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Mathematical Notation

A partial derivative of a function f(xl, x2i ..., x,~) with respect to its
ith argument (i C n) is denoted by f~;.

The time derivative of a(continuous time) variable xt is denoted by ~t,
which is d .

The growth rate of a variable xt is denoted by g~~, which is defined as
it~xt in continuous time and ~`}x~ ~` in discrete time.

The steady state value of a variable is denoted by a bar over this variable,
so the steady state value of variable xt is i.
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G Lagrangian
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Chapter 1

Introduction

In the beginning of the 1970's the book `The Limits to Growth' (Mea-
dows et al. 1972) was published. It describes the prospects for growth
of the human population and the global economy during the coming
century. The authors of this book were commissioned to look into these
matters by the Club of Rome, an international group of businessmen,
statesmen, and scientists. They investigated the long-term causes and
consequences of growth of the population, industrial capital, food pro-
duction, resource consumption, and pollution. The three summary con-
clusions they reached in 1972 were (op. cit., p.24):

.`If the present growth trends in world population, industrializa-
tion, pollution, food production, and resource depletion continue
unchanged, the limits to growth on this planet will be reached
sometime within the next 100 years. The most probable result
will be a sudden and uncontrollable decline in both population
and industrial capacity'.

.`It is possible to alter these growth trends and to establish a con-
dition of ecological and economic stability that is sustainable far
into the future. The state of global equilibrium could be designed
so that the basic material needs of each person on earth are satis-
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fied and each person has an equal opportunity to realize his or her
individual human potential'.

~`If the world's people decide to strive for this second outcome
rather than the first, the sooner they begin working to attain it,
the greater will be their chances of success.'

The authors are at first sight pessimistic, but on the other hand they are
optimistic, because they claim in their follow-up book (Meadows et al.
1992, p.xxiv), that since the publication of the book twenty years ago:
`... much has happened in twenty years to bring about technologies, con-
cepts, and institutions that can create a sustainable future'. Despite the
numerous efforts, many resource and pollution flows have grown beyond
their sustainable limits. The present way of doing things is unsustain-
able, according to the authors. In their opinion, for the future to be
viable, it has to be a future of drawing back, of easing down. But it
is not all cloudy, there are real possibilities for reducing the stream of
resources consumed and pollutants generated by the human economy
while increasing the quality of life. The conclusions from `The Limits to
Growth' are strengthened in `Beyond the Limits' (op. cit., p.xxv):

.`Human use of many essential resources and generation of many
kinds of pollutants have already surpassed rates that are physically
sustainable. Without significant reductions in material and energy
flows, there will be in the coming decades an uncontrolled decline in
the per capita food output, energy use, and industrial production'.

.`This decline is not inevitable. To avoid it two changes are necess-
ary. The first is a comprehensive revision of policies and practices
that perpetuate growth in material consumption and in pollution.
The second is a rapid, drastic increase in efficiency with which
materials and energy are used'.

.`A sustainable society is still technically and economically possible.
It could be much more desirable than a society that tries to solve its
problems by constant expansion. The transition to a sustainable
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society requires a careful balance between long-term and short-
term goals and an emphasis on sufficiency, equity, and quality
of life rather than on quantity of output. It requires more than
productivity and more than technology; it also requires maturity,
compassion, and wisdom.'

Looking at the third conclusion, it seems that the authors describe some
sort of doomsday scenario, but are again not that pessimistic, because
they continue (op. cit., p.xxv): `...These conclusions constitute a con-
ditional warning, not a dire prediction. They offer a living choice, not a
death sentence. The ideas of limits, sustainability, sufficiency, equity, and
efficiency are not barriers, not obstacles, not threats. They are guides to
a new world. Sustainability, not weapons or struggles for power or mate-
rial accumulation, is the ultimate challenge to the energy and creativity
of the human race.'

Another example of the growing international interest in the conse-
quences of human behaviour on our environment is the appointment by
the United Nations in 1983 of the World Commission on Environment
and Development (1987), also known as the Brundtland Commission, to
chart a sustainable development course for the future global economy.
The Brundtland Report raised the importance of sustainability to its
current level of importance. It defines sustainable development as `a
development that meets the needs of the present without compromising
the ability of future generations to meet their own needs' (op. cit., p. 8),
but it has to be noted that this definition is far from the only possible
definition (see for instance Pezzey (1992)).

There is also the Intergovernmental Panel on Climate Change (see Hough-
ton, Jenkins and Ephraums 1990) which addresses the issue of the cli-
mate change due to the build up of greenhouse gases and the conse-
quences for humans. 170 scientists from 25 countries have contributed.
Based upon their perceptions, they conclude that there is reason to be-
lieve that the Earth's temperature is rising due to the greenhouse effect.
Human activities lead to increases in the rate at which emissions take
place. These emissions may have long lasting effects; it may be true
that global temperature will rise, land surfaces will warm more rapidly
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and sea levels will rise, but by how much these effects will occur is very
difFicult to predict due to all sorts of uncertainties. To reduce these un-
certainties there are already research programmes devoted to a better
understanding of clouds, oceans and trace gases, and how these influ-
ence the climate. In their 1995 report (Houghton et al. 1996) they are
only able to find confirmation of their 1990 conclusion. Carbon dioxide
is the most important factor contributing to the present climate change,
and many of the effects accompanying this climate change are mostly
irreversible.

From these examples it is clear that the development of the world's
economy, together with its consequences for the world's environment, is
of concern to all of us. We may not be aware of these consequences daily,
but issues concerning our environment are the ultimate limit. After all,
we cannot go on indefinitely polluting our environment. Survival of the
human species depends on the way we treat our environment. Pollution
also affects our health and it could lead to deadly diseases, like skin
cancer. There are doubts as to whether it is possible to continue to go
on as we are doing now and there is an awakening awareness that there
are limits and frontiers that cannot be crossed.

A major part of the questions raised is concerned with economic growth
and its interaction with the natural environment. Economic growth is as
a first approximation growth of total product in an economy, but there
can be inevitable side-effects of production. Pollution mostly accompa-
nies production, and this pollution can destroy part of our environment
or it can damage our health. Nature is capable of regeneration and ít
can absorb part of this pollution, but there is a limit to this capacity.
It is also clear that economic growth in itself is not a bad thing. Eco-
nomic growth can provide us with the resources necessary to make the
environment cleaner. The way economic growth is brought about can be
harmful, and if this is altered, growth could be less damaging. If growth
would seem to be necessary, at what growth rate should we be aiming
and in what way should we bring forth this growth?

There are ways in which we can overcome certain common drawbacks of
increased production and pollution. We can devote part of our national
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product to cleaning up activities, or try to develop cleaner technologies.
Either way we have to give up something, but the alternative would be
a high level of production that would not be sustainable. A country as
a whole has to make a decision (one of many) as to how its production
process has to be arranged, taking into account its preferences concer-
ning the amounts of consumption, the types of production processes (e.g.
the amount of pollutants they release) and the amounts of pollutants it
finds admissible.

Growth theory tries to shed light on the factors contributing to economic
growth. Within growth theory two approaches can be distinguished: ex-
ogenous growth theories and endogenous growth theories. The long-term
economic growth rate in exogenous growth models is determined solely
by population growth and technological progress, which are postulated
in advance as constants (Chiang 1992). There are no other factors that
can influence the long-term growth rate. It should be noted that the
short-term growth rate in an exogenous growth model is dependent on
preferences of consumers in the economy and is therefore endogenous.
Exogenous growth theory predicts conditional convergence. This means
that poor countries, compared to richer economies, should have a high
economic growth rate. See chapters 10, 11 and 12 and in particular para-
graph 1.2.8 of the book by Barro and Sala-i-Martin (1995), on testing
empirically the convergence prediction of exogenous growth theory. If
one wants to explain differences in growth rates between countries, one
can only rely on differences in rates of population growth and differences
in rates of technological progress (see Barro and Sala-i-Martin 1995, p.
10, 11 and 13).

By the end of the 1980's there were some major developments in the field
of growth theory to deal with these shortcomings in exogenous growth
models. These developments mark the origin of the so-called endoge-
nous growth models. Within this approach the long-term growth rate of
an economy is also influenced by parameters describing technology and
preferences, for instance. One can model the well-being of economic sub-
jects such that it is dependent on, for instance, the amount of pollutants
emitted. If the growth rate also depends on the dislike of pollutants, it is
theoretically possible to trade off the advantages of a clean environment
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and the gains from economic growth. Furthermore, long-term growth
can be positive or negative and is not necessarily some positive constant
independent of the model specification like in an exogenous growth mo-
del. The first part of the following chapter (Chapter 2) is a survey of
the different forms of growth models that can be found in literature.
Exogenous and endogenous growth models are discussed, to show what
makes them different, and in the second part of this chapter, within each
of these classes, it is discussed how they are applied to say more about
the trade off between environmental care and economic growth. Com-
pared to the situation where there is no concern for the environment,
whenever an exogenous growth model is developed with environmental
issues the resulting short-term growth rate is always lower if there is
concern for the environmentl, but this does not necessarily hold in an
endogenous growth model. The growth rate in a endogenous growth mo-
del is determined (among other things) by the preferences of consumers.
If these preferences change, the resulting (long-term) growth rate may
also change. These observations justify the development of endogenous
growth models together with environmental issues. By setting up such
a model we try to capture the characteristics of an economic system and
the environment we live in. We have knowledge, although not complete
knowledge, about these characteristics. We then use this model to study
the transition from our present state to a state we desire. Is it possible
to achieve this state? In what way can we achieve it? If there are more
alternatives, which one should we choose? Therefore, one of the main
purposes of this thesis is:

To come up with an endogenous growth model, extended by environmen-
tal issues.

We can also look more closely at the model and try to find out how its
characteristics change if one of the underlying assumptions is changed.
How does the outcome of the model change? To do this, it is necessary
to first start setting up a model. A number of questions in connection
with this aim are discussed in this thesis.

lIn this thesis a growth model extended by environmental issues is termed an
environmental growth model. The result mentioned in the text is discussed in Chapter
2.
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The models in Chapter 3 are simple extensions of general endogenous
growth models. The purpose of this chapter is not primarily directed at
supplying a sophisticated model. The models discussed are the models
of Rebelo and Lucas extended by a flow and a stock of pollution, then
in Chapter 4 the Lucas model in Chapter 3 is further extended and
analysed. In this chapter we have a stock of nature instead of stock
pollution and the temporary evolution of nature is modelled in a number
of alternative ways. Chapter 5 deals with a model with an exhaustible
resource. There is also learning-by-doing in the production function.
The resource used being exhaustible and the learning-by-doing effect,
both make the growth rate endogenous, and this is further analysed in
that chapter.

All models in this thesis are based upon a representative consumer who
lives forever and cares about consumption and either dislikes pollution
(as a stock or as a flow) or likes nature. Another approach would be
to consider multiple generations living for a certain time period and at
one instance of time there are several generations, but this approach is
not followed in this thesis, because it would only complicate matters.
The size of the population, consisting of a certain number of consumers
which are all equal, is assumed to grow at a certain rate. For some
models this growth rate is set to zero, and this is then due to the spe-
cification of the model and certain characteristics of the model which
are considered desirable (on page 48 for example, balanced growth is
considered a desirable feature of the Rebelo model and this can only
occur with a zero rate of population growth). Pollution is an aggregate
variable representing certain substances which are toxic, or in some way
can damage our health or the natural environment on which we depend
for our survival. Pollution is assumed to be evenly spread, so problems
where there is one spot heavily polluted and a uniform spread of pollu-
tion towards other clean areas, is not treated in this thesis. Pollution
originates from using physical capital for instance, as a side-effect of
production, so producing consumption goods has a drawback, in that
we pollute our environment. We can also talk about nature and this
is, just like pollution, an aggregate entity which represents all animals,
plants, trees, et cetera, in our natural environment. Its spatial distribu-
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tion is not the subject of this thesis, nor is biodiversity or the number of
different species. The processes that take place within the natural en-
vironment are also included in the entity nature. Pollution can damage
the natural capacity of nature to reproduce itself. As shown in Chap-
ter 4, there is a relationship between nature and the stock of pollution.
As a result of this, one can study nature (as a stock) or pollution (as
a stock). Nature is reproducible, and is therefore a renewable natural
resource, but this thesis also deals with non-renewable resources. Stocks
of natural resources which can be consumed or used as inputs to pro-
duction, but whose natural growth rate is zero, are also treated in this
thesis. Other possible inputs are capital, either man-made or human,
the latter being knowledge, which can be increased if people are study-
ing. Because knowledge is tied to the workers, we have to multiply the
size of the labour force employed in production by the (average) level
of human capital, and this overall level of human capital is then an-
other input to production. The two main types of models analysed in
this thesis are models where the inputs are man-made capital, and ei-
ther human capital or an exhaustible resource. The models used in this
thesis emphasize a certain characteristic which can be found in reality.
Each of them is suited for a certain class of economies. Empirical testing
should be carried out to see which model is the more accurate model
based upon the special circumstances of a certain economy. The models
of this thesis are diverse, and focus on one or more aspects which might
be relevant for one economy and less relevant for another. It is also
possible that one particular model is relevant at one instant of time for
a certain economy, but in another time period another model is relevant
for the same economy. Models with exhaustible resources can, at one
time, be an accurate description for an economy, but when this economy
has gained enough knowledge to circumvent the exhaustibility problem
(in that less resources are available, but this poses no problem) a model
with a reproducible resource might then give a better description, so
both types of models are worth looking into.

If we have constructed an endogenous environmental growth model,

Can we say more about the costs if society decides to strive for a cleaner
environrnent?
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As shown in Chapter 2, most authors concentrate on the long-term out-
come of the model and are less concerned about what happens in the
short-term - but what happens in the first number of years, when the
decision has been taken to clean up the environment? Resources are di-
verted away from productive investments and are used for cleaning up,
so a price is payed for a cleaner environment, but how high is this price?
How hard do people have to suffer, especially in these early years? Is
there a measure that can be used to assess these costs? This issue is
treated in Chapter 3. Two endogenous environmental growth models
are developed to say more about this. These environmental growth mo-
dels are analysed using rather sophisticated mathematical techniques.
Analytical solutions are either very hard to get, or even impossible to
derive; therefore, the transition path from a certain initial state to the
preferred outcome is determined numerically on a computer. At the end
of Chapter 3, two measures are presented which give insight into the
way people suffer or benefit (in terms of lower or higher utility) over
time, due to a change in environmental preference. A change in envi-
ronmental preference is represented by a change in the weight of, for
instance, pollution in the utility function. These measures are applied
to two rather simple endogenous growth models with environmental is-
sues. These models could be termed endogenous environmental growth
models. The models differ with respect to the form of capital used as
an input to production. In one of the models, capital comprises physical
capital, human capital, infra-structures, etc. In this model the return
on capital turns out to be constant - in the other model there are two
separate forms of capital: physical and human. Because of this, the out-
comes for these models are quite different. The environmental issues are
captured by a stock and a flow of pollution. Capital (physical capital or
the composite form of capital) used in the economy leads to flow pollu-
tion. Abatement, which is taken out of total product, is used to counter
the effect of capital on the flow of pollution, the latter adding to the
stock of pollution, part of which can be neutralized by nature (because
of its natural capacity to do so). Consumers care about consumption,
but they dislike the stock of pollution - the extensions are therefore rel-
atively simple, and the reason for this is that in this chapter the focus
is on a welfare analysis which says more about the change in welfare at
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certain time periods, and the changes in welfare over time if there is an
increase in environmental care. How are the benefits and costs spread
over time for consumers, if there is a increase in environmental care?
The reason why the attitude towards the environment changes could be
due to the fact that consumers realize that the natural environment can
be hurt in such a way that the damage done is no longer repairable. We
now not only look at the long-term outcome, but also at what happens
in the short-term with consumption, the level of pollution and the level
of utility. The numerical outcomes for the two models are compared for
two cases: one with no change in attitude towards the environment, and
one in which there is an increase in care for the environment. We look
more closely at questions like: How well off are consumers due to this
change in preferences? How much do they suffer over time in order to get
a cleaner environment? To have a cleaner environment, resources have
to be set aside for abatement purposes, which could otherwise have been
used to increase investment and have higher future levels of consump-
tions. They might be better off in the long-term, but in the short-term
they might have to make rather large sacrifices (utility might be low-
ered substantially in the early years). How do the results change if one
uses a particular definition of the forms of capital present in the mo-
del? Although these models are relatively simple, they already give an
indication of the possible outcomes if one knows the precise mechanism
behind economic growth after empirical testing.

The survey in Chapter 2 also contains the development of rather simple
models with only pollution as a flow, to more sophisticated models where
pollution is also considered as a stock. The richer the specification of the
model, the better it can describe the world we live in. One should aim
for such a rich model, and this chapter gives an overview of the present
state of afFairs. Choices with respect to the specification of the model
largely determine the possible outcomes of the model - this is also the
case for the model analysed in Chapter 4. The purpose of this chapter
is to show:

How the specification of the utility function and the function describing
the growth of nature in an environmental growth model together deter-
mine the outcome of the model.
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The modelling of the utility function and the way nature evolves over
time are important factors and are discussed in this chapter. The growth
model of Chapter 3 with physical and human capital is now extended
by a flow of pollution and a stock of nature, instead of a stock of pollu-
tion. It can be shown that a stock of pollution is the natural counterpart
of a stock of nature, but this is not the case with respect to the util-
ity function depending on these stocks. Certain characteristics of the
utility function (to be precise: the cross derivative of the arguments of
the utility function) are not comparable with either a stock of pollu-
tion or with a stock of nature. The growth of nature in this chapter is
negatively influenced by the flow of pollution - and there is also abate-
ment, which is taken out of total product to counter the effect of flow
pollution, but some rather unrealistic assumptions have to be made to
have a long-term growth rate which depends on the preference for a
clean environment. Natural growth should be possible at any level of
nature. The general outcome of such a model is that the steady state
can be unstable, and if the steady state is stable the economy provides
resources for nature to grow. Nature is considered a good substitute
for consumption, and consumption tends to zero. The more realistic
assumption, where growth of nature approaches zero and growth can
become negative after a certain level of nature has been reached, leads
to quite different results. In Chapter 4, the precise mechanism behind
these results is discussed in more detail. The specification of the utility
function, which depends on consumption and nature, as a linear addi-
tive or as a multiplicative utility function2 turns out to be crucial. If a
multiplicative utility function is used, the effect more nature has on the
appreciation of more consumption, being either positive or negative, is
equally as important as the specification of nature over time.

A related question treated in Chapter 4 is the notion of a Win-Win-
situation:

Is it possible to have a high rate of economic growth and at the same time,
a level of nature which is increasing over time (Win-Win-situation)?

2U(C1iC2,..,C„) - E"lf;(C;) is a linear additive utility function. The utility
function U(Cl , C2i .., C„)-~n1 C;' is a multiplicative utility function.
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It is shown under what condition a Win-Win-situation is possible for the
model discussed in this chapter. A numerical analysis is carried out to
show that a Win-Win-situation can occur with a higher economic growth
rate and that it is not necessarily true that care for the environment leads
to lower economic growth.

Chapter 5 takes up the issue of exhaustible resources. More economic
growth leads to more man-made capital and (most of the time) less
nature. Resources which have a low or zero rate of reproduction are
depleted. By using an exhaustible resource as an input to production
we again have endogenous growth. At one particular moment in time
this could be an accurate description for a certain economy. One of the
purposes in this chapter is:

To analyse a model with an exhaustible resource as an input to produc-
tion and where the stock of physical capital leads to pollution and where
there is also learning-by-doing in using capital.

The external effects of pollution and learning-by-doing have to be in-
ternalized to arrive at the command optimum. The government can
achieve this by setting the values of the instruments at appropriate val-
ues. The instruments available to the government are taxes and subsi-
dies. Because of the political decision process for instance, it may not be
possible for a government to set varying levels of tax and subsidy rates
over time. The best it can do is to set constant values for these rates
for a large number of years. Another purpose of Chapter 5 is therefore
to determine:

What are the short-term consequences of governrnental behaviour, when
the government can ondy set constant tax and subsidy rates?

Will pollution be depressed sufficiently or will it be depressed beyond
optimal levels? In the last case, too many resources are used for cleaning
up and this will have repercussions on other variables in the model.
Another possibility is that we might not end up in the long-term steady
state solution - and this is also looked at in this chapter. The time paths
of the variables are determined numerically to see how this solution
difFers from a solution with an optimal policy, where the amount of tax
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or subsidy is set at a(optimal) varying level over time.

International cooperation to fight pollution leads to a more favourable
outcome than when countries do not cooperate. To assess how much
favourable the cooperative outcome will be and be able to say why co-
operation is likely to occur and when it will be lacking, the problem
of countries, each endowed with an exhaustible resource which leads to
pollution affecting all countries, is discussed in Chapter 6. National bor-
ders are not a barrier against the spread of pollution, and this aspect of
pollution is looked at more closely. The question now is:

Is it beneficial for countries to cooperate if the countries use an ex-
haustible resource which leads to pollution afj`'ecting all these countries
equally?

One could argue that if the stock is finite, then if too much of the stock
is used up now, less will be used up later. The negative efFects in the
early years will be comparable to the more favourable circumstances in
later years, so cooperation is not necessary. To say more about this, the
outcome when countries cooperate and when countries do not cooperate
are compared. This is done numerically. A number of cases are pre-
sented where cooperation is very beneficial and in other cases when it
only delivers small benefits. The countries considered are assumed equal
for simplicity and they own a stock of exhaustible resources which is con-
sumed completely in a finite time span. This consumption then leads
to flow pollution. Again, one can consider not only flow pollution, but
in addition also stock pollution. Several different cases are considered,
because the need for cooperation depends on whether pollution is con-
sidered as a flow or also as a stock - and it depends on the specification
of the utility function, either as a linear additive or as a multiplicative
utility function. The consequences of choosing a certain specification for
these two issues are analysed in this chapter.

Finally, in Chapter 7 we turn to national income in relation with welfare.
The question then is:

Whether or not national income is a good measure for welfare.
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If it is not, how should it be amended to be a measure of welfare?
Chapter 7 is a spin-off of a workshop I attended in Venice in 1992. Also,
in connection with exhaustible resources, the issue of sustainability and
national income is treated in more detail:

Is our concept of national income a measure of sustainability such that it
gives us information about whether we are on a path which is sustainable
or unsustainable?

Sustainable is here defined as the situation where we leave enough re-
sources for future generations so they can also satisfy their own needs
(see the definition of sustainability of the Brundtland rapport on page
3).

This thesis is also on methodology. The issues raised in this thesis are
of importance to anybody setting up an environmental growth model.
These issues are part of the process where first a model is developed
and then this model is put to the test empirically. The focus of this
thesis is mainly on the first part. It also discusses ways to do a welfare
analysis to say more about the short-term costs of having a cleaner
environment. In this thesis it is shown how the specification of a model
determines the possible outcomes of the model. The consequences for
the economy in the short-term are analysed if the government can only
set its instruments at constant values. The short-term outcome for the
problem of countries influenced by pollution crossing national borders is
determined. Finally, our concept of national income is looked at more
closely to find out whether it can be regarded a good measure for welfare
or sustainability. Chapter 8 concludes this thesis with a summary of the
results obtained on these issues and suggests recommendations for future
research.



Chapter 2

Growth Theory and
Environmental Growth
Models

This chapter describes two types of growth models 1. We first start
with a discussion about the difference between exogenous and endoge-
nous growth models. Then there is a survey of the way in which these
two types of models have been extended in literature to include environ-
mental issues. The purpose of this chapter is to show what has already
been done in the field of environmental growth models and where it can
be extended as has been done in this thesis.

2.1 Growth Theory

Growth theory can be divided into exogenous growth theory and en-
dogenous growth theory. Ramsey's (1928) growth model marks the start
of exogenous growth theory. The growth rate in an exogenous growth

1 The first part of this chapter relies heavily on the book by Barro and Sala-i-Martin
(1995).
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model consists of the growth rate of the population and the rate of
technological progress2. These are assumed exogenous constants. It is
rather unsatisfactory to have a growth rate which is given beforehand
and which does not depend on the specification of the model, other
than population growth and technological progress - because then, if
one wants to explain why growth rates differ among countries, one has
to assume that these countries differ with respect to these exogenous
factors. Growth models where the growth rate is explained within the
model can provide the answer to the question why growth rates differ
among countries (see also the discussion on page 5). They are also bet-
ter suited to answer questions like - what happens with the growth rate
if there is more concern for the environment? Romer's model (1986) of
increasing-returns-to-scale marks the beginning of endogenous growth
theory3. We start in section 2.1.1 with a discussion of exogenous growth
theory and section 2.1.2 is about endogenous growth theory4. This is
followed by section 2.2 where both these types of models are extended
by an environmental component (sections 2.2.1 and 2.2.2, respectively).

2.1.1 Exogenous Growth Theory

The purpose of this section is to show the essence of exogenous growth
theory. This is best served by taking a specific and relatively easy
to solve specification of the earliest growth model, the Ramsey (1928)
growth model. The model specification is (based upon Chiang 1992):

~-o
max fo e-pt Lt ódt~~

2Technological progress in the sense of Harrod's neutral technological progress
which is labour augmenting.

3At least one endogenous growth model has been developed prior to the endoge-
nous growth model developed by Romer (1986), who started the revival of growth
theory. Conlisk (1967) had already developed a endogenous growth model and it is
now recognized that he was the first.

4In the discussion oí exogenous growth theory (section 2.1.1), we determine the
optimal growth rate. This is contrary to the discussion of section 2.1.2 about endoge-
nous growth where the savings rate is constant and not necessarily optimal in the
sense that this is the savings rate which is chosen after utility maximization.
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s.t. Iit - Iít Lt-a - ctLt - óh-I~t I~o is given
Lt - ~rLt Lo is given

Consumers are assumed to live forever, and because they are assumed
equal, we can work with a representative consumer. Utility of a repre-~-o
sentative consumer ó depends on per capita consumption ct - Ct~Lt
and this utility level is multiplied by the size of the population Lt to
arrive at utility of the whole population. The growth rate of the pop-
ulation is ~r and it is assumed that the size of the population at time
period t- 0 is equal to one (Lo - 1). For convenience, we disregard
technological progress and allow only for population growth. Technolo-
gical progress can be introduced, but it does not aid the understanding
of the essence of an exogenous growth model - after all, the model can
be cast in per capita terms to take population growth into account.
With technological progress, we would also have to correct in much the
same way. It is assumed that consumers give less weight to future le-
vels of consumption and this is represented by the constant rate of time
preference p. The parameter v is the reciprocal of the elasticity of in-
tertemporal substitution and this elasticity is constant. Utility over time
is maximized with respect to per capita consumption and subject to the
two technological constraints. The first constraint expresses that total
product, a Cobb-Douglas production function depending on capital Iit
and labour, is used for net investment lit, consumption and to replace
worn out capital (óh-Iít).

In per capita terms we have:

max fo e-(v-~)t ~~dt~~ i-o
s.t. kt - kt - ct - ókkt - ~rkt ko is given

The constant ók is equal to óh and the term ~rkt comes from the fact that
if there are no investments, per capita capital decreases due to a growing
population. The objective function becomes e-(p-~)t 1ó if we use
the information mentioned at the beginning of this paragraph. We are
interested in the long-term growth rate of this economy and we use the
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Maximum Principle to arrive at qualitative conclusions (Chiang 1992).
We make use of the first order conditions maximizing the Hamiltonian
and derive the so-called Keynes-Ramsey Rule:

a-iakt - p - bk
~t - ct v

On the basis of this equation and the equation for kt we now construct
a phase-diagram:

k ko
Figure 2.1: Phase diagram of the Ramsey growth model.

The steady state is the combination of levels of per capita capital and
consumption where both these values are constant (kt - ct - 0). Star-
ting from an arbitrary initial stock of per capita capital ko, the level of
per capita consumption at t- 0 will take on such a value that we are
on a path that leads us to the intersection of the two curves kt - ct - 0
(see figure 2.1). To be sure that the steady state will be reached in the
long-term, we have to impose the condition that p is larger than ~r (for
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details see Chiang 1992). In that case the steady state is (locally) sta-
ble, and the per capita values are constant in the long-term. This means
that capital Ií t and consumption Ct grow asymptotically at the rate ~r,
the growth rate of the population. They are therefore independent of
the rate of time preference and the characteristics of the production and
utility function.

Is it possible to have a long-term growth rate that is not given at the
outset? This issue will be treated in the next section. There, it will be
shown what makes a model an endogenous growth model - or equiva-
lently, what a.llows the long-term growth rate to be determined within
the model.

2.1.2 Endogenous Growth Theory

A model with a long-term growth rate which is not only explained by the
exogenous factors, like population growth and technological progress, is
worthwhile to develop. If countries differ in the prevailing growth rates
and if differences in population growth and the rate of technological
progress are insufficient to explain the difference, it is then possible
to have additional ways of explaining this difference - but what is the
essential feature that makes a growth model an endogenous growth mo-
del? By endogenous we mean that the growth rate is determined within
the model, and is not an exogenous constant. The term endogenous also
stands for (positive) growth, which is possible if there is no growth of the
population and no technological progress (see Barro and Sala-i-Martin
(1995), p. 39 and p. 212). There is now an explicit condition that must
be met (see the following paragraph for details) for a model to display
this type of growth. The reader should be aware of what definition of
endogenous growth is used. In this thesis endogenous growth means
growth explained within the model and not the more specific definition
of positive growth in the absence of population growth and technologi-
cal progress - this latter condition excludes models with negative growth
rates, but these growth rates can still be determined within the model.
The former definition is opted for, because it is also more in line with
economic methodology.
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Suppose that consumers have decided how much of their income, Yt,
they want to save, while the remaining part is spent on consumption
goods. Let s be the fraction of income that is saved. To make clear the
essential feature of endogenous growth we look at the outcome which is
not necessarily optimal (the outcome of a utility maximization process
as in paragraph 2.1.1), but we look at the outcome of a model with
a constant savings ratio. The equation describing the accumulation of
physical capital is Kt - It - 6h-Iít, where It is investment. In a closed
economy the amount saved is equal to the amount invested and the
accumulation of capital is given by:

Iit - sYt - bx h~t

If total product is given by a constant-returns-to-scale production func-

tion F(k"t, Lt), depending on physical capital and labour, we can also
write:

Kt - sF(Kt, Lt) - bh Itt

We define a generally formulated production function to show what func-
tional form is required for endogenous growth. In per capita terms (di-
vide everything by Lt and use the definition of the function f(kt) (where

kt -~ft~Lt): .Í(~t) - F(~t, l)), we get:

~t - sf(~t) - (ak f ~)1~t

The growth rate of per capita capital gk is now:

9k - kt - ~.f (~t) - (bk f ~)kt kt

This growth rate is positive if f k~` 1 ~, or using L'Hópital's rule
and noting that with gk ~ 0 per capita capital goes to infinity:
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f(kt) ~ ók f ~
k~~ kt - kli~ f(ka) ~ s

So, per capita capital will grow in the long-term if this last condition
is satisfied (it is assumed that lim~t.-,~ f'(kt) exists). The marginal
product of capital should be bounded from below by a positive constant.
This violates one of the Inada conditions which states that the marginal
product of capital approaches zero if per capita capital goes to infinity
(limk~y~ f'(kt) - 0). Normally, there are diminishing returns to capital,
but if the above mentioned condition is satisfied, diminishing returns to
capital eventually cease.

A simple production function that satisfies this condition is Yt - aKt
or yt - akt (Rebelo 1991). The marginal product of capital is simply
the constant a. If this value a is large enough a~ ~, the growth
rate of per capita capital in the economy will be positive, even in the
long-term. Per capita growth can thus occur, even without exogenous
technological progress. We could take the same model as in section 2.1.1
and replace the production function with this so-called AIí"-production
function5, f(kt) - akt, and solve for the long-term growth rate (see
Barro and Sala-i-Martin (1995), p. 142):

9~-9k-
a-p-ók

The value of a should be high enough to have positive long-term growth
(a ~ p~- ók), but to make sure that utility will not be unbounded a
should not be too large. At the same time the transversality condition
limt-,~ k(t)e-la-ók-~lt - 0 will be satisfied. To be precise, a should
also satisfy the condition (a - p- ók )1óa f~ c p. Why is there a
tendency for an absence of diminishing returns to capital? This can be
understood if one assumes that capital is broadly defined. So, capital not

SIn the model specification of Rebelo (1991) the constant a is A and the production
function is therefore, AK~, but in this thesis A~ denotes abatement and the constant
a is used instead of A to avoid confusion.
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only consists of physical capital, but also of human capital, knowledge,
public infrastructure, and so on - and with these, there can be external
benefits from human capital for instance, or spillover effects of knowledge
across producers which help avoid the tendency for diminishing returns
to the accumulation of capital (Barro and Sala-i-Martin 1995, p.12).

With a Cobb-Douglas production function we know that the elasticity of
substitution between the factors of inputs is equal to one - but suppose
that we use a CES-production function with a high elasticity of substitu-
tion (larger than one). It can be shown that this can lead to endogenous
growth, in that the long-term growth rate of per capita capital can be
positive. For details, see Barro and Sala-i-Martin (1995) on page 42 and
164.

Romer's famous article in 1986 started the revival of growth theory. He
considered knowledge spillovers and learning-by-doing. Romer assumes
that new knowledge is the product of a research technology which ex-
hibits decreasing-returns-to-scale, but this new knowledge also benefits
other firms, so there is an externality in the creation of knowledge, the
so-called spillovers. This will be clarified on the basis of a specific ex-
ample. Suppose we have the following (for expository purposes simple)
production function (0 G a G 1 and ry~ 0):

Yt - ~~t (QtLt)1-a

where Qt is the knowledge available to the firm and labour L is assumed
constant. The more capital a firm accumulates the more knowledge it
gains and this learning-by-doing effect is captured by Qt, which is for
instance equal to the stock of capital Kt. Substituting this for Qt in the
production function, we end up with:

Yt - Lt-aKt f7(1-a)

The production function now has increasing-returns-to-scale. The mar-
ginal product of capital does not decline if more capital is accumulated
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in the economy. Clearly, we again violate the condition that the mar-
ginal product of capital tends to zero when capital increases to infinity.
The marginal product of capital is bounded from below by a positive
constant if capital increases to infinity. Growth may now go on indefi-
nitely.

Let us consider one special case where y is equal to 1. This time we have
Yt - Lt -"Ii't. Due to the external effect, we have a production function
with a constant marginal product of capital. We apply the same analysis
as for the Rebelo case and this will lead to the same result. The long-
term growth rate is positive even without technological progress. The
social rate of return of capital, if the Qt is taken into account, is Lt-".
The private return, when Qt is external to the firm and not taken into
account, is only alít-1(QtLt)1-" - aLt-" where Qt - Kt and y- 1.
Thus, there is a role for the government to internalize this external effect
of learning-by-doing.

Barro (1990) considers a model where government spending is an input
to private production together with capital. The government buys a
flow of output from the private sector and these purchased services are
then publicly available for the private sector. The quantity of public ser-
vices is provided without user charges and is not subject to congestion
effects normally associated with public services. The constant-returns-
to-scale (CRS) production function is now Yt - F(Iít,Gt), where Gt
represents the total amount of government purchases. Gt is included
because private inputs, represented by Ií"t, are not a close substitute
for public inputs. Government expenditure is financed by a flat-rate in-
come tax rt and the government is assumed to term a balanced budget
(Gt - TtYt). Again, taking a simple Cobb-Douglas production function
F(lit, Gt) - lí-tGt -", the following growth rate of per capita consump-
tion can be derived:

~-tr
Ct (1 - Tt)Tt Q - FI - lSk

C{ Q

It is assumed that changes in I~t have no influence on Gt, so if the level
of capital is high, the government is not willing to supply less Gt to the
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private sector. If the first term with rt is large enough, growth could
be positive forever. There is of course another condition to avoid un-
bounded utility, just like with the Rebelo model. Because of a constant
r the ratio lít over Gt is also constant and there are no diminishing
returns with respect to capital and government spending.

We can also extend the economy and consider two sectors within it,
in attempting to reach a condition that guarantees that the resulting
long-term growth rate is endogenous. This then gives insight into the
essential feature of a model that makes it an endogenous growth model.
Let us assume that one sector produces the output good which is either
consumed or invested in physical capital and the other sector produces
knowledge, or human capital. Suppose we have the following equations
describing this economy (for details see Barro and Sala-i-Martin (1995),
p.198 and p.199):

Yt - Ct f Ií"t f bxh~t -( vth~t)a~(utHt)i-a~

Ht f bxHt - [(1 - vt)h't]~'[(1 - ut)Ht]i-~,~

Where Ht is the level of human capital, bh is the depreciation rate of
physical capital and bH is the depreciation rate of human capital. The
fractions of physical and human capital employed in the two sectors are
designated by vt and ut. We again can maximize a discounted utility
function with a constant elasticity of intertemporal substitution (see
section 2.1.1). We have positive growth in k"t and Ht if the following
condition is met:

asrJi - (1 - ~2)(1 - ai)

This condition is satisfied if we use two CRS-production functions: al ~-
a2 - 1 and ~1 f r~2 - 1. The ratio H is then constant and we have
an absence of diminishing returns. There is also the case that can be
identified with the approach of Rebelo. If al - 1 and a2 - 0 we get the
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Ak'-model. Another case is the model of Lucas (1988) when ~1 - 0 and
~2 - 1. In Lucas' original model, due to the inclusion of human capi-
tal that benefits also other economic agents, there is a positive external
effect which leads to increasing-returns-to-scale. Therefore, some mecha-
nism should be added to the model that makes a competitive equilibrium
possible, because otherwise, if each input is paid its marginal product,
total output will be overexhausted. The means through which this can
be achieved is via the assumption that this is an external effect. The
amount of knowledge consumers acquire, benefits not only themselves
but all other members in the society. However, they are not compen-
sated for this positive external efFect. Because only labour and capital
are compensated and the factor of production knowledge, which is tied to
the workers, gets no compensation, a competitive equilibrium is possible.
It should be noted that it is not necessary to have increasing-returns-to-
scale to generate endogenous growth in Lucas' model, it suffices to have
constant-returns-to-scale in the human capital sector.

The government may influence the growth rate in these endogenous
growth models. It can take appropriate actions to guide the economy in
the direction or on the path it judges as optimal. In exogenous growth
models there is no role for the government, other than influencing the
levels of economic variables, but influencing these levels by the govern-
ment is perhaps of equal importance to influencing the growth rate.

One issue needs to be settled and that is when a model contains an
exhaustible resource as an input to production and the other input is
capital. Because of the exhaustible resource being used up in production,
the amount available decreases over time. Such a model therefore does
not display positive growth in the absence of labour growth and techno-
logical progress and would not be termed an endogenous growth model
according to the narrow definition of endogenous growth (see Stiglitz
(1974) who also considered technological progress and then it is possi-
ble to have positive growth rates). The resulting (negative) growth rate
is dependent on the preferences of consumers and thereby endogenous,
according to the definition of being determined within the model. Be-
cause endogenous, as mentioned before, also includes models where the
growth rate is determined within the model, a model with an exhaustible
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resource is also termed an endogenous growth model.

2.2 Environmental Growth Models

To be able to say something about the issue of how the (short-term) eco-
nomic growth rate is affected by concern for the environment, one has to
extend a growth model with pollution or its natural counterpart, envi-
ronmental quality. We start by considering exogenous growth models in
section 2.2.1 which have been extended by environmental issues. 5ection
2.2.2 deals with endogenous growth models that have been extended by
environmental issues.

2.2.1 Exogenous Economic Growth and the Environment

Keeler, Spence and Zeckhauser (1971) argue that the model specifica-
tion, with respect to adding pollution to the model, depends on the
form in which pollution manifests itself. It either enters the model as
an inevitable side-effect of economic activity or as an input to produc-
tion. The level of stock pollution (and also the level of flow pollution)
is detrimental for humans in that it can cause cancer or other diseases
and thereby decrease our live expectancy. An increase in pollution will
therefore increase the disutility of pollution.

If pollution enters as an inevitable side-effect of production (we are now
considering Keeler, Spence and Zeckhauser's model I), we have two equa-
tions describing the temporary evolution of the stock of physical capital
and the stock of pollution:

Kt - F(h:, Lc) - Ct - At - bh-Iít

St - P(Yc, Ac) - SSSt (2.1)
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The first equation states that investments in physical capital (Iít) are
equal to total product, Yt - F(Iít,Lt) which depends on the inputs
capital (Iit) and labour (Lt), minus consumption (Ct) minus abatement
(At) and minus depreciation of capital (bh-lí"t). Abatement is used to
counter the effect of (stock or flow) pollution. The second equation
describes the temporary evolution of the stock of pollution (St). The
flow of pollution (P(.)) in this case depends positively on the level of
total output and negatively on the level of abatement. Abatement is
used to clean up part of the flow pollution, and nature is capable of
neutralizing part of the stock of pollution. This last effect is captured
by the term bSSt. Natural cleaning is here assumed to be proportional
to the level of stock pollution. A more realistic description would be a
specification where the ability of nature to clean up part of the stock
pollution depends positively on the total amount of nature. The lower
the stock of nature, the harder it is for nature to clean up part of the
stock pollution - but the level of nature can also be influenced by the level
of stock pollution in that more stock pollution lowers the available level
of nature. The exact way in which these interactions are modelled would
be difficult, but interesting to pursue. Another possibility would be
that natural cleaning increases with the amount of abatement as a flow
(bs(At)St), or with the amount of abatement capital (bs(h'A)St). In the
last case we would also need an equation describing the accumulation of
abatement capital (IíA). For instance: IiA- IA where IA, investments
in abatement capital, is taken out of total product. When abatement as
a flow is zero, there will be no cleaning at all - but with abatement as a
stock, if investments in abatement are zero, natural cleaning will not go
to zero as abruptly as with a flow of abatement. And this seems to be
a more accurate description of reality.

