800(1− l1800) to be the weighted average
of the two regions,

w1800(1− l1800) ≡ (1− l1800
a )w1800

a (1− u1800) + (1− l1800
n )w1800

n u1800,

where u1800 is the urbanization rate of England in 1800. The GDP of 1800 England is
the value of market productions, equivalently,

gdp1800 = l1800
a w1800

a (1− u1800) + l1800
n w1800

n u1800.

Since the two labor supplies are very close to each other, we assume they are equal
and, therefore, we can write

w1800(1− l1800)

gdp1800 =
1− l1800

l1800
w1800

a (1− u1800) + w1800
n u1800

w1800
a (1− u1800) + w1800

n u1800
=

1− l1800

l1800 ,

which is equal to 1/3. Equation (5.2) can be rewritten as

β

1− α− β
= γB

l1800

1− l1800
1

1− γH
l1800

1−l1800

= 3.8.

Using this result and α/(α + β) = 0.1, we get α = 0.08 and β = 0.73. Now, we
pin down the self-provisioning efficiencies, θ

j
i ’s. Like preferences, we calibrate self-

provisioning efficiencies at 1800. First, we need to measure the relative price of
non-agricultural consumption in 1800. Then, from available estimations for total
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home production in 1800, we calibrate the self-provisioning efficiencies. An appro-
priate estimation for the relative price of non-agricultural commodity at 1800 is the
ratio of the calibrated market TFPs. The reason is that 1800 is after the last waves
of enclosure, the 1773 parliamentary act of enclosure, and at the onset of earliest
allotment movements of the 19th century. Therefore, there should have been little
difference between city and countryside in terms of access to land for agricultural
self-provisioning. Moreover, in terms of non-agricultural commodity, there is no
reason to assume different self-provisioning capabilities for city and countryside. This
is why we assume that households in both regions had the same self-provisioning
efficiencies at 1800. Therefore, the equilibrium relative price should have been the
price that equates nominal wages, i.e. p1800 = A1800

a /A1800
n . We need to calibrate the

two market TFPs and, for that, we need to find out the market outputs. In order
to construct a proxy for the real non-agricultural output, we use the data on real
manufacturing and services output from (Broadberry et al. (2013)). Then, using the
respective shares of each sector in nominal GDP, we construct our proxy for aggregate
non-agricultural output in 1750, 1800 and 1830. For production in market i at year t
we have

Yt
i = At

i l
t
i utPopt,

where Popt is the population in year t. Using the market outputs, together with the
population data from Mitchell (1971) and urbanization rate from Broadberry et al.
(2013) and working hours in city and countryside as in table 5.1, we calibrate the
market productivities in 1750, 1800 and 1830. The relevant data and calibrated values
for TFPs are available in table 5.2.

Table 5.2: Some variables

Year Aa An Ya
† Yn

† Population†

1750 6.0 2.7 128 132 110

1800 5.1 3.3 202 261 160

1830 6.1 3.5 254 475 242

† Normalized to 100 at 1700
Source: Authors calculations and Broadberry et al.

(2013)

As we can see from table 5.2, in 1800, the ratio of the two market productivities and,
therefore, equilibrium relative price is p1800 = 5.1/3.3 = 1.5. Moreover, the market
wage rates are w1800 = A1800

a = p1800 A1800
n and l1800/(1 − l1800) = 3. Therefore,
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using (5.1), we get θ1800
a + 1.5 ∗ θ1800

n = 2.3. Due to lack of detailed data on home
productions, we can not determine the self-provisioning efficiency of each commodity
separately. Therefore, we simply equate the two efficiencies and pick value of unity
for each of the two production efficiencies in city and countryside in 1800.

For the value of subsistence food consumption, a, given previously calibrated
parameters, we search for the value of a that gives the best fit for urbanization rate
and the two labor supplies of 1800. The measure for the best fit of the model is the
sum of squared errors. The subsistence food consumption is calibrated to a = 1.24.
So far, the model is fitted into 1800 data points.

Now, it is time to simulate the model for 1750 and 1830. We use the calibrated
market productivities of 1750 and 1830 and look for the best fit of the model by
allowing only the value of agricultural self-provisioning efficiency of rural households,
θr

a, to change from year to year. By the best fit, we mean the minimum of sum of
squared errors of the two labor supplies and the urbanization rates of 1750 and 1830
in city and countryside. The other three self-provisioning factors are kept constant
over time and across the regions (they are always equal to unity). Table 5.3 provides
the results of the simulation. The numbers in parentheses for urbanization and the
two labor supplies are the data points.

Table 5.3: Simulation results

Year θr
a

† u ‡ La
‡ Ln

‡ p

1750 1.68 0.64(0.63) 0.53(0.53) 0.68(0.7) 2.4

1800 1 0.66(0.68) 0.72(0.78) 0.71(0.73) 1.5

1830 1.76 0.68(0.73) 0.64(0.63) 0.73(0.78) 1.8

† Values of θr
n, θc

a and θc
n are equal to 1.

