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Prologue

- Ogenblik!
- Wat is er?
- Opdmcht volbmcht. De zaak is mnd.

- Harry Mulisch, De ontdekking van de hemel, 1992

In summer 1993, when I registered for the seminar on "evolution and local interaction"

organized by Avner Shaked at the University of Bonn, I could not imagine what crucial

effects the participation in this seminar would have on my future plans and decisions. In a

sense this single seminar and especially the cooperation with Karl Schlag has opened the

door to a European journey from the University of Bonn via the Institute for Advanced

Studies in Vienna to the CentER graduate school at Tilburg University. The major

output of this journey is given in the present thesis.

Many people I have met on this way and many friends and colleagues have joined me

on parts of it. I am happy to have this opportunity to thank them. Special thanks go to

Hans F~llmer, Avner Shaked, and Karl Schlag, who have been of great influence espe-

cially at the beginning of my graduate studies when I left the Institute of Mathematics

in Bonn trying to make my way into the world of economics.

I am grateful to the Institute for Advanced Studies in Vienna for it's hospitality and

the support I have found during my two years of studies. In particular, Arno Riedl, Klaus

Ritzberger, and Josef Zweimuller were very helpful in discussing new and often prelim-

inary ideas, many of which have been important for this work. Thanks also to Markus

Knell and Oliver Holle. I'll always remember the hot debates we had in our little offices,

often exhibiting more a philosophical rather than an economic spirit. Among the many

visiting professors especially Ernst Fehr, Walter Trockel, and Fernando Vega-Redondo

encouraged me a lot in the development of my own research. I am particularly pleased

that Walter Trockel and Fernando Vega-Redondo are joining my Ph.D. committee.
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viii PROLOGliE

At the end of the IAS-program CentER graduate school was indeed my first option
to go to. Fortunately, I did not have to think of any other. Many thanks to all the
people at CentER and the Department of Econometrics, who have given me such an

easy start and who have supported me throughout the one and a half years since my

arrival. I am especially indebted to Edward Droste and Mark Voorneveld, who have
contributed a lot to the evolution of this work. They are coauthors of the research
that is presented in Chapter 5. (Thanks also to Edward for helping me with the Dutch

summary of the thesis!) Eric van Damme has constantly assisted me with many useful

suggestions. Together with Aldo Rustichini and Stef Tijs he is also part of my Ph.D.

committee. Thanks to all of them.
I have profited a lot from discussions with many other people - impossible to name

them all. I particularly want to express my appreciation to Larry Samuelson, Josef
Hofbauer, Fernando Vega-Redondo, and Mamoru Kaneko for many helpful suggestions
and comments.

Part of this work has been financially supported by the European Commission through
a Marie Curie Fellowship at CentER. The aid of both institutions with respect to this
project is gratefully acknowledged.

Finally, my deep thanks go to Pieter Ruys and Dolf Talman, my Ph.D. supervisors.

Their continuous encouragement and support has made things a lot easier for me. I am

very grateful for the way in which they solved the problem of giving me the freedom to

develop my own way of thinking and forcing me to keep new ideas realizable. Moreover,

their assistance during the time I was writing things together has been an invaluable

contribution. Without their cooperation the present work would not have become what

it is now.

Tilburg, April 1999
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Chapter 1

Introduction

These situations, àn which people's behavior or people's choices depend on the
behavior or the choices of other people, are the ones that usually don't permit any
simple summation or extrapolation to the aggregates. To make that connection
we usually have to look at the system of interaction óetween individuals and theár
environment, that is, between individuals and other individuals or between indi-
viduals and the collectivity. And sometimes the results are surprising. Sometimes
they are not easily guessed. Sometimes the analysis is difJ'icult. Sometimes it is
inconclusáve. But even inconclusive analysis can warn against jumping to conclu-
sions about individual intentions from observations of aggregates, or jumping to
conclusions about the behavior of aggregates fmm what one knows or can guess
about individual intentions.

- Thomas C. Schelling, Micmmotives and Macrobehavior, 1978

1.1 Action and Interaction

In their introduction to the recent volume The Economy as an Evolving Complez System
II the economists Brian Arthur, Steven Durlauf, and David Lane argue that "all eco-
nomic action involves interactions among agents," and that "most human interactions,
even those taking place in `economic' contexts, have a primarily social character: talking
with friends, asking advice from knowledgeable acquaintances, working together with
colleagues, living next to neighbors" (Arthur, Durlauf, and Lane (1997, p5, 9)]. Once
we think about it, it appears only to be a minor simplification to say that, whenever
we take an economic decision we do it at least partly in interaction with others. This is
what this work is about.

1



2 CHAPTER 1. INTRODUCTION

The work focuses on the relationship between economic action and interaction among

agents. It studies the dependence between individual decision-making on the one side

and social interaction on the other. (The term "social" is used in its broadest sense as

"concerned with the mutual relations of human beings or of classes of human beings".)

As such it is based on the premise that both individual decision-making and social

interaction determine firstly, the behaviour of single agents in an economy and secondly,

the aggregate behaviour of the economic system itself. In fact, the leitmotif of this work

is the belief that every economic system can only be understood by seeing it as an explicit

result of the interaction among agents in the economy with each agent following his own

individual intentions.

To some degree this view appears anything but new since it resembles the basic

methodology of individualism, which has been the foundation of economic analysis since

the work of Bernard Mandeville, David Hume, and Adam Smith, and has been preserved

and modernized in the nineteenth and twentieth century by scholars like Carl Menger

and Friedrich Hayek. Indeed, the present approach agrees with "true" individualism as

defended by Hayek in the belief that "there is no other way toward an understanding of

social phenomena but through our understanding of individual actions directed toward

other people and guided by their expected behavior" [Hayek (1948, p6)]. In this sense

both approaches, the present and that of individualism, stand together in direct opposi-

tion to holistic or collectivistic theories that try to comprehend social wholes as separate

entities that exist independently of the individuals which compose them.

The approach in this study, however, goes beyond pure economic individualism. It

does not only break down the aggregate system to the level of the individual, but it

requires to make the system of interaction among individuals explicit. While there is

a long tradition in economic analysis to neglect any explicit modelling of interaction

between agents, the models in this work are constructed on the basis that only a rigourous

modelling of the precise interaction between economic agents can enable us to understand

the transition from the individual to the aggregate level at all. As several studies in game

theory show there exists simply no immediate relation between individual and collective

behaviour, which may induce us to jump from the one level to the other.l

Like many approaches that present a"newn feature or insight are actually based on

ideas that are around for some time or that have been formulated by others already long

ago, this work also rests on others. The main basis on which the ideas in this work are

lA similar argument has been formulated by Kirman (1992) as one oí the main objections against
the use of "representative-agent models" as an aggregation device.
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grounded is the work of Thomas Schelling (1978), who was one of the first economists

to recognize the dependence between the "micromotives" of individuals and the "mac-

robehaviour" of the aggregate, taking for granted that it is the system of interaction

that regulates the dependence between both levels. Therefore, in a first sense I can only

agree to Peyton Young, who in his recent book states: "If this book adds anything to

his [Schelling's], it is to provide the analytical foundation for studying these kinds of

models, and to widen their sphere of application" [Young (1998a, pxii)]. However, in a

second sense the models presented in this work extend the initial approach of Schelling

and also the recent one of Young. The extension lies in the idea that not only the system

of interaction between agents is substantial to understa.nd the transition from the micro-

to the macrolevel, but also that the decision making of individuals itself is determined

by the fact that they interact with each other. The basic approach of Schelling (1978)

and Young (1998a) is purely bottom-up: start with a description of the behaviour of

individual agents and analyze the collective as a result of the interaction among agents.

The models in this work are mainly bottom-up as well but to some part the approach

is top-down. The recipe of the latter is to start with a description of the interaction

among agents and to analyze the decision making of individuals as a consequence of the

interaction with others.

The models in this work belong to a recent wave of economic research focusing on
issues like evolution, learning, and adaptation. For book-length introductions see, for

example, Weibull (1995), Vega-Redondo (1996), Samuelson (1997), Young (1998a), and

Fudenberg and Levine (1998). Research that is very much related to this field concen-
trates on problems of complexity and interaction structures. With respect to models

that belong to this class see, for example, the recent proceedings volume of the Santa

Fe Institute edited by Arthur, Durlauf, and Lane (1997), in particular the articles by
Alan Kirman, Larry Blume, and Steven Durlauf. What all these models have in common
and what distinguishes them from many others is nicely expressed by Ken Binmore in
his foreword to the MIT Press series on Economic Learning and Social Evolution: "All
[models] will have two unifying features. The first will be the rejection of the outmoded

notion that what happens away from equilibrium can safely be ignored. The second

will be a recognition that it is no longer enough to speak in vague terms of bounded
rationality and spontaneous order. As in all movements, the time comes to put the beef
on the table - and the time for us is now.n2

ZQuoted from the foreword in Samuelson (1997).
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The heart of any economic model is the equilibrium. In standard economic analysis

the equilibrium is derived from fully rational choices of the individuals in the economy.

If agents behave non-strategically, like in general equilibrium models, this is usually

sufl~icient. If agents act strategically, like it is the case in a game theoretic model, it ís

in addition assumed that the rationality of agents is common knowledge. By this it is

understood, that each agent is rational, each agent knows that all others are rational,

each agent knows that all others know that each agent is rational, each agent knows that

all others know that each agent knows that all others are rational, ... and so on. The

requirements on agents' behaviour and knowledge that are associated with equilibrium in

standard economic analysis are thus very demanding. However, they are often necessary

to ensure that an equilibrium can emerge at all. At the same time any behaviour that

takes place out of equilibrium is either not captured in the model, or it is only vaguely

described in terms of behaviour that underlies some unmodelled external force which

(hopefully) drives the economy towards equilibrium.

The view of this work and the approach of the literature above is very different.

As Binmore states, instead of assuming entirely rational agents that jump directly into

equilibrium, the focus of the models here is on the mechanisms whereby the behaviour

of agents that often act non-rationally changes over time. The central idea is to consider

explicitly the possible processes of individual learning and adaptation and to analyze

whether these processes can lead the economy to an equilibrium state over time. As

such, the models are placed in a world which has laid in the dark of economic analysis

for a long time: the area of out-of-equilibrium. This provides an additional and useful

insíght. While before an equilibrium was mainly to be seen as a convenient tool to

organize the information contained in a model, the out-of-equilibrium approach endows

the equilibrium concept with the additional aspect of statianarity. In a dynamic model

an equilibrium is not just a convenient state but one that is shown to be stationary. This

means that given the equilibrium state is reached the mechanisms that have brought the

system to equilibrium eventually settle down. To a certain degree the idea of stationarity

is already contained in a static model as we11.3 Nash (1950), for example, expresses this

thought already in his "mass-action" interpretation of the Nash equilibrium concept

for non-cooperative games. The concept of tátonnement in general equilibrium models

reveals a similar idea. However, while the notion of stationarity may be an underlying

element also of a static model, only the dynamic model that is truly based on agents'

learning, their gathering of experience and their resulting adjustment of strategies can

3Here lies the crucial difference between a static model and a one-shot model.
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make this feature explicit. In a sense the models that follow this "new" line of evolution,

learning and adaptation "mark not a departure for economists but rather a return to

their roots" [Samuelson (1997, p15)].

The chapters in this book consider three main topics: problems of coordination,
economic effects of rumour, and behavioural consequences of regret. As such each chapter
deals with a different issue that at first may appear not to be directly related to that of the
others. Indeed, each chapter is also intended to have the ability to stand alone. However,
there is one central thread that runs through all these chapters and that strongly connects
them: the relationship between the individual decision-making of agents and the social
interaction among all agents.

In principle there are three possibilities for how this relationship may work. The
first is that the decentralized decision making of individual agents can affect the social
interaction between them. This is the topic of Chapter 3, which studies the problem
of coordination. This chapter is particularly related to the ideas of Young (1998a).
The problem is that of multiple equilibria and the fundamental question is, which
equilibrium will emerge when there are several equilibria available. In this setting the
ideas of true individualism à la Hayek are also the most visible. The model shows that
an equilibrium-selection result can be obtained directly based on non-rational decision
making of individuals and a system of interaction that captures the connections between
them. This outcome greatly supports the view of true individualism, "which regards
man not as highly rational and intelligent but as a very irrational and fallible being,
whose individual errors are corrected only in course of a social process" [Hayek (1948,
p8-9)].

The second possibility for how the relationship between individual decision-making
and social interaction can work is that both equally form the behaviour of economic
agents. That is to say, there is no predominant pattern of one element influencing more
than the other. An example of this kind is studied in Chapter 4, where agents act as
individual traders within a market. Each agent trades optimally given his individual
preferences. This is the decision-making element. At the same time agents communicate
with each other and the communication may lead to the spread of a rumour. This is the
social interaction element. Since the rumour affects preferences both elements together
form the behaviour of individual agents within the market. Moreover, via the act of
trading the collection of agents' decisions determines also the behaviour of the market

itself. Again, the main feature of the model is the explicit focus on the micro- and
the macrolevel of an economy as it has been postulated by Schelling (1978). Important
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questions in this setting are the evolution of demand and supply and the effects on

equilibrium prices.
In the third case the direction of relationship between individual decision-making and

social interaction is from the latter to the former. The mere fact that an individual

interacts with other individuals, that each of his decisions depends on the behaviour of

others, can influence his own behaviour. A possible mechanism for how this influence

can work is investigated in Chapter 5, which proposes a new model for non-rational
behaviour in non-cooperative games. The mechanism is based on the possibility for a
player to feel regret in case he has not chosen the best alternative given the decision of the

other players. The model argues that all economic or social interaction may involve some

reflection of this kind, whether one has actually chosen the best reply to the behaviour

of the others. The model argues furthermore that the anticipation of such reasoning may

influence the way in which a player comes up with a decision himself. Thus, in this case it

is the interaction with others that determines the individual decision-making of an agent.
While in the models before the approach is primarily bottom-up, in the sense that either

the decision making of individual agents determines the interaction with others or that
both together equally form the behaviour of agents in the economy, the approach in the
third model is especially top-down. Given a description of interaction between agents in

form of a non-cooperative game, the model analyzes a non-rational decision procedure

as a conseqiience of this interaction with others.

1.2 Individual Decision-Making

The fundamental question is, of course, how do individuals make decisions. For theorists

an even more important question is, how can the decision making of individuals be

modelled: what are the relevant elements that enter the decision-making procedure of
an individual and how does the procedure itself look like.

For a long time the standard assumption in economics has been that individuals

are rational agents. By this it is understood that individuals have well-defined stable

preferences and that they maximize these preferences given the existing possibilities. As
Rubinstein (1998) phrases it, a rational decision maker is someone who asks firstly, what

is feasible, secondly, what is desirable, and finally, what is the best alternative according

to the notion of desirability, given the feasible constraints.
Implicitly assumed within this notion of rationality is that the decision maker knows
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and understands the problem he faces. For example, if randomness is involved in the

problem the decision maker is assumed to have objective or subjective probabilistic be-

liefs about what can happen. Moreover, he has clear and consistent preferences about

all possible outcomes of the decision problem, and he is able to maximize these prefer-

ences however complicated the decision problem is. The standard concept for evaluating
random outcomes is the concept of expected utility, where probabilities and preferences
over outcomes are aggregated in a mathematical manner.4

The approach of rational theory as based on these assumptions offers several points

for criticism. The first is, perhaps, that from a cognitive point of view the presumed

reasoning process is simply too demanding and does not describe real human decision-
making. A standard argument against this criticism is that it is irrelevant. Economics as
a social science should not be interested in the real procedure with which people solve the

decision problem but focus rather on how people actually behave. The popular argument
is that even if individuals are not fully rational, they often behave as if they were
following the rational procedure. This argument, however, faces by now a substantial

amount of empirical evidence, which suggests that often individuals do not even behave

as if they were optimizing, but instead exhibit behaviour that simply contradicts the

assumptions of rational theory.

Early and popular examples in this vein are the classical paradoxes of Allais (1953)
and Ellsberg (1961) presenting individual preferences that are intuitively compelling but

jointly incompatible with rational theory. A plausible reaction to these paradoxes is to

4At this point, pethaps, a personal note may be appropriate. Both probability and expectation
are purely mathematical concepts that - except, e.g., in a repeated i.i.d. setting where they are
approximated by relative frequencies and average outcomes - have no real counterpart within the
human perception. This does, of course, not imply that the concepts cannot be used for modelling
human decision-making. Not at all. But as social scientists we should, perhaps, always bear in mind
where these concepts originally come from. Hardy has expressed his belief that there exists next to
our physical or human reality another so-called "mathematical reality". As he notes, "I believe that
mathematical reality lies outside us, that our function is to discover or observe it, and that the theorems
which we prove, and which we describe grandiloquently as our `creations', are simply our notes or
our observations" [Hardy (1940, pp123-124)]. Whether mathematical reality exists independently or
whether it is part of our imagination, this puzzle has constantly occupied many mathematicians and
philosophers, and thís is not the forum to get into a debate about it. What I want to make clear is that
firstly, there is something like a mathematical reality and secondly, this reality is very different from the
everyday human reality. I am firmly convinced that exploring the mathematical reality enables us to
understand and to describe our human reality as well, but we should be careful in mixing up conceptions
that lie within one reality and have no direct counterpart within the other. Even in case there exists
a counterpart the relationship may not be evident at all. Binmore (1994) argues that the use of homo
economicus as a model of homo sapiens does not necessarily mean that the two species think alike. I
myself would go a step further in saying that not only homo economicus and homo sapiens may think
differently, but that there is also no other possibility for them to do so. They live in seperate worlds.
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modify some parts of the theory such that the paradoxes can be resolved and the be-

havioural model in itself becomes consistent again. The basic assumption of maximizing

the expectation of some form of utility is still retained.s This response follows the idea

that as long as paradoxes can be explained within the framework of rationality, the basic

approach of rational theory seems to be on the right track. As Kahneman (1994, p19)

describes it: "The focus on paradoxes has indirectly strengthened the rationality dogma:

if subtle inconsistencies are the worst indictment of human rationality, there is indeed

little to worry about."

A second point of criticism goes much deeper and says that the paradigm of rational
behaviour is either false or misleading since it misses too many relevant issues that are

not captured within the model. This critique is more substantial than the first in the
sense that the only reply can be to extend the present class of models and look for
alternative and better descriptions of how individuals actually make decisions. Framing

effects, for example, i.e. dependence of decision behaviour on the way in which a problem

is framed, are not conceivable in a model where only the content of the problem is

relevant. However, empirical research shows that the framing of a decision problem is

of great importance and that it does affect the decision making of individuals [Tversky

and Kahneman (1986)]. The relevance of reasons is a related issue that is quite intuitive

but cannot be captured by rational theory either. Rather than maximizing utility, often

individuals make choices by looking for reasons to choose one alternative over another

[e.g., 5hafir, Simonson, and Tversky (1993)]. In order to tackle these phenomena it is
not enough to modify some parts of rational theory, hoping thereby to make the model
consistent again. The problem is profound and asks for other approaches, which may
cut to the core of standard research.

In this situation Selten (1994) identifies three positions. Firstly, there is the naive

rationalist, who explains away any contradictory evidence by contrived assumptions on
utility or beliefs. The second position is that of the anomalist, who believes that due to

cognitive limitations people do not always maximize utility, but in prínciple behaviour

is still utility oriented. Thirdly, there is the constructivist as such Selten regards also

himself. The constructivist rejects both utility functions and maximization of whatsoever

as a valid approach to describe or understand human behaviour. Instead he sees any

decision procedure as something that is guided by multiple goals, which sometimes may

not even be comparable. In consequence, decision making is highly task specific and

SAn example for this approach is the regret theory of Loomes and Sudgen (1982) and Bell (1982),
see also Chapter 5.
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does not allow for a single unified theory. My personal position lies somewhere between
those of the anomalist and the constructivist. Human behaviour is manifold and the
traditional theory of rational behaviour is neither wrong nor right per se. Sometimes
individuals behave in a way that fits rational behaviour, sometimes the behaviour simply

does not fit. Sometimes people do anything except maximizing individual preferences

and still their behaviour can well be described as if they are doing so, and sometimes
the rationality approach is just misleading. The important task of research on individual
decision-making is to find out what "sometimes" precisely means. When can behaviour
be described as truly rational and when do we need alternative approaches that fit better
the observations. One thing at least appears to be clear, the hope for a grand unifying
theory that is able to capture every aspect of human decision-making is surely utopian.

Economic research on new models for individual decision making has increased

tremendously in recent years. Topics include those of procedural rationality, bounded

rationalíty, psychological econo~aics, and behavioural game theory. For relevant litera-

ture and surveys see, e.g., Rubinstein (1998), Rabin (1998) and Camerer (1997). The

basic recipe of these approaches is similar: how do individuals really make decisions,

how does the data look like, and how can we model the observed decision making such

that it fits the data. In the following a few important issues are shortly discussed that

are particularly related to the models in this work.

Relative values

One finding that by now appears to be an established empirical fact is that relative

values are more important than absolute values. Individuals seem to care more about

how an outcome differs from other outcomes, e.g. some reference value, than about the

absolute value of the outcome itself. As Kahneman and Tversky (1979, p277) argue:

"Our perceptual apparatus is attuned to the evaluation of changes or differences rather
than to the evaluation of absolute magnitudes." This observation is, of course, not in
immediate conflict with rational behaviour since relative values can also serve as the
basis of optimization. The point of deviation is when it comes to the question, which

relative values count more than others, and how do people respond to relative differences

when they are observed.

With respect to the first question, research shows that in general losses loom larger
than gains [Kahneman and Tversky (1979), Tversky and Kahneman (1991)]. This phe-
nomenon can nicely be demonstrated by comparing the two following decision problems
that are taken from Kahneman and Tversky (1979, p273):
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Problem 1: In addition to whatever you own, you have been given ~1,000. You are now

asked to choose between

a sure gain of ~500,

50~o chance to gain ~1,000 and 50P1o chance to gain nothing.

Problem 2: In addition to whatever you own, you have been given ~2,000. You are now

asked to choose between

a sure loss of ~500,

50~ chance to lose ~1,000 and 50P1o chance to lose nothing.

The majority of people choose the sure alternative in the first problem and the risky

lottery in the second. This behaviour to which Kahneman and Tversky refer as the

isolation effect (because in order to simplify the choice between alternatives people focus

on components that distinguish them) reveals an important asymmetry in the evaluation

of losses and gains, called loss aversion. The slope of the function measuring the value

of losses and gains experiences an abrupt change at the origin. In fact, existing evidence

suggests that the ratio of slopes of the value function for small losses and gains is about

2: 1[Tversky and Kahneman (1991)]. The example shows once again the importance

of the framing of a decision. Although final states in both problems are the same - you

either earn á1,500 for sure or get a lottery with equal chance for ~1,000 and ~2,000 -,

the fact whether the problem is described as a gain or as a loss determines the choice

behaviour of the individuals.

The phenomenon of loss aversion is also related to the way in which people respond

to relative differences. Research on the endowment effect [Thaler (1980)] and the status

quo bias (Samuelson and Zeckhauser (1988)] shows that people are strongly influenced in

their decision making by objects they possess and situations they find themselves in. (See

also the review of Kahneman, Knetsch, and Thaler (1991).] To illustrate these effects

that have very similar characteristics consider the following example given in Kahneman,

Knetsch, and Thaler (1991, p194): "A wine-loving economist we know purchased some

nice Bordeaux wines years ago at low prices. The wines have greatly appreciated in value,

so that a bottle that cost only ~10 when purchased would now fetch ~200 at auction.

This economist now drinks some of his wine occasionally, but would neither be willing

to sell the wine at the auction price nor buy an additional bottle at that price.n

The behaviour of the economist who demands much more to sell his wine than he

would be willing to pay for buying it shows an important aspect of human decisíon-



1.2. INDIVIDliAL DECISION-MAKING 11

making: people have a greater disutility of giving up things than the utility of acquiring

it. This suggests also that in general the reaction to profitable opportunities may not be

as optimal as rational theory suggests. Following rational theory no profitable opportuni-

ty should ever remain unexploited, no arbitrage possibility stay unrealized, independent

how small the gain actually is. The evidence on the endowment effect and the status quo

bias, however, suggests a more prudent point of view: often people's behaviour displays

great inertia and in consequence they do not always respond to relative differences in a

rational manner. This does not have to mean that profitable differences do not matter

at all, but it may be that differences do not matter as such but only the more the larger

they are. In a sense the bias towards the status quo moderates or smoothes individual

reactions to available occasions. As Samuelson and Zeckhauser (1988, pp47-48) note,

rational theory predicts "greater instability than is observed in the world".

The idea that agents react more smoothly to profitable opportunities than it is as-

sumed by rational theory is one of the main features in the coordination model in Chapter
3. In this model agents adjust their strategy, whenever it is optimal to do so, not with

probability one but with a probability that monotonically depends on the corresponding

payoff gain. Thus, large payoff gains induce a higher probability to change the strategy

than small ones. This behaviour seems particularly intuitive against the background of

empirical evidence as described above. Each agent is still influenced by relative benefits
but the impact on actual behaviour is related to the size of the benefit.

It is in the nature of relative values that thay come into the picture whenever an
individual compares one variable to another. In the evolutionary model of Chapter 3
the comparison is between payoffs from the strategy currently played and the one that
could be played instead. Similarly, we can think of a situation where an agent learns
about the payoff of another agent, say his neighbour, friend or colleague. If the other
agent earns a higher payoff and is in a similar situation as the original agent, it may be
a good idea to imitate the behaviour of that other agent. However, what if the payoff

is simply higher because the agent was lucky and in general the strategy of that agent
performs very badly. Should one imitate always? Schlag (1998) asks the question, "why
imitate and if so how". His model considers boundedly rational behaviour, where the
prabability to imitate depends monotonically on the difference between payoffs. The
idea is very similar to the one presented above.

A comparison can likewise arise between payoffs of one agent and another agent who

act as opponents in the same game. Fairness norms may then be of relevance and may
influence the behaviour and the decision making of each agent [see, e.g., Rabin (1993)].
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Another possibility is when agents compare strategies in a one-shot situation like, for

example, in a game that is played only once. After the game is over agents may compare

the payoff they earned with the payoffs they could have earned by choosing a different

strategy. Thus, while the comparison above involves the actual possibility to change

the behaviour, in a one-shot setting the comparison is based on counterfactual thinking.

The question of "what might have been~ is a very common one in human decision-

making. Chapter 5 focuses on this question in modelling the regret a player may feel

when comparing his outcome to a better outcome which would have arisen if only he

had played another strategy.

Myopia

Evidence on loss aversion, endowment effect and the status quo bias reveals another

important characteristic of human decision-making: myopia. The assumption of myopic

behaviour plays an important role in the models of this work. In fact, all dynamic

processes are based on individual behaviour that among other things features the aspect

of being myopic. Myopia describes the fact that people do not organize their decisions

over long time periods but tend to focus on rather short terms instead. In some situations,

for instance those that have a very complex structure, myopic behaviour may be a result

of agents' attempt to simplify the problem.s But myopia is a deeper phenomenon.

Empirical studies show, for example, that people often make choices according to which

alternative directly yields the highest utility, without taking into account the effects of

the choice on the utilities from future choices. Popular examples in this vein include

addictive behaviour, but there are others as well. The psychologist Richard Herrnstein

has carried out many experiments that illustrate this kind of myopic decision-making

in a nice way. See, e.g., Herrnstein (1991), Herrnstein and Prelec (1991), or the recent

collection of articles edited in Herrnstein (1997). The basic structure of the underlying

problem in these experiments is as follows.

Suppose you have two alternatives A and B and your task is to repeatedly choose

between these alternatives over a given sequence of rounds. You are not told how many

rounds there will be. The payoff you earn in each round from choosing either A or B

depends on your choices in the periods before. If you choose B you earn n points,if

you choose A you earn n f 3 points, where n is the number of times you chose B in the

previous ten periods before. What distribution of choices will you make? Note that A

6This relates also to the argumentation of ~denberg and Levine (1998) with respect to myopic play
in standard evolutionazy models.
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earns theee points more than B in each period. However, a choice of A instead of B

enters the memory of the process and thus reduces future payoffs by one for each of the

following ten periods. In consequence, the net loss of a choice of A is equal to seven.

Maximization dictates to choose B all the time.' Experiments show that people do not

stick to this behaviour. They choose alternative A too often because it gives higher

instantaneous utility. Rather than taking into account future utilities and maximizing

overall utility people tend to focus on immediate returns which rank alternative A over

B. A similar pattern arises when payoffs are such that overall maximization implies to

alternate between A and B. Suppose, for example, that payoffs depend only on your

last choice. If your last choice was B you earn 3 from choosing B and 7 from choosing

A. If your last choice was A you earn 4 from choosing B and 5 from choosing A. Again,

in every period alternative A gives a higher utility and in fact people tend to choose A

more often than B. However, the optimal choice is to alternate strictly between A and

B, thus producing an average earning of 5.5.

The evidence accumulated by Herrnstein shows that human behaviour has important

myopia-related characteristics. People do not think about future periods systematically
but make decisions on the basis of immediate considerations instead.g In order to capture
this behaviour Herrnstein offers a theory of so-called melioration [e.g., Herrnstein and

Prelec (1991)]. This theory is based on an alternative definition of a"choice". Rather
than corresponding to an actual decision that is made at a specific point in time, the

idea is that a choice represents an aggregate of smaller decisions, distributed over a

period of time. Melioration says that at each smaller decision individuals are guided by
instantenous rewards rather than optimization of overall utility. Although, of course, not

every choice problem necessarily conforms with this definition - sometimes we make a

decision only once in our life - there are many decisions that actually share the feature
of "temporal extensionn.

A crucial result with respect to the theory of inelioration is that it predicts matching.

By this it is understood that if behaviour over an interval of time may be divided into

more than one activity, individuals will allocate their behaviour to the activities in

proportion to the value derived from each. In other words, using probabilities to describe

be.
'Of courae, in the final rounds it would pay to play A, but you are not told when the last round will

sSometimea a decision based on immediate considerations is even inconsistent with the same decision
that refers more into the future. Assume that you have won a lottery and you may choose between
receiving either á100 tomorrow or ~115 next week. How do you decide? Now imagine that you have
won another lottery. This time you may choose between ~100 in one year and 5115 in one year and a
week. Which prize do you take now?
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the allocation of behaviour, matching says that an individual chooses an alternative with
a probability that is proportional to the value experienced from that alternative. Thus,

if S is the set of alternatives and v(s) denotes the value of alternative s E S, where

value is expressed in some term, the probability of choosing s is equal to v(s)~ ~,ES v(s).
Matching behaviour has been observed in many different experiments and it holds for
both human beings and animals, see, e.g., Davison and McCarthy (1988), Williams

(1988), and Herrnstein (1997). In the examplegiven above it corresponds to the tendency

for people to choose alternative A more often than rational optimization prescribes.

Chapter 5 argues for matching behaviour in game theoretic situations where regret is

involved. The approach of the model is called best-reply matching.

The discussion so far raises a general issue of utility in economic analysis. An old view
that goes back to Jeremy Bentham relates utility to the two "sovereign masters, paín
and pleasure" [Bentham (1789, pll)], and characterizes utility in the sense of the hedonic
experience of an outcome. This view has more or less been replaced by the modern notion
of utility that refers to it as the weight of an outcome in a decision. In the modern usage
utility is inferred from the observed choices of an individual and is then used to explain
the specific behaviour. The tendency of economic analysis to ignore hedonic aspects of
utility has recently been challenged by Kahneman, Wakker, and Sarin (1997). Their

approach reconsiders Bentham's notion of utility and refers to it as "experienced utility"

contrary to "decision utility" which relates to the modern interpretation of the term. In

a fully rational world, where people want what they eventually will enjoy, both notions

are identical. However, evidence suggests that in many situations both concepts do
not harmonize as properly as presumed. The consideration of experienced utility as
an independent concept may therefore offer a helpful approach to reassess the standard
assumptions of rationality.

A final example to illustrate the effect of myopic behaviour, which is attractive in

itself, shall be given by means of the popular equity premium puzzle, introduced by

Mehra and Prescott (1985). The equity premium is the difference in returns between

equities and a risk-free asset. The puzzle lies in the observation that this difference is
extremely large, in particular too large to be explained by standard economic theory.
For example, a dollar invested in the SóeP-500-Index on January 1, 1926 earned a return
of ~1,100 by the end of 1995, while a dollar invested in treasury bills was worth only

~12.8? [Thaler et al. (1997)]. Of course, stocks are riskier than T-bills, and thus should
be expected to earn higher returns. But how can it be explained that the difference is
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that big. There have been several attempts to resolve this puzzle, see Siegel and Thaler

(1997) for a review. The explanation I want to give here is based on myopic loss aversion

and has been proposed by Benartzi and Thaler (1995).
The idea of myopic loss aversion is that people dislike losses relatively more than

they likes gains (loss aversion) and tend to make short-term decisions with frequent

evaluations of the outcomes of their decisions (myopia). Both elements together produce

the observed behaviour. Since the return of a risky asset accumulates on rather large time

horizons, the probability of observing a loss is higher when the frequency of evaluation

is high as well. In consequence, an investor who is loss averse and frequently checks the

outcome of his investment decision must find the same risky asset less attractive than

an investor who is prepared to wait a longer time period. Moreover, if losses cause more

mental pain than gains cause pleasure, the experienced utility of owning stocks, in the

sense of Kahneman, Wakker, and Sarin (1997), is lower for the more myopic investor as

well. Therefore, over time the myopic loss averse investor exhibits great tendency towards

less risky assets. This explains the puzzle. Hence, if the theory of myopic loss aversion

is correct the equity premium puzzle provides further evidence for the myopic decision-

making of individuals. Although the idea may pass the test of theoretical plausibility the

model requires, of course, some experimental testing. This has been done independently

by Gneezy and Potters (1997) and Thaler et a!. (1997). Both studies confirm the theory

in the sense that people are highly sensitive to the frequency of the evaluation of their

decisions. Less often evaluation leads to a higher willingness to accept risk, more frequent

evaluation induces more risk-averse behaviour.

1.3 SocialInteraction

So far we have discussed several aspects of how individuals make decisions, which im-

portant elements may enter the decision-making procedure, and how the procedure itself

looks like. Since this work studies the decision-making of individuals who socially inter-

act with others let us now take a closer look at the interaction part.

It is useful to distinguish between two kinds of interaction: direct interaction and

indirect interaction. Direct interaction refers to interaction where most of the decision

making of agents concerns the principal element of the interaction itself. A classical

example is trade. In this situation buyers and sellers have to decide upon quantities and

prices for the immediate purpose of exchanging goods with others. Bargaining is another
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example where each side has to decide about how much to demand for itself and how
much to offer the opponent. Indirect interaction, on the other hand, refers to interaction

where agents make decisions about one concern but at the same time are indirectly
influenced by some interaction with others. Communication is a typical example. When
we have to decide about which alternative to choose we sometimes rely on the advise of
others. Say, an investment decision has to be taken and we want to be sure that shares

of the company we aim to buy will actually increase in their value over the future. In

order to get the informatíon we may ask for the advice of some expert, that is we contact
some bank or a broker. Similarly, we may also rely on the information of a friend or a
colleague, who has heared that firm X is doing well at the moment, that it is rumoured
to be taken over and therefore share values are expected to rise tremendously.

Economic analysis focuses mainly on direct interaction. The models in this work
include both cases. In Chapter 3 and Chapter 5 the interaction is direct, while in

Chapter 4 interaction between agents is both direct and indirect. In that chapter it is
especially the element of indirect interaction that distinguishes the model from standard
economic approaches and that affords the main new insights.

When individuals directly interact with others their behaviour, i.e. their decision
making, can be strategic or non-strategic. The term strategic refers to the ability for
an individual to affect by his own choice the outcome and thus the choice of other in-

díviduals, who again by their choice can affect the outcome of the original individual

themselves. An individual who acts strategically is someone who explicitly takes these

considerations into account, an individual who acts non-strategically does not. Rusti-
chini (1998) calls the first type a sophisticated player, while the second type is called
a sophisticated agent. The first type is called a player because he asks for a detailed
modelling of the interactive situation as a strategic game.

Non-strategic behaviour can be due to several reasons. The first is that the individ-
ual simply does not have the possibility to act in a strategic way and therefore extra

effort does not pay. The second is that the individual may have the possibility to act
strategically but he does not exploit it, because either he does not realize that he has
it or his behaviour focuses on something else. To illustrate, consider a Cournot model
with quantity-setting firms competing within the same market. In this model a firm
may operate by taking the prices of goods as fixed, which is the traditional assumption

of Walrasian theory. By doing so the firm acts non-strategically because it does not
consider its influence on prices. One explanation for this behaviour is that the choice
of the firm is negligible, because the total number of firms is too large for the firm to
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have any degree of "monopoly power". Thus, the firm may perhaps want to behave
strategically and in fact sees the situations also as a strategic game, but there is simply
no possibility to exploit any strategic consideration. In this case strategic behaviour
coincides with non-strategic behaviour, which is expressed by several equivalence results
between Walrasian theory and cooperative and non-cooperative game theory (see, e.g.,
Hildenbrand (1974) and Mas-Colell (1982)]. However, if the number of firms is small (in
most settings this means that it is finite), a strategically acting firm may be able to take
advantage of its behaviour. Therefore, in this case strategic behaviour differs from that
of a firm that acts non-strategically. Formally this corresponds to the fact that in the
Nash equilibrium of the Cournot oligopoly firms choose lower quantities than those equal
to Walrasian behaviour and as a result earn positive profits. The lesson we usually draw
from this is that non-strategic behaviour in the sense of Walrasian behaviour should
not be present when the number of firms is small. There exists, however, a convincing
explanation for non-strategic behaviour in this setting, as well. If firms focus on relative
performance rather than absolute performance, Walrasian behaviour is shown to emerge
as the unique long-run equilibrium of market interaction [Vega-Redondo (1997)].

Thus, non-strategic behaviour does not only refer to situations where individuals do
not have the possibility to act strategically (as in an infinite oligopoly, where thay may
act as sophisticated players), or their behaviour is suboptimal (as in a finite oligopoly,
where they are indeed just sophisticated agents), but it refers also to situations where
individuals focus on different objectives than absolute payoff maximization (e.g., relative
performance). In the latter individuals still regard the interactive situation as a non-
cooperative game but their behavioural considerations differ from standard rationality.
Therefore we could say that in this case the sophisticated agents act like naive players.
Naive players are very prominent in theories of learning, adaptation and evolution, and
they will cross our path many times in this work.

Modelling Interaction

A fundamental starting point in this work is that any direct interaction between agents
will be modelled as a strategic, that is as a non-cooperative game.9 Agents act as
players in the game who have a given set of alternative strategies, and for each player
the outcome of the game depends on both his decision and on the decision of all other

9The only exception is the modelling of market interaction in Chapter 4, which is captured by a
competitive exchange economy. However, as the preceding discussion shows this refers to the assumption
that individual agents in the market have no monopoly power to affect the evolution of prices and
therefore act by taking prices in the economy as given.
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players. Given this starting point the next important assumption is the idea that agents

do not always act fully rationally, that sometimes they behave like naive players, who

gather experience or information through the interaction with their opponents or other

agents in the economy. A requirement is that this system of interaction by which agents

are connected shall be modelled explicitly. In consequence, an important question that

arises is, how can we model this kind of interaction, which type of dynamics and processes

enable us to capture such interaction in a reasonable way.

The models in this work can be separated into two types. The first is the class of so-

called itxed-player models.'o These models refer to a situation where there is a fixed set of

players, who repeatedly play a non-cooperative game with each other. Each player tries

to learn the behaviour of his opponents and adjusts his own behaviour to the accumulated

experience. In principle, in such an environment a player has not only the possibility

to learn how his opponents behave, but he may also consider how he can influence the

behaviour of his opponents by his own play. In other words, repeated-game effects may be

of concern. For example, a player can try to build up a reputation for playing a specific

action and thus induce his opponents to respond in a certain way. However, most of

learning theory and also the approach in this work abstracts from such considerations

and focuses on players who do not take repeated-game issues into account. In these

models players are rather naive: they neglect their influence on other players behaviour

and concentrate on their reaction to current situations. As such their behaviour is very

myopic. Chapter 5 considers a fixed-player model to study the adjustment of strategies

towards best-reply matching.

The second type of models are so-called population models. Contrary to the fixed-

player set-up in these models there is a large population of agents, each of which taking

the role of a player in the underlying game. Yet, similarly to the fixed-player models,

each agent also gathers experience from the repeated interaction with other agents and

adjusts his own behaviour to this experience accordingly.

Population models offer an optimal framework to address the transition from the

micro- to the macrolevel in a clear-cut way. However, there still can be great differ-

ences within the dynamics that describe the behaviour of the population. Many of the

original models in evolutionary game theory focus, for example, on pure aggregate dy-

namics. The replicator dynamic is probably the most well-known dynamic in this vein.

The simple intuition behind the replicator dynamic is based on ideas from evolution-

loThis term is used also by Fudenberg and Levine (1998).
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ary biology. It says that shares of agents using specific strategies grow proportionally

to the current performance of these strategies. Thus, shares of strategies that do best
grow the most rapidly, while shares of strategies that do worst decline the most rapidly.
The replicator dynamic works on the aggregate level of the population and models the
change of the system directly in terms of overall shares of strategies. As such it fails to

accommodate the distinction between the micro- and the macrolevel of the system and
appears questionable with respect to the application to systems of economic and social

interaction.ll

Research therefore focuses on possibilities to connect the behaviour of the overall
population to the decision-making and interaction of individual agents which compose
the population. This leads to so-called agent-based models. One result of this research is
that the replicator dynamic, for instance, can be based - at least to an approximation
- on a specific microlevel decision-making of individual agents. An example is given by
the model of BSrgers and Sarin (1997), which makes use of an individual learning model
based on reinforcement through stimuli and responses. Another example is the imitation
model of Schlag (1998), which has been mentioned before.

Agent-based models are also used in research on stochastic adaptation as initiated
by Kandori, Mailath, and Rob (1993) and Young (1993a). In fact, by now the necessity
to base any population dynamic on the decision-making of individual agents that act
within the population has become more and more accepted. The models in this work
are without exception agent-based as well. The intuitive reason is that only then it is
possible to talk about a microlevel of a population at all.

Spatial Models

What distinguishes the models in this work from other agent-based population models is

the introduction of a particular spatial structure. An early example for such an approach

is given by F511mer (1974), who studies a static model that is very much related to

the spatial structure in the models of this work. Other examples include Ellison (1993)
and especially Blume (1993, 1995), who consider spatial structures in evolutionary game
theory. Since all these models have a similar flavour that is connected to the theory
of random fields, it is useful to discuss this approach in a little more detail. For an
outstanding introduction into the mathematics of random fields see Georgii (1988).

Roughly said, a random field can be regarded as a random process with modified index
set. Instead of denoting different points in time elements of the index set are assumed

11Cf. also van Damme (1994).
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to denote distinct sites in some prespecified space. In most cases this space is assumed

to be the n-dimensional integer lattice Zn with n 1 1, but in principle any countable

set would do as well. In consequence, the connection between random variables is no

longer based on the interaction between one time period and the periods before, but is

based on the interaction between dífferent locations in space. To illustrate, consider a

simple Markov process in discrete time. Such a process is given by a family of random

variables, where each random variable at time t is connected to the random variable at

time t- 1. See Figure 1.1.

~......... i i i ~~
0 t-1 t

Figure 1.1: Markov Process

No

The arrrow indicates the interaction between random variables in the Markov process,

which for any time t E No is given by the transition from the preceding time period t-1

to time t. Replace now the index set of nonnegative integers No by the set of integers Z.

This leads to a one-dimensional Markov field. Such a Markov field is given by a family

of random variables, where each random variable at z E Z is connected not only to the

random variable at z- 1 but also to the random variable at z f 1. See Figure 1.2.

~
z-1

~-
zfl Z

Figure 1.2: One-dimensional Markov Field

Again, arrows indicate interaction between random variables. While in Figure 1.1

the interaction goes always into a single direction (because time flows into a unique

direction), within a random field the interaction is of a spatial kind and can thus go into

any direction of the underlying space.
If the index set is equal to the two-dimensional lattice Z2 we obtain a two-dimensional

Markov field. Here for each z-(zl, z2) E Zz the connection of random variables is

assumed to be between the random variable at z and the random variables of the set

{y E Z2 ~ ~y - z~ - 1}, where ~. ~ denotes the Euclidean distance in Z2. See Figure 1.3.
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Figure 1.3: Two-dimensional Markov Field

Similarly, for any n 1 3 we can define a corresponding n-dimensional Markov field,
where the index set is given by Z" and each random variable at x E Z" is connected to
the random variables of the set of neighbouring sites {y E Zn ~ ~y -~~ - 1} with ~. ~
denoting the Euclidean distance in Zn. In order to turn a random field into an agent-
based population model assume that the population of agents is distributed over the
space Z" such that each agent has a unique "address" ~ E Zn. (This requires, of course,
an infinite population of agents.) Identify each agent with his location, then the space
Z" represents the population of agents.