A difFerent specification would be one where the (flow) of pollution is an
input to production (we now consider Keeler, Spence and Zeckhauser's
model II), so output is a function of, for instance, physical capital and
labour, but in addition, output also depends on the flow of pollution.
Normally it is assumed that the causal direction is from production
to pollution, so more production leads to more pollution, but you can
equally say: more pollution leads to more output. This can easily be
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illustrated if one looks at the use of fossil fuels as inputs to production.
More pollution, as a result of using more fossil fuels, leads to more
output. It is as if the causal direction has changed. We now have the
following two equations:

h~c - F(h~t, Lt, Pt) - Ct - At - bKKt

St-Pt-dsSt

Total product is an increasing function in all three inputs. It is then
also possible to introduce pollution saving technological progress in that
less pollution is needed to produce the same amount of output.

The way pollution enters a model is a good starting point from which
to begin describing the various models that have appeared in literature
in the past. The following table (Table 2.1) shows which models are
discussed in the sequel of this chapter. Based upon Keeler et al. (1971)
we see at the top the division of the models into models where pollution
is a side-effect of production and models where pollution is an input to
production. We can then divide the first group of models into models
where pollution is considered only as a flow or also as a stock. With
the models where pollution is an input to production there are only
models with stock and flow pollution. In the first column the source of
the engine of growth is given. There we see the Ramsey growth mo-
del, indicating the exogenous growth models, and then the endogenous
growth models based upon Rebelo (1991), Barro (1990), Lucas (1988)
and Romer (1986). The three additions derived from this thesis are also
in the table.

We first start by considering the models where pollution is a side-effect
of production. See Chapter 3 for an example of how these models are
analysed.

Pollution as a Side-Effect of Production

Forster (1973) extends the Ramsey growth model with a flow pollution
resulting from the use of capital. There is also abatement in his model,
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which is taken out of total product, and abatement decreases the level
of flow pollution. Pollution negatively enters the linear additive utility
function. Formally, we have:

max fo e-Pt U(Ct, Pt(7i t, At))dt
C~,A~
s.t. Íít - F(k"t) - Ct - At - óklit I~o is given

Labour in Forster's model is assumed constant and the outcome is tha.t
if one takes into account the effect of flow pollution, in the long-term
steady state levels of capital and consumption will be lower than when
flow pollution is not taken into account.

Gruver (1976) considers abatement capital instead of the flow of abate-
ment which is taken out of total product. The stock of abatement capital
decreases the level of flow pollution resulting from the use of productive
capital. Output can be consumed or invested in the two types of capital.
The model is now modified as follows:

max fo e-vt jj(Ct, Pt(~ít~ h~A))dt
C~ ~~i
s.t. Ií't - F(Ií"t) - Ct - IA - bh-I~t lio is given

~~A - IA Iío is given

Gruver considers the optimal choice of consumption and investment in
the two types of capital taking into account the negative effect of flow
pollution on utility.

Van der Ploeg and Withagen (1991) consider pollution not only as a
flow, but also as a stock. They extend the Ramsey growth model with
an equation for the change in the stock of pollution which looks very
much like equation 2.1. Their model is specified as follows:

max fo e-vt U(Ct, St, P(Yt))dtC~,A~
s.t. Iít- F( Ií't, Lt) - Ct - At - bhIít Iio is given

St - P(Yt) - bs(At)St So is given
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Utility now positively depends on the level of consumption and utility
negatively depends on the stock of pollution and the flow of pollution.
The flow of pollution is an increasing function of the level of output.
There is no labour growth and the outcome of the model is the same
as with the model of Forster (1973). The constant long-term steady
state values for capital and consumption will be lower if concern for the
environment is taken into account.

Instead of taking (the flow and~or stock of) pollution as an extra ar-
gument in the utility function, Eismont (1994) considers the costs of
repairing the environmental damage resulting from (the stock of) pol-
lution. The costs are in the terms of output which has to be partly
used to repair this damage. He considers technological progress and the
influence of technological progress on the steady state. The equation
describing the accumulation of capital is now:

h~t - F(Kc, Rt) - Ct - f(St) - óxlí"c

Rt is the flow of natural resources, available in unlimited amounts at
zero extraction costs. These natural resources are used in production
and they lead to flow pollution (the equation for the stock of pollution
is St - P(Rt) - óSSt). The function f(.) represents the costs the stock
of pollution imposes on the economy in that less resources are available
for investment and consumption.

Pollution as an Input to Production

Tahvonen and Kuuluvainen (1991) consider flow and stock pollution,
but this time, the flow of pollution is an input to production. They
argue that a growth model with pollution should include substitution
possibilities between capital and emission generation (see also Keeler,
Spence and Zeckhauser 1971). We now have:

max fo e-pt U(Ct, St)dt
Co,pe

s.t. Kt - F(Iít, Pt) - Ct - ók Ift ~io is given
St - Pt - óssc So is given
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In a follow-up paper, Tahvonen and Kuuluvainen (1993) also consider
the link between pollution and renewable resources in order to study the
long-term consequences of pollution and natural resource scarcity. The
model is extended by the following equation:

Xt - V(Xa, Sa) - Rc

The function V(.) represents natural regeneration of the natural resource
Xt, which is negatively influenced by the level of stock pollution. Rt
is the level of resource extraction and this is an additional input to
production, so the production function becomes F(lí't, Rt~ Pc).

One general result that can be deduced from these two models by Tahvo-
nen and Kuuluvainen is that if there is concern for the environment the
long-term steady state values for capital and consumption will be lower
compared to a situation where there is less concern for the environment.
These values are constant, because in their model the size of the popu-
lation does not grow over time. If one were to allow for labour to grow,
the per capita values of capital and consumption would be lower, but
the long-term growth rate would be equal to the growth rate of labour
- so environmental care can only have a level effect, not a growth ef-
fect. It should be noted that the short-term growth rate can change if
environmental care changes.

If we consider an endogenous growth model together with environmental
issues, this and other results might be different from the results of an
exogenous model with environmental issues. In the last few years a
number of articles have appeared in which simple endogenous growth
models were extended by environmental issues. This is discussed in the
following section.

2.2.2 Endogenous Economic Growth and the Environ-
ment

Because there are a number of ways to achieve endogenous growth, the
models with the same engine of growth are discussed separately in this
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section. These engines of growth are either increasing-returns-to-scale
(Romer 1986), human capital accumulation (Lucas 1988), governmental
spending (Barro 1990), or an AK-model (Rebelo 1991). The discussion
is the same as before, the various models that have appeared in literature
are discussed on the basis of whether pollution is an inevitable side-effect
of production or whether it is an input to production. Within each
of these two groups the models are again separated into models with
only flow pollution (if there are any) and models with flow and stock
pollution.

Flow Pollution as a Side-EfFect of Production

Firstly models with only flow pollution will be discussed. Three types
of models have appeared in literature. The first type of model is based
upon Rebelo (1991), the second type is a model based upon Barro (1990)
and the third a model based upon Lucas (1988).

Models based upon Rebelo

Gradus and Smulders ( 1993) discuss a growth model based upon Rebelo
(1991) where the flow of pollution ( positively) depends on capital used in
production and (negatively) on the level of abatement which is taken out
of total product. Utility is linear additive and depends on consumption
and the flow of pollution. Their model looks like this:

max f~ e-vt (log(Ct) - 1~Pif~)dt
c:.a~
s.t. Kt-ah't-Ct-Ai-bhKt ~io is given

where Pt - Ií"t At ry. In this model, if there is an increase in environmen-
tal care, this leads to a lower growth rate. The same result is obtained
by Van der Ploeg et al. (1993), even though they consider a multiplica-
tive utility function and environmental quality instead of flow pollution.
But if one defines environmental quality (Nt) as the reciprocal of the
flow of pollution (Nt - Pi1 - At Ki ry), the results of the models are
comparable.
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Models based upon Barro

Van der Ploeg et al. (1993) also discuss a model which is based upon
Barro (1990). The production function now includes government spen-
ding as a productive input, but the result is the same, in that more
care for the environment leads to a lower growth rate. Smulders and
Gradus (1996) extend the model of Barro (1990) where abatement has
replaced productive government spending. They use a multiplicative
utility function as follows:

B~~-o
max fo e-nt ( CrPr-o dt
Cr~Ar
s.t. Íit - F(lít, Pt) - Ct - At - bh kt h'o is given

where Pt - Pt(Kt, At) - lí"aA-a. They show that the growth rate
can increase if there is more environmental care. If more is spent on
abatement and less on investment, this leads to a lower growth rate, but
there will be less pollution leading to an increase in productivity. If this
last effect dominates the first effect, the growth rate will increase.

Models based upon Lucas

If the engine of growth is based upon Lucas (1988), the result will be
different from the results of the models so far. Gradus and Smulders
(1993) discuss such a model with human capital accumulation:

max fo e-vt (log(Ct) - it~GPif~)dt
Cr,Ar,ur
s.t. h't - h~t (utHtLt)1-~ - Ct - At - bh-Kt Ko is given

Ht - Ht~(1 - ut ) Ho is given

where again they use Pt - Kt At ~. This time, there are no growth
effects if there is an increase in environmental care. There will only be
level effects. If the accumulation of human capital is influenced by the
flow of pollution according to:

Ht - Ht~(1 - ut) - bx(Pt)Ht
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where óH(.) is the depreciation rate of human capital, there will be an
influence of care for the environment on the growth rate. If, with every
level of flow pollution, people forget sooner (the bH(.) will be higher
and human capital depreciates at a faster rate), and if the level of flow
pollution is high, more abatement will lead to less flow pollution and
the growth rate will increase. A similar result is obtained by Van Ewijk
and Van Wijnbergen (1995) who consider a model without capital and
labour and only human capital as an input to production. They assume
that human capital accumulation is less effective if the flow of pollution
(like ozone concentration, or lead in human blood) is high. The following
equation for capital accumulation is used:

Ht - Htf(Pt)(1 - ut)

So this time the flow of pollution negatively affects the parameter ex-
pressing the effectiveness of human capital accumulation (~(Pt)). They
look more closely at flow pollution and the effect flow pollution has on
the learning ability of humans and the consequence for economic growth.
In the opinion of Van Ewijk and Van Wijnbergen, stock pollution does
not feature this effect so prominently and they, therefore, only consider
flow pollution in their model. They argue that when the source of pol-
lution is taken away, most of the effects of pollution on health stop (like
respiratory diseases, or discomfort from ozone). They also extend their
model to allow for endogenous technical change in abatement technol-
ogy. Abatement technology accumulation is negatively influenced by the
flow of pollution. Again, we have higher growth if more resources are
used for abatement and the flow of pollution turns out to be lower.

Flow and Stock Pollution as a Side-Effect of Production

We will now discuss models that incorporate flow and stock pollution.
The simplest endogenous growth model extended by flow and stock pol-
lution is an extension of the model by Rebelo (1991), but there are also
models based upon Barro (1990), Lucas (1988) and Romer (1986).
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Models based upon Rebelo

There are a number of authors who have extended the Rebelo model
by flow and stock pollution and abatement which is taken out of total
product.

Van der Ploeg et al. (1993) extend the Rebelo model with a stock of
environmental quality Nt according to:

max ~ e-Pt 1C~N` -pll-Q dtC,i At f0 1-0

s.t. h't - ah't - Ct - At - bxh~t Ko is given
1Vt - NtV ( Yt, At) No is given

In their specification the growth rate of the stock of environmental qual-
ity (V(Yt, At)) is determined by the fraction of total product spent on
abatement (~). Therefore, with a positive ratio of abatement over to-
tal product, the stock of environmental quality can grow to infinity. If
one defines the stock of pollution as the reciprocal of the stock of envi-
ronmental quality, we notice that the stock of pollution will be driven
to zero. Therefore, they are very optimistic about the environmental
problem we face. The outcome is that there can be, under certain con-
ditions, an increase in the growth rate, and at the same time an im-
proving environment. They call this a`Win-Win' situation because we
gain with respect to economic growth and with respect to the environ-
ment. Unfortunately, their rather unrealistic model is unstable in some
circumstances. This is shown in Chapter 4 of this thesis.

Michel and Rotillon (1995) consider the choice made with respect to the
specification of the utility function and the consequences of this choice
for the outcome of the model. In the first part of their article they leave
out abatement:

max fo e-vt U(Ct, St)dtc~
s.t. Kt - aKt - Ct - bh Kt Iio is given

St -~3Itt- bs St So is given
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Utility depends on consumption and the stock of pollution. If we have a
linear additive utility function or a utility function with a negative cross-
effect (the derivative of Uc with respect to St is negative, or Ucs C 0;
see also Chapter 4), we will have constant steady state values for capital,
consumption and the stock of pollution. With a positive cross-effect we
can have positive growth, but this depends on the parameters of the
model. The analysis of Michel and Rotillon (1995) and Van der Ploeg et
al. (1993) is a good starting point to show how the choices made with
respect to the model specification are responsible for the model outcome.
Chapter 4 of this thesis deals with this issue and it is shown that not
only the specification of the utility function is important, as shown by
Michel and Rotillon, but also the specification of the way nature grows
over time, as shown by Van der Ploeg et al. (1993). Michel and Rotillon
also consider abatement capital. The physical capital stock is divided
over production and abatement as shown in the following model:

max fo e-Pt U(Ct, St)dt
C~,K~ ,K~

s.t. Iít - aIi't - Ct - bR"~~t Iio is given
St -~K~ - yKA - SSSt So is given

where Kt - Iít ~~í'A, so the capital stock is divided over capital used in
production Kt and capital used as abatement capital IíA. They show
that if abatement capital is not effective (pollution abatement technology
is such that it is unable to sufficiently counter the pollution effect of
production) there will be no abatement capital, but if abatement capital
is effective, growth can be unlimited. 5imilar results are obtained by
Withagen (1995) who considers a number of alternative schemes for
abatement. He uses a linear additive utility function and initially no
abatement and he gets the same result as Michel and Rotillon (1995).
Withagen shows that we must be careful about assuming that the steady
state is in some sense stable. He also considers a very efFective form of
abatement:

St - ~3e-A~h-t - aSSt
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Here, the flow pollution is given by ~3e-A~ Iít, where ~3 is a positive con-
stant. Balanced growth is now not optimal and a steady state analysis is
not warranted. This is comparable to the result obtained by Michel and
Rotillon (1995) where the stock of abatement capital is very effective. If
the flow of pollution is given by ~3( h )" where -y ~ 0, abatement is not
all that favourable. This time, there will be an optimal steady state for
any given initial stock constellation and a comparative statics analysis
on the steady state is warranted.

Musu and Lines (1993) consider abatement capital, just like Michel and
Rotillon (1995). There are two sectors in their model, a production
sector and an emission abatement sector. In both sectors there are
constant-returns-to-scale and for balanced growth the utility function
has to be linear additive. They transform the stock of pollution into an
indicator of environmental quality by defining the stock of environmental
quality as the difference between the maximum level of stock pollution
and the actual level of stock pollution. Their model looks very similar to
the model of Michel and Rotillon (1995) with the two types of capital.
The outcome is that if there is more care for the environment the growth
rate will be lower. Huang and Cai (1994) allow for the government
to take part in abatement. They also perform numerical calculations.
In their model, the flow of pollution positively depends on the stock
of capital, and negatively both on the level of abatement and on the
expenditure of the government on abatement.

Models based upon Barro

Van der Ploeg et al. (1993) allow for productive government spending
based upon Barro ( 1990), and the growth rate of the stock of environ-
mental quality is determined by the fraction of abatement taken out of
total product:

A ~-a~~-o
~ -pt (C~ Nt dt

CÁaG~ fo e 1-0

s.t. ~it - F(Iít,Gt)(1 - rt) - Ct - bh-I~t Iío is given
Nt - NaV(Yt, f1t) No is given
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where rt is the tax rate. Taxes are used to finance government spending
and abatement: Gt ~ At - rtYt. Again, a`Win-Win' situation is possible
if a certain condition is satisfied. Smulders and Gradus ( 1996) extend
the model of Barro (1990) where abatement has replaced productive
government spending by taking flow pollution as an input to production.
They use a multiplicative utility function:

max f~e-vt (~~s~ B) '-odt
o i-oC~,A~

s.t. Iit - F(Kt, Pt) - Ct - At - bh-Ii"t
St - Pt(~ft, At) - ósst

Iía is given
So is given

They show that the growth rate can increase if there is more environ-
mental care, and the same results apply as in the case where they only
consider flow pollution ( see page 34).

Models based upon Lucas

In Chapter 3 a model is presented based upon Lucas (1988) which in-
cludes physical and human capital as inputs to production. There is
pollution, both as a flow and as a stock and there is also abatement
which is taken out of total product and which counters the effect of flow
pollution:

max fó e-Pt U(Ct, St)dt
C~,A~,u~

s.t. Kt - Kt (utHtLt)1-a - Ct - At - bh-Kt Ko is given
Ht - Ht~(1 - ut) Ho is given
St - P(h"t, At) - bsSt So is given

This is a relatively simple extension of the model by Lucas, but the aim
of that chapter is to look at the short-term costs of cleaning the environ-
ment. Rosendahl (1996) also sets up a model based upon Lucas (1988),
but there is no physical capital in his model. Utility only depends on
consumption and there is an equation describing the temporary evolu-
tion of the stock of environmental quality:
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max f~ e-pt C-L-dt
Ci,Ai,ui 0 1-0

s.t. Nt - V(Nt) f At - Ct No is given
F(ua, Ht, Lt, Ne) - Ct -~ At
Ht - Ht~(1 - ut ) Ho is given

The regenerative capacity increases if the quality of the environment
is higher. There are positive external effects in production due to the
overall levels of human capital and environmental quality. Therefore,
Rosendahl's model is especially suited for developing countries because
the assumptions made are more appropriate for these type of countries.
In Rosendahl's model the growth rate may increase if there is an increase
in environmental care.

Models based upon Romer

The approach of Romer (1986) is extended by Xepapadeas (1993) with
respect to the production function of the output producing sector and
with respect to the production function for the flow of pollution. There
are two capital stocks used by the ith firm in the economy, one capital
stock is used in production (Ií't) and the other capital stock is used for
abatement (KA). Both production functions are subject to increasing-
returns-to-scale due to the inclusion of the external effect the aggregate
levels of capital have on production (respectively Itt- Ei 1 Kt and
KA - E;1KA, where n is the number of firms in the economy). Utility
is linear additive and the complete model looks like this (the n firms are
all equal):

max f~ e-Pt (u(Ct) - DU(St))dtC~ IA

s.t. h't - nF(Iit, h't , Ltt) - Ct - nIA - óhh't h'ó is given
KA - nIA Iíó is given
St - nV (KA, liA)Ytt - bSSt So is given

where V(.) represents how much flow pollution results from the output
of the ith firm, u(Ct) gives us the level of utility resulting from consump-
tion and DU(St) gives us the level of disutility caused by the stock of
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pollution. Xepapadeas shows that there is unlimited growth if abate-
ment knowledge is very effective (the increasing returns in abatement
capital can be exploited). If abatement knowledge is ineffective there
will again be unlimited growth, but the growth rate will be lower. In
Chapter 5 of this thesis, a production function with increasing-returns-
to-scale is presented, but now also with an exhaustible resource as an
input to production. The model in this chapter also contains an external
effect in production just like the model by Xepapadeas and this results
in increasing-returns-to-scale in the output producing sector. The model
is especially suited for economies where resources constrain the growth
potential of an economy. It is assumed in this chapter that the govern-
ment can only set its available instruments at constant levels because of
limitations in the political decision process and because of high transac-
tion costs. The consequences for the level of pollution and consumption
are analysed in Chapter 5.

Pollution as an Input to Production

Within this class of models there are a number of examples which in-
corporate flow and stock pollution. Instead of the stock of pollution,
there can also be a stock of environmental quality. The first model that
will be discussed is based upon Rebelo (1991). Then two models are
discussed that are quite similar, but the first one is based upon Barro
(1990) and the other one is based upon Lucas (1988).

Models based upon Rebelo

We start with the model of Musu (1995) who considers the stock of
environmental quality, instead of the stock of pollution. By defining
environmental quality as the diíference between the maximum level of
stock pollution and the actual level of stock pollution, it turns out that
these approaches are equivalent. Musu introduces a production func-
tion like Rebelo (1991) where the extractive use of the environment is
an input to production. The environment regenerates itself and using a
multiplicative utility function he shows that it is possible to get insta-
bility and indeterminacy:
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max ~ e-pt C`N` 1-o dt~~ P: fo i-o
s.t. Kt - Pl-aKt - Ct - Sh-h't Iío is given

Nt-V(Nt)-Pt Noisgiven

where V(Nt) represents natural regeneration. Only if the regeneration
of the environment is constant, there will be stability. It should be noted
that in Musu's model there is no abatement.

Models based npon Barro

Den Butter and Hofkes (1995) consider a model which is based upon
Barro (1990) and they also have a stock of environmental quality:

max fó e-pt U(Ct, Nt)dt
C~,Ai
s.t. Íí't - F(hc~ 4c, Nc) - Ct - At - bhIít Ko is given

Nt - V(Nt, Pt(Qt, At)) No is given

This stock of environmental quality is regenerative. There is also a flow
of pollution (gross pollution Pt), which depresses the ability of the en-
vironment to regenerate itself. Abatement which is taken out of total
product decreases the level of gross pollution and we end up with the
level of net (flow) pollution qt, which is an input to production. The
non-extractive use of the environment is captured by the positive ef-
fect the stock of environmental quality has on the level of production.
With this specification we can have higher growth rates if there is more
care for the environment, since a cleaner environment raises production.
If we want to have balanced growth the possible specifications of the
various functional forms are restricted rather heavily. The production
function must have constant-returns-to-scale in physical capital and net
pollution. The aim of their paper is to shed light on the model specifi-
cation especially suited for empirical analysis. It is correct to argue that
for empirical analysis we should construct dynamical empirical models
with long-term properties of endogenous growth models. It is indeed ne-
cessary to have an adequate specification of technological relationships
(like the relationship between the environment and economic activity, or
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the self-regenerative capacity of the environment) and cooperation with
environmentalists is called for.

Models based upon Lucas

A similar specification, but incorporating public knowledge that reduces
the need for flow pollution in production (Pt), is used by Bovenberg and
Smulders (1995), so instead of abatement (a flow variable) which has to
be provided by the government, we now have a non-rival capital good
(a stock variable) reducing the need for flow pollution in production.
Their model is comparable to the model just discussed, but it also has
characteristics of the model by Lucas (1988), because now there is a
stock variable (knowledge) reducing the need for flow pollution used in
production:

max fó e-Pt U(Ct, Nt)dt
C~,A~
s.t. Ií't - F(h"~ , ZY, Nt) - Ct - bh-Iít Iía is given

Ht - h(KH, ZH) Ho is given
Nt - V(Nt, Pt) No is given

where, Ii"t f líH - lít and Zt - ZH -}~ Zt - HtPt, or the effective level
of pollution. Den Butter and Hofkes have a flow variable, determining
the level of (gross) pollution needed in production. The accumulation
of pollution saving knowledge and the knowledge needed in production
is governed by equations similar to the equations used by Lucas (1988).
Output and knowledge is created with physical capital and knowledge
specific for each sector, together with flow pollution. We again have
a stock of environmental quality (Nt) which is regenerative according
to V(.). Growth can increase if there is more care for the environment.
The short-term results are discussed in two follow-up papers (Bovenberg
and Smulders 1994 and 1996) where the transition path is determined
analytically using the linearization method of Judd (1982). In these
follow-up papers they also allow the environment to have a positive
influence on human capital accumulation. The first follow-up paper is
concerned with the aggregated variables, while the second is concerned
with the disaggregated variables.



CHAPTER 2. GROWTH THEORY AND
44 ENVIRONMENTAL GROWTH MODELS

Several authors only deal with the long-term characteristic of their model
(exceptions are Bovenberg and Smulders 1994 and 1996). If one also
considers the temporary evolution of the variables of the model in the
short-term, one can say more about how welfare changes if there is an
increase in environmental care, for instance. For a discussion on this
issue, see Chapter 3 of this thesis. A welfare analysis is carried out for
two endogenous environmental growth models. The way the growth rate
is influenced by care for the environment in the short and the long-term
is discussed in Chapter 4. The specification of the utility function and
the equation describing the temporary evolution of nature turns out to
be important. The short-term behaviour of a model is also important
if one wants to say more about the gains and losses if the government
sets its environmental instruments at the long-term steady state values
as in Chapter 5. The reason for this action by the government and
the consequences for the economy are discussed in this chapter. An
endogenous growth model with an exhaustible resource is presented in
Chapter 5, where the government influences the level of flow of pollution
by taxing the amount of capital used in production. The short-term
outcome for this model is calculated numerically to see what the effects
will be if the instruments are set at constant levels.



Chapter 3

Short-Term Welfare
Analysis

The former chapter discussed the various exogenous and endogenous
growth models that have appeared in literature and which have been
extended by environmental issues. This chapter deals with two endoge-
nous growth models based upon Lucas (1988) and Rebelo (1991)1. These
models have been extended by a flow and a stock pollution. The model
based upon Lucas is referred to by the entry `Vellinga (Chapter 3)' in
the table of page 29. The specification of both models is taken as sim-
ply as possible in this chapter. The reason being that the aim of this
chapter is on welfare. How does people's welfare change when there is a
change in attitude towards the environment? Special attention is paid to
the consequences of this change in attitude on short-term welfare levels.
The emphasis is not primarily on what happens in an economy if paths
deviate from a steady state path for a great many consecutive years,
although it can be imagined that the analysis of this chapter could also
be used in such cases. To perform this analysis it is necessary to deter-
mine the solution of the model. Because it is impossible to derive an
explicit analytical solution, the solution has been appro~cimated numer-

1This chapter is based upon Vellinga N., 1998, Short-Term Analysis of Endogenous
Environmental Growth Models, Mimeo Wageningen Agricultural University.
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ically with a computer programme. This has been done in the first part
of the chapter. This is a rather lengthy part because it (among other
things) explains the processes behind the results. There is a compari-
son between the results of both models whether there is concern for the
environment or whether there is no concern for the environment. This
has been done to single out the implications of concern for the environ-
ment on the model solution. The first part of this chapter is therefore
extended in order to better understand the welfare analysis which is
performed on the basis of these numerical results, which follow in the
second part of the chapter. Two simulations are presented for both mo-
dels. A base simulation with no change in preferences and a simulation
in which there is more concern for the environment. The issue then is
to show what sacrifices have to be made in the short-term in order to
have a cleaner environment. People may become more environmentally
aware, but changing the economy in an environmentally friendly way
may cause great sacrifices in the early years of the restructuring of the
economy. Looking at the long-term steady state2 outcome is only one
side of the story. Appendices contain the details about the stability of
the steady state for the models presented in this chapter.

3.1 Presentation of the Models

The following two sections present the two models based upon Lucas
and Rebelo. The first is a generally formulated model (Section 3.1.1)
based upon Lucas. The model based upon Rebelo is a special case of
this general model (Section 3.1.2).

3.1.1 The Model based upon Lucas

We start by considering a generally formulated model based upon Lucas
(1988) with stock and flow pollution. The Rebelo variant is a special

2A steady state is defined as the situation where there is balanced growth or
equivalently the situation where the growth rates of the various variables are constant
(possibly zero) and certain ratios of variables are also constant.
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case of this general formulation:

max fo e-vtLt(log(Ct~Lt) - 1}~Si}~)dt
Ci,A:,ui

s.t. I~t - Qlit(utHtLt)1-~` - Ct - At Iío is given
Ht - Ht~(1 - ~t ) Ho is given
St -(h~t~At)ry - ósst So is given

The first constraint states that (net) investment Iit is total product
(Yt - F(~~t,utHtLt) - Q~~~ (~tHtLt)1-a) minus consumption (Ct) and
minus abatement (At). A side-effect of production is pollution, more
precisely it is the flow of pollution, ( Á)7 with ry 1 l. This flow pol-~
lution adds to the already available level of stock pollution (Van der
Ploeg and Withagen 1991). Production can lead to stench or poisoned
smoke, and these are termed flow pollution. Pollution as a flow ori-
ginates from the use of capital and it can be decreased by abatement.
Stock pollution is the accumulation of flow pollution in the past that
was not absorbed by nature. The temporary evolution of the stock of
pollution is described by an equation in which the change in the stock
equals the flow minus what is cleaned up, either naturally or due to
human activity through abatement. According to the last constraint,
pollution as a stock is partly cleaned up naturally (ós 1 0). The pop-
ulation consists of Lt consumers who are all identical, so we can work
with one representative consumer. The population is assumed to grow at
the exogenous rate ~r and for convenience the initial level of labour (Lo)
is standardized to one. The representative consumer decides upon the
proportion of available time (normalized to 1) ut that he is engaged in
production. He studies for the remaining proportion (1- ut) of available
time. While studying, consumers increase their level of human capital
Ht as shown in the second constraint. According to the utility function
U(ct, St) - log(Ct~Lt) - 1~St }~, the representative consumer cares
about per capita consumption ct - Ct~Lt and he dislikes the stock of
pollution (~ and ~ are both larger than zero). Utility is multiplied by the
size of the population Lt to arrive at the utility level of the whole popu-
lation. The fact that per capita consumption enters the utility function
together with the stock of pollution reflects the fact that pollution is a
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public `bad' and influences all consumers. Consumption is a rival good
and the amount consumed by one consumer is at the expense of the other
consumers. Utility is discounted at the constant discount rate p(~ 0),
the pure rate of time preference. Finally, the production function is a
Cobb-Douglas production function Qlít(utHtLt)1-a (Q , 0).

The specification of the flow of pollution function Íí"tAt~ leads to a

constant flow of pollution if the ratio of abatement over capital is con-

stant. The models considered in this chapter are such that they display

balanced growth in the long-term. The ratios h, h and h and the

growth rates of the variables are constant in the long-term. For the

stock of pollution, the constant growth rate is zero - in effect, the stock

of pollution is constant. If we have Ií"t' A~ ~~ and yl is different from y2

we would have either an ever increasing level of flow pollution (ryl 1 ry2)
or the flow of pollution will vanish in the long-term (ryl G y2). The

first outcome would lead to a stock of pollution which would also be

increasing if natural decay is small (óS would be low). In the second

case the stock of pollution would diminish, because the additions to the

stock are approaching zero and natural decay would lead to a stock pol-

lution which tends to zero over time. The first outcome is unrealistic

because pollution would make life impossible and the second outcome

is far too optimistic. The yl and y2 are chosen equal creating a true

choice problem in that a choice will have to be made about the optimal

level of flow and stock pollution consumers allow to be present in the

environment.

3.1.2 The Model based upon Rebelo

The model in the former section can be transformed into a model based
upon Rebelo (1991; see also Gradus and Smulders (1993)) if a number
of restrictions are applied. With a equal to one and ~ equal to zero, it
does not pay to invest in human capital accumulation, so the value of ut
will be one and all available time will be spent in production. However,
this time capital Kt should be understood to be broadly defined and
comprises physical and human capital. To have balanced growth in this
model (and also in the original Rebelo model without pollution) labour
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growth is assumed to be zero ( ~r - 0), and because the initial level of
labour is assumed to be one, consumption (Ct) is equal to per capita
consumption (ct). The marginal product of capital is constant and the
technology is linear. Total product is equal to Yt - F(h"t, Lt) - Qlit
and proportional to the amount of capital (Q 1 0). If there is capital
depreciation, it is understood to be incorporated in the value of Q. We
arrive at:

max fó e-vt(log(Ct) - 1f~St}~)dt
Ci,Ac

s.t. Kt - QIit- Ct - At Iío is given
St -(Iit~At)ry - bs5 So is given

3.2 Steady State of the Models

In the following two sections, the steady state for both models is derived.

3.2.1 Steady State of Lucas Model

To calculate the steady state solution, we set up the current value Hamil-
tonian for the generally formulated model:

7-í - log(Ct~Lt) - 1f~Gst }~ fOh [ht (utHcLa)1-a - Ct - At~
~OH [Hc~(1 - zlt )~
f0i [(Kc~At)ry - bsSt~

From this, we determine the first order conditions3 (FOCs):

3These first order conditions are for an interior solution where the instruments are
all larger than zero. In the sequel of this thesis, whenever the first order conditions are
derived an interior solution is assumed to exist or an interior solution exists because
of the specification of the utility function. For instance, the level of consumption will
be larger than zero with a log-utility function as specified above. With a zero level of
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a7-( - C-1 - Oh - 0
áCt - t t

ax
áAt --Ch

-~,Ct h,~A t 7-1 - 0

a~ - Oh I~a(1 - a)(u H L)-aH L OHH 0t t t t t t t- t t~-

á?-l - 0~ aKt ( ~tHtLt)i-a ~ O~~,h-~ -i At~ - (p - ~r)Oh - Oháxt

áHt - Oh h't (1 - a)(utHtLt)-awtLt f OH~(1 - ut) - (P -~r)OH - OH

ax
ást - -~sf - ssot - (P - ~)ot - ó~

The first three FOCs concern the optimal allocation of the three instru-
ments, consumption, abatement and time spent producing. The first
FOC (Ct 1 - Oh ) states that in the optimum case it does not pay to
transform one unit of output from consumption to investment in ca-
pital, or vice versa. Less consumption means a lower level of utility,
it decreases by Ci1. More capital is worth Oh , which is the shadow
price of capital or the value attached to one extra unit of physical ca-
pital. In the optimum case, these two are equal. The second FOC
(OK --y0t Ií"t At ry-' ) states that an extra unit of abatement, which

consumption the marginal utility level is infinite and this guarantees that consumers
will choose a positive consumption level instead of a zero consumption level.
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could have been used for investment, yielding a value of Oh , is in the
optimum case equal to the value it delivers because it decreases the flow
of pollution by ylít At ~-1, which leads to less stock pollution and this
is valued at the shadow price of stock pollution, or Ot . The third FOC
states that if one unit of ut is transferred from studying to production,
there is a gain to be made. This gain is the increase in production in
the amount of I~'t (1 - a)(ntHtLt)-aHtLt. This is then valued at the
shadow price of capital Oh , because the increase in production could
have been used to increase the level of physical capital. The gain is in
the optimum case equal to the loss due to the lower increase in the level
of human capital Ht~ and this is valued at the shadow price of human
capital OK.

The remaining three FOCs are again the efficiency conditions for the op-
timal allocation of the three stock variables. The fourth FOC is an effi-
ciency condition which states that (p-~r)Oh - Otialít-1(utHtLt)1-a~-

Ot ylít -iAtry-}-Ot' . This can be interpreted as follows (Perman, Ma,
and McGilvray 1996): Suppose that at the beginning of the period, you
buy one unit of capital and you sell this unit at the end of this pe-
riod. Consider the pay-off at the end of this period which consists of the
following parts. Because of the extra unit of capital, you can produce
more, namely aKt-1(utHtLt)1-a more units of output. These can be
invested and their value is alít -1(utHtLt)1-a times the value of one
more unit of capital, or 0~` . However more capital also leads to more
flow pollution, which increases the level of stock pollution. The flow of
pollution increases with y~ít -lAt~. This leads to an increase in the
stock of pollution and this is valued at the shadow price of stock pollu-
tion, or the value attached to an extra unit of stock pollution. This last
shadow price is, of course, negative, because more stock pollution leads
to a lower level of utility. The value attached to capital can also increase
over time (or decrease for that matter) and this is captured by the third
term, Oh . These are the gains (by the way one of them is negative)
and we now turn to the cost of acquiring this unit of capital. We spent
Oh to buy this unit of capital and we are about to receive this amount
at the end of the period, so we have a capital loss, because we could
have placed this money in a bank and we would have received interest



52 CHAPTER 3. SHORT-TERM WELFARE ANALYSIS

in the amount of (p -~r)OK. The gains per person are pOh , but due
to the growing population ~rOh~ should be subtracted from these gains.
These are the opportunity costs of acquiring the unit of capital. In the
optimum case, this cost is equal to the sum of the gains.

The interpretation of the fifth FOC is comparable to the interpretation
of the FOC for physical capital. We can buy one more unit of human
capital for one period and lose the interest we could have gained had
we put this money in a bank (the term (p -~)OH). Per person, the
gains are pOH minus ~rOH because of the growing population. This is
weighted against the gains from having one more unit of Ht, leading
to more output which can be invested in physical capital. The value
of which is OKIít (1 - a)(utHtLt)-a~tLt. There is also more human
capital accumulation valued at OH~(1 -~t). Finally, the shadow price
of human capital can increase and this is the third gain to be made,
OH. In the optimum case the gains are equal to the costs, or Oh Ií"t (1-
a)(utHtLt)-autLt f OH~(1 - ut) ~ ÓH -(p- ~r)OH.

The sixth FOC (p(-Ot )~bs(-OS) -~S~ ~(-OS)) can be interpreted
in a similar way. This time we have a good that is not appreciated and
we would rather do without stock pollution. We can only accept one
more unit of stock pollution if we are compensated in the amount of
-Ot . At the end of the period we would have to dispose of this unit of
St and we would have to pay this price -Ot . The gains to be made are,
in this case, the interest one receives by putting this money in a bank,
or p(-Ot). The stock of pollution also dissolves naturally, so the unit
of stock pollution has shrunk in size by ós. At the end of the period we
would have to pay less money to dispose of this unit of pollution. The
amount which does not have to be paid is -Ot bS and this is a gain.
Accepting one more unit of stock pollution leads to lower utility, in the
amount of ~St . This is the first part of the cost. The value attached
to stock pollution can also become more negative (Ot C 0) and this
means that more will have to be paid at the end of the period and this
constitutes another cost -Ot . The sum of the costs is equal to the sum
of the gains in the optimum case and this gives us the sixth FOC.
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The growth rates of all variables can be determined using these FOCs
and assuming that there is balanced growth. Balanced growth for this
model means that the ratios C~Ií , A~h, HL~Ii and the variables S
and u are all constant ( the time dependence is left out because we are
considering the long-term). Relationships between the growth rates of
variables follow from the first three equations and from the assumption
of balanced growth. Manipulating all these equations and the equations
derived above, we arrive at:

9C - ~x(uHL)1-a - p~ ~r - I

9A - lf7 (u~)1-a - Íí - ltry Íí ~ lf- ~S ~G h ( h)-7-1

1-a A C
9u- a (~~ f~~~)-~í }~~

- uHL 1-a C A
9x-( ~í ) -K-K

9x-~(1-u)

A
9s - S-i ( h. )-~ - ós

We now introduce six new variables Xlt - Kt~ X2t - St, Xst -
HtLt~ht, XQt - Ct~ht, Xst - At~h~t, Xst - ut. From the equal-
ity X; t- X: t9x, ( z - 1, .., 6) we get:

Xl t-(X6tX3t)1-aXi t- X4 tXl t- XS tXl t
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Xa t-(Xs t)-ry - bsXa t (3.2)

Xst - (3.3)

X3tS - X3tX6tS ~ ?CX3t - (Xst)1-a(X3t)2-~ ~ X3t(X4t ~ X5t)

XQt - Xat[X4t - p ~- ~r - (1 - a)(XstXst)i-a~ (3.4)

Xst - (3.5)

XSt~lf7`X6tX3t)1-a ~ 1f7X4t ~ 1~ - ltti(X2t)~X4t(Xst)-ry-1~

1-a
Xst - a Xst(Xst -~ ~ f~) - X4tXst f~(Xst)2 (3.6)

The expressions for X2 t, Xs t, Xa t, Xs t and Xs t are independent of
Xl t. The variables X2 t, X3 t, X4 t, Xs t and Xs t will reach constant
values in the long-term if the steady state is locally stable. The growth
rate of Xl t can take on any value and Xl t will grow without bound in
the steady state. The steady state values for the variables, denoted by
X2, X3, X4, Xs and Xs, follow from equating X2 t, Xs t, X4 t, Xs t and
Xs t to zero. To find the steady state, this system of (five) equations
has to be solved. The value for Xs turns out to be ~. From the
following system of equations the remaining three unknown entities are
determined numerically, because an explicit analytical solution cannot
be obtained for them. The last unknown entity X2 then follows from
X i X-~.a - ós s .
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1
~y( ~ )~Xs

ry(if~)-1 j~4 - bs f p- n (3.7)
s

CYX6-aX3-a - XS - ~ ~ ~

X6-aX3-a - X4 - XS - ~r ~ ~ - ~X6 (3.9)

The stability-analysis for the model based upon Lucas is considered in
Appendix A.

To clarify the steady state which is found for the generally formulated
model, a sensitivity analysis is carried out. A number of parameters are
varied and the effect on the steady state values is shown graphically.
Some of the parameter values are based upon the Dutch economy (CBS
(1998) and Barro and Sala-i-Martin (1995)) and they are the averages of
the values which are valid for a number of recent years (like population
growth). Other parameter values are estimated such that a steady state
exists with ratios (for instance C~Y) and an economic growth rate (gh)
which are also valid for the Dutch economy. The parameter values are
a- 0.300, p- 0.100, ~- 0.007, ~- 0.500, y - 1.100, b- 0.104,
~r - 0.013 and bs - 0.100. We start with the parameter ~, and vary this
parameter in a small range as shown in figure 3.1 on page 56. We see
that the ratio of abatement over total product increases if ~ increases, or
equivalently, there is now more care for the environment. Consumption
will have to go down in response to the increase in abatement, but
because the steady state value of v, remains the same, the growth rate
of the economy will not change. This is the long-term outcome if ~
changes. In the sequel of this chapter we will look at the short-term
outcome if ~ increases.