‡ Numbers in parentheses are data values.

As we can see from table 5.3, the model can reproduce the data with one degree of
freedom. Allowing only rural agricultural self-provisioning in 1750 and 1830 to be
different from its level in 1800, the model needs higher θr

a than 1800 level for 1750 and
1830. This is in-line with the hypothesis presented earlier. Up to 1750, residents of
countryside had access to benefits of the Commons. Starting from 1770s, enclosure
of the Commons restricted this opportunity and enforced rural households to rely
more on market wage or poor relief programs of parishes. By 1800, enclosure of the
Commons had eliminated the advantage of rural households over urban households
in agricultural self-provisioning. Later on, in the 19th century, establishment of
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allotment in rural regions helped agricultural laborers to regain self-provisioning
possibilities. These changes are represented by the U-shaped change in rural self-
provisioning efficiency in the table. With this fitted pattern of θr

a, the model is capable
of reproducing labor supply patterns of both regions. Labor supply in countryside
increases following enclosure of the Commons in 1800 but drops again in 1830 due
to establishment of allotments. Yet, labor supply in the city increases monotonically
from 1750 to 1830. This is due to the rise of market productivity for non-agricultural
productions. Finally, urbanization rate of the simulated model is increasing over time,
similar to the pattern in the data. Overall, the three main characteristics of regions,
the two labor supplies and urbanization rate, are closely reproduced in calibration
exercise.

5.5 Allotments and Migration

The rise and fall of labor supply in the rural regions of England has led some authors
to conclude that laborers would have worked harder only if their target consumption
was not met. The steady rise of market labor supply in cities has been a significant sign
of consumer behavior revolution. The former viewpoint stresses the importance of
market real wage for labor supply and claims that for rural laborers the income effect
of a decrease in real wages dominated its substitution effect. Therefore, whenever
the real wage declined, the rural laborers worked harder. The latter viewpoint, in
contrast, looks at urban laborers and concludes that the rise of labor supply in cities
was a result of an ongoing rise of desire for luxury consumption.

We have shown that taking home production of consumption goods into account
enables us to reach a classic explanation based on leisure-labor trade-off for the
developments of labor supply in city and countryside in early decades of the British
Industrial Revolution. While the model is simple and tractable, the driving forces
of changes in labor supply in the two regions, particularly the fall and rise of self-
provisioning due to enclosure of the Commons and establishment of allotments, is
consistent with available evidence.

Enclosure and allotments establishment are exogenous shocks in the model. En-
closure of the Commons seems natural from a landlord point of view who wants to
maximize benefits from its properties. Higher pace of enclosure in the 18th century is
attributed to Parliamentary act of enclosure. Landlords had enough support and influ-
ence within the parliament and passed a bill which secured their interests. However,
this political interaction between landlords and members of the parliament, which in
many cases the member of parliament was itself a landlord, does not seem to change
the intuitions of the model. In contrast, establishment of allotments are sometimes
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explained based on benevolent motives such as poverty relief or preventing laborers
from committing crimes. These motives, again, are exogenous to mechanisms in this
model. There seem to be two potential explanations for establishment of allotments
which can impeach the exogeneity assumption for the rise of the allotments in the
model. One explanation is that landlords established allotments and assigned them
as a reward to those laborers who worked hard on the field. By imposing industrious-
ness of laborers, landlords would have benefited. There is hardly any data to evaluate
this mechanism. The second potential mechanism, which is already explained in the
previous section, is to prevent from migration of laborers from countryside to cities.
If this mechanism is empirically valid, the rise of self-provisioning in the 19th century
must be endogenously connected to the urbanization rate.

The literature on allotment enumerates several motives for establishment of allot-
ments. Poverty relief programs and social dislocation to prevent from crimes through
land provision by parishes, enforcing industriousness and devotion to work through
strict regulations such as allowing laborers to work on allotment during specific hours
or restricting them to labor/time-intensive agriculture like ‘spade husbandry’ by
land owners and farmers are mentioned in the literature as allotment establishment
motives (Moselle (1995); Archer (1997); Burchardt (2002)). One of the incentives
mentioned in the literature is provision of cheap labor through preventing labor from
migration (Archer (1997); Burchardt (2002)). In this section, we aim to check whether
this explanation is compatible with available evidences from labor force and allotment
data in nineteenth century Britain. In the spirit of Acemoglu and Wolitzky (2011),
we hypothesize that if the outside option of nonagricultural work becomes more
and more attractive then the supply of cheap labor in countryside shrinks. Hence,
agricultural employers, as the demand side for cheap labor, have to offer better terms
of contracts to laborers to keep them working in the sector. Higher wages could not
have been a solution since that contradicts the final goal of having cheap labor around.
Landowner and farmers, therefore, might have decided to give small pieces of land
to their laborers and yet extract rent from them (Archer (1997); Moselle (1995)). This
might have been a less expensive option than paying higher wages. Those laborers
who received the allotments enjoyed a socially superior position as well as material
benefits (Archer (1997); Burchardt (2002)).