To make a bit more precise what it is meant by saying that a random variable is
connected to the set of neighbouring random variables, consider a Markov field on Zn
with n~ 1. Assume that the state space of each random variable at elements x E Z" is
the same and is given by a finite set S. A convenient way to regard the Markov field is to
consider the mappings from Z" to S generating specific realizations of the Markov field.
We call a mapping of this kind a configuration. Thereby the Markov field can be viewed
as a single random variable with state space the collection of all possible configurations.
As such the random variable determines the state of the entire global system via the
collection of local random variables at sites x E Z". How does the distribution of this
random system look like? Suppose, for example, that all local random variables are in-
dependently distributed. Then the global distribution is simply the product measure of
local distributions. In this case the transition from the collection of local distributions to
the global system is easy. The reason is that each local random variable is independent
and does not interact with other random variables at different sites. However, what if
each site interacts with neighbouring sites as outlined above? In this case the distribu-
tion of each random variable at z E Zn depends on the states of random variables that
have Euclidean distance equal to one. Thus, to each realization of neighboring random
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variables there is an associated probability measure, which determines the local distri-

bution of the random variable at x. The fundamental question is now, whether there

exists a global distribution that is consistent with the collection of local distributions.

If there exists one, we can indeed say that the data on the local level consistently de-

termine the data on the global level. In a sense this problem is nothing else than an

analytical reformulation of the basic question in Schelling (1978). Expressed differently,

we are asking, when does the collection of microinformation consistently determine the

behaviour of the macrosystem.

The answer to this question is anything but simple and it depends strongly on the

assumed interaction between different sites in space. Nevertheless, in the subsequent

chapters we are able to provide particular answers to this question each based on specific

assumptions about the system of local interaction. A basic assumption that simplifies

matters a lot and that will be made throughout the whole work, is that interaction shall

be of the same kind at each site x E Zn. Without going into further details, the interesting

case of the theory is the case when there exist multiple global distributions that are

consistent with the local data. In fact, each of the models exhibits this feature at least

in some regime of the underlying parameters. The multiplicity of global distributions

corresponds to a similar multiplicity of equilibria in the respective economic situation.

For example, in the coordination model in Chapter 3 global distributions correspond to

strict Nash equilibria of the underlying coordination game. In Chapter 4, where rumour

effects are studied, global distributions are related to different equilibria in the economy

when either the rumour dies out or the rumour survives.

One of the most important tools in this work is indeed the configuration-mapping

n C~:Z ~ J

~ H S(~)f

which assigns to any site x E Zn the random variable ~(~). The mapping captures

the complete collection of agents' states in the economy and as such gives a detailed

description of the microlevel of the economy. The behaviour of individual agents is

modelled by the individual random variables ~(x), x E Zn, and the interaction between

agents is captured by the dependence between various sites x E Zn. Alltogether this

determines the behaviour of the system as a whole and, if possible, induces a consistent

global distribution summarizing the information on the macrolevel. Hence the model

provides an appropriate framework to study the relation between the micro- and the

macrolevel of an economy in an explicit way.
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Time

So far the framework is a pure static one. It is, however, easy to introduce time into the
model in order to obtain a real dynamic model. This will be done as follows. Instead
of describing local distributions to determine the state of the random variable ~(x) at

location x E Zn, there are rates that at any time determine the probability for observing

a change in the current state of ~(x). Assuming time to be continuous we thereby

obtain a random process {~t}~~o that describes the evolution of the complete system
over time, given some initial distribution of the process. The class of models to which
these processes belong is the class of interacting particle systems. Chapter 2 will provide
an introduction into these systems.

The introduction of time is a convenient way to address the question of multiplicity
of global distributions mentioned above. Rather than seeking recurse to more or less
heavy assumptions on the static interaction or the individual decision-making of agents,
which eventually reduce the set of global equilibria to a plausible single equilibrium, the

dynamic model allows us to let agents in the economy adjust their behaviour to their

local environment over time. Agents can learn the behaviour of agents to which they
are connected, they can adapt their own decision-making to how others decide, and in

consequence give also impulses on the behaviour and the decision-making of other agents.

The problem is thus no longer a question of multiple equilibria in a static framework,

but a question to which equilibrium agents will (possibly) adjust themselves when they

are allowed to do so, depending on initial conditions.

This brings us to an important issue concerning the role of time in dynamic models of

interaction. A critical point with respect to any evolutionary model is the question, how

long does it take before agents' adjustment in the economy settles down. Most models

in the evolutionary literature focus on limiting behaviour and the work presented here

is no exception. Some comments may therefore be appropriate.

Binmore and Samuelson (1994) have introduced different terms to distinguish between

various phases of an evolutionary process [cf. also the introduction in Samuelson (1997)].

Firstly, there is the "short run". This term refers to the initial behaviour of the process,
which is not yet governed by individual learning and adaptation but instead is strongly
influenced by the starting distribution of the process. This is the phase where the

mechanisms of interaction just begin to work. In consequence, evolutionary models have

indeed little to say about the short run. They take this phase as a starting point for the

dynamics that are to follow. The next phase is the period of time during which agents

adjust their behaviour to their environment. This period is called the "medium run".
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It is exactly this phase where the evolutionary mechanism are at work, but the system

has not yet reached a state at which it will stay for a longer time. The phase when
the system settles down is called the "long run". Most limiting results in evolutionary
models concern the long run of a process and they are derived from an analysis of
the stationary distributions of the process. However, in some models these stationary
distributions are based on rare perturbations of the system [e.g. Kandori, Mailath,

and Rob (1993) and Young (1993a)], for which it may happen to wait a very long
time. Therefore, Binmore and Samuelson have introduced the additional term "ultralong
run" to distinguish between the stationary distributions of the process including rare
perturbations (the ultralong run) and the stationary distributions of the same process
without rare perturbations (the long run). As the models in this work do not rely
on perturbations of the system we speak of the long run when refering to the limiting

behaviour of the process.
"In the long run we are all dead," refers to a well-know statement on the economic

tradition to talk about objects that happen in the long run of an economy. The statement

applies, of course, also to the theory that is developed here. However, Keynes has
formulated his statement in a particular context. As he says: "Now `in the long run'
this is probably true. (...) But this long run is a misleading guide to current affairs. In
the long run we are all dead. Economists set themselves too easy, too useless a task if in
tempestuous seasons they can tell us that when the storm is long past the ocean is flat
again" [Keynes (1923, p65)]. Thus, the problem with the long run is not the analysis of

long run behaviour as such, but its misleading guidance to particular affairs. If we are
interested in the behaviour of the system before it comes to settle down, long-run results

are irrelevant. If we expect the waiting time until reaching a stationary distribution to

be too long, long-run results are problematic as well. However, if we can be sure that the

waiting time is relatively short, then long-run behaviour is in the core of our interest.

Indeed, if the tempest is about to disappear and the ocean is becoming flat again, a
study of tempestuous seasons can be as misleading as the long run analysis is before.
The problem is to provide the right answer to the right question, and in order to do so

it is inevitable to reflect on rates of convergence and the speed of adjustment within the

medium run of the process. We will provide a discussion of these issues at several points
of this work as we11.12

1zAs argued above a main methodological hypothesis in this work is that economic agents in our
modela live in a mathematical reality, which is very different from out ordinary human reality. This
distinction may, perhaps, help assessing the concept of time in these models as well. While it is hard
to get a uniform idea of what time is within our human reality, time is indeed a very simple object
in mathematical reality: it is a parameter. The parameter set may be discrete, it may even be finite,
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1.4 Overview

This work is organized as follows. Chapter 2 still belongs to the preparative part of this
work, providing a description of the mathematical tools that are used in the chapters
thereafter. The main tools are first non-cooperative game theory and second the theory

of interacting particle systems. It is not tried to give a comprehensive presentation of
the complete theory. Instead the main focus is on the relevant elements that are needed
to follow the discussion and the proofs of the models in this work. Reference is made to
the available literature when necessary.

All chapters in this work are intended to be able to stand alone, and as such every
chapter is self-contained. Moreover, the general organization of each chapter is similar.
First a general introduction into the topic of the chapter is given, which poses also
the main questions that shall be studied in the model that follows. Sometimes the
discussion includes topics that are immediately related to the approach in the model, at
other times the discussion is more general. The idea is to make clear, why the study is
relevant and how it is connected to work that has been done before. With this respect
the term relevance is understood both from a theoretic and from a practical or applied
perspective, and therefore it is tried to include many real life examples to illustrate the
important points. After the main model has been studied the opportunity is taken to
discuss some further extensions of the approach and to indicate relevant issues that may
be addressed in future research.

Chapter 3 studies an evolutionary approach to the problem of coordination. A gener-
al introduction into coordination problems is given in Section 3.1. Section 3.2 presents
the basic model, which is based on a symmetric 2 x 2 coordination game that is played
between neighbouring agents located on the n-dimensional integer lattice Zn. Each a-
gent's task is to adjust his pure strategy to the play of his neighbours over time. The
important assumption that is made on agents' adjustment is that it is driven by a rule of
"adjusting to better strategies more likely", which is a smoothed version of best-response

or it may be a continuum (is real time discrete or is it continuous, how do human beings perceive it,
as being dicrete or as being continuous?). We can easily turn mathematical time towards infinity (try
this with real time), and we can freeze time by looking at static models instead of dynamic ones (how
do we freeze time in human reality?). As such the concept of mathematical time provides a powerful
tool to understand dynamic processes that can help us to capture important aspects of human reality
as well. But for the same reason that mathematical time is so effective it is also very different from
anything what human beings perceive as real time. Therefore, when discussing issues of time in models
of evolution and learning, we should be precise in addressing the crucial questions about the model but
we should be aware that within human reality time is more than just a parameter.
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adjustment that says "adjust to best stategies with probability one". This form of ad-

justment is related to a static model of Rosenthal (1989) and the imitation model of

Schlag (1998). Results say that the population of agents is more likely to coordinate on
the so-called risk-dominant equilibrium as defined by Harsanyi and Selten (1988). The

result is in line with other approaches that predict risk-dominant play in the long run as

well. However, contrary to most other models in the present setting the risk-dominated

equilibrium still corresponds to a stationary distríbution of the stochastic process, having

in fact a non-empty basin of attraction. Thus, the question on which equilibrium agents
will coordinate depends on initial conditions. The selection result is obtained by showing
that risk-dominant play emerges from a much larger class of initial distributions.

The model of Section 3.2 is used in Section 3.3 to study the evolution of shopping

hours in a deregulated economy. An example for such a deregulation is the current

situation in Germany, where observations show that many stores that initially started

to keep open for a longer time period are already going back to the old shopping hours
again. In a recent poll by the Hauptverband des Deutschen Einzelhandels (1997) the

decline in specific sectors is calculated as being larger than 30PIo. The model argues
that this observation does not necessarily mean that it is not profitable at all for store
owners to keep open for a longer time. Instead, the reason is that, even if new shopping
hours are profitable both for stores and for consumers, agents may fail to coordinate on

the new equilibrium, because the old shopping-hour schedule corresponds to the risk-

dominant equilibrium. The analysis stresses the importance of advertisement campaigns

as a signalling device.
Section 3.4 discusses first ideas on endogenous interaction. The object of this research

is to study evolutionary models, where agents do not only choose strategies in the under-

lying game but, furthermore, are allowed to determine the set of opponents with whom
they want to play the game. The section identifies some common examples and provides

first heuristics for the emergence of heterogeneous profiles as stationary outcomes.

Chapter 4 is on the effects of rumours on markets. Section 4.1 introduces the topic,
presenting a few popular real-life examples and explaining the important features of a

rumour. The main model is studied in Section 4.2. Similar to the chapter before there is

a population of agents located on the integer lattice, which in this case is assumed to be

of dimension one. This is, however, a non-crucial assumption as will be seen later in that

chapter. Agents act as utility-optimizing traders in a two-good exchange economy and
interact also indirectly by communicating with local neighbours. The communication can
give rise to the spread of a rumour, which affects preferences and thereby the trading of
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individual agents in the economy. The interesting question is, how does this interaction

on the microlevel influence the behaviour of the macrosystem. That is, how does market

demand and market prices evolve as the rumour spreads through the population. To

answer this question the evolution of the rumour is studied in more detail. A so-called

phase transition is identified that occurs as the degree of interaction via communication

increases. While the rumour disappears for all initial distributions if communication is

low, it can stay persistently present if communication exceeds a critical level. In the first

case results show that long-run prices correspond to fundamental values of the economy.

In the second case the rumour produces a significant price run-up for the good that is

"preferred" by the rumour. The observation of a price run-up has been made in an early

study of Rose (1951) and more recently also by Pound and Zeckhauser (1990) and Zivney,

Bertin, and Torabzadeh (1996). The present model provides an analytical foundation of

this observation.

In Section 4.3 several possibilities to extend the model are discussed. The first is

to endogenize the infection rate by which the rumour is transmitted from one agent to

another. Since such a model is technically very demanding a first step is to consider

heterogeneity with respect to infection rates or forget rates among agents. Another

important project is to elaborate the relation between the rumour and actual trade in

the market. This may lead, however, to some mathematical difficulties, which are shortly

discussed. Finally, generalizations of the underlying spatial structure are investigated,

and the effect of new information appearing in the economy is analyzed.

Chapter 5 studies possible consequences of regret in strategic situations of interaction.

Section 5.1 provides a general introduction into the characteristics of regret and the

possibilities for modelling regret in economic theory. Based on these ideas Section 5.2

proposes a new model for boundedly rational behaviour in non-cooperative games, called

best-reply matching. The main idea is that if a player ends up playing an action that

was not a best reply to the actions of his opponents, he feels regret of not having done

the right thing. Consequently, the anticipation of regret influences his own decision-

making, i.e. the construction of his own mixed strategy. Thus, in this model the effect

of interaction is top-down: the fact of playing a game determines the decision making of

individual players. Best-reply matching is based on two elements. Firstly, each player

focuses exclusively on the best-reply structure of a game. Secondly, given his beliefs about

the behaviour of the opponents each player plays each available action with exactly the

same probability with which this action will be a best reply. The latter is a specific

form of matching behaviour. An equilibrium concept is derived from these behavioural
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assumptions and it is shown that every finite game has at least one best-reply matching
equilibrium. We analyze properties of the new equilibrium concept and illustrate these
properties by means of well-known examples. A surprising result is obtained in the
centipede game, where it is shown that with positive probability players continue playing.

Section 5.3 considers a model of learning that leads to best-reply matching in the limit.
Players repeatedly play a non-cooperative game, where they adjust their behaviour from
one period to the other based on the realization of play in that period. The adjustment is
assumed to be myopic in the sense that only current play is relevant for the adjustment of
strategies. The model is based on learning through reinforcement as studied by Bush and

Mosteller (1955). It is in particular related to a recent model of BSrgers and Sarin (1997),
and similarly to their approach we also consider two kinds of processes. The first one is

the original stochastic learning process in discrete time. The second one is a dynamical
system in continuous time that approximates the former process by following its expected
movement. The stationary behaviour of both processes is analyzed. It is shown that
the steady states of the dynamical system are exactly the best-reply matching equilibria
of the underlying game. With respect to the stochastic learning process it is proven
that first, every pure strategy best-reply matching equilibrium is an absorbing state of
that process and second, every absorbing state is a best-reply matching equilibrium, but
possibly not in pure strategies.

Section 5.4 proposes three possible steps for further investigating the concept of best-
reply matching. These are the extension to a cardinal concept, the adaption to extensive-
form games, and the gathering of experimental evidence.

Finally, an epilogue ties up the ideas in this work by connecting them to the research
papers I have written during my Ph.D. studies and by explaining the link to the saying
of Paul Appell quoted at the beginning.



Chapter 2

Tools

There is nothing so practical as a good theory.

- Kurt Lewinl

The models in this work are based on two mathematical theories that have been very

successful in analyzing interaction: game theory and the theory of interacting particle
systems. These theories provide the main tools for the following study and they shall

briefly be presented in the first two sections of this chapter. The third section formulates

some theorems that are needed in this work as well.

2.1 Game Theory

The main elements of game theory used in this work concern basic concepts from non-
cooperative game theory, such as the definition of a non-cooperative game, the concept
of a best reply, and Nash equilibrium. Chapter 5 deals also with an example of an
extensive-form game, therefore this concept has to be defined as well, together with the

notion of the corresponding normal form and reduced normal form. The presentation

of the material is very related to Osborne and Rubinstein (1994). It is referred to their
book for a more extensive introduction into the topic.

1Quoted from Marrow (1969).

29
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2.1.1 Non-cooperative Games

A non-cooperative game, sometimes also called a strategic game, is a model to describe

the interactive decision-making of individuals (the so-called players), each of whom si-

multaneously choosing an available action (a strategy). Each player has preferences over

outcomes of the game, where outcomes are induced by strategy profiles chosen by the

set of players.

Definition 2.1 A(finite) non-cooperative game is a tuple G-(N, (S;)iEN, (} ;)iEN),
where

. N-{ 1, ..., n} is a finite set of players,

. for every player i E N, S; is a finite set of pure strategies,

. for every player i E N, }; is a binary relation on j~j;E~, S;, refiectting his preferences

over outcomes.

The basic requirement for players' preferences that is made throughout this work is

that for each player i E N the binary relation ~; is assumed to be reflexive and its

asymmetric part r;, defined for all s, s' E j~;EN S; by

s~;s' t~ s~;s'andnots'};s,

is assumed to be acyclic.

The preference relation of player i E N in a game G is often represented by a payoff

function

~r; : ~ S: -~ K,
iEN

in the sense that for any pair s,s' E ~iENS;, it holds that ~r;(s) ) ~r;(s') if and only

if s Y-; s'. Values of a payoff function are called payoffs. The corresponding game is

then denoted by G- (N, (S;);EN, ( ~;)iEN)- Sometimes, when expected payoffs are in our

interest, we will interpret payoffs as von Neumann-Morgenstern utilities.

A convenient way to represent a game is by means of its payoff matrix that gives

payoffs to each player for every possible strategy profile. Figure 2.1 shows the payoff

matrix of a 2-player game where both players have two available strategies. Any cell

of the matrix contains a vector, with the first coordinate assigning a payoff to the row

player (Alice), who in this example chooses between Top and Bottom, and the second

coordinate assigning a payoff to the column player (Bob), who chooses between Left and

Right.Z

ZThe convention to name players Alice and Bob is adopted from Robert Aumann.
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Top
Alice

Bottom

Bob
Left Right

Ql,as
dl, dz

cl , cz

bl, ba

Figure 2.1: Example

Given a game G- (N, (S;)iENe (} i)iEN~, denote S:- j~j;EN S; the product space of

players'strategy profiles. For any playeri E N denote

S-; :- ~ S;
jEN`{i}

the set of opponents' strategy profiles, and, given a profile s-(sl, ..., s„) E S, denote

S-i - (S1i...,Si-Iesi}1e...,Sn)

the strategy profile played by the opponents of player i.

Players can play a mixed strategy, where the latter is understood as being an explicit

randomization over available strategies. The set of mixed strategies of player i E N is

denoted by

E;:-{Q;:S;-~R~ds;ES;:o;(s;)10, ~ v;(s;)-1}.
- e;ES,

Mixed strategies that put full mass on a single strategy s; E S; are a}so called pure

strategies.3

Analogously to pure strategies notations E, E-;, and Q-; are used to denote the

product space of players' mixed strategy profiles, the set of mixed strategy profiles of

opponents of player i E N, and the mixed strategy profile of player i's opponents given

a profile o E E.
In principle, of course, the mixed strategies of players can be correlated. However,

this possibility will not be considered in this work. Therefore, given a strategy profile

o-; E E-;, we write

a-i(S-i) - ~ ~i(
,iEN`{i}

)

3Another possible way of distinction between pure and mixed strategies that is made in this work
(in pazticular in Chapter 5) is that a pure strategy is referred to as an action while a mixed strategy is
simply referred to as a sirategy.
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as the probability for the opponents of player i to play the pure strategy profile s-i E S-;.

Definition 2.2 Consider a game G- (N, (S;)iEN, (}i)iEN) and a player i E N. Given

a profile s-; E S-; a pure strategy s; E S; of player i ís a(pure) best reply, or (pure)

best response, of player i to the profile s-; if there exists no other pure strategy that
gives him a higher payoff to that particular profile, i.e.

!-'Si E Si : (St,s-;) ~; (s;,S-;).

The set of pure best replies of player i E N to a profile s-; E S-; of the opponents is
denoted as B;(s-;). In terms of payoffs we can also write

B;(s-;) -{s; E S; ~`ds; E S; :~;(s;,s-;) ~ ~r;(s(,s-;)}.

Note that, since for every i E N S; is assumed to be finite and ~; is acyclic, B;(s-;)

is nonempty for every s-; E S-;.
A particular class of strategies in this work are those that are not an element of any

set of best replies.

Definition 2.3 Consider a game G- (N, (S;)iEN, (} i)iEN). A pure strategy s; E S; of
player i E N is a never-best reply if

{s-; E S-i I s; E B;(s-i)} -~.

if
In terms of payoffs, pure strategy s; of player i E N is a never-best reply if and only

,~;(s;, s-i) G max a;(s;, s-;)
~; E S;

for each s-; E S-;. This is related to the concept of domination among strategies, which
is defined as follows.

Definition 2.4 Consider a game G- (N, (S;);EN, (~;);EN). A pure strategy s; E S; of
player i E N is weakly dominated by a mixed strategy o; E E; if

dS-i E S-i : 7ri(Qiis-i) 1~i(si~s-i)

with strict inequality for at least one s-;. Strategy s; is strictly dominated if all
inequalities are strict.

Clearly, every strictly dominated strategy is a never-best reply.
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2.1.2 Nash Equilibrium

The standard equilibrium concept for a non-cooperative game is the concept of a Nash
equilibrium.

Definition 2.5 Consider a game G- (N, (S;)iEN, (?'i)iEN). A pure Nash equilibri-
um of the game G is a pure strategy profile s E S where every player i E N plays a best
reply to the profile of his opponents, i.e.

b'iEN: s;EB;(s-;).

A mixed Nash equilibrium is a mixed strategy profile a E E where for every player
iEN

~
~i(~iio-;) ~ ~;(o-;,Q-i) for all a; E ~;.

A particular class of Nash equilibria that will exhibit nice features also in this work
are so-called strict Nash equilibra.

Definition 2.6 Consider a game G- (N, (S;);EN, (ri)iEN). A strict Nash equilib-
rium of the game G is a pure strategy profile s E S where every player i E N plays his
unique best reply to the profile of his opponents, i.e.

`di E N : {s;} - B;(s-;).

It is clear that a strict Nash equilibrium does not exist for every game.

2.1.3 Extensive-form Games

In this work there appears one example of an extensive-form game, the so-called centipede
game in Chapter 5. The analysis of this game will be done via the reduced normal form
of the game, and the equilibrium calculations will be done in behavioural strategies. This
subsection defines what these concepts are.

While in a non-cooperative game players choose strategies simultaneously, in an
extensive-form game there is an additional sequential structure for the decisions of indi-
vidual players.
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Definition 2.7 A(finite) extensive-form game is a tuple F-(N, H, Z, P, (} ;)iEN),
where

. N- { 1, ..., n} is a finite set of players,

. H is set of sequences of actions of individual players, so-called histories, satisfying

- the empty history 0 is an element of H,

- if (ak)k-i,...,x E H and L G K then also (ak)k-1,...,L E H,

. Z is the set of termínal historíes (ak)k-1,...,x E H, to which there is no aKtl such

that (ak)k-1,...,Kf1 E H,

. P assigns to each nonterminal history h E H`Z a player i E N, who chooses an

action from the set A(h) -{a~ (h, a) E H},

. for every player i E N, }; is a binary relation on Z, refiecting his preferences over

terminal histories.

In an extensive-form game F a pure strategy of player i E N is a plan that specifies

an action for every history after which it is his turn to move, i.e. a function that assigns

an action a E A(h) to each nonterminal history h E H`Z for which P(h) - i. As above

denote S; the set of pure strategies of player i E N, and S- jj;E,v S; the product space

of players' pure strategy profiles. Denote the outcome of a strategy profile s E S in an

extensive-form game as out(s). That is, out(s) is the terminal history that results when

each player i E N follows his plan of s;.
To every extensive-form game we can associate a so-called normal form that is a

corresponding non-cooperative game.

Definition 2.8 The normal form of an extensive-form game F-(N, HZ, P, (}; );EN)

is a non-cooperative game (N, (S;)iEN, (};)iEN), where

. for every player i E N, S; is the set of pure strategies is F,

. for every player á E N, } ; is defined by

s~; s' G~ out(s) ~ out(s'),

for any pair s, s' E S.
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The normal form of an extensive-form game still contains information that may often
be unnecessary. For example, the normal form may distinguish between two strate-
gies, even if they lead to the same terminal history, or to histories of which players are
indifferent. We say that strategies s;, s; E S; of player i E N are equivalent if

~(s;, s-;) ~~ (s;, s-;) for all s; E S-; and j E N,

where Nj captures the indifference part of the preference relation of player j in the
normal form of the extensive-form game F. This leads to the following definition.

Definition 2.9 Consider an extensive-form game F-(N, H, Z, P, (~;)iEN) with nor-

mal form (N, (S;);EN, (r;)iEN). The reduced normal form of the extensive-form game

F is a non-cooperative game (N, (S;)iENi (~;)iEN), where

~ for every player i E N, S; contains one element of each set of equivalent strategies

in S;,

~ for every player i E N, ~; is the preference relation over jIiEN S; that is induced
by ~;.

As said above, in an extensive-form game a pure strategy of a player is a plan that
specifies an action for every history after which it is the player's turn to move. In
consequence, there are two possibilities for randomizations, either over "global" pure
strategies or over "local" actions.

Definition 2.10 Consider an extensive-form game F-(N, H, Z, P, (~; );EN) with nor-
mal form (N, (S;)iENi (~i)iEN). A mixed strategy of player i E N is a probability
measure v; on the set of pure strategies S; of player i. A behavioural strategy of
player i is a collection {Q;(h)}hEy, of independent probability measures, where each Q;(h)
is a probability measure on the set of actions A(h) with H; -{h E H`Z ~ P(h) - i}.

A well-known result of Kuhn (1953) says that in every game with perfect recall,
i.e. where players remember whatever they knew in the past, mixed strategies and
behavioural strategies are outcome-equivalent, in the sense that the set of probability
measures over terminal histories that are induced by the collection of players' mixed
strategies is identical to the set of probability measures that are induced by the collection
of players' behavioural strategies. We will assume perfect recall throughout this work.
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2.2 Interacting Particle Systems

This section presents the main principles about interacting particle systems that are

needed to understand and follow the results and proofs in this work. The focus is first

on the construction of an interacting particle system via so-called flip rates, and second

on the definition of useful techniques like monotonicity, attractiveness, and duality. For

an outstanding introduction into the general theory of interacting particle systems see

the book of Liggett (1985). The basic recipe for constructing an interacting particle

system is to define flip rates that induce a so-called generator of a so-called semigroup

that eventually corresponds to the desired stochastic process. In the following we follow

this construction in the reversed direction, trying to determine the precise link within

every step.

Consider the n-dimensional integer lattice Zn with n 1 1. Throughout this work this

space serves as the basic underlying environment for an infinite population of agents.

Each agent is located at a site x E Z". By identifying agents with their location the

space Zn represents the population of agents. Typically, agents ( or sites) are denoted as

~,y,z E Zn.

2.2.1 Markov Processes and Semigroups

Roughly said, an interacting particle system is a continuous-time Markov process on the

collections of individual states of agents x E Zn. In this work the state of every agent

is assumed to be an element of the set S-{0,1}.4 The state space of an interacting

particle system is therefore given by

~, - {0,1}z~`

An element f E y is called a configuration. The space - regarded as an infinite product

space over S provided with the product topology is a compact space. This follows

from Tychonoff's Theorem [see, e.g. Reed and Simon (1980)]. ~ is metrizable and has

a measurable structure given by the rr-algebra of Borel sets of ~, i.e. the v-algebra
generated by the system of open sets of ~. Let

I'[0, oo) - {~, : [0, oo) --~ ,- ~ ~. càdlàg}

4In Chapter 3 the set S corresponds to the two pure strategies of a player in a symmetric 2 x 2
coordination game, while in Chapter 4 the two elements of S capture knowledge and ignorance of a
rumour. Interacting particle systems with state space at loca! sites given by S- {0, I} are also known
as spin systems.
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denote the canonical path space of a Markov process with state space ~.5 This is the

set of functions ~. on [0, oo) with values in ~, which are right continuous and have left

limits (the french expression càddàg stands for "continu à droite et pourvu de limites à

gauchen). Let ,P be the smallest o-algebra on I'[0, oo) relative to which all evaluation

mappings ~„ s) 0, defined by ~,(~.) :- e;,, are measurable. Analogously, for t 1 0 let

.P~ denote the smallest o-algebra relative to which all mappings ~, for s, 0 C s C t, are

measurable.

Definition 2.11 A Markov process with state space ~ is a family {P{}{E- of proba-

bility measures on I'[0, oo) indeaed 6y c with the following properties:

(i) b'~E~: PE[r1.EI'[0,~)~rlo-~]-1,
(ii) `dA E.P the mappirag y~A :~-~ [0,1] with cpA(~) - Pf [A] is measurable,

(íii) t1 ~ E ~, t1A E f, t1s ~ 0: P{[~,t. E A~ .P,] - P{' [A], P{-a.s..

For l; E ~ , let Ef denote the expectation relative to Pf , i.e.

EE [f]- f f dP{
rlo,~)

for any measurable function f on I'[0, oo) which is integrable relative to PE. Let C(~)

denote the set of real-valued continuous functions on ~, regarded as a Banach space with

norm

~~f~~ - suP ~f(f)~.EE-

Define for f E C(~) and t 1 0,

s(t)f(~) :- E`ff(~t)],

with ~ E ~. S(t) f( ~) gives the expected evaluation of the Markov process at time t if

the process starts from ~o - t. This leads to the following definition.

Definition 2.12 A Markov process is a Feller process if S(t) f E C(~) for any t 1 0

and f E C(~).

SI follow the notation of Liggett (1985) to indicate a path of a Markov process by a dot as subindex,
which is helpful to avoid confusion with the notation of the Markov process itself.
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In terms of the operator family {S(t)}i~o condition (iii) of Definition 2.11 is equivalent
to

ds ~ o,dt ~ o S(t } s) - S(t)S(s),
which is called the semigroup property and motivates the following definition.

Definition 2.13 A family {S(t)}t~o of linear operators on C(~) is a semigroup if

(i) S(0) - Id, the identity operator on C(~),

(ii) tl f E C(~), `ds, t) 0: S(t f s)f- S(t)S(s) f.

A semigroup is strongly continuous if for any f E C(~) : limtyo S(t) f- f. It is

contracting if for any t~ 0: ~~S(t)~~ C 1, where ~~ - ~~ is the operator norm. A strongly

continuous contracting semigroup that in addition satisfies for any t~ 0: S(t)1 - 1,

where 1(~) - 1 for all l: E ~, is a Feller semigroup.

The importance of semigroups lies in the one-to-one correspondence between Feller

semigroups {S(t)}i~o and Feller processes {P{}~E-. [See, e.g., Chapter 4 of Ethier and

Kurtz (1986) for a proof of this relation.] As far as the construction of interacting particle

systems is concerned, we can strongly profit from this correspondence, because it enables

us to reduce the construction of the process to the construction of the corresponding

semigroup.

Let ~l~l :- M(~) denote the set of probability measures on - , provided with the

topology of weak convergence, i.e. for any sequence pm E ~N and p E M,

ly~ ~m - Í4 ~i ly~ ~ ! d~m -~f d~~

for all f E C6(~), where Cb(~) is the set of bounded continuous functions on ~. 5ince

~ is compact we have Cb(~) - C(~), and M with the topology of weak convergence is

compact, too.
Given a Markov process {P{}~E` a probability measure p E~1 induces a Markov

process with initial distribution le that is a stochastic process {~i }t~o controlled by the

distribution
P" - f P{ dp.

In this work instead of {P~}~E- often {~t}t~o is used to denote the basic Markov

process without specification of its initial distribution.
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Definition 2.14 Let {S(t)}i~o be a Feller semigroup on C(-) and p E Nt. For t~ 0 a

probability measure S(t)p E ~1~1 is given by

f f d(S(t)p) - f S(t) f dp,

for all f E C(~). S(t)p is the distribution at time t of the process when the initial
distribution is ~. A probability measure p E~t is an invariant (or stationary)

distribution for this process íf for all t~ 0, S(t)p - p.

The set of invariant distributions p E N1 is denoted by Z. It is quite elementary to

show that Z is a compact convex subset of .M and that v - limty~ S(t)p implies that

v E Z. The latter ensures that the set of invariant distributions for a given process are

the only possible limiting distributions of this process. The next definition describes the

nicest situation in this context.

Definition 2.15 A Markov process with semigroup {S(t)}t~o, is ergodic if Z-{v} is

a singleton, and for all p E Nt : limty~ S(t)p - v.

A particular class of probability measures will play an important role to check whether

distributions S(t)~C converge.

Definition 2.16 A probability measure p on ~ is translation invariant if for any
finite collection of sites (~1i ...,~k), with x~ E Zn, any profile ( i~, ..., ik), with i~ E{0,1},

k) 1, and z E Z"

~(S(z ~ 21) - 21i...iSlz ~ 2k) - 2k) - ~(S(~1) - 21,...~5(~k) - Zk)i

i.e. probabilities do not depend on z.

2.2.2 Semigroups and Generators

The theory of Hille-Yosida links a given semigroup to a particular linear operator, the

so-called generator. This theory is naturally set in the context of a general Banach space.

The presentation given here considers the special case where this Banach space is equal

to C(~). The material in this subsection is related to Chapter 1 of Ethier and Kurtz

(1986). I refer to their book for more information about the following propositions,
especially for a proof of the Hille-Yosida Theorem.
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An operator S2 on C(~) with domain D(St) and range 1Z(SZ) is said to be closed if its
graph Gn - {(f, f2f)~ f E D(f2)} C C(-) x C(~) is closed. It is called closable if there
exists a closure S2 of S2 that is the smallest closed extension of f2.

Definition 2.17 Let {S(t)}i~o be a strongly continuous contracting seneigroup on C(~).
The linear operator f2 : D(S2) -~ C(~), given by

f2f- ~ym ~(S(t) f- f) with

D(f2) - j f E C(")I iyó t lS(t) f- f) exists~ ,

is the ( infinitesimal) generaltor of {S(t)}t~o.

Note that in case of a Feller semigroup the generator S2 of this semigroup satisfies
Stl - 0, which means that f2 is conservative. The reverse direction holds as well. The
relation between a semigroup and its generator is illustrated in the following proposition.

Proposition 2.1 Let {S(t)}t~o be a strongly continuous contracting semigroup on C(~)
with generator f2. Then for any t~ 0

f E D(f2) ~ S(t) f E D(SZ) and

df E D(~) dtS(t) f-~S(t)f - s(t)Stf.

Furthermore D(S2) is dense in C(~) and f2 is closed.

Informally, the ordinary differential equation dZS(t) - S2S(t) suggests S(t) to be given
by S(t) - etn. If f2 is bounded this is actually true. If f2 is unbounded it may happen
that S2 is not the generator of a semigroup, so other criteria are needed. An answer will

give the Theorem of Hille-Yosida.
An operator S2 is said to be dissipative if for any f E C(c) and a 1 0, ~~af - S2f ~~ ~

allf II'

Theorem 2.1 ( Hille-Yosida) A linear operator ft on C(~) is the generator of a strong-

ly continuous contracting se~nigroup iff

(i) D(f2) is dense ín C(~),

(ii) S2 is dissipative,

(iii) R(ald - S2) - C(u) for some a 1 0.
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Assumption ( ii) is often checked via the following lemma.

Lemma 2.1 A linear operator S2 on C(~) that satisfies the positive-maaimum principle,
i.e. b'f E D(Sl) : sup,~E- f(g) - f(~) ) 0~ f2 f(~) G 0, is dissipative.

Proof: It is ~~af -~fII ? a.f(~) -~f(~) ? af(f) - a~~f~~. o

In view of constructing an interacting particle system it is useful to give a second
variant of the Hille-Yosida Theorem. In this variant the operator S2 is assumed to have
a closure f2 that plays the role of the generator.

Theorem 2.2 (Hille-Yosida, 2nd variant) A linear operator S2 on C(~) is closable

and its closure S2 is the generator of a strongly continuous contracting semigroup iff

(i) D(S2) is dense in C(~),

(ii) f2 is dissipative,

(iii) 1Z(aId - S2) is dense in C(.y) for some o~ 0.

An interesting question, also with respect to the following construction, is whether a

generator of a strongly continuous contracting semigroup is determined by its values on

a dense subset of its domain.

Definition 2.18 Let S2 be the generator of a strongly continuous contracting sernigroup.
The subset D C D(S2) is a core if the closure of the restriction of f2 to D is equal to S2,
i.e. 52~0 - S2.

Proposition 2.2 Let S2 be the generator of a strongly continuous contracting semigroup.

D C D(f2) is a core if and only if

(i) D is dense in D(f2).

(ii) TZ(aId - S2~D) is dense for some a ~ 0.

Having an explicit description of a core is as useful as knowing the full domain of
the generator, since the generator is already determined by its values on its core. In the
context of the 2nd variant of the Hille-Yosida Theorem, for the generator S2 a core is
already given by construction since S2 is the restriction of f2 to D(S2).
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2.2.3 Simple Flip

An interacting particle system can be regarded as a superposition of an infinite number

of individual "flipsn from 0 to 1 and 1 to 0 at sites x E Zn. In fact, the generator of

an interacting particle system is a linear combination of generators of these individual

"flips". In the following we see how the generator of such a simple flip at ~ E Z" looks

like.

Consider a fixed site x E Zn. For t' E ~ define

`s(z) ;- 1 S(Z) lf Z~ t
S ll 1-~(z) lf z- x.

By Trf(~) :- f(~2) we obtain a linear operator Ts : C(~) -~ C(~) with T21 - 1. Define

f2~ :- Tr - Id to obtain the generator of a Feller semigroup {S(t)}t~o. Recall the

Hille-Yosida Theorem. Condition ( i) is obvious and (ii) is true because f2z satisfies the

positive-maximum principle of Lemma 2.1:

f(~) - sup f(~) ? 0~ ~trf(~) G 0.
nE-

The condition that 7Z(ald - fl~) - C(~) for some a ~ 0 follows from the fact that S2z

is bounded. For a) ~~S2z~~ the solution of (ald - f2x) f- g is given by

~
f - ~ (a-l~z)m a~lg

m-1

[cf. Proposition 2.8, Chapter I of Liggett (1985)]. Since S2r1 - 0 the generator is also

conservative.

The generated particle system is a random process {~i}~~o that flips from current

configurations ~ to ~~ with exponentially distributed waiting times with parameter 1

between flips. To see this, first note that in general for any Feller process the waiting

time W~ of leaving a given state ~ is exponentially distributed with some parameter

OCaGoo,i.e.

Pf[W~ G t] - 1- e-a`

(See, e.g., Chapter 3 of Revuz and Yor ( 1991).] In general, the constant a depends of

course on ~. If a- oo the process leaves t immediately while in case a- 0 the state l;
is an absorbing state. For finite a we have PE[W~ G t] - at } o(t) as t tends to zero.
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Fix ~ E.- and define the following function f that depends only on ~ E
f (~) :- 0 and

J 0 if
f(~) ~- 1` 1 if

for any ~ E ~, ~~~. Then for any t 1 0,

~(~) - f(~)
~(y) ~ f(~}.

P{[~t(~) ~ ~(~)] - E~[f(~e)] - Sif(~).

Using the Hille-Yosida Theorem and Definition 2.17, for t j 0,

Sif (~) - tf2zf (~) ~ f(~) ~ o(t).

Since f( ~) - 0 this means that for t j 0

P{[~~(~) ~ ~(~)] - tHzf (~) } o(t)
- t~Trf(~) - f(~)~ } o(t)

- t(f(ET) - f(~)) f o(t)
- t } o(t).

5ince Pf[~t(~) ~~(x)] - Pf [W{ G t] for t j 0, it follows that a- 1.

2.2.4 General Construction

43

Zn. Set

The dynamics of an interacting particle system are controlled by so-called fiip rates
r(x, f) with x E Z" and ~ E ~. They determine the rate at which the coordinate ~(x)
flips to 1-~(x) when the process is in state ~. Flip rates will work as coefficients in
the linear combination of individual flips at sites x E Zn. To obtain the existence of a
unique particle system it is suffiicient to assume that flip rates satisfy the following two
conditions:

(I) for each x E Z", r(z,~) is a uniformly bounded nonnegative function

that is continuous in ~,

(II) suP ~ suPlr(~,~)-r(x~~y)~ C~~
zEZnyEZ~ fE-

where i;y is as defined above. Condition (ii) limits the degree to which flip rates at
particular sites depend on the rest of the configuration.

The following theorem is formulated and proven in Chapter I of Liggett (1985) for
general interacting particle systems. The special version presented here ensures that flip
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rates, which satisfy the assumptions above, lead to the definition of a generator of a

Feller semigroup corresponding to a unique interacting particle system.
For f E C(~) and x E Z" define

A1(2) - SuP Iï(~x) - f(~)I-
fE-

A~(x) is a measure of the dependence of f on coordinate ~(x). Denote II ' II the Euclidean

norm on Z". It holds that lirr~~x~~y~ A~(x) - 0 for any f E C(~). Define as

D(-) - í f E C(~) ~ Af(~) ~~ 1 ,
l xEZ"

the class of "smooth" functions.

Theorem 2.3 (Liggett) Assume that flip rates r(x,~) satisfy conditions (I) and (II)

above. Then

~f(~) - ~ r(~, ~) (f(~x) - f(~))
xEZ"

defines a linear operator S2 : D(~) ~ C(~). The closure f2 of S2 generates a Feller

semigroup {S(t)}t~o corresponding to a particle system {l:~}t~o. D(~) is a core for 12.

The theorem is proven by showing that S2 meets the assumptions in the 2nd variant

of the Hille-Yosida Theorem. Note first that S2 is clearly conservative. D(~) is dense in

C(~), which can be seen by the following approximation of f E C(-). Fix some g E.-
and define for any finite subset A C Z" and ~ E-: fn(~) - f(~~), where

n -~~(z) if z E A
~ (z) - ~(z) if z ~ A.

Then fAm -~ f for any sequence Am with Am j Z". Also fA E D(~) since A~,,(x) ~ 0

if and only if x E A. To see that S2 is dissipative, notice that S2 satisfies the positive-

maximum principle, since f E D(~) and f( ~) - sup,~E- f(rl) implies f(n) C f(~) for all

rl E y, so obviously f2 f(~) C 0. Thus it remains to prove that 1Z(ald - S2) is dense

in C(~) for some a ) 0. This is done by showing that D(~) C 1Z(~Id - S2) for some

sufficiently small a. See Liggett (1985) for details.

The next proposition reveals two important properties of an interacting particle sys-

tem {~t}t~o.
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Proposition 2.3 Let {~i}t~o be an interacting particle system defined as described in

Theorem 2.~. For any x E Zn, for t f. 0

(z) P~~~e(~) ~ ~(~)] - r(~~ ~) ~ t ~ o(t),

(aa) P{[~t(x) ~~(x) and ~e(y) ~ f( y) with y~ x] - o(t).

Proof.. The proof follows the same principle as in the simple flip process discussed above.

Fix a configuration ~ E-. To prove (i) define the function f as follows. Set f(~) :- 0

and
0 if

f(g) ~- 1 if
n(~) - f(~)
rl(~) ~ ~(~),

for any rl E ~, ~~ t. Then for any t 1 0,

P~l~e(~) ~ ~(~)] - Ef ~Ï(~t)] - Stf(~)-

Using the Hille-Yosida Theorem, for t~. 0,

Pf[~t(~) ~ E(~)] t~tf(f) t o(t)

t I~ r(z,~) (f(~Z) - f(~)~~ } o(t)
`zEZ"

t (r(~, ~) (f(~~) - f(~))) ~ o(t)
t . r(x, ~) f o(t).

To show ( ii) define again f(~) :- 0 and

- r 1 if rl(~) ~~(~) n rl(y) ~~(y)
f(rl) ~-

Sl

for any ~ E ~, ~ ~ t'. The function f depends only on coordinates x, y E Z". Analogously,

for t f, 0

P{~~e(~) ~ ~(x) and ~s(y) ~ ~(y) with y ~ ~]
- tS2f(~) ~- o(t)

- t I ~ r(z, f ) (f (~Z) - .Í(~)~ ~ t o(t)
` zEZ"

- o(t),

0 if otherwise,

which concludes the proof. ~
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Statement (i) of Proposition 2.3 contains the characteristic property of flip rates,

determining the rate at which coordinate t;(x) flips to 1-~(x) for the process being in

state ~. Statement (ii) ensures that with probability one within every transition only

one coordinate changes.

2.2.5 Monotonicity and Attraction

Monotonicity is a principle that in general can be very helpful for studying stochastic
processes. Let us define a partial order on the space ~ as follows. For any g, ~ E ~,

g C ~ :~ b'~ E Z" g(x) - 1~~(x) - 1.

A function f E C(~) is called monotone if f(n) C f(~) whenever rl C~. This

property induces a similar partial order on the set of probability measures ~td. For any

pair p.l, p2 E N1,

F~i C l~a :~ f f dl~i S f f dF~z,

for all monotone functions f E C(~).

Definition 2.19 A Feller process {~~}t~o on ~ with semigroup {S(t)}t~o is monotone

if for any p1,F~2 E JVt,

F~i G F~z ~ S(t)F~i C S(t)F~z,

for any t 1 0.

A particle system with local state space S-{0,1 } at individual sites allows for a
nice verification of monotocity in terms of attraction, the latter being defined as follows.