56 CHAPTER 3. SHORT-TERM WELFARE ANALYSIS

AIY 0.25

6.6

GY 0.73

6.8 7

6.6 6.8 7

72
phi

7.2
phi

7.4

7.4

7.6

7.6

7.8
X Í~3

F1gllTe 3.1: Sensitivity analysis for the parameter ~.
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The same mechanism applies to the results for the parameter ~:

AIY 0.25

0.44 0.46 0.48 0.5
psi

0.52 0.54 0.56

2

CIK 1.8

~ b644 0.46 0.48 0.5 0.52 0.54 0.56
psi

CIY 0.73

0.44 0.46 0.48 0.5
psi

0.52 0.54 0.56

Flgure 3.i: Sensitivity analysis for the parameter ~(i.
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For bs we have:

AIK

AIY

1

0.5

0

0.3

0.2

0.06

0.06

0.06

0.06

0.08

0.08

0.08

0.08

0,1
deltaS

0.1
deltaS

0.1
deltaS

0.1
deltaS

0.12

0.12

0.12

0.12

0.14

0.14

0.14

0.14

Flgllre 3.3 : Sensitivity analysis for the parameter ës.

If the stock of pollution dissipates at a more rapid rate, there will be less
abatement taken out of total product and consumption can be higher.
Finally, a higher ry indicates that consumption will be a larger proportion
taken out of total product and abatement will be lower:
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0.25

1

1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2
gamma

1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2
gamma

CIY

0.73

1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2
gamma

1 1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2
gamma

Figllre 3.4 : Sensitivity analysis for the parameter -y.

3.2.2 Steady State of Rebelo Model

For the model based upon Rebelo a similar analysis can be applied to
arrive at the following set of equations (balanced growth for this model
means that the ratios Ct~Iít, At~lít and the variable St are all constant):
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At
9c-a-P-Ii

t

bs At 7 Ct 7~ ~ Ct At -7-~9A- 1},~ fa- Kt - 1~,~~~t - 1}7St (~~t)(~~t)

Ct At
9x-a----

~~ t ~~t

9s - ( St )(~~ )--~ - bs

We now introduce four new variables Xl t - k"t, X2t - St~ Xst - Ct~h~t
and XQ t - At~Kt. From the equality X2 t- XZ t9x, t (z - 1, .., 4) we
get:

Xi t- aXi t- Xs tXi t- X4 tXi t (3.10)

Xat - (X4t)-ry - bsXat (3.11)

X3t - X3t[Xst - P] (3.12)

X4t - X4t[1-~,y ~ 1 },yX3t - 1 ~yX3t(X4t)-7-1(X2t)~]
(3.13)
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The expressions for X2 t, X3 t and XQ t are independent of Xl t. The
variables X2 t, X3 t and X,~ t will reach a constant value in the long-
term if the steady state is locally stable. The growth rate of Xl t is
a- X3 t- X4 t and can take on any value depending on a, X3 t and X4 t.
The steady state follows from equating X2 t, X3 t and X4 t to zero and
the steady state values are denoted by X2i X3 and X4. For this model
we have:

,Y2 - ~~ (X4)-ti

~Y3-p

~( bs -~ Pbs)-,t7 it~a-~
7~P

We also have to show that the model considered is stable and this is
explained in Appendix B.

This time we have an explicit steady state solution and we can determine
algebraically the way a higher parameter value influences these steady
state values4. A higher ~-value leads to a higher A~lí -value and a higher
A~Y-value (A~Y - (A~h") ~ (Ii~Y) - (A~h') ~ (1~Q)). Again, if there is
more care for the environment, more will be spent on abatement, but the
ratio of consumption over capital (or over total product) will remain the
same. Therefore, the growth rate of the economy (gh- - Q- p- A~Ií )
will change immediately if there is more concern for the environment.

3.3 No Environmental Concern

In order to better understand how the economy and the environment
interact, we first start by considering what the model solution will be if

4 These are the long-term results. The short-term results are determined in para-
graph 3.4.2.
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there is no concern for the environment. The impact of the environment
can then be singled out better from the pure economic processes that
are behind the results obtained.

If consumers do not care about the environment we would have a utility
function with ~ equal to zero, or:

U(ct, St) - log(ct)

A more general specification is:

cl-o
U(ct) - t

1-0

With such a specification we would have balanced growth if Q, the elas-
ticity of marginal utility, is constant at a value larger than zero and
unequal to one. If the value of Q is one we would have the log-utility
function. Since consumers do not care about the environment, they are
not willing to give up part of consumption or investments in physical
capital to provide for abatement. We then end up with the following
model (Lucas-variant):

~-Q
max fó e-pt Lt ~dt
Cr,ui
s.t. k"t - Qlít(utHtLt)1-a - Ct Ii"o is given

Ht - Ht~(1 - ut) Ho is given

If the restrictions a- 1 and ~- 0 apply we would again end up with
the Rebelo variant but now with no concern for the environment:

~-o
max f~ e-pt iá dt

Ct
s.t. Kt - Qkt - Ct Ko is given
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The difference between these two models is that the first is a two-sector
model, while the second is a one-sector model - but because of the ab-
sence of diminishing returns (Romer 1990) in the sector where human
capital (for the first model) or physical capital (for the second model)
is accumulated, we have an endogenous economic growth rate. These
models have already been discussed in literatures and their results are
repeated here to make clear what effect adding the environment to the
models has on their outcomes. First the outcome is discussed if the
restrictions a- 1 and ~- 0 do not apply (Lucas variant).

The steady state value of the proportion of available time spent produc-
ing turns out to be:

u-~(Q-1)-~rfP

~~

The economic growth rate of physical capital is:

~f~r-P
9x-~f Q

Changes in the rate of time preference p or in the parameters Q or ~ have
an effect on the long-term growth rate of the economy. If consumers
are more impatient (p rises) the growth rate will go down, and if the
elasticity of intertemporal substitution increases (o decreases) or human
capital accumulation becomes more productive (~ rises), the growth rate
will go up. With a equal to one we have u- P~~ and gh -~- p-~ 2~.

With the restrictions a- 1 and ~- 0 we have (Rebelo variant):

5 For a discussion on transitional dynamics in the neoclassical model, see King and
Rebelo (1988). For a one-sector model based upon Rebelo (1991) and Romer (1986),
see Musu (1995). Bond et al. (1996) discuss a two-sector model and Bovenberg
and Smulders (1996) discuss the transitional impacts of environmental policy in an
endogenous growth model. Mulligan and Sala-i-Martin (1993) discuss a one and a
two-sector model, and finally, one should consult Barro and Sala-i-Martin (1995) for
more references on transitional dynamics.
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This is also the growth rate of consumption and total product. However,
this time there are no dynamics. The ratio of consumption over capital
will be equal to Q a ál }p from the first time period onward and this
value will not change further. Changes in the underlying parameters will
affect the levels and the growth rates of variables. For instance, with
a lower p or Q value, the willingness to save increases and the growth
rates increase. With Q equal to one, we get gk- - Q- p and h- p. One
could argue that the Rebelo model is in some way a disguised version
of the Harrod-Domar model where changes in the savings rate have an
immediate effect on the growth rates.

From the Lucas model we conclude that care for the environment diverts
resources away from productive investments. The proportion of avail-
able time spent producing does not change, because it is equal with or
without the environment (see page 54 and the value given above ~).
The long-term growth rate of physical capital remains the same because
it is the sum of the growth rate of labour (which is exogenously given
by n) and the growth rate of human capital, which is equal to ~(1 -~t)
and remains the same because ut does not change in the long-term. The
levels of consumption and investment in physical capital will go down at
the expense of abatement. We also see that the proportion of available
time is independent of environmental parameters, like y, ~ or ~. So, if
the strength of environmental care changes, there can only be level ef-
fects, no growth efFects. The reason for this is that the optimal choice of
ut does not involve the environment. To see this, look at the first order
condition ~-l~~ - 0 on page 50 and notice that Oh - Ct1. This condi-
tion is not influenced by changes in the level of stock pollution (more
on this will be said in Chapter 4, especially on page 98). Because the
growth rate is determined by the growth rate of labour and the growth
rate of human capital, this growth rate is, therefore, not influenced by
care for the environment.

With the Rebelo model we conclude that there are level effects and
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growth effects. The levels are difierent because more is spent on abate-
ment and there is less available for consumption and investments in
physical capital. The growth rates are also lower, because if resources
are diverted away from productive investment, this immediately has an
effect on growth (see the remark on page 61). Although the specification
of the Rebelo model is a special case of the Lucas model, the properties
of the Rebelo model are not a special case of the properties of the Lucas
model. The reason for this is that the Rebelo model contains linearities
which are absent from the Lucas model.

3.4 Numerical Calculations with the Two Mo-
dels

In the following two sections the numerical results are presented for both
models. The numerical calculations are carried out in discrete time, so
we now make a switch from continuous time to discrete time. As a result
of this we also have to calculate the steady states of the two models in
discrete time, instead of in continuous time. These steady states are a
bit difierent from the continuous time steady state results.

3.4.1 Numerical Calculations with the Lucas Model

Appendix C is concerned with the manner of performing numerical cal-
culations. This approach is first applied to the Lucas model. In Ap-
pendix D the steady state is determined for the model but, as men-
tioned before, this is done in discrete time. The steady state value for
ut is given by:

p-~rlf~„-

The other steady state ratios, X3(- hL), X4(- h), XS(- h), are
determined numerically from the following set of equations:
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~(1
)~(X5)-7~1-~~G)-lX4 - óS ~ P

- 1f

ós 1 f ~r

aul-a(X3)1-a - XS - 7C(1 ~- ~) } S

and

(3.14)

(3.15)

ul-a(Xs)1-a - X4 - XS - ~r f ~(1 - il)(1 ~ ~) (3.16)

These equations look very similar to the equations found for the continu-
ous time case on page 55. Equation 3.16 expresses a relationship between
the growth rates of Ií't, Ht and Lt, or (1 -}. gk-) -(1 f gH)(1 ~- ~). This
reduces to gx - gH ~- ~ f 9H~ - ~ -~ ~(1 - u) -}- ~r~(1 - ~). In continuous
time the product gH~r or ~r~(1 - u) is absent from equation 3.9, because
there the relationship is gh- - gH f n. This constitutes the difference
between these equations. Equation 3.15 is different from equation 3.8
for the same reason. The product ~r~ is not present in equation 3.8, be-
cause it expresses a relationship between the growth rates of the shadow
prices for lí't and Ht, and the growth rate of labour ~: gox f~r - gox.
In discrete time the relationship is (1 ~- go,~ )(1 -~ ~r)-(1 f gpx ) and
the product of gpx and ~r has to be taken into account. Finally, equa-
tion 3.14 expresses the fact that in discrete time the shadow price of
stock pollution turns out to be equal to zero. In continuous time (equa-
tion 3.7), this shadow price equals ~r. This observation accounts for the
difference between the two equations.

The values for the parameters used in the Lucas model are: a- 0.300,
p-0.100,~-0.007,~-0.500,ry- 1.100,ó-0.104,~r-0.013and
ós - 0.100. See also the remarks on page 55. Solving equations 3.14,
3.15 and 3.16, we get for the ratios X3 - kL - 3.938, X4 - h- 1.704,
and finally XS - h- 0.574. The long-term value of ut (u) is equal to
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0.839. The growth rate of the economy, which is the growth rate of Ii't,
Ct and At, is equal to ~(1 - u) ~~r ~~~(1 - u), which is 0.030. The
growth rate of the level of human capital is 0.017.

A simulation will now be carried out with the Lucas model and this is
termed the base simulation or benchmark simulation. The initial level
of the stock of pollution So is chosen to be 5Plo above its long-term
steady state value. Another simulation is carried out in which there is
an increase in care for the environment, so a higher value of ~. In this
simulation, the same starting value of the stock of pollution is used as
in the base simulation.

The steady state value for the stock of pollution is 18.42. If the pa-
rameter ~ is 1~ higher the steady state value of the stock of pollution
decreases by 0.59~. For the parameter ~ the decrease is 0.85~ and for
y it is 0.52~. So the level of stock of pollution is the most sensitive for
changes in ~. The initial level of physical capital is arbitrarily chosen to
be Iio - 3.0. Suppose that the initial value of the level of human capital
Ho is also arbitrarily chosen to be 5~ lower than its starting value if
there was balanced growth at time period t- 0. The time horizon (T)
is 50 years because the stock of pollution must have a constant value
to guarantee that the assumptions made are valid to truncate the time
horizon (see Appendix C). A table with the growth rates of the vari-
ous variables, and a number of ratios is more informative than just the
absolute values of these variables. In Table F.1 on page 234 the growth
rates of Ií't, Ct, At and Hf are shown. The ratios Ct~~~t, At~h~c and
HtLt~h't are also listed in this table, together with the level of ui and
the levels of flow and stock pollution.

What happens if the value of ~ increases, or equivalently there is now
more care for the environment because disutility of the stock of pollution
is given a greater weight in the utility function. The value of ~ in
the benchmark model is 0.007. Suppose it increases to 0.011. The
values of the ratios in the steady state are now X3 - xL - 5.131,
X4 - h- 2.033, and XS - ~~-~. - 0.715. The value for u is 0.839
(unchanged). The long-term growth rate of the economy is 0.030 and
the growth rate of the level of human capital is 0.017 (both unchanged).
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The steady state value for the stock of pollution decreases to 14.47. For
this case, with more environmental care, the growth rates, ratios and
the values of ut, flow and stock pollution are listed in Table F.2 on page
236. The time paths of the variables are shown in figure 3.5. In this
figure the solution of the benchmark model is also drawn in to compare
both simulations.
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Flgure 3.5: Time paths of Kr, Cr, Ar, Ir, Hi, u~, Pr and Sr for the Lucas model with a

low value of ~(solid line) and a high value of ~(dashed line).

Because more resources are used for cleaning up (abatement), there is
less for consumption and investment in physical capital. Why are the
levels of investment in the early years zero? Given the value for the levels
of human capital and labour at t - 0 and the optimal ratio HL~K we
can conclude that the level of capital at t- 0 is too high. Therefore,
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investment in capital will be low in the early years (see also Barro and
Sala-i-Martin (1995) on page 194 where this effect is also discussed in
a two-sector model but then without pollution and one stock of capital
is abundantly available compared to the other capital stock). From a
certain time period onward investment will become positive and capital
starts to grow exponentially. Then ut is also moving towards its long-
term steady state value. We see from these figures that abatement is
higher, as should be expected, and the level of capital and consumption
are both lower.

3.4.2 Numerical Calculations with the Rebelo Model

The approach in Appendix C is also applied to the Rebelo model. The
steady state growth rate of capital (denoted by g) is calculated, as are
the steady state values of the ratios C~Ií and A~K, all in discrete time.
These follow from the following three equations (see Appendix E):

C A 1 Ag-gh--a-~ -h.-(l~p)(1-~a-h")-1.
(3.17)

~y( ós )~( Í )--~(1},~)-1( ~ ) - p ~ SS (3.18)

The values for the parameters used in the base simulation are: a- 0.137,
p- 0.100, ~- 0.000006, ~- 0.150, y- 1.100 and bs - 0.100. Again,
see the remarks on page 55. Using these values and solving equations
(3.17) and (3.18) we get for the two ratios C~Ií" - 0.103 and A~K -
0.0045. If parameter ~ increases by 1~, the steady state value of the
stock of pollution decreases by 0.48~. For the parameter ~ the decrease
is 0.60~ and for ry the increase in the stock of pollution is 2.16~. So
the level of the stock of pollution is very sensitive for changes in y. The
initial level of the capital stock is (arbitrarily) chosen to be Ií"o - 80.0.
The initial level of the stock of pollution is 5~1o above its long-term
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steady state value. The growth rate of the economy, which is the growth
rate of lit, Ct and At, is equal to a- C~Ii - A~Ií - 0.030. We also
know the constant steady state value for the stock of pollution, which
is (l~ós)P(Íí't,At) -(l~ós)(At~Iít)-~ - 3828.6. The time horizon is
40 periods to have a constant level of stock pollution at the last time
period (again, see Appendix C). From Table F.3 on page 238 we see
that the growth rates of capital, consumption and abatement, and the
ratios C~Ií" and A~Ií , take on their steady state value from the first time
period onward. This table also contains the values for the flow and the
stock of pollution, and these values slowly but steadily approach their
steady state value.

We also carry out a simulation with a higher value of ~. This time ~ is
equal to 0.000009 which is higher than in the benchmark model, where
it was 0.000006. The growth rate of the economy changes to 0.029 and
the level of stock pollution is now 3145.4. The results for this second
simulation are given in Table F.4 on page 240. A higher ~-value leads
to a higher level of abatement spent on fighting pollution. Because less
resources are available for consumption and investment, the stock of
capital will not grow as fast as before. The results in the short-term
are the same as the results (mentioned earlier in Section 3.2.2) in the
long-term.

From these results we can draw graphs of the time paths of the variables
to compare the results of the two simulations:
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Flgure 3.6: Two simulations with the Rebelo model; Benchmark case (solid line) and the

case with more care for the environment (dashed line).

We conclude that more care for the environment results in a lower growth
rate of the economy, it decreases from 0.030 to 0.029. This is due to the
increase in abatement, because now more resources are diverted from
investment and these resources are used for cleaning up part of the flow
of pollution. As a result of this, the ratio A~K rises from 0.0045 to
0.0054. This leads to a lower level of stock pollution, it decreases from
3828.6 to 3145.4. Thus in the Rebelo model there is a trade ofF between
care for the environment and economic growth. Some economic growth
has to be sacrificed for a cleaner environment. This can also be concluded
if one looks at the equation for utility over time. When the steady state
has been reached, the utility levels for t~ T are:
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U(Ct, St; t~ T) - log(Ct) - 1~St f~

- - log(CT(1 f g)t-T) - 1f~GSTf~G
- log(CT) ~- (t - T) log(1 -~ 9) - it~GSTt~G

The growth rate g and the stock of pollution ST are lower if there is more
care for the environment. The lower level of ST can only compensate
the lower level of consumption in the short-term, but in the long-term
utility will get lower because the second term will dominate.

3.5 Two Welfare Measures

Having determined the time paths of the variables in the two cases for
both models, we are now in a position to compare their outcomes and say
more about the short-term costs of cleaning the environment. We will be
comparing the outcome of the case with more care for the environment
with the case with no change in the attitude towards the environment.
In Section 3.5.1 a summary of the results obtained for the two models
of the former sections is presented. The welfare comparisons can be
made at a certain time period (Section 3.5.2) or one can compare utility
levels over time (Section 3.5.3). Section 3.6 summarizes the conclusions
reached.

3.5.1 The Lucas and Rebelo Model with Pollution

We start by looking at the outcomes of the model of Lucas and the model
of Rebelo extended by pollution. These are the basis of the comparisons
carried out in Sections 3.5.2 and 3.5.3. In the following figure the levels
of consumption and stock of pollution are plotted for the Lucas model:
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Flgllr2 3.7: Time paths of C~ and S~ for the Lucas model with a low value of ~(solid

line) and a high value of ~(dashed line).

The same for the Rebelo model:

Figllre 3.H: Time paths of C( and Si for the Rebelo model with a low value of ~(solid

line) and a high value of ~(dashed line).
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We see that consumption is lower for both simulations and that the stock
of pollution is also lower, but how should the advantages of more care
for the environment (lower level of stock pollution) be weighted against
the disadvantages (lower level of consumption)? The utility function
gives us this opportunity. In order to compare the outcomes we first
have to find a common starting point from which these comparisons can
be carried out. The common starting point is chosen to be the utility
function resulting from the higher value of d,s. This value of ~ will be
denoted by ~eare. The simulation with this ~-value is the simulation with
more care and will be named care simulation. The lower value of ~ will
be denoted by ~base, because this simulation is the base simulation. All
comparisons will be carried out with respect to the care simulation. For
instance, how much higher is utility of the care simulation with respect to
the base simulation? In effect, we are asking how much utility increases
due to the increase in ~ from ~base to ~care.

The time paths of the variables in the base símulation are denoted by

Ct;base and St;base. Utility of a representative consumer in the base si-

mulation is denoted by U~;base - log(Ct;base~L) -(~care~(1 f~))St;bse~
Notice here the ~care. In the case of more care for the environment,

the time paths of consumption and stock of pollution are denoted by
Ct;~are and St;~are. Utility of a representative consumer will this time be

Ut;care - 1og(Ct;care~L) -(~care~(1 f~))St; áre. We already know that

the infinite sum of utility levels with Ct;base and St;base cannot be larger
than the sum of utility levels with Ct;care and St;~are, because otherwise
these levels (Ct;base and St;óase) would have been chosen. It must be true

that the infinite sum is lower. This sum is not particularly interesting,
but what is are the individual utility levels over time.

How much higher or lower will utility be due to the increase in environ-
mental care? We can compare consumers at a certain time period and we
can compare consumers over time. We start with the first comparison.

6 We can equally take the utility function resulting from the lower value of ~. The
choice which ~-value is chosen is arbitrary and in this thesis the higher ~-value is
chosen.
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3.5.2 Compare Consumers at a Certain Time Period

How much lower or higher is utility at each instant of time because of the
increase in environmental care? The percentage difference between the
outcome in the case of more care and the outcome of the base simulation
is calculated. To summarize this comparison:

. Base simulation with a low value of ~- ~base and this results in
the time paths Ct;base and St;base

. Utility resulting from this value of ~ is Ut;base - log(Ct;base~L) -

~~Ácare~~l ~ ~~~St;base

. Care simulation with a higher value of ~ -~care and the time
paths are denoted by Ct;care and St;care

. Utility is now Ut;care - 1og~ct;care,L~ -~~care,~l ~ W~~St;Care

. For each time period we compute the percentage difFerence be-
Ut;care-Ut;ba!e ~ 100~. This percentagetween Ut;care and Ut ;base or Ut;bale

difference will be denoted by the symbol TPt.

We start with the Lucas model. For the Lucas model the lower value of
~ is ~ba,e - 0.007 and the higher value is ~care - 0.011. The levels of
utility for both simulations and their percentage difference are plotted
in figure 3.9.
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Flgure i.9: Utility levels ( on the left) and their percentage difference ( on the right~ of the

two cases for the Lucas model. Base simulation (solid line) and the simulation with more

care ( dashed line).

We conclude from the graph on the right that utility is initially lower
if there is more care for the environment, because more resources are
used to lower the stock of pollution. In the long-term utility is higher,
because consumers now face a lower stock of pollution. It should be
noted that the curve on the right is kinked because in the early years of
the care simulation the capital stock will not be growing. Capital, after
all, causes flow pollution. Therefore, contrary to the base simulation,
investments in physical capital will be low in early years and after a
while they catch up (see also figure 3.5).

For the Rebelo model, the low value of ~- ~base is 0.000006 and
the value corresponding to more care for the environment is ~C4Te -
0.000009. As for the Lucas model, the levels of utility for both cases
and their percentage difference are plotted in figure 3.10.
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Figure 3.10: Utility levels ( on the left) and their percentage difference ( on the right) of

the two cases for the Rebelo model. Base simulation (solid line) and the simulation with

more care ( dashed line).

From the graph on the right we conclude that utility is higher initially if
there is more care for the environment. The dotted curve on the left lies
above the solid line for the first number of years, except for the first year.
In the first year utility is lower, and for later years people benefit if they
care more about the environment. It is clear that they will not benefit
in the long-term, because the curve on the right decreases sharply in
later years. This has already been noted before on page 71. Because
of this, we also consider a case with a higher p-value. Consumers are
more impatient and want to consume more today and less in the future.
Investment will be lower and we would expect that this will aggravate the
effect described above. A higher p-value will make consumers even worse
off in the long-term. That this is true can be seen from the following
figure (figure 3.11) where the value of p is taken to be 0.120. Now the
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utility levels are lower compared to figure 3.10, so the difFerence between
utility levels will become negative even sooner. Consumers are indeed
much worse off.

Figure 3.11: Utility levels (on the left) and their percentage difference ( on the right) of

the two cases for the Rebelo model with a higher p value. Base simulation ( solid line) and

the simulation with more care ( dashed line).

3.5.3 Compare Consumers over Time

There is also the issue of comparing the burden over time (or equi-
valently, over `generations'). To say more about the short-term costs
involved, we now look at the difference between two measures that can
be seen as the intertemporal cost (denoted by IC and defined later on)
earlier generations have to make towards future generations. We take
last year's (t - T) utility level as a benchmark level. The percentage
difference between utility in an early year and this benchmark utility
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level is calculated. This is done for both outcomes, the outcome of
the base simulation (ICbase) and the outcome of the care simulation
(ICcare). For instance if ICt;base is -10~, this means that utility in the
base simulation at time t is 10~ lower than utility in the final time period
T. The difference between these measures (ICcare - ICbase) gives some
insight into the sacrifices consumers living in early years have to make
towards (the same) consumers living in later years due to the increase in
environmental care. If the difference is positive, the intertemporal cost
for the care simulation is higher than for the base simulation. Therefore,
utility levels in early years compared to the utility level in the last period
are more lower in the care simulation than in the base simulation. People
living in the early years will have to make larger sacrifices due to the
increase in environmental care. This value will certainly go to zero for
the later years. The interesting years are, therefore, the early years. To
summarize this part (with an explicit dependence on time):

~ Base simulation outcome: Ct ;base~ St;base~ Ut;base

. Compute percentage difference between Ut;base and UT;base and we
have the intertem~oral cost for the base simulation:
IC - Ut;ba~e- T;baee ,~ 100P1o~t;base - ,

UT;baae

~ Care simulation outcome: Ct;eare, St;care~ Ut;care

. Compute percentage difference between Ut;~are and UT;care and we
have the intertem~oral cost for the care simulation:
Irr - Ut;care- T;care ~ 100q0,l~t;care -

UT;care '

. Calculate the difference between ICt;care and ICt;base (or 0(ICt)).

To perform these calculations we must make sure that we have positive
utility levels at all time periods. Comparing percentages differences only
makes sense if both numbers have the same sign. This makes clear that
the utility levels have to be manipulated in some cases, so there are
limitations with this measure. However, as shown in Appendix G, even
if the parameter values change (by 2.5~, 5~, 7.5~ and 10~, where
the smallest change is represented by a dotted curve in the figures)
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the shapes of the resulting graphs do not change dramatically. Their
interpretation remains the same.

The first measure (TPt) and the intertemporal cost (ICt) are related to
each other according to:

Ut;care - Ut;óase (1 f TPt)- UT;6ase(1 ~ ICt'óase )(1 } TPt )

100 100 100

And the second measure (~(ICt)) then becomes:

1~~
0 IC IC . IC : - 100 Ut 'care f 1- 100 l

( t) - t,care - t óase t Tp J
UT;care 1 ~ Ol~

So, 0(ICt) measures how much the TPt changes over time. If TPt is
small and TPT is large the 0(ICt) will be large indicating that future
generations will sufFer severely. TPt gives an indication of how utility
changes at a certain time period and ~(ICt) indicates how TPt changes
over time.

We now compare the outcomes of the two simulations for both models.
For the Lucas model, the graphs of the measures for the two cases are

in figure 3.12 together with the graph which displays their percentage
difference.
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Flgure 3.12: Intergenerational burden for both cases of the Lucas model. The curves

on the left denote the intergenerational burden. Base simulation (solid line) and the care

simulation (dashed line). The curve on the right shows their percentage difference.

The two curves in the left part of figure 3.12 denote the amount by which
utility of present generations is lower compared to utility of the last
generation, for the base simulation and the care simulation. At t- 30 we
have a U3o;óase which is 17.4q lower than UT;base. For the care simulation
we have a U3o;~a,.e which is 17.Oo1o lower than UT;~a,.e. We see that in the
early years the difference is negative which means that consumers have
to make sacrifices to have a cleaner environment. Only in later years will
the difference become positive, but these positive percentages are small
compared to the large negative percentages difference in the early years.
Due to the increase in environmental care, consumers do not benefit from
more environmental awareness, but the increase in intergenerational cost
gets smaller over time. Again, the kink is visible as in the former figure
(figure 3.9), because investment in capital is zero in the early years for
the care siniulation.

The graph displaying the percentage difference for the Rebelo model is
plotted in the next figure:
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Flgllre 3.13: Intergenerational burden for both cases of the Rebelo model. The curves

on the left denote the intergenerational burden. Base simulation (solid line) and the care

simulation (dashed line). The curve on the right shows their percentage difference.

The dotted curve lies above the solid line and this means that for the
base simulation utility at t(Ut;base) is lower than utility at the last time
period (UT;base), but more than for the care simulation. At t- 20 we
have a U2o;base which is 17.7~0 lower than UT;base. For the care simulation
we have a UZO;~a,.e which is 17.4~ lower than UT;~a,.e. We conclude that
generations in early years benefit from an increase in environmental care
because the percentage diíference is positive. From figure 3.14 we see
that a higher p-value leads to an even lower intertemporal cost, because
the percentage difference is higher for all time periods.
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Flgure i.l~l: Intergenerational burden for both cases of the Rebelo model with a higher

p value. The curves on the left denote the intergenerational burden. Base simulation (solid

line) and the care simulation (dashed line). The curve on the right shows their percentage

difference.

3.6 Conclusions

We have been using two popular endogenous growth models both ex-
tended by a flow and a stock pollution. Cases with more care for the
environment are compared with benchmark simulations. In the Rebelo
model capital is broadly defined and consists of, for instance, physical
capital, human capital and infrastructure. If one decides to lower invest-
ment in this type of composite capital to increase abatement and have
a cleaner environment, it will certainly affect growth in the economy.
In the Lucas model there are several separate forms of capital. This is
more realistic in that one can always group several forms of capital in
one aggregate form of capital, but these may not always be influenced
in the same manner by, for instance, the strength of environmental care.
Because of this possibility, one, therefore, should use the `disaggregated'
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model based upon Lucas. In the Lucas model, human capital accumula-
tion is unaffected by the increase in environmental care. The long-term
growth potential of an economy will, therefore, not be affected. There
can only be level effects, but in the Lucas model, these level effects are
as important as growth eífects. If levels decrease sharply and the growth
rate increases, people will suffer rather heavily in the early years, while
later on they will benefit, so:

~ In the Rebelo model there are growth ef,fects.

~ In the Lucas model there are only level effects.

In the Rebelo model, if one compares consumers at a certain time period,
utility will be higher initially if there is more care for the environment,
but this is only true for the short-term. In the short-term, the effect of
a lower level of stock pollution outweighs the effect of a lower level of
consumption and a lower growth rate of consumption. Consumption will
be lower because more will be spent on abatement to have a lower stock
of pollution. In the long-term, consumers will not benefit because the
effect of lower consumption will dominate and utility will be lower. The
effect of a lower stock of pollution will not be enough to compensate for
the lower level of consumption and the lower growth rate of consumption.
More care for the environment, therefore, benefits only people living in
early years. If people are more impatient we also see that this leads
to even lower future levels of utility. Comparing consumers over time
leads to the conclusion that if there is an increase in environmental
awareness, they do not have to make large sacrifices. They again benefit
in the short-term from a cleaner environment. Being more impatient
leads to an even more favourable outcome (lower intertemporal cost)
when people care more about the environment. Therefore:

If there is more care for the environment in the Rebelo model and one
is comparing consumers at a certain time period:

~ In the short-term consumers are better off.

~ In the long-term consumers are worse off.
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If there is more care for the environment in the Rebelo model and one
is comparing consumers over time (IC):

. Consumers benefit in the short-term.

So, consumers gain compared to consumers of later generations. The
reason for this result is that with more care for the environment, utility
at t- T will be very low, as noted above. After all, consumers are worse
ofF in the long-term. Compared to the base simulation, the utility levels
for t C T in the care simulation are not that much lower than utility
in the care simulation at t- T. Therefore, consumers benefit in the
short-term.

For the Lucas model there are no growth effects in the long-term if
concern for the environment changes. There are only level effects. Com-
paring consumers at a certain time period shows that consumers have to
accept lower levels of utility in early years to enjoy higher levels of utility
in later years. In the early years part of the stock of pollution is cleaned
up due to the increase in environmental awareness. Abatement increases
at the expense of consumption (and investment). In later years, the ef-
fect of lower consumption is more than compensated for by the decrease
in the stock of pollution and utility will be higher. The results for the
Lucas model are the opposite of the conclusions for the Rebelo model,
both for the short and the long-term. Comparing consumers over time in
the Lucas model leads to a conclusion which is also the opposite of what
can be concluded for the Rebelo model. If there is more environmental
care consumers have to make a bigger sacrifice compared to consumers
living in later years. Therefore, people are worse off, especially those in
the early years.

If there is more care for the environment in the Lucas model and one
is comparing consumers at a certain time period:

. In the short-term consumers are worse off.

. In the long-term consumers are better off.
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If there is more care for the environment in the Lucas model and one
is comparing consumers over time (IC~:

~ Consumers have to make large sacrifices in the short-term.

A change in preferences in the model of Rebelo leads to growth effects,
while in the Lucas model this only has level effects. In Rebelo's model
consumers are, therefore, worse off in the long-term if the growth rate de-
creases. The resulting decrease in the stock of pollution is not sufficient
to compensate for the lower level of consumption in the long-term. This
does not happen in the Lucas model. There, the (long-term) growth rate
is unchanged, so if there is an increase in environmental care, the stock
of pollution will be lower and the level of consumption will be lower, but
consumption has the same growth rate as before. Consumers are better
off in the long-term. This is the reason why the results for the Rebelo
model are the opposite of the results for the Lucas model.

The measures presented in paragraphs 3.5.2 and 3.5.3 are a bit arbitrary
with respect to the specification of the utility function. For instance, all
utility levels should be positive to come up with sensible measures -
but it should be noted that even if other parameter values are taken,
the shapes of the measures over time resemble the shapes shown in this
chapter (see Appendix G). If one has identified the type or types of
capital in the economy which are important for economic growth, policy
makers then face the problem of lower economic growth in the long-term
if there is one broadly defined capital stock, as in the Rebelo model. If
there are more types of capital, as with the Lucas model, policy makers
face the problem of level effects when the environment has to be cleaned
up. These can perhaps be just as important as the effects due to growth
rates which are lower.

One could argue that a separable utility function would lead to difl~erent
results. The changing level of stock pollution then influences the ap-
preciation of more consumption and this may lead to other results than
the results found in this chapter. This is the subject of the next chap-
ter, where again a model based upon Lucas is employed. The results
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obtained so far and the results of the next chapter are discussed at the
end of the next chapter.



Chapter 4

Multiplicative Utility and
the Short-Term Growth
Rate

A numerical method was applied to two simple environmental endoge-
nous growth models in Chapter 3 to say more about the cost in terms of
welfare of having a cleaner environment. The models used were simple
extensions of two endogenous growth models, but what will happen if
more sophisticated models are used? What will their outcomes look like?
As always, the possible outcome of a model is largely determined by the
model specification, and this is no different for environmental growth
models - but in what way does the model specification determine the
model's outcome? This issue is addressed in the present chapterl. One
of the main objectives in this thesis is to set up an endogenous environ-
mental growth model. We can then determine under what circumstances
the economic growth rate is influenced by care for the environment. Is
it also possible to have both, an improving environment and a higher
economic growth rate? In this chapter we again take a closer look at

1This chapter is based upon Vellinga N., 1998, Multiplicative Utility and the Influ-
ence of Environmental Care on the Short-Term Economic Growth Rate, forthcoming
in Economic Modelling.
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the Lucas growth model (1988) extended by nature. One of the conclu-
sions from Chapter 3 is that in the model based upon Lucas there are
only level effects in the long-term, no growth effects. In this chapter we
are considering the short-term, and then there are growth effects, as will
become clear later on. By nature is meant the aggregate amount of natu-
ral material, including the natural processes that take place within them
(see page 7). In this model the accumulation of knowledge is explicitly
modelled and, because knowledge is perhaps the most important fac-
tor contributing to economic growth, this model specification has been
chosen. We extend the Lucas model in Chapter 3 to allow for differ-
ent specifications of the utility function to analyse how the specification
of the model determines the direction of the influence of environmental
care on the economic growth rate. The model is referred to in the table
of page 29 by the entry `Vellinga (Chapter 4)'.

In this chapter, natural resources are not direct inputs to production
and they do not afFect human capital accumulation. If this was the
case, changes in the quality of the environment directly affect growth in
the economy (Rosendahl 1996; Bovenberg and Smulders 1995; Gradus
and Smulders 1996; Musu and Lines 1993). Because natural resources
are not direct inputs to production, the modelling of the utility func-
tion and the temporary evolution of nature are important. As shown
by Michel and Rotillon (1995) the cross-effect of pollution on the mar-
ginal utility of consumption plays an important role. In their model, if
an increase in environmental quality leads to a stronger desire for con-
sumption, the growth rate of the economy can be higher if there is more
environmental care. Michel and Rotillon consider a model in which there
can be unlimited growth of pollution. They do that in order to be able
to determine the impact of the specification of the multiplicative util-
ity function on the way care for the environment influences the growth
rate. The increasing level of pollution influences the marginal utility of
consumption and ultimately it influences the growth rate. The reason
why pollution can rise without limit is that there is no abatement in
their model2. Van der Ploeg et al. (1993) consider the possibility of

2They do consider the possibility of abatement. If abatement capital is ineffective,
it does not pay to invest in abatement capital. If it is effective there can be unlimited
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unlimited growth of the quality of nature over time. They also consider
a multiplicative utility function and note that it is possible to have a
higher growth rate when there is more care for the environment. The
approach of Michel and Rotillon and the approach of Van der Ploeg et
al. are both half the story.

In this chapter a complete analysis will be carried out in which these two
approaches both play a role. There is now abatement (not as a capital
good but as a flow variable) and growth is accomplished through the
engine of growth proposed by Lucas instead of the one of Rebelo which
is used by Michel and Rotillon, and Van der Ploeg et al. (although the
latter also present models based upon Barro (1990)). Instead of stock
pollution, as in the previous chapter, in this chapter we look at the stock
of natural capital. The reason for this will become clear later on. In this
chapter several functional forms are chosen for the equation describing
the temporary evolution of nature. First, the one proposed by Van der
Ploeg et al. and then one which is more realistic in that nature will be
constant in the long-term, but in the short-term nature growth is either
positive or negative. With this specification the level of nature is bound
by some upper value, the so-called carrying capacity or saturation level
of nature (Clark 1976) which results in a level of nature that does not
go to infinity or equivalently, the level of pollution does not go to zero.

In Section 4.1 the Lucas model extended by a flow pollution and a stock
of nature is presented. The steady state is determined in Section 4.2. A
long-term analysis is performed in Section 4.3.1. It is also shown that
an ever changing level of nature does make the long-term growth rate
dependent on care for the environment, but the steady state will be
(most likely) unstable (as shown in Appendix H). A possible outcome
with the engine of growth of Rebelo, instead of Lucas, and an ever
changing level of nature is an unstable steady state, and only under
special circumstances will it lead to a stable steady state as shown in
Section 4.3.1. We, therefore, turn to the specification where nature will
be constant in the long-term, but the level of nature changes in the
short-term. As shown in Appendix J the corresponding steady state is

growth of consumption and pollution, whatever the form of the utility function.



CHAPTER 4. MULTIPLICATIVE UTILITY AND THE
92 SHORT-TERM GROWTH RATE

locally stable. In the short-term analysis of Section 4.3.2 it is shown
that care for the environment can influence the short-term growth rate.
Under certain circumstances, care for the environment leads to higher
levels of economic growth, contrary to what can generally be expected
if part of the resources are used for cleaning the environment instead of
investing in productive capital. Section 4.4 concludes this chapter with
a summary of the results obtained. In this final section conclusions of
the former chapter are also incorporated, because these two chapters are
intertwined. After all, the models based upon Lucas in both chapters
are not so different, although their emphasis is.

4.1 The Lucas Model with Nature

The model formulation is based upon Gradus and Smulders (1993), al-
though they only consider pollution as a flow and they use a linear
additive utility function. The Lucas growth model (1988) is extended
by a flow pollution, a stock of nature and there is also abatement:

ci,v~,u~

s.t. Yt - ctLt -~ ~it ~ At Ko is given (4.1)

Yt - h~t (utHtLt)1-a
Ht -~(1 - ut)Ht Ho is given (4.2)

Nt - V(Nt, P(vt)) No is given (4.3)
P(vt)-vt7

Lt - ~rLt Lo is given (4.4)

At - vtYt

max fó LtU(ct, Nt)e-Ptdt

whereOCaC 1,OGvtC 1,OCut C 1,~~O,p~0,n~0and
ry~ 0. The Lucas growth model is chosen because it considers explicitly
the creation of knowledge, perhaps the most important ingredient for
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economic growth. Instantaneous utility U(ct, Nt) is discounted at the
constant rate of time preference p. Utility of a representative consumer
depends positively on the amount of per capita consumption ct(- Ct~Lt)
and the level of nature Nt (see also Michel and Rotillon (1995)). A
consumer enjoys consumption, a rival good, but is also influenced by the
level of nature, a public `good', which influences all consumers equally.
Total product Yt is used for consumption Ct(- ctLt), investment Iít,
and abatement At. From the last equation it follows that the ratio of
abatement over total product is vt(- Y). Consumers decide upon the
proportion of non-leisure time (standardized to one) ut that they want
to spent producing. The remaining proportion 1- v,t is spent studying
and by studying consumers increase their level of human capital Ht.
The value of ~ denotes the effectiveness of human capital accumulation.
Nature growth is represented by a function V(.) which depends on nature
and flow pollution P(.). Flow pollution is a decreasing function of the
ratio of abatement over total product. In Chapter 3 the flow of pollution
function is a decreasing function of the ratio of abatement over the
stock of physical capital. In this chapter an alternative specification
is chosen to see what effect this will have on the model's outcome. A
specification with a ratio v (instead of the ratio A~Y) is chosen because
it simplifies the results that will be obtained. As shown in the last
differential equation, Lt grows exogenously at rate ~.