Outside options of agricultural laborers were work in businesses that emerged
during the Industrial Revolution. A more prosperous region in terms of innovative,
non-agricultural activities could provide laborers with a bigger chance to find non-
agricultural jobs. According to Meisenzahl and Mokyr (2011), innovative activities in
Britain were performed in three, not perfectly distinguishable, levels; ‘major inventors’
such as James Watt, ‘tweakers’ who performed improvements in existing inventions
or adapted inventions to new uses and ‘implementers’ who were skilled workers
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capable of building and operating complex equipments. Meisenzahl and Mokyr
(2011) see the advantage of Britain’s lead in the Industrial Revolution in tweakers
and implementers such as “engineers, mechanics, millwrights, chemists, clock and
instrument makers, skilled carpenters and metal workers, wheelwrights, and similar
workmen” (p. 447). We argue that variation in the same measure represents differ-
ences in new opportunities across British counties in the 19th century. In other words,
availability of more tweakers and implementers would have indicated existence of
more new opportunity for laborers.

We use the 1851 Census of Great Britain from Shaw-Taylor et al. (2006), which
contains occupational data of individuals in England classified according to their
county of residence, gender, and five-year age bands. The census is the first digitized
version of disaggregated occupational data for England.19 In order to obtain the
number of implementers and tweakers, we use job classifications of the census itself.
Although the classification is not included in Shaw-Taylor et al. (2006), it can be
found in Population tables.20 The tables classify occupations into 17 classes plus the
group of people with no stated occupation. Class 11 includes Artisans, mechanics and
handicraftsmen who “multiply copies of original works. . . . They make things, and
use tools or machines, they either in their works employ matter of various kinds in
combination, or the works involve skill that fixes the mind and diverts attention from
the material of which it is composed.” The explanation represents class 11 as the class
of tweakers and implementers.21 The population tables provides 17 sub-classes for
class 11, including booksellers and printers, actors and actresses, musicians and organ
builders, engravers, wood-carvers, engaged in sports and shows, designers, mould
makers, gunsmiths, watch-makers, tool-makers, coach-makers, saddlers, shipwrights,
house-builders, wheelwrights and millwrights, chemists and dyers.22 A higher share
of occupations in class 11 in a specific region indicates a bigger likelihood of new job
opportunities in the therein.

The other dataset which we use is Allotments Historical Data Collection developed
by Burchardt and Cooper (2010b). The dataset covers more than 2000 allotment sites
registered during 19th century England up until 1873. It includes the county and set-
tlement in which the allotment was located, the date that each allotment was recorded
in some sources and date of establishment of the allotment site (rarely available).
Wherever data is available, the size of each site and the number of plots and plot
holders together with respective rents are reported as well. The dataset is not claimed

19 In 1841, there has been disaggregated occupations data but the digitized version is not available yet.
The tables can be found in http://www.histpop.org.

20 Population tables II, Vol. I. England and Wales. Divisions I-VI, 1851, page lxxxiii, downloaded from
http://www.histpop.org/

21 A comprehensive list of all classes can be found in the appendix.
22 Complete list of occupation sub-classes of class 11 can be found in the appendix.
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to be comprehensive since only allotments for which reliable sources are available
have been included (Burchardt and Cooper (2010a)). Table 5.4 provides summary
statistics of the dataset. While the dataset contains 3503 entries for allotment sites,
some of these entries are multiple records of the same sites. These records have been
dropped to keep track of establishment of allotments throughout England. Among
2447 resulting allotment sites for which data has been collected, the establishment
date of almost one-third is known. Data availability for number of plots within an
allotment site is not much better. The size of allotment sites is recorded for almost
half of the entries. More than half of available data on establishment dates goes back
to periods before 1830s. This indicates that allotments were popular already in 1830.

