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Chapter 1

Preliminaries

1.1 Introduction

Social choice theory is the study of aggregating individual choices, prefer-
ences or evaluations to a collective or social choice, preference or evaluation,
respectively. We are very familiar with making decisions in our daily life. For
instance, we ‘vote’ when – going out with friends – we have to decide which
restaurant to go to or which movie to see. Voting takes place whenever a
group needs to pool preferences or evaluations to make a joint decision. A
voting method is a mapping from the set of voter’s preferences or evaluations
to an election outcome. If there are only two candidates, it suffices to choose
the candidate preferred by the majority. When there are more than two can-
didates, however, different voting methods may deliver different outcomes
and it is not clear which voting method is best in the sense that the outcome
will best reflect the wishes of the society.

My research objective is to investigate the Majority Judgment theory of
Balinski and Laraki [4, 5, 6] in three different respects. First to show a num-
ber of controversial examples when applying Majority Judgment. Next, to
adapt Majority Judgment and change it into what I call the Borda Major-
ity Count (BMC) in order to eliminate these controversial examples and to
be able to compute a seat distribution for parliament. Finally, to compare
experimentally the results under different voting mechanisms, among which
Majority Judgment and the Borda Majority Count.

In this chapter, I will discuss some basic voting procedures: the Plural-
ity Rule (PR; most votes count), Majority Rule (MR; pairwise comparison),

1



2 CHAPTER 1. PRELIMINARIES

the Borda Count (BC), Approval Voting (AV) and the Alternative vote. I
will discuss their properties and examine which criteria each voting method
satisfies. All the voting procedures just mentioned are formulated in Arrow’s
framework, i.e., it is assumed that the voters have individual preference or-
derings over the alternatives, and that the voting method assigns to each
such profile of individual preference orderings a social or collective outcome,
being a choice from the set of alternatives, like – for instance – a president,
or a set of such choices, like members of a parliament, or a social preference
ordering over the alternatives, like a ranking of wine competitors.

The second chapter is about Balinski and Laraki’s Majority Judgment
(MJ) theory. In this framework the voters are supposed not to give a ranking
of the alternatives, but an evaluation of each alternative in terms of a lan-
guage well understood by everyone involved. They usually take as such a lan-
guage the set of linguistic grades {excellent, very good, good, acceptable, poor,
reject}. In Range Voting (RV), Warren D. Smith [60, 61] takes as such a
language a set of numbers, for instance, the set {0, 1, . . ., 99} of natural
numbers from 0 till 99. In the Dutch education system one takes the set of
grades {0, 1, 2, . . ., 9, 10} as the common language, while, for instance, in the
Belgian or French education system the set {0, 1, . . ., 19, 20} is the familiar
language to indicate the achievements of the students. Note, however, that
while in the Netherlands a 5 counts as insufficient, in the French/Belgian
system a 10 counts as sufficient. It is important to note that by giving eval-
uations of all candidates a voter gives much more information than when
giving just a ranking of the candidates, information which may and must be
used by the voting method. From an evaluation of the candidates one may
deduce a (weak) ranking of the candidates, but from a ranking one cannot
deduce an evaluation of the candidates. In other words, by giving evaluations
of the candidates one may express intensities of preference, which cannot be
expressed by a pure ranking of the candidates. When a voter says that his
preference ordering is A B C, he may mean that he evaluates A as excellent,
B as poor and C as reject, while another voter - saying exactly the same -
may mean that he evaluates A as excellent, B as very good and C as good.

The third chapter discusses a number of controversial examples if Ma-
jority Judgment is used. At first sight, these examples give counterintuitive
results when Majority Judgment is used. However, Balinski and Laraki ar-
gue in their book [6] that on closer inspection these results may be very well
explained and may be not unreasonable, to say the least.

The fourth chapter is about what I call the Borda Majority Count (BMC),
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another voting method also in the framework of Balinski and Laraki. While
Warren D. Smith [60] takes for each candidate its average as final value,
Balinski and Laraki [4, 5, 6] take the median value of each candidate, in
order to reduce the danger of manipulation. However, as just mentioned,
this brings along a number of controversial results. For that reason I propose
in this chapter a version of the Borda Count, but now in the framework
of Balinski and Laraki. The voters are asked to give an evaluation of each
candidate in terms of, say, {excellent, good, acceptable, poor, reject} and next
we identify excellent with 4 points, good with 3 points, acceptable with 2,
poor with 1 and reject with 0 points. By adding up the points obtained by
each candidate, one obtains a (set of) winner(s) or a (weak) ranking of the
candidates. I call this voting method the Borda Majority Count, because it
uses evaluations of the candidates in terms of linguistic grades and as such
reminds us of Majority Judgment and on the other hand, it uses numbers
from 4 till 0 for decreasing evaluations which reminds us of the Borda Count.
I will show that the resulting Borda Majority Count avoids the controversial
results and has a number of other nice properties as well.

In the fifth chapter, I report on the results of experiments in which about
7000 voters in the Netherlands were asked in three different waves to give
their most favored party and to give an evaluation on a scale of 0 till 10 of
eleven major Dutch political parties. I have applied the Plurality Rule (PR),
Range Voting (RV), Approval Voting (AV), Majority Judgment (MJ) and the
Borda Majority Count (BMC) to determine the number of seats each party
would obtain in Parliament. Different from what one might think, in general
voters had no problem to give an evaluation of eleven parties. Interestingly,
many voters gave the same evaluation to two or more parties, something they
cannot do if they can only vote for one party.

In the last chapter, I conclude and summarize all the main findings. I
also will indicate open problems and future work.

1.2 Basic Definitions

Definition 1.1 Let X = {x, y, . . .} denote a set of competitors (or alterna-
tives). Some basic notions for the foundation of voting rules are defined as
follows:

• R is a (preference-) relation on X if R is a set of ordered pairs (x, y)
with x, y ∈ X. (x, y) ∈ R is also written as xRy and is read as follows:
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x is at least as good as y; or: x is weakly preferred to y. For instance,
the relation R = {(x, y), (y, z), (x, z)} on {x, y, z} is also rendered by
xyz.

• A relation R on X is complete if, for all x, y ∈ X, (x, y) ∈ R or
(y, x) ∈ R. For instance, the relation R = {(x, x), (x, y), (y, y)} is a
complete relation on {x, y}.

• A relation R on X is transitive if for every x, y, z ∈ X, if (x, y) ∈ R and
(y, z) ∈ R, then (x, z) ∈ R. For instance, R = {(x, y), (y, z), (x, z)},
usually denoted by xyz, is a transitive relation on {x, y, z}.

• A relation R on X is antisymmetric if for every x, y ∈ X with x 6= y, if
(x, y) ∈ R, then not (y, x) ∈ R. That is, a relation is antisymmetric if
indifference between two distinct alternatives does not occur. ‘xRy and
not yRx’ is read as: x is (strictly) preferred to y in R. It is frequently
written as xPy or simply xy if the relation is clear from the context.

• If both (x, y) ∈ R and (y, x) ∈ R we say that x and y are indifferent or
tied.

• A relation R on X is reflexive if for all x ∈ X, (x, x) ∈ R. Note that a
complete relation is by definition reflexive.

• A relation R on X is a weak ordering if R is complete and transitive.
For example, R = {(x, x), (y, y), (z, z), (x, y), (y, x), (x, z), (y, z)} is a
weak ordering on {x, y, z}. So, a weak ordering may contain ties or
indifferences.

If R is a weak ordering, strict preference P is defined by xPy iff xRy
and not yRx and indifference I is defined as xIy iff xRy and yRx.

• A relation R on X is a linear ordering if R is complete, transitive
and antisymmetric. So, there is no tie in a linear ordering. R =
{(x, x), (y, y), (z, z), (x, y), (y, z), (x, z)} is an example of a linear order-
ing on {x, y, z}. Another example is the relation ≥ on the set R of real
numbers.

In case of a weak ordering R, also the symbols � or ≥ are used, and the
corresponding strict preference relation P is also denoted by � or > res-
pectively. The corresponding indifference relation may be denoted by ∼ or
= respectively.
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In Arrow’s [2] framework each voter i is assumed to use a linear ordering
Ri on X to represent his/her preferences.

We denote by L(X) the set of all linear orderings on X, by W (X) the set
of all weak orderings on X and by C(X) the set of all complete orderings on
X. Thus, L(X) ⊆ W (X) ⊆ C(X).

Definition 1.2 Let X be a set of alternatives or candidates and V =
{v1, v2, . . . , vn} be a finite set of voters (or individuals). The latter set is also
frequently denoted by N = {1, . . . , n}.
A profile p associates with every individual i ∈ N a linear ordering Ri on X,
in other words, a profile is a function p : N → L(X).
L(X)N denotes the set of all profiles.

Example 1.1 Consider five candidates for the vacant post of a new chair-
person of the Mathematical Society in the School. There are nine members
in the selection committee, who want collectively to select one alternative
from the five candidates Alan, Bob, Peter, John, and Tom. Each member
is allowed to give his or her order of preference. Suppose that two members
gave the following preference ranking: Peter John Tom Bob Alan; that three
members argued on the basis of teaching and research experience that their
preference ordering is: Bob Peter Tom John Alan; and that the remaining
four members argued on the basis of administrative expertise that their or-
der of preference is: Alan Tom John Peter Bob. The rankings of these five
candidates by the nine committee members is given in the profile below:

4 : Alan Tom John Peter Bob
3 : Bob Peter Tom John Alan
2 : Peter John Tom Bob Alan

Definition 1.3 Let X be a set of alternatives and N a finite set of voters.

• A social choice function K assigns to every profile p a particular alter-
native K(p) in X, for instance, a president. In other words, a social
choice function is a function K : L(X)N → X.

• A social choice correspondence C assigns to every profile p a set of
alternatives in X, for instance, the members of parliament. In other
words, a social choice correspondence is a function C : L(X)N → P (X),
where P (X) is the power set of X.
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• A social preference function F assigns to every profile p a complete
(social preference) relation F (p), for instance, a ranking of the can-
didates. In other words, a social preference function is a function
F : L(X)N → C(X). If F and p are clear from the context, we fre-
quently write �S instead of F (p), where S denotes that we are dealing
with the resulting social or collective preference ordering. A �S B – A
is socially strictly preferred to B – then means that A �S B and not
B �S A, while A ∼S B – society is indifferent between A and B – then
means that A �S B and B �S A.

1.3 Plurality Rule, Majority Rule and Borda

Count

In this section we will have a look at some common voting rules, frequently
used in practice. Also, we shall have a look at some of their properties, some
of which seem counter-intuitive.

1.3.1 Plurality Rule (PR)

According to the Plurality Rule, also known as ‘Most votes count’ only the
first preferences of the voters are counted and the remaining information in
the preference profile is ignored. Under ‘Most votes count’, candidate x is
collectively preferred to candidate y if and only if the number of voters with
x as their first preference is greater than the number of voters with y as
their first preference. If these numbers are the same, we say that society is
indifferent with respect to the candidates x and y.

In the profile of Example 1.1, Alan is mentioned 4 times as first preference,
Bob 3 times, and Peter 2 times. Therefore, under the Plurality Rule, Alan
will become the new chairperson of the Mathematical Society. In other words,
Alan will be the collective choice of the members of the Mathematical Society.
And the collective or social order of preference on application of ‘Most votes
count’ will be

Alan �S Bob �S Peter

Suppose that at a later stage it turns out that Bob disqualifies due to some
criminal record. One might then argue that a new vote is not needed, since



1.3. PLURALITY RULE, MAJORITY RULE AND BORDA COUNT 7

Bob was not chosen anyway. However, dropping Bob from the list of al-
ternatives and assuming the preferences of the committee members remain
otherwise unchanged, the profile will look as follows:

4 : Alan Tom John Peter
3 : Peter Tom John Alan
2 : Peter John Tom Alan

But now Peter is the first preference of 5 committee members and Alan
is only 4 times the first preference. So, under application of ‘Most votes
count’, Peter would be elected instead of Alan. We say that ‘Most votes
count’ is not Independent of Irrelevant Alternatives: in our example, the
choice between Alan and Peter depends on a third irrelevant candidate, i.e.,
Bob. In other words, Independence of Irrelevant Alternatives (IIA) says that
adding or removing an irrelevant alternative does not influence the outcome.

A serious problem with the Plurality Rule is that it encourages insincer-
ity. Under ‘Most votes count’, voters are unwilling to support an unpopular
candidate, because giving your true preference may mean that you waste
your vote. Also, in Example 1.1, the winner Alan is the least preferred can-
didate of the 3 Bob voters. If these 3 Bob voters insincerely pretend that
Peter, their second best choice, is their first choice, Peter will become the
winner which for these three voters is a far better outcome than Alan. So,
under the Plurality Rule, manipulation may be rewarding. In other words,
the Plurality Rule is not strategy-proof.

Another drawback of the Plurality Rule is that it does not satisfy the
monotony property or positive responsiveness. This property says if a can-
didate x moves up in the ranking of one or more voters with respect to
another candidate y, then x must also move up in the social ranking with
respect to y. In example 1.1, if the two members whose first choice is Peter,
next John and next Tom, interchange John and Tom (see the profile below),
then every member strictly prefers Tom to John, but the social ranking does
not change under the Plurality Rule. So, the Plurality Rule does not satisfy
the monotony property.

The Plurality Rule also violates the Pareto condition, which says that if
every voter prefers candidate x to candidate y, then in the social outcome x
must also be collectively preferred to y. To clarify this, consider the following
profile:

4 : Alan Tom John Peter Bob
3 : Bob Peter Tom John Alan
2 : Peter Tom John Bob Alan
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Although every committee member prefers Tom to John, as neither Tom nor
John is the first preference of any individual, under the Plurality Rule society
is indifferent with respect to Tom and John: both have zero first votes.

Although it has many bad properties, ‘Most votes count’ is probably the
most frequently used election mechanism in the world. It is used, for instance,
in Pakistan, the UK, France, the USA, the Netherlands, and in many other
countries.

1.3.2 Majority Rule (MR; pairwise comparison)

A major drawback of the Plurality Rule is that it violates the majority prin-
ciple, which says that if a majority of the voters prefers alternative x to
alternative y, then in the social ranking x should also be preferred to y. This
was already observed in 1781 by the French mathematician J.C. de Borda.
In Example 1.1 a majority of the committee members prefers Peter to Alan,
nevertheless in the social ranking under the Plurality Rule Alan is preferred
to Peter. Even worse, this does not only hold for Peter, but also for all other
candidates except Alan. More precisely, in a pairwise comparison of Alan
with any other candidate, Alan is beaten by that other candidate. For that
reason Alan is called a Condorcet loser.

Definition 1.4 x beats y iff in a pairwise comparison a majority of the
voters prefers x to y.
A Condorcet loser is a candidate which in a pairwise comparison is beaten

by all other candidates.
A Condorcet winner is a candidate which in a pairwise comparison beats all

other candidates.

If one applies pairwise comparison to Example 1.1, the social ranking of the
alternatives will be as follows:

Peter �S Tom �S John �S Bob �S Alan

Alan is the Condorcet loser and Peter is the Condorcet winner. These remark-
able facts were discovered by the French Marquis de Condorcet (1743-1794).
Thus from Example 1.1 it is clear that the Plurality winner (Alan) can be
the Condorcet loser.

Definition 1.5 A voting system that always elects the Condorcet winner
when there is one is said to satisfy the Condorcet criterion.
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The Majority Rule, i.e., pairwise comparison, was explicitly designed to sat-
isfy the Condorcet criterion. Remember that in Example 1.1 Peter is the
Condorcet winner, while the Plurality winner Alan is the Condorcet loser.
That is why Borda and Condorcet criticized the Plurality Rule.

The question arises why we do not use the Majority Rule instead of the
Plurality Rule. The answer to this question is simply that in some cases there
may be no Condorcet winner. For instance, consider the following Condorcet
profile with three alternatives:

k : Alan Peter; Peter Bob; Alan Bob
k : Peter Bob; Bob Alan; Peter Alan
k : Bob Alan; Alan Peter; Bob Peter

where k is a natural number, k ≥ 1.
Given this profile, alternative Alan beats Peter with a 2/3 majority, and

Peter beats Bob with a 2/3 majority, but Alan does not beat Bob; just the
opposite is the case, Bob beats Alan with a 2/3 majority. For this profile
no Condorcet winner exists: everyone is beaten by someone. Under pairwise
comparison, the resulting social ordering is not transitive, but cyclic:

Alan �S Peter �S Bob �S Alan

The absence of a Condorcet winner given this profile is called the Condorcet
paradox or voting paradox .

Notice that while the individual preferences are supposed to be transitive,
under pairwise comparison the resulting social ranking does not have to be
transitive. As has been pointed out by Donald Saari [57], the reason is that
transitivity is a condition on three alternatives, but pairwise comparison only
considers two alternatives at a time. Similarly, Independence of Irrelevant
Alternatives says that the social ordering may be completely determined by
only looking at pairs of alternatives. Notice that the same social ranking
would be obtained if pairwise comparison is applied to the following ‘pro-
file’, which results from the Condorcet profile above by looking at the three
columns instead of the three rows, such that the individual preferences are
not transitive anymore:

k : Alan Peter; Peter Bob; Bob Alan
k : Peter Bob; Bob Alan; Alan Peter
k : Bob Peter; Alan Bob; Peter Alan
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So, pairwise comparison ignores the transitivity of the individual voters. This
information is lost and not taken into account by the Majority Rule. And
similarly, the condition of Independence of Irrelevant Alternatives ignores the
transitivity of the individual voters.

Despite the problems just mentioned, the Majority Rule or pairwise com-
parison has many desirable properties which make it a better voting mecha-
nism than many other social choice mechanisms.

Properties of Majority Rule

Definition 1.6 Let N be a finite set of voters. A permutation τ of N is a
bijection τ : N → N . Let p be a profile in L(X)N , then p ◦ τ is the profile
which results from p by replacing the name i of each voter by τ(i).

Example 1.2 Let N = {1, 2, 3} and τ(1) = 2, τ(2) = 3 and τ(3) = 1.
Suppose that X = {Alan, Bob, John, Ton, Peter} and that profile p is given
by

p(1) : Alan Tom John Peter Bob
p(2) : Bob Peter Tom John Alan
p(3) : Peter John Tom Bob Alan

Then p ◦ τ is the following profile:

p ◦ τ(1) = p(2) : Bob Peter Tom John Alan
p ◦ τ(2) = p(3) : Peter John Tom Bob Alan
p ◦ τ(3) = p(1) : Alan Tom John Peter Bob

It will be clear that under Plurality Rule and under Majority Rule (pairwise
comparison) the social ordering for profile p will be the same as for profile
p ◦ τ . For that reason we say that the Plurality Rule and the Majority Rule
are anonymous: the name of a voter does not matter, only the votes casted
do matter. A dictatorial preference rule, i.e., a preference rule where the
social ranking is the preference order of one particular individual d, called
the dictator, no matter what the preferences are of the other voters, is of
course not anonymous. If in the example just given 1 is the dictator, the
social ranking given profile p will be Alan �S Tom �S John �S Peter �S
Bob, while the social ranking given profile p ◦ τ will be Bob �S Peter �S
Tom �S John �S Alan.
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Definition 1.7 Let X be a set of alternatives. A permutation µ of X is
a bijection µ : X → X. If p is a profile in L(X)N , then the profile µp
results from profile p by replacing every alternative x ∈ X by µ(x). So, a
permutation µ of the alternatives changes the names of the alternatives.

Example 1.3 Let N = {1, 2, 3} and X = {Alan, Bob, John, Tom, Peter}.
Let µ be the permutation of X given by µ(Alan) = Bob, µ(Bob) = John,
µ(John) = Tom, µ(Tom) = Peter and µ(Peter) = Alan. Let p be the profile
of Example 1.2. Then the profile µp will be as follows:

µp(1): Bob Peter Tom Alan John
µp(2): John Alan Peter Tom Bob
µp(3): Alan Tom Peter John Bob

It will be clear that under Plurality Rule and under Majority Rule, the
social ranking for profile µp will be the same as the social ranking for profile
p, provided that in the social ranking for p every alternative x is replaced
by µ(x). For that reason we say that Plurality Rule and Majority Rule are
neutral: the names of the alternatives do not matter. However, the voting
rule which chooses an alternative if that alternative has a 2/3 majority of
first votes and otherwise chooses the status quo alternative, is not neutral:
it does not treat all alternatives equally; among the alternatives the status
quo alternative is treated in a different way.

Definition 1.8 Let X be a set of alternatives and N be a finite set of voters
(individuals, agents, judges). And let F : L(X)N → C(X) be a social
preference function.

• Anonymity: F is anonymous iff for all profiles p ∈ L(X)N and for ev-
ery permutation τ of N , F (p ◦ τ) = F (p). In other words, changing
the names of the voters does not change the social outcome; individ-
uals are treated equally. This property prevents unequal treatment of
individuals and erects a barrier to any form of discrimination.

• Neutrality: F is neutral iff for every profile p ∈ L(X)N and for every
permutation µ of X, F (µp) = µF (p). In other words, alternatives
are treated equally; if one changes the names of the alternatives, the
resulting outcome is the same provided one changes the names in the
outcome accordingly.
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• Independence of Irrelevant Alternatives (IIA): F is Independent of Irrel-
evant Alternatives (IIA) iff the social ranking between two alternatives
x and y does not depend on the presence or absence of a third alterna-
tive z.