4.2 Steady State Solution of the Model

Determining the steady state reveals interesting intermediate results
that can be used later on. Therefore, this analysis is considered in
this section in more detail. We set up the Hamiltonian and apply the
Maximum Principle to derive the first order conditions:

x- U(ct, Nt) f0i` [Iii (utHtLt)1-a(1 - vt) - ctLt~
fOHHt~(1 - ut)
-f-ONV(Nt, P(vt))
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The first order conditions are:

arc
áct - U~ - ~h Lt - 0

ávt

arc - -Oti Iit (utHtLt)1-a f ONVpP„~ - 0

arc
óut - Oh Iia(1 - a)(utHtLt)-aHtLt(1 - vt) - OHHt~ - 0

(4.6)

á~-t - Ohalít-i(utHtLt)1-a(1 - vt) - (P - ~r)Oh - Oh-
áIí t

ax - Oi' Kt ( 1 - a)(utHtLt)-`~utLt(1 - vt) f OH~(1 - ut)
áHt

- (p - n)OH - OHt t

ax
C~Nt

- UN ~ ONVN -(p - 1f)ON - ON

We also have the four constraints (equations 4.1, 4.2, 4.3 and 4.4). From
the first three equations of the FOCs, it is possible to derive three re-
lationships between the growth rates of the variables present in those
equations3:

3The expression U~U-̀t is denoted by o.
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U~N Nt
9of~ f~-~9~ f U 9N~

9óx f agx f(1 - a)(gx ~- ~r) - 9oN f gvP -f- 9P~ (4.8)

9oh f agR' - a(9H f ~) f~- 9ox (4.9)

From the remaining equations we can derive the following growth rates:

HL
gOr - P - ~r - aut-a( ~~ t )1-a(1 - vt) (4.10)

t

9ox -P-~-~ (4.11)

UNNt ~tLt VP a-~ HtLt a-~r,- ~r-V9o P- N- Ucct h.t Nt P~ ut ~~t

9x - ut-a( HtLt )1-a(1 - vt) - ~tLt
Ka k~t

(4.12)

(4.13)

9x - ~(1 - ut) (4.14)
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V
9~v - N

t
(4.15)

And from these equations we can first derive the short-term growth rate
of consumption. Substituting the expression for gpx in equation 4.7 and
solving for g~, we get:

p- ~r - a~t-"(~)1-"(1 - vt) f(1 f ~)rr ~ U~~yNt
9N9~ - Q (- U~~)~t (4.16)

Here, gN is the growth rate of nature (either zero or a function of vt
given by V 1NN~ 1"`11). The ratios `h and h-, and the variables ut and
vt are constant in the long-term because of balanced growth. Therefore,
the following equations hold in the long-term:

9x-9xf~ (4.17)

and

9x-9c-9~f~ (4.18)

The value of vt is constant in the long-term, so we must have that gp„
is zero. Therefore, the expression gvP will be equal to V~P`gN. We
end up with 11 equations (4.7, 4.8, 4.9, 4.10, 4.11, 4.12, 4.13, 4.14, 4.15,
4.17, 4.18) and 11 unknown entities (ut, ~, ~h , vt, 9x, 9x, 9n~, 9~,
gor:, gpx, gpN). Reducing these 11 equations to four equations with
four unknowns (ut, h, h and vt), we get4:

4 With the specifications of the functions in the sequel oí this chapter the remaining
ratios turn out to be parameter values of the functional forms chosen.
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t-~ N.f
U~rNt VpP~ctLt a(1 - vt) VPNNt

u ~~v IJ~ct Nt Ií't ~ f~r - VP 9N~
(4.19)

p-~-~ lU~NNt
ut - 1 - ~ - gN (4.20)

~~ ~ U~~ct

ctLt - (1 - a)(~ } ~) ~ ~utIit a

~-a 1 - vt ~-~ht.Lt - (~ a ~) 1 (u )( )-~
t t

These equations together determine the steady state of the model. The
long-term growth rate (of capital) can be determined by substituting
equation 4.14 and equation 4.20 in equation 4.17. We arrive at:

p - ~ - ~ U~N Nt
9x - ~ f a - g1v (4.21)

U~~ct

Because of the definition of balanced growth, we have a constant growth
rate gN, either zero or, as before, a function of vt.

4.3 Environmental Care and the Growth Rate

Two types of analyses are considered - a long-term analysis and a short-
term analysis. We start with the long-term analysis and use several
specifications for nature growth. The first is one where nature is allowed
to grow forever, but this is likely to lead to an unstable steady state.
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An alternative is one where there is a natural upper limit to nature
growth. A number of difFerent specifications are also chosen for the
utility function. A linear additive and a multiplicative utility function
are analysed further. Finally, a short-term analysis is carried out to show
that it is possible to have a(short-term) growth rate which depends on
the strength of environmental care. This influence can be both negative
and positive.

4.3.1 Long-term Analysis

The long-term growth rate of the economy has already been derived,
see equation 4.21. With a linear additive utility function (U~N - 0)
the long-term growth rate of the economy is equal to ~r -~ P-ó- . The
marginal utility of consumption does not depend on the level of nature,
or equivalently the appreciation of more consumption is not influenced
by the level of nature. For instance, the following linear additive utility
function has a cross-effect which is zero:

U(ct~ Nt) - log(ct) } u(Nt)

where o-~--1. Growth in the economy equals ~- p and is
clearly independent of any parameter with respect to nature in the utility
function, so gh does not depend on these parameters. Therefore, in the
long-term, these parameters cannot have an influence on growth in the
economy. From the equation for gh-, we conclude that for the growth
rate to depend on these parameters it must be true that U~N ~ 0 and
g~v -~~ 0. This last expression means that nature indeed changes
(gN ~ 0). Because of U~nr ~ 0, we know that the marginal utility of
consumption then changes as well. These are necessary conditions for
the growth rate to depend on the strength of environmental care.

What is the reason for the growth rate being influenced only by envi-
ronmental care if the level of nature changes and the marginal utility of
consumption depends on the level of nature? For this we have to look
more closely at the first order conditions derived earlier. The equation
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~-l~~ - 0 is the one we have to look at. To be precise, equation 4.6. This
equation states that optimally we equate the costs and benefits of trans-
ferring one unit of ut from human capital accumulation to production:

Oh Kt (1 - cr)(utHtLt)-aHtLt(1 - vt) - ~i~Ht~

The value on the right side is the cost of having one unit less of ut (or
Ht~) valued at its shadow price OH. The benefits of this extra unit of
ut in production result in more consumption and this is shown by the
value on the left. This value is measured in terms of the shadow price
of capital (Oh ) which is equal to the marginal utility of consumption
divided by the labour force (U~~Lt, see equation 4.5). If U~ depends on
the level of nature, the value of the optimal level of ut also depends on
the level of nature. The growth rate of the economy depends on ut, and
depends, therefore, also on the level of nature. For U~ to change because
of Nt it must be due to Nt changing and, therefore, gnr -~-~ isN~ - N~
nonzero.

To have a growth rate which is influenced by the strength of environ-
mental care we could have taken the following specification of V(.):

Nt
Na - V(Nt,P(vt)) - ~p(vt) (4.22)

with ~~ 0. The level of flow pollution determines the speed at which
the level of nature improves over time. Van der Ploeg et al. (1993)
use a similar equation in their Rebelo-based model. Abatement lowers
the level of flow pollution and this in turn has a positive influence on
the rate at which nature improves. In this equation there is no `carrying
capacity'-term (Clark 1976). Unfortunately, this formulation (probably)
does not lead to a locally stable steady state. It is very difficult, if not
impossible, to find a set of parameter values as shown in Appendix H,
which result in a steady state which is locally stable.
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Model by Van der Ploeg et al.

For the Rebelo model used by Van der Ploeg et al. (1993), the long-
term level of nature will be rising to infinity if the steady state value of
abatement over total product (vt) is between zero and one - but there
is not a steady state with a constant positive ratio of consumption over
capital. The only possible steady states are with a ratio of consumption
over capital which is zero and the steady state value of v is between zero
and one (including the two boundaries). To show that this is the case
let us look at the model with a linear technologys:

max fó e-ptT Ct`Nt N dt
Ci,v~

s.t. Kt - alit(1 - vt) - Ct Ko is given
1Vt - Nt~vt No is given

For this model we can set up the Hamiltonian and derive the first order
conditions and from these derive a system of differential equation for the
ratio Ct~Iít (denoted by Xlt) and vt (both of which will be constant in
the long-term. For details, see Appendix I):

~
Xit-Xit(P wwNivt -a(1-vt)ww~ 1 fXit)

~ ~ (4.23)

vt - vt 1 1~.Ylt(1 - wN áyv~-1) (4.24)

The steady state values for Xl t and vt are denoted by XI and v and
they are:

1
Xl - 1- w(P - a(1 - v)w~ - wN~v~)

~

SHuijberts provided helpful comments while carrying out this analysis.
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and

~7 wN 'v - (--~~-7
a w~

For an economic viable solution these steady state values have to be
positive and this leads to a number of restrictions on the allowed set of
parameter values. The Jacobian matrix of the system of equations 4.23
and 4.24 is also derived in Appendix I:

0 hlJ- L Xl 0 J

As can be readily seen, the eigenvalues of this Jacobian matrix are both
equal to Xl() 0). They are both positive and the steady state with a
positive Xl t is locally unstable. To show what is going on let us draw a
phase-diagram for one particular case. The following parameter values
are used: p- 0.12, a- 1.1, y - 0.5, ~- 0.6, wc - 0.05 and wnr - 0.15.
The equation for vt - 0 is vt - v, so this is a horizontal line in the v-Xl-
plane. The line Xl t- 0 is iven b X -p}~"N~vy w~

g Y ~t - w~-~ `-~- a(1 - vt)w~-~.
These curves are displayed in the following figure:
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vt Xit-O

X1

Figure 4.1: Phase diagram of the model by Van der Ploeg et al.

From the arrows we see that the steady state given by Xl and v is indeed
unstable. The best that can happen is to start somewhere in areas I
and III and end up on the Xl t - 0-axis and have a value of vt between
zero and one. The purpose of the economy is merely to supply resources
for nature to grow. Because Xl t tends to zero in the long-term, capital
will grow faster than consumption. Capital is being accumulated, not to
provide future consumption, but to let nature grow. We can conclude
that consumption and nature are very good substitutes (see also the
discussion at the end of Appendix H).

It is possible for a certain starting point to end up with a v of one.
So this time there is no investment in capital, all resources are used
to have a growing level of nature. With a Xi t of zero in the steady
state, the level of capital will become zero, due to consumption. For the
Xl t- K to go to zero, the level of consumption decreases faster than
the level of capital. Again, we have that nature is a good substitute for
consumption.
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It is also possible to have a steady state with vt - Xl t - 0 in the long-
term, but this is not an economically viable solution. If vt is zero in the
long-term, the level of nature will be constant in the long-term. With a
Xl t of zero we have either a lower growth rate of consumption compared
to capital or capital will become constant and consumption will be zero;
but both these cases are not economically viable either because the stock
of capital will become larger and larger compared to consumption, or
because there is a positive amount of capital, but no consumption. Both
cases are not desirable.

All other remaining cases are either not realistic (capital growth is higher
or lower than consumption growth) or not attainable (the vt will be
larger than one in finite time). The overall conclusion is that it is possible
for the economy to end up in an economic viable solution only for certain
initial starting points. The purpose of the economy is then to supply the
resources for nature to grow. Nature apparently is a good substitute for
consumption. For all other starting points there is no economic viable
solution.

The Rebelo model together with equation 4.22 leads to an unstable
steady state in some cases. It seems that the Lucas model together with
equation 4.22 has the same problem. It is only much more difFicult to
show, as has been done for the Rebelo model, that this actually happens.

The Model used in the sequel

For economic growth to be influenced by care for the environment, the
conditions mentioned earlier are that the marginal utility of consumption
depends on the changing level of nature. The following utility function
which is multiplicative and concave in (ct, Nt) makes sure that the second
condition is satisfied:

U(ct, Nt) - 7ct`Nt N (4.25)

Two cases can be distinguished. The first with T~ 0, 0 C (w~, wN) G 1
and w~~wN G l, leads to a positive cross-effect of nature on the marginal
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utility of per capita consumption U~N ~ 0. If T C 0 and w~ and wN are
both smaller than zero, we have the second case with a negative cross-
effect (U~N c 0). The a(- ~) for this utility function is w~ - 1. A~
changing level of nature occurs ( in the short-term) when the following
function V(.) is used:

v(Nt, P(~t)) - Nt(~ - P(~t)Nt) (4.26)

where ~c ) 0. Nature evolves according to a logistic growth curve (Clark
1976). Low initial levels of nature result in a positive increase in nature,
while high initial levels of nature result in a decrease in nature. In
the long-term, nature will be stationary at some particular value which
is also influenced by the level of flow pollution, to be precise ~~P(vt).
This is termed the carrying capacity or saturation level of nature (Clark
1976). The flow of pollution is taken to be vt~ and, therefore, depends
negatively on the level of vt. A higher value of vt means that more
resources are used for cleaning up (abatement) and the flow of pollution
decreases. For the flow of pollution function to be convex, ry has to be
positive. The specifications given by equations 4.25 and 4.26 for the
functions U(.) and V(.) will be used in the sequel of this chapter.

Equation 4.26 can be transformed in terms of stock and flow pollution,
if one defines (the quality of) nature as the reciprocal of the stock of
pollution St, so Nt - 1~St. We get:

St-P(vt)-F~St-vtry-F~St (710~1~10)

Now the change in the stock of pollution is equal to the flow of pollution
minus natural cleaning, which is assumed to be proportional to the stock
of pollution (Van der Ploeg and Withagen 1991). With this specification,
the value of the stock of pollution will be constant in the long-term. This
can be seen if one looks at the differential equation for St and notices
that if vt is constant, the value of St will approach a constant value
in the long-term. Therefore, the level of nature will also be finite and
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constant. The reason for this result is that there is abatement in this
model.

With nature instead of stock pollution it is possible to specify concave
utility functions that either have a positive or a negative cross-effect of
nature on the marginal utility of consumption. This is not possible for
the model under consideration if we cast it in terms of stock pollution.
A specification which allows for balance growth is U(ct, St) - Tct`StS,
where St is now the stock of pollution. It is possible to have a positive
cross-effect, but a specification with a negative cross-effect is impossible.
For the latter case we must at the same time have U~ ) 0, U~~ G 0,
US G 0, Uss G 0 and U~S C 0. This is impossible with the specification
of the utility function just given. There is no combination of T, w~ and
ws that can satisfy these conditions simultaneously.

In Appendix J it is shown that the steady state is a locally stable steady
state with the specifications of U(.) and V(.) as in equation 4.25 and
4.26.

4.3.2 Short-term Analysis

In the short-term, the following equation which gives us the general
short-term growth rate of the economy is valid (see equation 4.16):

1-~ H~L~ 1-ap - ~r - aut ( h~~ ) (1 - vt) f (1 -~ Q)~r U~NNt
9~ - 9No (-U~~)ct

If the initial level of nature is lower than its optimal value, nature would
increase monotonic over time and would end up at its optimal level.
During the transition period the level of nature is changing and if care
for the environment changes, this will have an effect on the growth rate
of the economy. Whether this efFect is positive or negative depends
(among other things) on the sign of the cross-effect of nature on the
marginal utility of nature (U~lv)6.

s With a linear additive utility function there can also be growth effects in the
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The relationship between care for the environment and the resulting
growth rate is determined by the sign of the term preceding the growth
rate of nature, U~NN` Because U(.) is a concave utility function, U~~(-U~~)~c .
is negative. Therefore, the sign of the term is determined by U~~r or

equivalently the sign of the cross-effect of nature on the marginal util-
ity of consumption. If the cross-effect is negative, an increase in nature

lowers the growth rate of the economy and the opposite conclusion ap-

plies if the cross-effect is positive. The overall effect is also influenced by
the change in ~t, h and vt. Neglecting the influence of nt, h and

vt, if the cross-effect is negative, an increasing level of nature exerts a

negative effect on the growth rate of the economy. For the model under

consideration we can set up its discrete time equivalent and trace out
the time paths of the variables and determine the growth rates of capital

and per capita consumption to see that this actually happens.

We follow the same line of reasoning as in Section C when setting up
a discrete time formulation of the continuous time model. The specifi-
cations of U(.) and V(.) (as in equations 4.25 and 4.26) are used. The
time horizon has to be finite and we assume that, at the last time period
considered, the economy is in a steady state. This is only true approx-
imately, but if a long enough time horizon is taken the error made will
be negligible. By assuming that the steady state is reached in the last
time period considered, utility in the last time period can be adapted
such that it represents the infinite sum of utility levels from that time
period onward. A number of extra constraints are added to the model
to guarantee that the steady state is indeed reached at the last time
period. The time paths of the variables of the discrete time model are
determined using GAMS (Brooke, Kendrick, and Meeraus 1988).

Two separate cases are considered, the first is the case with a utility
function with a negative cross-effect between the marginal utility of con-
sumption and nature and the second case is one in which this cross-effect
is positive. For both cases considered, the initial levels of capital and
labour are arbitrarily chosen to be 3 and 1 respectively. The initial levels
of the other two stock variables (human capital and the level of nature)

short-term, but then only due to changes in uc, h~ and vc.c
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are arbitrarily chosen to be 5~ below their starting levels if there was
balanced growth from t- 0 onward. Inspection of the numerical results
(presented later) shows that with a time horizon of 50 years the error
made (assuming that the model is in a steady state in the 50th period) is
negligible for both models. The discrete time formulation of the model
is:

maX E~0 (-~)t TCw`NwN
~t~~~,u~ 1fP t t

s.t. Iít~i - lit - I~t (utHtLt)1-a(1 - vt) - ctLt Iío is given
Htfi - Ht - ~Ht(1 -~t) Ho is given
Ntti - Nt - Nt(N~ - P(vt)Nt) No is given

For this (infinite horizon) model, the steady state values follow from
setting up the discrete time Hamiltonian and applying the Maximum
Principle (Feichtinger and Hartl 1986). Analysing the model as in Ap-
pendix D, the steady state value for ut (- i~) is:

1 1 1~- p ~
~t-1~~-~((lf~)(1-~~r))a

The long-term growth rate g is then:

g-(lf~r)QÓ1(1~~)á-1

The steady state values of the ratios h,`h and vt (denoted by
Xl, X2i and v, respectively) follow from solving the following three
equations:

1 f ~xul-a(X~)1-a(1 - v) - (1 f~)(1 ~~)

1 f ul-~(Xl)~-a(1 - v) - X2 - (1 -~ rr)Q~' ( i } ~ )á



CHAPTER 4. MULTIPLICATIVE UTILITY AND THE
108 SHORT-TERM GROWTH RATE

1 1~- p ~ 1
1 f ~((1 ~ ~)(1 -~ ~))v

- 1 -
~ f ~fzyXzv-i~~-i(Xl)a-i

The time paths of the variables of the discrete time model can now be
determined. We start with the negative cross-efFect.

Negative Cross-Effect

For the negative cross-effect (U~~v C 0), the following parameter values
are used: p- 0.040, ~r - 0.025, a - 0.200, ~- 0.020, y - 0.500, {~ -
0.050, T--1.000, w~ --0.400, wN(low) - -0.400 and wN(high) -
-0.450. If there is more environmental care (wN - wN(high)), the re-
sulting levels of physical and human capital are lower, as are the levels
of consumption and investment. There are now less resources available
for consumption and investment. In the following figure we see that pol-
lution is lower and the level of nature is higher. The value of vt is higher
because more is spent on abatement, and more time is spent producing
(higher value of ut) resulting in a lower growth rate of the economy.
Because of the lower consumption desire, there is not much need for
high levels of capital to provide the economy with the opportunity to
consume at a high rate in the future. As a result of this, people do not
want to invest more time in studying, because this would lead to a high
level of capital in the future.
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Flgllre 4.Z: The time paths of flow pollution P~, nature Nt, proportion of available

time spent producing u~, and v~ (nu), are depicted for the case with a negative cross-effect

(U~N G 0). The solid line corresponds with a low (negative) value of wN. The dashed line

is with a higher (more negative) value of wN corresponding to the case with more care for

the environment.

Finally, to ascertain the effect of care for the environment on the growth
rate, the following figure shows the growth rates of consumption and
capital. Clearly, the growth rates are lower if there is more care for the
environment. If nature improves, this leads to lower levels of marginal
utility of consumption. Consumption and nature are substitutes.
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Flgure 4.3: The growth rates of per capita consumption g(c) and capital g(K) over time

are depicted for the case with a negative cross-effect (Uc1y ~ 0). The solid line corresponds

with a low (negative) value of w~r. The dashed line is with a higher (more negative) value

of wN corresponding to the case with more care for the environment.

Positive Cross-Efïect

The parameter values for the case with a positive cross-effect (Uc1v ~ 0)
are: p- 0.040, ~r - 0.025, a- 0.200, ~- 0.020, -y - 0.500, ~c - 0.050,
T- 1.000, w~ - 0.400, wnr(low) - 0.400 and wnr(high) - 0.450. If
there is more environmental care, more resources are used for cleaning
up and the levels of consumption and capital are lower; but due to the
improving level of nature, the desire for consumption increases and the
growth rate of consumption (and capital) can increase. From the next
figure we conclude that there is more abatement (vt is higher), resulting
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in a lower flow of pollution and a higher stock of nature. The value
of ut decreases, so less time is spent producing and more time is spent
studying, resulting in a higher growth rate of the economy.

2
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P 1.9

1.85
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Figure 4.4: The time paths of flow pollution Pi, nature Ni, proportion of available

time spent producing u~, and vr ( nu), are depicted for the case with a positive cross-effect
(U~N ~ 0). The solid line corresponds with a low ( positive) value of w~r. The dashed line is

with a hiAher ( more positive) value of wN corresponding to the case with more care for the

environn~rnt.

Because of the higher consumption desire, it pays to devote a larger
proportion of available time to studying because that leads to a higher
stock of capital and higher consumption levels in the future. If the cross-
efFect of nature on the marginal utility of consumption is positive, more
care for the environment exerts a positive effect on the growth rate of the
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economy. We would expect that an improving environment could lead
to higher economic growth, which is correct if one looks at the following
figure:

Flgure 4.5: The growth rates of per capita consumption g(c) and capital g(K) over time

are depicted for the case with a positive cross-effect (U~N 1 0). The solid line corresponds

with a low ( positive) value of wr.. The dashed line is with a higher (more positive) value of

wN corresponding to the case with more care for the environment.

The growth rates of consumption and capital increase for this parameter
set. Consumption and capital start at a lower level, but they increase
at a faster rate. The growth rate increases despite more use of resources
to improve the environment. If nature improves, this leads to higher
levels of marginal utility of consumption. Consumption and nature are
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complements. In a cleaner environment people enjoy consumption even
more and it pays to invest in capital to have higher future levels of
consumption. This situation is termed a`Win-Win' situation (Van der
Ploeg et al. 1993), because we have an improving environment, the
growth rate of nature increases, and we have at the same time more
economic growth.

4.4 Conclusions

The model studied in this chapter has the following features. It is based
upon the Lucas model with three types of capital: physical, human
and natural capital. There is abatement to counter the effect of flow
pollution, and growth of the stock of nature is limited in the long-term
by the carrying capacity of nature. This is different from Michel and
Rotillon (1995) and Van der Ploeg et al. (1993). They both consider the
Rebelo model and in Michel and Rotillon's model there is no abatement7,
whilst in the model of Van der Ploeg et al. there is unlimited growth of
nature.

The main conclusion based upon the analysis carried out in this chapter
is:

For realistic results we have to include a`carrying capacity'-term in
the equation describing the temporary evolution of nature. Care for the
environment then only has a short-term influence on economic growth.

Another main conclusion is that:

The conditions under which environmental care has an infiuence on the
long-term economic growth rate are that the level of nature should not
be constant and should infiuence the marginal utility of consumption.

Only then is the growth rate influenced by the strength of environmental
care. For this, both the functional form of the utility function, and the
specification of the function describing the temporary evolution of nature

~See the remark on page 90.
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are crucial. It turns out that:

~ If we have a linear additive utility function, environmental care
cannot have any influence on (long-term) economic growth.

. If we include a so-caUed `carrying capacity'-term in the equation
describing the temporary evolution of nature, we end up with a
constant level of nature in the long-term and again (long-term)
economic growth is independent of environmental care.

In the short-term nature can change and then it is possible that growth is
influenced by care for the environment. Only if we use a relatively unre-
alistic assumption long-term growth can be influenced by environmental
care. If the level of nature improves continuously over time, and the
flow of pollution determines the speed at which this happens, growth is
influenced by concern for the environment, but then there is no real en-
vironmental problem. The environment will get better in the long-term,
only the speed at which this happens is determined by consumers.

It was shown numerically that:

If the cross-e,,~`'ect of pollution on the marginal utility of consumption is
negative, in the short-term (when the long-term steady state outcome
has not yet been reached), economic growth can decrease if concern for
the environment increases.

If the cross-e,,Q`ect of pollution on the marginal utility of consumption
is positive, in the short-term, growth can increase if concern for the
environment increases.

A more general conclusion is not possible, because this result also de-
pends on the outcome for vt, ut and the ratio K. If nature improves
over time and we have a multiplicative utility function, the value of
the marginal utility of consumption will change. It either increases or
decreases depending on the sign of the cross-effect of nature on the mar-
ginal utility of consumption. A positive cross-effect can be interpreted as
follows: If there is more nature, the appreciation of more consumption
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increases, so only with a high level of nature will consumers care about
additional consumption. If the level of nature is low, more consumption
is less appreciated - or equivalently, the more (stock) pollution there
is, the less one cares about extra consumption. A negative cross-effect
means that if the level of nature is high (a low level of stock pollution),
additional consumption is less appreciated - or, if the level of nature is
low (a high level of stock pollution), more consumption is highly appre-
ciated.

It is a matter of personal opinion on how one reacts to more consumption
depending on the level of nature (stock pollution). I personally would
not be very happy with a clean loaf of bread if the environment is heavily
polluted (low level of nature), because I do not think it matters much,
even though I have one extra clean loaf of bread. So my cross-effect is
positive, but it is imaginable that other people would be very glad with
this extra unit of bread, so their cross-efFect is negative.

If growth in the economy increases and there is at the same time an
increase in the level of nature we have a`Win-Win'-situation, because
we gain with respect to both economic growth and the environment. If
one is setting up an environmental growth model, this chapter can be of
use if one tries to avoid setting up a model with a predictable outcome.

One of the models in the previous chapter also dealt with a model based
upon Lucas; only then we had stock pollution, and in this chapter we
have the stock of natural capital. A stock pollution and a stock of
natural capital may seem to be comparable, but it turns out that it
is not a trivial choice to decide which specification is chosen, because
it matters with respect to the specification of the utility function. A
negative and positive cross-effect is only possible with a stock of nature,
not with a stock of pollution, so one should carefully choose between
them and be aware of the consequences. In the long-term, the stock
of natural capital or stock of pollution is constant - at what level is
decided by the preference of the consumers, and in both cases there
is no influence of the preference for a clean environment on the long-
term growth rate. The reason for this is that, with a constant level
of stock pollution or stock of nature, the utility function becomes a
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utility function dependent only on consumption. The parameter with
respect to stock pollution or natural capital does not play any role, and it
does not matter whether the utility function is linear additive (Chapter
3) or multiplicative (Chapter 4). The constant stock of pollution or
constant stock of natural capital only introduces a constant factor in
the utility function, so the long-term growth rate is independent of the
preference for a clean environment. With the models based upon Rebelo
this was quite different, there we indeed have an influence of care for the
environment on the long-term growth rate. The reason for this is already
discussed in Chapter 3.

The flow of pollution function in Chapter 3 is P- P(K, A) -(~)-~
and in Chapter 4 it is P- P(Y, A) -( Y)-~. The reason for this is to see
what effect a different specification of the flow of pollution function will
have on the model's outcome. We know that the level of total product
divided by the capital stock is constant in the long-term8, because the
u and hL are constant in the long-term, so after examining the results
of both chapters, we conclude that the flow of pollution functions in
these chapters are proportional to each other. The stock of capital is
the source of flow pollution, or it is total product. The `economy' leads
to certain values for u, HL and h, while the `environmental sector' leads
to a certain value for ~ or Y, and this leads to a certain value for the
flow of pollution P. The results of these chapters, therefore, turn out to
be comparable, although the aims of both chapters are quite different.
Chapter 3 is on welfare analysis and Chapter 4 is on model specification
and its consequences for the model outcome.

BThis ratio is Y~K - Ka(uHL)1-a~K - ul-"( xL )1-a
Íí



Chapter 5

Non-Optimal Instruments
and their Consequences

Having looked at the choice of model specification and the consequences
of this choice on the possible outcomes of a model, we now turn to
issues related to government behaviour in a setting where there are ex-
haustible resources and pollution. This chapter looks more closely at
the consequences for an economy if the government sets its (environ-
mental) instruments at constant long-term values because of limitations
in the political decision process and because of high transaction costsl.
The model considered is an endogenous growth model, where there is
learning-by-doing in production, and, therefore, increasing-returns-to-
scale (IRS), and there is also an exhaustible resource which provides
productive services (in the table of page 29 this model is referred to by
the entry `Vellinga (Chapter 5)'), but the use of capital also leads to
pollution which accumulates in the environment. To internalize these
two external efiects the government imposes a tax on the capital em-
ployed in the economy. The command optimum and the decentralized
outcome are compared to see what effect a constant tax rate has on the

1This chapter is based upon Vellinga N., 1998, Exhaustible Resources, increasing-
returns-to-scale and Pollution: Second Best Solutions, Mimeo Wageningen Agrícul-
tural University.
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variables of the model. Is the decrease in pollution more severe or does
this governmental behaviour lead to a less stringent policy to fight pol-
lution? Imposing constant tax rates could result in the situation that
the steady state is not reached in the long-term - but if it is reached,
how high are the costs due to the limitations the government is subject
to? This chapter deals with these issue in more detail.

5.1 Exhaustible Resource, Increasing Returns
and Pollution

A number of authors have considered several forms of technological
progress to look more closely at the issue of exhaustibility as a pos-
sible constraint on the economy's growth potential (see Dasgupta and
Heal (1974), Stiglitz (1974), Solow (1974) and Chiarella (1980)). Kamien
and Schwartz (1978) consider endogenous technological change brought
about through investments in Research and Development, and their mo-
del is an extension of the model by Dasgupta and Heal (1974). In this
chapter we consider an economy with an exhaustible resource (which is
extracted at no cost) - the amount extracted being used as an input to
production alongside physical capital. The output of production is ei-
ther consumed or used for investment in physical capital. It is assumed
that there is learning-by-doing in production (Romer 1986). People
learn to perform a task better the next time it has to be performed.
The strength of this learning-by-doing effect is a function of capital, so
we have an endogenous growth model with possibly increasing-returns-
to-scale. More on this will be said in the sequel of this chapter. As
opposed to the form of technological progress of Kamien and Schwartz,
the technological progress in this chapter is unintentional.

To allow for a feasible decentralized outcome it is assumed that learning-
by-doing is an external effect. Firms may be aware that there is learning-
by-doing, but they do not act accordingly. They do not invest more in
physical capital because if they did, the gains would (automatically)
spread evenly among all firms in the economy, leaving only a small por-
tion to themselves. There is now a role for a government to subsidize the
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accumulation of physical capital, but at what rate should the govern-
ment set this subsidy? Because of the political decision making process
it may not be possible to have varying levels of subsidies over time. It
can be expensive to have varying subsidy rates over time. Legislation
will have to be changed more frequently, which is rather costly, and this
is true, not only for the legislator, but also for the inhabitants of the
country because they will have to adapt their behaviour in response to
changes in subsidy rates - therefore, transactions costs will increase. It
may also not be possible to have varying subsidy rates for a long time pe-
riod, because of elections being held every four or five years. In practice,
there are very few subsidies which change over time, so the government
decides to set the subsidy rate at a constant value, for instance at the
long-term steady state value. Withagen and Toman (1996) consider
constant tax rates, but in a different setting with a stock of pollution
and two types of technology processes, a clean and a dirty process. The
long-term value imposed by the government is the value corresponding
to the subsidy rate when the economy is in a steady state, but what
effect will this have on the paths of consumption, investment and ca-
pital over time? The (constant) subsidy rate might be set too high or
too low initially and the trajectory of the levels of consumption, capital
and pollution would not be the optimal trajectories - so in effect, we are
considering second best outcomes.

Also, what would happen if there was in addition a negative external
effect? Production could lead to pollution. See Forster (1980), who
considers an exhaustible resource and pollution, but without production.
The firms using capital do not take the detrimental effects of pollution
caused by capital into account when they decide how much capital to
hire. This time a tax on capital is called for. Again, the government
sets a constant tax rate because this is the best it can do.

The government on the one hand has to subsidize capital and on the
other hand tax capital, if both external effects are considered. The flow
of pollution is assumed to originate only from the use of capital, to make
the calculations not unnecessarily burdensome. The discrete time paths
of the variables are determined for a model with the two mentioned
external effects. The command optimum is determined in Section 5.2.
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The corresponding decentralized outcome with the long-term tax rate
imposed by the government is determined in Section 5.3 and this tax
rate is the sum of the aforementioned tax and subsidy on capital. Both
outcomes are compared in Section 5.4 for only one set of parameters - in
Section 5.5 this comparison is carried out for a number of parameter sets
to derive more general conclusions. Section 5.6 concludes this chapter.

5.2 Command Optimum

The following model is used (the model is in discrete time because nu-
merical calculations will be performed in the sequel of this chapter):

C~AaR ~ ~ioo ( ifv)t [log(Ct) - 1~St t~G~

s.t. litfi - h~t - It
Yt - Qt~~i Ri-a
Yt-CtfAtflt

Ko is given

Xt~l - Xt --Rt Xo is given
St~l - St -~K~At p - bSSt So is given

where Qt represents the learning-by-doing effect, which is a function of
the capital stock, according to Qt - Kt . The idea behind this is that
the more capital you employ, the better you know how to utilize this
capital. Over time you learn to use this capital more efficiently. The
central planner takes this external effect into account, whereas economic
agents do not. The linear additive utility function depends positively
on consumption Ct and negatively on the stock of pollution St. The
parameters ~ and ~ are positive, as is the rate of time preference p. The
central planner also takes the effect of the stock of pollution on utility
into account. The first difference equation is the definition of investment
It. As shown in the second constraint, the production function is a Cobb-
Douglas production function (with 0 C a C 1), where total product Yt
depends on the external effect, on capital and also on resource extraction
Rt. Total product is used for consumption, abatement At, and invest-
ment, according to the third constraint. Resource extraction is shown in
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the fourth difference equation, where the stock of exhaustible resource is
denoted by Xt. Pollution (as a flow) is assumed to originate from the use
of capital as shown in the fifth difference equation ( the term ~IíQAt~)
and abatement counters the effect of flow pollution. The stock of pollu-
tion is partly neutralized by nature at a rate proportional to the stock
of pollution. The rate of proportionality is bs. It would be more realis-
tic to model this natural cleaning as a function of, for instance nature,
but this would only complicate matters. The discounted infinite sum of
future utility levels is maximized with respect to the three instruments,
consumption, abatement, and resource extraction.

Because we are considering the command optimum, the positive external
effect is taken into account by the central planner. The production
function becomes Kt } ~Rt -" and has increasing-returns-to-scale. We
now have to determine the steady state for this model. The steady state
follows from the following equations (for details see Appendix K):

P
9R-9x--1}

P

R p
(X) - l f P

~-a
9x-9c-9A-(1fP)Q}Y-1 -1

The ratios ( K), (~~-~- ) and Ií'"fry-1 Rl -" follow from solving the following
three equations:

K"f7-iRi-"-(h)-(~)-(l~p)af7~~ -1
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-a(lt~)-i
p f bs - ~QC1f~Gbs~(K) (h ) (5.5)

(1 -F p)~~ - 1 f (a f y)K~f7-iRi-a - (~) (5.6)

They have to be solved numerically, because an explicit analytical solu-
tion cannot be obtained. It should be noted that the production function
is not concave due to a positive ry. To have decreasing marginal returns
on capital and resource use, it is required that a-}- y C 1. Equations
5.4 and 5.6 then imply h'at7-1R1-a(1 - a- ry) G~ for all the ratios
to be positive. The steady state value for the stock of pollution is only
dependent on the ratio h, according to:

A -~
S - ós(K)

5.3 Decentralized Outcome

In this section the decentralized outcome will be determined. There
are consumers, a government and three types of firms in this economy.
There are output producing firms and mining firms. The consumers
are the owners of the stock of both physical capital and exhaustible
resource, and are also the owners of all the firms - so consumers receive
the profits made by these firms. One could say that consumers sell the
total capital stock to the output producing firms; these firms issue shares
and with these shares they pay the consumers for this stock of capital.
Because the consumers own the shares, they are entitled to the profits
made by the firms. Mining can be done at no cost and the resource
extracted is sold to the output producing firms. All firms are assumed
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to maximize profits at every instant of time. The output producing firms
do not take the external effect of pollution on utility into account, nor
the learning-by-doing effect of capital in production. Therefore, there
is a role for a government to internalize these two external eífects. The
government taxes the output producing firms for every unit of physical
capital used in production. This tax is a net tax, consisting of a real tax
on capital to internalize the external effect of pollution, and a negative
tax (subsidy) on capital to internalize the positive external effect of
learning-by-doing. The tax receipts are partly used for abatement and
the remaining part is returned to the owners of the firms, the consumers.
The firms are partly `subsidized' (the above mentioned negative tax) and
this amount is paid back to the government by the consumers. They are
charged a lump sum tax in an equal amount to this `subsidy'. This lump
sum tax is to avoid having consumers take this tax into account when
making their decisions. Because the `subsidy' to the firms and the tax
on consumers are equal in amount, there is no real gain to be made from
the subsidy, but the subsidy is such that these firms and the consumers
behave exactly like the government wants them to behave.

The government runs no deficit or surplus. The excess of receipts over
expenditures is spent on abatement, which counters the effect of flow
pollution originating from the capital used in the economy. Schemati-
cally, we have:
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Figure 5.1: Decentralized Model

Profits are denoted by IIt and for the nopf output producing firms is
equal to:

D~utput -~~oi Qt~~~tR~t a- rthjt - ri' h~jt - pRR~t

where rt is the reward for capital and pR is the reward for every unit of
exhaustible resource used as an input to production. Because there are
many firms, each firm individually does not take the external effect of
Qt on its own production level into account. For every unit of capital
employed, output producing firms are taxed in the amount of rK. Fi-
nally, each of the n,nf mining firms (which are all equal) maximizes the
level of profits over time discounted at the rate of rt:
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t
max E~o (~ 1~ r) pRR~tRi ~

These profits are maximized subject to the constraint:

X~;tfi - Xti; t - -R:t
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which states that the resource stock of mining firm i is depleted and
the amount extracted (R;t) is sold at a price pR to the output produc-
ing firms. The sum of the profits (Ezi IImtn`n9) is then transferred to
consumers. The sum of all stocks of exhaustible resources of all mining
firms is equal to the total stock of exhaustible resource:

n
~4ifX:t - n,,,.fX~t - Xt

The sum of R1t of all mining firms is Rt:

nm1
~2-1 Rit - nm f Rit - Rt

Profits of the output producing firms are maximized with respect to the
two inputs, K~t and R~t. The two first order conditions are:

Tt - aQth
~-1R1-~ - TK
,7t ,7t t

pR - (1 - a)Qth~tR~ta

Assuming that all firms are equal we arrive at:
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Tt - aQtnopf a-lh.~t inopf 1-~R~i a- Th

- a n K a-1 ,t.tfirmR, 1-a - Th
Qt( oPf Jt) ( 1t) t

- a h-a-1R1-a - T~Qt t t t

pR - (1 - a)Qtnopf aKjtnopf
-aR~ta

- (1 - a)Qt(nopfh,~t)a(,,,tfirmR~t)-a

- (1 - a)Qth~tRt a

where we have used the fact that nopf~~~t - h~t and nopfR~t - Rt. Using
the fact that Qt is equal to Kt we get:

T - a~1af7-1R1-a ,rK
t t t - t

pR - (1 - a)jíaf~R~ a

As a result of this, the sum of the profits of the output producing firms
is zero. The choice made by consumers follows from the following opti-
mization problem:

cR~ ~~o (ifv)t log(Ct)

s.t. Ktfl - ~~t - Tt~ft ~-
Iltutpuf ~ ~msning - Ct - L STt

Iío is given

Consumers decide which part of their total receipts will be consumed.
The remaining part (after taxes) will be invested in physical capital.