Definition 2.20 An interacting particle system on ~ with fíip rates r(x, ~), a E Z", ~ E -

is attractive if for any ~, ~ E~ with rl G~ the two inequalities hold:

r(~,~) C r(x,~) if rl(~) -~(z) - 0

r(~,rl) ~ r(~,~) zf rl(~) -~(x) - 1.

The definition asserts that a coordinate, which takes a given value, is more likely
to flip to the opposite value if it generally "disagrees" with its environment than if it

generally "agrees" with it. Thus, coordinates can be said to attract one another and the

evolution is called attractive. Liggett shows that a particle system on ~ is attractive if

and only if it is monotone [Liggett (1985, Theorem 2.2, Chapter III)].
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Attractive particle systems have particularly nice features, as can be seen from the

following proposition, which is proven by Liggett (1985, Theorem 2.3, Chapter III).

Proposition 2.4 Let {S(t)}i~o be the semigroup of an attractive interacting particle

system. Let bo and bl be the Dirac measures on ~, putting jull mass on ~- 0 and ~- 1,

respectively. Then the following limiting distributions exist and are extremal points in

the convex set of invariant distributions of the particle system:

v - tim S(t)bo,

v - lim S(t)bl.sy~

The examples given in the next subsection belong to the class of attractive particle

systems.

2.2.6 Examples

Voter Model

For x E Z" define N(x) :- {y E Zn~ ~y-x~ - 1}, with ~. ~ denoting the Euclidean distance

in Z". Define flip rates as follows. For x E Z", l;' E ~,

~ ~ 2n~(y) if ~(x) - 0
r(x, ~) -

YEN(s)

~ 2n(1 - ~(y)) if ~(x) - 1,
YEN(z)

where 0 G~c G oo.
It is easy to check that flip rates in (2.1) meet the conditions of Liggett's theorem.s

Thus, they define a unique interacting particle system with state space ~. If ~c - 1,

the resulting particle system is the so-called n-dimensional voter model, if ~c ~ 1 the

system is called the biased voter model. The case ~c G 1 is equivalent to ~c ~ 1 since any
multiplication of flip rates by some constant, here by K, leaves the behaviour of the system
unaffected. The voter model was independently introduced by Clifford and Sudbury

(1973) and Holley and Liggett (1975). The biased voter model was first considered by

Schwartz (1977) and later by Bramson and Griffeath (1980, 1981).
An interpretation of flip rates, which gives the system its name, views the two states

0 and 1 as possible opinions or political positions of agents located on Z". Periodically,
each agent changes his view by randomly selecting a neighbouring agent and adopting

sAny function on ~ depending only on finitely many coordinates is continuous.
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the opinion of that agent. Thus, flip rates are proportional to the number of neighbours

that are of the other opinion. In the context of coordination games Chapter 3 and also

the Intermezzo in Section 5.2.3 of Chapter 5 will make use of the (biased) voter model

extensively.

Contact Process

For x E Zn, ~ E ~, define flip rates as

.~ ~ ~(y) if ~(a) - 0
r(~o ~) - yEN~~)

1 if ~(x) - 1,

for some given ~, O G.~ G oo.

Again, condition (I) and (II) of Liggett's theorem are easily verified. The induced

interacting particle system is known as the n-dimensional contact process, which was first

studied by Harris ( 1974). The rates are interpreted as capturing the local dynamics of

an infection process. A particle at x E Z" is infected if ~(x) - 1 and healthy if ~(x) - 0.

Healthy particles become infected with rate ~ times the number of infected neighbours.

Infected particles recover at constant rate normalized to 1. As rumours often follow a

similar infection dynamic, this particle system will be used to model local transmissions

through communication in Chapter 4.

2.2.7 Duality

Duality is a powerful technique that is frequently used for interacting particle systems.

To introduce its main idea define ~" :- {A~ A C Z"} and ~ó :- {A C Znl IAI C oo}.

Note that the space ~ corresponds one-to-one to the space On. Via the function

X.r ~ ~n

~ ~-' X(~) - {x~ ~(x) - 1}

every configuration is mapped into the set of sites with coordinates being equal to 1.

With respect to duality it is convenient to think of a particle system as a process on 0".

Duality was introduced by Spitzer (1970), who studied a specific particle system (the

so-called simple exclusion process) and who proved that in this situation the following

holds for any t 1 0:

P~~~t ~ n ~ 0] - P~~~~ ~~~ ~), (2.3)
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where ~ E 0" and rt E Dá. Thus, the analysis of the process could be reduced to the
analysis of the much easier situation when the system operates only on finite sets. Harris
(1976) generalizes this condition in the way that, if the process itself does not have the
property ( 2.3) perhaps there exists another process {rtt}~~o on ~ó that satisfies for any
t~0

P{[~e n r1 ~~] - P~[~ n r1e ~~1, (2.4)

where Pn[.] denotes the probability law of the process {~~}t~o with start in n E ~ó.
Then q~ should be called the dual (or associate) process of {~~}t~o and in this respect

the simple exclusion process would be self-dual.

Harris states that one important property of any process having a dual "is that
creation from nothing cannot occur; that is, P0[~t - l~] - 1" for all t 1 0[Harris
(1976, p175)]. Schwartz (1977), however, eliminates this property by extending the state
space of the dual process Dó to an isolated point O such that for any A E ~ó (where the
empty set is considered to be included), by convention, O n A~ 0, and the dual process
is sent to O if and only if the original process {~~}t~o "creates something from nothing".
The latter is meant such that for any t~ 0, P0[~i ~~] - Pn[rlt - O].

The concept of duality can also be introduced in a more general way. Let Y be any
countable set. For rl E Y let Fn : ~-~ R be a bounded continuous function. Then the
question is, given a Markov process {~t}t~o on On does there exist a Markov process
{rlt}t~o on Y such that both satisfy the general duality equation:

E{[Fn(~e)] - E~(Fo~(~)1~ (2.5)

for all ~ E On, rl E Y and t~ 0. Thus, in general the approach of duality for a process
{~t}~~o starts with choosing a class of duality functions {Fn}nEy and a state space Y for
the dual process. Clearly, in order to profit from (2.5) the class of functions has to be
chosen in an appropriate way. With Y- Dó and

F,~(~) -{ 1 if f n~~ 0
o if ~n~-0,

(2.5) is equivalent to (2.4), which is the way Y and {Fn}~Ey will be chosen in this work.

In the example of the (biased) voter model and the contact process the dual processes
can be shown to look as follows (cf. Liggett (1985)]. The dual process of the voter
model (i.e. ~c - 1) is a continuous-time particle jump process on Zn, where each particle
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jumps with rate 1 to a randomly chosen neighbouring site y E N(x). If the site is already

occupied by another particle the two particles coalesce. In case of the biased voter model

(i.e. rc ~ 1) each particle additionally produces a particle in an unoccupied site with

rate equal to ~c - 1.

The contact process is in fact self-dual, i.e. the dual process is equal to the finite

version of the contact process itself, which operates on Dó. In consequence, studying

the behaviour of the finíte system together with equation (2.4) enables us to infer the

behaviour of the original infinite contact process with state space 0". This fact will be

of great help in the proofs of Chapter 4.

2.3 Selected Theorems

The chapter is concluded by presenting selected theorems that are used in the proofs

of this work. These are the lemma of Borel-Cantelli, the martingale stopping theorem,

Brouwer's fixed point theorem, and an approximation theorem of Norman.

2.3.1 Lemma of Borel-Cantelli

Let (I', A, P) be a probability space. Let {Ak}kEN be a sequence of events with Ak E A.

Define ~ ~
lim sup Ak :- n U Am.

k-'~ 1-] m-l

Intuitively, limsupky~ Ak captures the event {Ak for infinitely many k}.

Lemma 2.2 (Borel-Cantelli) The following implication holds:

~ P[Ak] G oo ~
k-1

P[lim sup Ak] - 0.
k--.oo

If Ak, k E N, are pairwise independent, the reverse i~mplication holds as well, or equiva-

lently:
~
~ P[Ak] - oo ~ P[limsupAk] - 1.
k-1 k~~
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2.3.2 Martingale Stopping Theorem

Let (I',A,P) be a probability space and let {Ak}kE~o be a filtration of A, i.e. Ao C
,,41 C... C A. A sequence {Xk}kENo of random variables is called adapted if Xk is
Ak-measurable for every k E No. It is called innovative if every Xk is integrable relative
to P and

E[Xk~l - Xk I ..Qk] - ~,

for every k E No. The sequence is called a martingale if it is both adapted and innovative.
Note that for a martingale it holds that E[Xk] - E[Xo] for every k E No.

A stopping time is a mapping r : I' ~ No U oo with

{rGk}EAk,

for k E No. The next stopping theorem is also known as optional sampling theorem.

Theorem 2.4 (Stopping Theorem) Let (Xk)kEINo be a martingale and r a stopping
time. Then the sequence

{Xrnk}kEH`ro

ás a martingale, so in partácular, E[Xrnk] - E[Xo] for every k E No. If r is bounded
P-a.s., then E[XT] - E[Xo].

2.3.3 Brouwers' Fixed Point Theorem

The fixed point theorem of Brouwer (1912) is needed to prove existence of a best-reply
matching equilibrium in Chapter 5.

Theorem 2.5 (Brouwer's Fixed Point Theorem) Consider the space Rn, n~ 1.
Let A E Rn be a nonempty, compact, convex set. Let f: A--~ A be a continuous
function from A to itself. Then f has a fixed point, i.e. there exists an x E A with
f(x) - x.

2.3.4 Norman's Theorem

The following result is formulated and proven as Theorem 1.1 in Chapter 8 of Norman
(1972). The notation is slightly adapted to the notation in this work.
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Let J be a bounded set of positive real numbers with inf J- 0. For every ry E J let

{Xk }kENo be a Markov process with stationary transition probabilities and state space

a subset I.~ C Rn, n~ 1. Let 1 be the smallest closed convex set including all Iry, ry E J.

Let Hk be the normalized increment of Xk,

y - Xk~l - Xk
Hk - ,

ry

and let w(x, ry), V(x, ry), v(x, ry), and r(x, y), respectively, be its conditional mean vector,

cross moment matrix, covariance matrix, and absolute third moment, given Xk - x:

w(x, ry) - E(Hk ~ Xk - x],

V(x,1') - E[(~)~ ~ Xk - x),

v(x, ry) - E[(Hk - w(x, ry))Z ~ Xk - x],

- V(x, ry) - w(x, ry)2,

r(x, ry) - E~~Hk ~3 ~ Xk - xJ.

Here x2 - xx' and ~x~2 - x'x for x E Rn, where ' denotes transposition. For any

n x n matrix A, let
n

~A~2 - ~ a~.
;,i-i

The following conditions are needed to establish the result.

(a.l) Iry approximates I as 7~ 0 in the sense that, for any x E 1,

lim inf ~x - y~ - 0.
7--~o y E 1,

(a.2) There is a function w(.) on 1 that approximates w(-,ry) when ry is small, and the

error is O(ry):
suP ~w(x,1') - w(x)~ - ~(ry)-
rEl7

(a.3) There is a function v(-) on I that approximates v(.,ry) when ry is small:

lim sup ~v(x, 7) - v(x) ~- 0.
7~0 rEly

(b.l) The function w is differentiable, in the sense that there is an n x n matrix valued

function w' on 1 such that

lim
~w(y) - w(x) - w'(x)(y - x)~ - 0

y,~ ly - xl -
aEr
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fora11xE1.
(b.2) The function w' is bounded:

sup Iw'(x)I G oo.
yE~

(b.3) The function w' is Lipschitz continuous:

sup
~w'(x) - ui (y)~

G oo.
~,yE, I2 - yl
s~y

(b.4) The function v is Lipschitz continuous:

sup ~v(x) - v(y)~ G oo.
s~yEf Ix - yl
:~y

(c) The function r is bounded:

sup r(x, ry) G oo.
7E~

sEl.y

ForkEY~io,1'EJ,xEI.~,let
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f~k(~Ï~x) - ExIXk~

be the expectation of the random variable Xk given the Markov process starts in x. Let

wk(ryi x) - Ex~I Xk -{~k(~Yi x)I2J'

The following theorem provides the desired approximation result for the Markov
process.~

Theorem 2.6 (Norman) Assume all conditions aóove hold. Then for any T G oo,
wk(7, x) - O(y) unáformly in x E I7 and kry G T. Furthermore, for any x E I7, the
differential equation

f~(t) - w(.Í(t))
has a unáque solutíon f(t) - f(t, x) wáth f(0) - x. For all t) 0 át holds that f(t) E I,
and for any T G 0,

l~k(ry, x) - f(kry, x) - ~(ry)

uniformly án x E I7 and ky G T.

~The original theorem contains a further statement, which is of no relevance for this work.



Chapter 3

Coordination

co.or-di.na-tion n. 1 the harmonious or effective
working together of different patts. 2 the atrange-
ment of parts etc. into an effective relation. 3 Chem.
the formation of a coordinate bond.

(The Concise Oxford Dictionary of Current English,
Ninth Edition)

3.1 Coordination Problems

The law that compels me to keep to the left when driving along Oxford Street is
ethically senseless, as is shewn by the fact that keeping to the right answers equally
well in Paris; and át certainly destroys my freedom to choose my side; but 6y
enaóling me to count on everybody else keeping to the left also, thus making trafJ~ic
possible and safe, it enlarges my life and sets my mind free for nobler issues.

- G. Bernard Shaw, The Sanity of Art, 1908

Suppose Alice wants to pass through some narrow doorway when suddenly from the
other side Bob tries to do the same. Although both fit exactly through the door they
have to coordinate who goes on which side. If Alice goes left but Bob goes right they
bump into each other, similarly as it happens if Alice goes right but Bob goes left. The
task is to coordinate on the same resolution to the problem.

If we think about it, we are actually quite good at solving this type of problem, though
from time to time we find ourselves standing in front of another person tripping from
one side to the other. The situation is that of a typical coordination problem. It is in
fact one we face almost every day and for this reason it is not at all surprising that we

55
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Alice Left
Right

Bob
Left Right
1,1 0, 0
0,0

Figure 3.1: Doorway Game

have managed to solve this problem so easily. In game theoretic terms the problem can

be represented by means of the payoff-matrix given in Figure 3.1.

Both players gain a payoff equal to one when coordinating on the same side. In case

of miscoordination both earn zero. Hence, the only Nash equilibria in pure strategies

are in fact those where both players choose Left or both choose Right. The situation

is a special example of a coordination game because of various reasons. Firstly, it is

a symmetric game. The strategic situations of both players are identical. Secondly, no

equilibrilim is better than the other in terms of payoffs. In the end it makes no difference

if Alice goes left or if she goes right. The only thing that matters is that she does the

same as Bob. Thirdly, payoffs from miscoordination are equal for both strategies because

the outcomes do not differ, Bob and Alice collide.

There are many other situations in our human society that have the same charac-

teristics of a coordination game. Suppose, for example, Alice and Bob are talking on

the telephone when suddenly the connection breaks down. Both want it to be restored

immediately, but who calls and who waits? There is a coordination problem to be solved

between Alice and Bob, and this time it is a bit harder because at least they do not

have the possibility to communicate. A famous modification of the doorway game is the

problem on which side of the road to drive [cf. Hopper (1982) for historical descriptions

of how this problem has been solved in various countries of the world; see also Young

(1998a)]. In a similar way, for traders it is an important problem to which trade fair

or marketplace to go when there are several locations available [cf. Walford (1883) on

the evolution of the famous "Sturbridge Fair" in medieval England; Bindseil and Pfeil

(1998) provide a recent analysis of the German case]. Since it is essential to meet enough

other merchants to trade with, there exist strong complementarity effects between the

choices of the different traders, which turn the collection of individual decisions into a

coordination problem. Or consider the choice between different competing technologies

that exhibit networking effects. If you want to buy a computer, for example, you have to

choose between an IBM-compatible and an Apple-Macintosh [Katz and Shapiro (1985)].
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And probably you will prefer to take the one that most other people have, since the more

software will exist and the easier it is to exchange programs and information. The com-

petition between QWERTY and DVORAK as different layouts of typewriter keybords

is another famous story [David (1985)], or VHS versus Beta as alternative systems for

videocassette recorders [Cusumano, Mylonadis, and Rosenbloom (1992)]. All these tech-
nological competitions share the common characteristics of a coordination game. During

the past there has been an increasing interest in these situations studying the various

economic mechanisms that are at work [see Katz and Shapiro (1994), Besen and Farrell

(1994), and Liebowitz and Margolis (1994) for recent surveys].'

Since by the very definition of the problem there exist multiple solutions to a coordina-
tion problem, each of these can become predominant and turn into a so-called convention
[Lewis (1969), Young (1996)]. And, of course, conventions may differ from one place to
the other. Only as interaction between these places becomes more frequent the problem

of coordination has to be solved again. In Germany, for instance, a"standard time" did

not have to be implemented until the extension of the railway system and the accom-

panying increase of interaction between several regions made an agreement necessary

[Dohrn-van Rossum (1992)]. As late as 1874 there existed different "local times" for

Berlin, Cologne, Frankfurt a.M., Munich, 5tuttgart and other larger cities. Only 1893 a

respectíve "Reichsgesetz" regulated the introduction of a unique standard time, which

was then connected to Greenwich Mean Time. Nowadays this problem is, of course, no

longer of concern but there are modern versions of a similar coordination of time sched-

ules. The retail sector forms an example when shopping hours have been deregulated

(see Section 3.3). Another economic coordination problem that is very related to the one

of a globally valid time system is the need of a common medium of exchange [cf. Jones

(1976), Kiyotaki and Wright (1989), and Johnson (1996)]. As in principle there exist a

great variety of goods that can be adopted as money, human society has found several

commodities to facilitate the exchange of goods. Some have used gold, others copper,

silver, beads, or cattle. The latin word "pecunian, e.g., means nothing else than "assets

in form of cattle".2

Further situations of coordination involve those of bargaining [Young (1993b)]. Sup-
pose, for instance, there is an amount of money, say 10 dutch guilder, that has to be

1 With respect to strategic complementarities in macroeconomic models, cf., e.g., Cooper and John
(1988); see also Durlauf (1993).

~The various names of "money" in the different languages illustrate this diversity as well. See already
the famous work of Carl Menger (1871) Grundsátze der Volkswirtschaftslehre (Chapter 8), whete an
excellent analysis of the origins of money is given including a detailed desciption of historical and
empirical evidence.
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divided between Alice and Bob. Suppose both simultaneously can make a proposal on

how to split the money. If these proposals are consistent in the sense that individual

shares, which each of them demands, sum up to 10 (or less), they are implemented.

Otherwise the whole amount is lost. It is easy to see that the situation is a simple

coordination game with a multitude of different equilibria, each determining a specific

division of the amount of money. As the minimal unit of money is equal to 5 cents,

every division in the set {(m,10 - m) ~ m E{0, 0.05, 0.1, ...,10} } forms an equilibrium.

A focal point is certainly the equal split (5, 5), but depending on the social environment

in which the bargaining takes place there may be several others. Suppose for instance

that Alice has lost the 10 guilder and Bob has found them. Then social or even legal

norms come into it deciding on the reward for the finder. Of course, the situation can be

generalized to larger classes of economic and social contracts, involving the bargaining

between landlords and tenants, bankers and borrowers, employers and employees and

those of many others [cf. Young (1998a), Binmore (1998)].

In all these examples the main problem of coordination is to select one of the multiple

existing equilibria. While in real life situations we are able to solve this problem in

many different ways, sometimes easily, sometimes with a little more effort, the basic

underlying question is of great theoretical and normative interest as well. The question

is in general which equilibrium is selected or, in normative terms, which equilibrium

should be selected. Pioneers in this field are Harsanyi and Selten (1988), who aim to

give a general theory of equilibrium selection in games. In case of coordination games

they have developed two mayor criteria for distinguishing between different equilibria.

Consider the symmetric coordination game given in Figure 3.2.

Left
Right

Left Right
a, a c, d

6, b

Figure 3.2: Symmetric Coordination Game

In order to be a coordination game, both a~ d and b) c must hold. Equilibrium

(Left, Left) is said to be risk dominant if

a-d~b-c.

Similarly, equilibrium ( Right, Right) is risk dominant if the reverse inequality holds. In

case of equality both equilibria are equally risky. The intuition for risk dominance is
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straightforward. Suppose each player assumes the other to play either strategy with
equal probability 2. Then the risk-dominant equilibrium maximizes expected payoffs of
both players.

For the more general asymmetric case the interpretation of risk dominance is less

simple. In this case risk dominace is defined by maximizing the product of the gains

from unilateral deviation. Consider the game to be given by the payoff matrix in Figure
3.3.

Left
Right

Left
Qi,Qz
di, cz

Right
ci, ds
bi , bs

Figure 3.3: General Coordination Game

Again, in order to be a coordination game for í E{1, 2} both a; ~ d; and b; ~ c; must
hold. Equilibrium (Left, Left) is risk dominant if

(ai - d,)(as - ds) ~ (bi - ci)(b2 - c2)-

If the reverse inequality holds equilibrium (Right, Right) is risk dominant. In case of
equality both equilibria are equally risky. Except for Section 3.3 we will restrict attention
to symmetric coordination games in this chapter.

The second criterion for equilibria in coordination games is payofj dominance or (Pare-

to) e,fficiency, which holds for the equilibrium having higher equilibrium payoffs. Note
that payoff dominance and risk dominance coincide if off-equilibrium payoffs are iden-

tical (e.g. normalized to zero). However, in other cases they can well go into opposite
directions. Consider the example in Figure 3.4.

Left
Right

Left Right
9, 9
8, 0

0, 8
8, 8

Figure 3.4: Risk Dominance vs. Payoff Dominance

In this game the equilibrium (Left, Left) is clearly payoff dominant, but the equilibrium
(Right, Right) is risk dominant. Which equilibrium will be played, or which one should

be played? Harsanyi and Selten ( 1988) argue that most players would probably prefer to
play Right if stakes of the game were high and no preplay communication was possible.
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On the other hand with preplay communication players may come to the conclusion
that they can trust each other to choose (Left, Left). In fact, the authors continue that
"if each player knows the other to be fully rational, then there should not be any need

for them to enter preplay communication before the game starts since the outcome can
easily be predicted. Even under conditions that do not permit preplay communication,
they should trust each other to play [(Left, Left)]" ( Harsanyi and Selten (1988, p5)].

Risk dominance involves a certain lack of rationality, the authors argue. But there are

situations where this lack of rationality may very well be justified. For example, when

preplay communication leads to no agreement about playing (Left, Left), it appears very

plausible for players to rely on risk-dominant considerations. Furthermore, following

the argumentation in Aumann (1990) even with an agreement on the payoff-dominant

equilibrium the equilibrium may still fail to be self-enforcing, in the sense that nobody

has reliable information for trusting the other to actually play that equilibrium.3 In

order to select an equilibrium Harsanyi and Selten (1988) decide to give priority to the

payoff dominant equilibrium, but in a sense the conflict remains.

The main problem for resolving the conflict between risk dominance and payoff domi-
nance in this situation stems from the fact that the analysis is done purely in a one-shot
framework, i.e. that it is assumed that the game is played exactly once. In order to find
a solution in this setting more or less extensive asssumptions on the rationality and the
knowledge of the players are required. However, even then the solution does not appear

to be applicable to every situation. Apart from the one-shot framework there exists an
alternative approach that assumes much less on the part of each individual player and

nevertheless leads to a clear solution to the problem. This approach is grounded on
evolutionary ideas and features a large population of agents each of whom filling the
role of a player in the underlying coordination game. Instead of assuming players to
reason fully rational about the behaviour of opponents and their own individual play,
players can learn the behaviour of their opponents over time and adjust their own play
to the experience. The next section develops and analyzes a model that is based on such

an approach. Interestingly, the solution obtained by that approach does not favour the

payoff-dominant but the risk-dominant equilibrium.

The following sections are organized as follows. Section 3.2 develops an evolutionary
model of equilibrium selection based on stochastic strategy adjustment of agents in
a large population. Subsection 3.2.1 relates the model to the existing literature and

3The case Aumann (1990) considers is where payoffs for (Right, Right) in the game of Figure 3.4 are
given by (7,7). See also Section 3.4.
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motivates the new approach. The basic set-up of local interaction is defined in Subsection

3.2.2. Based on this interaction Subsection 3.2.3 establishes the dynamics of stochastic
strategy adjustment and defines the evolutionary process. Results on risk dominance are
obtained in Subsection 3.2.4. Section 3.3 applies the evolutionary model to a study on

deregulation of shopping hours in a retail economy. In this model, which is constructed

in Subsection 3.3.1, consumers and stores interact on a two-dimensional lattice and

coordinate on a shopping-hour schedule. Subsection 3.3.2 derives the main result in

identifying the long-run shopping hour equilibrium. The importance of signalling through

advertisement campaigns is discussed in Subsection 3.3.3. Finally, Section 3.4 presents
a few general but still preliminary ideas on endogenous interaction where agents are

allowed to choose the opponent, with whom they want to play the game.

3.2 Stochastic Strategy Adjustment

3.2.1 Evolutionary Equilibrium Selection

The seminal work of Kandori, Mailath, and Rob (1993), henceforth denoted as KMR
(1993), and Young (1993a) has attracted much interest in evolutionary models for equi-
librium selection in coordination games. Subsequent models have refined this work by
introducing local interaction [e.g., Ellison (1993), Blume (1993, 1995)], or by enlarging
the strategy space of an agent [Ely (1995), Bhaskar and Vega-Redondo (1997), Kim and
Sobel (1995)]. The following approach belongs to the first category in featuring local in-
teraction. It follows a new line in studying alternative ideas for modelling the individual
behaviour of an agent.

The usual story in the evolutionary approach is that there is a large population of

agents, each facing a situation of repeated interaction with other agents. The interaction
is modelled as a symmetric 2 x 2 coordination game where agents are restricted to pure

strategies. The evolution of play within the population is driven by the assumption

that agents may switch strategies. Since opponents may change their strategy, too, each

agent repeatedly plays the coordination game against a changing mixture of strategies.

An agent's task is to adjust his strategy to the environment he faces.

The original assumption of KMR (1993) and Young (1993a) is that agents adjust
their strategy by playing perturbed best-response. With high probability they play a best
response to their environment, with remaining low probability they simply play random.
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The first part is based on the idea that agents are influenced by payoff differences, the

second part captures noisy behaviour and models, e.g., individual mistakes or deliberate

experimentation of an agent. Based on this assumption the surprisingly strong result is
that evolution selects the risk-dominant equilibrium as defined by Harsanyi and Selten

(1988).4

Perhaps the strongest objection to this result has been formulated by Bergin and
Lipman (1996) who show that the equilibrium selection result is based on the specific

assumption that random play is sufficiently similar in different states of the process. In
fact they show that, if one allows the noise rate to depend on the state of the process

then every invariant distribution of the noiseless process and thus every strict Nash

equilibrium of the coordination game can be selected. Blume (1994) argues in a similar
way. He analyzes different versions of noise in order to find criteria for invariance of the
selection result with respect to the noise process.

One possible way to proceed is to make the noise part explicit by modelling the eco-

nomic, social, or psychological source of it. A recent approach in this direction is van

Damme and Weibull (1998), where agents rationally choose to make mistakes because it
is too costly to avoid these mistakes completely. The resulting endogenous noise rates are

shown to be sufficiently similar across states, which establishes the result of risk domi-
nance. An alternative is to leave the paradigm of perturbed best-response behaviour and
choose a different model for agents' adjustment, which nonetheless features important
properties of the original approach. This is the way chosen in this work.

Intuitively speaking, pure best-response adjustment says: adjust to best strategies with

probability one. This holds true even if the other strategy earns only infinitesimally larger
payoffs. Hence adjustment is very payoff-sensitive and in fact deterministic. At any time
an agent's probability to change his strategy is either 1 if the other strategy is a best
response, or 0 if not. The starting point of this model is to study a smoothed version of

best-response adjustment, which says: adjust to better strategies more likely. In a static

framework this simple intuitive idea is related to a model of Rosenthal (1989). From a

decision theoretic point of view it resembles much the behavioural notion in proportional
imitation as introduced by Schlag (1998), although actual imitation is not considered in
this model.

The first consequence of this assumption is that the strategy adjustment of an agent is
less payoff-sensitive. Probabilities to switch lie within the whole interval [0,1] rather than

4Papers in the second category mentioned above obtain the payoff-dominant equilibrium, which is a
result that followa directly from the enlargement of the strategy space. See Section 3.4.



3.2. STOCHASTIC STRATEGY ADJUSTMENT 63

in the subset {0,1 }. In effect, many times both strategies will have positive probability to
be played. This corresponds to the randomness effect of noise in perturbed best-response.
However, the second and main feature of the approach is that agents are still influenced
by payoff differences, which can be seen as the essence of pure best-response behaviour.
While the latter assumes that infinitesimally small payoff differences are weighted in the

same way as large payoff differences the assumptions that are made here say that payoff
differences matter the more the larger they are.

Based on this approach the main results in Subsection 3.2.4 show that agents are more

likely to coordinate on the risk-dominant equilibrium. In this sense the model supports

the result of KMR (1993), Young (1993a), and others and moderates the critique of

Bergin and Lipman (1996). However, contrary to most other approaches, in the present

model the risk-dominated equilibrium still corresponds to a stationary distribution of

the stochastic process. In other words, the process is not ergodic and, in fact, basins of

attraction of both equilibria are non-empty. Thus, the question on which equilibrium

agents will actually coordinate depends on initial conditions. Note that this is true

under pure best-response adjustment as well. In order to obtain an equilibrium selection

result noise needs to be introduced, which turns the process into an ergodic process and

eliminates one of the two equilibria. This, however, produces a common paradox as it

has been indicated, for instance, by Blume (1993, p415). While the theory stated that all

players will always choose the risk-dominant strategy in the future, computer simulations

showed "that the outcome depends strongly on the initial conditions of the process. If the

initial frequency of down [i.e. the risk-dominated strategy] is sufficiently high, the process

converges to all players choosing down." A contribution of this study is to resolve this

paradox, by answering the equilibrium selection problem without necessarily eliminating

one of the two equilibria.

3.2.2 LocalInteraction

Similarly to other models [Blume (1993, 1995), Ellison (1993)] the model considers a
spatial framework with local interaction. Precisely, there is an infinite population of

agents that are located on the n-dimensional integer lattice Z". The dimension of the

lattice can have any value n 7 1. Results in the model do not depend on n. By

identifying each agent with his or her location the space Zn represents the population of
agents. Typically, agents will be denoted as ~, y, z E Zn.

Every agent is assumed to interact with a finite set of other agents, his so-called

neighbours. For every agent a E Zn define the neighbourhood to be given by N(~) -
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{y E Z"~ ~y-2~ - 1} where ~.~ denotes the Euclidean distance withinZ". Thus neighbours
are agents that are one step away in exactly one of n dimensions. Sometimes this kind of
neighbourhood interaction is also called nearest neághbour ánteraction. If n equals one,

neighbours are located both to the right and to the left of an agent. For n- 2, the set

of neighbours consists, in addition, of those agents that are located above and below an
agent. For general n, every agent has 2n neighbours.

Of course, there are various other possibilities for defining appropriate neighbourhood

structures, even if one sticks to the general assumption of an n-dimensional lattice. One

could take, for example, the maximum norm. Then neighbours are all those agents that

are at most one step away in all of the n dimension, and thus every agent has exactly
2" - 1 neighbours. Intuition suggests that different structures will support different
outcomes. Important research therefore focuses on robustness-checks with respect to
different neighbourhood structures. An early approach in this direction has been made
by Ellison (1993) in comparing global with local interaction. A recent discussion of

general neighbourhood structures is given in Morris (1996) and Young (1998b).

Yet, in this model I restrict the analysis to the nearest neighbour interaction as defined

above. The reason for doing this is simply that this neighbourhood structure has already

been studied in other models as well [Blume (1993, 1995), Ellison (1993)]. As the aim of
this study is not to focus on the role of the neighbourhood structure itself, but rather on
the behaviour of agents within such a neighbourhood structure, this restriction enables
us to relate the results to others without any confusion about possible differences in
underlying neighbourhood structures. The main contribution of this study shall be a
check of robustness with respect to an agent's behaviour rather than with respect to the

considered neighbourhood structure.

We will return to the issue of different neighbourhoods structures in Section 3.4, where

the effects of endogeneous interaction are discussed.

Consider a symmetric 2 x 2 coordination game with payoff matrix as given in Figure

3.5. Strategies Left and Ráght are called Top and Bottom now. Assume all values to be
finite and both a~ d and b~ c.

Top
Bottom

Top
a, a
d, c

Bottom
c, d
b, b

Figure 3.5: Symmetric Coordination Game
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Time is modelled continuously. At any time to each agent x E Z" there is assigned one
of the two possible pure strategies, Top, henceforth denoted by T, or Bottom, henceforth
denoted by B. The collection of actions over the whole population at some time is given
by a mapping

~ : Zn ~ {T, B} (3.1)

2 H S(~)f

where ~(x) denotes the strategy of agent x. The mapping t is also called a configura-
tion. Denote ,- the set of all possible configurations. For t E R9} denote ~t E ~ the
configuration at time t.

Agents continuously and uniformly interact with their neighbours. It is assumed that
at any time each agent is sequentially matched with his 2n neighbours.s In each single
match the coordination game is played with every agent using his assigned strategy.
Denote for agent x E Z" by ~r(~, ~) the accumulated payoff from these matches, when
the play of the population is determined by configuration f E~. Thus,

~(~,~) - ~ G~~(x)~~(y)~, (3.2)
yEN(r)

where G(-, .) calculates the payoff from the matrix in Figure 3.5.

3.2.3 Stochastic Strategy Adjustment

The underlying idea of the model is that agents stochastically adjust their strategy to a
changing environment given by the play in their local neighbourhood. With this respect,

the model does not follow the usual approach in the evolutionary literature studying
boundedly rational behaviour by assuming first best-response adjustment which is then

perturbed by some form of noise. Instead, it considers a simple adjustment rule that
connects probabilities to switch from one strategy to the other and payoffs of both
strategies directly. Roughly said, the main assumptions are that first, agents stay with
their strategy in case of successful coordination with their neighbours, and second, agents

ase more likely to switch if the other strategy earns relatively higher payoffs.

Technically, individual probabilities to adjust a strategy are modelled by so-called flip
rates (cf. Chapter 2). These rates are real-valued functions and determíne the probability
for an agent to switch (flip) to the other strategy within an infinitesimally short period

SI do not model the actua] matching procedure but concentrate on accumulated payoffs.
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of time. Precisely this works as follows. Denote r(x, fi) E [0, oo) the flip rate of agent

x E Z" given the state of the population tt E ~. Then for b J 0 it holds that

Prob[~tfó(x) ~ ~i(x)] - r(x, ~~) ~ S -f- o(b). (3.3)

Thus, given the configuration ~t at time t, for infinitesimally short periods of time the

probability for agent x to adjust his strategy within that period from ~i(x) to the com-

plementary strategy equals the product of the flip rate r(x, l;t) times the length of the

time period.
The next two assumptions build the essence of the adjustment rule that is followed

by each agent.

Assumption 3.1 (Nash equilibrium) Flip rates are zero if and only if all agents in

the neighbourhood coordinate on the same strategy, i.e. agents play a Nash equilibrium.

Precisely, for any x E Zn, l: E-

r(x, ~) - 0 ~ b'y E N(x) : f (y) - ~(x). (3.4)

Assumption 3.2 (Flips to better strategies are more likely) Flip rates depend

on payoff differences in a linear ~nonotonic way. The higher the relative payoff ad-

vantage of a strategy the larger the rate to fiip to thís strategy. Precisely, there exists a

parameter .~, O C~ G oo, such that for any x E Zn, l; E-

r(~' tx~B) - T(x, ~I'T ) - ~ 1 7~(x, ~z,T) - 7f(x, ~z,B)) (3.5)

where

~y'~(z) - S ~(z) 2f z ~ xl s if z-x,

with s E {T, B}.

Assumption 3.1 captures the idea that individual learning forces are weak at Nash

equilibria of the game. If no single neighbouring opponent plays the other strategy, this

other strategy is not a best response to any of the neighbours' currently played strategy.

Hence there is no reason to play that other strategy. Thus flip rates are zero. In this

situation an agent's behaviour coincides with pure best-response behaviour.

Assumption 3.2 is the important behavioural assumption in the model. It is mo-

tivated by the idea that agents do not over-sensitively react to changes in their local

environment by always adjusting their strategy towards best responses with probability
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one. Instead, agents are assumed to follow a rule of adjusting towards better strategies
more likely. The larger the payoff difference between the other strategy and the current
strategy the more likely it is to flip to the other strategy. The sensitivity of this relation
is governed by the parameter ~, which is assumed to be finite.s The larger a the more
sensitive the adjustment with respect to payoff differences. Since payoffs in the under-
lying coordination game are finite as well, flip rates are always finite. This ensures, by
(3.3), that agents are locked in for infinitesimally short periods of time. During these
time periods they are "programmed" to the chosen strategy as mentioned above.

Note that under Assumption 3.2 the probability to flip is not necessarily zero whenever
the payoff of the other strategy is less than the one that is currently earned. Assumption
3.1 says that if there is at least one neighbour who plays the other strategy there is also
a strictly positive probability for the respective agent to switch to that strategy, even if
it makes him worse off. Yet by Assumption 3.2 it follows that after he has switched to a
bad strategy the probability to switch back again to the good strategy is always higher
than the one before.

A feature of the chosen approach is that with probability zero two agents flip at exactly

the same time (cf. Proposition 2.3, Chapter 2). Hence, individual strategy adjustments

are non-synchronized, which gives us the possibility to ignore the effects of simultaneous

strategy revision.

In a static framework Rosenthal (1989) has studied an idea similar to Assumption
3.2. For general two person games with finite numbers of strategies the author explores
a solution concept where, instead of playing best responses with probability one, players
use "better responses with probabilities not lower than worse responses" [Rosenthal
(1989), p274]. Using a notation similar to the present model this idea can be made
precíse as follows. Let p; and p~ denote the probabilities with which a player intends to
use his strategies i and j. Let ~r; and a~ denote the payoffs of strategies i and j given
some chosen strategy of the other player. Then Rosenthal assumes that if p; 1 0 and
p~ ~ 0

p; - p; - J~(~r; - ~r;), (3.7)

where .1 is a finite parameter playing a similar sensitivity role. Comparing equation
(3.7) to Assumption 3.2 shows that stochastic strategy adjustment can in fact be seen
as a dynamic version of Rosenthal's model of boundedly rational behaviour. Instead of

6Note that a- oo would correspond to a pure best-response scenario since (3.3) shows that a flip
rate equal to infinity implies an instantaneous adjustment if the other strategy earns a larger payoff.
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relating static choice probabilities to payoff differences, probabilities to change a strategy

are connected to corresponding differences in payoffs.

Looking at an agent's problem from a decision theoretic point of view, the idea of

Assumption 3.2 is also closely related to the notion of a proportional imátation rule

as introduced by Schlag (1998). There an imitation rule is called proportional if the

difference in probabilities of switching from strategy i to strategy j and vice versa is

proportional to the payoff difference between strategies i and j. In Schlag's model

payoffs are determined via a multi-armed bandit and an agent can learn other strategies

and payoffs by sampling other agents. He then (randomly) decides to imitate, i.e. switch

to the other agent's strategy, or not. This is, of course, different to the present model

since agents do not imitate, nor do they observe other agents' payoffs. Still, given an

agent's information about his current strategy's payoff and the payoff of another strategy

(be it via sampling or by own calculation) the main assumptions coincide in the sense

that probabilities to switch are proportional to the difference in payoffs between both

strategies.

In order to implement Assumptions 3.1 and 3.2 recall the payoff matrix of the under-

lying coordination game (Figure 3.5). Given a configuration 1; the payoff agent x earns

can be computed as

~ a f ~ c if ~(x) - T
yEN(s) YEN(~)
á(Y)-T f(Y)-B

~(x,~) - (3.8)

~ d f ~ 6 if i;(x) - B.
yEN(z) yEN(z)
f(Y)-T f(y)-B

Using notation I:r~T and ~x~B to assign strategy T or B to agent x leaving the rest of

configuration 1' fixed, payoff differences are equal to

x(x ~~,T) - ~(x ~z,a) - (a - d)nT(x,~) - (b - c)nB(x,~), (3.9)

where n'(x,t:) gives the number of agent x's neighbours, who play strategy s in config-

uration 1:.

In view of Assumptions 3.1 and 3.2 there are still many possibilities to define flip rates,

as they leave some degrees of freedom. The first assumption gives boundary conditions

while the second one fixes relative values only. We will stick to the simplest version

possible, which is based directly on differences as given in equation (3.9).
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Definition 3.1 (Stochastic Strategy Adjustment) For x E Z" and t; E~,

~(a - d)nT (x, ~) zf ~(~) - B

r(~, ~) -
~(b - c)nB(x, ~) if f (~) - T~

(3.10)

where 0 c~ G oo and a, b, c, d are the payoffs in the coordination game given in Figure
~3.5.

Definition 3.1 is a clear aggregation of Assumptions 3.1 and 3.2. Flip rates for an
agent are zero whenever all neighbours of that agent play the same strategy as he does.
For every configuration the difference between flip rates equals the difference of payoffs
times the sensitivity parameter.

Note that the assumptions imply that every additional neighbour that plays the other
strategy increases the probability to switch to that strategy by a value equal to the
equilibrium payoff of that strategy, and simultaneously decreases the probability by a
value equal to the off-equilibrium payoff of that strategy. The increase can be seen as
corresponding to the possibility to earn the equilibrium payoff after a switch to that
strategy. The decrease of the probability is then related to a simultaneous loss of the
off-equilibrium payoff that is currently earned. In this sense the factors a- d and b- c
capture revenue minus opportunity cost of adjusting from one strategy to the other. Of
course, since agents play a coordination game these terms are always positive. Thus, if
there is at least one neighbour playing the other strategy, the probability of switching to
that strategy is positive, as well. However, the concrete likelihood of an actual switch is
determined by the magnitude of these terms.

This suggests that one has to distinguish between two cases, either a- d- b- c or
a- d~ b- c.' In the first case the situation is symmetric. The probability of switching
depends just on the number of neighbours that play the other strategy, equally weighted
for both strategies. In the language of Harsanyi and Selten (1988) this case is equivalent
to saying that both equilibria are equally risky while if a- d) b- c, strategy profile
(T,T) is the risk-dominant equilibrium. In the present model a- d 1 b- c implies that
we are in an asymmetric situation, where strategy T is weighted more strongly, which
may suggest already the direction of play within the population. We will restrict to this
case during the following analysis.

~The case a- d C b- c is equivalent to the case a- d~ b- c by changing names of the strategies.
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3.2.4 Risk Dominance

Using common results from the theory of interacting particle systems (see Chapter 2)

it can easily be shown that flip rates in Definition 3.1 define a unique Markov process

{~i}t~o on the state space of all configurations ~. In the following this process is called

the adjustrnent process. In the symmetric case, where a- d- b- c, the behaviour of this

process is equivalent to the behaviour of the so-called voter model, which was introduced
independently by Clifford and Sudbury (1973) and Holley and Liggett ( 1975). In the
asymmetric case, where a-d ~ 6-c, the process is equivalent to the so-called biased voter
raodel. ( See also Chapter 2.) This process was first considered by Schwartz (1977) and

later by Bramson and Griffeath ( 1980, 1981). Bramson and Griffeath looked for results

concerning the evolution of the process to describe the possible spread of cancerous cells,

an approach that was introduced by Williams and Bjerknes (1972), while Schwartz was

more interested in the duality theory of a larger class of Markov processes.
Let us turn to an analysis of the evolution of play when agents adjust according to

Definition 3.1 and a- d ) b- c. Since the behaviour of the adjustment process is
equivalent to that of the biased voter model results on the former follow from results on
the latter. Precise connections are given in the proofs.

It may be helpful to mention that the space u corresponds one-to-one to the space

On -{A~ A C Z"} in a canonical way. Via the function

X ~ ~ ~n

~ '--' X(~) - {z~ ~(x) -T}

(3.11)

each configuration is mapped into the set of agents that play strategy T. It is sometimes
convenient to think of {~t}t~o as a process on On.

Sensitivity of Adjustment

The first observation is that as long as .~ is finite its value plays no role for the long-run

behaviour (t - oo) of the process.

Proposition 3.1 For ~ G oo the long-run óehaviour of the adjustment process is inde-
pendent of ~.

Proof.. The claim follows immediately from the fact that a change of ~ simply results into
a change of the time scale and that properties concerning long-run behaviour (t - oo)
are independent of the time scale. ~
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In the short and in the medium run the value of a does, of course, play a big role
for the behaviour of the process. For example, the expected number of agents that play
strategy T at any finite time to does depend on the concrete value of .~. Low values of
~ create high inertia within the adjustment of an agent, while high values speed up the
evolution of play. However, since technically any effects of a change of a correspond to a
rescaling of time, a change has no qualitative implications. Convergence is the same for
every finite ~.8 Since our analysis focuses on long-run behaviour of the process, in the
following .~ is normalized to 1.

Clustering

One of the most important problems is, of course, the characterization of the set of

invariant distributions of the adjustment process {1't}t~o, since these will be the only
possible limiting distributions for the process. Obviously, the prominent measures vB
and vT that correspond to the strict Nash equilibria (B,B) and (T,T), concentrating

on the states where everybody plays B (denoted as B) and everybody plays T (denoted
as T), respectively, are both invariant. So the process will never be ergodic. Once the
process is in one of these states it will never leave it again as they are both absorbing
states.

