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The Half-Half (HH) plot is a new graphical method to investigate qualitatively the shape of a regression
curve. The empirical HH-plot counts observations in the lower and upper quarter of a strip that moves
horizontally over the scatterplot. The plot displays jumps clearly and reveals further features of the
regression curve. We prove a functional central limit theorem for the empirical HH-plot, with rate of
convergence 1/

√
n. In a simulation study, the good performance of the plot is demonstrated. The method

is also applied to two case studies. The proofs and one more case study are deferred to a supplement,
which is available online.

KEY WORDS: Data analysis; Functional central limit theorem; Graphical methods; Jump detection;
Nonparametric regression.

1. INTRODUCTION

Assumethe pairs (X, Y ), (X1, Y1), . . . , (Xn, Yn), n ∈ N, are
independent and identically distributed (iid) with bivariate dis-
tribution function (df) F. From the regression perspective,
we can define ε = Y − m(X) where m, the nonparametric re-
gression function, is a location functional (like the median,
mean, or mode) applied to the conditional distribution of
Y |X = x. Equivalently, this can be written in the “standard
form”:

Y = m(X) + ε.

A first step in data analysis is exploratory diagnostics. Using a
good graphical representation of the data sheds light on their
main features. The standard procedure for depicting m is kernel
estimation, which produces a smooth regression function. When
there are sudden changes in m, such as jumps, those are forced
into the smoothed picture and therefore ignored. More refined
procedures that allow for and detect jumps of m have been
introduced and will be discussed later.

In this article, we present a novel, nonparametric, computa-
tionally fast method for exploring regression curves. It displays
important features of a regression curve, such as jumps and in-
creases or decreases. If it is a goal to search for jumps, then
an ad hoc estimator (introduced in Section 4.2) can be used
to find their locations. These procedures impose no particular
model on the data; also the regression function m need not be
estimated.

Let F be absolutely continuous with Lebesgue density f .
Denote the corresponding probability measure with P. Write
F1, F2 for the marginals of F and Q1,Q2 for their (left-
continuous) inverse or quantile functions. The empirical
counterparts of these functions are denoted with a subscript
n, in particular, Fn denotes the empirical df of the (Xi, Yi),
i = 1, . . . , n, that is,

Fn(x, y) = 1

n

n∑
i=1

1(−∞,x]×(−∞,y](Xi, Yi), −∞ < x, y ≤ ∞.

Fix α ∈ (0, 1
2 ). For x ∈ (Q1(α),Q1(1 − α)), define the vertical

α-strip centered at x by

Sα(x) := {(u, v) ∈ R2:Q1(F1(x) − α) ≤ u ≤ Q1(F1(x) + α)}.
Consider the univariate df on this strip

Gx,α(y) := 1

2α
[F (Q1(F1(x) + α), y)

−F (Q1(F1(x) − α), y)], y ∈ R.

The corresponding quantile function is denoted by Qx,α . For
convenience, we write in the sequel x− = Q1(F1(x) − α) and
x+ = Q1(F1(x) + α).

Definition 1. Let the coverage α ∈ (0, 1
2 ) be fixed. The HH-

value for x ∈ (Q1(α),Q1(1 − α)) is defined by

Hα(x) = F

(
x,Qx,α

(
1

4

))
− F

(
x−,Qx,α

(
1

4

))

−
(
F

(
x+,Qx,α

(
3

4

))
−F

(
x,Qx,α

(
3

4

)))
+ 1

2
α.

The HH-value is obtained by first vertically dividing the strip
Sα(x), as depicted in Figure 1, into two halves of equal mass:
the middle half (C) and the outer half [lower (D ∪ E) and upper
(A ∪ B) quarter]. Then the mass in B is added to the mass in
D. To standardize the statistic, 1

2α is subtracted; this is the mass
in B ∪ D in case X and Y are independent. Hence, in that case,
Hα ≡ 0. In general, Hα ∈ [− 1

2α, 1
2α].

Note that

Hα(x) = F

(
x,Qx,α

(
1

4

))
− F

(
x−,Qx,α

(
1

4

))

+ F

(
x,Qx,α

(
3

4

))
− F

(
x−,Qx,α

(
3

4

))
− α.