The government runs no deficit or surplus, as the government budget
constraint is:
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Ti{Kt f LSTi - ~1t

We sidestep the problems of imposing a lump sum tax. It might be very
diíficult to impose such a tax because it does not discriminate between
people. Everybody has to pay the same amount, whether somebody's
income is high or low, but because this tax is a lump sum tax, it will
not influence the choices made by consumers.

We can go through the usual calculations of determining the Hamilto-
nian and the first order conditions for the two intertemporal optimiza-
tion problems of the consumers and the mining firms. We first derive the
difference equation for OK (see Appendix L and in particular equation
L.1):

K- K 1~P
~t ~c-i 1} ah.~f7-1 Rt-~ - TK

For the command optimum the equation for the temporary evolution of
Oh~ is (see equation K.4):

lf
~h - ~t~ 11 f a f h~afP~R~-a - A( ?' ) t t ~x~

To make the decentralized outcome equal to the command optimum the
tax rate on the use of capital should be:

TK - At - ~,Kat7-~Rt-a
Kt

This is the only condition to make the solution of the command optimum
and decentralized outcome equal to each other. The purpose of the first
part of this tax is to internalize the effect of pollution on utility, caused
by the use of capital. The second part is the negative tax, or subsidy,
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to internalize the positive external effect of learning-by-doing. So the
larger the positive external effect ( larger value of y), the lower the tax
to output producing firms and the larger the accompanying lump sum
tax on consumers. The term yKt }~-1 Rt -a represents the additional
marginal product of capital, which is disregarded by firms. They only
consider aIí"t } ry-1 Rt -~. So the tax rate is now set at the constant value
( F~) - 7Kafti-lRl-a.

5.4 Numerical Calculations for One Set of Pa-
rameters

To compare the time paths of the variables for the two cases at hand,
the time paths of the command optimum and the decentralized outcome
are determined using GAMS (Brooke, Kendrick, and Meeraus 1988).
Time periods up to t- T are considered where T is sufficiently large
to guarantee that the model is in a steady state at t- T. This is only

approximately true, but if a large enough value T is chosen, the error
made will be small. See also Michel and Rotillon (1994b, 1994a) and
Chapter 3 for a complete discussion of this approach.

The parameter values used are p- 0.01, a- 0.1, ~i - 1.0, Sg - 0.2,
y- 0.01, ~- 0.09, ~- 0.0002 and (- 1.0. The number of years is set
at 40. The initial level of capital (Ko) is arbitrarily chosen to be 10.00.
The steady state values for the three ratios follow from solving equations

5.4, 5.5 and 5.6, and they are: h'"fry-1 Rl-~ - 0.1272, ( h)- 0.1231

and (~) - 0.0141. Finally, from equation 5.2 we get (~)- 0.0099. The
steady state growth rates of capital and the stock of exhaustible resource
(see equation 5.3 and 5.1) are -0.0100 and -0.0099 respectively. The
steady state level of pollution is 354.59 (see equation 5.7). For the stock
of exhaustible resource the initial level should be 99.56 to have balanced
growth from t- 0 onward. This follows from:

Kaf7-1R1-a , 1
X~ - ( k.af7-1 )'-~ r X )

o l
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The initial level of stock pollution should then also be set at its steady
state level, but the initial stock of pollution and exhaustible resource are
arbitrarily chosen to be both 10~o above the values that would prevail
if there was balanced growth from time period t- 0 onward - therefore,
pollution is set at 390.05, while the stock of exhaustible resource is set
at 109.52. A stability analysis is also performed in Appendix M for the
command optimum (George 1988).

The levels of all the variables for the command optimum and the de-
centralized outcome obtained with GAMS, are depicted in a number of
graphs. The levels of capital, consumption, abatement and investment
are in figure 5.2.

,o

K

9

B

O.it

A

0.12

0.1~0

`
10 20 30

t (n ysen)

0.16

10 20 30

-0.02

-0.Ot

i -0.OB

-0.OB0 10 ZO 30 60
t(in yeuq t lin yeus)

Flgure 5.2: The levels of capital, consumption, abatement, and investment over time.

The command optimum is the closed line. The dashed line is the decentralized outcome.

In figure 5.3, we see the level of the resource stock, the level of stock
pollution and the amount of resource extracted. In this figure we also see
the tax rate (rh ). The (approximated) optimal tax rate is shown by a
closed line. With the optimal tax rate the decentralized outcome would
coincide with the command optimum, but the government imposes a tax
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at the constant (steady state) rate, which is depicted by the dashed line.
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Flgure 5.3: The levels of exhaustible resource stock (X~), stock of pollution (S~), resource

use (Ri ) over time, together with the tax rate (tau - rt` ). Command optimum is the closed

line. The dashed line is the decentralized outcome. For tau, the dashed line is the tax rate

imposed by the government and the closed line is the (approximated) optimal tax rate.

From the last figure we see that the tax rate set by the government
is lower than it optimally should be. Consumers are not discouraged
enough to invest in physical capital. As a consequence of this, the levels
of capital and pollution are higher than they optimally would be. The
positive externality is getting too much attention this way. From these
figures it is also clear that we end up in the steady state in the long-term,
despite the constant tax rate that is imposed.

Comparing the consumption and stock pollution levels for the decentra-
lized outcome and the command optimum shows that the consumption
levels are comparable in size, while the stock of pollution levels differ
over time in both cases. Therefore, the utility levels will be different
mainly due to stock pollution.
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5.5 Sensitivity Analysis

The outcome in the former section is for the parameter set used in that
section. This section tries to come up with more general conclusions by
considering ranges of values for all the parameters present in the model.
Each of the eight parameter values is changed by 2.5010, 5010, 7.5~ and
10~, while the other parameter values are the same as in the original
parameter set. The difference between the actual and optimal levels of
stock pollution (tax rate) is then determined. Or:

~decentralized - S command
( ) t f

0 S - Scommand 100~0
t

and for the tax rate:

K decentralized K commandh- Tt - Tt

~(T ) - TR~ command 100~
t

These measures are presented in the figures of this section as delta(S)
and delta(tau). To show that the results found carry over to the case
where other initial stocks of the exhaustible resource and stock of pol-
lution are chosen, a second and third sensitivity analysis is carried out.
The second is where other initial stocks are chosen and the parameter
values are changed in a similar way as just described. The third is one
where only the stocks are changed to see how this influences the results
obtained.

Changing Paranzeter Values

To understand what is going on when parameter values change we first
look at the constant tax rate which is given on page 128 and which is
equal to ( h)-rylíaf7-1R1-a. The influence of a higher parameter value
on this constant tax rate can be determined from the following table:
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Table 5.1: Changing parameter value and the influence on two steady

state ratios.

- hat7-i}~i-a
P
a -
7 -
ós -

f -
~G -
~ -

f -

This table is based upon the steady state outcome determined by equa-
tion 5.4, 5.5 and 5.6. A higher p-value will lead to a higher Ií~fry-1 R1-a-

value and an almost equal ratio h, so the constant tax rate will go down.
The difference between the optimal varying tax rate and this new con-
stant tax rate will increase. The value for 0(rh ) will become more
negative. As a result of a lower constant tax rate, the stock of pollution
will be depressed to a lesser extent, and the level of stock pollution will
rise. This can also be concluded from the following figure:

F1guTe 5.4: Percentage difference between the stock of pollution and the optimal level

of stock pollution ( left figure), together with the percentage difference between the constant

tax rate and optimal varying tax rate (right figure). The p-value increases by 2.5qo ( dotted

curve) up to l001o in steps of 2.Solo.
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The dotted curve is the lowest curve on the left and corresponds to
the case where p increases by 2.5~ . On the right, the híghest curve
corresponds to an increase in p by 2.5P1o. Similar results are also found
for a, y and bs, although for ry the changes are less dramatic as for a.
See also the results in Table N.l of Appendix N where the maximum
values and lowest negative values of these curves are presented for these
and all other parameter values. From Table 5.1 we can conclude that
the same efl~ects indeed occur for these parameters.

By inspecting Table 5.1 we notice that an increasing ~, z~ and ~ all lead
to the same outcome. The ratio h will go up if the value increases of one
of these parameters. More environmental care, higher ~-value, will lead
to a lower stock of pollution in the long-term. The value of I~ atry-1 Rl-a

will go down and as a result of these two changes the constant tax rate
will go up. Stock pollution is depressed even further. For ~ the graphs
are as follows:

Flgure 5.5: Percentage difference between the stock of pollution and the optimal level

of stock pollution (left figure), together with the percentage difference between the constant

tax rate and optimal varying tax rate (right figure). The ~-value increases by 2.5Q1o (dotted

curve) up to 1001o in steps of 2.SoJo.

These results can also be found for ~ and ~. An increasing ~3 also leads
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to a higher constant tax rate. As it turns out, the constant tax rate
is higher than the optimal varying tax rate. The stock of pollution is
rather heavily depressed. The value for 0(S) becomes negative as can
be concluded from figure 5.6:
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Flgure S.Ó: Percentage difference between the stock of pollution and the optimal level

of stock pollution (left figure), together with the percentage difference between the constant

tax rate and optimal varying tax rate (right figure). The ,0-value increases by 2.5010 (dotted

curve) up to 1001o in steps of 2.5qo.

The value for 0(rh~) becomes positive and increases with a higher ~3-
value.

Changing Parameter Values and Changing Initial Stocks

There is also the issue of which initial stock level is chosen for the ex-
haustible resource and stock pollution. The results in Table N.1 are for
the case where the initial stocks are both arbitrarily chosen to be both
f10~ above the values that would prevail if there was balanced growth
from time period t- 0 onward. Other initial stocks could equally have
been chosen and the sensitivity analysis is repeated with other values for
the percentages. The cases considered are: with both percentages equal
to -10~ and the other two cases when one of them is ~1001o and the
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other -10~. The results found in the previous paragraph carry over to
these cases. This can be concluded if one consults the Tables 0.1, 0.2
and 0.3 in Appendix 0. In these tables the values on one row increase
or decrease steadily - the same as in Table N.1. The conclusions already
derived for Table N.1 apply.

Changing Initial Stocks

Table 0.4 in Appendix O shows the results when the initial stock of
exhaustible resource or stock pollution is chosen to be -f-l0~o, f5o1o, Oo1o,
-5~ or - 10~ above the level when there is balanced growth from time
period t- 0 onward. The values in the first row (the difference between
the optimal and resulting level of stock of pollution) decrease with a
lower stock of exhaustible resource and with a lower stock of pollution.
There is after all less stock pollution, or less of the exhaustible resource
that can be consumed leading to pollution. The values in the second row
(the difference between the optimal and resulting tax rate) increase with
a lower stock of exhaustible resource and with a lower stock of pollution.
Both are in accordance with each other. The tax rate in the first number
of columns is lower than it optimally should be and stock pollution can
rise above its optimal level. For the last number of columns it is just
the other way around and the tax rate depresses stock pollution below
optimal levels.

The values in the last column in Table 0.4 (-2.22 and 2.84 for the
changing initial stock of exhaustible resource, and 2.04 and - 2.42 for
the changing initial stock of stock pollution) are the same as the values
in the first column of the corresponding Table 0.1 and Table 0.2. These
values must be the same and this is also true for the values in the first
column in Table 0.4 (2.12 and -2.88) and the values in the first column
of Table N.1. This constitutes a check on the results obtained in this
section.
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5.6 Conclusions

If the government can only set constant tax rates because of limitations
in the political decision making process and because of high transaction
costs, we are in a second best world. To compare the outcome with the
optimal outcome, we compare the decentralized outcome with the com-
mand optimum. A discrete time model is solved using GAMS and the
outcomes are depicted in graphs. There are two external effects, one ne-
gative (pollution caused by the use of capital) and one positive (learning-
by-doing in production). The growth rate is endogenously determined,
first because of the learning-by-doing effect and secondly because of the
extracted resource which is used in production. The government imposes
the long-term steady state tax rate, and the outcome is such that:

The overall level of the tax rate is set too low for the parameter set used
in the beginning of this chapter.

The positive external effect calls for a subsidy, while the negative effect
calls for a tax. The two are combined and it turns out that, for the model
at hand, this tax rate is not large enough. As a consequence of this,
capital accumulation is not discouraged enough. Pollution, therefore,
rises higher than it optimally would be. This is the price the government
has to pay if the government is unable to impose a varying tax rate over
time. The consumption levels for the decentralized outcome and the
command optimum outcome are comparable in size, while the stock of
pollution over time differs in both cases. Utility levels will, therefore,
be different mainly due to stock pollution. The problem of not reaching
the steady state in the long-term due to the constant tax rate poses no
problem for the model at hand.

From the sensitivity analysis we conclude that parameters which have a
negative effect on the steady state ratio h and a positive influence on
lí af-r-1 Rl-a lead to a lower constant tax rate. The stock of pollution
is not depressed that much, and will increase. This is true for the pa-
rameters p, a, y and bs. A higher bs-value means that stock pollution
dissolves at a faster rate. The long-term level of abatement does not
have to be that high to fight pollution. The constant tax rate is linked
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to this long-term value and will not be set that high. As a result of this,
stock pollution will rise to a level higher that its optimal level. For the
remaining parameters there is a positive influence on h and a negative
influence on Ií'a~ry-1R1-a, and the constant tax rate will go up. The
stock of pollution is depressed to a larger extent and its level will go
down. Among these parameters are the parameters which express en-
vironmental awareness, such as ~ and ~, but it is also true for ~ and
Q. A higher ~ or ~-value expresses more concern for the environment
and the level of abatement will increase to fight pollution. The ratio
of abatement over capital will go up in the long-term and because the
constant tax rate is related to this long-term value, it will go up as well
- thereby depressing stock pollution to a larger extent. On the basis of
these results, one could say that we are confronted with the long-term
results even sooner. They already occur in the short-term.



Chapter 6

International Cooperation
to Fight Pollution

In this chapter we look at the international character of pollution caused
by the use of exhaustible resourcesl. Pollution originating in one country
can freely cross borders and afFect the well-being of citizens from other
countries. This chapter looks more closely at this issue and tries to
answer questions like: is it beneficial for countries to cooperate? What
would be the reasons for cooperation?

6.1 Introduction

International policy coordination, to fight pollution for instance, always
leads to a more favourable outcome than if countries do not cooperate (if
the cost of cooperation is zero). More favourable does not say anything
about how much favourable the outcome will be if countries cooperate.
If these gains are small, the incentive to cooperate will be small. And

1 This chapter is based upon Vellinga N., 1998, `Two Countries, Exhaustible Re-
sources and Pollution: Policy-Coordination or Laissez-Faire?', Mimeo Wageningen
Agricultural University.
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the other way around, if the gains are large, the incentive to cooperate
will be strong. This chapter focuses on a number of different situations
to identify in which situations the gains of cooperation are likely to be
small, and other situations where they are large. Then one can more
easily identify situations where cooperation will be lacking and other
situations where cooperation is likely to occur.

If two countries both own a stock of exhaustible resource which is used
up in a finite time span and which leads to pollution affecting both
countries, international policy coordination might be unlikely. The rea-
son why gains from cooperation can be negligible is that if cooperation
calls for lower rates of extraction in earlier years, leading to lower levels
of pollution, the gains will be compensated by higher extraction rates
in later years, and, therefore, higher future levels of pollution. The pos-
itive effects in early years with lower levels of pollution are, therefore,
comparable in magnitude to the detrimental effects in later years with
higher levels of pollution; but this very much depends on the shape of
the utility function of consumers and whether one considers pollution as
a flow or also as a stock.

There is now no physical capital stock. If we would allow for a physi-
cal capital stock this would only complicate matters. The exhaustible
resource could, for instance, be a fossil fuel. The greenhouse effect is,
among other things, caused by the burning up of fossil fuels. Even if
there are no immediate harmful side effects of this burning up, there is
always the build up of carbon dioxide, one of the greenhouse gases, in
the atmosphere. Another property of fossil fuels is that they are limited
in supply. Today's use leaves less for future use. 5uppose that after
a certain time period a backstop technology becomes available which
makes use of this resource obsolete. The backstop technology is avail-
able after a certain time period, so there are no investments necessary in
Research and Development and no choice has to be made on the timing
of these investments (Olsen (1993) analyses these type of investments).
5trdbele and Kuckshinrichs (1988) consider a backstop technology with
uncertain cost. Heal (1976) considers the optimal depletion policy for
an inexhaustible resource with a backstop technology and argues that a
resource is effectively inexhaustible, because it can be available in vari-
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ous grades and at various costs. However, in this chapter we consider a
resource which is truly exhaustible. A choice has to be made on how to
exhaust the resource supply within a finite time span (see also Forster
1980, Chiang 1992, and Withagen 1994).

If two countries each own a certain stock of fossil fuel, they both have to
decide how to exhaust their respective stocks. It might be in the interest
of the countries to shift extraction from the present to the future if use of
the resource leads to pollution. Devarajan and Weiner (1995) consider
a two-period model and show under what circumstances cooperation is
not likely. They first consider the case without a discount factor. Be-
cause each period is equally valued, extraction is equal in both periods
and there are no gains to be made from cooperation. If the discount
rate is positive, they show that this will lead to higher extraction rates
in the present and lower extraction rates in the future. Furthermore,
cooperation leads to lower extraction rates in the present, but higher
extraction rates in the future. Devarajan and Weiner show that the
gains from cooperation are proportional to the discount rate and if one
cares a lot about the future (low discount rate), this means that the gains
are small. They then show that even if one considers stock effects, in
addition to flow effects, the conclusion reached is not altered (the gains
are small and cooperation is not likely). Barrett (1990) considers the
circumstances under which it is likely that countries cooperate in order
to minimize the negative consequences of, for instance, global warming.
He considers why cooperation is likely to fail after a certain time period
of cooperation between the countries involved. He also shows that being
a leader, in the sense that one country starts using a clean technology,
can be counter productive as to what is generally expected. Barrett
(1994) considers international cooperation and shows that when cooper-
ation is most desired, it is less likely to occur. When coordination is not
that necessary it is more easily accomplished. M~ler (1991b) considers
regional reciprocal environmental problems and unidirectional external-
ities. He addresses the issue of what the incentives are to cooperate and
what institutions promote cooperation.

Whether countries want to cooperate or not depends on how each coun-
try values the time paths of consumption and pollution over time. It
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also depends on whether one considers pollution as a flow or also as a
stock (Van der Ploeg and Withagen 1991), and of equal importance is
the specification of the utility function, either as a linear additive or as
a multiplicative utility function. Therefore, several functional forms of
the utility function are considered in this chapter. Cases with only flow
pollution and cases with also stock pollution are considered to show that
it is possible that gains from cooperation can be negligible, but can also
be substantial.

The two countries involved depend on each other because they are as-
sumed to be neighbours and pollution (as a stock or as a flow) can travel
freely through the air to both countries wherever it originated from - but
the two countries are also autonomous in their decisions - each may an-
ticipate what the other might do the next year and set their own policy
accordingly. The problem could be solved by assuming that countries
might deviate in the future from their originally chosen path in order to
increase their level of welfare. The problem can be cast in terms of a
game and a so-called closed loop solution has to be determined (see Van
der Ploeg and De Zeeuw 1992, 1991). In this chapter it is assumed for
simplicity that countries stick to their original policy and we determine
the Nash open loop solution. They will not change their plans on the
basis of information they gain in the future. With a flow pollution this
assumption is not necessary to make, because there, the realized level of
flow pollution originating from both countries might be different than
expected. The best guess about the level of consumption in the future
and the guess about the resulting level of flow pollution will not change
in a future time period from the guess made at the starting period.
Even if the realization is different from these guesses. The error made
estimating the other country's consumption level will not change the
estimate made of the remaining future consumption levels of the other
country. For a stock pollution this is different. There, the realized level
of stock pollution will most likely be different from the guess about the
level of stock pollution. The reason for this is that the other country's
consumption level influences the realized level of flow pollution and ul-
timately the realized level of stock pollution. Therefore, if at a future
time period the country is allowed to change its consumption path it
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would do so because the realized level of stock pollution is likely to be
different from the guess made at the starting period as a result of the
error made estimating the other country's consumption level. With an
open loop solution, optimal control is the appropriate tool to analyse
the decisions made by the countries. If countries do not cooperate, the
Nash-outcome will prevail. The cooperative outcome will prevail if they
do cooperate. For the type of problem at hand, an analytical solution
with explicit functional forms of the time functions of the variables is
very hard to get for all models treated in this chapter. This is pos-
sible only for some simple models. Therefore, numerical solutions are
determined to illustrate the outcomes for the different cases. With the
computer programme GAMS (Brooke, Kendrick, and Meeraus 1988) the
solution of the optimal control model is determined in discrete time.

The next sections deal initially with just flow pollution (section 6.2) and
then, in the following section (section 6.3), pollution is considered as
both a flow and a stock. With flow pollution, we start with the choice
problem of one country which is not influenced by its neighbours and
which does not influence other countries. Then we consider two countries
and assume that pollution originating in one country also influences the
other country. In these sections the same line of analysis is followed.
First the choice problem for one country is considered. This country
does not take into account the consequences of its actions on the other
country. Both countries are assumed equal to make the calculations less
burdensome. The outcome for both countries is determined by looking
at the outcome for only one of them. Then, the countries cooperate
in order to minimize the detrimental effects of the flow (or stock) of
pollution on utility. The two outcomes are compared to say more about
whether cooperation is likely or not.

The case with only flow pollution resulting from, for example, the burn-
ing up of fossil fuels is treated in Section 6.2. This section introduces
the general ideas that are important in the context of international co-
operation. Section 6.3 also deals with stock pollution, so the problem
of this section is comparable to the problem of the greenhouse effect.
In both sections, a linear additive and a multiplicative utility function
are considered to show that the specification of the utility function does
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matter. Finally, 5ection 6.4 concludes this chapter.

6.2 The Case of Flow Pollution

We start by considering the choice problem of a country which consumes
an exhaustible resource and this consumption leads to flow pollution, like
noise and stench. This country is not influenced by other countries and
does not influence them. Consumption is denoted by Ct and the stock
of exhaustible resource is Xt. The utility function of the inhabitants

of the country is given by U(Ct, P(Ct)) and is an increasing function
in consumption and a decreasing function in pollution ( Uc ~ 0 and
Up C 0). Furthermore, the utility function is concave in consumption
and pollution (UCC C 0 and Upp C 0). Consumers either find every
future time period equally important, and their rate of time preference
p is zero, or they give less weight to future utility levels and they have
a positive p. The convex flow of pollution function Pt(Ct) is increasing
in the level of consumption (Pc ~ 0, PCC 1 0). The stock of resource is
(assumed to be) consumed completely, because it does not pay to leave
some of the resource in the ground (see also Appendix P). After the last
time period T a backstop technology is available that makes use of the
resource obsolete.

The country's choice problem is captured by the following model:

max Eáo (itn)tU(Ct,P(Ct))

s.t. Xtfl - Xt --Ct Xo is given

To determine the outcome, we set up the Hamiltonian (Feichtinger and
Hartl 1986) for this model:

~-~io(ifv)t{U(Ct, P(Ct)) }~XL-Xtti f Xt - Ct]}

One of the first order conditions is:
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á~-L 1
aCt -(l~P)t{Uc~fUPP~~-OX}-0

The other first order condition follows from áX - 0:

OX - ~X i(1 } P)

and the transversality condition is:

~TXT-O

The first equation (Uc~ f UpPct - OX) states that the value attached
to one extra unit of the resource stock (OX) is equal to the increase in
utility as a result of this extra unit of resource. This unit of resource can
be consumed and utility increases due to the increase in consumption
(Uc~), but consumption also leads to (flow) pollution which decreases
utility (UpPc~ C 0). The net increase in utility is the sum of these
two terms. The second equation states that the value attached to one
extra unit of the resource increases over time with the rate of time
preference. This is due to the fact that the resource is used up over
time and more value is attached to the resource because less is available
for consumption. The transversality condition states that if the stock of
resource is not completely consumed, the value attached to the resource
is zero. Equally, if the value attached to the resource in the last time
period is positive, the resource has been completely consumed.

We now consider two countries which influence each other (both produc-
ing flow pollution which affects each other equally). In this section we
have a stock of fossil fuel which is consumed and this leads to flow pollu-
tion. The utility function of country i(i - 1, 2) is U;(C2 t, P(Ci t, C2 t)),
an increasing function of Ct t, the level of consumption of country i which
is a rival good. Utility is a decreasing function of P(Cl t, C2 t), the level
of flow pollution which is a public bad. Flow of pollution is a result of
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the consumption levels in both countries. Both countries face the choice
of choosing the optimal depletion path of the stock of fossil fuel (X2 t) in
a finite time span taking only into account the negative effect of pollu-
tion resulting from their own consumption level. Formally, for country
1 the following model is used:

max Eio (,~~)tU(Cit~P(Cit,C2t))

s.t. Xl tfl - Xl t--Cl t Xi o is given
Ci o

Country 1 takes the consumption level of country 2 as given. Both coun-
tries are equal and for country 2 the same model is valid. To determine
the outcome, we again set up the Hamiltonian (Feichtinger and Hartl
1986) and derive the first order conditions:

UC~~}UPPc~~-~X

OX - 4X ~(1 f P)

The interpretation goes analogous to the interpretation given on page
145.

If the two countries cooperate the model will look like this:

Cm,~~ ~To (ifn)t(Ui(Cit,P(Cit,Czt))}Uz(czt,P(Cit,Czt)))dt

s.t. Xl tfl - Xl t--Cl t Xl o is given
X2 tfi - Xz t- -Cz t Xz o is given

This time the consumption paths of the two countries are determined si-
multaneously, taking into account the effect each country's choice about
its consumption path has on the other country. The Hamiltonian is:

~ - ~io(itn)t {Ui(Cit~P(cit~C`zt))~ Uz(Czt,P(Cit,Czt))
fOXt~-Xi tti f Xl t- Cl t]
~02t~-X2tf1 f X2t - c2t~J
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Two FOCs are:

8?-l -( 1)t{Ul;c~ ~ f Ui;pPc~ ~~ U2;PPc~ ~ - ~XC} - 0áCl t 1 } p

a?l -( 1)t{U2;c2 ~ f Uz;PPc~ ~~ UI;PPc2 ~ - ~2c} - 0
aC2 t 1 f p

Looking at these first order conditions, we see that each country takes
into account the effect its own level of consumption has on the other
country's utility level through the level of pollution. The other first
order condition follows from áXl ~ - 0 and áX~- 0:

x x
Di c- ~i t-i(1 } P)

02t- ~2c-i(1 f p)

Following the analysis of Devarajan and Weiner (1995) it can be shown
that under certain circumstances there are no gains to be made from
cooperation. The following equations are valid if countries cooperate

Ui;c~ ~~ U~;PPc~ ~~ U2;PPc~ ~ - ~it}

~Xt - ~íxt-i(1 f p)

and if countries do not cooperate we have:

Ul;c~ ~~ Ui;PPC~ ~ - Dit}

x x~i t- ~i t-i(1 ~ P)
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The only difference is the extra term U2;pPC, ~ in the cooperative case,
and this term is absent in the case when countries do not cooperate. If
one takes a two-period model and eliminates the OXt we end up with:

U1;Cii t U1;PPCii } U2;PPCii -( U1;Cio } U1;PPCio } U2;PPCio)(1 ~ P)

for the cooperative case and

U1;Cii ~ U1;pPCii -(U1;Cio ~ U1;pPCio)(1 f P)

for the non-cooperative case. The following is also valid: Cll - Xlo-Clo
and C21 - X2o - C2o. Now let us compare the terms Pc„(C11, C21)
and Pc,o (Clo, C2o). Suppose that Clo ,:. Cll ~~- for country 1
and CZO ~ Czl ~~ for country 2, so in each period half of the
resource is consumed in both countries. Finally, suppose that p is
small. Then it is true that PC„ (Cll, C21) - Pc,o (Cio, C20) and the term

U2;pPc11(Clr,C21) and U2;pPc,o(Clo, C2o) are approximately equal to
each other and they can be eliminated from the equation for the coop-
erative case. As a result, we end up with the same set of equations as
in the non-cooperative case. Therefore, it does not pay to cooperate be-
cause the benefits of cooperation are small. This can also be concluded
from the following figure:
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as oa o. os as o.i o.e os
~ (In ye~n)

Figure 6.1: Flow Pollution case with graphs of utility U~ for the case where there is

cooperation (solid line) and for the case where there is no cooperation (dashed line).

The utility function used is:

U(C:t, P(Cit, Cat)) - log(Ctit) - 1~,~ ~P(Cit, C2t)~lf~

where the flow of pollution is P(Clt, C2t) - Clt f C2t. The parameter
values are p- 0.100, ~- 0.500 and zG - 2.000. The initial stock of
the resource is 1.000 and there are two periods. The levels of utility
in the cooperative and non-cooperative case are as shown in the figure.
The decrease in utility in the first period is compensated by the increase
in utility in the second period, so there is no real gain to be made if
countries cooperate.

6.2.1 No Gains from Cooperation

In the introduction it was mentioned that if the rate of time preference
is zero, each period is equally important and the level of consumption is
constant over time. Because the whole stock of the resource is used up
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from t - 0 to t- T we have the same level of consumption over time,
whether countries cooperate or not. Therefore, the utility levels are the
same for both cases and they are the same for all possible specifications
of the utility function, either as a multiplicative or as a linear additive
utility function. Cooperation and non-cooperation lead to the same
outcome.

Suppose that the following multiplicative utility function is used and the
rate of time preference is larger than zero:

U(C~ t, P(C~ t, C2 t)) - TCt~ [P(C~ t, Cz t)~wP

with T C 0, wC C 0 and wp ~ 1. This is a different specification
than the one used by Devarajan and Weiner (1995). They use a linear
additive cost function, which is comparable to the case of a linear addi-
tive utility function. In this section a multiplicative utility function is
considered. With this specification we get a remarkable result. If the
countries cooperate, the outcome is the same as when the countries do
not cooperate. Because the first order conditions are the same we get the
same behaviour, but this is only a mathematical argument. The reason
for this result is that the utility functions in both cases are proportional
to each other. After all, if the two countries do not cooperate, the other
country's consumption level is taken as given. It is some exogenous con-
stant for this country and thus ignored. The flow of pollution is the
sum of the two countries' consumption levels (P(Cl t, Cz c) - Ci c f Cz c)
and this is the consumption level of the country involved and the ig-
nored consumption level of the other country. So utility turns out to be
TCt~}wP. If countries cooperate, the level of consumption of the other
country is taken into account and because the countries are equal we get:
7Ct~(Ct f Ct)wP - T2wPCt ~}wP, and the utility functions are now
proportional to each other, so the outcome of the optimization process
is the same whether countries cooperate or not. As a consequence of
this, the curves for both cases are the same and, therefore, they will not
be shown here.

From these two examples we conclude that a rate of time preference of
zero or a multiplicative utility function, both with pollution only as a
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flow, leads to the same outcome for the cooperative and non-cooperative
case. We would expect that a linear additive utility function does matter
and this case is dealt with in the next section.

6.2.2 Flow Pollution and a Linear Additive Utility Func-
tion

Suppose, the utility function for the ith country (i - 1, 2) looks like this:

U(~:~,P(c~t,c2t)) - ~(C~t ) - DU(P(Cit, c~t))
- logC~c - 1~~P(Cit,Cac)~1t~G

where P(Cl t~ Cz t) - Ci c-f- C2 t. ~ and ~ should both be larger than
zero to have a concave utility function. With this specification, the level
of (flow) pollution does not influence the marginal utility of consump-
tion. We now get the following first order conditions if countries do not
cooperate:

Ci i-~(Ci t f C2 t )~ - OXt

~Xt - ~it-i(1 ~ P)

For simplicity, suppose that the two countries are identical, so, Ct -
Cl t - C2 t and Xt - Xi t- X2 t. From the second equation we can
derive an explicit equation for OX over time:

OX - Oó (1 ~- p)t

Together with the first equation, we get the following difference equation
for Ct:

Ct 1-~(2Ct)~ - Oó (1 f p)t



CHAPTER 6. INTERNATIONAL COOPERATION TO
152 FIGHT POLLUTION

It is not easy to derive an expression for Ct, except for when ~- 1:

Ct -
-00 (1 f p)t ~ (Oó )2(1 ~ p)2t f 8~

The whole resource is (assumed to be) consumed between t- 0 and
t- T, and in principle we can then derive an expression for Oó as a
function of Xo(- Xlo - X2o), based on the following equation:

~ó Cc - Xo

The solution if countries cooperate is derived in a similar manner and
we get the following for the consumption levels in both countries:

Ct - -Oó (1 ~ p)t -F (Oó )2(1 ~ p)2t ~ 16d'

8~

For ~-values that are not equal to one it is not possible anymore to derive
an explicit analytical solution for consumption over time. If one wants
to judge whether cooperation is beneficial or not, one then has to rely
on, for instance, a numerical approach for determining the consumption
paths. Whether cooperation is beneficial or not also depends on the
parameter values used, in addition to the specification of the pollution
function and the utility function (which is in this case linear additive).
One could, therefore, take a range of values for one parameter and see
what is going on. In the following paragraph we first determine theo-
retically what happens if a parameter value increases. Later on, specific
numerical examples are presented which support the results obtained.

What are the consequences of a changing d, or ~ for the choices made by
the consumers? It turns out that consumers want to smooth consump-
tion if the value of d, or ~ increases2, so they shift consumption from the

2Even though the level of disutility is multiplied by 1~ and the ~i is present in
the denominator, the same effects mentioned in the text will occur if the level of
disutility is multiplied by a factor ~.
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present (when consumption is high) to the future (when consumption is
low), or vice versa. This can be seen if one determines for a two-period
model the consumption levels in both periods (Co and Cl) and then
calculates ~ and ~-. For a two-period model we have:

Co f Ci - Xo

Oó -Co1-~Có

OX - Ci 1 - ~Ci

and

Oi - Oó (1 } P)

This follows from the analysis carried out at the beginning of this section,
but then for two periods. We can now derive an equation with only Co
as an unknown entity:

iC,oP -~(1 ~ P)Có - Xo 1 Co -~(Xo - Co)~

We then take the total differential of this equation and derive the fol-
lowing two quotients:

dCo Ci - (1 ~ P)Có
d~ -(1 ~ P)Co 2 f~~(1 f P)Có-1 f Ci 2 f ~~CÍ -i

dCo ~Ci log(Ci) - (1 } P)~Có log(Co)
d~ -(1 ~- p)Co 2 f~~(1 ~ P)Có-1 ~ Ci 2 f ~~Ci-i
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The denominators of these two expressions are both positive (in the se-
quel of this chapter this part is referred to as denominator). The signs
of d~ and ~ are determined by the numerators which are approxi-
mately equal to the difference between the marginal disutilities (MDU)
of an extra unit of consumption in both periods:

dCo MDUl - MDUo
d~ (~) denominator

If an extra unit of consumption leads to a larger level of disutility in the
second period (MDUI ~ MDUo) we have d~l~ ~ 0. An increase in Co
results in a smaller increase in disutility (DUo) than if Cl would increase
(which would lead to a large increase in disutility DUl). Because of the
concavity of the utility function, a larger value for the marginal disutility
occurs with a lower level of consumption, so if Co is low, it results in an
increase in Co if a country faces a higher ~ or ~ value. The value of Cl
will then decrease because less of the resource is available in the second
period - so consumers smooth consumption to spread out the effect of
the disutility resulting from flow pollution. If Co 1 Cl it follows that
d~,~ C 0, so an increasing ~ or ~ leads to a lower present level of
consumption and a higher future level of consumption.

What happens if countries cooperate to a certain extent, either fully,
or in between full cooperation and no cooperation. What changes are
taking place? For this we determine what happens with the initial level
of consumption of the two-period model:

max E?o(ifv)t(Ui(Cit,P(Cit,Czt)fOUz(Czt,P(Cit,Czt))~~ ~,Cz ~
s.t. Xl t~l - Xi t--Cl t Xlo is given

Xz tti - Xz t--Cz t Xzo is given

There is now a 0 in front of the utility level of country 2. If 0- 0,
country 1 does not care about the well-being of country 2. When 0 is 1,
country 1 takes the well-being of country 2 completely into consideration.
We can follow the same line of reasoning as in the former paragraph to
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derive an expression for d~ which gives us an indication of what the
reaction will be of a country if it cares more about the well-being of the
other country. Carrying out this analysis we end up with (assuming that
the countries are equal and Clo - C2o - Co):

dCo 2~~(Ci - Có)
d0 - Cl2 f Có 2 f(1 f 0)~~Á2~G-i(Co-i ~ Ci-1)

The denominator of this expression is positive and the sign of d is
determined by the expression in the numerator which is, as before, the
difference between the marginal disutilities of the consumption levels in
the two periods. Inspection of d~~ and dó shows that they reinforce
each other. Consumers want to smooth consumption even more when
they cooperate to a larger extent. In the next section, numerical exam-
ples are presented to clarify the general ideas developed in this section.

6.2.3 Numerical Examples with Flow Pollution

Let us consider when ~- 1.00 and ~- 1.00. The value of p is 0.05.
There are 10 time periods and the initial stock of exhaustible resource
is 1. The levels of (discounted) utility for the cases where countries
cooperate and do not cooperate are shown in the following figure:
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Figure 6.2: F1ow Pollution case with graphs of utility U~ for the case where there is

cooperation (solid line) and for the case where there is no cooperation (dashed line~.

We see that in the early years, the level of utility when countries coop-

erate is lower, but in the later years this level of utility is higher. To
judge whether cooperation is beneficial, in the sense that we compare
the utility levels for `generations' living in different time periods, we

are going to compare the sum of the negative differences between the

two utility levels over time (utility of cooperative outcome minus util-
ity of non-cooperative outcome) and the sum of the positive differences.
Cooperation always has a more beneficial outcome compared to non-
cooperation, but it could be true that the sum of negative differences is
(almost) equal, in absolute magnitude, to the sum of positive differences
(making it seem that no real gains can be made from cooperation). In
this case they are -0.0259 and 0.0262 respectively. In absolute terms
they are of equal magnitude, and we conclude that it does not pay to
cooperate.

To ascertain the influence of the parameters ~ and ~ we are now going
to take a range of values for ~ and ~. We start with ~(with ~ being
constant). The value of ~ increases from 0 to 28.0 in steps of 2.0. The



6.2. THE CASE OF FLOW POLLUTION 157

p value is 0.050. In table 6.1 on page 158 we see the differences in
utility level between the cooperative and non-cooperative outcome for
all time periods (denoted by dif f). Around t - 5(halfway) we observe
the switch from negative to positive differences. For time periods lower
than t- 5, the utility level in the case of non-cooperation is higher than
when countries cooperate. After time period t- 5 the utility levels
are higher when countries cooperate. We see that with an increasing
~-value there is an increase in the difference between the sum of positive
differences and the negative differences, so it is beneficial to cooperate.

In Table 6.2 on page 159 we have ~- 2.0, and the ~-value increasing
from 0 to 4500 in steps of 500. We see that if the flow pollution is given a
large weight in the utility function (much larger than in Table 6.1), there
is less reason to cooperate because the difference between the positive
and negative differences decreases.

This procedure is repeated for a range of values for the parameter ~
(with ~ constant) and the results are in table 6.3 on page 160. The
value of ~c(~ increases from 0.1 to 2.0 in steps of 0.1. The p value is
0.1 and the initial stock of exhaustible resource is now 2.0. For low ~-
values it is beneficial to cooperate, while for higher z~-values there is less
need for cooperation. As in Table 6.2, if pollution gives a high level of
disutility it does not pay to cooperate.

The reason why for a low ~ or ~-value we have an increase in di f f, and
for a high ~ or ~-value we have a decrease in dif f, is that with a high
weight of disutility, disutility dominates utility. A change in consump-
tion leads to a change in flow pollution and both these changes lead to
a change in utility. The change in utility is dominated by the change in
disutility, and if disutility increases in the first period, it will decrease in
the second and these last two changes will then be comparable in size.
Utility also changes, but the changes in utility in the two periods will be
comparable and there is less reason to cooperate for the two countries.
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6.3 The Case of Stock Pollution

In this section pollution as a flow and as a stock is considered. This time
the build up of greenhouse gases corresponds to the stock of pollution.
The stock of fossil fuels is consumed, leading to flow pollution. The flow
of pollution, in addition to the flow of pollution from the other country,
adds to the stock of pollution, part of which is neutralized by nature.
Will the results of the case with stock pollution be difFerent from the
case with only flow pollution? With a multiplicative utility function and
only pollution as a flow, it does not matter whether countries cooperate
or not, because the outcome is the same in both cases. With a linear
additive utility function and only flow pollution, is it possible for gains to
be made from cooperation3. These cases will now be looked at for stock
pollution as well. The results with stock pollution and a multiplicative
or linear additive utility function are now comparable, as will be shown
later. Therefore, in the next paragraphs the same analysis as in Sections
6.2.2 and 6.2.3 is followed (first, the theoretical background is presented
and then a number of numerical examples are shown to support these
findings).

6.3.1 Multiplicative and Linear Additive Utility

Utility positively depends on the level of consumption and negatively
on the stock of pollution. If countries do not cooperate, society faces
the choice of the optimal depletion path of the stock of fossil fuel in
a finite time span, taking into account only the effect its own level of
consumption has on the level of stock pollution. Formally, the following
model is used for country 1:

max ETo ( ifv )tU(Ci t~ St)dtc, ~
s.t. Xi tti -Xi t--Ci t X1 o is given

3This also depends on the specification of the utility function used. In this thesis
a number of specifications are chosen, but one could also use other specifications and
the results might then be different.
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Stfi -St - P(Ci t, Cz t) - bSSt So is given

According to the second constraint, the stock of pollution is partially
and naturally cleaned up by the amount bSSt. Country 1 does not take
into account the consequences of its actions on country 2 and vice versa.
The model for country 2 is, therefore, equivalent.

