
  

 

 

Tilburg University

Essays on mixed hitting time models

Yu, Yifan

DOI:
10.26116/center-lis-1901

Publication date:
2019

Document Version
Publisher's PDF, also known as Version of record

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Yu, Y. (2019). Essays on mixed hitting time models. [Doctoral Thesis, Tilburg University]. CentER, Center for
Economic Research. https://doi.org/10.26116/center-lis-1901

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 23. May. 2023

https://doi.org/10.26116/center-lis-1901
https://research.tilburguniversity.edu/en/publications/424136bb-a84b-4c8f-b7ba-38e28cbfe0fe
https://doi.org/10.26116/center-lis-1901


Essays on Mixed Hitting-Time Models

Proefschrift

ter verkrijging van de graad van doctor aan Tilburg University op gezag van de rector magnificus,

prof.dr. E.H.L. Aarts, in het openbaar te verdedigen ten overstaan van een door het college voor

promoties aangewezen commissie in de aula van de Universiteit op vrijdag 12 april 2019 om 13.30

uur door

Yifan Yu

geboren op 27 juni 1984 te Hangzhou, China.



Promotores: Prof. dr. Jaap H. Abbring

Prof. dr. Peter M. Kort

Promotiecommissie: Prof. dr. Bas van der Klaauw

Prof. dr. Roger J.A. Laeven

Prof. dr. Bas J.M. Werker



Acknowledgments

This dissertation contains my work as a Ph.D. student at Department of Econometrics & OR in

Tilburg University. Living in the Netherlands and studying in Tilburg have been a life-changing

experience for me. There are moments of joys and regrets, achievements and disappointments,

opportunities and challenges. Looking back, I have been guided and helped by people without

whom it would be impossible for me to complete this journey.

First and foremost, I am deeply indebted to my supervisor Prof. Jaap Abbring for his dedication

and constant support over these years. His advice on both my research as well as my career has

been invaluable. Jaap is an incredibly smart person with a good sense of humor. During our weekly

meetings, his sharp remarks and clear intuition always guide me to the most promising direction of

research. His modest and pragmatic attitude toward research constantly influences me, making me

more patient and determined with the current projects. Jaap is optimistic and always has faith in

me even when I was doubting myself. He gave me much freedom to explore new topics and nurtured

me to be an independent researcher. It has been a privilege to have Jaap as my supervisor. And I

hope to have further opportunities to keep working with and learning from him.

I would also like to express my gratitude to my second supervisor Prof. Peter Kort. He has

been extremely kind and helpful to me ever since he agreed to be the second reader of my master

thesis. As an expert in real options, Peter always had an open door for me when I was troubled by

the technical details about optimal stopping problems. I benefit a lot from his patient explanations

and insightful discussions.

It is a great honor for me to have Prof. Bas van der Klaauw, Prof. Roger Laeven and Prof.

iii



iv ACKNOWLEDGMENTS

Bas Werker in my Ph.D. committee. Their constructive comments and suggestions during the

pre-defence were very helpful and led to this improved version of my dissertation.

I would like to thank the Department of Econometrics & OR for offering an excellent working

environment and scientific research atmosphere. My special thanks go to my reference Tobias Klein

and all the members from the CentER job placement committee for their suggestions and supports

during the stressful period of my job searching. I am truly grateful to our secretaries, Anja H.,

Anja M., Heidi and Lenie, and management assistant Korine, for their impeccable assistance and

organizations. The research in this thesis is financially supported by the Netherlands Organisation

for Scientific Research (NWO) through Vici grant 453-11-002.

My sincere gratitudes go to Bart, Jaap and Tobias for organizing the structural econometrics

group lunch meetings. They serves as an amazing platform for students to share research ideas,

to practice presentation skills, and to get feedbacks from both senior researchers as well as fellow

students. I benefit a lot from presenting my own work and receiving comments from the participants.

Besides three organizers, I am especially grateful to have inspiring discussions with Yufeng Huang,

Jan Kabatek, Stefen Hubner, Yan Xu, Bas van Heiningen, Renata Rabovic and Chen He.

Being surrounded by friends made my life at Tilburg colorful and memorable. I am thankful to

Hailong Bao, Zhenzhen Fan, Zhuojiong Gan, Di Gong, Chen He, Yi He, Yufeng Huang, Xu Lang,

Jinghua Lei, Hong Li, Geng Niu, Chen Sun, Ruixin Wang, Xiaoyu Wang, Yun Wang, Yan Xu,

Yilong Xu, Yuxin Yao, Yi Zhang, Nan Zhao, Kun Zheng, Bo Zhou, Yang Zhou, and many others.

We had a great time together, and I hope we will have the chance to get together again in the

future.

Finally, I own my deepest gratitude to my parents for their unconditional love, understanding

and encouragement through all these years. They have always been supportive of my pursuit for

an academic career.

Yifan Yu

February, 2019



Contents

Acknowledgments iii

1 Introduction 1

2 The Empirical Content of Synchronization Games 7

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.1 A Simple Synchronization Game . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.2 Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2.3 Empirical Content . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3.1 Synchronization Game . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
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3.5 Preliminary Results on Lévy Processes . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.6 Main Identification Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

Appendices 81

3.A Omitted Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.B The Brownian Motion Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4 Mixed Hitting Times Driven by Ornstein-Uhlenbeck Processes 91

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.2 An Investment Timing Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.3 Econometric Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3.1 Specification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3.2 Characterization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.4 Identification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.5 Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102



CONTENTS vii

4.5.1 A Parametric Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.5.2 Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.5.3 Implementation and Monte Carlo Experiments . . . . . . . . . . . . . . . . . 106

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

Appendices 113
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Chapter 1

Introduction

Duration analysis has been widely used across all fields of economics. Many economic applications

are based on variants of the mixed proportional hazards (MPH) model, Lancaster (1979)’s famous

extension of the Cox (1972) proportional hazards model. However, the MPH model assumes the

hazard ratio between two individuals solely depends on their observed covariates and unobserved

heterogeneity which stays constant over time. This assumption is generally hard to justify from

economic primitives. This is particularly true for a large and important class of optimal stopping

models and games with payoffs driven by Brownian motion or more general persistent processes

(“real options” models), discussed in e.g. Dixit and Pindyck (1994) and Stokey (2009). These

imply optimal stopping (labor market transition, investment, etc.) at the first time the payoff

process hits a threshold. The optimal stopping models do not lead to proportional hazards, and a

standard proportional hazards analysis would not be very informative about the true primitives of

the underlying decision problems.

In order to empirically study optimal stopping problems, Abbring (2012) introduced mixed

hitting-time (MHT) models that specify durations as the first time a latent stochastic process

crosses a heterogeneous threshold. In particular, the paper studied the identification of MHT

models in which the latent process is a spectrally-negative Lévy process. Spectrally-negative Lévy

processes are continuous-time processes with stationary and independent increments and no positive

1



2 CHAPTER 1. INTRODUCTION

jumps. Spectrally-negative Lévy processes have several nice properties and also include Brownian

motions with linear drifts and Poisson processes compounded with negative shocks as well-known

special cases. Abbring has focused on the analysis of simple, single-agent optimal stopping problems

and single-spell duration data and ignored many challenges and problems that arise in economic

applications, such as multiple choices (competing risks), multiple spells (including multiple stopping

times of strategically interacting agents) and mean reversion of payoffs. This dissertation consists of

three essays that aim to investigate these important problems and thus move forward the structural

analysis of duration and event-history data in economics.

Chapter 2, which is based on a joint work with Jaap Abbring, can be seen as the first step

to introduce the MHT model into optimal stopping games. We focus on the empirical analysis of

synchronization games using a class of multivariate mixed hitting-time models. Synchronization

games are continuous-time stopping games in which the payoffs of stopping increase when other

agents stop. We allow the payoffs to vary with both common shocks and observed and unobserved

(to the econonometrician) agents’ characteristics. The common shocks are assumed to follow a

spectrally-negative Lévy processes. We extend identification results for mixed hitting-time models

to multiple durations with strategic interactions and use these results to characterize the empirical

content of our games with data on stopping times and covariates. We also briefly discuss how

estimation methods for mixed hitting-time models can be extended to this paper’s games. This

way, we provide a novel empirical implementation of a class of games that have been or can be

used for the study of peer effects on risky behavior, military desertion, retirement, etcetera. Our

model is of particular interest in these applications because it can distinguish the “endogenous

effects”, which caused by the causal effect of one individual’s decision on the payoffs of other related

individuals, from the “correlated effects”, that stem from the similar characteristics of those related

individuals. Besides, this paper contributes to the fast growing literature on the econometrics of

dynamic games, which has so far produced only few results for this paper’s class of continuous-time

stopping games. The closest published work is Honoré and de Paula (2010), in which they studied

a similar econometric model of a synchronization game, but assume a deterministic payoff process.
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Instead, we allows for ongoing uncertainty and therefore the option value considerations that are

central to the theoretical literature and many economic applications.

In Chapter 3, we develop a framework for analyzing duration data with two destinations (e.g.,

unemployment durations that can end with either employment or retirement from the labor force).

The standard approach would be to model such data with a competing risks model, which specifies

the observed duration and destination as the “identified minimum” of latent destination-specific

durations (that is, the minimum and the identity of these durations). Just like simple optimal

stopping models do not readily lead to single-spell proportional hazards models, such multiple choice

optimal stopping problems do not naturally lead to standard competing risks models. In this paper,

which is joint with Jaap Abbring and Ruixian Liu, we propose a competing risks model in which one

latent duration is the first time a spectrally-negative Lévy process increases above some threshold

and the other latent duration is the first time this same process falls below another threshold.

The thresholds are heterogeneous and may vary with both observed covariates and unobserved

characteristics. We show that this “mixed hitting-time” competing risks model naturally arises

in the structural analysis of transitions from unemployment to either employment or inactivity,

and provide various other economic examples. We characterize the empirical implications of this

model and its identification from data on durations, destinations, and covariates. Dependence of the

competing risks, through both the common latent process and dependent unobserved heterogeneity

of the thresholds, poses a classical identification problem. We resolve this problem by leveraging

the model’s special structure and develop a range of identification results for both the general Lévy

case and the important special case in which the latent process is a Brownian motion.

The MHT literature has so far assumed the underlying process to be either a Brownian motion

or, more generally, a spectrally-negative Lévy process. Of course, Brownian motion is a natural

and convenient starting point for modeling uncertainty in optimal stopping problems. It leads

to tractable and intuitive threshold decision rules and explicit expressions for the implied stopping

time distributions. Moreover, results for Brownian motion straightforwardly extend to more general

spectrally-negative Lévy processes, with some easy-to-solve numerical complications. However, in
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many applications, it may be appropriate and important to allow the latent process to revert to a

long-term mean, which Brownian motion and more general Lévy processes do not. In Chapter 4,

which is based on a joint work with Jaap H. Abbring, we study an extension of the MHT model with

such mean reversion. To this end, we specify the latent process to be an Ornstein-Uhlenbeck process,

which extends Brownian motion with a single mean-reversion parameter, or its generalization based

on spectrally-negative Lévy processes. We first motivate the resulting MHT model with a simple

example of a firm’s optimal investment timing. We then study the characterization, identification,

and estimation of our extended MHT model. We focus on a specification in which the threshold is

proportional in the effects of the observed regressors and the unobserved heterogeneity. Our analysis

centers on a characterization of the hitting time distribution of this generalized Ornstein-Uhlenbeck

process in terms of its Laplace transform. We provide conditions for the model’s nonparametric

identification. Finally, we introduce, implement, and numerically evaluate generalized method of

moments (GMM) estimators that match the Laplace transform of the hitting times implied by the

model to their empirical counterpart.

Mixed hitting-time models are of substantial interest because they are closely aligned with

optimal stopping problems in economics. Although, the MHT models allow for fairly general spec-

ifications, certain restrictions are needed for the identification which naturally carry over to this

dissertation. Throughout the three chapters, the underlying Lévy processes are assume to be spec-

trally negative. The same assumption is introduced in the original MHT model. It ensures that the

process only stops when it is exactly on the threshold. This gives a simple expression for the Laplace

transform of the hitting times, which turns out to be key for the identification analysis in Abbring

(2012). We keep this assumption for the similar reason. Although, with the two-sided exit model in

Chapter 3, the process could stop when it falls below the lower threshold. Spectral negativity still

guarantees, when the process stops hitting the upper threshold, it is on that threshold. This brings

us much simpler characterization of the model, which helps the proof of identification. Another

restriction we imposed in these papers is that the thresholds are positive (or negative and positive

in the two sided case). We make this assumption so that the model generates nontrivial (positive)
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durations. Alternative models may allow thresholds to take e.g. all values on the real line and thus

generate masses of zero durations, which would lead to selected (if zero durations are observed)

or truncated (if not) observation of positive durations. The alternative models are more suitable

to analyze duration data with severe sample selection problem or truncation problem. While the

identification strategies for MHT models do not directly apply to these alternative cases, I have

proved some first identification results for these cases, which will be left for future research.
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Chapter 2

The Empirical Content of

Synchronization Games

This chapter is based on the identically entitled working paper, which is co-authored

with Jaap H. Abbring.

Abstract. This paper specifies econometric models of multiple durations that are the

outcomes of synchronization games, which are continuous-time stopping games in which

the payoffs of stopping increase when other agents stop. We allow the payoffs to vary with

both common shocks and observed and unobserved (to the econonometrician) agents’

characteristics. The common shocks are assumed to follow a spectrally-negative Lévy

process, which is a semi-parametric process that includes Brownian motion as a spe-

cial case. We extend identification results for mixed hitting-time models to multiple

durations with strategic interactions and use these results to characterize the empirical

content of our games with data on stopping times and covariates. We also briefly discuss

how estimation methods for mixed hitting-time models can be extended to this paper’s

games. This way, we provide a novel empirical implementation of a class of games that

have been or can be used for the study of peer effects on risky behavior, military de-

sertion, retirement, etcetera. Our results contribute to the fast growing literature on

7
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the econometrics of dynamic games, which has so far produced only few results for this

paper’s class of continuous-time stopping games.

Keywords: duration analysis, identifiability, mixed hitting-time model, stopping game, synchroniza-

tion game.

2.1 Introduction

The decisions of related individuals to engage in some project or activity are often dependent. This

could be because the individual payoffs from the activity are causally affected by the participation

of related individuals (“endogenous effects”). Alternatively, related individuals may have related

payoffs because they have related characteristics (“correlated effects”). For example, Honoré and

de Paula (2013) study the decisions of couples to retire from the labor market. They note that

couples often retire soon after each other. One explanation for this is that couples like to spend

time together. Others are that like-minded individuals match up in couples and that couples

are hit by common shocks to their payoffs from retirement. Honoré and de Paula use a game-

theoretic bivariate duration model of couples’ retirement ages to empirically disentangle strategic

interactions in retirement from the effects of dependent individual characteristics. There are many

other applications of such models. de Paula (2009) observed that Union Army soldiers tended to

desert in groups during the American Civil War. This can both be explained by negative causal

effects of desertion on the morale and combat capabilities of the remaining soldiers or by common

negative shocks to the costs of desertion. Similarly, the decisions by teenagers in a group of friends

to drop out of high school, or to start using alcohol, drugs, or cigarettes may be positively related

because of peer effects, but also because friends think alike or experience similar shocks. Other

examples include participation in social welfare programs, bank runs, migration, marriage, and

divorce.

The empirical distinction between endogenous effects, such as those due to strategic interactions,

and correlated effects is interesting because both sources of dependent behavior represent very

distinct mechanisms. It is important, because these distinct mechanisms may come with distinct
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policy implications. Manski (1993) notes that endogenous effects can create “social multipliers”

that substantially leverage the effects of other factors determining behavior. This may significantly

impact the effectiveness of policies directed at e.g. crime reduction, welfare program participation, or

immigration. Consider, for instance, a policy that aims to reduce teenagers’ entry into cannabis use.

If peer effects are relatively strong, one could concentrate efforts on a subgroup of adolescents who

are most likely to first smoke cannabis in a school or community and hope to affect the remaining

members by eliminating their potential negative role models. If, on the other hand, cannabis use is

mainly driven by common factors, a policy-maker may prefer to identify and directly act on such

factors.

This paper concentrates on endogenous effects due to strategic complementarity in optimal

stopping. To this end, we specify a continuous-time two-player optimal stopping game in which

payoffs from stopping increase when the other player stops. We allow for both a semi-parametric

process of common shocks and nonparametric observed and unobserved heterogeneity. Our setup,

or its straightforward extension to more than two players, covers many of the examples above. We

characterize the empirical implications of our model and study its identification. We also briefly

discuss its estimation and reflect on an alternative problem with strategic substitutes, a war of

attrition (Murto, 2004).

The literature on the econometrics of continuous-time games is relatively young and small. de

Paula (2009) studies an optimal stopping game based on Brownian motion. He develops a non-

parametric test for strategic complementarity of stopping actions (synchronization of actions) and

applies this to soldiers’ desertion from the Union Army in the American Civil War. He also provides

some parametric identification results. Honoré and de Paula (2010); Honoré and de Paula (2013)

study a similar synchronization game, but assume a deterministic process for payoffs. Together

with an appropriate choice of functional form, this allows them to apply results for generalized

failure-time models (Ridder, 1990) to the nonparametric identification of their game. Our paper

contributes semi-parametric identification results for a new class of games that, unlike Honoré and

de Paula’s, allows for ongoing payoff uncertainty.
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Like many traditional duration models, our model is specified in continuous time. Unlike those

traditional models, ours is firmly grounded in economic theory and can therefore be used to identify

the mechanisms underlying the observed stopping times and to perform counterfactual analysis.

As Honoré and de Paula (2010) pointed out, continuous time simplifies the theoretical analysis.

Doraszelski and Judd (2012) add that it may also limit some of the computational problems that

plague discrete-time games. Arcidiacono et al. (2012) follow up on this by specifying a dynamic

discrete game in which agents can only take actions at (almost surely distinct) Poisson times and

discussing how standard estimation methods can be applied to this game. Unlike them, the process

underlying our game is not a Poisson process but a more general Lévy process. Moreover, we

provide identification results that are not available from their work. This is all facilitated by a close

link to mixed hitting-time (MHT) models. Abbring (2012) studied such models and discussed their

application to single-agent optimal stopping problems. Our paper extends this to games.

We rely heavily on the substantial theoretical literature on continuous-time optimal stopping

models. In economics, these are used to model the optimal timing of an irreversible investment in

a project with stochastically evolving value. They are closely related to the models used for pricing

options in finance and are often referred to as “real options models.” Dixit and Pindyck (1994) and

Stokey (2009) analyze and review various models based on Brownian motion and their applications.

Recently, Cont and Tankov (2004), Kyprianou (2006) and Boyarchenko and Levendorskĭi (2007)

provided extensions to general Lévy processes.

Real options models have been extended to real options games by including strategic interac-

tions. This new branch of the literature borrows insights from continuous-time games of timing

in a deterministic framework, which include well-established models such as pre-emption games

(Fudenberg and Tirole, 1985) and wars of attrition (Fudenberg and Tirole, 1986). For example,

Murto (2004) examines Markov-perfect equilibria in a war of attrition in which two firms decide on

abandoning a declining market. He finds that, with a low degree of uncertainty, there is a unique

equilibrium in which firms exit sequentially. When uncertainty is increased, another equilibrium

with the reverse order of exit may appear, and equilibrium uniqueness is lost. The occurrence of this
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event depends on the degree of asymmetry in the firm specific parameters. Our paper is related to

this literature. However, we model uncertainty using a general Lévy process instead of a Brownian

motion, which is the standard in the literature. Methodologically, our model is closely related to

Murto (2004). However, by applying a natural equilibrium refinement, we manage to avoid multiple

equilibrium outcomes, which would complicate the econometric analysis.

The paper is organized as follows. In the next section, we introduce the paper’s main ideas

using a simple example of an empirical synchronization game, applied to the analysis of peer effects

on smoking. Section 2.3 introduces the general synchronization game and analyzes its equilibria.

Section 2.4 discusses the model’s econometric implementation and identification. Section 2.5 briefly

discusses estimation and Section 2.6 concludes. An Appendix provides proofs that are omitted from

the main text.

2.2 Example

We first illustrate this paper’s main ideas with a simple example of an empirical synchronization

game, applied to the analysis of spillovers between anchor stores in shopping malls. Mall operators

use anchor stores, for example big department of flagship stores, to generate consumer traffic. Other

stores (including other anchor stores) may benefit from the presence of an anchor store, even if it

sells close substitutes. Indeed, Vitorino (2012) estimated a static model of anchor store entry,

using a sample of regional shopping centers in the United States, and found that positive spillovers

dominate competition between anchor stores. Unlike Vitorino’s model, our example game of anchor

store survival is dynamic, which, for example, would allow us to explore the effects of uncertainty

and option values. It is a variant with ongoing payoff uncertainty of Honoré and de Paula (2010)’s

empirical synchronization game.

2.2.1 A Simple Synchronization Game

Consider a shopping mall with two anchor stores, A and B. Time is continuous with infinite horizon.

Both stores are initially active, but are continuously contemplating to permanently exit. As long as
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both are active, they decide simultaneously whether to close or not. As soon as store i exits, store

j can respond immediately by closing as well; i, j = A,B; j 6= i. If j does not close, it can exit at

any future time.

The stores’ exit decisions are complementary: Once store i has closed, store j loses the customer

flow generated by store i. In particular, if the stores are both active at time t (SA,t = SB,t = 1),

store i has flow payoff CJi exp(−Yt). If store i instead is the lone survivor (Si,t = 1 and Sj,t = 0), it

receives flow payoff CLi exp(−Yt), with CJi > CLi > 0. Here, Yt is a mall-specific shock that affects

the profitabilities of both stores. It follows a Brownian motion with drift:

Yt = µt+ σWt

for some µ ∈ R and σ > 0, with {Wt} a Wiener process.1 Because CJi > C0
L, store i finds it less

profitable to be active once store j has closed. Once store i has closed, it will never open again and

it will receive a flow payoff Ki > 0 forever from the outside option. Possibly, it never exits, in which

case it receives the payoff flow from staying open forever.

More formally, the game proceeds as follows. At each time t, it sequentially passes through two

decision nodes before payoffs accrue. First, in the “Joint” decision node, the stores simultaneously

decide on exit if neither has closed before (SJi,t ≡ limτ↑t Si,τ = 1, i = A,B; otherwise, no actions

are taken). Second, in the “Lone” decision node, if only store j has closed before time t or in t’s

Joint node (SLi,t = 1 and SLj,t = 0), store i may exit or continue; i, j = A,B; j 6= i (otherwise, no

actions are taken). Finally, if store i closed in or before period t’s Lone node, it is no longer active

at time t (Si,t = 0) and collects payoffs Ki; otherwise, it is open at time t (Si,t = 1) and receives

CJi exp(−Yt) if Sj,t = 1 or CLi exp(−Yt) if Sj,t = 0. Note that the Joint node only sees action up to

the point at which at least one store exits and that the Lone node only sees action after one store

has closed but the other has not. Moreover, actions are only taken at both nodes at the one time

that separates these Joint and Lone exit decision periods, and only if one store exits in that time’s

Joint node and the other does not.

1Consequently, the flow payoffs follow a geometric Brownian motion.



2.2. EXAMPLE 13

Information is complete. In time t’s Joint node, both stores observe all the model’s parameters

(including the store-specific CJA, CJB, CLA, CLB, KA, and KB), the history {Yτ ; 0 ≤ τ ≤ t} of the com-

mon shocks, and their opening histories {(SJA,τ , SLA,τ , SA,τ ); 0 ≤ τ < t} and {(SJB,τ , SLB,τ , SB,τ ); 0 ≤

τ < t} (and thus SJA,t and SJB,t). In the subsequent Lone node, they in addition know any exit

decision taken in time t’s Joint node and thus SLA,t and SLB,t.

We assume that both stores use pure stopping strategies: rules that tell them for each possible

history in each decision node at each time t to either exit or continue (but never to randomize

between those two options). Because {Yt} is a Markov process, it is natural to restrict attention to

Markov strategies, which are only contingent on each node’s payoff relevant state variables. Apart

from the game’s parameters, these are (Yt, S
J
A,t, S

J
B,t) in time t’s Joint node and (Yt, S

L
A,t, S

L
B,t) in

its Lone node. Because store i can only take action in the Joint node if SJA,t = SJB,t = 1 and in the

Lone node if SLi,t = 1 and SLj,t = 0; i, j = A,B; j 6= i; such a strategy for store i can be represented

by node-specific stopping sets YJi ⊆ R and YLi ⊆ R (here, the strategy’s dependence on the model’s

parameters is kept implicit). With such a strategy (YJi ,YLi ), store i exits in time t’s Joint node if

and only if both stores enter that node active (SJA,t = SJB,t = 1) and Yt takes a value in YJi ; it exits

in time t’s Lone node if and only if it enters that node active alone (SLi,t = 1 and SLj,t = 0), and Yt

takes a value in YLi .

We assume that each store i picks a strategy (YJi ,YLi ) that maximizes her expected flow of payoff

discounted at a rate ρ > µ+ σ2/2 given store j’s strategy (YJj ,YLj ). That is, we focus on Markov-

perfect equilibria. We can solve for such equilibria using well-known results for the corresponding

single-agent optimal stopping problem (e.g. Stokey, 2009, Section 6).

