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Abstract : In practice, most computers generate simulation outputs sequentially, so it is

attractive to analyze these outputs through sequential statistical methods such as sequential

probability ratio tests (SPRTs). We investigate several SPRTs for choosing between two

hypothesized values for the mean output (response). One SPRT is published in Wald (1945),

and allows general distribution types. For a normal (Gaussian) distribution this SPRT

assumes a known variance, but in our modified SPRT we estimate the variance. Another

SPRT is published in Hall (1962), and assumes a normal distribution with an unknown

variance estimated from a pilot sample. We also investigate a modification, replacing this

pilot-sample estimator by a fully sequential estimator. We present a sequence of Monte

Carlo experiments for quantifying the performance of these SPRTs. In experiment #1 the

simulation outputs are normal. This experiment suggests that Wald (1945)’s SPRT with

estimated variance gives significantly high error rates. Hall (1962)’s original and modified

SPRTs are conservative; i.e., the actual error rates are much smaller than the prespecified

(nominal) rates. The most efficient SPRT is our modified Hall (1962) SPRT. In experiment

#2 we examine the robustness of the various SPRTs in case of nonnormal output. If we know

that the output has a specific nonnormal distribution such as the exponential distribution,

then we may also apply Wald (1945)’s original SPRT. Throughout our investigation we pay

special attention to the design and analysis of these experiments.

Key words : sequential test, Wald, Hall, robustness, lognormal, gamma distribution, Monte

Carlo

JEL: C0, C1, C9, C15, C44
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1. Introduction

In practice, most computers generate simulation outputs (responses) sequentially (exceptions

are computers with parallel architectures, but even those computers sequentially generate

batches of simulation outputs). Hence it is attractive to analyze these outputs through se-

quential statistical methods. For example, Kleijnen (1975, pp. 503-505) has already discussed

the sequential probability ratio test (SPRT) originally developed in Wald (1945); recent pub-

lications on SPRTs are Buonaguidi and Muliere (2016), Govindarajulu (2014) and Li et al.

(2014).

Wald (1945) assumes that the output (say) x has an explicit probability density function

(PDF) with a single parameter (say) θ. This assumption holds for exponential distributions

and normal (Gaussian) distributions with known standard deviations. Hall (1962) assumes

that the PDF is normal so x ∼ N(µ, σ) where µ = µ0 in hypothesis H0 and µ = µ1 in

hypothesis H1, and σ is unknown and is estimated from a pilot sample. Wald (1945, pp.

132-133) and Hall (1962, p. 369) mention that these SPRTs are conservative, i.e., the actual

error rates are smaller than the prespecified or “nominal” values. The degree of conservatism

will be quantified in this paper. Details on both SPRTs will follow in the next section,

including minor modifications.

Note: We got interested in SPRTs because of Wan et al. (2010)’s SPRT for the screening

of factors (or simulation inputs). However, we focus on the simpler case of testing only

two hypotheses about the mean output—instead of a sequence of such hypotheses, as in

screening. Wan et al. (2010)’s SPRT and the related Shi et al. (2014)’s SPRT for simulation

models with multiple outputs assume normal distributions. (Readers may skip Notes during

their first reading of this paper.)

In practice, the output may be nonnormal; e.g., Kleijnen (2015, p. 92) reports that the

estimated average and the estimated 90% quantile of the output of a simulated M/M/1 model

are not normally distributed if the simulation run has only 1,000 simulated arrivals—even

for a traffic rate as low as 0.5 (instead of 0.9). In practice we often do not know which type

of distribution the output has. We therefore investigate the robustness of various SPRTs;

i.e., how do these SPRTs perform for nonnormal distributions such as lognormal and gamma

distributions?

We organize the rest of our paper as follows. In Section 2 we summarize the following

SPRTs: Wald (1945)’s SPRT with known σ, a pilot-sample estimator sm, or a sequential
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estimator sn; Hall (1962)’s SPRT with sm or with sn. To quantify the performance of

these SPRTs, we present experiment #1 in Section 3 guaranteeing that the output is indeed

normally distributed. This experiment suggests that Wald’s SPRT with estimated variance

gives significantly high error rates, and that Hall’s SPRTs are conservative; the most efficient

SPRT is our modified Hall SPRT. We use regression analysis to quantify how the estimated

actual error rates respond to the prespecified error rates and the difference between the two

means in H0 and H1. In Section 4 we present experiment #2 to investigate the robustness

of these SPRTs. This experiment suggests that these SPRTs are robust. In Section 5 we

present our conclusions and mention future research topics.

2. Overview of SPRTs

In this section we define Wald’s SPRT and Hall’s SPRT, plus our modifications of these

SPRTs. Moreover, we present some comments on these SPRTs, because these SPRTs show

important differences when compared with the classic test using the Student t-statistic and

type-I and type-II errors.

2.1. Wald’s SPRT

Wald (1945) assumes a sequence of n independent and identically distributed (IID) obser-

vations xi (i = 1, ..., n) on the random variable (response, output) x with the PDF f(x).

This SPRT assumes that H0 and H1 concern a parameter of this PDF; this PDF may be an

exponential distribution, a normal distribution with known variance, etc. We present this

SPRT assuming:

H0 : µ = h0 versus H1 : µ = h1 (1)

where µ = E(x) and h0 and h1 denote the values that the users specify in H0 and H1. We

use Greek lower-case letters to denote a parameter ; according to the fundamental simulation

textbook Zeigler et al. (2000) a parameter has a value that is inferred from data such as xi.

In a simulation context, xi may represent the simulation replications (which by definition are

IID). Appendix 1 in the Online Supplement gives a list of abbreviations and major symbols

with their definitions. We use a “hat” to denote estimates (e.g., µ̂) and a “bar” to denote

sample averages (e.g., x).

By definition, the “probability ratio” (in the term “SPRT”)—also called the likelihood
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ratio (say) L—of xi is

Ln =

∏n
i=1 f(xi|µ = h1)∏n
i=1 f(xi|µ = h0)

.

It is mathematically convenient to apply the logarithmic transformation to this Ln, so Ln

leads to the test statistic

Sn =
n∑

i=1

[ln f(xi|µ = h1)− ln f(xi|µ = h0)]. (2)

Intuitively, we accept H0 if Sn is “low”, whereas we accept H1 if Sn is “high”. More precisely,

we define the classic error probabilities α and β with 0 ≤ α, β ≤ 1:

α = P (H0 rejected| H0) = P (H1 accepted| H0) (3)

and

β = P (H0 accepted | H1) = P (H1 rejected| H1). (4)

We point out that this SPRT treats H0 and H1 similarly, whereas classic tests “favor” H0;

i.e., the latter tests reject H0 only if there is strong counter-evidence. An example of such a

classic test is (17), displayed below. Classic tests control α, whereas β may be computed—

given the sample size n and the difference |h0 − h1|; also see the classic simulation textbook,

Law (2015, pp. 560-565).

Furthermore, we let A and B denote the nominal values that the users prespecify for α

and β respectively. Then the SPRT

accepts H0 if Sn ≤ ln
B

1− A
, (5)

accepts H1 if Sn ≥ ln
1−B

A
; (6)

else obtains one more observation (namely, xn+1), and repeats the test. Wald (1945, pp.

132-133) and Hall (1962, p. 369) mention that this SPRT is conservative; i.e., α < A

and β < B. We shall quantify this conservatism, using the extensive Monte Carlo (MC)

experiment detailed in Section 3. We implement this SPRT in the Matlab software, using

Govindarajulu (2014, Section 6.2.1) (but we correct some errors in this software for Hall’s

SPRT; see the next subsection).

To illustrate the computation of Sn, we use the exponential and the normal distributions

(which we shall also use in later sections). The PDF of the exponential distribution with
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parameter δ—denoted by expo(δ)— is

f(x) =
1

δ
e−x/δ if x > 0; else 0.

To compute Sn (defined in (2)), we need

ln f(x|δ0) = − ln δ0 −
x

δ0
. (7)

The PDF of the normal distribution is

f(x|µ, σ) = 1√
2σ2π

e−
(x−µ)2

2σ2 .

This PDF gives

ln f(x|µ0) = −0.5 ln(2π)− lnσ − (x− µ0)
2

2σ2
, (8)

where Wald (1945) assumes that σ is known. We, however, either follow Hall (1962) and

estimate σ through s2m—the classic variance estimator with a fixed (pilot) sample size m—or

we modify Hall (1962) and estimate σ sequentially through s2n; we shall present formulas for

s2m and s2n in Section 2.2.

To illustrate the behavior of this SPRT, we give some examples with extreme (unrealistic)

values for A or B; namely, A or B is 0. If B = 0, then (5) gives ln[B/(1−A)] = ln 0 = −∞
so H0 is never accepted; i.e., H1 is always accepted so we never reject H1 falsely. If A = 0,

then (6) gives ln[(1−B)/A] = ln∞ = ∞ so H1 is never accepted; i.e., H0 is always accepted

so we never reject H0 falsely.

Even though the SPRT does not have a favorite hypothesis, we may treat H0 and H1

differently in practice. One example is a traffic simulation where expo(δ) is the PDF of times

between successive accidents, and H1 specifies δ = h1 in the simulated new system and H0

specifies δ = h0 in the existing system with its historical data. A second example is factor

screening with h0 = 0 and h1 with h1 > h0; if we accept H0, then we eliminate that factor

from further investigation—but if we accept H1, then we further investigate that factor (we

assume that during this further investigation we may discover that this factor is actually

unimportant so we eliminate this factor from further experimentation). Generalizing these

two examples, we assume that the consequences of erroneously rejecting H0 or H1 may be

different, so we may select different values for A and B. Furthermore, A ̸= B implies that

the two boundaries defined in the right-hand sides of (5) and (6) are not at equal distances

from the origin (0, 0).
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Figure 1: Boundaries and sample path example for Wald’s SPRT with x v N(0, 1), s2n, h0

= 0, h1 = 0.5, A = 0.01, B = 0.01
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This SPRT implies that the sample path of Sn (test statistic defined in (2)) stops when

Sn crosses one of the two boundaries. Fig. 1 gives an example (actually, this example is

macroreplication 1 of the 1,000 macroreplications presented in Section 3). In this example,

the SPRT does not stop until Sn crosses the H0 boundary at the final sample size nf =

16, so H0 is accepted. Obviously, nf depends on the sample path of Sn and the size of

the continuation region between the two boundaries, which is determined by A and B. A

larger value of A and B (e.g., 0.10 instead of 0.01) narrows this region, and thus tends to

decrease nf . More specifically, as A increases, the upper boundary decreases, so Sn crosses

this boundary “quicker” and the SPRT accepts H1; i.e., the SPRT needs a smaller nf .

