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Chapter 1

Introduction

Panel data, also called longitudinal data or cross-sectional time series data, are data

where units (people, firms, countries etc) are observed over a number of time periods.

In this case, one can think of the observations for a given unit as a group. Therefore,

panel data techniques are also useful for analyzing cross-sectional data with grouping,

for instance, units that belong to the same family or live in the same geographical

area may be defined as a group. Panel data models are important in econometrics,

primarily because of their capacity to capture facets of agent behavior that cannot be

accounted for in cross-sectional and time series data models. Consequently, there is

a growing demand for more sophisticated panel data models and estimation methods

by applied researchers, given that detailed and relatively reliable panel data sets have

become increasing available.

My dissertation covers three important types of nonlinear panel models. The first

part (Chapter 2) explores a new spatial duration model, and discusses its application

in value-added-tax adoption. Chapter 3 assesses the identification of a general nonsep-

arable single-index panel model and proposes an average derivative based estimator for

estimation. Chapter 4 studies the spatial autoregressive binary choice panel models,

where the latent dependent variables are spatially correlated, and proposes a smoothed

spatial maximum score estimator for this type of models.

Individual effects in all these three types of models are random effects, but they are

“correlated” in some sense. In the spatial duration model in Chapter 2, spatial frailties

could be interpreted as the random effects of countries, but these random effects are

allowed to be geographically or spatially correlated to each other. Models in Chapter 3

and 4 belong to a “correlated random effects” framework, where dependence between in-

dividual effects and covariates is allowed, but restricted in some way. As in a parametric

setting, we usually specify a conditional distribution for the individual effects, or assume

that this conditional distribution only depends on the covariates through some index
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Chapter 1: Introduction

function, without specifying or restricting any feature of this distribution. For instance,

Chapter 3 assumes that distribution of individual effects depends on the explanatory

variables only by means of their time-averages. However, the assumption regarding cor-

related random effects is the weakest in Chapter 4, where individual effects are assumed

to have the same distribution, but the form of distribution and dependence between in-

dividual effects and explanatory variables are unspecified. Therefore, individual effects

in Chapter 4 are more or less fixed effects.

In Chapter 2, a new spatial survival model is proposed and applied to study the

implementation of value-added-tax (VAT). The spatial survival models in the literature

typically impose frailties, which characterize unobserved heterogeneity, to be spatially

correlated. However, the spatial effect may not only exist in the unobserved errors, but

it can also be present in the baseline hazards and the dependent variables. Therefore, to

capture spatial dependence, the model in Chapter 2 contains three location-dependent

components: (1) spatial dependence exists in the baseline hazard by allowing a region-

specific baseline hazard function; (2) spatial dependence is present across the observations

via a spatial lag; and (3) spatial dependence occurs in the frailties, which have a distance-

based variance-covariance structure. In the empirical application of VAT introduction

in this chapter, the second component is used to capture the so-called copycat effect:

countries are more inclined to implement a VAT when other countries in the same region

have done so. The estimation results, which are performed by the Markov chain Monte

Carlo method, suggest the presence of a significant spatial correlation among the VAT

introductions of neighboring countries.

Chapter 3 studies a general nonseparable single-index panel model, the main diffi-

culty in dealing with nonlinear panel data is caused by the presence of individual specific

heterogeneity, especially when the nonlinear function is unknown. There has been a num-

ber of attempts to consistently estimate some parametric models, by cleverly eliminating

fixed effects, such as, linear models, binary choice models, censored and truncated Tobit

models, duration models with unobserved individual heterogeneity and random censor-

ing, and monotone and general transformation models. However, a general approach

that completely eliminating fixed effects in a general nonseparable nonlinear model does

not exist. By assuming the distribution of individual effects depends on the explanatory

variables only by means of their time-averages (which means correlated random effects),

2



Introduction

Chapter 3 shows that parameters of interest are identified up to a multiplicative factor

and could be estimated by an average derivative estimator based on the local polyno-

mial smoothing. The rate of convergence and asymptotic distribution of the proposed

estimator are derived along with a test whether pooled estimation using all available

time periods is possible. Finally, Monte Carlo experiments are performed to verify finite

sample properties of the proposed estimator.

Chapter 4 considers spatial autoregressive binary choice panel models with corre-

lated random effects, where the latent dependent variables are spatially correlated and

individual effects are assumed to have identical but unknown distribution. As exist-

ing estimation methods for cross-sectional spatial binary models are mostly likelihood

based, they highly relied on the distributional assumption of the errors, but still suffered

from the multidimensional integration problem as the error terms are dependent on each

other. Moreover, such methods can not be readily applied to spatial binary panel mod-

els with fixed effects, as there might be incidental parameters problem if the unobserved

individual specific heterogeneities are treated as parameters to be estimated. Motivated

by the maximum score estimator for binary models without spatial dependence, Chap-

ter 4 derives similar conditions that cleverly eliminating individual effects based on the

assumption that disturbances are time-stationary and the explanatory variables vary

enough over time, while leaving the distribution of errors unspecified, and thus avoids

the multidimensional integration problem. A smoothed spatial maximum score (SSpMS)

estimator is proposed in this chapter, and the key parameter that capturing spatial ef-

fects is point identified, while other parameters for covariates are identified up to scale.

Consistency and asymptotic distribution of the SSpMS estimator are also derived. Fi-

nally, a Monte Carlo study indicates that the SSpMS estimator performs quite well in

finite samples.
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Chapter 2

Do Neighbors Influence

Value-added-tax Introduction?

A Spatial Duration Analysis1

2.1. Introduction

The value-added tax (VAT), first introduced more than 50 years ago, remained confined

to a few countries until the late 1960s. However, after another 30 years, roughly 150

countries have implemented a VAT, which on average raises about 25 percent of their tax

revenue (Ebrill et al., 2001). The VAT is a tax on value added, which can be defined as the

value that a producer adds to his raw materials or purchases before selling the improved

product or service. Its invoice-credit mechanism—which seeks to tax the value added at

each stage of the production-distribution chain—causes it to fundamentally differ from a

retail sales tax or a turnover tax. Despite negative results concerning taxation of inputs,

conjectured efficiency benefits and possible administrative advantages2 of the VAT have

led to its remarkable spread around the world, by being introduced or replacing other

taxes on production and sales, often the turnover tax. As the rise of the VAT has been the

most significant development, by any standards, in tax policy and administration of the

recent decades (Keen and Lockwood, 2010), our aim is to study the factors influencing

the introduction of a VAT in a country, and in particular, the dynamic effects of the

neighboring countries’ (VAT-)decisions on the VAT enactment. For this purpose, we

propose a new spatial duration model, discuss its estimation, and apply it to data on

VAT adoption covering the last 40 years.

1This chapter is coauthored with Pavel Č́ıžek and the late Jenny Ligthart.
2Das-Gupta and Gang (2003) give a theoretical examination of the advantages of transactions cross-

matching, which is claimed to be a possibly important administrative advantage of the VAT. Limited
empirical evidences are in Ebrill, et. al. (2001) and Keen and Lockwood (2010).
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Chapter 2: A Spatial Duration Model

Despite the fact that the VAT introduction can have a substantial effect on govern-

ment revenues and their stability or imports and exports (e.g., see the discussion in Keen

and Lockwood, 2010), the VAT enactment has received remarkably little attention in the

academic literature, especially on the empirical side.3 Ebrill et al. (2001) provide some

informal guidance on selecting potential determinants of VAT adoption.4 They infor-

mally argue that countries are more likely to adopt the VAT if they have a higher GDP

per capita, are less open, have a higher literacy rate, and feature a larger population.