• Monotonicity: F is monotonic iff for all profiles p, q ∈ L(X)N and for
all alternatives x, y ∈ X, if

– for all i ∈ N if xp(i)y (and hence not yp(i)x), then xq(i)y (and
hence not yq(i)x)

– there is an individual j ∈ N such that yp(j)x and xq(j)y

then xF (p)y implies that xF (q)y and not yF (q)x. In other words, if
somebody raises his vote for candidate x with respect to a candidate
y (assuming all other votes remain unchanged), then x will also be
raised vis-a-vis y in the resulting social ordering. And if somebody
ranks candidate y lower (with the remaining votes unchanged), then
that should not improve y’s chances of winning the election.

• Pareto condition: F satisfies the Pareto condition iff for every profile
p ∈ L(X)N and for all alternatives x, y ∈ X, if for every i ∈ N xp(i)y
(and hence not yp(i)x), then xF (p)y and not yF (p)x. In simple words,
if everybody prefers alternative x to alternative y, then x will also be
collectively preferred to y.

Theorem 1.1 The Majority Rule is anonymous, neutral, IIA, monotonic,
and satisfies the Pareto condition, but it does not necessarily yield a transitive
social ordering.

1.3.3 Borda Count (BC)

Another well known voting rule is the Borda Count, named after J.C. de
Borda. A similar voting rule was suggested by Raymond Lull in the 13th
century, and again around 1428 by the German Nicholas Cusanus [39, 41].
Borda suggested to the French Royal Academy of Sciences [9] to use his rule
instead of the Plurality Rule for elections. He argued that not only the first
preferences of the individuals should be taken into account, but their other
preferences as well. Borda awarded a score to each alternative depending
on its position in the individual ranking. The Academy adopted his method
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and used the Borda rule for the next 40 years, until Napoleon Bonaparte
ended this practice. The Borda rule is a form of preferential voting where
voters rank candidates in order of their preferences and the rankings are
converted into points. For instance, if there are n candidates, voters rank
them, the alternative ranked highest gets n−1 points, the next one gets n−2
points, and so on and finally the lowest ranked candidate gets 0 points. The
candidate with most points wins. In other words, a candidate x is socially
preferred to candidate y iff the total Borda score for candidate x is greater
than the total Borda score for candidate y. If the total Borda scores for two
candidates are equal, then society is said to be indifferent between the two.
In Example 1.1, the Borda scores of the candidates in question are as follows:

Alan: 4× 4 + 3× 0 + 2× 0 = 16
Peter: 4× 1 + 3× 3 + 2× 4 = 21
Bob: 4× 0 + 3× 4 + 2× 1 = 14
Tom: 4× 3 + 3× 2 + 2× 2 = 22
John: 4× 2 + 3× 1 + 2× 3 = 17

So, Alan gets 16 Borda points, Peter 21, Bob 14, Tom 22 and John gets 17
Borda points. The Borda preference rule will assign to the profile of Example
1.1 the following social or collective ordering of the alternatives:

Tom �S Peter �S John �S Alan �S Bob

Notice that Peter was the Condorcet winner, while Tom is the Borda win-
ner! So, a Borda winner is not necessarily a Condorcet winner. However, a
Condorcet loser may never be the Borda winner [51, 52, 53]. For instance,
in our Example 1.1, the Condorcet loser Alan is not the Borda winner.

It is easy to see that the Borda preference rule satisfies anonymity, neu-
trality, monotonicity and the Pareto condition. However, it does not satisfy
Independence of Irrelevant Alternatives (IIA). To see this, suppose that in
Example 1.1 it turns out that candidate John has a criminal record and
was not allowed to participate in the election. One might argue that this is
no problem, since John did not win, but Tom was the Borda winner. But
look what happens if John does not participate. Then the profile will be as
follows:

4: Alan Tom Peter Bob
3: Bob Peter Tom Alan
2: Peter Tom Bob Alan
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Again, calculating the Borda scores of the alternatives in this new profile
with John absent, we find:

Alan: 4× 3 + 3× 0 + 2× 0 = 12
Peter: 4× 1 + 3× 2 + 2× 3 = 16
Bob: 4× 0 + 3× 3 + 2× 1 = 11
Tom: 4× 2 + 3× 1 + 2× 2 = 15

Thus, when John does not participate, Alan has 12 points, Peter 16, Bob 11
and Tom 15 points. The social or collective preference ordering under the
Borda rule with John absent will be

Peter �S Tom �S Alan �S Bob

So, the rank order between Tom and Peter has changed. It does make a
difference whether John participates in the election or not! The social rank
order between the two alternatives Tom and Peter depends on the (irrelevant)
third alternative John! So, the Borda rule is not Independent of Irrelevant
Alternatives.

Strategy-proofness

A negative property of the Borda Count, and by the way also of Plurality
Rule, is its vulnerability to strategic manipulation. In Example 1.1, the three
voters with preference ordering ‘Bob Peter Tom John Alan’ prefer Peter to
the Borda winner Tom. If they foresee that Tom will win under the Borda
Count, they may dishonestly pretend that Tom is last in their preference
ordering: ‘Bob Peter John Alan Tom’. By doing that, they achieve that Tom
gets 3 times 2 points less, while John and Allen each get three times 1 point
more. Then the resulting Borda score for Tom becomes 22 − 6 = 16, for John
17 + 3 = 20, for Alan 16 + 3 = 19, while the Borda scores for Bob, 14, and
Peter, 21, remain unchanged. Now Peter becomes the Borda winner instead
of Tom, which is a better outcome for the three voters in question. This
shows that under the Borda rule a voter - by giving an insincere preference
ordering - may achieve an outcome which he or she prefers to the social
outcome which results from giving a sincere preference ordering. In other
words, under the Borda rule cheating may be rewarding or more formally,
the Borda procedure is not strategy-proof. In addition, it is easy to see how
one should manipulate: put a close competitor of your favorite candidate last
in the ranking.
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However, as has been pointed out by Saari [50], the Borda Count is the
unique positional rule – i.e., of the type (w1, w2, 0), where Borda is of type
(2, 1, 0) – to minimize the likelihood of a successful strategic action and
the likelihood increases as the rule differs from the Borda Count, i.e., as the
symmetry between adjacent weights is lost, to reach its maximum value with
the plurality (1, 0, 0) and vote-for-two (1, 1, 0) rules.

To see that Plurality Rule is not strategy-proof, consider the profile p
with 4: A B C; 3: B C A and 2: C B A. Then A is the plurality winner.
If the two C voters foresee this, they might dishonestly pretend 2: B C A,
making B the plurality winner and they prefer B to A.

However, Majority Rule is strategy-proof, in the following precise sense:

Theorem 1.2 Let S ⊆ N and p, q ∈ L(A)N such that for all i ∈ N − S,
p(i) = q(i) (the individuals in S give in q a dishonest preference). Let x be
the Condorcet winner given p and y the Condorcet winner given q. Suppose
x 6= y. Then there is an individual i ∈ S who in his honest individual
preference ordering p(i) x strictly prefers to y. So, for that individual the
strategic change towards q(i) is a disadvantage.

Proof: Let S ⊆ N and p, q ∈ L(A)N such that for all i ∈ N −S, p(i) = q(i).
Let x be the Condorcet winner at p and let y be the Condorcet winner at
q. Suppose that x 6= y. Because x is the Condorcet winner at p, we know
for profile p that x beats y in a pairwise comparison. And because y is the
Condorcet winner at q, we know for profile q that y beats x in a pairwise
comparison. So, there must be at least one individual i such that
1. i prefers x to y in p, and
2. i prefers y to x in q.
Because only voters in coalition S give another (dishonest) preference order,
individual i must be in coalition S. Because in the real (honest) profile p, i
prefers x to y, i is punished for the strategic behavior of the coalition S he
or she belongs to. �

Consider profile p with 4: A B C; 3: B C A and 2: C B A. Then A is
the Plurality winner, while at the same time A is the Condorcet loser (under
Majority Rule). This phenomenon is called Borda’s paradox.

Under the Borda Count, a candidate who has an absolute majority (more
than half) of first votes may fail to be elected. For instance, consider the
following profile of five voters:

3: A B C
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2: B C A

Then A has an absolute majority of first votes, but the Borda score of A is
6, while the Borda score of B is 3 + 4 = 7. So, B is the Borda winner!

Summarizing:

Theorem 1.3 The Borda preference rule is anonymous, neutral, monotonic
and satisfies the Pareto condition. It does yield a transitive social preference
ordering, but it is not Independent of Irrelevant Alternatives.

1.4 Saari’s Triangles

Saari [51] represents preference profiles as geometric objects. In the case of
three alternatives, these geometric objects are equilateral triangles. For three
alternatives A, B and C, the Saari triangle looks as follows. Below line l are
all voters who prefer B to C, above line l are all voters who prefer C to B.
Similarly for the other lines.

c

Note that the two small triangles at A contain all voters who have A as their
first choice. Similarly for B and C. Also notice that the Borda score of A
is the number of voters who prefer A to B plus the number of voters who
prefer A to C. Similarly for B, C.

For example, the following profile
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30: ABC 10: CAB
29: BAC 01: CBA
01: ACB 10: BCA

can be represented by the following Saari triangle:

Applying the Majority Rule (pairwise comparison), we find that A is Con-
dorcet winner: A beats B with 41 to 40; A beats C with 60 to 21. And
B beats C with 69 to 12. So, the social preference under Majority Rule is
A �S B �S C.

If one applies the Plurality Rule: A has 30 + 01 = 31 first votes; B has
29 + 10 = 39 first votes; C has 10 + 01 = 11 first votes. So, the social
preference under Plurality Rule is B �S A �S C.

A’s Borda score is the number of voters preferring A to B and of those
preferring A to C. Hence, Borda-score(A) = 41 + 60 = 101; Borda-score(B)
= 40 + 69 = 109; Borda-score(C) = 21 + 12 = 33. So, the social preference
under the Borda Count ia also B �S A �S C.

Saari uses his triangles in the analysis of voting paradoxes. The Condorcet
paradox profile is represented by the following triangle:
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More generally, the following triangle, corresponding with the profile y :
ABC, y : BCA, y : CAB, x : ACB, x : CBA, x : BAC, represents what
Saari calls a Condorcet portion:

Saari considers two types of transformations of his triangles:

1. The first type of transformation results from adding to or subtracting
from a given profile a set of voters whose preferences are cyclic. Saari calls
this kind of subset a Condorcet portion.

Notice that the Plurality and Borda rankings remain unaffected by the
addition or subtraction of a Condorcet portion, because the plurality scores
of A, B and C in- or de-crease equally with x+ y and the Borda scores of A,
B and C in- or de-crease equally with (2x+ y) + (x+ 2y) = 3x+ 3y.
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Saari argues that Condorcet portions represent voters whose collective
advice with regard to social choice is confused and hence should be ignored.
Note that in a Condorcet profile ABC, BCA, CAB each candidate is pre-
cisely once first, second and third. So, intuitively, nobody is preferred. A
Condorcet portion should give a tie. However, the following example shows
that adding a Condorcet portion may change the outcome under Majority
rule.

Example: Let us start with

Clearly, C is Condorcet winner, Plurality winner and Borda winner. Now,
let us add a Condorcet portion:

resulting in the profile p∗:
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Clearly, the Borda and Plurality rankings remain unaffected by the addition
of the Condorcet portion. But if 2x+ 1 > x+ 4 and x+ 5 > 2x, i.e., if x > 3
and 5 > x, i.e., if x = 4, A becomes the Condorcet winner, instead of C.

2. The second type of transformations considered by Saari are those resulting
from adding to or subtracting from a preference profile a set of voters whose
preferences cancel each other out in the sense that this set consists of voter
pairs with diametrically opposed preferences. Saari calls this kind of triangle
a reversal portion. It is of the type:

The Borda count and Pairwise comparison remain unaffected by the addition
or subtraction of a reversal portion, because the Borda scores of A, B and C
in- or de-crease equally with (k+m+ n) + (k+m+ n) = 2k+ 2m+ 2n and
pairwise comparison is balanced.
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Saari argues that reversal portions should not change the social choice and
hence can be ignored. However, the following example shows that adding a
reversal portion may change the outcome under Plurality Rule.

Example: Let us start with the profile p∗ (see before) with x = 4. Clearly,
C is the plurality winner.
Let us add a reversal portion with k = 0, resulting in the profile

Clearly, the Borda count and Pairwise comparison remain unaffected by
adding the reversal portion.

In order that B becomes the plurality winner, we have to choose m and
n such that m + n + 4 > m + 5 (i.e. n > 1) and m + n + 4 > n + 4 + 4
(i.e. m > 4). By choosing m = 5 and n = 2, we get a profile where B is the
plurality, C de Borda and A the Condorcet winner, while C was the plurality
winner in the profile we started with.

Summarizing: The Borda Count is immune to subtracting or adding Con-
dorcet portions and reversal portions! Majority Rule is sensitive for adding
or subtracting a Condorcet portion. Plurality Rule is sensitive for adding or
subtracting a reversal portion. However, intuitively both Condorcet portions
and reversal portions should not affect the outcome.
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1.5 Other Voting Rules

1.5.1 Approval Voting (AV)

Approval Voting was introduced fairly late, in 1976, by Guy Ottewel and
Robert J. Weber [12]. Since then it has experienced some popularity as an
alternative to Plurality voting. Under Approval Voting each voter may vote
for (or approve of) as many candidates as he or she wishes. The winner is
the candidate receiving most approvals [11, 12, 13]. Approval Voting is a
special case of Range Voting [60], with the range restricted to two values, 1
(approval) and 0 (disapproval), and also a special case of Majority Judgment
[4, 5], with the language restricted to two grades: ‘accept’ and ‘reject’.

One of the strongest arguments for Approval Voting is that voters do
not need to submit a full ranking of all candidates in the election. Under
Approval Voting [12] one can vote for as many alternatives as one wishes. In
other words, a voter divides the alternatives into two groups, the alternatives
he approves of and the alternatives he disapproves of. Each approval counts
for 1 point and each disapproval counts for 0 points. The alternative that
has most approvals wins. In case two candidates have the same number
of points, there is no specific rule to break the tie; just flip a coin. In a
profile the distinction between the alternatives that a voter approves of and
the alternatives a voter disapproves of is indicated by the symbol >>. Now
consider the following profile p which is a variant of Example 1.1.

4: Alan Tom John >> Peter Bob
3: Bob Peter Tom John >> Alan
2: Peter John >> Tom Bob Alan

Given this profile, under Approval Voting Alan gets 4 + 0 + 0 = 4 points,
Bob 0 + 3 + 0 = 3, John 4 + 3 + 2 = 9, Peter 0 + 3 + 2 = 5 and Tom gets
4 + 3 + 0 = 7 points. So, John is the winner under Approval Voting and
the collective or social preference ordering under Approval Voting is:

John �S Tom �S Peter �S Alan �S Bob

Since all voters approve of John, he becomes the winner under Approval
Voting.

Unfortunately, also Approval Voting is not strategy-proof. The three
voters with preference ordering ‘Bob Peter Tom John >> Alan’ prefer Tom
to John. By dishonestly not approving John, they may achieve that John
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gets 3 points less, so 9 − 3 = 6, and Tom - whom they prefer to John -
becomes the winner with 7 points.

Also, the winner under Approval Voting is not necessarily the Condorcet
winner. Even worse, the Condorcet loser may be a winner under Approval
Voting. To see this, consider the following profile p which is again a variant
of Example 1.1:

4: Alan Tom >> John Peter Bob
3: Bob >> Peter Tom John Alan
2: Peter John >> Tom Bob Alan

Peter is the Condorcet winner and Alan is the Condorcet loser. But under
Approval Voting just the opposite is the case: Alan is a winner with 4 points
and Peter is a loser with 2 points. Given profile p, the collective preference
ordering under Approval Voting is: Alan ∼S Tom �S Bob �S John ∼S Peter.

1.5.2 Alternative vote

The Alternative vote, used in Australia, also known as instant-runoff voting,
and somewhat similar to the French election system, is a voting system used
to elect one winner. In this system, voters are supposed to rank the candi-
dates in order of preference, until they no longer wish to express any further
preferences or run out of candidates. Next the first votes are tabulated. If
a candidate receives a majority of first votes (more than 50%), he or she is
elected. If no candidate receives a majority of first votes, the candidate with
the least first votes is eliminated and his or her votes are transferred to the
second (or next available) alternative marked on the ballot paper. A new
round of counting first votes takes place, and this process continues until
one candidate turns out to have an absolute majority of first votes and is
elected. This Alternative vote procedure encourages candidates to chase for
second and third preferences of the voters, which lessens the need for negative
campaigning.

Looking at Example 1.1, no candidate has an absolute majority of first
votes; the Condorcet winner Peter has least first votes and will be eliminated,
at the same time transferring his votes to the second best candidate, John,
in the individual rankings in question. After elimination of Peter, the profile
looks in the second round as follows:
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4: Alan Tom John Bob
3: Bob Tom John Alan
2: John Tom Bob Alan

In this second round Alan has 4 first votes, Bob has 3 first votes and John
has 2 first votes. Yet, there is no candidate who has an absolute majority of
first votes. So, again the candidate with least first votes, John, is eliminated
and his votes are transferred to the next choice, Tom, of these two voters.
So, in the third round the profile looks as follows:

4: Alan Tom Bob
3: Bob Tom Alan
2: Tom Bob Alan

Even in this third round no candidate has a majority. So, now Tom - with
least first votes - is eliminated and his votes are transferred to the next
preferred candidate, Bob, resulting in the profile:

4: Alan Bob
3: Bob Alan
2: Bob Alan

Finally, only in this fourth round, Bob has an absolute majority and wins.
The Alternative vote procedure satisfies the criterium of mutual majority,

i.e., if every voter prefers every member of a group of candidates to every
candidate not in that group, then one member of the preferred group must
win.

The Alternative vote procedure is majority inconsistent, i.e., it may hap-
pen that a Condorcet winner exists, but is not elected by the Alternative
vote. In Example 1.1, Peter is the Condorcet winner, but he is the first can-
didate to be eliminated under the Alternative vote, as was already known to
Hallett and Hoag [28].

Example 1.1 also shows that the Alternative vote is not Independent of
Irrelevant Alternatives (not IIA): If for whatever reason Alan’s participation
was invalid, the profile would be as follows:

4: Tom John Peter Bob
3: Bob Peter Tom John
2: Peter John Tom Bob
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Now Tom instead of Bob will be the winner under the Alternative vote, after
the elimination of Peter and John. The presence of the third (irrelevant)
candidate Alan influences the ranking between the two candidates Tom and
Bob.

In [20] Fishburn and Brams describe a situation in which a couple cannot
participate in an election for a major due to a breakdown of their car. By this
simple fact they prevent unwittingly that their least preferred candidate will
win. Had they been able to vote, their least preferred candidate would have
won under application of the Alternative vote. They call this phenomenon
the no-show paradox.

To illustrate this phenomenon, consider the following profile p:

7: A B C
2: A C B
3: B A C
7: B C A
6: C A B
6: C B A

The total number of voters is 31, so the election threshold is 16. A has 7 +
2 = 9 first votes, B has 3 + 7 = 10 first votes and C has 6 + 6 = 12 first
votes. So, in the first round of the Alternative vote none of the candidates
reaches the threshold and the candidate with the least number of first votes,
A, is eliminated; 7 votes for A are transferred to B and 2 votes for A are
transferred to C. Therefore, in the second round, B gets 10 + 7 = 17 votes,
reaches the threshold and wins the election.

Now suppose that two more voters with preference A B C would partic-
ipate in the election. Let q be the resulting profile:

9: A B C
2: A C B
3: B A C
7: B C A
6: C A B
6: C B A

The total number of voters is now 33, so the threshold becomes 17. In the
first round, A now has 9 + 2 = 11 first votes, B has 10 first votes and C has
12 first votes. Applying the Alternative vote to profile q, B with the least
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number of first votes is now eliminated; 3 votes for B are transferred to A
and 7 votes for B are transferred to C. Therefore, in the second round, C
gets 12 + 7 = 19 votes, reaches the threshold and wins the election.

By participating in the election, the two extra A B C voters achieve that
their least favored candidate C wins. If they had not participated, B would
have won, and they prefer B to C, may be even strongly. In other words,
by not showing up, these two voters prevent their least preferred candidate
from winning.

Also notice that if the two A C B voters in profile q increase their vote
for candidate C, leaving the rest of their votes unchanged, C will become a
loser instead of a winner. Profile q will change into profile q∗, which looks as
follows:

9: A B C
2: C A B
3: B A C
7: B C A
6: C A B
6: C B A

Now A has 9 first votes, B has 10 first votes and C has 14 first votes, while
the threshold is 17. Now A instead of B will be eliminated first and the 9
votes for A are transferred to B, who becomes the winner with 9 + 10 = 19
votes. So, increased support for C means that C becomes a loser instead of
a winner. In other words, the Alternative vote is not monotonic.

1.5.3 First-Past-The-Post (FPTP) method

In the First-Past-The-Post (FPTP) system, used in the United Kingdom
and the USA, the country is divided in a number of districts and in each of
them precisely one representative is chosen, using the Plurality Rule; in each
district, the party with the most votes wins the seat. As one may observe in
practice, this usually results in a two-party system, where the party with the
majority of the seats forms the cabinet. The following example demonstrates
the effects this FPTP system may have.