© 2012 American Statistical Association and
the American Society for Quality

Technometrics, MAY 2012, VOL. 54, NO. 2
DOI: 10.1080/07350015.2012.657102

138

D
ow

nl
oa

de
d 

by
 [

T
ilb

ur
g 

U
ni

ve
rs

ity
] 

at
 1

4:
10

 2
6 

M
ay

 2
01

2 

http://www.tandfonline.com/r/TECH
mailto: ignorespaces j.h.j.einmahl@uvt.nl ignorespaces 
mailto:mariagantner@gmail.com
http://www.amstat.org
http://www.amstat.org
http://pubs.amstat.org/loi/jasa
http://dx.doi.org/10.1080/07350015.2012.657102


THE HALF-HALF PLOT 139
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4
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Figure 1. Subsets of Sα(x), needed for calculation of Hα(x).

Definition 2. Let α ∈ (0, 1
2 ). The HH-plot is the graph of the

function

x �→ Hα(x), x ∈ (Q1(α),Q1(1 − α)) .

Define for x ∈ (
Qn,1(α),Qn,1(1 − α)

)
the empirical counter-

part of Gx,α by

Gn,x,α(y) = 1

2α

[
Fn(Qn,1(Fn,1(x) + α), y)

−Fn

(
Qn,1

(
Fn,1(x) − 	nα


n

)
, y

)]
, y ∈ R,

where 	·
 denotes the ceiling function. Write X[1] ≤ X[2] ≤
· · · ≤ X[n] for the order statistics of the Xi, i = 1, . . . , n. It is
easily seen that

Gn,x,α(y) = 1

2α

[
Fn(X[i+	nα
], y) − Fn(X[i−	nα
], y)

]
,

where i is such that X[i] ≤ x < X[i+1]. Denote the quan-
tile function of Gn,x,α with Qn,x,α . The HH-statistic is for
x ∈ (

Qn,1(α),Qn,1(1 − α)
)

defined to be the empirical version
of the HH-value:

Hn,α(x) = Fn

(
x,Qn,x,α

(
1

4

))

−Fn

(
Qn,1

(
Fn,1(x) − 	nα


n

)
,Qn,x,α

(
1

4

))

+Fn

(
x,Qn,x,α

(
3

4

))

−Fn

(
Qn,1

(
Fn,1(x) − 	nα


n

)
,Qn,x,α

(
3

4

))
− α

= Fn

(
X[i],Qn,x,α

(
1

4

))
−Fn

(
X[i−	nα
],Qn,x,α

(
1

4

))

+Fn

(
X[i],Qn,x,α

(
3

4

))

−Fn

(
X[i−	nα
],Qn,x,α

(
3

4

))
− α.

The empirical HH-plot is defined to be the graph of the function

x �→ Hn,α(x), x ∈ (Qn,1(α),Qn,1(1 − α)).

The article is organized as follows. Features of the HH-plot
are discussed in Section 2. The asymptotic behavior of the HH-
statistic is expounded in Section 3, where it is shown that the
rate of convergence of the empirical HH-statistic to the theoret-
ical one is 1/

√
n, uniformly in x. The limit theorem is used to

formalize the detection of jumps. In Section 4, three simulation
studies are presented and an ad hoc estimator for a jump location
is introduced in Section 4.2. Finally, two real data applications
can be found in Section 5.

2. FEATURES OF THE HH-PLOT

Jumps of m are depicted in the HH-plot by a high positive
(jump up) or negative (jump down) value. In the first example,
we consider m1(x) = 1[0.5,∞)(x), with X uniformly distributed
on (0, 1) and ε standard normal and independent of X, see
Figure 2. The jump is clearly indicated by the large HH-value
and HH-statistic at x = 0.5. Additionally, the HH-plot reveals
that the regression curve is constant before and after the jump,
which is indicated by values of Hα(x) and Hn,α(x) close to 0.

Another feature of the HH-plot can be observed in Figure 3.
Let X and ε be as above, but m2(x) = x − 1[0.5,∞)(x). The jump
down is indicated by large negative values of Hα(0.5) and
Hn,α(0.5), whereas the positive values suggest that m2 is in-
creasing; for the empirical HH-plot; however, small positive (or

Figure 2. (a) Theoretical and (c) empirical HH-plot with α = 0.1 (gray line) and α = 0.2 (black line) of (b) a sample of size n = 500 of
m1 with ε standard normal and X ∼ UN (0, 1).