Furthermore, Sn is determined by h0 and h1 (in H0 and H1); i.e., as |h0 − h1| (distance
between h0 and h1) increases, |S| increases so S tends to cross one of the two boundaries.

We might conjecture that the magnitudes of α and β remain the same as |h0−h1| increases,
but nf decreases; on the other hand, we might conjecture that α and β decrease as |h0 − h1|
increases, because it is easier for the SPRT to select the correct hypothesis. To investigate

these conflicting conjectures, we shall use MC experiments.

2.2. Hall’s SPRT

Hall (1962) assumes x v N(µ, σ) with unknown σ and h0 = 0 in H0 while h1 > 0 in H1.
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We point out that this H0 does not limit the generality of this SPRT: if the observations

of interest (say) y have the mean µy ̸= 0, then the transformation x = y − µy has mean 0,

where the users specify µy in their H0 and H1; i.e., µy = h
(y)
0 and µy = h

(y)
1 in their H0 and

H1, so µx = h
(x)
0 = 0 and µx = h

(x)
1 = h

(y)
1 −h

(y)
0 . We shall use this transformation in Section

4.

To define this SPRT, we follow Govindarajulu (2014, Section 6.2.6). So we take a pilot

sample of size m (m ≥ 2), and compute the classic sample average and sample variance:

xm =

∑m
i=1 xi

m
and s2m =

∑m
i=1(xi − xm)

2

m− 1
=

∑m
i=1 x

2
i

m− 1
− x2

m

m

m− 1
(9)

where the last equality simplifies the computation of s2m. The numerical accuracy may

improve if we use the property that σ2
x = σ2

x−a where a is a constant; e.g., a = h1/2 (with

h1 defined in H1).

This SPRT uses the boundaries

am = − lnA+
(lnA)2

m− 1
and bm = lnB − (lnB)2

m− 1
. (10)

Its test statistic is

rn(s
2
m) =

nh1(xn − h1

2
)

s2m
if n ≥ m+ 1. (11)

Finally, this SPRT

accepts H0 if rn(s
2
m) ≤ bm, (12)

accepts H1 if rn(s
2
m) ≥ am; (13)

else it obtains xn+1, and repeats the test.

We note that rn in (11) uses the sufficient statistics xn and s2m. If xn < h1/2 (with h0

= 0 so h1/2 is halfway the two hypothesized values for µ), then rn moves downwards to the

boundary that implies (correctly) accepting H0. This move is strengthened as n increases

(see the factor n in the numerator of (11)); an increased n makes xn more precise. If x v
N(h1, σ), then rn(s

2
m) tends to increase—see again (11)—and cross the upper boundary am

so this SPRT correctly accepts H1.

Furthermore, we note that—like Wald’s SPRT—Hall’s SPRT has parallel boundaries, but

as m (pilot-sample size) increases, these boundaries lie closer together so the continuation

region gets smaller. For example, if A = B = 0.01, then am = 9.907 if m = 5, but am =

5.038 if m = 50; likewise, bm = −9.907 if m = 5 and bm = −5.038 if m = 50. Finally, if A

= B, then (10) implies am = −bm (analogously to Wald’s SPRT). Fig. 2 displays results
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Figure 2: Boundaries and sample path example for Hall’s SPRT for x v N(0, 1) with different
pilot sample size m, when h0 = 0 and h1 = 0.5, A = 0.01, B = 0.01
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for four values of m; namely, m = 5, 10, 20, and 30. These four plots demonstrate that a

smaller m results in a larger nf (longer sample path); e.g., the upper-left plot shows that

m = 5 requires the largest nf , and lower-right plot (m = 30) shows that the sample path

becomes a single point. This property holds because, a biggerm gives not only more accurate

estimators xn and s2m in the test statistic (11), but also decreases the continuation region

between the two boundaries so the sample path tends to hit one of the boundaries faster.

However, if we select a “too big” value for m, then no more observations are collected (nf

= m) and observations may be wasted. We conjecture that Hall’s SPRT requires smaller nf

(shorter sample paths) than Wald’s SPRT does. To substantiate this conjecture, we shall

use MC experiments in Section 3.

Finally, wemodify Hall’s SPRT, replacing s2m by s2n; i.e., we update the estimated variance

after each additional observation, and we replace m in (9) through (13) by n. Our modified

boundaries an and bn become closer to zero as n increases, whereas am and bm are (positive

and negative) constants—given m. In rn(s
2
n) (modified test statistic) the expected values of

the unbiased estimators xn and s2n remain constants (namely, µ and σ2). So, if we ignore

the nonlinearity of the transformation of xn and s2n implied by rn(s
2
n), then rn(s

2
n) tends to

increase as n increases and xn > h1/2 where h1/2 is halfway the hypothesized value of µ in

H0 and H1 respectively (so this SPRT accepts H1); if xn < h1/2, then rn(s
2
n) decreases as n

increases (so this SPRT accepts H0). We illustrate our modified Hall SPRT through Fig. 3.

Comparing Fig. 2 and Fig. 3, we conclude that our modified SPRT gives results that are

consistent with Hall’s SPRT, for various m. However, because the modified SPRT implies

8



Figure 3: Boundaries and sample path example for SPRT for x v N(0, 1) with s2n, different
pilot-sample size m, h0 = 0, h1 = 0.5, A = 0.01, B = 0.01
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dynamic boundaries such that the continuation region reduces as n increases, this SPRT

always requires fewer observations than Hall’s original SPRT; e.g., nf = 29 for our modified

SPRT and nf = 61 for Hall’s original SPRT when m0 = 5. We shall use MC experiments to

further quantify the performance of our modified SPRT.

To compute xn as n increases, we use the following update formula:

xn = xn−1
n− 1

n
+ xn

1

n
with x0 = 0.

To compute s2n, we use the sum of squares about the average

SSn =
n∑

i=1

(xi − xn)
2,

and the update formula

SSn = SSn−1 + (xn − xn−1)
2n− 1

n
with SS0 = 0.

These update formulas—plus references to alternative formulas—are presented in Kleijnen and van Groenendaal

(1992).

3. MC experiment #1: normal observations

In MC experiment # 1 we ensure that the observations x are indeed normally distributed.

Whereas the preceding three plots displayed results for a single MC macroreplication, we now
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use M = 1,000 macroreplications; by definition, the only difference among these macrorepli-

cations is the pseudorandom number (PRN) stream. For example, to estimate α, the M

macroreplications sample from N(h0, σ) with the same h0 and σ, and use the same h1, A,

and B when they use the same SPRT variant. We select the M PRN streams such that the

results (outcomes) of the M macroreplications are IID; i.e., we use M non-overlapping PRN

streams. To evaluate these results, we use the following performance measures (criteria):

1. α̂ (defined in (15) below) and β̂ (defined analogously), which denote the estimators of

α and β;

2. nf , which denotes the final sample sizes averaged over the M macroreplications.

Sub 1: Our primary performance measures are α and β (defined in (3) and (4) respec-

tively). We use the unbiased estimator α̂, so E(α̂) = α. Because Wald (1945, pp. 132-133)

and Hall (1962, p. 369) mention that their SPRTs are conservative, we test the following

hypotheses where we use the superscript (α) to distinguish these hypotheses from H0 and

H1 in (1):

H
(α)
0 : α ≤ A versus H

(α)
1 : α > A. (14)

We use Matlab to program our MC experiments; Matlab includes Wald’s and Hall’s original

SPRTs; see Govindarajulu (2014, Section 6.2).

To compute α̂, we sample x from N(µ, σ). We select µ = 0 because (without loss of

generality) Hall’s SPRT assumes h0 = 0 (see Section 2.2). Moreover, we—rather arbitrarily—

select σ = 1. Higher values for σ imply larger nf , which requires more computer time. Finally,

we select h1 = h0 + cσ where h0 = 0 and c is 0.5., 1, 2, and 3 (the higher c is, the lower nf

tends to be), so h1 is 0.5, 1, 2, and 3.

The M macroreplications give IID Bernoulli outputs (say) br (r = 1, ..., M) where br =

1 if macroreplication r rejects H0 and br = 0 if this macroreplication accepts H0 (so P (b = 1)

= α and E(b) = α). These br give

α̂ = b =

∑M
r=1 br
M

, (15)

which denotes the fraction (percentage) of the M macroreplications that rejects H0. Because

br has a Bernoulli distribution, α̂ has a binomial distribution with parameters α and M . So

σ2
α̂ =

α(1− α)

M
. (16)
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To select a value for M , we assume that the SPRTs perform “ideally” (not conservatively)

so α = A. Then (16) implies that σα̂ becomes [A(1−A)/M ]1/2; e.g., if A = 0.10, then σα̂ =

(0.09/M)1/2. The various SPRTs may give different values for α and σα̂. Rather arbitrarily

we select M = 1,000 for all combinations of h1, A, B, and SPRT variant.

Note: It is easier to obtain a more “precise” estimate for A closer to 1 than for A closer

to 0.5, where “precise” may be defined in an absolute sense (σ2
α̂) or a relative sense (σ2

α̂/α̂).

Obviously H
(α)
0 in (14) requires a one-sided test. Using a Gaussian approximation of the

binomial distribution of α̂, we obtain the following t-statistic with M−1 degrees of freedom:

tM−1 =
α̂− A

sα̂
with sα̂ =

√
α̂(1− α̂)

M
. (17)

In general, the t-statistic is known to be quite insensitive to nonnormality. However, we do

know that the Gaussian approximation is rougher as α̂ is closer to its extreme value 0: α̂ < 0

is impossible in the binomial distribution but not in the normal distribution. Actually, if the

SPRT results in α̂ = 0 (so the denominator in (17) becomes zero, then we need no refined

mathematical statistics to reject H
(α)
1 . More generally, if α̂ < A, then we do not reject H

(α)
0 :

α ≤ A. If α̂ > A, then we reject H
(α)
0 only if tM−1 > tM−1;1−p where tM−1;1−p denotes the

1 − p quantile of the tM−1 distribution and p denotes the type-I error rate of the test (this

rate is usually denoted by α, but we have already defined α differently in (3)). Because M =

1000 we replace tM−1;1−p by z1−p where z denotes the standard normal N(0, 1). Combining

this reasoning with (17), we

reject H
(α)
0 if α̂ > A+ z1−psα̂. (18)

We experiment not only with four values for h1(namely, 0.5, 1, 2, and 3; see above), but

also with four values for A and B respectively; namely, 0.01, 0.05, 0.10, and 0.20. Altogether

we consider 43 = 64 combinations of (h1, A,B). For each combination we obtain a value for

tM−1. If we rejected H
(α)
0 if tM−1> tM−1;1−p, then we would expect p × 64 “false alarms”

(type-I errors); e.g., if p = 0.10, then we expect 6.4 false alarms. We use a simple solution

based on Bonferroni’s inequality, which does not exceed a prespecified familywise error rate

(say) F (analogue of A and B); these rates and “per comparison” error rates are discussed

in Kleijnen (2015, p. 98). So, in (18) we replace p by F/64. If we select F = 0.20 (relatively

high F -values are usual), then we use (18) with p = 0.003125 so z1−0.003125 ≈ 2.73.