Example Suppose five parties A, B, C, D and E and suppose these parties
receive nationally the following percentages of votes: (Mueller, [47], table
12.1)
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Party Vote (%)
A 30
B 25
C 20
D 15
E 10

Assuming that the same distribution occurs in all of the districts, under
FPTP all the seats of the districts would go to party A, that in each district
would have the most votes. Using FPTP, the other parties would not get any
seats at all! Notice that the same election result in the Netherlands would
mean that every party receives a number of seats (more or less) proportional
to the number of votes.

As noted by Lijphart ([34], p. 144), FPTP may be a good choice if one
values government accountability highly. The voter knows that the governing
party is responsible for past government performance. Under FPTP, usually
one party has the majority of the seats and can form the cabinet, while in the
Netherlands usually the cabinet has to be formed by a coalition of different
parties.

The British and Dutch election system are based on different ideas about
representation or democracy. McLean ([38], p. 173-175) formulates these
ideas as follows:

1. The British system corresponds to the principal agent model of rep-
resentation, the underlying idea being that representatives are agents who
act in the interests of others. Parliament does not have to be a reflection
of society, but should represent the interests of the voters fairly. Not the
composition of parliament, but her decisions are important.

2. The Dutch system corresponds to the reflection model of represen-
tation, the underlying idea being that the composition of parliament should
reflect the composition of society. Interests and groups should be represented
proportionally, like in a random test.

In Section 1.3 we have already seen that the Plurality Rule violates the ma-
jority principle. So, this problem may also occur in every district under the
FPTP system, since in every district the Plurality Rule is used to determine
the winner. In particular, the Plurality winner in a district may in fact be
the Condorcet loser in that district.

To illustrate what may happen – and usually happens – under the FPTP
system, consider the following situation in which we assume three districts,
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two parties A and B, and one hundred voters in every district:

candidate of party A candidate of party B elected
district 1 60 votes 40 votes A
district 2 55 votes 45 votes A
district 3 15 votes 85 votes B

Party A gets a 2/3 majority in the House of Commons and will form the
cabinet. But nationwide party B receives more votes (170) than party A
(130). So, if the government would be chosen directly, it would be composed
by party B. Rea ([49], p. 74-75) calls the majority attributed to party A
a manufactured majority: a majority of the seats obtained by a minority of
the voters. According to Lijphart’s data ([34], p. 74), British parliamentary
elections have produced 92.3 per cent majorities, all of which have been
manufactured majorities.

Another illustration of the phenomenon we have just considered is the exam-
ple given by Mueller ([47], p. 221-222): Suppose five parties A, B, C, D and
E and ten districts with in each district 10% of the voters, and the following
distribution of the votes.

Party/District 1 2 3 4 5 6 7 8 9 10
A 3 3 3 3 3 3 3 3 3 3
B 3 3 2 2 3 0 3 3 3 3
C 0 0 0 0 0 4 4 4 4 4
D 0 0 4 4 4 3 0 0 0 0
E 4 4 1 1 0 0 0 0 0 0
Total 10 10 10 10 10 10 10 10 10 10

Party C wins 50% of the seats, although it only receives 20% of the votes
nationally. Party D wins 30% of the seats, although it only receives 15% of
the votes. Party E wins 20% of the seats, although it only receives 10% of
the votes. Party A receives nationally the most votes: 30%, but does not get
any seat. This is exactly why Plurality Rule, in combination with districts,
is expected to produce two-party systems. This example also shows that not
necessarily the minority parties are the parties that disappear.

1.6 Conclusion

Given a profile consisting of individual rankings by the voters of the alterna-
tives or candidates, there are many different procedures to elect a winner or a
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ranking of the candidates in question: Plurality Rule, Majority Rule, Borda
Count, Approval Voting, the Alternative vote, and many others. We have
seen that different procedures may yield quite different results: in Example
1.1 Alan is the winner if we apply Plurality Rule, Peter wins if Majority
Rule is used, Tom wins if the Borda Count is applied, John may win under
Approval Voting and Bob wins if the Alternative vote is used. In this context
we like to quote Donald G. Saari [53] [page 100]:

For a price, I will serve as a consultant for your group for your
next election. Tell me who you want to win. After talking to
the members of your organization, I will design a democratic
procedure which ensures the election of your candidate.

The Plurality Rule which is frequently used all over the world has many
disadvantages: it does not satisfy the majority principle, nor the Condorcet
criterion, it is not Independent of Irrelevant Alternatives, it is not strategy-
proof, it does not satisfy the monotony property or positive responsiveness,
nor the Pareto condition. It has so many properties which are generally
considered to be negative ones that in a recent workshop [32] on Voting
Procedures there was not even one participant who approved of the Plurality
Rule.

The Majority Rule is based on the majority principle and has many nice
properties: it is anonymous, neutral, IIA, monotonic and it satisfies the
Pareto condition. However, it may yield a collective preference ordering
which is cyclic and not transitive, although the individual preferences are
supposed to be transitive. As pointed out by Saari [57], by using pairwise
comparison the transitivity of the individual preferences is ignored.

The Borda Count also takes into account the second, third, etc., prefer-
ences of the individual voters in the determination of the collective or social
preference. If a voter expresses that his preference ordering is A B C, A gets
2 Borda points, B 1 and C 0. So, the voter is not able to express the intensity
with which he prefers A to B and B to C. With a ranking A B C, one voter
may mean that he evaluates A highly and that he slightly prefers A to B
and B slightly to C, another voter may mean that he dislikes all of A, B and
C, but A slightly less than B and B slightly less than C, while a third voter
may mean again something else by giving A B C as his preference ordering.
So, different voters, although they say the same thing A B C, may mean
quite different things; they may speak different languages. The Borda Count
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satisfies anonymity, neutrality, monotonicity and the Pareto condition, but
it does not satisfy IIA, nor the Condorcet criterion.

A nice property of the Borda Count is that the social outcome does not
change when one adds to a given profile a Condorcet portion or a reversal
portion. A Condorcet portion is a profile of the type k : ABC, k : BCA
and k : CAB, and a reversal portion is a profile of the type k : ABC and
k : CBA. Since these profiles give no information whatsoever, one would
expect that adding or subtracting such a portion to a given profile does not
change the outcome. Indeed, one easily checks that the outcome under the
Borda Count will not change. However, one also easily checks that under
Plurality Rule the outcome may change by adding a reversal portion and
that under Majority Rule the outcome may change by adding a Condorcet
portion. See [52].

In Approval Voting, each voter divides the candidates into two groups:
the ones he approves of and the ones he disapproves of. Approval by a voter
means one point for the candidate in question and disapproval by a voter
means 0 points. By adding up for each alternative the points it has got from
the different voters, one obtains a social ranking of the alternatives. However,
this voting procedure is also sensitive to strategic manipulation and it does
not satisfy the Condorcet criterion.

The Alternative vote is a special case of the Single Transferable Vote
(STV), namely electing 1 candidate instead of 2 or more. It does not satisfy
the Condorcet criterion, it is not Independent of Irrelevant Alternatives and
in addition it suffers of the no-show paradox: there are profiles which under
the Alternative vote yield a loser x and by adding individual preferences
with x as the least preferred alternative, x can turn into a winner; see [20].
Although this last property seems to be unacceptable, the Alternative vote
is used in Australia.

Which properties an election procedure should satisfy is not always clear.
IIA, for instance, is frequently considered as a natural property of an election
procedure. But recently it has been argued by Saari [57] that it may be an
undesirable property, because it essentially demands that the social outcome
can be determined by only looking at pairs and the whole is more than the
sum of its parts. At the same time, IIA - which reduces the social outcome to
comparing pairs of alternatives - forces the election procedure to ignore the
transitivity - which concerns triples of alternatives - of the individual voters.

Anyway, in the 1950’s Kenneth Arrow [3] showed that every social prefer-
ence rule, that satisfies the Pareto condition and IIA and yields a transitive
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social preference ordering, is dictatorial, assuming it has to assign a social
preference ordering to any profile. Later Gibbard [25] and Satterthwaite [58]
showed that any social choice rule that satisfies the Pareto condition and that
is strategy-proof is dictatorial. So, in Arrow’s framework - in which voters
are supposed to give individual preference orderings of the alternatives or
candidates - the question is not to find an ideal election mechanism, but one
that behaves as optimal as possible.



32 CHAPTER 1. PRELIMINARIES



Chapter 2

Majority Judgment Theory

2.1 Introduction

The traditional framework of social choice theory, based on rankings of the
alternatives by voters, is riddled with impossibility theorems, saying roughly
that a social ranking function or choice function with only nice properties
cannot exist [3]. In Arrow’s framework for social choice theory, every voter
is supposed to give a ranking of the alternatives in his own private language.
For instance, if two voters express the same thing, say that they prefer A to
B, they may mean quite different things: one may mean that he has a slight
preference for A to B, while the other may mean that he finds A excellent
and rejects B. In the framework of Balinski and Laraki [4, 5], all voters are
supposed to give an evaluation of each alternative in a common language or
grading system, consisting of grades the meaning of which is clear to everyone
in society. In particular, in the latter, but not in the former framework, it
is quite possible to give the same evaluation of two or more candidates. As
an example, consider the common language {10, 9, . . ., 1} of grades used in
the Dutch education system; everyone knows that a 5 stands for ‘insufficient’
and that a 9 stands for ‘very good’. In their experiment at the 2007 French
presidential elections Balinski and Laraki [5] used {excellent, very good, good,
acceptable, poor, reject} as the common language and argued that these six
grades are sufficient to enable all voters to properly express their evaluation
of the twelve presidential candidates.

33
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2.2 Arrow’s framework

In Arrow’s framework, introduced in [3], every voter is supposed to have a
linear (or weak) ordering of the alternatives. A profile p may be seen as a
list of the linear orderings of the different voters. A social welfare function
is defined as a function that assigns to every profile a weak (social) ordering
of the alternatives, while a social choice function assigns to every profile
just one alternative, the one chosen by society. For instance, the Plurality
Rule may be seen both as a social welfare and as a social choice function.
An alternative A is socially preferred to B according to the Plurality Rule
if the number of voters who have A as their first choice is larger than the
number of voters who have B as their first choice; and conceived as a social
choice rule, the Plurality Rule selects the alternative that has most first votes
(assuming that no two or more alternatives have a maximal number of first
votes). Arrow himself proved in [3] the famous impossibility theorem, saying
roughly that every social welfare function that satisfies the Pareto property
and Independence of Irrelevant Alternatives (IIA) must be dictatorial. The
first property says that if all voters prefer A to B, also society must prefer
A to B and the second property says that in a comparison of A with B a
third (irrelevant) alternative may have no influence. A social welfare function
satisfying these two properties is dictatorial, that is, there is a dictator, whose
preference will always be the social preference, independent of the preferences
of the other voters.

This theorem may be considered as the beginning of modern social choice
theory. The amazing thing is that everyone continued to work in the frame-
work created by Arrow, in which the voters are supposed to have transitive
preference orderings, that is, if a voter prefers A to B and B to C, then he is
also supposed to prefer A to C. It is only recently that this framework was
challenged by Michael Balinski and Rida Laraki in a number of papers [4, 5]
and in a recent book [6]. They give further arguments to quit this framework
and to introduce a more natural framework that is actually used in real-life
elections, such as wine competitions, ice skating, etc. In this new framework,
voters are not supposed to give a ranking of the candidates, but an eval-
uation of the candidates in terms that are clearly understood by everyone
involved. But before introducing this new framework, we shall present the
new arguments of Balinski and Laraki to leave Arrow’s framework.

Definition 2.1 (Balinski and Laraki [6], p. 83) Let f be a ranking rule, i.e.,
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f amalgamates a profile - an arbitrary set of preference-orders of voters - into
a preference order of society.
f is winner-loser-unanimous := if all voters rank a candidate first (last), then
she is the winner (loser).
f is choice-compatible := if all voters rank a candidate first (last) and a
Condorcet-component is added to the profile, then that candidate must be
the winner (loser).
f is rank-compatible := if a winner is removed from the set of candidates,
then the new ranking of the remaining candidates agrees with the original
ranking.

In Theorem 4.3 of their book [6] Balinski and Laraki prove the following
theorem:

Theorem 2.1 (Balinski and Laraki [6], p. 84) In case of three or more
alternatives, there is no ranking rule that is winner-loser-unanimous, choice-
compatible and rank-compatible for all preference-profiles.

Below we give the proof for the case of three alternatives A,B,C; the general
proof is in [6].

Proof Assume there is such an f with the properties mentioned. Consider
the following profile p, where m,n are natural numbers such that m > n:

m: A B C
m: B C A
m: C A B
n: A C B

Because the first 3m voters constitute a Condorcet component and the re-
maining n voters unanimously place A first and B last, by winner-loser-
unanimity and choice compatibility, f yields the social (S) ranking A �S
C �S B. By rank-compatibility, removing the winner A from the profile, the
ranking of the remaining alternatives should agree with the original ranking:
C �S B. (1)

However, dropping the winner A from the profile results in the profile:

m+ n: C B
m+ n: B C
m− n: B C
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Since the first 2m + 2n voters constitute again a Condorcet component, by
choice-compatibility and unanimity, f yields the social ranking B �S C. (2)
(1) and (2) together give a contradiction. �

Balinski and Laraki [6] argue that any ranking rule should satisfy the three
properties mentioned in order to be practical and consequently reject Arrow’s
framework which is riddled with this and many other impossibility theorems.

Notice that the Plurality Rule and the Borda Count are not rank-compa-
tible. For the Plurality Rule, consider the profile p with

3: A C B
2: B C A

The resulting social ranking is A �S B �S C. Removing the winner A yields
profile q with

3: C B
2: B C

and the resulting social ranking is C �S B. So, by removing the winner A,
the social ranking of the remaining alternatives B and C has changed.

For the Borda Count consider, for instance, the profile p with

4: A B C
3: B C A
2: C B A

The social ranking given p is B �S A �S C; if we remove the winner B, the
resulting profile q is

4: A C
3: C A
2: C A

Under the Borda Count the social ranking given q is C �S A; so, by removing
the winner B, the social ranking of the remaining alternatives A and C has
changed.

To see that Majority Rule is not choice-compatible, consider the profile
p with 1: A B C. Then A is trivially the Condorcet winner. However, if we
add a Condorcet-component with
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2: A B C
2: B C A
2: C A B

then A is no longer the Condorcet winner, since in the resulting profile A is
beaten by C.

Next we present another argument of Balinski and Laraki to leave Arrow’s
framework.

Definition 2.2 (Balinski and Laraki [6], p. 81, 82, 97) Let f be a ranking
rule.
f is choice-monotonic := if A �S B and either A moves strictly higher or B
moves strictly lower in some or more voters’ rankings, then A �S B.
f is rank-monotonic := if voters’ estimations remain the same except that
the winner moves up, then not only should she still be the winner, but the
final ranking among the others should remain the same.
f is strongly monotonic := when a non-winner falls in the estimation of the
voters, the winning candidate remains the winner.

The Borda ranking is choice monotonic, but not rank-monotonic, as may
be shown by the following example. Let p be the following profile:

4: A B C
4: C B A
3: B C A

Then the Borda ranking given profile p is B �S C �S A. If the four voters
with preference C B A move the Borda winner B up to the first position,
resulting in the profile q with

4: A B C
7: B C A

then the Borda ranking given profile q becomes B �S A �S C and the order
of A and C has changed.

No method in the traditional framework is strongly monotonic. For in-
stance, for the Plurality Rule consider the profile p with

4: A B C
3: B C A
2: C B A
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Then A is the Plurality winner. But when the two voters with preference
order C B A let the non-winner C fall, resulting in profile q with

4: A B C
5: B C A

the Plurality winner becomes B.

Finally, we show by an example that the Alternative vote is not strongly
monotonic. Consider profile p with

4: A B C
3: B C A
2: C A B

The Alternative vote winner given profile p is A. Next suppose that the
non-winner B falls in the estimation of the three voters with preference B C
A, resulting in the profile q with

4: A B C
3: C B A
2: C A B

Then the Alternative vote winner given profile q is C; hence the winner has
changed.

Theorem 2.2 (Balinski and Laraki [6], p. 88) There is no ranking rule that
is anonymous, neutral, winner-loser-unanimous, rank-monotonic and choice-
monotonic, when there are at least three alternatives.

We give the proof for the case of three alternatives A, B and C. The general
proof may be found in [6], Theorem 4.4.

Proof Suppose there was a ranking rule with the properties mentioned.
Consider the following profile p:

m: A B C n: A C B
m: B C A n: C B A
m: C A B n: B A C
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When A is replaced by B, B by C and C by A, the profile is exactly the
same. Therefore, by neutrality, the order of society (S) is A ∼S B ∼S C.

Now suppose that one voter with preference C A B exchanges C and A,
resulting in profile q. Choice-monotonicity then implies that given profile q
A �S B �S C.

Next, in profile q move the winner A up to the first position in every
voter’s preference ordering, resulting in profile r with

2m+ n: A B C
m+ 2n: A C B

Then rank-monotonicity implies society’s ranking remains the same: A �S
B �S C given profile r.

Now, in the special case that m = n, neutrality and unanimity imply that
given profile r, A �S C ∼S B. This contradicts A �S B �S C. �

For reasons mentioned in this section, Balinski and Laraki [4, 5, 6] introduce
a completely new framework, called Majority Judgment, which is at once
choice-monotonic, rank-monotonic and strongly monotonic.

2.3 The framework of Majority Judgment

Having rejected Arrow’s framework, Balinski and Laraki [4, 5, 6] propose
a new framework, which in fact is frequently used in practice, like in ice-
skating and wine competitions. Instead of asking the voters to give a rank
order of all candidates, in their framework the voter is asked to give an
evaluation of each candidate in terms well-understood by everyone in the
society in question. The same thing is done in Range Voting [60], but the
social ranking is established in different ways. While in Range Voting simply
the average of all evaluations of a candidate is taken as the social evaluation,
Balinski and Laraki take the median value of all evaluations of a candidate as
their starting point, in order to reduce the possibilities for successful strategic
behavior. In case two or more candidates get the same median value, a tie
breaking rule decides about the final social ranking.

First of all, a common language for grading is required such that all grades
are well understood by all persons involved. In their experiment at the 2007
French presidential elections, Balinski and Laraki took the following common
language: {excellent, very good, good, acceptable, poor, reject}. More gener-
ally, a (common) language L is a finite set {g1, g2, . . . , gk} equipped with a
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strict ordering > such that g1 > g2 > . . . > gk. gi ≥ gj := gi > gj or gi = gj.
In fact, a common language may even be an infinite set, like the interval [1,
0] of the real numbers with its natural ordering. Notice that the voter now
has the possibility to express that he or she values two or more candidates
equally. Also he is asked to convey much more detailed information than in
Arrow’s framework. For instance, the voter might say that he values can-
didate A as excellent and B as very good; or alternatively, that he values
A as good and B as reject; both evaluations would be rendered in Arrow’s
framework by the one statement that A is preferred to B, which leaves open
a whole range of evaluations in the new framework.

We assume there is a finite set C of m competitors or alternatives, A1, A2, . . . ,
Am, and a finite set J of n judges or voters, 1, 2, . . . , n.

Definition 2.3 A profile is any set of grades in the given language assigned
by the judges to the competitors and may be represented by a matrix

g11 g12 . . . g1n
. . . . . .
. . . . . .
gm1 gm2 . . . gmn


where gij is the grade given to competitor Ai by judge j.

Definition 2.4 (Balinski and Laraki [6], p. 176) A method of grading is a
function F that assigns to any profile one single grade (in the same language)
for every competitor, so F : Lm×n → Lm.

Definition 2.5 (Balinski and Laraki [6], p. 180) A social grading function
(SGF) F is a method of grading that satisfies the following axioms:

1. F is neutral: when the rows or competitors in a profile are permuted,
F should give the identical answer permuted in the same way.

2. F is anonymous: when the columns or judges in a profile are permuted,
F should give the same grades to each competitor.

3. F is unanimous: if a competitor is given the same grade g by every
judge, then F assigns him the grade g.
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4. F is monotonic: if in comparing two profiles, a competitor’s grades in
the second are all the same or lower than in the first, then F cannot
assign the competitor a higher grade in the second case than in the
first. Moreover, if all the competitor’s grades are strictly lower in the
second profile, then F must assign a strictly lower grade in the second
case.

5. F is Independent of Irrelevant Alternatives in Grading (IIAG): if the
lists of grades assigned by the judges to a competitor in two profiles are
the same, then in both cases F assigns the same grade to the competitor
in question.

Definition 2.6 (Balinski and Laraki [6], p. 178) A function f : Ln → L
that transforms grades given to one competitor into a final grade is called an
aggregation function if it satisfies the following properties:

• anonymity: f(. . . , α, . . . , β, . . .) = f(. . . , β, . . . , α, . . .)

• unanimity: f(α, α, . . . , α) = α

• monotonicity:
if αj ≤ βj, then f(α1, . . . , αj, . . . , αn) ≤ f(α1, . . . , βj, . . . , αn) and
if for all j, αj < βj, then f(α1, . . . , αn) < f(β1, . . . , βn)

Theorem 2.3 (Balinski and Laraki [6], p. 179) A method of grading F is
a social grading function (SGF) iff there is an aggregation function f such
that the grade assigned to a competitor Ai by F given a profile (gij) is equal
to f(gi1, . . . , gin).

