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Chapter 1

Introduction

This dissertation consists of three essays in economics, with focus on two main topics:

duration analysis and labour economics. Chapter 2 and Chapter 31 study how to

introduce time-varying covariates in mixed hitting-time (MHT) models. Chapter 4

investigates how the recent policy reform in the Netherlands of tightening the length

restriction on the renewed temporary contracts affects the probability of moving to

permanent contracts, also known as the stepping stone effect.

MHT models are mixture duration models that specify durations as the first

time a latent stochastic process crosses a heterogeneous threshold. They are of

substantial interest because they can be applied to the analysis of optimal stopping

decisions by heterogeneous agents (Abbring, 2010, 2012). In one simple example, a

firm is endowed with an option to invest in a project that incurs a given cost. The

investment’s payoff follows a Brownian motion with drift. At each time, the firm

weighs the difference between the direct payoffs and cost if making an investment,

against the value of retaining the option of investing later, given the primitives

and the history of project values. The problem boils down to a maximization of its

expected discounted payoffs by investing at the time when the value of the investment

hits a time-invariant threshold. In the meantime, heterogeneity in primitives, such

as variation in initial project values, investment costs and discount rates across firms,

induces heterogeneity in the threshold. In this case, an MHT model can be used

1Both coauthored with Jaap H. Abbring. The research is financially supported by the Nether-
lands Organisation for Scientific Research (NWO) through Vici grant 453-11-002.
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to analyze the data on investment times and covariates, which yields estimates of

the latent process for the project value and the firmsâĂŹ investment decision rules.

Other applications can also be found, for example, in Lancaster’s (1972) analysis of

strikes, where strike duration is modelled as the time when a Brownian motion with

drift first hits a threshold that depends on the state of the business cycle. Shimer

(2008) recently analyzed unemployment durations, which involves a threshold rule

for transitions between rest unemployment and work.

Prior to MHT models, Lancaster’s (1979a) mixed proportional hazard (MPH)

models are widely used in duration analysis and can be preferred when an MPH

structure holds, for example in applications where decisions are taken at Poisson

times, such as sequential job search or insurance claims. However, MHT models do

not generally predict hazard rates that are multiplicative in the effects of elapsed

duration or the effects of observed and unobserved heterogeneity. Since such multi-

plicativity is key to the identifiability of the MPH model (Van den Berg (2001)), it

implies that estimates of an MPH model on data generated by an MHT model are

not likely to be informative on true state dependence and heterogeneity, and there-

fore may produce invalid structural conclusions. Moreover, an attractive feature of

the MHT model is that it can interpret the accelerated failure time (AFT) model as

a boundary specification of the MHT model, in which the latent process is a linear

function of time and all variation in durations is due to ex-ante heterogeneity.

MHT models, however, complicate the introduction of time-varying covariates,

which can be straightforwardly introduced into an MPH model. In general, there

are two directions to introduce time-varying covariates in MHT models: extend the

MHT model by including time-varying covariates in its primitives and thus allow

the threshold to vary with time-varying covariates, or respect the basic structure by

introducing time-varying covariates as noisy measurements of the latent state.

Chapter 2 presents a mixed hitting-time model that specifies durations as the

first time a latent Lévy process hits a heterogeneous and time-varying threshold.

This model naturally arises as the reduced form of an optimal stopping problem

with time-varying parameters. We first motivate this model with a simple example

of a firm’s optimal investment timing problem. In this example, the cost of investing

2



in a project jumps up at most once at a constant hazard rate. We show that the firm

will invest when the Brownian motion hits a threshold that jumps up at the time

of the cost shock. Thus, this decision problem can be analyzed with our extended

MHT model, with the cost shock (or an indicator of its occurrence) as a time-varying

covariate. We present two methods for computing its likelihood, which is not known

explicitly. The first allows for both upward and downward jumps in the threshold,

but restricts the latent process to be Brownian motion. The second only allows

the threshold to move up, but can easily be extended to the case where the latent

process is a more general Lévy process. We use Monte Carlo experiments to explore

the numerical and statistical performance of maximum likelihood estimators based

on both approaches to computing the likelihood. Both approaches are fast and give

virtually identical numerical results in realistic empirical settings. Their statistical

performance is good.

Chapter 3 extends the mixed hitting-time model with time-varying covariates

that provide noisy measurements on its latent state. This extension can be applied

to the analysis of heterogenous agents’ optimal stopping decisions using data on

stopping times and repeated measurements on the payoffs from stopping. We de-

velop and implement methods for computing the likelihood of complete and censored

duration data for the case in which the latent process is a Brownian motion, mea-

surements are taken at a finite number of exogenous times, and measurement errors

are normal. We demonstrate that the likelihood computation is sufficiently fast and

accurate by embedding it in a maximum likelihood procedure and presenting a range

of Monte Carlo experiments.

Many European countries, including the UK, France, Italy, Portugal, Spain and

Netherlands, are featured with dual labour markets, in which temporary and per-

manent contracts coexist. The increasing share of temporary employment in many

European countries has raised concerns over the segmented labour markets: Part

of the workers could be trapped in low-paid, low-productivity temporary jobs, with

little prospect of upward mobility. However, there is some evidence that temporary

contracts can function as a stepping stone to permanent work. Chapter 42 studies

2The access of the data is financially supported by the Netherlands Organisation for Scientific
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how the recent policy reform in the Netherlands of tightening the length restriction

on the renewed temporary contracts affects the probability of moving to permanent

contracts, also known as the stepping stone effect. In 1998, a so-called “chain rule”

was first introduced in the Netherlands to restrict the length of consecutive tem-

porary contracts the employer can renew with the same employee. According to

this rule, when different temporary employment contracts, signed between the same

pair of employee and employer, follow each other with intervals not exceeding three

months, the last temporary employment contract automatically becomes permanent,

if the total duration of employment contracts including intervals has exceeded a pe-

riod of 36 months or if the last temporary contract is the fourth one. As of July 1,

2015, a reform in the chain rule changed the restriction on the length from 36 months

to 24 months. By using a regression discontinuity design with a logistic model, I

show that the policy reform strengthens the stepping stone effect, although it has

heterogeneous effects on the employees who have completed the chains of temporary

contracts with different lengths. The more restricted rule after the policy reform

forces the employer to sign a permanent contract much sooner, without interrupting

the functioning of temporary contracts as a screening device. It can thereby improve

the legal position of flexible workers and discourage the improper and prolonged use

of flexible employment relationships to some extent.

Research (NWO) through Vici grant 453-11-002.
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Chapter 2

Mixed Hitting Times with

Time-Varying Covariates

2.1 Introduction

Mixed hitting-time (MHT) models are mixture duration models that specify dura-

tions as the first time a latent stochastic process crosses a heterogeneous threshold.

They are of substantial interest because they can be applied to the analysis of op-

timal stopping decisions by heterogeneous agents (Abbring, 2012, 2010). They are

also increasingly popular in statistics for their structural and descriptive appeal (Lee

and Whitmore, 2006).

This paper extends existing empirical methods for MHT models to allow for

time-varying covariates. Many data sets contain such covariates and modeling their

relation to the event of interest is central to duration analysis. In applications to

optimal stopping problems, this paper’s extension facilitates the analysis of problems

with observed variation in payoff determinants over time.

We begin with Abbring’s (2012) MHT specification, which takes the latent pro-

cess to be a spectrally one-sided Lévy process (such as Brownian motion) and allows

for a heterogeneous but time-invariant threshold. We extend this model by allowing

the threshold to vary with time-varying covariates. We restrict attention to the case

in which the covariates only change finitely many times in each spell, where the actual

change times may differ between spells. This case is common in empirical practice—
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in fact, it is hard to imagine data in which the covariates changes infinitely many

times— and a natural starting point for an extension with time-varying covariates.

We first motivate this model with a simple example of a firm’s optimal investment

timing problem. In this example, a firm is endowed with an option to make an

irreversible investment. This investment’s payoff follows a Brownian motion with

drift; its cost jumps up at most once at a constant hazard rate. We show that

the firm will invest when the Brownian motion hits a threshold that jumps up at

the time of the cost shock. Thus, this decision problem can be analyzed with our

extended MHT model, with the cost shock (or an indicator of its occurrence) as a

time-varying covariate.

Next, we develop methods for computing the model’s likelihood and implement

a maximum likelihood estimator for possibly censored duration data. With time-

varying covariates, computing the likelihood is nontrivial, because the distribution

of the first hitting times of a time-varying threshold is generally not known. This

is true even if the latent process is a Brownian motion with drift, in which case

the distribution of the hitting times of a time-invariant threshold is known (inverse

Gaussian).

We first address this problem for the basic case in which the latent process is

a Brownian motion with drift and the threshold jumps at most once. We focus

on computing the distribution of the hitting times for a given threshold path; i.e.,

conditional on the observed and unobserved heterogeneity in the threshold. Once

this distribution is available, the likelihood can easily be constructed by integrating

it over the distribution of the unobserved threshold heterogeneity.

Because the threshold is constant before its jump time, the (sub-)distribution of

the hitting times up to this time is inverse Gaussian. With some inverse Gaussian

probability, the process does not hit the threshold before it jumps. The distribution

of the latent process’s state at the jump time on this event is explicitly known and

so is the distribution of the remaining duration to the first hitting time given this

state: It is either concentrated at zero if the threshold jumps down below the state,

or inverse Gaussian if it does not. The distribution of the remaining duration after

the jump time is a mixture of the remaining duration’s distribution given the state

6



at the jump time over this state’s known distribution. Note that it will have a

mass point at zero if the threshold jumps down. Its computation requires numerical

integration.

If the threshold only jumps up, as in our firm investment example, an alternative

approach is to exploit that, in this case, the latent process can only hit the post-

jump threshold after first crossing the lower pre-jump threshold. The distribution

of the first hitting time of the pre-jump threshold is again inverse Gaussian and,

because of the strong Markov property of Brownian motion, so is the distribution of

the first hitting time of the post-jump threshold given the first hitting time of the

lower pre-jump threshold. Note that there can be no mass point at the jump time

in this case. The joint density of the first hitting times of the pre-jump and post-

jump thresholds follows directly as the product of their marginal and conditional

inverse Gaussian densities. The density of the hitting time after the threshold’s

jump time can be constructed by (numerically) integrating this joint density over

hitting times of the pre-jump threshold between the threshold jump time and the

post-jump hitting time.

We use Monte Carlo experiments to explore the numerical and statistical perfor-

mance of maximum likelihood estimators based on both approaches to computing

the likelihood. Both approaches are fast and give virtually identical numerical results

in realistic empirical settings. Their statistical performance is good.

With the basic case of Brownian motion with drift and a single jump in the

threshold worked out, we develop two extensions. First, we extend our methods from

a single to a finite number of jumps. This extension is conceptually straightforward,

even though it is somewhat tedious (which is the main reason for first developing

the case of a single jump). This extension’s main challenge is numerical: With 𝑘

jumps, a 𝑘-fold integral needs to be numerically computed. Clearly, this restricts

the number of jumps that can be reliably handled in a reasonable amount of time.

Nevertheless, we show with Monte Carlo experiments that estimation is feasible with

empirically relevant numbers of jumps.

Next, we extend the latent process from a Brownian motion with drift to a

spectrally negative Lévy process with a nondegenerate Brownian motion component.

7



Abbring and Salimans (2013) show that in this case the distribution of the hitting

time of a time-invariant threshold can be computed precisely and quickly from its

explicitly known Laplace transform. We use this to extend our second approach to

computing the likelihood, which only uses hitting time distributions, to such Lévy

processes. Recall that this approach does not admit negative jumps in the threshold.

An extension to more general Lévy processes with both positive and negative jumps

in the threshold requires an extension of our first approach, which is left for future

work.

Existing hazard-based methods for duration analysis can easily handle time-

varying covariates. This makes them very suitable for the descriptive analysis of du-

ration data. Cox’s (1972) maximum partial likelihood estimator for the proportional

hazards model is a particularly flexible and easy to use tool to describe durations in

relation to time-constant and time-varying covariates, with implementations read-

ily available in software packages like Stata. However, neither Cox’s proportional

hazards model nor its extension with unobserved heterogeneity, Lancaster’s (1979b)

mixed proportional hazards model (see also Vaupel et al., 1979), is consistent with

the important class of optimal stopping problems to which the MHT model applies.

The remainder of this paper is organized as follows. Section ?? introduces the

MHT model with time-varying covariates and motivates it with a firm investment

example. Section 2.3 develops two methods for computing its likelihood in the special

case that the latent process is a Brownian motion with drift and the thresholds jumps

at most once. It also implements a maximum likelihood estimator and evaluates both

methods in Monte Carlo experiments. Section 2.4 discusses extensions to multiple

jumps and more general Lévy processes. Section 2.5 concludes.

2.2 Model

We first introduce Abbring’s (2012) specification of the mixed hitting-time (MHT)

model and its extension with time-varying covariates. Then, we motivate this ex-

tended MHT model with a firm’s optimal investment timing problem that implies

it.
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2.2.1 Specification

Abbring’s (2012) MHT model specifies a random duration 𝑇 to be the first time a

real-valued Lévy process {𝑌 (𝑡)}𝑡≥0 crosses a threshold that depends on a 𝑘-vector of

time-invariant observed (to the econometrician) covariates 𝑋 and some unobservable

𝑉 . Specifically,

𝑇 = inf{𝑡 ≥ 0 : 𝑌 (𝑡) > 𝜑(𝑋)𝑉 },

where 𝜑 : R𝑘 → (0,∞) and 𝑉 is a positive random variable, with (𝑋, 𝑉 ) independent

of {𝑌 (𝑡)}𝑡≥0. The factor 𝑉 is an unobserved individual effect on the threshold. It is

assumed to be independent of 𝑋 with distribution 𝐻.

An important special case of a Lévy process is a Brownian motion with drift. If

{𝑌 (𝑡)}𝑡≥0 is a nondegenerate Brownian motion with upward drift; so that 𝑌 (𝑡) =

𝜇𝑡+𝜎𝑊 (𝑡) with 𝜇 ≥ 0, 𝜎 > 0, and {𝑊 (𝑡)}𝑡≥0 a Wiener process; then the distribution

of 𝑇 conditional on (𝑋, 𝑉 ) is inverse Gaussian with Lebesgue density

𝑔𝜑(𝑋)𝑉 (𝑡) =
𝜑(𝑋)𝑉

𝜎
√

2𝜋𝑡3
exp

(︂
−(𝜑(𝑋)𝑉 − 𝜇𝑡)2

2𝜎2𝑡

)︂
.

For more general latent processes, the distribution of 𝑇 given (𝑋, 𝑉 ) is not

explicitly known. However, if {𝑌 (𝑡)}𝑡≥0 it is a spectrally negative Lévy process

(a Lévy process without positive shocks) with a nondegenerate Brownian motion

component, then this distribution can be numerically computed by inverting its

Laplace transform, which is explicitly known (see Abbring and Salimans, 2013).

We extend this basic MHT model with (external) time-varying covariate {𝑍(𝑡)}𝑡≥0

by specifying the threshold to be a function of both (𝑋, 𝑉 ) and the current value of

{𝑍(𝑡)}𝑡≥0. We assume that {𝑍(𝑡)}𝑡≥0 has piecewise-constant sample paths with a

finite number of jumps. Without further loss of generality, we take 𝑍(𝑡) to be real

valued. Then, the extended MHT model specifies

𝑇 = inf{𝑡 ≥ 0 : 𝑌 (𝑡) > 𝜑(𝑋,𝑍(𝑡))𝑉 },

where 𝜑 : R𝑘+1 → (0,∞), (𝑋, {𝑍(𝑡)}𝑡≥0, 𝑉 ) is independent of {𝑌 (𝑡)}𝑡≥0, and 𝑉 is

independent of (𝑋, {𝑍(𝑡)}𝑡≥0) with distribution 𝐻 on (0,∞).
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The next subsection motivates this structure with an example of a firm that

has to decide on the best time to invest in some project and that faces a possible

upward jump in this investment’s cost. We show that this cost jump leads to a

jump in the optimal investment threshold on the value of the project. Thus, the

firm’s investment time can be empirically studied using the MHT model, with 𝑍(𝑡)

an indicator of the investment cost.

2.2.2 Motivating Example

A firm is endowed with an option to make an irreversible investment in some project.

It chooses the investment time to maximize its expected flow of payoffs, discounted

at a given rate 𝑟 > 0. If the firm invests at time 𝑡 ∈ [0,∞), it incurs an investment

cost 𝐾(𝑡) and the project pays off 𝐴(𝑡) = 𝐴(0) + 𝑌 (𝑡). Here, 𝐴(0) ≥ 0 is the

initial value of the project and 𝑌 (𝑡) = 𝜇𝑡+ 𝜎𝑊 (𝑡) is a Brownian motion with drift

coefficient 𝜇 > 0 and dispersion coefficient 𝜎 > 0. The investment cost 𝐾(𝑡) initially

equals 𝐾1 > 0 and increases to a level 𝐾2 > 𝐾1 at a constant hazard rate 𝜆 > 0.

Denote the random time at which the investment cost increases with 𝑆. Then,

𝐾(𝑡) = 𝐾1 + (𝐾2 −𝐾1)𝐼(𝑡 ≥ 𝑆), where 𝐼(·) is a standard indicator function. The

firm knows the investment cost levels 𝐾1 and 𝐾2, but only learns about the increase

in investment costs when it happens. It also knows 𝐴(0), 𝑟, and {𝑌 (𝑡
′
)}0≤𝑡

′≤𝑡 at

time 𝑡.

Because the investment cost changes at a constant rate independently of {𝑌 (𝑡)}𝑡≥0,

before 𝑆 the firm invest whenever 𝑌𝑡 hits some time-invariant threshold 𝑌 1. From

𝑆 onwards, the investment cost permanently equals 𝐾2, all parameters are time in-

variant, and the firm invests whenever 𝑌𝑡 hits some other time-invariant threshold

𝑌 2 (provided it has not yet invested before time 𝑆). Intuitively, the increase in costs

at time 𝑆 makes investing less attractive, so that 𝑌 2 > 𝑌 1. We formally establish

this in Appendix 2.6.1. Summarizing, we have the following result.

Theorem 1. Denote 𝑍(𝑡) = 𝐼(𝑆 ≤ 𝑡). Then, the optimal investment time 𝑇 satisfies

𝑇 = inf{𝑡 ≥ 0 : 𝑌 (𝑡) > 𝑌 1 + (𝑌 2 − 𝑌 1)𝑍(𝑡)}
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for some 𝑌 1 and 𝑌 2 such that 𝑌 2 > 𝑌 1.

Now suppose we have data on 𝑇 , 𝑆, and 𝑋 across a range of otherwise homoge-

neous firms and their projects. Then, we can apply the MHT model with 𝑍(𝑡) as a

time-varying covariate and 𝑉 ≡ 1 to study the firms’ investment decisions.

2.3 Estimation of a Gaussian Model with One Jump

We first consider likelihood computation and parametric maximum likelihood es-

timation of a basic MHT specification in which the latent process is a Brownian

motion with drift and the threshold jumps at most once.

Collect the parameters of 𝜑 and 𝐻, with the parameters 𝜇 and 𝜎 of the latent

process, in a vector 𝜃. Suppose that we have a random sample {𝑇𝑖, 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0}𝑁𝑖=1

from the distribution (𝑇,𝑋, {𝑍(𝑡)}𝑡≥0) induced by the Gaussian MHT model at the

true parameter vector 𝜃0. Because {𝑍𝑖(𝑡)}𝑡≥0 only jumps once, we can represent it

by its level 𝑍𝑖1 before it jumps, the time 𝑆𝑖 at which it jumps (with 𝑆𝑖 = ∞ if 𝑍𝑖(𝑡)

never jumps), and its level 𝑍𝑖2 after it has jumped:

𝑍𝑖(𝑡) =

⎧⎪⎨⎪⎩𝑍𝑖1 if 𝑡 < 𝑆𝑖 and

𝑍𝑖2 if 𝑡 ≥ 𝑆𝑖.

We take the marginal distributions of the (𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0) to be ancillary and focus

on the conditional likelihood of the observed durations 𝑇𝑖 given (𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0).

We will see that this conditional likelihood only depends on 𝑍𝑖(𝑡) until time 𝑇𝑖, so

that its calculation does not require data on jumps in 𝑍𝑖(𝑡) that occur after the

observed duration 𝑇𝑖 (that is, we do not need to observe 𝑆𝑖 and 𝑍𝑖2 once we know

that 𝑆𝑖 > 𝑇𝑖).

Even in this basic case, likelihood computation is nontrivial. The next two sec-

tions develop two complementary methods for computing the conditional likelihood.

Along the way, we will discuss straightforward extensions to the practically relevant

case in which the observed durations 𝑇𝑖 may be censored.
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2.3.1 Likelihood Computation with Positive and Negative Jumps

The first method uses that, in the Gaussian case, we have an explicit expression for

the distribution of the latent state 𝑌𝑖(𝑆𝑖) at the jump time 𝑆𝑖 if 𝑇𝑖 ≥ 𝑆𝑖. To be

precise, the subdensity at 𝑦 < 𝑦 of 𝑌𝑖(𝑡) on the event that the state has not hit a

given threshold 𝑦 > 0 on [0, 𝑡] equals (see Example 5.1 in Cox and Miller, 1965,

Section 5.7)

𝑓𝑦(𝑦, 𝑡) =
1√

2𝜋𝜎2𝑡

[︂
exp

(︂
−(𝑦 − 𝜇𝑡)2

2𝜎2𝑡

)︂
− exp

(︂
−(𝑦 − 𝜇𝑡− 2𝑦)2

2𝜎2𝑡
+

2𝜇𝑦

𝜎2

)︂]︂
. (2.1)

With independence of the covariate process, it follows that the subdensity of 𝑌𝑖(𝑆𝑖)

at 𝑦 < 𝑌 𝑖1 on the event that 𝑇𝑖 ≥ 𝑆𝑖, for given pre-jump threshold 𝑌 𝑖1 ≡ 𝜑(𝑋𝑖, 𝑍𝑖1)𝑉

and jump time 𝑆𝑖, equals 𝑓𝑌 𝑖1
(𝑦, 𝑆𝑖). We will use this subdensity to calculate the

likelihood contribution of an observation with 𝑇𝑖 ≥ 𝑆𝑖, which involves integrating

the inverse Gaussian distribution of the time it takes the latent process to move from

𝑌𝑖(𝑆𝑖) to the post-jump threshold 𝑌 𝑖2 ≡ 𝜑(𝑋𝑖, 𝑍𝑖2)𝑉 over the distribution of 𝑌𝑖(𝑆𝑖).

To formally develop the likelihood construction, denote the inverse Gaussian

density corresponding to a given threshold 𝑦 with

𝑔𝑦(𝑡) =
𝑦

𝜎
√

2𝜋𝑡3
exp

(︂
−(𝑦 − 𝜇𝑡)2

2𝜎2𝑡

)︂
. (2.2)

We first construct the likelihood contribution of each observation 𝑖 conditional on not

only the observed 𝑋𝑖 and {𝑍𝑖(𝑡)}𝑡≥0, but also the unobserved 𝑉𝑖, and then integrate

out the latter. We distinguish three cases.

1. If 𝑆𝑖 > 𝑇𝑖, then 𝑍𝑖(𝑡) = 𝑍𝑖1 for 𝑡 ≤ 𝑇𝑖 and 𝑇𝑖 is the first time the latent

process hits the pre-jump threshold 𝑌 𝑖1. Therefore, the conditional likelihood

contribution of such an observation is

𝑝
(0)
𝑖 (𝜃|𝑉 ) = 𝑔𝑌 𝑖1

(𝑇𝑖). (2.3)

2. If 𝑆𝑖 = 𝑇𝑖, then the latent process does not hit 𝑌 𝑖1 before 𝑆𝑖 and exceeds 𝑌 𝑖2

at time 𝑆𝑖. Because Brownian motion is continuous, this cannot happen if the
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threshold jumps up; that is, if 𝑌 𝑖2 > 𝑌 𝑖1. If instead 𝑌 𝑖2 ≤ 𝑌 𝑖1, this occurs

with conditional probability
∫︀ 𝑌 𝑖1

𝑌 𝑖2
𝑓𝑌 𝑖1

(𝑦, 𝑆𝑖)𝑑𝑦. Taken together, the conditional

likelihood contribution of an observation with 𝑆𝑖 = 𝑇𝑖 is

𝑝
(1,𝑏1)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌 𝑖1

𝑌
*
𝑖

𝑓𝑌 𝑖1
(𝑦, 𝑆𝑖)𝑑𝑦, (2.4)

where 𝑌 *
𝑖 ≡ min{𝑌 𝑖1, 𝑌 𝑖2}. Note that 𝑝(1,𝑏1)𝑖 (𝜃|𝑉 ) = 0 for 𝑖 and 𝜃 such that

𝑌 𝑖2 ≥ 𝑌 𝑖1. We return to this below.

3. If 𝑆𝑖 < 𝑇𝑖, then the latent process does not hit 𝑌 𝑖2 before 𝑆𝑖 and takes a

value 𝑦 below 𝑌 𝑖2 at time 𝑆𝑖 with subdensity 𝑓𝑌 𝑖1
(𝑦, 𝑆𝑖). In turn, the time

it takes the latent process to move from that state 𝑦 at time 𝑆𝑖 to the post-

jump threshold 𝑌 𝑖2 has an inverse Gaussian density 𝑔𝑌 𝑖2−𝑦. Therefore, the

conditional likelihood contribution of an observation with 𝑆𝑖 < 𝑇𝑖 is

𝑝
(1,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖

−∞
𝑓𝑌 𝑖1

(𝑦, 𝑆𝑖)𝑔𝑌 𝑖2−𝑦(𝑇𝑖 − 𝑆𝑖)𝑑𝑦. (2.5)

Combining these three cases, integrating over the distribution 𝐻 of 𝑉 , and taking

logs gives the loglikelihood function,

𝑙
(𝑏)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

ln

∫︁
𝑝
(𝑏)
𝑖 (𝜃|𝑣)𝑑𝐻(𝑣), (2.6)

where

𝑝
(𝑏)
𝑖 (𝜃|𝑣) = 𝑝

(0)
𝑖 (𝜃|𝑣) · 𝐼(𝑆𝑖 > 𝑇𝑖) + 𝑝

(1,𝑏1)
𝑖 (𝜃|𝑣) · 𝐼(𝑆𝑖 = 𝑇𝑖) + 𝑝

(1,𝑏2)
𝑖 (𝜃|𝑣) · 𝐼(𝑆𝑖 < 𝑇𝑖).

For computational convenience, the distribution 𝐻 of the unobserved factor 𝑉 is

assumed to be finitely discrete. Suppose that 𝐻 has finite support {𝑣𝑙}𝐿𝑙=1 for some

fixed 𝐿 ∈ N with probabilities

Pr(𝑉 = 𝑣𝑙) = 𝜋𝑙; 𝑙 = 1, 2, ..., 𝐿.
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Then, the integral over the distribution 𝐻 of 𝑉 in (2.6) reduces to a finite sum:

𝑙
(𝑏)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

ln
𝐿∑︁
𝑙=1

𝜋𝑙𝑝
(𝑏)
𝑖 (𝜃|𝑣𝑙). (2.7)

To evaluate this sum, we need to compute the integrals in the right hand sides of

(2.4) and (2.5). Section 2.3.3 proposes and evaluates standard quadrature methods

to compute all integrals for which we do not have explicit expressions.

Note that, conditional on 𝑋𝑖 and {𝑍𝑖(𝑡)}𝑡≥0 (and therewith 𝑆𝑖), the distribution

of 𝑇𝑖 has a mass point at 𝑆𝑖, with positive mass if the parameters are such that

the threshold jumps downwards at 𝑆𝑖. This is reflected in 𝑝
(1,𝑏1)
𝑖 (𝜃|𝑣), which is a

probability rather than a Lebesgue density. For example, suppose that

𝜑(𝑋𝑖, 𝑍𝑖(𝑡)) = exp (𝑋𝑖𝛽 + 𝑍𝑖(𝑡)𝛾) (2.8)

for some parameters 𝛽 and 𝛾, with 𝑍𝑖2 > 𝑍𝑖1. Then, 𝑝(1,𝑏1)𝑖 (𝜃|𝑣) > 0 if 𝛾 < 0 and

𝑝
(1,𝑏1)
𝑖 (𝜃|𝑣) = 0 if 𝛾 ≥ 0. In applications, some care should be taken that the data are

consistent with this strong model implication. Often, the sign of the jump may be

known in advance. For example, in Section 2.2.2’s investment problem, investment

costs jump up at some time 𝑆𝑖. This triggers an upward jump in the investment

threshold and ensures that it is never optimal to invest exactly at the jump time 𝑆𝑖.

In terms of specification (2.8), 𝑍𝑖2 > 𝑍𝑖1 for all 𝑖 and 𝛾 > 0. In this case, provided

that indeed 𝑇𝑖 ̸= 𝑆𝑖 for all 𝑖, it would make sense to restrict 𝛾 ∈ [0,∞). In other

applications, it may be clear that the threshold never jumps up and we could restrict

𝛾 ∈ (−∞, 0].