This fact corresponds to the results of KMR (1993), Young (1993a), and others before
introducing mutations. With pure best-response behaviour either states where the whole
population plays one of the two strict Nash equilibria are absorbing states. Only after the
noise component is added a selection between these states occurs. In the present model,
as we will see, a selection occurs already on the basis of stochastic strategy adjustment.

Certainly, also every convex combination of vB and vT is invariant as in general the
set of invariant distributions is a compact convex set. So the question is, whether besides
vB and vT there exists any other extremal invariant distribution for the process. The
answer is given in the following proposition.

Proposition 3.2 The only eztremal invariant distributions of the adjustment process
{~t}t~o are vB and vT, that concentrate on B and T, respectively.

Proof: The proof is based on the work of Schwartz (1977). The key feature lies in the
analysis of the so-called dual process on Dó, where the latter is the collection of finite
subsets of Z". See Chapter 2 on duality. For the adjustment process the dual process

sIn this sense the parameter works in a similar way as the inertia parameter ~ in the learning model
of Hart and Mas-Colell (1997).
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is a continuous-time particle jump process on Zn where each particle jumps with rate

b- c to a neighbouring site and also produces a particle in an unoccupied site with a

rate equal to (a - d) -(b - c), which is indeed greater than zero. If a particle attempts

to occupy a site that is already occupied the two particles coalesce. Denote {r}t}c~o this

process.

Schwartz (1977) has shown that whenever the dual process of a Markov process on 0"

is monotone (cf. Definition 2.19 in Chapter 2) and fulfills a certain growth condition, then

any invariant distribution must be a convex combination of the two Dirac measures that

concentrate on 0 and Z" respectively. Precisely, the growth condition is the following.

b'A, Á E Dó, A~ 0 P"[fl C yc for some t~ 0] - 1, (3.12)

where PA denotes the probability measure that governs the dual process starting with

set A. In the special situation when the dual process can be coupled with a recurrent

Markov chain {Xc}t~o on Zn such that XL E~t, PA-a.s. for all t 1 0, condition (3.12) is

equivalent to the simpler condition

3x E Z" dA E ~ó P{z}(Á C~c for some t~ 0] 1 0. (3.13)

Since in our case {rtt}t~o is a monotone process and condition (3.13) is also true for

every a E Z" it suffices to show that there exists a recurrent Markov chain {Xt}c~o on

Zn with Xt E ye, PA-a.s. for all t 1 0, A~ 0.
This Markov chain is constructed as follows. Define Xo :- x for some x E A, which

exists since A~ 0 by assumption. Let Xc follow the random walk of this particle in a

until it produces a new particle in a neighbouring site. If this new particle is closer to

zero than x let Xt follow the random walk of this new particle, otherwise let Xc proceed

following the walk of the old one. Thus Xc has the following jump rates

y-~z
at rate a - d if z E N(y) h ~~z~~ C ~~y~~,

at rate b-c if z E N(y) n ~~z~~ ~ ~~y~~,

where ~~ . ~~ is the Euclidian norm on Z". Clearly Xc E~e, PA-a.s. for any t~ 0, because

(Xc, t) follows a path in the space-time representation (~t, t). Since {Xc}i~o is a random

walk with positive drift towards the origin, {Xc}c~o is also recurrent. This concludes the

proof. ~

Let ~ be a probabilíty measure on ~. Let {~~ }t~o be the adjustment process that

starts with initial distribution p and let pc denote the distribution of that process at time
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t. An immediate consequence of Proposition 3.2 is that if limt-,~ pt exists, the process

clusters, that is for any x,y E Zn the probability of {!;i (x) ~ f~ (y)} converges to 0 as t

goes to infinity. Thus, we obtain the following corollary.

Corollary 3.1 The only long-rvn configurations are those where all agents coordinate

on one of the two Nash equilibria.

Since long-run configurations are homogenous the next question is, on which equilib-

rium agents will coordinate more likely. In other words, for which initial distributions
will agents coordinate on the risk-dominant equilibrium? The answer to this question
will give the desired selection result.

Coordination on the Risk-Dominant Equilibrium

Note that invariant distributions of the adjustment process are translation invariant (cf.

Definition 2.16, Chapter 2). Since the dynamics of the adjustment process are translation

invariant as well, in the sense that the assumed behaviour is the same for every agent

x E Zn, this suggests that the property of translation invariance plays an important role

in the model. The next result fully characterizes convergence of play given it starts with

a translation invariant distribution.

Proposition 3.3 Let the initial distribution p be translation invariant. Then

~lym p~ - avB ~ ( 1 - a)vT, (3.14)

where a - p(B).

Proof.~ The proof follows a similar one in Schwartz (1977) and is done in several steps.
The first observation is that dtpt((-(~) - T) 1 0, hence the probability for playing T at
time t is non-decreasing in t. Denote S2 the generator of the semigroup {S(t)}t~o that
corresponds to the adjustment process {la}t~o. (Cf. Chapter 2.) For any f E C(~)

~f(~) - ~ r(x,~) (f(~z) - f(~)),
xEZn

where l: E ~ and
~~(z) - l;(z) if z ~ x

l;(x) if z - x,

~(a)~ being the complement of t;(~) in {T, B}.
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Using Propostion 2.1 from Chapter 2 and the translation invariance of p and hence

of pt, we get the following for any a E Z",

d
dtl~e ~~(~) - T~

- ~ S27{e(x)-T}(~) d~c

- -(b - c) ~ l~c ~~(~) - T, ~(y) - B) f (a - d) ~ Fcc (~(~) - B~ ~(y) - T~
yEN(x) yEN(x)

- (a - d) - (6- c) ~ {~e(~(~) - B, ~(y) - T~
yEN(x)

where the last inequality follows from the fact that a- d 1 b- c. Therefore, since

pt(.) G 1, we get first, that for any x E Z" the probability ~t ~~(~) - T) increases to
some value 1 - a, 0 G a G 1, and second, that

lim d {~t (~(x) - T) - 0.
cy~ dt

In consequence,
tll~ Fct (~(~) - B, ~(y) - T~ - ~,

for any x E Z", y E N(x). But then, this must be true for arbitrary x, y E Z", so the

process clusters. Now let v be any weak limit of the sequence {pt}t~o. Then

v - avB f ( 1 - a!)vT,

and since by translation invariance pc(B) - p(B) for all t~ 0, a- p(B), concluding

the proof. ~

Equation (3.14) nicely states the long-run effects of interaction in this model. In

general, any limiting distribution must be a convex combination of the two measures vB

and vT. Now for a translation invariant distribution p the parameter cz that determines

the mixture between these measures is already uniquely determined by the value p(B),

which is the probability that all agents initially start with playing strategy B. Once this

probability is zero we obtain convergence to vT. On the other hand, convergence to vB

is obtained only in the case where the process starts already in that particular state,

i.e. ~(B) - 1. This is a quite substantial result which is reformulated in the following

corollary.
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Corollary 3.2 If the initial distribution of the process is translation invariant, and al-

most surely at least one agent plays strategy T at the óeginning, then with probability one

agents coordinate on the risk-dominant equilibrium.

As an example for the last result consider the process that starts with initial dis-

tribution pE, being the Bernoulli product-measure with parameter e, 0 C e G 1, where

for each agent x E Zn, pf (t'(~) - T) - e. Certainly p~ is translation invariant. If

e~ 0, te~(B) - 0, hence agents will coordinate on the risk-dominant equilibrium. While

the state of the population at the beginning is characterized by individual independence,

in the long run the evolution of the process in time eventually leads to complete una-

nimity. More than that, all players eventually agree to coordinate on the risk-dominant

equilibrium. The driving force that makes this coordination possible is the adjustment

mechanism determined by the interaction between players. Even though this interaction

is locally restricted to the neighbourhood of a player, because of the considerable overlap

between these neighbourhoods its effect is on the population as a whole.

Remark: The above result is an immediate implication of a- d) b- c, i.e. strategy T

being risk-dominant. Denote ~c - 6-d the ratio of these terms, measuring the degree of

risk-dominance. An important effect of ~c approaching 1, i.e. both equilibria becoming

equally risky, is that the expected waiting time for the process to hit any absorbing

state, either T or B, can take very large values. This result is due to Cox (1989) and

holds for finite populations where, contrary to the infinite case, the probability to hit

an absorbing state in finite time equals 1. Consider, for example, a finite population X

of agents located on the torus imbedded in the 2-dimensional lattice ZZ. Let the initial

distribution of play be given by the finite version of the Bernoulli product-measure ~ f

with e) 0. Then, as ~c approaches 1, the expected waiting time to hit any equilibrium

state tends to

? ~X~21og ~X~(-e log e-(1 - e) log(1 - e) (3.15)
a

as ~X~ becomes large.9 See Cox (1989) for more. Thus, when both equilibria are e-

qually risky and the population is large but finite, stochastic strategy adjustment needs

very long waiting times until the whole population coordinates on either of the Nash-

equilibria, even though interaction is restricted to local neighbourhoods.

9The order of limits in this statement is first K 1 1 and then ~X~ j oo.
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Spread of Risk-Dominant Play

So far results have been obtained for the case when the initial state of the population

may be described by translatíon invariant distributions. It is interesting to see how risk-

dominant play spreads starting from an arbitrary set of agents that play strategy T at

time zero. Here lies a great advantage of any spatial model over those like KMR (1993)

and Young ( 1993a), where the population is not endowed with a spatial structure and

therefore the possibility to study a real spread of a strategy is not given. Denote the

set of agents that play T at time zero by A C Z". Obviously, a spread of risk-dominant

play can occur only if the absorbing state B, where all agents play B, is never reached.
Let {~A}t~o be the adjustment process that starts with the initial configuration where
all agents x E A play strategy T and all others play strategy B. Let rA denote the
hitting time of the state B for the process {~A}t~o. The next proposition calculates the
probabílity for the process to reach this state in finite time.

Proposition 3.4 Let A C Z". Then

Prob[TA C oo] - r~-~A~ if A finite
l 0 if A infinite,

where ~c - 6-d.

(3.16)

Proof.~ Consider first the case when A is finite. If t,,, denotes the time of the rath flip of

~A, then Rm - ~X(l;m)~ - ~{x~~ m(x) - T}~ is a random walk on N where

R" - R"m m-1
- r 1 with prob. p

1 - p,

with p- F}1 and 1-p - K}1. This follows from the flip rates of the adjustment process:
~-a-d-lL.1-p 6-c

For r E N define the waiting time W:- min,,,~o{Rm ~(O,r)}, i.e. the waiting

time for the first moment the random walk leaves the interval (0, r). By the lemma

of Borel-Cantelli (cf. Lemma 2.2, Chapter 2) it follows that W is almost surely finite.

Because of the positive drift K}~ towards infinity, Rm is not a martingale. Therefore
define the function h(l) -(1~)~. h(1) is a harmonic function with respect to Rm, i.e.

(Kh)(1) - h(l), where K(l,.) denotes the transition function of the random walk Rm.

Now Hm - h(Rm) is in fact a martingale and since Hmns is clearly bounded, by the

martingale stopping theorem (cf. Theorem 2.4, Chapter 2) it follows that E[Hs] -

-1 with prob.
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E[Ho]. With po and pr, denoting the probability for RS to be 0 and r, respectively, this
is equivalent to

poh(6) } prh(r) - h(I AU
t~ po~h(0) - h(r)~ - h(IAI) - h(r)

h(I AI ) - h(r)o h(~) - h(r)

(~~)Inl - (~~).
~ po - 1 - (~),. .

P

Now let the interval ( 0, r) grow to infinity, then P[rA C oo] - lim,-,~ po. Since the

latter limit is equal to (1~)IAI -~-IAI this proves the finite case.

The infinite case now follows from the finite one by exhausting the space Zn via a
sequence of finite boxes with increasing radius centred around the origin, using mono-
tonícity of the process. O

The proposition shows that the probability to hit the absorbing state B in finite
time depends on the number of agents that play T at the beginning and the ratio of
individual weights of adjustment ~c - 6-d. Since T is risk dominant this ratio is always
larger than 1. So the probability decreases exponentially as the number of initial T-
strategists grows. Note that the probability does not depend on the spatial spread of A,
i.e. how densely these agents are actually distributed within the population. The only
thing that matters is the cardinality of A. In particular, if A is infinite we obtain again
almost sure coordination on the risk-dominant equilibrium.

In (3.16) the degree of risk dominance, expressed by rc, directly enters the equation.
The more risk dominant strategy T is, the faster the probability to enter the state B
decreases as the size of A grows. In the other direction, as both equilibria become equally
risky (i.e. ~c approaches 1) the probability to reach the equilibrium where everybody plays
B tends to 1 for finite A.

Now suppose that strategy T is "very" risk dominant in the sense that ~c )1 1. By
Proposition 3.4, for large A the event {rA - oo} has overwhelming probability. Denote
D, -{~ E Z" : IxI G r} the ball of radius r around the origin and recall X(~A) C Z" the
set of agents that play strategy T given configuration ~A. The next proposition, which
is due to Bramson and Griffeath (1981), shows that, conditioned on {TA - oo}, strategy

T eventually spreads at least linearly. Thus again if A is infinite, risk-dominant play
almost surely overtakes the whole population in a linear fashion.
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Proposition 3.5 There exists a constant ~3 ~ 0 such that for every set A~~ of agents

playing strategy T at time zero,

Prob[~to G oo b't 1 to DRe C X(~A)~ rA - oo] - 1. (3.17)

Since the proof of Proposition 3.5 is long and very technical and, apart from that,

fully given in Bramson and Griffeath (1981) it is refered to their article. In their proof it

is also shown that the constant Q depends only on the dimension n and the parameter

~c. It is instructive to compare the result to a similar one in the equilibrium selection

model of Hofbauer (1998). There the author studies a travelling wave approach to

define a spatially dominant equilibrium that is shown to coincide with risk dominance

in symmetric 2 x 2 coordination games. A notable observation is that the speed of this

wave is closely related to the asymptotic growth of the set of T-players in the present

model of stochastic strategy adjustment. Consider, for example the simple coordination

game with off-equilibrium payoffs c and d equal to zero. Then it can be shown that the

asymptotic speed of a spread of T under the adjustment process is equal to 4nf atb
[Bramson and Griffeath (1981)]. The wave speed in Hofbauer (1998) using replicator

dynamics as reaction dynamics equals 2 Qá} , where e captures an additional migration

rate of agents. In Hofbauer's model the population is distributed on the one-dimensional

line R. Hence, taking the same dimension n- 1, risk-dominant play spreads at a similar

speed in the present model as in the model of Hofbauer. At the same time the underlying

geometric structure of the population is, of course, substantially different. This suggests

that the result in Proposition 3.5 does not depend on the special structure of the space

Zn as one might, perhaps, have suspected.

The preceding sections have analyzed a new form of strategy adjustment behaviour by

agents who repeatedly play a symmetric 2 x 2 coordination game with local neighbours.

Rather than considering perturbations of pure best-response the main idea has been to

focus on the essence of best-response, which says that agents are influenced by payoff

differences. We have smoothed this influence by assuming that, instead of switching to

best responses with probability one, agents switch to better responses more likely. The

intuition for this assumption corresponds to the bounded rationality model of Rosenthal

(1989) and the notion of proportional imitation of Schlag (1998). Based on a spatial

model of local interaction the results say that agents are in fact more likely to coordinate

on the risk-dominant equilibrium. In this sense the approach supports the results of

KMR (1993), Young (1993a), and others. Precisely, risk-dominant play prevails with
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probability one whenever the initial fraction contains infinitely many agents, independent
of the spatial distribution of these agents. This is obtained, e.g., by starting with a
corresponding Dirac measure or with independent probability assignments to each player,

where strategy T has at least some positive probability.

3.3 Deregulation of Shopping Hours

It is, perhaps, worth stressing that economác proólems arise always and only in
consequence of change. As long as things continue as before, or at least as they
were expected to, there aráse no new pmblems requiráng a decisáon, no need to form
a new plan.

- Friedrich A. Hayek, "The Use of Knowledge in Society," 1945

5ince November 1, 1996, shopping hours in Germany are deregulated, at least partly.

Stores are allowed to open a bit earlier in the morning and to keep open for a longer

time period the evening. Yet, shopping hours are far from being liberalized, since in

general the policy to restrict opening times has not been abandoned. Therefore the

situation is still similar to most other European countries imposing strong restrictions

on shopping hours.'o However, the "German experiment~ seems important since the

issue of deregulation, especially with respect to shopping hours, is one of the key issues

in European economic policy. An investigation of the German experience is therefore not

only an interesting project but a necessary undertaking both for theorists and applied

economists.

So what do we observe? Although the experience with the new time schedule is, of
course, rather short, one of the major phenomena that can already be noticed is that
many store owners who initially started to keep open for an additional period of time,
are already going back to the old time schedule again. A recent poll by the Hauptverband
des Deutschen Einzelhandels (HDE~ shows that there is a decline of more than 2007o in
the number of retailers that decide to stay open. Among small stores, i.e. those having

five employees or less, the decline amounts even to more than 30e1o (HDE (1997)].
Does this say that it is not profitable at all for these stores to stay open for a longer

time? Given their experiences the first answer might seem to be, YES. However this
study argues that the answer can also be NO! Even if it is profitable both for a store

owner and his customers to keep open at night it may be the case that they do not

loExceptions are, e.g., Portugal, Sweden, and the UK.
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succeed in attaining this situation. The reason is simply that they are not be able to

coordinate on the new equilibrium.
In the following it is shown that first, the deregulation of shopping hours leads to a

coordination problem between store owners and customers, and second, the solution to

this problem in the sense, on which equilibrium do agents coordinate most likely, depends

on the specific cost structure of stores and the preferences of their customers. Roughly

said, if the conditions are such that the equilibrium, where stores are open for a longer

time and consumers shop late, is risk-dominated, in the sense of Harsanyi and Selten

(1988), by the other equilibrium, where stores close early and consumers shop early as

well, then the economy will eventually tend back to the old shopping hour schedule

again, even if the new schedule payoff-dominates the old one. The result is based on the

evolutionary model that has been discussed in the preceding sections. In this model the

feature that interaction is restricted to local neighbourhoods seems particularly realistic

since people regularly shop only at a small number of stores and there is a considerable
overlap between different stores and different consumers.

To the best of my knowledge, an evolutionary perspective on the deregulation of

shopping hours has not yet been given in the economic literature. In most cases the dis-

cussion is restricted to a pure equilibrium welfare analysis. It is argued, for example, that

regulations favour small shops, while deregulations favor large shops [Clemenz (1990),

Morrison and Newman (1983)], that deregulations may lead to a general decrease in

prices [Clemenz (1990)], or rather to a decrease at small stores and an increase at large

stores [Tanguay, Vallée, and Lanoie (1995)]. Other articles comparing social benefits

and social losses of a deregulation include de Meza (1984), Moorhouse (1984), Kay and

Morris (1987), Clemenz (1994), and Ferris (1990). A recent paper that rationalizes the

observation that many German consumers seem to oppose a deregulation of shopping

hours is Thum and Weichenrieder (1997).

All this important work ignores the question whether it is at all possible to attain the

new equilibrium. However, a deregulation is one of the key examples, where an economy

is pushed out of one state, evolves, and possibly finds a new stable or unstable state. An

economic discussion of deregulation should therefore include an evolutionary approach
focusing on this question. Here lies the contribution of the following analysis.

3.3.1 Shopping on a Lattice

Consider a simple economy, consisting only of two types of economic agents, retail stores

and consumers. Let X denote the set of consumers and Y denote the set of stores. For
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the sake of simplicity and technical tractability suppose that all consumers are identical
with respect to their shopping preferences. Stores face the same technology, in the sense
of revenue and cost structure. This does not necessarily mean that consumers and stores
are fully ídentical among each other. Concerning consumers, e.g., this assumption has
rather to be interpreted as looking only at one specific type of consumers, say employees
for example. The same holds for stores, in the sense that all stores shall be of the same
type, say for example medium-size supermarkets. Future versions of the model will have
to relax this assumption and look at more heterogeneous agents.

Recall the spatial model of local interaction presented in the section before. For

illustrational reasons set the dimension n of the lattice equal to 2. Suppose X U Y- Z2,

so agents are, again, identified with their location and every location is occupied by

exactly one agent. The distribution of agents among locations is as follows. Agent

z-(zl, z2) is a consumer if zl f zz is odd. He represents a store if zl ~ z2 is even. How

does this structure look like? Imagine the space ZZ to be drawn like a chess board. Then
every black square represents a consumer and every white square represents a store. See
Figure 3.6. Clearly, I do not claim this structure to be in any way a literal representation
of reality. Instead, the structure shall give a reasonable "playground" for analyzing the
interaction between stores and consumers in a rather tractable way. The important
feature of the structure is that every store y interacts with a set N(y) consisting of four
consumers, and in the same way every consumer x interacts with a set N(x) that consists
only of stores.

Similar to the economic situation in Germany before November 1, 1996, at the be-
ginning shopping hours are regulated. Stores close early and consumers have adapted to
this schedule. Stores make a profit ~r and consumers earn a utility from shopping that is
given by u. Suppose now that the government decides to deregulate existing shopping
hours. From now on every store is allowed to keep open for an additional period of time
in the evening and, say, on Saturday afternoon.

Then, every economic agent has to decide between two possibilities. A store can either
decide to keep open in the evening~Saturday afternoon, this strategy is denoted as 0, or
to close at the usual time as under the former regulation. The latter strategy is denoted
as C. Similarly, a consumer either makes use of the extended shopping hours, which is

denoted as U, or does not make use of the liberalization and sticks to the former time
schedule,denoted as D.

Every consumer z who decides to make use of the extended shopping hours is assumed
to do this as follows. He first chooses one store y E N(x) at random. This choice shall
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~ consumer ~ store

Figure 3.6: Shopping on a Lattice

be uniformly distributed.l' So any store is selected with probability 4. He then visits

this shop in the evening and buys something if the store is in fact open, which gives him

positive extra utility w 1 0. However, if the store is closed this creates frustration and

costs him a disutility of e~ 0. Both values are assumed to include real costs for going

to the shop. It should be expected, of course, that depending on the type of customer

values for w and e can vary a lot. An employee, for example, can be thought of having

a rather large w and a rather small e, because of inflexible working hours but low costs

of mobility. In contrast, a househusband may have more flexibility in his time schedule

but rather high costs of mobility. In consequence, he can be expected to have a small w

but a large e. A consumer who decides not to make use of the deregulation receives the

same utility as under the former regulation which is equal to u.

Every store y who decides to keep open faces additional costs

cq -}- d (3.18)

and additional revenues

P 9, (3.19)

11This assumes that the consumer is not able to let his choice depend on the strategies that are played
by each of his neighbouring stores. For example, he cannot choose a particular store that has decided
to stay open. The reason is that he does not know this before he chooses the store.



3.3. DEREGULATION OF SHOPPING HOURS 83

where c captures variables costs, d gives the amount of fixed costs and p is the average
price of goods that are sold at that store.1z The variable q gives the expected number
of late-shopping customers that come to that specific store. It can take values within
the set {0, á, 2, á, l}, depending on how many customers actually choose to shop in
the evening. For instance, if all customers decide to go shopping in the evening, since
everybody selects that store with probability 4 the expected number of customers that
come to that store is equal to 1. If the store decides to close at the same time as before
he makes his former profit equal to ~r.

Using a notation similar to the preceding section let ~ : X U Y-~ {U, D} U{O, C}
denote the collection of decisions of all agents in the economy, with ~(x) E{U, D}, x E X
and ~(y) E {O, C}, y E Y. Let ~r(y, ~) be the expected profit of store y given the state
of the economy ~. Similarly denote u(x, ~) the expected utility of consumer x given ~.
Then the assumptions made up to now can be expressed as follows.

( if ~(y) - O

~(y) - C
(3.20)

~r - d ~ ~nU(y,~)

{
if

u-~ 4 no(x, ~) - á n~(x, ~) if ~(x) - U

u if ~(x) - D,
(3.21)

where n'(y, ~) gives the number of customers of store y that decide for s E {U, D}.
Analogously, n'(x, ~) gives the number of stores where consumer x shops, that choose
s E {O, C}.

Let us assume that additional profits for stores are strictly increasing in the expected
number of late-shopping customers and that they are strictly positive if q equals 1.
Precisely, if

Fi(q) - -d f (P - c) q, (3.22)

where q- ánU(y,i;), assume that p ~ c, Fl(0) C 0 and Fl(1) ~ 0. This means that,
similarly to the consumer case, there are positive profits to gain for each store if only
enough agents in the economy adapt to the new time schedule.

For the sake of completeness recall that, similarly, expected additional utility of con-
sumer x is strictly increasing in the number of stores that are open in the evening.
If

F2(n) - w n - e(1 - n), (3.23)
'ZFor a justification of a linear cost structure in the retail sector see Nooteboom (1982).



84 CHAPTER 3. COORDINATION

where n- 4no(x,~), then w~ 0, e~ 0, F2(0) G 0 and F2(1) ~ 0.

The situation just described can be seen as a game that is played between stores and

consumers. Each consumer x plays with four stores that are located around him, given

by N(x). At the same time each of these stores plays again with four consumers that

are located around that store, including the former consumer x. The set of strategies for

any consumer is given by {U,D}, the set of strategies for any store is given by {D,C}.

Payoffs are determined by the functions u(x, ~) and ~r(y, ~). Of course, payoffs depend

only on the strategies of neighbours. Interaction is local.

A strategy profile determines a unique strategy for every agent in the economy. As

usual a strategy profile is a(pure) Nash equilibrium if no single agent in the economy can

increase his payoff choosing another strategy given that everybody else in the economy

plays according to that profile.

There may exist many Nash equilibria in this situation. Several of them can be

heterogeneous, meaning that different agents play different strategies. The number of

heterogeneous Nash equilibria, and whether they exist at all, depends on the precise val-

ues of the parameters chosen in the payoff functions. Nevertheless, there are always two

homogeneous Nash equilibria. In the first one every agent makes use of the deregulation,

i.e. every consumer uses extended shopping hours, and every store keeps open. Denote

this equilibrium by El -(U, O). In the second one nobody in the economy makes use of

the deregulation, i.e. every consumer sticks to the old schedule, and every store closes

at the usual time. Denote this equilibrium by E2 - (D, C).

It is justified to look only at these homogenous Nash equilibria, since - as we have

seen in the previous section - any heterogeneous equilibrium will be unstable once we

let agents adjust their strategy to their local environment. In this sense, the economy

faces really a coordination problem: agents coordinate either on equilibrium E~ or on

Ez.
In order to have available the criteria of risk dominance and payoff dominance also

in this set-up, let us use the following convention. There is a unique 2 x 2 coordination

game G that directly corresponds to the just described strategic situation between stores

and consumers in the economy. The game G ís a game between a single store and a single

consumer. The payoffs of this game are such that the following holds. Payoffs in the

original situation, given by functions u(x, ~) and a(y, ~), are equal to expected payoffs

from randomly matching each agent z, z E X U Y, with a single opponent z' E N(z)

with whom he then plays the game G. The random matching is uniformly distributed.

Considering equations ( 3.20), (3.21), it is easy to calculate the payoff matrix of the game
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G. It is given in Figure 3.7.

U
D u,n-d

Figure 3.7: Game G

Homogenous Nash equilibria in the original situation correspond to pure Nash
equilibria of the game G. A homogenous Nash equilibrium in the original situation
is payoff~risk dominant, in the sense of Harsanyi and Selten (1988), if tlie corresponding
Nash equilibrium in the game G is payoff~risk dominant.

So far, assumptions ensure that the equilibrium El is the payoff-dominant equilibrium.
Whether it is also risk dominant depends on the relation between equilibrium and off-
equilibrium payoffs. Precisely, the equilibrium El is risk dominant if

w.(p-c-d)1 e.d (3.24)

and the equilibrium E2 is risk dominant if the reverse inequality holds. The risk-dominant

equilibrium maximizes the product of corresponding gains from unilateral deviation. In
order to keep things simple, let us consider two specific cases. Recall that all relevant
terms are positive.

Case 1 w~ e and (p - c) - d ~ d.
Case 2 w G e and (p - c) - d C d.

The two cases capture the relation between possible gains and losses in the economy
after the deregulation. In case 1 consumers are of a type such that the utility gain from
late-shopping at an open store is greater than the costs of arriving at a store that is
closed. Stores are of a type where profits from late-selling are greater than the amount
of fixed costs for keeping open. In this case equilibrium El is risk dominant. In case 2
the opposite is true. There consumers face a rather high cost of arriving at a closed store
compared to the possible gains from late-shopping. Stores have greater fixed costs than
profits from additional sales in the evening. In this case equilibrium EZ is risk dominant.
In order to make use of the evolutionary analyis of Section 3.2 we have to assume that
all agents face the same gain-loss-ratio, i.e.

(p - c) - d - w (3.25)d e~
This assumption is weaker than assuming the game G to be symmetric.

O
u~-w,~r~ -c -d u-e,a

u, a
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3.3.2 Evolution of Shopping Hours

Before the deregulation takes place the economy is in equilibrium E2. In fact, everybody

is forced to play that equilibrium because of the existing regulation. Then suddenly, the

economy is deregulated and everybody is able to revise his strategy. The basic question

is, whether the economy is able to leave the bad equilibrium and eventually reach the

efficient equilibrium El.
Suppose that agents behave in the following way. At the beginning each agent z E XU

Y individually decides, independently of other agents, to adapt to the new time schedule,

or not. This decision can be determined by a random draw or by some other decision

procedure, this does not matter. It can simply be presumed that somehow through

individual introspection of each agent the initial state of the economy is determined.

Afterwards each agent adjusts his individual strategy to the local environment according

to the notion of stochastic strategy adjustment in Section 3.2.
Formally, let t- 0 be the time when the deregulation of shopping hours comes into

effect. Let p be the distribution of initial behaviour. Time is continuous. Denote ~ the
set of all possible states of the economy

~:XUY-~{U,D}U{O,C} (3.26)

with t(x) E{U, D} for ~ E X, and t;(y) E{O, C} for y E Y. Be ~~ E c the state of the

economy at time t and ~~(x) the strategy that is played by agent z at time t. Denote

r(z, ~) the flip rate of agent z given state ~ E -.

Inserting the definition of payoffs in the economy (see equations (3.20), (3.21)), flip

rates are given as follows:

wno(x,~) If ~(x) - D
r(~,~) - 4 (3.27)

q7LC(2,~) lf ~(2) - U

in the case of consumer x E X, and

4nD(y,~) ~f ~(y) - O
(3.28)

in the case of store y E Y.
To get the intuition for these rates consider first a consumer (equation (3.27)). The