2.2.2 Equilibrium

First, consider a subgame starting in time t’s Lone node with store i active (SLi,t = 1) and store j

closed (SLj,t = 0). Because store j has closed for good, store i is essentially solving a single agent

stopping problem in this subgame, with a flow of payoff CLi exp(−Yt) until it exits (if ever), from

which time onwards it enjoys payoff Ki. It follows that store i closes as soon as Yt increases above
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the threshold2

Y
L
i ≡ ln

(
CLi
Ki
· −µ+

√
µ2 + 2ρσ2

−µ− σ2 +
√
µ2 + 2ρσ2

)
. (2.1)

This rule’s properties are intuitive. store i exits faster if it produce less profit (CLi smaller) or has

greater payoff from the outside options (Ki larger). In fact, its decision only depends on how much

profit it earns in the shopping mall relative to the outside options, as encoded in the ratio CLi /Ki.

If it is myopic, ρ → ∞, it is not interested in any upward potential in staying active and closes as

soon as the payoff flow from active CLi exp(−Yt) falls below the payoff flow from outside options Ki.

In any Markov-perfect equilibrium, YLA = [Y
L
A,∞) and YLB = [Y

L
B,∞).3 This settles the equi-

librium stopping behavior in the Lone decision nodes, in which only one of the stores is still active.

Stopping behavior in the Joint decision nodes is more interesting, but also more complicated be-

cause of the positive spillovers between the stores. Equilibrium strategies need not imply threshold

rules in these states. Nevertheless, because Brownian motion is continuous, provided that the lower

end of the stopping set inf YJi ≥ 0, the first time Yt takes a value in YJi will be the first time it

crosses the threshold inf YJi . For simplicity, we will focus here on equilibria in strategies that are

threshold rules.

To characterize such equilibria, first consider the auxiliary single agent stopping problem of a

store i that receives a flow of payoff CJi exp(−Yt) until it exits, from which time onwards it enjoys

payoff Ki. This problem is identical to the problem of a lone surviving store studied above, with

a change of parameter from CLi to CJi . The stopping problem of a lone surviving store is at one

extreme that is particularly favorable to closing; this new auxiliary problem is at the other extreme,

which is most favorable to remaining active. The solution to the auxiliary problem is again a

2The problem is identical to the one in Section 6.4 of Stokey (2009), with her parameters a = CLi , η = 1, r = ρ,
and S = Ki/ρ. The assumption that ρ > µ + σ2/2 ensures bounded payoffs and, specifically, that the ratio in the
right-hand side of (2.1) is positive, so that the threshold is well defined.

3In fact, it would also be optimal for stores to apply the threshold rule strictly, which leads to open stopping sets

YLi = (Y
L
i ,∞). However, as this leads to the same duration distributions, we restrict ourselves to the closed stopping

sets in the text.
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Figure 2.1: Sequential Exit
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threshold rule, with threshold

Y
J
i ≡ ln

(
CJi
Ki
· −µ+

√
µ2 + 2ρσ2

−µ− σ2 +
√
µ2 + 2ρσ2

)
> Y

L
i . (2.2)

With these thresholds for the auxiliary stopping problem in hand, we can analyze our game’s

Markov-perfect equilibria. Denote min{Y J
A, Y

J
B} by Y

1
and max{Y L

A, Y
L
B} by Y

2
. We distinguish

two cases.

1. If Y
1
< Y

2
, we have the case depicted in Figure 1: Y

L
i < Y

J
i < Y

L
j < Y

J
j for i either equal to

A or B and j 6= i. Heuristically, at payoff levels at which store i is happy to be active, store

j prefers to continue as well, so that YJi =
[
Y
J
i ,∞

)
in any equilibrium. Also, irrespective of

store i’s exit decision, store j will not exit at levels of Yt smaller than Y
L
j > Y

J
i in equilibrium.

There are multiple equilibria in this case, because firm j’s actions in the Joint node do not

affect its payoffs if firm i exits in that node and firm j would exit if it ends up in the subsequent

Lone node (see Footnote 9 for details). However, these multiple equilibria all give the same

outcome: The first store exits when Yt hits Y
1

and the second (lone surviving) store will leave
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Figure 2.2: Simultaneous Exit
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when Yt subsequently hits Y
2
. We refer to this outcome as “sequential exit.”

2. If instead Y
1 ≥ Y

2
, the complementarity of the payoffs is large enough, relative to the dif-

ferences between the two stores, to ensure that neither store would continue alone once the

other store has closed. Consequently, both stores exit at the same time. We refer to this as

“simultaneous exit.” Figure 2 shows one of such scenario. There are multiple equilibria and,

unlike in the sequential exit case, these correspond to multiple outcomes. In general, simul-

taneous exit at any threshold on Yt between Y
2

and Y
1

can be supported as an equilibrium

outcome. However, a natural equilibrium refinement would pick those equilibria in which both

stores enjoy their positive spillovers as much as they can and only exit when Yt hits the higher

threshold of Y
1
. In our econometric analysis, we apply this refinement.

2.2.3 Empirical Content

Suppose we have a sample from a population of regional shopping malls, with data on exit times

(T 1, T 2) and possibly some background characteristics for each store. We assume that the observed
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exit times are equilibrium outcomes of the previous section’s game, with primitives that may vary

across shopping malls. Specifically, the primitive parameters CJA, CJB, CLA, CLB, KA, and KB; and

therefore the thresholds that characterize the equilibrium strategies; may vary with the stores’

observed and unobserved (by the econometrician) characteristics (we take the distribution of {Yt}

to be common across shopping malls).

Complementarities in a store’s payoffs from positive spillover effects, the common shocks to

these payoffs through {Yt}, and observed and unobserved heterogeneity all affect the observed exit

times and their dependence between achor stores within a shopping mall. Specifically, stores may

exit together— “synchronize” their exit behavior— because of either strong complementarities in

the payoffs from spillover, or common shocks to those payoffs, or sorting of similar stores into

shopping malls (so that co-located stores have similar profitabilities, but potentially very different

payoffs from those in other shopping malls). It is not obvious to what extent the data allow us to

uniquely determine (“identify”) the model’s primitives and, in particular, to separate these sources

of synchronization, even in the absence of sampling error.

The key insight we leverage in this paper is that equilibrium exit times are first hitting-times

through heterogeneous thresholds. Specifically, the time at which the first store in a shopping mall

closes is the first time that Yt hits min{Y J
A, Y

J
B}, so that Abbring (2012)’s identification results for

the mixed hitting time model can be applied to the identification of the parameters µ and σ2 of

{Yt} and the determinants of the threshold min{Y J
A, Y

J
B}.

If the data are stratified into groups of shopping malls that share the same payoff parameters

(where the parameters may continue to be different across stores within each shopping mall), then

Abbring’s Theorem 2 provides identification of the distributions of the payoff shocks {Y } and the

threshold min{Y J
A, Y

J
B} without further assumptions. If we assume that stores have been randomly

assigned to shopping malls, so that their store characteristics and thresholds are identically and

independently distributed, this identifies the distribution of (Y
J
A, Y

J
B). If we want to learn about

the decisions of lone survivor as well, and thus about Y
L
A and Y

L
B, we obviously need to bring in

data on lone surviving stores, which is complicated by the fact that these are only observed for the
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selected group of stores that exit sequentially: Y
2
> Y

1
.

Without stratified data, identification can use variation with the stores’ observed characteris-

tics, using variations on Abbring’s Theorem 1. As in Abbring’s examples of single-agent optimal

stopping problems, this requires that we structure the dependence of the primitives on the observed

and unobserved characteristics in way so that sufficiently convenient expressions for the implied

thresholds. We discuss various options in this paper.

2.3 Theory

The anchor store example motivates the structure of the games we study and highlights some key

elements of our approach to their identification. This section proposes a more general model and

analyses this rigorously. Section 2.4 formally develops the identification results for this general

model.

2.3.1 Synchronization Game

Consider two players A and B who live in continuous time and have infinite horizons. Both are

engaged in a certain activity at time 0 and can irreversibly terminate this activity at a time of their

choice.4

Player i’s net payoffs from participating in the activity at time t depend on her time-invariant

characteristics zi, the game’s exogenous state Yt, and whether individual j is still active; i, j = A,B;

j 6= i. Specifically, at time t, player i earns uJi (Yt) ≡ uJ(zi, Yt) from participating in the activity

if player j is still active (Sj,t = 1) and uLi (Yt) ≡ uL(zi, Yt) if player j is inactive (Sj,t = 0). Once

inactive, player i earns “outside payoffs” 0.5 Both players have an exponential discount rate ρ.

At each time t, the players sequentially pass through two decision nodes before they receive these

4Equivalently, both players are initially not active and decide on the best time to engage in the activity.
5Optimal stopping times only depend on the difference between the payoffs from participating in the activity

and from outside option. Consequently, uL and uJ can more generally be interpreted as the net flow payoffs from
participating when the outside payoffs are nonzero. In this case, we could allow for (additional) instantaneous payoffs
at the time of exit by interpreting these payoffs as the expected discounted value of flows of outside options. Note that
with data on player choices alone, we can only identify the net payoffs. We can neither separately identify the payoffs
from participating and from the outside option nor distinguish the instantaneous payoffs from the corresponding flows.
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payoffs.6 In the first, “Joint” decision node, if neither player has exited before time t (i.e. SJi,t ≡

limτ↑t Si,τ = 1 for i = A,B), then the players simultaneously decide on continuation; otherwise,

they can only continue to be active or inactive. In the second, “Lone” decision node, if player i is

still active (SLi,t = 1) and player j has exited before time t or in t’s Joint node (SLj,t = 0), then player

i decides on continuation; otherwise, she simply stays in the same activity state; i, j = A,B; j 6= i.

Information is complete. In time t’s Joint decision node, both players know the characteristics of

themselves and their opponents (zA, zB), the history of the common shock {Yτ ; 0 ≤ τ < t), and their

activity histories up to time t, {(SJA,τ , SLA,τ , SA,τ ); 0 ≤ τ < t} and {(SJB,τ , SLB,τ , SB,τ ); 0 ≤ τ < t}

(and thus SJA,t and SJB,t). In the subsequent Lone node, they in addition know any exit decision

taken in time t’s Joint node and thus SLA,t and SLB,t.

Note that the Joint node only sees action up to the point at which at least one player exits and

that the Lone node only sees action after one player has exited but the other has not. Moreover,

actions are only taken at both nodes at the unique time that one player exits in that time’s Joint

node and the other does not.

We would like to explore the players’ decisions and their econometric implications when there

are strategic complementaries between players. Such complementaries arise when the utility flows

of staying become more attractive for players when their opponents remain active. As a result,

the outcome of such game, a synchronization game, often involves players choosing the same ac-

tion simultaneously. In order to capture the strategic complementarity, we make the following

assumption:

Assumption 2.1 (Complementarity). uJ (z, y) > uL (z, y) for all z and y.

The utility flows are assumed to be monotone in the common shock Yt. Without loss of generality,

we choose it to be decreasing in Yt.

Assumption 2.2 (Monotonicity). ∂uS (z, y) /∂y < 0 for all z and S = J, L.

6We introduce these discrete decision nodes at each continuous point in time t to model the possibility that a
player responds immediately to the exit of the other player. This can be formalized as the limit of an appropriate
discrete time game (Simon and Stinchcombe, 1989) .
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If there is no risk of confusion, we occasionally suppress player subscripts and node or state

superscripts and e.g. simply write u instead of uJi and uLj .

2.3.2 Lévy Processes

We model the common shock process Y ≡ {Yt; t ≥ 0} to be a real-valued Lévy process. A Lévy

process is the continuous-time equivalent of a random walk7: It has stationary and independent

increments. Bertoin (1998) provides a comprehensive analysis of Lévy processes. Formally, we have

Definition 2.1. A Lévy process Y = {Yt; t ≥ 0} is a stochastic process that starts at Y0 = 0 almost

surely, and has càdlàg (right-continuous with left-limits) paths with independent and stationary

increments i.e. for any t, s > 0, Yt+s − Ys is independent of {Yt′ , 0 ≤ t′ ≤ s} and has the same

distribution as Yt.

Lévy processes form a subclass of general Markov processes that is large enough to include many

familiar processes; such as Brownian motion, the Poisson process, and stable processes; but small

enough to have several nice properties that will be introduced below. If Y is a scalar Brownian

motion with drift, Yt is normally distributed with mean µt and variance σ2t, for some drift parameter

µ ∈ R and dispersion parameter σ ∈ R+. Brownian motions are the only Lévy processes with

continuous sample paths. In general, Lévy processes may have jumps. An important example of a

Lévy process with jumps is the compound Poisson process, which has independently and identically

distributed jumps at Poisson times. More generally, the jump process {∆Yt ≡ Yt − lims↑t Ys, t > 0}

of a Lévy process Y is characterized by a Poisson random measure

N : B [0,∞)× B (R\{0})→ {0, 1, 2, . . .} ∪ {∞}

such that, for A ∈ B (R\{0}), we have that N ([0, t] , A) =
∑

s≤t IA (∆Ys) counts the jumps of the

process Y of size in A up to time t (here, B(·) denotes the Borel σ-algebra). The set function

Π (A) ≡ E [N ([0, 1] , A)] defines a σ-finite measure on R\{0} such that
∫

min
{

1, x2
}

Π (dx) < ∞;

7This does not imply Gaussianity.
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this is called the Lévy measure of the Lévy process Y . For a compound Poisson process with jump

intensity λ and jump size distribution F, the Lévy measure Π (dx) simply equals to λF (dx). Any

Lévy process Y can be written as the sum of a Brownian motion with drift and an independent

pure-jump process with jumps governed by such a point process (Bertoin, 1998, Theorem I.1). The

Lévy measure Π, together with a drift parameter and the dispersion parameter of its Brownian

motion component, fully characterizes Y ’s distributional properties.

Throughout the paper, we will focus on spectrally-negative Lévy processes8. These are Lévy

processes of which the Lévy measure Π has negative support, i.e. Lévy processes without positive

jumps. However, the equilibrium analysis in this section applies to general Lévy processes.

2.3.3 Equilibrium

Due to the strong Markov property of Lévy processes and the stationary nature of the game, it is

reasonable to restrict our attention to (stationary) Markov strategies, in which actions at time t

only depend on the current payoff-relevant states, which are, apart from the characteristics (zA, zB),

(Yt, S
J
A,t, S

J
B,t) in time t’s Joint node and (Yt, S

L
A,t, S

L
B,t) in its Lone node. We also restrict attention

to pure strategies: At any point in time, players can only choose to exit or stay with probability 1.

Because player i only takes a nontrivial decision in time t’s Joint node if SJA,t,= SJB,t = 1 and in its

Lone node if SJi,t = 1 and SJj,t = 0, her strategy can be represented by a pair of (Borel) stopping sets

YJi and YLi ; i = A,B, j 6= i. This strategy prescribes that player i continues in a time t Joint node

in which both players are still active if and only if Yt ∈ YJi , and in a time t Lone node in which

only she is still active if and only if Yt ∈ YLi .

We focus on Markov perfect equilibrium, which is a subgame perfect equilibrium in Markov

strategies. To solve for Markov perfect equilibrium, we need to find equilibrium strategies (YJA,YLA)

and (YJB,YLB) such that each player’s strategy solves an optimal stopping problem given the other

player’s strategy. The structure of our game allows us to use backward recursion. We first derive

8In our anchor store example, this rules out that both stores’ flow payoffs suddenly drop. We make this assumption
for analytical convenience: As in Abbring (2012), it ensures that the Laplace transforms of the observed durations
are easy to characterize. Note that, even though we restrict the class of Lévy processes that we consider, this class
still includes the most common specification in empirical and theoretical economics, Brownian motion with drift.
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YLi by solving the subgame starting in a Lone node. This is straightforward, as the player remaining

in this Lone node essentially solves a standard single agent optimal stopping problem.

Next, to find the equilibrium YJi , we analyze the equilibrium of a transformed game of joint

survival that ends as soon as one player exits, at which point the remaining player receives a

terminal payoff equal to the optimal value of the single agent (Lone) problem. Denote by Vi (y)

the equilibrium value of player i in state y in this transformed game. The equilibrium of the

transformed game is a pair of stopping sets (YJA,YJB) such that YJi , given YJj , solves the following

player i problem for all possible states y:

Vi (y) = sup
TJi

Ey

[∫ T 1

0
e−ρtuJi (Yt) dt+ e−ρT

1
I{TJi >TJj }V

L
i (YT 1)

]
, (2.3)

where Ey (·) = E (·|Y0 = y) denotes the expectation given the initial value y. Here T Ji = inf
{
t ≥ 0|Yt ∈ YJi

}
,

T 1 = min
{
T JA , T

J
B

}
is the time of the first exit, and V L

i (y) is the optimal value of i in the Lone

node given current state y.

Once we have solved this way for (YJA,YJB), we can combine this with the solutions YLA and YLB

of the single player optimization problems in the Lone node to construct the equilibrium of the

original game.

Single agent optimal stopping problem

In this subsection, we study the single agent stopping problem. More specifically, we solve for the

optimal stopping strategy and the corresponding value function in a problem in which players either

stay and receive a flow uSi (for either S = J or S = L) or exit and receive 0 forever. This analysis

is useful in three ways. First, the equilibrium YLi is the optimal stopping set of this single agent

problem for S = L. Second, the value function V L
i is crucial for the construction of the transformed

game given by (2.3). Finally, the optimal values for S = J and S = L are lower and upper bounds

on the optimal value of the original game. Intuitively, receiving uLi or uJi until opting out represents

the worst and best scenario that player i faces in the original synchronization game.

In single agent stopping problems, players choose the optimal time to exit in order to maximize
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the expected present value of the future utility flows. In particular, the player’s stopping decision

balances the instantaneous utility loss and the hope of future gains when staying in the activity. Such

optimal stopping problems have long been studied in the literature. Dixit and Pindyck (1994) and

Stokey (2009) analyze and review various models based on Brownian motion and their applications.

Recently, Cont and Tankov (2004), Kyprianou (2006) and Boyarchenko and Levendorskĭi (2007)

extend some models to general Lévy processes. Here, we will present the Brownian motion case.

Results for general Lévy processes will be listed in Appendix 2.A.

We follow the general set up of Stokey (2009) and assume Y to be a Brownian motion given by

dYt = µdt+ σdWt

where W is the standard Brownian motion. We simply write u for one of our model’s utility

functions. Since u(Yt) is decreasing in Yt, a reasonable class of candidate solutions are threshold

strategies that prescribe exit if the process passes above a certain threshold. Denote by

τ+
Y

= inf
{
t ≥ 0|Yt ≥ Y

}
the hitting time of

[
Y ,∞

)
. In the rest of the paper, we use threshold strategy τ+

Y
and threshold Y

interchangeably.

Using the Hamilton-Jacobi-Bellman Equation, one can derive the following properties that the

optimal value V and optimal threshold Y
∗

must satisfy

ρV (y) = u (y) + µV ′ (y) +
1

2
σ2V ′′ (y) , y < Y

∗
(2.4)

V (y) = 0, y ≥ Y ∗ (2.5)

lim
y↑Y ∗

V (y) = 0 (2.6)

lim
y↑Y ∗

V ′ (y) = 0 (2.7)

lim
y→−∞

V (y) = Vp (y) (2.8)
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where Vp (y) = Ey
[∫∞

0 u (Yt) e
−ρtdt

]
is the value function of a player who never exits. Boundary

conditions (2.6)-(2.8) are the well known value matching, smooth pasting, and no-bubble conditions.

The general solution for V (y) when y < Y
∗

is given by

V (y) = c1e
R1y + c2e

R2y + Vp (y) (2.9)

where c1 and c2 are coefficients to be determined. Here,

R1 =
(
−µ−

√
µ2 + 2σ2ρ

)
/σ2 (2.10)

and

R2 =
(
−µ+

√
µ2 + 2σ2ρ

)
/σ2

are the two roots of ψ(s) = ρ where ψ (s) = µs + σ2

2 s
2 is the characteristic function of Y . When

we have the explicit form of function u (y), substituting all the boundary conditions into (2.9), one

can solve the optimal value function V and the optimal threshold Y
∗

explicitly.

For St staying constant at J and L respectively, we can construct two auxiliary single agent

stopping problems for player i in which the optimal thresholds are denoted by Y
L
i and Y

J
i and the

corresponding optimal values are denoted by V L
i and V J

i , respectively. As argued in the beginning

of this subsection, the auxiliary single agent problem also gives the solution to YLi :

YLi =
[
Y
L
i ,∞

)
.

In Appendix 2.A, we discuss single agent stopping problems in which the latent processes are

Lévy processes. We show that, under some weak conditions, there is a unique solution to the

problem that is given by the optimal threshold Y
∗

with corresponding optimal value V . Moreover,

the thresholds and the value functions have some nice properties given in Proposition 2.1. First,

let us denote by V
(
y;Y

)
the expected present value of the utility flow u that, starting at Y0 = y,
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is abandoned when the threshold Y is reached from below. Formally, V
(
y;Y

)
is given by

V
(
y;Y

)
= Ey

[∫ τ+

Y

0
e−ρtu(Yt)dt

]
.

Proposition 2.1. If u (y) is decreasing and satisfies Assumption 2.7 in Appendix 2.A, we have that

V
(
y;Y

)
> 0 for y < Y ≤ Y

∗
and V

(
y;Y

)
< 0 for Y

∗
< y < Y . Moreover, if uJ and uL satisfy

Assumption 2.1, then the corresponding optimal thresholds satisfy Y
L
< Y

J
.

Proof. See Appendix 2.A.

The transformed game

The optimal stopping strategy of the transformed game, YJi , is more complicated, especially when

disconnected stopping sets are allowed. When the latent process is a Brownian motion, one can

actually solve player i’s optimal stopping strategy of a subgame starting at Yt = y, where y lies in

between two disconnected stopping regions of player j, see e.g. (Murto, 2004). However, the same

technique cannot be easily adapted to our model in which the latent process is a Lévy process.

In particular, because of possible jumps, there is no guarantee that the game will stop as the

Lévy process reaches the end points of those two disconnected stopping region when starting from

somewhere in the middle. To avoid such complications, we restrict YJi to be connected stopping

sets. Due to monotonicity, any strategy Yi should have the form of
[
Y i,∞

)
. Hence, the threshold

Y i fully determines the strategy of player i and, thus, Y i and Yi will be used interchangeably.

In order to construct the equilibrium, we first analyze the best response of player i, denoted by

Ri
(
Y j

)
, given that player j adopts a threshold strategy Y j . Markov perfection requires that the

threshold stragety Ri
(
Y j

)
solves equation (2.3) for given Y j at all possible states Yt = y. Below,

we discuss some properties of Ri
(
Y j

)
and Rj

(
Y i

)
that are crucial to constructing the equilibrium.

Proposition 2.2. If Y j < Y
L
i , then Ri

(
Y j

)
≥ Y

L
i . If Y j ∈

[
Y
L
i , Y

J
i

]
, then Ri

(
Y j

)
≥ Y j. If

Y j ∈
(
Y
J
i ,∞

]
, then Ri

(
Y j

)
= Y

J
i .

Proof. See Appendix 2.B.
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Note that, Proposition 2.2 holds for general disconnected stopping sets when Y i stands for the

lower end of YJi . In this sense, our connectivity assumption on the stopping sets is not too restrictive

in terms of equilibrium outcomes. Here, we use the term outcome to refer to the actual development

of the game, that is, the order and the timing of exit. Because spectrally-negative Lévy processes

only have negative jumps, outcomes of the game solely depend on the lower ends of the stopping

sets given those lower ends are greater than zero.

Now we have adequate preliminary results to construct the equilibrium of the transformed

game. Denote Y
2

= max
{
Y
L
A, Y

L
B

}
and Y

1
= min

{
Y
J
A, Y

J
B

}
. We can classify all possible relative

positions of the four thresholds Y
L
A, Y

J
A, Y

L
B and Y

J
B into two cases: Y

2
> Y

1
and Y

2 ≤ Y 1

1. Y
2
> Y

1

Since the indices are arbitrary, we can assume without loss of generality that Y
J
i < Y

J
j . Then

in this situation the only possible relative positions are given by Y
L
i < Y

J
i < Y

L
j < Y

J
j .

Theorem 2.1. Suppose Y
L
i < Y

J
i < Y

L
j < Y

J
j . Then, all the equilibria must satisfy Y i = Y

J
i and

Y j ≥ Y
L
j .

Proof. See Appendix 2.B.

Theorem 2.1 indicates that YJi =
[
Y
J
i ,∞

)
and YJj =

[
Y j ,∞

)
for some Y j ≥ Y

L
j are candidates

for the equilibrium. It is easy to check that all such
{
YJi ,YJj

}
are equilibria of the game.

2. Y
2 ≤ Y 1

In this situation, we simply assume that Y
L
i < Y

L
j ≤ Y

J
i < Y

J
j ; the other case of Y

L
i ≤ Y

J
i <

Y
J
j ≤ Y

L
j will have similar results following the same argument.

Theorem 2.2. Suppose Y
L
i < Y

L
j ≤ Y

J
i < Y

J
j . Then, only two types of equilibria may arise. One

is given by
{
YJi ,YJj

}
such that Y i = Y j = Y for some Y ∈

[
Y
L
j , Y

J
i

)
. The other has the property

that Y i = Y
J
i and Y j ≥ Y

J
i .