With this qualification, under standard regularity conditions, the maximizer 𝜃

of 𝑙𝑁(𝜃) is a consistent and asymptotically normal estimator of 𝜃0. We will estimate

the asymptotic covariance matrix of 𝜃 with the inverse outer-product-of-gradients

estimator (Berndt et al., 1974), using explicit expression for the analytical first

derivatives of the loglikelihood contributions in (2.7).

By their very nature, it takes time to collect data on durations. Consequently,

we are rarely able to obtain complete samples from duration distributions, such as
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the distribution of investment times in Section 2.2.2. In particular, duration are

often right censored: In some cases, we do not observe the exact duration, but only

know it exceeds some observed “censoring time.” It is straightforward to extend our

maximum likelihood approach to data that are censored this way. We focus on a

simple type of independent righ-censoring. Suppose that {𝑇 *
𝑖 , 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0}𝑁𝑖=1 is a

complete random sample from the distribution of (𝑇,𝑋, {𝑍(𝑡)}𝑡≥0) induced by the

model. We do not directly observe this sample, but only have a censored version of it:

{𝑇𝑖, 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0, 𝐷𝑖}𝑁𝑖=1, where 𝑇𝑖 = min{𝑇 *
𝑖 , 𝐶𝑖} for some independent censoring

time 𝐶𝑖 and𝐷𝑖 ≡ 𝐼(𝑇 *
𝑖 ≤ 𝐶𝑖) is a censoring indicator. The likelihood contributions of

complete observations 𝑖 (𝐷𝑖 = 1) are as before. For censored observations (𝐷𝑖 = 0),

we distinguish two new cases.

1. If 𝑆𝑖 > 𝑇𝑖 = 𝐶𝑖, then we only know that the latent process does not hit 𝑌 𝑖1

before 𝑇𝑖. In this case, the conditional likelihood contribution equals

𝑄
(0)
𝑖 (𝜃|𝑉 ) = 𝐺𝑌 𝑖1

(𝑇𝑖),

where

𝐺𝑦(𝑡) ≡
∫︁ ∞

𝑡

𝑔𝑦(𝜏)𝑑𝜏 = Φ

(︂
𝑦 − 𝜇𝑡

𝜎
√
𝑡

)︂
− exp

(︂
2𝜇𝑦

𝜎2

)︂
Φ

(︂
−𝜇𝑡+ 𝑦

𝜎
√
𝑡

)︂

is the survival function of the first time the latent process hits a fixed threshold

𝑦 > 0.

2. If 𝑆𝑖 ≤ 𝑇𝑖 = 𝐶𝑖, then we only know that the latent process neither hits 𝑌 𝑖1

before 𝑆𝑖, nor passes 𝑌 𝑖2 between 𝑆𝑖 and 𝑇𝑖. In this case, we can again use

the explicit expression (2.1) for the subdensity of the state at 𝑆𝑖 to derive the

conditional likelihood contribution:

𝑄
(1,𝑏)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖

−∞
𝑓𝑌 𝑖1

(𝑦, 𝑆𝑖)𝐺𝑌 𝑖2−𝑦(𝑇𝑖 − 𝑆𝑖)𝑑𝑦. (2.9)

Taking these two cases together gives the conditional likelihood contribution of a
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censored observation 𝑖 (𝐷𝑖 = 0):

𝑄
(𝑏)
𝑖 (𝜃|𝑉 ) = 𝑄

(0)
𝑖 (𝜃|𝑉 ) · 𝐼(𝑆𝑖 > 𝑇𝑖) +𝑄

(1,𝑏)
𝑖 (𝜃|𝑉 ) · 𝐼(𝑆𝑖 ≤ 𝑇𝑖).

The loglikelihood function for censored data is

𝑙
(𝑏′)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

ln

∫︁
𝑝
(𝑏)
𝑖 (𝜃|𝑣)𝐷𝑖𝑄

(𝑏)
𝑖 (𝜃|𝑣)1−𝐷𝑖𝑑𝐻(𝑣). (2.10)

2.3.2 Likelihood Computation with Only Positive Jumps

If the threshold only jumps up (𝑌 𝑖2 ≥ 𝑌 𝑖1), a second method for computing the

likelihood is available, which exploits that the latent process, which never jumps up,

can only hit the post-jump threshold 𝑌 𝑖2 after first attaining the lower, pre-jump

threshold 𝑌 𝑖1. To formalize this, we distinguish two cases.

1. If 𝑆𝑖 > 𝑇𝑖, the conditional likelihood contribution of observation 𝑖 is again

given by (2.3), i.e.,

𝑝
(0)
𝑖 (𝜃|𝑉 ) = 𝑔𝑌 𝑖1

(𝑇𝑖).

2. If 𝑆𝑖 ≤ 𝑇𝑖, we know that the latent process hits the pre-jump threshold 𝑌 𝑖1

between times 𝑆𝑖 and 𝑇𝑖 and the post-jump threshold 𝑌 𝑖2 subsequently at

duration 𝑇𝑖. Let 𝑇𝑌 𝑖1
be the first time the latent process hits the pre-jump

threshold 𝑌 𝑖1 and 𝑇𝑌 𝑖2
−𝑇𝑌 𝑖1

the time it subsequently takes to reach the post-

jump threshold 𝑌 𝑖2. The distribution of 𝑇𝑌 𝑖1
conditional on 𝑌 𝑖1 is inverse

Gaussian with Lebesgue density 𝑔𝑌 𝑖1
. If 𝑌 𝑖2 = 𝑌 𝑖1, 𝑇𝑖 = 𝑇𝑌 𝑖1

and this is

also the conditional density of 𝑇𝑖. If 𝑌 𝑖2 > 𝑌 𝑖1, because Brownian motion is a

strong Markov process, conditional on 𝑌 𝑖1 and 𝑌 𝑖2 and on 𝑇𝑌 𝑖1
<∞, 𝑇𝑌 𝑖2

−𝑇𝑌 𝑖1

is independent of 𝑇𝑌 𝑖1
with inverse Gaussian density 𝑔𝑌 𝑖2−𝑌 𝑖1

(Bertoin, 1996,

Chapter I, Proposition 6). Thus, the conditional likelihood contribution of an

observation with 𝑆𝑖 ≤ 𝑇𝑖 is

𝑝
(1,𝑢)
𝑖 (𝜃|𝑉 ) =

⎧⎪⎨⎪⎩
∫︀ 𝑇𝑖

𝑆𝑖
𝑔𝑌 𝑖1

(𝜏)𝑔𝑌 𝑖2−𝑌 𝑖1
(𝑇𝑖 − 𝜏)𝑑𝜏 if 𝑌 𝑖2 > 𝑌 𝑖1

𝑔𝑌 𝑖1
(𝑇𝑖) if 𝑌 𝑖2 = 𝑌 𝑖1.

(2.11)
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Note that the boundary case 𝑆𝑖 = 𝑇𝑖 cannot occur and contributes 𝑝(1,𝑢)𝑖 (𝜃|𝑉 ) =

0 to the conditional likelihood if 𝑌 𝑖2 > 𝑌 𝑖1. If instead 𝑌 𝑖2 = 𝑌 𝑖1, there is no

jump and the likelihood contribution 𝑝(1,𝑢)𝑖 (𝜃|𝑉 ) of an observation with 𝑆𝑖 = 𝑇𝑖

simply equals the conditional density of the time until the latent process hits

the (constant) threshold.

Combining both cases, integrating over the distribution 𝐻 of 𝑉 , and taking logs

gives the loglikelihood function for complete data:

𝑙
(𝑢)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

ln

∫︁
𝑝
(𝑢)
𝑖 (𝜃|𝑣)𝑑𝐻(𝑣) (2.12)

where

𝑝
(𝑢)
𝑖 (𝜃|𝑣) = 𝑝

(0)
𝑖 (𝜃|𝑣) · 𝐼(𝑆𝑖 > 𝑇𝑖) + 𝑝

(1,𝑢)
𝑖 (𝜃|𝑣) · 𝐼(𝑆𝑖 ≤ 𝑇𝑖).

This approach extends directly to the case in which we instead have a censored

random sample {𝑇𝑖, 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0, 𝐷𝑖}𝑁𝑖=1 as in Section 2.3.1. In constructing the

conditional likelihood contributions of the censored observations (𝐷𝑖 = 0) in this

sample, we distinguish two cases.

1. If 𝑆𝑖 > 𝑇𝑖 = 𝐶𝑖, the conditional likelihood contribution of a censored observa-

tion again equals

𝑄
(0)
𝑖 (𝜃|𝑉 ) = 𝐺𝑌 𝑖1

(𝑇𝑖).

2. If 𝑆𝑖 ≤ 𝑇𝑖 = 𝐶𝑖, the conditional likelihood contribution is

𝑄
(1,𝑢)
𝑖 (𝜃|𝑉 ) = 𝐺𝑌 𝑖1

(𝑇𝑖) +

∫︁ 𝑇𝑖

𝑆𝑖

𝑔𝑌 𝑖1
(𝜏)𝐺𝑌 𝑖2−𝑌 𝑖1

(𝑇𝑖 − 𝜏)𝑑𝜏

Taking these two cases together gives the conditional likelihood contribution of a

censored observation 𝑖 (𝐷𝑖 = 0):

𝑄
(𝑢)
𝑖 (𝜃|𝑉 ) = 𝑄

(0)
𝑖 (𝜃|𝑉 ) · 𝐼(𝑆𝑖 > 𝑇𝑖) +𝑄

(1,𝑢)
𝑖 (𝜃|𝑉 ) · 𝐼(𝑆𝑖 ≤ 𝑇𝑖).
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The loglikelihood function (2.12) in the case of censoring becomes

𝑙
(𝑢′)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

ln

∫︁
𝑝
(𝑢)
𝑖 (𝜃|𝑣)𝐷𝑖𝑄

(𝑢)
𝑖 (𝜃|𝑣)1−𝐷𝑖𝑑𝐻(𝑣). (2.13)

Because the threshold only jumps up in this section, we did not have to enter-

tain the possibility of mass points in the conditional distribution of 𝑇𝑖 and have

simply constructed the likelihood relative to Lebesgue density. This implies that

the resulting loglikelihoods in (2.12) and (2.13) are not directly comparable to those

constructed for the case with general jumps, (2.6) and (2.10). They however only

differ for observations with 𝑆𝑖 = 𝑇𝑖, which occur with zero probability for all spec-

ifications to which both methods apply (that is, with upward jumps; 𝑌 𝑖2 ≥ 𝑌 𝑖1).

In theory, they coincide for all 𝑌 𝑖2 > 𝑌 𝑖1. In practice, they will differ because they

are computed using the different numerical approaches that arise if we replace the

integrals in their expressions with numerical integrals. Also, in Section 2.4, we will

see that both methods have different uses in extensions. The previous section’s

method has computational advantages in an extension with multiple jumps, while

this section’s method can be easily extended to a more general Lévy process.

2.3.3 Numerical Experiments

In this subsection, we investigate the computational performance of the methods

proposed in Sections 2.3.1 and 2.3.2 through Monte Carlo experiments.

First, we consider the simplified case where the threshold jumps once at a con-

stant hazard rate and there is no unobserved heterogeneity. We assume there is no

unobserved heterogeneity (𝑉 ≡ 1) and set

𝜑(𝑋,𝑍(𝑡)) = exp (𝑋𝛽 + 𝑍(𝑡)𝛾) ,

where 𝑍(𝑡) may change only once at a hazard rate 𝜆. To identify 𝜇 and 𝜎 up to

scale, we ensure that there is variation in the time-invariant covariate, 𝑋.

To generate a random sample {𝑇𝑖, 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0}𝑁𝑖=1, we assume that 𝑋𝑖 is drawn

from a uniform distribution on [0, 1] and set the pre-jump level of 𝑍𝑖(𝑡) to 𝑍𝑖1 = 0,
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the jump hazard 𝜆 = 0.1, and the post-jump level 𝑍𝑖2 of 𝑍𝑖(𝑡) equal to 1 or −1.

The paths of the latent process 𝑌𝑖(𝑡) are simulated directly on a fine time grid, by

setting 𝑌𝑖(0) = 0 and adding independent draws from a normal distribution with

mean 𝜇∆𝑡 and variance 𝜎2∆𝑡 over each of the following 100, 000 time intervals of size

∆𝑡 = 0.0005. If the simulated latent process does not hit the threshold before the

final time at which it is simulated, 100, 000 × 0.0005 = 50, we treat the observation

as right-censored at time 50.

We use adaptive Gauss-Kronrod quadrature to compute the integrals in our

likelihood expressions. This integration procedure is implemented in Matlab by the

command quadgk . We replace the unbounded lower limits of the integrals in (2.5)

and (2.9) by finite limits. In particular, since we can write 𝑓𝑌 𝑖1
(𝑦, 𝑆𝑖) as

𝑓𝑌 𝑖1
(𝑦, 𝑆𝑖) =

1√
2𝜋𝜎2𝑆𝑖

· exp

(︂
−(𝑦 − 𝜇𝑆𝑖)

2

2𝜎2𝑆𝑖

)︂
·
[︂
1 − exp

(︂
2𝑌 𝑖1(𝑦 − 𝑌 𝑖1)

𝜎2𝑆𝑖

)︂]︂
,

the integrands in (2.5) and (2.9) are dominated by the probability density function of

a normal distribution, 1√
2𝜋𝜎2𝑆𝑖

exp
(︁
− (𝑦−𝜇𝑆)2𝑖

2𝜎2𝑆𝑖

)︁
, and their values are captured within

8th decimal tolerance if the lower limits of the integrals in (2.5) and (2.9) are set to

B1(𝑆𝑖) = 𝜇𝑆𝑖 − 6 × 𝜎
√
𝑆𝑖. Therefore, we can use

𝑝
(1,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖

B1(𝑆𝑖)

𝑓𝑌 𝑖1
(𝑦, 𝑆𝑖)𝑔𝑌 𝑖2−𝑦(𝑇𝑖 − 𝑆𝑖)𝑑𝑦

to approximate 𝑝(1,𝑏2)𝑖 (𝜃|𝑉 ) in (2.5) and

�̃�
(1,𝑏)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖

B1(𝑆𝑖)

𝑓𝑌 𝑖1
(𝑦, 𝑆𝑖)𝐺𝑌 𝑖2−𝑦(𝑇𝑖 − 𝑆𝑖)𝑑𝑦

to approximate 𝑄(1,𝑏)
𝑖 (𝜃|𝑉 ) in (2.9).

We first conduct the experiments for the case in which the threshold only jumps

down. Table 2.1 shows that the estimates computed with the method in Section

2.3.1 (“Method 1”) averaged across Monte Carlo samples, are very close to the true

values of the parameters. Moreover, the averages of the estimated standard errors

are close to the standard deviations of the estimates, both of which decrease as the
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Table 2.1: Monte Carlo Results for the Case of Downward Jumps

N = 100 N = 500 N = 1000
Averages of Estimates

𝜇 0.5129 0.4973 0.4982
𝜎 0.9920 0.9841 0.9903
𝛽 2.0075 1.9869 1.9895
𝛾 0.0640 0.0918 0.0946

Averages of Estimated Standard Errors
𝜇 0.0827 0.0337 0.0239
𝜎 0.1319 0.0532 0.0380
𝛽 0.2178 0.0884 0.0620
𝛾 0.0914 0.0308 0.0209

Standard Deviations of Estimates
𝜇 0.0809 0.0378 0.0313
𝜎 0.1281 0.0645 0.0456
𝛽 0.2176 0.1005 0.0716
𝛾 0.0816 0.0380 0.0283

Time per Run (in seconds) 12.59 70.11 132.04

Note: The number of Monte Carlo samples is 100. The true values of 𝜇, 𝜎, 𝛽, and 𝛾 are 0.5, 1.0, 2.0,
and 0.1, respectively. Above each column, 𝑁 refers to the number of observations in each sample.
The results are obtained by using the methods in Section 2.3.1. The estimator is implemented with
Knitro in Matlab and runs as a single thread on an Intel Core i7-4770M with 3.4GHz.

sample size increases.

Next, we conduct experiments for the case in which the threshold only jumps up.

In this case, both Method 1 and the alternative approach in Section 2.3.2 (“Method

2”) can be used to estimate the parameters. For a proper comparison, we use the

same Monte Carlo samples to evaluate both methods, so that differences in their

results cannot be due to Monte Carlo sample variation. The results in Table 2.2

demonstrate that the two methods generate virtually identical estimates, which, on

average, are very close to the true values of the parameters. The averages of the

estimated standard errors and the standard deviations of the estimates are close and

decay as the sample size increases. Method 1 is considerably faster than Method 2.

Finally, we consider a case with unobserved heterogeneity in the threshold. To

this end, we adapt the previous two experiments by specifying that the unobserved
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Table 2.2: Monte Carlo Results for the Case of Upward Jumps

N = 100 N = 500 N = 1000
Method 1 2 1 2 1 2

Averages of Estimates
𝜇 0.5084 0.5079 0.4983 0.4983 0.4920 0.4920
𝜎 0.9663 0.9656 0.9902 0.9902 0.9832 0.9832
𝛽 1.9730 1.9718 1.9909 1.9909 1.9806 1.9806
𝛾 0.1378 0.1368 0.1073 0.1073 0.1026 0.1026

Averages of Estimated
Standard Errors

𝜇 0.0783 0.0782 0.0335 0.0335 0.0230 0.0230
𝜎 0.1236 0.1232 0.0539 0.0539 0.0368 0.0368
𝛽 0.2095 0.2085 0.0875 0.0875 0.0613 0.0613
𝛾 0.0944 0.0910 0.0363 0.0363 0.0250 0.0250

Standard Deviations of Estimates
𝜇 0.0790 0.0796 0.0316 0.0316 0.0204 0.0204
𝜎 0.1078 0.1079 0.0528 0.0528 0.0348 0.0348
𝛽 0.1943 0.1937 0.0760 0.0760 0.0589 0.0589
𝛾 0.0835 0.0848 0.0360 0.0360 0.0243 0.0243

Time per run (in seconds) 7.31 14.09 37.54 67.74 76.62 137.04

Note: The number of Monte Carlo samples is 100. The true values of 𝜇, 𝜎, 𝛽, and 𝛾 are 0.5, 1.0,
2.0, and 0.1, respectively. Above each column, 𝑁 refers to the number of observations in each
sample. The results in the column of Method 1 and Method 2 are obtained by using the methods
in Sections 2.3.1 and 2.3.2, respectively. The estimator is implemented with Knitro in Matlab and
runs as a single thread on an Intel Core i7-4770M with 3.4GHz.
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factor, 𝑉 , takes two values 𝑣1 and 𝑣2, with probabilities

Pr(𝑉 = 𝑣1) = 𝜋1 and Pr(𝑉 = 𝑣2) = 𝜋2 = 1 − 𝜋1

To identify 𝑣1 and 𝑣2 up to scale, we normalize 𝑣1 = 1. So, the parameters to be

estimated are 𝜇, 𝜎, 𝛽, 𝛾, 𝑣2, and 𝜋2. The results of estimation with different settings

of 𝛾 are presented in Table 2.3 for the case with downward jumps and Table 2.4 for

case with upward jumps. In each case, we simulates 100 Monte Carlo samples with

500 observations each. The estimates are again fairly close to the true values of the

parameters.

2.4 Extensions

With methods for the basic case of Brownian motion and a single jump in the

threshold in place, we will now consider extensions to multiple jumps and more

general latent processes.

2.4.1 Multiple Jumps

Suppose the time-varying covariate 𝑍(𝑡) may jump up or down more than once

and that we have a (for now) complete random sample {𝑇𝑖, 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0}𝑁𝑖=1 as

in Section 2.3.1. Let 𝑆(𝑚)
𝑖 , 1 ≤ 𝑚 ≤ 𝑀𝑖, be the time of the 𝑚-th jump of 𝑍𝑖(𝑡),

where 𝑀𝑖 is the total number of jumps of 𝑍𝑖(𝑡) before duration 𝑇𝑖. For expositional

convenience, denote 𝑆(0)
𝑖 = 0 and 𝑆(𝑀𝑖+1)

𝑖 = 𝑇𝑖. Then,

𝑍𝑖(𝑡) = 𝑍𝑖,𝑚+1 if 𝑆
(𝑚)
𝑖 ≤ 𝑡 < 𝑆

(𝑚+1)
𝑖 ; 𝑚 = 0, . . . ,𝑀𝑖.

Note that 𝑀𝑖 = 0 and 𝑆(1)
𝑖 = 𝑇𝑖 if 𝑍𝑖(𝑡) does not jump before 𝑇𝑖.

We first extend Method 1 to this case with multiple, general jumps. For 𝑚 =

1, . . . ,𝑀𝑖 + 1; denote 𝑌 𝑖,𝑚 = 𝜑(𝑋𝑖, 𝑍𝑖𝑚)𝑉 , 𝑌 *
𝑖𝑚 = min{𝑌 𝑖,𝑚, 𝑌 𝑖,𝑚+1}, and ∆𝑆

(𝑚)
𝑖 =

𝑆
(𝑚)
𝑖 − 𝑆

(𝑚−1)
𝑖 . The sample can be partitioned into at most 𝑀* + 1 subsamples,

where 𝑀* = max1≤𝑖≤𝑁{𝑀𝑖}.
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Table 2.3: Monte Carlo Results for the Case with Downward Jumps and Unobserved
Heterogeneity

Method 1
Downward Jump 𝛾 = 0.05 𝛾 = 0.1 𝛾 = 0.7

Averages of Estimates
𝜇 0.4948 0.4964 0.4961
𝜎 0.9730 0.9950 0.9807
𝛽 1.9623 1.9844 1.9946
𝛾 0.0376 0.0936 0.6871
𝑣2 2.0149 2.0072 2.0181
𝜋2 0.6915 0.6943 0.6809

Averages of Estimated Standard Errors
𝜇 0.0558 0.0581 0.0608
𝜎 0.1051 0.1118 0.1144
𝛽 0.0990 0.0992 0.1110
𝛾 0.0281 0.0268 0.0558
𝑣2 0.1596 0.1658 0.1667
𝜋2 0.0812 0.0871 0.0919

Standard Deviations of Estimates
𝜇 0.0501 0.0569 0.0515
𝜎 0.0928 0.1082 0.1001
𝛽 0.1027 0.1200 0.0944
𝛾 0.0307 0.0351 0.0581
𝑣2 0.1360 0.1597 0.1411
𝜋2 0.0771 0.0863 0.0835

Time per Run (in seconds) 236.10 224.23 169.92

Note: The number of Monte Carlo samples is 100 and the number of observations in each sample
is 500. The true values of 𝜇, 𝜎, 𝛽, 𝑣2, and 𝜋2 are 0.5, 1.0, 2.0, 2.0, and 0.7 respectively. The
results in the columns are obtained by setting 𝛾 to 0.01, 0.1, and 0.7, respectively. The estimator
is implemented with Knitro in Matlab and runs as a single thread on an Intel Core i7-4770M with
3.4GHz.
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Table 2.4: Monte Carlo Results for the Case with Upward Jumps and Unobserved
Heterogeneity

Method 1
Upward Shift 𝛾 = 0.05 𝛾 = 0.1 𝛾 = 0.7

Averages of Estimates
𝜇 0.4978 0.5067 0.4984
𝜎 0.9821 1.0022 0.9902
𝛽 1.9915 1.9945 1.9961
𝛾 0.0489 0.1071 0.7012
𝑣2 2.0332 2.0209 1.9986
𝜋2 0.6827 0.6993 0.7000

Averages of Estimated Standard Errors
𝜇 0.0550 0.0593 0.0482
𝜎 0.1034 0.1142 0.0916
𝛽 0.0983 0.0978 0.0881
𝛾 0.0335 0.0349 0.0435
𝑣2 0.1590 0.1681 0.1346
𝜋2 0.0783 0.0808 0.0628

Standard Deviations of Estimates
𝜇 0.0535 0.0601 0.0434
𝜎 0.1048 0.1112 0.0790
𝛽 0.1014 0.1065 0.0828
𝛾 0.0266 0.0320 0.0377
𝑣2 0.1503 0.1617 0.1294
𝜋2 0.0798 0.0883 0.0498

Time per run (in seconds) 164.70 167.43 199.89

Note: The number of Monte Carlo samples is 100 and the number of observations is 500. The true
values of 𝜇, 𝜎, 𝛽, 𝑣2, and 𝜋2 are 0.5, 1.0, 2.0, 2.0, and 0.7 respectively. The results in the columns
are obtained by setting 𝛾 to 0.01, 0.1, and 0.7, respectively. The estimator is implemented with
Knitro in Matlab and runs as a single thread on an Intel Core i7-4770M with 3.4GHz.
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1. If 𝑀𝑖 = 0, the conditional likelihood contribution is again given by

𝑝
(0)
𝑖 (𝜃|𝑉 ) = 𝑔𝑌 𝑖,1

(𝑇𝑖).

2. If 𝑀𝑖 = 𝑚 ≥ 1, and the last observed jump coincides with 𝑇𝑖, ∆𝑆
(𝑚+1)
𝑖 = 0,

the conditional likelihood contribution is

𝑝
(1,𝑏1)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌 𝑖,1

𝑌
*
𝑖,1

𝑓𝑌 𝑖,1
(𝑦, 𝑇𝑖)𝑑𝑦

if 𝑚 = 1, and

𝑝
(𝑚,𝑏1)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖,1

−∞

∫︁ 𝑌
*
𝑖,2

−∞
· · ·
∫︁ 𝑌

*
𝑖,𝑚−1

−∞

∫︁ 𝑌 𝑖,𝑚

𝑌
*
𝑖,𝑚

[𝑓𝑌 𝑖,1
(𝑦1,∆𝑆

(1)
𝑖 ) · 𝑓𝑌 𝑖,2−𝑦1

(𝑦2 − 𝑦1,∆𝑆
(2)
𝑖 ) · · ·

· · · 𝑓𝑌 𝑖,𝑚−𝑦𝑚−1
(𝑦𝑚 − 𝑦𝑚−1,∆𝑆

(𝑚)
𝑖 )]𝑑𝑦𝑚 · · · 𝑑𝑦2𝑑𝑦1

if 𝑚 ≥ 2.

As in the case in which the threshold only jumps once, the conditional likeli-

hood contribution of an observation with 𝑆
(𝑀𝑖)
𝑖 = 𝑇𝑖 (that is, ∆𝑆

(𝑀𝑖+1)
𝑖 = 0)

equals 𝑝(𝑚,𝑏1)
𝑖 (𝜃|𝑉 ) = 0 at parameter values such that 𝑌 𝑖,𝑚 ≤ 𝑌 𝑖,𝑚+1.

3. If 𝑀𝑖 = 𝑚 ≥ 1 and the last observed jump strictly predates 𝑇𝑖, ∆𝑆
(𝑚+1)
𝑖 > 0,

the conditional likelihood contribution is

𝑝
(𝑚,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖,1

−∞

∫︁ 𝑌
*
𝑖,2

−∞
· · ·
∫︁ 𝑌

*
𝑖,𝑚

−∞
[𝑓𝑌 𝑖,1

(𝑦1,∆𝑆
(1)
𝑖 ) · 𝑓𝑌 𝑖,2−𝑦1

(𝑦2 − 𝑦1,∆𝑆
(2)
𝑖 ) · · ·

· · · 𝑓𝑌 𝑖,𝑚−𝑦𝑚−1
(𝑦𝑚 − 𝑦𝑚−1,∆𝑆

(𝑚)
𝑖 )𝑔𝑌 𝑖,𝑚+1−𝑦𝑚

(∆𝑆
(𝑚+1)
𝑖 )]𝑑𝑦𝑚 · · · 𝑑𝑦2𝑑𝑦1

Therefore, the loglikelihood function for complete data becomes

�̄�
(𝑏)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

[ln

∫︁
𝑝
(𝑀𝑖,𝑏)
𝑖 (𝜃|𝑣)𝑑𝐻(𝑣)], (2.14)
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where

𝑝
(𝑀𝑖,𝑏)
𝑖 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
𝑝
(0)
𝑖 (𝜃|𝑉 ) if 𝑀𝑖 = 0

𝑝
(𝑀𝑖,𝑏1)
𝑖 (𝜃|𝑉 ) if 𝑀𝑖 ≥ 1 and ∆𝑆

(𝑀𝑖+1)
𝑖 = 0

𝑝
(𝑀𝑖,𝑏2)
𝑖 (𝜃|𝑉 ) if 𝑀𝑖 ≥ 1 and ∆𝑆

(𝑀𝑖+1)
𝑖 > 0.

Next, suppose we have a censored random sample {𝑇𝑖, 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0, 𝐷𝑖}𝑁𝑖=1 as

in Section 2.3.1. In constructing the conditional likelihood contributions of the

censored observations (𝐷𝑖 = 0) in this sample, we again distinguish two cases.

1. If 𝑀𝑖 = 0, the conditional likelihood contribution of a censored observation

again equals

𝑄
(0)
𝑖 (𝜃|𝑉 ) = 𝐺𝑌 𝑖1

(𝑇𝑖).