To improve the precision of our comparisons—across the various SPRTs, the 64 com-

binations (h1, A,B), and the various distributions of x—we use common random numbers
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(CRN), as much as possible. A problem is that different macroreplications may require d-

ifferent lengths of the PRN stream (number of elements of the PRN vector); i.e., if each xi

requires one PRN, then the number of PRNs in macroreplication r equals nf ;r (below, we

shall discuss sampling of xi from distributions that may require a random number of PRNs

per xi). To ensure that each macroreplication uses the same first minr nf ;r (with r = 1, ...,

M) number of PRNs, we sample nu − nf ;r extra PRNs in macroreplication r (these extra

PRNs are not used by the SPRT) where nu denotes an upper limit for the number of PRNs

per macroreplication for any x distribution, SPRT, and(h1, A,B) combination (the subscript

u is a mnemonic for “upper limit”). Altogether, we generate M × nu PRNs using a specific

seed.

Considering seeds, we observe that the Matlab function RandStream enables initializing

PRN streams with preselected seeds; see

http://nl.mathworks.com/help/matlab/ref/randstream.html.

Furthermore, Matlab requires the seed to be an integer between 0 and 232 − 1; see

http://nl.mathworks.com/help/matlab/ref/randstream.create.html.

We select a seed that is a “big” prime number, within this range (0, 232 − 1); namely, the

Mersenne prime 231 − 1 = 2147483647; see

https://en.wikipedia.org/wiki/Mersenne prime.

So, we initialize macroreplication r = 1 with 231 − 1.

To select a specific value for nu, we experiment with a lognormally distributed x, which

has a relatively high variance (see Section 4 below), Hall’s SPRT, and the smallest h1 value

(namely, 0.5), and the smallest A and B (namely, 0.01), so nf trends to be relatively high.

Sampling one observation on x requires more than one PRN (also see the next Note). To be

“safe”, we select nu = 10,000. Moreover, if during an experiment it turns out that nu is not

high enough, then we stop (“abort”) the experiment, increase nu, and start all over again;

fortunately, this event did not happen in our experiments.

Note: Sampling from a lognormal distribution uses sampling from a normal distribution;

see Section 4.1. The latter sampling may use the polar method, which requires a random

number of PRNs per sampled value; see Law (2015, p. 458). The polar method is one of the

Matlab methods for sampling normal variables; see

http://nl.mathworks.com/help/matlab/ref/randstream.create.html.

This randomness may create a “synchronization” problem in CRN; see Law (2015, pp. 592-

596). However, this problem does not occur in our implementation. Other implementation
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Table 1: Wald’s SPRT versus Hall’s SPRT—both using s2n— in 16 (h1;A;B) combinations
with B = 0.01

Wald Hall

h1 A α̂ nf snf
β̂ nf snf

α̂ nf snf
β̂ nf snf

0.50 0.01 0.017* 40 26.32 0.030* 43 29.53 0.010 40 25.91 0.010 41 25.72
1.00 0.01 0.008 14 6.67 0.013* 15 7.46 0.006 14 6.82 0.008 14 7.05
2.00 0.01 0.001 8 1.98 0.004 8 2.01 0.000 7 1.60 0.000 7 1.60
3.00 0.01 0.000 7 0.99 0.001 7 1.00 0.000 6 0.46 0.000 6 0.39
0.50 0.05 0.055* 37 24.00 0.026* 31 22.49 0.045 38 24.00 0.007 27 21.07
1.00 0.05 0.026 14 6.38 0.012* 12 5.66 0.021 14 6.68 0.005 10 5.08
2.00 0.05 0.007 8 1.96 0.004 7 1.64 0.000 7 1.60 0.000 6 0.90
3.00 0.05 0.000 7 0.97 0.001 6 0.78 0.000 6 0.46 0.000 6 0.17
0.50 0.10 0.087 35 23.15 0.028* 26 19.58 0.099 35 22.59 0.007 22 18.74
1.00 0.10 0.051 14 6.18 0.012* 11 4.93 0.040 13 6.36 0.005 9 4.03
2.00 0.10 0.020 8 1.91 0.005 7 1.47 0.001 7 1.59 0.000 6 0.62
3.00 0.10 0.005 7 0.95 0.001 6 0.69 0.000 6 0.46 0.000 6 0.11
0.50 0.20 0.162 31 20.40 0.027* 20 15.53 0.152 33 21.33 0.007 17 15.47
1.00 0.20 0.096 13 5.79 0.012* 9 4.08 0.073 13 6.02 0.004 8 3.25
2.00 0.20 0.036 8 1.80 0.005 7 1.25 0.004 7 1.56 0.000 6 0.39
3.00 0.20 0.012 7 0.91 0.001 6 0.60 0.000 6 0.46 0.000 6 0.04

options are detailed in Appendix 2.

Table 1 displays the results for Wald’s SPRT and Hall’s SPRTs—both modified so they

use s2n (we do not display results for the SPRTs that use s2m, because these results are

inferior)—and 16 of the 64 combinations of (h1, A,B)—namely, the combinations in which

B is either 0.05; the remaining 48 combinations in which B is 0.01, 0.1, or 0.20 give similar

results, so we display those results in Appendix 3 (actually, we shall see that the effect of B

on β̂ resembles the effect of A on α̂, and the table does show all four values for A). We

reject H
(α)
0 : α ≤ A if α̂ > A + z1−psα̂ with p = 0.003125 (so z1−0.003125 ≈ 2.73) and sα̂ =

[α̂(1− α̂)/M ]1/2; see (18); we denote a significantly high value by an asterisk (∗). Before we
further comment on α̂, we discuss β̂.

Given the definition of β in (4), we compute β̂ through sampling from N(h1, σ) (instead

of N(h0, σ), which we used for α̂). CRN implies that sampling xi ∼ N(0, 1) (i = 1, ..., n)

is replaced by yi = xi + (h1 − h0). This replacement gives y = x + (h1 − h0) and s2y = s2x

= s2. Because h0 = 0 in (11), the test statistic rn(s
2
n) increases with nh2

1/s
2
n. Hence, the

new rn(s
2
m) is always higher than the old rn(s

2
m) computed under H0. Our test for β̂ is the

analogue of the test for α̂ in (18). Because the SPRTs treat H0 and H1 similarly, we expect

13



Table 2: Regression analysis of the effects of h1, A, and B on α̂ and β̂

Wald Hall
ĉα |ci|/sci ĉβ |ci|/sci |di|/si ĉα |ci|/sci ĉβ |ci|/sci |di|/si

c0 0.039* 8.896 0.043* 9.088 0.632 0.051* 6.165 0.054* 5.118 0.710
c1(h1) -0.051* 11.842 -0.043* 12.211 1.367 -0.075* 9.301 -0.081* 7.831 1.275
c2(A) 0.830* 17.301 -0.041 0.492 13.172 0.827 9.149 -0.028 0.242 15.749
c3(B) 0.003 0.060 0.814* 13.158 12.335 -0.045* 0.502 0.928* 8.004 18.188
c4(h1A) -0.254* 23.588 0.007 0.065 16.039 -0.267 13.128 0.016 0.605 20.063
c5(h1B) -0.002 0.168 -0.272* 20.390 16.479 0.016* 0.791 -0.297* 11.400 22.018
c6(AB) 0.096 0.660 0.197 0.327 0.407 -0.197 0.719 -0.149 0.423 0.247
c7(h

2
1) 0.013* 11.297 0.010* 11.868 1.846 0.020* 9.358 0.022* 7.920 1.401

c8(A
2) -0.245 1.284 0.111 -0.497 1.289 -0.531 1.479 0.003 0.006 2.335

c9(B
2) 0.037 0.194 0.129 -0.391 0.337 0.098 0.272 -0.680 1.478 3.427

R2 0.984 0.995 0.937 0.916
R2-adj 0.982 0.994 0.926 0.902

that α̂ and β̂ have similar behavior.

Together Table 1 and Appendix 3 show either α̂ = 0.000 or β̂ = 0.000 in 92 of the 128

combinations (namely, 64 combinations for α̂ plus 64 combinations for β̂). The value 0.000

means that none of theM = 1000 macroreplications crosses the “wrong” boundary. Focusing

on these 92 combinations, we try to discover whether specific values—or combinations of

values—of h1, A or B give these extremely low estimated error rates. We conclude that all

combinations with α̂ = 0.000 or β̂ = 0.000 have a very big h1 and a very small nf ; i.e.,

combinations with h1 ≫ h0 imply that the SPRTs require only a small sample to make the

correct decision.

Furthermore, several combinations give a significantly high α̂ or β̂ for Wald’s modified

SPRT, whereas Hall’s modified SPRT is conservative (this conclusion seems reasonable: after

all, Hall derived his SPRT for the special case of a normal distribution with an unknown

variance).

Next, we test whether α̂ and β̂ indeed have similar behavior. For each of the two SPRTs,

we first fit a second-order polynomial with the explained regression variable ̂̂α (with a double

hat; α̂ is observed in the MC experiment), and the three explanatory variables h1, A, and

B:

̂̂α = c
(α)
0 +c

(α)
1 h1+c

(α)
2 A+c

(α)
3 B+c

(α)
4 h1A+c

(α)
5 h1B+c

(α)
6 AB+c

(α)
7 h2

1+c
(α)
8 A2+c

(α)
9 B2 (19)

where we apply least squares (LS) so

c(α) = (X
′
X)−1X′α̂ (20)
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where c(α) = (c
(α)
0 , c

(α)
1 , ..., c

(α)
9 )′, X denotes the 64 × 10 matrix of explanatory variables—

with all 64 elements in column 1 having the value 1, column 2 having the four h1-values

(0.50, 1.00, 2.00, 3.00) repeated 4× 4 times, etc.—and α̂ = (α̂i) with i = 1, ..., 64. This c(α)

is displayed in column 2 of Table 2, where we also display the explanatory variables that

correspond with c(α) in (19).

Next we check if (19) is an adequate metamodel (approximation); i.e., we compute the

coefficients of determination R2 and R2
adj, which denotes R2 adjusted for the number of

independent variables. The last two rows of Table 2 and Appendix 4 show that R2 and

R2
adj exceed 0.90 for both SPRTs. So we accept this model, and test whether we can further

simplify this model—as follows.