Proof If there is an aggregation function f that defines F as mentioned in
the theorem, then F clearly satisfies the axioms of a social grading function.
Conversely, if F satisfies the axioms of a social grading function, IIAG and
neutrality imply that F determines the grade of a competitor Ai solely on
the basis of the grades assigned to Ai; so call this function f . Because F is
a SGF, f will satisfy the axioms of an aggregation function. �

Definition 2.7 (Balinski and Laraki [6], p. 189) Suppose that F is a social
grading function (SGF) and g is the final grade of a competitor. F is stategy-
proof-in-grading if when a judge’s input grade is g+ > g, any change in his
input can only lead to a lower final grade than g; and when a judge’s input
grade is g− < g, any change in his input can only lead to a higher final grade
than g.
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Balinski and Laraki show in [6], Theorem 10.2, that the unique social grading
functions (SGFs) that are strategy-proof-in-grading are the order functions.

Definition 2.8 (Balinski and Laraki [6], p. 190) The kth-order function fk

is the function that assigns the kth highest grade to a list of input grades.

For instance, f 3(7, 9, 5, 4, 8) = 7. Notice that a judge who wishes the final
grade to be higher than 7 can only hope to improve it by increasing the grade
he gives, but doing so changes nothing. Similarly, if he wishes the final grade
to be lower. Finally, if the judge gave grade 7, he will be delighted. Thus
no judge with single-peaked preferences has any incentive to assign a grade
different from the honest one.

Definition 2.9 (Balinski and Laraki [6], p. 216) Let Ai be a competitor or
alternative with grades gi1, gi2, . . . , gin. Then the majority grade fmaj(Ai) is
by definition {

f (n+1)/2(gi1, gi2, . . . , gin) when n is odd, and
f (n+2)/2(gi1, gi2, . . . , gin) when n is even.

For instance, if five judges gave grades 7, 9, 5, 4, 8 to Ai,

fmaj(Ai) = f 3(7, 9, 5, 4, 8) = f 3(9, 8, 7, 5, 4) = 7

and if six judges gave grades 7, 9, 5, 4, 8, 6 to Ai,

fmaj(Ai) = f 4(7, 9, 5, 4, 8, 6) = f 4(9, 8, 7, 6, 5, 4) = 6.

If a candidate has got the grades, 10, 8, 7, 5, 2 on a scale of 1 till 10, his
majority grade will be 7, since there is a majority of judges who think the
candidate should have at least grade 7, and an other majority of judges who
think the candidate should have at most grade 7. And if a candidate has got
the grades 10, 8, 7, 6, 5, 2 on a scale of 1 till 10, his majority grade will be
6, the lower middle grade.

When n is odd, the order function f (n+1)/2 is the middlemost aggregation
function . When n is even, there are infinitely many middlemost aggregation
functions f with fn/2(g1, . . . , gn) ≥ f(g1, . . . , gn) ≥ f (n+2)/2(g1, . . . , gn). In
particular, fn/2 is the upper-middlemost and f (n+2)/2 the lower-middlemost
aggregation function (see Balinski and Laraki [6], p. 210).
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For instance, when g1 > g2 > g3 > g4 > g5 > g6, any function f with
g3 ≥ f(g1, g2, g3, g4, g5, g6) ≥ g4 is a middlemost aggregation function. Any
grade which is not bounded by the middlemost aggregation functions, is
condemned by an absolute majority of judges as either too high or too low.

When the number of voters is odd, the majority grade is the median,
or the one middle grade. In the case of an even number of voters and a
candidate’s two middle grades are different, Balinski and Laraki take the
lower of the two middle grades as the majority grade, because they want a
social grading function to respect consensus.

Definition 2.10 (Balinski and Laraki [6], p. 216) A SGF respects consensus
:= if all of A’s grades belong to the middlemost interval of B’s grades, then
A’s final grade is not below B’s final grade.

The underlying idea is that when a jury is more united on the grade of
one alternative than on that of another, the stronger consensus must be
respected by the award of a final grade no lower than the other’s. As an
illustration, suppose that B has got the evaluations 9, 8, 7, 6, 5, 4 and A has
got evaluations only between 7 and 6, say 7, 7, 6, 6, 6, 6, then we want the
final grade of A to be not lower than the final grade of B. For that reason
Balinski and Laraki take the lower middle grade as the majority grade.

Definition 2.11 (Balinski and Laraki [6], p. 220) A social grading function
is strategy-proof-in-ranking := if the final grade gA of A is lower than the final
grade gB of B, i.e., gA < gB, and any judge j has the opposite conviction
gAj > gBj, then he can neither decrease B’s final grade nor increase A’s final
grade.

Balinski and Laraki [6] prove in their Theorem 13.1 that there exists no
social grading function that is strategy-proof-in-ranking. So, the ideal is not
attainable. However, they show that something close to the ideal can be
achieved.

Definition 2.12 (Balinski and Laraki [6], p. 221) A social grading function
is partially strategy-proof-in-ranking := when gA < gB and any judge j has
the opposite conviction gAj > gBj, then if he can decrease B’s final grade,
he cannot increase A’s final grade, and if he can increase A’s final grade, he
cannot decrease B’s final grade.
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In their Theorem 13.2 Balinski and Laraki [6] show that the unique social
grading functions that are partially strategy-proof-in-ranking are the order
functions.

Let us illustrate by an example that the middlemost aggregation function
is partially strategy-proof-in-ranking. Consider the case that two candidates
A and B receive the following grades by a jury of 5 judges:(

A : 95 85 75 73 66
B : 95 81 78 70 69

)
Now the final grade 75 of A is lower than the final grade 78 of B and suppose
judge 2 thinks that A deserves a higher grade 85 than B who only deserves
81 according to this judge. What can he do? He can lower the final grade of
B by awarding him a grade lower than B’s middle grade 78, say 50 instead
of 81. But he cannot at the same time raise the middle grade of A, for giving
a higher evaluation of A will not increase A’s final grade. And judge 4, who
gives 73 points to A and only 70 to B, can increase A’s final grade by giving
A a grade greater than A’s middle grade 75, say 80 instead of 73, but he
cannot at the same time lower B’s final grade.

2.4 Tie-Breaking

When the majority grades of two competitors A and B are different, the
one with the higher majority grade naturally ranks ahead of the other. The
majority ranking �maj between two competitors evaluated by a common jury
is determined by repeated application of the majority grade.

Definition 2.13 (Balinski and Laraki [6], p. 224)
If fmaj(A) > fmaj(B), then A �maj B.
If fmaj(A) = fmaj(B), then one majority grade is dropped from the grades
of each of the competitors, and the procedure is repeated.

Balinski and Laraki ([6], p. 224) give the following example to illustrate
this definition. Suppose A and B are evaluated by a jury of seven voters as
follows: (

A : 85 73 78 90 69 70 73
B : 77 70 95 81 73 73 66

)
Then the ordered profile is(

A : 90 85 78 73 73 70 69
B : 95 81 77 73 73 70 66

)
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It is easily seen now that the first majority grades of A and B are the same:
fmaj1 (A) = fmaj1 (B) = 73. By definition we drop one majority grade, 73,
from both lists of evaluations to obtain:(

A : 90 85 78 73 70 69
B : 95 81 77 73 70 66

)
Now the second majority grades of A and B are also equal: fmaj2 (A) =
fmaj2 (B) = 73. It is dropped again and we get:(

A : 90 85 78 70 69
B : 95 81 77 70 66

)
The third majority grades differ: fmaj3 (A) = 78, while fmaj3 (B) = 77. So,
A �maj B.

Clearly, the majority ranking always ranks one candidate ahead of another
unless the two are assigned an identical set of grades by the judges.

In the case of many judges or voters, Balinski and Laraki [6] present another
simplified tie braking rule and the corresponding majority-gauge-ranking
�mg.

Definition 2.14 (Balinski and Laraki [6], p. 236) The majority-gauge of a
competitor A with fmaj(A) = α is a triple (p, α∗, q) where p is the number
or percentage of the competitor’s grades above the majority grade, q is the
number or percentage of the competitor’s grades below the majority grade,
and α∗ = α+ if p > q and α∗ = α− if p ≤ q.
α∗ is called the competitor’s modified majority grade.
By definition, α∗ > β∗ iff α > β or (α = β and α∗ = α+ and β∗ = α−).

Balinski and Laraki use the majority-gauge to define the majority-gauge-
ranking �mg.

Definition 2.15 (Balinski and Laraki [6], p. 237) Let A and B competitors
with majority-gauges (pA, α

∗
A, qA) and (pB, α

∗
B, qB) respectively. Then A �mg

B or (pA, α
∗
A, qA) �mg (pB, α

∗
B, qB) iff α∗A > α∗B or (α∗A = α∗B = α+ and

pA > pB) or (α∗A = α∗B = α− and qA < qB).

Note that the majority-gauge-ranking may not give a decision in exceptional
cases. In their theorem 14.1 Balinski and Laraki [6] show that if A �mg B,
then A �maj B.
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Theorem 2.4 (Balinski and Laraki [6], p. 237) If A �mg B, then A �maj B.

The following example shows a case where A �maj B, but neither A �mg B
nor B �mg A.

p ex vg go ac po re q total
A 5 2 3 3 1 3 3 7 15
B 6 3 3 2 0 2 5 7 15

The majority-gauge of A is (5, go−, 7) and the one of B is (6, go−, 7).
Because qA = qB = 7, the majority-gauge-ranking does not give a decision,
while one easily checks that A �maj B:

Notice that fmaj1 (A) = fmaj(A) = fmaj(B) = fmaj1 (B) = go. Dropping
one grade go for both candidates gives

p ex vg go ac po re q total
A 5 2 3 2 1 3 3 7 15
B 6 3 3 1 0 2 5 7 15

Now fmaj2 (A) = ac, while fmaj2 (B) = po and hence A �maj B.

2.5 Experiment

An example of an application of the majority-gauge-ranking was given by
Balinski and Laraki [5] in their experiment at the French presidential elections
held in 2007, in which about 2000 voters in Orsay, a town close to Paris,
were asked to give an evaluation of the twelve candidates for presidency with
grades from {ex(cellent), v(ery)g(ood), go(od), ac(ceptable), po(or), re(ject}.
The results are shown in the following table.

The majority grades of the candidates in question are indicated by print-
ing the corresponding percentages in boldface. As one can see, Bayrou, Royal
and Sarkozy have the same majority grade go(od). The majority-gauge of
Bayrou is (44.3, go+, 30.6), the one of Royal is (39.4, go−, 41.5) and the
majority-gauge of Sarkozy is (38.9, go−, 46.9). Therefore, Bayrou �mg Royal
because go+ > go−, and Royal �mg Sarkozy because 41.5 < 46.9. Conse-
quently, also Bayrou �maj Royal �maj Sarkozy.
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ex vg go ac po re
Besancenot 4.1 9.9 16.3 16.0 22.6 31.1

Buffet 2.5 7.6 12.5 20.6 26.4 30.4
Schivardi 0.5 1.0 3.9 9.5 24.9 60.4
Bayrou 13.6 30.7 25.1 14.8 8.4 7.4
Bové 1.5 6.0 11.4 16.0 25.7 39.5

Voynet 2.9 9.3 17.5 23.7 26.1 20.5
Villiers 2.4 6.4 8.7 11.3 15.8 55.5
Royal 16.7 22.7 19.1 16.8 12.2 12.6
Nihous 0.3 1.8 5.3 11.0 26.7 55.0
Le Pen 3.0 4.6 6.2 6.5 5.4 74.4

Laguiller 2.1 5.3 10.2 16.6 25.9 40.1
Sarkozy 19.1 19.8 14.3 11.5 7.1 28.2

2.6 Properties of MJ

Since the middlemost aggregation functions satisfy the properties of an ag-
gregation function, fmaj is by definition anonymous, unanimous and mono-
tonic, as defined in Definition 2.6. The corresponding social grading function
is also neutral, anonymous, unanimous, monotonic and Independent of Ir-
relevant Alternatives in Grading (IIAG), as defined in Definition 2.5, it is
strategy-proof-in-grading, as defined in Definition 2.7, it respects consensus
as defined in Definition 2.10, and is partially strategy-proof-in-ranking, as
defined in Definition 2.12.

Below we mention some more properties satisfied by social grading func-
tions.

Definition 2.16 (Balinski and Laraki [6], p. 289) An aggregation function
f is grade-join-consistent := if f(α1, . . . , αn) ≥ γ and f(β1, . . . , βk) ≥ γ,
then f(α1, . . . , αn, β1, . . . , βk) ≥ γ, and the same holds if the inequalities are
reversed, or are strict, or are equations.

Theorem 2.5 (Balinski and Laraki [6], p. 289) The majority-grade is grade-
join-consistent.

Proof The hypotheses (with ≥) say that an absolute majority of α’s and an
absolute majority of β’s are γ or above, so an absolute majority of α’s and β’s
are γ or above as well, showing the majority grade is grade-join-consistent.

�
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In Section 2.2 we have seen that in Arrow’s framework there is no ranking
method that is both choice-monotonic and rank-monotonic, neither is there
a ranking method in Arrow’s framework that is strongly monotonic. From
the definition of the majority ranking it is clear that it does satisfy these
three properties; see Definition 2.2.

Theorem 2.6 The majority ranking is at once choice-monotonic, rank-mono-
tonic and strongly monotonic.

Balinski and Laraki [6] give in their Theorem 13.4 a characterization of the
majority ranking: it is the unique middlemost, choice-monotonic social rank-
ing function that rewards consensus.

Definition 2.17 (Balinski and Laraki [6], p. 226) A social ranking function
(SRF) is a function that assigns a transitive rank-order �S to any set of
competitors, that respects ties and grades.

If the set of grades of an alternative A is, for instance, {11, 10, 10, 9, 6, 5,
4}, then the first middlemost interval is [9, 9], the second is [10, 6], the third
is [10, 5] and the fourth is [11, 4]. If the set of grades of B is {13, 12, 10, 9,
6, 3, 2}, then the first interval where A and B differ is the third one: A’s is
[10, 5] and B’s is [12, 3].

Definition 2.18 (Balinski and Laraki [6], p. 227) A social ranking function
is a middlemost SRF if A �S B depends only on the set of grades that belong
to the first of the kth middlemost intervals where they differ.

Definition 2.19 (Balinski and Laraki [6], p. 227) A social ranking function
rewards consensus := if all of A’s grades strictly belong to the kth middlemost
interval ofB’s grades, where the kth middlemost interval is the first one where
A’s and B’s grades differ, then A is ranked above B, i.e., A �S B.

Definition 2.20 (Balinski and Laraki [6], p. 227) A social ranking function
(SRF) is choice-monotonic := if A �S B and one judge raises the grade he
gives to A, then A �S B.

Clearly, the majority ranking is a middlemost SRF that is choice-monotonic
and rewards consensus. Balinski and Laraki show in their Theorem 13.4 of
[6] that these properties uniquely characterize the majority ranking.
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Theorem 2.7 (Balinski and Laraki [6], p. 228) The majority ranking is the
unique middlemost, choice-monotonic social ranking function that rewards
consensus.

For the proof we refer to [6], Theorem 13.4.
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Chapter 3

Controversial Examples
concerning MJ

3.1 Introduction

Paradoxes play an important role in the field of social choice theory and
are an important source of progress. Already the founding fathers of social
choice theory, Nicolas de Caritat, better known as the Marquis de Condorcet
(1743-1794), and Jean-Charles Chevalier de Borda (1733-1799) have drawn
attention to some paradoxes, i.e., counterintuitive results. For instance, the
Condorcet paradox shows that under the Majority Rule (pairwise compari-
son), the collective or social preference may be cyclic (non transitive), even
when the individual preferences are transitive. The Borda paradox shows
that the alternative chosen by the Plurality Rule (i.e., the alternative ranked
first by more voters than any other alternative) may be defeated by every
other alternative in a pairwise comparison. Also Arrow’s [3] result of the
1950’s was considered to be paradoxical; it shows that there cannot exist a
social preference rule that yields a transitive social ranking and at the same
time is non-dictatorial, Pareto optimal, and Independent of Irrelevant Alter-
natives (IIA); at first sight all these conditions look very natural and mild.
According to Saari’s recent analysis [57] the problem is caused by the fact
that the IIA condition forces the preference rule to ignore the transitivity of
the individual preference orderings.

All paradoxes mentioned above assume that the voters have transitive
preference orderings, a point of view challenged by Balinski and Laraki [6].

51
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As we have seen in Chapter 2, they reject this framework and replace it
by another framework in which voters give an evaluation of the candidates
in a common language of grades, instead of a transitive rank ordering of
the alternatives. Nevertheless, one might argue that also in their framework
paradoxical situations may occur; however, in Chapter 16 of [6] the authors
explain away the paradoxical character of the examples given. In this chapter
we will discuss a number of such examples.

3.2 Controversial Examples

In [74] and [75] a number of examples are given in which Majority Judgment
gives results which, at least at first sight, look counter-intuitive and for that
reason are called paradoxical in those papers. These examples have been
communicated to Balinski and Laraki, who refer to these papers in their
book [6]. In section 16 of [6] Balinski and Laraki discuss examples some of
which are similar to the ones in [74, 75].

Throughout this section we will use the following grades: ex(cellent), vg
(very good), go(od), ac(ceptable), po(or) and re(ject).

Example 3.1 Consider a wine contest with two wines A and B, and nine
judges, who give the following evaluations:

majority grade
A vg go go go go po re re re go
B ex ex ex vg ac ac ac ac po ac

Although all but one judge award a higher grade to B than to A, A is the
Majority Judgment winner.

In Example 16.2 of [6], the authors discuss a very similar example with grades
between 20 and 1:

k judges 1 judge k judges majority grade
A 12 . . . 12 12 4 . . . 4 12
B 16 . . . 16 8 8 . . . 8 8

Again, the majority candidate in the traditional framework is B with 2k
votes against A with 1 vote. But A’s majority grade is 12 and B’s is 8, so
A is the Majority Judgment winner. Balinski and Laraki’s justification or
defense is as follows ([6], p. 281-2):
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The situation is, however, highly artificial; nothing remotely re-
sembling it has been encountered in practice. And as a mathe-
matical probability, it is very rare. Under the impartial culture
assumption with 2k+1 voters, the probability that half the voters
give to two candidates more than their majority grades is of the
order 1

2k
. Moreover, one judge is able to make the majority grade

of A be any grade from 4 to 12 and the majority grade of B any
grade from 8 to 16.

In any case it is perfectly reasonable for A to be the winner: a
majority gives A grade 12 and another majority gives B grade
8. Why should this majority decision - a decision reached by
looking at the example horizontally - be any less valid than the
traditional majority decision - a decision reached by looking at
the example vertically? The notion of majority is not an axiom of
the traditional model. Unanimity is demanded, but it is satisfied
by the Majority Judgment: When all of X’s grades are above Y ’s
grades, then X is ranked above Y .

Similar arguments may be used to justify that in Example 3.1 A is the Ma-
jority Judgment winner.

Example 3.2 Suppose there are two alternatives A and B and one hundred
judges, whose evaluations are summarized in the following table.

p ex vg go ac po re q
A 48 18 30 52 0 0 0 0
B 49 18 31 21 15 8 7 30

According to Balinski’s Majority Judgment theory [4, 5, 6], the majority
grade of both A and B is go(od), A’s majority gauge is (48, go+, 0) and B’s
majority gauge is (49, go+, 30). According to both tie breaking rules B is
the winner.

Notice that there is no judge who gives A a grade lower than go(od),
while thirty judges do so for B. One might argue that B being the winner
is the result of the one extra voter that judges B as vg and not taking into
account the 30 voters who evaluate B lower than go(od). Considering the
cumulative majority judgment grades shown in the table below, one might
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expect A to be the winner.

at least ex vg go ac po re
A 18 48 100 100 100 100
B 18 49 70 85 93 100

As this table shows, candidate A is evaluated as at least go(od) by 100% of
the voters, while only 70% of the voters evaluate B as at least go(od). Nev-
ertheless, B, and not A, is the winner according to the Majority Judgment
theory.

In Example 16.4 of [6] the authors discuss a similar, but different, example,
in which again B, not A, is the winner:

p ex vg go ac po re q
A 49 9 40 51 0 0 0 0
B 4 4 47 0 0 0 49 49

In this example, the majority grade of A is go(od) and the majority grade of
B is vg (very good), so B is the winner. Again, since all voters judge that
A deserves at least grade go(od), while 49 voters reject B, one might argue
that intuitively A instead of B should be the winner. After all, a majority of
the voters prefer A to B. Nevertheless, in their book [6], Balinski and Laraki
argue that it is very reasonable that B is the winner in this case, using the
following arguments:

1. A majority judges that B deserves grade at least vg, while there is no
such majority for A.

2. Majorities of grades are clearly considerably more discerning
decisions than are majorities of preferences. There is no rea-
son that these two very different types of majority decision
should concur, nor that either should agree with a point-
summing winner. ([6], p. 283)

3. A is the more centrist, more consensual candidate; B is the
candidate with more confirmed political views – and thus
has more high grades and more low grades than A – and he
happens to be conferred a higher grade by a majority, so he
wins with the majority judgment. ([6], p. 284)
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Of these arguments, number 1, and consequently also number 2, does not
apply to our Example 3.2. Only the first part of the third argument remains
valid in Example 3.2. Quoting Balinski and Laraki [6], page 285:

The ... examples just discussed point to another property: the
tendency of the ‘summing-eye’ to favor centrist political can-
didates or middling competitors – competitors that are judged
highly by all judges because they have few faults – versus candi-
dates that are more confirmed on the right or the left of the polit-
ical spectrum or are exceptional competitors – competitors that
dare, fail on some points, yet soar so high as to overcome what-
ever their other defects. In these examples the point-summing
view favors the centrists and middling competitors much more
than does the majority judgment. Of course, majority judgment
in turn favors centrist candidates much more than first-past-the-
post. These tendencies have been proven experimentally.