2. If 𝑀𝑖 = 𝑚 ≥ 1, the conditional likelihood contribution is

𝑄
(𝑚,𝑏)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖,1

−∞

∫︁ 𝑌
*
𝑖,2

−∞
· · ·
∫︁ 𝑌

*
𝑖,𝑚

−∞
[𝑓𝑌 𝑖,1

(𝑦1,∆𝑆
(1)
𝑖 ) · 𝑓𝑌 𝑖,2−𝑦1

(𝑦2 − 𝑦1,∆𝑆
(2)
𝑖 ) · · ·

· · · 𝑓𝑌 𝑖,𝑚−𝑦𝑚−1
(𝑦𝑚 − 𝑦𝑚−1,∆𝑆

(𝑚)
𝑖 )𝐺𝑌 𝑖,𝑚+1−𝑦𝑚

(∆𝑆
(𝑚+1)
𝑖 )]𝑑𝑦𝑚 · · · 𝑑𝑦2𝑑𝑦1

Taking these two cases together gives the conditional likelihood contribution of a

censored observation 𝑖 (𝐷𝑖 = 0):

�̄�
(𝑀𝑖,𝑏)
𝑖 (𝜃|𝑣) =

⎧⎪⎨⎪⎩𝑄
(0)
𝑖 (𝜃|𝑉 ) if 𝑀𝑖 = 0

𝑄
(𝑀𝑖,𝑏)
𝑖 (𝜃|𝑉 ) if 𝑀𝑖 ≥ 1.

The loglikelihood function (2.12) for the case with censoring is

�̄�
(𝑏′)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

ln[

∫︁
𝑝
(𝑀𝑖,𝑏)
𝑖 (𝜃|𝑣)𝐷𝑖�̄�

(𝑀𝑖,𝑏)
𝑖 (𝜃|𝑣)1−𝐷𝑖𝑑𝐻(𝑣)].

If the time-varying threshold 𝜑(𝑋,𝑍(𝑡))𝑉 in the Gaussian MHT model only

jumps up, then Method 2 can also be extended to multiple jumps. Suppose 𝑀* =

max1≤𝑖≤𝑁{𝑀𝑖}. We consider the example of a complete sample with 𝑀* = 3. We

distinguish four cases.
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1. If 𝑀𝑖 = 0, the conditional likelihood contribution is again

𝑝
(0)
𝑖 (𝜃|𝑉 ) = 𝑔𝑌 𝑖1

(𝑇𝑖).

2. If 𝑀𝑖 = 1, the conditional likelihood contribution is

𝑝
(1,𝑢)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑇𝑖

𝑆
(1)
𝑖

𝑔𝑌 𝑖1
(𝜏)𝑔𝑌 𝑖2−𝑌 𝑖1

(𝑇𝑖 − 𝜏)𝑑𝜏.

3. If 𝑀𝑖 = 2, the conditional likelihood contribution is

𝑝
(2,𝑢)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑇𝑖

𝑆
(2)
𝑖

𝑔𝑌 𝑖1
(𝜏)𝑔𝑌 𝑖3−𝑌 𝑖1

(𝑇𝑖 − 𝜏)𝑑𝜏

+

∫︁ 𝑆
(2)
𝑖

𝑆
(1)
𝑖

𝑔𝑌 𝑖1
(𝜏1)[

∫︁ 𝑇𝑖−𝜏1

𝑆
(2)
𝑖 −𝜏1

𝑔𝑌 𝑖2−𝑌 𝑖1
(𝜏2)𝑔𝑌 𝑖3−𝑌 𝑖2

(𝑇𝑖 − 𝜏1 − 𝜏2)𝑑𝜏2]𝑑𝜏1.

4. If 𝑀𝑖 = 3, the conditional likelihood contribution is

𝑝
(3,𝑢)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑇𝑖

𝑆
(3)
𝑖

𝑔𝑌 𝑖1
(𝜏)𝑔𝑌 𝑖4−𝑌 𝑖1

(𝑇𝑖 − 𝜏)𝑑𝜏

+

∫︁ 𝑆
(3)
𝑖

𝑆
(2)
𝑖

𝑔𝑌 𝑖1
(𝜏1)[

∫︁ 𝑇𝑖−𝜏1

𝑆
(3)
𝑖 −𝜏1

𝑔𝑌 𝑖3−𝑌 𝑖1
(𝜏2)𝑔𝑌 𝑖4−𝑌 𝑖3

(𝑇𝑖 − 𝜏1 − 𝜏2)𝑑𝜏2]𝑑𝜏1

+

∫︁ 𝑆
(2)
𝑖

𝑆
(1)
𝑖

𝑔𝑌 𝑖1
(𝜏1)[

∫︁ 𝑇𝑖−𝜏1

𝑆
(3)
𝑖 −𝜏1

𝑔𝑌 𝑖2−𝑌 𝑖1
(𝜏2)𝑔𝑌 𝑖4−𝑌 𝑖2

(𝑇𝑖 − 𝜏1 − 𝜏2)𝑑𝜏2

+

∫︁ 𝑆
(3)
𝑖 −𝜏1

𝑆
(2)
𝑖 −𝜏1

𝑔𝑌 𝑖2−𝑌 𝑖1
(𝜏2)𝜓(𝜏1, 𝜏2)𝑑𝜏2]𝑑𝜏1

where

𝜓(𝜏1, 𝜏2) =

∫︁ 𝑇𝑖−𝜏1−𝜏2

𝑆
(3)
𝑖 −𝜏1−𝜏2

𝑔𝑌 𝑖3−𝑌 𝑖2
(𝜏3)𝑔𝑌 𝑖4−𝑌 𝑖3

(𝑇𝑖 − 𝜏1 − 𝜏2 − 𝜏3)𝑑𝜏3.

Therefore, the loglikelihood function for complete data becomes

�̄�
(𝑢)
𝑁 (𝜃) =

𝑁∑︁
𝑖=1

[ln

∫︁
𝑝
(𝑀𝑖,𝑢)
𝑖 (𝜃|𝑣)𝑑𝐻(𝑣)] (2.15)
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where

𝑝
(𝑀𝑖,𝑢)
𝑖 (𝜃|𝑣) =

⎧⎪⎨⎪⎩𝑝
(0)
𝑖 (𝜃|𝑉 ) if 𝑀𝑖 = 0

𝑝
(𝑀𝑖,𝑢)
𝑖 (𝜃|𝑉 ) if 𝑀𝑖 ≥ 1.

Note that the computation of (2.15) is very intensive even though we only al-

low for 𝑀* = 3 jumps. We would expect that the computational complexity of

(2.15) explodes as 𝑀* increases. If we use a naive iterative quadrature method,

the computational complexity Θ(𝑘) of a 𝑘-fold integral (defined as, say, the number

of integrand evaluations needed for a given accuracy) grows exponentially with 𝑘

(in the next subsection, we discuss and adopt more advanced methods). The to-

tal computational complexity of the likelihood contribution of an observation with

𝑀𝑖 jumps in the threshold is roughly Θ(𝑀𝑖) under the extension of Method 1

and
∑︀𝑀𝑖−1

𝑚=1

⎛⎝𝑀𝑖 − 1

𝑚− 1

⎞⎠Θ(𝑚) + Θ(𝑀𝑖) under the extension of Method 2. In both

cases, the term Θ(𝑀𝑖) dominates as 𝑀𝑖 goes to infinity. For small enough 𝑀𝑖,

however, we cannot ignore the additional resources required by the latter method,∑︀𝑀𝑖−1
𝑚=1

⎛⎝𝑀𝑖 − 1

𝑚− 1

⎞⎠Θ(𝑚).

2.4.2 Numerical Experiments

We investigate the computational performance of the extensions of our methods to

the case with multiple jumps through Monte Carlo experiments. We focus on the

case without unobserved heterogeneity; that is, 𝑉 ≡ 1 and the threshold at time 𝑡

equals

𝜑(𝑋,𝑍(𝑡)) = 𝑒𝑋𝛽+𝑍(𝑡)𝛾,

where 𝑍(𝑡) ≥ 0 and 𝛾 > 0.

To generate a random sample {𝑇𝑖, 𝑋𝑖, {𝑍𝑖(𝑡)}𝑡≥0}𝑁𝑖=1, we assume that 𝑋𝑖 is drawn

from a uniform distribution on [0, 1] as before. We set the initial level of the time-

varying covariate 𝑍(𝑡) to 0 and subsequently have it altenate between 1.5 and 1.0

at a rate 𝜆 = 1
3
.

Table 2.5 reports the characteristics of four Monte Carlo experiments. In each

experiment, we simulate 100 Monte Carlo samples with 1000 observations each. The
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experiment differ in the maximum numbers of jumps in 𝑍𝑖(𝑡). The table also reports

the percentages of observations that are right-censored and for which we observe a

particular number of jumps before 𝑇𝑖.

Table 2.5: Characteristics of the Experiments

Experiment 1 2 3 4
Number of Monte Carlo Samples 100 100 100 100

Number of Observations 1000 1000 1000 1000
Maximum Number of Jumps in 𝑍(𝑡) 2 3 4 6

Percentage of Observations
Right-Censored 0.078% 0.112% 0.092% 0.075%

Number of Jumps in 𝑍(𝑡)

0 30.113% 30.127% 30.174% 30.119%
1 14.680% 14.939% 15.007% 14.993%
2 55.207% 16.586% 16.502% 16.304%
3 38.348% 8.925% 9.063%
4 29.392% 9.912%
5 4.650%
6 14.959%

Note: The percentages are calculated by averaging over the 100 samples of the corresponding
experiment.

When computing the likelihood contributions, we need to numerically calculate

the multiple integrals in them. One choice is to treat each multiple integral as a

nested sequence of one-dimensional integrals and iteratively apply one-dimensional

quadrature. One major drawback of this approach is that the number of integrand

evaluations needed grows exponentially with the number of dimensions. In this pa-

per, we adopt a so-called “globally adaptive quadrature” approach. A quadrature

rule is adaptive if it automatically increases the number of quadrature points for a

subregion where the integrand is difficult to calculate with predetermined accuracy.

As first proposed by Van Dooren and de Ridder (1976) in their globally adaptive

algorithm, two different low-degree polynomial integrating rules are used to approx-

imate the integral on each subregion, and the difference between these two values is

treated as the approximation error. Then the integration subregion with the largest

error is subdivided and a similar procedure is carried out again. This subdivision

proceeds recursively until convergence is achieved in each of the terminating sub-
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regions. We use Berntsen et al. (1991)’s Fortran implementation of this algorithm,

DCUHRE. This implementation improves the original algorithm by, among other

things, using a more sophisticated error estimate.

Integrating a function with a dominant peak over unbounded regions becomes

more difficult in the multi-dimensional case. We use Genz (1992)’s method to trans-

form the region of integration into a unit hyper-rectangle. See Appendix 2.6.2 for

details. Note that Genz (1992)’s transformation is similar to the one employed in

the Geweke-Hajivassiliou-Keane (GHK) algorithm. However, Genz (1992) proposes

to use globally adaptive quadrature to compute the integral after transformation,

while the GHK algorithm involves Monte Carlo integration. In fact, Genz and

Kass (1997) show that subregion-adaptive integration is more efficient than Monte

Carlo integration for regular problems of modest dimensionality on the unit cube. It

can substantially improve accuracy for a given number of function evaluations and

thus be expected to substantially reduce running time for a given level of accuracy.

Schürer (2003) demonstrates that (adaptive and nonadaptive) quadrature methods

generally outperform (quasi-)Monte Carlo methods up to fairly high dimensions.

However, to numerically compute an integral with a much higher dimension, such

quadrature methods become computationally infeasible. Then, we can only use

Monte Carlo integration, which has a rate of convergence that is independent of the

dimensionality.

Table 2.6 demonstrates that the estimates computed with Section 2.4.1’s exten-

sion of Method 1 are very close to the true values of the parameters and that the

averages of their estimated standard errors are close to their standard deviations.

2.4.3 Lévy Processes

In the general case in which the latent process {𝑌 (𝑡)}𝑡≥0 is a spectrally negative Lévy

process, the density of the first time it hits a given threshold is not explicitly known,

and neither Method 1 nor Method 2 can directly be adapted and applied. However,

Abbring and Salimans (2013) provided effective numerical methods to compute this

density and, in particular, the likelihood for the case with a constant threshold and a

nondegenerate Brownian motion component. For the case with only upward jumps,
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Table 2.6: Monte Carlo Results with DCUHRE

Experiment 1 2 3 4
Averages of Estimates

𝜇 0.4985 0.4952 0.4951 0.4966
𝜎 0.9943 0.9883 0.9815 0.9875
𝛽 1.9991 1.9931 1.9948 1.9895
𝛾 0.2010 0.1996 0.1972 0.2004

Averages of Estimated Standard Errors
𝜇 0.0229 0.0223 0.0184 0.0129
𝜎 0.0366 0.0360 0.0307 0.0253
𝛽 0.0594 0.0593 0.0473 0.0361
𝛾 0.0180 0.0164 0.0153 0.0137

Standard Deviations of Estimates
𝜇 0.0247 0.0213 0.0242 0.0314
𝜎 0.0392 0.0366 0.0402 0.0503
𝛽 0.0627 0.0544 0.0624 0.0950
𝛾 0.0178 0.0160 0.0146 0.0198

Time per run (in seconds) 232.13 473.32 580.23 656.19

Note: The number of Monte Carlo samples is 100 and the number of observations in each sample
is 1000. The true values of 𝜇, 𝜎, 𝛽, and 𝛾 are 0.5, 1.0, 2.0, and 0.2, respectively. The results are
computed by the Matlab function fmincon and the Fortran function DCUHRE, and the estimator
runs in parellel with four workers on an Intel Core i7-2620M with 2.7GHz.

their methods can be straightforwardly adapted to extend Method 2 to more general

Lévy processes. In particular, we can can adapt the loglikelihood functions in (2.12)

for the single-jump case and (2.15) for multiple jumps to spectrally-negative Lévy

processes with nontrivial Brownian motion components by replacing the first hitting

time density (2.2) with a numerical approximation for the Lévy case from Abbring

and Salimans.

We do not have a similar extension to Lévy processes for the case in which the

time-varying threshold may also jump downwards. Further techniques need to be

developed for this more general situation.
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2.5 Conclusion

We have presented two methods for computing the likelihood of a MHT model with

time-varying covariates. The first method allows for both positive and negative

jumps of the threshold, but requires the distribution of the latent process’s state at

the jump time before it hits the threshold and the density of the first time the latent

process hits a given threshold. If the latent process is a Brownian motion with drift,

explicit expressions for both are available and this method is particularly easy to

use. The second method, which can only handle positive jumps, only requires the

first hitting time density. It can be applied to the Brownian motion case, but also to

more general specifications of the latent process, such as a spectrally negative Lévy

process, for which the density of the first hitting time can be computed quickly (see

Section 2.4.3).

Our Monte Carlo experiments show that if both methods can be used (that is,

if the latent process is a Brownian motion with drift and the threshold only jumps

up), they yield virtually the same results, but the first method is faster. This, and

the fact that it is not restricted to positive threshold jumps, suggest that the first

method should always be used in the important special case that the latent process

is a Brownian motion with drift.

32



2.6 Appendix

2.6.1 Proof of Theorem 1

We use backward induction and the Hamilton-Jacobi-Bellman (HJB) equations (see

Stokey, 2009) to obtain the relation between 𝑌 1 and 𝑌 2.

1. After 𝑆, the investment cost becomes 𝐾2, the Bellman equation for the option

value at 𝑌 (𝑡) = 𝑦, Π2(𝑦), is

Π2(𝑦) ≈ 0 +
1

1 + 𝑟𝑑𝑡
E𝑦[Π2(𝑦 + 𝑑𝑌 (𝑡))].

With Ito’s lemma, we have

(1 + 𝑟𝑑𝑡)Π2(𝑦) = Π2(𝑦) + Π
′

2(𝑦)𝜇𝑑𝑡+ Π
′′

2(𝑦)
1

2
𝜎2𝑑𝑡;

i.e.,

𝑟Π2(𝑦) = Π
′

2(𝑦)𝜇+ Π
′′

2(𝑦)
1

2
𝜎2. (2.16)

2. Before 𝑆, the investment cost is 𝐾1, the Bellman equation for the option value

at 𝑌 (𝑡) = 𝑦, Π1(𝑦), is

Π1(𝑦) ≈ 0 +
1

1 + 𝑟𝑑𝑡
(𝜆𝑑𝑡E𝑦[Π2(𝑦 + 𝑑𝑌 (𝑡))] + (1 − 𝜆𝑑𝑡)E𝑦[Π1(𝑦 + 𝑑𝑌 (𝑡))]).

With Ito’s lemma, we have

(1 + 𝑟𝑑𝑡)Π1(𝑦) =𝜆𝑑𝑡(Π2(𝑦) + Π
′

2(𝑦)𝜇𝑑𝑡+ Π
′′

2(𝑦)
1

2
𝜎2𝑑𝑡)

+ (1 − 𝜆𝑑𝑡)(Π1(𝑦) + Π
′

1(𝑦)𝜇𝑑𝑡+ Π
′′

1(𝑦)
1

2
𝜎2𝑑𝑡);

i.e.,

(𝑟 + 𝜆)Π1(𝑦) = 𝜆Π2(𝑦) + Π
′

1(𝑦)𝜇+ Π
′′

1(𝑦)
1

2
𝜎2. (2.17)
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To solve (2.16), let Π2(𝑦) = 𝐽𝑒𝜌𝑦 and plug it in (2.16). This gives

𝑟 = 𝜌𝜇+ 𝜌2
1

2
𝜎2.

The two roots of the equation are

𝜌1 =
−𝜇+

√︀
𝜇2 + 2𝜎2𝑟

𝜎2
and 𝜌2 =

−𝜇−
√︀
𝜇2 + 2𝜎2𝑟

𝜎2
.

Obviously, 𝜌1 > 0 and 𝜌2 < 0. So the general solution of (2.16) is

Π2(𝑦) = 𝐽1𝑒
𝜌1𝑦 + 𝐽2𝑒

𝜌2𝑦.

No bubble condition lim𝑦→−∞ Π2(𝑦) = 0 implies 𝐽2 = 0, so that Π2(𝑦) = 𝐽1𝑒
𝜌1𝑦.

Value matching and smooth pasting give⎧⎪⎨⎪⎩ Π2(𝑌 2) = 𝐴(0) + 𝑌 2 −𝐾2

Π
′
2(𝑌 2) = 1;

i.e.
⎧⎪⎨⎪⎩ 𝐽1𝑒

𝜌1𝑌 2 = 𝐴(0) + 𝑌 2 −𝐾2

𝐽1𝜌1𝑒
𝜌1𝑌 2 = 1;

so that

𝑌 2 =
1

𝜌1
− 𝐴(0) +𝐾2 (2.18)

and

𝐽1 =
1

𝜌1
𝑒−𝜌1𝑌 2 .

Similarly, to solve the homogeneous part of (2.17),

(𝑟 + 𝜆)Π1(𝑦) = Π
′

1(𝑦)𝜇+ Π
′′

1(𝑦)
1

2
𝜎2, (2.19)

let Πℎ
1(𝑦) = 𝐽𝑒𝛼𝑦 be the solution of (2.19) and plug it in. This gives

𝑟 + 𝜆 = 𝛼𝜇+ 𝛼21

2
𝜎2.
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The two roots of the equation are

𝛼1 =
−𝜇+

√︀
𝜇2 + 2𝜎2(𝑟 + 𝜆)

𝜎2
and 𝛼2 =

−𝜇−
√︀
𝜇2 + 2𝜎2(𝑟 + 𝜆)

𝜎2
.

Obviously, 𝛼1 > 0 and 𝛼2 < 0. So the general solution of (2.19) is

Πℎ
1(𝑦) = 𝐽1𝑒

𝛼1𝑦 + 𝐽2𝑒
𝛼2𝑦.

Suppose the particular solution of (2.17) is Π𝑝
1(𝑦) = 𝐽0𝑒

𝜌1𝑦. Plugging it in (2.17) ,

we get 𝐽0 = 𝐽1. Thus, the solution to (2.17) is

Π1(𝑦) = 𝐽1𝑒
𝜌1𝑦 + 𝐽1𝑒

𝛼1𝑦 + 𝐽2𝑒
𝛼2𝑦.

No bubble condition lim𝑦→−∞ Π1(𝑦) = 0 implies 𝐽2 = 0, so that

Π1(𝑦) = 𝐽1𝑒
𝜌1𝑦 + 𝐽1𝑒

𝛼1𝑦.

Value matching and smooth pasting give⎧⎪⎨⎪⎩ Π1(𝑌 1) = 𝐴(0) + 𝑌 1 −𝐾1

Π
′
1(𝑌 1) = 1;

i.e.
⎧⎪⎨⎪⎩ 𝐽1𝑒

𝜌1𝑌 1 + 𝐽1𝑒
𝛼1𝑌 1 = 𝐴(0) + 𝑌 1 −𝐾1 and

𝐽1𝜌1𝑒
𝜌1𝑌 1 + 𝐽1𝛼1𝑒

𝛼1𝑌 1 = 1;

so that

𝑌 1 =
1

𝛼1

+
𝛼1 − 𝜌1
𝛼1

𝐽1𝑒
𝜌1𝑌 1 − 𝐴(0) +𝐾1. (2.20)

Note that the solution of 𝑌 1 in (2.20) cannot be explicitly expressed. However,

we can still determine whether 𝑌 1 is smaller than 𝑌 2. Subtracting (2.18) from (2.20),

we have

𝑌 2 − 𝑌 1 =
𝛼1 − 𝜌1
𝛼1𝜌1

(1 − 𝑒−𝜌1(𝑌 2−𝑌 1)) +𝐾2 −𝐾1, (2.21)

where 𝛼1 > 𝜌1 > 0 and 𝐾2 > 𝐾1 > 0. Let Ω = 𝑌 2 − 𝑌 1, and ∆𝐾 = 𝐾2 −𝐾1. Then

(2.21) is equivalent to

𝑒−𝜌1Ω = − 𝛼1𝜌1
𝛼1 − 𝜌1

Ω + (1 +
𝛼1𝜌1
𝛼1 − 𝜌1

∆𝐾).
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Figure 2-1: A Firm’s Optimal Investment Timing

The right hand side of this equation is a linear line with negative slope and the

intercept which is larger than 1, so it will cross the exponential function of left hand

side at two points with different signs. It means that there are two solutions for

(2.20), denoted as 𝑌 1,1and 𝑌 1,2, which must satisfy 𝑌 1,1 < 𝑌 2 < 𝑌 1,2.

After numerically solving 𝑌 1 in equation (2.20), we can then draw a figure to

show how Π1(𝑦) and Π2(𝑦) behave. As we can see in the Figure 2-1, if the solution

of (2.20) is 𝑌 1,2, then Π1(𝑦), in this case also denoted as Π1,2(𝑦), is smaller than

𝐴(0) + 𝑦 −𝐾1 for 𝑦 in some interval (𝑌 1,2 − 𝜀, 𝑌 1,2), 𝜀 > 0, so it is not optimal for

the agent to wait for investing. Thus, we need to eliminate the solution 𝑌 1,2 and

only keep 𝑌 1,1.

To formally establish this, suppose that 𝑌 1 = 𝑌 1,2 is the solution of (2.20). Then,

from the smooth pasting conditions for Π1(𝑦) at 𝑦 = 𝑌 1,2 and Π2(𝑦) at 𝑦 = 𝑌 2, we

get

𝐽1𝛼1𝑒
𝛼1𝑌 1,2 = 1 − 𝐽1𝜌1𝑒

𝜌1𝑌 1,2 < 1 − 𝐽1𝜌1𝑒
𝜌1𝑌 2 = 0,

so that 𝐽1 < 0. Then, for all 𝑦,

Π1(𝑦) = 𝐽1𝑒
𝜌1𝑦 + 𝐽1𝑒

𝛼1𝑦 < 𝐽1𝑒
𝜌1𝑦 = Π2(𝑦).
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Specifically, at 𝑦 = 𝑌 2,

Π1(𝑌 2) < Π2(𝑌 2) = 𝐴(0) + 𝑌 2 −𝐾2 < 𝐴(0) + 𝑌 2 −𝐾1.

Thus, Π1(𝑦) approaches 𝐴(0) + 𝑦 − 𝐾1 from below before arriving at 𝑦 = 𝑌 1,2, so

𝑌 1,2 cannot be the optimal choice. Therefore, the solution for equation (2.20), 𝑌 1,1,

is the only candidate for an optimal threshold. It follows that 𝑌 2 > 𝑌 1.

2.6.2 Transformation of the Likelihood

In this appendix, we illustrate how we use the techniques developed in Genz (1992)

to transform the infinite region of integration to a hyper-rectangle [0, 1]𝑚. Basically,

there are two sorts of likelihood contributions we may encounter.

In the first case, the likelihood contributions has the form

𝑝
(𝑚,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖,1

−∞

∫︁ 𝑌
*
𝑖,2

−∞
· · ·
∫︁ 𝑌

*
𝑖,𝑚

−∞
[𝑓𝑌 𝑖,1

(𝑦1,∆𝑆
(1)
𝑖 ) · 𝑓𝑌 𝑖,2−𝑦1

(𝑦2 − 𝑦1,∆𝑆
(2)
𝑖 ) · · ·

· · ·𝑓𝑌 𝑖,𝑚−𝑦𝑚−1
(𝑦𝑚 − 𝑦𝑚−1,∆𝑆

(𝑚)
𝑖 ) ·𝐺𝐼𝑉 (𝑦𝑚, 𝑌 𝑖,𝑚+1,∆𝑆

(𝑚+1)
𝑖 )]𝑑𝑦𝑚 · · · 𝑑𝑦2𝑑𝑦1,

where 𝑚 ≥ 2,

𝑓𝑌 𝑖,*
(𝑦,∆𝑆

(*)
𝑖 ) =

1√︁
2𝜋𝜎2∆𝑆

(*)
𝑖

·exp

(︃
−(𝑦 − 𝜇∆𝑆

(*)
𝑖 )2

2𝜎2∆𝑆
(*)
𝑖

)︃
·

[︃
1 − exp

(︃
2𝑌 𝑖,*(𝑦 − 𝑌 𝑖,*)

𝜎2∆𝑆
(*)
𝑖

)︃]︃
,

and

𝐺𝐼𝑉 (𝑦𝑚, 𝑌 𝑖,𝑚+1,∆𝑆
(𝑚+1)
𝑖 ) = 𝑔𝑌 𝑖,𝑚+1−𝑦𝑚

(∆𝑆
(𝑚+1)
𝑖 )

if the 𝑖th observation is not censored and

𝐺𝐼𝑉 (𝑦𝑚, 𝑌 𝑖,𝑚+1,∆𝑆
(𝑚+1)
𝑖 ) = 𝐺𝑌 𝑖,𝑚+1−𝑦𝑚

(∆𝑆
(𝑚+1)
𝑖 )

if the 𝑖th observation is right-censored. Let 𝑧𝑘 = 𝑦𝑘 −𝜇
∑︀𝑘

𝑗=1 ∆𝑆
(𝑗)
𝑖 , 𝑘 = 1, 2, . . . ,𝑚.
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Denote 𝑏𝑖,𝑘 = 𝑌
*
𝑖,𝑘 − 𝜇

∑︀𝑘
𝑗=1 ∆𝑆

(𝑗)
𝑖 . Then, we have

𝑝
(𝑚,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑏𝑖,1

−∞

∫︁ 𝑏𝑖,2

−∞
· · ·
∫︁ 𝑏𝑖,𝑚

−∞

1√︁
2𝜋𝜎2∆𝑆

(1)
𝑖

· exp

(︃
− 𝑧1

2

2𝜎2∆𝑆
(1)
𝑖

)︃

·
𝑚∏︁
𝑘=2

⎡⎣ 1√︁
2𝜋𝜎2∆𝑆

(𝑘)
𝑖

· exp

(︃
−(𝑧𝑘 − 𝑧𝑘−1)

2

2𝜎2∆𝑆
(𝑘)
𝑖

)︃⎤⎦ · Ψ(z)

·𝐺𝐼𝑉 (𝑧𝑚 + 𝜇

𝑚∑︁
𝑗=1

∆𝑆
(𝑗)
𝑖 , 𝑌 𝑖,𝑚+1,∆𝑆

(𝑚+1)
𝑖 )𝑑z,

where z = (𝑧1, 𝑧2, . . . , 𝑧𝑚)𝑇 and

Ψ(z) =

[︃
1 − exp

(︃
2𝑌 𝑖,1(𝑧1 + 𝜇∆𝑆

(1)
𝑖 − 𝑌 𝑖,1)

𝜎2∆𝑆
(1)
𝑖

)︃]︃

·
𝑚∏︁
𝑘=2

[︃
1 − exp

(︃
2(𝑌 𝑖,𝑘 − 𝑧𝑘−1 − 𝜇

∑︀𝑘−1
𝑗=1 ∆𝑆

(𝑗)
𝑖 )(𝑧𝑘 + 𝜇

∑︀𝑘
𝑗=1 ∆𝑆

(𝑗)
𝑖 − 𝑌 𝑖,𝑘)

𝜎2∆𝑆
(𝑘)
𝑖

)︃]︃
.