Recently, Keen and Lockwood (2010) are the first ones to formally explore the causes

and consequences of VAT adoption by using a dynamic probit model for a sample of 143

countries during the 1975–2000 period. Their analysis makes a first step in capturing

possible neighborhood effects of VAT adoption: countries are more inclined to imple-

ment a VAT when other countries in the same region have done so, the so-called copycat

effect. However, Keen and Lockwood (2010) neither employ a formal spatial econometric

framework nor make use of survival analysis to measure possible neighborhood effects.5

To examine the spatial correlation among neighboring countries’ decisions, it is not

sufficient to incorporate a variable that indicates the proportion of countries with a VAT

in the same region. The correlation among neighbors can be caused by various factors

such as the copycat effect founded in the ‘yardstick competition’ (Besley and Case, 1995),

trade competition, or common global influences of economic or institutional nature (e.g.,

the International Monetary Fund, IMF). Consequently, these neighborhood effects do

not only exist between the observations, they might also occur in the unobserved factors

and thus in error term. With regard to the spatial dependence among the observations

and in the unobserved components, the traditional (non-spatial) estimation procedures

may not be consistent to draw appropriate inferences as their assumptions have been

violated; hence, appropriate inference is not feasible. On the other hand, standard

spatial survival models always assume that the spatial correlation structure only exists

3Various studies focus on the economic effects of VAT enactment. Nellor (1987) considers empirically
the revenue effect of VAT adoption by analyzing a sample of 11 European countries in the 1960s and
1970s and provides evidence that VAT introduction raises the tax revenue-to-GDP ratio. Desai and
Hines (2005) examine the effect of VAT implementation on international trade and find that reliance
on VAT is associated with less exports and imports. Furthermore, this negative effect on exports is
stronger among low-income countries than it is among high-income countries.

4We focus on the date of VAT implementation. However, we will refer to adoption, enactment, and
implementation interchangeably.

5Brockmeyer (2010) uses the Cox proportional hazard model to estimate the impact of lending by
the International Monetary Fund (IMF) on VAT adoption in a panel of 125 countries during the period
1975–2000, but she does not focus on the spatial dimension.
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Introduction

in the unobserved errors, which is not realistic and does not facilitate examining the

spatial correlation explicitly (e.g., Li and Ryan, 2002; Bastos and Gamerman, 2006).

Hence, the purpose of this paper is to develop a new spatial survival model that

captures the spatial effects explicitly via an observed spatial lag (i.e., in terms of in-

cluding a spatially lagged dependent variable) and to apply it to investigation of the

neighborhood effects of VAT implementation. To this end, we propose a new spatial

survival model, discuss its estimation, and apply it to a unique dataset on VAT adoption

spanning the period 1970–2009 (the sample consists of 99 countries, of which 80 coun-

tries have adopted a VAT). To capture spatial dependence, our model contains three

location-dependent components: (1) spatial dependence exists in the baseline hazard

by allowing a region-specific baseline hazard function; (2) spatial dependence is present

across the observations via a spatial lag; and (3) spatial dependence occurs in the error

terms, which have a distance-based variance-covariance structure. Whereas the first two

spatial effects are new in the context of duration models, the last one has been used in

various studies as discussed in the following paragraph.

There is a large literature on survival analysis, which studies the time until a specific

event takes place. The pioneering work on the proportional hazard model is Cox (1972),

which is based on the assumption of proportionality of hazard rates. As this assumption

might be too restrictive in practice, models accounting for time-varying covariates (e.g.,

Gamerman, 1991) and for unobserved heterogeneity were developed. The unobserved

heterogeneity is typically captured by means of random effects called frailties; this term

and frailty models have been first introduced by Vaupel et al. (1979).

To handle the dependence of unobserved effects in georeferenced data, spatial frailty

models were proposed, where the frailties corresponding to certain strata or clusters are

spatially arranged (e.g., as clinical sites or geographical regions). Spatial frailty models

can be either geostatistical, where the exact geographic locations of the strata are used,

or lattice, where only the positions of the strata relative to each other are used (cf.

Banerjee et al., 2003). In the geostatistical approach, the frailties are typically modeled

as zero-mean Gaussian random variables with a non-diagonal location-based covariance

matrix, where the distance correlation matrix has various forms such as exponential,

powered exponential, spherical, Matern, and so on (cf. Li and Ryan, 2002). In the

lattice approach, the conditionally autoregressive model—which is introduced by Besag

7
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(1974) and studied further by Carlin and Banerjee (2002), for instance—is widely used.

This type of model studies the discretely indexed regions where the spatial information

is based on the adjacency of regions rather than the distance metric.

The proposed model incorporates a spatially weighted dependent variable, which de-

pends on time and is highly correlated with the duration, as well as spatial frailties,

which are correlated across cross-sectional units. For the estimation of this model, the

Bayesian analysis in the form typically applied to geostatistical duration models and

duration models with time-varying covariates is used. The parameters of interest are

thus estimated using the Markov chain Monte Carlo (MCMC) technique employed for

dynamic survival models by Hemming and Shaw (2002), for instance. In particular, we

follow the MCMC estimation approach of Bastos and Gamerman (2006), who designed

it for dynamic survival models with spatial effects. The main difference lies in that

Bastos and Gamerman’s model allows for time-varying coefficients in the hazard func-

tion, whereas our model assumes constant coefficients, but adds the spatial lag of the

dependent variable and location-dependent baseline hazard.

Finally, this proposed model and estimation technique are applied to our VAT data.

The results provide strong evidence of a spatial correlation in the decisions to enact VAT

among neighboring countries. The estimates are found to be quite robust with respect

to various model specifications.

The remainder of the paper is organized as follows. In Section 2, a detailed description

of the proposed spatial duration model and its estimation is provided. In Section 3, we

present the dataset, describe the MCMC simulation setup, and discuss empirical results.

2.2. The Model

In this section, the proposed spatial duration model is introduced, the estimation pro-

cedure is described, including the choices of prior distributions of parameters, and the

posterior inference and computation are discussed.

2.2.1. The Spatial Duration Model

Consider a sample of panel data with i = 1, ..., N units (e.g., countries) observed for

t = 1, ..., T years. Let Xi,t−a be a k-dimensional vector of duration-dependent covariates

8



The Model

measured at time t − a for unit i, where k is the number of variables in Xi,t−a and

a ≥ 0 is a suitable lag. The group of duration-independent covariates with l variables

is denoted by Zi. Further, let yi,t−b be the event (survival) dummy, which equals unity

if the analyzed event (e.g., the VAT introduction) occured in unit i at time t − b or

earlier and is zero otherwise; b ≥ 0 denotes again a suitable lag. It is straightforward to

see that yi,t−b is duration dependent as it could also be defined as an indicator function

I(ti ≤ t − b). The choices of lags a and b are application specific. In our case, because

there is a time lag between the time of negotiation, adoption by parliament, and the

actual implementation of a VAT, the integer parameters a and b will be used to capture

the time lags specific to the VAT enactment (see Section 2.3.1), but they can also equal

zero in other applications. Therefore, if a or b > 0, only periods t = max{a, b}, . . . , T

are considered.