Finally, Balinski and Laraki would probably argue that Example 3.2 is highly
artificial and that such an example has never been found in practice.

Example 3.3 Consider a shooting contest with two players A and B; they
played ten rounds and the following grades were obtained.

p ex vg go ac po re q
A 5 2 2 1 0 0 5 0
B 0 0 0 0 0 6 4 4

The majority grade of A is re(ject), while the majority grade of B is po(or).
So, B is the Majority Judgment winner. At first sight, one might expect A
to be the winner, for A performs five times go(od) or better, while B’s best
performance is only po(or).

We do not find a similar example in chapter 16 of [6], but looking at other
examples in their book, we may try to reconstruct Balinski and Laraki’s
justification or defense of this result:

1. [In a majority of the rounds candidate B performed at least
po(or); there is no such majority for A.] Why should this
majority decision – a decision reached by looking at the ex-
ample horizontally – be any less valid than the traditional
model’s majority decision – a decision reached by looking at
an example vertically? ([6], p. 282)
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2. The situation, however, is highly artificial; nothing remotely
resembling it has been encountered in practice. And as a
mathematical possibility, it is very rare. ([6], p. 281)

3. Moreover, one round for A with result re(ject) is able to make the
majority grade of A be any grade from go(od) to po(or), and one round
for B with result po(or) is able to change the majority grade of B from
po(or) to re(ject).

Notice that fmaj satisfies the monotonicity property and consequently: if
for all i, βi ≤ αi, then fmaj(β1, . . . , βn) ≤ fmaj(α1, . . . , αn). However, in
Example 3.3 the condition in this statement is not satisfied: it is not the case
that po = β6 ≤ α6 = re:

A ex ex vg vg go re re re re re
B po po po po po po re re re re

Example 3.4 Consider two candidates A and B and five judges with the
following results:

majority grade
A ex go go po re go
B ex ex ac ac po ac

So, A is the Majority Judgment winner with majority grade go(od), while
B’s majority grade is only ac(ceptable).

Majority Judgment is not participant consistent: suppose a sixth judge gives
a po(or) to A and a re(ject) to B, then B becomes the majority judgment
winner, as the majority grade of A becomes po(or) and the one of B becomes
ac(ceptable).

Balinski and Laraki give in their Chapter 16, p. 287, of [6] the following
justification or defense of the phenomenon we have just seen.

1. Who knows what are the intentions [of the sixth judge]? If
he gives [both A and B] low grades, [as he does in Example
3.4,] then he seems to have a relatively low opinion of both
candidates, may not care much about which of the two wins
and be very pleased to see their grades lowered. [Similarly,
if he gives them both high grades.]
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2. If he felt strongly about preferring A to B and gave A a grade
[between go and ex and B a grade between ac and re], then
A remains the winner.

The following Theorem is easily seen to be true.

Theorem 3.1 (Balinski and Laraki [6], p. 287 ) If fmaj(A) = α and
fmaj(B) = β and α > β and a new judge assigns α or a higher grade to
A and strictly lower than α to B, or symmetrically, assigns β or lower to B
and strictly higher than β to A, then A remains the winner.

Majority Judgment is not join-consistent: In Example 3.4, A wins in the
electorate of 5 judges and in the 1-judge electorate, yet does not win in the
entire electorate of 6 judges.

Another example showing join-inconsistency is the following one.

Example 3.5 Suppose there are two parts of an electorate, say I and II,
with two competitors A and B.

In part I there are 10 judges, giving their judgments as follows:

electorate I p ex vg go ac po re q
A 3 3 3 1 1 1 1 4
B 4 2 2 4 2 0 0 2

In electorate I, the majority-grade of candidate A is vg (very good) and the
one of B is go(od). So, in electorate I, A �maj B.

In electorate II there are the same two candidates and 15 judges, giving
their evaluations as follows:

electorate II p ex vg go ac po re q
A 5 1 2 2 3 4 3 7
B 7 2 2 2 1 4 4 4

In electorate II, the majority-grade of candidate A is ac(ceptable) and the
one of B is po(or). So, also in electorate II, A �maj B.

Now let us look at the result in the combined electorate, as shown below:

I and II p ex vg go ac po re q
A 9 4 5 3 4 5 4 9
B 8 4 4 6 3 4 4 11
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In the whole electorate, the final majority-grade of candidateA is ac(ceptable)
and the one of B is go(od). So, while A �maj B in both electorates I and
II, we have B �maj A in the combined electorate. In other words, A wins
in each district I and II, while B wins when the evaluations of both dis-
tricts are joined together. So, Majority Judgment is neither winner nor rank
consistent.

As a justification or defense of this phenomenon, Balinski and Laraki [6]
in their Chapter 16, p. 289, argue as follows:

1. Why should A be the winner in the combined electorate?
The two electorates may have agreed on the rankings, but
they certainly did not agree on the evaluations. ... Why
should agreement on rankings be more important than the
evaluations? The evaluations are much more discerning than
mere rankings.

2. Join-inconsistency is real but rare. Several simple theorems
together with experimental evidence explain why. [In Sec-
tion 2.6 we have already shown that the majority grade
is grade-join-consistent], i.e., if fmaj(α1, . . . , αn) ≥ γ and
fmaj(β1, . . . , βk) ≥ γ, then fmaj(α1, . . . , αn, β1, . . . , βk) ≥ γ,
and the same holds if the inequalities are reversed, or are
strict, or are equations. ... This theorem says that when
two electorates are in agreement on their evaluations of a
candidate with the majority judgment, then the combined
electorate evaluates the candidate identically. In the new
[framework] the important point is to assure a consistency
in evaluations, not a consistency in orders. The majority
judgment does.

Majority Judgment does not cancel properly: Suppose in Example 3.4 the
sixth judge gives a po(or) to both A and B, then again B becomes the
winner.

That cancelation is not satisfied by Majority Judgment may also be il-
lustrated as follows.

Example 3.6 Suppose two friends Romeo and Julia decided not to cast
their votes because Romeo is in favor of A and wants to give A one grade
higher than B, say ex(cellent) and vg (very good) respectively, and Julia is
in favor of B and wants to give B one grade higher than A, ex(cellent) and
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vg (very good) respectively. Since they expect that their votes will cancel
each other out, they decided not to cast their votes. However, let us see what
happens if we add their votes to the ones in Example 3.4. Then B becomes
the winner instead of A:

majority grade
A ex ex vg go go po re go
B ex ex ex vg ac ac po vg

Again one may reconstruct Balinski and Laraki’s justification or defense of
this phenomenon by noticing:

1. If both Romeo and Julia give A and B high grades, they may not care
much who wins and be pleased to see the majority grades of A and B
increased.

2. Again, evaluations are much more discerning than rankings. Also
remember Theorem 3.1 and that Majority Judgment is grade-join-
consistent.

Example 3.7 That Majority Judgment is not participant consistent may
also be seen in the following example. Suppose that Romeo and Julia are two
new voters who both give to the winner A of example 3.4 grade ex(cellent)
and to B grade vg (very good) only. Then we have the following situation:

majority grade
A ex ex ex go go po re go
B ex ex vg vg ac ac po vg

Again B becomes the winner instead of A. One may conclude that increased
support for a candidate may turn him from a winner into a loser. In this
case it is better for Romeo and Julia not to cast their votes, since then their
favored candidate A wins, while B wins if they do cast their votes. In the
literature this is known as the no show paradox.

Quoting Hannu Nurmi [36]:

Vulnerability to no-show paradox is a serious drawback in a vot-
ing system. After all, any reasonable voter would expect that by
voting he is contributing to the possibility that his favorite wins.
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The realization that the very act of communicating his true pref-
erences makes the outcome worse from his point of view than it
would have been had he decided not to vote at all, may be de-
moralizing. It certainly undermines the very rational of going to
the polls.

However, Balinski and Laraki would most likely argue as follows:

1. A majority evaluates B as at least vg (very good); there is no such
majority for A.

2. If Romeo and Julia would strongly prefer A to B, they might give A a
go (good) or better and B an ac (acceptable) or lower, in which case
A would remain the winner.

3. Evaluations are much more discerning than mere rankings.

Balinski and Laraki point out that the failure to satisfy participant-consis-
tency (or no-show paradox), join-consistency and proper cancelation are es-
sentially equivalent phenomena, and argue as follows ([6], p. 287):

All of the [former arguments] suggest that the no-show paradox
is not of much importance.

The violation of proper cancelation is a positive property, not a
negative one. The majority judgment gives to every voter the pos-
sibility of altering the ranking, whether she is indifferent between
several or all candidates or not. ... This is a clear inducement
to participate. It is not true of point-summing methods that do
cancel properly.

Example 3.8 Consider the following situation with two alternatives A and
B and one hundred judges, whose judgments are summarized in the following
table.

p ex vg go ac po re q
A 1 1 99 0 0 0 0 0
B 50 50 1 0 0 0 49 49

A’s majority-gauge is (1, vg+, 0) and B’s majority-gauge is (50, vg+, 49).
So, B �mg A and hence also B �maj A. However, all judges evaluate A as
at least very good, while only 51 of the judges do so for B. Considering the
cumulative Majority Judgment grades shown in the table below,
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at least ex vg go ac po re
A 1 100 100 100 100 100
B 50 51 51 51 51 100

one might argue that A should win, not B.

How may Balanski and Laraki defend this outcome? In this case there is a
majority that judges the candidate deserves at least grade vg, both for A
and B. Of course, the situation seems highly artificial. Also, they may argue
that the one judge that gives B a vg may give B any grade between ex and
re. In the first case, a majority of the judges evaluates B as excellent and
there is no such majority for A. And if this one judge gives B a go or lower
instead of a vg, B’s majority grade will become go or lower, and A will win.
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Chapter 4

Borda Majority Count

4.1 Introduction

We have seen in Section 3.2 that the Majority Judgment may produce contro-
versial outcomes in some cases. Also it is not clear how Balinski and Laraki’s
Majority Judgment may be used to provide a seat distribution for the differ-
ent parties in a parliament. For these reasons we adapt in this chapter the
Majority Judgment as follows. Let us suppose that the common language of
grading is {ex, vg, go, ac, po, re}, where ex stands for ‘excellent’, vg for ‘very
good’, go for ‘good’, ac for ‘acceptable’, po for ‘poor’, and re for ‘reject’.
Then we identify every evaluation ex of a candidate with 5 points, vg with
4 points, go with 3 points, ac with 2 points, po with 1 point and re with 0
points. The Borda Majority Count (BMC) of a candidate is now the total
number of points assigned to that candidate by the voters. This procedure
contains elements of the Borda Count, of Majority Judgment and of Range
Voting, as will be explained below.

In 1770 the French mathematician Jean-Charles de Borda proposed the
Borda Count as a method for electing members of the French Academy of
Sciences. In the framework of Arrow, voters are supposed to give a preference
ordering over the alternatives, everyone in his or her own private language.
If a voter ranks the alternatives A1, . . . , Am as Aσ(1) � Aσ(2) � . . . � Aσ(m)

(where σ is a permutation of {1, . . . ,m}), Aσ(1) gets m − 1 Borda points,
Aσ(2) gets m − 2 Borda points, . . ., Aσ(m) gets 0 Borda points. The Borda
score of a given alternative A is the total number of Borda points given by
the voters to A. The social ranking of the alternatives and the winner(s) are
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obtained by comparing the Borda scores of the different alternatives.
As explained in Chapter 2, the Majority Judgment of Balinski and Laraki

[4, 5, 6] uses a different framework, in which voters are supposed to give
an evaluation of each candidate in some common language or grading sys-
tem. Hence, the voters are able to provide much more information than in
Arrow’s framework. A judge’s message is a grade or word in a common lan-
guage. These grades have absolute meanings, in the sense that every voter
evaluates the merits of an alternative or candidate according to his or her
own standards. The output is the median grade of each competitor. Al-
though Majority Judgment has nice properties, in particular with respect to
manipulation, it may produce controversial outcomes in some cases, as we
have seen in Section 3.2, partly due to its median based aggregation method.

Range Voting, introduced by Warren D. Smith [60], is similar to Balinski
and Laraki’s Majority Judgment in that it also assumes a common language
or range of grades. For instance, the grades may range from 0 till 99, in
other words, the common language may be {99, 98, . . ., 1, 0}, but smaller
ranges are possible, of course. The final grade of a candidate or alternative
is simply the sum of the grades assigned to the candidate by the different
voters. The advantage of a large range is, of course, that there is little chance
of a tie. On the other hand, the disadvantage of a large range is that it makes
manipulation quite easy: if A and B are two close competitors and I have
a preference for A, I may give A 99 points and B 0 points, although my
sincere grade of B would be 90 points, for instance. Range Voting has many
nice properties, as explained in [60], but its weakness is that it is easy to
manipulate.

The Borda Majority Count (BMC) which is introduced in this Chapter,
also asks the voter to give an evaluation of each alternative in a common
language, like in Majority Judgment and in Range Voting. The difference
being that its preferred common language is {ex, go, ac, po, re}, leaving out
the grade vg, or in terms of grades the set {4, 3, 2, 1, 0}. The final grade
of a candidate or alternative is then simply the sum of the grades assigned
by the voters to the alternative in question, which reminds us of the Borda
Count.

The difference with the Borda Count is that in Borda’s procedure the
voters are supposed to give a ranking of the candidates, without enabling
them to express intensities. So, for instance, if a voter prefers A1 to A2,
it may mean that he evaluates A1 as excellent and A2 as good, but it may
also mean that he evaluates A1 as excellent and A2 as poor. Also, in the
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Borda procedure the voter is not able to express that he evaluates two or
more candidates equally good or equally bad. The difference of the Borda
Majority Count with Majority Judgment is that it takes the sum of the
evaluations of a given candidate by the different voters as the final grade
of that alternative, while Majority Judgment takes the median grade as the
final grade of the alternative in question. And the difference of the Borda
Majority Count with Range Voting is that the grades are expressed in words
like excellent, good, acceptable, poor, reject, and that the range is relatively
small.

As we shall see, the Borda Majority Count makes it easy to produce a
seat distribution of parties in a parliament for example, while it is not clear
how this can be done when Majority Judgment is the voting procedure.

4.2 The Borda Majority Count (BMC)

Let L = {g1, g2, . . . , gk} be the set of (linguistic) grades with g1 > g2 >
. . . > gk, for instance {ex, go, ac, po, re}. Given a finite set of m candi-
dates C = {A1, A2, . . . , Am}, a finite set of n voters V = {1, . . . , n}, an
input profile is an m by n matrix (gij) of grades, where each row i contains
the grades gij, j = 1, . . . , n, given by the voters 1, . . . , n to candidate Ai
and each column j contains the grades gij, i = 1, . . . ,m, voter j assigns
to the candidates A1, . . . , Am. Balinski and Laraki’s Majority Judgment
[4, 5, 6] assigns to such an input profile an element of Lm, being the output
(fmaj(A1), f

maj(A2), . . . , f
maj(Am)), where fmaj(Ai) is the majority grade,

i.e., the median value, of candidate Ai, while the Borda Majority Count as-
signs to such an input profile an element of Rm, being the output (BMC(A1),
. . ., BMC(Am)), where BMC(Ai) is as defined below.

Definition 4.1 Let g∗i1, g
∗
i2, . . . , g

∗
in be the natural numbers from {1, . . . , k}

associated with the (linguistic) grades gi1, gi2, . . . , gin given to candidate Ai
by the voters 1, . . . , n. Then the Borda Majority Count BMC(Ai) of Ai is
defined as the sum g∗i1 + g∗i2 + . . .+ g∗in of the natural numbers corresponding
with the different grades given to Ai.
Of course, one may divide the Borda Majority Count of an alternative by the
number of voters, giving a kind of average evaluation or score. Therefore, we
define BMCav(Ai) as BMC(Ai)/n, where n is the number of voters.
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Although the probability that the Borda Majority Count assigns the same
final grade to two or more alternatives is relatively low, it may of course hap-
pen that there are two alternatives A and B such that BMC(A) = BMC(B),
in other words that there is a tie between A and B. In such a case we propose
to break the tie by dropping the reject grades and re-calculate the Borda Ma-
jority Count in the new situation with one grade less. That is, if the original
grades were ex, go, ac, po, re corresponding with the grades 4, 3, 2, 1, 0, in
the new situation the grades are ex, go, ac, po but now corresponding with
the grades 3, 2, 1, 0 respectively. If there is still a tie, then drop the poor
grades and again re-calculate the Borda Majority Count; we continue this
process of dropping grades step by step from lower to higher until the tie is
broken.

The candidate who has the greatest Borda Majority Count, is the Borda
Majority winner. In general, the Borda Majority ranking �BMC between two
competitors is determined as follows:

Definition 4.2 (Borda Majority Ranking)
If BMC(A) > BMC(B), then A �BMC B.
If BMC(A) = BMC(B), then drop all the reject grades and recalculate the
Borda Majority Count. This procedure is repeated step by step by dropping
grades from lower to higher until a winner among A and B is found.

Example: Consider the case of one hundred judges who gave their judge-
ments for three candidates A,B,C, as indicated below.

vg go ac po re BMC-I BMC-II
A 23 21 29 17 10 230 140
B 24 20 25 24 7 230 137
C 19 22 35 18 6 230 136

In this example, we see that the alternatives A,B and C have the same
Borda Majority Count, indicated by BMC-I in the table above. Since there
is a tie, we drop the reject grades of all alternatives and recalculate the Borda
Majority Count, but now identifying the evaluations vg, go, ac, po with 3, 2,
1, 0 respectively. Then it turns out that alternative A has the greater Borda
Majority Count, indicated by BMC-II, and wins the election. The resulting
Borda Majority Ranking is A �BMC B �BMC C.

Clearly, the Borda Majority Count always ranks one candidate ahead of
another, unless the two are assigned an identical set of grades by the judges.
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A �BMC B := A �BMC B or A and B are assigned identical grades.

4.3 Properties of the Borda Majority Count

First of all it is interesting to note that the Borda Majority Count of an
alternative A is equal to the sum of the cumulative evaluations of A if one
identifies, for instance, the language {ex, vg, go, ac, po, re} with the grades
{5, 4, 3, 2, 1, 0}. An example may clarify what we mean. Let us consider
the results for the three main candidates Bayrou, Royal and Sarkozy in the
Orsay experiment of Balinski and Laraki [5] of 2007:

ex vg go ac po re
Bayrou 13.6 30.7 25.1 14.8 8.4 7.4
Royal 16.7 22.7 19.1 16.8 12.2 12.6
Sarkozy 19.1 19.8 14.3 11.5 7.1 28.2

As we have seen in Section 2.5, after tie-breaking the resulting social order
according to Majority Judgment is Bayrou �maj Royal �maj Sarkozy. Balin-
ski and Laraki ([6], p. 257) point out that this result is as it should be, by
looking at the cumulative Majority Judgment grades of the candidates in
question, as given in the table below:

at least ex vg go ac po sum BMC
Bayrou 13.6 44.3 69.4 84.2 92.6 304.1 304.1
Royal 16.7 39.4 58.5 75.3 87.5 277.4 277.4
Sarkozy 19.1 38.9 53.2 64.7 71.8 247.7 247.7

Balinski and Laraki ([6], p. 257) argue that the ‘raw’ Majority Judgment
results make a very strong case for ranking Bayrou first, Royal second and
Sarkozy third for the following reason:

Except for the Excellents, whose percentages taken alone give the
opposite rank-ordering, the percentages of at least very good, at
least good, . . . , at least poor all agree with that order. Almost
any reasonable election mechanism should agree with this ranking
of the three important candidates; the first- and two-past-the-
post mechanisms are an exception, but they are not reasonable.
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What we want to point out here is that the Borda Majority Count of, for
instance, Bayrou equals the sum 13.6 + 44.3 + 69.4 + 84.2 + 92.6 of the
numbers in the first row of the last table. After a little thinking one sees
why: BMC(Bayrou) is by definition 13.6 × 5 + 30.7 × 4 + 25.1 × 3 + 14.8
× 2 + 8.4 × 1; and in the cumulative Majority Judgment grades in the last
table the grade ex is repeated 5 times, the grade vg is repeated 4 times, etc.

Theorem 4.1 The Borda Majority Count of an alternative is the sum of
the cumulative grades of the candidate in question.

In Chapter 2 we have defined a method of grading as a function F : Lm×n →
Lm. Replacing Lm by Rm, from now on we shall also call BMCav a method
of grading.

Theorem 4.2 BMCav : Lm×n → Rm satisfies the properties of a social
grading function (see Definition 2.5):

1. BMCav is neutral: when the rows or competitors in a profile are per-
muted, BMCav gives the identical answer permuted in the same way.