Proof. See Appendix 2.B.
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Theorem 2.2 predicts that
{
YJi ,YJj

}
with YJi = YJj =

[
Y ,∞

)
for some Y ∈

[
Y
L
j , Y

J
i

)
or

YJi =
[
Y
J
i ,∞

)
and YJj =

[
Y j ,∞

)
for some Y j > Y

J
i are valid equilibria of the game.

The original game

Combining results from the previous two subsections, one can derive the equilibria of the original

game as follows.

If Y
2
> Y

1
, the equilibria can be characterized by

{(
YLi ,YJi

)
,
(
YLj ,YJj

)}
where YLi =

[
Y
L
i ,∞

)
,

YLj =
[
Y
L
j ,∞

)
, YJi =

[
Y
J
i ,∞

)
and YJj =

[
Y j ,∞

)
for some Y j ≥ Y

L
j . In this case, although there

are multiple equilibria, only one outcome will appear, in which player i exits when the process hits

Y
J
i while player j stays until the process hits Y

L
j .

If Y
2 ≤ Y 1

, the equilibria can be characterized by
{(
YLi ,YJi

)
,
(
YLj ,YJj

)}
where YLi =

[
Y
L
i ,∞

)
,

YLj =
[
Y
L
j ,∞

)
and YJi = YJj =

[
Y ,∞

)
for some Y ∈

[
Y
L
j , Y

J
i

)
or YJi =

[
Y
J
i ,∞

)
and YJj =[

Y j ,∞
)

for some Y j > Y
J
i . In this case, multiple equilibria lead to multiple outcomes in which two

players exit simultaneously when the process hits some Y ∈
[
Y
L
j , Y

J
i

]
.

We end this section with a brief discussion of multiple equilibria in our model. Multiple equilibria

complicate the analysis of econometric identification; i.e., we generally end up with set identification

(Tamer, 2003). In our model, the majority of the multiplicity comes from the particular two nodes

structure. Notice that payoffs are only realized after the game has passed through the two decision

nodes. Certain variations of YJi and YJj are payoff irrelevant because players can change their

actions during the Lone nodes.9 However, it is easy to check that YJi =
[
Y
J
i ,∞

)
is the weakly

dominant strategy for player i in the Joint node. Hence, we can intuitively eliminate those equilibria

that involve weakly dominated strategies and select the unique equilibrium with YJi =
[
Y
J
i ,∞

)
as

the strategy in the Joint node.10 Note that the selected equilibrium is also the Pareto-dominant

9For example, if Y
2
> Y

1
, in a subgame starting at the Joint node in state y ≥ Y

L
j , player j can either exit and

receive 0 or wait for player i to exit and receive the terminal payoff V Lj (y), which is again 0. Once player i exits, YJj
is irrelevant to player j’s payoffs, since the remaining game will be governed by YLj .

10One such equilibrium refinement— similar to ”trembling hand” perfection— would be to assume that player i
makes mistakes when implementing the threshold strategy Y i and exits when Yt reaches Y i + ε, where ε is an R-
valued random variable unknown to both players. In this case, the only best response for player j in the Joint node

is YJi =
[
Y
J
i ,∞

)
.
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equilibrium.

For the rest of this paper, we assume
{(
YLA,YJA

)
,
(
YLB,YJB

)}
, where YSi =

[
Y
S
i ,∞

)
for S = J, L

and i = A,B, is the only equilibrium that may arise. Under this equilibrium, only two types of

outcomes can appear in the equilibrium. If Y
2 ≤ Y 1

, two players simultaneously exit when Yt hits

Y
1
. If Y

1
< Y

2
, two players exit one after another when Yt hits Y

1
and Y

2
sequentially. In the rest

of this paper, we refer these two types by ”simultaneous exit” and ”sequential exit,” respectively.

2.4 Empirical Content

In this section, we investigate the empirical implications of the economic model. First note that

player i’s utilities uJi and uLi , and equilibrium strategy (YJi ,YLi ), only depend on a player’s identity

i through her characteristics zi. Thus, we can write the thresholds as functions of the individual

characteristics:

Y
J
i = Y

J
(zi) and Y

L
i = Y

L
(zi) .

In our econometric model, we assume that one can only observe the durations of both players

participating in the activity and some of their individual characteristics. Our empirical analysis

focuses on the identification of the model primitives. To be more specific, we try to find out whether

the latent process, the covariates’ effect on the threshold, and the distribution of the unobserved

heterogeneity in the threshold are uniquely determined by the distribution of the durations and the

covariates.

2.4.1 Specification and Characterization

Let zi = (xi, vi), where xi is a vector of observed characteristics of player i with support Ξ ⊂ Rk

and vi is a nonnegative scalar random variable that captures characteristics that the econometrician

does not observe but both players do. We specify the thresholds to have the following additively

separable reduced form

Y
S
i = φS (xi) + vi; S = L, J ; i = A,B; (2.11)
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for some measurable functions φL : Ξ 7−→ [0,∞) and φJ : Ξ 7−→ [0,∞). We assume that the

unobserved heterogeneity v≡ (vA, vB) is distributed independently of X ≡ (xA,xB) with joint dis-

tribution G on [0,∞)× [0,∞) and that (X,v) is independent of the process Y .

The additive separable specification (2.11) can be rationalized as the reduced form of a particular

version of our synchronization game. For example, suppose that

uSi (Yt) = r (xi, S)− e−vi+Yt

for some certain benefit r (x, S) and uncertain cost e−vi+Yt . Then, standard optimal stopping theory

implies that

Y
S
i = ln

(
R1 − 1

R1

r (xi, S)

e−vi

)
,

with R1 as in (2.10). With φS (xi) = ln
(
R1−1
R1

r (xi, S)
)

, this gives the specification of the thresholds

in (2.11). Of course, other versions of our game would imply specifications different from (2.11).

We study (2.11) as a leading example. Its analysis can be adapted to other specifications; Section

2.4.3 provides some examples.

The econometrician cannot directly observe the process Y and the thresholds, but needs to infer

them from the observed players’ characteristics and duration outcomes. If we would observe all four

durations TSi for S = J, L and i = A,B, which are the hitting-times of the thresholds Y
S
i , we can

follow the analysis of Abbring (2012) and identify the model primitives from the Laplace transform

of the distribution of TSi for given S and xi:

LTSi (s|xi) ≡ E
[
exp

(
−sTSi

)
I{TSi <∞}|xi

]

for s ∈ [0,∞). By Theorem 1 of Feller (1971) Section XIII.1, we know that the distribution of TSi

conditional on xi is uniquely characterized by its Laplace transform LTSi (·|xi) up to almost sure

equivalence. The indicator function I{TSi <∞} makes explicit that the distribution may be defective.

Note that the defect has probability mass Pr
(
TSi =∞|xi

)
= 1 − LTSi (0|xi). In particular, the
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identification analysis in Abbring (2012) leverages that

LTSi (s|xi) = E
[
exp

(
−Λ(s)Y

S
i

)
|xi
]
, (2.12)

where Λ(s) is the Laplace exponent of the hitting-time process implied by Y .11

However, we cannot directly apply Abbring’s approach, because we cannot observe all the dura-

tions TSi . Our economic model implies that we observe only one duration in the simultaneous-exit

case and two in the sequential-exit case. Moreover, the durations that we observe are endogenously

selected, which violates the assumptions in Abbring (2012). More specifically, both these durations

correspond to the hitting times of the thresholds with the form φS (xi) + ṽ, where ṽ is a random

variable depending on v and X. Let T be a first time Y hits such a threshold φS (xi) + ṽ. Since

(X,v) is independent of the process Y , from (2.12), we can write the Laplace transform of T |X, ṽ

as

LT (s|X, ṽ) = exp[−Λ(s)
(
φS (xi) + ṽ

)
].

Finally, the law of iterated expectations gives that

LT (s|X) = exp
(
−φS (xi) Λ (s)

)
Lṽ (Λ (s) |X) , s ∈ [0,∞) , (2.13)

where Lṽ (·|X) is the Laplace transform of the distribution of ṽ conditional on X. Note that, if ṽ is

independent of X, then Lṽ (·|X) simply becomes the unconditional Laplace transform Lṽ of ṽ.

2.4.2 Identification

The parameters
(
µ, σ2,Π

)
of the latent Lévy process can be uniquely determined from Λ.12 There is

a one-to-one relation between
(
Λ, φL, φJ , G

)
and the model’s primitives

(
µ, σ2,Π

)
and

(
φL, φJ , G

)
.

Subsequently, in order to analyze the identification problem of the model primitives, one can study

the equivalent question of whether
(
Λ, φL, φJ , G

)
are uniquely determined from the conditional

11See Appendix 2.A or Abbring (2012) for detailed discussion.
12See Appendix 2.A or Abbring (2012) for detailed discussion.
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distribution of the observed durations.

Denote by Ti and Tj the durations of player i and j participating in the activity. In correspon-

dence to the two types of outcomes derived in section 2.3.3, we can observe two different kind of

durations: the duration T 1 of the first exit, which is given by

T 1 = inf
{
t ≥ 0 : Yt ≥ Y

1
}
,

and the duration T 2 of the second exit, which satisfies

T 2 = inf
{
t ≥ 0 : Yt ≥ Y

2
}
.

Without loss of generality, throughout the remainder of the paper, we let i denote the player that

exits (weakly) first and j the player that exits last, so that Ti ≤ Tj . We use the convention that

inf ∅ ≡ ∞; that is, we set e.g. T 1 =∞ if Y never hits Y
1
.

The subsequent analysis relies on the following assumption:

Assumption 2.3. The event {xi = xj = x} has positive measure for all x ∈ Ξ and φJ (·) takes at

least two distinct values.

Theorem 2.3 (Identification of φJ and Λ). Under Assumption 2.3, the function φJ is identified

up to scale and location. The function Λ is identified up to scale.

Proof. On the event {xi = xj = x}, Y 1
is simply given by

Y
1

= φJ (x) + v̌,

with v̌ = min (vi, vj) independent of x. Denote by T 1|x the first exit duration conditional on

{xi = xj = x}. From (2.13), it follows that the Laplace transform of T 1|x equals

LT 1 (s|x) = exp
(
−φJ (x) Λ (s)

)
Lv̌ (Λ (s)) , (2.14)
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where Lv̌ is the Laplace transform of the distribution of v̌, which is independent of x. By assumption,

φJ (x) can take two different values between, say, x = x′ and x = x′′. By taking the logarithm of

the ratio between the Laplace transforms of T 1|x = x′ and T 1|x = x′′, we have13

ln

[
LT 1 (s|x′)
LT 1 (s|x′′)

]
=
[
φJ
(
x′′
)
− φJ

(
x′
)]

Λ (s) . (2.15)

Note that the left-hand side of (2.15) is known from data. Then, Λ is identified up to scale and φJ

is identified up to scale and location.

In the proof of Theorem 2.3, we only use the information of the subpopulation in which player i

and j have the same observed covariates. In this subpopulation, the error term of first exit duration v̌

is independent of the covariates. Hence, we can identify φJ and Λ exploiting the minimal exogenous

variation of x, as in Abbring (2012). In the remaining theorems, Assumption 2.3 is invoked to

guarantee the identification of φJ and Λ. If these functions are identified in other ways, we can

dispense with this assumption.

Location and scale normalizations are needed because the durations T 1 are not affected by

rescaling both the latent process Y and the thresholds Y
1

by the same factor, nor by reassigning

the location factors between φJ (x) and v̌ without changing the threshold itself. Throughout the

remainder of this paper, we assume that the scale and location of φJ are appropriately normalized,

so that φJ and Λ are point identified.

For expositional purposes, we first analyze identification of the other primitives for a special case

in which vi and vj are independent and identically distributed (i.i.d.). Under the i.i.d. assumption,

the joint distribution G (x, y) = F (x)F (y) where F is the marginal distribution of both vi and vj .

Therefore, the model primitives can be identified if and only if we can identify
(
Λ, φL, φJ , F

)
.

If the error terms are independent and identically distributed, we can easily derive the distribu-

tion F as a byproduct of Theorem 2.3.

13Note that this log-linear structure could be used to construct an empirical test of the assumption of addtive
separability.
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Theorem 2.4 (Identification of F ). Under Assumption 2.3 (and the location and scale normaliza-

tions assumed above), the distribution F is identified.

Proof. By Theorem 2.3, Λ and φJ are identified. Substituting these Λ (s) and φJ (x) into (2.14)

and using analytic extension, we can identify Lv̌. By the uniqueness of the Laplace transform

(Feller, 1971, Section XIII.1, Theorem 1), this subsequently identifies the distribution Fv̌ of v̌.

Because vi and vj are i.i.d. with distribution F , F can be identified from the equation Fv̌ (x) =

1− (1− F (x))2.

In order to identify φL, we have to consider the sequential-exit case. We need the following

assumption.

Assumption 2.4. The cumulative distribution function F is absolutely continuous with positive

density f on [0,∞).

The following result, in particular its proof, shows that the probability of observing a sequential-

exit provides enough information to identify φL.

Theorem 2.5 (Identification of φL). Under Assumptions 2.3 and 2.4, the function φL is identified.

Proof. Given two players with the same covariates x, the probability that player i exits before player

j equals

Pr(Y
J
i < Y

L
j <∞|x) =

∫ ∞
0

∫ ∞
vi+∆

dF (vj)dF (vi),

where ∆ ≡ φJ (x) − φL (x) is the systematic difference of the two thresholds Y
J
i and Y

L
j . Notice

that under Assumption 2.4, the above integral is decreasing in ∆. Because the right hand side of the

above equation is directly observed and we have identified the distribution F , ∆ can be identified.

On the other hand, we already know φJ from Theorem 2.3, together with ∆ gives the identification

of φL

The identification of φL is based on the simple observation that, when player i is more willing

to stay alone in the activity or, equivalently, has larger φL (x), it is more likely for us to observe

sequential exits.
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Now, consider the general model in which vi and vj may be arbitrarily dependent, with joint

distribution G. We will establish identification of
(
Λ, φL, φJ , G

)
using two additional assumptions.

Assumption 2.5. The cumulative distribution function G is absolutely continuous with positive

density g on [0,∞)× [0,∞).

Assumption 2.6. There exists a pair of covariates x1 and x2, such that φJ (x1) ≤ φL (x2).

Before getting into identification of the general case, let us first look at the the joint Laplace

transform of the first exit time and the duration between the first and second exit time in case of

sequential-exit, T 1I{T 1<T 2} and
(
T 2 − T 1

)
I{T 1<T 2}, conditional on X. Denote this joint Laplace

transform by L (s, t|X). We have

L (s, t|X) ≡ E
(
exp

[
−sT 1I{T 1<T 2} − t

(
T 2 − T 1

)
I{T 1<T 2}

]
I{T 1<∞}∩{T 2<∞}|X

)
. (2.16)

Due to the strong Markov property of Lévy processes, T 1I{T 1<T 2} and
(
T 2 − T 1

)
I{T 1<T 2} are

independent given Y
J
i and Y

L
j . Hence, we can apply the law of iterated expectations to the right

hand side of (2.16) and derive

L (s, t|X) = E
(

exp[−Λ(s)Y
J
i I
{
Y
J
i <Y

L
j <∞

}] exp[−Λ(t)
(
Y
L
j − Y

J
i

)
I{
Y
J
i <Y

L
j <∞

}]|X
)
. (2.17)

Theorem 2.6 (Identification of φL). Under Assumptions 2.3 2.5 and 2.6, the function φL is iden-

tified.

Proof. See Appendix 2.B.

The identification strategy of φL in the general case follows the exact same idea as in the i.i.d

case. We identify φL from its effect on the probability of sequential exits.

Theorem 2.7 (Identification of G). Under Assumptions 2.3 2.5 and 2.6, the joint distribution G

is identified.

Proof. See Appendix 2.B.
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2.4.3 Extensions and Alternative Models

We have specified our additively-separable model such that φS and v have non-negative support. If

we would allow more generally that φS and v have full support and make the natural assumption that

we only observe hitting-times for a subpopulation with nonnegative thresholds, the identification

strategy used in the proof of Theorem 2.3 would break down. In particular, even if the covariates

and error terms are unconditionally independent, they will be dependent in the subpopulation with

nonnegative thresholds. Thus, in the additively-separable specification with full support of φS and

v, because of truncation, we lose the exogenous variation of the covariates.

We can solve this truncation problem if we have stratified data, with one shared threshold and

observations on two durations, T 1 and T 2, in each stratum. The two durations may arise when a

pair of players participate in the game twice or when we can observe the single spells of two pairs

of players who are known to have the same observed and unobserved characteristics. Theorem 2 of

Abbring (2012) showed that the MHT model with stratified data can be identified without further

assumptions. In fact, with stratified data, identification does not rely on external variation of the

covariates. Once we identified the Laplace exponent of the hitting-time process Λ, the rest of model

primitives
(
Λ, φL, φJ , G

)
can be identified under some assumptions.

For example, given that Λ is identified, we can derive the distribution of Y
1

conditional on

events {xi = xj = x} and
{
Y

1
> 0
}
. Thus, we actually observe the distribution of

Y
1

= φJ (x) + v̌

given the event
{
Y

1
> 0
}

. Such a model falls directly into the framework of truncated regression

models. Hence, we can apply Lemma 1 from Chen (2010) to identify φJgiven that v̌ = min {vi, vj}

does not have a periodic hazard function. It is easy to see that, when vi and vj are independent

and identically distributed, the above condition holds if and only if the distribution of v does not

have a periodic hazard function. For the rest of the model primitives φJ and G, the identification

strategy in the last subsection still applies.
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In our original model, the unobservables vi and vj are assumed to have an additive effect on the

thresholds. Such a specification can be derived from a model where v captures the effect of some

initial heterogeneity that associate with the process in an additive way. However, when v associates

with a process in a multiplicative manner, we will have thresholds

Y
S
i = φS (xi) vi; S = L, J and i = A,B;

for some measurable functions φS : Ξ 7−→ (0,∞) and nonnegative random variables vi. This is the

specification of the MHT model studied by Abbring (2012). Theorem 1 of Abbring (2012) gives

conditions for identification of this MHT model. We can demonstrate identification of Λ and φJ

by applying this result to the first exit durations T 1 conditional on the event {xi = xj = x}. The

theorems of our additively separable model can be easily adapted to show the identification of φL

and G in this multiplicative model.

2.5 Estimation

In this section, we study the estimation of Section 2.4.1’s additively separable model. As with single-

spell mixed hitting-time models and their applications to single-agent optimal stopping problems

(Abbring, 2012), we can explicitly characterize the duration distributions implied by our model in

terms of their Laplace transforms. This suggests we can either estimate the model with a generalized

method-of-moments (GMM) based on the continuum of moments these transforms provide, or back

out the corresponding distributions numerically and use a likelihood-based method.

The identification analysis in the previous section allows for nonparametric thresholds and gen-

eral Lévy processes. Here, to avoid computational complications, we develop (simulated likelihood

and method of moments) estimators for a parametric model in which the latent process is a Brow-

nian motion. Similar estimators can be constructed for alternative specifications with general Lévy

processes.14

14Abbring and Salimans (2013) develop a likelihood-based approach for the single-spell case with general Lévy
processes. Their methods readily extend to this paper’s multiple-spell case.
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2.5.1 Parameterization

Let Y be a Brownian motion with general drift parameter µ ∈ R and dispersion parameter σ ∈ R+.

Then, the Laplace exponent of Y is ψ (s) = µs + σ2

2 s
2, so that Λ has the following parametric

specification:

Λ (s) =
−µ+

√
µ2 + 2σ2s

σ2
.

For simplicity, we assume that φL and φJ have the following linear specifications:15

φJ (x) = β0 + x′β and φL (x) = β0 + x′β − δ,

where x and β are both K × 1 vectors, β0 is a scalar intercept, and δ > 0 capture the endogenous

effect between two players. Thus, the empirical model (2.11) becomes

Y
J
i = β0 + x′β + vi and Y

L
i = β0 + x′β − δ + vi for i = A,B.

In a more general specification with more than two players, we assume the endogenous effects to be

depend on the percentage of players leaving. So the general specification is

Y
S
i = β0 + x′β − S

I − 1
δ + vi for i = 1, ..., I;

where I is the total number of players and S = 0, ..., I − 1 recorda the number of players who

have already exited the game. The error terms (vA, vB) have a symmetric bivariate lognormal

distribution, with density g. This distribution has three unknown parameters: the mean µe of

log(vA) and log(vB), the standard deviation σe of these same variables, and their correlation ρ.

We have shown in Dection 4.2 that this model s identified under some mild conditions and scale

and location normalizations on
(
Λ, φL, φJ , G

)
. In particular, we implement the scale and location

normalizations by setting σ = 1 and β0 = 0. Then, according to Theorem 2.3, 2.5 and 2.6, all the

parameters α ≡ (β, ρ, µ, µe, σe, δ) are uniquely determined by the distribution of TA, TB|X.

15In practice, we need to make sure that both are positive, and an exponential specification may be preferred.
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2.5.2 Likelihood-Based Methods

In the Gaussian case, for some positive threshold b, the conditional distribution of the hitting time

T |b is inverse Gaussian with density

fIG (t|b) =
b

σ
√

2πt3
exp

(
−(b− µt)2

2σ2t

)
.

However, in synchronization games, since there is endogenous right censoring, we generally cannot

observe all the hitting times correspond to different thresholds. So, when computing the likelihood,

we have to distinguish different cases, i.e. simultaneous-exit case and sequential-exit case, and derive

the likelihood for each case separately.

In the sequential-exit case, the log likelihood l (α) for Ti, Tj , Ti < Tj |X can be constructed using

the explicit expression

l (α) = ln

∫ ∞
0

∫ ∞
vi+∆i

fIG

(
Ti|Y

J
i

)
fIG

(
Tj − Ti|Y

L
j − Y

J
i

)
g (vi, vj) dvjdvi,

where ∆i = φJ (xi)− φL (xj) for i, j = A,B.

In the simultaneous-exit case, since we cannot identify who actually triggers the exit, we have

to consider both scenarios separately and then add up the two likelihoods. Thus, the log likelihood

l (α) for TA = TB = t|X is given by

l (α) = ln
(
LA (α) + LB (α)

)
,

where

Li (α) =

∫ ∞
0

∫ vi+∆i

vi+∆J
i

fIG

(
t|Y J

i

)
g (vi, vj) dvjdvi

is the likelihood for the case player i is the first one to exit, with ∆J
i ≡ φJ (xi) − φJ (xj) for

i, j = A,B.

The (log)likelihood functions are easy to construct with small numbers of players. However, when

the number of players grows larger, this construction, although theoretically possible, becomes too
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tedious, because the number of potential exit scenarios increases exponentially with the number of

players. For example, even in a three-player game, we would have to consider 24 different exit cases:

four possible exit scenarios for each of six different possible exit orderings.

Therefore, to allow for extensions to general I player games, we instead develop a simulated max-

imum likelihood estimator. In particular, for each parameter α and each observation (TA, TB, X), we

independently drawR instances of {vi}I to constructR different sets of thresholds
{
Y A,s, Y B,s|X,α

}
,

s = 1, ..., R, for given X and α. Then, for each simulated set of thresholds, we pick those that can

generate the observed (TA, TB) and derive the conditional likelihood using the explicit expression

of the inverse Gaussian density. The simulated log likelihood then follows as

lN (α) =
N∑
n=1

ln
1

R

R∑
s=1

fS
(
TA,n, TB,n|Y A,n,s, Y B,n,s

)
,

where Y i,n,s =
(
Y
J
i,n,s, Y

L
i,n,s

)
are the simulated Joint and Lone exit thresholds for player i of

observation n in simulation instance s.

In the sequential-exit case where player A exit first, TA,n < TB,n, the simulated thresholds

that generate positive likelihoods must satisfy Y
J
A,n,s < Y

L
B,n,s and the corresponding conditional

likelihood function is

fS
(
TA,n, TB,n|Y A,n,s, Y B,n,s

)
= fIG

(
TA,n|Y

J
A,n,s

)
fIG

(
TB,n − TA,n|Y

L
B,n,s − Y

J
A,n,s

)

When two players exit simultaneously, TA,n = TB,n, we only need to consider the thresholds that

satisfy Y
L
j,n,s < Y

J
i,n,s < Y

J
j,n,s; i, j = A,B. The conditional likelihoods are

fS
(
TA,n, TB,n|Y A,n,s, Y B,n,s

)
= fIG

(
Ti,n|Y

J
i,n,s

)

This simulated likelihood construction can easily be extended to allow for exogenous right cen-

soring. Suppose we do not directly observe this complete sample, but only a censored version of it:

{(T ∗A, T ∗B, DA, DB, X)}. Here, T ∗i = min {Ti, C} is the observed duration and Di = I (Ti < C) is the
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corresponding censoring indicator for some random censoring time C independent of TA and TB.

If only player B is censored, DA = 1, DB = 0, we know this can only happen in the sequential-

exit case where player A exit first and Y
J
A,n,s < Y

L
B,n,s. It is easy to verify that the conditional

likelihood function becomes

fS
(
T ∗A,n, T

∗
B,n, DA,n, DB,n|Y A,n,s, Y B,n,s

)
= fIG

(
T ∗A,n|Y

J
A,n,s

)
F IG

(
T ∗B,n − T ∗A,n|Y

L
B,n,s − Y

J
A,n,s

)
,

where F IG is the inverse Gaussian survival function.