If countries cooperate the model looks like this:

~mc2 ~~io ( ifv )t(U(Ci t, St) f U(Cz t~ St))dt

s.t. Xl tfl - Xl t--Cl t Xl o is given
Xztfi - Xzt --Czt X zo is given
Stfi - St - P(Ci t~ Czt) - 6sSt So is given

It turns out that it is impossible to arrive at an analytical solution, even
if very simple forms are chosen for the various functions. For the flow
pollution case, with only one specific value for the parameter ~i, it was
possible to arrive at an explicit solution. With pollution not only as a
flow, but also as a stock, it is even harder to derive such a solution.

First, the following linear additive utility function will be used:

U(C~t~St)-1og(Ctt)- 1 ~~Stt~

We can derive in a similar manner as before, expressions for ~- and
~ (for a two-period model):

dCo -Si ifv
d~ - Cóz f Cl z itn }~~Si -1 ifP

dCo -~Si itv log(Si)
d~ - Cóz f Ci z itv }~~Si -1 itv
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The denominator is positive and the numerator is negative because it
is the marginal disutility of stock pollution in the second period, so
the term d-~~is negative. The initial consumption level will go down
and if stock pollution is given a larger weight in the utility function, it
will go down even more - by how much is determined by the marginal
disutility of the stock pollution. The reason for this is that the initial
consumption level is the increase in next period stock pollution level
(Sl - So -~ Co - bSSo). If Co is lowered it will lead to a smaller increase
in disutility resulting from Sl. A lower Co means that Cl will increase.
This leads to an increase in S2, but because the time horizon ends at
t- 1, the disutility from S2 is not taken into account. Consumption is,
therefore, shifted into the future.

An expression for ó is also derived:

dCo
d0 - Ci2 ~ (l ~ p)Có 2 ~ (1 ~ ~)~~2Si-i

The denominator is positive and the numerator is negative, because it
is the marginal disutility of the second period's level of stock pollution.
Therefore, ddo is negative and Co decreases if countries care more about
each other. Cooperation strengthens the effect of an increasing ~ or
~-value, and shifts consumption even further into the future.

The same utility function as in the case of flow pollution and a multi-
plicative utility function is employed, but now with a stock of pollution
instead of a flow of pollution as one of the arguments. The weight of
the stock pollution is ws. For this case we can also derive expressions

~ ~-for dws and dw,~ .

dCo
dws

Cá~-1Só Slog(SO)-1}pCi ~-1SÍ S1ogS1}1}w ~ifnsi)~.i
csls-1

~1-7UC~C,wC-2Sws}1-wCCwC-~Sws}2~CwC-lsws-1}w 1-w C,wCsws-20 0 1}p 1 1 1}p 1 1 wC 1}p 1 1
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CóC-~S~Slog(C0~-1fpC~C-ls~slog~C1~-w ( fp)~wl
-log(Ci))Ci~sls-i

~1-wC~G,wC-2Sws}1-wCC,wC-2Sws}2~cwC-lsws-1}w 1-w G,wCsws-2
0 0 1}p 1 ] 1}p 1 I wC 1}p 1 1

The interpretation of these two equations is a bit more complicated now.
The denominators are both positive, and in both cases the numerator
determines the sign of these entities. Loosely speaking, the numerators
mark the difference between the marginal utility levels of consumption
in the first and in the second period, and a term proportional to the
marginal disutility of the stock of pollution in the second period (which
is negative). The rate of proportionality is a positive value. Whether the
initial level of consumption increases or decreases depends on whether
the marginal utility of consumption in the second period is higher or
lower than in the first period. If it is higher (and Cl is lower than Co),
Co must decreases ( dw~ wS G 0), because an increase in Cl leads to a
larger increase in utility - but there is also the effect of stock pollution,
which leads to a lower utility level. If the stock of pollution in the
second period leads to a large decrease in utility, consumption in the
first period will decrease even further. The reason for this is that this
consumption represents the increase in stock pollution from the first to
the second period. Consumers smooth consumption to spread out the
effect of utility due to consumption and they shift consumption into the
future because of the effect of stock pollution on utility.

Finally, we can derive an expression for dd :

dCo T'wSCi ~Si S-1

d0 - denominator

where

denominator - -Twc(wC - 1)Ci~-2SiS
~T2w~wSCi ~-ISiS-1
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-(1 f p)Twc(wC - 1)Cóc-2S0s

f(1 f 0)TwcwSCic-1Sis-1
-(1 f 0)Tws2(ws - 1)CicSis-2

This denominator is positive and the numerator is negative because it
is the marginal disutility of the second period's level of stock pollution.
Therefore, ó is negative and Co decreases if countries care more about
each other. The same effect occurs as before. The stock pollution in
the second period increases with the level of consumption in the first
period, so if the stock of pollution in the second period leads to a large
increase in the level of disutility, consumption in the first period will be
lowered. Consumption is shifted even further into the future with more
cooperation between the two countries.

6.3.2 Numerical Examples with Stock Pollution

With a linear additive utility function, we are going to look at the out-
come for different values of ~ with ~ constant. Again, a table is pre-
sented with the differences in the utility levels if countries cooperate and
if countries do not cooperate. The positive and negative differences are
determined and the difference between these last two magnitudes is also
given; again, the time horizon is 10 years. The results are as in table 6.4
on page 167. The other parameter values are p- 0.05 and SS - 0.10.
The initial stock of the resource is 1.00 and the initial stock of pollution
is also 1.00. We see that the higher ~ is, the more it is beneficial to
cooperate. The last column of the table indicates that the difference be-
tween the positive and negative differences increases with a higher value
of ~, so the more weight given to stock pollution, the more it pays to
cooperate. The same is true for the parameter ~, as can be concluded
from table 6.5 on page 168. The effect of a higher ~ or ~ leads to the
same conclusion: cooperation will be more likely if stock pollution gives
greater disutility. The reason for this is that the stock of pollution can-
not adjust as quickly as the flow of pollution. Therefore, if disutility is
given a larger weight, the level of pollution will be lowered, but this is
much harder to achieve with stock pollution than with flow pollution.
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Lowering consumption already lowers flow pollution, but if the source of
stock pollution is taken away, only natural decay can lower the stock of
pollution, and this may take a considerable period of time. Therefore,
the level of utility will go down more than with only pollution as a flow.

For the case with a multiplicative utility function, a table is set up in the
same manner as before. In table 6.6 on page 169 the ws value increases
and the other parameter values are now p- 0.05 and SS - 0.10. The
initial stock of the resource is 5.00 and the initial stock of pollution is
also 5.00. We see that the difference between the positive and negative
differences increases over time, so again it is beneficial to cooperate if
stock pollution gives greater disutility.

6.4 Conclusions

Even though the finite stock of an exhaustible resource is used up in a
finite time span, the gains to be made from coordinating the two coun-
tries' extraction paths depends on whether pollution manifests itself as
a flow or also as a stock. It also depends on the specification of a lin-
ear additive or a multiplicative utility function for consumers. Policy
coordination, which calls for lower rates of extraction in early years will
face the negative consequences in later years. Lower levels of extrac-
tion in early years will be compensated by higher rates of extraction in
later years. The pollution accompanying the extraction will, therefore,
initially be lower, but will be higher in later years.

With flow pollution and a multiplicative utility function it was shown
that both cooperation and non-cooperation resulted in the same out-
come. The reason for this is, that the levels of utility in both cases
are proportional to each other. With a linear additive utility function,
cooperation can indeed be beneficial for the two countries. If countries
cooperate more it will lead to a smoothing of consumption in order to
spread out over time the effect of disutility resulting from flow pollution.
Flow pollution is caused by consumption, and if consumption is lowered,
this has an immediate effect on the level of flow pollution. If the level
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of disutility of the flow of pollution is given a larger weight in the utility
function, it will also lead to a smoothing of consumption. If the weight
of pollution in the utility function is very high, the level of disutility will
dominate the level of utility. If cooperation then calls for a lower present
level of consumption and a higher future level of consumption, the gains
to be made can be negligible. The gains and losses are then compara-
ble in size, but with lower weights, cooperation is more beneficial than
non-cooperation.

Pollution as a flow caused by consumption can be more easily lowered
than pollvtion as a stock. The increase in the stock of pollution is the
level of consumption and if consumption goes down, the level of stock
pollution only diminishes because of natural decay. With a linear ad-
ditive utility function, cooperation leads to a shift of consumption from
the present to the future. The more stock pollution leads to disutility,
the more consumption is postponed, the reason being that the level of
stock pollution in the future will then be higher, but a high level of
stock pollution after the last time period considered is not taken into
account by consumers. They only consider utility levels from t- 0, up
to the last time period of the time horizon. If stock pollution is given a
larger weight in the utility function it will also lead to a postponement
of consumption, and this effect is stronger with the more disutility that
stock pollution delivers. Because stock pollution cannot be decreased
that easily, a higher weight of disutility will immediately lead to lower
utility levels. The gains of cooperation can then also be substantial.
With a multiplicative utility function the same effects occur, but there
is also smoothing of consumption to spread out over time the effect on
utility due to consumption.

The overall conclusion is that cooperation is less likely with flow pol-
lution and even less likelier if pollution depresses utility rather heavily.
With a stock pollution, cooperation is more likely. The greenhouse effect
has a stock component, and on the basis of the analysis in this chapter
we conclude that it is beneficial for the countries involved to cooperate
in order to reverse the negative consequences of the greenhouse effect.



Chapter 7

Sustainability, Welfare and
National Income

National income is an important figure judged by the attention it re-
ceives in for instance newspapers. In political debates decisions are
made on how to distribute the burden of the Dutch welfare system over
the inhabitants of the Netherlands. National income is redistributed to
support those who are unable to support themselves. As a result of this,
are certain groups better off? And are some groups paying too much
compared to others? This national income is considered by many a sort
of aggregate welfare measure. National income is distributed over the
inhabitants in a just and fair way. But is it a true measure of welfare? Is
it also sensible to compare two national income figures, to judge which
country has the highest welfare? This will be dealt with in the following
sections. The issue of whether or not our concept of net national income
(Schultze 1971) can be regarded as a good measure of sustainability if
we also consider exhaustible resources is discussed in the second part of
this chapter1,2.

1This chapter is based upon Vellinga N., C. Withagen, 1996, On the Concept of
Green National Income, Oxford Economic Papers, 48 (4), pp. 499-514.

2The authors wish to thank two anonymous referees, an editor, Peter Broer, Carel
Eigenraam, Jack Pezzey, David Ulph, Martin Weale, and the members of the Dutch
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7.1 Introduction

Much of the current debate in literature on the question of the suitabil-
ity of net national product (NNPt) as an indicator of social welfare or
as an indicator of sustainability goes back to the seminal work of Hicks
(1946), Samuelson (1961), and Weitzman (1976). According to Hicks,
an individual's income is `the maximum value which he can consume
during a week and still expect to be as well off at the end of the week
as he was in the beginning' (op.cit., p. 172). If this concept is extended
and applied to an economy as a whole, income would be a number re-
presenting the amount of welfare which can be enjoyed over a period of
time whilst leaving the economy with the capacity to enjoy that same
amount of welfare for the next period of time. Clearly, the development
of the economy over a period of time is then sustainable if income, in the
sense of the definition, is constant over that period of time. To illustrate
these issues in a simple example, let us consider the familiar one-sector
Solow (1956) model, without population growth, technical progress, and
depreciation. Let F(.) be the production function with capital (Kt) as
input and giving consumption (Ct) and investments (~it - dlit~dt) as
output. NNPt is then Ct ~ k"t - F(Kt). In the case at hand, welfare
can be identified with consumption. Clearly, higher NNPt means larger
potential welfare (because Kt is greater). Moreover, if we compare two
economies, both aiming at sustainable development (which is defined in
this context as maximal constant consumption), then the economy with
the higher NNPt is able to sustain a higher constant rate of consump-
tion. Hence, NNPt is a good measure of both welfare and sustainability.
When multiple capital goods are involved, a natural extension of NNPt
would include the total value of net investments: NNPt - Ct f pt . Ift,
with pt (a vector of prices of capital) and Ií t (a vector of the various
stocks of capital). The economy would then display sustainability if
NNPt is constant. This is reflected in e.g. Hartwick's rule, saying that
`society should invest the current returns from the utilization of flows
from the stocks of exhaustible resources' (Hartwick, 1977, p. 975) in or-
der to have intergenerational equity. This idea is also found in Hartwick

Bureau of Statistics platform on `Monetization of Environmental Losses'.
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(1990, 1991, 1994, 1995). Hartwick (1977) and Máler (1991a, p. 12)
generalize Hartwick's rule to the case of renewable resources. These
findings have also had an impact on statistical practice in that attempts
are made to correct conventional NNPt in order to have a measure of
sustainability. See e.g. Hueting et al. (1992); Weale (1992); Bartelmus
et al. (1991). The latter authors argue that, in the context of national
accounting, there are `doubts about the usefulness of (conventional) na-
tional account data for the measurement of long-run sustainable growth
...', and they want to develop `modified indicators' (op.cit., p. 111).
These modifications then consist of correcting conventional NNPt for
the exploitation of raw material from exhaustible resources and the value
of increases or decreases of environmental quality. In a recent study
Bartelmus (1994) introduces the concept of Environmentally-adjusted
net Domestic Product (EDPt) which is domestic product, convention-
ally measured, minus environmental costs. He puts forward that `the
long run increase or decrease in EDPt can be taken as a measure of, or
a proxy for, a sustainable or non-sustainable path of economic growth'
(op. cit., p. 70). On the other hand, there are a number of authors
that question the capability of (even corrected) NNPt to be a measure
of sustainability. In this part of the chapter we shall embed the critique
of Asheim (1994), Aaheim and Nyborg (1995), and Pezzey (1994) in a
rather general framework.

In terms of social welfare, sustainability is defined as constant instan-
taneous welfare over time - however, this might not be something the
economy is aiming at. Alternatively, the economy's objective might be
utilitarian rather than Rawlsian in the sense of maximizing the total dis-
counted utility flow over time. It was pointed out by Weitzman (1976)
in the context of a neoclassical growth model and after `heroically ab-
stracting' that `the welfare justification of NNPt is just the idea that
in theory it is a proxy for the present discounted value of future con-
sumption' (op. cit., p. 156). We will show that this is also true in
a fairly generalized setting if NNPt is identified with the current value
Hamiltonian of the underlying optimization problem. This Hamiltonian,
however, does not in general coincide with conventional NNPt. That
NNPt should be corrected for, for example, the exhaustion of natural
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resources and the disutility of pollution. This is done e.g. by Sefton
and Weale (1996) and M~,ler (1991a). So far, most of the work done on
NNPt as a welfare indicator has focused on stationary economies. The
question arises what corrections should he made when there is techni-
cal progress, varying world market prices for raw materials or varying
world market interest rates. Another issue that will be addressed is
NNPt as an instrument in cost-benefit analysis. The question is if the
welfare consequences of new projects are adequately measured by the
impact on instantaneous NNPt. This use of NNPt is advocated by

Dasgupta and Mii,ler (1991a) when they argue that `choosing projects
that increase NNPt increase the current-value Hamiltonian as well and,
therefore, should be regarded desirable' (op. cit., p. 63). As another
example, Bartelmus (1994) argues that `national accounts ... are used
... in the assessment of the economic counterpart of social welfare' (op.
cit., p. 34) and should, therefore, be corrected for e.g. environmental

protection expenditures. Another reference is Chichilnisky (1994) stat-
ing that `if a politician's re-election depends on the measure of national
economic growth, and it often does, green accounting could be helpful

in reorienting environmental policy'. We also wish to mention Solow
(1993).

Summarizing, the objective of this chapter is twofold. First we wish
to show that the equality of future welfare and NNPt, identified with

the current value Hamiltonian, can easily be established in a general

setting, if the economy is stationary (in the sense that there is no popu-
lation growth, no exogenously varying prices etc.). We shall also derive
the corrections that must be made in a non-stationary economy (Section
7.2). These results are clarified in an environmental~resource model that
is presented in Section 7.3. Sections 7.4 and 7.5 deal with NNPt as a
welfare indicator. In 5ection 7.4 we go into some difficulties that occur
when the economy is non-stationary. In Section 7.5 we argue that the
usefulness of NNPt in the conventional setting as an instrument in cost-
benefit analysis along the lines set out by Dasgupta and Mi31er (1991) is
very limited because that works only for short-term project evaluation.
On the other hand, in this approach the non-stationarity does not pose a
problem. A second objective of this paper is to emphasize, by means of
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our general framework, that Asheim (1994) and Pezzey ( 1994) are right
in their rejection of NNPt as a measure of sustainability. This is done in
Section 7.6. Section 7.7 concludes. One important caveat applies: un-
certainty, although pertinent to many, if not all, environmental~resource
issues, is not treated here.

7.2 Current Value Hamiltonian and Social Wel-
fare

We investigate the relation between the current value Hamiltonian of an
optimal control problem and the value of the objective functional of the
problem. We start from l parameters denoted by a -(al, a2, ... , a~), m
instruments denoted by ~t -(ul t, u2 t, ..., u,,,, t) and n state variables
given by ~t -(xl t, x2 t, ..., xn t). The problem is to find piece-wise
continuous ut :[0, oo) ~]Lr;~ and piece-wise differentiable xt :[0, oo) -~
]L~n which for all t E[0, oo) satisfy

xt - f(xt, ut, t; a), xo is given (7.1)

given

9(xt~ ~, t; a) ? 0

and maximize

pt
e- fo(xt, ~; a)dt

~~0

Here ( fo, f, g) -( fo, fl, f2, ..., fn, 91 ~ 92~ ...~9s) are given functions,
obeying certain regularity conditions, such as continuity or, in some
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cases, continuous differentiability. See e.g. Cesari (1983) or Seierstad
and Sydsaeter (1987) for a formal treatment of these conditions. We
will assume throughout that all of them are satisfied. Note that (7.2)
comprises s constraints and that a is indeed treated as a vector of para-
meters, which is given for the moment. Note also that the formulation
of the objective (7.3) is special in the sense that fo(.) itself is time-
independent and that time only occurs in the form of an exponential
function.

One can think of ~t as the state of the economy at an instant of time
t, given for example by the stocks of man-made capital, exhaustible
resources, human capital, pollution, and renewable resources, and ~
as the value of the policy instruments at an instant of time t. The
parameter vector a may refer to investment opportunities. The set of
differential equations (7.1) describes the motion of the economy (xt -
dxt~dt) and (7.2) involves technological and other constraints. In the
objective function, p can be interpreted as the constant rate of pure time
preference. The existence of a solution to the problem stated above is by
no means trivial. See e.g. Toman (1985) for existence theorems. Again,
we will merely assume here that a solution exists.

Define the Hamiltonian ~-t and the Lagrangian G in current value terms

x(~t~ ~i t~ ~ i a) - fo(xt~ ~t~ a) } ~ ~ J(xti ~~ ti a) (7.4)

G(~ti~titi~ i~ oa) - x(~t~~it~~ ia) }~t ~9(~tiut~t~a)

where 0-(O1 t, ~a t, ..., ~n t)~ I~t - (l~i t, F~a t, .-. ,~9 t), and a dot
between two vectors denotes the inner-product.

As necessary conditions for an optimum we have
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aG(xt ~~, t~ ~,~~ a) - 0
a~t~ t

p,t ~ 0,

j - 1,2,... ,m (7.6)

pt - g(xt, ut, t; a) - 0 (7.7)

aG(xt, ~, t, ~, N~t; a)
0~ t- P~~ t--

axÍ

It follows from 7.5 that

i - 1,2,... ,n

aG aG aG aG aG
G - áx ~ xt ~ áu - ~t ~ át ~ áo ~ ot ~ á ~ ~t-t ~ -t Ftt

Now use (7.8), (7.6), (7.7), and (7.1) to get

,C - -(Ot-pOt )-f-t-ofot.átf~t-á9~f.~t-~o

- P(G - .fo) ~ ~t ~ ~tf -~ ttt . ~9

where function arguments have been omitted. However, it should be
clear that everything is evaluated in the optimum. Michel (1982) shows
that

e-PtGt ~ 0 as t ~ (7.10)

is a necessary condition in the case at hand (with t appearing in the
welfare functional as e-Pt only) if the welfare functional converges.
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Then it is straightforward to show that

- ePt pe-nsfo(xs,~)ds -
~~t

(7.11)

~ePt j e-ps r0 af(xs, ~, s) t 9~,~, s l dsf l 3~ as ~S ~ as Jt

The first equality in (7.11) uses (7.7) and the second equality gives the
solution of the differential eq. (7.9).

In the sequel of this chapter Wt is defined as follows

wt - pe-vsfo(~s,~)ds
~~t

Thus Wt gives total future welfare from t onwards, discounted to t.
Hence

~xt - wt - epc r e-vs f~ , af (~s, ~, S) ~ , a9(~~ ~, s 1 ds
Jc l as ~s as J(7.12)

So, the optimal current value Hamiltonian at time t equals the value
of the objective functional from time t onwards times the rate of time
preference and corrected for non-autonomous parts in f and g. Much,
if not all, of the literature mentioned in the Introduction is based upon
this observation. If the rate of time preference p is allowed to vary over
time we get (7.12) again, be it that ept should be replaced everywhere
by the discount factor

e fp PrdT

and p by ps in the definition of YVt, right after the integration operator.
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With regard to the cost-benefit interpretation of national income the
following result is important. Under some regularity conditions (see e.g.
Malanowski 1984) the Hamiltonian, parameterized with respect to the
parameters a is differentiable and

~
wt a) - ePt ~ Pe-Ps aÍ-f(xs, ~, s, ~s~ a)ds
áa Jt óa

(7.13)

In the sequel of this chapter these results will be applied to the discussion
on national accounting but first we shall construct a model that will serve
as a concrete example.

7.3 A Prototype Resource~Environmental Mo-
del

In order to illustrate our main points we shall employ the model outlined
below. Our particular choice is motivated by the requirement that it
more or less covers the models used in literature that address the issue
of income and welfare, but is at the same time as simplistic as possible.

There are three physically distinguishable commodities: an exhaustible
natural resource, pollution, and a so-called composite commodity. The
stock of the exhaustible natural resource owned by the economy at an
instant of time t is denoted by Xt. The stock of pollution is St, the stock
of the composite commodity (capital) owned by the economy is Bt, and
the stock of the composite commodity used is Kt.

The rate of exploitation of the resource is REt. Exploitation is costless.
The use of the raw material in production is Rt, so

Xt --REt, Xt 1 0, REt ~ 0, Xo is given
( 7.14)
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given

REt-RtfEt (7.15)

where Et denotes the net exports of the raw material.

The production of the flow of the composite commodity takes place
according to a production function F(.) with the stock of the composite
commodity and the raw material as inputs. We also allow for exogenous
technical progress. Output is used for domestic consumption (Ct), net
exports (Et), or for abatement purposes (At)

F(Iít, Rt, t) - Ct f Et f At (7.16)

Pollution is assumed to accumulate proportionally to production. Decay
is proportional to the stock or pollution where the factor of proportion-
ality ós(.) depends on abatement

St - c,~F(ht, Rt, t) - ós(At)st, So is given (7.17)

The world market for the raw material is competitive and the price ruling
at the instant of time t is pt. The flow of the composite commodity is
taken as the numéraire. The internationally ruling rate of interest is rt
and the capital market is perfect. The accumulation of capital owned
by the economy can now be described as follows

Bt - rtBt ~- ptEt f Et - rtlit, Bo is given
(7.18)

In order to have a meaningful budget constraint we add
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lim inf e- fo TrdTBt , 0 (7.19)t-.~

which states that in the long-term total discounted expenditure should
not exceed total discounted income.

The economy's welfare functional is given by

~
U(Ct~ Sc) - f e-Ptu(Ct, St)dt (7.20)

0

where p denotes the rate of time preference and u(.) is the instantaneous
utility function which is increasing in Ct and decreasing in St.

In the sequel of this chapter we study this model in alternating forms.
Cases with `no physical capital' are mathematically identified with lít -
Bt - 0 and F(0, Rt) - Rt. We have `no international trade' if Iit - Bt
and pt - 0. The well-known Dasgupta and Heal (1974) model arises
when St is absent from the instantaneous utility function and when there
is no international trade. The classical Ramsey (1928) model occurs if,
in addition, the natural resource plays no role.

If it is assumed that F(.), óS(.), and u(.) are well-behaved, the model
presented here is an optimal control model of the type described in the
previous section. In the terminology of that section, Xt, St, and Bt are
the state variables, REt, Rt, Ei , Ct, Et , and Ií t are the policy instru-
ments and, if we assume, just for expository purposes, that abatement
is to be set indefinitely at a constant level, A is a parameter.

The Hamilt.onian reads
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~llXt~ St~ Bt~ Rt~ Et ~ Ct~ ~~~t~ Ot~ t~ A)
- u(Ct~ St) } OX [-Rt - Et ]

~-Ot ~4~F(Kt, Rt~t) - bs(A)St]
-I-OB[rtBt -~- ptEt f F(I~t, Rt, t) - Ct - At - rtlit]

u(Ct,St)fOXXt fOtStfOBBt

We have eliminated REt and Et using (7.15) and (7.16). Here OX,
Ot , and OB are the shadow prices (in terms of utility) of the resource,
pollution (Ot G 0), and man-made capital respectively. The equivalent
of expression (7.11) is

7-Lt - (7.22)

ept ft~ e-PS{Pu(Cs, PS) - ~s4~Fs - ~B~rs(B9 - lís) ~ pSEs ~- Fs]}ds

where FS is the partial derivative of F(.) with respect to time. In the
sequel of this chapter it will be assumed that the economy is indeed
maximizing welfare as given by (i.20), either in a planning setting or as
the outcome of a decentralized general equilibrium where the consumers
have preferences which are described as in (7.20). Net national product
(in utility terms) is defined as utility plus net changes in the value of
capital (man-made, non-renewable and pollution), so

NNPt - u(Ct, St) f OX Xt -~ OSSt f OBBt - ~-lt

5ometimes we are interested in NNPt in money terms. Instantaneous
utility can be linearized as a first order approximation: u(Ct, St) N
u~Ct -f usSt - OBCt -}- uSSt, because the shadow price of consumption
is equal to marginal utility.
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7.4 Net National Product as a Welfare Measure

It is seen from (7.21), (7.11), and (7.12) that if rt, pt and F(.) are time
independent, we have

~
?-lt - pePt f e-p9u(Cs, Ps)ds - Wt

c

which states that the Hamiltonian at time t is proportional to total
future welfare. If national income (in utility terms) is to reflect welfare, it
should, therefore, include instantaneous utility and should be corrected
for the decrease in the exhaustible resource, the increase in pollution
and the increase in national non-resource wealth, all of these evaluated
at the optimal shadow prices. If we linearize utility we find

~-It~OBCtfusSafOXXtfO~StfOBBt

So, as a first approximation the value of pollution should be included.
For practical purposes the great difficulty lies, of course, in finding the
right shadow prices, especially in the absence of consensus in the econ-
omy on the aggregate social welfare function (particularly with respect
to St in the instantaneous utility function).

In the sequel of this section we shall concentrate on several cases where
the motion of the state variables is non-autonomous.

7.4.1 Technical Progress

Aronsson and Ldfgren ( 1993) deal with technical progress in the classical
Ramsey model ( no trade, no exhaustible resources, no pollution). They
correctly put forward that with anticipated technical progress (Ft ~ 0),
the current value Hamiltonian underestimates welfare. This also holds
in the case at hand, if there is no pollution (see eq. (7.22) with ~t -
rt - 0). In the presence of pollution this positive effect is mitigated
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by the fact that, ceteris paribus, our type of technical progress will
enhance production and thereby pollution (note that Ot C 0). However,
the overall impact of technical progress here still is that conventional
national income should be corrected in a positive way, because Oty~ ~
OB ~ 0(otherwise production would be set equal to zero).

7.4.2 Non-Constant World Market Prices

The case of varying world market prices of the raw material is analysed
by Sefton and Weale (1996). Their model does not take pollution into
account. They assume pt~pt - r- p and a linear instantaneous utility
function. It is shown that for this situation welfare equals

7-lt - Wt - r pt ~~(REs - RS)ds (7.23)
c

This result follows from eq. (7.22) by putting Ft - T- 0, pt - rpt and
OB - 1(since utility is linear: u(Ct, St) - Ct). Hence, the Hamiltonian
under- or overestimates social welfare depending on the country being
a future net exporter or importer of the raw material. Now, there is a
case for the assumption pt~pt - r. With perfect competition on the raw
material market and a perfect capital market this is just Hotelling's rule;
but the choice r- p is more difficult to justify. In a closed Ramsey-
type economy, marginal product of capital could be identified with the
interest rate and marginal product would tend towards the rate of time
preference - but here we are dealing with an open economy, where there
is no reason for making this assumption a priori. Moreover, the assump-
tion of a constant interest rate is also questionable. It has been shown
by Van Geldrop and Withagen (1993) in a similar model as the one em-
ployed here that, in a general equilibrium setting, the internationally-
ruling interest rate is decreasing. The idea is simply that if the produc-
tion function F(.) displays constant-returns-to-scale, equilibrium prices
(rt, pt) should be on the factor price frontier, which is downward sloping
in (rt, pt) space; combining this with the Hotelling rule yields that rt
decreases over time. For this more general framework we obtain
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7~t - Wt - evt ~~ e-vg~B~Ts(BS - Iís) -~ Ps(RES - Rs)~ds
t

where OB is the shadow price of capital. lising the fact that OB -
(p - rs)OB (from eq. (7.8)) we have for t- 0

~-[o - y1JO - pó ~~e-fo~rTd7rt(Bt - Ií't)dt
0

- 0o J ~ e-.iot rTdT~t (REt - Rt)dt

so that NNPt (in utility terms) should be corrected for the net present
value of additional interest revenues on capital exports and additional
revenues on exports of the exhaustible resources. Both these terms can
be interpreted as a kind of capital gains due to increasing prices (how-
ever, rt can be decreasing).

When revising the present paper we found out that 5efton and Weale
(1996) provide a generalization of their original 1994 model, which boils
down to the same outcome as ours.

7.4.3 The Pure Mining Model

This is a special case in that it is the simplest model with trade in the
raw material (Iít - Bt - 0). Then we have as society's maximization
problem

max J ~ e-ptu(ptREt)dt
0

subject to pt~pt - rt and the resource constraint (7.14). Hence this
economy just exports its exhaustible resource and uses the revenues to
import the consumer commodity. We consider two different examples.
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If u(ptREt) - ptREt then a necessary condition for the existence of an
interior solution (REt ~ 0, all t) is that p- rt for all t. Then we also
have

7-(0 - 0 and poXowa -
P

If u(ptREt) -(ptREt)1}~~(1 ~-rt) with r~ C 0, then we have REt~REt -
(p - rt(1 ~- r~))~r~. Therefore, a necessary condition for not overdepleting
the resource is that p) rt(1 ~ r~). Furthermore, tedious but straightfor-
ward calculations yield

wo -

xo

f~ pe-PT u(pTRET)dr
0

1~{-r~
lt~n~p-rt(~fr~)1~n(poXo) J

u(ptRE~) - ptREtu~(ptREt)
if~

- 1 ~~(poXo)if~n ~p - rt(~ ~ ~)~

implying p~lo -[p - rt(1 f~)] Wo, whereas without time dependency we
would get 7-[0 - Wo. Therefore, the under- or overestimation depends
on rt being larger than or smaller than -1.

Finally, we make a critical note concerning the use of national income as
a measure to compare welfare across nations. Apart from the problems
mentioned above, there is another diíficulty which can easily be demon-
strated with the aid of the classical Ramsey (1928) model. Consider two
economies, indexed by 1 and 2, which have an identical technology and
an identical stock of capital. They only differ in their (constant) rates
of time preference. The Hamiltonian of economy i(i - l, 2) is

x~c - u(Cic)f Ost(F(~~tt)-Ctt)

Along an optimum we have Ot t - u'(Ci t ), so that
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x2t - u(Ctit) - u'(Cit)Ctc f u'(C~t)F(~~tt)

lf u(.) is strictly concave, it follows that 7-l; t is strictly increasing in Ct t
if and, only if F(litt) C Cft. It is well known that, along an optimum,
Iíi t-~ Iii as t-~ oo, where Iíi, is the modified golden rule capital
stock defined by F'(lít) - pt (i - 1,2). Now suppose that pl ) p2 and
ho ) Ií2. Then Cl o ~ C2 0~ F(Ií~ o) so that ~-L10 ~~-l2 0. Therefore,
the more impatient economy has the larger income. We do not think
that such considerations are a good basis for comparing the performance
of economies.

7.5 Net National Product as an Index in Cost-
Benefit Analysis

A particular application of NNPt as an indicator of welfare is its use in
cost-benefit analysis. The most prominent advocates of this approach
are Dasgupta and Míi,ler ( 1991, 1993). Their approach can be illustrated
as follows.

Let (~, xt) denote the optimal trajectory with Ot as the corresponding
co-states. Fix t ~ 0 and consider the vectors ut and ut of policy instru-
ments at an instant of time t. ut and ut are identified with investment
projects. These vectors do not necessarily coincide with ut, which is the
optimal one. Dasgupta and Mii,ler now define net national product at
time t, given u and u respectively (the time argument will be dropped
wherever there is no danger of confusion and fou is the vector of partial
derivatives of fo with respect to u and fo~ is defined likewise)

NNP - fou(x, u) . u~- fox(x, u) '? ~ 0' f(?, u~ t)
NNP - fou(x~ ~) ' u~ Ïox(x~ u) '?f D ' f (x, u~ t)

Assuming concavity of the Hamiltonian with respect to u we have
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1-l(x, u, t, 0) - ~-l(~, u, t, 0)

- .fo(x, ~) - .fo(x, ~) f ~ ' f (~, u, t) - ~ ' f (x, u, t)
~ fou(x, u)(u - u) f 0 . f( x, u, t) - 0. f(x, ~, t)

(7.24)

If it is assumed that fo,~(x, u) - fou(x, u) - fou(~, u) and fo~(x, u) -
fox(x, u) - fox(x, u) then project u should be preferred to project u if

NNP ~ NNP, because then u contributes more to the Hamiltonian
than ic does and, along an optimum, the Hamiltonian should be maxi-
mized.

Several remarks are in order:

1. In their 1993 paper, Dasgupta and M~,ler omit the term fo~
in the definition of NNPt, whereas this term is present in the
1991 paper. It can be argued that fo~ measures the returns
(in utility) on the stocks in the economy and should, there-
fore, be included in national income. On the other hand, if
national income only serves as a means to compare projects,
this term can be skipped.

2. Dasgupta and M~,ler are aware of the fact that the assump-
tion that the (shadow) prices ( fo~ ) are not affected by the
projects is indeed an assumption, but they argue that the er-
ror is possibly not too large if the economy is moving to the
optimum according to an efficient planning procedure.

3. It is important to note the instantaneous or short term cha-
racter of the analysis. The analysis focuses on one instant
of time and, in continuous time, this implies that stocks are
not affected. No reference is made to the relationship be-
tween the Hamiltonian and total future welfare. An obvious
advantage is, therefore, that we do not have to worry about
the case where the motion of the stocks is non-autonomous,
but it should be stressed that the introduction of projects
as entities with instantaneous impact only is rather restric-
tive. Many projects, once initiated, have a long-term impact,
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also on the state of the economy. One could even say that
most projects in the context of growth and the environment
are aiming at changing the stock of environmental capital,
in the sense of increasing environmental quality or reducing
the speed of depletion of exhaustible resources. In that case
the cost-benefit approach outlined above is no longer valid,
as is demonstrated by, among others, Johansson and Ldfgren
(1996) in a particular example. They identify projects by dif-
ferent values of the control parameter (a). The Hamiltonian
can be written as

~(xt(a),~(a),t,0 (a)) - fo(xt(a),~(a)) ~ Ot(a) ~ ~t(a)

where xt(a) denotes the optimal value of xt when project a is
implemented. ~t(a) and Ot(a) are defined in the same way.
If f(.) and g(.) are autonomous it follows from (7.11) and
(7.12) that

~t(a) - Wt(a)

So a should be increased as long as it increases the Hamilto-
nian. Therefore, we consider

a7ít(a)~aa

- fou . (aut~aa) f fox - (axt~aa) ~
xt . (aot~aa) ~ ot . (a~t~aa)

Now, if the vector of shadow prices 0 does not depend on a,
the project should be carried out if

fou .(a~~aa) ~ fox .(a~~aa) ~ o-(a~~aa) ~ o
This expression obviously has a national income interpreta-
tion and can be used for a cost-benefit evaluation. However,
it has been assumed that the shadow prices do not depend
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on the projects, which might be a more serious assumption
than in the previous (short-term) case. Moreover, if time
plays a role in the functions f(.) or g(.), so that the differ-
ential equations describing the motion of the state variables
are non-autonomous, matters become even more complicated
because then we have to employ (7.13).
In our model we can consider A as a parameter. If one
follows the approach outlined here, A should be increased
(marginally) if

~~ e-ps(-OS bs(A)SS - OB)ds ~ 0
t

(at least if we ignore technical progress and the variability of
pt and rt). This expression states that abatement should be
increased as long as marginal utility of decreased pollution
outweighs marginal disutility of foregone consumption.

We conclude that net national product, as defined by Dasgupta and

Mii,ler, can serve as a welfare measure in cost-benefit analyses if new

projects only affect current instruments. However, this measure is not

appropriate if long-term projects are taken into consideration. In order

to evaluate such projects, more knowledge about the long-term opti-

mum, the entire trajectory, is necessary. This probably requires more

information, but that should not be a reason to refrain from a long-term

approach.

7.6 Net National Product as an Indicator for
Sustainability

Several authors claim that NNPt can be used as a measure of sustainable
development. Examples are Hartwick ( 1990), Hulten ( 1992), and M~,ler
(1991a). Others like Pezzey (1994) and Asheim (1994), using Dixit et al.
(1980), argue that these claims are incorrect. In our view, the debate
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has come to an end, because the arguments of the latter authors are
convincing; so we do not go into the discussion here but restrict ourselves
to summarizing the issues raised, thereby employing the general setting
of Section 7.2 and the model of Section 7.3. We shall identify sustainable
development with a constant value of the instantaneous utility function,
which is fo(xt,ut) in the framework of Section 7.2. Now, if fo(xt,~) is
constant over time then it is easy to calculate Wt. It equals fo(xt, ut) (at
least if the discount factor tends to zero as time goes to infinity, which is
surely the case when the rate of time preference is a positive constant).
Hence, in the absence of non-autonomous elements in the system of
difFerential equations or the constraints, it follows from (7.12) that a
necessary condition for sustainability is that the value of investments
(broadly defined) is constant over time Ot . xt - 0(see equation 7.4).
Moreover, this is also a sufficient condition for sustainability. However,
if we observe zero net investments in an economy at some particular
instant of time, this does not mean that this economy finds itself in
sustainable development - for that, net investments should be zero at all
instants of time. We illustrate the problem by means of an example.

Consider the model of Section 7.3 without pollution, without technical
progress, and without international trade. We assume that F(Iít,Rt) -
Iít R~ with a 1~3. We compare two economies. Economy 1 pursues the
maximin objective, which in the case at hand seems to be an appropriate
interpretation of sustainability. It is easily seen that the ma~cimin rate
of consumption in this economy is the solution of an optimal control
problem of the type introduced in Section 7.2, with a decreasing rate of
time preference. It was shown by 5olow (1974) that the maximin rate
of consumption is

Ci t-(1 - Q){(a -~3)~Xó Iió-p},ls

Na.tional product in this economy is

NNPit-CitfhitfpitXit

where pl t- áF(lí 1 t, R1 t)~áRl f. We will have NNPl t - Cl t since,
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C2

Clt

c -t

Figure 7.1: Optimal consumption paths.

as outlined above, net investments are zero (Ot . xt - 0 if fo(xt,~) is
constant).

Economy 2 pursues the utilitarian objective given in Section 7.3 with a
constant rate of time preference. National product in economy 2 is

NNP2t -Cztfhat-l-pztXat

where p2 t- aF(K2 t, RZ t)~áR2 t. This is the value of the natural re-
source in terms of the consumer good.

It was shown by Pezzey and Withagen ( 1998) that a p exists such that
if the pure rate of time preference p equals p, figure 7.1 arises, so Cl t-
C2 0, C2 t ~ Cl t for an initial period of time and C2 t C Cl t eventually.
Asheim (1994) and Pezzey ( 1994) show that a t e~cists such that C2~ ~
Cl t and K2 t~ p2 tX2 t ~ 0 implying NNP2 t~ NNPl t. However, C2 t
is clearly not sustainable. Therefore, a higher NNPt does not imply a
higher maacimin rate of consumption.

We conclude with Asheim (op.cit.) that `it would seem impossible to
develop the concept of NNPt into an indicator of sustainability ...'
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7.? Conclusions

In this chapter we have studied the usefulness of net national product for
several purposes: as an indicator in cost-benefit analysis, as an indicator
for welfare, and as an indicator for sustainability. The conclusions can
be summarized as follows:

1. NNPt can serve as a measure of welfare if the necessary adjust-
ments are made (when the system governing the economy is non-
autonomous) and if actual prices are not too far off the optimal
prices. The latter requirement obviously poses serious problems
when unpriced commodities such as nature are involved.