2. BMCav is anonymous: when the columns or judges in a profile are
permuted, BMCav gives the same grades to each competitor.

3. BMCav is unanimous: if a competitor is given the same grade g by
every judge, then BMCav assigns him the same grade g.

4. BMCav is monotonic: if in comparing two profiles, a competitor’s
grades in the second are all the same or lower than in the first, then
BMCav cannot assign the competitor a higher grade in the second case
than in the first. Moreover, if all the competitor’s grades are strictly
lower in the second profile, then BMCav assigns a strictly lower value
in the second case.

5. BMCav is Independent of Irrelevant Alternatives in Grading (IIAG): if
the lists of grades assigned by the judges to a competitor in two profiles
are the same, then in both cases BMCav assigns the same grade to the
competitor in question.

The proof that BMCav satisfies these properties is elementary and straight-
forward. Let fBMC : Ln → R be the corresponding aggregation function (see
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Theorem 2.3). This aggregation function fBMC satisfies anonymity, unanim-
ity and monotonicity, as explained in Definition 2.6.

It is also easy to see that this aggregation function fBMC : Ln → R, corre-
sponding to BMCav, is grade-join-consistent (see Definition 2.16):
if fBMC(α1, . . . , αk) ≥ γ and fBMC(β1, . . . , βl) ≥ γ, then also
fBMC(α1, . . . , αk, β1, . . . , βl) ≥ γ, and the same holds if the inequalities are
reversed, or are strict, or are equalities.

Theorem 4.3 fBMC : Ln → R is grade-join consistent.

In addition, it is easy to see that the Borda Majority Count satisfies the
following properties (see Definition 2.2).

Theorem 4.4 BMC is choice-monotonic: if A �BMC B and either A moves
strictly higher or B moves strictly lower in some or more voters’ evaluations,
then A �BMC B.

BMC is rank-monotonic: if voters’ estimations remain the same except
that the winner moves up, then not only should she still be the winner, but
the final ranking among the others should remain the same.

BMC is strongly monotonic: when a non-winner falls in the estimation of
the voters, the winning candidate remains the winner.

As the Borda Majority Count (BMC) is a special case of Range Voting (RV)
([60]), it satisfies all the properties of Range Voting: it is an expressive
voting system that is participation-safe, favorite-safe, clone-safe, monotonic,
remove-loser-safe, and precinct-countable. In [61] Warren D. Smith describes
these properties as follows.

Definition 4.3 (Warren D Smith, [61])

1. Expressiveness : The more kinds of votes you can cast, the
more expressivity you have.

2. A voting system is participation-safe if casting an honest
vote can never cause the election result to get worse (in the
voter’s view) than if she hadn’t voted at all.

3. A voting system is favorite-safe if it ‘safe’ to vote for your
favorite, i.e., it never is more strategic to vote a non-favorite
ahead of your favorite.
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4. A voting system is clone-safe if a ‘clone’ of a candidate (rated
almost identical to the original by every voter) enters or
leaves the race, that should not affect the winner (aside from
possible replacement by a clone).

5. A voting system is monotonic iff i) if somebody increases
their vote for candidate C (leaving the rest of their vote
unchanged) that should not worsen C’s chances of winning
the election, and ii) if somebody decreases their vote for
candidate B (leaving the rest of their vote unchanged) that
should not improve B’s chances of winning the election.

6. A voting system is remove-loser safe := if some losing can-
didate X is found to be ineligible to run, then the same
ballots should still be useable to conduct an election with X
removed, and should still elect the same winner.

7. A voting system is precinct-countable := if each precinct can
publish a succinct summary of the vote (sub)total in that
precinct, then the overall country-wide winner can be deter-
mined from those precinct subtotals.

Theorem 4.5 The Borda Majority Count (BMC) is participation-safe, fa-
vorite-safe, clone-safe, monotonic, remove-loser-safe and precinct-countable.

Below we comment on these properties:

1. With plurality voting in an m-candidate election, every voter has only
m possible votes. With approval voting there are 2m possible votes for
every voter. With 0 - 4 Range Voting, i.e., with the Borda Majority
Count, one has 5m possibilities to vote. With 0 - 99 Range Voting one
has 100m possible votes. Of course, with rank-order voting systems one
has m! possible votes.

2. It is evident that the Borda Majority Count is participation-safe, in
other words, that it does not exhibit the no-show paradox, where some
class of voters would have been better off by ‘not showing up’. No-
tice that in Example 3.7 we have seen that the Majority Judgment is
not participation-safe. It is also well-known that Instant Runoff Vot-
ing (IRV) (where the ‘loser’ candidate top-ranked by fewest voters is
eliminated from all ballots and this procedure is repeated over and over
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until only one remains who wins) may exhibit this phenomenon. For
instance, suppose a profile with

9: B C A
8: A B C
7: C A B

then under IRV, after elimination of C, A wins; however, if three B
C A voters had refused to vote, then, after elimination of B, C would
have won, which is better from their point of view. One might say that
these three voters’ decision to cast an honest A-last vote caused A to
win.

3. For instance, the Plurality Rule is not favorite-safe. Consider the fol-
lowing profile:

4: A B C
3: B C A
2: C B A

Then under the Plurality Rule A will win. But if the two C voters would
put their non-favorite candidate B ahead of their favorite candidate C,
B would win, which is a better outcome from their point of view. Also
the Borda Count, Pairwise Comparison and Instant Runoff are not
favorite-safe. Approval Voting and more generally Range Voting and
in particular the Borda Majority Count are favorite-safe.

4. Plurality Rule and the Borda Count are not clone-safe in different ways.
For the Plurality Rule, if a winning candidate A has too many clones
A1, A2, etc, the votes for A may be distributed over the clones and all
may lose. For the Borda Count, suppose 3: AB and 2: BA, then A
will have most Borda Points; but if B is replaced by two clones B1 and
B2, the situation may become 3: AB1B2 and 2: B1B2A and B1 will
have most Borda points.

5. Plurality Rule, the Borda Count, Majority Judgment, Approval Vot-
ing and Range Voting, and hence in particular the Borda Majority
Count, are monotonic, but it is well known that Instant Runoff Voting
and related voting systems like the Single Transferable Vote and the
Alternative vote are not, as we have seen in Section 1.5.2.
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6. Majority Judgment and Range Voting clearly do have the property of
being remove-loser-safe, but Plurality Rule, Pairwise Comparison, the
Borda Count and Instant Runoff Voting are not. For instance, given
profile p with

4: A B C
3: B C A
2: C B A

under Plurality Rule A is the winner and C is the loser, but by removing
C, B instead of A becomes the winner.

7. In Example 3.4 and 3.5 we have seen that Majority Judgment is not
join-consistent and hence not precinct-countable. Also Instant Runoff
Voting is not precinct-countable. However, Range Voting and hence in
particular the Borda Majority Count are clearly precinct-countable.

While Plurality Rule and Instant Runoff Voting may favor extreme candi-
dates, Warren D. Smith argues in [61] that Range Voting, and hence in
particular the Borda Majority Count, has little or no bias with respect to
centrist/extreme candidates. In Chapter 19 of [6], p. 350, Balinski and
Laraki argue on the basis of experimental evidence that also ‘the Majority
Judgment ... seems to be the most balanced with regard to the left-right
spectrum’.

Theorem 4.6 The Borda Majority Count is join-consistent , i.e., when
A �BMC B in two different electorates, then also A �BMC B in the joint
electorate.

Proof Suppose A �BMC B in electorate I and A �BMC B in electorate II.
If in both electorates there was no tie and consequently no second Borda
Majority Count had to be computed, then the Borda Majority Count of A
in electorate I is larger than the Borda Majority Count of B in electorate I,
and similarly for electorate II. Then clearly for the joint electorate it holds
that BMC(A) > BMC(B).

Suppose that in electorate I there was a tie between A and B and hence
a second or third Borda Majority Count had to be computed to determine
that A �BMC B, while in electorate II there was no tie at the first Borda
Majority Count. Then BMC(A) = BMC(B) in electorate I and BMC(A)



4.3. PROPERTIES OF THE BORDA MAJORITY COUNT 73

> BMC(B) in electorate II. Then clearly BMC(A) > BMC(B) in the joint
electorate.

Finally, suppose that in both electorates two or more Borda Majority
Counts had to be computed in order to determine that A �BMC B. Then
BMC(A) = BMC(B) in both electorates and hence in both electorates two or
more Borda Majority Counts had to be computed to determine that A �BMC

B. Then clearly also in the joint electorate BMC(A) = BMC(B) and repeated
computation of the Borda Majority Count will result in A �BMC B again.

�

Condorcet winner versus BMC winner Note that the Borda Majority
Count winner is not necessarily the Condorcet winner. For instance, consider
the case of two candidates A and B and three voters, two of which give to
A grade ex(cellent) and to B grade go(od), and the third voter gives to A
grade re(ject) and to B grade go(od). Then A is the Condorcet winner,
while B is the Borda Majority Count winner with 9 points against 8 for A.
The reason behind this is that face to face confrontations ignore how the
electorate evaluates the respective candidates except, of course, that one is
evaluated higher than the other.

Finally, below we give a characterization of the Borda Majority Count due
to Gaertner and Xu [22]. Let C be a finite set {A1, . . . , Am} of competitors
or alternatives, N = {1, . . . , n} a finite set of voters or judges, and L a set of
(number-)grades. Remember that a profile p can be conceived as a function
that assigns to every alternative A and every voter i a grade p(A, i) in L.
Hence, a profile may be conceived as a function p : C × N → L and can
be represented by a matrix (gki) with k ∈ {1, . . . ,m} and i ∈ {1, . . . , n},
where gki = p(Ak, i) is the grade assigned by voter i to alternative Ak. The
Borda Majority Count (BMC) can be conceived as a function that assigns
to every profile p a weak ordering �p of the alternatives in the following
natural way A �p B := BMC(A, p) ≥ BMC(B, p), where BMC(A, p) :=
p(A, 1) + . . . + p(A, n). Notice that this weak ordering �p is different from
the (strict) Borda Majority ranking �BMC , defined in Definition 4.2. That
is, BMC may be conceived as an aggregation rule.

Definition 4.4 An aggregation rule f assigns by definition to every profile
p a (weak) ordering f(p) of the alternatives.

Gaertner and Xu [22] prove that an aggregation rule f is the Borda Ma-
jority Count BMC if and only if f satisfies Monotonicity and Cancelation
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Independence.

Definition 4.5 Monotonicity In ranking two alternatives A and B, if the
score assigned to A by each individual i ∈ N is at least as great as the score
assigned to B by the same individual i, then A must be socially ranked at
least as high as B, and if in addition some individual assigns a higher score
to A than to B, then A must be socially ranked higher than B.
In more technical terms: Let f be an aggregation rule; f is monotonic :=
for every profile p, if for all i ∈ N p(A, i) ≥ p(B, i), then Af(p)B, and if in
addition there is some i ∈ N such that p(A, i) > p(B, i), then Af(p)B and
not Bf(p)A.

Definition 4.6 Given two profiles p and p′, two alternatives A and B and
two voters i and j, we say that p and p′ are (i, j)-variant with respect to
(A,B) iff for all k ∈ N − {i, j}, p(A, k) = p′(A, k)) and p(B, k) = p′(B, k).

Definition 4.7 Cancelation Independence (CI) An aggregation rule f
is cancelation independent := for all profiles p and p′, for all alternatives
A,B and for all i, j ∈ N , if p and p′ are (i, j)-variant with respect to (A,B),
p(A, i) = p(B, i) + a, p(B, j) = p(A, j) + b, where a, b > 0 or a, b < 0,
p′(A, i) = p(A, i), p′(B, i) = p(B, i) + γ, p′(A, j) = p(A, j) + γ and p′(B, j) =
p(B, j), where γ = min(a, b) when a ≥ 0 and b ≥ 0 and γ = max(a, b) when
a < 0 and b < 0, then Af(p)B iff Af(p′)B.

Cancelation Independence of f means, for instance, that if p and p′ are the
two profiles as shown below, then Af(p)B iff Af(p′)B:

1 i j n

A 7 5

B 4 9

and

1 i j n

A 7 5+3

B 4+3 9

The following theorem says that the Borda Majority Count is the unique
aggregation rule satisfying monotonicity and cancelation independence.

Theorem 4.7 (Gaertner and Xu, 2011) An aggregation rule f is the Borda
Majority Count iff f satisfies monotonicity and cancelation independence.



4.3. PROPERTIES OF THE BORDA MAJORITY COUNT 75

Proof It is easy to see that the weak ordering �p induced by the Borda
Majority Count, defined by A �p B iff BMC(A, p) ≥ BMC(B, p), satisfies
monotonicity and cancelation independence.

Conversely, suppose f is an aggregation rule satisfying monotonicity and
cancelation independence. We have to show that for every profile p, f(p) =
�p, i.e., for all alternatives A,B, Af(p)B iff BMC(A, p) ≥ BMC(B, p).
In order to prove this, it suffices to show that for all profiles p,
(a) if BMC(A, p) = BMC(B, p), then Af(p)B and Bf(p)A, and
(b) if BMC(A, p) > BMC(B, p), then Af(p)B and not Bf(p)A.

Proof of (a): Suppose BMC(A, p) = BMC(B, p).
Case 1: for all i ∈ N , p(A, i) = p(B, i). Then it follows by monotonicity of
f that Af(p)B and Bf(p)A.
Case 2: there are i and j in N such that p(A, i) > p(B, i) and p(A, j) <
p(B, j). Assume without loss of generality that p(A, i) − p(B, i) = a0 ≥ 0
and p(B, j)− p(A, j) = b0 ≥ 0. Let γ1 = min(a0, b0) and let profile p′ be an
(i, j) variant of p with respect to (A,B) such that p′(B, i) = p(B, i) + γ1 and
p′(A, j) = p(A, j) + γ1. Since f satisfies cancelation independence, it follows
that Af(p)B iff Af(p′)B.
Notice that the number of voters who give different values to A and B has
decreased with at leasr one. If already at this stage p′(A, i) = p′(B, i) for
all i ∈ N , then by the monotonicity of f , Af(p′)B and Bf(p′)A, and hence
Af(p)B and Bf(p)A.
If not for all i ∈ N , p′(A, i) = p′(B, i), then by repeating the argument just
given a sufficient number of times, we find a profile pk such that pk is a
(ik, jk)-variant of pk−1 with respect to (A,B), pk(B, ik) = pk−1(B, ik) + γk
and pk(A, jk) = pk−1(A, jk) + γk and such that for all i ∈ N , pk(A, i) =
pk(B, i). Since f satisfies cancelation independence, Af(pk)B iff Af(pk−1)B
iff . . . Af(p)B. Since for all i ∈ N , pk(A, i) = pk(B, i), it follows from
the monotonicity of f that Af(pk)B and Bf(pk)A and hence Af(p)B and
Bf(p)A.

Proof of (b): Suppose BMC(A, p) > BMC(B, p). Then there is at least
one i ∈ N such that p(A, i) > p(B, i). Take i such that this difference is
maximal. If for all j 6= i, p(A, j) ≥ p(B, j), then by monotonicity, Af(p)B
and not Bf(p)A, which was to be shown.

So, suppose for some j 6= i, p(A, j) < p(B, j). Let p(A, i)−p(B, i) = a0 >
0 and p(B, j) − p(A, j) = b0 > 0 and γ1 = min(a0, b0); let profile p′ be an
(i, j) variant of p with respect to (A,B) such that p′(B, i) = p(B, i) + γ1 and
p′(A, j) = p(A, j) + γ1. Since f satisfies cancelation independence, it follows
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that Af(p)B iff Af(p′)B.
Notice that the number of voters who give lower values to A than to B
has decreased with at least one. If already at this stage for all j 6= i,
p′(A, j) ≥ p′(B, j), then by the monotonicity of f , Af(p′)B and not Bf(p′)A,
and hence Af(p)B and not Bf(p)A.
If there is still some j 6= i such that p′(A, j) < p′(B, j), then by repeating
the argument just given, we may construct a profile pk such that pk(A, i) >
pk(B, i) and for all j 6= i, pk(A, j) ≥ pk(B, j). Since f satisfies cancelation
independence, Af(pk)B iff Af(pk−1)B iff . . . Af(p)B. Since f satisfies mono-
tonicity, it follows that Af(pk)B and not Bf(pk)A and hence that Af(p)B
and not Bf(p)A. �

4.4 Applications of BMC to particular exam-

ples

In this Section we will apply the Borda Majority Count to all controversial
examples discussed in Section 3.2 and see that the results under the Borda
Majority Count are in accordance with what one would expect. The num-
bering of the examples below corresponds with the one of the examples given
in Section 3.2. Also, we shall see that the Borda Majority Count applied to
the evaluations, obtained in Balinski and Laraki’s experiment at the 2007
French presidential election, yields practically the same result as Majority
Judgment.

Example 4.1 Consider a wine contest with two wines A and B and nine
judges, who give the following evaluations:

MJ BMC
A vg go go go go po re re re go 17
B ex ex ex vg ac ac ac ac po ac 28

Although all but one judge award a higher grade to B than to A, A is the
Majority Judgment winner. However, BMC(A) = 4 + 4 · 3 + 1 + 3 · 0 = 17
and BMC(B) = 3 · 5 + 4 + 4 · 2 + 1 = 28. So, under the Borda Majority
Count, B is the winner. Remember that Balinski and Laraki argue in [6]
that the example is highly artificial and very unlikely and that it is perfectly
reasonable for A to be the winner, because a majority of the judges give A a
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grade of at least go, while another majority of the judges give B a grade of
at most ac.

Example 4.2 Suppose there are two alternatives A and B and one hundred
judges, whose evaluations are summarized in the following table.

ex vg go ac po re BMC
A 18 30 52 0 0 0 366
B 18 31 21 15 8 7 315

According to Balinski’s Majority Judgment theory [4, 5, 6], the majority
grade of both A and B is go(od). According to both tie breaking rules for
Majority Judgment B is the winner. This may look a bit counterintuitive,
because all voters evaluate A as go(od) or better, while only 70% of the
voters evaluate B as at least go(od). As mentioned in Example 3.2 Balin-
ski argues that ‘the point-summing view favors the centrists and middling
competitors much more than does the Majority Judgment’. And indeed, the
Borda Majority Count of A is much larger than the one of B: A �BMC B.

Example 4.3 Consider a shooting contest with two players A and B; they
played ten rounds and the following grades were obtained.

ex vg go ac po re BMC
A 2 2 1 0 0 5 21
B 0 0 0 0 6 4 6

According to Majority Judgment, B is the winner, because its majority grade
is po(or), while A’s majority grade is re(ject). Again one may object that
half of the rounds for A resulted in go(od) or better, while the best result for
B was po(or). In Example 3.3 we have given a reconstruction of Balinski and
Laraki’s justification or defense that nevertheless under Majority Judgment
B is the winner: B performed in a majority of the rounds at least po(or),
while there is no such majority for A. Also one might argue that situations
like this one are highly artificial and not likely to occur in practice.

One easily checks that the Borda Majority Count of A is 21, while the
one of B is only 6. So, A is the winner under the Borda Majority Count:
A �BMC B.
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Example 4.4 Consider two candidates A and B and five judges with the
following results:

MJ BMC
A ex go go po re go 12
B ex ex ac ac po ac 15

So, A is the Majority Judgment winner with majority grade go(od), while
B’s majority grade is only ac(ceptable). Now suppose a sixth judge gives
a po(or) to A and a re(ject) to B, then B becomes the Majority Judgment
winner, as the majority grade of A becomes po(or) and the one of B becomes
ac(ceptable). In other words, Majority Judgment is not participant consis-
tent. In Example 3.4 we have given the justification of Balinski and Laraki
of this phenomenon: if the sixth judge gives both A and B low grades, then
he may not care much who wins and be pleased to see their grades lowered.
They further state conditions under which the winner does not change, as
formulated in Theorem 3.1 of this manuscript.

Under the Borda Majority Count B will be the winner in the case of
five judges and remain the winner with the sixth judge taking part in the
evaluations.

Example 4.5 Suppose there are two parts of an electorate, say I and II,
with two competitors A and B. In part I there are 10 judges, giving their
judgments as follows:

electorate I ex vg go ac po re BMC
A 3 3 1 1 1 1 33
B 2 2 4 2 0 0 34

In electorate II there are the same two candidates and 15 judges, giving their
evaluations as follows:

electorate II ex vg go ac po re BMC
A 1 2 2 3 4 3 29
B 2 2 2 1 4 4 30

Now let us look at the result in the combined electorate, as shown below:

I and II ex vg go ac po re BMC
A 4 5 3 4 5 4 62
B 4 4 6 3 4 4 64
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As we have seen in Example 3.5, according to Majority Judgment A �maj B
in both electorates I and II, but B �maj A in the combined electorate.
Balinski and Laraki argue that the two electorates may have agreed on the
rankings, but they certainly did not agree on the evaluations; why should
agreement on rankings be more important than evaluations? Further they
argue that join-inconsistency is real, but rare, and point out that Majority
Judgment is grade-join-consistent.

Notice that under the Borda Majority Count we have B �BMC A in
both electorates I and II, and B �BMC A in the combined electorate as well.
In Theorem 4.6 we have indeed shown that the Borda Majority Count is
join-consistent.