When both players are censored, DA = DB = 0, we cannot distinguish whether it is in the

simultaneous-exit or sequential-exit case. However, as long as Y
J
i,n,s < Y

J
j,n,s for i, j = A,B, the

conditional likelihood functions become

fS
(
T ∗A,n, T

∗
B,n, DA,n, DB,n|Y A,n,s, Y B,n,s

)
= F IG

(
T ∗i,n|Y

J
i,n,s

)

Monte Carlo experiments

We demonstrate the performance of the simulated maximum likelihood estimator with Monte Carlo

experiments. We take the true parameter α to be such that

(β1, β2, ρ, µ, µ
e, σe, δ) = (1, 2, 0.5, 1, 0, 1, 1) .

Table 1 reports maximum simulated likelihood estimation results for a two player game with

N = 100 observations and R = 1000 simulated likelihood draws. The third column reports estimates

for a single simulated sample. The fourth column contains the corresponding asymptotic standard

errors, computing using a simulated variant of the BHHH estimate. Relative to the standard erorrs,

the estimates are close to the true values.

In order to explore the finite sample properties of the maximum simulated likelihood estimator,

we repeat this exercise with 100 Monte Carlo samples. The means and standard deviations (across

Monte Carlo samples) of the estimates are given in columns five and six of Table 1. The means
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Table 2.1: Maximum Simulated Likelihood Estimates

1 sample 100 samples

est ste mean std

β1 1 1.0510 0.1948 0.9967 0.1585
β2 2 1.9486 0.2909 2.0449 0.2109
ρ 0.5 0.6274 0.1042 0.5006 0.0770
µ 1 0.9741 0.1130 1.0241 0.1049
µe 0 0.0359 0.2354 0.0351 0.1859
σe 1 1.1287 0.1628 1.0215 0.1207
δ 1 0.8353 0.0985 0.8473 0.1480

Note: The third and fourth columns report maximum simulated likelihood estimates and the corresponding aymptotic standard
errors based on a simulated variant of the BHHH estimate for a single sample drawn from the specification in the first two
columns, with N = 100 observations and R = 1000 simulated likelihood draws. The fifth and sixth columns report the means
and standard deviations of such maximum simulated likelihood estimates across 100 Monte Carlo samples drawn from this same
specification.

approximate the true parameters really well. The standard deviations are quite similar to the

estimated standard error in the third column, which suggests our choice of the number of simulations

is adequate given the sample size.

Next, we test the performance of our maximum simulated likelihood estimator in extensions

with more than two players and compare this performance to that for a model with two players.

The pair of columns under (2) in Table 2 reports the results of estimating our model with I = 3

players and, as in Table 1, N = 100 observations and R = 1000 likelihood simulation draws. The

estimates are closely comparable to those for I = 2 players (which, for expositional convenience, we

have copied into the column pair under (1) in Table 2).

We check the effect of sample size on the performance of our estimator by re-estimating the

two-player model on a sample of size N = 500. Not surprisingly, the estimates, reported in the

pair of columns under (3) in Table 2, are more accurate. The standard deviations are less than

half of those with 100 sample size which confirms the
√
N convergence of the maximum simulated

likelihood estimator.

Finally, we reestimate the two-player model with N = 100 observations, but R = 5000 instead
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Table 2.2: Monte Carlo Experiments

(1) (2) (3) (4)

mean std mean std mean std mean std

β1 1 0.9967 0.1585 0.9868 0.1676 0.9915 0.0776 0.9878 0.1428
β2 2 2.0449 0.2109 2.0018 0.1889 2.0186 0.1272 2.0608 0.1876
ρ 0.5 0.5006 0.0770 0.5057 0.0700 0.5024 0.0726 0.5036 0.0858
µ 1 1.0241 0.1049 0.9628 0.1123 1.0035 0.0685 1.0593 0.1162
µe 0 0.0351 0.1859 0.0115 0.2049 0.0090 0.0987 0.0690 0.1865
σe 1 1.0215 0.1207 1.0279 0.1087 1.0263 0.1068 1.0298 0.0951
δ 1 0.8473 0.1480 0.9259 0.1759 0.9500 0.1185 0.8563 0.1351

I 2 3 2 2
N 100 100 500 100
R 1000 1000 1000 5000

Note: Column pairs (1)-(4) report the means and standard deviations of maximum simulation likelihood estimates across 100
Monte Carlo samples drawn from the specification in the first two columns, for various numbers of players I, sample sizes N ,
and numbers of likelihood simulation draws R.

of 1000 likelihood simulation draws. We are particularly interested to find out to what extent more

precise likelihood function calculation contributes to the accuracy of the estimation procedure. The

Monte Carlo results, reported in column pair (4) of Table 2, are similar to those for R = 1000

likelihood simulation draws. This supports our earlier conjectrure that R = 1000 draws suffice.

2.5.3 Method-of-Moments-Based Methods

Under standard assumptions, maximum likelihood is statistically efficient, whereas GMM is only

efficient in specific cases. Moreover, maximum likelihood estimators can easily be adjusted to handle

censoring; in contrast, the moments required for GMM cannot be computed directly if durations

are censored. This suggests that the maximum (simulated) likelihood estimator of the previous

subsection beats GMM estimators of our parametric model. However, even though the maximum

simulated likelihood estimator could be computed well for I = 2 or I = 3 players, it does not

perform well with large numbers of players. The reason for this is that, in order to generate a valid

simulated likelihood, at least one simulation must give a set of thresholds that can produce the
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observed duration data. When I is big, i.e. I ≥ 10, a particular order of the exits becomes rare.

For example, if I = 10, we will have more than 450 unique exit patterns; then, 1000 simulations or

even 10000 simulations are not enough to generate a valid simulated likelihood. On the other hand,

GMM does not suffer from this problem and can be easily applied to situations where the number

of players is much larger than I = 10.

de Paula (2009) developed a simulated minimum distance estimator to study the joint desertion

among Union Army soldiers during the American Civil War. Although our econometric model is

quite different, our GMM estimator is similar in spirit to de Paula’s. It is a methods of simulated

moments (MSM) estimator that minimizes

||m̂ (α) ||2W = m̂ (α)′Wm̂ (α) ,

where m̂ (α) = 1
N

∑N
n=1m (Tn) − 1

NR

∑NR
r=1m (Tr (α)). Here, m is a finite vector with all the

targeted moments, T = {Ti}I , and m (Tr (α)) is evaluated used observations simulated under

parameter α.

We report Monte Carlos results for this MSM estimator, using the following moments: mean

and variance of the first exit time T 1, mean and variance of 1
T 1 , covariance between T 1 and the

time difference of the first and second exit, T 2 − T 1, and average number of exits in the first three

exit episodes. The choice of moments is inspired by the identification strategies in Section 2.4.2.

The mean and variance of T 1 as well as 1
T 1 provide information of the latent process and Joint exit

thresholds; i.e. µ, β0 and σe. The covariance between T 1 and T 2 − T 1 together with the average

number of exits help to identify ρ and δ.

An important simplification is that we assume that all players have the same observed charac-

teristics. We normalize σ = 1 and µe = 0. So, the parameters α to be estimated include

(β0, ρ, µ, σ
e, δ) = (1, 0.5, 1, 1, 1) .

The Union Army example studied by de Paula (2009) is a synchronization game with a large
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Table 2.3: Method of Simulated Moments Estimates

mean std

β0 1 1.0328 0.0948
ρ 0.5 0.5020 0.0617
µ 1 1.0305 0.1056
σe 1 1.0056 0.0855
δ 1 1.0162 0.0882

Note: The last two columns report means and standard deviations of MSM estimates across 100 Monte Carlo samples drawn
from the specification in the first two columns.

number of players. In that example, each company in the Union Army consists of more than 100

soldiers who are simultaneously deciding when to desert the Army. To demonstrate the capability

of the MSM estimator to handle games with large numbers of players, we apply the estimator

to simulated data that are similar to the Union Army example, with I = 100 and N = 300.

We compute the moments using (only) two simulations: R = 2. Table 3 reports the means and

standard deviations of the MSM estimates across 100 Monte Carlo samples. The performance of

the MSM estimator is similar to that of the maximum simulated likelihood estimator. However,

we found that the objective function of this MSM estimator is highly non-smooth. In our Matlab

implementation, its minimization often leads to a local minimum. Although multiple starting values

help to circumvent this problem, this results in a significantly higher computational burden than

that of the maximum simulated likelihood estimator.

2.6 Conclusion

We have provided a new approach to disentangling strategic interaction and correlated effects in a

class of optimal stopping games with strategic complements, synchronization games. In particular,

we show that the latent Lévy process that drives the payoffs from stopping, the covariates’ effect on

the thresholds that characterize the game’s equilibrium strategy, and the joint distribution of the

unobserved heterogeneity in these same thresholds are uniquely determined by data on durations

and covariates under fairly weak conditions.
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Our identification strategy can be adapted to analyze optimal stopping games with strategic

substitutes, such as pre-emption games and wars of attrition. However, the equilibria of these games

often involve mixed strategies. Thus, one usually cannot single out a unique equilibrium using a

common perfection criterion as we did in this paper. The literature on incomplete econometric

models (Berry and Tamer, 2006) might be put to good use here. This is left for further research.
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Appendix

2.A Lévy Processes

Definition 2.2. A Lévy process Y = {Yt, t ≥ 0} is a stochastic process that starts at Y0 = 0 almost

surely, and has càdlàg (right-continuous with left-limits) paths with independent and stationary

increments i.e. for any t, s > 0, Yt+s − Ys is independent of {Yt′ , 0 ≤ t′ ≤ s} and has the same

distribution as Yt.

Lévy processes form a subclass of general Markov processes that is large enough to include many

familiar processes; such as Brownian motion, the Poisson process, and stable processes; but small

enough to have several nice properties that will be introduced below.

The most famous example of a Lévy process is probably the scalar Brownian motion with drift,

in which case Yt is normally distributed with mean µt and variance σ2t, for some drift parameter µ

∈ R and dispersion parameter σ ∈ R+. The only Lévy processes with continuous sample paths are

linear Brownian motions. In general, Lévy processes may have jumps. An important example of a

Lévy process with jumps is the compound Poisson process, which has independently and identically

distributed jumps at Poisson times. More generally, the jump process {∆Yt ≡ Yt − lims↑t Ys, t > 0}

of a Lévy process Y is characterized by a Poisson random measure

N : B [0,∞)× B (R\{0})→ {0, 1, 2, . . .} ∪ {∞}

such that, for A ∈ B (R\{0}), we have that N ([0, t] , A) =
∑

s≤t IA (∆Ys) counts the jumps of the

process Y of size in A up to time t (here, B(·) denotes the Borel σ-algebra). The set function

47
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Π (A) ≡ E [N ([0, 1] , A)] defines a σ-finite measure on R\{0} such that
∫

min
{

1, x2
}

Π (dx) < ∞;

this is called the Lévy measure of the Lévy process Y . For a compound Poisson process with jump

intensity λ and jump size distribution F, the Lévy measure Π (dx) simply equals to λF (dx). Any

Lévy process Y can be written as the sum of a Brownian motion with drift and an independent

pure-jump process with jumps governed by such a point process (Bertoin, 1998, Theorem I.1) . The

Lévy measure Π, together with a drift parameter and the dispersion parameter of its Brownian

motion component, fully characterizes Y ’s distributional properties.

Consider the hitting-time T (y) of some arbitrary threshold y ≥ 0. We define the hitting-time

process T ≡ {T (y); y ≥ 0} implied by a spectrally-negative Lévy process Y . It is convenient to

first study the common probabilistic characterization of Y . Bertoin (1998, Section VII.1) showed

that E [exp (sYt)] = exp[ψ(s)t] for s ∈ C with a nonnegative real part, where ψ is called the Laplace

exponent of the Lévy process Y given by the Lévy–Khintchine formula

ψ(s) = µs+
σ2

2
s2 +

∫
(−∞,0)

esx − 1− sxI{x>−1}Π (dx) . (2.18)

Here, µ ∈ R absorbs any linear drift of Y , σ ∈ R+ is the dispersion parameter of its Brow-

nian motion component, and Π is the Lévy measure of its jump component, where Π satisfies∫
min

{
1, x2

}
Π (dx) <∞ and has negative support. The Laplace exponent ψ of Y fully character-

izes its distributions, through its characteristic function. Equation (2.18) gives the most common

parametrization of ψ. It corresponds to the Lévy–Itô decomposition of Y in a Brownian motion

with linear drift µt, a compound Poisson process with jumps in (−∞,−1], and a pure-jump square

integrable martingale with an almost surely countable number of jumps in (−1, 0) (Kyprianou

(2006)).

The Laplace exponent ψ restricted to [0,∞) is continuous and convex, and satisfies ψ(0) = 0 and

lims→∞ ψ(s) =∞(Kyprianou, 2006, Theorem 3.12). So, there exist at most two roots to ψ (s) = 0

and we denote the largest solution by s0 ≥ 0. By restricting ψ to [s0,+∞), we can define an inverse

function Λ : [0,∞) 7−→ [s0,∞) of ψ. Note here that the Laplace transform is real analytic (Widder,

1946, Chapter IV, Theorem 3a) and so is the Laplace exponent ψ. Using analytic extension (Krantz
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and Parks, 2002, Proposition 1.4.2) , one can recover the Laplace exponent ψ on [0,∞) from its

restricted inverse Λ even if s0 > 0.

In this paper, we choose Y to be a spectrally-negative Lévy process to facilitate the analysis of

T (y), using Theorem VII.1 of Bertoin (1998): If Y is a spectrally-negative Lévy process, then the

hitting-time process T (y) is a killed subordinator with Laplace exponent Λ:

LT (y) (s) ≡ E
[
exp (−sT (y)) I{T (y)<∞}

]
= exp[−Λ(s)y]

for s ∈ [0,∞). That is, T (y) is a nondecreasing Lévy process (subordinator) with Laplace exponent

Λ− s0 forced to equal ∞ (killed) beyond some random threshold level es0 if s0 > 0. Here, es0 has

an exponential distribution with mean s−1
0 and is independent from (Y,X,v).

For example, suppose Y is a Brownian motion with general drift parameter µ ∈ R and dispersion

parameter σ ∈ R+. Then, the Laplace exponent of Y is ψ (s) = µs + σ2

2 s
2. It is obvious that

s0 = min
{

0,−2µ/σ2
}

and

Λ (s) =
−µ+

√
µ2 + 2σ2s

σ2
.

In this special case, T is an inverse Gaussian subordinator killed at an independent exponential

rate s0 if s0 > 0. If µ ≥ 0, the distribution of T (y) is nondefective with s0 = 0. On the other hand,

If µ < 0, s0 = −2µ/σ2 > 0 and the distribution of T (y) has a defect of size 1− exp(2µy/σ2).

Definition 2.3. The infinitesimal generator of a Lévy process (or more general Markov process) Y

is a linear operator A defined on a proper domain such that

Af (y) = lim
t↓0

Eyf (Yt)− f (y)

t
.

Here, “the proper domain” is a subset of real measurable function space such that the above limit

exits.
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More precisely, the infinitesimal generator of a Lévy process Y is given by

Af (y) = µf ′ (y) +
σ2

2
f ′′ (y) +

∫ (
f (y + x)− f (y)− xf ′ (y) I{|x|≤1}

)
Π (dx)

for all functions f such that the right hand side is well defined.

Following Boyarchenko and Levendorskĭi (2007), we introduce the (normalized) expected present

value operator (EPV-operator) E that calculates the normalized EPV of a stream u(Yt) given by

Eu (y) = ρEy
[∫ +∞

0
e−ρtu(Yt)dt

]
= E [u (y + YT )]

where T is an exponentially distributed random variable of mean ρ−1, independent of the process

Y .

Assumption 2.7. There exist some σ− ≤ 0 ≤ σ+, such that ψ is well-defined for z ∈ [σ−, σ+], and

ρ− ψ (z) > 0, ∀z ∈ [σ−, σ+]

Moreover, u (Yt) is measurable and satisfies the bound

|u (y)| ≤ C
(
eσ
−y + eσ

+y
)
.

Assumption 2.7 gives bounds to the function u (y) so that it will not grow too fast when y goes

to infinity. The main purpose of this constrain is to make sure that Eu (y) does not go to infinity

which corresponds to a no-bubble condition in the ordinary Brownian motion case.

In the theory of stochastic processes, Rρ = ρ−1E is also referred to as the resolvent. From

the standard theory, we know the following important connection between the resolvent and the

generator on a proper function space:

ρ−1 (ρ−A) E = Eρ−1 (ρ−A) = I
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where I is the identify operator. In other words, ρ−1 (ρ−A) and E are mutual inverses. If U is

twice differentiable and does not grow too fast as y −→ +∞: For any N , there exits C such that

on (−N,+∞) ∑
0≤s≤2

∣∣∣U (s) (y)
∣∣∣ ≤ Ceσ+y.

Then, from Lemma 10.2.5 of Boyarchenko and Levendorskĭi (2007), we know that there exits a

function ũ0 satisfying Assumption 2.7 given as

ũ0 = ρ−1 (ρ−A)U

such that

U (y) = Ey
[∫ +∞

0
e−ρtũ0(Yt)dt

]
.

We will denote the normalized EPV-operator of the supremum process Y max
t = sup0≤s≤t Ys and

the infimum process Y min
t = inf0≤s≤t Ys by E+ and E− respectively such that

E+u (y) = ρEy
[∫ +∞

0
e−ρtu(Y max

t )dt

]
= E

[
u
(
y + Y +

)]
and

E−u (y) = ρEy
[∫ +∞

0
e−ρtu(Y min

t )dt

]
= E

[
u
(
y + Y −

)]
where Y + = Y max

T , Y − = Y min
T and T is defined as above. Notice that since Y0 = 0 , by construction,

Y + ≥ 0 and Y − ≤ 0.

Lemma 2.1. Suppose Assumption 2.7 is satisfied, E+u and E−u are monotone given that u is

monotone. If u (y) ≥ (>) 0 for all y, then E+u (y) ≥ (>) 0 and E−u (y) ≥ (>) 0 for all y.

Proof. See Boyarchenko and Levendorskĭi (2007) Proposition 10.2.1.
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Lemma 2.2. Suppose that Assumption 2.7 holds, then

V
(
y;Y

)
= ρ−1

(
E+1(−∞,Y )E

−u
)

(y)

= ρ−1E
[(

1(−∞,Y )w
) (
y + Y +

)]

where w (y) = E−u (y) = E [u (y + Y −)].

Proof. See Boyarchenko and Levendorskĭi (2007) Theorem 11.4.3.

Theorem 2.8. If u (y) is decreasing and satisfies Assumption 2.7, then there exists Y
∗

such that

w (y) > 0 ∀y < Y
∗

and w (y) < 0 ∀y > Y
∗
. Moreover, Y

∗
is the unique optimal threshold, and the

optimal value at state y is given by

V (y) = V
(
y;Y

∗
)

Proof. See Boyarchenko and Levendorskĭi (2007) Theorem 11.5.2.

Clearly, the larger the value of the product 1(−∞,Y )w, the larger is the value V
(
y;Y

)
. Hence,

intuitively, the optimal choice of Y should replace all negative values of w by zero, and leave

positive ones as they are. Since w is increasing, the optimal threshold Y
∗

is implicitly determined

by w
(
Y
∗
)

= 0.

2.B Omitted Proofs

Proof of Proposition 2.1. From Theorem 2.8 we know that w (y) > 0 for all y < Y
∗
, hence, it

is easy to see that 1(−∞,Y )w (y) > 0 if y < Y ≤ Y
∗
. Given that Y + has positive measure in[

0, Y
∗ − y

]
which is indeed the case when Y is spectrally-negative, we have V

(
y;Y

)
> 0. Since

w (y) < 0 for all y > Y
∗
, we have 1(−∞,Y )w (y) < 0 for Y

∗
< y < Y . Given that Y + has positive

measure in
[
0, Y − y

]
, one can derive V

(
y;Y

)
< 0. Denote wJ = E−uJ and wL = E−uL. Since(

uJ − uL
)

(y) > 0 due to linearity of the E− operator and Lemma 2.1, we have that wJ (y) > wL (y).

Since wJ and wL are both decreasing and Y
S

are chosen such that wS (y) > 0 ∀y < Y
S

and

wS (y) < 0 ∀y > Y
S

, we can obviously derive that Y
L
< Y

J
.
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Proof of Proposition 2.2. Since Vi (y) is the optimal value player i can get, it must be no less than

the value V J
i

(
y;Y j

)
at y < Y j .

If Y j ≤ Y
J
i , by Proposition 2.1, this implies V J

i

(
y;Y j

)
> 0. Thus, when at the state y < Y j ,

player i should stay in the game to obtain Vi (y) instead of exiting and receiving 0. Thus, we

have Ri
(
Y j

)
≥ Y j . Moreover, there are two different sub-cases. (i), if Y j < Y

L
i , we know from

Proposition 2.1 that the optimal value of the single agent problem V L
i (y) > 0 for y < Y

L
i . Hence

equation (2.3) implies that player i should prefer to exit strictly later than player j at any state

y ∈
(
−∞, Y L

i

)
. This implies that Ri

(
Y j

)
≥ Y

L
i . (ii), if Y j ∈

[
Y
L
i , Y

J
i

]
, since V L

i (y) = 0 for y ≥

Y
L
i , player i will not have that incentive to exit strictly later. We only have that Ri

(
Y j

)
≥ Y j .

If Y j > Y
J
i , since Vi (y) ≥ V J

i

(
y;Y

J
i

)
> 0 for y < Y

J
i , we have Ri

(
Y j

)
≥ Y

J
i . On the other

hand, if Ri
(
Y j

)
> Y

J
i , Proposition 2.1 implies for y ∈

(
Y
J
i , Ri

(
Y j

))
we have V J

i

(
y;Ri

(
Y j

))
< 0

which contradicts the definition of best response, because player i can exit and receive 0. Thus we

have Ri
(
Y j

)
= Y

J
i .

Proof of Theorem 2.1. Suppose
{
YJi ,YJj

}
is an equilibrium and that Y i = inf YJi and Y j = inf YJj .

Then, Proposition 2.2 implies that Y j ≥ Y
L
j , and therefore Y i = Y

J
i .

Proof of Theorem 2.2. Suppose
{
YJi ,YJj

}
is a equilibrium and that Y i = inf YJi and Y j = inf YJj .

Since Y j ≥ Y
L
j , Proposition 2.2 implies that Y i ≥ Y

L
j . Now we consider three cases of the position

of Y i.

For Y i ∈
[
Y
L
j , Y

J
i

)
, Proposition 2.2 implies that Y j ≥ Y i. Then, in turn we need either Y i ≥ Y j

in the case of Y j ∈
[
Y i, Y

J
i

]
or Y i = Y

J
i in the case of Y j > Y

J
i . Thus Y i = Y j = Y for some

Y ∈
[
Y
L
j , Y

J
i

)
are the possible situations.

If Y i = Y
J
i , then it is easy to check all Y j ≥ Y

J
i satisfy the conditions of Proposition 2.

Suppose Y i > Y
J
i . Proposition 2.2 requires that Y j ≤ Y

J
i < Y i, which in turn violate the

condition of Proposition 2.2. Hence no equilibrium can arise in this case.

Proof of Theorem 2.6. By taking s = 0 in equation (2.17), we have Laplace transform of the dura-
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tion between two exit times conditional on X in case of sequential-exits

LT 2−T 1(t|X) = E
(

exp[−Λ(t)
(
Y
L
j − Y

J
i

)
I{
Y
J
i <Y

L
j <∞

}]|X
)
.

Since Λ is the inverse of ψ on [s0,∞) and is identified in Theorem 2.3, substituting t = ψ (s), we

have

LT 2−T 1(ψ (s) |X) = E
(

exp[−s
(
Y
L
j − Y

J
i

)
I{
Y
J
i <Y

L
j <∞

}]|X
)
s ≥ s0.

Using analytic extension, one can derive L(
Y
L
j −Y

J
i

)
I{Y Ji <Y Lj <∞}

(s|X) for all s ≥ 0. By the unique-

ness of Laplace transform, we have equivalently identified the cumulative distribution function of(
Y
L
j − Y

J
i

)
I{
Y
J
i <Y

L
j <∞

} conditional on X, F δj (|X). Denote by ∆ = φL (x2) − φJ (x1) the sys-

tematic difference of two thresholds and by vd = vj − vi the difference of two error terms with

culmulative distribution function F d. Note that we can derive the following probability for c ≥ 0

Pr(c < Y
L
j − Y

J
i <∞|X) =

∫ +∞

c
dF δj (y|X) =

∫ +∞

c−∆
dF d(vd)

When consider the case where player j exits before player i, we can apply the same arguments and

identify

Pr(c < Y
L
i − Y

J
j <∞|X) =

∫ +∞

c
dF δi (y|X) =

∫ ∆−c

−∞
dF d(vd)

When evaluating at X = {x1,x2}, there exits a unique c = ∆ ≥ 0 such that the sum of the above

two probabilities equals to Pr(min(vi, vj) <∞) which is identified in Theorem 2.3. Because φJ (x1)

is known, we can thus pin down φL (x2).