TECHNOMETRICS, MAY 2012, VOL. 54, NO. 2

D
ow

nl
oa

de
d 

by
 [

T
ilb

ur
g 

U
ni

ve
rs

ity
] 

at
 1

4:
10

 2
6 

M
ay

 2
01

2 



140 JOHN H.J. EINMAHL AND MARIA GANTNER

Figure 3. (a) Theoretical and (c) empirical HH-plot with α = 0.1 (gray line) and α = 0.2 (black line) of (b) a sample of size n = 500 of
m2 with ε standard normal and X ∼ UN (0, 1).

negative) values of Hn,α(x) can also be due to random fluctua-
tions.

The HH-plot is an appropriate tool when there is a single
dominant predictor X; in case of more than one relevant pre-
dictor, the present version of the plot does not apply. Due
to the discrete character of Hn,α , the use of the HH-plot is
limited to sample sizes of at least 50, but n ≥ 100 is recom-
mended. Another feature of Hn,α is that it is only defined for
x ∈ (Qn,1(α),Qn,1(1 − α)). Therefore, a part of the x-values is
not covered by the HH-plot; this part “decreases” with α. A
jump location that is not covered by the plot cannot be detected
by it. In Section 4.4, we delineate some other limitations of the
HH-plot.

Clearly, the HH-plot and its performance depend on α. A good
value of α is one where the empirical HH-plot provides insight
into features of the regression curve m. In case there is a jump,
we want the probability of detecting it to be as large as possible
(see Section 3.2 for the “critical values” used for this detection).
Such an optimal α depends very much on the true, unknown
m and not so much on the sample size n. Typically a relatively
large α works well for jump detection (e.g., for m1 above, the
probability of detection increases with α irrespective of n), but
recall that a smaller α has the advantage that the HH-plot covers
a larger range of x-values. In general, α = 0.25 is a natural
maximum for α, otherwise the range of x-values is less than
“half.” Due to the aforementioned discrete character of the plot,
about 20/n is a lower bound for α. Let us consider sample sizes
ranging from 100 (see above) to 1000. If 100 ≤ n < 200, there
is not much flexibility and we recommend to take α = 0.20.
For 200 ≤ n ≤ 1000, it is advised to combine the information
provided by the HH-plots for two α-values. We recommend to
take the larger α = 0.2 again, and to take the smaller α = 0.1.
The latter α makes “half” of the x-values that we do not see for
α = 0.2 visible.

There exists a large body of literature on the specific topic
of estimating jump points in nonparametric regression. A good
overview can, for example, be found in Gijbels, Lambert, and
Qiu (2007). The most common approach is to compare left-
and right-sided estimators of the regression function at point
x. These estimators are attained by kernel methods [among
others, Hall and Titterington (1992), Müller (1992), Wu and
Chu (1993), and Joo and Qiu (2009)] or local polynomial

regression [among others, McDonald and Owen (1986), Loader
(1996), Grégoire and Hamrouni (2002), Horváth and Kokoszka
(2002), and Gijbels et al. (2007)]. Some articles propose a
two-step procedure, where in a first step, the jump location is
estimated and in a second step the curve is fitted [cf. Gijbels,
Hall, and Kneip (1999), Sánchez-Borrego, Martı́nez-Miranda,
and González-Carmona (2006)]. Wavelet methods are, among
others, employed in Wang (1995), Antoniadis and Gijbels
(2002), and Park and Kim (2006). In Kim and Marron (2006),
another graphical method, the SiZer for jump detection, is
introduced. The SiZer is a kernel-based approach that combines
multiple bandwidths in one plot. Its main goal is to get a first,
general overview of the regression curve.

In the articles mentioned above, the specific assumptions on
the regression curve and the errors play an important role. In
contrast, we have no direct assumptions on m or ε. In Dempfle
and Stute (2002), an approach based on U-statistics is used. As in
the present article, this approach requires minimal assumptions
on the model and avoids smoothing for estimating the location
of the jump.

3. ASYMPTOTIC RESULTS AND INFERENCE BAND

3.1 Functional Central Limit Theorem

Define for n ∈ N the empirical process indexed by points as

Un(x, y) := n
1
2 {Fn(x, y) − F (x, y)}, −∞ < x, y ≤ ∞.

Furthermore, let BF be a bounded, mean zero Gaus-
sian process on (−∞,∞]2 that is uniformly continuous
and has covariance function F (x1 ∧ x2, y1 ∧ y2) − F (x1, y1)
F (x2, y2), (x1, y1), (x2, y2) ∈ (−∞,∞]2. Then, by the func-
tional central limit theorem for Un and the Skorohod represen-

tation theorem, there exist B̃F
d= BF and a sequence Ũn

d= Un,
n ∈ N, such that

sup
−∞<x,y≤∞

|Ũn(x, y) − B̃F (x, y)| → 0 a.s. as n → ∞.