As a last example, we will apply the Borda Majority Count to the results of
the Orsay experiment of Balinski and Laraki in 2007. The results are shown
below, together with the Borda Majority Counts of the different candidates
for president.

Notice that application of Majority Judgment yields many ties, which
have to be resolved: the three main candidates Bayrou, Royal and Sarkozy
have the same majority grade go(od), Voynet has majority grade ac(cept),
Besancenot, Buffet, Bové and Laguiller have the same majority grade po(or)
and the four remaining candidates all have the same majority grade re(ject).
For the Borda Majority Count the likelihood of ties is (very) low.

ex vg go ac po re BMC
Besancenot 4.1 9.9 16.3 16.0 22.6 31.1 163.6
Buffet 2.5 7.6 12.5 20.6 26.4 30.4 148.0
Schivardi 0.5 1.0 3.9 9.5 24.9 60.4 062.1
Bayrou 13.6 30.7 25.1 14.8 8.4 7.4 304.1
Bové 1.5 6.0 11.4 16.0 25.7 39.5 123.4
Voynet 2.9 9.3 17.5 23.7 26.1 20.5 177.7
Villiers 2.4 6.4 8.7 11.3 15.8 55.5 102.1
Royal 16.7 22.7 19.1 16.8 12.2 12.6 277.4
Nihous 0.3 1.8 5.3 11.0 26.7 55.0 073.3
Le Pen 3.0 4.6 6.2 6.5 5.4 74.4 070.4
Laguiller 2.1 5.3 10.2 16.6 25.9 40.1 121.4
Sarkozy 19.1 19.8 14.3 11.5 7.1 28.2 247.7

Interestingly, the Borda Majority Count ranking is very similar to the
Majority Judgment ranking. For both � = �maj and � = �BMC we find
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Bayrou � Royal � Sarkozy � Voynet � Besancenot � Buffet � Bové �
Laguiler. However, the ranking of �maj can only be determined by breaking
ties, while the ranking of �BMC is immediately clear from the Borda Majority
Counts. Only in the tails of the rankings there are differences: Nihous �maj
Villiers �maj Schivardi �maj Le Pen, while for �BMC the ranking of these
four last candidates is the following: Villiers �BMC Nihous �BMC Le Pen
�BMC Schivardi.

4.5 Seat distribution

Up till now we have used the Borda Majority Count for the selection of a
winner or to determine a ranking of the candidates/competitors. But it is
also straightforward how to use it for the distribution of seats in a parliament
or a House of Representatives. We can calculate the number of seats for each
party by the following simple rule, for the moment ignoring rounding off
problems. Let C be the set of candidates and a ∈ C.

Allocation of seats to party a =
BMC(a)× total number of seats∑

c∈C BMC(c)

Example 4.6 Suppose there are seven parties, A,B,C,D,E, F,G, one hun-
dred and fifty (150) seats in the House of Representatives and one hundred
voters, who evaluate the different parties as shown below. Then the alloca-
tion of seats according to the formula above is as shown in the last column
below.

ex vg go ac po re BMC Seats
A 12 15 26 16 10 21 240 22
B 10 17 30 21 12 10 262 24
C 13 18 28 25 16 0 287 27
D 2 14 43 35 4 2 269 25
E 4 15 28 42 10 1 258 24
F 3 5 10 15 25 42 120 11
G 1 8 12 35 36 8 179 17

sum 1615 150

While it is not clear how Majority Judgment might be used for a seat distri-
bution in parliament, for the Borda Majority Count this is straightforward.
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4.6 Objections to BMC

Strategy proofness As we have noticed in Section 2.4 the Majority Judg-
ment, although not strategy-proof in ranking, is partially strategy-proof-in-
ranking (see Definition 2.12), since Balinski and Laraki take the median value
of the grades assigned to a candidate as its final grade. It seems that the
‘price’ paid for this is a number of controversial examples, as we have seen
in Chapter 3.2. Also it is not clear how we may use Majority Judgment for
a seat distribution of parties in a parliament.

A familiar weak point of Range Voting, and hence also of the Borda
Majority Count, is its sensitivity for manipulation. For instance, given a
range from 0 till 99, a voter who favors candidate A and knows candidate
B is a serious competitor of A, may give to B say 1 point instead of the 90
points if he were honest, in order to achieve that his most favorite candidate
A will win. By restricting the range to {0, 1, 2, 3, 4} instead of {0, . . .,
99} the effects of manipulation in the Borda Majority Count are clearly less
dramatic.

The Borda Majority Count is sensitive for manipulation in the case of
few alternatives and few voters, because then it is easy to guess the favorite
candidate of others and to assign him or her a lower grade. In case of large
elections, it is less manipulable due to a lot of sincere voters. With the
Borda Majority Count, using the grades {ex, go, ac, po, re} a voter or judge
may increase or decrease the grade of a candidate with at most 4 points,
which is far better than the 99 points in the case of Range Voting with {0,
1, . . ., 99} as range.

Notice that in the original Borda Count one may give a candidate as
many more or less points as there are alternatives by putting the candidate
dishonestly first or last in the individual ranking; however, by putting a can-
didate dishonestly last instead of, say, second in one’s individual preference
ordering one has the risk that another candidate will get more Borda points
and hence may become a potential threat for one’s most favorite candidate.
To illustrate, suppose one’s individual preference ordering is ABC and one
wants A to win, knowing that B is a serious competitor of A. Then one
may put B dishonestly last, ACB, giving it 0 Borda points instead of 1, but
at the same time C gets one more Borda point, 1 instead of 0. In the case
of the Borda Majority Count using {ex, go, ac, po, re}, one may dishonestly
evaluate B as re, giving it 0 points, leaving the evaluation of C as it is, and
hence without the risk that the final grade of C becomes higher.
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Objections against point-summing methods In Chapter 17 of their
book [6], Balinski and Laraki argue against point-summing methods. Their
arguments are the following ones:

1. When the numbers have no definition, the language of grad-
ing may well not be common, so Arrow’s impossibility theorem
applies ([6], p. 294). [For instance, in Dutch education grades
are given from 1 till 10, with 10 meaning excellent and 5 counts
as insufficient; but in Belgium grades are given from 1 till 20 and
there 10 does count as sufficient.]
2. When the numbers have definitions, the definitions may be so
formulated that they nonetheless induce voters to make relative
comparisons rather than absolute evaluations, so the method may
suffer from Arrow’s paradox ([6], p. 294).
3. Summing or averaging numbers has absolutely no justification
unless they constitute an interval measure ([6], p. 313).
4. The evidence shows that point-summing methods overwhelm-
ingly favor a centrist candidate. A good method of election should
neither overly favor nor overly penalize centrist candidates ([6],
p. 313).
5. Point-summing methods are the most susceptible to manipula-
tion. They are not strategy-proof-in-grading; every judge or voter
can both increase and decrease the final score of any candidate
or competitor ([6], p. 314).

By asking voters to evaluate the candidates in terms of linguistic grades,
objections 1 and 2 do not seem to apply. The numbers are only used after
the votes have been casted in terms of the linguistic grades, which are well
understood by everyone.

Notice that any number from the interval [3.5, 4] should be mapped into
an ex, any number from [2.5, 3.5) into a go, any number from [1.5, 2.5) into
an ac, any number from [0.5, 1.5) into po and finally any number from [0, 0.5)
into a re. In order that the number grades (4, 3, 2, 1, 0) constitute an interval
measure, the length of the intervals just mentioned, being respectively 0.5,
1, 1, 1 and 0.5, should be proportional to the percentage of voters belonging
to these intervals. That means in our case that on average 12.5 % of the
voters vote for ex, 25 % for go, 25 % for ac, 25 % for po and 12.5 % for
re. Of course, it remains true that if a particular set of numbers constitutes
an interval measure for a particular set of candidates, it may not do so for
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another set of candidates. The distribution of the grades may depend very
much on the set of candidates.

When on average 10 % of the voters give an ex, 25 % a go, 30 % an ac,
25 % a po and 10 % a re, the corresponding interval measure should be [5,
4, 2.5, 1, 0], because in this case the intervals are respectively [4.5, 5], [3.25,
4.5), [1.75, 3.25), [0.5, 1.75) and [0, 0.5] with lengths respectively 0.5, 1.25,
1.5, 1.25 and 0.5. Notice, however, that Balinski and Laraki ([6], page 173)
show that there are percentage distributions (p1, . . . , pk) for which no set of
interval measure grades exist.

Our experimental results in Section 5.1 do not seem to confirm that the
Borda Majority Count favors centrist candidates more than other methods.
By the way, is favoring a centrist candidate such a bad property?

Of course, it is true that the Borda Majority Count is easy to manipulate,
but the effects of it are restricted because the maximum difference in our
range from 0 till 4 is 4.
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Chapter 5

Experimental Results

In this Chapter we report on the results of experiments in which about 7000
voters in the Netherlands were asked in three different waves to give their
most favored party and to give an evaluation on a scale of 0 till 10 of eleven
major Dutch parties. We have applied the Plurality Rule (PR), Range Vot-
ing (RV), Approval Voting (AV), Majority Judgment (MJ) and the Borda
Majority Count (BMC) to determine the number of seats each party would
obtain in Parliament. Different from what one might think, in general vot-
ers had no problem to give an evaluation of eleven parties. Interestingly,
many voters gave the same evaluation to two or more parties, something
they cannot do if they can only vote for one party.

5.1 Introduction

As is well known (see e.g., [64]), there are many different election mech-
anisms and the result of an election may depend strongly on the election
mechanism used. In order to get an idea what shifts would be caused in the
seat distribution in parliament by applying different election mechanisms, we
have applied several election mechanisms to the experimental results of three
waves in each of which about 7000 voters were asked to mention their most
favored party and to give an evaluation of eleven major Dutch parties on a
scale of 0 till 10, where 10 stands for ‘excellent’, 9 for ‘very good’, 8 for ‘good’,
7 for ‘very satisfactory’, 6 for ‘satisfactory’, 5 for ‘almost satisfactory’, 4 for
‘unsatisfactory’, 3 for ‘very unsatisfactory’, 2 for ‘poor’, 1 for ‘very poor’ and
0 for ‘extremely poor’. The results are summarized in the pictures below.
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In Section 5.2 we will give some background information with respect
to the experiments. In Sections 5.3 and 5.4 the details of the results ob-
tained in the three waves of the experiment will be given and we will shortly
describe specific election mechanisms, i.e., Plurality Rule, Range Voting, Ap-
proval Voting, Majority Judgment and the Borda Majority Count, present
the resulting seat distribution in Dutch parliament with 150 seats, discuss
the outcome and compare it with the outcomes under different election mech-
anisms.

5.2 Background of the experiments

In 2006, CentERdata at Tilburg University received major NWO funding
for the project: an advanced multi-disciplinary facility for Measurement and
Experimentation in the Social Sciences (MESS). This NWO subsidy was
instituted by the Cabinet with a view to boosting the Dutch knowledge
economy and the climate for innovation in the Netherlands. These funds
have been used to establish a new online panel of 5,000 Dutch households: the
LISS panel (Longitudinal Internet Studies for the Social sciences). The panel
is the core component of the MESS project and is based on a true probability
sample of households. The LISS core study consists of 11 projects. Project
Number 8, called Politics and Values, is a longitudinal study delivering a
broad range of social core information about the panel members. It focuses
on politics, social attitudes and values.

The results in this paper are based on the answers of the members of the
LISS panel to the following questions in an online survey conducted three
times between 2007 to 2011:

1. If parliamentary elections were held today, for which party would you
vote?

2. How sympathetic do you find the political parties? You can assign each
party a score between 0 and 10. 0 means that you find the party very
unsympathetic, and 10 means that you find the party very sympathetic.
If you are not familiar with a party, you can indicate this using the
button ’I don’t know’.

The parties in question are:

• CDA (Christelijk Democratisch Appel, Christian Democrat Party)
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• PvdA (Partij van de Arbeid; Labor Party)

• VVD (Volkspartij voor Vrijheid en Democratie; Liberal Party)

• SP (Socialist Party)

• GL (Green Left)

• D66 (Democraten 66; Social-Liberal party)

• CU (Christian Union)

• SGP (Staatkundig Gereformeerde Partij; Christian Reformed Party)

• PVV (Partij voor de Vrijheid; Party for the Freedom, Groep Wilders)

• PvdD (Partij voor de Dieren; Party for the Animals)

• TON (Trots op Nederland; Proud of the Netherlands; Rita Verdonk)

In the first wave, December 2007, the questionnaire was presented to 8204
panel members, and it was completed by 6811 respondents (83%). In Wave
2, December 2008, the questionnaire was presented to 8289 panel members,
and it was completed by 6037 respondents (response percentage 73%). In the
third wave, December 2009, the questionnaire was presented to 9398 panel
members, and it was filled out by 6386 respondents (response percentage
68%).

It is worth noticing that most of the respondents did give an evaluation
of all major political parties in the Netherlands on a scale of 0 till 10. This
scale is very familiar to all Dutchmen, because it is used at all education
institutions. It is frequently thought that persons are not able to give an
evaluation of so many parties, but the responses to the second question show
that people are able to do so. This confirms the findings of Michel Balinski [5]
in his experiment at the 2007 French presidential elections where about 2000
voters were asked to give an evaluation of the twelve presidential candidates
on a scale consisting of the expressions excellent, very good, good, acceptable,
poor, reject.

The results of the answers to the first question will be presented in Section
5.3. In Section 5.4 we summarize the results of the answers to the second
question in waves I, II and III and apply Range Voting, Approval Voting,
Majority Judgment and the Borda Majority Count to the data obtained.
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5.3 Question 1

Many nations around the world use the Plurality voting system to determine
the outcome of elections, although it is well known there are many objections
against this system. In the Netherlands one uses a list system of proportional
representation, where each party has a list containing the names of the candi-
dates for that party. Although it is possible to vote for a particular candidate
on that list, most voters will just vote for the first candidate on the list, in
other words for the party in question. A particular candidate on the list is
only sure of a seat if the number of votes he or she obtains passes a certain
threshold. If a party is entitled to, say, n seats, then the first n persons
on the list obtain a seat in parliament, unless someone lower on the list has
already obtained a seat by his own.

Below we lists the results in Wave1, Wave2 and Wave3, for Question 1:

If parliamentary elections were held today, for which party would you vote?

Party Name Plurality Vote Party Seats
I II III I II III

CDA 885 727 692 30 29 24
PvdA 609 637 506 20 26 17
VVD 417 427 533 14 17 18
SP 628 454 426 21 18 15
GL 339 251 346 11 10 12
D66 162 413 703 5 17 24
CU 240 150 191 8 6 7
SGP 102 91 73 4 4 3
TON 724 143 59 24 6 2
PVV 269 333 681 9 13 24
PvdD 131 88 128 4 4 4
Total 4506 3714 4338 150 150 150

We have computed the number of seats for party i by dividing the number
of votes for party i by the total number of votes and multiplying the result
with 150, the number of seats in Dutch parliament. If this number contains
a decimal smaller than 0.5, we take the largest lower integer, if its decimal is
greater or equal to 0.5 we have taken the first larger integer. So, 29.4 means
29 seats, 29.6 means 30 seats. In fact, in the Netherlands the distribution of
seats is computed by the d’Hondt formula, which is more complicated, but
for our purposes the (too) simple method described above suffices.
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5.4 Question 2

Below are the responses to Question 2:

How sympathetic do you find the political parties? You can assign each
party a score between 0 (very unsympathetic) and 10 (very sympathetic).

Party 10 9 8 7 6 5 4 3 2 1 0 999
CDA-I 35 93 610 1229 1350 1130 698 487 291 154 226 495

II 28 92 514 1113 1161 1066 621 398 234 118 138 523
III 45 92 550 1055 1122 1037 582 502 319 188 222 637

PvdA-I 33 77 404 1104 1403 1236 778 525 361 193 230 454
II 24 70 491 1197 1375 1019 557 344 215 112 116 486
III 38 82 443 1086 1297 1062 579 420 326 197 226 594

VVD-I 14 57 285 768 1178 1288 946 736 458 255 274 539
II 7 40 303 735 1192 1216 744 598 305 143 148 575
III 17 72 362 843 1211 1168 737 534 335 174 200 696
SP-I 81 124 597 969 1220 1034 721 537 362 223 266 664
II 46 123 481 991 1117 995 595 444 264 135 150 665
III 37 119 419 893 1184 1042 624 467 337 196 214 817
GL-I 51 110 444 931 1151 1100 749 571 405 256 270 760
II 34 107 434 942 1083 1046 639 435 299 171 157 659
III 45 129 490 961 1110 972 656 459 318 189 224 796

D66-I 11 52 195 620 1202 1369 838 607 403 273 234 994
II 16 73 372 888 1190 1158 620 416 226 119 112 816
III 35 148 580 1195 1190 995 525 332 215 124 146 864

CU-I 40 78 299 720 1123 1049 768 645 451 314 379 932
II 23 68 202 501 860 1036 822 621 461 302 332 778
III 34 67 231 552 949 1055 745 608 500 337 376 895

SGP-I 44 40 96 207 482 869 895 790 672 477 727 1499
II 36 45 79 192 442 856 832 758 596 410 538 1222
III 31 34 85 214 537 916 817 718 603 434 653 1307

TON-I 89 111 372 539 563 663 522 537 470 447 1227 1258
II 25 20 119 295 423 736 547 615 618 541 1256 811
III 12 15 78 225 443 663 667 637 667 653 1355 934

PVV-I 66 71 220 369 472 519 521 570 630 551 2049 760
II 58 56 165 308 384 539 473 577 544 551 1702 649
III 81 84 269 384 483 488 424 472 458 528 1989 689

PvdD-I 92 91 224 536 791 863 665 639 627 565 808 897
II 74 50 186 378 619 823 562 631 583 573 790 737
III 92 74 232 502 709 830 606 640 551 610 685 818

In the table above, 999 stands for ‘I do not know’. In the next Subsections
we will apply Range Voting, Approval Voting, Majority Judgment and the
Borda Majority Count to these data.
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5.4.1 Range Voting

In Range Voting (RV), due to Warren D. Smith [60], voters are asked to
evaluate the different alternatives on a scale which, for instance, may range
from 0 to 99, but also other ranges may be taken. The scores for a particular
candidate may be added up or one may take the average of the scores for
the candidate in question. The candidate with the highest score or average
wins. The larger the range of values, the smaller the probability that a
tie will occur. In such an exceptional case one might simply toss a coin.
Range Voting has many nice properties (see [60]), but it is very vulnerable
for manipulation: voters who have a slight preference for A over B might
strategically give 1 point to B and 99 to A in order to achieve that their
favored candidate wins.

In the survey of the LISS panel the range consists of the numbers from 0
till 10. It is worth noticing that many participants gave the same evaluation
to different parties.

Party AVG Seats Party AVG Seats
CDA-I 5.30 16 CU-I 4.56 14

II 5.39 17 II 4.34 13
III 5.19 15 III 4.51 13

PvdA-I 5.07 16 SGP-I 3.40 11
II 5.49 17 II 3.53 11

III 5.41 16 III 3.65 11
VVD-I 4.63 14 TON-I 3.69 11

II 4.93 15 II 2.98 9
III 5.06 15 III 2.82 8

SP-I 5.12 16 PVV-I 3.51 11
II 5.32 16 II 2.77 9

III 5.14 15 III 2.91 9
GL-I 4.93 15 PvdD-I 3.85 12

II 5.19 16 II 3.61 11
III 5.37 16 III 5.05 15

D66-I 4.62 14
II 5.25 16

III 5.78 17

For each of the eleven parties we have computed the average score and multi-
plied it by 150 divided by the sum of the average scores to obtain the number
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of seats for that party, with rounding of decimals in the familiar way, as de-
scribed in Section 5.3. In computing the average score we did not take into
account the voters who answered ‘I do not know’ (999). This gives us the
seat distribution under Range Voting as mentioned in the table above.

As one can see, the Plurality Rule attributes many more seats to CDA,
D66 and PVV (all of them 24 in Wave III) than Range Voting does (CDA 15,
D66 17 and PVV 9 seats). This may be explained by the fact that relatively
many voters have CDA, D66 or PVV as first choice, while at the same time
relatively many voters dislike these parties. At the same time Range Voting
is beneficial for CU (13 seats in Wave III) and SGP (11 seats) which under
the Plurality Rule only receive 7 and 3 seats respectively in Wave III. This
may be explained by the fact that there are relatively few voters who have
CU and SGP as first choice, but relatively many voters who appreciate these
two parties.

5.4.2 Approval Voting

Approval voting (AV) [10] is a voting procedure in which voters can vote
for, or approve of, as many candidates as they wish. A voter divides the
candidates into two groups: those which he or she approves of and those
which he or she does not approve of. Candidates who are approved by a
voter receive one point, while candidates who are not approved by a voter
receive zero points. Since in the Dutch education system a mark below 6
is considered as insufficient, it seems reasonable to identify approval with a
mark between 6 and 10 and disapproval with a mark between 0 and 5. Doing
so, the table below shows the election outcomes for the three different waves
in our survey. The seat allocation of the different parties in the table below
has been calculated by the following formula, where AV (A) = the number
of approvals of candidate A and C denotes the set of all parties involved.