Table 5.4: Allotment database- Summary statistics

N Max Mean Median Min Mode

Establishment date 728 1872 1834 1705 1831
No. of plots 844 1700 48 30 1 20
No. of plot holders 221 180 32.3 28 1 39
Site size (acres) 1122 500 14 7 0.13 4
Mean plot size (acres) 722 3.5 0.36 0.25 0.008 0.25
Rent (Shgs./acr./ann.) 605 330 46.4 40 0 40

In both datasets, the county of each entry is known as well. Therefore, we can
check the number of people working in a specific sector in a certain county as well
as allotments specifications of the same county. Occupation and allotment data are
provided for 42 English counties. London is considered as a separate county in occu-
pation data while in allotment data Isle of Man is a separate county. Moreover, no
allotment data is available for three northern counties, namely Durham, Northumber-
land and Westmorland. Therefore, the final dataset, constructed from combination of
the two datasets, includes 38 counties from 19th century England.23

First, we have to construct the county level occupation share of class 11. The
census for 1851 has recorded the occupation of everyone aged 10 or above. Some
entries are registered as “beggar”, “poor” or “no occupation”. We exclude these
entries from the total working population of each county. Moreover, there is an entry
named “laborer” which we exclude as well. The reason for dropping laborers is that
it is not clear if they belong to class 11 or other classes. Furthermore, since laborers
were quite flexible in switching from one sector to another, we cannot categorize them

23 A map of England with its counties in 1851 can be found in appendix 5.C.
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Figure 5.1: County level share of class 11 (verti-
cal) versus allotment size (acre)

as insiders/outsiders to class 11. The share of workers in class 11 ranges from 3.4% in
Bedfordshire to 8.1% in Warwickshire.24

Figure 5.1 depicts the scatter-plot of county level ratio of workers in class 11,
i.e. tweakers and implementers in 1851, versus total size of allotment (acre) dis-
tributed in counties until 1873. For instance, the county with 1034 acres of allotments-
Staffordshire- had 5% of its labor force working as implementers or tweakers. We
have dropped two outliers with very high size of allotments to make sure that the ap-
parent negative slope is not caused by them. The share of tweakers and implementers
is decreasing in total allotment size of counties.25 This indicates that allotments were
not distributed in order to prevent from the rise of manufacturing sector. In other
words, one would expect more allotment to be distributed in regions with higher
share of implementers and tweakers.

The census data for occupations is from 1851 while allotment data ranges from 18th
century until 1873. This brings about the possibility of reverse causality; Landlords
and farmers might have already expected the rise of manufacturing and were more
successful in hampering it wherever they distributed more allotments. Figure 5.2
shows the distribution of counties’ share of implementers and tweakers in 1851
versus total allotment size of respective county established after 1851. Again, we
excluded two outliers with 265 (Kent) and 405 (Northamptonshire) acres of allotment
establishment posterior to 1851. Moreover, we excluded counties with no registered
allotment establishment after 1851.26 It can be seen that post-1851 allotment size of

24 London had a 9.5% share of class 11 workers but we excluded it from the analysis as discussed earlier.
25 The outliers are Gloucestershire and Wiltshire with, respectively, 1844 and 1882 acres of allotments.

The pattern of tweakers and implementers versus allotment size remains intact once the outliers are
included.

26 This does not affect the negative slope of the fitted line.
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Figure 5.2: County level share of class 11 (vertical) versus
allotment size (acre), established after 1851; two outliers,
Kent and Northamptonshire, are dropped.

counties do not increase with share of implementers and tweakers in 1851. Therefore,
it does not seem that allotment distribution was aimed to prevent from expansion of
new manufacturing activities.

As is clear from figure 5.2, only a few data points are available for allotment
establishments after 1851. Therefore, we keep plotting the figure for the whole
allotment dataset as well as allotments established after 1851. Regarding figures
5.1 and 5.2, one might argue that those counties with bigger total allotment size are
simply bigger or more populous than the others, meaning that the negative slope
is driven by the scale effect. In figure 5.3, instead of total allotment size of county,
we use the share of area of each county devoted to allotment, i.e. allotment-area
ratio. Data for area of counties were collected in 1851 census and is obtained from
GB Historical GIS. Decreasing concentration of allotments in share of implementers
and tweakers in total labor force is again visible. A similar pattern is visible with only
allotments established after 1851.27

As is discussed earlier, the establishment date of only one third of allotment sites
are known. Among those with unknown establishment date, some are registered
after 1851. Figure 5.4 includes both allotment sites that are established after 1851 and
those registered after 1851 with unknown establishment date. The negative slope is
again present in this figure.

Another possibility is that allotment establishment could have been correlated
with population. A more populous county might have had more allotment established

27 Instead of total area, one can use arable acreage of each county to normalize the allotment size. Using
data on arable acreage of English counties, obtained from Broadberry et al. (2011), a pattern similar to
that of figure 5.3 emerges.
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Figure 5.3: County level share of class 11 (vertical) versus allotment size per area of county for
the whole dataset (%, left), and for allotments established after 1851 (%, right). Two outliers,
Gloucestershire and Wiltshire, are dropped from the left panel.

just because landlords needed to convince a bigger population not to flee. Figure 5.5
shows the distribution of the share of class 11 in each county versus allotment sites
per 1000 male population in the same county. Data for population of counties in 1851
is obtained from GB Historical GIS.