(1)

Henceforth we will use (1), but drop the tildes from the notation.
We will use the following assumptions:
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THE HALF-HALF PLOT 141

(A) Let S := {(x, y) ∈ R2 : f (x, y) > 0} = (x∗, x∗) ×
R for some −∞ ≤ x∗ < x∗ ≤ ∞ and F be of class
C2 on S and f2 be bounded.

Hence, the function Gx,α(·) is increasing and continuous on
(Q1(α),Q1(1 − α)); also we can write F ′

x(x, y) := ∂
∂x

F (x, y) =∫ y

−∞ f (x, v)dv and F ′
y(x, y) := ∂

∂y
F (x, y) = ∫ x

−∞ f (u, y)du.
For the second assumption, we first introduce some

more notation: let F̃ (u, y) := F (Q1(u), y), (u, y) ∈ (0, 1) ×
R, denote the df after using the quantile transformation
to achieve a uniform marginal for the first coordinate,
and write F̃ ′

x(u, y) := ∂
∂u

F̃ (u, y) = F ′
x (Q1(u),y)
f1(Q1(u)) and F̃ ′

y(u, y) :=
∂
∂y

F̃ (u, y) = F ′
y(Q1(u), y).

(B) F̃ ′
x and F̃ ′

y are uniformly continuous on (0, 1) × R.

Let α ∈ (0, 1
2 ) and define In := (Q1(α),Q1(1 − α)) ∩

(Qn,1(α),Qn,1(1 − α)) and I0 := (Q1(α),Q1(1 − α)). Denote
the HH-process with

Vn,α(x) := n
1
2 (Hn,α(x) − Hα(x)), x ∈ In,

and for s ∈ { 1
4 , 3

4 } define

Bα,s(x) = BF (x,Qx,α(s)) − BF (x−,Qx,α(s))

− F ′
x(x−,Qx,α(s))

f1(x−)
[BF (x,∞) − BF (x−,∞)]

+ F ′
y(x−,Qx,α(s)) − F ′

y(x,Qx,α(s))

F ′
y(x+,Qx,α(s)) − F ′

y(x−,Qx,α(s))

×
{
BF (x+,Qx,α(s)) − BF (x−,Qx,α(s)).

+ F ′
x(x+,Qx,α(s))

f1(x+)
[BF (x,∞) − BF (x+,∞)]

− F ′
x(x−,Qx,α(s))

f1(x−)
[BF (x,∞) − BF (x−,∞)]

}
,

x ∈ I0. (2)

Theorem 1. Under the assumptions (A) and (B), we have for
all α ∈ (0, 1

2 ), on the probability space of (1),

sup
x∈In

|Vn,α(x) − (Bα,1/4(x) + Bα,3/4(x))| → 0 a.s. as n → ∞.

Remark 1. For X and Y independent (m is constant), the
distribution of the limiting process from Theorem 1 for fixed
x ∈ I0 simplifies to a N (0, 1

4α)-distribution.

The proofs of Theorem 1 and Remark 1 are available online
in the supplementary files for this article.

3.2 Inference Band

For an easier interpretation of the HH-plot, we add a hori-
zontal band to the picture. If the empirical HH-plot escapes the
band, this indicates jumps or steep increases or decreases of
the regression curve. In addition, this band gives a standard to
assess the relative magnitude of the HH-statistic. The band is
obtained by calculating high quantiles of

sup
x∈I0

|Bα,1/4(x) + Bα,3/4(x)| (3)

Table 1. The 0.90, 0.95, and 0.99 quantiles of the random variable in
(3), for α ∈ {0.05, 0.1, 0.15, 0.2, 0.25}

α 0.05 0.1 0.15 0.2 0.25

qα(0.9) 0.40 0.53 0.61 0.67 0.72
qα(0.95) 0.42 0.56 0.66 0.73 0.79
qα(0.99) 0.47 0.64 0.75 0.84 0.91

in case X and Y are independent. These quantiles are denoted
as qα (see Table 1) and have to be divided by

√
n and −√

n,
respectively, in order to obtain the upper and lower boundary of
the band.

4. SIMULATION STUDY

4.1 X and Y Independent

First, we consider the case of X,Y being independent,
with sample sizes of n = 250 and 500 for coverage levels
α = 0.1 and 0.2, respectively. For each n, 10,000 samples
are taken. Table 2 provides the fraction of exceedances of
qα(0.95)/

√
n by max{|Hn,α(x)| : Qn,1(α) < x < Qn,1(1 − α)}.