Denote 𝑤𝑘 = 1

𝜎2Δ𝑆
(𝑘)
𝑖

, 𝑘 = 1, 2, . . . ,𝑚. Let

Σ−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑤1 + 𝑤2 −𝑤2 0 · · · 0

−𝑤2 𝑤2 + 𝑤3 −𝑤3
. . . ...

0 −𝑤3
. . . . . . 0

... . . . . . . 𝑤𝑚−1 + 𝑤𝑚 −𝑤𝑚

0 · · · 0 −𝑤𝑚 𝑤𝑚.

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Then, we have

𝑝
(𝑚,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑏𝑖,1

−∞

∫︁ 𝑏𝑖,2

−∞
· · ·
∫︁ 𝑏𝑖,𝑚

−∞

1√︀
(2𝜋)𝑚

∏︀𝑚
𝑘=1𝑤𝑘

· exp

(︂
−1

2
z𝑇Σ−1z

)︂
·Ψ(z) ·𝐺𝐼𝑉 (𝑧𝑚 + 𝜇

𝑚∑︁
𝑗=1

∆𝑆
(𝑗)
𝑖 , 𝑌 𝑖,𝑚+1,∆𝑆

(𝑚+1)
𝑖 )𝑑z.

Let Σ = 𝐶𝐶𝑇 be the Cholesky decomposition of Σ, with 𝐶 = (𝑐𝑘𝑗)𝑚×𝑚. Note that
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|Σ−1| =
∏︀𝑚

𝑘=1𝑤𝑘 and

𝑑z = |𝐶|𝑑x = |Σ|
1
2𝑑x =

1√︀∏︀𝑚
𝑘=1𝑤𝑘

𝑑x.

Then, after the Cholesky decompostion transformation z = 𝐶x, where x = (𝑥1, 𝑥2, . . . , 𝑥𝑚)𝑇 ,

we have

𝑝
(𝑚,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ �̂�𝑖,1

−∞

∫︁ �̂�𝑖,2

−∞
· · ·
∫︁ �̂�𝑖,𝑚

−∞

1

(2𝜋)
𝑚
2

· exp

(︃
−1

2

𝑚∑︁
𝑘=1

𝑥2𝑘

)︃
· Ψ(𝐶x)

·𝐺𝐼𝑉 (
𝑚∑︁
𝑗=1

𝑐𝑚𝑗𝑥𝑗 + 𝜇

𝑚∑︁
𝑗=1

∆𝑆
(𝑗)
𝑖 , 𝑌 𝑖,𝑚+1,∆𝑆

(𝑚+1)
𝑖 )𝑑x,

where �̂�𝑖,𝑘 = (𝑏𝑖,𝑘 −
∑︀𝑘−1

𝑗=1 𝑐𝑘𝑗𝑥𝑗)/𝑐𝑘𝑘, 𝑘 = 1, 2, . . . ,𝑚. Each 𝑥𝑘 can be transformed

separately by 𝜀𝑘 = Φ(𝑥𝑘), 𝑘 = 1, 2, . . . ,𝑚, where Φ(·) is the cumulative distribution

function for the standard normal distribution. Then, 𝑑𝜀𝑘 = Φ
′
(𝑥𝑘)𝑑𝑥𝑘 and

𝑝
(𝑚,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑒𝑖,1

0

∫︁ 𝑒𝑖,2

0

· · ·
∫︁ 𝑒𝑖,𝑚

0

Ψ(𝐶Φ−1(𝜀))

·𝐺𝐼𝑉 (
𝑚∑︁
𝑗=1

𝑐𝑚𝑗Φ
−1(𝜀𝑗) + 𝜇

𝑚∑︁
𝑗=1

∆𝑆
(𝑗)
𝑖 , 𝑌 𝑖,𝑚+1,∆𝑆

(𝑚+1)
𝑖 )𝑑𝜀,

where 𝜀 = (𝜀1, 𝜀2, . . . , 𝜀𝑚)𝑇 , Φ−1(𝜀) = (Φ−1(𝜀1),Φ
−1(𝜀2), . . . ,Φ

−1(𝜀𝑚))𝑇 , and 𝑒𝑖,𝑘 =

Φ((𝑏𝑖,𝑘 −
∑︀𝑘−1

𝑗=1 𝑐𝑘𝑗Φ
−1(𝜀𝑗))/𝑐𝑘𝑘). Let 𝜉𝑘 = 𝜀𝑘

𝑒𝑖,𝑘
, 𝑘 = 1, 2, . . . ,𝑚. Then

𝑝
(𝑚,𝑏2)
𝑖 (𝜃|𝑉 ) =

∫︁ 1

0

∫︁ 1

0

· · ·
∫︁ 1

0

(
𝑚∏︁
𝑘=1

𝑒𝑖,𝑘) · Ψ(𝐶Φ−1(e · 𝜉))

·𝐺𝐼𝑉 (
𝑚∑︁
𝑗=1

𝑐𝑚𝑗Φ
−1(𝑒𝑖,𝑗𝜉𝑗) + 𝜇

𝑚∑︁
𝑗=1

∆𝑆
(𝑗)
𝑖 , 𝑌 𝑖,𝑚+1,∆𝑆

(𝑚+1)
𝑖 )𝑑𝜉,

where e = (𝑒𝑖,1, 𝑒𝑖,2, . . . , 𝑒𝑖,𝑚)𝑇 with 𝑒𝑖,𝑘 = Φ((𝑏𝑖,𝑘 −
∑︀𝑘−1

𝑗=1 𝑐𝑘𝑗Φ
−1(𝑒𝑖,𝑗𝜉𝑗))/𝑐𝑘𝑘), and

𝜉 = (𝜉1, 𝜉2, . . . , 𝜉𝑚)𝑇 with e · 𝜉 = (𝑒𝑖,1𝜉1, 𝑒𝑖,2𝜉2, . . . , 𝑒𝑖,𝑚𝜉𝑚)𝑇 .
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In the second case, the likelihood contribution has the form

𝑝
(𝑚,𝑏1)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑌
*
𝑖,1

−∞

∫︁ 𝑌
*
𝑖,2

−∞
· · ·
∫︁ 𝑌

*
𝑖,𝑚−1

−∞

∫︁ 𝑌 𝑖,𝑚

𝑌 𝑖,𝑚+1

[𝑓𝑌 𝑖,1
(𝑦1,∆𝑆

(1)
𝑖 ) · 𝑓𝑌 𝑖,2−𝑦1

(𝑦2 − 𝑦1,∆𝑆
(2)
𝑖 ) · · ·

· · · 𝑓𝑌 𝑖,𝑚−𝑦𝑚−1
(𝑦𝑚 − 𝑦𝑚−1,∆𝑆

(𝑚)
𝑖 )]𝑑𝑦𝑚 · · · 𝑑𝑦2𝑑𝑦1.

Using a similar transformation as before gives

𝑝
(𝑚,𝑏1)
𝑖 (𝜃|𝑉 ) =

∫︁ 𝑒𝑖,1

0

∫︁ 𝑒𝑖,2

0

· · ·
∫︁ 𝑒𝑖,𝑚−1

0

∫︁ 𝑒𝑖,𝑚

𝑑𝑖,𝑚

Ψ(𝐶Φ−1(𝜀))𝑑𝜀,

where 𝑒𝑖,𝑘 = Φ((𝑏
′

𝑖,𝑘 −
∑︀𝑘−1

𝑗=1 𝑐𝑘𝑗Φ
−1(𝜀𝑗))/𝑐𝑘𝑘), 𝑘 = 1, 2, . . . ,𝑚; with

𝑏
′

𝑖,𝑘 =

⎧⎪⎨⎪⎩𝑌
*
𝑖,𝑘 − 𝜇

∑︀𝑘
𝑗=1 ∆𝑆

(𝑗)
𝑖 for 𝑘 = 1, 2, . . . ,𝑚− 1,

𝑌 𝑖,𝑚 − 𝜇
∑︀𝑚

𝑗=1 ∆𝑆
(𝑗)
𝑖 for 𝑘 = 𝑚;

and 𝑑𝑖,𝑚 = Φ((𝑌 𝑖,𝑚+1 − 𝜇
∑︀𝑚

𝑗=1 ∆𝑆
(𝑗)
𝑖 −

∑︀𝑚−1
𝑗=1 𝑐𝑚𝑗Φ

−1(𝜀𝑗))/𝑐𝑘𝑘). Let 𝜉𝑘 = 𝜀𝑘
𝑒𝑖,𝑘

,

𝑘 = 1, 2, . . . ,𝑚− 1, and 𝜉𝑚 =
𝜀𝑚−𝑑𝑖,𝑚
𝑒𝑖,𝑚−𝑑𝑖,𝑚

. Then

𝑝
(𝑚,𝑏1)
𝑖 (𝜃|𝑉 ) =

∫︁ 1

0

∫︁ 1

0

· · ·
∫︁ 1

0

(
𝑚−1∏︁
𝑘=1

𝑒𝑖,𝑘) · (𝑒𝑖,𝑚 − 𝑑𝑖,𝑚) · Ψ(𝐶Φ−1(𝜀))𝑑𝜉,

where 𝑒𝑖,𝑘 = Φ((𝑏
′

𝑖,𝑘−
∑︀𝑘−1

𝑗=1 𝑐𝑘𝑗Φ
−1(𝑒𝑖,𝑗𝜉𝑗))/𝑐𝑘𝑘), 𝑘 = 1, 2, . . . ,𝑚, and 𝑑𝑖,𝑚 = Φ((𝑌 𝑖,𝑚+1−

𝜇
∑︀𝑚

𝑗=1 ∆𝑆
(𝑗)
𝑖 −

∑︀𝑚−1
𝑗=1 𝑐𝑚𝑗Φ

−1(𝑒𝑖,𝑗𝜉𝑗))/𝑐𝑘𝑘), and

𝜀 = [𝑒𝑖,1𝜉1, . . . , 𝑒𝑖,𝑚−1𝜉𝑚−1, 𝑑𝑖,𝑚 + (𝑒𝑖,𝑚 − 𝑑𝑖,𝑚)𝜉𝑗]
𝑇 .
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Chapter 3

Mixed Hitting Times with Noisy

Measurements

3.1 Introduction

Mixed hitting-time (MHT) models are mixture duration models that specify dura-

tions as the first time a latent stochastic process crosses a heterogeneous threshold.

They are of substantial interest because they can be applied to the analysis of opti-

mal stopping decisions by heterogeneous agents (Abbring, 2010, 2012). In particular,

they can be applied to problems that do not lead to the mixed proportional haz-

ards model, Lancaster’s (1979b) popular extension of the Cox (1972) proportional

hazards model. Examples include models of job durations, marriage durations, and

the entry and exit of firms that are driven by Brownian motions and more general

persistent processes.

Many applications require that durations are studied in relation to time-varying

observed covariates. It is conceptually straightforward, but computationally nontriv-

ial, to augment MHT models with time-varying covariates by carefully specifying

their relation to the latent process and the other model primitives. In this paper,

we focus on the case in which time-varying covariates provide noisy measurements

of the latent process and the threshold. In a companion paper, we investigate the

complementary case in which the time-varying covariates shift the threshold, and

relate this to optimal stopping problems with time-varying payoff parameters (?).
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Our analysis starts with a joint model of mixed hitting times and a sequence

of noisy measurements. We assume that the latent process is a Brownian motion

with drift and that the time-varying covariates measure its distance to the threshold

with normally distributed measurement errors, at a finite number of exogenous (but

possibly stochastic) times. We allow for general unobserved heterogeneity in the

threshold. For computational simplicity, we focus on discrete heterogeneity.

To compute this model’s likelihood, we first construct its likelihood conditional on

the unobserved heterogeneity (and any time-invariant covariates) and then integrate

over the distribution of the unobserved heterogeneity (we do not model the marginal

distribution of any time-invariant covariates, which we take to be ancillary). Con-

ditional on the unobserved heterogeneity, an observation’s likelihood contribution is

the product of the marginal likelihood of its noisy measurements and the conditional

likelihood of its (possibly censored) duration outcome. The marginal likelihood of

the measurements is easy to compute using that, for given unobserved heterogeneity,

they are multivariate normal. The likelihood contribution of the duration outcome

conditional on the measurements and the unobserved heterogeneity poses more of a

challenge. To compute it, we use that the duration outcome and the measurements

are independent conditional on the levels of the latent process at the measurement

times and the unobserved heterogeneity. Consequently, the conditional likelihood of

the duration outcome is simply the expectation of its distribution conditional on the

latent process levels and the heterogeneity over the distribution of these levels con-

ditional on the measurements and the heterogeneity. The former can be explicitly

constructed using results for the first hitting times of Brownian motion and of Brow-

nian bridges tied at the levels of the latent processes at the measurement times. The

latter is again multivariate normal. Computing the integral is nontrivial, because

it involves multivariate integration over an unbounded domain. We follow Genz

(1992) and apply a globally adaptive algorithm to this integral after an appropriate

transformation of the domain of integration.

We demonstrate that the likelihood computation is sufficiently fast and accurate

by embedding it in a maximum likelihood procedure and presenting a range of

Monte Carlo experiments. With 500 observations, each containing one (complete or
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censored) duration and 6 noisy measurements, estimation takes some tens of minutes

in Matlab.

A few papers in the statistics literature on hitting time models have considered

extensions with noisy measurements. Whitmore et al. (1998) specify a bivariate

Brownian motion, where one component is the latent process that determines the

duration, and the other component is a (correlated) marker process that is observed

only once at each observation’s failure or censoring time. They do not include other

covariates and do not allow for heterogeneity in their model’s parameters. They ap-

ply their model to the failure of aluminum reduction cells, with a composite marker

including iron contamination levels and other data on a cell’s degradation. Lee

et al. (2000) reframe Whitmore et al.’s model as one of latent health and health

measurement. They extend it by allowing its parameters to vary with observed

time-invariant covariates such as medical treatment indicators. They apply their

model to the analysis of treatment effects in clinical trials with drugs for the ac-

quired immune deficiency syndrome (AIDS). The approach of both papers differs

substantially from ours. Their marker processes provide increasingly noisy measure-

ments of the latent process; moreover, they are only observed once. In contrast, our

time-varying covariates provide repeated measurements of the latent process with

noise of a given variance. This will be more attractive in economics applications in

which theory predicts a stable relation between the levels of the latent state (such as

worker productivity, firm profitability, etcetera) and its measurements. In addition,

unlike these papers, we allow for general unobserved heterogeneity.

Our model specification and likelihood construction are closely related to that

of Hashemi et al. (2003), but differs from their work in various ways. Unlike them,

we allow for nonnormal (e.g., discrete) heterogeneity. Moreover, we explicitly take

into account that we know the model’s time origin; instead, Hashemi et al. treat the

time origin as an unknown parameter. Finally, we use different numerical methods

for, in particular, computing the multiple integrals. We also correct two mistakes

in Hashemi et al. (2003). First, their specification of the likelihood contribution of

the duration outcome given the levels of the latent process involves its initial level,

but they do not integrate over this initial level. Second, in this same specification,
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they use the inverse Gaussian density for the contribution of completely observed

durations. Instead, for durations between two measurement times, the first hitting

time density of a Brownian bridge should be used. Because the code implementing

Hashemi et al.’s approach is not available, and their paper lacks full details on their

numerical procedures, we have not been able to further verify their implementation

and benchmark it against ours.1

The remainder of the paper proceeds as follows. Section 3.2 introduces the model.

Section 3.3 develops the method for computing the likelihood function. Section 3.4

presents the Monte Carlo simulation study. Section 3.5 concludes.

3.2 Model

As in the Gaussian case of Abbring’s (2012) mixed hitting-time model, suppose that

we have a random sample of 𝑁 durations {𝑇𝑖}𝑁𝑖=1 that equal the first times latent

Brownian motions

𝑌 *
𝑖 (𝑡) = 𝜇𝑡+ 𝜎𝑌𝑊𝑖(𝑡)

hit observation-specific thresholds 𝜑(𝑋𝑖)𝑉𝑖:

𝑇𝑖 = inf{𝑡 ≥ 0 : 𝑌 *
𝑖 (𝑡) > 𝜑(𝑋𝑖)𝑉𝑖}.

The process {𝑊𝑖} is an observation-specific standard Brownian motion, so that𝑊𝑖(𝑡)

has mean zero and variance 𝑡. The parameters 𝜇 and 𝜎𝑌 > 0 are common across

observations 𝑖. The threshold depends on a vector 𝑋𝑖 of time-invariant observed (to

the econometrician) covariates and a nonnegative scalar unobserved heterogeneity

factor 𝑉𝑖, which are mutually independent and independent of {𝑊𝑖}. The function

𝜑 is specified up to a finite parameter vector 𝛽. The unobserved factor 𝑉𝑖 has

distribution 𝐻.

1In personal communication, the authors indicated that the code was lost.
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The distance between the threshold and the latent process,

𝑌𝑖(𝑡) ≡ 𝑌 *
𝑖 (𝑡) − 𝜑(𝑋𝑖)𝑉𝑖 = −𝜑(𝑋𝑖)𝑉𝑖 + 𝜇𝑡+ 𝜎𝑌𝑊𝑖(𝑡), (3.1)

is central to our extension of the mixed hitting time model. Note that 𝑇𝑖 can

equivalently be interpreted as the first time this distance hits a threshold 0. Either

way, the distribution of 𝑇𝑖 conditional on (𝑋𝑖, 𝑉𝑖) is inverse Gaussian, with Lebesgue

density

𝑔𝜑(𝑋𝑖)𝑉𝑖
(𝑡) =

𝜑(𝑋𝑖)𝑉𝑖

𝜎𝑌
√

2𝜋𝑡3
exp

(︂
−(𝜑(𝑋𝑖)𝑉𝑖 − 𝜇𝑡)2

2𝜎2
𝑌 𝑡

)︂
. (3.2)

Now suppose, for each observation 𝑖, in addition to information on 𝑇𝑖, noisy

measurements 𝑍𝑖𝑗 of the distance 𝑌𝑖(𝑡) at exogenous times 𝑡𝑖𝑗 are available, where 𝑗 =

1, . . . , 𝑟𝑖, and 𝑟𝑖 < ∞ is the number of measurements available for 𝑖. In particular,

we specify

𝑍𝑖𝑗 = 𝛾0 + 𝛾1𝑌𝑖(𝑡𝑖𝑗) + 𝜀𝑖𝑗, (3.3)

with the measurement error 𝜀𝑖𝑗 i.i.d. normally distributed with mean zero and

variance 𝜎2
𝜀 . In the jargon of the statistics literature, the measurements 𝑍𝑖𝑗 are

markers for the latent process {𝑌𝑖}, which aid the model’s estimation.

We also denote𝐷𝑖𝑗 = 𝐼(𝑇𝑖 ≤ 𝑡𝑖𝑗), where 𝐼(·) is a standard indicator function. The

variable 𝐷𝑖𝑗 indicates whether 𝑖 has hit the threshold before the 𝑗-th measurement

time.

3.3 Maximum Likelihood Estimation

In this section, we first consider computation of the likelihood for interval-censored

durations and then extend the method to allow for exactly observed durations.

Throughout, we condition on the time-variant covariates X = (𝑋1, . . . , 𝑋𝑁). We

use that 𝑇𝑖 equals the first time that the distance process {𝑌𝑖} hits 0 and that 𝑉𝑖 is a

random effect in {𝑌𝑖}. We first compute the likelihood conditional on the unobserved

factors 𝑉𝑖 and then construct the unconditional likelihood by integrating over the

distribution 𝐻 of 𝑉𝑖.
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3.3.1 Likelihood Contributions Conditional on 𝑋𝑖 and 𝑉𝑖

Denote Di = (𝐷𝑖1, · · · , 𝐷𝑖𝑟𝑖) and Zi = (𝑍𝑖1, · · · , 𝑍𝑖𝑟𝑖). Let {𝑋𝑖,Di,Zi}𝑁𝑖=1 be a

random sample from the distribution induced by the Gaussian MHT model with

noisy measurements at the true parameter 𝜃 = (𝛽, 𝜇, 𝜎2
𝑌 , 𝛾0, 𝛾1, 𝜎

2
𝑒). Denote Yi =

(𝑌𝑖1, · · · , 𝑌𝑖𝑟𝑖), with 𝑌𝑖𝑗 = 𝑌𝑖(𝑡𝑖𝑗).

The likelihood contribution for the 𝑖-th subject conditional on 𝑋𝑖 and 𝑉𝑖 is given

by

𝐿𝑖(𝜃;Zi,Di|𝑋𝑖, 𝑉𝑖) = 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) · 𝐿𝑖(𝜃;Di|Zi, 𝑋𝑖, 𝑉𝑖)

= 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) ·
∫︁
𝐿𝑖(𝜃;Di|Zi,Yi = y, 𝑋𝑖, 𝑉𝑖)𝑑𝑃

𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y)

= 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) ·
∫︁
𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖)𝑑𝑃

𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y),

(3.4)

where the last equation uses that Di and Zi are independent conditional on Yi.

It follows that the conditional likelihood contribution factorizes in two parts. The

first part is the marginal contribution of the noisy measurements, which are multi-

variately normal by assumption. The second part is the contribution of the hitting

indicators conditional on these same measurements. This part can be computed

from the probability that the Brownian bridge between two subsequent values of

the latent state hits the threshold and the distribution of those values inferred from

the measurements. In the following subsections, we will show how to compute these

parts.

A. Computation of 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖)

From (3.1) and (3.3), we know that

𝑍𝑖𝑗 = 𝛾0 + 𝛾1(−𝜑(𝑋𝑖)𝑉𝑖 + 𝜇𝑡𝑖𝑗 + 𝜎𝑌𝑊𝑖(𝑡𝑖𝑗)) + 𝜀𝑖𝑗.
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Conditional on 𝑋𝑖 and 𝑉𝑖, 𝑍𝑖𝑗 follows a normal distribution with mean

E(𝑍𝑖𝑗|𝑋𝑖, 𝑉𝑖) = 𝛾0 + 𝛾1E(𝑌𝑖(𝑡𝑖𝑗)|𝑋𝑖, 𝑉𝑖)

= 𝛾0 + 𝛾1(−𝜑(𝑋𝑖)𝑉𝑖 + 𝜇𝑡𝑖𝑗)),

and covariance matrix

Cov(𝑍𝑖𝑗, 𝑍𝑖𝑘|𝑋𝑖, 𝑉𝑖) = Cov(𝛾1𝜎𝑌𝑊𝑖(𝑡𝑖𝑗) + 𝜀𝑖𝑗, 𝛾1𝜎𝑌𝑊𝑖(𝑡𝑖𝑘) + 𝜀𝑖𝑘)

= 𝛾21𝜎
2
𝑌 · min{𝑡𝑖𝑗, 𝑡𝑖𝑘} + 𝜎2

𝜀 · 𝐼(𝑗 = 𝑘).

Thus, the vector of Zi conditional on 𝑋𝑖 and 𝑉𝑖 follows a multivariate normal dis-

tribution with mean

𝜇
(𝑖)
𝑍 = E(Zi|𝑋𝑖, 𝑉𝑖) = 𝛾01𝑟𝑖 + 𝛾1(−𝜑(𝑋𝑖)𝑉𝑖1𝑟𝑖 + 𝜇t𝑖),

where t𝑖 = (𝑡𝑖1, . . . , 𝑡𝑖𝑟𝑖)
𝑇 , and covariance matrix

Σ
(𝑖)
𝑍 = Var(Zi|𝑋𝑖, 𝑉𝑖) = 𝛾21𝜎

2
𝑌Σ

(𝑖)
𝑡 + 𝜎2

𝜀I𝑟𝑖 ,

where the (𝑗, 𝑘)-th element of Σ(𝑖)
𝑡 is min{𝑡𝑖𝑗, 𝑡𝑖𝑘}, i.e.,

Σ
(𝑖)
𝑡 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑡𝑖1 𝑡𝑖1 · · · · · · 𝑡𝑖1

𝑡𝑖1 𝑡𝑖2 𝑡𝑖2 · · · 𝑡𝑖2
... 𝑡𝑖2 𝑡𝑖3

...
...

... . . . ...

𝑡𝑖1 𝑡𝑖2 · · · · · · 𝑡𝑖𝑟𝑖

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

So the first part of the likelihood contribution (3.4) is

𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) = (2𝜋)−
𝑟𝑖
2 |Σ(𝑖)

𝑍 |−
1
2 exp

(︂
−1

2
(Zi − 𝜇

(𝑖)
𝑍 )𝑇 (Σ

(𝑖)
𝑍 )−1(Zi − 𝜇

(𝑖)
𝑍 )

)︂
. (3.5)

B. Computation of 𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖)

Denote ∆𝑡𝑖𝑗 = 𝑡𝑖𝑗 − 𝑡𝑖,𝑗−1, 𝑗 = 1, . . . , 𝑟𝑖, with 𝑡𝑖0 = 0, and y = (𝑦1, 𝑦2, · · · , 𝑦𝑟𝑖)𝑇 .
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First, suppose that the latent process for the 𝑖-th observation hits the threshold

before the final measurement, so that 𝐷𝑖𝑟𝑖 = 1. Let 𝑚𝑖 = min{𝑗 ∈ {1, . . . , 𝑟𝑖} :

𝐷𝑖𝑗 = 1}, so that 𝑡𝑖𝑚𝑖
denotes the first measurement time after the latent process

hits the threshold. Note that conditional on 𝑉𝑖, the initial point for 𝑌𝑖(𝑡) in our

model is determined by 𝑦0 = 𝑌𝑖(0) = −𝜑(𝑋𝑖)𝑉𝑖. Then, we have

𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖) = Pr

(︃
max

𝑡∈[0,𝑡𝑖,𝑚𝑖−1
]
𝑌𝑖(𝑡) < 0, max

𝑡∈(𝑡𝑖,𝑚𝑖−1
,𝑡𝑖,𝑚𝑖

]
𝑌𝑖(𝑡) ≥ 0|Yi = y, 𝑋𝑖, 𝑉𝑖

)︃

=

𝑚𝑖−1∏︁
𝑗=1

{︂
𝐼(𝑦𝑗 < 0) · Pr

[︂
max

𝑠∈[0,Δ𝑡𝑖𝑗 ]
(𝑌𝑖(𝑡𝑖,𝑗−1 + 𝑠)− 𝑦𝑗−1) < −𝑦𝑗−1|𝑌𝑖(𝑡𝑖,𝑗−1) = 𝑦𝑗−1, 𝑌𝑖(𝑡𝑖𝑗) = 𝑦𝑗

]︂}︂

· Pr

[︃
max

𝑠∈[0,Δ𝑡𝑖𝑚𝑖
]
(𝑌𝑖(𝑡𝑖,𝑚𝑖−1 + 𝑠)− 𝑦𝑚𝑖−1) ≥ −𝑦𝑚𝑖−1|𝑌𝑖(𝑡𝑖,𝑚𝑖−1) = 𝑦𝑚𝑖−1, 𝑌𝑖(𝑡𝑖𝑚𝑖) = 𝑦𝑚𝑖

]︃

=

𝑚𝑖−1∏︁
𝑗=1

𝐼(𝑦𝑗 < 0)

(︂
1− exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 Δ𝑡𝑖𝑗

)︂)︂
· exp

(︂
−2𝑦𝑚𝑖−1𝑦𝑚𝑖

𝜎2
𝑌 Δ𝑡𝑖𝑚𝑖

)︂1−𝐼(𝑦𝑚𝑖≥0)

, (3.6)

where the last equation follows from properties of the Brownian bridge (see Appendix

3.6.1).

Next, suppose that the latent process for the 𝑖-th observation does not hit the

threshold before the final measurement, so that 𝐷𝑖𝑟𝑖 = 0. Then, we have

𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖) = Pr

(︃
max

𝑡∈[0,𝑡𝑖𝑟𝑖 ]
𝑌𝑖(𝑡) < 0|Yi = y, 𝑋𝑖, 𝑉𝑖

)︃

=

𝑟𝑖∏︁
𝑗=1

{︂
𝐼(𝑦𝑗 < 0) · Pr

[︂
max

𝑠∈[0,Δ𝑡𝑖𝑗 ]
(𝑌𝑖(𝑡𝑖,𝑗−1 + 𝑠)− 𝑦𝑗−1) < 0− 𝑦𝑗−1|𝑌𝑖(𝑡𝑖,𝑗−1) = 𝑦𝑗−1, 𝑌𝑖(𝑡𝑖𝑗) = 𝑦𝑗

]︂}︂

=

𝑟𝑖∏︁
𝑗=1

𝐼(𝑦𝑗 < 0)

(︂
1− exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 Δ𝑡𝑖𝑗

)︂)︂
. (3.7)

Taken together, this gives

𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖)

=

⎧⎨⎩
𝑚𝑖−1∏︁
𝑗=1

𝐼(𝑦𝑗 < 0)

(︂
1− exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 Δ𝑡𝑖𝑗

)︂)︂
· exp

(︂
−2𝑦𝑚𝑖−1𝑦𝑚𝑖

𝜎2
𝑌 Δ𝑡𝑖𝑚𝑖

)︂1−𝐼(𝑦𝑚𝑖≥0)
⎫⎬⎭

𝐷𝑖𝑟𝑖

·

⎧⎨⎩
𝑟𝑖∏︁
𝑗=1

𝐼(𝑦𝑗 < 0)

(︂
1− exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 Δ𝑡𝑖𝑗

)︂)︂⎫⎬⎭
1−𝐷𝑖𝑟𝑖

.
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C. Computation of 𝑑𝑃 𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y)

From (3.1), we know that the prior distribution of Yi conditional on 𝑋𝑖 and 𝑉𝑖

is multivariate normal with mean

𝜇
(𝑖)
𝑌 = E(Yi|𝑋𝑖, 𝑉𝑖) = −𝜑(𝑋𝑖)𝑉𝑖1𝑟𝑖 + 𝜇t𝑖,

and covariance matrix

Σ
(𝑖)
𝑌 = Var(Yi|𝑋𝑖, 𝑉𝑖) = 𝜎2

𝑌 Σ
(𝑖)
𝑡 .