The standard deviations of the 10 elements of c(α) defined in (20) are the square roots

of the elements on the main diagonal of Σc(α) , which denotes the covariance matrix of c(α).

Classic regression analysis assumes that α̂ has a constant variance (say) σ2
α̂, so Σα̂ = σ2

α̂I64×64

where I64×64 denotes the 64×64 unity matrix. We, however, know that this assumption does

not hold: (16) implies that Σα̂ has the diagonal elements α̂i(1 − α̂i)/M with i = 1, ..., 64.

Moreover, we expect that CRN make α̂i and α̂i′ (i, i
′= 1, ..., 64) have a positive covariance

(see the next Note). We ignore these covariances; i.e., we assume that Σ̂α̂ (estimator of Σα̂)

is a diagonal matrix with the elements s2α̂i
= α̂i(1 − α̂i)/M (we follow Kleijnen (2015, p.

103), not Kleijnen (2015, p. 109)).

Note: The classic estimator (say) si;i′ of the covariances created by CRN uses bi;r defined

by (15) and bi = α̂i (also see (9)):

si;i′ =

∑M
r=1(bi;r − bi)(bi′;r − bi′)

M − 1
=

∑M
r=1 bi;rbi′;r
M − 1

− M

M − 1
bibi′ .

Unfortunately, the computation of si;i′ requires us to store 64×1000 values bi;r; the resulting

Σ̂α̂ is symmetric and has 2016 (= 64 × 63/2) elements above the main diagonal. If CRN

indeed create positive covariances, then ignoring these covariances implies that our test

statistic in (23) has a denominator that is too high so our test is conservative—except for

the estimated intercept. For example, using only i, i′ = 1, 2 (instead of i, i′ = 64), we obtain

s1;2 = 0.01. Because s21 and s22 estimate σ2
α̂i

= σ2
bi
(instead of σ2

bi
), the estimated correlation

is si;i′/(Ms1s2) = 0.463.

We use this (64× 64 diagonal matrix) Σ̂α̂ to compute

Σ̂c(α) = (X′X)−1X′Σ̂α̂X(X′X)−1. (21)
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Next we use this (10× 10 matrix) Σ̂c(α) , to test the following family of nine hypotheses (we

do not test the estimated intercept c
(α)
0 ):

H
(c

(α)
j )

0 : µ
c
(α)
j

= 0 versus H
(c

(α)
j )

1 : µ
c
(α)
j

̸= 0 with j = 1, ..., 9. (22)

To test these hypotheses, we compute c
(α)
j /s

c
(α)
j

where s
c
(α)
j

denotes the square root of the

jth diagonal element of Σ̂c(α) defined in (21); see column 3 of Table 2 (this c
(α)
j /s

c
(α)
j

is the

analogue of the test statistic (17)). We

reject H
(c

(α)
j )

0 if

∣∣∣c(α)j

∣∣∣
s
c
(α)
j

> z1−p/2 (j = 1, ..., 9) (23)

where we use a two-sided test—so we divide p by 2—and–because we test the effects

individually—a prespecified per comparison error rate (say) C so p = C. The classic value C

= 0.10 gives z1−p/2 = z1−0.10/2 = z0.95 = 1.64, whereas C = 0.05 gives z0.975 = 1.96. If these

C-values make us reject H
(c

(α)
j )

0 , then we add the symbol ∗ to c
(α)
j in Table 2 or Appendix

4. For example, Hall’s SPRT using sn gives the following c
(α)
j that do not differ significantly

from zero (no ∗): c
(α)
3 (first-order effect of B on α̂; see (19)), c

(α)
5 (interaction between h1

and B), c
(α)
6 (interaction between A and B), c

(α)
8 (quadratic A effect), and c

(α)
9 (quadratic B

effect); i.e., B has no significant effects on α̂, A has a significant first-order effect, and h1 has

significant first-order and second-order effects and a significant interaction with A—which

we think makes sense.

So, the so-called (see Kleijnen (2015, p. 34)) reduced regression model has only five

explanatory variables. Because X in (20) is not orthogonal, we need to re-estimate the

effects of these variables; i.e., in (20) we replace X by (say) XR (where R stands for reduced)

with q columns that are identical to the columns of X that correspond with the significant

effects of the original so-called full regression model. In our case, XR consists of the q = 5

columns in X for the dummy variable with constant value 1 and the four variables h1, A,

h1A, h
2
1 (so XR is a 64×5 matrix, whereas X is a 64×10 matrix). This gives the re-estimated

effects c
(α)
R . This gives the reduced model

̂̂α = 0.051− 0.075h1 + 0.694A− 0.267h1A+ 0.020h2
1. (24)

This model gives R2 = 0.932 and R2
adj = 0.928, whereas the full regression model gave R2 =

0.937 and R2
adj = 0.926 so the reduced model gives a minor increase of R2

adj.
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Now we check whether the marginal effects of the explanatory variables are “understand-

able”: do they have the correct signs? For example, (24) implies

∂ ̂̂α
∂h1

= −0.075− 0.267A+ 0.040h1 and
∂ ̂̂α
∂A

= 0.694− 0.267h1. (25)

We cannot simply explain the significant negative interaction between h1 and A in (24).

Next we evaluate the marginal effects—displayed in (25)—at the midpoint (or center) of our

experimental area, m = (h1, A,B)′ = (1.625, 0.09, 0.09)′:

∂ ̂̂α
∂h1

|m = −0.03403 and
∂ ̂̂α
∂A

|m = −0.260125. (26)

So, a higher h1 gives a lower ̂̂α, which makes sense: the SPRT can easily make the correct

selection when the two hypothesized values are far apart. Furthermore, a higher A gives a

lower ̂̂α, which may be explained by the negative interaction between h1 and A in (24).

Next we repeat this analysis for β̂, which gives c
(β)
j and s

c
(β)
j

with j = 0, 1, ..., 9; again

see Table 2 and Appendix 4. The reduced model gives

̂̂
β = 0.056− 0.080h1 + 0.767B − 0.297h1B + 0.022h2

1. (27)

Comparing (24) and (27) suggests that α̂ and β̂ indeed respond in a similar way to h1, A,

and B; e.g., the effect of A on α̂ is 0.694, and the effect of B on β̂ is 0.767. Next we test

whether these differences are significant:

H
(α;β)
0 : µ

c
(α)
R;j

= µ
c
(β)
R;j

versus H
(α;β)
1 : µ

c
(α)
R;j

̸= µ
c
(β)
R;j

with j = 1, ..., q (28)

where j = 1 corresponds with the intercept, j = 3 with A and B respectively, and j = 4

with h1A and h1B respectively (so j = 2 and j = 5 correspond with h1 and h2
1). To test

this H
(α;β)
0 , we compute the difference di = c

(α)
R;i − c

(β)
R;i and its estimated standard deviation

sdi = (s2
c
(α)
R;i

+ s2
R;c

(β)
i

)1/2 where s2
c
(α)
R;i

follows from Σ̂
c
(α)
R
and s2

R;c
(β)
i

from Σ̂
c
(β)
R
; to obtain Σ̂

c
(α)
R
,

we replace X by XR in (21), and to obtain Σ̂
c
(β)
R

we proceed analogously. Again, we ignore

possible correlation between c
(α)
R;i and c

(β)
R;i caused by CRN. Altogther, we

reject H
(α;β)
0 if

|di|
sdi

> z1−(p/2)/q

where p = F and F denotes the prespecified familywise error rate; i.e., we test the q effects

together (not individually); e.g., F = 0.20 and q = 5 give z1−(p/2)/q = z0.98 = 2.05. For
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Table 3: Regression analysis of the effects of h1, A, and B on nf for Hall’s modified SPRT

ĉnf
(α) |ci|/sci ĉnf

(β) |ci|/sci
c0 46.504* 18.465 46.640* 17.927
c1(h1) -30.888* 12.524 -30.695* -12.048
c2(A) -27.466 0.994 -158.294* -5.547
c3(B) -154.182* 5.581 -34.776 -1.219
c4(h1A) 9.171 1.477 35.249* 5.496
c5(h1B) 34.863* 5.616 9.997 1.559
c6(AB) 15.685 0.187 23.343 0.269
c7(h

2
1) 5.903* 9.049 5.848* 8.678

c8(A
2) 14.576 0.133 302.095 2.666

c9(B
2) 290.943 2.652 35.861 0.316

R2 0.866 0.857
R2-adj 0.844 0.833

example, (24) and (27) give |di| /sdi = 0.506, which is not significant at all. We perform this

analysis for both SPRTs. Because the values of c
(α)
R;j and c

(α)
j are similar, we give the exact

values of c
(α)
R;j in Appendix 4; the same holds for c

(β)
R;j.

Sub 2 : Now we discuss nf (secondary performance measure). Table 1 clearly demonstrat-

ed that our modification of Wald’s SPRT for N(µ, σ) with unknown σ gives significantly

high α̂ or β̂ for many combinations of h1, A, and B; therefore we do not consider its nf

and snf
(obviously, (9) gives snf

= [
∑M

r=1(nf ;r − nf )
2/{(M − 1)M}]1/2). So, we limit our

regression analysis of nf to Hall’s modified SPRT.

Note: If more than one SPRT gave α ≤ A and β ≤ B, then we would prefer the SPRT

with the smallest µnf
(this implies that we are risk neutral instead of risk averse or risk

seeking).

To analyze nf , we apply the same methodology as we applied for α̂ and β̂. Table 3 gives

the full model. This model gives the following reduced model for nf required to estimate α:

n̂
f
(α) = 42.356− 30.062h1 − 89.512B + 34.863h1B + 5.903h2

1. (29)

which gives R2 = 0.8380 and R2
adj = 0.8281. Likewise, we get

n̂
f
(β) = 42.043− 29.796h1 − 90.510A+ 35.249h1A+ 5.848h2

1. (30)

which gives R2 = 0.8257 and R2
adj = 0.8139. These R2 and R2

adj are lower than the corre-

sponding statistics for the models for α̂ and β̂. Nevertheless, we consider the models for
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n
f
(α) and n

f
(β) to be acceptable, so we analyze them further—as follows.