probability to adjust from not using the new shopping hours, D, to using the new

schedule, U, depends on the expected gain from using the new schedule, which depends

~~~(y,~) ~f ~(y) - C
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on the number of stores that are open, i.e. play O, weighted by the utility of shopping
late, w. Similarly, the probability to adjust into the other direction depends on how many
stores are closed, i.e. play C, weighted by the disutility of arriving at a closed store, e.
The same for the store side (equation (3.28)). The probability to adjust from closing as
usual, C, to opening longer, O, depends on the profit that can be gained from opening
longer, which depends on the number of customers that use the new shopping schedule,
weighted by the respective profit factor, p- c- d. And the probability to adjust from
opening longer to closing early depends on how many customers are actually not using
the new shopping hours, weighted by fixed costs, d. All these relations are monotone,
the more agents behave in the particular way, the higher the probability to adjust the

strategy in the respective manner.

We may now ask again, where the economy is most likely to settle down if agents

start independently choosing their initial strategy and then stochastically adjust to the

play in their local environment. The answer is given in the following proposition.

Proposition 3.6 Let pt denote the distribution of the stochastic process { f2 }t~o at time

t. If the initial state of the economy is completely mixed in the sense that p-a.s. it

contains both infinitely many agents that use the new shopping hours and infinitely many

agents that do not, then

t11~ l.lt - vrdi (3.29)

where v,d is the distribution that puts probability one on the risk-dominant equilibrium.

Proof.- The claim follows immediately from the results in Subsection 3.2.4 that ensure
weak convergence to the risk-dominant equilibrium whenever the initial state contains
infinitely many agents that play the risk-dominant strategy. Since the initial state is
completely mixed the latter is obviously true. ~

Proposition 3.6 shows that whenever the number of both types of agents, those that
use the new shopping hours and those that do not, is infinite, the economy eventually
converges to the risk-dominant equilibrium. This criterion is easily fulfilled. Suppose

that an infinite subset of agents (possibly all, or just all consumers, or only an infinite

subset of consumers, ...) randomizes. They flip a coin that says U(or O) with probability

e 1 0, and D(or C) with probability 1- e, where 0 G e G 1. This implies that the initial
state is completely mixed.
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That a complete mix seems also a very realistic assumption to describe the initial

behaviour in Germany after the deregulation has come into effect, can be seen from a

study among consumers conducted by the Institut fur Demoskopie Allensbach (1996)

during the early time period from November 15, until November 23, 1996. There con-

sumers report that 77010 of the stores they regularly shop at have indeed changed their

opening hours at least partly, while 16a1o of the stores have not changed their opening

times very much. At the same time 44Q1o of the consumers report to have used the new

shopping hours already. Altogether, the initial collection of decisions among stores and

consumers appears to have been very heterogeneous, which is in accordance with the

sufficient condition in Proposition 3.6.

The answer to the question, whether the economy is able to leave the inefficient

equilibrium E2 and eventually reach the efficient one El therefore depends on which

equilibrium is risk dominant.

Corollary 3.3 In case 1, where w~ e and (p- c) - d 1 d, agents coordinate eventually

on the ef~icient equilibrium El. In case 2, where w G e and (p - c) - d G d, agents

coordinate on inef,~cient equilibrium EZ.

Thus we obtain a clear result in the form of a classical dichotomy. In case 1 the

economy can in fact be expected to reach the efficient equilibrium. However, in case 2 it

may be that for some time there are some consumers and stores that practice the new

time schedule but eventually they will disappear and everybody will go back to the old

shopping hour schedule again. The reason for this is that the new equilibrium, even if it

is payoff dominant, is more risky.

There are grounds for the supposition that the situation in Germany very much looks

like case 2 rather than like case 1. The reason for this is as follows. On the one side,

consumers were used to go shopping early, because they always had to do so. They have

arranged their everyday life with an opening hours schedule for a long time period during

the past. Since they are not used to the possibility to shop late they will still do most of

their shopping during the former opening hours. Commodities that they might purchase

outside the old system will be less important for them. Certainly, people may like to go

shopping in the evening. Still, the additional personal gain from that shopping which,

in the present model, is expressed by the value of w can be expected to be rather small.

At least, smaller than the cost of going to the store and facing the risk of standing in

front of a closed door, which is captured by the value of e. Because people do their main
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shopping within the old time system it costs them extra effort to visit a store in the
evening. Consequently, the degree of frustration or disutility from arriving at a closed
store is very high. Thus, it should be expected that w G e.

On the other side, stores face a high pressure of additional fixed costs. If they decide
to stay open, they first have to look for more clerks who they can hire, or they have to
convince the employed staff to work longer. Personal investigation and the discussion in
Germany suggests that especially the latter is a rather difficult procedure. It can be a
very costly one as well, since employees ask for higher wages when working in the evening
or on Saturday afternoon. In contrast, it is not sure how much additional profit the store
will earn from sales in the evening. Even when considering overall profit to be positive,
as it has been done in this model, it is very plausible that at least at the beginning it will
not be that high. The reason is again, that consumers are not used to shop outside the
old opening hours system. Therefore, they will still do most of their important purchases
within the old system. Altogether, also on the store side the inequality is most likely to
look like (p - c) - d c d.

Thus, if the German economy can in fact be described by case 2, the obtained result
gives a precise explanation for why currently many stores and consumers in Germany
are tending back to the old shopping hours again. It does not necessarily have to be
the case that the new time schedule is less profitable, i.e. additional utility~profit from
using the new schedule is negative. It is simply enough that the new schedule is more
risky than the old one. This already ensures that agents are very likely to miscoordinate
on the old and inefficient equilibrium.

3.3.3 Signalling

How do policy advices look like that could indicate possible ways out of the trap? An
immediate comment is, why don't agents just signal their willingness to coordinate on

the efficient equilibrium. Although this can be rather complicated and difficult for the

consumer side, it is a very easy procedure for stores. They just have to do some ad-

vertisement campaigns, announcing, that from now on they are going to stay open for

a longer time period. In fact, this is also what can be observed, at least if we look

at larger supermarkets or department stores for example.13 However, for smaller retail

stores such big advertisements may often be too expensive. In consequence, they reduce

13These branches are also the ones where the number of stores using the new shopping possibilities
have been the highest, and where the recent decline in stores that keep open is the smallest (HDE
(1997)].
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their signalling to some sort of word-of-mouth communication, hoping that this already

provides sufficient information to the consumer side.

The effects of signalling in problems of coordination have been analyzed in different
models by Matsui (1991) and Kim and Sobel (1995). The common result is that sig-

nalling in the sense of cheap-talk or preplay-communication does in fact lead to efficiency.

Having the possibility to announce their willingness to play either this or the other equi-

librium agents do no longer coordinate on the risk-dominant but on the payoff-dominant
equilibrium. Consequently, signalling is an important policy advice, especially for the
store side in the economy.

The extent and the form of signalling may of course depend on the specific situation of

a store. Large stores or those belonging to a chain of stores may find it easier to advertise

because of a better cost-gain relation of such an advertisement campaign. Stores located

at the same place together with many other stores, as for instance at large shopping
malls or in the centre of a city, may also have an advantage since consumers may already

have been attracted by some other stores at that location. This may, however, again

lead to an additional coordination problem or even a free-rider problem between different
stores, because of positive externalities from advertisement. The precise way and the

degree of signalling may thus vary a lot between different kinds of stores.

In any case, the impression is that the signalling-strategy has not been used very
extensively after the deregulation in Germany has come into effect.14 This may be due

to the general situation in Germany, in particular due to many store owners attitude
towards customers service. It has often been criticized that the European atmosphere

in classical service branches is more or less "consumer-evil" and that stores have not

yet noticed their profitable gains from offering more services to their customers. This

may be one of the basic reasons why stores do not see the necessity for signalling their

willingness to adapt to the new time schedule.

The deregulation of shopping hours and the freedom to choose its own opening sched-

ule offers a new dimension in the space of strategies that are available to individual

stores. Using this strategic variable may allow for a much more sensitive response to

consumers' preferences, who then, themselves, are again able to develop a greater variety

of individual needs.15 In consequence, the structure of both the supply and the demand
side can evolve very heterogeneously. Some stores will decide to stay open at night, pos-

sibly with higher prices, while others close early, thereby being able to offer lower prices.

14Unfortunately, I am not aware of any data that looks at this issue.
1sThis is hardly a new point but has already been the position of Tullock ( 1975). See also de Meza

(1984).
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Consumers may sometimes find it easier to shop late, accepting a possibly higher price
of commodities. At other instances again they will have the time to shop early and they
will go for lower prices. Examples in the Netherlands are the so-called "nachtwinkels",
which open at night but are more expensive than normal supermarkets. In any case, it
should be expected that there will be a coexistence of several types of stores and con-

sumers, instead of only one. For theorists, again, this implies a development of current
models in order to capture such an evolution of the economy. The approach given here

should be seen only as a first step into that direction.

3.4 Endogenous Interaction

The models discussed so far share with others the special feature that agents do not have
the possibility to influence the set of opponents they face. Every agent interacts with a
local neighbourhood that is exogenously given and remains fixed throughout the whole
model. However, as we have seen at the end of the last section it may be reasonable to
assume that agents are able to establish interactive links to preferred opponents. Like
some customers prefer to shop late and consequently buy at a store that keeps open
in the evening, others prefer to interact with a store that closes early but offers lower
prices. A further alternative is to allow for the possibility that agents can choose their
neighbours by moving around the lattice and settling at some different place. This would
be similar to the segregation models studied, e.g., by Schelling (1971). The outcomes
of an evolutionary process that is governed by endogenous interactions of one of these
kinds may look very different from the results studied before. Overall, the project of
endogenous interaction seems a very interesting undertaking, and it is still one of the

major open tasks in evolutionary game theory. I want to use the remainder of this chapter
to discuss some first ideas in that direction. The aim is not to prove any theorems but
rather to open the discussion and show possibilities for future research to proceed.

Who Meets Whom

Similarly to the situations before consider the class of symmetric 2 x 2 games.'s There

is a large population X of agents that is supposed to play the game. A neighbourhood

structure on X can be defined as a relation 1Z, indicating for every pair x, y E X by

1sIt is easy to generalize the following neighbourhood concepts for arbitrary multi-player games. In
case of an asymetric game, e.g., consider a multi-population framework.
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(x, y) E 1Z that agent x and agent y are neàghbours. The term "neighbourn is used in its

broadest sense and indicates simply that x and y are opponents in the game. Formally,

1ZCXxX`{(x,x)~xEX}. (3.30)

A minimal consistency condition with respect to the neighbourhood relation is to

assume symmetry: every agent shall be the neighbour of his neighbours, i.e.

(x, y) E R ~(y, x) E TZ.

The neighbourhood of agent x E X is defined as

N(x) -{y E X ~(x, y) E R}.

(3.31)

(3.32)

Given a neighbourhood structure 1Z the next step is to define an ànteractàon structure

that determines the frequency of individual meetings of neighbours. In general, there

are two possible approaches. The first is to define the interaction structure by means

of some probability measure v on the entire neighbourhood structure 1Z. For any pair

(x, y) E TZ, o(x, y) gives the probability that given there is a meeting of agents it involves

the pair (x, y).

The second approach is to define a family of probability measures v~, indexed by

agents x E X, where vt is defined on the neighbourhood of agent x, N(x). For any

neighbour y E N(x) the value of vt(y) is then the probability that given agent x gets the

chance to interact, he meets his neighbour y. The difference between both approaches is

that the first gives a full description of the interaction structure on a global level, while

the second chooses an individual description on the level of each single agent. Both

approaches correspond to each other in an intuitive way. Given a global measure v, the
corresponding individual probabilities o2(y) for x E X and y E N(x) can be constructed

via
( ~(x' y) 3 33a2 y) - ~ZEN(z) a (x~ z)

( )

The other direction may be puzzling sometimes, and it seems plausible that there are

cases where there exist multiple global measures connecting individual probabilities in

a consistent way, and sometimes there may be even none. However, there are several

well-known examples from the literature that fit immediately into this set-up.

Example 3.1 (Global Interaction) Every agent uniformly interacts with the whole

rest of the population [KMR (1993), Young (1993a)]. Assume X to be finite. Define
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R- X x X` {(x,x) ~ x E X}. Then, for every agent x E X the neighbourhood is equal

to N(x) - X`{x}. Interaction is uniformly distributed, i.e. for every y E N(x),

1
ax(y) - (~X~ - 1). (3.34)

Example 3.2 (Local Interaction) Every agent interacts only with a local subset of

neighbours that are located nearby [Ellison (1993), Blume (1993, 1995), Sections 3.2 and

3.3]. Suppose agents are located on the n-dimensional lattice Zn." Identify each agent

with his location, so X C Z". Agents are neighbours if and only if they are located at

most k steps away. That is, R-{(x, y) ~ 1 C ~x - y~ G k}, for some given k E II~1, k 1 1,

and ~. ~ denoting the Euclidean distance in the metric space Z". In other words, agent
x's neighbourhood is equal to N(x) -{y ~ 1 C ~x - y~ C k}. Interaction is assumed to

be uniformly distributed. For every y E N(x),

ax(y) - 1 (3.35)
~N(x)~

If k- 1 we are in the case of nearest neighbour interaction as studied in Sections 3.2

and 3.3. As already mentioned before an important feature of local interaction is that

neighbourhoods overlap. Thus, information about play in some part of the population

can spread through the whole population as a result from the play within different but

connected neighbourhoods.

Example 3.3 (Insular Interaction) Every agent interacts only with agents at the
same location [Ely (1995), Bhaskar and Vega-Redondo (1997), Mailath, Samuelson and
Shaked (1997)~. Suppose there is a set of locations J(~J~ ? 2). All agents x E X are

distributed among these locations. Agents that are located at the same location j E J

are neighbours. Hence, for any x, y E X, x~ y,

(x,y) E R~ loc(x) - loc(y), (3.36)

where loc(-) denotes the location of an agent. Thus, for every x E X, N(x) -{y E

X`{x} ~ loc(y) - loc(x)}. Agents uniformly interact will all other agents that are at

the same location, i.e. for every y E N(x),

1
(3.37)r y IN(x)I-

17Ellison ( 1993) considers a finite population that is located on a circle.
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Following this definition locations do not overlap since agents cannot be at several lo-
cations at the same time. However, one can generalize the situation by considering,
similarly to the canonical structure of the lattice Zn, a complete network of locations.
Then the situation is such that agents are supposed to join several locations, thereby

connecting agents from different locations with each other.

Choosing Whom to Meet

The idea of endogenous interaction is to assume that agents do not only choose a strategy
for how to play the underlying game but also an activity that determines with whom they
play the game. In the examples given above this activity can be, for instance, a choice of
a location, or a selection of opponents from the given neighbourhood of an agent. Then,
the interaction of any agent is the result of two different sorts of activities, the activity
of himself and the collection of all other agents' activities that result into the choice of
him as their opponent.

The first variant to choose among locations has been studied in case of coordination
games by Ely (1995) and Bhaskar and Vega-Redondo (1997). Ely (1995) uses a perturbed
best-response approach to model a simultaneous activity and strategy adjustment of
agents. His result is quite striking. Contrary to the result in Section 3.2 agents eventually

do not coordinate on the risk-dominant but on the payoff-dominant Nash equilibrium.

Thus, endogenizing interaction leads to efficiency. The driving force behind this result

is the following.
As in all stochastic models of the KMR kind that are based on noise modelled by

mutations the set of long-run equilibria is the set of states that have positive probability

under the limit distribution of the process as the noise component disappears. These

states can be characterized by the fact that it takes only relatively few mutations to reach

these states but relatively many mutations to leave them. So, consider for instance the
situation where all agents play the risk-dominant but inefficient strategy. If there are
enough locations available, it takes only one mutation for some agent to move to an

unoccupied location and play the efficient strategy.18 In this new situation it is a best

response for all other agents to follow to that location and to play the efficient strategy
as well. Thus overall, it takes only a single mutation to shift the whole population from

laHere the model of Ely (1995) exploits the fact that, intuitively speaking, the dynamics produce
a drift among equilibria that eventually leads to unoccupied locations. The possibility of such a drift
depends crucially on the assumption that agents are always matched with probability one, neglecting
any congestion effects at locations that are visited by many agents [cf. Mailath, Samuelson, and Shaked
(1997)].
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the inefficient to the efficient Nash equilibrium.

On the other hand, starting with the population being in the payoff-dominant equi-

librium, no agent will choose to follow an agent that, by mistake, moves to a location

and starts playing the inefficient strategy. Instead, this agent will come back playing the

efficient strategy as soon as he can. The only way to leave the efficient equilibrium is
that a sufFiciently large number of agents, by mistake, play the inefficient strategy but
stay in the original location. This consequently leads to a situation where it is no longer
a best response to play the efficient strategy given the local distribution of opponents'
strategies. In fact, at this point the risk-dominance criterion that leads to the results in

the evolutionary model of Section 3.2 starts to work again. However, while in the model

above risk dominance was able to continue to work because agents were forced to stay

in their location, in the given set-up agents can freely choose where to play the game,

which eventually enables efficiency to take over.
The just described mechanisms are very similar to those in the evolutionary models

of cheap-talk (cf. Matsui (1991), Kim and Sobel (1995)]. There, instead of moving to

unoccupied locations where the ef)'icient equilibrium can be played, agents use unsent
messages in order to coordinate on the efficient equilibrium.

Without going into details, let me mention that Bhaskar and Vega-Redondo (1997)
alter the situation in Ely (1995) by assuming that agents cannot adjust their choice of a

location and their choice of a strategy for the game simultaneously. The result is that in

the long run effiiciency can be ensured only if payoffs in the underlying coordination game

are such that each player prefers the other to play the efficient strategy independently

of what he plays himself. Otherwise, in the long run, i.e. when mutations are absent, a

coexistence of both equilibria is possible. Moreover, when mutations are introduced (i.e.

in the ultralong run), both equilibria are stochastically stable.19

In a model of dispersed interaction the activity for an agent to determine his opponents

is to choose a location. With local interaction a reasonable activity is to choose the

opponents from the given set of neighbours. Thus, in a sense for any agent x E X

the probability measure Q~ is turned into a mixed strategy, determíning the probability
for x to meet individual neighbours y E N(x). Under this assumption and given the
strategy profile of neighbours agent a may prefer not to interact uniformly with the whole

neighbourhood but only with some selected neighbours. By determining his strategy ax

he can decide to avoid undesirable neighbours. However, since at the same time also

19Bhaskar and Vega-Redondo (1997) refer to the first phase as the medium run and the second as the
long run.



96 CHAPTER 3. COORDINATION

his neighbours choose their opponents, it may be that some of them decide to meet

him. Interaction is the result of two elements, the direct choice of opponents and the

fact of being chosen by some other neighbour. And, of course, the latter may involve

unpreferred matches, or sometimes even no matches at all. To what kind of effects this

may lead can be illustrated by means of the following simple example.

Suppose that agents are located on the lattice Z". For illustrational reasons assume

the dimension to be equal to n- 2. Recall the definition of local interaction with k- 1.

Every agent has four neighbours that are located above, below, to the right and to the

left of that agent. Suppose each agent can choose exactly one of these four neighbours

with whom he wants to play the game. Thus, for each agent x E Z" the mixed strategy

v~ is restricted to pure strategies only. The payoff for agent x is the sum of payoffs from

the different matches that result on the one hand from ~'s choice of an opponent and

on the other hand from the choices of neighbours who select x as opponent (the latter

may involve no or more than one match). Suppose agents play a symmetric coordination

game as given in Figure 3.8.

T a,a c, d
b, bB

Figure 3.8: Coordination Game

As before, a 1 d and b~ c. Assume now that a- d) b- c and b~ a. Hence (T, T) is

the risk-dominant equilibrium but (B, B) is payoff dominant. Assume furthermore that

a 1 c. This ensures that no player gains regardless of his own play if only the other

player plays the efficient strategy B.20

Consider the choice profile given in Figure 3.9. Arrows indicate the neighbour that is

selected by an agent. The population is divided into an infinite sequence of concentric

rings with agents exclusively interacting with other agents in their ring. Assume that in

every ring agents coordinate on one Nash equilibrium but adjacent rings play different

equilibria. Let us say that all agents in rings that are drawn in thick lines play the

efficient equilibrium (B, B). The distinguished agent at the origin selects his neighbour

above and plays the efficient strategy B but is not selected by any neighbour himself.

~oThis condition implies the coe~cistence result in Bhaskaz and Vega-Redondo (1997). Games of this
type are called pure coordination games, while games where a G c are called stag-hunt games. The
distinction is related to Aumann (1990), who argues that in a coordination game the payoff-dominant
equilibrium is self-enforcing only ií the game is a pure coordination game.
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Figure 3.9: Heterogeneity
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It is an interesting observation that the profile is stable in the sense that no single
player has an incentive to deviate. At the same time, any unilateral deviation in an
inefficient T-ring (by a mistake or mutation) may destroy this ring, but not the whole
profile. In order to destroy the whole profile, an infinite number of mutations, one in
each T-ring, is sufficient but also necessary.

Take for example agent x who is part of a T-ring. Since he interacts twice with
another T-player he receives a payoff of 2a. Playing the same strategy as the opponent
is always a Nash equilibrium. Therefore, the only way in which x can possibly earn a
higher payoff is to select as opponent a B-player and switch to strategy B. But then
he receives a payoff b f d. Since a ~ c, obviously 2a ~ a f c, and by risk dominance
a~-c~b~-d.

Now, consider agent z who plays strategy B in a B-ring and earns a payoff equal to
2b. His only possibility to earn perhaps a higher payoff is by selecting a T-player and
start playing strategy T. Then his new payoff is a-~ c. But this payoff is certainly lower
than his original, since (B, B) is payoff dominant (i.e. b~ a) and a Nash equilibrium

(i.e. 6 ~ c).

The agent at the origin has no incentive to change strategy, because he is surrounded
by B-players only. Of course, he is indifferent between any of his neighbours as opponent,
but this has no effect on his strategy in the game. His opponent, who plays three games



98 CHAPTER 3. COORDINATION

has no incentive to change his behaviour either, because his current payoff is equal to

3a and playing B would lead to a payoff of 2d -~ b, which by the same argumentation as

above is less than his current payoff. Therefore, overall no single player has an incentive

to deviate from this profile.

See, however, that any mutation that causes a single agent from a T-ring to deviate,

consequently destroys the whole ring of that agent. Assume, for example, that agent x

turns his arrow to a neighbouring B-player and plays strategy B as well. Now, there is one

neighbour of agent x, agent y, who originally was the opponent of x and who now faces

no interaction with x anymore. Thus the payoff of y reduces to a. By turning his arrow

also to a B-player, say for example by choosing x as his opponent, and playing strategy
B agent y can earn the strictly higher payoff b. If he does so, in consequence, now his old

interaction neighbour is in the same situation as y was before. Therefore this agent has

also an incentive to change his opponent and strategy to play the efficient equilibrium

(B, B). Suppose that he chooses his former opponent y again. These dynamics hold

on until the whole ring is destroyed and everybody who originally played the inefficient

risk-dominant equilibrium now also plays the payoff-dominant equilibrium. (Figure 3.10.)

Notice, however, that the effects of the single mutation are only local, in the sense that the

mutation has no impact on any other ring. The rest of the profile stays the same. Thus,

in order to destroy a number of T-rings the same number of independent mutations, one
in each ring, is necessary and sufficient.

Coexistence of Poor and Rich

The story just described can also be told in a different way. Suppose we label agents

who play strategy T as poor, while all agents that play strategy B are called rich. Figure

3.9 shows that, apart from the distinguished agent at the origin and the one above him,

every agent has exactly two poor and two rich neighbours. However, poor agents play

only with poor agents and rich agents play only with rich agents. And neither the rich

nor the poor have an incentive to change their behaviour and play with a neighbour of

the other type. The reason for a rich agent is simply that he earns already the highest

payoff possible. Interacting with a poor neighbour would only lead to a payoff-loss. The

reason for a poor agent is that, even if he decides to play with a rich neighbour, he still

interacts with another poor neighbour. Since this neighbour stays poor independent of

what the first agent does, the situation is such that it is still better for him to stay poor
and avoid any interaction with the rich. Playing with a rich is only better when there
is no interaction with another poor agent. That is why the poor ring breaks down as
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Figure 3.10: Destruction of a T-ring
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soon as a single poor agent, by mistake, switches to play with a rich neighbour. Such
a switch produces a sequence of poor agents, who no longer have to interact with other
poor agents and therefore also start playing with the rich and, in effect, become rich
themselves.

The simple example reveals an important effect of endogenous interaction. Besides
being efficiency enhancing endogenous interaction implies that heterogeneous outcomes
can correspond to steady states of the process. While before steady states involved
homogeneous outcomes only, the possibility to freely choose one's opponent leads to
a much richer set of steady states, including many non-homogeneous outcomes. With
this respect the population profile given above is just an example. In consequence, also
the set of long-run configurations of an evolutionary process governed by endogenous
interactions is expected to be much larger, which may change the results that have been
obtained for the exogenous interaction case substantially. Interesting research therefore
focuses on the precise role of various kinds of interaction in general evolutionary models.
For recent starts into that direction see, e.g., Morris (1996), Berninghaus and Ehrhart
(1998), and Young (1998b). The problems that are addressed in these works are very
similar to those that have been sketched in this section.



Chapter 4

Rumour

ru-mour n. fl v. ( US ru.mor) . n. 1 general
talk or hearsay of doubtful accuracy. 2 a current
but unverified statement or assertion. . v.ir. report
by way of rumour. [Middle English via Old French
rumur, rumor form Latin rumor, -oris `noise']

(The Concise Ozford Dictionary of Current English,
Ninth Edition)

4.1 Rumour Has It
Fama, ... tam ficti pravique tenaz quam nuntia veri.

- Vergil, Aeneid (IV, 188)

On June 19, 1997, the longest trial in the English courts, the libel action of McDonald's
against two environmental activists, ended in London's High Court. The activists had
accused McDonald's in leaflets "of being responsible for starvation in the Third World,
destroying vast areas of Central American rainforest, serving unhealthy food with a very
real risk of cancer and heart disease, lying about its use of recycled paper, exploiting chil-
dren in its advertising, cruelty to animals and treating its employees badly."1 Although
the judge ruled that most of the criticisms were untrue and awarded the company's
damages of ~60,000, the decision to sue the activists was viewed as having backfired
spectacularly. Not only did the case cost McDonald's over ~ 10 million in legal costs,
since the litigation attracted worldwide publicity, the general impression was also that
a vast majority of consumers would not have heard about the range of criticisms if
McDonald's had simply been quiet and not started to combat the allegations.

1Mason (1997)
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In April 1985, Procter and Gamble, one of the world leading companies in household

and cosmetic care products, decided to remove its original emblem from all its products.

The emblem that dated back to the year 1882 showed the face of an old man, resembling

Zeus, in the shape of a half-moon together with thirteen stars. The reason for eventually

eliminating the emblem was that during the years before it had given rise to several

persistent rumours accusing the company. Starting from saying that Procter and Gamble

was related to the Moon-sect others claimed that the stars in the emblem depicted the

number 666, which - according to the Apocalypse (Chapter 13, Verse 18) - denotes the

symbol of Satan. Checking the curls in the beard of the man this number could allegedly

be found again. Moreover, in reality the half-moon was claimed not to represent a man

but a ram, the animal personification of Satan. The rumours told to boycott all products

of Procter and Gamble, since it was apparent that the company was in contact with the

devil.2

The examples present two recent cases, where a well-known company is forced to rebut

assertions by rumours that are spreading around through word-of-mouth communication

or leaflets handed out on the street. There are other examples that work in a similar

way. In the late seventies, for instance, McDonald's was accused by a rumour of using

worm-meat in their hamburgers, which led to decreasing sales in the Chicago area and

McDonald's in fact to prove that it would be foolish to use worm-meat since it was far

more expensive than ordinary beef [cf. Tybout, Calder, and Sternthal (1981)~. Kapferer

(1989) presents a rumour that has been spread over Europe for more than ten years.

Transmitted via leaflets the rumour accused ten well-known brands of food products of

being toxic and producing cancer. Among the brands were such as Coca-Cola, Martini,

and Schweppes. Consumers were told to boycott these products since they contained

additives that despite being authorized would be toxic or carcinogenic. Interestingly

enough, one of these "dangerous" additives was nothing else than harmless citric acid,

which was named by its code name E 330.

Rumours are part of our everyday life. They belong to human attributes since human

beings are part of the first society. Sometimes rumours contain confidential information

about public figures, in other cases they have hot news concerning important publíc

topics. Rumours can shape the public opinion of a society by affecting and coordinating

the individual beliefs of its members. In consequence rumours may sometimes have

ZSee Koenig (1985) for more information about the rumour and Procter and Gamble's strategy to
fight them. Interestingly, Unilever, the greatest competitor of Procter and Gamble, avoids having a

uniform emblem on its products.
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surprising impacts also on the existing political system of a society. An example, which
has been studied recently, is the political situation in France in the mid 18th century
[Farge and Revel (1988)]. In the days of Louis XV the authorities in Paris tried to keep
all beggars and vagabonds from the streets. In connection with this also a large number

of children were arrested. Immediately, rumours were going round, telling all different

kinds of stories. While some of them were quite plausible, saying, e.g., that the children

were shipped to the colonies in North America, soon others appeared that said that the

children were used for medical experiments, or even that Louis XV was taking a bath
in the children's blood. In any case, the result was that the police was no longer able

to carry out its original job, i.e. the purge of Paris. The long-run consequences for the
politícal system are well-known.

Rumours are also part of economic life. As we have seen above, brand products are
frequently accused by rumours, sometimes even to an absurd degree. Another prominent

example are financial markets. In this environment traders are often highly influenced
by new information on almost any kind of economic data, such as unemployment rates,
interest rates, growth rates, etc.. At the same time, also industry or firm specific informa-

tion can have clear effects on traders expectations, their strategies and in consequence on
stock prices. Takeover rumours are a well-known example. The competitive atmosphere
of financial markets creates an environment in which every little bit of information can

be of great importance since it may lead to comparative advantages over other traders.
A perfect breeding-ground for rumours.

Although rumours are well-known in economic life they are almost absent in economic
theory. Only in recent years some authors have started to look at rumours in economics,
both from a theoretical and an empirical point of view [e.g., Banerjee (1993), Pound

and Zeckhauser (1990), Zivney, Bertin, and Torabzadeh (1996); see Section 4.2.1 for

more]. The reason for this is intuitive. While economic theory has always concentrated
on rational behaviour of individuals, rumours seem to be something very irrational. In

some sense, they do not fit into the model. Moreover, the rumour, in principle, appears
to be a phenomenon that is hard to capture.

The early beginning of a scientific analysis of rumours goes back to the end of World

War II, where in the U.S. researchers began to focus on sociological issues of rumours

[e.g., Allport and Postman (1946), Knapp (1944), Peterson and Gist (1951)]. Since then

a common definition of a rumour has been given as follows. A rumour is a piece of

information that (a) is important, (b) ás intended primarily for belief, and (c) is not

verified. The first element refers to the significance of the information to the public of
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the rumour, i.e. the people that pass it from one to the other. The significance can

arise from a general interest into the topic but also from real consequences for individual

behaviour and decision-making. The second element differentiates rumours from gossip,

for example. While gossip is mainly thought for entertainment and socialization, rumours

are meant to convey information that should eventually be believed. Like DiFonzo,

Bordia, and Rosnow (1994, p52) say: "Gossip is a tasty hors-d'oeuvre savored at a

coctail party; rumor a morsel hungrily eaten amid an information famine.i3 However,

as DiFonzo and Bordia (1997) show, people do not necessarily have to believe a rumour

in order to be influenced by it. Finally, a crucial element of a rumour is that it is not

verified. Instead, it is often accompanied by various shades of doubt and has no secure

standards of evidence that would confirm ít as truth or disconfirm it as falsehood. With

this respect it is very different from news, which is always confirmed.

In addition to these defining characteristics Rosnow (1991) has identified two further

variables that influence the origin and perpetuation of rumours. These are (d) personal

anxiety and (e) credulity. The first hypothesis is that rumours persist not only because

they play on cognitive unclarity, but also because "they give vent or expression to e-

motional tensions attributable to the nature of antícipated outcomes" [Rosnow (1991,

p487)]. To illustrate this, the author mentions an example concerning an accident at a

nuclear power plant near Harrisburg, Pennsylvania, on March 28, 1979. There a blast

of superheated radioactive steam shot from a safety valve and shook homes about a

quarter-mile away. A few days later rumour had it that the plant was about to explode,

destroying everything for miles around and spewing radioactivity over a vast territory,

on the scale of the Hiroshima bomb in World War II. The second hypothesis expresses

the idea that credence is attached to the rumour, either because of wishful thinking -

these are so-called "wish rumours" - or because some form of fear or horror is involved

in the rumour - so-called "dread rumours" [Rosnow (1991, pp487-488)].

One of the initial ob jectives for research on rumours was to develop a system of rumour

control. A comprehensible reason for this was that especially during war times many

rumours were racing around that were not particularly appreciated by the authorities

since their primary aim was to demoralize the troops [Knapp (1944)]. In consequence,

the idea has often been expressed that, although it was in principle possible that a

rumour may sometimes contain also a kernel of truth, it was typically the case that the

information that is spread by a rumour is actually false. Therefore, a rumour was mostly

3To the gossip-cla.ss of social communication belongs also the situation where the information is
obviously completely unrealistic, but it nevertheless captivates for reasons of the beauty of the story
itself: "Se non e vero, e bene trovato!"
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considered as something that has to be fought. However, as Kapferer (1987) correctly
concludes, this idea leads to a logical problem. Why should people ever believe in a
rumour if it is well-known and obvious that any information that is spread by rumour is
false? And why should then there be any need for the officials of a country or a company
to fight against rumours, since it should be clear that the population has no reason
to believe in rumours? Isn't rather the contrary true, that people believe in rumours
because sometimes they turn out to be true? That sometimes they contain unknown
secrets which would never be told by any official media? The important characteristic
of a rumour is not the fact whether it is true or false. Rather it is crucial that it is not
possible to tell whether it is true or not. The reason is that a rumour can be both truth
and deception.

While the definition of a rumour above focuses on informational aspects of the rumour
and characteristics of the people that pass it on, a further important element is the way
in which a rumour is typically transmitted. In fact, different rumours have common dy-
namics since the basic transmission mechanism is often the same. Imagine, for example,
that Alice hears some unofficial information for the first time. Because she cannot tell
whether the information is true, she may believe it or not. Generally, this will depend
on her interest into the topic of the rumour and her individual attitude towards hearsay,
whether she is, e.g., rather credulous or more doubtful. Nevertheless, suppose she hears
the story again, and this time it is told by Bob. Now she may already begin to believe
that perhaps at least something in it must be true. And if she hears the story again and
again not only by Bob, but independently told also by other friends and people that are
close to her, the likelihood for the rumour to be true seems to be increasing. In a sense,
thousand voices cannot be mistaken. And she may start communicating the rumour
herself.

Due to the lack of evidence that is typically involved in the transmission process of
a rumour the characteristic dynamics of a rumour are similar to those of an infection
process. This is the final important element of a rumour: (f) infection, which works
twofold. Firstly, the more people know the rumour and the more it is communicated,
the more new people can hear the rumour. Secondly, the more often the rumour is told,
the more likely it also becomes for new people to be infected by the rumour eventually.
This leads to the observation that once a rumour is sufficiently known it can become
self-enforcing. Even if there exists perhaps an initial source for a rumour, the main
element of a rumour relies on other people, those that hear it and pass it on to their
colleagues, friends, and neighbours. The rumour constitutes a kind of social behaviour.
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Based on these introductory ideas the aim of the following study is to analyze a
microeconomic model of a market, where traders may be influenced by a rumour that

is spreading through word-of-mouth communication within the population. The main

contribution shall be to connect standard economic theory with an analytical framework

for a rumour, and to study the possible effects of a rumour on individual decision-making,
i.e. individual demand, and aggregate behaviour, i.e. market equilibrium prices.

The next section is organized as follows. I first give a short description of early

and more recent findings about the effects of rumours on economic issues, where it is

focused mainly on empirical observations from the stock market and theoretical models
that are similar to the one we shall discuss. Subsection 4.2.2 introduces the model by

defining the individual characteristics and the behaviour of agents within the market.

The transmission of the rumour is defined through communication among agents in

Subsection 4.2.3. As a result of interaction and individual behaviour of agents a unique

stochastic process is obtained that describes aggregate market behaviour. This process

is studied in Subsection 4.2.4. The evolution of the rumour is analyzed and long-run

equilibrium prices are calculated. The results support the empirical finding of a price

run-up for the commodity that is positively targeted by the rumour. Section 4.3 discusses

some generalizations of the model.

4.2 Rumours and Markets

Fama, ... mobilitate viget virisque adquirit eundo;

- Vergil, Aeneid (IV, 175)

4.2.1 Economics of Rumours

Although rumours are one of the oldest elements of human behaviour, economic analysis

has ignored their impact on economic issues for a long time. An exception is, perhaps,

Rose (1951) who presents one of the early studies of rumours on economic conditions.

Analyzing the short-run movement of a sample of US stock prices he calculates a so-
called "factor of stickiness" to measure the effect of rumour. His findings support the

proposition that if rumour affects stock prices, it will do so by "creating a unidirectional

trend" [Rose (1951, p468)], that is, it will cause prices to move in a single direction over

some short period of time.
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More recently, Pound and Zeckhauser (1990) have examined the effects of takeover

rumours on stock prices. In contrast to earlier analyses, which looked only at firms that

ultimately became takeover targets, then working backwards in order to identify possible

prebid rumours, the authors study a sample of rumours published in the "Heard on the

Street" (HOTS) column that appears daily in the Wall Street Journal. This enables them

to include both, rumours that correctly anticipated a takeover and those that ultimately

prove to be false. Using a sample from the beginning of 1983 until the end of 1985, their

main findings are as follows. (1) The market reacts efficiently to published rumours,

i.e. no excess returns could be realized by buying (or selling) rumoured takeover targets

at the tíme the rumour appeared in the press. (2) In the period immediately before

publication of the rumour, a sizeable and consistent price run-up for the takeover target

occurs, while on the day of publication itself no significant reaction of the market can be

observed. (3) The primary events mentioned in the rumour are unusual price and volume

activity in the stock of the rumoured target or information about some major investor

accumulating large holdings of the stock. (4) Rumours correctly predicted imminent

takeover bids less than half of the time.

Observation (2) suggests that at the time of publication in the HOTS column takeover

rumours are already reflected in market prices. Thus, while (1) shows that no excess

returns could be earned from speculation on rumoured targets by the time they become

widely known, it may well be the case that some market participants, who are "close to

the market", have made short-term profits from trading on rumours as they begin to dif-

fuse. This is also in line with the observed price run-up in the period before publication.

To further analyze this hypothesis Zivney, Bertin, and Torabzadeh (1996) have consid-

ered the following idea. Before a rumour is published in the HOTS column, it usually

appears some days or weeks before in the column "Abreast of the Market" (AOTM) that

is generally published on the same page of the Wall Street Journal. Therefore they exam-

ine both columns in order to identify the correct initial rumour publication date. They

focus on the period from 1985 until 1988, since articles dealing with rumour information

were most numerous in 1988. Their main finding is that similar to Pound and Zeckhauser

(1990) the market generally reacts efficiently to rumour publication. However, rumours

published in the AOTM column lead to a clear short-term overreaction, giving rise for

profitable investment opportunities. Thus, while trading on rumours when published

in the HOTS column is not an optimal investment strategy, earlier publications in the

AOTM column do offer possible excess returns. Like Pound and Zeckhauser (1990) they

also observe a significant price run-up during the 20 day period before publication of
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the rumour. This finding appears particularly stable and corresponds to the result of

Rose (1951), saying that rumours cause prices to move in a certain direction for a short

period of time. Of course, to some degree the run-up might also have stimulated the

publication of the rumour.
The model developed in this section features the observation of a price run-up as

a direct consequence of communicative interaction between participants in the market.

Due to a rumour that is transmitted from one agent to the other individual preferences

and trading strategies of agents are affected thereby leading to run-ups in the price of

the good that is "preferred" by the rumour. The transmission of the rumour relies on

communication between neighbouring agents, which follows an infection dynamic as a

typical mechanism for the spread of a rumour. Thus, the model endogenizes the evolution

of market prices as result of a rumour-diffusion process on the state space of agents in

the economy.

The idea of using infection dynamics as an element of the transmission mechanism of

a rumour is also part of the economic model that is discussed in Banerjee (1993). In his

model the author studies an example of an investment decision problem, where actual

returns to the project are known only to a few agents. Depending on individual costs,

which are private information, these agents decide to invest into the project or not. Other

agents observe only whether someone has invested. In particular, they do not know if

an agent has invested because he actually knew the returns of the project or because

he was also acting on the basis of his observation of others. In this sense agents are

affected by a rumour. An explicit characteristic of the model is that an agent's decision

to believe in the rumour and to pass it on is modelled as an individual optimization

decision. Precisely, Banerjee uses an individual Bayesian updating approach to obtain a

stochastic process that describes the evolution of the rumour in time. The dynamics are

then approximated through a system of differential equations that are known from the

epidemiological literature. Results are obtained from an analysis of the approximating

deterministic system.
Contrary to Banerjee's model we take a simplifying step and model the rumour trans-

mission procedure as a purely mechanical act. The gain is that we can analyze the

stochastic process directly. In particular, it is not necessary to approximate the process

in order to obtain results that concern the evolution of the rumour within the population.'

A second distinctive characteristic of the model is that communication between agents is

9See also Section 5.3 about the problematic nature of results that are obtained from a deterministic
approximation of a stochastic system.
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restricted to local neighbourhoods. While Banerjee's approach assumes agents to meet

all other agents in the population, i.e. transmission of the rumour is global, I believe

that the assumption of local interaction is more appropriate for studying the dynamics

of a rumour. Mostly, rumours reach us through people that are closely connected to our-

selves, through friends, people living next door, and colleagues for example. Moreover,

since rumours arise especially in cases of uncertainty about a topic, it is also our imme-

diate environment, with whom we discuss the issue and by whom we orient ourselves in

order to get a clearer picture of the situation.

Other models that are similar in spirit focussing on interaction through word-of-mouth

communication or recruitment mechanisms include Banerjee (1992), Bikhchandani, Hir-

shleifer, and Welch (1992), Kirman (1993), Ellison and Fudenberg (1995), and more

recently, Vettas (1997, 1998). The main difference to these models lies in the underlying

question that is posed. While the above literature concentrates mainly on the problem

of "social learning" and "efficiency": "How does a society of interacting agents aggregate

individual information, thereby leading to inefficient or ef~icient outcomes?", the main

question in this study is on the economic effects of word-of-mouth communication as a

special kind of interaction within markets: "How do economic variables such as demand

and equilibrium prices get affected when preferences of individual agents are a product of

rumour-like communication?" With this respect, the work of Kirman (1993) is, perhaps,

most closely related.

Both methodologically and analytically, the model is very much related to early work
of F511mer (1974) about random economies. In this illuminating article the author stud-
ies the existence and quality of equilibria in economies where individual preferences of
agents are both random and depend on the local environment of agents. The approach
here coincides with his analysis in the sense that we also consider random preferences

with distributions that are conditional on the state of the local neighbourhood of an
agent. However, the model differs from the one of Ftillmer in two main ways. Firstly,
the following model explicitly considers a dynamic framework that captures the evo-
lution of preferences within time. Equilibria for the interaction between agents are
stationary distributions of the underlying stochastic process. Secondly, economic agents
are not regarded as simple statistical objects (the economic counter-part of the molecule

in physics), but as individuals who are both influenced from interaction, here commu-
nication, with neighbours and at the same time behave individually rational given their
conception of the world. Agents' behaviour is a result from individual decision-making
and social interaction.
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4.2.2 Agents' Behaviour

Consider the following economy. There is a countable infinite set of agents, forming the

group of market participants. These are the traders or consumers, who act within the

same market. There is exactly one market, which is modelled as a two-good exchange

economy.

Agents are located on the one-dimensional integer lattice Z.5 Identify each agent

with his or her location, so Z represents the set of agents. Typically, they are denoted

as x, y, z E Z. Assume the economy to be endowed with a neighbourhood structure of

localinteraction. For every agent x E Z let N(x) -{y E Z~~y - x~ - 1} be the set of

neighbours, where ~. ~ denotes the Euclidean distance in Z.

As before, the role of a neighbourhood is to specify the range of social interaction

of an agent. In this model this interaction is thought to capture the communication

between agents, in particular the communication of a rumour. Thus, in this sense neigh-

bourhoods represent exclusive places of communication. Every agent x communicates

directly only with his adjacent neighbours in N(x). However, since neighbourhoods are

overlapping he also communicates indirectly with the whole rest of the economy. This

seems intuitive, especially for situations of word-of-mouth communication that we have

in mind. Rumour-like information often comes to us in a way where one neighbour tells

a story like: "Hey, I've got a neighbour who has a neighbour who again has a neighbour

who ... who has heard that ... !" The assumption of local interaction enables us to study

the possible spread of a rumour as a result of decentralized interaction among agents

within different connected neighbourhoods.

At any time in the economy an agent is characterized by his endowment (portfolio),

his preferences, and the fact whether he knows the rumour, or not. This characterization

is modelled by the mapping

~:Z -i R~ x ~ x {0,1} (4.1)

x H ~(x) - (w(x), r(x), ~(x))~

Similar to the coordination model in Chapter 3, ~(x) gives the state of agent x.

However, while before the state space was given by the strategy set of the underlying

coordination game equal to {T, B}, in this model the state of an agent has three elements.

The first coordinate gives the agents vector of endowments of the two available goods

in the economy, w(x) -(wl(x),wZ(x)). The second coordinate identifies the preference

over vectors of goods, where P denotes the set of admissible preferences, which is defined

SFor generalizations of the model to n-dimensional lattices (n ~ 1) see Section 4.3.
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below. The third coordinate determines whether an agent knows the rumour or not. If
~(x) - 1 this shall denote the fact that agent x knows the rumour, while ~(x) - 0 means
that agent x does not know the rumour.

Agents are assumed to act rationally within the market, meaning that they trade

optimal quantities of both goods according to their preferences.

The mapping s; represents the state of the whole population. It gives a so-called
market configuration. Let ~-{~~~ : Z--~ R~ x P x {0,1}} denote the space of
market configurations. Denote ~-{~i~ ~: Z-~ {0,1}} the space of all projections of

configurations ~ onto the last coordinate, describing the distribution of knowledge of the

rumour within the economy. An element ~ E~ is called a rumour pattern. Time is again

modelled continuously. For t~ 0 denote ~t E u the market configuration at time t.

In this model the evolution of the state ~t(x) of agent x E Z within time will depend
only on the third coordinate ~t(a) determinining his rumour state. Preferences ~t(x)
will be directly connected to the value of ~t(x) and endowments are assumed not to be
affected by evolution at all. In fact, in the long run they are assumed be identical for
every z E Z. In other words, in the present model trade does not take place before dust in
the economy produced by the rumour settles down. This is, of course, a rather unpleasant
assumption but at this stage it is necessary in order to obtain any analytical results at all.
In general, however, the set-up of the model allows for more sophisticated interactions
between agents and the different components of agents' states as well. Section 4.3 will
discuss some possibilities in this direction.

Preferences and Rumour

The model is based on the premise that a rumour affects preferences. That is, there is
assumed to be a link between knowledge of the rumour on the one side and the prefer-

ence of commodity bundles on the other. Consider, for example, the rumour discussed

in Kapferer (1989), which accused specific brands of food products of being toxic and

producing cancer. In this case the informative element of the rumour affects preferences

directly. Even great fans of a specific product will cease to consume that product once
they believe it to be toxic or to produce cancer.s Take sugar and saccharine as an ex-

ample. Once people believe that saccharine produces cancer, they may easily switch

consumption to sugar. Weighing some pounds more, obviously, appears to be less dan-

6A popular counter-example is that people smoke. However, that situation is different, because all
cigarettes are toxic and produce cancer. Therefore, at least the absence of a non-toxic substitute is a
special feature, which may explain why people keep smoking, though knowing that smoking produces
cancer.
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gerous than facing the risk of cancer. In financial markets takeover rumours are another

prominent example for a link between a rumour and the preferences of market partici-

pants. The rumour can affect preferences, for instance, when the takeover is seen as a

signal for the value of the firm that is to be taken over [cf. the discussion of the articles

of Pound and Zeckhauser (1990) and Zivney, Bertin, and Torabzadeh (1996) above].

Remark: Instead of looking at preferences, an alternative approach is to assume that

the rumour affects agents' beliejs. For example it can make agents think it is more likely

that saccharine is carcinogenic, which causes them to buy less of it. However, since the

main idea of the model focuses on the hypothesis that a rumour can change an agent's

behaviour, both approaches are equivalent. Whether an agent consumes more or less of

a good because of his beliefs about the good or the preferences for that good, that does

not matter.

In like manner as a rumour can affect preferences directly, there exist also rumours

that affect preferences indirectly. As in the example of the vanishing children of Paris,

the rumour may concern a topic that is only indirectly related to preferences. While the

information of the rumour directly addresses only the possible whereabouts of the chil-

dren it indirectly affects the preferences of the people towards the authorities. Economic

examples of indirect effects are rumours on macroeconomic data, as unemployment, in-

terest rates, exchange rates, or growth rates.

In any case, whether it is direct or indirect, the effect of a rumour on preferences lies

at hand. People that know the rumour can be expected to have different preferences than

before. Still, the precise mechanism between rumours and preferences does not seem to

be completely understood yet. This appears to be an open research topic, especially for

psychologists and sociologists. However, since in this model we are not interested in the

mechanism itself but in the economic impacts of such rumour-preference effects let us

take a pragmatic position and model these effects in a very simple way. The model goes

as follows.

Assume that, corresponding to each of the two commodities in the economy, there are

also two different basic opinions: one is in favour of good 1, the other in favour of good 2.

Depending on which opinion applies an agent chooses only that specific favourable good

and ignores the other. Assume that the fact, whether opinion 1 or opinion 2 applies, is

modelled as a random event. With probability B an agent shares the first opinion and

demands only good 1, with probability 1- B the agent shares the second opinion and

demands only good 2, where 0 G B G 1. This leads to a model, in which preferences are
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random.
Formally, such a random preference looks as follows:

~B- I ~-1 with prob. B
SI }2 with prob. 1- B,

where rl and ~2 represent the basic opinions, i.e. for any w,w' E R~, w~1 w' iff

wl ~ wi and w~2 w' iff w2 1 wz.
The set of admissible preferences is now defined as the set of random preferences of

this type, i.e.

P:- {~B ~ 0 c B c 1}. (4.3)

Remark: As we will see in the course of the analysis, the expected demand function of
an agent with random preference ~BE P is identical to the demand function obtained
from a Cobb-Douglas preference with parameter B. Thus, average behaviour of an agent
in our model meets classical assumptions of economic theory [cf. Hildenbrand (1971)].

In order to model the relation between knowledge of the rumour and preferences, as-

sume that there exists some "fundamental" preference }BE P that describes the opinion

of participants in the market before the rumour is introduced. One can think of the
situation for example as being such that there is a share of agents equal to B, who take
the first opinion and prefer good 1 over good 2, and a share of agents equal to 1- B, who
take the opposite position. Then the general opinion of the market as a whole can be
expressed by the value B. Formally, this is modelled by assuming that every agent has
the same random preference }-e if there is no rumour present yet.

Once the rumour is introduced at say, t- to, it affects preferences of those agents

that know the rumour. In the model this is the set of agents

{x E Z ~ ~~(~) - 1}, (4.4)

where t~ to. The idea is now that the rumour induces a shift in the preference parameter

B from the fundamental value 9 to some other value B' E [0, 1].

Thus, after the rumour has been introduced preferences of the population can be

described as follows. For any agent x at time t~ to,

~t ~) - }B if ~:(~) - ~ (4.5)
( - }B~ if ~e(~) - 1,
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with B, B' E [0,1]. Agents that do not know the rumour have the fundamental preference

}B, while all agents that know the rumour have the preference ~B". Thus, it is implicitly

assumed that the change in preferences is the same for every agent in the economy and

at any moment.~

The model captures all rumour-preference effects that have been described above.

Note that following this approach any rumour is completely determined by the pair of

parameters (9, B'). For example, if B" G B this corresponds to a situation where the

rumour is negative about good 1(or positive about good 2), thus the probability of

preferring good 2 over good 1 increases. If B' 1 B, it is the other way round. Moreover,

the difference between B and B' can be seen as a measure of the degree of the effect. If the

difference is large, the effect is strong, while if the difference is small, the corresponding

effect is weak. The effect is at its extreme in the case where, e.g., 9- 1 and B" - 0. In

this case the rumour produces a complete preference reversal.

4.2.3 Local Communication

Having defined the general structure of the economy and the relation between rumours

and preferences, the next step is to define the transmission dynamics of the rumour. Since

the rumour is transmitted via agents' communication within distinct but overlapping

neighbourhoods, the following assumptions on this communication will determine the

dynamics of the rumour itself.

Assumption 4.1 Every agent, who knows the rumour, directly communicates it to only

his two neighbours.

This assumption is in line with the idea mentioned above that neighbourhoods are

the exclusive places of direct communication between agents. The next assumption is a

consequence of the first one.

Assumption 4.2 If no neághbouring agent knows the rumour the probability for an a-

gent, who does not know the rumour, to get to know the rumour is zero.

TThe terminology "fundamental preference" might create the impression that B is assumed to be the

"true" parameter while B' is actually `Yalse". However, as mentioned in the introduction, a rumour can
be both truth and deception. Therefore the term "fundamental" should be understood in a neutral way,

simply labelling an unaffected preference of someone who is not in contact with the rumour yet.
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Assumption 4.3 The probability to get to know the rumour and to communicate it
oneself is strictly greater than zero if at least one neighbour knows the rumour. Moreover,
this probability is strictly increasing with the number of neighbours that know the rumour.

Assumption 4.3 is motivated by the idea that people are strongly influenced by majori-
ties. Every neighbour who knows and communicates the rumour increases the subjective
probability of an agent for the rumour to be true. If I hear a story once, I can believe it

or not, but if I hear it also from another person there must at least be something in it
that is true. This is the infection part of the transmission mechanism.

Assumption 4.4 Agents can forget the rumour. The probability to forget the rumour

is constant and independent from the state of neighbours.

Due to other objects that may appear in everyday communication the importance or
relevance of a rumour may decrease. In consequence, agents that have heard the rumour
may stop thinking of it and forget about it after a while. The intuition for assuming the
probability to forget the rumour to be constant is that imperfect recall shall come from
individual bounded rationality rather than from non-existing communication between
neighbours. In particular, the fact that neighbours confirm the rumour has no influence

on forgetting. This fact should not be confused with the main idea that rumours are
reinforced by frequent hearing. Since the latter effect is already captured by Assumption

4.3, the chance to forget the rumour is needed simply to include a counter-dynamic in

opposition to the spread of the rumour. In fact, not having such an assumption would
lead to the result that every agent, who has heard the rumour once, will continue spread-

ing it forever, which is rather counter-intuitive. The constant probability assumption is

made to keep the model simple. It can be generalized - without changing the results
- to non-constant probabilities, which are decreasing with the number of neighbours
that communicate the rumour. In that case the fact that neighbours confirm the rumour
does have an influence on forgetting. See Section 4.3 for more. The final assumption is
the following.

Assumption 4.5 Communication does not depend on the farst two elements of the state

of an agent, i.e. endowments and preferences.

Of course, people also have preferences on talking about rumours. Some rumours

are more likely to be communicated than others. However, since preferences in our



116 CHAPTER 4. RUMOUR

model concern only preferences over commodity bundles, these are independent from

the attitude towards communicating the rumour itself. In other words, the preference,
which captures the talk about the rumour itself, is not modelled as part of the preference
relations in P. Instead, this is done through assumptions on the communication directly.

Formally, the transmission of the rumour is modelled as an interacting particle system.

Again, this is done by defining so-called flip rates r(x, ~i) E[0, oo), where x E Z, ~i E ~.

Remember that these rates determine the probability that given market configuration

~~ at time t 1 0, agent x changes his rumour-specific state ~t(~) in such a way that for

b J, 0

Prob[~cfa(~) ~ ~t(a)] - r(x, ~e) - b ~- o(b). (4.6)

The next definition of flip rates captures the five assumptions made above.

Definition 4.1 For every a E Z and ~ E u,

[ ~ ~ ~(y) Zf ~(x) - 0
r(x7S) -

LEN(s)

1 if ~(x) - 1,

for some given ~, O G~ C oo.

Following Assumption 4.5, flip rates depend only on the projection of ~ onto its

third coordinate ~. They also depend only on the restriction of the configuration to the

neighbourhood of an agent. This corresponds to Assumption 4.1. The second assumption

relates to the fact that for ~(x) - 0 the flip rate of agent x equals zero if ~(y) - 0 for

every y E N(x). Assumption 4.3 is captured by connecting the flip rate to the sum of

neighbours that know the rumour. This ensures that r(x, ~) is increasing with every

neighbour y such that ~(y) - 1. The fourth assumption leads to that part of the

definition, where ~(x) - 1.
In this model the parameter ~ is a constant and exogenous parameter. It determines

the degree of social interaction and communication between neighbours. In this sense it

also captures the preference of agents to talk about the rumour, as described in the para-

graph following Assumption 4.5. If .~ was equal to zero there would be no communication

between neighbours, a situation we shall not be interested in during the following. If

a~ 0, the value directly determines the probability for an agent who does not know the

rumour yet to get himself infected by talking to one of his neighbours. As it can be seen

from equations (4.7) and (4.6), the higher the value of ,~ the higher this probability is.
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Thus, a measures also the social closeness between neighbours. Another interpretation
is that ~ is related to the relevance of the rumour. High values correspond to a great
importance of the rumour to individual agents. This idea is clearly connected to the first
one, since hot issues are generally communicated more intensively. The fact that the rate
for forgetting the rumour is exactly equal to one is simply due to normalization. Any
multiplication of flip rates by some constant term leads to the same type of dynamics.
The normalization allows us to control the relation between forgetting the rumour and
being infected by the rumour via the single parameter ~.

By Definition 4.1 the dynamics of the rumour follow those of the famous contact
process (cf. Chapter 2). This process was first studied by Harris (1974), see also Chapter
VI of Liggett (1985). Therefore all results on the spread of the rumour within the
economy are based on the evolutionary behaviour of the contact process. An intuition
for this behaviour can be obtained from the propositions and proofs that are disussed in
the following analysis.

4.2.4 Market Behaviour

Assumptions so far have been made on the microlevel of agents within the economy.
Together they define a unique continuous-time Markov process {~~}t~o on the macrolevel
of all market configurations -. In other words, the market forms a random environment,
which is distributed according to some probability measure on ~. This environment
completely captures the evolution of market behaviour and contains all information that
is necessary for studying the effects of a rumour on the market. However, before we
look at the long-run behaviour of the market let us first focus on the evolution of the
rumour itself, i.e. of the projected process {~t}t~o. Suppose that the rumour appears at
time to - 0. The appearance is modelled in the way that the initial pattern is described
by some probability distribution ~ on the set of rumour patterns ~. The next analysis
characterizes convergence of the process ~t for arbitrary initial distributions.

Phase 1i~ansition

Similar to the state space of the adjustment process in Chapter 3 there exists a canon-
ical one-to-one correspondence between the space ~, being the collection of all rumour
patterns, and the space 0-{A~ A C Z}. Via the function

X : ~ -~ 0 (4.8)

~ ~--~ X(~) - {x~ ~(x) - 1}
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each rumour pattern is mapped into the set of agents knowing the rumour. It is some-

times convenient to think of {~i}i~o as a process on 0. Using this correspondence let

us denote for any set A C Z by bA the Dirac measure that puts probability one on the

rumour pattern, where exactly all agents x E A know the rumour.

The first observation is the following. For any parameter value ,~ the Dirac measure

vo, putting full mass on the rumour pattern ~ - 0, where nobody in the economy knows

the rumour, is an invariant distribution for the rumour. This means that once nobody in

the economy knows the rumour the rumour will be gone forever. There is no spontaneous

source for the rumour except at time zero.

The second and crucial observation is that - in spite of its simplicity - the rumour

exhibits a phase transition.8 This means that there exists a critical value .~' such that for

any ~ G~', vo is the unique invariant distribution and therefore also the unique limiting

distribution independent on initial conditions. In this case the evolution of the rumour

is ergodic. However, for any .~ ~ a', the set of invariant measures is equal to the convex

set that is spanned by the extremal measures vo and va, where the latter is the limiting

distribution obtained from starting with the initial pattern ~- 1. Hence, ~' is the

critical value where the ergodicity of the rumour breaks down (Figure 4.1). Obviously,

the interesting regime - also from an economic point of view - is the non-ergodic one,

since only then the rumour has a chance to affect the market behaviour at all.

0
vo

vo va

Figure 4.1: Phase Transition

.1'

BThe phenomenon of phase transitions has already been studied in other economic applications. See,
e.g., Fdllmer (1974) for an early economic analysis of phase transitions in the situation of a random
exchange economy. Other examples include Allen (1982) and Durlauf (1993). Allen investigates the
effects of innovation in an economy that is described by a Markov random field. Durlauf works in a
growth-theoretic context. He uses the random field approach in order to describe the possible dynamics
of an economic take-off as an effect of impulses coming from leading technologies in an economy. For a
short and rather informal introduction into the economic sense of phase transitions see also Hors (1995)
or Hors and Lordon (1997).
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The following proposition characterizes the stochastic evolution of the rumour in both
the ergodic and the non-ergodic case. The subsequent definition explains what is meant
by saying, the rumour disappears, or, the rumour stays persistently present.

Proposition 4.1 There exists a critical value ~' such that tla G.1' vo is the unique

invariant and limiting distribution for the rumour. !f ,~ ~~' the set of invariant distri-

butions is equal to the non-degenerate convex set

Z-{v~v-avo~(1-a)va, OGaGl}. (4.9)

The measure va is non-trivial in the sense that va(~ - 0) - 0. It is obtained as the linzit

va - lim pt,ty~ (4.10)

when pt is the distribution of the rumour that starts from the initial pattern ~- 1.

Proof: The proposition can be proved using several results in Liggett (1985). The first
observation is that the rumour is attractive, i.e. flip rates are such that every agent is
more likely to flip if he generally "disagreesn with his neighbourhood than if he generally
"agrees" with it (cf. Definition 2.20 in Chapter 2). By Proposition 2.4 of Chapter 2 this
implies that the following limiting distributions exist and are invariant:

va - lim S(t)bo,
syoo

va - t1y~ S(t)ai,

where bo and bl denote the Dirac measures putting full mass on ~- 0 and ~- 1,
respectively, and {S(t)}t~o is the corresponding semigroup of the rumour, which by
Definítion 4.1 is equal to the semigroup of the contact process.

Proposition 2.4 ensures also that both distributions are extremal points in the convex
set of invariant distributions Z. Moreover, using Theorem 3.13, Chapter III of Liggett

(1985), it follows that these two measures are the only extremal points in this set, i.e.

Z-{U~v-cxvp-~(1-cY)va, OCcxCI}.

Liggett shows that this is generally true for every particle system on Z that fulfils

the conditions (i) attraction, (i) nearest neighbour interaction, and the more technical

condition (iii)
r(x,~) f r(x,~I) 1 0
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whenever ~(a - 1) ~~(~ f 1). For a configuration ~- (w, ~, ~), ~s is defined as

Sx .- (wi ~i ~r)

Wlth

~~(z) :- J ~(z) ]f z ~ ~
ll 1-~(x) if z- x.

Since the rumour meets even the condition that r(x, ~) ~ r(x, ~T )~ 1 for any x and any

configuration ~ these conditions are obviously fulfilled.

The ergodic case is now the one where the two measures vo and va coincide. Consider

the function

P(~) - va~~(~) - 1),

which does not depend on x because va is translation invariant (cf. Definition 2.16,

Chapter 2). The situation where the two measures coincide is where p(~) - 0. Liggett

(1985, Corollary 1.7, Chapter III) shows that p(~) is a non-decreasing function in .~.

Thus, it suffices to look for the critical value ,~" as

,~' - inf{~~O~p(,~))0}

- sup{~ ~ 0 ~ vo - va}.

Note that p(~) ~ 0 ensures also that va(~ - 0) - 0. The final step, that ~' is actually

finite, has been proven already in the original work of Harris (1974). Theorem 1.33,

Chapter VI of Liggett (1985) gives the following upper and lower bounds: 1.18 G a' G 2.

This completes the proof. ~

Since va(~ - 0) - 0 the measure va ensures that with probability one at least some

agent in the economy knows the rumour. Hence, convergence to the distribution va

corresponds to saying that the rumour will be persistently present in the economy, while

convergence to the distribution vo corresponds to saying that the rumour disappears.

Definition 4.2 For given ~ let p,i be the distribution of the rumour at time t. The

rumour disappears if

~l~.oo ~e - vo,

or equivalently,

(4.11)

lim {tt(~ - 0) - 1. (4.12)
~~~
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If ~~~', the rumour is persistently present if

ely~ l~~ - va.