Denote Ẑi = (Zi − 𝛾01𝑟𝑖)/𝛾1. Then, from (3.3) we have

Ẑi = Yi + 𝜀𝑖/𝛾1,

where 𝜀𝑖 = (𝜀𝑖1, . . . , 𝜀𝑖𝑟𝑖)
𝑇 .

Now, Ẑi conditional on Yi has a multivariate normal distribution with mean

Yi and covariance matrix 𝜎2
𝜀

𝛾2
1
𝐼𝑟𝑖 . Thus, from Lemma 2 (see Appendix 3.6.1), the

posterior distribution of Yi given Ẑi (or equivalently Zi), conditional on 𝑋𝑖 and 𝑉𝑖,

is multivariate normal with mean

𝜇
(𝑖)
𝑌 = Σ̂

(𝑖)
𝑌

(︂
𝛾21
𝜎2
𝜀

𝐼𝑟𝑖 · Ẑi +
1

𝜎2
𝑌

Σ
(𝑖)−1

𝑡 𝜇
(𝑖)
𝑌

)︂
= Σ̂

(𝑖)
𝑌

[︂
𝛾1
𝜎2
𝜀

(Zi − 𝛾01𝑟𝑖) + (Σ̂
(𝑖)−1

𝑌 − 𝛾21
𝜎2
𝜀

𝐼𝑟𝑖)𝜇
(𝑖)
𝑌

]︂
= Σ̂

(𝑖)
𝑌

[︂
𝛾1
𝜎2
𝜀

(Zi − 𝛾01𝑟𝑖 − 𝛾1𝜇
(𝑖)
𝑌 )

]︂
+ 𝜇

(𝑖)
𝑌

= Σ̂
(𝑖)
𝑌

[︂
𝛾1
𝜎2
𝜀

(Zi − 𝛾01𝑟𝑖 − 𝛾1(−𝜑(𝑋𝑖)𝑉𝑖1𝑟𝑖 + 𝜇t𝑖)

]︂
− 𝜑(𝑋𝑖)𝑉𝑖1𝑟𝑖 + 𝜇t𝑖

and covariance matrix

Σ̂
(𝑖)
𝑌 =

(︂
𝛾21
𝜎2
𝜀

𝐼𝑟𝑖 +
1

𝜎2
𝑌

Σ
(𝑖)−1

𝑡

)︂−1

.

Therefore, the probability density measure of Yi conditional on Zi, 𝑋𝑖 and 𝑉𝑖 is
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given by

𝑑𝑃 𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y) = (2𝜋)−
𝑟𝑖
2 |Σ̂(𝑖)

𝑌 |−
1
2 exp

(︂
−1

2
(y − 𝜇

(𝑖)
𝑌 )𝑇 (Σ̂

(𝑖)
𝑌 )−1(y − 𝜇

(𝑖)
𝑌 )

)︂
𝑑y. (3.8)

3.3.2 Likelihood Conditional on X

The loglikelihood conditional on X follows by integrating the conditional likelihood

contribution for each observation 𝑖 over the distribution 𝐻 of 𝑉𝑖, taking logs, and

summing over observations:

𝑙𝑁(𝜃|X) =
𝑁∑︁
𝑖=1

log

[︂∫︁
𝐿𝑖(𝜃;Zi,Di|𝑋𝑖, 𝑣)𝑑𝐻(𝑣)

]︂
. (3.9)

For computational convenience, 𝐻 is assumed to have finite support {𝑣𝑙 : 1 ≤ 𝑙 ≤ 𝐿},

with

Pr(𝑉 = 𝑣𝑙) = 𝜋𝑙; 𝑙 = 1, 2, ..., 𝐿.

Then, the loglikelihood function reduces to

𝑙𝑁(𝜃|X) =
𝑁∑︁
𝑖=1

ln
𝐿∑︁
𝑙=1

𝜋𝑙𝐿𝑖(𝜃;Zi,Di|𝑋𝑖, 𝑣𝑙).

3.3.3 Extension to Exactly Observed Durations

The method for computing the conditional likelihood in Section 3.3.1 can easily be

adapted to exactly observed durations. Specifically, if we can exactly observe 𝑇𝑖, the

likelihood contribution for the 𝑖-th subject conditional on 𝑋𝑖 and 𝑉𝑖 can be written

as

𝐿𝑖(𝜃;Zi,Di, 𝑇𝑖|𝑋𝑖, 𝑉𝑖) = 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) · 𝐿𝑖(𝜃;Di, 𝑇𝑖|Zi, 𝑋𝑖, 𝑉𝑖)

= 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) ·
∫︁
𝐿𝑖(𝜃;Di, 𝑇𝑖|Zi,Yi = y, 𝑋𝑖, 𝑉𝑖)𝑑𝑃

𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y)

= 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) ·
∫︁
𝐿𝑖(𝜃;Di, 𝑇𝑖|Yi = y, 𝑋𝑖, 𝑉𝑖)𝑑𝑃

𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y).

(3.10)
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In (3.10), the expressions for 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖) and 𝑑𝑃 𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y) are the same as (3.5)

and (3.8). However, the integrand 𝐿𝑖(𝜃;Di, 𝑇𝑖|Yi = y, 𝑋𝑖, 𝑉𝑖) in (3.10) is different.

If 𝑇𝑖 ≤ 𝑡𝑖𝑟𝑖 , 𝐷𝑖,𝑟𝑖 = 1. Let 𝑚𝑖 = min{𝑗 ∈ {1, . . . , 𝑟𝑖} : 𝐷𝑖𝑗 = 1} and 𝑡𝑖0 = 0.

Then,

𝐿𝑖(𝜃;Di, 𝑇𝑖|Yi = y, 𝑋𝑖, 𝑉𝑖)

=Pr

[︃
max

𝑡∈[0,𝑡𝑖,𝑚𝑖−1]
𝑌𝑖(𝑡) < 0, 𝑇𝑖 = inf{𝜏 ∈ (𝑡𝑖,𝑚𝑖−1, 𝑡𝑖,𝑚𝑖 ] : 𝑌𝑖(𝜏) > 0}|Yi = y, 𝑋𝑖, 𝑉𝑖)

]︃

=

𝑚𝑖−1∏︁
𝑗=1

{︂
𝐼(𝑦𝑗 < 0) · Pr

[︂
max

𝑠∈[0,Δ𝑡𝑖𝑗 ]
(𝑌𝑖(𝑡𝑖,𝑗−1 + 𝑠)− 𝑦𝑗−1) < −𝑦𝑗−1|𝑌𝑖(𝑡𝑖,𝑗−1) = 𝑦𝑗−1, 𝑌𝑖(𝑡𝑖𝑗) = 𝑦𝑗

]︂}︂
· Pr [𝑇𝑖 = inf{𝜏 ∈ (𝑡𝑖,𝑚𝑖−1, 𝑡𝑖,𝑚𝑖 ] : 𝑌𝑖(𝜏)− 𝑦𝑚𝑖−1 > −𝑦𝑚𝑖−1}|𝑌𝑖(𝑡𝑖,𝑚𝑖−1) = 𝑦𝑚𝑖−1, 𝑌𝑖(𝑡𝑖,𝑚𝑖) = 𝑦𝑚𝑖 ]

=

𝑚𝑖−1∏︁
𝑗=1

𝐼(𝑦𝑗 < 0)

(︂
1− exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 Δ𝑡𝑖𝑗

)︂)︂
· 𝑓(𝑇𝑖 − 𝑡𝑖,𝑚𝑖−1| − 𝑦𝑚𝑖−1,Δ𝑡𝑖,𝑚𝑖 , 𝑦𝑚𝑖 − 𝑦𝑚𝑖−1),

with 𝑦0 = −𝜑(𝑋𝑖)𝑉𝑖 and 𝑓(𝜏 |𝛼, 𝑢, 𝑦𝑢) is the probability density of the Brownian

bridge’s first hitting time (see Appendix 3.6.1):

𝑓(𝜏 |𝛼, 𝑢, 𝑦𝑢) =
𝛼

𝜎𝑌

√︂
𝑢

(𝑢− 𝜏)2𝜋𝜏 3
exp

(︂
− (𝑢𝛼− 𝑦𝑢𝜏)2

2𝑢𝜏(𝑢− 𝜏)𝜎2
𝑌

)︂
.

If instead 𝑇𝑖 > 𝑡𝑖𝑟𝑖 , we we have

𝐿𝑖(𝜃;Di, 𝑇𝑖|Yi = y, 𝑋𝑖, 𝑉𝑖)

= Pr

[︂
max

𝑡∈[0,𝑡𝑖,𝑟𝑖 ]
𝑌𝑖(𝑡) < 0, 𝑇𝑖 = inf{𝜏 ∈ (𝑡𝑖,𝑟𝑖 , 𝑇𝑖] : 𝑌𝑖(𝜏) > 0}|Yi = y, 𝑋𝑖, 𝑉𝑖)

]︂
=

𝑟𝑖∏︁
𝑗=1

𝐼(𝑦𝑗 < 0)

(︂
1 − exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 ∆𝑡𝑖𝑗

)︂)︂
· 𝑔−𝑦𝑟𝑖

(𝑇𝑖 − 𝑡𝑖,𝑟𝑖),

where

𝑔𝑦(𝜏) =
𝑦

𝜎𝑌
√

2𝜋𝜏 3
exp

(︂
−(𝑦 − 𝜇𝜏)2

2𝜎2
𝑌 𝜏

)︂
.

is the inverse Gaussian density.

If 𝑇𝑖 is right-censored, we instead use (3.7), i.e.,

𝐿𝑖(𝜃;Di, 𝑇𝑖|Yi = y, 𝑋𝑖, 𝑉𝑖) =

𝑟𝑖∏︁
𝑗=1

𝐼(𝑦𝑗 < 0)

(︂
1 − exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 ∆𝑡𝑖𝑗

)︂)︂
.
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3.3.4 Identifiability

This paper’s model is Abbring (2012)’s model, augmented with additional noisy

measurements. Clearly, we could simply ignore the measurements and apply any of

Abbring’s results to get identification of the MHT part of our model under Abbring’s

conditions; the measurements may then be used to get identification under weaker

conditions and, obviously, to identify the noisy measurement part of our model.

First suppose that 𝑉𝑖 is known. The unknown parameters in the likelihood

conditional on 𝑉𝑖 are 𝜃 = (𝛽, 𝜇, 𝜎𝑌 , 𝛾0, 𝛾1, 𝜎𝜀). Information about these parameters

comes from the two parts of the conditional likelihood function (3.4): 𝐿𝑖(𝜃;Zi|𝑋𝑖, 𝑉𝑖),

which represents the information gained from the noisy measurements of the latent

process, and ∫︁
𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖)𝑑𝑃

𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y),

which represents the information obtained from the hitting status of the latent pro-

cess. In the first part, the conditional mean of Zi is

𝜇
(𝑖)
𝑍 = E(Zi|𝑋𝑖, 𝑉𝑖) = 𝛾01𝑟𝑖 + 𝛾1(−𝜑(𝑋𝑖)𝑉𝑖1𝑟𝑖 + 𝜇t𝑖),

which is the function of parameters 𝜃(1) = (𝛽, 𝜇, 𝛾0, 𝛾1), and the conditional covari-

ance of Zi is

Σ
(𝑖)
𝑍 = Var(Zi|𝑋𝑖, 𝑉𝑖) = 𝛾21𝜎

2
𝑌Σ

(𝑖)
𝑡 + 𝜎2

𝜀I𝑟𝑖 ,

which is a function of parameters 𝜃(2) = (𝛾1, 𝜎𝑌 , 𝜎𝜀). From Σ
(𝑖)
𝑍 and variation in Σ

(𝑖)
𝑡 ,

we can identify 𝜎𝜀 and the product 𝛾1𝜎𝑌 . Then we can identify 𝛾0 , 𝛽, and 𝜇 from

𝜇
(𝑖)
𝑍 and variation in 𝑋𝑖, provided that we can separately identify 𝛾1 and 𝜎𝑌 from

their product. The second part of (3.4) can provide this information, since 𝛾1 and

𝜎𝑌 appear separately in 𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖) and 𝑑𝑃 𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y).

We have not much to add about identification of a model with unobserved het-

erogeneity, beyond what can be learned from Abbring (2012). We would like to

emphasize though that, to identify 𝐻, we need some normalizations. If 𝐻 has a

finite support {𝑣𝑙 : 1 ≤ 𝑙 ≤ 𝐿}, we can set 𝑣1 = 1 and require 𝑣1 < 𝑣2 < · · · < 𝑣𝑙.
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3.3.5 Numerical Integration and Maximization Algorithm

The likelihood function is difficult to compute, because each 𝐿𝑖(𝜃;Zi,Di|𝑋𝑖, 𝑣𝑙) in-

volves a multiple integral on an unbounded region. Hashemi et al. (2003) use Monte

Carlo integration to compute a similar multiple integral, using 2000 replications for

integrals with at most 6 dimensions. However, their algorithm fails to converge in

about 5% of the cases. Indeed, Schürer (2003) demonstrates that (adaptive and

nonadaptive) quadrature rule based methods generally outperform (quasi-)Monte

Carlo methods up to fairly high dimensions. Genz and Kass (1997) show that

subregion-adaptive integration is more efficient than Monte Carlo integration for

regular problems of modest dimensionality on the unit cube. It can substantially

improve accuracy for a given number of function evaluations and thus be expected

to substantially reduce running time for a given level of accuracy.

In our paper, since one part of the integrand is a multivariate normal density, we

can use the efficient algorithm proposed by Genz (1992). This algorithm allows us

to compute such multiple integrals numerically up to a dimension of 20. So far we

have not experienced any failure in the convergence in our numerical experiments

(see Section 3.4). In particular, Genz (1992) first transforms the unbounded region

of the multiple integral to a unit hyper-rectangle and then computes the integral by

using a globally adaptive quadrature algorithm, proposed by Berntsen et al. (1991),

with a Fortran implementation, DCUHRE. Appendix 3.6.2 provides details for our

particular problem.

Note that Genz (1992)’s transformation is similar to the one employed in the

Geweke-Hajivassiliou-Keane (GHK) algorithm. However, Genz (1992) proposes to

use globally adaptive quadrature to compute the integral after transformation, while

the GHK algorithm involves Monte Carlo integration. If there is a large number of

noisy measurements and a much higher dimensional integral needs to be numeri-

cally computed, quadrature methods become computationally infeasible. Then,we

can only use Monte Carlo integration, which has a rate of convergence that is inde-

pendent of the dimensionality.

For some observations, only one measurement may be available, so the multi-

53



ple integral in the likelihood contribution degenerates to a one dimensional inte-

gral. To compute such an integral efficiently, we first approximate it by an integral

on a finite region through truncating the lower bound of the infinite region to be

min{𝜇(𝑖)
𝑌 − 5|Σ̂(𝑖)

𝑌 | 12 , 0}, and then use the adaptive Gauss-Kronrod quadrature, which

is implemented in Matlab by the command quadgk.

We obtain maximum likelihood estimates using an interior-point algorithm with

quasi-Newton approximation for the Hessian. The Matlab command fmincon im-

plements the local optimization with constraints. However, since our loglikelihood

function is not concave, the local optimization algorithm does not suffice to find the

global maximum from an arbitrary starting value. To address this, we use multiple

starting values.

3.4 Numerical Experiments

This section provides Monte Carlo experiments to demonstrate the computational

performances of our methods. We specify

𝜑(𝑋𝑖) = exp(𝑋𝑖𝛽),

where 𝑋𝑖 is a scalar variable drawn from a uniform distribution on [1, 2]. The

unobserved heterogeneity 𝑉𝑖 is assumed to take only two values 𝑣1 and 𝑣2, with

𝑃𝑟(𝑉 = 𝑣𝑙) = 𝜋𝑙; 𝑙 = 1, 2.

We normalize 𝑣1 = 1 and require 𝑣1 < 𝑣2. In practice, we assume 𝑣1 = 1 and

𝑣2 = 1 + exp(𝛿), where 𝛿 is the parameter to be estimated.

For each observation, the path of the latent process 𝑌 *
𝑖 (𝑡) is generated by starting

from 𝑌 *
𝑖 (0) = 0, and accumulating independent normally distributed increments

∆𝑌 *
𝑖 (𝑡) = 𝜇∆𝑡 + 𝜎𝑌

√
∆𝑡𝜀𝑖 over time increments of length ∆𝑡, where 𝜀 is a random

number drawn from the standard normal distribution. We set ∆𝑡 = 0.0005 and

the total number of steps for each path equal to 100,000. The measurements of the

distance between 𝑌 *
𝑖 (𝑡) and 𝜑(𝑋𝑖)𝑉𝑖 are taken in total of 6 times at times randomly
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drawn from uniform distributions on the intervals [3, 7], [10, 14], [17, 21], [24, 28],

[31, 35], and [38, 42], respectively.

We conduct four experiments corresponding to four different cases, which are

interval-censored durations without or with unobserved heterogeneity, and exactly

observed durations without or with unobserved heterogeneity.

We use the Matlab function fmincon to maximize the loglikelihood. Since this

function can only find local optima, we use multiple starting values to search for

the global maximum, in particular when unobserved heterogeneity is included in the

model. In this particular case, we choose three different starting values for 𝜋2, namely

𝜋2 ∈ {0.25, 0.5, 0.75}, and the final estimates are the ones that achieve the highest

loglikelihood. Table 3.1 and Table 3.2 present the estimation results for the interval-

censored cases and Table 3.3 and Table 3.4 the results for the cases with exactly

observed durations. The estimates are close to the true values of the parameters.

In the case with exactly observed durations, we can ignore the measurements and

directly maximize a likelihood based on an inverse Gaussian density to estimate

the parameters in the latent process and the threshold. Table 3.3 shows that the

parameter estimates are similar on average but that, as expected, our estimates have

smaller standard errors.

Table 3.1: Interval Censored Durations without Unobserved Heterogeneity

Parameters True Value
Averages of Averages of Estimated Standard Deviations
Estimates Standard Errors of Estimates

𝛽 1.5 1.5028 0.0428 0.0504
𝜇 0.5 0.5026 0.0376 0.0450
𝜎𝑌 1.0 1.0095 0.0767 0.0895
𝛾0 0.5 0.5153 0.1248 0.1219
𝛾1 1.5 1.5003 0.1142 0.1335
𝜎𝜀 2.0 1.9840 0.0836 0.0793

Time per Run 506.54
(in Seconds)

Note: We simulated 100 samples with 500 observations each. The results are computed using the
Matlab function fmincon and the Fortran function DCUHRE, in parallel using 24 workers on an
Intel Xeon X5670 with 2.93GHz.
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Table 3.2: Interval Censored Durations with Unobserved Heterogeneity

Parameters True Value
Averages of Averages of Estimated Standard Deviations
Estimates Standard Errors of Estimates

𝛽 1.5 1.5045 0.0465 0.0462
𝜇 0.6 0.6104 0.0653 0.0651
𝜎𝑌 1.2 1.2232 0.1319 0.1336
𝛾0 0.5 0.5288 0.1436 0.1381
𝛾1 1.5 1.4913 0.1585 0.1643
𝜎𝜀 2.0 2.0064 0.1053 0.0957
𝛿 -1.204 -1.1896 0.2354 0.2189
𝜋2 0.7 0.6844 0.1294 0.1405

Time per Run 5739.06
(in Seconds)

Note: We simulated 100 samples with 500 observations each. The results are computed using the
Matlab function fmincon and the Fortran function DCUHRE, in parallel using 24 workers on an
Intel Xeon X5670 with 2.93GHz.

3.5 Concluding remarks

Throughout this paper, we have assumed that the measurement times are exogenous

to the mixed hitting time process. This implies that they cannot depend on the

duration studied. This limits this paper’s applications to those in which the latent

process is well defined even after the agent has left the state of interest. This

includes, for example, analyses based on Dixit’s (1989) model of entry and exit, in

which payoffs evolve exogenously over time. Abbring (2012) outlines how the MHT

model can be used to study unemployment durations that are the result of costly

transitions between unemployment and work, as in Dixit’s model; ? take a related

model to data on unemployment durations.

In some applications, it may not be possible to take measurements on the latent

process after an agent has left the state of interest. For example, in an analysis of

firm survival with firm-specific persistent shocks to profitability, one cannot mea-

sure a firm’s (potential) profitability after a firm has closed down. In these cases,

measurement times are restricted to be smaller than the mixed hitting time studied

and are no longer exogenous. The mere fact that a measurement can be taken is

informative on the latent process and the unobserved heterogeneity.

If measurements are only available before the hitting time, this paper’s expres-
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Table 3.3: Exactly Observed Durations without Unobserved Heterogeneity

Parameters
True

Averages of Estimates
Averages of Estimated Standard Deviations

Value Standard Errors of Estimates
IG Using 𝑍𝑡 IG Using 𝑍𝑡 IG Using 𝑍𝑡

𝛽 1.5 1.4956 1.4967 0.0585 0.0409 0.0634 0.0436
𝜇 0.5 0.5057 0.4999 0.0484 0.0353 0.0513 0.0374
𝜎𝑌 1.0 0.9687 0.9908 0.0917 0.0709 0.0967 0.0768
𝛾0 0.5 0.5019 0.0949 0.1214
𝛾1 1.5 1.5168 0.1088 0.1172
𝜎𝜀 2.0 2.0195 0.0721 0.0915

Time per Run 16.43 424.26
(in Seconds)

Note: We simulated 100 samples with 500 observations each. The results are computed using the
Matlab function fmincon and the Fortran function DCUHRE, in parallel using 24 workers on an
Intel Xeon X5670 with 2.93GHz.

sions for the marginal likelihood of the measurements and the conditional likelihood

of the duration outcomes are no longer valid. A correct likelihood can be computed

along the lines of Abbring and Campbell’s (2005) analysis of a discrete-time Gaus-

sian model of firm growth and survival. In their model, monthly data on a firm’s

sales provide noisy observations on its profitability, but only for as long as the firm

survives. Unlike us, they do not consider the marginal likelihood contribution of the

measurements and the conditional likelihood contribution of the duration outcomes

separately. Instead, they recursively construct the likelihood using the conditional

likelihood contributions of the subsequent duration outcomes and measurements, ex-

plicitly taking selective measurement into account. Their approach can be adapted

to our continuous-time framework under this paper’s assumptions, which ensure

that, conditional on the unobserved heterogeneity, the measurements and latent

state levels are jointly normal, as in Abbring and Campbell’s discrete-time model.
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Table 3.4: Exactly Observed Durations with Unobserved Heterogeneity

Parameters True Value
Averages of Averages of Estimated Standard Deviations
Estimates Standard Errors of Estimates

𝛽 1.5 1.5039 0.0451 0.0424
𝜇 0.6 0.6084 0.0621 0.0590
𝜎𝑌 1.2 1.2110 0.1247 0.1218
𝛾0 0.5 0.4995 0.1098 0.1136
𝛾1 1.5 1.4996 0.1520 0.1482
𝜎𝜀 2.0 2.0182 0.0880 0.0969
𝛿 -1.204 -1.2027 0.2279 0.2099
𝜋2 0.7 0.6748 0.1293 0.1439

Time per Run 4065.39
(in Seconds)

Note: We simulated 100 samples with 500 observations each. The results are computed using the
Matlab function fmincon and the Fortran function DCUHRE, in parallel using 24 workers on an
Intel Xeon X5670 with 2.93GHz.
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3.6 Appendix

3.6.1 Some Useful Density Functions

Lemma 1. Let 𝑊 (𝑠) be the standard Brownian motion. The distribution of the

maximum of the Brownian bridge is given by

Pr(max
0≤𝑠≤𝑡

𝑊 (𝑠) ≥ 𝛽|𝑊 (𝑡) = 𝛿) =

⎧⎪⎨⎪⎩exp
(︁
−2𝛽(𝛽−𝛿)

𝑡

)︁
, 𝛽 > 𝛿

1 𝛽 ≤ 𝛿

.

Lemma 2. Let 𝑥 be 𝑁(𝜃, 𝜎2), where 𝜎2 is known, and the prior density of 𝜃 be

𝑁(𝜇0, 𝜎
2
0), Then the posterior density of 𝜃 is 𝑁(𝜇1, 𝜎

2
1), where

𝜇1 =
𝑥/𝜎2 + 𝜇0/𝜎

2
0

1/𝜎2 + 1/𝜎2
0

, 𝜎−2
1 = 𝜎−2 + 𝜎−2

0 .

The proof of Lemma 1 can be found in Beghin and Orsingher (1999) for example.

The proof of Lemma 2 can be found in Lindley (2011) at page 2.

Lemma 3. Suppose that a Brownian bridge starts from 𝑌0 = 0 at time 𝑡 = 0 and

finishes at 𝑌𝑢 = 𝑦𝑢 at time 𝑡 = 𝑢, i.e.,

𝑌𝑡 = 𝑦𝑢 ·
𝑡

𝑢
+ 𝜎𝑌𝑊𝑡 −

𝑡

𝑢
𝜎𝑌𝑊𝑢.

Let 𝑇𝛼 be the first time that 𝑌𝑡 crosses a threshold 𝛼 > 0, i.e.,

𝑇𝛼 = inf{𝜏 < 𝑢 : 𝑌𝜏 = 𝛼}.

Then the density function of 𝑇𝛼 can be written as

𝑓(𝜏 |𝛼, 𝑢, 𝑦𝑢) =
𝛼

𝜎𝑌

√︂
𝑢

(𝑢− 𝜏)2𝜋𝜏 3
exp

(︂
− (𝑢𝛼− 𝑦𝑢𝜏)2

2𝑢𝜏(𝑢− 𝜏)𝜎2
𝑌

)︂
,

for 0 < 𝜏 < 𝑢.

Proof. We derive the density function in two different cases.
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1. In the first case where 𝛼 > 𝑦𝑢, we have

𝑓(𝜏 |𝛼, 𝑢, 𝑦𝑢) =
𝜕

𝜕𝜏
Pr{𝑇𝛼 ≤ 𝜏 |𝑌𝑢 = 𝑦𝑢}

=
𝜕

𝜕𝜏
Pr{max

0≤𝑠≤𝜏
𝑌𝜏 ≥ 𝛼|𝑌𝑢 = 𝑦𝑢}

=
𝜕

𝜕𝜏
Pr{max

0≤𝑠≤𝜏

𝑌𝜏
𝜎𝑌

≥ 𝛼

𝜎𝑌
| 𝑌𝑢
𝜎𝑌

=
𝑦𝑢
𝜎𝑌

}.

According to the expression (2.15) in Beghin and Orsingher (1999) with the substi-

tution of 𝛽 by 𝛼
𝜎𝑌

and 𝜂 by 𝑦𝑢
𝜎𝑌

, we can get

𝑓(𝜏 |𝛼, 𝑢, 𝑦𝑢) =
𝛼

𝜎𝑌

√︂
𝑢

(𝑢− 𝜏)2𝜋𝜏 3
exp

(︂
− (𝑢𝛼− 𝑦𝑢𝜏)2

2𝑢𝜏(𝑢− 𝜏)𝜎2
𝑌

)︂
,

for 0 < 𝜏 < 𝑢 and 𝛼 > 𝑦𝑢.

2. In the second case where 0 < 𝛼 < 𝑦𝑢, the threshold lies between the starting

point and ending point. According to the Result 2.2 in Atkinson and Singham

(2015), we have

Pr{𝑇𝛼 ≤ 𝜏 |𝑌𝑢 = 𝑦𝑢} = exp

(︂
2𝛼(𝑦𝑢 − 𝛼)

𝜎2
𝑌 𝑢

)︂
Φ (𝐽1) + 1 − Φ (𝐽2) ,

where Φ(·) is the cumulative distribution function for the standard normal distribu-

tion, and

𝐽1 =
−𝛼(𝑢− 𝜏) − (𝑦𝑢 − 𝛼)𝜏

𝜎𝑌
√︀
𝜏𝑢(𝑢− 𝜏)

,

and

𝐽2 =
𝛼(𝑢− 𝜏) − (𝑦𝑢 − 𝛼)𝜏

𝜎𝑌
√︀
𝜏𝑢(𝑢− 𝜏)

.