Allocation of seats to party A =
AV (A)∑
B∈C AV (B)

×total number of seats (150)

What strikes us is that the traditionally larger parties like CDA and PvdA
get more seats under Approval Voting than under Range Voting; the same
holds for the parties SP and GL. However, parties like SGP, TON, PVV and
PvdD are clearly worse off under Approval Voting than under Range Voting.
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Party Name Approved Vote Party Seats
I II III I II III

CDA 3317 2908 2864 21 20 19
PvdA 3021 3157 2946 19 22 19
VVD 2302 2277 2505 14 16 16
SP 2991 2758 2652 19 19 17
GL 2687 2600 2735 17 18 18
D66 2080 2539 3148 13 17 20
CU 2260 1654 1833 14 11 12
SGP 869 794 901 5 5 6
TON 1674 882 773 10 6 5
PVV 1198 971 1301 7 7 8
PvdD 1734 1307 1609 11 9 10
Total 24133 21847 23267 150 150 150

5.4.3 Majority Judgment

Balinski and Laraki [4] ask the voters to give an evaluation of the candidates,
like in Range Voting. While from an evaluation of all alternatives one can
construct a (weak) preference ordering of the alternatives, conversely, from
a given (weak) preference ordering of the alternatives – as assumed in the
original Borda Count – one cannot deduce an evaluation of the alternatives.
So, an evaluation of the alternatives by an individual voter gives (much) more
information than a preference ordering of the alternatives by the same voter.

In their experiments (see [5]) they use the grades in the set {excellent,
very good, good, acceptable, poor, reject}. But in order to decrease the
possibilities for manipulation, they do not take the average or the sum of the
evaluations as the final result of a candidate, but the (lower) median value
of the evaluations. They call their election mechanism Majority Judgment
(MJ), and define the majority grade fmaj(A) of candidate A as the lower
median value of the grades assigned by the voters to A. For instance, if A
gets the evaluations 2, 5, 7, 8, 9, its majority grade will be 7, and if A gets
the evaluations 2, 5, 7, 9, its majority grade will be 5.

Because of taking the median value of the evaluations of the candidates,
in general there will be many ties. In order to break the ties, Balinski and
Laraki [4, 5, 6] propose two different procedures. In the first one, they pro-
ceed as follows: A will be socially preferred to B, expressed by A �maj B,
if fmaj(A) > fmaj(B). In case that fmaj(A) = fmaj(B), then drop one ma-
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jority grade from the grades of each competitor and repeat the procedure.
After one or more steps the tie will be broken.

In their book [6] Balinski and Laraki give a second procedure to break the
ties. They define the majority gauge of a candidate A as a triple (p, α∗, q),
where α = fmaj(A) is the majority grade of A, p is the number of competitor’s
grades above the majority grade of A, q is the number of competitor’s grades
below the majority grade of A and α∗ = α+ if p > q and α∗ = α− if
p ≤ q. Then, by definition, α∗ � β∗ iff α > β or (α = β and α∗ = α+

and β∗ = α−). So, for instance, good− � acc+ and good+ � good−. Now
A is socially preferred to B according to the majority gauge, A �mg B, or
(pA, α

∗
A, qA) �mg (pB, α

∗
B, qB), iff α∗A � α∗B or (α∗A = α∗B = α+ and pA > pB)

or (α∗A = α∗B = α− and qA < qB). So, for instance,
(30, good−, 20) �mg (40, acc+, 10), (30, good+, 20) �mg (25, good+, 10), and
(30, good−, 20) �mg (25, good−, 25). Balinski and Laraki also show that if
A �mg B, then A �maj B.

In the table below we have translated the LISS panel data which used the
evaluations from 10 till 0 into the grades used by Balinski and Laraki in [5],
by identifying 10 with ex(cellent), 9 with vg (very good), 8 with go(od), 7
and 6 with ac(ceptable), 5 and 4 with po(or), 3, 2, 1 and 0 with re(ject), more
or less in accordance with the meaning of the marks 10 till 0 in the Dutch
education system. We have computed the majority grade of each party and
shown it in the table below by using boldface digits. In addition, we have
indicated the values pA and qA for each party A. We did not take into account
the voters who said that they could not give an evaluation of the party in
question.

To illustrate, in Wave III the majority gauge of D66 is (763, ac−, 2337)
and the one of CDA is (687, ac−, 2850). Because qD66 < qCDA, by definition
D66 is socially preferred to CDA according to the majority gauge, D66 �mg
CDA and hence also D66 �maj CDA in Wave III.

It is not self evident how one may allocate seats to parties using Majority
Judgment. Nevertheless, in order to do so given the results presented in the
table below, we have acted as follows: given a wave, let γ be the highest
majority grade of the different parties. In our example, γ = ac− for all three
waves. For each party A let β(A) be the number of voters who gave A an
evaluation higher or equal to γ. Then, with C being the set of all parties,

#seats(A) =
β(A)∑
B∈C β(B)

× total number of seats (150)
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Party p ex vg go ac po re q #Seats

CDA-I 738 35 93 610 2579 1828 1158 2986 21
II 634 28 92 514 2274 1687 888 2575 20
III 687 45 92 550 2177 1619 1231 2850 19

PvdA-I 3021 33 77 404 2507 2014 1309 1309 19
II 585 24 70 491 2572 1576 787 2363 22
III 563 38 82 443 2383 1641 1169 2810 19

VVD-I 2302 14 57 285 1946 2234 1723 1723 14
II 2277 7 40 303 1927 1960 1194 1194 16
III 2505 17 72 362 2054 1905 1243 1243 16

SP-I 2991 81 124 597 2189 1755 1388 1388 19
II 650 46 123 481 2108 1590 993 2583 19
III 2652 37 119 419 2077 1666 1214 1214 17

GL-I 2687 51 110 444 2082 1849 1502 1502 17
II 2600 34 107 434 2025 1685 1062 1062 18
III 2735 45 129 490 2071 1628 1190 1190 18

D66-I 2080 11 52 195 1822 2207 1517 1517 13
II 2539 16 73 372 2078 1778 873 873 17
III 763 35 148 580 2385 1520 817 2337 20

CU-I 2260 40 78 299 1843 1817 1789 1789 14
II 1654 23 68 202 1361 1858 1716 1716 11
III 1833 34 67 231 1501 1800 1821 1821 12

SGP-I 2633 44 40 96 689 1764 2666 0 5
II 794 36 45 79 634 1688 2302 2302 5
III 901 31 34 85 751 1733 2408 2408 6

TON-I 1674 89 111 372 1102 1185 2681 2681 10
II 2165 25 20 119 718 1283 3030 0 6
III 2103 12 15 78 668 1330 3312 0 5

PVV-I 2238 66 71 220 841 1040 2511 0 7
II 1983 58 56 165 692 1012 3374 0 7
III 2213 81 84 269 867 912 3447 0 8

PvdD-I 1734 92 91 224 1327 1528 2639 2639 11
II 1307 74 50 186 997 1385 2577 2577 9
III 1609 92 74 232 1211 1436 2486 2486 10

As one can see in the Figure of Section 5.1 above, using this procedure there
are only minor differences between the seat distributions under Approval
Voting and the Majority Judgment. This comes as no surprise, since for the
seat allocation we have taken into account the number of voters who gave
a grade higher than or equal to γ = ac− which is more or less the number
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of voters who approved of the party in question. With this procedure for
determining the number of seats, in all three waves SGP, TON, PVV and
PvdD receive less seats under Majority Judgment than under Range Voting.

5.4.4 The Borda Majority Count

Let A be an alternative and {g1, g2, ..., gk} be the set of grades, with g1 >
g2 > . . . > gk. Let pj be the number of voters who gave grade gj to A, where
j = 1, 2, . . . , k. Then we define BMC(A) := p1 ·(k−1)+p2 ·(k−2)+. . .+pk ·0
and call it the Borda Majority Count BMC(A) of A.

BMC(A) =
k∑
j=1

pj · (k − j)

For instance, suppose we have five grades: ex(cellent), go(od), ac(ceptable),
po(or) and re(ject). Then we assign 4 points to grade ex, 3 points to grade
go, 2 points to grade ac, 1 point to grade po and 0 points to grade re. Now
suppose that 10 voters evaluate a party A as follows:

ex go ac po re
1 2 3 3 1

Then BMC(A) = 1×4+2×3+3×2+3×1+1×0 = 19. It is illuminating to
realize that BMC(A) equals the sum of the cumulative evaluations (numbers)
as shown in the following table:

at least ex go ac po
1 3 6 9

Notice that 1 + 3 + 6 + 9 = 19 = BMC(A). This is explained by the fact
that in the last table of cumulative grades the grade ex is taken into account
4 times, the grade go is taken into account three times, etc.

In order to transform the data from the LISS panel into evaluations in
terms of the language just mentioned, i.e. {ex, go, ac, po, re}, we have identi-
fied ex with the grades 10 and 9, go with 8 and 7, ac with 6 and 5, po with 4
and 3, and re with 2, 1, 0 and 999. The seat distribution among the different
parties has been computed by the following formula, where C is the set of
all alternatives:

#seats(A) =
BMC(A)∑
B∈C BMC(B)

× total number of seats (150)
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The results are shown in the following table:

Party ex go ac po re BMC #Seats
CDA-I 128 1839 2480 1185 1166 12174 18

II 120 1627 2227 1019 1013 10834 18
III 137 1605 2159 1084 1366 10765 17

PvdA-I 110 1508 2639 1303 1238 11545 17
II 94 1688 2394 901 929 11129 18
III 120 1529 2359 999 1343 10784 17

VVD-I 71 1053 2466 1682 1526 10057 15
II 47 1038 2408 1342 1171 9460 16
III 89 1205 2379 1271 1405 10000 16

SP-I 205 1566 2254 1258 1515 11284 17
II 169 1472 2112 1039 1214 10355 17
III 156 1312 2226 1091 1564 10103 16

GL-I 161 1375 2251 1320 1691 10591 16
II 141 1376 2129 1074 1286 10024 17
III 174 1451 2082 1115 1527 10328 16

D66-I 63 815 2571 1445 1904 9284 14
II 89 1260 2348 1036 1273 9868 16
III 183 1775 2185 857 1349 11284 18

CU-I 118 1019 2172 1413 2076 9286 14
II 91 703 1896 1443 1873 7708 13
III 101 783 2004 1353 2108 8114 13

SGP-I 84 303 1351 1685 3375 5632 9
II 81 271 1298 1590 2766 5323 9
III 65 299 1453 1535 2997 5598 9

TON-I 200 911 1226 1059 3402 7044 11
II 45 414 1159 1162 3226 4902 8
III 27 303 1106 1304 3609 4533 7

PVV-I 137 589 991 1091 3990 5388 8
II 114 473 923 1050 3446 4771 8
III 165 653 971 896 3664 5457 9

PvdD-I 183 760 1654 1304 2897 7624 11
II 124 564 1442 1193 2683 6265 10
III 166 734 1539 1246 2664 7190 12

The more voters there are, the smaller is the chance of a tie under the Borda
Majority Count. Typically, the differences in the seat distribution under
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Range Voting [60], Approval Voting [10, 11], Majority Judgment [4, 5, 6] and
the Borda Majority Count [75] are not that large, but compared with the
Plurality Rule there may be major differences in the seat distribution.

5.5 About the number of grades

In the LISS panel the voters could give an evaluation of the different parties
on a scale from 10 (excellent) to 0 (reject), in other words, the common
language was the set of grades {10, 9, 8, . . ., 2, 1, 0} familiar to every
voter from the Dutch education system. One may wonder what language is
appropriate and whether the outcome of an election depends on the language
used. For that reason we have counted the number of voters who used k
different grades, for k = 1, . . ., 10. The results are below.

Voters Different Grades
0.62 % one
2.44 % two
5.83 % three
15.25 % four
25.31 % five
28.41 % six
16.23 % seven
5.12 % eight
0.78 % nine
0.01 % ten

Only 0.01% of the voters used ten different grades to evaluate the parties
and (relatively) most (28.41%) voters used six different grades to evaluate
all parties. As is clear from the table, almost half of the voters used 5
or less grades, 77.86% of the voters used six or less different grades and
almost 85.2% of the voters used four to seven different grades. This is in line
with the experimental results of Balinski and Laraki [5], who observed that
the six grades (excellent, very good, good, acceptable, poor, reject) in their
experiment were sufficient and no more grades were needed. For reasons of
symmetry we slightly prefer the language {excellent, good, acceptable, poor,
reject}, leaving out the term ‘very good’, because the term ‘acceptable’ is
then precisely in the middle. In addition, it reduces the possibilities for
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manipulation, because one may only reduce the evaluation of a candidate
dishonestly by four points, instead of five when Balinski’s language is used.

We have also counted how many times each grade has been used.

Grade Percentage of use
0 17.99%
1 5.18%
2 7.13 %
3 9.27 %
4 11.29 %
5 15.52 %
6 15.25 %
7 11.15%
8 5.20 %
9 1.24 %
10 0.8 %

Notice that grades 5 and 6 were used most frequently.

5.6 Pairwise comparison

The results of pairwise comparisons of parties have been calculated from the
original data obtained in the LISS panel taking the three waves together,
and are shown in the suvey table below.

CDA PvdA VVD SP GL D66 CU SGP TON PVV PvdD

CDA - 52 63 50 51 49 68 73 73 77 67
PvdA 48 - 60 51 53 49 62 68 69 74 70
VVD 37 40 - 43 44 41 55 66 73 78 63
SP 50 49 57 - 53 49 61 67 70 76 73
GL 49 47 56 47 - 47 62 68 69 74 74
D66 51 51 59 51 53 - 67 73 72 77 73
CU 32 38 45 39 38 33 - 74 67 73 61
SGP 27 32 34 33 32 27 26 - 63 70 53
TON 27 31 27 30 31 28 33 37 - 70 44
PVV 23 26 22 24 26 23 27 30 30 - 34
PvdD 33 30 37 27 26 27 39 47 56 66 -

pairwise comparisons, percentages of votes calculated from the original data
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As one can see in this table, in a pairwise comparison the party CDA defeated
every other party except D66 and D66 defeated all other parties. Notice that
although D66 is the Condorcet winner, the parties CDA and PvdA get more
seats when the Plurality Rule is applied (except in wave III). Van Deemen
[16] calls this the More-Preferred, Less-Seats paradox.

For each pair of parties we have also calculated from the original data in
the LISS panel, taking the three waves together, what percentage of voters is
indifferent between the two parties in question. The results are shown below.

PvdA VVD SP GL D66 CU SGP TON PVV PvdD

CDA 31 31 22 16 27 29 21 18 15 19
PvdA - 28 29 31 30 26 20 16 14 20
VVD - - 25 24 29 27 25 21 17 20
SP - - - 42 31 26 25 20 17 23
GL - - - - 40 27 25 20 17 25
D66 - - - - - 30 27 21 17 23
CU - - - - - - 43 23 19 24
SGP - - - - - - - 30 24 26
TON - - - - - - - - 48 27
PVV - - - - - - - - - 28

Percentage of voters giving the same evaluation to the parties in question

Notice that almost half of the voters (48%) is indifferent between TON and
PVV, which is not surprising if one knows the political landscape in the
Netherlands. A similar remark can be made for CU and SGP, but now with
43%. Among CDA, PvdA, VVD and SP, roughly speaking at most 30% of
the voters is indifferent between any pair of them.

5.7 Conclusion

We have applied five different election mechanisms to the data of the LISS
panel, showing the evaluations by its members of the most well-known Dutch
parties on an eleven point scale, ranging from 0 (reject) till 10 (excellent),
as familiar from the Dutch education system. In the case of Approval Vot-
ing (AV), Majority Judgment (MJ) and the Borda Majority Count (BMC)
we had to transform these data to the language of the election mechanism
in question, i.e., {0, 1} for Approval Voting, {0, 1, 2, 3, 4, 5} for Majority
Judgement and {0, 1, 2, 3, 4} for the Borda Majority Count. Generally
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speaking, the seat distributions under Range Voting, Approval Voting, Ma-
jority Judgement and the Borda Majority Count are more or less similar,
except for SGP and TON, which get clearly less seats under AV and MJ
than under RV and BMC. Plurality Rule (PR) is clearly beneficial for some
parties, like CDA (in all three waves), and to a lesser degree for PvdA, D66
and PVV, while Range Voting and the Borda Majority Count are beneficial
to CU, SGP and TON. The last observation may be explained by the fact
that these parties may not be approved of by many of the voters, but still
obtain a lot of respect by these voters.

More than 50 % of the participants used five or six grades. It is striking
that the members of the panel clearly were able to give evaluations of the
eleven parties involved and many gave different parties the same evaluation.
This shows that one should not ask the voters to give a ranking of the parties
and that it is not reasonable to ask the voter to select just one party from
the list, as is done under the Plurality Rule.



102 CHAPTER 5. EXPERIMENTAL RESULTS



Chapter 6

Summary and Conclusions

Balinski and Laraki’s Majority Judgment [6] asks the voter to give evalua-
tions of the alternatives instead of giving a first preference or a ranking of
the candidates. In this way, the voter is able to provide much more infor-
mation than in the traditional framework of social choice theory, which was
inspired by Arrow [2]: in Balinski and Laraki’s framework the voter may give
the same evaluation to two or more candidates and also is able to express to
which degree he prefers one candidate to another one. From an evaluation
of the candidates one may deduce a weak ordering or ranking of them, but
conversely, one cannot deduce an evaluation of the candidates from a given
ranking. In his Majority Judgment this extra information is also used in the
aggregation of the individual evaluations to an evaluation by the society. In
order to reduce the possibilities for manipulation, Balinski and Laraki take
the median value of the evaluations by the voters as the final social evalua-
tion. In experiments they have shown that, contrary to what is frequently
thought, voters are quite able to give evaluations of relatively many (about
10) candidates. Their idea of asking the voters for evaluations instead of
rankings is inspired by the practice of many contests, for instance of ice-
skating. However, in elections for parliament or for choosing a president, to
the best of our knowledge, voters are nowhere asked to give their evaluations
of the different candidates or parties; instead, in most cases they just have
to mention one candidate or, at best, a ranking of the candidates.

By taking the median value of the evaluations by the voters as the social
outcome, it frequently is the case that several candidates have the same
median value and consequently there usually are many ties. Balinski and
Laraki propose two tie breaking rules and show that if a candidate A is
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socially preferred to candidate B according to the majority-gauge, then A is
also socially preferred to B according to the majority ranking.

There are a number of examples where application of Majority Judgment
yields controversial results. That is, the social outcomes look at first sight
counter-intuitive. However, Balinski and Laraki argue in Chapter 16 of their
book [6] that these surprising results are very reasonable outcomes and after
all are not counter-intuitive at all. They only look counter-intuitive at first
sight, because we are used to think in the traditional framework of Arrow.
An item not touched by Balinski and Laraki is how their Majority Judgment
may be used to give a seat distribution for parties in parliament and it is not
immediately clear how this could be done.

In order to avoid the controversial examples, to make the computations
for determining the social outcome more simple and in order to be able to
compute a seat distribution for parties in parliament, we have made a num-
ber of changes in the procedure of Balinski and Laraki.
1. We use the same set of grades as they do, say {ex(cellent), go(od),
ac(ceptable, po(or), re(ject)}, for reasons of symmetry leaving out the grade
vg (very good). Voters are asked to evaluate the candidates using these lin-
guistic grades.
2. After the voters have casted their votes, ex is identified with the number
4, go with 3, ac with 2, po with 1 and re with 0.
3. Next for each alternative we simply add up the number grades obtained
by that alternative, which we call the Borda Majority Count of that alterna-
tive. In this way one obtains one or more winners and a social ranking of the
alternatives. The chance that two candidates have the same Borda Majority
Count is relatively low, in particular when there are many voters.

We call this procedure the Borda Majority Count, because on the one
hand it reminds us of the Borda Count and on the other hand it reminds us
of Majority Judgment. The controversial examples disappear when applying
the Borda Majority Count and it becomes easy to apply the Borda Majority
Count if one wants to compute a seat distribution for parliament. Although
the Borda Majority Count has a number of nice properties, compared with
Majority Judgment we also pay a price: it is easy to manipulate. When
I know that two candidates A and B are close competitors, and A is my
favorite one, then I may dishonestly give B a very low evaluation. However,
the difference for the Borda Majority Count of B will be at most 4, frequently
less than 4. In this respect the Borda Majority Count, although a special
case of Range Voting [60], is less manipulable than Range Voting, where the
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range of possible numbers usually is (much) larger.
The Borda Majority Count has with the Borda Count in common that

they both compute scores of the alternatives, but it differs from the Borda
Count because it uses as input evaluations of the candidates instead of rank-
ings, which are much less informative than evaluations. The Borda Majority
Count may be conceived as a special case of Range Voting, but it differs from
Range Voting by using evaluations in terms of a small set of linguistic expres-
sions, well understood by everyone involved, instead of evaluations in terms
of a fairly large set of natural numbers. The Borda Majority Count is similar
to Majority Judgment in that both use a common language consisting of a
relatively small set of linguistic grades, but it differs from Majority Judgment
by not taking the median value of the evaluations given to a candidate by
the voters, but by summing up or averaging the numbers associated with the
linguistic grades given to the candidate in question.

Anyway, while is not clear at all how Majority Judgment may be used to
give a seat distribution for parties in parliament, the Borda Majority Count
seems an appropriate way to do so.
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