Comparing (29) and (30) strongly suggests that the estimation of α and β (sampling from

N(0, 1) and N(h1, 1), respectively) are so similar that we do not apply a further statistical

analysis analogous to (28). To explain that n̂
f
(α) in (29) responds to B and not to A, we

point out that the preceding three plots show that n
f
(α) mainly depends on crossing the

lower boundary, and this boundary is determined by B and not by A. The marginal effects

implied by (29) are

∂n̂
f
(α)

∂h1

= −30.062 + 34.863B+11.806h1 and
∂n̂

f
(α)

∂B
= −89.512 + 34.863h1

Evaluating these effects at the midpoint m = (h1, A,B)′ = (1.625, 0.09, 0.09)′ gives

∂n̂
f
(α)

∂h1

|m = −7.7396 and
∂n̂

f
(α)

∂B
|m = −32.8596

So, a higher h1 or B decreases n̂
f
(α), because these factors have important negative first-

order effects; namely, −30.062 and −89.512.

Based on the results of MC experiment #1 reported in this section, we conclude:

• Wald’s modified SPRT gives significantly high α̂ or β̂ for many (h1, A,B) combinations,

whereas Hall’s modified SPRT is conservative.

• Regression analysis shows that α̂ and β̂ respond to h1, A, and B in a similar way; e.g.,

the reduced regression models show that the effect of A on α̂ is 0.694, and the effect

of B on β̂ is 0.767.

• As h1, A, or B increases, nf of Hall’s modified SPRT decreases.

4. MC experiment #2: nonnormal observations

In MC experiment # 2 we sample observations x that are not normally distributed, so

that we can investigate whether our SPRTs are robust : are these SPRTs “quite” insensitive

to nonnormality? We experiment with various degrees of nonnormality: (i) a lognormal

distribution; (ii) a gamma distribution; (iii) an exponential distribution.
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4.1. Lognormal shifted-to-zero LN(0, 1)

By definition, y has a lognormal distribution with shape parameter σ > 0 and scale parameter

exp(µ) > 0—denoted as y v LN(µ, σ)—if ln y has N(µ, σ). It is well known that

µy = exp(µ+ σ2/2) and σ2
y = exp(2µ+ σ2)(expσ2 − 1). (31)

Lognormal distributions may have various shapes; e.g. if σ = 1, then this distribution is

very skew so it is very nonnormal. Obviously, y has no negative values. For more details we

refer to Law (2015, pp. 294-295). (The equality µy = exp(µ+ σ2/2) with y = exp x and µx

= µ illustrates that µln y ̸= lnµ.)

In our MC experiment we use LN(µ, σ) with µ = 0 and σ = 1; consequently, µy =

exp(1/2) ≈ 1.65 and σ2
y = exp(1)(exp 1 − 1) ≈ 4.7. In Section 2.2 we saw that Hall (1962)

assumes x v N(µ, σ) with µ = 0 in H0, so we apply the transformation x = y − µy with

µy ≈ 1.65 so µx = 0; i.e., we shift the lognormal to the left. Furthermore, our selection of

µ = 0 and σ = 1 for y v LN(µ, σ) implies that our shifted lognormally distribution with

mean 0 has variance e(e−1) ≈ 4.7 or standard deviation 2.17 approximately. Below (14) we

selected h1 = h0 + cσ with h0 = 0 and σ = 1, and c was 0.5, 1, 2, and 3; so h1 was 0.5, 1, 2,

and 3. Now we select h0 = 0 and h1 = cσ with σ ≈ 2.17 so h1 is 1.09, 2.17, 4.34, and 6.51.

(Whatever values we select for h0 and h1, the SPRT should guarantee α ≤ A; we conjecture

that a higher |h0 − h1| decreases µnf
, because it becomes easier for the SPRT to select H0

or H1.)

Furthermore, we compare α̂ for normal and lognormal distributions, so to increase the

precision of this comparison, we again use CRN (in MC experiment #1, we used CRN to

compare combinations of h1, A, and B and to compare various SPRTs). Now it is again easy

to apply CRN: when sampling from LN(µ, σ), the PRN streams remain “synchronized” with

sampling from N(µ, σ) (for details on “synchronization” we refer to Law (2015, 592-598)):

to sample from y v LN(µ, σ), we sample z v N(µ, σ) and compute y = exp z and x =

y − µy.

Note: Fig. 4 illustrates the preceding explanation; i.e., this plot shows the sample path

of rn(s
2
n) (Hall’s modified statistic) for x v N(0, 1) and for the shifted-to-zero y v LN(0, 1)

respectively, using CRN and c = 0.5 so h1 = 0.5 and 1.09 respectively. This plot shows that

nf for x and shifted y do not differ very much (26 versus 31), which may be explained by the

different h1 values that offset the different standard deviations σx and σy. (The boundaries
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Figure 4: Boundaries and sample path in macroreplication 1 of Hall’s modified SPRT for
N(0, 1) with h1 = 0.5 and shifted LN(0, 1) with h1 = 1.09; A = 0.01, and B = 0.01
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an and bn become closer to zero as n increases, but these boundaries do not depend on

s2n; obviously, s
2
n does depend on the type of distribution. Furthermore, an and bn are not

recomputed when the sample path stops, which happens for N(0, 1) quicker than for shifted

y v LN(0, 1).)

To design experiment # 2, we use the results of our analysis of experiment #1. This

analysis showed that a second-degree polynomial in h1, A, and B is an adequate model of

the response of α̂ or β̂ to these three factors in the experiment. To fit such a polynomial, we

now use a central composite design or CCD (Kleijnen, 2015, pp. 63–66) instead of the bigger

(time-consuming) 43 design. We modify the classic CCD as explained in the next Note; our

design enables us to systematically explore the experimental space formed by h1, A, and B,

and to compute the LS estimates of the coefficients of the second-order polynomial that we

fit to the input/output (I/O) data of experiment #2.

Note: A classic CCD includes the central point of the experimental area (and obtains

replications for this point), in order to estimate the variance of x that this CCD assumes to

remain constant throughout the experimental area. We, however, know that this constant-

variance assumption does not hold in our experiments (again see (16)), so we do not use the

central point. Actually, many classic CCDs have five values per factor (also see our comment
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on the so-called axial points of CCDs, below), whereas we have only four values per factor in

our experiment #1 with its 43 design. Furthermore, a classic CCD is symmetric around the

central point, so that this CCD is rotatable; i.e., the CCD gives a constant variance for the

explained variable (e.g., ̂̂α ) at a fixed distance from the center—assuming the observations

(e.g., α̂) have a constant variance and do not use CRN. In our experiment # 1 we do not use

symmetric values; e.g., A has the values 0.01, 0.05, 0.10, and 0.20. In our experiment #2,

our modified CCD includes a 23 design with the two “intermediate” (non-extreme) factor

values; e.g., A is 0.05 or 0.10. Furthermore, a classic CCD has axial points per factor that

are combined with the central values of the other factors; these axial points are symmetric

relative to the central point and may have such values that the CCD has five values per factor

(another possibility is that the CCD has only three values per factor). We, however, use

modified axial points such that one axial point uses the extreme low factor value (e.g., A =

0.01) and the other axial point uses the extreme high factor value (e.g., A = 0.20). Moreover,

we do not assign central values to the other factors. Instead, we (rather arbitrarily) combine

the low modified axial point for a specific factor with the combination of the low intermediate

values for the other two factors in their 22 design, and we combine the high modified axial

point for this factor with the combination of the high intermediate values for the other

two factors in their 22 design; e.g., we combine the low extreme A = 0.01 with the low

intermediate h1 = 2.17 and B = 0.05, and the high extreme A = 0.20 with high intermediate

h1 = 4.34 and B = 0.10. So, our CCD has 2 × 3 modified axial points. Altogether the

number of combinations in our modified CCD is 23 + 2× 3 = 14.

The first three columns of Table 4 specify our modified CCD with its 14 combinations.

These 14 combinations are a proper subset of the 64 combinations in MC experiment #1

displayed in Table 1; e.g., combination 1 in Table 1 does not occur in Table 4 (because

it combines the low axial points for all three factors; see the preceding Note), whereas

combination 6 does occur in Table 4 (because it combines the low axial point B = 0.01 with

the low intermediate values h1 = 2.17 and A = 0.05 in the 22 design). These 14 combinations

are well spread over the experimental area, but they are sparser than the 43 combinations

and not so well balanced (“balanced” designs are discussed in Kleijnen 2015, p. 42). Finally,

our analysis of experiment #1 showed that α̂ and β̂ give similar results, so in experiment

#2 we estimate only α̂ (not β̂); i.e., we sample only from a distribution with mean h0 = 0

(not h1). We again use M = 1000 macroreplications.

The remaining columns of Table 4 show that (i) both SPRTs give α̂ < A in all combina-
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Table 4: Wald’s and Hall’s SPRTs using s2n, for the shifted lognormal distribution with mean
h0 = 0, in the 14 (h1, A,B) combinations of the modified CCD

Wald Hall
h1 A B α̂ nf snf

α̂ nf snf

1.09 0.05 0.05 0.049 27 18.88 0.002 17 20.54
2.17 0.01 0.05 0.008 12 5.56 0.000 9 6.39
2.17 0.05 0.05 0.030 11 5.36 0.001 9 6.39
2.17 0.05 0.10 0.030 10 4.56 0.001 8 5.61
2.17 0.05 0.01 0.032 14 6.91 0.001 10 8.67
2.17 0.10 0.05 0.050 11 5.12 0.002 9 6.38
2.17 0.10 0.10 0.052 10 4.29 0.002 8 5.59
4.34 0.05 0.05 0.007 7 1.61 0.000 7 2.24
4.34 0.05 0.10 0.007 7 1.45 0.000 6 1.97
4.34 0.10 0.05 0.018 7 1.56 0.000 7 2.24
4.34 0.10 0.10 0.018 7 1.39 0.000 6 1.97
4.34 0.10 0.20 0.026 7 1.08 0.000 6 1.71
4.34 0.20 0.10 0.046 7 1.22 0.000 6 1.97
6.51 0.10 0.10 0.005 6 0.66 0.000 6 0.98

tions, and (ii) Wald’s modified SPRT (using s2n) often requires a higher nf . Hall’s modified

SPRT (using s2n instead of s2m) gives α̂ = 0.000 if h1 ≥ 4.34 and if A = 0.01. Cursory

inspection of this table suggests that α̂ does respond to A; to quantify this response function

we again fit a second-order polynomial—as follows.