The proportional hazard function of the proposed spatial duration model is given by

λi (t) = λ0 (t, si) exp
[
X>i,t−aβ + Z>i γ + ρWiy.,t−b + Ui(si)

]
, (2.1)

where λ0 (t, si) is the baseline hazard rate dependent on the duration t and the spa-

tial location si of unit i. As in the standard proportional hazard models (Cox, 1972),

the hazard rate depends on the parameters β and γ of the covariates. The spatial ex-

tension of the model consists of three elements. First, the baseline hazard λ0 (t, si) is

allowed to be a function of location si. Next, the spatial interaction term ρWiy·,t−b con-

sists of the parameter ρ and the spatially lagged values of the event dummy Wiy·,t−b,

where Wi refers to the ith row of the spatial weight matrix WN (defined and dis-

cussed below) and y·,t−b = (y1,t−b, . . . , yN,t−b)
>. Finally, the spatial frailty Ui(si) is a

second-order stationary zero-mean process, that is, E [Ui(si)] = 0, Var [Ui(si)] = σ2,

and Cov [Ui(si), Uj(sj)] = σ2ϕ(si, sj;φ) for all i 6= j, where ϕ(si, sj;φ) is a valid two-

dimensional correlation function (see Section 2.2.3), φ is a parameter controlling this

function, and σ2 denotes the variance of frailties. This setting represents a traditional

approach in geostatistical modeling to capture spatial association among observations at

a fixed set of spatial locations si.

Our model contains many common models as special cases: (i) the Cox (1972) model

is obtained if λ0(t, si) = λ0(t) and γ = ρ = Ui = 0; (ii) the frailty model (Clayton,

9
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1978) is derived if λ0(t, si) = λ0(t) and γ = ρ = ϕ = 0; (iii) the frailty model with

group-varying baseline hazards (Carlin and Hodges, 1999) is obtained if γ = ρ = ϕ = 0;

(iv) spatial frailty models (Carlin and Banerjee, 2002) are obtained if λ0(t, si) = λ0(t)

and γ = ρ = 0.

The spatial weight matrix WN has to be specified to estimate the model as it describes

which neighbors of unit i influence its hazard rate. Typically, WN is assumed to be row-

normalized so that Wi in (2.1) contains weights summing up to 1. In the VAT application,

we use primarily the contiguity matrix, which only indicates whether two countries share

a common border. The elements of this weight matrix (after row-normalization) are

wij = bij/
∑N

i=1 bij for i 6= j and wij = 0 for i = j, where bij is the border dummy that

equals one if countries i and j share a common border and zero otherwise. Alternatives

could include the spatial weight matrices with elements inversely proportional to the

squared distance between the largest cities of two countries or to the amount of trade

between two countries, for instance.

Finally, the specification of the baseline hazard function λ0(t, si) is discussed since it is

specified only as a general function of time and location. While this general specification

requires just some additional regularity assumptions to be identifiable and estimable, the

focus of this paper is on a piecewise-constant baseline hazard function defined on a one- or

two-dimensional grid because of the scarcity of data and ease of estimation. Additionally

in large data sets, this piecewise-constant approach can be used as a nonparametric

estimator of the baseline hazard function if the grid size converges to zero with an

increasing sample size. Assuming first that the baseline hazard function depends only

on time, λ0(t, si) = λ0(t), the time span can be partitioned into the following disjoint

intervals following the specification of Gamerman (1991):

Ij =


[α0, α1] j = 1

(αj−1, αj] j = 2, ..., J − 1

(αJ−1, αJ) j = J

with α0 = max{a, b} < α1 < ... < αJ = +∞ (max{a, b} represents in our case the first

10
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time point when all data are observed). The baseline hazard rate is then given by

λ0(t) = λj if t ∈ Ij, (2.2)

where λj > 0 for j = 1, ..., J . An extension of model (2.2) allows the baseline hazard

rates to differ across regions, but to be constant within each region (a region is assumed

to be a set of neighboring locations; for example, a continent can represent a region when

units are countries). More specifically, the baseline hazard rate in region r = 1, ..., R is

given by λj,r if duration t belongs to Ij, where λj,r > 0 for all r and j. If Rir denotes the

regional dummies, where Rir = 1 if unit (country) i is in region r and zero otherwise,

the baseline hazard can be defined as

λ0(t, si) =
J∑
j=1

R∑
r=1

λj,rI(t ∈ Ij)Rir. (2.3)

2.2.2. Maximum Likelihood Estimation

Consider now the survival sample of sizeN , D = {ti, δi, si, Xi1, . . . , Xi,ti , Zi, yi,1, . . . , yi,ti}Ni=1,

where ti denotes the duration (e.g., time to the VAT introduction) and δi is the right-

censoring indicator: δi = I(‘no censoring’); without loss of generality, ti > α0 = max{a, b}.

This sample should be used to estimate the parameters of model (2.1): the parameter

vector θ =
[
lnλ>0 , β

>, γ>, ρ
]>

, where the baseline hazard function is uniquely defined by

JR parameter values λ0 = {λj,r : j = 1, . . . , J ; r = 1, . . . , R}, see (2.3). As the estima-

tion of model (2.1) relies on the maximum likelihood estimation, the likelihood function

has to be constructed first.

Let T denote the (random) duration without censoring and F (t|Ii,t, θ) and f (t|Ii,t, θ)

describe the conditional distribution and density functions of T , respectively, where

the information set Ii,t = [si, Xi,1, . . . , Xi,t−a, Zi, y.,t−b, Ui(si)] represents all information

observed prior to time t. For the right-censored observations, we only know that the

durations exceed t, so the complement of the cumulative distribution function is

S (t|Ii,t, θ) = P (T > t|Ii,t, θ) =

∞̂

t

f (v|Ii,t, θ) dv = 1− F (t|Ii,t, θ) , (2.4)

where S(.) denotes the survival function. Consequently, the likelihood contribution of

11
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the ith observation can be written as

f (ti|Ii,t, θ)δi S (ti|Ii,t, θ)1−δi ,

where δi is the right-censoring indicator. Hence, the conditional likelihood function

equals

L (θ) =
N∏
i=1

f (ti|Ii,t, θ)δi S (ti|Ii,t, θ)1−δi . (2.5)

We now derive the likelihood function; for simplicity, the duration-dependent (time-

varying) components will be denoted by Vi,t(θ) = X>i,t−aβ + ρWiy.,t−b and the duration-

independent (time-constant) components by Ci(θ) = Z>i γ + Ui(si). Since generally the

hazard function Λ = − lnS, the hazard rate λ = Λ′, and the density function f = −S ′,

it follows that ln f = ln[λS] = lnλ+ lnS and the conditional likelihood function can be

written as

L(θ) = exp

{
N∑
i=1

[δi lnλ(ti|Ii,t, θ) + lnS(ti|Ii,t, θ)]

}
(2.6)

= exp


N∑
i=1

δi[lnλ0(ti, si) + Ci(θ) + Vi,ti(θ)]− exp[Ci(θ)]

tiˆ

α0

λ0(vi, si) exp[Vi,vi(θ)]dvi

 .

As in Gupta (1991), we assume that all covariates stay constant for finite subperiods

of time, that is, Vi,t(θ) stays constant in the duration interval t to t + 1 and jumps to

Vi,t+1(θ) at period t+ 1. Therefore, the integral in equation (2.6) can be expressed as

tiˆ

α0

λ0(vi, si) exp [Vi,vi(θ)] dvi =

ti∑
vi=α0

λ0(vi, si) exp [Vi,vi(θ)] . (2.7)

For the proposed piecewise-constant baseline hazard (2.3), the conditional likelihood

function can be finally rewritten as

L(θ) = exp

{
N∑
i=1

[
δi

(
R∑
r=1

J∑
j=1

[I(ti ∈ Ij)Rir lnλj,r)] + Ci(θ) + Vi,ti(θ)

)
(2.8)

− exp [Ci(θ)]
R∑
r=1

J∑
j=1

[I(ti ∈ Ij)RirDj,r(ti, θ)]

]}
,
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where

Dj,r(ti, θ) =



ti∑
vi=α0

[λ1,r exp(Vi,vi(θ))] ti ∈ I1,

j−1∑
k=1

αk∑
vi=αk−1

[λk,r exp(Vi,vi(θ))] +

ti∑
vi=αj−1

[λj,r exp(Vi,vi(θ))] ti ∈ Ij, j = 2, ..., J.