Consider X′ = {x1,x
′} for some arbitrary x′, the probablity of observing player i exits before

player j conditional X is given by

Pr(Y
J
j < Y

L
i <∞|X′) =

∫ +∞

0
dF δi (y|X) =

∫ +∞

φL(x2)−φL(x′)
dF δi (y|(x1,x2))

We can identify φL (x′) since the right hand side is decreasing in φL (x2)− φL (x′).
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Proof of Theorem 2.7. Since Λ is the inverse of ψ on [s0,∞), from (2.17), it follows that

L (ψ (s) , ψ (t) |X) = E
(

exp[−sY J
i I
{
Y
J
i <Y

L
j

}] exp[−t
(
Y
L
j − Y

J
i

)
I{
Y
J
i <Y

L
j

}]|X
)

= L̃ (s, t|X) , s, t ≥ s0

where L̃ (s, t|X) is the joint Laplace transform of Y
J
i I
{
Y
J
i <Y

L
j

} and
(
Y
L
j − Y

J
i

)
I{
Y
J
i <Y

L
j

} condi-

tional on X. Since ψ is identified, analytic extension gives L̃ (s, t|X) for all s, t ≥ 0. By the

uniqueness of the Laplace transform, we have equivalently identified the joint distribution func-

tion of

(
Y
J
i I
{
Y
J
i <Y

L
j

}, Y L
j I
{
Y
J
i <Y

L
j

}) conditional on X. Recall that we have identified φJ and

φL. When choosing X = {x1,x2}, we can identify the joint distribution of (vi, vj) on the set{
vi < vj + φL(x2)− φJ(x1)

}
, which contains {vi ≤ vj} under Assumption 2.6. Following the same

argument, we can identify the joint distribution of (vi, vj) on the set {vi ≤ vj} from the observa-

tions of sequential-exit when player j exit first. Together, we identifed the joint distribution G of

(vi, vj).



56 CHAPTER 2. THE EMPIRICAL CONTENT OF SYNCHRONIZATION GAMES



Chapter 3

A Two-Sided Mixed Hitting-Time

Model for Dependent Competing

Risks Analysis

This chapter is based on the identically entitled working paper, which is co-authored

with Jaap H. Abbring and Ruixuan Liu.

Abstract. We propose a competing risks model in which one latent duration is the first

time a spectrally-negative Lévy process increases above some threshold and the other

latent duration is the first time this same process falls below another threshold. The

thresholds are heterogeneous and may vary with both observed covariates and unob-

served characteristics. We show that this “mixed hitting-time” competing risks model

naturally arises in the structural analysis of transitions from unemployment to either

employment or inactivity, and provide various other economic examples. Dependence

of the competing risks, through both the common latent process and dependent un-

observed heterogeneity of the thresholds, poses a classical identification problem. We

resolve this problem by leveraging the model’s special structure and develop a range of

identification results for both the general Lévy case and the important special case in

57
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which the latent process is a Brownian motion.

Keywords: two-sided exits, competing risks, mixed hitting-time models, identification.

3.1 Introduction

Competing risks models are widely used to jointly model the duration spent in a state of interest

(say, being alive) and the reason for leaving that state (say, the cause of death). They specify a latent

duration for each possible reason (or risk) and associate the observed duration and reason with the

shorted latent duration. Specifically, with two latent durations T0 and T1 corresponding to two

causes of failure 0 and 1, the econometrician only observes the minimum duration T = min(T0, T1)

and the cause of failure D = 1{T1 < T0} (here, 1{x} ≡ 1 if x is true, and zero otherwise).

Applications of competing risks models in economics include Flinn and Heckman (1982), who

investigated the duration of unemployment where an individual can exit unemployment either by

finding a job or by leaving the labor market; Katz and Meyer (1990), who studied the probability of

leaving unemployment through recalls and new jobs; Deng et al. (2000), who investigated mortgage

termination by prepayment or default; and Brown and Dinç (2011), who examined banks’ survival

of bankruptcy and acquisition. Moreover, the structure of competing risks models is generic for

many other economic models, including the classical Roy model in Heckman and Honoré (1990),

in which workers self-select into the sector that gives them the highest expected earnings; and the

first-price auction model in Athey and Haile (2002), in which only the winning price and winner’s

identity are available in the data.

This paper proposes and analyzes a bivariate competing risks model that specifies one latent du-

ration T1 as the first time a latent stochastic process increases above some heterogeneous threshold,

and the other latent duration T0 as the first time the same process falls below another heteroge-

neous threshold. Like existing competing risks models, only the event that occurs first, and the

time at which it happens, are observed. Unlike them, it imposes a specific ordered structure on the

competing risks. This structure has many applications. For example, in medical studies, the latent

process may reflect a health state, T1 the time until healing, and T0 the time until death (Crowder,
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1991). In modeling unemployment dynamics, the latent process may be an unemployed worker’s

(potential) productivity, T1 the time to find a new job, and T0 the time until she drops out of the

labor pool (Flinn and Heckman, 1982). Similarly, in the study of job tenure, T1 could represent

the time until getting promoted or tenured and T0 the time of leaving the current job (Jovanovic,

1979). Our model may also serve as a reduced form of certain classes of optimal stopping games

(Dynkin, 1967). For example, an Israeli option is either terminated by the holder exercising the

option or the writer canceling it (Baurdoux and Kyprianou, 2008).

Our main contribution is to develop a range of identification results for this competing risks

model. We focus on a specification that takes the thresholds to be multiplicative in the effects of

the observed covariates and unobserved heterogeneity factors, allowing for general dependence of

the unobserved heterogeneity factors in both thresholds. We assume either that the latent process

is a spectrally-negative Lévy process; i.e. a process with stationary, independent increments that

has no positive jumps; or restrict attention to the key example of such a process, Brownian motion.

Our model is a specific dependent competing risks model, with the dependence between T0 and

T1 (conditional on observed covariates) arising from both the common latent process and dependence

of the unobserved heterogeneity factors in the thresholds. In general, dependent competing risks

models are not identified (Cox, 1959; Tsiatis, 1975, see also the review in the next section). However,

the two-sided exit model imposes a special, ordered structure on the dependence, which we leverage

to prove nontrivial nonparametric identification results. To this end, we recall that competing risk

data provide information on the so called “subdistributions” of the durations corresponding to each

cause of failure and explicitly derive the model’s implications for the Laplace transforms of these

subdistributions, which we call “sub-Laplace transforms”. We then rely on a collection of identities,

limit theorems and smoothness properties in the fluctuation theory of Lévy processes to demonstrate

nonparametric identification.

The remainder of the paper is organized as follows. The next section reviews the literature.

Section 3.3 motivates the econometric model with an example in the structural analysis of unem-

ployment durations. Section 3.4 specifies the competing risks model (the mixed hitting-time model



60 CHAPTER 3. A TWO-SIDED MIXED HITTING-TIME MODEL

with two-sided exits). Section 3.5 formally defines spectrally-negative Lévy processes and provides

some results on such processes that we need for our main, identification analysis, which we present

in Section 3.6. Section 3.7 concludes.

3.2 Literature Review

Identification analysis of competing risks models has a long history dating back to Cox (1959).

Tsiatis (1975) used an explicit construction to demonstrate that the marginal distributions of the

latent durations are not identified if the independent risks assumption is relaxed. Crowder (1991)

further amplified this identifiability crisis by proving that even if the two marginal distribution

functions of (T1, T0) are given, their joint distribution still remains unidentified generally. Peterson

(1976) obtained the worst-case bounds for both the marginal distribution function of T1 and the

joint distribution function of T1 and T0.

In response to the identifiability crisis, three general approaches have been taken in the literature

to achieve point identification of a competing risks model. First, covariate information and specific

model structures imposed on the marginal distributions may restore point identification; see, e.g.,

the proportional hazards and accelerated failure time models in Heckman and Honoré (1989), Ab-

bring and Van den Berg (2003), Lee and Whitmore (2006), and Lee and Lewbel (2013). Second,

in the spirit of Peterson (1976), worst-case bounds have been adapted to accelerated failure time

model with discrete regressors in Honoré and Lleras-Muney (2006), and censored quantile regres-

sion in Khan and Tamer (2009). Finally, assuming a known copula for the individual risks, Zheng

and Klein (1995) extended point identification results for independent risks to dependent risks and

proposed a copula-graphic estimator of the marginal survival function. For the case of a known and

Archimedean copula, Rivest and Wells (2001) derived an explicit expression for the copula-graphic

estimator of the survival function proposed in Zheng and Klein (1995). Fan and Liu (2013) consid-

ered partial identification of a censored quantile regression model in which the independent variable

is subject to certain dependent censoring and the copula varies within a pre-specified class. They

demonstrated the possibility of improving on the worst-case bounds for the conditional quantile
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function.

Models based on (mixed) proportional hazards dominate empirical economics, but economic

theory in general does not lead to proportional hazards, which complicates the structural inter-

pretation of the estimates of such models (van den Berg, 2001). A typical duration of interest

to economists arises from solving an optimal stopping time problem, where optimizing economic

agents make decisions about the time at which to switch from one state to another, such as in firms’

entry and exit choices (Dixit, 1989), worker’s unemployment decision (Mortensen and Pissarides,

1994), and real option type investment decisions (McDonald and Siegel, 1986). In these examples,

the structural duration is related to some threshold crossing behavior of a latent stochastic pro-

cess (Abbring, 2012). Indeed what is usually disregarded in the traditional approach to duration

or survival analysis is that the particular duration is the end point of some process (Aalen et al.,

2008; Lee and Whitmore, 2006). Parallel to the traditional hazard-based modeling strategy, many

process-based models have been developed by making use of a specific parametric sub-class of Lévy

processes. For example, Brownian motion appeared in Lancaster (1972)’s strike model and Whit-

more (1979)’s job tenure model, while the gamma process has been utilized in Singpurwalla (1995);

Lawless and Crowder (2004) to model a degradation process.

Abbring (2012) studied the identifiability of process-based duration models, without making

parametric assumptions. Abbring (2012)’s mixed hitting-time (MHT) model specifies durations as

the first times a latent process hits a heterogeneous threshold. Abbring demonstrated that the MHT

model naturally follows from a range of optimal stopping problems and analyzed its identification for

the case in which the latent process is a spectrally-negative Lévy process. He focused on univariate

duration models and suggested parametric estimation.

Botosaru (2013) proposed another univariate duration model, driven by a Lévy subordinator,

which could be either viewed as a hazard-based model with a certain random hazard density or

a process-based model with the latent process being a double stochastic integral of the Lévy sub-

ordinator. Identification in Botosaru (2013)’s random hazard density model relates to solving a

nonlinear integral equation. For the identified case, Botosaru (2013) presented a sieve type estima-
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tor and proves its consistency.

Liu (2016b) also proposed a new univariate duration model, which specifies the duration as

the first time a Lévy subordinator crosses a unit exponential threshold. When the structural

multiplicative effect is parameterized as a linear index, the model reduces to a single-index Cox

regression, where the unknown link function is the Lévy-Laplace exponent function of the latent

Lévy subordinator. Liu (2016b) tudied a sieve partial likelihood estimator for the finite dimensional

parameter and proved its semiparametric efficiency.

Ryu (1993) and Liu (2016a) developed process-based competing risks models. Ryu (1993)

specified two latent durations, one driven by some natural failure mechanism (characterized by the

threshold-crossing behavior of some nondecreasing process) and the other arising from an agent’s

optimizing behavior. There is just one latent process and it is assumed to be compound Poisson

with nonparametric increments, which is a specific Lévy subordinator. Apart from this process,

all the other components are parametric. The identifiability of Ryu (1993)’s model remains to be

addressed.

In Liu (2016a), the latent durations are first passage times of a bivariate Lévy subordinator

across independent exponential thresholds. Liu (2016a)’s model could be seen as a variant of the

mixed proportional hazards competing risks model, as the dependence is generated by the Lévy

copula. The implied conditional joint survival function is of the Marshall-Olkin form. Liu (2016a)

discussed its semiparametric identification and estimation.

To the best of our knowledge, this paper is the first attempt to study the identification of

competing risks model where the underlying durations are characterized by mixed-hitting times.

Unlike Abbring (2012) and Botosaru (2013), this paper focuses on a duration data with multiple

choices instead of simply single-spell duration data. We also allow the thresholds to vary with

general dependent unobservables, without assuming, like Liu (2016a), that they follow some known

distribution.
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3.3 A Labor Market Example

We first motivate this paper’s competing risks model with a simple example of a single agent’s

stochastic optimization problem in the context of a worker’s labor participation choice1. This

problem is a simplified version of the search model initially proposed by Lucas Jr and Prescott

(1974) and Flinn and Heckman (1982), and later analyzed by Alvarez and Shimer (2011). These

papers studied the workers’ choices of searching and reallocation between different industries in

a general equilibrium framework by explicitly distinguishing between ‘search’, ‘reallocation’ and

‘rest’ unemployment. However, in our simple example, we abstract from the general equilibrium

setup as well as various macroeconomic shocks and focus on the individual worker’s optimal labor

participation decision when facing an endogenously given labor market environment with individual

specific productivity shocks.

We consider a model of continuous time and infinite horizon. There are a fixed number of

infinitely lived, risk-neutral workers in the economy, who are initially unemployed. At each instant

t, a worker can decide to change her current status from unemployed i.e. s (t) = N to either

employed, s (t) = E, or inactive, s (t) = I. Each worker has her own individual specific indicator of

productivity Yt, which evolves over time following a Brownian motion with initial condition y0:

Yt = µt+ σWt,

where µ ∈ R measures the drift of Yt, σ > 0 measures the standard deviation, and {Wt} is a

standard Wiener process.

There is a mass of infinitely lived risk-neutral firms who sell homogeneous products on a perfect

competitive market. All firms are operating under identical constant returns to scale technology,

using labor as the only input. The output of a worker with current indicator of productivity Yt in

any firm is simply given by eYt . The labor markets exhibits free entry of firms meaning each firm

1Dixit and Pindyck (1994, Chapter 7.2) studied a similar problem of firms’ “mothballing” decision. In their
example, when the copper price falls, a copper producer can either permanently abandon the mine or put it into
temporary suspension, keeping the option of reactivating it in the future at a cost.
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can post vacancies with no cost. Under these simple assumptions, an employed worker earns a wage

equal to her output eYt .

At each instant t, an unemployed worker gets a flow payoff ebN from unemployed benefit while

keeping the option of becoming employed by paying a fixed cost eC .2 Meanwhile, she can perma-

nently change her state to inactive with no cost and collects a flow utility ebI from leisure thereafter.

We assume the flow utility from leisure is greater than that from unemployed benefit ebI > ebN ,

because otherwise workers will strictly prefer unemployed to inactive. Agents discount the future

at rate r.

The state of worker’s problem is given by (s, y) where y is the individual specific indicator of

productivity and s ∈ {N,E, I} denotes whether the worker is unemployed, employed or inactive

respectively. Denote value function of a worker with state (s, y) by Ws (y). The value functions are

given by

WN (y) = max
τE ,τI

E

 ∫ τE∧τI0 e−rtebNdt+ I (τE ≤ τI) e−rτE
[
WE (YτE )− eC

]
+I (τI < τE) e−rτIWI | Y0 = y

 (3.1)

WE (y) = max
τN

E
[∫ τN

0
e−rteYtdt+ e−rτNWN (YτN ) | Y0 = y

]
(3.2)

WI (y) = WI ≡
ebI

r
(3.3)

Since inactive is an absorbing state, the value in state s = I is equal to the present value of a

constant payoff stream of ebI discounted by r. In equation (3.1), the unemployed worker chooses

two stopping times τE and τI at which to change her status to employment or inactive respectively

depending on which stopping time is reached first. Similarly in equation (3.2), the employed worker

chooses the stopping time τN at which to switch to unemployment. The expectations in equation

(3.1) and equation (3.2) are taken with respect of the law of motion for Yt.

Note that unemployed workers can always switch their status immediately to either inactive or

2This sunk cost may represent search costs incurred by workers, such as the cost of locating suitable jobs.
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employed after paying certain cost. This implies that

WN (y) ≥ max
{
WE (y)− eC ,WI

}
with equality at the states where switching to either employed or inactive is optimal. And the same

argument applies to when workers are employed. Thus we have

WE (y) ≥WN (y) ,

with equality if becoming unemployed is preferable. Standard arguments from Stokey (2009) or

Dixit and Pindyck (1994) claim that, given the monotonicity of the flow payoff, we can limit our

attention to threshold policies. To be more specific, the optimal stopping times τE , τI and τN can

be characterized by thresholds yE , yI and yN respectively such that an unemployed worker chooses

to become employed if the benefit from working is sufficiently high i.e. Yt > yE or she decides

to leave the labor force forever when the individual indicator of productivity drops below certain

level, Yt < yI , and an employed worker switches to unemployment if the benefit is sufficiently low,

Yt < yN .

To solve for the thresholds, we formulate the Hamilton-Jacobi-Bellman (HJB) equation for the

worker’s problem. The equation (3.1) gives

rWN (y) = ebN + µW ′N (y) +
σ2

2
W ′′N (y) (3.4)

for all y ∈
[
yI , yE

]
. Similarly, if the worker is employed, the equation (3.2) implies

rWE (y) = ey + µW ′E (y) +
σ2

2
W ′′E (y) (3.5)

for all y ≥ yN . The boundary conditions for the problem are given by the following three value
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matching conditions

WN

(
yI
)

= WI (3.6)

WN

(
yE
)

= WE

(
yE
)
− eC (3.7)

WE

(
yN
)

= WN

(
yN
)

(3.8)

and the following three smooth pasting conditions

W ′N
(
yI
)

= 0 (3.9)

W ′N
(
yE
)

= W ′E
(
yE
)

(3.10)

W ′E
(
yN
)

= W ′N
(
yN
)

(3.11)

and finally the no-bubble condition

lim
y→∞

WE (y)

ey
=

1

r − µ− σ2/2
(3.12)

The general solution to equation (3.4) and equation (3.5) is of the form

WE (y) =
ey

r − µ− σ2/2
+ cE1 e

λr1y + cE2 e
λr2y

WN (y) =
ebN

r
+ cN1 e

λr1y + cN2 e
λr2y

where λr1 < 0 < λr2 are the two roots of equation µλ+ σ2

2 λ
2 = r. In total, we have seven equations,

(3.6)-(3.12), in seven unknowns,
(
yI , yE , yN , cN1 , c

N
2 , c

E
1 , c

E
2

)
. This system of equations generally has

a unique solution. The workers optimal strategies are given by three thresholds
(
yI , yE , yN

)
which

are determined by the model primitives

ys = F̃ s (r, µ, σ, bN , bI , C, y0)
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for s ∈ {N,E, I}.

Remark 3.1. Note that equation (3.1)- (3.3) can be rewritten as

WN (y) = ey max
τE ,τI

E

 ∫ τE∧τI0 e−rtebN−ydt+ I (τE ≤ τI) e−rτE
[
WE (YτE )− eC−y

]
+I (τI < τE) e−rτIe−yWI | Y0 = 0


WE (y) = ey max

τN
E
[∫ τN

0
e−rteYtdt+ e−rτNWN (YτN ) | Y0 = 0

]
WI (y) = WI ≡ ey

ebI−y

r
.

Thus the thresholds satisfied the following homogeneity property

F̃ s (r, µ, σ, bN , bI , C, y0) = F̃ s (r, µ, σ, bN − y0, bI − y0, C − y0, 0) .

As a result, we can assume Yt starts at Y0 = 0 and denote the thresholds as

ys = F s (r, µ, σ, bN , bI , C) .

In this labor market participation example, unemployed workers may exit unemployment either

by finding a new job or by leaving the labor market. The unemployed worker follows a threshold

strategy that involves two thresholds, yI and yE , which are determined by the worker’s time invari-

ant observables and unobservables. To be more specific, when her individual specific indicator of

productivity Yt exceeds yE , she will rejoin the work force. If Yt falls below yI , she leaves the labor

market and becomes inactive. In the next section, we will propose a competing risks model that

captures this structure.

3.4 The Competing Risks Model

Consider a bivariate competing risks model with latent durations T1 and T0. The econometrician

only observes the minimum T = min(T1, T0) and the cause of failure D = 1{T1 < T0}. The latent
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durations equal

T1 ≡ inf {t : Yt ≥ yU} and T0 ≡ inf {t : Yt ≤ yL} ,

where the thresholds

yU = φU (X) εU and yL = −φL (X) εL (3.13)

for some mutually independent spectrally-negative Lévy process Y ≡ {Yt}, observed covariates

X with support Ξ ⊂ Rd, and unobserved random variables (εL, εU ) with joint distribution G on

(0,∞)2. The measurable functions φU and φL : Ξ 7−→ (0,∞) map observed covariates into scale

factors in the thresholds yL and yH .

The assumption that Y is a spectrally-negative Lévy proces ensures that Y0 = 0 (almost surely),

so that the process starts between the two thresholds (yL < Y0 = 0 < yU ) and the model is

nontrivial.3 Brownian motion is a special case of a spectrally-negative Lévy process. Section 3.5

provides further details.

The two-sided exit structure comes naturally in many economic applications of the competing

risks model. Heuristically, the latent durations represent two forces moving in opposite directions,

such as healing and death, or employment and leaving the labor pool. Section 3.3’s labor market

model is one explicit example of an economic problem that gives this structure.

Example 3.1. In Section 3.3’s model of unemployment durations and destinations, T1 is the latent

duration until an unemployed worker finds a new job and T0 corresponds to the latent duration

before she leaves the labor force and becomes inactive. The latent Brownian motion Y captures

individual productivity. The observed covariates X contain some background characteristics for

each worker, such as education and work experience. The error terms (εL, εU ) may capture some

unobserved heterogeneity in e.g. search costs and non-pecuniary benefits. Multiplicative separa-

bility of the thresholds is a rather strong assumption. However, as the competing risks data only

give limited information on the model primitives, such structure is needed for identification. The

same specification is also adopted by other papers that model durations as hitting times of random

3Note that we could easily allow either threshold to equal zero for some values of the covariates and include zero
in the support of the errors, at the expense of slighty more cumbersome notation later.
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processes (e.g. Abbring, 2012).

The two-sided exit structure could also arise from the strategic behavior of two players in a

game.

Example 3.2 (Dynkin’s Stopping Games). Consider a zero-sum stopping game with two players

and the following pay-off function (Dynkin, 1967)

Θ (t1, t0) = e−qt1G (Y (t1)) I {t1 ≤ t0}+ e−qt1H (Y (t0)) I {t1 ≥ t0} ,

where q is the discount rate and G (·), H (·) are known functions. The Nash equilibrium is unique

in this optimal stopping game under minimal restrictions (Peskir, 2009). The value of the game is

characterized by the saddle point

V = sup
t1

inf
t0

EΘ (t1, t0) = inf
t0

sup
t1

EΘ (t1, t0) ,

and the pair (T1, T0) are the corresponding optimal stopping times. A simple example of such a real

option game is the Israeli option model, with strike price K and asset price eY (t). The holder has

the right but not the obligation to claim
(
K − eY (t0)

)+
at any time t0; the writer can cancel the

contract by paying
(
K − eY (t1)

)+
plus a penalty δ at any time t1. With such an Israeli option, the

equilibrium is characterized by two thresholds. The writer will wait until the asset price is equal

to the strike price and cancel the contract with a penalty. The holder will exert the option when

the asset price falls below some level below the strike price. When the asset price starts in between

these two thresholds, we will have a competing risks structure.

Before we can discuss our model’s identification, we first need to learn more about spectrally-

negative Lévy processes. The next section draws heaviliy on Bertoin (1998)’s comprehensive analysis

of Lévy processes.
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3.5 Preliminary Results on Lévy Processes

A Lévy process is the continuous-time equivalent of a random walk: It has stationary and indepen-

dent increments. Formally, we have

Definition 3.1. A Lévy process Y = {Yt, t ≥ 0} is a stochastic process that starts at Y0 = 0 almost

surely, and has càdlàg (right-continuous with left-limits) paths with independent and stationary

increments i.e. for any t, s > 0, Yt+s − Ys is independent of {Yt′ , 0 ≤ t′ ≤ s} and has the same

distribution as Yt.

The most common example of a Lévy process is the scalar Brownian motion with drift. Brownian

motions are the only Lévy processes with continuous sample paths. In general, Lévy processes may

have jumps. An important example of a Lévy process with jumps is the compound Poisson process,

which has independently and identically distributed jumps at Poisson times. More generally, the

jump process {∆Yt ≡ Yt − lims↑t Ys, t > 0} of a Lévy process Y is characterized by a Poisson random

measure

N : B [0,∞)× B (R\{0})→ {0, 1, 2, . . .} ∪ {∞}

such that, for A ∈ B (R\{0}), we have that N ([0, t] , A) =
∑

s≤t IA (∆Ys) counts the jumps of the

process Y of size in A up to time t (here, B(·) denotes the Borel σ-algebra). The set function

Π (A) ≡ E [N ([0, 1] , A)] defines a σ-finite measure on R\{0} such that
∫

min
{

1, x2
}

Π (dx) < ∞;

this is called the Lévy measure of the Lévy process Y . For a compound Poisson process with jump

intensity λ and jump size distribution F, the Lévy measure Π (dx) simply equals λF (dx). Any

Lévy process Y can be written as the sum of a Brownian motion with drift and an independent

pure-jump process with jumps governed by such a point process (Bertoin, 1998, Theorem I.1). The

Lévy measure Π, together with a drift parameter and the dispersion parameter of its Brownian

motion component, fully characterizes Y ’s distributional properties.

Throughout this paper, we restrict our analysis to spectrally-negative Lévy processes4. These

4Abbring (2012) assumed the process to be spectrally negative to make sure it always equals the threshold when
it first hits it, so that its hitting times can be analyzed like the hitting times of Brownian motion. This gives a simple
expression for their Laplace transform that is key to the identification analysis. In this paper, we lose this simplicity
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are Lévy processes of which the Lévy measure Π has negative support, i.e. Lévy processes without

positive jumps.