Note that

exp

(︂
2𝛼(𝑦𝑢 − 𝛼)

𝜎2
𝑌 𝑢

)︂
𝜕

𝜕𝜏
Φ (𝐽1) =

𝜕

𝜕𝜏
Φ (𝐽2) ,

and

𝜕(𝐽1 − 𝐽2)

𝜕𝜏
= −2𝛼

𝜎𝑌
· 𝜕
𝜕𝜏

(︃√︂
1

𝜏
− 1

𝑢

)︃
= −2𝛼

𝜎𝑌
· −

√
𝜏𝑢

2𝜏 2
√
𝑢− 𝜏

=
𝛼

𝜎𝑌

√︂
𝑢

(𝑢− 𝜏)𝜏 3
.
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Therefore, in this case, the density function of 𝑇𝛼 is

𝑓(𝜏 |𝛼, 𝑢, 𝑦𝑢) =
𝜕

𝜕𝜏
Pr{𝑇𝛼 ≤ 𝜏 |𝑌𝑢 = 𝑦𝑢}

= Φ
′
(𝐽2) ·

𝜕(𝐽1 − 𝐽2)

𝜕𝜏

=
𝛼

𝜎𝑌

√︂
𝑢

(𝑢− 𝜏)2𝜋𝜏 3
exp

(︂
− (𝑢𝛼− 𝑦𝑢𝜏)2

2𝑢𝜏(𝑢− 𝜏)𝜎2
𝑌

)︂

for 0 < 𝜏 < 𝑢 and 0 < 𝛼 < 𝑦𝑢.

Since the density function in both cases are the same, we can conclude that the

density function of the first hitting time is

𝑓(𝜏 |𝛼, 𝑢, 𝑦𝑢) =
𝛼

𝜎𝑌

√︂
𝑢

(𝑢− 𝜏)2𝜋𝜏 3
exp

(︂
− (𝑢𝛼− 𝑦𝑢𝜏)2

2𝑢𝜏(𝑢− 𝜏)𝜎2
𝑌

)︂
, (3.11)

for any 𝛼 > 0 and 0 < 𝜏 < 𝑢 .

3.6.2 Transformation of the Likelihood

We want to numerically compute

𝑝𝑖(𝜃|𝑋𝑖, 𝑉𝑖) =

∫︁
𝐿𝑖(𝜃;Di|Yi = y, 𝑋𝑖, 𝑉𝑖)𝑑𝑃

𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y)

= 𝐷𝑖𝑟𝑖 ·

[︃∫︁
Ω

(1)
𝑖

Ψ
(1)
𝑖 (y)𝑑𝑃 𝜃

Yi|Zi,𝑋𝑖,𝑉𝑖
(y) +

∫︁
Ω

(2)
𝑖

Ψ
(2)
𝑖 (y)𝑑𝑃 𝜃

Yi|Zi,𝑋𝑖,𝑉𝑖
(y)

]︃
+ (1 −𝐷𝑖𝑟𝑖)

∫︁
Ω

(3)
𝑖

Ψ
(3)
𝑖 (y)𝑑𝑃 𝜃

Yi|Zi,𝑋𝑖,𝑉𝑖
(y)

= 𝐷𝑖𝑟𝑖 · (𝐼1 + 𝐼2) + (1 −𝐷𝑖𝑟𝑖) · 𝐼3.

where

Ψ
(1)
𝑖 (y) =

𝑚𝑖−1∏︁
𝑗=1

(︂
1 − exp

(︂
−2𝑦𝑗−1𝑦𝑗)

𝜎2
𝑌 ∆𝑡𝑖𝑗

)︂)︂
· exp

(︂
−2𝑦𝑚𝑖−1𝑦𝑚𝑖

𝜎2
𝑌 ∆𝑡𝑖𝑚𝑖

)︂
,

with Ω
(1)
𝑖 = (−∞, 𝜂]𝑚𝑖 × (−∞,+∞)𝑟𝑖−𝑚𝑖 ⊂ R𝑟𝑖

Ψ
(2)
𝑖 (y) =

𝑚𝑖−1∏︁
𝑗=1

(︂
1 − exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 ∆𝑡𝑖𝑗

)︂)︂
,
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with Ω
(2)
𝑖 = (−∞, 𝜂]𝑚𝑖−1 × (𝜂,+∞) × (−∞,+∞)𝑟𝑖−𝑚𝑖 ⊂ R𝑟𝑖 , and

Ψ
(3)
𝑖 (y) =

𝑟𝑖∏︁
𝑗=1

(︂
1 − exp

(︂
−2𝑦𝑗−1𝑦𝑗
𝜎2
𝑌 ∆𝑡𝑖𝑗

)︂)︂
,

with Ω
(3)
𝑖 = (−∞, 𝜂]𝑟𝑖 ⊂ R𝑟𝑖 .

Let Σ̂
(𝑖)
𝑌 = 𝐶𝐶𝑇 be the Cholesky decomposition of Σ̂

(𝑖)
𝑌 , where 𝐶 = (𝑐𝑙𝑗)𝑟𝑖×𝑟𝑖 is a

lower triangular matrix, with 𝑙, 𝑗 ∈ {1, . . . , 𝑟𝑖}.

Denote 𝜇(𝑖)
𝑌 = (𝜇

(𝑖)
𝑦,𝑙)𝑟𝑖×1. Then after the Cholesky decomposition transformation

y = 𝐶x + 𝜇
(𝑖)
𝑌 , where x = (𝑥1, . . . , 𝑥𝑟𝑖)

𝑇 , we have

𝐼1 =

∫︁ �̂�
(1)
𝑖,1

−∞
· · ·
∫︁ �̂�

(1)
𝑖,𝑟𝑖

−∞

1

(2𝜋)
𝑟𝑖
2

· exp

(︃
−1

2

𝑟𝑖∑︁
𝑙=0

𝑥2𝑙

)︃
· Ψ(1)(𝐶x + 𝜇

(𝑖)
𝑌 )𝑑x,

where

�̂�
(1)
𝑖,𝑙 =

⎧⎪⎨⎪⎩(𝜂 − 𝜇
(𝑖)
𝑦,𝑙 −

∑︀𝑙−1
𝑗=1 𝑐𝑙𝑗𝑥𝑗)/𝑐𝑙𝑙 𝑓𝑜𝑟 𝑙 ≤ 𝑚𝑖

+∞ 𝑓𝑜𝑟 𝑙 > 𝑚𝑖

,

and

𝐼2 =

∫︁ �̂�
(2)
𝑖,1

�̂�𝑖,1

· · ·
∫︁ �̂�

(2)
𝑖,𝑟𝑖

�̂�𝑖,𝑟𝑖

1

(2𝜋)
𝑟𝑖
2

· exp

(︃
−1

2

𝑟𝑖∑︁
𝑙=0

𝑥2𝑙

)︃
· Ψ(2)(𝐶x + 𝜇

(𝑖)
𝑌 )𝑑x,

where

�̂�𝑖,𝑙 =

⎧⎪⎨⎪⎩(𝜂 − 𝜇
(𝑖)
𝑦,𝑙 −

∑︀𝑙−1
𝑗=1 𝑐𝑙𝑗𝑥𝑗)/𝑐𝑙𝑙 𝑓𝑜𝑟 𝑙 = 𝑚𝑖

−∞ 𝑓𝑜𝑟 𝑙 ̸= 𝑚𝑖

,

�̂�
(2)
𝑖,𝑙 =

⎧⎪⎨⎪⎩(𝜂 − 𝜇
(𝑖)
𝑦,𝑙 −

∑︀𝑙−1
𝑗=1 𝑐𝑙𝑗𝑥𝑗)/𝑐𝑙𝑙 𝑓𝑜𝑟 𝑙 ≤ 𝑚𝑖 − 1

+∞ 𝑓𝑜𝑟 𝑙 > 𝑚𝑖 − 1

,

and

𝐼3 =

∫︁ �̂�
(3)
𝑖,1

−∞
· · ·
∫︁ �̂�

(3)
𝑖,𝑟𝑖

−∞

1

(2𝜋)
𝑟𝑖
2

· exp

(︃
−1

2

𝑟𝑖∑︁
𝑙=0

𝑥2𝑙

)︃
· Ψ(3)(𝐶x + 𝜇

(𝑖)
𝑌 )𝑑x,

where �̂�(3)𝑖,𝑙 = (𝜂 − 𝜇
(𝑖)
𝑦,𝑙 −

∑︀𝑙−1
𝑗=1 𝑐𝑙𝑗𝑥𝑗)/𝑐𝑙𝑙, 𝑙 = 1, . . . , 𝑟𝑖.

62



Each 𝑥𝑙 can be transformed separately by 𝜀𝑙 = Φ(𝑥𝑙), 𝑙 = 1, . . . , 𝑟𝑖, where Φ(·)

is the cumulative distribution function for the standard normal distribution. Then

𝑑𝜀𝑙 = Φ
′
(𝑥𝑙)𝑑𝑥𝑙. Denote 𝜀 = (𝜀1, . . . , 𝜀𝑟𝑖)

𝑇 , Φ−1(𝜀) = (Φ−1(𝜀1), . . . ,Φ
−1(𝜀𝑟𝑖))

𝑇 . We

have

𝐼1 =

∫︁ 𝑒
(1)
𝑖,1

0

· · ·
∫︁ 𝑒

(1)
𝑖,𝑟𝑖

0

Ψ(1)(𝐶Φ−1(𝜀) + 𝜇
(𝑖)
𝑌 )𝑑𝜀,

where

𝑒
(1)
𝑖,𝑙 =

⎧⎪⎨⎪⎩Φ((𝜂 − 𝜇
(𝑖)
𝑦,𝑙 −

∑︀𝑙−1
𝑗=1 𝑐𝑙𝑗Φ

−1(𝜀𝑗))/𝑐𝑙𝑙) 𝑓𝑜𝑟 𝑙 ≤ 𝑚𝑖

1 𝑓𝑜𝑟 𝑙 > 𝑚𝑖

,

and

𝐼2 =

∫︁ 𝑒
(2)
𝑖,1

𝑑𝑖,1

· · ·
∫︁ 𝑒

(2)
𝑖,𝑟𝑖

𝑑𝑖,𝑟𝑖

Ψ(2)(𝐶Φ−1(𝜀) + 𝜇
(𝑖)
𝑌 )𝑑𝜀,

where

𝑒
(2)
𝑖,𝑙 =

⎧⎪⎨⎪⎩Φ((𝜂 − 𝜇
(𝑖)
𝑦,𝑙 −

∑︀𝑙−1
𝑗=1 𝑐𝑙𝑗Φ

−1(𝜀𝑗))/𝑐𝑙𝑙) 𝑓𝑜𝑟 𝑙 ≤ 𝑚𝑖 − 1

1 𝑓𝑜𝑟 𝑙 > 𝑚𝑖 − 1

,

𝑑𝑖,𝑙 =

⎧⎪⎨⎪⎩Φ((𝜂 − 𝜇
(𝑖)
𝑦,𝑙 −

∑︀𝑙−1
𝑗=1 𝑐𝑙𝑗Φ

−1(𝜀𝑗))/𝑐𝑙𝑙) 𝑓𝑜𝑟 𝑙 = 𝑚𝑖

0 𝑓𝑜𝑟 𝑙 ̸= 𝑚𝑖

,

and

𝐼3 =

∫︁ 𝑒
(3)
𝑖,1

0

· · ·
∫︁ 𝑒

(3)
𝑖,𝑟𝑖

0

Ψ(3)(𝐶Φ−1(𝜀) + 𝜇
(𝑖)
𝑌 )𝑑𝜀,

where

𝑒
(3)
𝑖,𝑙 = Φ((𝜂 − 𝜇

(𝑖)
𝑦,𝑙 −

𝑙−1∑︁
𝑗=1

𝑐𝑙𝑗Φ
−1(𝜀𝑗))/𝑐𝑙𝑙).

Let 𝜉𝑙 =
𝜀𝑙−𝑑𝑖,𝑙
𝑒𝑖,𝑙−𝑑𝑖,𝑙

, 𝑙 = 1, . . . , 𝑟𝑖. Denote e = (𝑒𝑖,1, . . . , 𝑒𝑖,𝑟𝑖)
𝑇 and 𝜉 = (𝜉1, . . . , 𝜉𝑟𝑖)

𝑇

with e ·𝜉 = (𝑒𝑖,1𝜉1, . . . , 𝑒𝑖,𝑟𝑖𝜉𝑟𝑖)
𝑇 and 𝜀(e ·𝜉) = (𝑒𝑖,1𝜉1, . . . , 𝑒𝑖,𝑚𝑖−1𝜉𝑚𝑖−1, 𝑑𝑖,𝑚𝑖

+(𝑒𝑖,𝑚𝑖
−
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𝑑𝑖,𝑚𝑖
)𝜉𝑚𝑖

, 𝑒𝑖,𝑚𝑖+1𝜉𝑚𝑖+1, . . . , 𝑒𝑖,𝑟𝑖𝜉𝑟𝑖)
𝑇 . Then

𝐼1 =

∫︁ 1

0

∫︁ 1

0

· · ·
∫︁ 1

0

(

𝑚𝑖∏︁
𝑙=1

𝑒
(1)
𝑖,𝑙 ) · Ψ(1)(𝐶Φ−1(e · 𝜉) + 𝜇

(𝑖)
𝑌 )𝑑𝜉,

𝐼2 =

∫︁ 1

0

∫︁ 1

0

· · ·
∫︁ 1

0

(

𝑚𝑖−1∏︁
𝑙=1

𝑒
(2)
𝑖,𝑙 ) · (1 − 𝑑𝑖,𝑚𝑖

) · Ψ(2)(𝐶Φ−1(𝜀(e · 𝜉)) + 𝜇
(𝑖)
𝑌 )𝑑𝜉,

𝐼3 =

∫︁ 1

0

∫︁ 1

0

· · ·
∫︁ 1

0

(

𝑟𝑖∏︁
𝑙=1

𝑒
(3)
𝑖,𝑙 ) · Ψ(3)(𝐶Φ−1(e · 𝜉) + 𝜇

(𝑖)
𝑌 )𝑑𝜉,

with

𝑒
(*)
𝑖,𝑙 = Φ((𝜂 − 𝜇

(𝑖)
𝑦,𝑙 −

𝑙−1∑︁
𝑗=1

𝑐𝑙𝑗Φ
−1(𝑒𝑖,𝑗𝜉𝑗))/𝑐𝑙𝑙),

and

𝑑𝑖,𝑚𝑖
= Φ((𝜂 − 𝜇(𝑖)

𝑦,𝑚𝑖
−

𝑚𝑖−1∑︁
𝑗=1

𝑐𝑚𝑖,𝑗Φ
−1(𝑒𝑖,𝑗𝜉𝑗))/𝑐𝑚𝑖𝑚𝑖

).

When 𝑟𝑖 = 1, we can directly approximate the integrals by using cutoff value. In

this case,

𝐼1 =

∫︁ 𝜂

−∞
exp

(︂
− 2𝑦0𝑦1
𝜎2
𝑌 ∆𝑡𝑖1

)︂
𝑑𝑃 𝜃

Yi|Zi,𝑋𝑖,𝑉𝑖
(y),

𝐼2 =

∫︁ +∞

𝜂

𝑑𝑃 𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(y) = 1 − 𝑃 𝜃
Yi|Zi,𝑋𝑖,𝑉𝑖

(𝜂),

𝐼3 =

∫︁ 𝜂

−∞
1 − exp

(︂
− 2𝑦0𝑦1
𝜎2
𝑌 ∆𝑡𝑖1

)︂
𝑑𝑃 𝜃

Yi|Zi,𝑋𝑖,𝑉𝑖
(y),

and 𝐼1 and 𝐼3 can be approximated by

𝐼1 =

∫︁ 𝜂

𝐵(𝜇
(𝑖)
𝑌 ,Σ̂

(𝑖)
𝑌 )

exp

(︂
− 2𝑦0𝑦1
𝜎2
𝑌 ∆𝑡𝑖1

)︂
𝑑𝑃 𝜃

Yi|Zi,𝑋𝑖,𝑉𝑖
(y),

𝐼3 =

∫︁ 𝜂

𝐵(𝜇
(𝑖)
𝑌 ,Σ̂

(𝑖)
𝑌 )

1 − exp

(︂
− 2𝑦0𝑦1
𝜎2
𝑌 ∆𝑡𝑖1

)︂
𝑑𝑃 𝜃

Yi|Zi,𝑋𝑖,𝑉𝑖
(y),

64



where 𝐵(𝜇(𝑖)
𝑌 ,Σ̂(𝑖)

𝑌 )=𝜇(𝑖)
𝑌 -6·Σ̂(𝑖)

𝑌 .
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Chapter 4

Are Shorter Temporary Contracts

Worse Stepping Stones? Evidence

from a 2015 Reform in the Dutch

Labour Market

4.1 Introduction

Many European countries, including UK, France, Italy, Portugal, Spain and Nether-

lands, have dual labour markets, in which temporary (or fixed-term) and permanent

(or open-ended) contracts coexist. The duality arises because while stringent em-

ployment protection legislation (EPL) ensures that firms face substantial employ-

ment termination costs when hiring workers under permanent contracts, temporary

contracts can be used for short-term working relationships with little separation costs

at the termination date. On the one hand, the increasing share of temporary em-

ployment in many European countries has raised concerns over the segmented labour

markets, in which part of the workers are trapped in low-paid, low-productivity tem-

porary jobs, with little prospect of upward mobility (see Nätti (1993), Alba-Ramirez

(1998), Amuedo-Dorantes (2000), Brown and Sessions (2003), D’Addio and Rosholm

(2005) and Güell and Petrongolo (2007)). On the other hand, there is some evidence
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that temporary contracts can function as a stepping stone to permanent work (see

Booth et al. (2002), Van den Berg et al. (2002), Gash (2008), Ichino et al. (2008),

de Graaf-Zijl et al. (2011) and Faccini (2014)). To reduce the gap between tem-

porary contracts and permanent contracts, commentators and policymakers have

stressed the importance of finding an appropriate balance between flexibility and se-

curity (European Commission (2003)). The regulation of temporary contracts aims

at stabilizing employment and reducing the uncertainty for workers. However, its

effectiveness is questionable: temporary jobs account for most job flows because

employers may avoid permanent contracts (see Blanchard and Landier (2002) and

Knegt et al. (2007)).

This paper studies how a recent policy reform in the Netherlands, in which the

restricted length of consecutive temporary contracts has been shortened, affects the

employees’ probabilities of moving from temporary contracts to permanent ones,

also known as the stepping stone effect. In 1998, a so called “chain rule” was first

introduced in the Netherlands to restrict the length of consecutive temporary con-

tracts the employer can renew with the same employee. According to this rule,

when different temporary employment contracts, signed between the same pair of

employee and employer, follow each other with intervals not exceeding three months,

the last temporary employment contract automatically becomes permanent, if the

total duration of employment contracts including intervals has exceeded a period of

36 months or if the last temporary contract is the fourth one. As of July 1, 2015,

a reform in the chain rule changed the restriction on the length from 36 months

to 24 months, with the intention to improve the legal position of flexible workers

and discourage the improper and prolonged use of flexible employment relationships.

However, whether the intended effect can be achieved is questionable. Boockmann

and Hagen (2008) and Faccini (2014) show that firms use temporary contracts to

screen workers for permanent positions. If 24 months in the temporary contract

were not enough for employers to screen their employees’ abilities and make decision

to retain them with permanent contracts, it could also be the case that employers

might be forced to stop hiring the employees at the end of the 24th month. In

addition, if employers foresaw that they could not screen workers within 24 months,
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they might not even hire them to begin with. The effect of the policy reform would

therefore be perverse, since separations driven by the failure of learning about match

quality would impair the stepping stone effect of temporary contracts.

I estimate the effect of the policy reform in the chain rule through a regression

discontinuity (RD) design with the date as the running variable and July 1, 2015 as

the discontinuity threshold. I use a logistic model to estimate the probabilities for

the employees who have completed a chain of temporary contracts to move to one

of the following destinations: signing a temporary contract with a different or the

same employer, signing a permanent contract with a different or the same employer,

self-employed as an entrepreneur or unemployed while receiving unemployed benefit.

The data used for evaluating the effect of policy reform is from non-public microdata

sets of Statistics Netherlands (CBS). The primary data is SPOLISBUS, a monthly

administrative data on jobs and wages of employees at Dutch companies from 2010

to 2017. I also merge it with the monthly administrative data SECMBUS and Dutch

Labor Force Survey (EBB) to obtain a data set of individuals who are of 15 years

and older and with complete employment histories from 2010 to 2017 and known

personal characteristics, which is a sub-sample of 12% of the total population in the

Netherlands. I focus on all the temporary contracts that terminate between January

2013 and December 2016 and build up all the chains of corresponding temporary

contracts according to the chain rules before or after the policy reform.

The empirical results suggest that the policy reform in the chain rule accelerates

the stepping stone effect, although it has heterogeneous effects on the employees

who have completed the chains of temporary contracts with different lengths. For

the employee who has completed a chain in less than 12 months, the policy reform

has no significant effect. However, for the employee who has completed a chain

between 12 months and 23 months, the policy reform significantly strengthens the

stepping stone effect, increasing the odds ratio of moving to a renewed permanent

contract by 18.8%. For the employee who has completed a chain between 24 months

and 35 months, the policy reform increases the odds ratio by 4.15%, but this effect

is not significant. The result implies that the more restricted chain rule after the

policy reform forces the employer to sign a permanent contract much sooner without
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interrupting the functioning of the temporary contract as a screening procedure.

I also check the plausible hypothesis that employers may want to avoid the new

chain rule by offering a much longer renewed temporary contract before the policy

reform or a much shorter one after the policy reform. After grouping the chains

of temporary contracts based on their length, I use the Kolmogorov-Smirnov test

to check the equality of the distributions of the renewed temporary contractsâĂŹ

lengths before or after the policy reform. The results show that for the most lengths

of chains, the hypothesis is not supported by the data.

A number of literatures have thoroughly discussed duality in European labour

markets. The justification for EPL includes the need to protect employees from

their employers’ unfair behaviour, the limited ability of employees to insure them-

selves against the risk of dismissal due to the imperfections in financial markets, and

the need to preserve firm-specific human capital investment in the long-term (see

e.g. Pissarides (2010)). However, the cost imposed from EPL on the employers is

also considerable, since it limits their abilities to accommodate their workforce to

the variation in demand and technology, and thus not only reduces job destruction

but also discourages job creation, leaving the workforce with inefficient adjustment.

Therefore, temporary contracts are used as a “buffer stock” to adjust to economic

fluctuations and avoid labour market inflexibilities (see Bentolila and Bertola (1990),

Bentolila and Saint-Paul (1994), Kugler and Pica (2008), Skedinger (2011), Martin

and Scarpetta (2012) and Hijzen et al. (2017)). However, the impact of introduc-

ing temporary contracts on the labour market is ambiguous. Blanchard and Landier

(2002) argue that the effects of a partial reform of employment protection by allowing

firms to hire workers on fixed-term contracts may be perverse. Using French data for

young workers, they conclude that the reforms have substantially increased turnover,

without a substantial reduction in unemployment duration. Booth, Francesconi, and

Frank (2002) use data from the British Household Panel Survey to confirm that tem-

porary workers have lower levels of job satisfaction, receive less training and are less

well-paid, but there is some evidence that fixed-term contracts are a stepping stone

to permanent work. Gagliarducci (2005) finds that the probability of moving from

a temporary to a permanent job increases with the duration of the contract, but
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decreases with repeated temporary jobs and especially with interruptions. Faccini

(2014) shows that in most European countries temporary workers enjoy high rates

of transition into permanent employment and temporary contracts significantly de-

crease the unemployment rate. He offers a rationale for the finding that temporary

contracts seem to act as an important screening device in European countries. Cahuc

et al. (2016) analyze the consequences of the taxation of temporary jobs recently

introduced in several European countries to induce firms to create more open-ended

contracts and to increase the duration of jobs, and show that the taxation of tem-

porary jobs does not reach its objectives: It reduces the mean duration of jobs

and decreases job creation, employment and welfare of unemployed workers. The

finding in my paper confirms the argument of Gagliarducci (2005) on the positive

relationship between the duration of temporary contracts and the stepping stone

effect. It also provides strong empirical evidence for the argument of Faccini (2014)

that temporary contracts are used to screen workers for permanent positions: Firms

are more willing to offer a permanent contract directly if they have thoroughly ob-

served the employee’s abilities and decide to continually hire that person when the

policy reform asks them to make decision one year sooner. Besides, my paper also

contributes to the literature by showing that the policy restricting the length of the

temporary contracts can be an alternative way to alleviate the gap between tempo-

rary and permanent contracts.

The rest of the paper is organized as follows. Section 4.2 introduces the back-

ground for the temporary contract in the Netherlands and the reform of the chain

rule in 2015. Section 4.3 presents the data and descriptive statistics. Section 4.4

and 4.5 describe the empirical strategy and the main result. Section 4.6 conducts

the robustness check. Section 4.7 concludes.
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4.2 Background

4.2.1 Temporary Contracts in the Netherlands

Temporary contracts are rather common in the Netherlands, although workers may

have different types of contracts over the life cycle. As shown in Figure 4-1, for all the

dependent employment (employment with either temporary contract or permanent

contract) in the Netherlands, 55.56% of the workers at ages 15-24 have temporary

contracts in 2016 (the rest have permanent contracts), and this percentage reduces to

15.18% for the workers at ages 25-54 and 7.08% for the workers at ages 55-64, which

means that the Dutch labour market is more inflexible for the old workers than

for the young workers. Moreover, with international comparison, the percentage

of having temporary contracts at ages 15-54 in the Netherlands is among the top

levels, much higher than the average percentages of European countries and OECD

countries.

Meanwhile, the use of temporary contract in the Netherlands is still on the rise.

As shown in Figure 4-2, 34.9% of the men at ages 15-24 and 6.65% of the men at

ages 25-54 in the dependent employment have temporary contracts in 2000, and

they increase gradually to 53.41% and 14.32% in 2016. Similarly, the percentages

of the women having temporary contracts in dependent employment also increase

gradually, from 36.11% at ages 15-24 and 12.25% at ages 25-54 in 2000 to 57.63%

and 16.09% in 2016, respectively.

Although the overall level of employment protection in the Netherlands only takes

an intermediate position compared with the levels in other European countries, there

is a substantial divergence in the protection for permanent and temporary contracts.

As shown in Figure 4-3, the Netherlands has among the highest level of protection for

permanent contract against individual dismissal in Europe, only lower than Portugal

and the Czech Republic. This is due to the fact that the Netherlands has a very strict

system for individual dismissal of workers with a permanent contract. The employer

can choose to either ask permission from the labour office or go to court, but the first

implies following inconvenient and time-consuming legal procedures and the second

implies making a severance payment. Meanwhile, the Netherlands has among the
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Figure 4-1: International Comparison of Temporary Employment, as Percentage of
Total Dependent Employment

Data source: OECD Dataset: LFS - Employment by Permanency, 2016.

lowest level of protection for temporary employment in Europe, only higher than

the United Kingdom. The temporary contract ends on the expiry date without

the requirement of the employer to give notice for termination. In case of early

termination of a temporary contract, the employer must give notice after having

obtained permission from the Employee Insurance Agency (UWV WERKbedrijf) or

dissolution by the cantonal court. In this case, the minimum notice period must be

one month.

4.2.2 The Chain Rule and 2015 Reform

To increase the flexibility in the labour system while maintaining an adequate level of

protection for employees with temporary contracts, the Dutch government enacted

the Flexibility and Security Act (Wet Flexibiliteit en Zekerheid in Dutch) on 14

May 1998, in which the chain rule (ketenregeling in Dutch) was first introduced.
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Figure 4-2: Temporary Employment of the Netherlands in 2000-2016, as Percentage
of Total Dependent Employment

Data source: OECD Dataset: LFS - Employment by Permanency, 2000 - 2016.