As the likelihood function described in this section does not yield a closed-form

solution, owing to the unobserved frailties, the standard likelihood maximization cannot

be applied. Therefore, in the context of spatial survival analysis, Bayesian estimation

in combination with the MCMC method6 is used to obtain an approximation of the

posterior distribution of the parameters through posterior samples (cf. Hemming and

Shaw, 2002; Bastos and Gamerman, 2006). For such analysis, the prior distributions of

all parameters have to be specified in Section 2.2.3. The posterior distributions of the

parameters and their approximations by means of the MCMC method are described in

Section 2.2.4.

2.2.3. Prior Distribution

The spatial duration model (2.1) contains parameters of two groups: regression coeffi-

cients θ and spatial frailties U . Let us now specify the prior distribution of these two

parameter groups, which are assumed to be conditionally independent. The parameters

of these two prior distributions, the so-called hyper-parameters, are denoted by Ψθ and

ΨU , respectively. The complete set of hyper-parameters is referred to by Ψ = (Ψθ,ΨU)

and is assumed to be independent of the prior distributions of regression coefficients and

spatial frailties. Therefore, the full prior satisfies

p(θ, U,Ψ) = p(θ|Ψθ)p(U |ΨU)p(Ψ).

The prior density that we assign to θ is the normal prior density. Hence, the means

bθ and variances Tθ for these parameters will have to be specified. As Ψθ = (bθ, Tθ), the

prior specification can be expressed as follows:

θ ∼ N(bθ, Tθ)⇐⇒ p(θ|Ψθ) ∝ exp
{
−(1/2)(θ − bθ)>T−1

θ (θ − bθ)
}
. (2.9)

6Note that simulated maximum likelihood (Gourieroux and Monfort, 1996) can also be applied in
this application.
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Concerning the spatial frailties, there is a number of possibilities to model the ge-

ographical correlation when introducing spatial dependence between observations (see

Li and Ryan, 2002) that are shown to be valid in the sense that the resulting variance-

covariance matrices are positive definite on some open parameter sets (Ripley, 1981).

Bastos and Gamerman (2006) argue that the Gaussian process approach is flexible and

accommodates many different forms of spatial dependence, which are easily and directly

implemented through the correlation function. Furthermore, this approach could be

easily applied to data based both on continuously distributed locations and on discrete

disjoint regions.

In our spatial duration context, we apply the exponential correlation function as

introduced in Section 2.2.1 equals ϕ(si, sj;φ) = exp(−||si − sj||/φ) (||si − sj|| denotes

here the distance between the locations of units i and j). Therefore, the joint density of

the spatial frailties is given by

P (U |ΨU) = p(U |σ2, φ) ∝ (σ2)−n/2|H(φ)|−1/2 exp[− 1

2σ2
U>H−1(φ)U ],

where H(φ)ij = ϕ(si, sj;φ) = exp(−||si − sj||/φ) for i, j = 1, . . . , N . Following Bastos

and Gamerman (2006), the prior of hyper-parameter σ2 is assumed to be Inverse Gamma

(IG) distributed, IG(aσ, bσ), and the prior of the hyper-parameter φ is assumed to be

Gamma distributed, G(aφ, bφ).

2.2.4. Posterior Inference and Computation

The posterior distribution is obtained by combining the likelihood function with the prior

distribution according to the Bayesian theorem. For example, the posterior density for
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Table 2.1: Sampling Algorithm

Step 1: Specify an initial value ψ(0) = (θ(0), σ(0), U (0), φ(0)) and set j = 1.

Step 2: Repeat for j = 1, 2, ...,M.
(1) θ(j) ∼ p(θ|U (j−1), (σ2)(j−1), φ(j−1), D)
(2) U (j) ∼ p(U |θ(j), (σ2)(j−1), φ(j−1), D)
(3) (σ2)(j) ∼ p(σ2|θ(j), U (j), φ(j−1), D)
(4) φ(j) ∼ p(φ|θ(j), U (j), (σ2)(j), D)

Step 3: Return the values {ψ(1), ψ(2), ..., ψ(M)}.

model (2.8) in Section 2.2.1 is, conditional on observed data, given by

p(θ, U,Ψ|D) ∝ exp

{
N∑
i=1

[
δi

(
R∑
r=1

J∑
j=1

[I(ti ∈ Ij)Rir lnλj,r)] + Ci(θ) + Vi,ti(θ)

)

− exp [Ci(θ)]
R∑
r=1

J∑
j=1

[I(ti ∈ Ij)RirDj,r(ti, θ)]

]}

× exp{−1

2
(θ − bθ)>T−1

θ (θ − bθ)}

× (σ2)−n/2|H(φ)|−1/2 exp{− 1

2σ2
U>H−1(φ)U}

× (σ2)−
aσ
2
−1 exp(− bσ

2σ2
)φaφ−1 exp(−bφφ)

(cf. Bastos and Gammerman, 2006, eq. (23)).

This posterior distribution does not possess a closed-form analytic solution. There-

fore, MCMC methods will be used to approximate it through posterior sampling. As the

conditional distributions can be expressed mathematically, but do not have an explicit

form, Gibbs sampling (Geman and Geman, 1984) is difficult. Similarly to Bastos and

Gamerman (2006), we therefore use the random walk Metropolis-Hastings algorithm,

which generates a sequence of draws from the joint posterior distribution of parameters

(Metropolis et al., 1953; Hastings, 1970). This procedure is capable of constructing an

optimal proposal distribution and can be used to generate samples from an arbitrary den-

sity. Additional statistical inference can be carried out when the samples are obtained.

The sampling algorithm is described in Table 2.1.

A key factor in achieving high efficiency of the Metropolis-Hastings algorithm is
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finding a good proposal distribution for the parameters, where the proposal distribution

should resemble the true posterior distribution of parameters. As large sample theory

states that the posterior distribution of the parameters approaches a multivariate normal

distribution, a normal proposal distribution often works well in applications (Gelman et

al., 2004) and is applied also in the present application.

2.3. Empirical Application

In this section, our dataset is described, the setup of the MCMC algorithm is discussed,

and the estimation results are provided.

2.3.1. VAT Data

We apply the methodology introduced in Section 2.2 to the analysis of VAT adoption.

The potential sample is an unbalanced panel of 131 countries that have adopted a VAT

over the period 1970–2009 (see also the overview on Figure A.2, which depicts a clear

spread of VAT to neighboring countries). The date of VAT implementation is obtained

from data files of the IMF’s Fiscal Affairs Department, the Tax News Service of the

International Bureau of Fiscal Documentation, and various other sources. The effective

sample size in the benchmark case is only 99 countries (the list of countries, descriptive

statistics, and data definitions with data sources are reported in Tables 2.4–2.6, respec-

tively). The countries excluded from the estimation are discussed below. Note however

that excluding a country means here only that it is excluded from the likelihood maxi-

mization: information about the country’s VAT is used and enters the hazard rates of the

99 countries used for estimation via the spatially lagged variable; the spatial correlation

structure thus does not change by excluding some countries. This applies also to coun-

tries that adopted VAT prior to 1970 and their hazard rates are thus not modelled: Ivory

Coast (1960), Brazil (1967), Denmark (1967), France (1968), Uruguay (1968), Germany

(1968), the Netherlands (1969), and Sweden (1969).7

Countries of the former Soviet Union and Eastern Europe were dropped from the

full sample because they faced several wider structural reforms—including downsizing of