In order to address the effect of county area and population on allotment size
of counties, we draw the scatter-plot for allotment size divided by multiplication
of male population in 1851 and county area. The left-hand side panel of figure 5.6
shows the same pattern as before. The right-hand side panel of figure 5.6 shows the
same allotment measure but only for those allotments that were either established
or registered after 1851, with unknown establishment date. It shows that post-1851
size of allotment establishments per head of male per area decreases with share of
implementers and tweakers in total occupations of counties.

Another measure for expansion of allotments in nineteenth century is the number
of established plots. The higher the number of plots the bigger the labor force that
could have been targeted by the landlords. Figure 5.7 depicts the pattern of the share
of implementers and tweakers versus number of allotment plots established until
1873. The familiar pattern, again, confirms that allotments were not established to
block the advance of prosperous sectors.

So far, the analysis has been based on county level data for allotment establish-
ments and share of implementers and tweakers in total labor force. Therefore, the
possibility of relocation of labor force between counties is ignored. One might argue
that a better opportunity in labor market of a county might attract laborers from other
counties. Therefore, a landlord who wants to convince her laborers to keep working
on the land and not to leave the farm must react to rising new opportunities not only
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Figure 5.4: County level share of class 11 (vertical) versus allotment size (left) and allotment
size per area of county (%, right) for allotments established after 1851 or registered after 1851
with unknown establishment date.
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Figure 5.5: County level share of class 11 (verti-
cal) versus allotment size per 1000 male
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Figure 5.6: County level share of class 11 (vertical) versus allotment size per 1000 male per
county’s area for whole dataset (left) and for allotments established after 1851 (right); two
outliers, Kent and Northamptonshire, are dropped from the left-hand side panel.
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Figure 5.7: County level share of class 11 (verti-
cal) versus number of allotment plots

in the county but in the region. In order to see if job opportunities in a region increases
establishment of local allotments we have to define the region in which a county is
located. The region of a county is defined simply to be the county together with its
neighboring counties which share a common border. We call this a “neighborhood”.
Looking at the map of England in 185128, for instance, the neighborhood of Somerset
county includes Devon, Dorset, Wiltshire and Gloucestershire counties as well as
Somerset itself. The hypothesis is that if the share of implementers and tweakers
in the neighborhood of Somerset county was higher than the other neighborhoods,
more allotments should have been established in Somerset county. Since there are 38
counties in our dataset, there are 38 different neighborhoods in this configuration. Fig-
ure 5.8 depicts the relationship between share of workers of class 11 in each county’s
neighborhood versus different specifications of allotment establishment in the county.
Again, the negative slope is visible from the panels. They indicate that establishment
of allotments in counties could not have been aimed at hindering rise of new sectors
in neighborhoods.

This section shows that there seems to be no causal relationship from the rise of
non-agricultural sector and establishment of allotments, measured using different
proxies. While available data on allotment establishments are fairly limited, we try to
test the notion of Granger causality, wherever possible. We do this by drawing the
scatter-plot of the share of implementers and tweakers in labor force in 1851 versus
allotment establishments later than 1851. It can be seen that in none of the plots there
is a positive relationship between the two measures. This should be seen as a strong
evidence against the hypothesis of migration-preventing-allotments. Instead, there
seems to be a pattern of specialization across the counties and even regions in the

28 See appendix 5.C.
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Figure 5.8: Share of class 11 in neighborhoods (vertical) versus allotment-area ratio (top-left)
allotment size per 1000 male (top-right) and allotment size per 1000 male per area of county
(bottom)
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sense that some counties/regions where more focused on agriculture while the others
were relatively more involved in the rest of the economy.

5.6 Conclusion

The rise of market labor at the onset of the British Industrial Revolution has divided
the Economic Historians into two camps. One emphasizes the role of evolving tastes
in cities in favor of luxurious consumption and sees the industrious revolution as
its result. The other one sees the industrious revolution as an unpleasant result of
falling real wages in agriculture. This chapter provides a tractable framework, which
is capable of explaining changes in labor supply of both urban workers and rural
agricultural laborers.

At the heart of the model is a classic leisure-labor trade-off, augmented with
changes in self-provisioning opportunities of households. The enclosure of the Com-
mons and the spread of allotments at the onset of the Industrial Revolution is shown
to be in-line with changes in self-provisioning possibilities in the model. Continuous
improvements in market productivity of non-agricultural production and the fall
and rise of self-provisioning opportunities of rural households explain the observed
patterns for urban and rural labor supply between 1750 and 1830.

It is also shown that the rise of allotments in the 19th century was not a migration-
preventing act by the landlords of agricultural fields. One might conclude that a
pattern for specialization is observed in the sense that the counties with less innovators
in non-agriculture had relatively lower allotment established. There is room for
further research to see if it is indeed a specialization trend. It requires more detailed
data on types of crops cultivated in allotments versus large plots of agricultural fields.