The analysis of spectrally-negative Lévy processes relies on their Lévy-Khintchine representation:

E [exp (qYt)] = exp[ψ(q)t]

for q ∈ C with a nonnegative real part, where ψ is called the Laplace exponent of the Lévy process

Y given by the Lévy–Khintchine formula.

The Laplace exponent ψ restricted to [0,∞) is continuous and convex, and satisfies ψ(0) = 0

and limq→∞ ψ(q) = ∞(Kyprianou, 2006, Theorem 3.12). So, there exist at most two roots to

ψ (q) = 0 and we denote the largest solution by q0 ≥ 0. By restricting ψ to [q0,∞), we can define

an inverse function Λ : [0,∞) 7−→ [q0,∞) of ψ. Note here that the Laplace transform is real

analytic (Widder, 1946, Chapter IV, Theorem 3a) and so is the Laplace exponent ψ. Using analytic

extension (Krantz and Parks, 2002, Proposition 1.4.2), one can recover the Laplace exponent ψ on

[0,∞) from its restricted inverse Λ even if q0 > 0.

Consider the hitting time T (b) of some arbitrary threshold b ≥ 0. Using Theorem VII.1 of

Bertoin (1998): If Y is a spectrally-negative Lévy process, then the hitting time process {T (b)} is

a killed subordinator with Laplace exponent Λ:

LT (b) (q) ≡ E [exp (−qT (b)) 1 (T (b) <∞)] = exp[−Λ(q)b]

for q ∈ [0,∞). That is, T (b) is a non-decreasing Lévy process (subordinator) with Laplace exponent

Λ − q0 forced to equal ∞ (killed) beyond some random threshold level eq0 if q0 > 0. Here, eq0 has

an exponential distribution with mean q−1
0 and is independent from (Y, b).

For example, suppose Y is a Brownian motion with general drift parameter µ ∈ R and dispersion

parameter σ ∈ R+. Then, the Laplace exponent of Y is ψ (q) = µq + σ2

2 q
2. It is obvious that

because, with two-sided exits, the process could stop when it jumps strictly below the lower threshold. Nevertheless,
the paper still benefits from the restriction to spectrally-negative processes when it employs an identification-at-infinity
approach to isolate cases in which the upper threshold is hit first.
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q0 = min
{

0,−2µ/σ2
}

and Λ (q) =
−µ+
√
µ2+2σ2q

σ2 .

The above identity has played a crucial role in the identification of process-based duration models

(see Abbring, 2012; Botosaru, 2013; Liu, 2016a,b).

In the study of two-sided exit problems driven by spectrally-negative Lévy processes, it is con-

venient to define a family of functions called q-scale functions as follows:

Definition 3.2. For a given spectrally-negative Lévy process with Laplace exponent ψ, we define a

family of functions indexed by q ≥ 0, W (q) : R 7−→ [0,∞), as follows. For each given q ≥ 0, we have

W (q)(x) = 0 when x < 0, and otherwise on [0,∞), W (q) is the unique right continuous function

whose Laplace transform is given by

∫ ∞
0

exp(−βx)W (q)(x)dx =
1

ψ(β)− q
,

for β > Λ (q). Typically we shall refer to the functions W (q) as q-scale functions. We also denote

its related integral transform by Z(q)(·):

Z(q)(x) = 1 + q

∫ x

0
W (q)(y)dy.

The q-scale function W (q) is continuous, almost everywhere differentiable, and strictly increasing.

We introduce some further useful properties of W (q) in the appendix. Here, we give two well-known

examples of q-scale functions that can be expressed in closed form.

Example 3.3. Suppose Yt is a standard Brownian motion, then ψ(β) = σ2β2/2, and Λ(θ) =√
2θ/σ2. In this case, the q-scale functions and related integrals have closed-form expressions in

terms of hyperbolic functions. The basic q-scale function and its integral are hyperbolic sine and

cosine functions, respectively:

W (q)(x) =
√

2/q sinh(
√

2qx)

Moreover, we get

Z(q)(x) = cosh(
√

2qx).
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It is easy to verify that

W (q)′(x) = 2 cosh(
√

2qx),

which is strictly positive everywhere.

Example 3.4. Suppose Lt is a spectrally-negative stable process with its stable index α ∈ (1, 2).

Then,

W (q)(x) = αxαE′α(qxα),

where Eα(·) is the Mittag-Leffler function with parameter α. Moreover, we get

Z(q)(x) =
∑
n≥0

qn
xαn

Γ(1 + αn)
.

3.6 Main Identification Results

We are now ready to analyze the competing risks model’s identification. Recall we only have access

to the competing risks data set which consists of the minimum T = min(T1, T0) , the cause of

failure D = 1{T1 < T0} and some observed covariates X. As is well known, the conditional (on

X) distribution of this “identified minimum” (T,D) can be represented by the pair of conditional

subdistribution functions

F1(t|x) = P (T1 ≤ t, T1 < T0|X = x),

and

F0(t|x) = P (T0 ≤ t, T1 ≥ T0|X = x).

As in the single-spell MHT case (Abbring, 2012), we can explicitly characterize the relation between

these subdistributions and the model primitives in terms of their Laplace transforms5

L1(q|x) = E[exp(−qT1)1(T1 < T0)|x]

5By Theorem 1 of Feller (1971) Section XIII.1, we know that the conditional sub-distribution functions are uniquely
characterized by the corresponding sub-Laplace transform up to almost sure equivalence.
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and

L0(q|x) = E[exp(−qT0)1(T0 < T1)|x],

for q ∈ [0,∞). We will refer to L0 and L1 as sub-Laplace transforms.

Remark 3.2. On the one hand, the Laplace exponent ψ of Y is uniquely determined from Λ by

inversion and, if q0 > 0, analytic extension from [q0,∞) to [0,∞). On the other hand, the parameters(
µ, σ2,Π

)
of the latent Lévy process can be uniquely determined from ψ by the uniqueness of the

Lévy–Khintchine representation (Bertoin, 1998, Theorem I.1). Therefore, there is a one-to-one

relation between (Λ, φL, φU , G) and the model’s primitives
(
µ, σ2,Π, φL, φU , G

)
. Subsequently, in

order to analyze the identification problem of the model primitives, one can study the equivalent

question of whether (Λ, φL, φU , G) are uniquely determined from the observed competing risks data

(T,D,X) or equivalently L0(q|X) and L1(q|X).

The following theorem characterizes the relation between the competing risks data, in particular

the two sub-Laplace transforms that represent the population distribution of the identified minimum

(T,D), and the primitves.

Theorem 3.1. The conditional sub-Laplace transforms satisfy

L1(q|x) =

∫
W (q)(φL(x)εL)

W (q)(φU (x) εU + φL (x) εL)
dG(εL, εU ), (3.14)

and

L0(q|x) =

∫ (
Z(q)(φL(x)εL)−W (q)(φL(x)εL)

Z(q)(φU (x) εU + φL (x) εL)

W (q)(φU (x) εU + φL (x) εL)

)
dG(εL, εU ). (3.15)

Proof. Recall that model specifies that −φL(x)εL < Y0 = 0 < φH(x)εH almost surely. Therefore, we

can apply Bertoin’s identities from Section 3.5 for given X = x and (εL, εH), by setting a = φL(x)εL

and b = φU (x) εU + φL (x) εL in Lemma 3.1. For D = 1, integrating out εL and εU out of the
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resulting expression gives

E[exp(−qT1)1(T1 < T0)|X = x] =

∫
W (q)(φL(x)εL)

W (q)(φU (x) εU + φL (x) εL)
dG(εL, εU ).

A similar derivation applies to the sub-Laplace transform for D = 0.

Assumption 3.1. The support Ξ of the d×1 observed covariate vector X is the Cartesian product

of the supports of its d components X1, . . . , Xd. Moreover, X can be partitioned into (XL, XU , XC)

so that

• φL(xL, xU , xC) does not vary with xU and there exists some x∞U such that φU (xL, xU , xC)→∞

as xU → x∞U in the support of XU , for any given xL and xC in the supports of XL and XC ;

and

• φU (xL, xU , xC) does not vary with xL and there exists some x∞L such that φL (xL, xU , xC)→∞

as xL → x∞L in the support of XL, for any given xU and xC in the supports of XU and XC .

Assumption 3.2. E [εU ] <∞.

Theorem 3.2. If Assumptions 3.1 and 3.2 hold, then Λ and φU are identified up to scale.

Proof. Rewrite the conditional sub-Laplace transforms for D = 1 as follows:

L1(q|x) =

∫
W (q)(φL(x)εL)

W (q)(φU (x) εU + φL (x) εL)
dG(εL, εU )

=

∫
exp(−Λ (q)φL(x)εL)W (q)(φL(x)εL)

exp [−Λ (q) (φU (x) εU + φL (x) εL)]W (q)(φU (x) εU + φL (x) εL)

· exp(−Λ (q)φU (x)εU )dG(εL, εU ).

Letting xL → x∞L and applying Lemma 3.2 together with the dominated convergence theorem, we

get

lim
xL→x∞L

L1(q|x) =

∫
exp(−Λ (q)φU (x)εU )dG(εL, εU )

= E [exp(−Λ (q)φU (x)εU )]
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The right hand side in the last expression equals the Laplace transform of T1|X = x in the single-

spell mixed hitting-time model of Abbring (2012). As x∞L can straighforwardly be identified, its left

hand side is data. So, Theorem 1 of Abbring (2012) and Assumption 3.2 ensure that Λ and φU are

identified up to scale. (Moreover, the marginal distribution of εU is also identified up to scale.)

Remark 3.3. Abbring (2012) studied the identification of MHT models that specify durations as

the first time a spectrally-negative Lévy process crosses a heterogeneous threshold. Our model is a

generalization of the MHT model to from one-sided to two-sided exits. If we let the lower threshold

go to minus infinity, our general model reduces to the single-spell MHT model. Specifically, the

duration T we observe is the minimum of two first hitting times: T = min {T0, T1} where T1 is the

first time of Y crosses yU from below and T0 is the first time of Y crosses yL from above. If we

would observe T1, we could study identification using the Laplace transform of T1|X = x,

LT1 (q|X = x) ≡ E[exp(−qT1)1(T1 <∞)|x] = E [exp[−Λ(q)φU (x) εU ]] ,

as in Abbring (2012). However, we only observe the duration T = T1 if the process hits the upper

threshold first. Thus, we face the problem of selection on T1 < T0 and have to work with the

sub-Laplace transform

L1(q|x) = E[exp(−qT1)1(T1 < T0)|X = x] (3.16)

instead. In the proof of Theorem 3.2, we take an identification-at-infinity approach (e.g. Chamber-

lain, 1986; Heckman, 1990) to solve this selection problem. Specifically, by Assumption 3.1, we can

send Pr (T1 < T0|X = x) arbitrarily close to one by varying xL, for each possible (xU , xC). This

kills the selection in (3.16).

For identification of φL, we need an additional assumption.

Assumption 3.3. The function φL satisfies

φL(x1, ..., xd) = φ1(x1) · ... · φd(xd),
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with φj ; j = 1, ..., d; continuously differentiable. Moreover, we normalize

log φj(xjL) = cj and log φ1(x∗1)′ ≡ φ′1(x∗1)/φ1(x∗1) = 1

for some known xjL and constants cj ; 1 ≤ j ≤ d; and known x∗1.

Assumption 3.3 is a standard assumption in the literature on the identification of transformation

models.6 It is stronger than the assumptions that are needed for the identification of the MHT

model with one-sided exits. With one-sided exits, the Laplace transform of the conditional duration

distribution has a simple structure if the underlying process is a spectrally-negative Lévy process.

In contrast, the two-sided exit problem generates more complicated expressions for the conditional

sub-Laplace transforms, i.e. (3.14) and (3.15), even with spectrally-negative Lévy processes. Thus,

the original identification strategy from the MHT model does not apply in this paper and we need

stronger assumptions on the functional form of φL.

Theorem 3.3. If Assumptions 3.1-3.3 hold, then φL is identified.

Proof. We first apply the identification-at-infinity strategy to the conditional sub-Laplace transform

for D = 0. Letting xU → x∞U , we get

L0(q;xL, x
∞
U ) ≡ lim

xU→x∞U
E[exp(−qT0)1(T0 < T1)|xL, xU ]

=

∫ (
Z(q)(φL(xL)εL)− q

Λ(q)
W (q)(φL(xL)εL)

)
dG(εL, εU ),

combining Lemma 3.2, Assumptions 3.1 and 3.3, and the dominated convergence theorem.

Thus, after defining H(·) ≡
∫ (

Z(q)(·εL)− q
Λ(q)W

(q)(·εL)
)
dG(εL, εU ), we are in a position to

study the identification of the transformation model because H(φ1(x1)·...·φd(xd)) is identifiable and

the link function H(·) is differentiable and strictly monotone as shown in Lemma 3.4 and Lemma

6See e.g. Chiappori et al. (2015).
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3.5. The identification of φL has now become standard given the multiplicative structure:

∂L0(q1;xL, x
∞
U )/∂xj

∂L0(q1;xL, x∞U )/∂x1
=

(log φj(xj))
′

(log φ1(x1))′

The identification of φL follows from our normalization assumption applying Lemma 3.6.

Remark 3.4. Our identification strategy is related to that in Chiappori et al. (2015), which similarly

relies on separability.

Now that we have identified Λ, φL and φU ; we can study the identification of the last unknown

model component, the joint distribution G of the unobservables. Denote the running maximum of

the process Y by Ȳt and its running minimum by Y t:

Ȳt = sup
0≤s≤t

Ys and Y t = inf
0≤s≤t

Ys.

We need two further assumptions. First we have

Assumption 3.4. (φL(X), φU (X)) has full support in R2
+

Second, since Ȳt > 0 and Y
¯
t < 0, we can define two new processes Mt ≡ ln

(
Ȳt
)

and mt ≡

ln (−Y t). Since we have identified Λ, the joint distribution of (mt,Mt) for given t can be derived

and thus its Fourier transform.

Assumption 3.5. For some t∗, the Fourier transform of the joint distribution of (mt∗ ,Mt∗),

f̂mM (s1, s2), is nonzero for all s1 and s2

Assumption 3.5 is a standard in the analysis of deconvolution and measurement error problems.

Theorem 3.4 (Identification of G). If Assumptions 3.1-3.5 hold, then G is identified.

Proof. Denote θi (X) ≡ lnφi (X) and ηi ≡ − ln εi; i ∈ {L,U}. Since φL and φU have been identified,

we can recover the conditional survival function

Pr (T > t∗ | θL(X), θU (X)) = Pr (mt∗ < θL(X)− ηL,Mt∗ < θU (X)− ηU ) (3.17)

= Pr (mt∗ + ηL < θL(X),Mt∗ + ηU < θU (X)) .
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Since (θL(X), θU (X)) has full support in R2 by Assumption 3.4, we can vary it to recover the joint

distribution of (mt∗+ηL,Mt∗+ηU ) and thus its Fourier transform. Since ηL and ηU are independent

from the process Yt, the Fourier transform

E [exp (is1 (mt∗ + ηL) + is2 (Mt∗ + ηU ))] = f̂mM (s1, s2) f̂η (s1, s2) ,

where f̂η is the Fourier transform of (ηL, ηU ). Since f̂Mm (s1, s2) 6= 0 for all s1 and s2 by Assumption

3.5, this identifies f̂η. In turn, this uniquely determines the joint distribution of (ηL, , ηU ) and thus

G.

The appendix provides additional identification results for the special case in which the latent

process is a Brownian motion.

3.7 Conclusion

We have specified a novel competing risks model in which the latent durations equals the first

times a common spectrally-negative Lévy process hits distinct, heterogeneous, and possibly depen-

dent thresholds. This model extends the single-spell mixed hitting-time model (Abbring, 2012) to

multiple causes of failure. We motivated this extension with economic examples and studied its

nonparametric identification using the theory of spectrally-negative Lévy processes.

Our analysis can be extended in various directions. Our economic examples suggest that an

application to stochastic games (see e.g. Kyprianou, 2006, Section 9.6) may be particularly novel

and fruitful.



80 CHAPTER 3. A TWO-SIDED MIXED HITTING-TIME MODEL



Appendix

3.A Omitted Proofs

In this section, we collect a few useful results from the fluctuation theory of Lévy processes. We

refer readers to Bertoin (1998) and Kyprianou (2006) for comprehensive treatments.

Lemma 3.1. For any a ≤ b and q ≥ 0, we have

Ea(exp(−qTb)1(Tb < T0)) =
W (q)(a)

W (q)(b)
,

and

Ea(exp(−qT0)1(T0 < Tb)) = Z(q)(a)− Z(q)(b)
W (q)(a)

W (q)(b)
.

Lemma 3.2. The following identity holds for W (q)(x) and Z(q)(x) for each q ≥ 0

lim
x→∞

exp(−Λ (q)x)W (q)(x) =
1

ψ′ (Λ (q))

lim
x→∞

Z(q)(x)

W (q)(x)
=

q

Λ(q)
.

By a slight abuse of notation, if we let W (x) ≡ W (0)(x), then the following lemma states that

all other W (q)(·) could be recovered once we know W (·).

Lemma 3.3. W (q)(x) satisfies the following identity:

W (q)(x) =

∞∑
k=0

qkW ∗(k+1)(x),

81
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where W ∗(n) denotes the n-th convolution power of the scale function W . Furthermore, the following

bound holds:

W ∗(k+1)(x) ≤ xkW (x)(k+1)

k!
,

We need to introduce more terminologies and definitions from Lévy process theory for the next

two results. It is well known that

{ecYt−ψ(c)t : t ≥ 0}

is a martingale for any c ≥ 0. Define for each c the change of measure

dPc

dP
= ecYt−ψ(c)t.

Now let WΛ(q)(x) be the 0-scale function associated with the process (L,PΛ(q)). Then the following

identity holds:

W (q)(x) = eΛ(q)xWΛ(q)(x).

Let {(t, εt) : t ≥ 0, εt 6= ∂} be the Poisson process of excursions on [0,∞)×E with intensity dt× dn

decomposing the path of Lt. We denote for the height ε̄ of each excursion ε ∈ E.

Lemma 3.4. For all q ≥ 0, the function W (q) ∈ C1(0,∞) if and only if the measure n(ε̄) has no

atoms.

Lemma 3.5. Let g(x) = Z(q)(x)− q
Λ(q)W

(q)(x). Then we have

g′(x) < 0,∀x > 0.

Proof. This result is implicitly in the proof of Theorem 9.11 in Kyprianou (2006). First, notice that

g′(x) = qW (q)(x)− q

Λ(q)
W (q)′(x)

= −qe
Λ(q)x

Λ(q)

(
e−Λ(q)xW (q)′(x)− Λ(q)e−Λ(q)xW (q)(x)

)
= −qe

Λ(q)x

Λ(q)
W ′Λ(q)(x).
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The last identity follows from the fact that W (q)(x) = eΛ(q)xWΛ(q)(x). Thus, the desired con-

clusion follows from qeΛ(q)x

Λ(q) > 0 and W ′Λ(q)(x) > 0 for all x > 0.

The next lemma on identifying transformation model is more or less well established by Ekeland

et al. (2004) and Chiappori et al. (2015). We just sketch the key steps that are tailored to the

current multiplicative structure here.

Lemma 3.6. For a function L(x) = H(φ1(x1) · ... ·φd(xd)), we assume the smoothness and normal-

ization assumptions hold, and H ′(x) 6= 0 everywhere, then all structural components are identified.

Proof. It is straightforward to see that

log φj(xj) = cj +

∫ xj

xjL

∂L(x)/∂xj |x1=x∗1,xj=uj

∂L(x)/∂x1|x1=x∗1,xj=uj

duj .

3.B The Brownian Motion Case

In this appendix, we consider the special case in which the latent process Y is a Brownian motion

with drift. We first some standard results on the two-sided exit problem for Brownian motion (e.g.

Stokey, 2009, Chapter 5.3). Consider a Brownian motion Y with initial condition 0, drift µ, and

variance σ2. Let T be the stopping time of Y hitting either yU > 0 or yL < 0 i.e. T = min(T1, T0).

We have the following expression for the sub-Laplace transform of T , with known thresholds yU

and yL:

E [exp(−qT0)1(T0 < T1) | yU , yL] =
e−λ

q
1yU − e−λ

q
2yU

e−λ
q
1(yU−yL) − e−λ

q
2(yU−yL)

E [exp(−qT1)1(T1 < T0) | yU , yL] =
e−λ

q
1yL − e−λ

q
2yL

eλ
q
1(yU−yL) − eλ

q
2(yU−yL)

.

where λq1 ≤ 0 ≤ λq2 are the two roots of equation µt+ σ2

2 t
2 = q for q ≥ 0. Explicitly, we have

λq1 =
−µ−

√
µ2 + 2qσ2

σ2
and λq2 =

−µ+
√
µ2 + 2qσ2

σ2
.
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Given the specification (3.13) and the independence between Y and (X, εL, εU ), we can write the

sub-Laplace transform of T conditional on X = x as

L0 (q | x) ≡ E[exp(−qT0)1(T0 < T1)|x] = E

[
e−λ

q
1φU εU − e−λ

q
2φU εU

e−λ
q
1(φLεL+φU εU ) − e−λ

q
2(φLεL+φU εU )

]

L1 (q | x) ≡ E[exp(−qT1)1(T1 < T0)|x] = E

[
eλ

q
1φLεL − eλ

q
2φLεL

eλ
q
1(φLεL+φU εU ) − eλ

q
2(φLεL+φU εU )

]

where we abbreviate φL (X) and φU (X) for φL and φU .

The subsequent analysis relies on the following conditions which we assume holds throughout

this subsection.

Assumption 3.6. (Excluded Variables) The vector X can be partitioned into (XL, XU , X0) so that

Xi only affects φi, i ∈ {L,U}. The support of φi(X) is a connected subset of R+, i ∈ {L,U}.

Throughout the rest of the paper, we will use φi (X) and φi (Xi, X0) interchangeably.

Define the following functions

L̃0 (q, φL, φU ) = E [exp(−qT0)1(T0 < T1) | φL, φU ] = E

[
e−λ

q
1φU εU − e−λ

q
2φU εU

e−λ
q
1(φLεL+φU εU ) − e−λ

q
2(φLεL+φU εU )

]

L̃1 (q, φL, φU ) = E [exp(−qT1)1(T1 < T0) | φL, φU ] = E

[
eλ

q
1φLεL − eλ

q
2φLεL

eλ
q
1(φLεL+φU εU ) − eλ

q
2(φLεL+φU εU )

]
.

Obviously, L0 (q | x) = L̃0 (q, φL (x) , φU (x)) and L1 (q | x) = L̃1 (q, φL (x) , φU (x)). The following

lemma will be used in proving the main theorem.

Lemma 3.7. limq→∞

∂L̃0
∂φL

(q,φL,φU )

2q
∂L̃0
∂q

(q,φL,φU )
= 1

φL
and limq→∞

∂L̃1
∂φU

(q,φL,φU )

2q
∂L̃1
∂q

(q,φL,φU )
= 1

φU
for any φL, φL > 0 and

φU , φU > 0.
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Proof. It is easy to check that

∂L̃0

∂q
=

1√
µ2 + 2qσ2

E

[
φU εUe

−λq1φU εU + φU εUe
−λq2φU εU

e−λ
q
1(φLεL+φU εU ) − e−λ

q
2(φLεL+φU εU )

]
−

1√
µ2 + 2qσ2

E


(
e−λ

q
1φUεU−e−λ

q
2φUεU

)
(
e−λ

q
1(φLεL+φUεU )−e−λ

q
2(φLεL+φUεU )

)2[
(φLεL + φU εU ) e−λ

q
1(φLεL+φU εU ) + (φLεL + φU εU ) e−λ

q
2(φLεL+φU εU )

]
(3.18)

∂L̃0

∂φL
= E


(
e−λ

q
1φU εU − e−λ

q
2φU εU

) [
λq1εLe

−λq1(φLεL+φU εU ) − λq2εLe−λ
q
2(φLεL+φU εU )

]
(
e−λ

q
1(φLεL+φU εU ) − e−λ

q
2(φLεL+φU εU )

)2

 (3.19)

∂L̃1

∂q
= − 1√

µ2 + 2qσ2
E

[
φLεLe

λq1φLεL + φLεLe
λq2φLεL

eλ
q
1(φLεL+φU εU ) − eλ

q
2(φLεL+φU εU )

]
+

1√
µ2 + 2qσ2

E


(
eλ
q
1φLεL−eλ

q
2φLεL

)
(
eλ
q
1(φLεL+φUεU )−eλ

q
2(φLεL+φUεU )

)2 ∗[
(φLεL + φU εU ) eλ

q
1(φLεL+φU εU ) + (φLεL + φU εU ) eλ

q
2(φLεL+φU εU )

]
(3.20)

∂L̃1

∂φU
= −E


(
eλ

q
1φLεL − eλ

q
2φLεL

) [
λq1εUe

λq1(φLεL+φU εU ) − λq2εUeλ
q
2(φLεL+φU εU )

]
(
eλ

q
1(φLεL+φU εU ) − eλ

q
2(φLεL+φU εU )

)2

 (3.21)

When q goes to infinity such that λq1 → −∞ and λq2 →∞, we can derive the following approxima-

tions of equations (3.18)-(3.21)

∂L̃0

∂q
→ − φL√

µ2 + 2qσ2
E
[
εLe

λq1φLεL
]

∂L̃0

∂φL
→ λq1E

[
eλ

q
1φLεLεL

]
∂L̃1

∂q
→ − φU√

µ2 + 2qσ2
E
[
εUe
−λq2φU εU

]
∂L̃1

∂φU
→ −λq2E

[
e−λ

q
2φU εU εU

]
.
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Here L(q)→ L formally means limq→∞
L(q)
L = 1. Taking the ratio of these equations and we have

lim
q→∞

∂L̃0
∂φL

(q, φL, φU )

2q ∂L̃0
∂q (q, φL, φU )

= lim
q→∞

λq1E
[
eλ

q
1φLεLεL

]
− 2qφL√

µ2+2qσ2
E
[
εLeλ

q
1φLεL

] =
1

φL

and

lim
q→∞

∂L̃1
∂φU

(q, φL, φU )

2q ∂L̃1
∂q (q, φL, φU )

= lim
q→∞

−λq2E
[
e−λ

q
2φU εU εU

]
− 2qφU√

µ2+2qσ2
E
[
εUe−λ

q
2φU εU

] =
1

φU

Equipped with Lemma 3.7, we are ready for identifying the primitives of the model.