2. If the cost-benefit analysis applies to short-term projects (with no
long-term effect) then NNPt is a good indicator, at least if the
prices in the economy are not too far from the long-term optimal
prices. When projects have long-term effects and~or afFect stocks
then instantaneous NNPt does not provide enough information to
evaluate the projects. In that case, more information on the future
optimal development of the economy is necessary.

3. With respect to NNPt as an indicator for sustainability, the con-
clusion is negative.

Given this scepticism, and given the informational requirements necess-
ary to have a good indicator, one can seriously doubt the usefulness of
the NNPt concept. Indeed, it might be easy to formulate the long-term
planning problem and see if the optimum or something resembling it is
prevalent in reality, in order to evaluate the present state of the economy.



Chapter 8

Summary and Conclusions

In Chapter 1 we surveyed several international reports about our concern
for our environment. There are doubts as to whether we can continue
our present way of production and consumption. Therefore, it is worth-
while to develop a model which gives us the opportunity to say more
about the way we have to adapt our present mode of operation. The ul-
timate outcome would hopefully be a better balance between economic
growth and a clean environment. Much of the pollution will be cleaned
up through abatement; or production processes having negligible pollu-
tion, but this last aspect of the environmental problems we face is not
discussed in this thesis. From Chapter 2 we conclude that in order to
study the relationship between care for the environment and economic
growth, we have to develop an endogenous growth model, because in
these types of models the (long-term) growth rate is determined within
the model. It is then possible that the growth rate depends on the
preferences of consumers. Consumer preferences can also include pref-
erences towards a clean environment. Most authors concentrate on the
long-term steady state outcome of their model and in this thesis the
short-term characteristics of endogenous environmental growth models
are looked at more closely.

In Chapter 2, literature in the field of economic growth models extended
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by environmental issues is discussed. Their long-term outcome is deter-
mined, but one can also study the short-term characteristics of these
models. In the short-term, adjustments have to be made to end up with
a long-term solution. The costs to achieve this were not looked at as
prominently as has been done in this thesis.

In Chapter 3, two simple environmental growth models are analysed.
They are relatively simple extensions of the endogenous growth models
of Rebelo (1991) and Lucas (1988).

In the Rebelo model, capital is broadly defined, and in the Lucas model
there are two forms of capital, physical and human capital. Pollution as
a flow and pollution as a stock are added to these models to say more
about the trade-off between environmental care and economic growth.
The way consumption and the stock of pollution are valued, is inde-
pendent of each other because a linear additive utility function is used.
This assumption was made to simplify the calculations. The outcome of
Chapter 3 indicates that:

Care for the environment in the Rebelo model has an effect on economic
growth. More care leads to less growth.

This is due to the fact that there is only one stock of capital (although
broadly defined). If resources are not used for investment in this form of
capital, but are used instead for abatement to clean up pollution, there
will be repercussions on growth. With this model, there are growth
effects. In the Lucas model there are two types of capital, and because
investment in one of these (human capital) is not influenced by care for
the environment:

The long-term growth rate in the Lucas model is not affected by care for
the environment.

With the Lucas model there are only level effects in the long-term and
no growth effects.

If there is more care for the environment, resources will have to be used
for cleaning up which would otherwise have been used for productive in-
vestments. The long-term outcome might be the preferred outcome, but
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what exactly happens in the short-term? What adjustments take place
in the short-term? Through investment in the environment, consump-
tion could be low for a large number of years. Consumers may suffer
heavily in the early years when the decision has been taken to have a
cleaner environment. To study this, a short-term analysis is carried out
in Chapter 3. The time paths of the economic variables of interest are
determined numerically on a computer.

For the models of Rebelo and Lucas extended by flow and stock pollu-
tion, it is determined what the consequences are for consumers if there
is more environmental care.

Two welfare measures are presented in Chapter 3 which give insight into
the costs of having a cleaner environment.

Utility levels are compared over time for the case where there is no
change in attitude towards the environment, and for the case where
there is more environmental care. There is a measure which compares
how utility levels increase or decrease over time. The results for the
Rebelo model are quite difl~erent from the results of the Lucas model.
This is due to the already mentioned growth effect that occurs with the
Rebelo model, but not with the Lucas model.

People only suffer in the long-term if there is more environmental care
and if capital is broadly defined as with the Rebelo model. The reason
for this is that growth will be lower.

If more types of capital are considered, as in the Lucas model, people
only suffer in the short-term. After all, in the Lucas model there are
only level effects.

If there is more environmental care, resources are diverted from con-
sumption and investment to abatement. Consumption will be lower, as
will be the level of pollution - so there is, at the same time, both a
decrease in utility (lower consumption) and an increase in utility (lower
level of pollution). In the Rebelo model, there is a lower growth rate,
and the level of consumption will be substantially lower in the long-term
compared to the case where there is no increase in environmental care.
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Pollution is also lower, but this will not be sufficient to compensate
for the very much lower level of consumption; utility in the long-term
will then also be much lower. In the Lucas model consumption is also
lower (the level effect), but the long-term growth rate is unchanged (no
growth effect), so in the long-term there is not such a drastic lowering
of the level of utility as with the Rebelo model. People benefit in the
long-term from more environmental care. For the Rebelo model, the
opposite conclusion is reached.

Comparing the utility level at time period t to the utility level of the
last time period T, leads, in the Rebelo model, to a conclusion which
is opposite to the conclusion for the Lucas model. In the Rebelo mo-
del, utility in the final time period will be substantially lower, if there
is more care for the environment - while in the Lucas model the final
time period's utility level will be lower, but only slightly lower. There-
fore, comparing utility levels over time in the Rebelo model leads to the
conclusion that the intergenerational burden in early years is not very
high (present generations are even better off ), while in the Lucas model
they turn out to be substantial. A different conclusion is reached for
the two models. If one has identified the type or types of capital in the
economy which are important for economic growth, policy makers then
face the problem of lower economic growth in the long-term if there is
one broadly defined capital stock. If there are more types of capital, the
policy makers face the problem of level effects when the environment
has to be cleaned up. These can perhaps be just as important as the
effects due to lower growth rates.

Some of the models presented in Chapter 2 also consider the way the
model specification determines the model outcome. In this thesis a more
complete treatment is presented. The model used is an extension of the
Lucas model in Chapter 3:

A richer specification of a model based upon Lucas is presented in Chap-
ter !.

There we have nature as a stock instead of stock pollution. One could
argue that these approaches are equivalent in that we can define the
stock of nature to be the reciprocal of the stock of pollution, but this
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is not true with respect to certain characteristics of the utility function.
To be precise, it matters for the cross derivative of the arguments of the
utility function.

From Chapter 3 we conclude that growth effects with respect to the
Lucas model are short-term only. The long-term outcome is such that
care for the environment has no influence on the long-term growth rate.
This is also true for the model presented in Chapter 4 and the reason
for this is that, when a`reasonable' equation is chosen for the growth of
nature over time, nature will be constant in the long-term. The speci-
fication for the temporary evolution of nature now includes a so-called
`carrying-capacity'-term. Only in the short-term the level of nature is
variable. If the level of nature is changing and utility is multiplicative,
the appreciation of consumption is influenced, and through this channel,
the growth rate of the economy is influenced as well. For model builders,
this is an important observation. Using a multiplicative utility function
and a description of nature where nature grows in the short-term, the
growth rate can be lower, but it can also be higher. This is dependent
on the sign of the effect nature has on the appreciation of consumption.
The way consumption is valued by consumers is influenced by the level
of nature, because a multiplicative utility function is used in this chap-
ter. In the short-term and with a multiplicative utility function, there
can indeed be growth effects with the Lucas model:

If a multiplicative utility function is used with the Lucas growth model,
the short-term economic growth rate can be in,fluenced negatively or pos-
itively by care for the environment, depending orc how consumption is
valued if there is more nature.

If there is a negative influence, more nature makes consumption appre-
ciate to a lesser extent. Nature and consumption are good substitutes,
and economic growth can go down if there is more nature. When na-
ture influences the marginal utility of consumption negatively, care for
the environment has a negative effect on economic growth. If the in-
fluence is positive, more nature increases the desire for consumption.
This time nature and consumption are complements and an improving
environment leads to higher economic growth. This last effect means
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that:

We gain at two fronts, the environment gets better and economic growth
is higher if the cross-effect of nature on the marginal utility of consump-
tion is positive. We have a`Win-Win'-situation.

If one tries to set up a model, care should be taken that a model with a
predictable outcome is not chosen:

The long-term outcome of a model with either a linear additive utility
function or a model with a`carrying-capacity'-term gives us a long-term
growth rate which is independent of care for the environment.

A rather unrealistic model with nature growing to infinity, leads to a
long-term solution where the growth rate is dependent on care for the

environment. The level of nature increases indefinitely, and one can also
say that the level of stock pollution tends to zero - but then there is no
real environmental problem. Nature will improve. The purpose of the
economy is to supply the resources for nature to grow. Unfortunately,
in this case, the steady state of the model is only stable under special
circumstances.

The types of capital studied so far all share the characteristic of be-
ing renewable. This might be relevant for many economies, but it is
imaginable that for other economies there are constraints that hamper
economic growth. For instance, if a non-renewable resource is used in
production. These resources can act as a constraint on economic growth.
The growth rate of these resources might be low or possibly even zero.
Growth models with exhaustible resources are, therefore, also worth
studying. Although such a constraint might be relevant for a certain
economy in one time period, it might be less relevant in the future. The
economic agents might discover other resources to overcome the con-
straint imposed by these exhaustible resources. Then an analysis with
reproducible stocks of capital becomes relevant.

A moded with an exhaustibde resource and environmental issues has been
developed in Chapter 5.

A model with an exhaustible resource is already an endogenous growth
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model, according to the definition of the term endogenous on page 19.
In this model there is learning-by-doing to capture the efFect of eco-
nomic growth brought about unintentionally. There is also a negative
externality. Pollution originating from the use of capital has a negative
influence on the utility levels of consumers. The government has to in-
ternalize these two external effects, but it is assumed that we are in a
second best world because:

The government can only set constant long-term tax rates because of lim-
itations in the political decision process and because of high transaction
costs with varying tax rates over time.

The command optimum is then not mimicked perfectly and the levels
of the variables in the decentralized outcome are different from those
of the command optimum. Some authors, of the models presented in
Chapter 2, quote what the level of instruments should be to achieve
the command optimum outcome in the decentralized economy. In this
thesis the outcome when it is not possible to set the instruments at these
(sometimes varying) levels is looked at more closely to try to quantify the
resulting costs of imposing these constant tax rates. The first problem
the government faces is that we might not end up in the steady state in
the long-term. The outcome when the optimal (varying) level of tax is
imposed is compared with the decentralized outcome with the constant
tax rate. A discrete time model is solved to determine in the short-term
how these solutions differ. The main conclusion of this chapter is that:

If the government can only set a constant tax rate, the positive external
effect gets too much attention for the parameter set used.

The accumulation of capital is not discouraged enough. Pollution, there-
fore, rises higher than it optimally would be. This is the price the
government has to pay. Consumption levels are comparable for the de-
centralized outcome and command optimum outcome, while the stock
of pollution levels are different. These different stock pollution levels
are, therefore, the main reason why utility levels are different in both
cases. It turns out that, even though constant tax rates are imposed,
we end up in the steady state in the long-term. From the sensitivity
analysis when more parameter sets are considered, it turns out that the
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parameter set can be divided into two groups of parameters. For one
group of parameters, an increasing parameter value leads to a constant
tax rate which is set too high, and the stock of pollution is depressed
rather heavily. Among these parameters are the parameters expressing
environmental concern. The more one cares about the environment, the
stronger one is aiming for a low level of stock pollution. This is achieved
by a high ratio of abatement over capital and because the constant tax
rate is related to this ratio it will also be high. Even higher than it
optimally would be, thereby depressing stock pollution rather heavily.
For the other group of parameters, an increasing parameter value leads
to a constant tax rate which is set too low and the stock of pollution is
higher than it optimally would be. Among these parameters is the pa-
rameter expressing the natural capacity of the environment to neutralize
part of the stock pollution. The higher this parameter value, the more
stock pollution one would allow and the less abatement is needed. The
long-term ratio of abatement over capital will be low and the constant
tax rate will be low, thereby allowing stock pollution to increase above
its optimal value. In a way, one is confronted with the long-term results
much sooner.

The issue treated in Chapter 6 is the issue of international cooperation
and pollution affecting more than one country. The gains from cooper-
ation, which are always positive compared to the outcome when there is
no cooperation, are assessed to say more about why cooperation is likely
to occur, and when it is likely to be lacking. In this chapter a resource
is consumed in a finite time span, because after a certain amount of
time, a backstop technology is available. Use of an exhaustible resource
in two countries leads to pollution which affects the two neighbouring
countries equally. If cooperation calls for lower rates of extraction in the
early years, the gains made (in terms of lower levels of pollution) are
compensated by the losses in later years (higher levels of pollution), due
to higher extraction rates - but this also depends on the utility function
of the consumers and on the way pollution manifests itself, either as a
flow or a stock. It can be shown that the gains can be negligible or
substantial.

In an international setting, where all conntries are affected by pollution,
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it is shown that cooperation is less likely if pollution rraanifests itself only
as a flow pollution, and this is true especially when this flow pollution
results in a large level of disutility. With pollution also as a stock, coop-
eration turns out to be more likely.

The reason for this is that with flow pollution, the level is adjusted
more easily than with a stock pollution. With a linear additive utility
function, consumers smooth consumption to spread out over time the
effect of disutility of flow pollution if there is more cooperation among
countries or if disutility of flow pollution is given a larger weight in the
utility function. With a multiplicative utility function, the utility levels
in the case of cooperation and in the case of non-cooperation are propor-
tional to each other. The outcome in both cases is, therefore, the same,
and there is no need for cooperation among the countries. Cooperation
with a stock pollution can be beneficial in the sense that the gains in
the earlier years, in terms of utility, are not necessarily compensated by
losses in later years, or vice versa. A stock pollution dissolves gradu-
ally only if the source of stock pollution (the additions to the stock of
pollution are the levels of flow pollution over time) is taken away; so if
the stock of pollution gives a large level of disutility it will lower the
level of utility dramatically. With a flow of pollution utility goes down
as well, but to a lesser extent because the source of flow pollution can
be adjusted immediately, and this is much harder with a stock of pollu-
tion. If countries cooperate more, it will lead to a shift of consumption
into the future because of the disutility of stock pollution. The negative
consequences partly occur after the last time period of the time horizon,
and this is not taken into account by consumers. Consumption is shifted
from the present to the future if the disutility of the stock of pollution
is given a larger weight in the utility function. With a multiplicative
utility function there is a smoothing effect to spread out over time the
positive effects of consumption on utility. We conclude from this chapter
that with the greenhouse effect (a stock pollution) it is beneficial for the
countries affected by it to cooperate.

In Chapter 7 the issue of whether or not national income can be consi-
dered a measure of welfare is discussed. We conclude that:
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National income can serve as a measure of welfare if the necessary ad-
justments are made and if actual prices are not too far off the optimal
prices.

This latter requirement poses serious problems when unpriced commodi-
ties such as nature are involved. After all, if we say that nature is dete-
riorating and this is not what we want, the price for using nature is too
low. It should be higher, but there are no mechanisms in the economic
process which take care of this automatically. The government should
regulate the use of nature by imposing taxes on the use of nature. The
questions raised in Chapter 5 become relevant, but this is not pursued
in this thesis. One example of a necessary adjustment is technological
progress, but it is not that hard to make an adjustment for it. The sec-
ond issue dealt with in Chapter 7 is the issue of sustainability. It turns
out that:

Our conventional concept of national income is not a good indicator of
sustainability.

With the aid of an example, it is shown in this chapter that if a country
invests all its receipts from exploiting an exhaustible resource at a certain
time period - this by no means guarantees that this economy is on a
sustainable path. Only if the receipts from exploiting an exhaustible
resource are re-invested for all time periods we can be sure that we are
on a sustainable path.

The issues raised in this thesis call for subsequent research. The overview
of recent literature in Chapter 2 shows that more sophisticated models,
where there are for instance more sectors in the economy, will have
to be developed in the future. Not every sector in the economy is as
polluting as any other sector. An interesting issue would be to look
at the outcome for the different sectors if the sector responsible for the
pollution is taxed. How do the other sectors develop as a consequence
of this? Also, a good description of nature and pollution will have to
be looked at. For instance, the natural capacity of nature to clean up
part of the stock or flow of pollution will have to be considered in the
future. Furthermore, the way nature and the economy interact is an
interesting issue, to say more about the way pollution affects nature,
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and how this in turn will have its repercussions on the economy. The
welfare measures devised in Chapter 3 can be put to the test if one has
devised an environmental growth model for a certain economy. How
severely do people suffer if they pursue a cleaner environment? The
issue raised in Chapter 4 has to be looked at in more detail to be sure
that the outcome of the model is as rich as possible, because it would be
rather unsatisfactory if one limits the possible outcomes, solely due to
the specification of the model. One should do justice to the richness of
reality. By modelling some natural phenomenon it is impossible to take
every aspect of it into consideration. One has to abstract from some of
them, but by doing that the outcomes of the models based upon these
descriptions are not as rich as possible - therefore, one should try to
model the environment in a way that is rich enough to come up with
meaningful results. Even so, pollution in this thesis is assumed to be
evenly spread instead of being concentrated in one or more particular
places. This could also be a new line of research. To extend a model
so that it deals with pollution being concentrated in one place as well as
being absent from other places.

One major recommendation based upon this thesis will be that the con-
cepts of this thesis should be applied to practical problems to say more
about the consequences of care for the environment for a certain econ-
omy. Another approach could be to try to model part of the economy
according to the Laws of Thermodynamics. These Laws state that the
amount of mass and energy is preserved over time. This could lead to a
more realistic description of an economy together with the description
of pollution (either as a flow or as a stock). After all, a production func-
tion dependent only on capital and labour, is not sufficient nowadays. A
hundred years ago, such a production function would have been a good
first approximation. Presently, we are using up natural resources, but
they are not present in most economic growth models. For instance, to
recycle we need energy. Recycling is used to try to lift the restrictions
imposed on us by the limited supply of all sorts of natural resources -
but recycling demands energy, and recycling in the future can only be
achieved at higher rates of energy use. A way out of this would be the
development of knowledge on how to lower the amount of energy needed
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to carry out the recycling process. A good description of these interac-
tions, which would then be based upon the Laws of Thermodynamics,
could provide the answer to the question of whether or not recycling is a
viable solution to the problem of the limited supply of natural resources.
This could also be an interesting line of research to pursue.
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Stability of Lucas Model
with Pollution

The issue of whether the steady state for the model based upon Lucas
extended by pollution of Section 3.1.1 is stable or not is handled in this
appendix. This analysis is based upon a slightly adapted version of the
results obtained by Huijberts and Withagen (1992)1. The following is a
short summary of this approach.

Stability analysis is concerned with the issue of whether one would return
to the steady state, after starting some distance away from it. This
new starting point then has to be on the stable branch. If one does
return to the steady state, the steady state is called (locally) stable.
You can also say that the stable branch is locally y-parametrizable (or
non-degenerate) in the sense that for all values of the state variables (yt)
in a neighbourhood of the steady state, values of the co-state variables
(~t) exist such that they lie on the stable branch. Let us clarify this on
the basis of the following phase-diagram:

~This adaption is suggested by Huijberts.



APPENDIX A. STABILITY OF LUCAS MODEL WITH
208 POLLUTION

yt

Figure A.1: Phase diagram

The stable branch has to be such that if yt is larger or smaller than y,
which is the steady state value of yt, we can follow the stable branch
in the direction of the steady state (y, .~). This can also be formulated
as follows: if there exists a neigbourhood V in ]t~ around y such that
for every y E V there is a~ with the property that (y, ~) is on the
stable branch, then the stable branch is locally y-parametrizable. The
implicit function theorem then provides us with a sufficient condition for
the stable branch to be locally y-parametrizable. Let us follow the line
of reasoning of Huijberts and Withagen. The vector z consists of the
vectors of state variables and the vector of co-state variables z-(y,.~).
On the basis of the first order conditions, we can reduce the set of
necessary conditions to a system of 2n differential equations, where n is
the number of state variables. Then we linearize. Let x be the difference
between the vector z and the steady state values of z(which are denoted
by z), so x- z- z. The first n elements of x refer to the state variables
and the remaining elements refer to the co-state variables. We now have
~- Jx, and J is the Jacobian matrix. There are certain conditions
on J, and for details on these conditions see Huijberts and Withagen
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(1992). In general, one can derive an expression for the stable branch
on the basis of certain mathematical theorems and the result is that the
stable branch is given by:

r-T
v

where v is an element of an open set U E]f8n around the origin, h is a
vector of functions (h.l, h2i ..., hn)T and

T- T1 T3
T2 T4

The T-matrix consists of columns which are the eigenvectors of the ma-
trix J. Here, (Ti , T2 )T corresponds with the negative eigenvalues and
the elements of the matrix Tl correspond with the state variables. The
condition based on the implicit function theorem is that the submatrix
Tl of the T-matrix is invertible, or left-invertible if this matrix is not
symmetrical. This approach will now be applied to the model based
upon Lucas of Section 3.1.1 (3.2.1).

The stability of the steady state of two special cases (the so-called base
simulation and the simulation in which there is more care for the environ-
ment, see Section 3.4.1) are determined using the method just discussed.
Look at equations 3.2, 3.3, 3.4, 3.5, and 3.6, for the variables which ap-
proach a constant value in the long-term. Let us denote XÉ t- X2 by xt
where i- 2, .., 6. The five equations Xt t are now rewritten in terms of
xt:

~a t-(xs t f Xs)-~ - bs(x2 t f Xa)
x3t -(x3t f X3)S -(x3t f X3)(xót ~ X6)S t~(x3f f X3)-

(x6 t ~ Xg)1-crlx3 t ~ X3)2-~f

(x3t f X3)((x4lt ~ X4) ~ (xst ~ Xs))

x4 t-(x4 t~ Xq)~(x4 t f Xq) - p f 7C-



APPENDIX A. STABILITY OF LUCAS MODEL WITH
210 POLLUTION

(1 - a)((xót f X6)(x3t f X3))1-a~

xst -(x5t f XSt)~1}.y((x6t f X6)(x3t ~ X3))1-~ f 1}.y(x4t f X4)

~.1~ - 1~(x2 t~ X2)~(x4 t f X4)(x5 t ~ XS)-ry-1~

x6t - lá~(x6t f X6)((x5t f XS) ~ S f 7C~-

(x4 t f X4)(x6 t~ X6) ~~(x6 t f X6)2

This system of equations is linearized around the steady state (x~ - 0
for i- 2 6) to arrive at ~ - Jx where x is e ual to x x)T,.., t t~ t q ( at~..., st ,
x: is (i2 c~ . ..~ xs a)T , and the matrix J is á~x2 ~,,..,~s ~~ (t - 0), or:
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J-
X5 -7 ) y

~-~.,0,0,- XS ,0

r X6~-a)X3~-a)(2-a)
IO,b-bXs f ~- ~ ~ XI, ~ X5 ,X3,X3,
l 3

X61-a)(1-a)X3~-~)~-b X3 -
Xs

~ X4 ( 1- a ) 2 ( X6 r~(y )( 1-a )

0,- Xl~ ,

2X4 - p~ ~r- ( 1-a )(X6X3 ) (1-a)e~,

- X4 ( 1- a)2 ( Xs X3 )(1-a
)

JXs

f Xs~yX~ ~VX4X5-7-i) XS(a-1)(XsXs)11-a)(1-a)
L- X~(lfy) ' X3(1-1-y) '

XS 1-~y X~ X~ -ry-1)
,(lfy l~y ~

(a-1)(XsX3)~~-a) X4 ~
l~y ~ 1-~y ~ l~y

~,i' X~ Xá X~ -~v-1 )
~y X2 X4

X,~-7-1 ) ( - ,r, - 1 )

- lfy - 1-~-y '
XS(a-1)(XsXs)~i-a)(1-a)~

Xs(1}y)

0 0 X
Xs(1-a) (1-a)(XS fbf~r)

X~2bX,,- s, a , a - 4 s

This is the output delivered by the computer programme Maple (Heck
1993). The steady state is determined for the following parameter set
(this is the base simulation of Section 3.4.1): a - 0.300, p- 0.100,
~-0.007,~-0.500,y-1.100,b-0.104,~r-0.013andbs-0.100.
The steady state values (in continuous time) are X2 - S- 18.82577,
X3 - ( hL ) - 3.84481, X4 - ( h ) - 1.67281, XS - ( h ) - 0.56263 and
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X6 - u- 0.83654. If we plug in the values of the parameters and the
steady state values of the variables we get for J:

-0.1000 0.000
0.000 -1.586

J - 0.000 -0.483
-0.00133 -0.0774

0.000 0.000

0.000 -3.681 0.000
3.845 3.845 -7.688
1.673 0.000 -2.220
0.238 0.187 -0.356
-0.837 1.952 0.0870

The eigenvalues and eigenvectors of this matrix are determined. The
eigenvalues are:

-0.125, 0.212, 1.332, 0.0870 and -1.245, and the corresponding eigen-

vectors are:

-92.348 19.291
-5.278 -12.849
-1.490 -3.857
-0.632 -1.636
-0.0588 0.258, ,

-0.377
2.404
0.912
0.147

-0.383 ,

0.000000423 0.688
7.000 5.644

-0.0000000483 1.332
-0.0000000205 0.214

-1.523 0.523,

Now a submatrix has to be formed of those eigenvectors which have an
eigenvalue with a negative real part, and in this case we will have to take
the first and fifth eigenvector. Of these two eigenvectors, a submatrix is
formed consisting of the first two rows:

-92.348 0.688
-5.278 5.644

This submatrix is invertible as required for local stability.

The same procedure is followed for the case where ~ is equal to 0.011
and the other parameter values are as before (this corresponds to the
case of Section 3.4.1 where there is more care for the environment).
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The steady state is now: X2 - S- 14.78785, ~Y3 -( hL )- 5.00759,
X4 -(h)- 1.99500, XS -(h)- 0.70071 and X6 - i~ - 0.83654. This
time the submatrix is:

r 0.445 -83.380L 7.231 -8.318

and this matrix is invertible as required and the steady state is locally
stable. Even if the values of the parameters are varied by -{-20~ and
-20~, the steady state is locally stable and this strengthens the conclu-
sion reached.
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Stability of Rebelo Model
with Pollution

To show that the steady state of the model in Section 3.1.2 (3.2.2), with
flow and stock pollution, and which is based upon Rebelo, is stable, we
follow the line of reasoning of Withagen (1995). Withagen also considers
the Rebelo model extended by pollution in a similar setting.

Using equation 3.11, 3.12 and 3.13, we are left with a system of equations
only depending on XZ t, X3 t and X4 t, and this can be analysed in the
usual manner (George 1988). As for the Rebelo model without pollution,
it must be true that the ratio Ct~Iit (or X3 t) is equal to p for all time
periods. In the first time period, this ratio must immediately jump to
the value p because otherwise, this ratio would go to 00 or zero. Let
us denote X2 t- Xz by x2 t, and X4 t- X4 by x4 t. The two remaining
equations X2 t and X4 t, are now rewritten in terms of x2 t and x4 t:

x2t -(x4t f X4)-ry - aS(x2t f X2)

ós f P 7~P (
x4 t-(x4 t~ Xq) 1

f 7 - 1 ~ y(x4
t~ X4)-rylx2 t~ X2 )~
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This system of equations is linearized around the steady state x2 t-
x4 t - 0 to arrive at it - Jxt, where xt is equal to (x2 t, x4 t )T , it is

(xa t, ~4 t)T , and the matrix J(the Jacobian matrix) is a x2 `'x' `(t - 0),a~x2 r,x4 [~
or:

-bs -7(X4)-7-~
1}ry lX41-1'(X2)~-1 ó~ ~ 1}ry (X4)-ry-1(X2)~

The eigenvalues of this matrix are determined, and for stability the
eigenvalues should be such that there is one with a positive real part,
and the other eigenvalue has a negative real part. They follow from
solving the following equation (with y the eigenvalue):

y2-Py-ós(bsfP)(lf ity~)-0

This is the correct version of the equation also used by Withagen (1995)
on page 7. The two eigenvalues are:

yi - P- P2fE
2

and

Pf PZfE
y2 - 2

where E is equal to the positive constant 4bs(ós~p)(1-~ 1},~~i). The value
of p2 f E is larger than p, and we conclude that one of the eigenvalues
always has a negative real part (yl), and the other eigenvalue always
has a positive real part (y2). Therefore, the steady state of this model
is locally stable. Even if we vary the values of the parameters by f 20~
and -20q, the steady state turns out to be stable. This strengthens the
conclusion that the steady state is indeed locally stable.



Appendix C

Description of the
Numerical Analysis

Optimal control models can be analysed numerically on a computer.
This section discusses how this should be done (Section C.1). Specific
remarks with respect to the numerical calculations and the two models
of Chapter 3 are in Section C.2.

C.1 How to Perform a Numerical Analysis

First, the continuous time model has to be transformed into a discrete
time modell. Setting up a discrete time model or a continuous time mo-
del, where time can take on any value, is also determined by the software
which is used to approximate the values of the variables over time. The
discrete time infinite horizon growth model has to be transformed into

~ See Fliegner (1995), who notes that for linear systems this transformation can be
carried out and there is no essential difference between the behaviour of the system in
continuous time and in discrete time. The models in this thesis are non-linear systems
and for these systems Flieger argues that this ttansformation is by no means trivial.
One should be aware of this when numerical results are presented, like in appendix
F. Non-linear discrete time systems are discussed by Flieger in his thesis.
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a discrete time model with a finite horizon. We cannot take an infinite
number of time periods, because the computer would then have to per-
form an infinite number of calculations, which is of course impossible.
There is an adjustment necessary to make sure that the numerical out-
come is equivalent to the outcome of the infinite horizon discrete time
model.

We look at a generally formulated model in discrete time (of which the
model based upon Rebelo is a special case and the model based upon
Lucas is an extension, but then both in continuous time). A formal
description of the model is:

m~~ ~~o ( ifv)tLt [log(L )-

s.t. I~ctl - h~t - It
Yt-ltfCt-}-At
Yt - F(~~'t, Lt)

~t~st}~~
I~ o is given

Lt.~l - Lt - ~rLt Lo - 1
Stfi - St -( Á)~ -~sSt So is given

The first constraint states that the change in the capital stock (R"tfl -
Iít) equals investment (It). Total product (Yt - F(Iit, Lt)) is used
for investment, consumption and abatement, as shown in the second
constraint. Production takes place using capital and labour.

The model now has to be adapted in a number of ways to make sure that
the solution is comparable to the solution of the model with an infinite
horizon. To show what adjustments are necessary, I will rely heavily on
the work by Mercenier and Michel ( 1994b and 1994a). If we consider
the discrete time formulation of a growth model and simply truncate
the time horizon, we will expect that, for instance, the capital stock
has been depleted completely at the final time period. Disinvestments
will be such that in the last time period the capital stock is completely
consumed. We do not want this to happen, we want to allow for positive
growth after the last time period, as can normally be expected for a
model with an infinite horizon. We also want the model's solution to be
comparable to the results of the model with an infinite number of time
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periods. This is termed steady state invariance. Mercenier and Michel
(1994b, 1994a) define this term as `the situation in which a discrete
time approximation of a continuous time infinite horizon optimization
model has the same stationary state as the original model'. Mercenier
and Michel show the exact form of the necessary adjustments for the
Ramsey model in order to achieve steady state invariance. They also
consider the issue of reducing the number of calculations by aggregating
over time.

To guarantee growth after the last time period, there have to be certain
minimum levels of the stock variables. Therefore, an additional term is
added to the objective function representing the value of the objective
function for all remaining time periods that are not considered. Gri-
nold (1977, 1983b, 1983a) describes the so-called salvage-technique in
which such a(salvage-)value is placed on the resources which carry over
from the last period into later periods. He and other authors ( Flam and
Wets 1987) then consider under which circumstances the model's solu-
tion converges to the long-term solution of the model if the last period
would be extended to infinity.

We have to add an extra term (salvage-value) to the utility function to
guarantee steady state invariance. This is achieved by assuming that
from the last time period ( T) onward the economy is in a steady state
and the growth rates and certain ratios are constant. This is only ap-
proximately true, but if a long enough horizon is taken the error made
will be negligible. The values of the variables can then be expressed as
functions of only some initial value, the value of the variable at the last
time period (T), and the steady state growth rate of that variable. To
guarantee that the economy is in a steady state at the last time period
considered (T), we have to add a number of extra constraints to the
model. In a steady state with balanced growth, the stock of pollution
is constant, so we have St~l - St for t- T, T~- 1, ..., oo. This leads to
Stfl-St-(A )~-óSSt-O,or(Á )~-SSStfort-T,Tfl,...,oo.
With balanced growth, the ratios Ct~Iit and At~I~t are constant and
the growth rates of consumption and abatement are both equal to the
growth rate of capital. Let us denote this common growth rate by g
(- 9c - 9A - 9x). Following the argument by Mercenier and Michel,
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we have to impose the following conditions to the model. First, the capi-
tal stock grows at its steady state growth rate g, so for t - T, T~ 1, . .., o0
we have Kt~l -(1 ~ g)Iit. Or, if we use the definition of investment:
It - h~tfi - k~t - 9ht (t - T,T -}- 1, .., oo).

If we use all this information, we are now in a position to reformulate
the model into a model with a finite horizon. The objective function is
equivalent to:

E~ól (1~)t [log(Ct~Lt) - 1~St f~G]-~

EioT (i~)t [log(Ct~Lt)- it~St}~]

and is also equivalent to the following expressing if we use the fact that
consumption grows at rate g and the stock of pollution is constant from
t - T onward:

Etól (~)t [1og(Ct~Lt) - 1~Stf~]f

~~ ~)t [log( C T 1-~9 i-T 1- i~ SIf~
t-T ( 1~P LTí l-~~) 1 ~~, T ]

This is transformed to:

~Tól (~)t [log(Ct~Lt) -
(ip)T p}~ [log(CTILT) -

~ Sit~G
it~ t ]~
1~~ ST}~] } ~

The constant term c is equal to (1~)Tfl( 1}p )21og( i~), and it can be
left out because it does not influence the optimal choice of Ct or At. As
a final result, we arrive at the following model:

C~ Etol (~)t [log(Ct~Lt) - 1t~Si}~]

f(~)T p}~ [log(CT~LT) - i~~ST}~]
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s.t. Ii't~i - Ii't - It Ko is given

Yc - Ic -~ Ct -f- At

Ye - F(Iit, Lt)
Lt fl - Lc -~Lc Lo - 1

IT - gIi T

Sttl - St -( Á)~ - óSSt So is given

(~~T~AT )ry - ~SST

(C.1)

(C.2)

The model has a finite horizon and the utility function consists of two
parts. The first part deals with the utility levels from time period t- 0
up to t- T-1. The second part represents the utility levels from t- T
onward, or equivalently, the end-value or salvage-value. There are now
two extra constraints, equations C.1 and C.2, which guarantee that at
t- T the economy is in a steady state. It is necessary to have sufl"icient
time periods in the finite horizon model to ensure that the stock of
pollution is close enough to its constant steady state value. One could
decide that the value of stock pollution is close enough to its steady
state value if it deviates no more than 5~ from this value. Furthermore,
the growth rates of consumption and abatement must have reached (for
instance, within a 5~ band width) their steady state growth rates. We
could, therefore, say that T is suíficiently large if all the aforementioned
values deviate no more than 5~ from their steady state value - but a
large value of T increases the computational burden, so we have to find
a compromise such that the computational burden is not too high and
the results obtained are accurate enough.

There are numerous programmes that can be used to determine the solu-
tion of this model. First, we have GAMS (Brooke, Kendrick, and Meer-
aus 1988), and this programme is for the operating system MS-DOS. An
alternative programme is AIMMS (Bisschop and Entriken 1993), and
this is a MS-Windows programme. Both these programmes perform
the same task, only the output produced by AIMMS is more sophisti-
cated. After AIMMS has completed its calculations it takes little efl'ort
to generate graphs of the variables. I use GAMS, because it gives more
information about the solution process during the calculations.
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C.2 Remarks with respect to the Two Models

The discrete time model based upon Lucas with a finite horizon is the
same as the prototype model of Section C.1, but this time with two
extra constraints dealing with human capital accumulation:

Htf~ - Ht - Hc~(1 - ut)

p-~1~~
uT -u- ~ 1-~p

(C.3)

(C.4)

where Ho is given. Equation C.3 is the difference equation describing
the temporary evolution of the level of human capital. To guarantee
that at time period T the economy is in a steady state, equation C.4
states that the ut-value should be equal to its steady state value (u) at
time t- T. The functional form of the production function F(.) is now
Yt - lit (utHtLt)1-a, so now there is also human capital as one of the
inputs.

The model based upon Rebelo is the general model presented in Section
C.1, and the production function Yt - aIi't is employed. There are no
extra constraints or equations this time.
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Lucas Model with Pollution
in Discrete Time

The current value Hamiltonian for the Lucas-based model of Section
3.4.1, reads in discrete time (Feichtinger and Hartl 1986):

~ - ~ioo (1~)t {~log(ct) - if~GSt }~~
-f-Oh [-I~t~l f Iit f Iít (utHtLt)1-a - ctLt - At]
~-OH~-Htfi f Hc(1 f ~(1 - ut))~
-f-Oi~-Stfi f (1 - ós)Sa ~ (Iit~Ai)~]}

This Hamiltonian is based upon the model presented in Appendix C.1
and C.2. The first order conditions (follow from áQ~ - 0, where Qt is
ct~ At, uc, ~~t, Ht and St, respectively) are:

(1 ~ ~)t{ct i - OhLi} - 0 (D.1)

( 1 ~ ~ )t{-Oi ~- Ot(-7)hiAt w-i } - 0 (D.2)
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( i~ P)t{Oh Iit ( 1 - a)(v.cHcLc)-~HtLc f OHHt~(-1)} - 0

(~)t{Ok(1 f aht-~(utHtLt)i-a) ~ 0~~,h-~-iAt ~}

~-(~)t-~{o~-~(-i)} - o

(~)t{Oh lít ( 1 - a)(utHtLt)-autLt ~- OH(1 f ~(1 - ut))}
~(i~)t-i{~Hi(-1)} - 0

( i f P)t{-~s~ -~ ot (1- as)} f(1 ~ p)t-~{ot ~(-1)} - o

And we also have the three original difference equations we started with.
From all these equations, we determine the difference equations for Kt,
Ht, St, Oh , 0~ and OS:

Iítf1 - h~t(1 f ut-a(Xst)i-~ - Xat - Xst)

Ht-~~ - Ht(1 ~- ~(1 - ut))

Stti - St(1 - ós f(Xst)-~St i)

lf
Ok - ~t~ 1

(1 ~ ~)(1 ~ a - ~t- (X3t)~-a - XSt)
(D.3)

lf

OH - OH 1 (1 ~ ~)( ~~ ~)
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s s ifPOt - Dt-i (1 } ~)(1 - bs f ~7Si (Xst)-ti-1X9t)

The growth rates of I~ t, Ht and the three shadow prices are:

9K - ~t-a (X3t)1-a
-

X4t - XSt

9H - ~(1 - ut)

~ - CY2G1-a(X3t)1-~ f XStlf~r t
90h - 1 ~ a,ut-a(X3t)1-a - X5t

9oH -

9os
1~ f bS - ~bS~(Xst)-7~1f~~-1X4t

1 - ós ~- ~bs~lX5t)-ry~1f~G~-1X4t

(D.4)

(D.5)

(D.6)

(D.7)

On the basis of the first three FOCs we can derive relationships between
the growth rates of the variables:

(1 f 9oK)(1 f 9~)(1 f~) - 1 (D.8)

(1 f 9oK) -(1 f 9os)(1 f 9K) ryll ~
9A)-1'-1 (D.9)
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and

(1 f 90h )(1 ~- 9K)~(1 f 9H)-a(1 ~ ~r)1-a -
(1 ~ 9oH)

(D.10)

Because the ratios X3 t- h , X4 t- ~h and X5 t- h , are constant
in the steady state, we also have the following relationships:

(1 f yH)(1 f~) - (1 f yh) (D.11)

(1 f 9~)(1 f~) -(1 f 9x)

and

(D.12)

(1 ~- 9a) - (1 ~ 9x) (D.13)

Because of a constant ratio h, the level of stock pollution and the
corresponding shadow price are constant as well, so:

St - ~S(Xst)-7

O - if~ } aS - Y~r~s~(X5t)-7clf~~-lx4t

1 - bS f ~Ybs~(X5t)-~rÍ1t~Í-1X4t

(D.14)

(D.15)

And the equation for Ot follows from equation D.1 and D.2:
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DS - - 1 1 Xlfti
t sc

~i X 4 t

Equation D.9 is implied by the other equations and can be dropped.
Care should be taken if ratios with more than two variables are constant.
For instance, if the ratio X3 tX4 t~Xs t , with the variables X3 t, X4 t
and XS t, is constant, the relationship between the growth rates of the
variables is:

9x3 T gx4 f 9x39x, - 9x5

Notice the product of gx3 and gx4 1 . It is necessary to include this
product to obtain accurate results.

The above equations (D.4, D.5, D.6, D.7, D.8, D.10, D.11, D.12, D.13,
D.14, D.15) can be used to derive the steady state growth rates for all
variables (gh , gH, g~, g-4, gox, goH ), the steady state values for the
ratios X3 t(- h), X4 c(- h), Xs c(- h), and finally, the steady
state values for ut and St.