A question which is left, due to lack of data, is whether establishment of allotments
were aimed at enforcing industriousness of laborers, as suggested by some historians.
The importance of this question for the analysis of this chapter is that it implies a
causal relationship between market productivity in agriculture and self-provisioning
efficiency: Once the market productivity went down landlords established allotments
and assigned them to those who would have worked hard enough. This way, land-
lords aimed at increasing productivity of agricultural practices. Rejection of this
hypothesis strengthens the validity of the model used in this chapter since spread of
allotments is assumed to be unrelated to other components of the model. It requires
some cross county measure for hard working on agricultural fields to make evaluation
of this hypothesis possible. Such data, to the best of our knowledge, is not available
yet.
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5.A Proofs

5.A.1 Proofs of lemmas and corollaries

Lemma 5.1

Proof. Follows directly from substituting 5.12 into 5.13 and 5.14 and differentiating
with respect to p.

Lemma 5.2

Proof. From the definition of p̄ and l̃a in (5.13), we find l̃a( p̄) = 0 and according to
lemma 5.1, l̃a( p̄) < 0⇔ p > p̄. Since la ≥ 0, we cannot have la = l̃a for p > p̄; instead
we must have T − la = T. For a/T > Aa we have ¯̄p < p̄ and limp→ ¯̄p l̃a(p) = −∞.
Since it is not possible to have la < 0, therefore, la = 0 for p > ¯̄p. At p = ¯̄p, since
the income is so low that the consumer does not care about free labor (see the utility
function) and the income from full free labor and full labor supply is the same,
therefore, the household is indifferent between la = 0 and la = T. For p < ¯̄p, we get
la = T.

Similarly, from (5.14) and setting ln = 0, we get either α + β ≤ θc
n/An must hold

or α + β > θc
n/An and θc

a > (1− θc
n/An)a/T and p ≤ p or α + β > θc

n/An and θc
a <

(1− θc
n/An)a/T and p ≤ p. If α + β > θc

n/An and θc
a > (1− θc

n/An)a/T, equation

(5.14) implies that p > p is equivalent to ln = l̃n(p). Finally, given α + β > θc
n/An

and θc
a < (1− θc

n/An)a/T, then ln = l̃n(p) if and only if p > p.

Corollary 5.1

Proof. Part 1 and 2 follow from lemma 5.2. In part 3(i), l̃′n > 0 according to lemma 5.1
and 5.18 ensures p < p̄ so that there is a range of values for p such that 0 < lj < T all j.
In part 3(ii), l̃′n < 0 according to lemma 5.1 and ln = l̃n(p) for p > a/(TAn) according
to lemma 2 and 5.14; 5.19 then ensures a/(TAn) < p̄ so that there is a range of values
for p such that 0 < lj < T all j.
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Lemma 5.3

Proof. Rural and urban wages are equal if p = Aa/An, see 5.12. Hence, wages and
prices are equal in both regions and given identical preferences and identical home-
production conditions, θi

j = θj, households choose identical labor supply and reach
identical utility. Substituting p = Aa/An into 5.13 and 5.14 and imposing 0 < lj < T,
we find the two inequalities of the lemma.29 Equal utilities implies V(p) = 0, an
equilibrium. Differentiating V defined in 5.23 and substituting p = Aa/An, we find
that V′ < 0 and V′/υ′ > 0 given the first two inequalities in the lemma, a stable
equilibrium.

5.A.2 Proofs of propositions

Proposition 5.1

Proof. (For details see appendix 5.A.3.) First we show that the equilibrium price must
be in between the two autarky prices, defined as the prices for which the numerator
and denominator of the ratio in 5.20 are zero, respectively30, and denoted pc

aut ≡ p̌
and pr

aut ≡ p̂. We derive the expressions of these prices in terms of parameters and
under the assumption of interior labor supplies.

Next, we show that if labor supply is interior, indirect utility Vi(p) reaches a
minimum for region i’s autarky price pi

aut. Hence, if pc
aut < pr

aut, the rural area exports
agricultural goods and for the relevant price range pc

aut < p = p∗ < pr
aut, we have

Vr ′ < 0 and Vc ′ > 0 so that V′ < 0; there is a single crossing so that only one value
p∗ generates V(p∗) = 0. This proves uniqueness of the candidate solution p∗.

Finally, we show that υ′ < 0 iff the rural region exports agricultural goods. Hence
we have V′/υ′ > 0; this proves stability.