Theorem 3.5 (Identification of φL and φU ). Let Assumption 3.6 hold. Then, functions φL and

φU are identified up to scale.

Proof. Taking the partial derivative of L̃0 with respect to φL gives

∂L̃0

∂φL
= E


(
e−λ

q
1φU εU − e−λ

q
2φU εU

) [
λq1εLe

−λq1(φLεL+φU εU ) − λq2εLe−λ
q
2(φLεL+φU εU )

]
(
e−λ

q
1(φLεL+φU εU ) − e−λ

q
2(φLεL+φU εU )

)2

 .

It is easy to check that ∂L̃0
∂φL

< 0 for all q > 0 and φU > 0. Similarly, we have ∂L̃1
∂φU

< 0 for all q > 0

and φL > 0. Since L̃0 is monotone in φL, we can define the inverse function of L̃0 with respect to

its second argument as ΦL (l0; q, φU ) such that L̃0 (q,ΦL (l0; q, φU ) , φU ) = l0. For any given q and

φU , denote the following functions

K (l0; q, φU ) =
∂L̃0

∂q
(q,ΦL (l0; q, φU ) , φU ) .

To put it differently, K (l0; q, φU (x)) = ∂L0
∂q (q | x) such that L0 (q | x) = l0.

For a given x = (xL, xU , x0), denote x′= (x′L, xU , x0). Fixing q and φU = φU (xU , x0) and

using the change of variables φL = ΦL (l0; q, φU ) and the facts that dl0 = ∂L̃0
∂φL

(q, φL, φU ) dφL,
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K (l0; q, φU ) = ∂L̃0
∂q (q, φL, φU ), we obtain

∫ L0(q|x)

L0(q|x′)

1

2qK (l0; q, φU (xU , x0))
dl0 =

∫ φL(x)

φL(x′)

∂L̃0
∂φL

(q, φL, φU )

2q ∂L̃0
∂q (q, φL, φU )

dφL.

Finally, taking the limit on both side of the equation by letting q goes to infinity and applying

Lemma 3.7, we have

lim
q→∞

∫ L0(q|x)

L0(q|x′)

1

2qK (l0; q, φU (xU , x0))
dl0 = lim

q→∞

∫ φL(x)

φL(x′)

∂L̃0
∂φL

(q, φL, φU )

2q ∂L̃0
∂q (q, φL, φU )

dφL

=

∫ φL(x)

φL(x′)

1

φL
dφL = lnφL (x)− k.

where k = lnφL (x′L, x0). Analogously, we can also identify φU (X) up to scale normalization.

Theorem 3.5 shows that φL and φU are identified up to some scale normalization. The innocuous

scale normalization is needed because the durations T and indicator D are not affected by rescaling

both the latent process Y and the thresholds yU and yL by the same factor, nor by reassigning

the scale factors between φi (X) and εi without changing the threshold itself. We will propose the

following scale normalization to further pin down φL and φU .

Assumption 3.7. (Scale Normalization) There is a x0 =
(
x0
L, x

0
U , x

0
0

)
such that φL

(
x0
)

= φU
(
x0
)

=

1. σ = 1

Note that with the above normalization, we can only fully identify φi (X) when X=x0 for now.

However, once the rest of the model primitives are identified and properly normalized, we can pin

down φi (X) for all X ∈ Ξ. Throughout the rest of this section, when using φL and φU as identified

function, we restrict the data to x0=x0
0.

Since we identify φL and φU , L̃0 (q, φL, φU ) and L̃1 (q, φL, φU ) can be recovered from the data.

Next, we will identify the drift of the latent Brownian motion µ.

Assumption 3.8. The support of φL(X) includes zero.
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Denote A = e−λ
q
1φLεL , B = eλ

q
1φU εU , C = e−λ

q
2φLεL and D = eλ

q
2φU εU . Now, L̃0 (q, φL, φU ) and

L̃1 (q, φL, φU ) can be rewritten as

L̃0 (q, φL, φU ) = E
[

D −B
AD −BC

]
and L̃1 (q, φL, φU ) = E

[
A− C

AD −BC

]
.

Denote D−B
AD−BC by L̂0 and A−C

AD−BC by L̂1.

Theorem 3.6 (Identification of µ). Let Assumption 3.6-3.8 holds. Then, µ is identified.

Proof. Taking derivatives of L̃0 (q, φL, φU ) with respect to q, φL and φU . We have the following

∂L̃0

∂q
=

1√
µ2 + 2q

E

[
∂L̂0

∂A
AφLεL −

∂L̂0

∂B
BφU εU −

∂L̂0

∂C
CφLεL +

∂L̂0

∂D
DφU εU

]

∂L̃0

∂φL
= −E

[
∂L̂0

∂A
Aλq1εL +

∂L̂0

∂C
Cλq2εL

]

∂L̃0

∂φU
= E

[
∂L̂0

∂B
Bλq1εU +

∂L̂0

∂D
Dλq2εU

]

Similarly we can take the derivatives of L̃1 (q, φL, φU ) with respect to q, φL and φU to derive three

similar equations. When φL goes to zero, A and C converge to one. It is easy to verify that when

φL → 0

L̄0 ≡ lim
φL→0

∂L̃0

∂φL
= E

[
D

D −B
λq1εL −

B

D −B
λq2εL

]
Taking the derivative of L̄0 with respect to φU and q, we have the following equations when q goes

to zero

lim
q→0

∂L̄0

∂φU
= 4µ2E

[
BD

(D −B)2
εLεU

]
(3.22)

lim
q→0

∂L̄0

∂q
= 4φUE

[
BD

(D −B)2
εLεU

]
− 1√

µ2
E
[
D +B

D −B
εL

]
. (3.23)

When q goes to zero, L̄0 becomes

lim
q→0
L̄0 = −µE [εL]−

√
µ2E

[
D +B

D −B
εL

]
. (3.24)
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Moreover, when q approaches infinity, L̄0√
2q

converge to the following

lim
q→∞

L̄0√
2q

= −E [εL] . (3.25)

Since then left hand side of equation (3.22)-(3.25) are known from data, denoting them by their

labels, we can construct the following quadratic equation for µ.

(3.23)µ2 + (3.25)µ− (3.24)− (3.22)φU = 0

Since (3.23) varies with φU , so does the sum of two roots to the quadratic equation. As a result,

when taking φU at different values, we can identify µ.

Finally the joint distribution G of the unobservables is identified following Theorem 3.4 in the

main text.
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Chapter 4

Mixed Hitting Times Driven by

Ornstein-Uhlenbeck Processes

This chapter is based on the identically entitled working paper, which is co-authored

with Jaap H. Abbring.

Abstract. Mixed hitting time models specify durations as the first times a latent process

hits a threshold that may vary with observed covariates and unobserved heterogeneity.

They can be used to empirically analyze optimal stopping decisions by heterogeneous

agents. We extend existing analyses of such models, which assumed the latent process

to be a Brownian motion or a more general Lévy process, by allowing the latent pro-

cess to drift towards some long-term mean. To this end, we consider the case in which

the latent process is the most commonly used mean-reverting process, the Ornstein-

Uhlenbeck process, or its generalization based on Lévy processes. We first motivate this

specification with an economic example. We then analyze its nonparametric identifi-

cation and introduce, implement, and numerically evaluate the generalized method of

moments estimators for its estimation.

Keywords: duration analysis, identifiability, mixed hitting-time model, Ornstein-Uhlenbeck process,

optimal stopping.
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4.1 Introduction

Duration analysis has been widely used across all fields of economics. Many economic applications

estimate variants of the mixed proportional hazards (MPH) model, Lancaster (1979)’s extension

with unobserved heterogeneity of the Cox (1972) proportional hazards model. However, the MPH

model assumes that the hazard ratio between two individuals solely depends on their observed

covariates and unobserved characteristics, and not on elapsed duration. This assumption is generally

hard to justify from economic primitives (van den Berg, 2001). This is particularly true for the large

and important class of optimal stopping models with payoffs driven by Brownian motion or more

general persistent processes (“real options” models), discussed in e.g. Dixit and Pindyck (1994) and

Stokey (2009). These models imply optimal stopping (labor market transition, investment, etc.) at

the first time the payoff process hits a threshold and usually do not lead to proportional hazards.

Consequently, a standard proportional hazards analysis would not be very informative about the

true primitives of these decision problems. In contrast, mixed hitting-time (MHT) models can be

used to study such problems.

Mixed hitting-time models specify durations as the first time a latent stochastic process hits a

threshold that varies with both observed and unobserved individual characteristics. Abbring (2012)

proposed and studied MHT models in which the latent process is a spectrally-negative Lévy process.

Spectrally-negative Lévy processes are continuous-time processes with stationary and independent

increments and no positive jumps.1 They include Brownian motion with (linear) drift and Poisson

processes compounded with negative shocks as well-known special cases. Therefore, they are closely

aligned with optimal stopping problems in economics, in which uncertainty is often modelled using

Brownian motion or (compound) Poisson processes.2 Indeed, Abbring provided three examples of

standard economic models that reduce to MHT models based on spectrally-negative Lévy processes:

a model of optimal investment timing (as in McDonald and Siegel, 1986), an entry and exit model

1See Chapter VII in Bertoin (1998) for a comprehensive review of spectrally-negative Lévy processes.
2The MHT model in general does not imply proportional hazards. For example, if the underlying process is a

Brownian motion and there is no unobserved heterogeneity, hitting times have an inverse Gaussian distribution, with
hump-shaped hazard rates, conditional on the observed covariates. Since the hazard rates of individuals with different
thresholds have modes at different durations, their ratios are typically not constant over time.
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with transition costs (Dixit, 1989), and a job search model (Mortensen and Pissarides, 1994).

Brownian motion is a natural and convenient starting point for modelling uncertainty in op-

timal stopping problems. It leads to tractable and intuitive threshold decision rules and explicit

expressions for the implied stopping time distributions. Moreover, results for Brownian motion

straightforwardly extend to more general spectrally-negative Lévy processes, with some easy-to-

solve numerical complications. However, in many applications, it may be appropriate and important

to allow the latent process to revert to a long-term mean, which Brownian moton and more general

Lévy processes do not. In this paper, we study an extension of the MHT model with such mean

reversion. To this end, we specify the latent process to be an Ornstein-Uhlenbeck process, which

extends Brownian motion with a single mean-reversion parameter, or its generalization based on

spectrally-negative Lévy processes.

We first motivate the resulting MHT model with a simple example of a firm’s optimal investment

timing. This type of investment problem has been widely studied in the real options literature (e.g.

Dixit and Pindyck, 1994; Stokey, 2009). In our example of this problem, a firm decides on the

best time to enter a market. The payoffs from serving the market follow an Ornstein-Uhlenbeck

process. We show that the firm will enter when this process hits a time invariant threshold. Thus,

this decision problem can be analyzed using our extended MHT model.

We then study the characterization, identification, and estimation of our extended MHT model.

We focus on a specification in which the latent process is a spectrally-negative generalized Ornstein-

Uhlenbeck process and the threshold is proportional in the effects of the observed regressors and the

unobserved heterogeneity. Our analysis centers on a characterization of the hitting time distribution

of this generalized Ornstein-Uhlenbeck process in terms of its Laplace transform. We provide

conditions for the model’s nonparametric identification. Finally, we introduce, implement, and

numerically evaluate generalized method of moments (GMM) estimators that match the Laplace

transform of the hitting times implied by the model to their empirical counterpart.

Our analysis makes good use of the substantial statistical literature on the first hitting times of

Ornstein-Uhlenbeck processes (e.g. Ricciardi and Sato, 1988; Aalen and Gjessing, 2004; Novikov,
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2004; Alili et al., 2005). We particularly rely on Novikov (2004), which provided explicit expressions

for the Laplace transform of the hitting-time distribution of an Ornstein-Uhlenbeck process driven

by a spectrally-negative Lévy process.

In physiology, Ditlevsen and Lansky (2005) and Ditlevsen and Ditlevsen (2008) studied es-

timation of a related model of neuronal firing activity, mainly assuming a (standard) Ornstein-

Uhlenbeck process and a homogeneous threshold. Instead, we allow for a spectrally-negative gen-

eralized Ornstein-Uhlenbeck process and thresholds that vary with both observed covariates and

unobserved characteristics. Moreover, we do not only provide and analyze parametric estimators,

but also study nonparametric identification.

The remainder of the paper is organized as follows. The next section motivates our extension of

the MHT model with a simple example of a firm’s decision to enter a market. Section 4.3 presents

the MHT model driven by a spectrally-negative generalized Ornstein-Uhlenbeck process. Section

4.4 analyzes this model’s identification and Section 4.5 discusses its generalized method of moments

estimation. Section 4.6 concludes.

4.2 An Investment Timing Example

Consider a firm that has the option to irreversibly enter a market by investing a lump sum entry

cost K. Before entering the market, the firm earns zero; once active, it receives a profit flow exp(Yt).

Log profits Yt follow an Ornstein-Uhlenbeck process, a mean-reverting Markov process that satisfies

dYt = λ (C − Yt) dt+ σdWt,

with Wt is a standard Brownian motion and λ > 0 the coefficient of mean-reversion to its long-run

mean C. At each time t, the firm observes all the problem’s parameters, including C, and the

history of the process Y ≡ {Yt} up to and including time t. The firm chooses an investment time T

that is a stopping time relative to this information and that maximizes the expected present value
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of the profit flow,

V (y) = Ey
[∫ ∞

T
e−rt exp (Yt) dt−Ke−rT

]
dt,

where r is the discount rate and Ey[·] ≡ E[·|Y0 = y].

To solve this problem, we first have to calculate the expected present value V̂ (y) of investing

in log profit state y. Because Y is Markov and the decision problem has an infinite horizon with

time-invariant parameters, this value only depends on y and not on past values of Y or time itself.

In particular, we can equate it with the value of investing in state y at time 0:

V̂ (y) = Ey
[∫ ∞

0
e−rt exp (Yt) dt

]
.

We can easily derive Ey [exp (Yt)] as a solution to a differential equation. With some further calcu-

lations, this gives

V̂ (y) =

∫ ∞
0

exp

[
e−λty − rt+

σ2

4λ

(
1− e−2λt

)
+ C

(
1− e−λt

)]
dt.

With the value V̂ of investing in hand, we can solve the investment timing problem. This

problem is simply an optimal stopping problem for a perpetual call option on a stock with price

V̂ (Yt) at time t and strike price K:

V (y) = Ey
[∫ T

0
e−rtV̂ (Yt) dt−Ke−rT

]
dt.

Thus, we can find the value V (y) of the investment opportunity in any state y and the optimal

investment rule, which is to invest if Yt hits an optimal investment threshold, by solving the corre-

sponding American call option problem. Denote the optimal investment threshold with y∗, so that

V̂ (y∗) is the optimal exercise price of the corresponding American call option. Then, following the
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real options literature, V is the solution to the free boundary problem

rV (y)− λ (C − y)V ′ (y)− σ2

2
V ′′ (y) = 0, y < y∗; (4.1)

V (y) = V̂ (y)−K, y ≥ y∗; (4.2)

V (y∗) = V̂ (y∗)−K; (4.3)

V ′ (y∗) = V̂ ′ (y∗) ; and (4.4)

lim
y→−∞

V (y) = 0. (4.5)

It is easy to verify that the differential equation (4.1) has a general solution that can be represented

as

V (y) = e
z2

4

[
c1D− r

λ
(−z) + c2D− r

λ
(z)
]
,

where z =
√

2λ(y−C)
σ and D− r

λ
is the parabolic cylinder (Weber-Hermite) function. Since D− r

λ
is

a decreasing function, equation (4.5) implies c2 = 0. We can solve the remaining two unknowns

c1 and y∗ using (4.3) and (4.4). In particular, the optimal investment threshold y∗ is implicitly

determined by
√

2r√
λσ

D− r
λ
−1

(√
2λ(C−y∗)

σ

)
D− r

λ

(√
2λ(C−y∗)

σ

) =
V̂ ′ (y∗)

V̂ (y∗)−K
. (4.6)

We search for the solution on the interval where V̂ (y) − K is positive. It is easy to verify that

the left hand side of (4.6) increases from −∞ to ∞ and that the right hand side of equation (4.6)

decreases on [ŷ,∞), with V̂ (ŷ) = K. Thus, the solution exists on this interval and is unique.

In this simple example of investment timing the optimal strategy is to invest when the process

Yt exceeds a certain threshold y∗ that is determined by the problem’s primitives. In empirical

applications, we may think of these primitives, and thus the investment threshold, to depend on

the firm’s time-invariant observed and unobserved characteristics. This paper’s MHT model could

be applied to empirically analyze this problem.
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4.3 Econometric Model

4.3.1 Specification

Suppose we have data on durations T and covariates (X,Z). X and Z are assumed to be mutually

exclusive. We model the conditional distributioon of T |(X,Z) with an extension of Abbring (2012)’s

MHT model with mean reversion, which specifies

T = inf {t : Yt ≥ φX (X)V + φZ (Z)}

for some observed covariates X and Z with supports Ξx ⊆ Rdx and Ξz ⊆ Rdz , measurable functions

φX : Ξx 7−→ [0,∞) and φZ : Ξz 7−→ [0,∞), and nonnegative random variables V with distribution

F on [0,∞). The latent process Y ≡ {Yt} is a generalized Ornstein-Uhlenbeck process driven by a

spectrally-negative Lévy process, a process with stationary and independent increments that only

has negative jumps.3 It starts at Y0 = 0 and satisfies

dYt = λ (φZ (Z)− Yt) dt+ dLt,

where {Lt} is a spectrally-negative Lévy process and λ ≥ 0 captures the degree of mean reversion

to the long-run mean φZ(Z). If λ = 0, then Y is a spectrally-negative Lévy process. If, in addition,

φZ(Z) is constant (e.g., zero), the model reduces to Abbring’s MHT model.

Since the distribution of hitting time T only determined by the relative positions of the starting

point Y0, the threshold φX (X)V + φZ (Z) and the steady state φZ (Z), we can consider a model

with

T̃ = inf
{
t : Ỹt ≥ φX (X)V

}
where

dỸt = −λỸtdt+ dLt

and Ỹ0 = −φZ (Z). It is not difficult to show that T and T̃ have the same distribution.

3See the Appendix for more detailed discussion of Lévy processes.
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4.3.2 Characterization

We can characterize the relation between the distribution of T |(X,Z), which we assume to be

data, and the model primitives in terms of its Laplace transform. To this end, we first review

some properties of the generalized Ornstein-Uhlenbeck process (see, e.g., Novikov, 2004). Let Y

be a generalized Ornstein-Uhlenbeck process that starts from Y0 = y and satisfies the stochastic

differential equation

dYt = −λYtdt+ dLt,

with L a spectrally-negative Lévy process with Laplace exponent ψL. For b > y, denote τb ≡

inf {t : Yt ≥ b}. We maintain the following regularity condition.

Assumption 4.1. E log(max{−L1, 0} + 1) < ∞ and the dispersion parameter of L’s Brownian

motion component σ > 0.

We focus on the case with mean reversion, λ > 0 (Abbring, 2012, characterized the case with

λ = 0). Novikov (2004) showed that this ensures that Yt converges in distribution to a random

variable

Y∞ ≡
∫ ∞

0
e−λsdLs

as t goes to infinity and that, under Assumption 4.1, the Laplace exponent of Y∞,

ψ∞ (s) = logE exp (sY∞) =
1

λ

∫ s

0

ψL (t)

t
dt, (4.7)

is finite. Moreover,

Ey exp (−sτb) =
H s

λ
(y)

H s
λ

(b)

with Hγ (y) ≡
∫∞

0 exp (ty − ψ∞ (t)) tγ−1dt well-defined under Assumption 4.1.

This implies that, in our econometric model, the Laplace transform LT (·|X = x, Z = z) of

T |(X = x, Z = z) satisfies

LT (s|X = x, Z = z) = E
H s

λ
(−φZ (z))

H s
λ

(φX (x)V )
. (4.8)
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By the uniqueness of the Laplace transform (Feller, 1971, Section XIII.1, Theorem 1), LT (·|X,Z) is

one-to-one (up to almost sure equivalence) related to the distribution of the data T |(X,Z). Thus,

the identification question is whether the model primitives in the right hand side of (4.8) are uniquely

determined by the data in its left hand side.

4.4 Identification

We first consider the identification of the long-run mean function φZ . We focus on the case in

which φZ > 0. Identification for z such that φZ(z) = 0 is straightforward. For now, we also restrict

attention to the case with mean reversion, λ > 0.4

Assumption 4.2. The function φZ satisfies

φZ(Z) = φZ(Z1, ..., Zdz) = φZ1(Z1) · ... · φZdz(Zdz).

with φZj ; j = 1, ..., dz; continuously differentiable. The support of Z is the Cartesian product of

the supports of its dz components Z1, ..., Zdz . Moreover, we normalize

log φZj(zjL) = czj and log φZ1(z∗1)
′ ≡ φ′Z1(z∗1)/φZ1(z∗1) = 1

for some known zjL and constants czj ; 1 ≤ j ≤ dz; and known z∗1 .

Assumption 4.2 and 4.4 are standard assumptions in the literature on the identification of trans-

formation models.5 They are stronger than the assumptions that are needed for the identification

of the MHT model without mean reversion. Without mean reversion, the Laplace transform of the

conditional duration distribution has a simple structure if the underlying process is a spectrally-

negative Lévy process. In contrast, the Laplace transforms of the hitting-times of (generalized)

Ornstein-Uhlenbeck processes have the more complicated structure in (4.8). Thus, the original

4Abbring (2012) provides identification results for the Lévy case, λ = 0. We conjecture that the case with mean
reversion and the Lévy case can be empirically distinguished under the conditions in this and Abbring’s papers, so
that a similar identification result for the model with λ ≥ 0 holds. This is left for future work.

5See e.g. Chiappori et al. (2015).
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identification strategy from the MHT model does not apply in this paper and we need stronger

assumptions on the functional forms of φX and φZ .

Theorem 4.1. If Assumptions 4.1–4.2 hold, φZ is identified.

Proof. It is easy to verify that H s
λ

is continuously differentiable and strictly monotone. Given the

multiplicative structure, we have

∂LT (s|X = x, Z = z) /∂zj
∂LT (s|X = x, Z = z) /∂z1

=
(log φZj(zj))

′

(log φZ1(z1))′
(4.9)

Together with the normalizations in Assumption 4.2, the identification of φZj for j > 1 follows from

log φZj(zj) = czj +

∫ zj

zjL

∂LT (s|X = x, Z = z) /∂zj |z1=z∗1 ,zj=uj

∂LT (s|X = x, Z = z) /∂z1|z1=z∗1 ,zj=uj

duj .

Given we have identified φZj , j > 1, φZ1 can be identified using (4.9).

Assumption 4.3. The support of φZ(Z) contains an open set.

Theorem 4.2. If Assumption 4.1-4.3 hold, then the Laplace exponent of the Lévy process L, ψL,

and the mean reversion parameter λ are identified.

Proof. Given that φZ (z) is identified under Assumption 4.2, (4.8) implies that, given x = x0, we

can identify cH s
λ

(−·) on an open set in the support of φZ where c is equal to E 1
H s
λ

(φX(x0)V ) . Notice

that cH s
λ

(−·) is actually a Laplace transform of the function t 7→ c exp (−ψ∞ (t)) t
s
λ
−1. Because

Laplace transforms are real analytic, this identifies t 7→ c exp (−ψ∞ (t)) t
s
λ
−1. Thus, we can pick

two distinct s1 and s2, and identify λ from

λ =
s1 − s2

t
/

(
log

(
c1 exp (−ψ∞ (t)) t

s1
λ
−1

c2 exp (−ψ∞ (t)) t
s2
λ
−1

))′

With λ in hand, we can identify ln c + ψ∞ (t). Using this, we can determine ψL by taking the

derivative of both sides of (4.7).

In order to identify φX , we need an assumption that parallels Assumption 4.2.
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Assumption 4.4. The function φX satisfies

φX(X) = φX(X1, ..., Xdx) = φX1(X1) · ... · φXdx(Xdx).

with φXj ; j = 1, ..., dx; continuously differentiable. The support of X is the Cartesian product of

the supports of its dx components X1, ..., Xdx . Moreover, we normalize

log φXj(xjL) = cxj and log φX1(x∗1)
′ ≡ φ′X1(x∗1)/φX1(x∗1) = 1

for some known xjL and constants cxj ; 1 ≤ j ≤ dx; and known x∗1.