First we estimate the full regression model, defining X such that it is the 14 × 10 ma-

trix that follows from the modified CCD in Table 4, and defining α̂LN such that it is the

corresponding 14-dimensional vector displayed in Table 4 for Hall’s modified SPRT. This

gives c
(α)
LN defined analogously to (20). This c

(α)
LN gives R2 = 0.9967 and R2

adj = 0.9894 so this

model is a very accurate approximation. Next we compute Σ̂
c
(α)
LN

analogously to (21), and

test the analogue of H
(c

(α)
j )

0 in (22); this gives the analogue of the reduced model (24):

̂̂αLN = 0.0016− 0.0012h1 + 0.0436A− 0.0001h1A+ 0.0002h2
1 (32)

which gives R2 = 0.9964 and R2
adj = 0.9949 (this reduced model has the same signs for its

coefficients as the reduced model (24) for the normal distributions has; of course, the exact

values are not the same). Above (32) we mentioned that the full model givesR2 = 0.9967—so

we see that the elimination of nonsignificant explanatory variables hardly decreases R2—and

R2
adj = 0.9894—so this elimination slightly increases R2

adj. The coefficients of the full and
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the reduced models have the same signs; e.g., A has a positive effect so A increases ̂̂αLN—

which makes sense. Of course, the numerical values of the estimated effects do change when

switching from the full to the reduced model; e.g., the effect of A changes from 0.694 (we

did not display this value) into 0.0436 (see (24)) Furthermore, (24) implies that the marginal

effects are

∂ ̂̂αLN

∂h1

= −0.0012− 0.0001A+ 0.0004h1 and
∂ ̂̂αLN

∂A
= 0.0436− 0.0001h1.

We again evaluate these effects at the midpoint of the experimental area. Table 4 implies

that this midpoint is now m = (h1, A,B)′ = (3.3329, 0.08, 0.08)′. So

∂ ̂̂αLN

∂h1

|m = −0.0012− 0.0001× 0.08 + 0.0004× 3.3329 = 0.0001

and
∂ ̂̂αLN

∂A
|m = 0.0436− 0.0001× 3.3329 = 0.0433

so, a higher h1 or A gives a higher ̂̂αLN (whereas a higher h1 or A gave a lower ̂̂α for the

normal distribution, because of the negative interaction between h1 and A n (24); see (26)).

Table 4 also displays nf . We have already commented on Fig. 4 (with rn(s
2
n) for the

shifted y v LN(0, 1) and h1 = 1.09), showing nf = 31 where h1 may compensate the higher

σy. Now, cursory inspection of Table 4 suggests that the 14 different combinations of h1, A,

and B give quite constant values for nf . To confirm this suggestion, we again fit a second-

order polynomial—this time with n̂f as the explained variable. Indeed, we find that h1, A,

and B have no significant effects on nf ; we do not display these results.

4.2. Gamma shifted-to-zero Γ(2, 1)

The gamma distribution Γ(γ, δ) has shape parameter γ and scale parameter δ (we use γ

and δ instead of α and β in Law (2015, p. 289), because we have already defined α and β

differently). Γ(γ, δ) has the following explicit PDF with the well-known “gamma function”

Γ(z) =
∫∞
0

tz−1e−tdt and γ > 0 (see Law (2015, p. 288)):

fΓ(x) =
δ−γxγ−1e−x/δ

Γ(γ)
if x > 0; else 0. (33)

This PDF has the following two moments:

µx = γδ and σ2
x = γδ2. (34)
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Table 5: Wald’s SPRT and Hall’s SPRT using s2n for the shifted Γ(2, 1) with mean h0 = 0,
in 14 (h1, A,B) combinations

Wald Hall
h1 A B α̂ nf snf

α̂ nf snf

0.71 0.05 0.05 0.016 23 19.84 0.013 24 21.09
1.41 0.01 0.05 0.001 9 6.91 0.001 10 5.93
1.41 0.05 0.05 0.011 9 6.71 0.005 10 5.87
1.41 0.05 0.10 0.010 7 5.83 0.005 9 4.83
1.41 0.05 0.01 0.011 11 8.56 0.006 13 8.26
1.41 0.10 0.05 0.030 8 6.40 0.010 10 5.72
1.41 0.10 0.10 0.034 7 5.39 0.010 9 4.65
2.83 0.05 0.05 0.011 4 1.81 0.000 7 1.44
2.83 0.05 0.10 0.013 4 1.47 0.000 6 1.08
2.83 0.10 0.05 0.022 4 1.66 0.001 7 1.39
2.83 0.10 0.10 0.026 4 1.32 0.001 6 1.02
2.83 0.10 0.20 0.031 3 0.88 0.001 6 0.77
2.83 0.20 0.10 0.048 3 1.00 0.004 6 0.97
4.24 0.10 0.10 0.011 3 0.51 0.000 6 0.32

Following Law (2015, p. 289), we fix δ = 1. Consequently, µx = γ and σ2
x = γ. Like we did for

the lognormal, we shift Γ(γ, 1) such that µx = h0 = 0 (so we can easily apply Hall’s SPRT).

Selecting γ = 2 gives the shifted-to-zero Γ(2, 1), which looks like the shifted LN(0, 1); see

Law (2015, p. 289). We conjecture that our MC results for this shifted Γ(2, 1) will resemble

the results for the shifted LN(0, 1) in Table 4; we shall check this conjecture through our

MC experiment.

Analogously to our selection of h1 for the shifted LN(0, 1) in Table 4, we now select the

following h values for the shifted-to-zero Γ(2, 1): h0 = 0 and h1 = cσ where c is 0.5, 1, 2, and

3 (as in all our MC experiments) and σ = σx with σ2
x = 2 (see (34)) so σ ≈ 1.41; altogether,

h1 is 0.71, 1.41, 2.82, and 4.23. We again obtain α̂ for all 14 combinations in our CCD using

M = 1000 macroreplications. In Table 5 all 14 combinations result in α̂ < A; moreover, nf

for Wald’s SPRT using sn is smaller than nf for Hall’s SPRT with sn.

Next, we again estimate the full regression model for Hall’s SPRT. This gives R2 = 0.9938

and R2
adj = 0.9797. Then we obtain the reduced model

̂̂αΓ = 0.0121− 0.0074h1 + 0.1681A− 0.0322h1A+ 0.0010h2
1,

which gives R2 = 0.9856 and R2
adj = 0.9791 (and the same signs as the reduced model for
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Table 6: Wald’s SPRT and Hall’s SPRT using s2n, for the shifted expo(1) with mean h0 = 0,
in 14 (h1, A,B) combinations

Wald Hall
h1 A B α̂ nf snf

α̂ nf snf

0.5 0.05 0.05 0.003 13 12.24 0.003 13 11.36
1.0 0.01 0.05 0.002 5 4.22 0.001 8 3.32
1.0 0.05 0.05 0.010 5 4.01 0.001 8 3.32
1.0 0.05 0.10 0.011 5 3.39 0.001 7 2.70
1.0 0.05 0.01 0.010 7 5.37 0.001 9 4.67
1.0 0.10 0.05 0.022 5 3.92 0.002 8 3.22
1.0 0.10 0.10 0.023 5 3.28 0.002 7 2.58
2.0 0.05 0.05 0.009 3 0.87 0.001 6 0.67
2.0 0.05 0.10 0.009 3 0.71 0.001 6 0.52
2.0 0.10 0.05 0.013 3 0.83 0.001 6 0.67
2.0 0.10 0.10 0.014 3 0.67 0.001 6 0.52
2.0 0.10 0.20 0.019 3 0.53 0.001 6 0.40
2.0 0.20 0.10 0.023 3 0.62 0.002 6 0.44
3.0 0.10 0.10 0.004 3 0.22 0.000 6 0.12

the normal distribution gave; see (24)). This implies the marginal effects

∂ ̂̂αΓ

∂h1

= −0.0074− 0.0322A+ 0.0020h1 and
∂ ̂̂αΓ

∂A
= 0.1681− 0.0322h1.

We again evaluate these effects at the midpoint that is nowm= (h1, A,B)′ = (2.1714, 0.08, 0.08)′:

∂ ̂̂αΓ

∂h1

|m = −0.0074− 0.0322× 0.08 + 0.0020× 2.1714 = −0.0056

and
∂ ̂̂αΓ

∂A
|m = 0.1681− 0.0322× 2.1714 = 0.0982.

We do not further analyze the results in Table 4 (we might compute the full and the reduced

regression models for Wald’s α̂Γ, and the full and reduced models for n̂
f
).

4.3. Exponential shifted-to-zero expo(1)

Γ(1, δ) (see (33)) gives expo(δ), which denotes the exponential distribution; expo(δ) has both

the mean and the standard deviation equal δ. Like we did for the normal and the lognormal

distributions, we shift expo(δ) such that µx = h0 = 0. Furthermore, we again select h1 = cσ

with c equal to 0.5, 1, 2, and 3 (and σ = δ); we select δ = 1 (so we get the same σ-value as
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Table 7: Wald’s original SPRT and Wald’s SPRT assuming normal x with zero mean, for
the shifted expo(1) with mean h0 = 0, in 14 (h1, A,B) combinations

Original Modified
h1 A B α̂ nf snf

α̂ nf snf

0.5 0.05 0.05 0.028 41 25.44 0.000 36 20.46
1.0 0.01 0.05 0.003 17 9.62 0.000 19 7.62
1.0 0.05 0.05 0.022 16 8.59 0.000 18 7.54
1.0 0.05 0.10 0.024 13 7.05 0.000 15 6.42
1.0 0.05 0.01 0.023 25 11.31 0.000 26 10.04
1.0 0.10 0.05 0.037 16 8.18 0.003 18 7.41
1.0 0.10 0.10 0.037 12 6.71 0.003 15 6.30
2.0 0.05 0.05 0.013 8 3.90 0.000 12 3.29
2.0 0.05 0.10 0.011 7 3.40 0.000 10 2.87
2.0 0.10 0.05 0.027 8 3.54 0.002 12 3.24
2.0 0.10 0.10 0.026 7 3.02 0.002 10 2.79
2.0 0.10 0.20 0.023 5 2.44 0.003 9 2.33
2.0 0.20 0.10 0.054 6 2.52 0.008 10 2.67
3.0 0.10 0.10 0.013 5 2.11 0.002 9 1.86

we used for the normal distribution) so h1 equals c. We obtain α̂expo for all 14 combinations

in our CCD. Table 6 shows α̂ < A in all 14 combinations; i.e., these results resemble the

results in Table 4 for LN(0, 1) and Table 5 for Γ(2, 1). Moreover, nf for Wald’s SPRT is not

higher than nf for Hall’s SPRT, like we also found for Γ(2, 1).

Instead of applying Wald’s SPRT assuming a normal distribution or Hall’s SPRT (which

by definition assumes a normal distribution), we can apply Wald’s SPRT for specific distri-

butions with a single parameter such as exponential distributions; see (7). In practice, it is

quite easy to decide whether a PDF is exponential; e.g., when we simulate accidents that

still happen in an improved system, then we may hypothesize that the time between two suc-

cessive accidents has an exponential distribution with h0, a specific value for its parameter,

whereas the existing system has a value h1 specified by historical data.When we apply Wald’s

original SPRT defined in (2) to expo(1), then we do not need to shift expo(1) such that the

shifted PDF has zero mean; i.e., expo(1) implies h0 = 1 (instead of 0). However, we wish to

compare the results for Wald’s original SPRT and Wald’s SPRT assuming x ∼ N(0, 1); the

latter results were displayed in Table 6. Therefore we do shift expo(1) such that its mean

is h0 = 0. Table 7 shows that in 13 of the 14 combinations nf for Wald’s original SPRT is

smaller than nf for Wald’s SPRT assuming a normal distribution with σ estimated through
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sn; both SPRTs give α̂ < A in all 14 combinations. We think that these results make sense.