29 Alternatively, the first inequality follows directly from substituting θi
j = θj into (5.18), while the second

inequality implies a/T < Aa, which is required according to Corollary 5.1.
30 Notice that the numerator and denominator represent excess demand in urban versus excess supply in

rural, respectively; zero excess demand implies autarky price.
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Proposition 5.2

Proof. First, we check what happens to Ur if Aa rises. First substituting i = r and
(5.13) into (5.22) – thus obtaining Vr(p; .) where the dot stands for all parameters –
and then taking the derivative with respect to parameter Aa, we find

∂Vr(p, .)
∂Aa

=
T

AaT − a
− 1− α− β

Aa − θr
a − pθr

n
> 0

The last inequality, implying ∂Vr(p)/∂Aa > 0 comes from the expression for T− la in
(5.13) and the fact that T− la < T for interior solution. Then, we investigate the effect
of a rise in agricultural productivity on equilibrium price. The equilibrium price is
determined in arbitrage equation, (5.21). Taking the difference from both sides, we
get

∂Vr(p)
∂Aa

dAa = [
∂Vr(p)

∂p
− ∂Vc(p)

∂p
](−dp∗)

The left-hand side is positive. From proof of lemma 5.7, we know that

∂Vr(p)
∂p

− ∂Vc(p)
∂p

< 0

Therefore, dp∗ > 0.
For the labor supply in countryside, taking the first difference from (5.13), we get

1
1− α− β

d(T − l∗a ) =
−T(θr

a + pθr
n) + a

(Aa − θr
a − pθr

n)
2 dAa +

θr
n(AaT − a)

(Aa − θr
a − pθr

n)
2 dp∗

The first fraction on the right-hand side is negative because we assume (5.15) holds.
The second fraction is also negative. Therefore, the sign of dl∗a is ambiguous.
For the labor supply in the city, according to lemma 5.1, since in (5.14) only p∗ changes
and dp∗ > 0, therefore, dl∗n > 0.

Proposition 5.3

Proof. Similar to previous proposition, a rise in An, using (5.14) and (5.22), leads to

∂Vc(p)
∂An

= p[
T

pAnT − a
− 1− α− β

pAn − θc
a − pθc

n
] > 0

because T − ln < T. For p∗, using the arbitrage equation, (5.21), we get

(
∂Vr(p)

∂p
− ∂Vc(p)

∂p
)dp∗ =

∂Vc(p)
∂An

dAn

Therefore, dp∗ < 0.
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For l∗a , since p∗ declines, following (5.13), it can be concluded that dl∗a > 0. Finally,
using (5.14), we have

d(T− l∗n) =
1− α− β

(pAn − θc
a − pθc

n)
2 [p(a− T(θc

a + pθc
n))dAn + (a(An− θc

n)− θc
a AnT)dp∗]

Since p(a− T(θc
a + pθc

n))dAn < 0 but (a(An − θc
n)− θc

a AnT)dp∗ > 0, the direction of
change in l∗n is ambiguous.

Proposition 5.4

Proof. Using (5.22), it is concluded that ∂Vr(p)/∂θr
a > 0. Using the arbitrage equation

(5.21), for changes in p∗, we have

∂Vr(p)
∂θr

a
dθr

a = −dp∗(
∂Vr(p)

∂p
− ∂Vc(p)

∂p
)

Since the left-hand side is positive, we have dp∗ > 0. For l∗a , according to (5.13),
increase in both θr

a and p∗ leads to lower labor supply in countryside, i.e. dl∗a < 0.
Finally, the rise of p∗, using (5.14), and according to lemma 5.1 and assumption ??,
leads to higher labor supply in city, i.e. dl∗n > 0.

5.A.3 Detailed proof of proposition 5.1

The interior solution for the two labor supplies is already discussed. The urbanization
rate of the economy also has lower- and upper-bounds, u ∈ [0, 1]. Therefore, we can
characterize under what conditions there is an interior distribution of the population
between the two regions, i.e. u ∈ (0, 1). The following lemma characterize the above
discussion

Lemma 5.4. Both rural and urban households are active, i.e. 0 < u < 1, iff p̌ < p < p̂,
where

p̂ ≡ β

1− α

Aa − θr
a

θr
n

and p̌ is the unique positive solution to

α(An − θc
n)AnTp̌2 + [(1− α)(An − θc

n)a− (1− β)AnTθc
a] p̌− βθc

aa = 0.

Proof. Using equation (5.20), u > 0 implies that market production of agriculture
must exceed its excess demand in countryside:

(T − la)(Aa − θr
a) > AaT − a− α(AaT − a)
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Using equation (5.13), the above result can be simplified to

p <
β

1− α

Aa − θr
a

θr
n

The market clearing condition for non-agricultural goods reads

u[Anln + θc
n(T − ln)− Cc

n] = (1− u)[Cr
n − θr

n(T − la)]

Similar to previous case, u < 1 implies that the left-hand side of the above equation
must be positive, equivalently

T − ln <
(1− β)pAnT + βa

p(An − θc
n)

Using equation (5.14), we can simplify the above result as

α(An − θc
n)AnTp2 + [(1− α)(An − θc

n)a− (1− β)AnTθc
a]p− βθc

aa > 0

The left-hand side is a parabola which has negative sign at p = 0 and the multiplica-
tive term behind the second-order term is positive. Therefore, there is a unique p̌ > 0
such that