7According to Shoup (1973), the first consumption-type VAT was introduced in Brazil in January
1967. France introduced a manufacturing-type VAT in 1948, which was extended to cover the retail
stage in 1954. This paper only covers consumption-type VATs.
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Table 2.2: VAT Adoption by Region Across Various Time Periods

Year MECA EU WH AP AF Total

Total 8 11 19 17 25 80

2000–2009 3 0 0 1 9 13
1995–1999 0 1 1 7 8 17
1990–1994 3 3 6 4 6 22
1985–1989 2 4 0 4 1 11
1980–1984 0 0 3 0 1 4
1975–1979 0 0 7 1 0 8
1970–1974 0 3 2 0 0 5

Notes: Figures show the number of VAT adoptors during the
particular time frame. MECA, EU, WH, AP, and AF denote
Middle East and Central Asia, Europe, Western Hemisphere,
Asia and Pacific, and Africa, respectively.

the public sector—at the time of VAT introduction. As a result, a negative correlation

between public revenue and VAT adoption may be introduced. Furthermore, no reliable

data—except artificially constructed data—were available for the pre-1992 period as

these countries did not exist yet. The resulting subsample contains 108 countries. Finally,

after eliminating countries with completely missing control variables, our final dataset is

an unbalanced panel with 99 countries that listed in Tables 2.4.

The mean duration before VAT introduction is 20.5 years for those countries that

have adopted a VAT. More detailed information is reported in Table 2.2, which shows

VAT adoption by region and time period. Once a VAT is introduced, it stays in place,

suggesting that there is a lot of sluggishness in the VAT legislation. Only two countries

(i.e., Belize and Malta) repealed the VAT and thus exited the sample. Furthermore,

Figure 2.1 shows the Kaplan-Meier survival estimates of duration times in five different

regions. Survival rates are the highest in the Middle Eastern region (see the right-hand

side of figure). It can also be seen that the VAT adoption speed is varying in different

time intervals. Therefore in our final model, we distinguish the following four intervals,

within which the survival rate seems roughly similar and among which the survival rates

seem to be different as indicated in Figure 2.1: 1970–1989, 1990–1999, 2000–2009, and

2009–(censored) in definitions (2.2) and (2.3). Although this is a very rough division,

finer grids with more time intervals were considered as well (as discussed later in Section

2.3.5), but the effects of explanatory variables on the hazard rate did not change.
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Figure 2.1: Kaplan-Meier Survival Estimates in five regions
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2.3.2. Covariates

Concerning the employed explanatory variables, there is typically a lag between the time

a country starts contemplating adopting a VAT and its actual adoption. Ebrill et al.

(2001) describe it takes roughly 18 months from the initial preparations until the passage

by parliament of the VAT law. We therefore apply a two-year time lag to the covariates

and set the parameters a and b introduced in Section 2.2.1 equal to 2.

We include several sets of covariates on the right-hand side of the equation (2.1). All

variables are treated as time dependent unless stated otherwise. The first set consists

of macroeconomic variables. Variable YPC is the logarithm of a country’s GDP per

capita at Purchasing Power Parity (PPP). In view of the early adoption of the VAT

in Western Europe, we would expect that wealthy countries are more likely to adopt a

VAT, reflecting their more sophisticated tax administrations. Openness (OPEN ), which

is measured as the sum of the GDP shares of goods imports and exports, is likely to

have a positive effect on VAT adoption. Intuitively, on average 55 percent of gross

VAT revenue is collected at the border (cf. Ebrill et al. 2001), giving open countries

an easy tax handle. The share of agriculture in GDP (AGR) captures the notion that

VAT introduction is less likely in countries that have a large informal sector. Further,

we capture country size by its population (POP), which is expected to have a negative

effect on VAT adoption due to its relation with international trade (as argued by Ebrill
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et al., 2001). The reason is that the international trade facilitates easier VAT collection,

while it typically plays a more important role in the economy of small countries (and

especially small islands); there is a strong negative correlation between country size

and the importance of the international trade (Alesina and Warziarg, 1998). Finally,

revenue (REV ), which is measured as the total revenue-to-GDP ratio, is likely to have

a negative effect on VAT adoption. To raise public revenue, countries with low revenue

ratios would be inclined to adopt a VAT: as Keen and Lockwood (2006) show, the VAT

is a ‘money machine’ because it is a more effective instrument to raise revenue than other

consumption taxes. All data on the macroeconomic variables are taken from the World

Bank’s World Development Indicators.

The second set consists of institutional variables. We include a dummy for federal

countries (FED) to capture the specific challenges posed by federal systems. The data

are taken from Treisman (2008). Keen and Lockwood (2010) argue that taking up a VAT

may be less likely in federal systems as they reserve extensive powers over sales taxation

to lower levels, making it hard to coordinate tax collection across jurisdictions. We expect

this variable to have a negative effect on VAT adoption. Ebrill et al. (2001) argue that

the IMF has been an active participant in the spread of the VAT. This participation

has taken two main forms: (i) the provision of technical assistance to countries; and (ii)

the exercise of influence via lending program conditionality. We capture the influence

of the IMF through a dummy variable (IMF ), which measures whether the country has

received financial support from the IMF via the stand-by arrangement or extended fund

facility. We expect the IMF to have a positive effect on VAT adoption. Finally, we

consider the dummy variable WAR, which indicates whether a country has experienced

an armed conflict or not in a given year. As tax reform incentives of countries in a war

are likely to be less than non-war countries, we expect a negative sign for this variable.

To capture regional effects, we include five regional dummies, that is, Western Hemi-

sphere (WH ), Middle East and Central Asia (MECA), Europe (EU ), Asia and Pacific

(AP), and Africa (AF ). Although there is no constant in our model, including all time

dummies and regional dummies would result in a multicollinearity problem with the

baseline hazard. In order to avoid this problem, the regional dummy AF for the African

region is taken as the base case in our analysis. Note that, by including the regional

dummies, the baseline hazard is allowed to differ by a constant among various regions
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(irrespective of time). A more general setting, where the baseline hazard function de-

pends both on time and region in a fully general way as in (2.3), was analyzed, but

the estimates of the baseline hazard were not significantly different from the simpler

specification, which is used in the rest of the paper.

Next, because FED and the regional dummies hardly change over time, they should be

considered as duration independent covariates. Therefore, the set of duration dependent

covariates consists of YPC, OPEN, AGR, POPD, WAR, IMF, and REV and our duration

independent covariates are FED, MECA, EU, WH, and AP.

Finally, we include the spatially lagged dependent variable—which measures strategic

interactions among governments—with a two-years lag similar to the other explanatory

variables, whereas Keen and Lockwood (2010) estimate the probability of a country

adopting a VAT in response to the contemporaneous proportion of neighbors in the region

having implemented such a tax. The spatial correlation among neighboring countries’

decisions is expected to be positive both in the case of some global influences (such

as a global economic crisis) and in the case of the copycat effect (that is founded in

‘yardstick competition’, Besley and Case, 1995, where voters use information on tax

systems of neighboring jurisdictions to judge the performance of the politicians of their

home jurisdiction).8 In both cases, the money machine nature of the VAT makes its

introduction attractive in the sense that it leads to improved government revenues, and

as Keen and Lockwood (2006) demonstrate, it also leads to an increase in voters’ welfare.