It stipulates that when different temporary employment contracts, signed between

the same pair of employee and employer, follow each other with possible intervals

not exceeding three months, the last temporary employment contract automatically

becomes a permanent one, if the total duration of employment contracts including

intervals has exceeded a period of 36 months or if the last temporary contract is

the fourth one 1. An evaluation of the Flexibility and Security Act (see Knegt

et al. (2007)) revealed that employers have made massive use of the opportunity

to provide temporary contracts without violating the chain rule. The Work and

Security Act (Wet Werk en Zekerheid (WWZ) in Dutch), which was introduced

1The Dutch Civil Code has no provision prohibiting long fixed-term employment contracts. The
Dutch word “keten” in the definition “ketenregeling” stands for “chain”, which means that in order to
apply the “ketenregeling”, there must be multiple contracts following each other. So, when parties
conclude one long temporary employment contract of more than three years at the beginning, this
contract won’t automatically be converted into a permanent contract.
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Figure 4-3: Protection Indicators for European Countries

Data source: OECD Employment Protection Database 2013 - 2014.

in 20152, is the successor to this Act. It is intended to make dismissal faster and

cheaper, to strengthen the legal position of flexible workers and limit their gap

with permanent employment, and to get more people out of the unemployment

benefit scheme. As of 1st July 2015, the chain rule for a temporary contract to

automatically become a permanent contract has changed. From this date, hiring the

same employee through consecutive temporary contracts for more than two years

is no longer permitted. After two years of temporary contracts including possible

intervals not exceeding six months, or when a fourth contract is offered, the presented

new contract must be of a permanent nature. For example, if the same employee

and employer complete two contracts of nine months, followed by an interval of

up to six months, and then agree on the third contract of eight months, the last

contract will automatically become a permanent contract (See the change in the

2The proposal for WWZ was adopted by the House of Representatives (Tweede Kamer) on 18
February 2014, and by the Senate (Eerste Kamer) on 10 June 2014.
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eligible criteria for the chain rule to come into effect in Figure 4-4). Both the old

and the new chain rules also apply to successive employment contracts between

an employee and various employers who, with regard to the work involved, should

reasonably be deemed to succeed one another. This is, however, conditional upon

the fact that under the new contract the skills and responsibilities required are the

same as for the previous contract and there is a link between the new employer and

the former one (e.g., a relaunched company or the employer within the group as a

whole).

Figure 4-4: Eligible Criteria for the Chain Rule to Come into Effect

A transitional law3 determines how a chain of temporary contracts can be accu-

mulated if it just crosses 1st July 2015 and in which case the old or new chain rule

applies. Firstly, to accumulate a chain with a sequence of temporary contracts with

the same employer, the possible intervals between the temporary contracts before

1st July 2015 should be no more than 3 months (old rule applies), and the inter-
3See Wet werk en zekerheid Artikel XXIIe.
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val just crossing or after 1st July 2015 can be no more than 6 months (new rule

applies). Secondly, if the last temporary contract in a chain was signed before 1st

July 2015, the total length of the chain should be no more than 36 months (old rule

applies); if it was signed after 1st July 2015, the total length of the chain should be

no more than 24 months (new rule applies). Otherwise, the last temporary contract

in the chain should automatically become a permanent contract. According to this

transitional law, for instance, if an employer first offers a new employee with a 1-

year temporary contract which ends in June 2015, then it can immediately renew a

temporary contract that could be as long as 2 years. However, if an employer first

offers a new employee with a 1-year temporary contract which ends in July 2015,

then it can only renew a temporary contract that could be as long as 1 year.

There are several exceptions to the chain rule (both before and after the policy

change in 2015). Firstly, if the employee and employer first sign a temporary employ-

ment contract for more than two years (before the policy change it is three years),

after which they sign a contract for a definite period of no more than three months,

then the last contract will not automatically become a permanent contract4. Sec-

ondly, the chain rule does not apply to the employment contracts when employees

are following dual learning-work training. Such deviation exists when employment

contracts have been entered into predominantly because of the employee’s educa-

tion, insofar as this is necessary for the completion of the training. Thirdly, the

chain rule does also not apply to the employment contracts with the employees who

have not worked more than 12 hours per week on average or who are not yet 18

years old. Fourthly, deviation from the chain rule is also possible if the temporary

contract follows from the collective labour agreement (CAO) for certain functions or

the intrinsic nature of the business requires a deviation from the chain arrangement.

Through applying this new chain rule, the government intends to reduce the mas-

sive use of temporary employment contracts and thereby create job security. The

question is whether the intended effect of the Work and Security Act (WWZ) is

actually being achieved. After all, under the new regulation, employers might stop

retaining the current employees with temporary contracts after 24 months. If this

4See Artikel 668a van Boek 7 van het Burgerlijk Wetboek.
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circumstance dominates, the positions of employees with temporary contracts are

weakened rather than strengthened.

Beyond the policy reform in the chain rule, there are also other policy changes

in the WWZ as of 1st July 2015. However, the other changes are mainly focused

on the dismissal rule and the unemployment benefit. Firstly, the new policy makes

the dismissal rule much simpler and clearer. For instance, a business dismissal or

a dismissal due to a long-term disability will be resolved by the UWV; a dismissal

for other reasons will be resolved by a sub-district court. Moreover, a transition

allowance will be paid to employees, either temporary or permanent, who are in-

voluntarily dismissed and have been in service for two years or more. Secondly,

the duration of the unemployment benefit changes from a maximum of 38 to 24

months, and people who become unemployed from 1 July 2015 and apply for a ben-

efit must state their monthly income. Since this paper investigates the effect of the

policy reform in the chainsâĂŹ lengths on the transitions from temporary contracts

to permanent contracts given that the temporary contracts naturally terminate, it

is believed that there is no clear linkage between this effect with the other policy

changes in the dismissal rule and the unemployment benefit.

4.3 Data

The data used for evaluating the effect of policy reform is from non-public micro-

data sets of Statistics Netherlands (CBS). The primary data set is SPOLISBUS,

which provides monthly administrative data on jobs and wages of employees at

Dutch companies from 2010 to 2017. All the detailed information on the types of

current employment contract, such as temporary or permanent, part-time or full-

time, fixed or flexible, can be obtained from this dataset on a monthly basis. It

also contains employers’ sectors and identification numbers of business unit (BEID),

which I can use to determine whether the employment contract is renewed with the

same employer or a successive employer 5. Since SPOLISBUS only has the record

5For example, a supermarket chain with N stores spread across the country and head office in
municipality X shares the same BEID. However, by using the BEID, I do not account for the case
of mergers and acquisitions or the case when an employee changes his responsibilities within the
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for the month when people have an employment contract, I supplement information

for the other months by merging the secondary monthly administrative data set

SECMBUS, which provides monthly socio-economic category (SECM), such as self-

employed, unemployment benefits receiving or being a student, derived from people’s

income sources. The third data set used is Dutch Labor Force Survey (EBB), which

is a rotating panel with five quarterly surveys under a sample of around 53,000

households, within which people of 15 years and older are interviewed. It provides

information on people’s age, gender, education level and immigration status, which

are used for control variables in the following empirical analysis. After combining

EBB data from 1999 to 2017, and merging with SPOLISBUS and SECMBUS, I

obtain 2,097,393 individuals who are of 15 years and older and with complete em-

ployment history from 2010 to 2017 and known personal characteristics. The data

after merging is a sub-sample of 12% of the total population in the Netherlands.

4.3.1 Sample Selection Criteria

I focus on all the temporary contracts that terminate between January 2013 and

December 2016 and build up all the chains of corresponding temporary contracts.

For each month during this period, I first pick each temporary contract ending at this

month and make it as the initial chain. Then I trace back this employee’s working

history to see how long this chain can be accumulated 6. For the current chain ending

before July 2015, if I observe that there is another temporary contract signed by

the same parties (employee and employer) before this chain, with a possible interval

less than 3 months, I sum up the length of the initial chain, the other temporary

contract and the interval as the length of the new chain. Then I trace back again

until this chain cannot be accumulated further. For the current chain ending from

July 2015 onwards, the length of a possible interval can be relaxed as 6 months if

the interval ends after July 2015. According to the chain rule, both before and after

the policy reform, if the number of temporary contracts in the chain is more than

same business unit.
6The SPOLISBUS starts from January 2010, so I have enough data to trace 3-year history

before the ending date if the temporary contracts terminate from January 2013.

79



3, the last temporary contract will automatically become a permanent contract. To

identify the effect of the length restriction in the chain rule, I only keep the chain in

which the number of temporary contracts is no more than 3.

I restrict my sample of temporary contracts to be signed with private companies,

thus excluding all the temporary contracts in public sectors such as government, pub-

lic education, academic hospitals, military and defence. The reason is that a special

collective labour agreement (CAO), from which both the old and the new chain rules

are exempted, is much more prevalent in public sectors than in private companies.

Since I cannot identify which temporary contract in the data is subject to such a

CAO, I exclude temporary contracts in public sectors to reduce the influence from

a special CAO as much as possible. I also exclude temporary contracts that are

signed with temporary agency companies, since they are not regulated by the chain

rule (see a summarized selection criteria on SPOLISBUS in Table A1). Because

there is substantial heterogeneity in the nature of jobs and the individual charac-

teristics of employees for the jobs between part-time and full-time 7, I first restrict

my attention to the chains whose last temporary contract is classified as full-time
8. In the robustness check of Section 4.6, I also conduct a similar analysis on the

sample including the chains whose last temporary contract can be either part-time

or full-time. By summing up the monthly basic salary for both temporary contracts

and intervals in a chain and dividing it by the total length of the chain in month,

I calculate the monthly average salary for each chain and classify it into five levels,

while excluding the chains whose monthly average salaries are below 500 or above

10000. To have complete information on people’s age and education level, I keep

individuals whose ages were between 18 and 60 in 2010 and completed their highest

education between 1960 and 2010.

7Farber (1999) shows that job losers who find employment in temporary jobs are more likely
to be working full-time, while nonlosers who are employed in temporary jobs are more likely to be
working voluntarily part-time.

8The part-time contract can also be counted in the chain, as long as its working hours are no
less than 12 hours per week. Here, I distinguish whether a chain belongs to the type of part-time
or full-time by the type of its last temporary contract.
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4.3.2 Descriptive Statistics

Table 4.1 reports the descriptive statistics for the sample used in the following empir-

ical analysis. The first column refers to the whole sample of the chains within which

the last temporary contract ends between January 2014 and November 2016. The

second column refers to the sample of the chains within which the last temporary

contract ends before July 1, 2015, the date of the policy reform in the chain rule, and

the third column refers to the sample of the chains within which the last temporary

contract ends after July 1, 2015. Note that if the chain consists of two temporary

contracts, the first temporary contract is also counted as a chain and included in

the sample. Similarly, if the chain consists of three temporary contracts, the first

temporary contract is counted as a chain, and the first two temporary contracts

constitute another chain9. As shown in Table 4.1, most of chains in the sample

consist of only one temporary contract. Since women in the Netherlands take more

part-time jobs than men, around three quarters of the employees having temporary

contracts are male after part-time contracts are excluded from my sample. Com-

paring the percentages in the different columns, we can conclude that there is not

much difference in the distributions of the chains of temporary contracts and the

individuals before or after the policy reform.

Table 4.2 presents the average percentage of destinations after a temporary con-

tracts terminates. I classify the destinations into seven groups: having a temporary

contract with a different employer (TD) or with the same employer (TS), having

permanent contract with a different employer (PD) or with the same employer (PS),

becoming an entrepreneur (EN), receiving unemployment benefit (UB), and the

rest10. For the different lengths of chains the employees have accumulated when

their current temporary contracts terminate, I compare the percentages of desti-

nations before or after the policy reform. As shown in Table 4.2, the percentages

of changing from chains of temporary contracts to permanent contracts with the

9It means that there are some dependence among multiple chains for each employee. In Section
4.4, I account this dependence by using the clustered standard errors in the estimation.

10The rest includes head leader of big stockholders (DGA), receiver of assistance allowance, social
allowance benefit, sickness benefit or pension payment, becoming a student, and other forms of
self-employment.
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same employers, also known as stepping stone effect, increase with the length of the

chains. Moreover, these percentages also increase a lot after the policy reform in

the chain rule, with the most significant increase for the chains whose lengths are

between 12 and 23 months, which indicates that the policy reform in the chain rule

may strengthen the stepping stone effect.

4.4 Empirical Strategy

I estimate the effect of the reform of the chain rule using an RD design with a logistic

model. From July 1, 2015, the restriction on the length of the chain rule changes

from 36 months to 24 months. I use this policy reform to estimate the effects of

shortening the total length of consecutive temporary contracts on the probability of

moving to a permanent contract. I only focus on the policy effect on the chains of

temporary contracts whose lengths are between 1 and 35 months. As shown by the

robustness check in Section 4.6, only a small fraction of chains have lengths longer

than 36 months. Figure 4-5 displays the descriptive evidences of the effect of the

policy reform on the probabilities of moving from a chain of temporary contracts

to a permanent contract with the same employer. They are categorized into six

groups based on the different lengths of the chains the employees have accumulated

when their current temporary contracts terminate. The vertical axis represents

the percentages of employees who move into permanent contracts with the same

employers after their current temporary contracts terminate. As it shows, for the

employees who have accumulated the chains with the lengths between 12 and 17

months and between 18 and 23 months, the percentage increases significantly after

the policy reform. For the employees who have accumulated the chains with other

lengths, the percentage does not change significantly 11.

I implement an RD design with the date as the running variable and July 1, 2015

as the discontinuity threshold (See a review of RD design in Lee and Lemieux (2010)

11There is a January effect in the data: the percentage of moving to permanent contracts with
the same employer is much higher in January than it in the other months of the year. I control the
January effect by including month dummy in the empirical analysis and also check the sensitivity
when excluding the temporary contracts ending in January in section 4.6.
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and regression discontinuity in time (RDiT) in Hausman and Rapson (2017)). Note

that since the new chain rule only applies to contracts signed after July 1, 2015,

there is no effect of the policy reform on the lengths of the temporary contracts

signed before this date, even if they terminate after the threshold. Therefore, the

length of the chain that stops just before or after the discontinuity date is exogenous

to the policy reform. I specify a uniform kernel and use a bandwidth of 1.5 year on

each side of the policy reform date: using the chains of temporary contracts in which

the last one ends in between January 2014 and June 2015 as the data before the

policy reform and the chains in which the last temporary contract ends in between

July 2015 and November 2016 as the data after the policy reform. The sensitivity

check of bandwidth are conducted in Section 4.6.

Suppose that the 𝑖-th employee in the sample has a chain of temporary contracts

ending at time 𝑡 in one of the following states 𝑆𝑖𝑡: temporary contract with a differ-

ent employer (TD), temporary contract with the same employer (TS), permanent

contract with a different employer (PD), permanent contract with the same employer

(PS), entrepreneur (EN) and unemployed benefit receiving (UB). Let 𝑝(𝑇𝐷)
𝑖𝑡 denotes

the probability that the chain terminates with TD conditional on a set of control

variables X𝑖𝑡, i.e.,

𝑝
(𝑇𝐷)
𝑖𝑡 = Pr(𝑆𝑖𝑡 = 𝑇𝐷|X𝑖𝑡).

Similarly, I denote the conditional probabilities that the chains terminate with the

other states as 𝑝(𝑇𝑆)
𝑖𝑡 , 𝑝(𝑃𝐷)

𝑖𝑡 , 𝑝(𝑃𝑆)
𝑖𝑡 , 𝑝(𝐸𝑁)

𝑖𝑡 and 𝑝(𝑈𝐵)
𝑖𝑡 .

The effect of policy reform on 𝑝(*)𝑖𝑡 can be estimated through the logistic model

ln

(︃
𝑝
(*)
𝑖𝑡

1 − 𝑝
(*)
𝑖𝑡

)︃
=𝛽0 + 𝛽1𝐷

(12)
𝑖𝑡 + 𝛽2𝐷

(24)
𝑖𝑡 + 𝛼1𝐷

(𝑝)
𝑖𝑡 + 𝛼2𝐷

(12)
𝑖𝑡 ×𝐷

(𝑝)
𝑖𝑡 + 𝛼3𝐷

(24)
𝑖𝑡 ×𝐷

(𝑝)
𝑖𝑡

+ 𝛾X𝑖𝑡 (4.1)

where 𝐷(12)
𝑖𝑡 and 𝐷

(24)
𝑖𝑡 are dummy variables for the chain’s length no less than 12
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month and 24 month 12, taking the forms

𝐷
(12)
𝑖𝑡 = 𝐼(𝐿𝑖𝑡 ≥ 12), 𝐷

(24)
𝑖𝑡 = 𝐼(𝐿𝑖𝑡 ≥ 24)

where 𝐼(·) is the indicator function and 𝐿𝑖𝑡 denotes the length of the chain. The

dummy variables for the policy reform, 𝐷(𝑝)
𝑖𝑡 , takes the value 1 if the chain ends

after the policy reform and 0 otherwise. Therefore, the parameter 𝛼1 estimates the

effect of the policy reform on the chain whose length is between 1 and 11 months,

and the sum of 𝛼1 and 𝛼2 estimates the effect of the policy reform on the chain

whose length is between 12 and 23 months, and the sum of 𝛼1, 𝛼2 and 𝛼3 esti-

mates the effect of the policy reform on the chain whose length is between 24 and 35

months. The corresponding odds ratios are therefore exp(𝛼1), exp(𝛼1) · exp(𝛼2) and

exp(𝛼1) · exp(𝛼2) · exp(𝛼3). The control variables include a set of characteristics of

temporary contracts and individuals. According to Gagliarducci (2005), the proba-

bility of moving to a permanent job while employed on a temporary basis decreases

if there are interruptions, so the number of temporary contracts consisted of in a

chain is controlled. The chain’s monthly average salary is controlled after being clas-

sified into four groups, since it represents heterogeneous qualities of the temporary

contracts and the employee’s abilities. Considering different sectors of employment

may have different probabilities of moving to a permanent job, I also control the

dummies of sectors, which are classified into eight groups: culture, financial & eco-

nomic, industrial, IT, government, transport, health care and construction. For the

individuals, I control their age, gender, immigration status and education level. In

addition, I also control the seasonal effect by including yearly dummies and monthly

dummies. Since some individuals may have multiple chains and there is also depen-

dence across the renewed temporary contracts in a chain, I use clustered standard

errors 13 to correct standard errors for the correlated unobserved individual effects.

A multinomial model is not adopted in this paper, since it requires more assump-

12Note that I restrict my attention to the chains whose length are less than 36 months, so there
is no dummy variable for the length which is no less than 36 months.

13For the method to estimate clustered standard errors in the maximum likelihood estimation,
see e.g. [P]robust, particularly the section for maximum likelihood estimators, in the STATA
manual.
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tions, which may not be valid in my case, than a binary logit model: Conditioning on

the different lengths of chains the employees have completed, the choice to renew a

permanent contract with the same employer is not independent with other choices.

In contrast, a binary logit model has fewer assumptions, but can be sufficient to

answer my questions on whether the policy reform affects the stepping stone effects.

4.5 Main Results

Table 4.3 presents the parametric estimates (represented as odds ratios) in a logistic

model for the probabilities of moving from a chain of temporary contracts to a

permanent contract with the same employer (PS) or with a different employer (PD).

The models in the column (1) and (4) only contain the dummy variables for the

chains’ length and the policy reform. The models in the column (2) and (5) contain

both these dummy variables and yearly and monthly dummy variables. The models

in the column (3) and (6) contain all the dummy variables and control variables. As

shown in the first three columns, after controlling the seasonal effect, the estimate of

𝛼1 becomes insignificant and the Wald test of exp(𝛼1) · exp(𝛼2) · exp(𝛼3) = 1 cannot

be rejected any more. However, the estimate of 𝛼2 is still significant and the Wald

test of exp(𝛼1) · exp(𝛼2) = 1 is still rejected. Moreover, incorporating other control

variables does not affect the significance of the dummy variables of interest.

The column (3) of Table 4.3 shows that before the policy reform, for the employee

who has completed a chain of temporary contracts with a length between 12 and 23

months, the odds ratio of signing a permanent contract with the same employer is

151.8% (2.518-1) larger than the odds ratio for an employee who has completed a

chain with length less than 12 months. For the employee who has completed a chain

of temporary contracts with a length between 24 and 35 months, the odds ratio

of signing a permanent contract with the same employer is 39.2% (1.392-1) larger

than the odds ratio for an employee who has completed a chain with length less

than 24 months. Both effects are significant at 1% level. Besides, having temporary

contract renewed one more time decreases the odds ratio by 24.6% (0.754-1) with

1% significance level. These results confirm the finding of Gagliarducci (2005) that
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the probability of moving from a temporary to a permanent contract increases with

the duration of the contract but decreases with repeated temporary jobs. One

explanation is that the employees can accumulate firm-specific human capital during

the job, so the more time they work in the temporary contract, the more likely they

will stay in the company and be offered a permanent contract. However, the number

of renewed temporary contracts may be a bad signal to the employee, since the more

temporary contracts the company offers repeatedly, the more hesitated it will be to

offer a permanent contract. Note that such effect could also be confounded with

the fact that some types of jobs offer shorter temporary contracts much often and

require a higher rate of renewal, and that their probabilities of moving to permanent

contracts are generally low. Being a female decreases the odds ratio by 7.5% (0.925-

1) with 1% significance level, and being an immigrant decreases the odds ratio by

12.9% (0.871-1) with 1% significance level.

For the employee who has completed a chain of temporary contracts with a

length less than 12 months, the policy reform has no significant effect on the odds

ratio of signing a permanent contract with the same employer. However, for the

employee who has completed a chain of temporary contracts with a length between

12 and 23 months, the policy reform significantly increases the odds ratio by 18.8%

(0.930*1.277-1). For the employee who has completed the chain of temporary con-

tracts with the length between 24 and 35 months, the policy reform increases the

odds ratio by 4.15% (0.930*1.277*0.877-1), but the Wald test shows that this effect

is not significant.

Since moving to a permanent contract with a different employer also provides a

channel for the stepping stone effect, I also look into the effect of the policy reform on

its probability. However, as shown in the column (4), the empirical results look very

different. First, for the employee who has completed a chain of temporary contracts

with a length between 24 and 35 months, there is no significant effect of chains’

length on the probability of moving to PD. Second, the Wald test shows that the

policy reform has no significant effect on the employees who has completed a chain

of temporary contracts with a length between 12 and 23 months, but significantly

increases the odds ratio of moving to PD by 24.7% (0.930*1.057*1.211-1). Third,
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having temporary contract renewed one more time has no significant effect on moving

to PD.

Table 4.4 presents the parameter estimates (represented as odds ratios) of lo-

gistic models for the probabilities of moving from the chain of temporary contracts

to other possible states: signing another temporary contract with the same or a

different employer, self-employed as an entrepreneur or unemployed while receiving

unemployed benefit. As shown in the column (1) and column (2), before the policy

reform, for the employee who has completed the chain of temporary contracts with

the length between 12 and 23 months, the odds ratio of moving to a temporary

contract with the same (or a different) employer is 48.6% (or 31.1%) less than the

odds ratio for the employee who has completed the chain with the length less than

12 months. For the employee who has completed the chain of temporary contracts

with the length between 24 and 35 months, the odds ratio of moving to a temporary

contract with the same (or a different) employer is 41.1% (or 26.2%) less than the

employee who has completed the chain with the length less than 24 months. Both

effects are significant at 1% level. For the employee who renews a temporary con-

tract with the same employer after a chain of length less than 12 months, the policy

reform increases the odds ratio by 35.6%. For the employee who renews a temporary

contract with the same employer after a chain of length between 12 and 23 months,

the policy reform increases the odds ratio by 0.34% (1.356*0.740-1). However, the

Wald test shows that this effect is not significant. For the employee who renews a

temporary contract with the same employer after a chain of length between 24 and

36 months, the policy reform reduces the odds ratio by 2.98% (1.356*0.740*0.967-1),

and the Wald test shows the effect is not significant.

The different effects of the policy reform can be explained as follows. For the

employee who finishes the chain of the temporary contract in less than one year, the

initial employer can freely sign a renewed temporary contract, which will not make

the new chain rule come into effect. In this case, the policy reform has little effect

on these groups of employees and does not affect the probabilities for them to be

offered permanent contracts. For the employee who finishes a chain of temporary

contracts that is more than one year but less than two years long, the employer could
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freely offer another one-year temporary contract without activating the chain rule

before the reform. However, after the reform, the employer needs to make decision on

whether to offer a permanent contract, or to offer a much shorter temporary contract,

or to stop hiring. The empirical evidence in Table 4.3 suggests that the employer is

more likely to offer a permanent contract instead of another temporary contract. One

explanation is that while temporary contracts are used by the employers as a “buffer

stock” to adjust to economic fluctuations and avoid labour market inflexibilities,

they also function as a device for screening employees’ abilities. If screening can

be completed during a temporary contract of no more than one year and employers

decide to continually hire that person, they are more willing to forego the benefit

from “buffer stocks” and offer a permanent contract directly when the policy reform

asks them to make decision one year sooner.

For the employees who have completed a chain of temporary contracts that is

more than two years but less than three years long, the employers have two choices

before the policy reform if they want to retain the employees thereafter: to offer a

temporary contract of less than one year followed by a continued permanent contract

or to directly offer a permanent contract. After the policy reform, however, the

employers cannot choose the first option. The empirical results show that the policy

reform only affects the employers’ choices slightly. It means that before the policy

reform, for the employees who have completed a chain of temporary contracts with

the length between two and three years, their abilities have been fully observed

and their employers can already make decisions on whether to retain them in a

long term. If the answer is yes, employers were mostly willing to offer permanent

contracts directly instead of very short renewed temporary contract: retaining their

productive employees with permanent contracts while forgoing the very small benefit

from “buffer stocks” that are less than one year. For this type of employees, the

policy reform has no effect, since their employers will offer permanent contracts

anyway. However, if the answer is no, employers may still want to acquire some small

benefit from a “buffer stock” by offering a short-term temporary contract. However,

since employersâĂŹ willingnesses to offer permanent contracts are very low, even

after the policy reform that requires making decisions one-year sooner, they are

88



less likely to obtain permanent contracts. It also means that for these groups of

employees, renewing another short-term temporary contract does not enhance their

opportunities to be hired with permanent contracts, since their abilities have been

fully observed within two years of temporary contracts.

4.6 Robustness Check

In this section, I first provide the robustness check for the choice of bandwidth in

the RD design. Table 4.5 presents the estimation results when different numbers

of months before or after the policy reform are used. The columns (1)-(6) present

the estimation results when the data of 12, 6, 5, 4, 3 or 2 months before or after

the policy reform is used in the RD design. If we compare the column (2) and (3),

when data in January and December is included in the estimation, the effect of

the policy reform on the employees who have completed chains between 1 and 11

months becomes significant, increasing the odds ratio of moving to PS with 30.1%.

When more than two months are chosen as the bandwidth, the effects of the policy

reform on the employees who have completed chains between 12 and 23 months have

the similar magnitude and the Wald tests indicate that they are all significant. It

also suggests that there is no significant evidence that anticipation effect exists two

months before the effectiveness of the policy reform. Otherwise, we would see a

decreasing magnitude of the policy effect as we shrink the bandwidth of the data.

When 2 months are chosen as the bandwidth, the Wald test indicates that this policy

effect is less significant, but it still has the right sign: increasing the odds ratio by

10.4% (0.936*1.179-1). It may suggest that there is some anticipation effect for

the chains which terminate just before the policy reform. During these two months

ahead, instead of utilizing the old rule, some employers are inclined to apply the new

rule and become more willing to offer a permanent contract directly if they want to

retain the employee who has finished the chain between 12 and 23 months.

Table 4.6 conducts two placebo tests on the timing of the policy reform. Since

there is a strong seasonal effect on the probability of moving from temporary con-

tracts to permanent contracts, it is necessary to make sure that the change in July
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2015 is due to the policy reform instead of the monthly effect in July of each year. In

the columns (1) and (2), I construct a dummy variable as if there is a policy reform

in July 2014 and use the data of chains stopping in between February and November

of 2014. In the columns (3) and (4), I construct a dummy variable as if there is a

policy reform in July 2016 and use the data of chains stopping in between February

and November of 2016. Both the point estimation and Wald tests show that there

is no significant effect of policy reform on the odds ratios of moving from a chain

to a permanent contract with the same employer. Therefore, it can be concluded

that the policy effect I found previously are not due to a particular monthly effect

in July.

As shown in Figure 4-5, for the employees who have completed the chains of

lengths between 18 and 23 months, the change in the percentage of renewing a

permanent contract before or after the policy reform is less obvious than it for the

the employees who have completed the chains of lengths between 12 and 17 months.

To check whether the policy effects on the chains of 12-23 months found in Table

4.3 are actually effects for the chains of 12-17 months only, I add another dummy

variable for the chainsâĂŹ length longer than 18 months in the regression 4.1. The

results in Table 4.7 show that the policy effect on the employees who have completed

the chains of 18-23 months is still significant.

There is some concern that the policy change may affect the young and old

differently. I check this by adding age, age square, and their interactions with the

dummy for policy reform in the regression 4.1. However, as shown in the column

(2) of Table 4.8, the coefficients of the interaction terms are not significant. In the

column (3) of this table, I add dummies for age groups and their interactions with

the dummy for policy. However, the coefficients of the interaction terms are not

significant, either. Therefore, I find no evidence that the policy change affects the

young and old differently.

As mentioned in the Section 4.2.2, the chain rule also applies to the employment

contracts with the employees who have worked no less than 12 hours per week, so

I also check the estimation results when part-time temporary contracts with no less

than 12 working hours per week are included in the sample. As shown in the Table
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4.9, the main estimation results are similar to the ones when only full-time tem-

porary contracts are considered. For the employee who has completed the chain of

temporary contracts with the length between 12 and 23 months, the policy reform

increases the odds ratio of moving to permanent contracts by 38.8% (1.097*1.265-

1) with 1% significance level. However, for the employee who has completed the

chain of temporary contracts with the length between 24 and 35 months, the pol-

icy reform increases the odds ratio of moving to permanent contracts by 23.6%

(1.097*1.265*0.891-1) with 1% significance level.