We are only interested in the steady state values for ut, X3 t, X4 t and
XS t, which are denoted by u, X3, X4 and X5. We cannot obtain an
explicit analytical solution from these equations, except for u:

u- p-~rlf~
~ lfp

The remaining three steady state ratios follow from solving the following
three equations (the above system of equations is reduced to a system
of three equations with three unknown entities):

~7l1 )tV(XS)-7~1t~~-1X4 - óS ~ p
- 9f

óS 1 ~ 7f

1 The product of the two growth rates (gX, gX, ) is not present in continuous time,
there we have gX, -~ gx9 - gx5.
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CY261-a~X3~1-a - XS -~~1 f S~ } S

and

~i-~~Xs)i-a - X4 - XS - ~r f ~(1 - i~)~1 f ~)

They have to be solved numerically, because an explicit analytical solu-
tion cannot be obtained.



Appendix E

Rebelo Model with
Pollution in Discrete Time

In discrete time, the Hamiltonian for the Rebelo-based model of Section
3.4.2, reads (Feichtinger and Hartl 1986):

x - ~i~o (itn)t {[log(Ct) - ~t~st}~]
fOh~[-Iit fl f h~t(1 ~- a) - Ct - At]
fOt [-S~fi f (1 - bs)St f ( Iit~At)ry]}

This is based upon the model presented in Appendix C.1 and C.2. Note
that the first three constraints have been merged. The first order con-
ditions are:

~C -(1~ )~{Cti-0~}-0 (E.1)
P

á~l 1
áAt -(1 ~ p)t{-Oh f Ot (-7)~~i At7-1} - 0
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a~~t -

(ifv)t{Oh(1 ~ a) ~ Otylit -lAt 7} ~(ltn)t i{ph-1(-1)} - 0

ás -(1 ~. p)t{-~st ~ os(1- ós)} ~(1 ~ p)t-'{ot ~(-1)} - o

And we also have the two difFerence equations for capital and stock pol-
lution. From all these equations we determine the difference equations
for Iít, St, Oh and Ot:

lítfi - ~~t(1 f ~ - ~t - At )Kt I~ t

Stti -S`t(1-bs~(~t)-~(St))
t

Oti - ~i-i(1 ~ P)(1 f~- Ít)
t

Oi - Ot i(1 ~ P)(1 - bs f~Si y( At )-7-i( ~t ))-iIit Iít

(E.2)

By substituting equation E.1 in equation E.2, we determine the diffe-
rence equation for Ct:

1 At
Ct-Ct-i(1~ )(lfa- ~1 )

p t



231

Because of balanced growth, we have gC - gh- - gA and gs - go~ - 0.
The ratios C~Ií and A~Ií follow from the following two equations if
all the information above is used. The variables have no time subscript
because we are considering the long-term outcome. From the equality
gC - gh we have:

9-9x-a-h -K-~1-~p)~ifa-~ )-1.

From go~ - 0 we have:

~Y~ ~S )~G~ ~~-7(if~G)-i ~ ~ ~ - p ~- ~s

We cannot obtain an explicit analytical solution from these equations.
They have to be solved numerically to obtain the values of the unknown
ratios and the long-term steady state growth rate g.



Appendix F

Numerical Results of the
Models in Chapter 3

The following tables show the numerical results for the Lucas-based
model and Rebelo-based model of Chapter 3:
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Appendix G

Sensitivity Analysis of the
Welfare Measures

In this appendix, there are graphs of the two welfare measures presented
in Chapter 3, where each parameter value is changed by 2.5~, 5~, 7.5~0
and 10~. The smallest change is represented by a dotted curve in each
of the figures. The first section (G.1) presents the graphs for the Lucas-
based model and the second section ( G.2) the graphs for the Rebelo-
based model.

G.1 The Lucas Model

The parameter values are varied and the shape of the resulting graphs
of the welfare measures remain qualitatively the same.
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Figure G.1: The two welfare measures with a varying p-value for the
Lucas-based model.
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Figure G.2: The two welfare measures with a varying ~r-value for the
Lucas-based model.
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Figure G.3: The two welfare measures with a varying a-value for the
Lucas-based model.

zo ;0 eo '0 20 :0
1( y..n) t (in y.ua)

BO

Figure G.4: The two welfare measures with a varying S-value for the
Lucas-based model.
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Figure G.5: The two welfare measures with a varying ry-value for the
Lucas-based model.

a

3

31i I
0 20 ~0 80

t (in yurol

p

20 40
t (in yNrs)

80

Figure G.6: The two welfare measures with a varying bs-value for the
Lucas-based model.
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Figure G.7: The two welfare measures with a varying ~-value for the
Lucas-based model.

Figure G.8: The two welfare measures with a varying ~-value for the
Lucas-based model.
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G.2 The Rebelo Model

Concerning the Rebelo model, if the parameter values are varied, the
shape of the resulting graphs of the welfare measures remain qualita-
tively the same.

Figure G.9: The two welfare measures with a varying p-value for the
Rebelo-based model.
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Figure G.10: The two welfare measures with a varying a-va.lue for the
Rebelo-based model.

Figure G.11: The two welfare measures with a varying y-value for the
Rebelo-based model.
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Figure G.12: The two welfare measures with a varying SS-value for the
Rebelo-based model.
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Figure G.13: The two welfare measures with a varying ~-value for the
Rebelo-based model.
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Figure G.14: The two welfare measures with a varying ~-value for the
Rebelo-based model.



Appendix H

Instability with
Ever-Growing Level of
Nature

In this appendix, we determine whether or not the steady state for the
model of Section 4.3.1, with the equation describing the temporary evo-
lution of nature as in equation 4.22, is locally stable or not ( George 1988).
The eigenvalues are such that, whenever a set of reasonable parameter
values is given, all four have positive real parts, and none of them has a
negative real part. Changing the values of the parameters does not lead
to other signs of the eigenvalues, and the conclusion, therefore, is that
the steady state of the model is likely to be locally unstable.

The following variables and ratios approach constant values in the long-
term: `h,~, ut and vt. On the basis of the first order condi-
tions, we derive difference equations for ct, vt and ut. We already have
the difference equations for Kt and Ht, and we can derive difference
equations for the ratios h and `h . Let us denote k -( hL )

bY xl t, ~` -( K) bY x2 t, vt - v by x3 t, and ut - u by x4 t. Then
the difference equations for these variables xt(i - l, ..., 4) are deter-
mined. This system of equations is linearized around the steady state
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xl t- x2 t - x3 t- x4 t- O , to arrive at it - J~t, where xt is equal
t0 (21 t~ ~2 t, x3 t~ x4 t)T i xt ls (~1 ti ~2 t, x3 t, ~4 t)Ti and the matrix J , tlle

Jacobian matrix, is a x' `'~2 `'i3 `'~' ` (t - 0). The Jacobian matrix isa x~ ~,x~ ~,x3 ~,x, ~)
determined with Maple as in Appendix A.

With ~r - 0.015, p- 0.025, a- 0.1, ~- 0.022, y - 0.5, ~- 0.005,
w~ - 0.2 and wN - 0.4, we get the following Jacobian matrix:

J-
0.339 -0.0498 0.161 -0.388
1.979 -0.333 1.068 -2.634

-0.0853 -0.000221 -0.000773 -0.00172
0.0620 0.000819 0.00287 0.0120

The eigenvalues of this matrix are: 0.00560, 0.00560, 0.00280 -~ j0.161
and 0.00280 - j0.161. Here j is ~. None of the eigenvalues has a
negative real part - therefore, for this set of parameters, the steady state
of the model is locally unstable.

Consumption and nature are both goods which are appreciated. A high
level of consumption can only be achieved if production is high, but this

also leads to a high level of flow pollution. A high level of nature does not
have this disadvantage. A high growth rate of nature can be realized with
a high ratio of abatement over total product, or equivalently, with a high
level of abatement and a low level of total product, leading to low levels of
flow pollution - so consumers aim for a high value of vt. Consumption can
be low, because nature is a good substitute for consumption. Investment
in capital, and the level of capital itself, can be low. The time spent
producing will also be low to make sure that production will be low.
Therefore, it is impossible to reach the steady state with a value of ~t
close to its long-term steady state value, because ut will be lower than
this value. Furthermore, vt will be higher than its long-term value. The
conclusion, therefore, is that this economy will not start off at a point
on the stable branch, and will not move towards its long-term steady
state solution.



Appendix I

Calculations for the Model
of Van der Ploeg et al.

For the Rebelo-based model of Van der Ploeg et al. (1993), in Section
4.3.1, we set up the current value Hamiltonian:

~-l - TCt `NtN f Oti [alit(1 - vt) - Ct~ ~ ON[1Vt~vi ~

From this, we determine the first order conditions:

avt

a~-l - T w Cw`-1 N"'N - Oh - 0aCt ~ t t t

á?-l - -OKaKt f ONNt~7vi -1 - 0

áIit
a~-l - Oha(1- vt) - pOh - Oh
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(iií - 7wNCw~Nw1v-1 } ~N,~vry - P~N - ~NáNt t t t t t t

From the differential equations of Kt and Nt, and these first order con-
ditions, we can derive the growth rates of Ct, Kt, Nt, Oh , ON and vt
(for convenience, denote the ratio Ct~~~t bY Xi t):

9c - 1 (P - a(1 - vt) - wN~vi) (I.1)
w~ - 1

9x-a(1-vt)-Xit

9N-~vt

9oh -p-a(1-vt)

90~v - p - ~vt -
wN ~ry 7-i--vt Xi t
w~ a

1 wN ~ry 7-1
9v - Xlt(1 - --vt )1 - ry w~ a

In case of balanced growth, we have a constant vt and Xl t(or equiva-
lently a constant ratio Ct~Kt). We can now derive equations for vt and
Xl t:
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Xr t - Xi t9x1
- X~ t(9c - 9x)

P-wN~~e w~ )
- Xl t( wc-1 - a(1 - l~t)wc-1 ~ Xl t

- vt9v

- vt117X1t(1 - ~~vt-1)

The steady state values for Xl t and vt, are denoted by Xl and v. They
follow from Xl t- vt - 0, and are equal to:

1
Xl - 1- w(P - a(1 - v)w~ - wN~vry)

~

and

v - (~~wN)~~7
a w~

We now have a system of equations depending only on Xl t and vt, and
this can be analysed in the usual manner (George 1988). Let us denote
Xl t- Xi bY xl t, and vt - v by x2 t. The two remaining equations Xl t
and vt, are rewritten in terms of xl t and x2 t:

'Y

xit-(xitfXi)(P-w~~
x21 ~-v)

-a(1-x2t-v)ww` lfxitfX1)~ ~-

x2t -(x2t ~ v)(xlt f X1) 1 (1 - wIV ~y(x2t
f v)7-1)

1-ry w~ a

This system of equations is linearized around the steady state xl t-
x2 t - 0, to arrive at it - Jxt, where xt is equal to (xl t, x2 t)T , xt is
(~i t, xa t)T ~ and the matrix J (the Jacobian) is a x' `'~2 ` (t - 0), or:a xl t,x2 t

J- Xl ~ l0 X1 J



Appendix J

Stability for Lucas Model
with Nature

On the basis of the first order conditions, derived in Section 4.2, we can
derive additional difference equations for ct, vt and ut. We already have
the difference equations for Ií t, Ht and Nt. We can then derive difference

equations for h and h. Let us denote Nt - N by xl t, h-( hL )

bY xa t, ~h -( h) bY xs t, vt - v by x4 t, and z~t - u by xs t. The diffe-

rence equations for these variables xt(i - 1, ..., 5) can be determined
easily. This system of equations is linearized around the steady state

xl t- x2 t - x3 t- x4 t- x5 t- O, to arrive at xt - Jxt, where xt is
equal to (21tvx2t~x3t~x4t~x5t)Ti xt ls (~1tex2t~~3t~x4tix5t)T, and the

matrix J, the Jacobian matrix, is a~' `'~z `'~3 `'x4 `'x5 ` (t - 0). Unfortu-a xl t rx2 t~~3 t,T4 t,~5 t

nately, the elements of the Jacobian matrix for this system of differential
equations are very messy. The determination of the eigenvalues has been
`automated' in that this process is translated into a file which is handled
by the computer programme Maple (Heck 1993) (see also Appendix A).

The following parameter values are used: ~r - 0.025, p- 0.04, a- 0.2,
~- 0.02, y - 0.5, ~c - 0.05, wc - 0.4 and wN - 0.4. For the Jacobian
we get:
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J-

-0.0500 0.000 0.000 0.00247 0.000
0.000 -0.180 0.385 0.117 -0.126

-0.252 -0.0598 0.192 0.0511 -0.0394
-5.268 0.277 1.468 0.780 0.183
20.671 -1.088 -6.343 -3.060 -0.706

The eigenvalues of this matrix are: -0.691, 0.703, -0.0443, 0.0560 and
0.0117. The corresponding eigenvectors are:

-0.000700 0.000672 -0.0102
-0.184 0.181 0.0217
-0.0567 0.0664 -0.0160

0.182 0.205 -0.0235
-0.749 -0.875 -0.0936, ,

0.0106
-0.0942
-0.175
0.453
0.0598, ,

-0.00000000173
1.670

0.0000000141
-0.0000000426

-2.531

Now a submatrix has to be formed of those eigenvectors which have
an eigenvalue with a negative real part, in this case the first and third
eigenvector. Of these two eigenvectors, a submatrix is formed consisting
of the first two rows:

-0.000700 -0.0102
-0.184 0.0217

This submatrix is invertible as required for local stability.



Appendix K

Steady State of Command
Optimum

To determine the steady state for the model of the command optimum
in Section 5.2, we set up the Hamiltonian (Feichtinger and Hartl 1986):

x-~ioo ( ifn)t{log(Ct) - if~G Si
f~

-}~Oh [-líttl ~- Iit ~ ~ít f7Rt-a - Ct - At]
fOX ~-Xtt~ ~- Xt - IZt] f
~OS~-Stfi f Sc f ~KaAt Q- ósSt]}

The first three FOCs are:

áCt - (1 ~ p)t{Ct 1 - Oh } - 0 (K.l)
ax

~R - (1 ~ )t {(1 - a)Ok Iít ~~Rt a - OX } - 0 (K.2)
P
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áA - (1 ~ )t{-o~ ~- os~~~~(-p)at ~-~ } - o (K.s)
P

The following three FOCs follow from h- 0, ~- 0 and ás - 0,
respectively:

x x l~p K.4
Ot -~t-i 1 f(a -~ 7)h~tf7-iR~-~ - h ( )

~X - ~X i(1 f P)

s s lfp
Ct - Ct-i 1- Ss f ~~~5~~.(~)-A-it Kf R"f

(K.5)

(K.6)

From equation K.1 and K.4, we can derive an equation for the temporary
evolution of consumption:

1 ~ (a } ,l,)~~at7-1Rf-~ - hf
Ct - Ct-i (K.7)lfp

and the growth rate of consumption is:

(a It af7-iRi-a - ~~- ~Y ) t t h-f - P
9c- 1}p (K.8)

From equation K.1, K.2 and K.5, we can derive a relationship between
the growth rates of the variables present in these equations 1:

IRemember that the g~rowth rate of a variable V is denoted by gv, and is defined
in discrete time as gv - vt' - 1.
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(1 f 9c)-i(1 f g~;-}af7(1 ~- gR)-a -(1 ~ P) (K.9}

From the first and fourth constraint (the difference equations for capital
and stock of exhaustible resource of the model in the main text), the
following growth rates can be derived, also using the second and third
constraint:

9x - Iíaf7-~ R~ -~ - ct - At
Kt Ií t

Rt
9x--X t

(K.10)

(K.11)

If we assume that there is balanced growth with constant growth rates
of all variables (which are possibly zero) and constant ratios, h, h and
~ the following equations should hold in the steady state:x~~

9x - 9a - 9c (K.12)

9R - 9x (K.13)

The term k"t }~-1 Rt -`~ also has to be constant to have a constant growth
rate of capital, so it must be true that:

(1 } gh.)~f-r-1(1 f 9R)1-`~ - 1 (K.14)

Rewriting equation K.3 and using equation K.1, we get:
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~S - OK - 1

t -~QhQA~ Q-i -C~(At~Ií"c)-a-i(Ct~~;t) K.15( )

We notice that OS is constant (gó - 0), and if we use equation K.6 we
arrive at:

Pf ós - ~ACSTh~(h~)-a-i (K.16)

From the difference equation for St, we conclude that if the ratio K is
constant, the stock of pollution in the steady state will also be constant.
Instead of an unknown gs, which is zero, we now have an unknown level
of stock pollution St. The steady state value for the stock of pollution
is only dependent on the ratio h, according to (look at the difference
equation for the stock of pollution and use S- St - St~l, where S is
the steady state value of St):

A -p
S- bs(h) (K.17)

If ( k) is determined, then S is also known.

The steady state values for the ratios ~-, ~, ~ and Kt }ry-1Ri-a, arex~ x~ x~
denoted by a bar over the symbol. There are now ten equations which
determine the steady state. From these, we can derive the following
expressions:

P
9R-9x - -1tP

R p
(X)- lfp
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~-a
9x-9c-9A-(l~p)~ty-1 -1

The remaining ratios ( h), ( h) and Iia}ry-1 R1-a follow from solving
these three equations:

Ií~f7-rR~-a - ( h ) - ( ~ ) - (1 ~. p) af7~ i - 1

-Q(1f~G)-i
P f bs - ~QS1t~Gós~(h ) (~ )

(1 ~ P)af7-1 - 1 ~- (a f 7)j~ af7-~R~-a - ( A )K

They have to be solved numerically, because an explicit analytical solu-
tion cannot be obtained.



Appendix L

Steady State of
Decentralized Outcome

The Hamiltonian for the consumer problem of Section 5.3 is:

~-f - Eioo(1 ~ p)t{log(Ct)

;-Oh [-Ii'tfi f lít(1 f rt) -I- IItutrut ~ H„~:~~ny - Ct - LSTt~}

And the first two FOCs are (these follow from ác - áh - ~):

C-1 - Oh.
t t

Oh -0h11}P
1 -{- rt

Using the expressions for rt and pt (the first order conditions maximizing
the output producing firms' profit) we arrive at:
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C-1 - Oht t

1~Oh - Oh 1 1 ~ LYj1"a}ry-1R1-a -,ríC
c t t

or

1 f ah~t
f7-1R~-a - TI[

Ct - Ct-1 1 ~ p

For the ith mining firm, we have for the Hamiltonian:

x- ~ioo~~i-o 1fr, ) {pRRtt fOX ~-Xt;tfi ~- Xt;t - Rtt]}

(L.1)

The first two FOCs are this time (these follow from áR~- áx;t - 0)'

pR-OX

OX - 4X 1(l f rt)

and we end up with:

pR -pt~-i~l~Tt)

And again, using the expression for Pt and rt, we arrive at:

h~t7Rt
a - h~ti~Rt i~l f ah't f7-1R~-a - Tit)
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With

~~ining -
~i1 pt~Rit - pt~~i 1 Rit - ptxnmf R it - i~~Rti

~~utput - 0, and pt, rt, Th~ as in the main text, the budget constraint
for consumers becomes:

Iítfi-Kt-Kt}~Rt-a-Ct-Atfrylltt7Rt-a-LSTt

To equate this budget constraint with the budget constraint of the com-
mand optimum, we must have that:

LSTt - ryliaf7Rt-a



Appendix M

Stability of the Steady
State of Command
Optimum

On the basis of the first order conditions, derived in Appendix K, we can
derive additional difference equations for Ct, At and Ri. We already have
the difference equations for Iit, Xt and St. From the first five difference
equations (the equations for Iít, Ct, Rt, At and Xt), we can derive
difference equations for I~t}ry-1 Rt -a, h, h and X . Let us denote St -

S by xt , ~~tt7-i Rt -a - I~af~r-1 Ri-a by xi ~~-( C) bY xi~~-( A)K~ h" K~ K
by xt , and X-( X) by xt . The difl'erence equations for these variables
xt(i - 1, ..., 5) are determined. This system of equations is linearized
around the steady state xt - xt - xt - xt - xt - 0, to arrive at ~t -
Jxt, where xt is equal to (xl x2 x3 x4 xs)T x is (x~,xt,xt,xt,xt)T,t~ t~ t~ t~ t ~ t

1 2 3 ~ 5
and the matrix J the Jacobian is a~~-~'~~(t - 0) or:, , a T~ ,~~ ,s~ ,x~ ,x~ ,
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J-

0.800 0.000 0.000 -7619.698 0.000
0.000 0.908 -0.0104 0.918 0.000
0.000 -0.0915 1.103 0.00102 0.000

-0.000000288 -0.00501 -0.00811 1.217 0.000
0.000 0.000109 -0.0110 0.0880 1.010

The eigenvalues of this matrix are: 0.931, 1.076, 0.795, 1.225 and 1.010.
The corresponding eigenvectors are:

-155.988
0.0868
0.0463
0.00268
0.00334

-235.298 963.749
0.0384 -0.00481
0.132 -0.00143

0.00853 0.000575
-0.0106 -0.000307,,

165.163 0.000
-0.0274 0.000
0.0204 0.000

-0.00921 0.000
-0.00483 1.000, ,

Now a submatrix is formed of those eigenvectors which have an eigen-
value smaller than one (see Appendix A; in continuous time the eigen-
values have to be smaller than Zero, while in discrete time they have to
be smaller than one), in this case the first and third eigenvectors. Of
these two eigenvectors, a submatrix is formed consisting of the first row:

[ -155.988 963.749 ]

This submatrix is left invertible as required for local stability of the
steady state.



Appendix N

Sensitivity Analysis Results
for all Parameters

The following table summarizes the results of the first part of the sensi-
tivity analysis carried out in Section 5.5. The parameter values change
by 2.5~, 5~, 7.5~ and lOPlo, to see how the actual level of stock pol-
lution and the actual tax rate differ from their optimal values. In the
following table, the maximum levels and lowest negative values are listed
by which these two measures deviate from their optimal value. For each
parameter, the first row is the deviation of the stock of pollution from
the optimal level, and the second row is the deviation of the tax rate
from the optimal level:



APPENDIX N. SENSITIVITY ANALYSIS RESULTS FOR
274 ALL PARAMETERS

Table N.1: Sensitivity analysis results, where each parameter value changes by a certain

percentage and the corresponding largest deviation from the optimal value, for the stock of

pollution ( first row) and the tax rate (second row), are listed.

00 2.so so 7.so loo
p 2.12 2.63 3.11 3.59 4.04

-2.88 -3.53 -4.15 -4.75 -5.33
a 2.12 3.28 4.42 5.56 6.69

-2.88 -4.28 -5.63 -6.93 -8.17
ry 2.12 2.25 2.37 2.49 2.62

-2.88 -3.01 -3.13 -3.25 -3.36
bg 2.12 2.68 3.24 3.80 9.36

-2.88 -3.55 -4.19 -4.80 -5.39
~ 2.12 1.62 1.13 0.67 0.22

-2.88 -2.28 -1.69 -1.10 -0.52
zli 2.12 1.85 1.59 1.33 1.07

-2.88 -2.57 -2.25 -1.94 -1.63
~ 2.12 1.56 1.02 0.49 -0.04

-2.88 -2.17 -1.46 -0.76 0.03
~3 2.12 -0.71 -3.39 -5.92 -8.30

-2.88 0.82 4.51 8.18 11.80
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Sensitivity Analysis Results
with the Initial Stocks

Tables 0.1, 0.2 and 0.3 (the first two on page 276 and the third on page
277) are a summary of the results of the second part of the sensitivity
analysis carried out in Section 5.5. Table 0.1 is in case the initial stock
of exhaustible resource is - lOq above the level when there is balanced
growth from the first time period t- 0 onward, and the percentage for
the stock of pollution is -~10~. Table 0.2 is when the percentage for the
stock of exhaustible resource is ~1001o and the percentage for the stock
of pollution is - lOol'o. Table 0.3 is when both percentages are equal to
-10~. Table 0.4 (on page 277) is a summary of the third sensitivity
analysis when there is a certain percentage difference between one of the
initial stocks and the initial level of this stock if there is balanced growth
from the first time period t- 0 onward. The percentage for the other
stock is f 10~.

As in the previous appendix (Appendix N) it is shown by how much the
actual level of stock pollution and the actual tax rate differ from their
optimal values. In the following table, the maximum levels and lowest
negative values are listed by which these two measures deviate from
their optimal value. For each parameter, the first row is the deviation
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of the stock of pollution from the optimal level, and the second row is
the deviation of the tax rate from the optimal level:

Table 0.1: Sensitivity analysis results, where each parameter value changes by a certain

percentage and the corresponding largest deviation from the optimal value, for the stock of

pollution ( first row) and the tax rate ( second row), are listed. The percentage difference with

the balanced growth initial level for the initial stock of exhaustible resource is -l001o and the

percentage for the stock of pollution is ~10010.

0
P

a

0"70

7 - - - -.~ -

s - - - - .1

- - - - -1 .

2.s~o syo 7.5"70 l Ovlo

- - 5

Table O.`l: Sensitivity analysis results, where each parameter value changes by a certain

percentage and the corresponding largest deviation from the optimal value, for the stock of

pollution ( first row) and the tax rate (second row), are listed. The percentage difference

with the balanced growth initial level for the stock of exhaustible resource is -}1001o and the

percentage for the stock of pollution is -10010.

0 0 2.5 0 5 0 7.5 0 10 0
P

a ~.
7

S

2.04 1.46 0.89 0.34 -0.20



277

Table ~.3: Sensitivity analysis results, where each parameter value changes by a certain

percentage and the corresponding largest deviation from the optimal value, for the stock of

pollution ( first row) and the tax rate (second row), are listed. Both percentages difference

with the balanced growth initial level are equal to -lOqo.

0 0 2.5 0 5 0 7.5 0 10 0
P - - - - -

a - - -

7 - - - - -

S - - - - -

- - - . 4 - . 4 - 4 . 4
. r

- - . 4 - - - .5

- - - - - ~
I

- - - -
~

. r

Table ~.4: Sensitivity analysis results, where there is a certain percentage difference

between one of the initial stocks and the balanced growth initial stock level. The percentage

for the other initial stock is ~l0010. Listed aze the corresponding largest deviation from the

optimal value, for the stock of pollution ( first row) and the tax rate (second row).

f10o i-5o Oo -50 -lOr '
o - - ~

- - - i
o .1 .1 . 4

-,~ -



Appendix P

Resource completely
consumed, or not?

In Chapter 6 there is an exhaustible resource that is consumed and this
consumption leads to flow pollution. As it turns out, there is no guaran-
tee that the resource is completely consumed within the time span from
the present, up until the moment when a backstop technology becomes
available that makes use of the resource obsolete. The resource provides
utility through consumption, but it also delivers disutility through the
accompanying flow pollution. In all models considered in Chapter 6 the
level of consumption is larger than zero, because the marginal utility of
consumption for all utility functions used is -~oo for a zero consumption
level. So the resource is used. Whether it is used up completely also
depends on how much disutility this consumption provides. One could
decide not to consume the whole resource because of this disutility and
leave some of the resource in the ground. A condition that states that
the resource is completely consumed cannot be given. To circumvent
the problem of determining how much of the resource will be consumed
and leave the rest in the ground, in the main text of the chapter it is
assumed that the whole resource is used up. One can only identify a
condition that makes it more likely that this indeed happens.



APPENDIX P. RESOURCE COMPLETELY CONSUMED,
280 OR NOT?

This condition states that: if the stock of resource is small compared to
the time horizon, the more likely it is that the resource is completely
consumed. A formal derivation of this condition is performed on the
basis of the following simple model (for country 1), which is a special
case of one of the models in Chapter 6:

max ET o ( ifv)t{log(Cit) - 2[P(Cit,Czt)~2}

s.t. Xl tfl - Xl t--Cl t Xl o is given

where the flow of pollution is given by P(Cl t, C2 t) - Cl t f C2 t. As
in the main text, we set up the Hamiltonian and derive the first order
conditions (based on ác~ - áx ~- 0~

Cit -(C'itfC2t)-4X -0

OX - 4X~(1 ~ P)

From the first FOC we conclude that Cit-(Cl t f Cz t) - OX . Because
the shadow price of the resource stock is positive, it is also true that

G`it-(Cl t f Cz t) ~ 0. Because the other country's consumption level
is some positive constant we end up with Cit- Cl t~ 0. Re-arranging
this expression, we get Ci t C 1, or 0 C Cl t C 1. The upper limit for
the consumption level of country 1 is equal to 1. If consumption is equal
to this upper limit, and the time horizon is T, total consumption will
be T. If the stock of the resource is smaller than T, this stock will be
consumed completely. So the smaller the resource stock compared to
the length of the time horizon, the more likely it is that the resource is
used up.
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Summary in Dutch

Korte Termijn Analyse van Economische Groeimodellen met
Milieu-Kwesties

Dit proefschrift behandelt de uitruil tussen economische groei en de
daarmee gepaard gaande vervuiling. Er zijn effecten merkbaar in onze
leefomgeving die het gevolg zijn van menselijk gedrag. Denk hierbij
aan de verhoging van de gemiddelde temperatuur op aarde vanwege het
broeikaseffect. Daarom wordt allereerst in hoofdstuk 1 een overzicht
gegeven van de literatuur die aangeeft dat zorg voor het milieu een
belangrijke kwestie is. In hoofdstuk 2 wordt de literatuur behandeld
waarbij exogene en endogene groeimodellen worden uitgebreid met mi-
lieu. Omdat bij exogene groeimodellen de groeivoet een gegeven is dat
niet binnen het model bepaald wordt, wordt naar endogene groeimo-
dellen gekeken. Deze modellen hebben een groeivoet die wel bepaald
wordt binnen het model en daarmee afhankelijk kan zijn van de zorg
voor het milieu. Met deze type modellen wordt het mogelijk de uitruil
(als die aanwezig is) tussen zorg voor het mílieu en economische groei te
bestuderen. Het blijkt dat veel auteurs van tijdschriftartikelen vooral de
lange termijn eigenschappen van dit soort modellen bestuderen, enkele
auteurs uitgezonderd. In dit proefschrift staat de korte termijn centraal
als gekeken wordt naar economische groei en de interactie met milieu.
De reden hiervoor is dat het interessant is te zien welke kosten er op de
korte termijn moeten worden gemaakt om het lange termijn evenwicht
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te bereiken. Het kan zijn dat dan juist grote aanpassingen nodig zijn die
veel kosten, in termen van bijvoorbeeld geld.

Een aantal numerieke exercities met economische groeimodellen wor-
den in hoofdstuk 3 uitgevoerd. Deze modellen, die gebaseerd zijn op
de endogene groeimodellen van Lucas en Rebelo, zijn uitgebreid met
milieu-variabelen. Met behulp van de computer wordt de oplossing van
de modellen bepaald. Het resultaat is een reeks waarden voor de ver-
schillende variabelen. Beide modellen zijn uitgebreid met een voorraad
en een stroomvervuiling, en beide hebben reproduceerbare kapitaalgoe-
derenvoorraden. In het model van Rebelo is sprake van alleen kapitaal,
maar wel breed gedefiniëerd. In het model van Lucas is er fysiek kapitaal
en menselijk kapitaal. De tijdpaden worden bepaald als er een verande-
ring optreedt in de voorkeuren ten aanzien van het milieu. De resultaten
van deze rekenexercities worden verder verwerkt in een welvaartsanalyse.
De bedoeling hiervan is te komen tot maatstaven waarmee bekeken kan
worden welk effect meer zorg voor het milieu heeft op het nutsniveau
van de consumenten. Er wordt gekeken hoe de nutsniveaus veranderen
op bepaalde tijdstippen en gedurende een bepaalde periode. Gestart
wordt met de eerste vergelijking. Bij het Rebelo model treden groeief-
fecten op en zijn consumenten slechter af als er meer zorg is voor het
milieu, de groeivoet daalt namelijk. De reden hiervoor is dat er in het
model van Rebelo slechts één vorm van kapitaal is. Wordt er meer aan
het milieu gedaan, dan dalen de investeringen in deze vorm van kapitaal
en zal de groei lager zijn. Bij het Lucas-model zijn er geen groeief-
fecten op de lange termijn want de groeivoet blijft gelijk, er zijn alleen
niveau-efFecten. Dit komt omdat er meerdere vormen van kapitaal zijn
die tezamen de groei in de economie bepalen. Als een bepaalde vorm
van kapitaal minder snel geaccumuleerd wordt, zullen de niveaus van
bijvoorbeeld de toekomstige consumptie lager zijn. Omdat de accumu-
latie van alle vormen van kapitaal de groei in de economie bepalen, kan
de groeivoet toch de oorspronkelijke groeivoet benaderen. Dit is een
ander resultaat dan bij het model van Rebelo. Bij het Lucas model
zijn consumenten beter af als er een toename is in de zorg voor het
milieu. Omdat de groeivoet op de langere termijn ongewijzigd is, en
niet, zoals bij het Rebelo model, daalt, kan een lager consumptieniveau
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gecompenseerd worden door een lager vervuilingsniveau. Bij Rebelo is
de consumptie door de lagere groeivoet structureel te laag geworden en
zal de lagere vervuiling op langere termijn niet genoeg compensatie kun-
nen bieden. Worden consumenten over de tijd vergeleken dan zijn de
conclusies ook weer verschillend voor het Lucas en Rebelomodel. Con-
sumenten zijn beter af bij het Rebelomodel dan bij het Lucasmodel. De
groeivoet bij Rebelo is op de langere termijn lager, terwijl bij Lucas de
groeivoet ongewijzigd is. Het consumptieniveau op het eind van de plan-
ningsperiode is veel lager bij Rebelo als er meer zorg is. Bij Lucas is de
consumptie ook lager maar niet zo dramatisch als bij Rebelo. Worden
de nutsniveaus over een periode vergeleken dan is het nut op het laat-
ste tijdstip bij Rebelo bijzonder laag. Het vergelijken van nutsniveaus
gedurende een periode brengt bij het Rebelomodel lagere kosten met
zich mee (er zijn zelfs voordelen) en bij het Lucasmodel zullen de kosten
hoger zijn. In de beginperiode worden er bij Lucas grotere ofFers ge-
bracht dan bij Rebelo. Wederom een geheel andere conclusie voor beide
modellen.

Als aan bepaalde voorwaarden wordt voldaan heeft zorg voor het milieu
invloed op de lange termijn groeivoet. Uit de analyse van hoofdstuk 4
blijkt, dat de nutsfunctie van de consumenten multiplicatief moet zijn en
de hoeveelheid natuur over de tijd moet veranderen. Als de hoeveelheid
natuur constant in de tijd kan groeien wordt aan één van de voorwaarden
voldaan, maar helaas resulteert dit (hoogstwaarschijnlijk) in een insta-
biele lange termijn oplossing voor het model. Om aan te geven hoe zorg
voor het milieu invloed kan hebben op de groei in de economie wordt een
korte termijn analyse uitgevoerd. Een realistische beschrijving van de
groei van de natuur is die waarbij er een maximum is aan deze groei. Op
lange termijn is de hoeveelheid natuur constant, maar op de korte ter-
mijn kan de natuur groeien (of inkrimpen). Als ook een multiplicatieve
nutsfunctie wordt gebruikt, wordt aan beide voorwaarden voldaan. Met
de korte termijn analyse wordt aangetoond dat zorg voor het milieu
ten koste van economische groei kan gaan, maar dit hoeft niet altijd
het geval te zijn. Het is ook mogelijk dat de economische groei stijgt
als er meer aandacht aan het milieu wordt besteed. Dit is afhankelijk
van de manier waarop de veranderende natuur invloed heeft op de wijze
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waarop extra consumptie wordt gewaardeerd. Is deze invloed negatief,
dan kan de groei dalen, is deze positief dan kan de groei stijgen. In dit
laatste geval hebben we een zogenaamde `Win-Win'-situatie omdat én
de economische groei stijgt én de kwaliteit van het milieu verbetert.

Omdat voor bepaalde economieën uitputbare hulpbronnen actueel zijn,
wordt in hoofdstuk 5 een endogeen groeimodel gepresenteerd waarbij een
uitputbare hulpbron wordt ingezet in de produktie. Er zijn leren-door-
te-doen effecten in de produktie. Tevens leidt de hoeveelheid kapitaal die
ingezet wordt in de produktie tot vervuiling. De overheid probeert deze
twee externe effecten te internaliseren door middel van een belasting op
het gebruik van kapitaal. Er wordt gekeken welke effecten optreden als
de overheid beperkt is bij het inzetten van haar ter beschikking staande
instrumenten. Door beperkingen in het politieke beslissingsproces, en
vanwege hoge transactiekosten, kunnen slechts constante niveaus van de
instrumenten worden ingesteld. Het nadeel hiervan voor de economie
is, dat de positieve externaliteit teveel aandacht krijgt. De vervuiling
(negatieve externaliteit) stijgt hierdoor sterker dan in het optimale geval,
waarbij variabele niveaus van de instrumenten kunnen worden ingesteld.
Wat er precies gebeurt is afhankelijk van de specifieke parameterwaarden
die voor het model gekozen worden en een gevoeligheidsanalyse wordt
daarom in dit hoofdstuk uitgevoerd.

Het onderwerp in hoofdstuk 6 is het internationale karakter van vervui-
ling. Er wordt verondersteld dat twee landen in een eindige tijd een
hulpbron opmaken en dit gaat met vervuiling gepaard. Samenwerking
kan vereisen dat lagere niveaus van extractie in vroegere jaren moeten
plaatsvinden. In latere jaren zal de extractie hoger moeten zijn omdat
in een bepaalde tijdspanne de gehele voorraad van de hulpbron wordt
verbruikt. Na deze periode is de hulpbron nutteloos geworden, om-
dat verondersteld wordt dat er dan een alternatieve hulpbron beschik-
baar zal zijn. Het kan zo zijn dat de voordelen in eerdere jaren gecom-
penseerd worden door de nadelen in latere jaren, samenwerken heeft in
dat geval weinig zin. Dit is afhankelijk van de vorm van de nutsfunctie en
hoe vervuiling zich manifesteert, ofwel als stroom-grootheid of zowel als
voorraad-, als stroom-grootheid. Bij een multiplicatieve nutsfunctie en
vervuiling als stroom-grootheid, is de oplossing, voor landen die samen-
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werken gelijk aan de oplossing voor landen die niet samenwerken. De re-
den hiervoor is dat de nutsfuncties in deze twee gevallen gelijk zijn op een
proportionaliteitsfactor na. Met een lineair additieve nutsfunctie blijkt
dat, met vervuiling als stroomgrootheid, samenwerking voordelen kan
opleveren, tenzij vervuiling een zeer sterke negatieve invloed heeft op het
nutsniveau. De reden hiervoor is dat het niveau van de stroomvervuiling
snel is aan te passen. De consumenten spreiden namelijk de negatieve
effecten van de vervuiling meer uit over de tijd als ze gaan samenwerken.
Dat doen ze ook als vervuiling een groter gewicht krijgt in de nutsfunctie.
Met vervuiling ook als voorraad-grootheid zijn de voordelen van samen-
werking vaak groter dan de nadelen. Nu zal, als de voorraadvervuiling
een grote invloed heeft op het nutsniveau, het consumeren meer naar de
toekomst worden verschoven. De negatieve gevolgen in de vorm van een
hogere voorraadvervuiling zijn dan alleen merkbaar na de plannings-
horizon. Hetzelfde effect treedt op als de landen meer gaan samen-
werken. Maar omdat de voorraadvervuiling niet snel is aan te passen,
zal het nutsniveu sterk dalen als vervuiling een groter gewicht krijgt in
de nutsfunctie. De voordelen en nadelen zijn niet van dezelfde orde en
samenwerken heeft wel zin. Dit effect treedt op bij een lineair additieve
en een multiplicatieve nutsfunctie. Bij een multiplicatieve nutsfunctie
vindt er ook een spreiding plaats over de tijd van de consumptie om het
positieve effect ervan op het nutsniveau te spreiden. Het broeikaseffect,
dat een voorraadcomponent heeft, maakt internationale samenwerking
noodzakelijk op basis van de resultaten van dit hoofdstuk.

In hoofdstuk 7 wordt gekeken of het nationale inkomen een goede maat
is voor de welvaart. Dit is het geval als een aantal noodzakelijke aanpas-
singen wordt uitgevoerd. Deze zijn noodzakelijk om te compenseren voor
bijvoorbeeld technologische vooruitgang. De prijzen moeten dicht bij de
optimale prijzen liggen. Als de natuur in beschouwing wordt genomen
levert dit laatste problemen op. De natuur wordt te snel verbruikt om-
dat de `prijs' voor het gebruik van de natuur te laag is, anders was er
ook geen sprake van milieuvervuiling. Dit hoofdstuk is ook gericht op
de vraag of het nationale inkomen een maat is voor duurzaamheid. Het
blijkt dat dat niet zo is. Het is niet mogelijk op basis van het huidige
niveau van het nationaal inkomen te concluderen dat op een duurzame
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wijze geproduceerd wordt in de economie. Een voorwaarde is dat er in-
vesteringen moeten plaatsvinden die gefinancierd worden met de totale
opbrengsten van het gebruik van de natuurlijke kapitaalvoorraden. Dit
moet gelden voor elk tijdstip nu en in de toekomst, want alleen dan
wordt er duurzaam geproduceerd. Als op een bepaald tijdstip aan deze
voorwaarde wordt voldaan, kan aangetoond worden dat dit nog geen
garantie is dat aan de voorwaarde ook voldaan wordt in de toekomst.
Duurzaamheid is niet gegarandeerd.
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