2.3.3. Missing data

Although the countries with completely missing explanatory variables are excluded from

estimation, missing data occur also for countries in the final sample. The overview of

missing data within each variable is given in Table 2.5. The traditional methods dealing

with missing data rely on predicting the missing values or the probability distribution

of latent factors characterizing the missing data (cf. Tanner and Wong, 1987). In

the VAT data, the missing data are often clustered both in time (missing data form

spells lasting several years) as well as regionally (countries with longer missing data

8More generally, strategic interaction is observed in countries’ decisions whether or not to adopt
tax laws. Alm et al. (1993) find evidence of a copycat effect in state lottery enactment in the United
States using data for the 1964–1992 period. In addition, Davies and Naughton (2007) and Egger and
Larch (2008) provide evidence of increased coalition formation among proximate countries for the case
of environmental treaties and preferential trade agreements, respectively.
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spells are neighbors). Due to the possible dynamic and spatial correlation, we avoid

predicting missing outcomes or their distribution conditional on observables. The only

prior information used is that the missing values are uniformly distributed (on the interval

given by the minimum and maximum observed values for a given variable in a given

country).

Let us now denote the likelihood function (2.8) by L(θ|XU), where the vector XU

of missing values is explicitly written. To estimate given the uninformative uniform

distribution of XU , the missing data XU can be eliminated from the likelihood (2.8) by

taking the expectation with respect to them, EXUL(θ|XU), and maximizing the expected

value of the likelihood function. As the expectation cannot be evaluated analytically,

one can employ the method of simulated maximum likelihood (Gourieroux and Monfort,

1996): we first draw S samples (e.g., S = 5 or 20) of missing data XU
1 , . . . . , X

U
S , then we

maximize S−1
∑S

s=1 L(θ|XU
s ) instead of the likelihood (2.8). To create the analog of this

procedure within the proposed MCMC procedure, the posterior distribution is obtained

by averaging the part corresponding to the model parameters across the uniform random

draws of unobserved data.

2.3.4. MCMC Setup

The analysis is performed based on model described in Section 2.2. The algorithm was

coded in Matlab. We ran two separate MCMC chains with 12,000 iterations with differ-

ent starting values for each chain. The overlapping trace plots of the parameters show

convergence after around 6,000 iterations. In addition, the Gelman-Rubin diagnostics

(Gelman and Rubin, 1992) also confirm convergence (see Tables 2.7–2.9, where the diag-

nostics reached almost exactly 1; a general goal are usually values below 1.1). Therefore,

we discarded the first 6,000 iterations of each chain as a pre-convergence burn-in pe-

riod. The last 6,000 iterations of each chain were combined and used for the posterior

analysis in this section. The hyper-parameters used for the prior distributions of the

coefficients were set as follows: bθ = 0 and Tθ = I (identity matrix). In fact, in the

Metropolis-Hastings sampling, we update each parameter in θ separately. Moreover, for

the proposed variance of each parameter, a tuning parameter is applied for controlling

the acceptance rate to be in the suitable range. Here, we adopt a vague IG(σa, σb)

prior for σ2, where σa and σb are uniform draws from the interval (1, 2). The hyper-
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parameters of the Gamma distribution G(aφ, bφ) for φ were set as (φ∗, 1), where φ∗ is

such that ϕ(dmax/2;φ∗) = 0.05, which implies the distances larger than half the maxi-

mum observed distance (dmax) have low correlation and that the prior for φ is centered

around the prior guess φ∗; see Bastos and Gamerman (2006).

2.3.5. Results

The summary of the estimation results is provided in Table 2.3 and the corresponding

predictions of the hazard rates at the time of the VAT adoption are in Figure 2.4. Before

discussing and interpreting them, let us first mention some important characteristics of

the MCMC estimation procedure related to the data.

Figure 2.2 shows the sampling traceplot for all parameters and hyper-parameters in

the sample. Short convergence patterns for the parameters are observed along with high

autocorrelations in their chains, potentially reflecting a low effective sample size (ESS) as

reported in Tables 2.7–2.9. Note that the convergence of the chains as well as the below

discussed values of the final parameters are not sensitive to the number of simulated

values for missing data as reported in Tables 2.7–2.9 (which summarize the results for

the complete model).

Further, Tables 2.7–2.9 provide 2.5 percent, 50 percent, 97.5 percent posterior per-

centiles and posterior means of the parameters of our spatial duration model as discussed

in Section 2.2.1. We also report the ESS and estimated standard errors
√
V̂ESS of pa-

rameters in the MCMC chains. As the average sample variance would very likely be

underestimated due to the positive autocorrelation in the MCMC samples, Kass et al.

(1998) use the ESS over the sample variance to be the variance estimator, which is

denoted by V̂ESS = s2/ESS, where s2 is the sample variance and ESS is defined as

ESS = N/κ using the sample size N , κ = 1 + 2
∑∞

k=1 ρk, and the autocorrelation ρk at

lag k for each parameter of interest. Empirically, the autocorrelation lag κ is estimated

by using sample autocorrelations estimated from the MCMC chain, cutting off the sum-

mation when it drops below 0.1 in magnitude (see Roberts, 1996). The last column of

these three tables reports the change of relative hazard ratio of VAT adoption of a unit

change in a continuous variable or of a change from zero to unity in a dummy.

Table 2.3 reports our main estimation results. Note that the usual t-test of signifi-

cance is not feasible due to lack of asymptotic results, symbols *, **, and *** represent
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Table 2.3: Results with Contiguity Weight Matrix

Frailty: None Non-Spatial Spatial
Spatial lag: No Yes No Yes No Yes

YPC -0.2596*** -0.2757*** -0.2685*** -0.2758*** -0.2651*** -0.2823***
(0.0056) (0.0067) (0.0070) (0.0070) (0.0060) (0.0066)

OPEN -1.1887*** -1.2341*** -1.1854*** -1.2374*** -1.1499*** -1.2353***
(0.0153) (0.0152) (0.0170) (0.0150) (0.0132) (0.0165)

AGR -0.9216 -1.1056* -0.9489 -1.0963* -0.9269 -1.0748*
(0.0231) (0.0239) (0.0264) (0.0224) (0.0230) (0.0279)

POP -0.1299 -0.1449 -0.1332 -0.1420 -0.1262 -0.1409
(0.0026) (0.0029) (0.0026) (0.0028) (0.0027) (0.0029)

WAR -0.1720 -0.1606 -0.1707 -0.1632 -0.1545 -0.1615
(0.0071) (0.0067) (0.0067) (0.0065) (0.0064) (0.0070)

IMF 0.1652 0.1562 0.1720 0.1398 0.1887 0.1569
(0.0068) (0.0062) (0.0067) (0.0064) (0.0064) (0.0061)

REV 0.1724 0.2753 0.2518 0.2424 0.2320 0.3307
(0.0326) (0.0311) (0.0312) (0.0343) (0.0365) (0.0383)

ρ 0.6583** 0.6694** 0.6489**
(0.0076) (0.0084) (0.0079)

FED -0.5218* -0.6753** -0.5291* -0.6760** -0.5239* -0.6805**
(0.0072) (0.0078) (0.0068) (0.0075) (0.0065) (0.0069)

MECA -0.7221** -0.6593* -0.7023** -0.6498* -0.7127** -0.6600*
(0.0083) (0.0090) (0.0086) (0.0083) (0.0090) (0.0080)

EU 1.1545*** 1.0870*** 1.1830** 1.0892*** 1.1663*** 1.0868***
(0.0100) (0.0096) (0.0088) (0.0098) (0.0093) (0.0089)

WH 0.4391 0.5508* 0.4727* 0.5631 0.4573 0.5371*
(0.0087) (0.0089) (0.0081) (0.0095) (0.0110) (0.0113)

AP 0.0073 0.0984 0.0127 0.1062 0.0415 0.1029
(0.0083) (0.0085) (0.0085) (0.0083) (0.0089) (0.0090)

ln(λ1) -1.0506** -1.0067* -1.0170* -1.0048** -1.1033** -0.9657*
(0.0410) (0.0467) (0.0494) (0.0537) (0.0432) (0.0498)

ln(λ2) 0.5670 0.4981 0.6162 0.4993 0.5184 0.5389
(0.0417) (0.0452) (0.0480) (0.0527) (0.0437) (0.0499)

ln(λ3) 0.3944 0.2392 0.4560 0.2459 0.3674 0.2816
(0.0394) (0.0441) (0.0485) (0.0452) (0.0423) (0.0486)

ln(λ4) -0.5371 -0.5928 -0.5180 -0.5723 -0.5306 -0.5490
(0.0173) (0.0177) (0.0170) (0.0172) (0.0168) (0.0167)

σ2 0.0254 0.0253 0.0187 0.0186
φ 3338.5 3336.2

Notes: The sample consists of 99 countries, among which 80 countries have adopted a VAT.
Gelman Rubin Diagnostics indicate that the MCMC series of all parameters are converged.