4.4. Conclusions about robustness

We copy our conclusions about experiment #2 with its three types of nonnormal distri-

butions, and try to explain these conclusions; “Wald” and “Hall” means Wald’s or Hall’s

modified SPRT using s2n:

1. LN(0, 1): Table 4 shows that

(i) both Wald and Hall give α̂ < A in all 14 (h1, A, B) combinations, and

(ii) Wald often requires a higher nf .

2. Γ(2, 1): Table 5 shows that

(i) both Wald and Hall give α̂ < A in all 14 (h1, A, B) combinations, and

(ii) Wald requires a smaller nf than Hall does.

3. expo(1): Table 6 and Table 7 show that

(i) both Wald and Hall give α̂ < A in all 14 (h1, A, B) combinations, and

(ii) Wald requires a smaller nf than Hall does,

(iii) Wald’s non-modified SPRT for exponential distributions gives α̂ < A in all 14 (h1,

A, B) combinations, and requires a smaller nf than Wald’s modified SPRT in 13 of

the 14 combinations.

We conclude that the SPRTs give α̂ < A in all 14 combinations (so the SPRTs are

“conservative”)—even if the distribution is nonnormal (i.e., the SPRTs are “robust”). Our

explanation is that Hall uses the test statistic rn(s
2
n) (defined in (11)) that resembles the

classic t-statistic, which is quite insensitive to nonnormality. Wald uses a test statistic S (see

(2)) that is a sum of random variables, so the central limit theorem (CLT) applies. Which

SPRT requires a smaller nf is not so clear; if we assume an exponential PDF, then Wald’s

non-modified SPRT requires a smaller nf . However, our experiment #1 with a normal

PDF showed that Wald’s modified SPRT gives significantly high α̂ for many combinations

(whereas Hall’s modified SPRT is conservative)—which seems to contradict our conclusions

from experiment #2! Altogether, we recommend Hall’s modified SPRT—pending further

research.

Note: In Appendix 5 we investigate whether a normalizing transformation of x may

reduce nf . We focus on the simplest normalizing transformation; namely, the logarithmic
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transformation. Our MC experiment #3 shows that this transformation does not decrease

nf ; neither does it decrease α̂.

5. Conclusions and future research

We presented several variants of Wald’s and Hall’s SPRTs for testing two means, using

plots to illustrate both their boundaries—which define their continuation areas—and possible

sample paths of their test statistics.

Based on our MC experiment #1, we concluded that Wald’s modified SPRT may give

significantly high α̂ or β̂ whereas Hall’s modified SPRT is conservative. Furthermore, α̂ and

β̂ respond to h1 − h0 (in H1 and H0), A (nominal α), and B (nominal β) similarly. Finally,

nf (final sample size) decreases for increasing h1 − h0, A, or B.

Our MC experiment #2 shows that these SPRTs are quite insensitive to nonnormality;

i.e., α̂ and β̂ remain below A and B for our specific lognormal and gamma distributions

including an exponential distribution. Our explanation for this robustness is that Hall’s

SPRTs use a test statistic r that resembles the classic t-statistic; Wald’s SPRTs use a sum

of IID variables so the CLT applies.

We hope that in the near future other researchers will repeat and extend our research—

possibly, applying our methodology for the design and analysis of MC experiments with

SPRTs. Finally, we hope to apply SPRTs for testing more than two means, in the context

of factor screening.
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Online Supplement: Sequential probability ratio
tests: conservative and robust

Appendix 1: Abbreviations and major symbols

CCD: central composite design

CRN: common random numbers

EDF: empirical density function

LS: least squares

MLE: maximum likelihood estimator

PDF: probability function

R: reduced regression model

We list Latin symbols before Greek symbols, and lower-case symbols before

upper-case symbols

am: Hall’s boundary for accepting H1

bm: Hall’s boundary for accepting H0

br: Bernoulli output of macroreplication r

c: column with estimated regression coefficients

A: prespecified value of error rate α

B: prespecified value of error rate β

C: prespecified per comparison error rate

F : prespecified familywise error rate

f(x): PDF of x

F (x): cumulative density function of x

h0: prespecified value of µ in H0

H0: null-hypothesis

h1: prespecified value of µ in H1

H1: alternative hypothesis

m: pilot sample size

m: midpoint of experimental area

md: pilot sample size for fitting a distribution

1



M : number of macroreplications

n: current sample size

nf : final sample size (when SPRT stops)

nu: maximum number of PRNs in a macroreplication

N(µ, σ2): Normal distribution with parameters µ and σ2

p: type-I error probability in t test

q: number of coefficients remaining in estimated second-order polynomial

rn: Hall’s test statistic

SS: sum of squares about the average

x: random (simulation) observation (output, response)

X: matrix with explanatory variables in regression model

α: P (H0 rejected| H0)

β: (H1 rejected| H1)

γ : shape parameter of the gamma distribution

δ : scale parameter of the gamma distribution

θ: parameter of the PDF

µ: mean (expected value)

σ2: variance

Σc: covariance matrix of c

Appendix 2 : CRN implementation options

We detail the following two options:

Option 1 : Initialize macroreplication r with a seed that guarantees non-overlapping

among the M PRN streams–provided each macroreplication uses fewer PRNs than

the number of PRNs within a stream generated by such a seed. Indeed, the commer-

cial simulation software Arena provides seeds that generate ”very many” streams

that are “extremely long” and non-overlapping; details are given in Kelton et al.

(2015, pp. 524-525). The Matlab function called RandStream also enables initial-

izing PRN streams with preselected seeds. However, this Matlab function is more

complicated than Arena’s function. Moreover, we do not know whether this Matlab
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function guarantees that the streams are long enough to avoid overlapping streams;

we think it is risky to ignore the non-zero probability of overlapping. Therefore we

prefer option 2.

Option 2 : We select an upper limit for the number of PRNs per macroreplication,

denoted by nu. When the SPRT stops after sampling nf observations, then we

continue and sample nu - nf extra PRNs (which the SPRT does not use, so it seems

a “waste”) and save the state of the PRN generator (so it is not a “waste”, but it

gives useful information). To save this state in Matlab, we use the Matlab function

seed = rng. We initialize macroreplication r ≥ 2 with a seed that is the same as the

last PRN generated by the immediately preceding macroreplication r−1. Note that

the last PRN of the preceding stream r − 1 must be specified with full precision,

including trailing bits; the Matlab function “rng(seed)” can indeed provide the last

PRN of a stream.

Appendix 3: Results for 48 combinations of (h1, A,B) with
B = 0.01, B = 0.10, or B = 0.20

See Table 1.

Appendix 4: Regression analysis of the effects of h1, A, and
B on α̂ and β̂

See Table 2.

Appendix 5: Normalizing transformation x = ln y

There are several normalizing transformations; e.g., a Box-Cox or a Johnson trans-

formation. We may apply the SPRT to the resulting transformed simulation output.

We shall focus on the simplest normalizing transformation; namely, the logarithmic

transformation; also see Kleijnen (2015, p. 93).

Note: Box-Cox transformations use one parameter that is estimated from the

original simulation outputs; fixing this parameter to the value zero reduces this

transformation to the logarithmic transformation. Johnson transformations have
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Table 1: Wald’s SPRT versus Hall’s SPRT—both using s2n—in 32 (h1, A, B) com-
binations
B = 0.05 Wald Hall

h1 A α̂ nf snf
β̂ nf snf

α̂ nf snf
β̂ nf snf

0.50 0.01 0.018* 28 20.13 0.060* 41 28.56 0.009 27 20.24 0.050 38 23.81
1.00 0.01 0.008 12 5.44 0.035 15 7.19 0.006 10 4.98 0.032 13 6.89
2.00 0.01 0.001 7 1.57 0.012 8 1.89 0.000 6 0.92 0.001 7 1.59
3.00 0.01 0.000 6 0.76 0.004 7 0.95 0.000 6 0.15 0.000 6 0.39
0.50 0.05 0.055* 26 18.23 0.059* 29 20.90 0.043 26 18.38 0.050 25 18.34
1.00 0.05 0.027 11 5.05 0.034 12 5.20 0.020 10 4.80 0.031 10 4.83
2.00 0.05 0.007 7 1.54 0.012 7 1.52 0.000 6 0.92 0.001 6 0.90
3.00 0.05 0.001 6 0.76 0.004 6 0.70 0.000 6 0.15 0.000 6 0.17
0.50 0.10 0.086 24 16.78 0.060* 24 17.78 0.094 24 16.85 0.050 20 15.77
1.00 0.10 0.054 11 4.73 0.035 10 4.44 0.036 10 4.59 0.030 9 3.69
2.00 0.10 0.022 7 1.47 0.011 7 1.36 0.001 6 0.91 0.001 6 0.61
3.00 0.10 0.005 6 0.73 0.004 6 0.61 0.000 6 0.15 0.000 6 0.11
0.50 0.20 0.157 21 13.43 0.057* 19 13.52 0.147 22 14.90 0.046 16 12.84
1.00 0.20 0.098 10 4.28 0.038 9 3.63 0.066 10 4.29 0.030 8 2.83
2.00 0.20 0.038 7 1.37 0.012 7 1.12 0.004 6 0.87 0.001 6 0.38
3.00 0.20 0.014 6 0.68 0.004 6 0.50 0.000 6 0.15 0.000 6 0.04