We see that these numbers are close to, but somewhat lower
than, 1 − 0.95 = 0.05. This might be due to the fact that for
fixed x, the effective sample size (i.e., the number of observa-
tions in the lower and upper quarter of the strip) is nα, which
can be as small as 25. Indeed, for n = 500 and α = 0.2, we see
that the asymptotic quantiles are quite accurate.

4.2 Regression Functions m1 and m2 of Section 2

Next, we consider m1 and m2 as in Section 2. We simulate
from the models presented there, that is, X ∼ UN (0, 1) and ε ∼
N (0, 1), and in addition take centered normal errors with σ =
0.1 and σ = 0.5. Furthermore, we consider ε = ε1/

√
12, where

ε1 is t3-distributed, and ε = 3ε2/
√

2, with ε2 ∼ Beta(1, 2). Ob-
serve that the standard deviation σ = 0.5 for both ε’s, which
allows us to compare the simulation results directly with those
of ε ∼ N (0, 0.52). We only regard sample size n = 250, but
keep the number of replications 10, 000. As before, the up-
wards (m1) and downwards (m2) fraction of exceedances of
qα/

√
n and −qα/

√
n, respectively, is presented. In addition, the

fraction of how often there is indeed a jump up of m1 detected
at x = 0.5, thus how often the empirical HH-plot at x = 0.5 ex-
ceeds qα(0.95)/

√
n, is reported. Similarly, this fraction is also

given for the jump down of m2.
Most exceedance rates in Table 3 are close to 100% and show

that the HH-plot is an effective tool to detect jumps. Only at

Table 2. Simulated Type I error probabilities for X and Y independent

max(|Hn,α(x)|) ≥ qα(0.95)/
√

n

n α = 0.1 α = 0.2

250 0.025 0.032
500 0.037 0.044
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142 JOHN H.J. EINMAHL AND MARIA GANTNER

Table 3. Simulation study as described in Section 4.2 for the
regression functions m1 and m2

α 0.1 0.2 0.1 0.2 0.1 0.2
m1 max(Hn,α(x)) ≥ Hn,α(0.5) ≥ sd(θ̂ )
ε qα(0.95)/

√
n qα(0.95)/

√
n

N (0, 0.12) 1.000 1.000 1.000 1.000 0.007 0.007
N (0, 0.52) 0.993 1.000 0.979 1.000 0.011 0.011
N (0, 1) 0.412 0.957 0.243 0.858 0.069 0.038
t3 with σ = 0.5 0.994 1.000 0.985 1.000 0.009 0.008
Beta(1, 2) 0.995 1.000 0.983 1.000 0.008 0.006

with σ = 0.5

m2 min(Hn,α(x)) ≤ Hn,α(0.5) ≤
ε −qα(0.95)/

√
n −qα(0.95)/

√
n

N (0, 0.12) 1.000 1.000 1.000 1.000 0.005 0.004
N (0, 0.52) 0.965 1.000 0.931 1.000 0.012 0.012
N (0, 1) 0.289 0.737 0.159 0.569 0.070 0.038
t3 with σ = 0.5 0.985 1.000 0.970 1.000 0.009 0.008
Beta(1, 2) 0.977 1.000 0.950 1.000 0.009 0.008

with σ = 0.5

σ = 1, when the picture is very blurry, the effective sample size
of nα = 25 (n = 250, α = 0.1) is too small and the HH-plot
has less power.

Finally, an ad hoc estimator θ̂ of the jump location
θ = 0.5 is given, by taking in every simulation the mean
of argmax{Hn,α(x) : x ∈ (Qn,1(α),Qn,1(1 − α))} (and, for m2,
similarly the mean of the argmin). Due to symmetry, this esti-
mator is unbiased. The standard deviations, presented in the last
two columns of Table 3, show that this approach of averaging
the locations of the extrema leads to a good estimator of the
jump location.

In all three aspects, the type of the distribution of ε plays a
minor role, whereas the standard deviation is decisive.

4.3 Regression Function as in Gijbels et al. (1999)

The final simulation is an example from Gijbels et al. (1999),
with regression function

m3(x)

=

⎧⎪⎨
⎪⎩

exp{−2(x−0.35)} − 1 if x ∈ [0, 0.35)

exp{−2(x−0.35)} if x ∈ [0.35, 0.65)

exp{2(x−0.65)} + exp{−0.6} − 2 if x ∈ [0.65, 1].
(4)

It is depicted in Figure 4(a); a scatterplot with X ∼ UN (0, 1),
ε standard normal and independent of X, and n = 250 is given
in Figure 4(b).