In this case
lim {~e(~(x) - 1) ~ 0
e~oo

for any x E Z and

Evolution of the Rumour

(4.13)

(4.14)

lim pt(~ - 0) - 0. (4.15)
~~~

Passing from the ergodic to the non-ergodic regime the behaviour of the process under-

goes an abrupt change. While in the first regime it is sure that the rumour will disappear

for every initial distribution, in the second regime the evolution of the process is much

more ambiguous. Since the set of invariant distributions Z is no longer a singleton but

the whole "interval" between vo and va, in principle any measure v E Z is a candidate

for the limiting distribution of the process starting with some initial distribution p. The

next proposition clarifies the evolution of the rumour for arbitrary initial distributions.

A special class of initial distributions, for which the evolution can be determined very

easily, is the class of translation invariant distributions (recall Definition 2.16, Chapter

2).
Let r be the stopping time for the rumour to enter the state ~- 0. Denote r" the

stopping time when starting with initial distribution p.

Proposition 4.2 Consider the case where a ) a`. Let p be any arbitrary initial distri-
bution. Then

v-ilim~s-avof(1-a)va,

where

(4.16)

a - Prob[r~ G oo], (4.17)

i.e. a equals the probability for the rumour to disappear in finite time. If ~ ís translation

invariant,

a - p(~ - 0). (4.18)

Proof.. The claim for translation invariant distributions follows from the general claim of
the proposition. In order to see this, assume that te is translation invariant. This implies
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that ~(~) - 0 for every m with 0 G ~m~ G oo, where ~~~ :- ~X(~)~ - ~{x E Z~ ~(x) - 1}~.

Thus, p-almost surely infinitely many agents are infected by the rumour, or nobody is

infected at all. Anything else is not possible. Now for ~ E~ with ~~~ - oo we will show

that
Pm[T - oo] - 1, (4.19)

where P~ denotes the probability measure on the canonical path space of the rumour

starting with initial pattern ~. ( This proves also Proposition 4.3 below.) In consequence,

the probability for T to be finite equals the probability that p puts on the state ~- 0,

which proves the claim.
Equation (4.19) follows from self-duality of the rumour process. Think of the process

as being on 0. Then self-duality implies that for any ~ E 0 and any A E Do -{A C

Z~ ~A~ G oo} the following holds for any t~ 0:

P~[~t n A~ 0] - P"[~ n A~ ~ 0l,

where At denotes the dual process of the rumour process on ~o and PA denotes the

probability measure governing that process with start in A. Due to self-duality of the

rumour process this measure is just the same as the measure governing the rumour

process with start in A, i.e. PA - PA. (See Chapter 2 about the general concept of

duality.) Thus, in particular for ~- Z

PZ [~t n A~ 0] - P" (Z n At ~ 0]
- P"[At ~ (~].

Recall that va is obtained as the limiting distribution of the rumour process when

starting with initial state Z. Thus, taking the limit of t j oo, the left-hand side of the

equation converges to va (~(x) - 1 for some x E A) . Using the stopping time T the limit

of the right-hand side, as t goes to infinity, is equal to PA[T - oo]. Hence we have that

va(~(x) - 1 for some x E A) - PA[T - oo].

Let n~ 1- ~A~. This shall denote the number of agents that know the rumour at

the beginning. (Since the process is self-dual we can replace ~ by A.) We let n go to

infinity. Denote Bn - {-n~2, ..., n~2}. By monotonicity and translation invariance of

the rumour dynamics PA[T - oo] ) PBn[T - oo]. With n j oo it follows now that if

~A~ - ~~

P" [T - oo] 1 lim PB n [T - 00]
nyoo
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- pZ [r - oo]

- va (~(x) - 1 for some x E Z)

- 1,

where the last equation follows from the fact that va(~ - 0) - va(0) - 0. This concludes

the argument and proofs equation ( 4.19).

The general case is technically very complex and fully given in Liggett ( 1985, pp284-

287). The main idea is the following. Since we know already that P~[r G oo] - 0

whenever ~~~ - oo, it suffices to show that

~y~ f f(~t) dP~ - f(~)P~[r G oo~ ~ P~[r -~] f f(~) dva,

for every ~ E Do and f E C(~), where C(~) is the set of real-valued bounded continuous

functions on ~. This is done first in the case ~-{0}, which is then used to prove the

claim for general ~ E Do. ~

For translation invariant distributions the value of a that determines the mixture

between vo and va is explicitly given by the probability for the initial pattern to be
~- 0, signifying that nobody in the economy hears the rumour at the beginning. Once
we can ensure this probability to be zero we obtain weak convergence to the distribution
va, thus we know that the rumour will be persistently present in the economy for any
time in the future. At the same time we see that the rumour dies out if and only if the
initial state equals ~- 0 p-almost surely, i.e. at the beginning there is simply nobody
who knows the rumour.

This result has a nice consequence. Assume that at the beginning everybody in the
economy has the same chance to hear the rumour. In order to model this, consider
the initial distribution to be determined as follows. A random process assigns to each
agent independently the value 0 or 1. Let this process be binomially distributed with
parameter e. Hence, we get the Bernoulli product-measure ~~ with pf ~~(x) - 1) - e,

for every agent x E Z. In other words, at the beginning everybody hears the rumour
with the same probability e. In this situation pf(~ - 0) - 0 if and only if e~ 0. Thus,
if we know that the probability for every agent in the economy to hear the rumour is
strictly positive, we can conclude that in consequence the rumour will never die out but
will be persistently present, even if e is arbitrarily small. Only if e- 0 the rumour will

(trivially) die out since it will not even be known at the beginning.
The assumption for ~ to be translation invariant can be very restrictive. As we

have just seen, this can mean that everybody has in fact the same access to relevant
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information, an assumption that can perhaps be hard to be argued in many economic

situations. However, since in general condition (4.17) applies, it is possible to specify

the value of a for every initial distribution. Particularly, also for the case where the

rumour starts from a given set of agents knowing the rumour at the beginning. The next

proposition determines the value of c~ in this case. Denote A the set of agents that get

to know the rumour at time zero, i.e. ~o(~) - 1 iff ~ E A. The corresponding initial

distribution is given by the Dirac measure bA. Be TA the hitting time for the rumour to

enter the state ~- 0 in this case.

Proposition 4.3 Let the initial distribution 6e equal to p- bA, with A C Z. Then,

Prob[TA G oo] - 0 t~ ~A~ - oo. (4.20)

Proof: The result has been proven already together with Proposition 4.2. See equation
(4.19). o

Thus, in this case, the only requirement for the rumour to be persistently present is
that the set of agents that get to know the rumour at the very beginning is infinitely
large, while it is irrelevant how dense the set is. The next corollary summarizes.

Corollary 4.1 Suppose ~ 1~'. Given any initial distribution p, the rumour will be

persistently present if and only if

Prob(r~ G oo] - 0.

If ~ is translation invariant this condition reduces to

F~(~-0)-0.

(4.21)

(4.22)

If ~- bm the condition reduces to ~ containing infinitely many agents that know the
rumour.

Exponential Convergence

It has been shown by Griffeath (1981) and Durrett and Griffeath (1983) that convergence
to invariant distributions is in fact exponentially rapid. In consequence, both measures
vo and va may serve as good approximations for the distribution of the rumour as time
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has sufficiently passed. Let .~ G~'. Then Griffeath (1981) shows that there exist positive

constants Cl(~) and cl(~) such that for all initial states ~o -~ E~

Prob[~e ~ 0] C Cl(~) ~~~e-`~(a)~ (4.23)

for all t 1 0. Here ~~~ denotes the cardinality of agents that know the rumour in the

initial pattern ~. Similarly for the second regime, i.e. if ~ 1~', Durrett and Griffeath

(1983) prove that there exist positive constants Cz(a) and c2(a) such that for all initial

states ~o - ~ E 4i

Prob[t G T~ C oo] G C2(.~) ~~~e-`2(~)~ (4.24)

for all t~ 0. A proof of (4.23) and ( 4.24) can also be found in Liggett ( 1985).

Let us now study the consequences of the evolution of the rumour on market be-
haviour. As we will see, the property of non-ergodicity has an immediate effect on
economic variables such as market demand and market equilibrium prices.

Equilibrium Prices

Suppose for a moment the state of the economy to be given by some concrete market
configuration t E.-. Thus, we freeze the dynamics and analyze the economy from
a static viewpoint. Recall that each agent x E Z is assumed to behave as a utility
maximizer given his preference }(x). As preferences are random, denote ((~(x), p) the
expected excess demand function of agent x, given his state ~(x) and some price vector

p-(pl,p2).9 In view of our assumptions on the set of admissible preferences, we can
write expected excess demand as follows:

C(~(x),P) - C((w(x),}B~(x)),P)

- ~Bp2~1(x) - ( 1 - B)wi(x), -Bw2(x) f (1 - 9)Pi ~Z(x)1 (4.25)

where B - 9 if ~(x) - 0, and B- B' if ~(x) - 1. As explained in Subsection 4.2.2,
B determines the fundamental preference of an agent that does not know the rumour,

while 9' identifies the change in preferences for those agents that do know the rumour.
Note that for any random preference re expected excess demand equals just the excess

demand of an agent with Cobb-Douglas utility function u(w) - wiw2-B. On average, an
agent spends a share of B of his wealth on good 1 and a share of 1- B on good 2.

9Since all agents x E Z are optimizers given their state ~(x), expected excess demand does not further
depend on agent x. An index at function ~ is therefore omitted.
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In the model a rumour shapes the population of market participants in a stochastic

manner. In consequence, the market forms a random environment distributed according

to some probability measure on the space of market configurations :. What is an ap-

propriate equilibrium condition for a price vector in such a random economy? Fdllmer

(1974) has studied the notion of equilibrium prices in an economy that is modelled as a

random field. Since the market ~ can be seen as a dynamic analogue to the random field

approach, we use Fdllmer's definition of an equilibrium price.

Let p be a probability measure on the space ~, that describes the random configuration

~ of the economy.

Definition 4.3 A price vector p is an equilibrium price vector for the economy

described by the measure p if

lim
n-.oo

1 `
IBnI x~nC(S(~)~P) - (~i~)i p - a.s. (4.26)

where Bn -{-n~2, ..., n~2} and n even.

Thus, equilibrium prices are prices where per capita excess demand is zero, p-a.s..

Let us now reconsider the dynamic set-up. From the last definition we know that at

any time t, an equilibrium price vector pt for the economy that at time t is described by

the distribution pi must satisfy the condition

~~~ ~Bn~ ~~~C(~(~),Pt~ - (o,o), p~ - a.s. (4.27)

Let pt be the marginal distribution of pt, describing the distribution of the rumour

within the economy. From the preceding analysis we know that, taking the limit t-~ oo,

the distribution pt converges to an invariant distribution of the rumour. If .~ G~',

the unique invariant distribution is uo. The rumour always disappears. If ,1 1~', the

rumour stays persistently present for a large class of initial distributions, i.e. we obtain

limt~~ Itt - va. Moreover, as we have seen convergence to equilibrium vo if ~ G.~', and

to va if ~~ a", is exponentially rapid. Hence, both these limiting distributions may

serve as an approximation for the distribution of the rumour when t is large, that is

when the rumour has been around in the population for a sufficient amount of time. We

use this approximation in order to calculate so-called long-run eqvilibrium prices.
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Long-run Equilibrium Prices

So far no restrictions have been made on individual endowments of agents. However,

in order to be able to calculate equilibrium prices, at this point we have to make the

assumption that, at least in the long run, all agents have the same endowment w(x) - w.

In consequence, for any fixed parameter pair (B, B") with corresponding preferences of

agents, the spaces ~ and ~ are isomorph. Hence probability measures p on ~ and p

on ~ are equivalent and we can apply Definition 4.3 directly to distributions p, i.e. in
particular to vo and va.

The crucial fact we can exploit is the observation that for distributions v E{vo, va}

the following holds for any price p,

lim 1 ~ ~~~(~),P~ - Ev ~~(~(0),P~~ , v - a.s. (4.28)
n~~ Bn xEB„

with 0 denoting the agent that is located at the origin. This follows from ergodic theory

since both measures are translation invariant and also extremal within the set of trans-

lation invariant measures [cf. Liggett (1985)]. Thus, in a sense we are in a situation

where the agent at location zero is in fact a"representative agent" for the economy.

Note, however, that this relation breaks down as soon as we consider any other invariant

distribution for the rumour, i.e. a real mixture of both extremal measures vo and va. In

that case we are left alone with equation (4.26) again.

Applying Definition 4.3 to distributions v E{vo, va}, the condition for long-run equi-

librium prices reduces to a much simpler one: a price vector p is a long-run equilibrium

price vector for the distribution v E {vo, va} if

E~ [c (~(o), p) ] - (o, o).
For notational convenience, denote for a measure v E{vo, va},

(4.29)

v(1) - v~~(0) - 1), (4.30)

and
v(0) - v~~(0) - 0~. (4.31)

The next proposition gives the condition for long-run equilibrium prices assuming en-

dowments to be strictly positive.
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Proposition 4.4 Assume w1iw2 ) 0 and (B,B") ~(0,0). Then long-run equilibrium

prices p- (pl, p2) for the distribution v E {vo, va} are given by the condition

p2 v(o)(1- é) t v(1)(1- B") w, (4.s2)p, - v(o)é ~- v(1)B" w2.

Proof: Recall the expression of expected excess demand given in equation (4.25). Then

EV [C~~(o),P~~ - (o,o)

is equivalent to

v(0) (éP2ws - (1 - B)wl, -9w2 f (1 - 9)Piwi 1
l Pi pz 1

~ v(1) (B'p~W~ - (1 - B")wi, -9'wz f (1 - B')piwi ~ - (0, 0).
Pi Pa

Remember that w;(x) - w; for every agent x E Z, thus also for agent 0. Rearranging

this equation leads to equation (4.32), concluding the proof. ~

For a price vector to constitute a long-run equilibrium price vector, the ratio of indi-

vidual prices has to equal the ratio of endowments times the weighted shares of different

opinions in the market, where weights equal the probability for the "representative agent"

to know the rumour or not.

Rumour Effects

Let us start analyzing the situation when the rumour disappears, i.e. v- vo. If the

long-run distribution equals vo, all terms involving B' in equation (4.32) disappear, since

vo(0) - 1 and vo(1) - 0. Hence, the unique long-run equilibrium price is the fundamental

price vector for goods 1 and 2, corresponding to fundamental preferences:

pz 1-Bwl
pl B w2

(4.33)

If the rumour stays persistently present, i.e. v- va, the situation looks very different.

In this case, from equation (4.32) we obtain a unique long-run equilibrium price vector

p(.1) which differs from the fundamental price vector if and only if B' differs from B, that

is if and only if the rumour has any effect on preferences at all,

p2(,~) - va(0)(1 - B) f va(1)(1 - B') wl
(4.34)

pi(~) - va(0)B ~ v~(1)e' wz
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So suppose for example that B' G B, hence the rumour is negative about good 1
(or positive about good 2). In consequence, for every agent knowing the rumour the
probability for preferring good 2 over good 1 increases. Since va(1) - 1- va(0), we

obtain that

p~(~) va(0)(1 - B) f va(1)(1 - B')
P1(~) - va(0)B ~ va(1)B'

1-Bwl
~ -B w2

w~
w2

(4.35)

Pa
- P1

Thus, the relative price of good 2 increases with respect to the fundamental one. The
reason for this coincides with intuition and is the following. Since the rumour contains
negative information about good 1(or positive information about good 2), ít induces
those agents, who know the rumour, to shift part of their demand from good 1 towards
good 2. This leads to an increase of the relative price of good 2. By the same argument,
in the other direction the relevant price of good 1 increases when the rumour is negative
about good 2(or positive about good 1), i.e. B' ~ B. The nice feature of the model is
that the additional demand is produced endogenously as a straight effect of the spread
and survival of the rumour.

Assume now we increase the parameter ~, keeping other parameters fixed, which
means that the degree of communication among neighbours becomes stronger. The
interpretation is that either people discuss new information more extensively or the
rumour is about a more relevant or more important issue.

Using a result from Liggett (1985, Theorem 1.33, Chapter VI), which says that for

any .~ ~ 2,

v~(1)~2~ 4-2a'
(4.36)

we obtain that va(1) is monotone in .~ and limay~ va(1) - 1. Thus, letting .~ go to

infinity, the condition for long-run equilibrium prices becomes

áim p~~~~ - 1 B,Bi ~Z. (4.37)

The latter can be seen as convergence to a"rumour pricen, in contrast to the funda-
mental price above. Intensifying the communication increases the probability for agents
to eventually believe in the rumour, thereby shifting preferences completely from fun-

damental values to rumour values, which automatically leads to an increase of demand
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in the good that is "preferred" by the rumour. Figure 4.2 depicts the situation when

B' G B.lo Thus, depending on the degree of communication between agents the model

predicts a significant price run-up for the good that is positively targeted by the rumour,

where the run-up is the stronger the hotter the communication is. The observation of a

price run-up has been made in an early study of Rose (1951) and more recently also by

Pound and Zeckhauser (1990) and Zivney, Bertin, and Torabzadeh (1996). It appears

as an established empirical finding.

P2
Pi

1-B' ~
B' ~,2

B ~z

Figure 4.2: Price Run-Up

As it can be seen in Figure 4.2, the upper bound for a price run-up is given by the ratio
sof relative prices corresponding to the rumour price'ée~ W What happens if the rumour~'

effects are very strong, i.e. the parameter B` differs substantially from the fundamental

equivalent B? Is there any bound on relative prices? Without loss of generality, consider

the following situation. Suppose that 2 G B G 1 and B' ~ 0. Thus, before appearance

of the rumour the general opinion in the market is slightly in favour of good 1, while

all agents that know the rumour prefer good 2 with a high probability.l' From equation

(4.37) we see immediately that, if we let ~ go to infinity, i.e. intensify the communication

between agents, and consider then the limit of long-run prices as 8' goes to zero, i.e. as

loIt appears an open question how the precise shape of the function looks like as a approaches infinity.
11The assumption that Z c B G 1 is not necessary, any B will do it.
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preference effects become extreme, the ratio of relative prices converges to infinity

lim lim p2(~) - oo. (4.38)e.~oay~ Pi(~)

Thus, there exists no upper bound for a price run-up if the effects of the rumour are
at their extremes. Since the intensity of communication of the rumour has no limit the
probability for agents to eventually believe in the rumour increases to one. Consequently,
because of the effects on preferences, this leads to an infinite increase of demand in the
good that is "preferred" by the rumour, letting the relative price of that good increase
to infinity and the relative price of the other good decrease down to zero. While the
economy was stable before the appearance of the rumour (because 9~ 0), in the sense
that there exists a unique price vector that clears the market, trade eventually breaks
down when the rumour is spreading through the population.

4.3 Extensions

The model in the preceding section has focused on a rumour as a special example of
information transmission, affecting preferences of agents who trade rationally within a
two-good exchange economy. The aim has been to look for reasonable dynamics that
model the evolution of a rumour and that can be used to answer questions concerning
the impact of rumours on economic variables, such as market demand and, especially,
equilibrium prices. Still, there are a lot of issues that have to be addressed in order
to obtain a true understanding of the relation between rumours and markets. The
following discussion is thought to indicate some of these issues, formulating particular
relevant problems, and (if possible) providing first answers to these problems.

Endogeneous Infection Rate

One of the most important objects is certainly the parameter .~ that determines the
probability for uninformed agents to be infected by the rumour from neighbours. While
in this model ~ was modelled exogeneously, an obvious extension is to endogenize that
parameter and derive it from other variables. With this respect, a crucial variable will
then be an agent's subjective value of the information that is transmitted. This again
could be linked to prices of some commodities or expected returns of an investment
opportunity, depending on the situation one wants to analyze. In any case, the next
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step is to link the rumour and the economic process not just via a mechanical act but

via true decision procedures undertaken by the individual agents. Here, Banerjee (1993)

represents a promising attempt, using a Bayesian updating approach. Other ideas may

come from alternative models focusing on individual and social learning.

Heterogeneity

Analytical results for a true endogenization of a seem technically very demanding. A

first step is to incorporate some heterogeneity into the system. Suppose, for instance,

that agents have different forget-rates. Each agent x E Z is infected by the rumour with

equal rate a(times the number of neighbours that communicate the rumour) but has

an individual forget-rate c(a). To keep things simple suppose that any agent x within

a subset X C Z has a forget-rate equal to c(a) - c G 1, while all other agents a~ X

have the former rate c(x) - 1. Thus, agents within X are less forgetful or perhaps more

enthusiastic in communicating a rumour.12 If the set X is sufficiently dense it will affect

the evolution of the rumour in the sense that the critical value ~' is strictly smaller

than before. In consequence, the rumour has a greater chance to survive. Precisely, if

X is such that there exists a length 1 so that each interval of length 1 in Z contains at

least one agent a E X, then .~`(X) G~', where ~'(X) denotes the critical value of the

system governed with lower forget-rates in X and ~' is the former critical value studied

in Subsection 4.2.4 [cf. Madras, Schinazi, and Schonmann ( 1994)~. On the other hand,

if X is sufl~iciently thin the behaviour of the system stays the same. Madras, Schinazi,

and Schonmann (1994) give a condition where it is sufficient that for every distance d

there are only finitely many pairs of agents in X, who are located not further than d

apart from each other. It is an interesting observation that here the spatial distribution

of different types of agents is very important while the results in 5ubsection 4.2.4 showed

that the spatial distribution of knowledge of the rumour was rather irrelevant.

Bramson, Durrett, and Schonmann (1991) have analyzed the system when the dis-

tribution of different forget rates within the population is determined by some i.i.d.

random process. Suppose that initially, before the rumour spreads around, each agent

is told his personal forget-rate. With probability p he has a forget rate equal to c G 1

and with probability 1- p he has a rate equal to 1, where p E(0,1). It is easy to imag-

ine that the resulting set of agents, to which the rate c is assigned, is sufficiently dense

within the population. Therefore the critical value leading to survival of the rumour is

strictly smaller than before. Moreover, Bramson, Durrett, and Schonmann (1991) show

laI believe everybody knows at least one person of this kind.
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that there exists an intermediate phase in which the rumour survives but does not grow
linearly. (See also below.)

Non-constant Forget-rates

As mentioned already in Subsection 4.2.2 the part of Assumption 4.4 that assumes
forget-rates to be constant and independent on the number of neighbours, who confirm
the rumour, can be relaxed without changing the main results of the model. 5uppose,
for example, that flip rates are defined as follows. For x E Z, ~ E ~ set

~ ~(y)
YEN(s)

if ~(~) - 0

r(x, ~) - { 3 if ~(x) - 1 and ~(.x - 1) - ~(x ~- 1) - 1
(4.39)

2 if ~(x) - 1 and ~(x - 1) ~~(x -~ 1)

1 if ~(a) - 1 and ~(a - 1) -~(x ~ 1) - 0.

The precise values do not matter. If agent a knows the rumour and both neighbours
confirm it the forget-rate is equal to 3 and in this case it is also the smallest. It increases
as the number of confirming neighbours decreases. When no agent in the neighbourhood
knows the rumour except agent a himself, the probability to forget the rumour is at its
highest value, which is again normalized to one. Using a standard dominance argument
the following holds: every rumour that stays persistently present under the original
dynamics stays persistently present under the dynamics in (4.39) as well. The intuition
lies at hand. Since agents are only less likely to forget when confirmation of the rumour
has an effect, the possibility for the rumour to spread around and stay present becomes
only larger. Therefore, results hold the same as before.

Rumours and Z~ade

In the present model it has not been possible to calculate equilibrium prices for the

market described by a distribution different from vo and va. Although the generality of

the model allows for a definition of such a price the relevant equation is rather diíficult
to be solved. Therefore, the main results concern the effects on long-run equilibrium
prices where agents do not trade before dust in the economy settles down. Although
this approach serves as an approximation for the general situation, a richer model will

connect the rumour with trading behaviour more directly. Then, it will be interesting not

only to look for impacts of the rumour on trade but also vice versa. It seems to be quite
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obvious that trading may have direct implications on the evolution of a rumour if the

rumour itself affects some of the related economic issues. However, in order to capture

trading effects it must be possible to model the influence of macrodata such as prices on

the individual behaviour of each agent. Under this hypothesis the behaviour of an agent

will not only depend directly on the behaviour of his neighbours but also on that of the

whole economy aggregated in current prices of goods. The difficulty that lies in such a

model is less on the behavioural side than on the mathematical side. For example, it is

rather reasonable to assume that an increase in the price of a good, e.g. shares of some

well-known company, together with a rumour on that good, e.g. a takeover rumour, will

make an agent believe the rumour even more to be true. In consequence, the probability

to get infected by the rumour will be higher as well.

Mathematically, however, this leads to a major conceptual change of the model, be-

cause now, by assumption, the prices of goods, which are itself a result of trade within

the market and therefore depend on the state of the whole economy, enter the set of

variables determining the state of each agent. While in the present model the state of an

agent x depends only on the configuration ~ restricted to the neighbourhood N(x), the

modified model incorporates a dependence of a on the whole configuration ~. Since this

produces a feedback of interaction within the mathematical process, the first question
is whether such a system can be well-defined at all. If so, the next problem is how do

equilibria look like. The difference to the present model is that now equilibria for the

stochastic process, in the sense of stationary distributions, and equilibria for the market,

in the sense of clearing prices, are highly connected with each other. It appears an open

question in which manner such a system can be analyzed and how interesting results

can be obtained. Nevertheless, the project is of course of particular interest since the

influence of macrodata such as market prices, inflation rates, growth rates, share indices,

and many more, on the decision making of individual agents lies at hand. There are

first attempts in that direction that build on work of FSllmer (1979, 1980). See Turnich

(1995) for more.

Rumours on Z~ees

A considerable extension of the model is to allow for general networks of agents. Since

the geometric structure of the space Z is to some extent very simple, an important

question is whether the results still hold if one enlarges the number of neighbours within
a neighbourhood of an agent. Let us report some of the main recent findings. The first
possibility is to consider a general n-dimensional lattice for n 1 1. In this case the results



4.3. EXTENSIONS 135

hold the same way as in the one-dimensional case [cf. Liggett (1985, Chapter VI)]. There
exists a critical value ~'(n) such that the rumour disappears for every a G a'(n) and
stays persistently present if ~ 1.~'(n) for a sufficiently large class of initial distributions.
Therefore, the model presented can immediately be extended to any higher dimensional
case, which is convenient since the idea of communicative transmission of a rumour is
the more realistic if agents have many neighbours, from which they can hear the rumour
and to whom they can talk about the rumour, possibly all at the same time. The simple
model on Z can thus be seen as an illustrative version of the general case.

Another possibility is to consider arbitrary trees, where a tree is defined as a connected
graph without cycles. The set Z is a simple example of an infinite homogenous tree, where
each node has exactly two neighbouring nodes. (Note that the space Zn with n) 2 is
obviously not a tree.) In the way as the origin represents a distinguished node within Z a
tree has a distinguished node as well, which is called the root. Recently, there has been
much interest in the limiting behaviour of the contact process on arbitrary finite trees,
the reason being that, especially with respect to real life applications, the geometric
structure of the integer lattice is perhaps too simple. As Pemantle (1992, p2090) states:
"While the `real' graph is a large finite graph, a tree is at least as likely as a lattice to
serve as a local approximation to the real graph for a population." Since the dynamics
of the rumour in the present model follow those of the contact process, results may be
of interest also for the purpose of this study. The main finding is the following.

Suppose agents are located on a homogenous tree of degree n, denoted as Tn. This
means that each agent has n neighbours, indicated by the edges within the tree. There
is a root, which is denoted as o. Suppose the agent located at root o starts spreading
the rumour. If n- 2 we are exactly in the model discussed above, and therefore we
know that the rumour has only two types of behaviour. It either disappears or it stays
persistently present. In the latter case with positive probability the agent at o still knows
the rumour eventually (and all other agents as well), i.e. the rumour returns infinitely
often. Both regimes are separated by exactly one phase transition at the critical value
.~' -~"(T2). The crucial observation is now that if n) 2 the process exhibits a
second intermediate phase. That is, there exist another smaller critical value ~'(Tn), for
which the rumour does survive with positive probability, but does not converge to the

non-trivial limiting distribution va [Pemantle (1992), Liggett (1996)]. In other words, for

n~ 2, if .~'(T") G a G J~"(Tn) the rumour starting from o has strictly positive probability

to survive, i.e.

Prob[~t ~ 0 for all t 1 0] 1 0,
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but it drifts away to infinity without surviving locally, i.e.

Prob[~t(o) - 0 eventually] - 1.

The interesting fact about this intermediate phase is now that there exist infinitely

many extremal invariant distributions [Durrett and Schinazi (1995)]. Thus, the be-

haviour of the rumour can exhibit many more stationary forms than just disappearance

or persistent presence.

Counter-Rumours and New Information

Finally, an interesting project is to study the possible rise of counter-rumours and the

effect of different refutation strategies as special examples of new information in the

economy. While the explicit dynamics of a counter-rumour that contains information

contrary to the original rumour may be difficult to be analyzed, effects of refutation

strategies can be examined already in the present model. Note that the current set-up

allows for two possibilities to change the evolution of the rumour. The first is on the

set of agents knowing the rumour, the second on the degree of communication between

agents. A firm may want to influence the number of people infected by the rumour, and

it can do so, for instance, by circulating specific information through the national press or

other official media. Depending on the information that is published the current rumour

pattern ~ will be affected by a manipulation of individual states of agents ~(~), x E Z.

For example, information that strongly confirms the rumour is expected to increase the

number of agents that are in state 1, while information that refutes the rumour aims

at strongly decreasing that number. Similarly, new information can also influence the

degree of communication of the rumour between agents. It can rise general interest into

the topic, which in the model would lead to an increase of .~, as well as it can make the

rumour less important to the public thereby decreasing ~. However, official refutation or

denial of a rumour can well turn into a counter-productive strategy. When the refutation

does not lower the probability to believe in the rumour but increases only the number of

agents that know the rumour and perhaps also the interest of people to talk about the

rumour it may be better to keep quiet and wait until the rumour (hopefully) disappears.

In particular, the model suggests that whenever a G.~' an official refutation may do

more harm than good to the situation, since it may well increase .~ making the rumour

possibly even persistent, while otherwise it dies out for sure. Similarly, if initially the

rumour is known only to a small number of agents (in the present model any finite

number is small) it may be a risky strategy for a firm to combat the rumour in public,
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since it may attract only more publicity. By enlarging the set of rumour-infected agents

the rumour becomes only more likely to survive. With this respect the litigation of

McDonald's mentioned at the beginning of this chapter represents an excellent example.

While initially the rumour was spread only via leaflets handed out by two activists on
street corners in Britain the decision of McDonald's to sue these activists eventually
turned the rumour into the longest libel case in the English history that was discussed
in the media all over the world.



Chapter 5

Regret

re.gret v. f~ n. ~ v.tr. 1 feel or express sorrow or
repentance or distress over ( an action or loss etc.) 2
acknowledge with sorrow or remorse. ~ n. 1 a feeling
of sorrow, repentance, disappointment, etc., over an
action or loss etc. 2 (often in pl.) an ( esp. polite
or formal) expression of disappointment or sorrow at
an occurrence, inability to comply, etc. ~ give (or
send) one's regrets formally decline an invitation
[Middle-English from Old French regreter `bewail']

(The Concise Oxford Dictionary of Currenf Engtish,
Ninth Edition)

5.1 No Regrets
Non, je ne regrette rien.

- Edith Piaf

This chapter proposes and analyzes a new model for boundedly rational behaviour of
players in interactive situations that are captured by a non-cooperative game. The model
focuses on the role of best replies, forming the set of actions a player cannot improve
upon given an action profile of his opponents. Roughly said, if players end up with
playing an action that was not a best reply to the actions of their opponents, they may
feel regret of not having done the right thing. Consequently, the anticipation of regret
may influence their decision making and determine their own behaviour, i.e. their own
mixed strategy. The model studies a possible way of how this influence can work.

Contrary to the previous chapters, where the individual decision-making of agents
affected the social or economic interaction between them (Chapter 3), or both elements

139
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together determined the microbehaviour of agents and the macrobehaviour of a market

(Chapter 4), in this chapter the decision making of individuals itself is influenced by

the fact that they interact with others, i.e. that altogether they play a non-cooperative

game.

To get an intuition of the basic idea consider the following example. Suppose Alice is

parking her car and thinks about buying a parking ticket or not. If she does so it costs

her 1 guilder, but it may be that the traífic warden does not check the parking meter

within the time Alice is gone. In that case she could have saved the ticket. However, if

the traffic warden controls the parking meter and she does not have a ticket she has to

pay a 50 guilder fine. Suppose that Alice believes that most probably the traffic warden

is not going to control the meter while she is gone, and consequently she does not buy

a ticket. However, when she returns she finds out that, in fact, the warden did control

and that now she has to pay the fine. She feels regret of not having bought the ticket

for only 1 guilder. In game theoretic terms Alice has not played a best response, or a

best reply, to the action of the traffic warden. There exists an alternative action she

could have chosen and that would have given a preferable outcome, namely the action of

buying a parking ticket. The fact that she did not choose this alternative though having

the possibility to do so leads to the feeling of regret.l

Consider another example. Suppose Bob trades on the stock market and has to decide

whether he should sell his shares of a firm that currently experience a substantial fall in

their value. The problem is whether he should sell now reducing the loss already made

or wait hoping that the value recovers again. Suppose Bob decides to sell. However, a

week later the firm announces some information that has an extremely positive effect

on the market. In consequence, the share's value goes up again and reaches even the

highest value in the firm's history. Now, imagine how Bob feels. If only he had not sold

his shares he could have avoided the whole loss he made. Moreover, by buying more

shares instead of selling his own ones he even could have made additional profit. But

Bob has decided for the other alternative. He has sold his shares and now the game is

over.2

iOf course, Alice also feels regret if she had bought a ticket for one guilder but the warden would

not have come.
zShefrin and Statman (1986) observe an interesting and related finding. They argue that often people

prefer to buy shares of conventional firms (e.g., IBM) instead of rather unconventional ones. The reason
is that if you buy shares of an unconventional firm and prices go down you blame yourself, while if you

buy shares of IBM and prices drop, you sees it as misfortune, bad luck, or even as IBM's fault.
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The examples show two popular cases where people may regret not having made the
right decision. The basic structure in both examples is the same. Both, Alice and Bob
have to decide what to do but both do not know which action will in fact be the best.
Instead they will learn which action is the best only after they have made their decision.

Moreover, the fact whether an action is optimal or not depends on the decision of others.

Alice's decision not to buy a ticket is not optimal, only because the traffic warden decides
to control the parking meter in that time period. Similarly, Bobs decision to sell the

shares is not optimal because the company can recover its reputation, which depends on
the announced information and the reaction of participants ín the market.

In general, the structure of situations where regret may be important can be described

as follows: (i) the individual can decide between several alternatives that lead to different

consequences, (ii) the situation is risky or uncertain in the sense that consequences of

the alternatives depend on the realization of a common random event that is observed

only after the decision has been made.3 The combination of (i) and (ii) induces the
possibility for experiencing regret in case the chosen action is not the best alternative

given the true state of the world. Note that both elements are substantial. If there is

only one action available, obviously, one cannot feel regret since no real choice has been
made that can be regretted. Similarly, if consequences of alternative actions are secure,

regret cannot be important either, because then it is possible to choose the right action
in advance. Of course, the individual may regret a mistake he has made, but this is not
the issue we will look at. In the model we will assume that whenever the situation is
certain the decision maker is able to choose the best action.

Note that regret is different from disappointment. While both feelings involve a
counterfactual thinking of "what might have been", disappointment is more related

to thoughts that change general aspects of the situation, whereas regret is actually be-
haviour focused: the individual mentally changes his own actions.4 For more information
about psychological aspects of regret see, e.g., Landman (1993) and Zeelenberg (1996).

In a non-cooperative game a situation of possible regret is given whenever a player

has at least two alternative strategies available and the behaviour of the opponents is

uncertain, i.e. several action profiles have positive probability to be played. Thus, while
in decision theoretic situations the uncertainty is caused by nature, in a game theoretic
framework a player faces uncertainty from a different source, the strategic behaviour of

his opponents. The criterion whether an alternative is best is captured by the notion of

3Using common terminology, if probabílities of the event are known the situation involves nsk, while
if probabilities ate subjective estimations the situation is one of sncerlainty.

4This difference has recently been confirmed in an experimental study of Zeelenberg et al. (1998).
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a best reply. Given an action profile of the opponents an action is a best reply if there

exists no other action that leads to a better outcome. Thus, best replies form the set of

actions a player cannot improve upon given an action profile of his opponents.

That regret may play an important role in situations of decision making is hardly a

new point. At the beginning of the 1980's articles of Loomes and Sudgen (1982) and

Bell (1982) have explored the possibility to incorporate regret into the rational choice

framework of standard decision theory under uncertainty. Subsequent generalizations

and extension of the basic approach include Loomes and Sudgen (1987), Sudgen (1993),

and Quiggin (1994). The primary idea in the original model is to modify the notion of

standard utility in order to incorporate the possible consideration of regret. For example,

Loomes and Sudgen (1982) assume that each consequence has a so-called "choiceless

utility", which captures the utility that the individual would derive from the consequence

if he experienced it without having chosen it. In addition, to each pair of actions the

authors associate a"modified utility" that depends on the choiceless utilities of the

consequences induced by the two actions. Thus, the modified utility captures the effect

of choosing one action, observing its consequence, and comparing it to the consequence

of another action if that action had been chosen. Given specific assumptions on the form

of the utility functions Loomes and Sudgen then explore a model, where individuals

maximize expected modified utility. Thus, their general behavioural approach coincides

with standard theory in the sense that individuals are regarded as being optimizers.

Bell (1982) follows a similar way when modelling the effect of so-called "forgone assets"

on the utility of "final assets", the latter being the outcome that is induced through

the actual choice of the individual, the former the one that could have resulted when

takíng another action instead. One of the main objects of both models is to explain

experimental findings of Kahneman and Tversky (1979) that contradict standard decision

theory based on maximization of "ordinary" expected utility. In particular, the modified

theory incorporating regret can resolve the so-called "common ratio effect", the Allais

paradox, and the coexistence of gambling and insurance. See the quoted articles for

more.
Although regret has been analyzed in decision theory, as far as interactive situations

are concerned, up to now no analysis of behaviour that is influenced by regret has been

gíven. The model in this chapter is intended to fill that gap. However, contrary to

Loomes and Sudgen (1982) and Bell (1982) in the following model the behaviour of

players is not assumed to be based on the maximization of a mathematical expectation

of ordinary or modified utility. Instead the model studies an alternative procedure of how
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players may actually behave when interacting with others in a non-cooperative game.

The main deviation from standard rationality is to consider matching.

Over the past 25 to 30 years a mass of empirical evidence has been accumulated

supporting the observation that individuals, both human beings and animals, produce

behaviour which obeys a pattern of so-called "probability matching" or simply "match-

ing". See, e.g., Davison and McCarthy (1988), Williams (1988), and Herrnstein (1997)
for recent collections of these findings. Williams (1988, p178) states that "the generality

of the matching relation has been confirmed by a large number of different experiments.
Such studies have shown matching, at least to a first approximation, with different
species (pigeons, humans, monkeys, rats), different responses (keypecking, lever press-

I ing, eye movements, verbal responses), and different reinforcers (food, brain stimulation,

money, cocaine, verbal approval). Apparently, the matching relation is a general law of

choice." In a general way matching says that an individual chooses an alternative from

a given set of alternatives with a probability proportional to the value derived from that

alternative. That is, if S is the set of alternatives and v(s) denotes the value of alterna-

tive s E S, where value is expressed in some term, the probability of choosing s is equal

to v(s)~ ~,ES v(s). In the following matching model the individuals are the players of

the game, the set of alternatives is given by the set of pure strategies of each player, and

the value of each alternative is determined by the fact whether, ex post, the action is a

best reply to the choice profile of the opponents or not. The resulting behaviour is called

best-reply matching.

With respect to matching behaviour in games it should be noted that a prominent

explanation of matching says that people do not believe that the mechanism, which

produces the uncertainty, is genuinely random and therefore they may try to decipher

the pattern (e.g., Cross (1983, p10)]. This explanation is particularly convincing in an
interactive situation, where players are confronted with other players rather than nature.
Consequently, it is expected that matching behaviour may play an even more important
role in games, than it does already in decision theory. The approach of best-reply
matching is based on this premise.