B = 0.1 Wald’s SPRT Modified SPRT

h1 A α̂ nf snf
β̂ nf snf

α̂ nf snf
β̂ nf snf

0.50 0.01 0.016* 23 16.22 0.099 39 27.11 0.009 22 16.89 0.099 36 22.12
1.00 0.01 0.009 10 4.76 0.059 15 6.91 0.006 9 4.14 0.040 13 6.61
2.00 0.01 0.002 7 1.37 0.025 8 1.87 0.000 6 0.67 0.003 7 1.55
3.00 0.01 0.000 6 0.64 0.006 7 0.93 0.000 6 0.07 0.000 6 0.39
0.50 0.05 0.056* 21 14.31 0.094 27 19.58 0.042 21 15.08 0.098 23 15.98
1.00 0.05 0.028 10 4.41 0.059 11 4.92 0.020 9 3.91 0.044 10 4.67
2.00 0.05 0.008 7 1.33 0.028 7 1.45 0.000 6 0.67 0.003 6 0.86
3.00 0.05 0.001 6 0.63 0.006 6 0.67 0.000 6 0.07 0.000 6 0.17
0.50 0.10 0.088 20 13.03 0.093 23 16.53 0.092 19 13.07 0.096 19 13.73
1.00 0.10 0.056 10 4.10 0.062 10 4.19 0.035 9 3.71 0.043 8 3.51
2.00 0.10 0.022 7 1.28 0.030 7 1.29 0.001 6 0.66 0.003 6 0.55
3.00 0.10 0.006 6 0.61 0.007 6 0.60 0.000 6 0.07 0.000 6 0.11
0.50 0.20 0.156 17 10.52 0.088 17 12.04 0.141 17 11.49 0.090 14 10.61
1.00 0.20 0.100 9 3.68 0.064 9 3.35 0.064 8 3.39 0.043 7 2.67
2.00 0.20 0.039 7 1.17 0.036 7 1.02 0.004 6 0.62 0.002 6 0.38
3.00 0.20 0.014 6 0.58 0.008 6 0.48 0.000 6 0.07 0.000 6 0.04
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B = 0.2 Wald’s SPRT Modified SPRT

h1 A α̂ nf snf
β̂ nf snf

α̂ nf snf
β̂ nf snf

0.50 0.01 0.016* 18 13.49 0.172 35 25.29 0.009 17 13.96 0.177 32 20.30
1.00 0.01 0.009 9 4.14 0.120 14 6.61 0.006 8 3.35 0.064 13 6.46
2.00 0.01 0.002 7 1.15 0.054 8 1.72 0.000 6 0.46 0.006 7 1.53
3.00 0.01 0.000 6 0.54 0.012 7 0.88 0.000 6 0.03 0.000 6 0.39
0.50 0.05 0.059* 17 11.54 0.168 24 17.23 0.041 16 12.11 0.170 21 14.29
1.00 0.05 0.033 9 3.68 0.118 11 4.49 0.020 8 3.08 0.063 10 4.49
2.00 0.05 0.010 7 1.10 0.056 7 1.35 0.000 6 0.46 0.006 6 0.82
3.00 0.05 0.002 6 0.52 0.013 6 0.63 0.000 6 0.03 0.000 6 0.17
0.50 0.10 0.091 16 10.31 0.169 20 13.39 0.088 15 10.45 0.166 17 11.74
1.00 0.10 0.058 9 3.32 0.119 9 3.65 0.035 8 2.85 0.061 8 3.30
2.00 0.10 0.022 7 1.06 0.056 7 1.19 0.001 6 0.45 0.006 6 0.50
3.00 0.10 0.007 6 0.50 0.014 6 0.55 0.000 6 0.03 0.000 6 0.11
0.50 0.20 0.158 14 7.88 0.174 15 9.22 0.134 13 8.96 0.155 13 8.32
1.00 0.20 0.106 8 2.77 0.129 8 2.65 0.062 7 2.53 0.061 7 2.41
2.00 0.20 0.044 7 0.92 0.062 6 0.85 0.003 6 0.40 0.004 6 0.34
3.00 0.20 0.016 6 0.44 0.017 6 0.42 0.000 6 0.03 0.000 6 0.04

Table 2: Regression analysis of the effects of h1, A, and B on α̂ and β̂ using reduced
model

Orignial Wald’s SPRT Constant Wald’s SPRT Sequental Wald’s SPRT Hall’s SPRT Modified SPRT
ĉα |ci|/sci ĉβ |ci|/sci ĉα |ci|/sci ĉβ |ci|/sci ĉα |ci|/sci ĉβ |ci|/sci ĉα |ci|/sci ĉβ |ci|/sci ĉα |ci|/sci ĉβ |ci|/sci

c0 0.009 2.697 0.025 5.932 0.039 11.671 0.060 14.663 0.036 10.941 0.054 12.629 0.042 8.739 0.043 7.202 0.051 8.150 0.056 6.976
c1 -0.018 -4.237 -0.038 -7.443 -0.052 -12.636 -0.073 -14.629 -0.049 -11.894 -0.068 -13.015 -0.058 -9.928 -0.061 -8.202 -0.074 -9.441 -0.080 -8.030

c2/c3 0.849 39.996 0.805 32.280 0.809 40.487 0.790 32.263 0.793 39.821 0.807 31.562 0.563 19.608 0.627 17.296 0.694 18.243 0.767 15.848
c4/c5 -0.290 -25.770 -0.277 -20.979 -0.285 -26.923 -0.279 -21.544 -0.278 -26.378 -0.286 -21.144 -0.215 -14.155 -0.241 -12.577 -0.267 -13.234 -0.297 -11.589

c7 0.006 4.833 0.011 7.695 0.014 12.355 0.019 13.621 0.013 11.642 0.018 12.307 0.016 9.847 0.017 8.203 0.020 9.433 0.022 8.051
R2 0.980 0.972 0.984 0.978 0.983 0.976 0.941 0.923 0.932 0.911

R2 adjusted 0.978 0.970 0.982 0.977 0.982 0.975 0.937 0.918 0.928 0.905

four parameters; these transformations (in a simulation context) are discussed in

Biller and Gunes (2010) and Zaman et al. (2011).

Obviously, x = ln(y) implies that (1) becomes

H̃0 : µx = h̃0 versus H̃1 : µx = h̃1, (1)

where H̃0 : µx = lnh0 and H̃1 : µx = lnh1 and we assume

µln y = ln(µy). (2)

We perform MC experiment #3 to investigate how the assumption in (2) affects α̂

and nf . In simulation we usually do not know which type of distribution y has. In

experiment #3, we investigate two types of nonnormal distributions that we also

investigate in Section 4; namely, LN(0, 1) and Γ(2, 1). By definition, y v LN(µx, σx)
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implies that x = ln y has N(µx, σx) so the normalizing transformation is perfect ;

nevertheless, the assumption in (2) may result in α > A. However, x = ln y with y

v (2, 1) does not give a perfectly normal distribution; moreover, the assumption in

(2) does not hold perfectly. Next we shall present more details.

(i) LN(0, 1)

Like in Section 4.1, we now assume that the original simulation output y has a

LN(µx, σx) distribution. So, (31) specifies µy and σ2
y. This equation implies that

µy = exp(µx + σ2
x/2) so µln y ̸= ln(µy)—contrary to (2). In our MC experiment #2,

we used LN(µx, σx) with µx = 0 and σx = 1; consequently, µy = exp(1/2) ≈ 1.65

and σ2
y = exp(2µ + σ2)(exp σ2 − 1) = exp(1)(exp 1 − 1) ≈ 4.7. To estimate α, we

select h0 = µy = 1.65 and h1 = h0 + cσy with σy = 4.71/2 = 2.17 where (as in earlier

sections) c equals 0.5, 1, 2, and 3 so h1 is 1.09, 2.17, 4.34, and 6.51; see column 1 of

Table 3. Furthermore, Hall (1962) assumes x v N(µx, σx) with µx = 0 in H̃0; our

transformation x = ln y with y ∼ LN(0, 1) guarantees µx = 0; so, h̃0 = 0.

Altogether, we sample y from LN(0, 1), compute x = ln y, apply the SPRT

to x testing H̃0 : µx = 0 versus H̃1 : µx = h̃1 with h̃1 = lnh1; see (1) and (2).

The column h̃1 of Table 3 follows from h̃1 = lnh1 where h1 is given in column 1;

so, h̃1 equals 0.086, 0.775, 1.468, and 1.873, respectively. Furthermore, this table

displays α̂, nf , and snf
when we apply Hall’s “modified” SPRT—which uses s2n—

to the original shifted-to-zero LN(0, 1) so h0 = 0 (these results are copied from

Table 4 in the main text) and the transformed x = ln y. This table shows that the

normalizing transformation increases both α̂ and nf . We may explain the increase

of α̂ as follows: (1) means that we test the approximations H̃0 and H̃1 instead of the

original hypotheses H0 and H1 where we use the approximation implied by (2). To

explain the increase of nf we observe that we use h̃1 instead of h1 with h̃1 = lnh1

so h̃1 < h1 (e.g., ln 1.09 = 0.086); a smaller h̃1 tends to increase nf .

(ii) Γ(2, 1)

Like in Section 4.2 we now assume that the original simulation output y has

the distribution Γ(2, 1), so (34) specifies µy = 2 and σ2
y = 2 or σy = 21/2 = 1.41.

Analogously to our procedure for LN(0, 1), we sample y from Γ(2, 1). Now, however,
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Table 3: Hall’s modified SPRT with and without the normalizing logarithmic trans-
formations for LN(2, 1)

Transformed Original
h1 A B α̂ nf snf

α̂ nf snf

1.09 0.05 0.05 0.050 741 496.76 0.002 17 20.54
2.17 0.01 0.05 0.012 14 8.99 0.000 9 6.39
2.17 0.05 0.05 0.036 14 8.30 0.001 9 6.39
2.17 0.05 0.10 0.036 11 7.18 0.001 8 5.61
2.17 0.05 0.01 0.038 19 11.08 0.001 10 8.67
2.17 0.10 0.05 0.057 13 8.10 0.002 9 6.38
2.17 0.10 0.10 0.056 11 6.96 0.002 8 5.59
4.34 0.05 0.05 0.007 7 2.08 0.000 7 2.24
4.34 0.05 0.10 0.007 7 1.65 0.000 6 1.97
4.34 0.10 0.05 0.015 7 2.03 0.000 7 2.24
4.34 0.10 0.10 0.015 7 1.61 0.000 6 1.97
4.34 0.10 0.20 0.015 6 1.18 0.000 6 1.71
4.34 0.20 0.10 0.022 7 1.54 0.000 6 1.97
6.51 0.10 0.10 0.004 6 0.85 0.000 6 0.98

we compute x = ln y − ln 2 = ln y − 0.69 where we assume that (2) holds so we can

apply Hall’s SPRT to x (this SPRT assumes µx = 0). So we test H̃0 : µx = 0 versus

H̃1 : µx = lnh1 with h1 = h0 + cσy where h0 = 0, c again equals 0.5, 1, 2, and 3,

and σy = 1.41; so h1 is 0.705, 1.14, 2.28, and 4.23 and h̃1 = lnh1 equals −0.35, 0.13,

0.82, and 2.06. Because Hall assumes h1 > 0, we do not consider h̃1 = −0.35. This

gives Table 4, which confirms that the normalizing logarithmic transformation does

not improve the performance of their SPRTs.
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