In Figure 5, the theoretical HH-plots for m3 with X ∼
UN (0, 1) and ε ∼ N (0, σ 2), σ ∈ {0.1, 0.5, 1}, for both α =
0.1 and α = 0.2, are given. The features of the HH-plot are
clearly shown in Figure 5(a). The possible range of H0.1 is
[−0.05, 0.05], and that of H0.2 is [−0.10, 0.10], and in both
cases it is fully used. The negative slope of the first part of
m3 is depicted in the negative, almost horizontal line of the
HH-plot for α = 0.1 and the negative values of H0.2. The latter
one starts at x = 0.2 and hence already takes the jump up-
wards into account (2α = 0.4 > 0.35), which is depicted by
the increasing HH-values. For α = 0.1, this increase starts at
x = 0.35 − α = 0.25. The jump point at x = 0.35 is for both
coverage levels α depicted by a distinct local maximum. The
regression curve after this jump is again decreasing, hence
the HH-values become negative, even before x− > 0.35. For
x ∈ (0.45, 0.55), the plot of H0.1 only depicts the negative slope,
and hence almost reaches its minimal possible value. The jump
at x = 0.65 is then difficult to see from the HH-plot, because the
HH-values for both α = 0.1 and α = 0.2 only change slightly in
a region left of the jump point. The last part of m3 has a positive
slope, hence the HH-values become positive again.

Figures 5(b) and (c) bear similar features as (a). The jumps
are indicated by the extrema of the HH-plot, the steep increases
and decreases by positive/negative HH-values. But in contrast
to panel (a), the jumps down of the regression curve are depicted
by distinct minima of the HH-plot. Also observe that the range
of the HH-values is getting smaller when σ increases.

In Table 4, the outcomes of the simulations are presented,
again for sample size n = 250, with columns as described for
m1 and m2. The standard deviations of the estimators of the two
jump locations, defined in the following, are moved to Table 5.
The outcomes of the simulations presented in Table 4 are similar

Figure 4. Panel (a) shows m3 as given in (4) and panel (b) one simulation of m3 with ε standard normal, X ∼ UN (0, 1), and n = 250.
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Figure 5. The theoretical HH-plot for m3 is shown for various standard deviations [(a) σ = 0.1, (b) σ = 0.5, and (c) σ = 1] of the normal
error, for α = 0.1 (gray line) and α = 0.2 (black line).

to the outcomes of the simulations for m1 and m2; in general,
the HH-plot depicts the main features of the regression curve
well, but again the combination of a smaller nα with a larger
σ results in a lower power.

In Table 5, we compare the biases and standard deviations
of the location of the extrema of the HH-statistic with the two
estimators of the jump locations in Gijbels et al. (1999). The
estimator of the location (θmax = 0.35) of the jump up is denoted
with θ̂max and that of the location (θmin = 0.65) of the jump
down with θ̂min. [Here we have restricted argmax Hn,α in the
definition of θ̂max to (Qn,1(α), 1

2 ] (and similarly argmin Hn,α to
[ 1

2 ,Qn,1(1 − α))) in order not to confuse the steep increase for
large x with the jump at x = 0.35.] Similarly, the two estimators
in Gijbels et al. (1999) are denoted with θ̂G1

max and θ̂G2
max, for the

jump up, and θ̂G1
min and θ̂G2

min, for the jump down. These estimators
are based on relatively complicated iterative procedures based
on a kernel-type diagnostic (and for “G2” additionally local
least-squares). For the comparison, we also include n = 100.

Although estimation of the jump location is not our main
goal, our estimator compares well with Gijbels et al. (1999).
For the jump up, for all four estimators, the biases are very
small and the standard deviations are somewhat comparable,
although for σ = 0.5, our estimators perform better. For the
jump down, σ plays a more prominent role. For σ = 0.1, “G1”
and “G2” are somewhat better than our estimators, mainly due
to “smaller” biases. For σ = 0.5 (a statistically more difficult
situation), our estimators perform somewhat better, mainly due
to lower standard deviations. We see from this example that our
ad hoc estimator is a competing method to detect jump locations,
especially when the picture is noisy.