Numbers in parenthesis are the estimated standard errors (
√
V̂ESS) in MCMC chains. Sym-

bols *, **, and *** represent the 90%, 95%, and 99% posterior quantiles of the parameters
around their posterior means are significantly different from zero, respectively.
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the 90%, 95%, and 99% posterior confidence intervals of the parameters around their pos-

terior means are significantly different from zero, respectively. However, the significance

is usually under-estimated as the posterior confidence intervals of parameters are always

over-estimated due to the autocorrelation in MCMC chains. The estimation results for

the complete model are summarized in the last two columns of Table 2.3, which contains

the results using the contiguity spatial weight matrix, 99 countries, and 5 simulated val-

ues of unobservables; note that the unreported results based on a different weight matrix

– the distance weight matrix – do not significantly differ from the presented ones. The

negative sign of the YPC coefficient shows that less wealthy countries primarily adopt a

VAT, which is not in line with expectations. This counterintuitive sign can be explained

by the pattern of VAT spread. Recent VAT adopters are less prosperous economies than

the early adopters, which were primarily industrialized countries. Indeed, most of the

VAT spread over the last twenty years occurred in Africa (see Table 2.2). In addition,

once countries become rich, the composition of the tax mix shifts toward income taxa-

tion, making them less dependent on consumption taxation. Another striking result is

that openness enters with a significantly negative effect, which coincides with the find-

ings of Desai and Hines (2005) and Keen and Lockwood (2010). On the other hand, the

positive coefficient of REV indicates that a big government is more likely to search for

further sources of income by means of VAT. For the other variables in the estimation, all

results are in line with our expectations. VAT adoption is less likely in countries with a

large share of agriculture as the agricultural sector is hard to tax. Countries with a larger

population are also less likely to implement a VAT. Further, if a country experienced an

armed conflict, then the relative hazard rates will decrease by around 15 percent (see

Table 2.7) while keeping the other variables unchanged.

For the institutional effects, there seems to be a significant challenge for federal

countries to implement a VAT. The relative hazard rates of VAT adoption for federal

systems are almost 50 percent lower than for non-federal countries (see Tables 2.7–2.9).

However, countries with an IMF program have a higher probability than non-program

countries, which confirms the significant role of the IMF in the spread of the VAT.

Our findings provide evidence that the VAT has tended to spread in regional bursts.

As compared to countries in Africa, countries in Europe and on the western hemisphere

are more inclined to implement a VAT while countries in the Middle East and Central
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Asia have a smaller probability of adopting a VAT. Besides the regional effects, the

positive spatial correlation is another locational impact observed in the spread of VAT

adoption. This effect is positive and quite robust in our estimation when using the

contiguity weight matrix. To interpret the coefficient of spatial lag, for example in the

last column of Table 2.3, suppose a country has four contiguous neighbors, then every

one additional neighbor has adopted a VAT will increase the relative hazard rate of the

home country by e1/4∗0.6489 − 1(= 17.61%).

Furthermore, results in Table 2.3 are also used to check the robustness of the spatially

lagged variable estimates for different model specifications. In addition to models with

spatial frailties, there are models without frailties and models with non-spatial frailties.

Each kind of model is estimated with and without the spatial lag. As reported in the

table, the presence of the spatial lag is quite robust to model specification. Its presence

influences to some extent the estimates of other factors: it increases the magnitude of

some coefficients including a slight increase in YPC and larger increases in AGR, OPEN,

and REV. Regional dummies characterizing the baseline hazard rate are also affected in

every considered model. On the other hand, the baseline hazard rates do not change

substantially with the exception of the third time period in the models without spatial

frailty. Therefore, allowing the VAT decisions to be spatially correlated does have a

significant effect on the other estimates, whereas incorporating country-level unobserved

heterogeneity seem to play a minor role, at least in this application.

The estimated frailties and observed hazard rates of model in the last column in

Table 2.3 are depicted on Figure A.3. It can be observed from the top figure that risks

are higher in Western Europe, South America and West Africa. However, the observed

hazard rates in the bottom figure are rather scattered. It can be noted that countries

with high risks (i.e., Niger) could have low hazards, while countries with low risks (i.e.,

Zimbabwe) could also have high hazards.

Finally, other robustness checks can be found in the appendix. The results are not

sensitive to the number of time periods defining the piecewise constant baseline hazard;

see Table 2.9 for six periods. On the other hand, decreasing the lags a and b to 1 (see

Table 2.8 for a = b = 1) leads to larger differences in results for some variables (AGR,

IMF, and WAR). For example, the IMF and WAR coefficients change signs and become

counterintuitive as they would indicate that IMF decreases and WAR increases chances
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to VAT introduction. These results are only included to demonstrate the importance of

the lag choice and, given the period of approximately 18 months of legislative delay, the

lag of two years is more appropriate.

2.4. Appendix
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APPENDIX

Table 2.4: Countries in the Sample

Afghanistan Ghana Oman
Algeria Greece Pakistan
Argentina Grenada Panama
Australia Guatemala Papua New Guinea
Austria Guinea Paraguay
Bahamas Honduras Peru
Bahrain Iceland Philippines
Bangladesh India Rwanda
Barbados Indonesia Senegal
Benin Iran Seychelles
Bhutan Ireland South Africa
Bolivia Italy Spain
Botswana Jamaica Sri Lanka
Burkina Faso Japan St. Kitts and Nevis
Cambodia Jordan St. Vincent and the Grenadines
Cameroon Kenya Sudan
Canada Korea Swaziland
Cape Verde Kuwait Switzerland
Central African Republic Lebanon Syrian Arab Republic
Chile Lesotho Thailand
China Madagascar Togo
Colombia Malaysia Trinidad and Tobago
Congo (Democratic Republic) Maldives Tunisia
Congo (Republic of) Mali Turkey
Costa Rica Mauritius Uganda
Cyprus Mexico United Arab Emirates
Dominican Republic Mongolia United Kingdom
Egypt Morocco United States
El Salvador Namibia Vanuatu
Ethiopia Nepal Venezuela
Fiji New Zealand Vietnam
Finland Nicaragua Zambia
Gambia Niger Zimbabwe

Notes: Based on a sample of 99 countries. Countries from the Former Soviet Union (i.e., Arme-
nia, Azerbaijan, Belarus, Estonia, Georgia, Kazakhstan, Kyrgyzstan, Latvia, Lithuania, Moldova,
Russia, Tajikistan, and Ukraine) and Eastern Europe and the Balkans (i.e., Albania, Bosnia and
Herzegovina, Bulgaria, Croatia, Czech Republic, Hungary, Poland, Romania, Slovak Republic,
Slovenia) are excluded from the sample.
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Table 2.5: Descriptive Statistics