In order to prepare the general model and introduce the main intuition let us start

with a first simple example. The next game is a game theoretic modification of a lottery

given in Loomes and Sudgen (1982, p822). See Figure 5.1. Alice can choose between

two different actions T and B. Bob has six alternatives denoted by consecutive numbers

from 1 to 6. (The reason for why the actions of Bob are denoted this way will become



144 CHAPTER 5. REGRET

clear soon.) If Alice plays T she gets a payoff equal to the number Bob chooses. If

she plays B she receives 6 in case Bob chooses 1, and s- 1 if Bob chooses s, for any s

from 2 to 6. Hence payoffs for B are the same as payoffs for T, only the ordering with

respect to Bob's actions is different. Payoffs for Bob are not further specified, as for this

introductory example we will focus on the behaviour of Alice only.

Alice B

1 .l
Bob

3 5 6

6,-

Figure 5.1: Best-Reply Matching

Suppose that Alice has the following information about the behaviour of Bob. She

believes that Bob first rolls a die and then chooses the respective column indicated by

the roll of the die. Thus, Alice's beliefs put equal probability 6 on all actions of Bob.

Which row may she choose, T or B?

If Alice is a neo-classical expected utility maximizer, then, obviously, she is indifferent

between T and B since both give the same expected payoff 3.5.

Suppose now that Alice follows a different procedure. Comparing the payoffs of actions

T and B for each individual choice of Bob, she realizes that although both actions give

indeed the same expected payoff, action T is a best reply for every action from 2 to 6,

while action B is a best reply only in case Bob plays 1. Thus, in terms of her beliefs

the probability to play a best reply is five times higher when choosing action T than

when choosing action B. Following this reasoning she may choose action T with a higher

probability than action B. Now suppose that the precise probability is determined as

follows. For each of the individual choices of Bob, if the choice was known beforehand,

Alice would easily be able to decide between T and B. If Bob was known to choose 1 she

takes B, in all other cases she takes T. Now, of course Alice does not know beforehand

which action Bob is going to choose. But using her beliefs she can calculate that the

probability for being called to play B is s and the probability for being called to play

T is 6. So this is what she does, she matches the probability of playing an action to

the probability that this action is a best reply. With probability s she plays B, with

probability s she plays T.

2,. 3,.
2,.

4,.
3,.

5,.
4,-

6,.
5,-

The example outlines the main essence of the behavioural approach of best-reply

matching that shall be discussed in the following sections. The sections are organized as
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follows. Subsection 5.2.1 starts with formulating the notion of best-reply matching and
defines an equilibrium concept based on this notion. A motivation in terms of regret is
provided. Subsection 5.2.2 proves existence of equilibria and analyzes the equilibrium
behaviour more precisely. By means of well-known examples the new equilibrium con-
cept is illustrated in Subsection 5.2.3. A short intermezzo relates the equilibrium result
in coordination games to a model of local interaction similar to the one in Chapter 3.
Furthermore, a surprising result is obtained for the centipede game. Section 5.3 devel-
ops a dynamic model, where agents repeatedly play a game and myopically adjust their
strategies to current realizations of play. The notion of best-reply matching equilibrium
plays a significant role in this model corresponding to various forms of stationary be-
haviour of the adjustment process. Section 5.4 concludes with proposing three extensions
of the best-reply matching concept.

5.2 Best-Reply Matching

5.2.1 Definition

As the term suggests the approach of best-reply matching focuses on two things: best
reply and matching. Let us start with the first. Recall the terms and notations as
introduced in Section 2.1 of Chapter 2. Consider a game G- (N, (S;)iEN, (~;)iEN),
where N is a finite set of players, for each player i E N, S; is a finite set of pure
strategies and }; is the preference relation of that player. The set of mixed strategies
of player i is denoted by E;. For i E N and strategy profile s-; E S-; be B;(s-;) the
set of pure best replies of player i to profile s-;. In order to avoid possible confusion in
the following the term action is used to describe a pure strategy while a mixed strategy
is sometimes called a strategy only. Consider some player i E N. It is assumed that to
every action s; E S; player i associates the set

{s-; E S-; ~ s; E B;(s-;)}, (5.1)

which gives all opponents' action profiles to which s; is a best reply. The collection of
these sets is obtained directly from the game G. It contains all relevant information
concerning player i's best-reply structure, i.e. which action is to which profile a best
reply. Note that in games with utility functions a lot of information may be ignored
by focussing simply on the best-reply structure of the game. In particular, all cardinal
issues do not enter a player's consideration. Best-reply matching is an ordinal concept.
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The second expression, matching, captures how players use the information on their

best-reply structure in order to determine their own behaviour, i.e. their own mixed

strategy. It is assumed that additional to the information on the game a player has

beliefs about the opponents' behaviour. The belief of player i E N is given by a mixed

strategy á ;̀ E E-;, determining for each of the opponents' action profile s-; E S-; the

probability ó' ;(s-;) with which player i believes this profile to occur.s Now, the idea is

that a player builds his own strategy by matching his individual probabilities to play an

action to the probabilities that these actions are a best reply. We obtain the following

definition.

Definition 5.1 Let G-(N, (S;);EN, ( r;);EN) be a game. Consider a player i E N.

Denote v' ; E E-; the mixed strategy profile player i óelieves his opponents to play.

Player i matches best replies if he plays a mixed strategy o; where for every action

s; E S;
a;(si) - ~ 1 Q' i(s-;). (5.2)

{s-;ES-;~s;EB;(s-;)} IBi(S-i)I -

As we have to take care of multiple best replies, dividing by ~B;(s-;)~ in (5.2) ensures

that v; is well-defined, i.e. that probabilities sum up to one. Thereby it is implicitly

assumed that all multiple best replies are weighted equally. However, it should be clear

that any other weighting rule would be fine, too, though changing, of course, the prob-

abilities that are assigned to actions. If best replies are unique the weighting rule is

obviously irrelevant.

Remark: Note that best-reply matching behaviour explicitly assumes players to be

clever enough to understand the strategic issues involved in a non-cooperative game.

Thus, players do not ignore the fact that their payoff depends on the decisions of other

players. With this respect the approach differs to a great extent, for example, from those

of Osborne and Rubinstein (1998) and Rustichini (1998). There players are assumed to

simplify their situation by regarding it as one against nature. In contrast, under best-

reply matching behaviour players realize and know the interactive situation very well. In

5As mixed strategies are restricted to independent strategies (cf. Chapter 2), beliefs are assumed to

be independent as well, i.e. for i E N and s-; E S-;

d~;(s-~) - ~ o)(si)-
]EN`{i}

The superindex i indicates that player i may have different beliefs about player j than some other player

k~ i~ j. (In equilibrium, however, this will not be possible.)
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particular, each player can associate to each of his actions the set of opponents' action
profiles to which this action is a best reply.

In a best-reply matching equilibrium o- every player matches best replies and all beliefs
are correct, i.e. for all i E N, ó` ;- v-;. Thus, while Definition 5.1 allows two players
to have different beliefs about a third player, in equilibrium beliefs of all the players are
assumed to be identical, and coincide with actual behaviour.

Definition 5.2 Let G-(N, (S;);EN, ( ~;);EN) be a game. A strategy profile o- E E is a
best-reply matching (BRM) equilibrium if for every player i E N and for every
action s; E S;

a;(s;) - ~ 1 o--;(s-;).
(s-:ES-:~s~EB:(s-:)} IB'(S-')I

As discussed in Section 5.1 the main motivation for best-reply matching is based on
the idea that a player does not want to feel regret after having played the game. That is,
after the game is over a player would like to be able to say that he has done "the right
thing" in the sense that he has chosen "the right action". In a game the only reasonable
ex-post criterion for "a right action" is the criterion of a best reply. Once the game is
over and strategies are realized, the action profile of the opponents is fixed and can no
longer be changed. Yet given a fixed action profile of the other players the best a player
can do is indeed to play a best reply. They form the reference value to which any action
has to be compared after the game is over.

Therefore intuitively the approach can be seen as saying that, in order to feel no
regret after the game is over, players have an ex ante aspiration level of playing a best
reply. This assumption does not necessarily disagree with the basic idea of rational
utility maximizing behaviour. In fact, on the action level, i.e. whenever a player has
deterministic beliefs, best-reply matching behaviour coincides with rational behaviour.

To see this suppose that beliefs of player i E N are deterministic, i.e. ir';(s-;) - 1
for some s-; E E-;. By (5.2) player i mixes equally between all best replies against s-;.
Hence, player i maximizes his utility. In fact, if all players have deterministic beliefs and
play is in a BRM equilibrium, Proposition 5.3 in Section 5.2.2 will establish that players
play indeed a strict Nash equilibrium.

So suppose now that beliefs of player i E N are mixed, that is several of his opponents'
action profiles s-; (possibly all) are believed to be played with positive probability. In
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this situation best-reply matching differs from standard rationality. The idea for this is

the following. Since a player knows what he would do in each of the single cases s-;

that can occur, namely he would play a best reply to the profile s-;, he refers to these

situations as the basis for his behaviour. Firstly, he determines his mixed strategy by

restricting its support to actions s; that would be played in any of these single cases.

5econdly, he weighs these individual actions by the probability with which they would

be played if only the realized profile of the opponents would be known beforehand. The

result is matching. Each action s; is played with probability equal to the belief that this

action is a best reply.

The reason for why the behaviour of a player differs from rationality exactly in case of

uncertainty is that it is considered to be too complicated for a player to maximize over

the set of strategies, which is a continuum of alternatives. Although, or even because he

is able to maximize over the set of actions, he fails to do so in case he must determine

a mixed strategy. Similarly, best-reply matching is not based on expected payoffs, since

these can never be observed in a one-shot setting. In particular, players do not aggregate

an uncertain situation by summíng up products of probabilities and payoffs. Instead, it is

proposed that a player views an uncertain situation as a combination of several possible

situations, in each of which he would know precisely what to do. He then combines his

individual reactions to each of these possible cases in the same manner as these cases

may arise. That is, he matches his actions to the cases to which they apply and uses his

beliefs about the latter to determine the probability for the former.

The notion of equilibrium in this setting follows the usual approach. Every play-

er behaves according to the best-reply matching assumption and individual beliefs are

correct. In other words, the interaction between players forms a fixed point.

There exists an alternative motivation for best-reply matching based on a repeated

situation of play, where each single player myopically adapts his strategy from one period

to the other. While the former interpretation rests on ideas within a one-shot setting,

especially with respect to the notion of equilibrium, the dynamic interpretation focuses

on the stationarity aspect of an equilibrium. The approach is developed in detail in

Section 5.3. Roughly said, the main idea goes like this.

Suppose the game G is repeated infinitely often in discrete time. At any kth instant

of time, k- 0,1, ..., a player is assumed to play an action drawn from the distribution

given by his mixed strategy ak. Players behave myopically and update their strategy

each period based only on the realization of play in that period. In this set-up beliefs

are assumed not to play any role anymore. As in the one-shot setting the updating is
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based on best replies. Consider a given period k and suppose that in this period action

profile s E S was realized. Let players i E N adjust their strategy as follows. For each

s;ES;,

kfi ~
a; ( s; ) -

(1 - B)ak(s;) ~ ~e~19-.1~ if s; E B;(s-;)

where 0 G 9 G 1 is a parameter that is exogeneously fixed.

Intuitively, the adjustment procedure specified in (5.4) says that a player i E N after

the kth repetition of the game adjusts his strategy by first proportionally decreasing all
probabilities by a fraction B. This then leaves the player with a probability B that is
reallocated to the actions that are best replies to the action profile of his opponents in
the kth repetition of the game. Hence, similar to the one-shot setting a player focuses
on optimal behaviour in terms of best replies. After each round he shifts his behaviour
towards strategies that are best replies to the last observation, where the degree of
adjustment is determined by 0 c B c 1.

For a given parameter B, the adjustment rule in (5.4) defines a discrete-time Markov

process {ok}kEp.ro on E. Suppose we approximate this process by a dynamical system in

continuous time, which follows the expected movement of the original stochastic process.

Section 5.3 shows that the steady states of the dynamical system are exactly the BRM

equilibria of the underlying game G(Proposition 5.5). Moreover, every pure strategy

BRM equilibrium of G is an absorbing state of the original stochastic process and every

absorbing state is a BRM equilibrium, but possibly not in pure strategies (Proposition

5.6). Thus, contrary to the one-shot setting, where matching behaviour is motivated on

bounded-rationality grounds, with repeated play matching turns out to be a stationarity

property of the adjustment process of players. For every game it holds that whenever

the adjustment of players settles down it must be that players match best replies.

Let us next turn to an analysis of the equilibrium concept.

5.2.2 Equilibrium Behaviour

A fundamental question with respect to any equilibrium concept is, of course, when does
an equilibrium exist. The first proposition shows that BRM equilibria exist for every

game. Denote BRM(G) the set of BRM equilibria of a game G.

(1 - B)vk(s;) ~f s( ~ B;(s-;),

Proposition 5.1 Let G-(N, (S;)iEN~ (};):EN) be a game. Then BRM(G) ~~.
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Proof: Let i E N, o- E E. Define for s; E S;

h;(s;,~-i) ~- ~ 1 ~-i(s-
{e-;ES-;~s;EB,(e-:)} IB;(S-;)I

Then

~ h~(si~~-i) - ~ ~ 1 a-i(s-~)
s,ES, s,ES, {s-,ES-;~e;EB;(a-;)} IB'(S-')I

Hence the mapping

,-,~ES-; ,,E~-;1 I Bt(s-i)I

~ o-;(s-t)
e-;ES-;

- 1.

Q-;(s-~)

O ~--~ h ( O' )

with h(o-);(s;) - h;(s;, a-;) is well-defined. In the definition of the function h; neither

the index set in the summation nor the number ~B;(s-;)~ of pure best replies depends on

the strategy combination v. Hence, this mapping is obviously continuous. Application

of Brouwer's fixed-point theorem (cf. Theorem 2.5, Chapter 2) yields the existence of a

strategy profile Q E E such that ~- h(a), which is a BRM equilibrium. ~

Remark: Since for o E E,i E N it holds that ~, Es v;(s;) -~,;ES; h;(s;,o--;) - 1, one

of the conditions o;(s;) - h;(s;,v-;) of player i is redundant.

A game H is said to be obtained by áterated elá~raination of never-best replies from a

game G- (N, (S;)iEN, (}t)iEN) if there exists a number k E N of elimination rounds and

for each player i E N a collection of sets So, S; ,..., S; and a sequence ro, }; ,...,~k of

relations such that:

(i) ForeachplayeriEN, S;-So~S; ~..-~S;`.

(ii) For each player i E N and each 1- 0,1, ..., k, ~; is the preference relation };

from the game G restricted to jj~EN S~.

(iii) For each I - 0,1, ..., k-1 and each player i E N, S; `S;}1 contains only never-best

replies of player i in the game (N, ( S; );EN, (r;)íEN), and there exists at least one

player i E N for whom S; `S;}1 is non-empty.
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(1V) H 1S the game ( N, (.Sk)iEN, (~k)iEN).

(v) In the game H, no player i E N has never-best replies.

The behaviour of the BRM equilibrium concept with respect to dominated actions
and elimination thereof is summarized in the next result.

Proposition 5.2 In a BRM equálibráum o' of a game (N, (S; )iEN, ( ~;)iEN) never-best
replies are played with zero probability.

Moreover, the set of BRM equilibria of a game G-(N, (S;);EN, (~t)iEN) equals, up
to zero probabiláty assigned to eliminated actions, the set of BRM equilibria of a game
that is obtaáned by iterated elimination of never-best repláes.

Finally, let G- (N, (S;);EN, (~;);EN) be a game with von Neumann-Morgenstern
utility functáons and let o-' be a BRM equilibrium of G. If player i's action s; ás weakly
dománated by the strategy v;, then:

for all s; E S; : if o;(s,) 1 0, then v, (s;) ~ o;(s;). (5.5)

Proof.- If s; E S; is a never-best reply, then the set {s-; E S-; ~ s; E B;(s-;)} is empty
and hence according to equation (5.3) ~; (s;) - h;(s;, v';) - 0. This proves the first
claim.

To prove the second claim, it suffices to show that the first round of eliminations does
not change the equilibrium set, since the proof can then be repeated for the additional
rounds. Assume that in the first elimination round we eliminate all never-best replies of
each player i E N

IVB; -{s; E S; ~ s; is a never-best reply of player i in G},

thus obtaining a smaller game G'. The equilibrium conditions in the game G are that
for each i E N and each s; E S;:

1
Q-; s-;

B;(s-i)~
( )

{a-;ES-;~a;EB;(a-;)} I

~ I a-;(s-~)
{a-;ES-;~a:EB;(a-;) and VjEN`{i}a~~AB~} IBi(s-i)I

~ ~ 1 ~-~(s-i)
a-;ES-; a;EB, a-: and 3 EN ~ a E1~ IBi(S-i)I{ I ( ) j `{ }: j ,}
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~ 1 a-~(s-i)
a-;E~ S 1~B a,EB, a-, IB'(s-')I

{ lEN`{,} 7` 7~ ( ~)}

f ~ 1 a-;(s-;)-
{a-;ES-;~s;EB;(e-;) and 3jEN`{;}:e7El~B)} I B'(S-')I

We know already that all actions s~ E NB~ are played with zero probability in a BRM

equilibrium. Hence the second sum in the last equality above equals zero. What remains

for each player i E N and each action s; E S; ` NB; are exactly the equilibrium conditions

for the game G'. This proves the claim.
Finally, to prove the last claim, assume without loss of generality that s; E B;(s-;).

Since o; weakly dominates s; and s; E B;(s-;), for every s; E S; such that v;(s;) ~ 0 we

must have that s; E B;(s-;). That is,

{s-; E S-; ~ s; E B;(s-;)} C{s-; E S-; ~ s; E B;(s-;)}.

Together with the definition of h;(~,a';) (see the proof of Proposition 5.1) this implies
the result:

,
a; (s;)

~
- hi(s;,~~;)

- ~ IBi(S-~)IV-t{a-, ES-; ~a; EB; (e-, ) }

- h~(si, ~~;)

- ~i (s;).

~ ( Q~;(s-i)

{a-,ES-,I~~EB.(~-;)} IBils-~)I

Proposition 5.2 calls to mind the notion of rationalizability introduced in Bernheim

(1984) and Pearce (1984). Without going into the formal definitions, it follows imme-

diately from Proposition 5.2 and Bernheim (1984, pp1015-1016) that every action that

is played with positive probability in a BRM equilibrium is rationalizable. To see this

recall that action s; E S; is rationalizable if and only if there exists a belief about the

opponents' behaviour such that s; is a best reply to this belief. Thus in particular, s;

is rationalizable if s; E B;(s-;) for some s-; E S-;. Since any action played in a BRM

equilibrium survives the iterated elimination of never-best replies, there obviously exists

such a belief for any of these actions. Thus they are rationalizable. However, note that

in a BRM equilibrium the mixed strategies themselves need not be rationalizable. This

1
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shows again that the bounded rationality concept of best-reply matching agrees with
standard rationality on the action level but disagrees with respect to mixed strategies.

The result in Propostion 5.2 does not rule out that weakly dominated actions are

played with positive and even quite large probability. Consider for example the game in

Figure 5.2.

1, 1 1,0
0, 0

L R

Figure 5.2: Weakly Dominated Actions

Action T weakly dominates B and action L strictly dominates R. Both, T and B are
best replies against L, and T is a unique best reply against R. Hence in equilibrium we
have the condition that

oi(T) - 2~s(L) f ~a(R).

The condition for v~(B) is redundant, since the probabilities have to add up to one.
Similarly, for player 2 we see that L is a unique best reply to both T and B, so that his
equilibrium condition becomes

Qz(L) - ai(T) f Qi(B).

Solving these equations and taking into account that (al, a2) E El x EZ we find that

the unique BRM equilibrium equals ((2, Z), (1,0)). Thus, the weakly dominated action

is not only played with positive probability, but that there is also no alternative action
that is played with higher probability.

Despite the relatively prudent behaviour with respect to weakly dominated actions
as expressed in Proposition 5.2, the set of BRM equilibria and Nash equilibria have no

obvious relation. In the game of Figure 5.3, for instance, the unique Nash equilibrium

equals ((3, 3), (3, 3)) while the unique BRM equals ((2, z), (2, 2)).

It is, however, possible to indicate a relation with the notion of a strict Nash equilib-

rium, as introduced by Harsanyi (1973). A strict Nash equilibrium is a Nash equilibrium

Q, where every player plays his unique best reply to the strategies of the opponents, that

is,

b'i E N : {v;} - {o; E ~; I~1Q; E ~; : 7~;(Qr,Q-i) ~ ~i(Q;,Q-;)}.
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T
B

0, 2
1, 0

2, 0
0,1

Figure 5.3: Different Nash and BRM Equilibria

It is clear that strict Nash equilibria are always in pure strategies and may not always

exist. However, if they exist, the next proposition shows that they are exactly the pure

strategy BRM equilibria of the game.

Proposition 5.3 The set of strict Nash equilibria of a game (N, (S;)iEN, (~i)iEN) coin-

cides with the set of pure strategy BRM equilibria.

Proof: The proof is straightforward. For any o E E it holds that

v strict Nash equilibrium

~ 3sESb'iEN: {s;}-B;(s-;)nv;(s;)-1
i

~ 3sESb'iEN,s'ES;: Q;(s')- 1-IB~(~-~)I ifs;-s;

' ' 0 otherwise

b o pure strategy BRM equilibrium.

O

The next subsection illustrates the concept of a BRM equilibrium by means of well-

known examples of games. These include coordination games, the game Chicken, and

the Prisoners' Dilemma. Since one can apply the equilibrium concept to the reduced

normal form of an extensive-form game, it is possible to discuss BRM equilibria also

for the class of extensive-form games. And, as we will see, a surprising result for the

Centipede game is obtained.

5.2.3 Examples

Rock, Scissors, Paper

Consider the famous game Rock, Scissors, Paper that is played by children all over the

world. The payoff matrix is given in Figure 5.4. If Bob plays Rock Alice's best reply

is Paper (since paper wraps round the rock), if Bob plays Scissors Alice's best reply is

Rock (since the rock blunts the scissors), and if Bob plays Paper Alice's best reply is

Scissors (since the scissors cut the paper). Hence, the best-reply structure is cyclic.
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Bob

Alice
Rock

Scissors
Paper

Figure 5.4: Rock, Scissors, Paper

Denote pl the probability with which Alice plays Rock and pz the probability with
which she plays Scissors. Denote ql, qz the corresponding probabilities for Bob. The
conditions for a BRM equilibrium are

Pi - 42

Pz - 1-91-4z

4i - Pz

9z - 1 - Pi - pz

with pl, pz, qi, qz E [0, 1] and pl f pz C 1 and ql -~ Qz C 1.

Simple calculus leads to the conclusion that the unique BRM equilibrium equals
the unique Nash equilibrium in which both players choose each of their pure strategies
with probability 3. Thus, in this situation best-reply matching and Nash equilibrium
behaviour coincide. However, this looks different as soon as payoffs in the game are
modified. For example, if payoffs are modified such that the best-reply structure for
both players keeps unaffected, then the BRM equilibrium is the same as before but the
Nash equilibrium is different.

Coordination

A coordination game consists of multiple Nash equilibria, where each pure Nash equilib-
rium is strict. Chapter 3 has analyzed the class of symmetric 2 x 2 coordination games
in more detail. A famous example from this class of games is the game Battle of the
Sexes given in Figure 5.5. Alice and Bob can spend their Saturday eveníng either by
going to see a boxing match or by going to the ballet. Both prefer to go together but
Alice wants to see the ballet while Bob wants to see the fight (it could, of course, also
be the other way round).

From the definition of a coordination game it is clear that a profile of strategies is a
BRM equilibrium if and only if both players play the same mixed strategy, that is both

Rock Scissors Pa er
0, 0

0, 0
0, 0
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Alice Boxing
Ballet

Bob
Boxing Ballet

2, 3
0, 0

0, 0
3, 2

Figure 5.5: Battle of the Sexes

go to boxing with exactly the same probability p. Thus, the set of BRM equilibria is an
infinite set equal to

BRM(G) - { ~(p, 1 - p), ( p , l - ~)) ~ 0 ~ ~ ~ 1 } . (5.6)

This illustrates an important difference from the Nash equilibrium concept. The
pure Nash equilibria of a coordination game are the combinations of pure strategies in
which the players indeed coordinate, i.e. choose the same pure strategy. Since these Nash
equilibria are strict, they are also BRM equilibria. However, there is also a mixed strategy
Nash equilibrium in which players do not coordinate exactly. In the example above, the
mixed strategy Nash equilibrium is ~( s~ s)~ ( s~ s)) . Obviously, this equilibrium is not a
BRM equilibrium, since it is not symmetric. Bob, for example, puts more probability on
boxing than he believes Alice does, which is not in accordance with matching. Intuitively,
in a BRM equilibrium in order to avoid miscoordination a player wants to do exactly
the same as his opponent. If Alice goes to boxing with some probability Bob will go to
boxíng with the same probability.

Intermezzo: Local Interaction, Coordination, and Best-Reply Matching

There exists an interesting relation between the set of BRM equilibria for the coordina-
tion game and the set of extremal invariant distributions in a model of local interaction,
where players can adjust their strategies to the play in their neighbourhood. Let us
discuss this relation briefly.

Assume an infinite population of agents located on the integer lattice Zn, n 1 1. Let
the coordination game be symmetric with payoffs as given in Figure 5.6. All values are
assumed to be finite and both a 7 d and b~ c. Let time be modelled continuously. At
any time each agent x E Z" plays one of the two possible actions T or B. The collection
of actions over the whole population at some time is given by a configuration

~ : Zn -. {T, B} (5.7)

x H ~(x)~
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where i;(x) denotes the action of agent x. Denote ~ the set of all possible configurations.
For t~ 0 denote ~t E ~ the configuration at time t.

T a,a c, d
b, b

B

B d, c

Figure 5.6: Symmetric Coordination Game

Similar to the model of Chapter 3 each agent x E Z" continuously and uniformly
interacts with the set of local neighbours y E N(x) -{y E Z"~ ~y - x~ - 1}. However,
instead of sequentially matching x with all 2n neighbours, assume that with rate equal
to 1 x is randomly matched with exactly one of his neighbours y E N(x). Depending on
the realization of play in that match agent x adjusts his strategy. If x plays a best reply
he stays with his action, if he does not play a best reply he immediately switches to the
other action.s The complete procedure is again modelled via flip rates. For x E Zn, ~ E ~
let r(x, ~) denote the flip rate of agent x given configuration ~. Then our assumptions
say that

znnT(x, ~) if ~(x) - B
r(x,~) - (5.8)

znnB(x, ~) if ~(x) - T,

where n'(x, ~) is the number of neighbours of x that play action s E {T, B} in configu-
ration ~.' At any time agent x abandons his current action and adopts the other action
with rate equal to the current share of neighbours that play the other action. (Note that
with rate 1 agent x is matched with some neighbour. Since the number of neighbours
equals 2n, with rate Zn agent x is matched with a particular neighbour y E N(x).)
The intuition is that the feeling of regret caused by the experience of not having played
the right action induces the agent to change his behaviour into the direction of what
would have been best in that particular match. Note that agents behave very myopical-
ly. They do not reflect on other things than merely the success of their action in their

sThe assumption of random matching is not crucial. The same holds with sequential matching as
done in Chapter 3.

'Similar to the adjustment studied in Chapter 3 flip rates can also be generalized by introducing a
sensitivity parameter that measures the degree of adjustment of strategies. This parameter then plays
a similaz role as a in the other chapter. However, by the same argumentation as the long-run behaviour
of the adjustment process in Section 3.2 does not depend on a, the long-run behaviour of the process
determined by (5.8) is independent of that parameter. As long as it enters flip rates symmetrically, i.e.
the degree of adjustment is the same for both actions, the effect is equivalent to a change of the time
scale (cf. Proposition 3.1).
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recent match. Furthermore, they are also not influenced by the actual payoff they earn.

With this respect the behaviour differs to a great extent from the stochastic strategy

adjustment analyzed in Section 3.2 of Chapter 3. As agents focus on best replies only

it does not matter whether they actually earn a rather high payoff or not. What does

matter is simply the question whether the action they played was a best reply or whether

the other action would have done better.

Flip rates in (5.8) define a unique continuous-time Markov process {~~}t~o on the

state space ~. In fact, comparing the rates with those in Definition 3.1 of Chapter 3,

we observe that both coincide in case a-d- 6- c, i.e. if both Nash equilibria are

equally risky. Mathematically, the adjustment in (5.8) follows the dynamics of the so-

called voter model introduced by Clifford and Sudbury (1973) and Holley and Liggett

(1975). (See Chapter 2.) The intuition for the accordance with the adjustment studied

in Chapter 3 lies at hand. Since in the present model agents focus entirely on an action's

property of being a best reply, the payoff matrix of the underlying coordination game is

behaviourally equivalent to the one where a- 6- 1 and c- d- 0. And then indeed

a- d- b- c. From the viewpoint of best replies both strict Nash equilibria are in fact

equally risky.
The surprising result is now that in the long run the process {~t}t~o exhibits a sta-

tionary behaviour that coincides exactly with BRM equilibrium behaviour. Precisely, for

n E{1, 2} the only extremal invariant distributions of the process { ft}~~o are vT and ve,

putting full mass on the configurations where all agents in the population play action T

and B, respectively. For n~ 3 the set of extremal invariant distributions is equal to the

set

where for each p E[0,1]

{vp~ p E [0,1]}, (5.9)

vp(~(x) - T) - p, (5.10)

for all x E Z". This is the well-known result about the stationary behaviour of the voter

model on Z" for n~ 1, which was proven, e.g., by Holley and Liggett (1975) [see also

Chapter V of Liggett (1985) for a generalization of the result]. Thus, the result says

that if agents' adjustment settles down, either they coordinate on one of the two pure

strategy BRM equilibria, which is the only possibility if the dimension n G 2, or they

coordinate on playing action T with exactly the same probability p E [0,1] as everyone

else in the population. In particular, every pair of neighbours plays a BRM equilibrium

in the long run. This finding appears exceptionally nice and it gives a further motivation

for the BRM equilibrium concept for the class of coordination games.
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Let us now continue with the discussion of other examples.

Chicken

The structure of BRM equilibria for coordination games is similar to those in the game
Chicken (Figure 5.7).

Alice Defensive
Aggressive

Bob
Defensive Aggressive

1, 1
3, 0

Figure 5.7: Chicken

0, 3

If Bob is aggressive it is best for Alice to be defensive, but if Bob is defensive it is
best for Alice to be aggressive. The same holds for Bob the other way round. The set
of BRM equilibria is again a continuum. It consists of those profiles where players are
aggressive with the same probability as the other one is defensive.

BRM(G) -{((p, 1 - p), (1 - p, p)~ ~ 0 G p C 1}. (5.11)

Note that similar to the coordination example both pure Nash equilibria ((0,1), (1, 0))

and ((1,0), (0,1)) are an element of this set, while the mixed Nash equilibrium is not.

The mixed Nash equilibrium of this game is equal to ~( 3, 3), ( 3, 3)~ , and it is symmetric

since the game is symmetric, too. However, the only BRM equilibrium that is symmetric

is where p - I- ~.

Prisoners' Dilemma

An easy example is the Prisoners' Dilemma. 5ee Figure 5.8.

Bob

Alice Cooperate
Defect

Cooperate Defect
2, 2
3, 0

0, 3

Figure 5.8: Prisoners' Dilemma

Since for both players Defect is the strictly dominant pure strategy in this game the
unique Nash equilibrium and also the unique BRM equilibrium is where both players
defect with probability one.
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Centipede

As BRM equilibrium is a concept for normal-form games we can apply it also to exten-

sive form games when looking at the reduced normal form of that game (cf. Chapter

2). An interesting example yielding a surprising result is the K-choice centipede game

introduced by Rosenthal (1981), K G oo. In this game two players, Alice and Bob,

alternately move. In any of the 2K periods, the player whose turn it is to move can

decide either to stop the game or to continue. Consequently, both players have K f 1

actions: stop at any one of the K opportunities, or continue all the time. The game ends

if one of the players decides to stop or if neither player has decided to do so after each of

them has had K opportunities. Payoffs are such that for each player the outcome when

he stops the game in period k is better than that in which the other player stops the

game in period k f 1(or the game ends), but worse than any outcome that is reached if

in period k f 1 the other player passes the move to him again. An example of a 3-choice

centipede game is given in Figure 5.9.

Stop

1 Continue 2 Continue 1 Continue 2 Coniinue 1 Continue `l Continue

Stop Stop Stop Stop Stop

1, 0 0, 2 3,1 2, 4 5, 3

Figure 5.9: 3-Choice Centipede Game

4, 6

6, 5

Suppose Alice is player 1 and Bob is player 2. Then Bob's action to stop at his kth

opportunity is a best reply to the following actions of Alice:

~ Alice stops immediately, then all of Bob's K f 1 actions are a best reply.

~ If k- K the unique best reply to Alice's choice to continue always is to stop at

the final stage.

~ Alice decides to stop at opportunity k f 1.

Similarly, Alice's action to stop at her kth opportunity is a best reply to exactly one

action of Bob:

~ Bob decides to stop in the next period, at his kth opportunity.
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For k- 1, ..., K denote by pk the probability with which Alice stops at her kth
opportunity, once this opportunity is reached. Analogously, denote qk the probability
for Bob to stop at his kth opportunity once he is there. Thus, the following computations
are in behavioural, rather than in mixed strategies (cf. Chapter 2).

We will see that for each number K E N of choices the unique BRM equilibrium is
where

2
pK-k - qK-k - k~ 3 , k E{0, ..., K- 1}.

Thus, if the number of choices K approaches infinity, the probability for each player

to stop at the first (and by the same argument at any finite) opportunity, converges
to zero. This provides a potential resolution of the paradoxical aspect of the centipede

game. In the unique Nash equilibrium both players stop immediately with probability

one, in the BRM equilibrium concept they stop immediately with positive probability,
but the solution indicates that there is a strong urge to continue playing thus providing

the possibility to achieve more preferable outcomes.

The description of the K-choice centipede game in terms of best replies as emphasized
above gives rise to the following BRM equilibrium conditions for Alice:

pi - 9i

(1 - pi)Pz - ( 1 - qi)qz

(1-pl)(1-pz)...(1-pK-i)PK - (1-ql)(1-Qz)...(1-9K-i)qK.

Similarly, for Bob:

9i - Kp} 1 f( 1 - pi)pz

(1 -9i)qz - Kp} 1 -F ( 1 -pi)(1 -Pz)Ps

(1-qi)(1 -qz)...(1-qx-i)qK - Kp}1 f(1-p,)(1-pz)...(1 -pK).

The conditions that arise from always continuing are redundant since probabilities
add up to one.

We prove first that in the K-choice centipede game we have for each k - 1, ..., K-1
that

Pk - qk ~ {~, 1}. (5.12)

This is necessary to avoid division by zero when solving the game. From the first con-

dition of Alice we know that pl - ql. Suppose that pl - 1. Substitution in the first
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condition of Bob yields 1- K~l , and thus a contradiction. So suppose that pl - 0.

Then by Alice's second condition p2 - Q2 and together with Bob's first condition p2 - 0.

Using the third condition of Alice we get that p3 - Q3 and by the second condition of Bob

again that p3 - 0. Proceeding in this fashion yields that p~ - qk - 0 for all k- 1, . .., K,

which contradicts the final Kth condition of Bob. Hence we know that pl - ql ~{0,1}.

Now assume that we have shown for some k E{ 1, ..., K- 2} that

b'nCk:p„-9„~{6,1}.

We show that the same holds for k f 1. First of all, from condition k f 1 of Alice,

Pkfi - 9kt1. Consider condition k f 1 of Bob:

(1 - qi)(1 - 4s)...(1 - qk)9kti - KPt 1 f(1 - pi)(1 - ps)...(1 - pkfi)Pkf2-.~o

If qktl - 0, the left hand side equals zero, which would imply that pl G 0, whereas we

know from the above that pl 1 0. If pk}1 - 1, condition k-~ 2 of Bob reduces to

Pi
~-Kfl'

a contradiction. This concludes the argument. Let us now solve the game.

Substitute the left-hand side of Alice's conditions in the left-hand side of Bob's con-

ditions. This yields

pi - KP~ 1 f( 1 - pi )Pz

(1 - pi )Pz - KP} 1 -f- (1 - pi ) (1 - Pz )Ps

(1-pi)(1 -Pz)...(1-px-i)PK - KP}1 }(1-Pi)(1-Ps)...(1 -pK)-

Obviously, the first equation is equivalent to

K
Kflpi-(1-Pi)P2.

Using this equality to replace the left-hand side of the second equation leads to

K P~
Kf1Pi - Kfl

f(1-pi)(1-P~)Ps,

which is equivalent to

K f 1Pi -( 1 - Pi)(1 - Ps)P3.
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lise this equation, again, in order to replace the left-hand side of the third equation.
This leads to

x f 1P~ - ( 1 -P~)(1-Pz)(1-P3)P4-
Continuing in this way, we get the following equivalent system of K equations:

K f 1 P~ - (1 - P~ )Pz

K f lp' - ( 1 -P~)(1 -Pz)Ps

K

1
Kflpi - ( 1-Pi)(1-Pz)...(1-px-i)Px

2

Kflp' - ll-P~Jll-Pz)...~l-px-~)ll-Px).

The final step is to roll it up backwards again. Add the last and the second last
equation to get

K f 1P~ - ( 1 -P~)(1 - Pz)... (1 -ph--1). (5.13)

In combination with the second last equation and (5.12), which assures that we do not
divide by zero, this immediately leads to

2
Px-3.

Now start with equation (5.13). First, add the third last equation and second, divide
in a similar way. This yields first,

6 1 - pz)...(1 - px-z),K f 1P' - (1 - pl)( (5.14)

and second,
3 1

Px-i-6-2.

Now do this again with equation (5.14) in combination with the fourth last equation
and get

and so
Klf 1Pi - (1 - pi)(1 - Pz) .. . (1 - px-s),

4 2
Px-z - 1~ - 5~

This procedure stops when reaching the first equation, thereby generating the follow-
ing sequence of probabilities:

K-2

3

2 1 2 1 2 1
Px,Px-i,Px-z,... - 3, 2, 5, 3, 7, 4~... .

(5.15)
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It is easy to see that

2
`dk E {0, . . . , K - 1 } : pK-k - 9x-k - k f 3 ~

(5.16)

This is the unique BRM equilibrium of the centipede game. Players continue with

positive probability at every node but the probability to stop increases as players reach

further nodes of the game. This finding is mentioned as the most obvious and consistent

pattern in the experimental study of McKelvey and Palfrey (1992) on the centipede

game. As the authors say, "any model to explain the data should capture this basic

featuren [McKelvey and Palfrey (1992, p809)]. Thus, while no standard game theoretic

solution concept can predict this outcome, best-reply matching does already a good

job. Moreover, the probably rather surprising result that a player continues at his

final opportunity with positive probability, although this action is strictly dominated

by stopping at that node, is observed in the sessions of McKelvey and Palfrey, as well.

On average, about 24010 of the time a player continued at his final node. The BRM

equilibrium gives a probability of 3, which is slightly more than the observed frequency

but still much better than the prediction given by rational theory.

Another nice feature of the BRM equilibrium is the fact that if the number of choices

K approaches infinity, the probability for each player to stop at the first (and by the

same argument at any finite) opportunity, converges to zero. Thus, depending on the

length of the game and the corresponding prospects of higher payoffs players go into

the game and continue playing with large probability. Osborne and Rubinstein (1998)

obtain a similar result. However, they conclude that their equilibrium notion makes

sense only if both players fail to understand the structure of the game. This results from

their assumption mentioned before that players simplify the situation by viewing it as a

game against nature instead of as a game against other players. In contrast, in the BRM

equilibrium concept the equilibrium conditions form an almost immediate translation

of the strategic structure of the underlying game. In the centipede game it is a unique

best reply to stop exactly one period ahead of the opponent's intent to do so. Based on

this equilibrium notion we still find a potential resolution of the paradox posed by the

game. Players play the unique Nash equilibrium of stopping immediately with positive

probability, but there is a strong urge to continue playing.
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5.3 Adjusting towards Best-Reply Matching
Learning theory, on the one hand, and game theory (...), on the other, óoth

purport to provide theories of `rational' behavior. (...) It would be interesting, in
order to gain a better understanding of the concepts of `rationality' underlying these
two bodies of theory, to construct a situation in which their predictions of behavior
could be compared, and in which these predictions, in turn, could be compared with
experimental data on actual óehavior.

- Herbert A. Simon, Models of Man, 1957

This section analyzes in more detail a dynamic adjustment process that leads to best-
reply matching behaviour in the limit (cf. the motivation given in Subsection 5.2.1
above). Players repeatedly interact with each other playing a fixed non-cooperative
game. At each point in time, the behaviour of a player is characterized by a mixed
strategy, i.e. a probability distribution over the set of possible actions. This probability
distribution describes the probability with which each of the possible actions is actually
chosen. Now, in each play of the game players are confronted with a particular outcome
of the game. This outcome is determined by the realizations of all players' strategies,
i.e. the opponents' strategies and the action a player has chosen himself. Typically, such
a realization of play will have a positive or negative value to the player and is expected
to influence the future behaviour of that player. In the following model this effect is

captured by a myopic adjustment of the player's strategy. Roughly said, in each period

players adjust their strategy by increasing the probability of any action that was a best
reply to the realized outcome of the game and decreasing the probability of those that

were not.

This kind of adjustment is closely related to models of reinforcement learning, see
Bush and Mosteller (1955) for an early reference. These models have received a lot of
interest recently, either to explain experimental findings [Roth and Erev (1995), Erev
and Roth (1998)], or to give learning theoretical foundations of population dynamics
used in evolutionary game theory [Bdrgers and Sarin (1995, 1997)]. The basic idea
of reinforcement learning is that players behave in a stimulus-response fashion where
actions are positively or negatively reinforced through experiences of the player. From
the players' rationality or knowledge point of view these models are very simple, since
they do not require a player to develop a highly complicated cognitive process in order
to form beliefs about his environment. Instead they rely on cognitively rather limited
adaptive behaviour.s In this sense they coincide with the approach in this model, since

BErev and Roth (1998) call their approach "low" (rationality) game theory in contrast to standard
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players are also assumed to myopically adjust their behaviour to current experience from

playing the game. The work of BSrgers and Sarin (1997) is of special relevance for the

model since the techniques we will use are very similar to the ones they use. Moreover,

in their co-paper ~Bórgers and Sarin (1995)] the authors obtain a comparable matching

result. Still, their approach relies on an endogenously moving aspiration level, whereas

players in the following model can be seen to have a fixed aspiration level based on their

best-reply structure.

Another part of the literature to which the approach is connected comprises the work

of Hart and Mas-Colell (1997, 1998), Fudenberg and Levine (1997), and Foster and

Vohra (1997) on calibration models. Yet, while these papers focus mainly on adaptive

procedures leading to correlated equilibria the process in this study features convergence

to best-reply matching equilibrium. Still, to some part the intuitions of the assumptions

coincide. For instance, Hart and Mas-Colell (1997) assume that players adjust proba-

bilities to individual actions by measuring the average regret of not having played that

action in the past. In the model described in this section players are more myopic in the

sense that they focus on recent history only. Moreover, regret in Hart and Mas-Colell

(1997) is measured by payoff differences, whereas the basic idea of this study is to mea-

sure regret in terms of best replies. Hart and Mas-Colell (1998) consider also a general

class of adaptive procedures.

5.3.1 Myopic Adjustment

Consider a non-cooperative game G- (N, (S;);E,v, (~t)iEN), which serves as the so-called

stage game that is played repeatedly in discrete time. In any period k E No each player

i E N is assumed to play an action that is drawn from the distribution given by his

mixed strategy ak. These actions result into a particular realization of play of the game

G. After this realization is observed by all players everybody myopically adjusts his

strategy for the next period. That is, for any k E No, after observing the realization

of ok - (oi ,..., an) Players update their individual probabilities of playing particular

actions. This leads to the definition of ok}' -(~i}', , vnt' ), which determines the

realization of play in period k-~ 1. So on and so forth. Considering a specific procedure

of adjustment that is based on best replies, the question is, where does this adjustment

eventually lead to. Does it settle down, and if it does, how does the stationary behaviour

of players look like. The adjustment of players is assumed to be as follows.

"hyper-rational" game theory.



5.3. ADJUSTING TOWARDS BEST-REPLY MATCHING 167

Suppose the game is in its kth repetition and the action profile s E S has been

realized. (This assumes, of course, that vk(s;) ~ 0 for every player i E N.) Each player

adjusts his strategy as follows.

Definition 5.3 Given k E No, Qk E E, s E S, for each player i E N strategy a;`t1 is

given by

ak}'(S~) - (1 - B)~k(Sí) f ~a.(~-~)I 2f Si E B'(S-') (5.17)
- (1 - B)~i(Si) tl Si K Di(s-i)f

with s; E S;. The parameter 9 is exogeneously fixed with 0 G B G 1.

Definition 5.3 specifies that each player i E N adjusts his strategy by first propor-
tionally decreasing all probabilities by a fraction B, where 0 G B G 1. This then leaves
the player with a probability B that is reallocated to the actions that are best replies to
the realized action profile of his opponents in the kth repetition of the game. Following
a similar idea as in the one-shot setting the probability B is equally distributed among

all best replies (cf. Definition 5.1). The idea of this adjustment procedure is that players
focus on optimal behaviour in terms of best-replies to an observed action profile. In
each period they shift their behaviour towards those actions that are indeed a best reply,

where the degree of this shift is determined by the parameter B.