Theorem 4.3. If Assumptions 4.1–4.4 hold, then φX is identified.

Proof. Since H̃ (·) = E 1
H s
λ

(·V ) is differentiable and strictly monotone, the argument of Theorem 4.1

applies.

Remains to establish identication of the distribution F of V . For expositional convenience, we

maintain

Assumption 4.5. The distribution F is absolutely continuous with respect to Lebesgue measure,

with density f .

Equation (4.8) implies that, for any given z, the density f of V is the solution to

T (f) = ρ, (4.10)

where

T (f) =

∫
1

H s
λ

(uv)
f (v) dv and ρ(u) =

LT (s|φ(X) = u, Z = z)

H s
λ

(−φZ (z))
.

The results so far imply that, under Assumptions 4.1–4.4, both T and ρ are identified. So, under

these assumptions, F is identified if (4.10), which is a Fredholm integral equation of the first kind,

has an almost everywhere unique solution f . This is a well studied problem. We give one possible

approach.
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Assumption 4.6. The kernel (u, v) 7→ 1/H s
λ

(uv) of T is square integrable. Moreover, 0 is not an

eigenvalue of the operator T ∗T , where T ∗ is the adjoint operator of T .

Theorem 4.4. If Assumptions 4.1-4.6 hold, then the distribution F of V is identified.

Proof. As noted before, under Assumptions 4.1–4.4, both T and ρ are identified. So, given Assump-

tion 4.5, we only need to show that (4.10) has an almost everywhere unique solution f (note that

this implies that F is uniquely determined). Given our assumption (Assumption 4.6) on the kernel,

the integral operator T in (4.10) is Hilbert-Schmidt. By Corollary 2.1 of Darolles et al. (2011), as

0 is not an eigenvalue of T ∗T by Assumption 4.6, (4.10) has an almost everywhere unique solution

f .

4.5 Estimation

In the previous section, we discussed identification of the model from the population distributiion

of (T,X,Z). Now, suppose we have a finite random sample {(Ti, Xi., Zi); i = 1, . . . , N} from that

distribution and wish to estimate the model. The analysis in the previous section suggests that we

use a generalized method of moments (GMM) estimator.

Equation (4.8) expresses the Laplace transform of the data in the model primitives that we want

to identify and estimate. The Laplace transform is a moment of a particular function of the data,

so this gives a conditional moment restriction for each evaluation point s of the transform. We will

present and numerically test a GMM estimator based on these restrictions, for a specific parametric

specification of the model. This GMM estimator can straightforwardly be extended to alternative

model specifications.

4.5.1 A Parametric Model

We assume the Lévy process Lt to be a standard Brownian motion Wt with zero mean and unit

variance.6 We specify φX (X) = exp (Xβ). To normalize the scale of φX(X), we do not include an

6A zero mean and unit variance are innocuous normalizations, since the mean is picked up by φZ(Z) = C and the
unit variance provides a scale normalization that we need.
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intercept in X. We simply set φZ (Z) = C, with C a constant to be estimated7. In the previous

section, we used variation in φZ (Z) for the model’s nonparametric identification. However, since we

imposed a functional form assumption on φ (X), such variation seems not needed for identification

of this section’s parametric model. In sum, the parametric model to be estimated specifies

T = inf {t : Yt ≥ exp (Xβ)V + C} ,

with Y0 = 0 and

dYt = λ (C − Yt) dt+ dWt.

In the numerical experiments, we assume that the distribution F of V has only two support points,

v1 and v2, with Pr(V = v1) = p.

With this parameterization, the Laplace transform of T |X becomes

LT (s|X) = E
H s

λ
(−C)

H s
λ

(exp (Xβ)V )
, (4.11)

with

Hγ (y) =

∫ ∞
0

exp

(
ty − t2

4λ

)
tγ−1dt.

Alili et al. (2005) and Lebedev and Silverman (1972) point out that this expression is closely related

to the Hermite function H̃γ (y), which satisfies the ordinary differential equation

H̃ ′′γ (y)− 2xH̃γ (y) + 2γH̃γ (y) = 0.

In particular, they showed that

Hγ (y)

Hγ (b)
=
H̃−γ

(
−
√
λy
)

H̃−γ

(
−
√
λb
) .

7In order to explore the effect of variation in φZ , we also estimate an alternative model where φX (X) = exp (XβX)
and φZ (Z) = exp (ZβZ). The estimates seem to be more precise comparing to those without variations in φZ with
the same moments specification. See Appendix 4.B for a detailed discussion.
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Therefore, (4.11) can be rewritten using the Hermite function as

LT (s|X) = E
H̃− s

λ

(√
λC
)

H̃− s
λ

(
−
√
λ exp (Xβ)V

) . (4.12)

We will use some properties of Hermite functions, which are well studied in mathematics, to aid

our computations.

4.5.2 Estimation

For each s, (4.12) provides a conditional moment condition

ms (α;X) ≡ E [gs (T,X, α)|X] = 0,

where α ≡ (β, λ, C, v1, v2, p) collects the parameters to be estimated, and

gs (T,X, α) ≡ exp (sT )−
H̃− s

λ

(√
λC
)

H̃− s
λ

(
−
√
λ exp (Xβ) v1

)p
−

H̃− s
λ

(√
λC
)

H̃− s
λ

(
−
√
λ exp (Xβ) v2

) (1− p)

We have a continuum of such moment conditions, one for each Laplace evaluation point s. Carrasco

and Florens (2000) and Carrasco and Florens (2002) studied the generalization of GMM to a con-

tinuum of moment conditions, in particualr for the closely related case in which the moments are

based on the empirical characteristic function. However, their estimator is complicated and hard

to implement. Therefore, we follow a more standard approach.

Because we consider a parametric model, it suffices to choose a finite set of moment conditions.

We pick moments corresponding to q Laplace evaluation points. For given q, Schmidt (1982)

suggested selecting a grid of evaluation points that minimizes the determinant of the asymptotic

covariance matrix and found it is best to select all the points close together. Feuerverger and



4.5. ESTIMATION 105

McDunnough (1981) showed that the asymptotic covariance matrix can be brought arbitrarily close

to the Cramer–Rao lower bound if q is sufficiently large and the grid is sufficiently fine and extended.

They further suggested that the grid should be chosen to be equally spaced. We will conduct several

numerical experiments to verify these suggestions in the next subsection.

We choose the same Laplace evaluation points (s1, . . . , sq) for all conditional moment conditions.

If X has support Ξx = {x1, . . . , xNx}, with Nx finite, we can stack the empirical analogs of those

moment conditions in a Nxq × 1 vector

m̂ (α) =
[
m̂s1

(
α;x1

)
m̂s2

(
α;x1

)
· · · m̂sq

(
α;x1

)
m̂s1

(
α;x2

)
· · · m̂sq

(
α;xNx

)]>
,

where

m̂s

(
α;xj

)
=

1

N

N∑
i=1

gs (Ti, Xi, α) I
{
Xi = xj

}
.

If X contains continuous variables, we can instead rely on unconditional moment conditions like

ms,k (α) ≡ E [gs (T,X, α) fk (X)] = 0,

where the functions fk (X); k = 1, ...,K; of X serve as instruments. We can stack the empirical

analogs of these unconditional moments conditions in a Kq × 1 vector

m̂ (α) =
[
m̂s1,1 (α) · · · m̂sq ,1 (α) m̂s1,2 (α) · · · m̂sq ,K (α)

]>
,

where

m̂s,k (α) =
1

N

N∑
i=1

gs (Ti, Xi, α) fk (Xi) .

With one of these moment vectors in hand, the GMM estimator can be written as

α̂ = arg min
α
m̂ (α)>Wm̂ (α) .

We choose the weighting matrix W = E
[
g(T,X, α)g(T,X, α)>

]−1
, in order to achieve the most
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efficient estimator given the moments selected. Here, g(T,X, α) either stacks the Nxq functions

gs(T,X, α)I{X = xj); s = s1, . . . , sq and j = 1, . . . , Nx; or the Kq functions gs(T,X, α)fk(X);

s = s1, . . . , sq and k = 1, . . . ,K; in the order consistent with the specification of m̂(α). In practice,

we estimate W with its empirical analog

Ŵ =

(
1

N

N∑
i=1

g (Ti, Xi, α) g (Ti, Xi, α)T
)−1

.

4.5.3 Implementation and Monte Carlo Experiments

We conduct numerical experiments using Matlab 2018a, for a specification in which X contains two

variables, β = (β1, β2), and the true parameter vector is

α = (λ,C, β1, β2, v1, v2, p) = (1, 2, 1, 2, 1, 2, 0.8) .

The data are simulated as follows. We first draw Nx different X’s from the uniform distribution.

For each such value of X we construct a sample of the same size N∗. Then, we simulate unob-

served heterogeneity factors V from the discrete distribution and calculate corresponding thresholds.

Finally, we approximately simulate Ornstein-Uhlenbeck processes Y in discrete time, with a time-

interval of 0.001. Durations T are constructed as the first times these approximate processes cross

the thresholds.

Estimation follows the procedure discussed in the previous subsection. All calculations are

straightforward, except that of the Hermite function H̃, for which there is no explicit analytical

expression. Lebedev and Silverman (1972) showed that H̃ admits a uniformly convergent power

series representation:

H̃γ (x) =
1

2Γ (−γ)

∞∑
m=0

(−1)n

m!
Γ

(
m− γ

2

)
(2x)m ,

where Γ (·) is the Gamma function. In practice, we use a truncated series to approximate H̃v (x)
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Table 4.5.1: Monte Carlo Experiments: Bootstrapped Standard Errors

(1) (2)
mean std ste std

λ 1 1.0060 0.0185 0.0198 0.0052
C 2 2.0107 0.0249 0.0277 0.0095
β1 1 1.0080 0.0263 0.0257 0.0072
β2 2 2.0030 0.0190 0.0253 0.0077
p 0.8 0.7998 0.0036 0.0032 0.0012
v1 1 1.0071 0.0116 0.0138 0.0028
v2 2 2.0080 0.0207 0.0188 0.0049
Nx 10 10
q 4 4
Interval 0.1-0.13 0.1-0.13

Note: (1) reports the means and standard deviations of the estimates over 100 Monte Carlo simulations. Nx = 10. Each X has
a sample size of N∗ = 1, 000. We evaluate the Laplace transform at q = 4 points on an equally-spaced grid in the given Interval.
(2) reports the means and the standard deviations of bootstrapped standard errors over the same 100 simulated samples.

during estimation:

H̃γ (x) ≈ 1

2Γ (−γ)

M∑
m=0

(−1)n

m!
Γ

(
m− γ

2

)
(2x)m .

We set M = 100 in the examples, which works reasonably well. When we choose M too large,

Matlab breaks down because m! becomes prohibitively large.

Table 4.5.1 reports mean estimates, mean standard errors, and standard deviations over 100

Monte Carlo samples. Here, we assume X to take Nx = 10 random values and draw a sample of

size N∗ = 1, 000 for each X. We evaluate the Laplace transform at q = 4 points on an equally-

spaced grid between 0.1 and 0.13. This choice of moments is supported by the Monte Carlo studies

that follow below. Since the moment conditions have no explicit analytical formula, we calculate

the standard errors using the classical bootstrap, over 50 bootstrapped samples8. All the estimates

are close to their true values. The bootstrapped standard errors are larger than the Monte Carlo

standard deviations.

It is important to choose the moments well. We first explore the properties of the estimator

8The results are fairly stable when we increase the number of bootstrapped samples to 100. See Hall and Horowitz
(1996) and Horowitz (2001) for the discussion of the bootstrap for GMM estimation.
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Table 4.5.2: Monte Carlo Experiments: Choice of Laplace Evaluation Grid

(1) (2) (3)
mean std mean std mean std

λ 1 0.9866 0.0394 1.0060 0.0185 1.0141 0.0245
C 2 2.0206 0.0495 2.0107 0.0249 2.0052 0.0324
β1 1 1.0071 0.0579 1.0080 0.0263 1.0100 0.0282
β2 2 2.0206 0.1053 2.0030 0.0190 2.0078 0.0260
p 0.8 0.7989 0.0089 0.7998 0.0036 0.8000 0.0035
v1 1 1.0125 0.0120 1.0071 0.0116 1.0086 0.0143
v2 2 2.0251 0.0453 2.0080 0.0207 2.0027 0.0243
Nx 10 10 10
q 3 4 5
Interval 0.1-0.13 0.1-0.13 0.1-0.2

Note: Specification (1)-(3) report the means and standard deviations over 100 Monte Carlo simulations. Nx = 10. Every X has
a sample size of N∗ = 1, 000. We evaluate the Laplace transform at q points on an equally-spaced grid in each given Interval.

with various numbers q of points and interval sizes for s. Table 4.5.2 reports the results. Increasing

q improves performance initially. However, with q = 59 we less precision than with q = 4. This

may be explained by multicollinearity of moments for nearby Laplace evalation points.

Table 4.5.3 reports results for different Laplace evaluation interval sizes. When moving from

specification (3) to (2), the grid becomes denser and the precision improves. However, when in-

creasing density further by moving from (2) to (1), precision decreases again.

Table 4.5.4 reports the results from varying the number of support points of X. We let X take

Nx = 10, 20, or 50 different values, keeping the total sample size NxN
∗ constant at 10,000. We

again find a nonmonotone relationship.

Finally, Table 4.5.5 reports GMM estimates based on unconditional moments for the case in

which X does not have discrete support. The estimator performs well, but is a bit less precise

than the one based on discrete X. Columns (3) report the means and standard deviations of the

bootstrap standard errors over 50 bootstrapped samples. Similar to the conditional moments case,

they are close to the standard deviations over the Monte Carlo samples.

9In the case when q = 5, setting the interval to be 0.1-0.13 results in sever singularity in the covariance matrix. So
we choose the smallest interval that would not cause Matlab to report warnings.
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Table 4.5.3: Monte Carlo Experiments: Laplace Evaluation Interval Size

(1) (2) (3)
mean std mean std mean std

λ 1 0.9949 0.1014 1.0060 0.0185 1.0001 0.0463
C 2 2.0049 0.2665 2.0107 0.0249 2.0674 0.0478
β1 1 1.0061 0.1409 1.0080 0.0263 1.0301 0.0645
β2 2 1.9882 0.1428 2.0030 0.0190 2.0550 0.1152
p 0.8 0.7840 0.1126 0.7998 0.0036 0.7975 0.0085
v1 1 0.9949 0.1055 1.0071 0.0116 1.0088 0.0108
v2 2 1.9792 0.1911 2.0080 0.0207 2.0216 0.0480
Nx 10 10 10
q 4 4 4
Interval 0.1-0.11 0.1-0.13 0.1-0.2

Note: Specification (1)-(3) report the means and standard deviations over 100 Monte Carlo simulations. Nx = 10. Every X has
a sample size of N∗ = 1, 000. We evaluate the Laplace transform at q points on an equally-spaced grid in each given Interval.

Table 4.5.4: Monte Carlo Experiments: Variation in Observed Covariates

(1) (2) (3)
mean std mean std mean std

λ 1 1.0060 0.0185 1.0020 0.0113 1.0006 0.0026
C 2 2.0107 0.0249 2.0030 0.0105 2.0018 0.0040
β1 1 1.0080 0.0263 1.0029 0.0153 1.0010 0.0037
β2 2 2.0030 0.0190 1.9999 0.0215 2.0017 0.0066
p 0.8 0.7998 0.0036 0.7996 0.0032 0.7996 0.0014
v1 1 1.0071 0.0116 1.0093 0.0123 1.0002 0.0012
v2 2 2.0080 0.0207 2.0021 0.0131 1.9987 0.0037
Nx 10 20 50
q 4 3 4
Interval 0.1-0.13 0.1-0.102 0.1-0.4

Note: Specification (1)-(3) report the means and standard deviations over 100 Monte Carlo simulations. X is assume to take
Nx = 10, 20, or 50 random points and each X has a sample size of N∗ = 1, 000, 500 and 200 respectively which makes the total
sample size equal to 10,000. We evaluate the Laplace transform at q points on an equally-spaced grid in each given Interval.
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Table 4.5.5: Monte Carlo Experiments: Unconditional Moments

(1) (2) (3)
mean std mean std ste std

λ 1 0.9753 0.0514 0.9929 0.1567 0.1608 0.0606
C 2 2.0131 0.0407 2.0486 0.1075 0.1520 0.0597
β1 1 1.0076 0.0817 1.0157 0.2104 0.2470 0.2226
β2 2 2.0241 0.1424 2.0732 0.4097 0.4557 0.2684
p 0.8 0.7974 0.0188 0.7851 0.0575 0.0837 0.0290
v1 1 1.0074 0.0206 0.9782 0.0668 0.0821 0.0275
v2 2 2.0292 0.0765 1.9756 0.2057 0.2635 0.1290
N 10000 1000 1000
Nm 100 50 50
q 4 4 4
Interval 0.1-0.2 0.1-0.2 0.1-0.2

Note: Specifications (1)-(2) report the means and standard deviations over Nm Monte Carlo samples with sample size N . The
selected instruments are 1, X1, X2

1 , X2 and X2
2 . Thus, we construct 5q unconditional moment conditions, which are obtained

by evaluating the Laplace transform at q points on an equally-spaced grid in each given Interval. (3) shows the means and the
standard deviations of bootstrapped standard errors over 50 simulated samples.

Overall the estimators work well. Evidence on the best designs is mixed, but there are some

general findings. First, the moment conditions generated by evaluating the Laplace transform at

different points for for the same value of X typicaly suffer from severe multicollinearity problems.

Indeed, when we estimate the preliminary GMM estimate with weighting matrix W = I, the

estimates are not very precise. The problem is especially prominent for the estimates of λ and

C. It appears that the objective functions are quite insensitive when λ and C vary along a certain

path. However, the estimator performs significantly better when using the optimal weighting matrix

W = Ω−1.

Second, like Carrasco and Florens (2000) and Carrasco and Florens (2002), we find that, when

we choose too many moments conditions, say q > 5, the covariance matrix becomes close to singular

and the optimal weighting matrix cannot be computed precisely.

Third, the effect of the size of interval of Laplace evaluation points on the precision of the

estimator appears to be non-monotone. This qualifies the suggestion given by Feuerverger and

McDunnough (1981) that the grid should be sufficiently fine.
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4.6 Conclusion

This paper develops a novel MHT model in which the latent process is allowed to revert to a long-

run mean, by specifying it as a generalized Ornstein-Uhlenbeck process. This way, it extends the

applicability of the MHT model to a wider class of economic problems. So far, we have focused on

identification and estimation of a model that excludes the boundary specification in which there is no

mean reversion. This boundary specification is the standard MHT model in which the latent process

is a spectrally-negative Lévy process, such as Brownian motion (Abbring, 2012). We conjecture that

specifications with and without mean reversion can be empirically distinguished. Investigating this

is at the top of our agendas.
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Appendix

4.A Lévy Processes

A Lévy process is the continuous-time equivalent of a random walk: It has stationary and indepen-

dent increments. Bertoin (1998) provides a comprehensive analysis of Lévy processes. Formally, we

have

Definition 4.1. A Lévy process Y = {Yt, t ≥ 0} is a stochastic process that starts at Y0 = 0 almost

surely, and has càdlàg (right-continuous with left-limits) paths with independent and stationary

increments i.e. for any t, s > 0, Yt+s − Ys is independent of {Yt′ , 0 ≤ t′ ≤ s} and has the same

distribution as Yt.

The most common example of a Lévy process is the scalar Brownian motion with drift. Brownian

motions are the only Lévy processes with continuous sample paths. In general, Lévy processes may

have jumps. An important example of a Lévy process with jumps is the compound Poisson process,

which has independently and identically distributed jumps at Poisson times. More generally, the

jump process {∆Yt ≡ Yt − lims↑t Ys, t > 0} of a Lévy process Y is characterized by a Poisson random

measure

N : B [0,∞)× B (R\{0})→ {0, 1, 2, . . .} ∪ {∞}

such that, for A ∈ B (R\{0}), we have that N ([0, t] , A) =
∑

s≤t IA (∆Ys) counts the jumps of the

process Y of size in A up to time t (here, B(·) denotes the Borel σ-algebra). The set function

Π (A) ≡ E [N ([0, 1] , A)] defines a σ-finite measure on R\{0} such that
∫

min
{

1, x2
}

Π (dx) < ∞;

113
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this is called the Lévy measure of the Lévy process Y . For a compound Poisson process with jump

intensity λ and jump size distribution F, the Lévy measure Π (dx) simply equals to λF (dx). Any

Lévy process Y can be written as the sum of a Brownian motion with drift and an independent

pure-jump process with jumps governed by such a point process (Bertoin, 1998, Theorem I.1). The

Lévy measure Π, together with a drift parameter µ and the dispersion parameter σ of its Brownian

motion component, fully characterizes Y ’s distributional properties.

Throughout this paper, we restricted our analysis on spectrally negative Lévy processes. These

are Lévy processes of which the Lévy measure Π has negative support, i.e. Lévy processes without

positive jumps.

The most remarkable property of a Lévy process is that even it is purely defined in terms of

descriptive features about the sample path, it admits a very concrete analytic characterization via

the well-known Lévy-Khintchine representation: Bertoin (1998) showed that

E [exp (qYt)] = exp[ψ(q)t]

for q ∈ C with a nonnegative real part, where ψ is called the Laplace exponent of the Lévy process

Y given by the Lévy–Khintchine formula.

The Laplace exponent ψ restricted to [0,∞) is continuous and convex, and satisfies ψ(0) = 0

and limq→∞ ψ(q) = ∞(Kyprianou, 2006, Theorem 3.12). So, there exist at most two roots to

ψ (q) = 0 and we denote the largest solution by q0 ≥ 0. By restricting ψ to [q0,∞), we can define

an inverse function Λ : [0,∞) 7−→ [q0,∞) of ψ. Note here that the Laplace transform is real

analytic (Widder, 1946, Chapter IV, Theorem 3a) and so is the Laplace exponent ψ. Using analytic

extension (Krantz and Parks, 2002, Proposition 1.4.2), one can recover the Laplace exponent ψ on

[0,∞) from its restricted inverse Λ even if q0 > 0.

Consider the hitting time T (b) of some arbitrary threshold b ≥ 0. Using Theorem VII.1 of

Bertoin (1998): If Y is a spectrally-negative Lévy process, then the hitting time process T (b) is a
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killed subordinator with Laplace exponent Λ:

LT (b) (q) ≡ E [exp (−qT (b)) 1 (T (b) <∞)] = exp[−Λ(q)b] (4.13)

for q ∈ [0,∞). That is, T (b) is a nondecreasing Lévy process (subordinator) with Laplace exponent

Λ − q0 forced to equal ∞ (killed) beyond some random threshold level eq0 if q0 > 0. Here, eq0 has

an exponential distribution with mean q−1
0 and is independent from (Y, b).

For example, suppose Y is a Brownian motion with general drift parameter µ ∈ R and dispersion

parameter σ ∈ R+. Then, the Laplace exponent of Y is ψ (q) = µq + σ2

2 q
2. It is obvious that

q0 = min
{

0,−2µ/σ2
}

and Λ (q) =
−µ+
√
µ2+2σ2q

σ2 .

4.B Other Estimation Results

In order to explore the effect of variation in φZ , we also estimate an alternative model where

φX (X) = exp (XβX) and φZ (Z) = exp (ZβZ). Similar to the model in Section ??, we impose two

scale normalizations: First, we do not include an intercept in X. Secondly, we assume σ to be one.

We estimate the model for a specification in which X contains two variables and Z contains only

one variable, βX = (βX1, βX2) and βZ = (βZ0, βZ1). Thus, the true parameter vector is

α = (λ,C, βX1, βX2, βZ0, βZ1, v1, v2, p) = (1, 2, 1, 2, 0, 1, 1, 2, 0.8) .

The moments choices and the data generating procedure are exactly the same as the discret case

in the main text. And the estimation results are reported in Table 4.B.1.

The estimates seem to be more precise comparing to those without variations in φZ under the

same moments specification. This suggests that variations in the long-run mean can help improving

the performance of our estimator.
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Table 4.B.1: Monte Carlo Experiments: Variation in Long-run mean

(1) (2)
mean std mean std

λ 1 1.0060 0.0185 1.0075 0.0159
C 2 2.0107 0.0249
βX1 1 1.0080 0.0263 1.0042 0.0324
βX2 2 2.0030 0.0190 2.0016 0.0178
βZ0 0 0.0128 0.0260
βZ1 1 1.0054 0.0376
p 0.8 0.7998 0.0036 0.8001 0.0017
v1 1 1.0071 0.0116 1.0073 0.0096
v2 2 2.0080 0.0207 2.0054 0.0132
Nx 10 10
q 4 4
Interval 0.1-0.13 0.1-0.13

Note: (1) reports the means and standard deviations of the estimates over 100 Monte Carlo simulations for the model without
variation in φZ . Nx = 10. Each X has a sample size of N∗ = 1, 000. We evaluate the Laplace transform at q = 4 points on an
equally-spaced grid in the given Interval. (2) reports the means and the standard deviations of the estimates over 100 Monte
Carlo simulations for the model with variation in φZ . Other settings are the same as in (1).
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