α(An − θc
n)AnTp̌2 + [(1− α)(An − θc

n)a− (1− β)AnTθc
a] p̌− βθc

aa = 0

and

∀p > p̌ : α(An − θc
n)AnTp2 + [(1− α)(An − θc

n)a− (1− β)AnTθc
a]p− βθc

aa > 0

It turns out that non-degenerated distribution of population is equivalent to Vr(p)
and Vc(p) being monotone functions of the relative price. The following lemma
shows this

Lemma 5.5. The indirect utility of habitants of the countryside declines with the relative
price, dVr(p)/dp < 0, iff p < p̂ and the indirect utility of habitants of the city increases
with the relative price, dVc(p)/dp > 0, iff p > p̌ where p̂ and p̌ are defines in lemma 5.4.

Proof. Using (5.22) for the countryside and setting the first derivative of the indirect
utility with respect to p less than zero, we get

θr
n

AaT − a
(T − la) <

β

p

substituting (5.13) into above result, we get

p <
β

1− α

Aa − θr
a

θr
n
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According to lemma 5.4, this inequality is equivalent to p < p̂.

Similarly, for the indirect utility of habitants of the city we impose

dVc(p)
dp

> 0

Using (5.14) and (5.22), the above inequality simplifies to

α(An − θc
n)AnTp2 + [(1− α)(An − θc

n)a− (1− β)AnTθc
a]p− βθc

aa > 0

which, according to lemma 5.4, implies p > p̌.

Since both u and V(p) are declining functions of p, we can write the following
proposition:

Proposition 5.5. The excess utility of countryside, compared to city, increases with the
urbanization rate, i.e. dV/du > 0 if p̌ < p < p̂.

Proof. From lemma 5.8, we know that du/dp < 0. Moreover, from lemma 5.5, we
know that dVr(p)/dp < 0 and dVc(p)/dp > 0 which imply V′(p) < 0. Therefore,
dV/du = V′(p)/u′(p) > 0.

Lemma 5.6. If Aa > a/T, then p̄ < ¯̄p and if An > max{a/(Tθc
a), θc

n/(α + β)}, then
p < p.

Proof. Follows directly from the definitions of p, p, p̄ and ¯̄p.

Let’s define the following two prices:

pl ≡ max{ p̌, p}

and
ph ≡ max{ p̂, p̄}

The following lemma characterizes the conditions for nonzero labor supply in
both regions in general:

Lemma 5.7. Assuming (5.15), Aa > a/T, and An > max{a/(Tθc
a), θc

n/(α + β)}, there is
a unique equilibrium price for which the two labor supplies are positive iff

(
T − la(pl)

T
)1−α−β > (

pl AnT − a
AaT − a

)α+β

(
T − ln(ph)

T
)1−α−β > (

AaT − a
ph AnT − a

)α+β

where T − l’s are defined in (5.13) and (5.14).
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5.A Proofs

Proof. Using lemma 5.5, we can immediately see that Vr − Vc is declining in p for
pl < p < ph. With the above two conditions it turns out that V(l) > 0 and V(ph) < 0.
Then, the median value theorem implies that there is a unique pl < p∗ < ph such that
V(p∗) = 0.

On the other hand, if there is a unique price pl < p∗ < ph such that V(p∗) = 0,
then because of monotonicity of V(p) on [pl , ph] we have V(pl) > 0 and V(ph) <

0.
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5.B Classes of 1851 Census

Table 5.B.1: List of occupation classes of 1851 census

Class Definition

Class I
The Queen and the royal family, the lords and commons,
civil servants

Class II Those engaged in the defense and wars
Class III Clergymen and ministers, lawyers and medical men
Class IV Those engaged in fine arts, literature, science, and historians

Class V
Wives, mothers and mistresses of families, children and
relatives at home

Class VI
Those engaged in lodging, entertaining, providing articles of
dress for masters

Class VII
Those engaged in buying or selling, letting, lending or
borrowing money, goods, and properties

Class VIII
Those employed in conveyance of men, animals, goods of
various kinds, and messages

Class IX
Those possessing or working on land, or engaged in agriculture
and animal husbandry

Class X Those engaged about animals

Class XI
Those engaged in mechanical or chemical arts, connected
with artists and men of science

Class XII
Those working and dealing in matters that are derived from
animal kingdom

Class XIII
Those working and dealing in matters that are derived from
the vegetable kingdom

Class XIV Those working in minerals and metals
Class XV Laborers with undefined sector

Class XVI
Persons of ranks and property, not referred to
any office or occupation

Class XVII
Those who are chiefly supported by the members
of the community

Source: Shaw-Taylor et al. (2006)

164



5.C Map of England in 1851
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