4.4 Limitations of the Method

We conclude this section by sketching two examples that
show some limitations of the HH-plot, see Section 2. For con-
venience, we assume for both examples that the error ε is sym-
metric and independent of the conditional median (or mean)
m.

For the first example, consider a continuous, increasing func-
tion m, which on a certain interval increases rather strongly,
whereas it is more flat outside this interval. Now let the vari-
ance of ε be rather small. The combination of such an m and
ε might lead to a false alarm, that is, the empirical HH-plot
detects a nonexisting jump up. This is explained by the fact that
the empirical HH-plot only counts the number of data points
in the region B ∪ D in Figure 1. It does not take into account
the actual Y-values of these data. The just-described example
typically generates (too) many observations in B ∪ D. A small
simulation study confirms that in this case, the HH-plot has
incorrectly a high probability of detecting jumps. In Section
4.3, essentially the same phenomenon takes place. The function
m3 decreases strongly on [0.35,0.65) and there is a jump down
at 0.65. When σ is as small as 0.1, this leads to very low val-
ues of the empirical HH-plot for x around 0.55 and hence the
probability of “detecting” the true jump down becomes artifi-
cially larger, but the estimator of the jump location suffers from
this phenomenon by exhibiting a substantial, negative bias. (If
m3 would decrease on (0.65,1], then this bias would be reduced,
but the standard deviation would be inflated.) The false alarm
around 0.55 is due to the fact that the trend of m3 (to the left
of the jump) and the jump have the same direction. For the first
jump at x = 0.35 (and for m2 in Section 4.2), our method is

Table 4. Simulation study as described in Section 4.3 for the regression function m3

max(Hn,α(x)) ≥ Hn,α(0.35) ≥ min(Hn,α(x)) ≤ Hn,α(0.65) ≤
qα(0.95)/

√
n qα(0.95)/

√
n −qα(0.95)/

√
n −qα(0.95)/

√
n

σ α = 0.1 α = 0.2 α = 0.1 α = 0.2 α = 0.1 α = 0.2 α = 0.1 α = 0.2

0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.5 0.911 0.978 0.821 0.949 0.991 1.000 0.960 1.000
1 0.210 0.378 0.091 0.228 0.389 0.911 0.198 0.726

TECHNOMETRICS, MAY 2012, VOL. 54, NO. 2

D
ow

nl
oa

de
d 

by
 [

T
ilb

ur
g 

U
ni

ve
rs

ity
] 

at
 1

4:
10

 2
6 

M
ay

 2
01

2 
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Table 5. Simulation study as described in Section 4.3 for the regression function m3

α = 0.1 α = 0.2 α = 0.1 α = 0.2
σ n b(θ̂max) b(θ̂G1

max) b(θ̂G2
max) sd(θ̂max) sd(θ̂G1

max) sd(θ̂G2
max)

100 0.000 0.000 0.003 0.001 0.009 0.008 0.018 0.007
0.1 250 0.000 0.000 0.000 0.000 0.004 0.003 0.009 0.002

500 0.000 0.000 0.000 0.000 0.002 0.001 0.006 0.001
100 0.002 0.006 0.008 0.002 0.025 0.026 0.042 0.039

0.5 250 0.001 0.003 0.001 0.002 0.011 0.012 0.027 0.027
500 0.000 0.002 0.001 0.000 0.006 0.007 0.011 0.008

b(θ̂min) b(θ̂G1
min) b(θ̂G2

min) sd(θ̂min) sd(θ̂G1
min) sd(θ̂G2

min)
100 −0.042 −0.049 −0.008 −0.002 0.025 0.020 0.029 0.021

0.1 250 −0.019 −0.043 0.000 0.000 0.022 0.020 0.009 0.003
500 −0.006 −0.034 0.000 0.000 0.011 0.022 0.005 0.001
100 −0.012 −0.022 −0.017 −0.013 0.028 0.029 0.043 0.040

0.5 250 −0.005 −0.015 −0.009 −0.009 0.013 0.020 0.038 0.036
500 −0.003 −0.009 −0.002 −0.002 0.007 0.014 0.016 0.016

much more effective since the trend of the regression curve on
both sides of the jump is opposite to the sign of the jump.

The second example is a function m with two jumps up that
are close together. For simplicity, assume that X is uniformly
(0, 1) distributed and that m is piecewise constant, more pre-
cisely m = 0 on (0, b), 1 on [b, 1 − b], and 2 on (1 − b, 1); here
0 < b < 0.5. Now a small simulation study shows that in the
difficult case that b is quite close to 0.5 (like b = 0.45), it is of-
ten not possible to distinguish the two jumps, that is, we might
detect only one jump. This happens in particular if the variance
of ε is small, since in that case the number of data points in the
region B ∪ D in Figure 1 is close to the maximum.