In the previous section, I only focus on the effect of the policy reform on the

probability of moving to the permanent contract after the chains of temporary con-

tracts terminate. It would be plausible that the policy reform also affects the lengths

of the renewed contracts offered by the employers. Firstly, because the new chain

rule could be foreseen from 2014 but only applies to the temporary contracts that

are signed after 1st July 2015, the employers who only wants to offer temporary

contracts might offer a longer renewed temporary contract before 1st July 2015 to

utilize the old rule as much as possible. Secondly, since the requirement on the

chains’ length in the chain rule is shortened by one year after the policy reform,

the employers could be more willing to offer a shorter renewed temporary contract

after 1st July 2015 if they want to avoid the new policy. I test this hypothesis by

checking the difference in the empirical cumulative distribution functions (CDFs) of

the length of the renewed contract offered by the same employer after a chain of

temporary contracts terminates before or after the policy reform. Figure 4-6 plots

the CDFs based on different lengths of the chains when they terminate, while the left

and right columns are for the chains terminate before or after the policy reform. The

dash lines indicate that the sum of the renewed contract’s length and the previous

chain’s length already exceeds the length requirement for the chain rule to come into

effect (36 months before the policy reform and 24 months after the policy reform).

Note that if the renewed contract is a permanent one, its length is treated as infinity,

so the line of the CDF converges to the fraction of all the renewed contracts as a

temporary one. The flattened dash lines indicate that only a small fraction of the

renewed contracts are recorded as temporary ones even when their lengths actually
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trigger the effectiveness of the chain rule. The Kolmogorov-Smirnov test is used to

check the equality of the length distributions of the renewed temporary contracts

before or after the policy reform. As shown in Table 4.10, only for the chains whose

lengths are between 9 and 10 months, the one-sided test is significant at 5% level

and the two-sided test is significant at 10% level, and for the chains whose lengths

are between 15 and 16 months, the one-sided test is significant at 10% level. For the

chains with other lengths, I find no significant difference in the length distributions

of the renewed temporary contracts before or after the policy reform. Therefore,

the hypothesis that the employers are more willing to offer a much longer renewed

temporary contract before the policy reform or a much shorter one after the policy

reform is not supported by the data.

The intention of the policy reform in the chain rule is to improve the legal po-

sition of flexible workers and discourage the improper and prolonged use of flexible

employment relationships. However, under the more restricted rule, it would also be

plausible that employers become more prudent to offer temporary contracts and that

the chances for young people or unemployed workers to start career with temporary

contracts become much lower. Figure 4-7 depicts the total number of temporary

contracts signed with a new employer in each month in the sample. The left-hand

side of the vertical red line presents the months before the policy reform, while the

right-hand side of the red line presents the months after the policy reform. The fig-

ure shows that the total number of newly started temporary contracts is usually the

highest in January and the lowest in December among a year. Moreover, the total

numbers of temporary contracts starting from July to November of 2015 are similar

to the total numbers of temporary contracts starting from February to June of 2015.

Figure 4-8 presents the monthly percentage of signing a temporary working contract

after receiving unemployed benefits. The vertical red line represents the month when

the policy reform takes effect. As shown in the figure, I find no evidence that the

chance for the unemployed person to obtain initial temporary contracts becomes

much lower after the policy reform.
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4.7 Conclusion

This paper studies how the recent policy reform of tightening the length restrictions

on the renewed temporary contracts affects the probability of moving to permanent

contracts, also known as the stepping stone effect. The empirical evidence shows

that the policy reform can strengthen the stepping stone effect, although it may

have heterogeneous effects on the employees who finish the chain of temporary con-

tracts with different lengths. For the employee who finishes a chain in less than

12 months, the policy reform has no significant effect. However, for the employee

who finishes a chain between 12 months and 23 months, the policy reform signifi-

cantly accelerates the stepping stone effect, increasing the odds ratio of moving to

permanent contracts by 18.8%. For the employee who finishes a chain between 24

months and 35 months, the policy reform increases the odds ratio only by 4.15%,

but this effect is not significant. Given the existing data, I find no evidence that the

employers are more willing to offer a shorter renewed temporary contract after the

policy reform. I also find no evidence that the chances for the unemployed persons

to obtain initial temporary contracts become lower due to the policy reform. These

results imply that for the employees who have completed a chain of temporary con-

tracts with a length between one and two years, the more restricted chain rule after

the policy reform forces the employer to sign a permanent contract much sooner

without interrupting the functioning of temporary contracts as a screening proce-

dure. If employers decide to continually hire their employees, they are more willing

to forego the benefit from temporary contracts as “buffer stocks” and offer a perma-

nent contract directly when the policy reform asks them to make a decision one year

sooner. For the employees who have completed a chain of temporary contracts with

a length between two and three years, they are more likely to be offered permanent

contracts directly even before the policy reform if their employers want to retain

them in a long period, since their abilities have been fully observed within two years

of temporary contracts and there is little benefit left from another very short “buffer

stockâĂŹâĂŹ. For the other employees who their employers do not want to retain

in a long period, renewing another short-term temporary contract does not enhance
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their opportunities to be hired with permanent contracts. Therefore, the policy re-

form that restricts employers from renewing another less than one-year temporary

contract after a chain of more than two-year temporary contracts has no significant

effect on the stepping stone effect. To obtain a full picture of how this policy reform

affects the overall labour market in the Netherlands, there is still a need for more

data after 2016, which leads to my future research.
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Table 4.1: Descriptive Statistics for the Chains of Temporary Contracts and Indi-
viduals

Whole Sample Before Policy After Policy
Chains of Temporary Contracts
Total Number 54,801 26,460 28,341

Number of Temporary Contracts
Consisted of (%)

1 92.23 92.40 92.07
2 6.88 6.66 7.08
3 0.89 0.94 0.85

Length (%)
1 - 11 months 44.95 44.89 45.01
12 - 23 months 35.07 34.31 35.79
24 - 35 months 16.38 17.93 14.93

Monthly Average Salary (%)
500-1500 13.48 14.99 12.07
1500-2000 23.19 23.50 22.90
2000-2500 22.92 22.43 23.38
2500-3500 24.19 23.53 24.82
3500-10000 16.21 15.55 16.83

Sectors (%)
Culture 1.30 1.38 1.22
Finanicial & Economic 23.58 23.87 23.31
Industrial 17.60 18.14 17.10
IT 0.66 0.77 0.55
Governement 0.50 0.52 0.48
Transport 24.46 24.86 24.09
Healthcare 2.53 2.52 2.54
Construction 0.20 0.22 0.19
Unknown 29.18 27.74 30.52

Individuals
Total Number 44,423 24,027 25,561

Age (%)
18-24 32.49 30.78 34.52
25-34 29.39 31.14 28.04
35-44 21.51 21.26 21.41
45-54 13.84 13.91 13.50
55+ 2.76 2.92 2.53

Male (%) 74.84 75.08 75.48

Immigrant (%) 8.05 8.21 7.69

Education level (%)
Low 32.57 31.86 33.43
Medium 45.07 45.05 45.24
High 22.36 23.09 21.33
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Table 4.2: Average Percentages of Destinations after the Chains Terminate

Length of Chains
Destination (in %) 1 - 11 months 12 - 23 months 24 - 35 months

Before After Before After Before After
Temporary Contract

Different Employer (TD) 29.16 31.18 21.29 20.84 16.68 17.99
Same Employer (TS) 8.17 8.83 4.61 3.78 3.10 2.63

Permanent Contract
Different Employer (PD) 8.89 8.20 8.54 8.29 8.93 10.20
Same Employer (PS) 17.65 19.72 38.62 46.74 46.34 50.06

Entrepreneur (EN) 2.43 2.38 1.67 1.23 1.69 1.50

Unemployed Benefit 20.23 16.40 17.66 12.23 16.54 10.58
Receiving (UB)

Rest 13.46 13.30 7.62 6.88 6.73 7.05

Total Number 11879 12756 9544 11132 5037 4453

Note: The sample before the policy reform contains the chains the employees have accumulated
when their current temporary contracts terminate in the period from Jan 2014 to Jun 2015. The
sample after the policy reform contains the chains the employees have accumulated when their
current temporary contracts terminate in the period from Jul 2015 to Nov 2016.
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Figure 4-5: Discontinuity of the Stepping Stone Effects at the Policy Reform

Note: These figures draw the percentages of employees who renew permanent contracts with the
same employers after their current temporary contracts terminates. They are categorized into six
groups based on the different lengths of the chains the employees have accumulated when their
current temporary contracts end. The vertical red line represents July 2015, the month when the
policy reform takes effect.
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Table 4.3: Parametric Estimates in Logistic Model for Transitions to PS and PD

(1) (2) (3) (4) (5) (6)
PS PS PS PD PD PD

Length≥12 2.935*** 2.939*** 2.518*** 0.957 0.953 0.886**
(0.0943) (0.0946) (0.0832) (0.0472) (0.0471) (0.0445)

Length≥24 1.372*** 1.372*** 1.392*** 1.051 1.055 1.061
(0.0484) (0.0486) (0.0520) (0.0647) (0.0650) (0.0660)

Post Reform 1.146*** 0.981 0.930 0.916* 0.982 0.974
(0.0377) (0.0474) (0.0460) (0.0421) (0.0703) (0.0698)

(Length≥12)×PostReform 1.217*** 1.226*** 1.277*** 1.058 1.056 1.057
(0.0529) (0.0534) (0.0567) (0.0720) (0.0720) (0.0722)

(Length≥24)×PostReform 0.832*** 0.824*** 0.877** 1.195** 1.191** 1.211**
(0.0417) (0.0415) (0.0466) (0.103) (0.103) (0.105)

# Temp Contracts 0.754*** 1.057
(0.0248) (0.0541)

Female 0.925*** 0.902***
(0.0226) (0.0345)

Immigrant 0.871*** 0.856**
(0.0338) (0.0527)

Constant 0.214*** 0.277*** 0.138*** 0.0976*** 0.0803*** 0.0608***
(0.00523) (0.00974) (0.00887) (0.00325) (0.00442) (0.00575)

Control for
Education No No Yes No No Yes
Age No No Yes No No Yes
Sector No No Yes No No Yes
Monthly Average Salary No No Yes No No Yes
Monthly Dummy No Yes Yes No Yes Yes
Yearly Dummy No Yes Yes No Yes Yes

N 54,801 54,801 54,801 54,801 54,801 54,801

Wald Test
exp(𝛼1) exp(𝛼2) = 1 137.9*** 16.04*** 13.16*** 0.409 0.223 0.141

p-value 0 6.20e-05 0.000286 0.522 0.637 0.707
exp(𝛼1) · · · exp(𝛼3) = 1 13.01*** 0.0276 0.513 4.347** 5.495** 5.908**

p-value 0.000309 0.868 0.474 0.0371 0.0191 0.0151

Note: The coefficients are reported as odds ratios. Pre-reform period: Jan 2014-Jun 2015. Post-
reform period: Jul 2015-Nov 2016. Clustered standard errors by individuals are provided in paren-
theses. *** Denotes significance at the 1% level, ** denotes significance at the 5% level and *
denotes significance at the 10% level.
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Table 4.4: Parametric Estimates in Logistic Model for Transitions to TS, TD, EN
and UB

(1) (2) (3) (4)
TS TD EN UB

Length≥12 0.514*** 0.689*** 0.652*** 0.954
(0.0321) (0.0230) (0.0667) (0.0351)

Length≥24 0.589*** 0.738*** 1.037 0.946
(0.0591) (0.0343) (0.141) (0.0454)

Post Reform 1.356*** 0.987 1.008 1.022
(0.126) (0.0467) (0.141) (0.0569)

(Length≥12)×Post Reform 0.740*** 0.873*** 0.759* 0.816***
(0.0642) (0.0390) (0.109) (0.0430)

(Length≥24)×Post Reform 0.967 1.136* 1.216 0.851**
(0.144) (0.0745) (0.247) (0.0641)

# Contracts 2.088*** 0.980 1.095 1.114***
(0.116) (0.0349) (0.121) (0.0431)

Female 1.034 0.946** 0.674*** 1.177***
(0.0478) (0.0235) (0.0583) (0.0351)

Immigrant 1.042 0.852*** 1.427*** 1.217***
(0.0740) (0.0343) (0.152) (0.0514)

Constant 0.184*** 0.356*** 0.0139*** 0.111***
(0.0174) (0.0223) (0.00268) (0.00791)

Control for
Education Yes Yes Yes Yes
Age Yes Yes Yes Yes
Sector Yes Yes Yes Yes
Monthly Average Salary Yes Yes Yes Yes
Monthly Dummy Yes Yes Yes Yes
Yearly Dummy Yes Yes Yes Yes

N 54,801 54,801 54,801 54,801

Wald Test
exp(𝛼1) · exp(𝛼2) = 1 0.00138 8.272*** 2.617 9.426***

p-value 0.970 0.00403 0.106 0.00214
exp(𝛼1) · exp(𝛼2) · exp(𝛼3) = 1 0.0410 0.0921 0.131 20.25***

p-value 0.840 0.761 0.717 6.80e-06

Note: The coefficients are reported as odds ratios. Pre-reform period: Jan 2014-Jun 2015. Post-
reform period: Jul 2015-Nov 2016. Clustered standard errors by individuals are provided in paren-
theses. *** Denotes significance at the 1% level, ** denotes significance at the 5% level and *
denotes significance at the 10% level.
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Table 4.5: Sensitivity Checks: Different Bandwidth Choices in RD Design

(1) (2) (3) (4) (5) (6)
Choice of Bandwidth 12 months 6 months 5 months 4 months 3 months 2 months
Length≥12 2.484*** 2.508*** 2.538*** 2.448*** 2.460*** 2.598***

(0.0964) (0.145) (0.163) (0.173) (0.202) (0.257)
Length≥24 1.405*** 1.384*** 1.446*** 1.459*** 1.398*** 1.478***

(0.0625) (0.0928) (0.106) (0.118) (0.132) (0.165)
Post Reform 1.014 1.301*** 1.007 0.886 1.049 0.936

(0.0396) (0.106) (0.102) (0.0922) (0.117) (0.113)
(Length≥12)×PostReform 1.303*** 1.244*** 1.331*** 1.354*** 1.360*** 1.179

(0.0680) (0.0922) (0.116) (0.131) (0.153) (0.162)
(Length≥24)×PostReform 0.881** 0.862* 0.800** 0.814* 0.866 0.884

(0.0548) (0.0761) (0.0820) (0.0926) (0.113) (0.140)
# Contracts 0.764*** 0.784*** 0.835*** 0.852** 0.878 0.821*

(0.0293) (0.0425) (0.0533) (0.0610) (0.0724) (0.0827)
Female 0.928*** 0.898*** 0.922* 0.940 0.907 0.923

(0.0266) (0.0361) (0.0437) (0.0492) (0.0552) (0.0678)
Immigrant 0.892** 0.894* 0.923 0.925 0.941 0.931

(0.0409) (0.0575) (0.0688) (0.0778) (0.0923) (0.111)
Constant 0.138*** 0.129*** 0.107*** 0.0999*** 0.0876*** 0.116***

(0.0102) (0.0141) (0.0137) (0.0138) (0.0138) (0.0210)
Control for

Education Yes Yes Yes Yes Yes Yes
Age Yes Yes Yes Yes Yes Yes
Sector Yes Yes Yes Yes Yes Yes
Monthly Average Salary Yes Yes Yes Yes Yes Yes
Monthly Dummy Yes Yes Yes Yes Yes Yes
Yearly Dummy Yes No No No No No

N 39,225 19,534 14,335 11,614 8,688 5,831

Wald Test
exp(𝛼1) exp(𝛼2) = 1 63.80*** 38.67*** 8.857*** 3.501* 12.03*** 0.870

p-value 0 5.01e-10 0.00292 0.0613 0.000525 0.351
exp(𝛼1) · · · exp(𝛼3) = 1 8.584*** 12.38*** 0.347 0.0401 2.596 0.0305

p-value 0.00339 0.000434 0.556 0.841 0.107 0.861

Note: The coefficients are reported as odds ratios of moving to a permanent contract with the same
employer (PS). Clustered standard errors by individuals are provided in parentheses. *** Denotes
significance at the 1% level, ** denotes significance at the 5% level and * denotes significance at
the 10% level.
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Table 4.6: Placebo Test for July 2014 and July 2016

Jul 2014 Jul 2016
PS PD PS PD

Length≥12 2.591*** 0.748*** 3.385*** 0.964
(0.183) (0.0738) (0.200) (0.0869)

Length≥24 1.319*** 1.075 1.373*** 1.097
(0.103) (0.136) (0.0992) (0.130)

Post Reform 1.159 0.687** 1.044 0.786
(0.129) (0.109) (0.102) (0.118)

(Length≥12)×Post Reform 0.949 1.178 0.936 0.906
(0.0918) (0.162) (0.0764) (0.114)

(Length≥24)×Post Reform 1.130 0.950 0.853 1.383*
(0.122) (0.168) (0.0902) (0.232)

# Contracts 0.817*** 1.331*** 0.719*** 0.965
(0.0570) (0.119) (0.0439) (0.0882)

Female 0.914* 0.915 0.973 0.912
(0.0477) (0.0680) (0.0443) (0.0639)

Immigrant 0.929 0.910 0.805*** 0.924
(0.0727) (0.104) (0.0596) (0.104)

Constant 0.0680*** 0.0720*** 0.115*** 0.0743***
(0.00937) (0.0124) (0.0144) (0.0132)

Control for
Education Yes Yes Yes Yes
Age Yes Yes Yes Yes
Sector Yes Yes Yes Yes
Monthly Average Salary Yes Yes Yes Yes
Monthly Dummy Yes Yes Yes Yes

N 13,369 13,369 15,428 15,428

Wald Test
exp(𝛼1) · exp(𝛼2) = 1 0.809 1.608 0.0618 4.734**

p-value 0.368 0.205 0.804 0.0296
exp(𝛼1) · exp(𝛼2) · exp(𝛼3) = 1 3.163* 1.851 2.350 0.00706

p-value 0.0753 0.174 0.125 0.933

Note: The coefficients are reported as odds ratios. In the placebo test for Jul 2014, the pre-reform
period is Feb-Jun 2014 and post-reform period is Jul-Nov 2014. In the placebo test for Jul 2016,
the pre-reform period is Feb-Jun 2016 and post-reform period is Jul-Nov 2016. Clustered standard
errors by individuals are provided in parentheses. *** Denotes significance at the 1% level, **
denotes significance at the 5% level and * denotes significance at the 10% level.
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Table 4.7: Table for Different Grouping on Chains’ Lengths

(1) (2) (3) (4) (5) (6)
PS PD TS TD EN UB

Length≥12 2.606*** 0.862*** 0.481*** 0.672*** 0.605*** 0.967
(0.0943) (0.0491) (0.0361) (0.0258) (0.0718) (0.0403)

Length≥18 0.901** 1.084 1.191* 1.075 1.241 0.962
(0.0423) (0.0844) (0.123) (0.0574) (0.206) (0.0562)

Length≥24 1.493*** 1.007 0.528*** 0.705*** 0.902 0.970
(0.0732) (0.0806) (0.0621) (0.0406) (0.154) (0.0596)

Post Reform 0.931 0.974 1.355*** 0.987 1.007 1.022
(0.0461) (0.0698) (0.126) (0.0467) (0.141) (0.0569)

(Length≥12)×Post Reform 1.152*** 1.036 0.873 0.924 0.833 0.838***
(0.0565) (0.0811) (0.0902) (0.0478) (0.141) (0.0508)

(Length≥18)×Post Reform 1.329*** 1.044 0.645*** 0.858** 0.764 0.935
(0.0829) (0.110) (0.0967) (0.0619) (0.187) (0.0789)

(Length≥24)×Post Reform 0.732*** 1.182 1.269 1.251*** 1.448 0.886
(0.0493) (0.129) (0.223) (0.100) (0.371) (0.0822)

# Contracts 0.752*** 1.053 2.092*** 0.981 1.091 1.117***
(0.0248) (0.0540) (0.117) (0.0349) (0.120) (0.0432)

Female 0.924*** 0.902*** 1.034 0.946** 0.673*** 1.177***
(0.0226) (0.0345) (0.0478) (0.0235) (0.0583) (0.0351)

Immigrant 0.872*** 0.856** 1.042 0.851*** 1.426*** 1.217***
(0.0339) (0.0527) (0.0740) (0.0343) (0.152) (0.0514)

Constant 0.138*** 0.0610*** 0.183*** 0.356*** 0.0140*** 0.111***
(0.00889) (0.00577) (0.0174) (0.0223) (0.00269) (0.00789)

Control for
Education Yes Yes Yes Yes Yes Yes
Age Yes Yes Yes Yes Yes Yes
Sector Yes Yes Yes Yes Yes Yes
Monthly Average Salary Yes Yes Yes Yes Yes Yes
Monthly Dummy Yes Yes Yes Yes Yes Yes
Yearly Dummy Yes Yes Yes Yes Yes Yes

N 54,801 54,801 54,801 54,801 54,801 54,801

Wald Test
exp(𝛼1) exp(𝛼2) = 1 1.811 0.0102 1.892 2.525 0.863 5.435**

p-value 0.178 0.608 0.832 0.754 0.353 0.0197
exp(𝛼1) exp(𝛼2) exp(𝛼3) = 1 31.47*** 0.263* 3.567 12.57 3.846 7.502***

p-value 2.03e-08 0.0154 0.169 0.112 0.710 0.00616
exp(𝛼1) · · · exp(𝛼4) = 1 0.542 5.867 0.0451 0.0982*** 0.138** 20.23***

p-value 0.461 0.919 0.0589 0.000391 0.0499 6.85e-06

Note: The coefficients are reported as odds ratios. Pre-reform period: Jan 2014-Jun 2015. Post-
reform period: Jul 2015-Nov 2016. Clustered standard errors by individuals are provided in paren-
theses. *** Denotes significance at the 1% level, ** denotes significance at the 5% level and *
denotes significance at the 10% level.
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Table 4.8: Table for Age Effects

(1) (2) (3)
PS PS PS

Length≥12 2.518*** 2.511*** 2.514***
(0.0832) (0.0830) (0.0831)

Length≥24 1.392*** 1.393*** 1.392***
(0.0520) (0.0520) (0.0520)

Post Reform 0.930 0.737 0.988
(0.0460) (0.166) (0.149)

(Length≥12)×Post Reform 1.277*** 1.279*** 1.279***
(0.0567) (0.0569) (0.0568)

(Length≥24)×Post Reform 0.877** 0.877** 0.877**
(0.0466) (0.0466) (0.0466)

# Temp Contracts in the Chain 0.754*** 0.756*** 0.754***
(0.0248) (0.0249) (0.0248)

Female 0.925*** 0.923*** 0.924***
(0.0226) (0.0226) (0.0226)

Immigrant 0.871*** 0.870*** 0.872***
(0.0338) (0.0339) (0.0339)

Constant 0.138*** 0.231*** 0.140***
(0.00887) (0.0411) (0.00923)

Age(25-34) 0.806*** 0.811***
(0.0216) (0.0304)

Age(35-44) 0.664*** 0.632***
(0.0206) (0.0272)

Age(45-54) 0.574*** 0.546***
(0.0205) (0.0275)

Age(55+) 0.337*** 0.322***
(0.0256) (0.0332)

Age(18-24)×Post Reform 0.915
(0.136)

Age(25-34)×Post Reform 0.900
(0.134)

Age(35-44)×Post Reform 1.001
(0.151)

Age(45-54)×Post Reform 1.005
(0.155)

Age 0.977**
(0.0101)

Age×Age 1.000
(0.000143)

Age×Post Reform 1.010
(0.0136)

Age×Age×Post Reform 1.000
(0.000189)

Control for
Education Yes Yes Yes
Sector Yes Yes Yes
Monthly Average Salary Yes Yes Yes
Monthly Dummy Yes Yes Yes
Yearly Dummy Yes Yes Yes

N 54,801 54,801 54,801
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Table 4.9: Parametric Estimates in Logistic Model: Including Part-time Temporary
Contracts

(1) (2) (3) (4) (5) (6)
PS PD TS TD EN UB

Length≥12 2.819*** 0.819*** 0.584*** 0.649*** 0.906 1.034
(0.0747) (0.0304) (0.0271) (0.0163) (0.0646) (0.0291)

Length≥24 1.454*** 0.963 0.628*** 0.726*** 0.830* 1.002
(0.0439) (0.0469) (0.0466) (0.0263) (0.0830) (0.0374)

Post Reform 1.097*** 0.915*** 1.108*** 1.108*** 1.105* 0.783***
(0.0293) (0.0295) (0.0400) (0.0232) (0.0643) (0.0200)

(Length≥12)×PostReform 1.265*** 1.038 0.784*** 0.900*** 0.753*** 0.861***
(0.0449) (0.0521) (0.0502) (0.0302) (0.0734) (0.0344)

(Length≥24)×PostReform 0.891*** 1.266*** 1.035 1.081 1.411** 0.835***
(0.0381) (0.0863) (0.112) (0.0554) (0.202) (0.0485)

# Contracts 0.683*** 1.265*** 1.674*** 1.214*** 0.903 0.904***
(0.0165) (0.0383) (0.0613) (0.0268) (0.0590) (0.0248)

Female 1.110*** 1.117*** 0.951 0.892*** 0.698*** 1.092***
(0.0196) (0.0289) (0.0301) (0.0157) (0.0359) (0.0229)

Immigrant 0.856*** 0.859*** 1.024 0.883*** 1.198** 1.170***
(0.0259) (0.0395) (0.0525) (0.0262) (0.0898) (0.0376)

Constant 0.154*** 0.0560*** 0.208*** 0.344*** 0.0189*** 0.110***
(0.00684) (0.00333) (0.0130) (0.0140) (0.00228) (0.00558)

Control for
Education Yes Yes Yes Yes Yes Yes
Age Yes Yes Yes Yes Yes Yes
Sector Yes Yes Yes Yes Yes Yes
Monthly Average Salary Yes Yes Yes Yes Yes Yes
Monthly Dummy Yes Yes Yes Yes Yes Yes
Yearly Dummy Yes Yes Yes Yes Yes Yes

N 98,071 98,071 98,071 98,071 98,071 98,071

Wald Test
exp(𝛼1) exp(𝛼2) = 1 182.5*** 1.640 6.825*** 0.0156 5.335** 155.2***

p-value 0 0.200 0.00899 0.901 0.0209 0
exp(𝛼1) · · · exp(𝛼3) = 1 35.25*** 10.74*** 1.276 2.903* 1.784 136.7***

p-value 2.90e-09 0.00105 0.259 0.0884 0.182 0

Note: The coefficients are reported as odds ratios. Pre-reform period: Jan 2014-Jun 2015. Post-
reform period: Jul 2015-Nov 2016. Clustered standard errors by individuals are provided in paren-
theses. *** Denotes significance at the 1% level, ** denotes significance at the 5% level and *
denotes significance at the 10% level.
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Figure 4-6: The Empirical CDF of the Length of the Renewed Contract

Note: The left column draws the empirical CDF of the length of the renewed contract after
different lengths of the previous chains ending between Jan 2014 and Jun 2015. The dash line
indicates the sum of the renewed contract’s length and the previous chain’s length already exceeds
36 months. The right column draws the empirical CDF of the length of the renewed contract after
different lengths of the chains ending between Jul 2015 and Nov 2016. The dash line indicates the
sum of the renewed contract’s length and the previous chain’s length already exceeds 24 months.
If the renewed contract is a permanent contract, its length is treated as infinity.
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Table 4.10: Kolmogorov-Smirnov Equality-of-distributions Test

Length of Chains (in Months)
3-4 6-7 9-10 12-13 15-16 18-19 21-22

Test for (1) < (2)
Largest difference 0.0166 0.0572 0.0210 0.0030 0.0613 0.0641 0.0061
p-value 0.9375 0.5281 0.9390 0.9989 0.7566 0.7820 0.9981

Test for (1) > (2)
Largest difference -0.0786 -0.1034 -0.1469** -0.1064 -0.1772* -0.1866 -0.1430
p-value 0.2367 0.1240 0.0458 0.2705 0.0972 0.1247 0.3530

Combined test
Largest difference 0.0786 0.1034 0.1469* 0.1064 0.1772 0.1866 0.1430
p-value 0.4671 0.2476 0.0916 0.5303 0.1942 0.2490 0.6750
Corrected p-value 0.4229 0.2109 0.0709 0.4700 0.1485 0.1910 0.5970

Note: Group (1) refers to the chains ending between Jan 2014 and Jun 2015, and group (2) refers
to the chains ending between Jul 2015 and Nov 2016. ** denotes significance at the 5% level and
* denotes significance at the 10% level.

Figure 4-7: Total Number of Newly Signed Temporary Contracts

Note: The vertical red line represents the date when the policy reform takes effect.
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Figure 4-8: Incidence of Temporary Contracts

Note: the vertical axis shows the monthly percentage of signing a temporary working
contract after receiving unemployed benefits. The vertical red line represents the date
when the policy reform takes effect.
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