Note that, while the action currently played by a player does not directly influence

the way in which he adjusts his strategy, the action does influence the updating process
of all of his opponents. In consequence, the action currently played does influence the

future strategy profiles of his opponents and therefore it will influence his own adjustment
process indirectly. Note also that the probability of an action, which is a current best-
reply, does not necessarily have to be increased. Intuitively, if there exist alternative

best-replies to which only small probability is attached so far, it can be that first this

probability is increased in order to balance the individual weights among all best replies.

If there are no multiple best-replies this obviously cannot happen.

Expected Movement

For a given parameter 9, 0 G B G 1, the adjustment rule in (5.17) defines a discrete-time

Markov process {vk}kENo on the state space E. Let us examine the expected movement

of this process more closely.
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For k E No, v E E, i E N and s; E S; denote E~a;`}' (s; ) - vk(s; ) ~ ok - oJ the

expected value of Q;c}1(s;) - ak(s;) conditional on the event that the state of the process

at time k is v. It holds that

E rak}1(Si) - ~k(si) I ak - a~

~ ((1 - B)oi(si) f
~B;(s-~)~ - ~i(si))

~-i(s-i)
{a-,ES-,~s,EB;(s-,)}

-r ((1 - 9)o;(s;) - o;(si)) 1 - ~ Q-;(s-i)

( {e-,ES-,~e,EB,(a-;)}

~ ( B - 8v;(s;) Q-;(s-~)
{e-;ES-;~~;EB;(~-;)} `IBi(S-s)I

-Ba;(s;) I 1 - ~ v-,(s-,) I
` {~-,ES;~a,EB;(~-,)} J

- B ~ 1 v-i(s i)l - vi(si) . (5.18)
` `{~-;ES-,~~;EB;(~-,)} IB i(S-i)I - I

This calculation serves for the definition of a dynamical system in continuous time

that approximates the original discrete-time stochastic process in a nice way. The ap-

proximation turns out to be justified if we ensure that firstly, the time length between

different periods becomes infinitesimally small and secondly, players' adjustment slows

down at the same rate at which this time length approaches zero. As we will see, the dy-

namical system exhibits an interesting asymptotic behaviour corresponding one-to-one

to the notion of best-reply matching equi}ibrium. However, it should be noted that since

the dynamical system is an approximation of the original process only, ex ante it is not

clear whether the asymptotic results for the dynamical system hold for the stochastic

process, as well. In fact, as we will see, this is not the case, which affirms the deep

difference between both approaches. A related discussion of this issue can be found in

the study of BSrgers and 5arin (1997).
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Denote ry E R} the time that passes between two repetítions of the game. For any
given ry 1 0 modify Definition 5.3 in the following way.

Definition 5.4 Given ry 1 0, k E li~to, o"'k E E, s E S, for each player i E N strategy
v; 'k}1 is given by

a",k}1(S:)
-,

with s; E S;. The parameter B is eaogeneously fized with 0 G B C 1.

Again, for given parameters ry, B, with y ~ 0 and 0 G B C 1, we obtain a discrete-
time Markov process {v"~k}kEINo on the state space E. Since the time interval between
repetitions of the game is equal to ry, the random variable v"~k gives the state of the
process at time ky. Note that for y- 1 Definition 5.4 is identical to Definition 5.3.

The following proposition determines the limiting process as -y approaches zero. We
thereby get the approximating dynamical system in continuous time. The state of the
system at time t E R} is obtained by taking the limit of v"~k as ry-~ 0 and ky -~ t.

Proposition 5.4 Let vo be the initial state of the stochastic process {o-"~k}kENo. Fáx
some tim,e t E R}. For-y --~ 0 and ky -~ t, o".k converges án probability to Qt, where the
latter is the state oJ the dynamácal system at tá~ree t satisfying

(1 - rye)~i'k(s;) ~ ~B,( B,)I ~f sti E B~(s-~)

(1-7e)~,'k(S,) if S~ ~ B;(S-;),
(5.19)

(i) óo - v almost surely,

dó`(s;) ~ r r
(ii) át B I` I`

~ 1
v~

~B;(s-;)~ -;
{e-,ES-,~a,EB,(a-,)}

-; ) I - ~~ (

withiENands;ES;.

(5.20)

)~ , (5.21)

Proof.~ The proposition follows from Theorem 1.1, Chapter 8 of Norman (1972), which
establishes the result from several conditions [cf. Theorem 2.6 in Chapter 2 of this work].
The following proof verifies the conditions of the theorem.

Regard Q"~k as a column vector, i.e. as an element of [0,1]~'ENIS~I ~ RE'EN~s'~. The
first condition of Norman's Theorem (a.l) is satisfied because the state space of the
Markov process {o"~k}kENo does not depend on ry. The remaining conditions concern
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first, second, and third moments of the process. Define the functions

w : R~~ENIS~I

and

v : R~~ENIS~I

~ RE,ENISiI
r Q7,k}1 - ~7,k

IIL ryv r-. w(o) :- E

O ~--~

R~EiEN Isi Il X ~ EiEN IS~ I~

~ ~ ~7,k} 1 - ~7, k ~ 2

v(Q):- E 7

-E

- Var
r ~7,k}1 - ~7,k

ry

Ury'k - O~ .

Here v2 - vv' for v E RE'Exls~l ~,here v' denotes the transposed vector. Functions w

and v give expectation and covariance matrix of the random variable ,`-~ (o7~k}1 - a7,k)

conditional on the event that the state in period k is equal to o. Since these functions are

independent of ry, conditions (a.2) and (a.3) are satisfied. Note that for any Q E R~'Exls~l

w(Q) is coordinate-wise equal to (5.18). Conditions (b.l), (b.2), (b.3), and (b.4) require

w to be differentiable, the derivative of w to be bounded and Lipschitz continuous, and

the function v to be Lipschitz continuous as well. 5ince the functions are polynomial

functions with compact domain the conditions hold. Finally, condition (c) requires that

the function

T : R~~ENIS~I

where for x E RE~ENIS~I

7

E.ENIS,I

3

i
~ry'k - ~J

~x~3 '- ~ ~x~~3,
(-1

is bounded from above, which holds by the same argument as above. Thus, all conditions

of Norman's Theorem are fulfilled. The theorem ensures that the expectations of random

variables Q"~k converge to the expectation of Q` as ry--~ 0 and kry --~ t, with ó` being

the solution to the system of differential equations in (5.21) with initial condition ( 5.20).

Since convergence of expectations implies convergence in probability this concludes the

proof. ~

~ R
ay,k}1 - ~7,k

o H r(a):- E L

ry
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Multiple Populations

In order to get a better intuition for the dynamical system consider the following alter-
native interpretation, which instead of relying on myopic strategy adjustment of a finite
number of players relies on a multi-population model. Suppose there exist n- ~N~ large
(infinite) populations of agents. Each agent in population i E N is programmed to an
action in S;. The share of agents in population i programmed to action s; E S; at time
t is given by Q;(s;). At any instant of time a fraction 9 of every population is called to
play the game. These agents are randomly matched in n-tuples. After the game has
been played each participating agent dies and is replaced by one child. The child adopts
a best-reply to the action profile his parent was confronted with. In case of multiple
best replies the child adopts each of these with equal probability. Let h;(s;,vt;) be the
probability that at time t a child from population i will adopt action s; when shares of
actions in the remaining populations are given by vt ;. That is,

h;(s;,at;) - ~ 1 ót~(s-;). (5.22)
{s-1ES-II9fEB~(e-')} ~Bi(S-i)I

The net changes in shares of actions in population i E N are then described by the
following differential equations (time being continuous):

dv;(s;) -
Bhi(s;,ó`;) - Bó~(s;), (5.23)dt

with t E R.~ and s; E S;. To see this, simply note that by assumption a fraction 9 of
the current share á;(s;) is subtracted and replaced by Bh;(s;,át;). Obviously, (5.23) is
identical to (5.21).

5.3.2 Asymptotic Behaviour

Steady States

Having defined the approximating dynamical system {á~}~~o that follows the expected
movement of the original stochastic process, let us first examine how the set of steady
states of this system looks like. A profile Q E E is a steady state of the system if the time
derivative of the system vanishes when the system is in state Q, that is, b'i E N, s; E S;

dói(s )
dt t

-0ifv`-v. (5.24)

The next proposition shows that steady states of the continuous-time limit are exactly
the BRM equilibria of the underlying game.
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Proposition 5.5 Consider a game G- (N, (S;);EN, (};);EN). The set of steady states

of the dynamical system {Q~}t~o coincides with the set of best-reply matching equilibria
of the game G. -

Proof.. The proposition follows immediately from comparing the conditions for a steady

state of the continuous-time limit (5.21), (5.24) and the definition of a BRM equilibrium

in (5.2). 0

By Proposition 5.5 we obtain a dynamic motivation for the BRM equilibrium concept.

Contrary to the one-shot setting, where matching behaviour was motivated on bounded

rationality grounds, in the dynamic framework matching turns out to be a stationarity
feature of the strategy adjustment of players. For every game it holds that whenever the

adjustment of players settles down it must be that players match best replies.

Absorbing States

We now analyze the asymptotic behaviour of the original stochastic adjustment process

itself. As we will see, the asymptotics of this process do not necessarily coincide with

those of the approximating dynamical system, although we find a sufficiently nice agree-

ment. Without loss of generality assume ry- 1, hence the stochastic process is given by

(5.17) in Definition 5.3.

The next proposition identifies the absorbing states of the process {Qk}~Ey.Io following

the adjustment specified in (5.17). Similar to the steady states of the dynamical system

an absorbing state of the Markov process {ak}kEyvo is simply an extremal invariant

distribution. Once the process is in such a state it stays there almost surely.

Proposition 5.6 Consider a game G- (N, (S;);EN, (~;)rEN). Then every pure strategy

BRM equilibrium of G is an absorbing state of the process {~k}kENo. Furthermore, every

absorbing state of the process is a BRM equilibrium, but possibly not in pure strategies.

Proof.. A profile Q E E is an absorbing state if and only if it is a fixed point under the

transition dynamics (5.17), i.e. vktl - vk for vk - Q. So suppose v is an absorbing

state. We have to distinguish two different cases, depending on whether an action is a

best reply or not. For i E N, s; E S; either

v(s)-(1-B)o(s)f
e (5.25)~ s ~~

~ t( t)~B s-
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for some s-; E S-;, or

v;(s;) - (1 - B)Q;(s;). (5.26)

The second case (5.26) immediately implies that v;(s;) - 0. The first case (5.25), which

can arise only if o-;(s-;) ~ 0, implies that

I (5.27)
~i(s') - ~Bi(s-~)~

for each s-; that is played with positive probability. Thus, an absorbing state is where
every player always plays a best-reply (and thus never feels regret), and in case of multiply
best-replies each action receives the same weight. Now if o is a pure strategy BRM
equilibrium, by definition there exists an action profile s E S such that B;(s-;) -{s;}

and a;(s;) - 1 for each i E N. Hence, a is an absorbing state, which proves the first
statement. If o is an absorbing state that puts positive probability on more than one

action for at least one player i E N, it still holds for every player i E N and s; E S; that

Q;(s;) - 1
IB;(s-i)I

Hence,

for all s-; such that v-;(s-;) 1 0.

v;(si) - B I ~ a-;(s-;)
~ ~(s-~)~ {~-;lo-;~~-;)~o}

1

~ IBi(s-i)I~-i(s-i),{~-;lo-;(~-;)~o}

where the last equality follows from the fact that the number of best replies must be the
same for each profile s-;, since Q is an absorbing state and therefore (5.27) is true. As

only best replies are played in an absorbing state it follows that {s-;~o-;(s-;) ~ 0} -

{s-;~s; E B;(s-;)} and therefore the right-hand side of the last equation is equal to

~ 1 ` ~-i(s-i),

{n-~~~~EB~~J-~1} I Bi(S-~)I

which means that v is a BRM equilibrium. This concludes the proof.

The proposition says that every BRM equilibrium in pure strategies is an absorbing

state of the stochastic strategy adjustment process. Recall from Proposition 5.3 of the

preceding section that pure strategy BRM equilibria are exactly the strict Nash equilibria

of the game. A strict Nash equilibrium may not exist. However, the proposition ensures

also that if the process has an absorbing state at all, it must be a BRM equilibrium.
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Thus, similar to the continuous-time limit the result provides a foundation for best-reply

matching in terms of stationarity of players' adjustment. Whenever, under the dynamics

of (5.17), all players stay with their (mixed) strategy, this necessarily implies that they

are in a best-reply matching equilibrium.

There are games for which an absorbing state of the stochastic process does not

exist. An example is the game matching pennies (Figure 5.10), where the unique BRM

equilibrium is the profile v' -~(2, 2), ( 2, 2)~.

Head
Tail

Head
1, -1

-1,1

Tail
-1,1

Figure 5.10: Matching Pennies

Since an absorbing state is always a BRM equilibrium and the profile v' is obviously

not an absorbing state (each player feels regret with probability 2), the game has no

absorbing state. In this example the adjustment of players never settles down.

The results show that the asymptotic behaviour of the stochastic adjustment process

{ok}~ENo may be different from the asymptotic behaviour of the approximating dynami-

cal system {ót}t~o. To illustrate this point, consider a symmetric 2 x 2 coordination game.

From Proposition 5.5 it follows that the set of steady states of the dynamical system

is equal to the diagonal {~(p, 1- p), (p, 1 - p)) ~ p E[0, 1] } E E. Moreover, a result due

to Edward Droste says that each single state in this set is Lyapunov stable [see Droste,

Kosfeld, and Voorneveld (1998b)]. Thus, starting with a strategy profile in the interior

of this set the dynamical system will stay at that point and, moreover, any small change

of the system will not lead the process away from the mixed strategy BRM equilibrium.

However, according to Proposition 5.6 the absorbing states of the Markov process are

exactly the corner points of the diagonal ((1, 0), (1, 0)) and ((0,1), (0,1)) equal to the

two pure strategy BRM equilibria of the coordination game. Therefore, starting from the

same initial state as the dynamical system, the only limiting behaviour of the stochastic

process is not to stay in the interior but to eventually reach the boundary converging to

one of the pure strategy equilibria.



5.4. EXTENSIONS 175

5.4 Extensions

The chapter has explored a new model for boundedly rational players in non-cooperative

games. The main idea is to focus on the role of regret in the decision making of individual

players. Regret as the feeling of not having taken the right action may arise whenever

it is uncertain which action profile of the opponents will actually be played. As the

anticipation of regret is expected to influence the decision making of a player, it is a

natural question to ask how this influence can work. The present model proposes a

possible way of influence called best-reply matching. While the notion of best reply
is a standard concept in game theory, matching is a rather unknown concept in the
field. Although there exists already a lot of empirical evidence for matching behaviour

in decision theory, so far no work has been done that looks at matching behaviour in
games. As far as best-reply matching is concerned matching can be motivated as regret

avoiding behaviour in one-shot games. Moreover, by analyzing a myopic adjustment

process best-reply matching is confirmed in terms of stationary behaviour of players'
adjustment of strategies. Mathematically, the concept appears to be already a robust

finding. Still, in order to further assess the value of the new equilibrium concept and

extend its current applicability, there are three main issues that have to investigated.

Cardinal concept

One major issue is to analyze, probably in a slightly different set-up, how best-reply

matching behaviour can be extended to a cardinal concept that takes payoff differences
into account. A cardinal concept is also the initial approach of Loomes and Sudgen (1982)
and Bell (1982), who choose a model that modifies the utility function of an individual.

Of course, when cardinal issues are to be modelled the existence of payoff functions has to
be assumed. The present model does not need the assumption of payoffs functions since

it is based on the weaker presumption that players have reflexive acyclic preferences over

outcomes of the game. However, it is apparent that there is a difference in regret between

the situation, where a player gets ~10 and he could have got ~11 and the situation, where

he gets ~10 and he could have got ~1,000. A model where regret linearly depends on

payoff differences does not seem to be appropriate, because the situation looks again
different if one compares 81,000,010 with 51,000,011 and 51,000,010 with ~1,001,000. In

fact it is true that if players maximize the expectation of a modified utility function that

depends on payoff differences in a linear fashion, the behaviour is equivalent to standard

rationality. Hence, in order to explain the empirical findings Loomes and Sudgen (1982)

model the regret of an individual, for example, by a three times differentiable function
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that is convex in payoff differences. Whether this is the way to proceed remains to be

seen. That cardinality is important seems to be clear.

Extensive-form games

Another direction for future research is to make the concept of best-reply matching
applicable directly to games in extensive form. Since the concept is only defined for
normal-form games so far, at present we are forced to seek recourse to the reduced normal

form of a game whenever we want to analyze a game that originally is in extensive form.
This was done for example in the centipede game in Section 5.2.3. However, by referring
to the reduced normal form a lot of informational structure of the original game gets
lost that may effect also the best-reply matching behaviour of individual players. In the
centipede game, for example, when analyzed in the original extensive form, a player will
regret an action chosen at some node only if this node is actually reached. Moreover, by

learning what the opponent has done so far a player can update his initial beliefs about
what the other might be going to do at nodes that are still to come. In consequence,

by matching his own reaction to the updated belief about the opponent a player may

adjust his behaviour for future nodes, as well. The BRM equilibrium as calculated

in Subsection 5.2.3 cannot take these issues into account since it relies heavily on the

assumption that players decide in advance how to behave at each node, as it is captured

in the reduced normal form of the game. It is an interesting question whether the result
stays true when the equilibrium notion operates on the extensive from directly. However,
in a sense there is hope since the Nash equilibrium of stopping immediately is also the
unique Nash equilibrium in the reduced normal form of the game and in this framework
it is challenged already by the BRM equilibrium

Empirical evidence

Finally, the main issue that has to be addressed is to gather empirical evidence to deter-

mine the extent to which best-reply matching behaviour actually occurs in interactive

situations modelled by non-cooperative games. Since most empirical studies about re-
gret concern decision theoretic problems there is a need for experiments with games that

actually test the predictions in the laboratory. With this respect, it may be a good idea

to start with games, where the predictions of Nash equilibrium and BRM equilibrium are

sufficiently different. Only then rational behaviour and best-reply matching behaviour

can be distinguished clearly. A promising example is the game mentioned in the first
section of this chapter, where Alice can earn a payoff from 1 to 6 for both actions T
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and B but payoffs are ordered such that B leads to regret in five out of six cases. If
the equilibrium strategy of Bob is such that it puts equal weight on each action, the
prediction of best-reply matching says that Alice plays T with probability equal to 6.
However, since expected payoffs for T and B are the same every mixture between T and
B is in line with rational theory, as well. Thus, there is no clear difference between both
theoretic solutions. But if we add a small payoff E to the payoffs for B, with 0 G E K 1,
the situation looks better (Figure 5.11).

Alice B

1
1,

Ó-}E,.

2
2,.

1 f E, .

Bob
~ 4

3,.
ZfE,.

4,.
3fE,.

5
5,.

4-~E,.

Figure 5.11: Best-Reply Matching against Nash

6
6,.

Now the Nash equilibrium gives the clear prediction that Alice chooses B with prob-
ability 1, while best-reply matching says that B is played only with probability equal to
6. In this form the game offers a nice first example to test the boundedly rational theory
that is proposed in this chapter.



Epilogue

- Genoeg nu! Je moet ook van ophouden weten. Denk aan het woord van Gcethe:
`In der Beschr6nkung zeigt sich erst der Meister'.

- Maar voor alle zekerheid heeft hij ook gezegd: `Da~l Du nicht enden kannst,
das macht Dich grof.l'.

- Ja, zo zijn ze, die schrijvers. Altijd van twee walletjes eten.

- Harry Mulisch, De ontdekking van de hemel, 1992

The ideas presented in this work are, of course, also a result of my own individual
decision-making and the social interaction with others. Section 3.2 of Chapter 3 is based
on Kosfeld (1999a), Section 3.3 on Kosfeld (1999b). The heart of Chapter 4 is Kosfeld
(1998). Chapter 5 is based on joint work with Edward Droste and Mark Voorneveld.
Precisely, Section 5.2 is based on elements from Droste, Kosfeld, and Voorneveld (1998a)
and Droste, Kosfeld, and Voorneveld (1999). Section 5.3 includes parts of Droste, Kos-
feld, and Voorneveld (1998b).

The saying of Paul Appell: "Je prends le soleil, et je le lance ... ", quoted at the
beginning is taken from the biography of Marie Curie [Curie (1938, p84)]. It refers to a
lecture of Paul Appell at the University of Paris during the early academic years of Marie
Curie, whose name was still Marya Sklodowska at that time. To me the metaphor of
"taking the sun and launching it," beautifully illustrates the power of human reasoning,
especially the power of science, for analyzing and understanding our world.

I want to conclude the work by presenting the full passage from Vergil's Aeneid [Vergil
(70-19 B.C., Book IV, Verses 173-188)] that has been quoted partly in Chapter 4. The
English translation is by H. Rushton Fairclough.

Fama, malum qua non aliud velocius ullum.
mobilitate viget virisque adquirit eundo;

parva metu primo, mox sese attollit in auras
ingrediturque solo et caput inter nubila condit.

179
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illam Terra parens, ira inritata deorum,
extremam, ut perhibent, Cceo Enceladoque somrem

progenuit pedibus celerem et pernicibus alis,
monstrum horrendum íngens, cui quot sunt corpore plumae,

tot vigíles oculi subter - mirabile dictu -
tot linguae, totidem ora sonant, tot subrigit auris.

nocte volat caeli medio terraeque per umbram,
stridens nec dulci declinat lumina somno;
luce sedet custos aut summi culmine tecti,

turribus aut altis, et magnas territat urbes,

tam ftcti pravique tenax quam nuntia veri.

"Rumour of all evils the most swift. Speed lends her strength, and she wins
vigour as she goes; small at first through fear, soon she mounts up to heaven, and
walks the ground with head hidden in the clouds. Her, 'tis said, Mother Earth,
provoked to anger against the gods, brought forth last, as sister to Coeus and
Enceladus, swift of foot and fleet of wing, a monster awful and huge, who for the
many feathers in her body has as many watchful eyes below - wondrous to tell -
as many tongues, as many sounding mouths, as many pricked-up ears. By night,
midway between heaven and earth, she flies through the gloom, screeching, nor
droops her eyes in sweet sleep; by day she sits on guard on high roof-top or lofty
turrets, and affrights great cities, clinging to the false and wrong, yet heralding
truth."
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Samenvatting

Het onderwerp van het proefschrift is het samenspel van "individuele besluitvorming" en
"sociale interactie". Hierbij wordt uitgegaan van de grondgedachte dat.het functioneren
van elke economie in principe is gebaseerd op de afzonderlijke beslissingen van vele indi-
viduen die onderling social interageren. Individuele keuzes en sociale interactie bepalen
daarbij niet alleen het gedrag van de individuen, maar door middel van interactie ook
het gedrag van de gehele economie. Het idee is dat elk economisch systeem alleen dan
doorgrond kan worden wanneer het mogelijk is het systeem als een expliciet resultaat
van de interactie tussen een veelvoud van zelfstandig agerende individuen te analyseren.

Tot op zekere hoogte is dit standpunt verbonden met de methodologie van het zoge-
naamde "ware" individualisme zoals dat vertegenwoordigd werd door bijvoorbeeld Hayek
(1948). Het standpunt gaat echter een stap verder. Er wordt niet alleen verlangd dat
het gedrag van het geaggregeerde systeem tot op het niveau van de individuen te ontle-
den is, maar ook dat de tussen de individuen aanwezige interactiemechanismen expliciet
worden gemodelleerd. Dan pas is het mogelijk de relatie tussen het individu en het geag-
gregeerde systeem te beschrijven. In dit opzicht is het proefschrift sterk geïnspireerd
door ideeën van Schelling (1978) betreffende m,icromotives en macrobehavior. De door
Schelling ingeslagen weg wordt in het proefschrift echter ook uitgebouwd, aangezien

duidelijk wordt gemaakt dat de interactie niet alleen "van boven naar beneden" werkt,

maar ook andersom. Met het eerste wordt bedoeld dat het gedrag op microniveau het
gedrag op macroniveau bepaalt. Het omgekeerde moet zodanig worden geïnterpreteerd
dat de besluitvorming van de individuen wordt bepaald door het feit dat ze interageren.
De modellen in het proefschrift laten beide mogelijkheden tegelijkertijd toe.

Het proefschrift is als volgt gestructureerd. Hoofdstukken 1 en 2 geven een inleiding
tot het onderwerp en een beschrijving van de wiskundige technieken die in de daaropvol-

gende hoofdstukken worden gebruikt. Hoofdstukken 3, 4 en 5 beschouwen drie onder-

werpen: coórdinatieproblemen, economische effecten van geruchten en gevolgen van spijt

op beslissingen van individuen.
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Hoofdstuk 3 bestudeert een evolutionaire benadering van coërdinatieproblemen. Het

model is gebaseerd op een populatie van individuen, zogenaamde agenten, die geposi-

tioneerd zijn op het n-dimensionale geheeltallige rooster Zn. Elke agent speelt met zijn

directe buren een symmetrisch 2 x 2 coërdinatiespel. De opdracht van een agent is zijn

strategie in het spel herhaaldelijk aan te passen aan het gedrag van zijn buren. Daarbij

wordt aangenomen dat de strategie wordt aangepast op basis van de regel dat "betere

strategieën met grotere kans worden gespeeld". Deze regel is een vloeiende versie van het

principe van het beste antwoord, dat zegt dat "de beste strategieën met kans 1 worden

gespeeld". Het resultaat van het model is dat de populatie op de lange termijn met

grote waarschijnlijkheid het risico-dominante evenwicht speelt. Dit komt overeen met

de resultaten van andere benaderingen die ook risico-dominantie voorspellen. Echter,

in tegenstelling tot alle andere modellen correspondeert in het huidige model ook het

risico-gedomineerde evenwicht met een stationaire verdeling die zelfs een niet-leeg at-

tractiegebied heeft. Het lange-termijn gedrag van de populatie hangt daarmee af van de

initiële toestand. Het selectieresultaat wordt bereikt door te laten zien dat het risico-

dominante evenwicht uit een veel grotere klasse van initiële toestanden voortkomt.

In het daaropvolgende deel wordt dit resultaat gebruikt om de evolutie van winkelslui-

tingstijden te onderzoeken. Een actueel voorbeeld is de huidige situatie in Duitsland,

waar sinds november 1996 alle winkels de mogelijkheid hebben om 's avonds langer

open te blijven. Volgens een enquete van het Hauptverband des Deutschen Einzelhan-

dels (1997) zijn veel winkels, die in eerste instantie langer geopend waren, inmiddels

teruggekeerd naar de oorspronkelijke sluitingstijden. Het model beargumenteert dat

deze waarneming niet noodzakelijkerwijze betekent dat het niet winstgevend is om langer

open te blijven. De reden is veeleer dat, zelfs als de nieuwe sluitingstijden voor zowel

winkels als consumenten winstgevend zijn, de agenten mogelijkerwijze niet op het nieuwe

evenwicht coërdineren. Dit gebeurt wanneer de oude sluitingstijden het risico-dominante

evenwicht vormen. De analyse benadrukt derhalve het grote belang van de signaalwerk-

ing van reclamecampagnes.

Het hoofdstuk sluit af inet een discussie over enige ideeën betreffende endogene inter-

actie. Daarbij gaat het over evolutionaire modellen waarin agenten niet alleen strategieën

kiezen, maar ook de mogelijkheid hebben te bepalen met wie ze het spel uberhaupt spe-

lep.

Hoofdstuk 4 behandelt geruchten en markten. Net als in Hoofdstuk 3 is het model

gebaseerd op een populatie van agenten die geposítioneerd zijn op het rooster Zn. In dit

geval wordt verondersteld dat de dimensie van het rooster gelijk is aan 1, wat wil zeggen
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dat de agenten op een lijn zitten. Zoals in het hoofdstuk wordt beargumenteerd is dit
echter geen beperkende aanname. Agenten ageren als nutsmaximaliserende handelaren

in een globale ruileconomie met twee goederen. Tegelijkertijd wordt aangenomen dat

ze met hun lokale buren communiceren. Communicatie kan aanleiding geven tot het

verspreiden van een gerucht dat de preferenties van de agenten, en derhalve ook hun
handelswijze in de markt, beïnvloedt. De vraag is welke consequenties deze interactie op
het microniveau heeft voor het gedrag van de economie op het macroniveau. Oftewel,
welke effecten heeft de evolutie van het gerucht op de marktvraag en de prijzen van de
goederen. Om deze vraag te kunnen beantwoorden wordt de evolutie van het gerucht
gedetailleerd onderzocht. Een zogenaamde fase-overgang resulteert indien men de com-
municatie tussen de agenten versterkt. Het gerucht sterft altijd uit als de communicatie

onder een kritische waarde blijft, terwijl het gerucht hardnekkig kan blijven circuleren als

de communicatie deze kritische waarde overstijgt. In het eerste geval corresponderen de

lange-termijn prijzen met fundamentele waarden van de economie. In het tweede geval

heeft het gerucht een zogenaamde run-up van de prijs tot gevolg voor het goed dat door

het gerucht bevoordeeld wordt. Run-ups zijn in verschillende studies van Rose (1951),

Pound en Zeckhauser (1990) en Zivney, Bertin en Torabzadeh (1996) waargenomen. Het

hier gepresenteerde model geeft een analytische fundering voor deze waarnemingen.
Verschillende mogelijkheden om het model uit te breiden worden besproken. Ten

eerste is het interessant de kans op infectie door het gerucht endogeen in het model op te
nemen. Aangezien een dergelijk model technische bijzonder ingewikkeld wordt, bestaat
een eerste stap daaruit heterogeniteit met betrekking tot deze kansen toe te staan. Een
ander belangrijk project is het uitwerken van de samenhang tussen gerucht en handel
in de markt. Dit kan echter weer wiskundige problemen tot gevolg hebben welke kort
worden besproken. Tenslotte worden veranderingen van de ruimtelijke structuur geana-

lyseerd en wordt de vraag gesteld welke gevolgen nieuwe informatie in deze economie
heeft.

Hoofdstuk 5 onderzoekt de mogelijke gevolgen van spijt in interactieve situaties.

Om dit te realiseren wordt een nieuw model voor beperkt-rationeel gedrag in niet-

coóperatieve spelen ontwikkeld. Het basis idee is als volgt: wanneer een speler na afloop
van het spel vaststelt dat hij de mogelijkheid gehad had een betere strategie te spelen
zal het hem spijten dat niet gedaan te hebben. Aannemende dat spelers niet graag spijt
hebben, heeft dit logischerwijze gevolgen voor de ex-ante strategiekeuze van de speler.

Het model stelt een mogelijke benadering voor, het zogenaamde best-reply matching.

Best-reply matching is gebaseerd op twee elementen. Ten eerste, elke speler is uitslui-
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tend geïnteresseerd in de best-reply structuur van het spel. Ten tweede, elke speler

speelt een pure strategie met de kans dat deze strategie een best reply zal zijn. Hierbij
komen de kansen voort uit de beliefs van een speler met betrekking tot het gedrag van

zijn opponenten. Dit leidt tot een specifieke vorm van "matching"-gedrag. Uitgaande

van deze veronderstellingen is het mogelijk een evenwichtsconcept te ontwikkelen en

wordt aangetoond dat elk spel tenminste een zogenaamd best-reply matching evenwicht

bezit. Enige eigenschappen van het nieuwe evenwichtsconcept worden onderzocht en

geillustreerd aan de hand van enkele welbekende voorbeelden. Een verrassend resultaat

wordt bijvoorbeeld in het Centipede spel gevonden. In het unieke evenwicht van dit spel

zetten de spelers het spel voort met positieve kans, waarbij deze kans groter is naarmate

het totale spel langer is.
In het tweede deel van het hoofdstuk wordt een model beschouwd waarin spelers op

de lange termijn "leren" een best-reply matching evenwicht te spelen. Leren berust in

deze context op het principe van reinforcement learning à la Bush and Mosteller (1955).
Het model onderzoekt twee verschillende processen. Het ene proces is een stochastisch
proces in discrete tijd dat modelleert hoe spelers van de ene op de andere periode hun
strategie aanpassen. Het andere proces is een dynamisch systeem in continue tijd dat

op elk tijdstip de verwachte beweging van het eerste stochastische proces volgt. Het

blijkt dat de stationaire toestanden van het dynamische systeem precies de best-reply

matching evenwichten van het onderliggende spel zijn. Bovendien zijn alle best-reply

matching evenwichten in pure strategieën absorberende toestanden van het stochastische

proces en is elke absorberende toestand een best-reply matching evenwicht maar niet

noodzakelijkerwijs in pure strategieën.
Het hoofdstuk sluit af inet drie voorstellen: het generaliseren tot een kardinaal con-

cept, het uitbreiden tot spelen in extensieve vorm, en het testen van het concept op basis

van speltheoretische experimenten.



Zusammenfassung

Thema der Dissertation ist das Zusammenspiel von "individueller Entscheidungsfindung"
und "sozialer Interaktion". Als zugrundeliegender Gedanke dient dabei die Hypothese,
daB das Funktionieren einer jeden Okonomie im Prinzip auf den Einzelentscheidungen
vieler Individuen basiert, welche untereinander sozial interagieren. Individuelle Entschei-
dungen und soziale Interaktion bestimmen dabei nicht nur das Verhalten der Individuen
an sich, sondern mittels der Interaktion auch das der gesamten Okonomie. Die Idee ist,
daB letzendlich jedes dkonomische System nur dann verstanden werden kann, wenn es
gelingt, das System als explizites Resultat der Interaktion einer Vielzahl von selbstándig
agierenden Individuen zu analysieren.

In gewisser Hinsicht ist dieser Standpunkt verwandt mit der Methodologie des so-
genannten "wahren" Individualismus, wie sie z.B. von Hayek (1948) vertreten wurde.
Er geht allerdings einen Schritt uber diese hinaus, in dem er nicht nur verlangt, das
Verhalten des aggregierten Systems auf die Ebene der Individuen zuruckzufuhren, son-
dern ebenso fordert, die zwischen den Individuen herrschenden Interaktionsmechanismen
explizit zu modellieren. Nur dann ist es m5glich, den Zusammenhang zwischen dem Indi-
viduum einerseits und dem Aggregat andererseits richtig zu beschreiben. Diesbezuglich
ist die Arbeit sehr stark inspiriert durch Ansii,tze von Schelling (1978) zu micromotives
und macrobehavior. Sie fuhrt jedoch auch den von Schelling eingeschlagenen Weg weiter,
indem sie darlegt, daíi Interaktion nicht nur "von unten nach oben" wirkt, d.h. daf3 das
Verhalten auf der Mikroebene das Verhalten auf der Makroebene bestimmt, sondern
ebenso "von oben nach unten", d.h. daB die Entscheidungsfindung der Individuen selbst
von der Tatsache bestimmt wird, daB sie miteinander interagieren. Die Modelle in dieser
Arbeit lassen beide dieser MSglichkeiten zu.

Die Arbeit ist wie folgt strukturiert. Kapitel 1 und 2 bilden den vorbereitenden
Teil und liefern Einleitung und mathematisches Werkzeug fur die anschlieíienden Model-
le. Kapitel 3, 4 und 5 untersuchen drei wesentliche Themen: Koordinationsproble-
me, dkonomische Effekte von Geruchten und Auswirkungen der Uberlegung, "etwas zu
bedauernn, auf die Entscheidungsfindung von Individuen.

201



202 ZUSAMMENFASSUNG

Kapitel 3 untersucht einen evolutionáren Ansatz zu Koordinationsproblemen. Das

Modell beruht auf einer Population von Individuen, sogenannten Agenten, welche auf

dem n-dimensionalen Zahlengitter Z" positioniert sind. Jeder der Agenten spielt mit

seinen direkten Nachbarn ein symmetrisches 2 x 2 Koordinationsspiel. Aufgabe ist es,

die Strategie im Spiel mit der Zeit dem Verhalten der Nachbarn anzupassen. Dabei wird

angenommen, daB die Anpassung gem~B der Regel "spiel' bessere Strategien mit hbherer

Wahrscheinlichkeit" erfolgt, was eine gegl~ttete Version des Prinzips der besten Antwort

darstellt, welche besagt, daB in jeder Situation die beste 5trategie mit Wahrscheinlichkeit

1 gespielt wird. Das Hauptergebnis in dem Modell ist, daB langfristig alle Agenten

mit hoher Wahrscheinlichkeit das Risiko-dominante Gleichgewicht spielen. Dies stimmt

uberein mit den Ergebnissen anderer Modelle, welche ebenso Risiko-dominantes Verhal-

ten vorhersagen. Ein wesentlicher Unterschied besteht allerdings darin, daB im vorliegen-

den Modell das Risiko-dominierte Gleichgewicht immer noch einer station~ren Verteilung

entspricht, sogar mit nicht leerem Attraktionsbereich. Daher h~ngt das langfristige Ver-

halten der Population durchaus von den Anfangsbedingungen des Systems ab. Die Se-

lektion zwischen den Gleichgewichten beruht darauf, aufzuzeigen, welches Gleichgewicht

sich fur die weitaus grdíierer Menge von Anfangsverteilungen einstellt.

Im darauffolgenden Teil wird dieses Ergebnis dazu genutzt, die Evolution von Laden-

schlu8zeiten zu untersuchen. Ein aktuelles Beispiel hierfur ist die derzeitige Situation in

Deutschland, wo seit November 1996 alle Gesch~fte die Mdglichkeit haben, abends liinger

offen zu halten. Laut einer Umfrage des Hauptverbandes des Deutschen Einzelhandels

(1997) ist es jedoch so, daB viele Gescháfte, die anfangs lánger gedffnet waren, inzwischen

wieder zu den alten LadenschluBzeiten zuruckkehren. Die Arbeit argumentiert, dafl dies

nicht unbedingt heiíien muf3, daíi es grundsi3,tzlich unprofitabel ist fur diese Ladenbe-

sitzer, lánger offen zu halten. Vielmehr liegt der Grund darin, daíi selbst wenn beide

Seiten von lángeren Offnungszeiten profitieren, es ihnen u.U. nicht mbglich ist, sich auf

das entsprechende Gleichgewicht zu koordinieren. Genau dann námlich, wenn die alten

Ladenschlul3zeiten das Risiko-dominante Gleichgewicht darstellen. Die Analyse hebt in

diesem Zusammenhang die groiie Signalwirkung von Werbekampagnen hervor.

Das Kapitel schlieiit mit einigen Ideen zum Thema endogene Interaktion. Dabei geht

es um evolutionáre Modelle, in denen die Agenten nicht nur die Móglichkeit haben, sich

fur verschiedene Strategien in einem gegebenen Spiel zu entscheiden, sondern gleichzeitig

beeinflussen kónnen, mit wem sie dieses Spiel uberhaupt spielen.

Kapitel 4 handelt von Genïchten und Márkten. Ahnlich zu Kapitel 3 betrachtet das

Modell eine Population von Agenten, die auf dem Zahlengitter Z" positioniert sind. In
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diesem Fall ist die Dimension des Gitters allerdings gleich 1, d.h. die Agenten sitzen auf

einer Linie, was aber - wie gezeigt wird - keine Einschránkung bedeutet. Die Agen-

ten agieren als Nutzen optimierende H~ndler in einer globalen Tauschdkonomie mit zwei

Gutern. Gleichzeitig wird angenommen, daf3 sie mit ihren lokalen Nachbarn kommu-

nizieren. Die Kommunikation kann zur Ausbreitung eines Geruchtes fuhren, welches die

Pr~ferenzen der Agenten beinflusst und letztendlich damit auch ihr Handeln im Markt.
Die Frage ist, wie wirkt sich diese Interaktion auf der Mikroebene auf das Verhalten der

Okonomie auf der Makroebene aus, d.h. welche Effekte hat die Evolution des Geruchts

auf die vorhandene Marktnachfrage und die Preise der Guter. Um diese Frage zu beant-

worten, wird das mdgliche Verhalten des Geruchtes zunáchst detaillierter untersucht.

Dabei stellt sich heraus, dafi es zu einem sogenannten Phasenubergang kommt wenn

man die Kommunikation zwischen den Agenten verstárkt. Wáhrend das Gerucht un-

terhalb eines kritischen Wertes ausstirbt, kann es sich festsetzen, sobald die St~.rke der

Kommunikation diesen Wert ubersteigt. Im ersten Fall entsprechen die langfristigen

Preise den fundamentalen Daten der Okonomie. Im zweiten Fall jedoch produziert das

Gerucht einen sogenannten Preis run-up fur das Gut, welches vom Gerucht favorisiert

wird. Preis run-ups sind in verschiedenen Studien von Rose (1951), Pound und Zeck-

hauser (1990) und Zivney, Bertin und Torabzadeh (1996) beobachtet worden. Das hier

prá,sentierte Modell liefert eine analytische Fundierung dieser Beobachtung.

Es gibt verschiedene Mdglichkeiten, das Modell zu erweitern. Zum einen ist es interes-
sant, die Infektionsrate, mit der das Gerucht weitergegeben wird, zu endogenisieren.
Da ein solches Modell jedoch technisch sehr kompliziert wird, besteht eine erste Vari-

ante darin, Heterogenitát bzgl. dieser Raten zuzulassen. Ein anderer Punkt ist die
Ausarbeitung des Zusammenhanges zwischen Gerucht und Handel, insbesondere unter
Berucksichtigung von Guterpreisen. Obwohl intuitiv naheliegend fuhrt dies mathe-
matisch schnell zu konzeptuellen Schwierigkeiten, welche kurz angesprochen werden.
5chlie8lich wird untersucht, wie sich Anderungen der ri3,umlichen Struktur auswirken,
und es wird die Frage gestellt, welche Bedeutung neu auftauchende Information in dieser
Okonomie besitzt.

Kapitel 5 untersucht den EinfluB der Uberlegung, "etwas zu bedauernn, auf das
Entscheidungsverhalten in interaktiven 5ituationen. Dazu wird ein neues Modell

eingeschránkt rationalen Verhaltens in nichtkooperativen Spielen entwickelt. Die Grund-
idee ist die folgende: Wenn sich am Ende eines 5pieles herausstellt, daB ein Spieler die

Móglichkeit gehabt h~tte, eine bessere Strategie zu spielen, wird er bedauern, diese nicht
gewáhlt zu haben. Nimmt man an, daíi Spieler ungern Bedauern empfinden, hat dies
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konsequenterweise Auswirkungen auf die ex-ante Strategíewahl der Spieler. Das Modell

schlágt eine mdgliche Wirkungsweise vor, sogenanntes óest-reply matching. Best-reply

matching basiert auf zwei Elementen. Erstens, jeder 5pieler ist ausschlieBlich daran in-

teressiert, am Ende des Spiels eine beste Antwort gespielt zu haben, d.h. er achtet nur

auf die 5truktur der best replies im gegebenen Spiel. Zweitens, jeder Spieler spielt eine

reine Strategie mit genau der Wahrscheinlichkeit, mit der diese Strategie tatsàchlich eine

best reply sein wird, wobei sich die Wahrscheinlichkeiten aus den beliefs eines Spielers

uber das Verhalten seiner Gegner ergeben. Dieses fuhrt zu einer speziellen Form von

"matching"-Verhalten. Ausgehend von diesen Annahmen láBt sich ein Gleichgewichts-

konzept entwickeln, wobei gezeigt wird, daB jedes endliche Spiel mindestens ein soge-

nanntes best-reply matching Gleichgewicht besitzt. Es werden einige Eigenschaften des

neuen Konzeptes untersucht und an Hand von bekannten Beispielen illustriert. Ein

uberraschendes Resultat ergibt sich z.B. im Centipede Spiel. Im einzigen Gleichgewicht

dieses Spiels, setzen die Spieler das Spiel mit strikt positiver Wahrscheinlichkeit fort,

welche umso gróíier ist je l~,nger das gesamte Spiel ist.

Im zweiten Teil des Kapitels wird ein Modell betrachtet, in dem Spieler langfristig

"lernen", ein best-reply matching Gleichgewicht zu spielen. Lernen beruht hier auf dem

Prinzip von reinforcement learning à la Bush und Mosteller (1955). Das Modell unter-

sucht zwei verschiedende Prozesse. Der eine ist ein stochastischer Prozess in diskreter

Zeit, welcher modelliert, wie die Spieler von einer Periode zur anderen ihre Strategien

anpassen. Der andere Prozess ist ein dynamisches System in kontinuierlicher Zeit, der

zu jedem Zeitpunkt der erwarteten Bewegung des ersten stochastischen Prozesses folgt.

Es zeigt sich, daB die stationàren Zustànde des dynamischen Systems genau die best-

reply matching Gleichgewichte des zugrundeliegenden Spieles sind. Daruber hinaus sind

alle best-reply matching Gleichgewichte in reinen Strategien absorbierende Zustànde des

stochastischen Prozesses, und jeder absorbierende Zustand ist ein best-reply matching

Gleichgewicht, evtl. aber nicht in reinen Strategien.

Das Kapitel schlie8t mit drei Vorschlágen: der Verallgemeinerung zu einem kardinalen

Konzept, der Erweiterung zu Spielen in Extensivform, und das Testen des Konzeptes an

Hand von spieltheoretischen Experimenten.
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