5. REAL DATA APPLICATIONS

In the following, we use the HH-plot to analyze two datasets.
The first dataset has a random regressor, whereas in the second

example, the regressor comes from a fixed design. (The latter
situation is typical for the applications presented in literature.)
Another real data application is available online in the supple-
ment of this article.

5.1 Random Design: Relation Between Premium and
Loss Ratio in Health Insurance

The dataset used in this example consists of premiums (X)
and loss ratios (Y) of a large private health insurance portfolio
in Germany. There are n = 192 different policies, and for every
policy, an annual gross premium has been determined and an
average loss ratio (loss divided by gross premium) is computed
from the realized losses. Clearly, the functional relationship
between X and Y is of interest.

Figure 6. Relation between premium and loss ratio in health insurance: (a) HH-plot for α = 0.2, (b) scatterplot of loss ratios against premiums;
m estimated with locally weighted linear regression (fitted left and right of the jump).
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Before estimating this relation, we detect jumps with the HH-
plot. Figure 6(a) shows a small region where the plot is below
−q0.2(0.95)/

√
n, thus revealing a jump down. More precisely,

we find with our ad hoc estimator a value of 1913.5 Euros for
the jump location. In addition, the high values of the HH-plot
for premiums up till about 600 Euros suggest a steep increase
of the regression function on that region.

A locally weighted linear regression fitted left and right of
1913.5 Euros confirms this jump as well as the steep increase,
see Figure 6(b). Apart from the very low premium policies,
we can split up the policies in “high loss” (left of the jump)
and “low loss” (right of the jump). In the first group, there are
many policy holders who “use up” the relatively low premium
entirely, whereas for the more expensive policies, which also
offer a lot, the premium is not used up, since, for example,
the covered treatments might not be available when needed.
For the insurance company, this analysis yields useful, pre-
cise information for future premium setting. This information
would be blurred by a continuous estimate of the regression
curve.

5.2 Fixed Design: Prague Temperatures

As a second application, we consider the average annual tem-
peratures in Prague from 1775 through 1989 (n = 215). These
data have a fixed, equidistant design, rather than a random re-
gressor X. In such a case, we observe

Yn,i = m

(
i

n + 1

)
+ εn,i , with independent and centered

εn,i ∼ Fn,i , i = 1, . . . , n.

If all the Fn,i , i = 1, . . . , n, are equal and sufficiently smooth,
then the limiting process is as in Remark 1 and (3); therefore,
Table 3.2 remains applicable, for n large enough. In the finite

Table 6. Jump points in the literature

Methods Years of jump

Horváth, Kokoszka, and
Steinebach (1999)

1835 1893 1927

Antoniadis and Gijbels (2002) 1787 1837 –
Gijbels and Goderniaux (2004) 1786.5 1836.5 1942.5
HH-plot 1830 1932

sample case, the only minor difference between fixed and ran-
dom design is the domain of Vn,α , which is I0 in the above fixed
design setting.

In previous analyses of these data, it is found that the number
of jump points is two or three; see Table 6. (Note that in Anto-
niadis and Gijbels (2002), the data are studied only up to 1902.)
We depict the HH-plot for α = 0.2; the plot for α = 0.1 does
not yield additional information. From the HH-plot, the change-
point recurring in the literature at around 1835 is easily detected.
The plot, see Figure 7(b), is for the years 1823–1835 below
−q0.2(0.95)/

√
n. Hence, we have found a jump down; accord-

ing to the spikes, we locate it at 1830. Between 1911 and 1933,
we see several exceedances of q0.2(0.95)/

√
n, indicating a jump

up of the regression curve. Using the ad hoc estimator, we can
locate such a jump at the year 1932. This change is in accor-
dance with changes found in the literature (1927 and 1942.5).
The early jump found in the literature (at 1787) is difficult to
assess since there are only 12 observations before 1787; this
year is outside the domain of the HH-plot.

SUPPLEMENTARY MATERIALS

Proofs and Case Study: This supplement consists of proofs of
Theorem 1 and Remark 1 and Nile discharges data example
(pdf).

Figure 7. Average annual temperatures in Prague from 1775 to 1989: (a) scatterplot, (b) HH-plot for α = 0.2.
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