Variable Obs. Missing Freq. M Mean St.Dev. Min Max

DUR 80 0 0 20.525 9.0442 2 34
YPC 3960 0 0 8.2594 1.2855 4.7673 10.9389
OPEN 3636 324 8.2 71.3421 40.3039 5.3100 375.38
AGR 3375 585 14.8 18.7516 14.4451 0.15 74.2700
POPD 3816 144 3.6 107.1059 149.8552 0.8100 988.37
WAR 3960 0 0 0.1917 0.3937 0 1
IMF 3960 0 0 0.0937 0.2914 0 1
REV 2080 1,880 47.5 23.3152 10.9685 0 72
FED 3960 0 0 0.1591 0.3658 0 1
MECA 3960 0 0 0.1515 0.3586 0 1
EU 3960 0 0 0.1111 0.3143 0 1
WH 3960 0 0 0.2424 0.4286 0 1
AP 3960 0 0 0.2121 0.4089 0 1
AF 3960 0 0 0.2828 0.4504 0 1

Notes : The variables are described in Table 2.6.
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Figure 2.2: MCMC Sampling for the Parameters
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Figure A.1: MCMC Sampling for the Parameters (Continued)
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Table 2.7: Results with Contiguity Weight Matrix and Two Years Lag

Covariates GR Diag Mean 2.5% 50% 97.5% ESS
√
V̂ESS exp(θ)-1

Number of simulation is 5
Y PC 1.0737 -0.2823 -0.4082 -0.2830 -0.1545 97.9999 (0.0066) -0.2459
OPEN 1.0004 -1.2353 -1.9212 -1.2285 -0.5626 435.4544 (0.0165) -0.7093
AGR 1.0071 -1.0748 -2.2845 -1.0823 0.0941 475.8385 (0.0279) -0.6586
POP 1.0002 -0.1409 -0.4321 -0.1259 0.0539 1892.5072 (0.0029) -0.1314
WAR 1.0005 -0.1615 -0.7307 -0.1595 0.4005 1770.2569 (0.0070) -0.1491
IMF 1.0000 0.1569 -0.4817 0.1637 0.7272 2430.4309 (0.0061) 0.1699
REV 1.0067 0.3307 -1.2927 0.3212 1.9128 459.3882 (0.0383) 0.3919
ρ 1.0004 0.6489 0.0759 0.6541 1.1977 1241.9835 (0.0079) 0.9134

FED 1.0005 -0.6805 -1.3361 -0.6675 -0.0561 2113.1905 (0.0069) -0.4936
MECA 1.0006 -0.6600 -1.3864 -0.6546 0.0216 1997.2518 (0.0080) -0.4832
EU 1.0001 1.0868 0.3187 1.1028 1.7609 1658.9344 (0.0089) 1.9646
WH 1.0030 0.5371 -0.0531 0.5394 1.1149 719.0240 (0.0113) 0.7111
AP 1.0069 0.1029 -0.4946 0.1047 0.6689 1085.6013 (0.0090) 0.1083

ln(λ1) 1.0403 -0.9657 -1.9114 -0.9790 0.0505 102.9951 (0.0498)
ln(λ2) 1.0403 0.5389 -0.4366 0.5228 1.5113 101.2355 (0.0499)
ln(λ3) 1.0396 0.2816 -0.7685 0.2658 1.3401 125.5188 (0.0486)
ln(λ4) 1.0012 -0.5490 -2.2977 -0.5282 1.0423 2586.1522 (0.0167)

σ2 0.9999 0.0186 0.0119 0.0183 0.0273
φ 1.0015 3336.2 3054.1 3333.2 3633.3

Number of simulation is 20
Y PC 1.0369 -0.2911 -0.4310 -0.2895 -0.1640 71.2393 (0.0083) -0.2526
OPEN 1.0016 -1.2394 -1.9196 -1.2325 -0.5810 500.2231 (0.0151) -0.7104
AGR 1.0002 -1.1398 -2.3903 -1.1304 0.0622 425.1270 (0.0299) -0.6801
POP 1.0004 -0.1453 -0.4266 -0.1302 0.0512 2015.0912 (0.0027) -0.1352
WAR 1.0012 -0.1546 -0.7306 -0.1543 0.3931 1930.8257 (0.0065) -0.1432
IMF 0.9999 0.1356 -0.4938 0.1432 0.7269 2359.0933 (0.0063) 0.1452
REV 1.0088 0.2803 -1.3174 0.2613 1.9052 488.7483 (0.0371) 0.3235
ρ 1.0007 0.6558 0.1025 0.6543 1.2049 1199.5787 (0.0080) 0.9266

FED 1.0005 -0.6955 -1.3660 -0.6823 -0.0793 2114.7291 (0.0071) -0.5012
MECA 1.0004 -0.6541 -1.3990 -0.6433 0.0477 1645.3786 (0.0091) -0.4801
EU 1.0000 1.1064 0.3454 1.1155 1.8344 1619.9548 (0.0092) 2.0235
WH 1.0004 0.5615 -0.0443 0.5646 1.1444 973.5132 (0.0097) 0.7534
AP 1.0001 0.1231 -0.4883 0.1233 0.7114 982.2566 (0.0098) 0.1310

ln(λ1) 1.0224 -0.8934 -1.9160 -0.9292 0.2681 68.5862 (0.0669)
ln(λ2) 1.0243 0.6232 -0.3895 0.5948 1.7918 68.8730 (0.0664)
ln(λ3) 1.0280 0.3605 -0.7257 0.3276 1.5807 79.4798 (0.0653)
ln(λ4) 0.9999 -0.5426 -2.2823 -0.5162 1.0592 2565.3675 (0.0168)

σ2 0.9999 0.0186 0.0119 0.0183 0.0273
φ 1.0039 3339.2 3059.3 3336.5 3627.6



Table 2.8: Results with Contiguity Weight Matrix and One Year Lag

Covariates GR Diag Mean 2.5% 50% 97.5% ESS
√
V̂ESS exp(θ)-1

Number of simulation is 5
Y PC 1.0014 -0.2656 -0.3854 -0.2698 -0.1380 74.7166 (0.0076) -0.2333
OPEN 1.0014 -1.0778 -1.7459 -1.0691 -0.4442 436.1241 (0.0153) -0.6597
AGR 0.9999 -1.6399 -2.9080 -1.6399 -0.4556 414.2545 (0.0308) -0.8060
POP 1.0000 -0.1493 -0.4369 -0.1356 0.0516 1988.2448 (0.0028) -0.1387
WAR 1.0002 0.3337 -0.2136 0.3390 0.8532 1565.2699 (0.0068) 0.3962
IMF 1.0018 -0.4334 -1.2091 -0.4247 0.2718 2149.8376 (0.0081) -0.3517
REV 1.0014 0.3294 -1.2413 0.3217 1.9117 597.8872 (0.0321) 0.3901
ρ 1.0006 0.5462 -0.0178 0.5563 1.1113 1182.2091 (0.0082) 0.7267

FED 1.0004 -0.6540 -1.2944 -0.6501 -0.0334 1844.1723 (0.0074) -0.4800
MECA 1.0002 -0.6409 -1.3965 -0.6303 0.0697 1715.7005 (0.0090) -0.4732
EU 0.9999 1.0625 0.3223 1.0692 1.7513 1615.3896 (0.0091) 1.8935
WH 1.0061 0.5067 -0.1208 0.5069 1.1253 690.3550 (0.0119) 0.6598
AP 1.0004 0.0445 -0.5525 0.0374 0.6400 1286.7878 (0.0084) 0.0455

ln(λ1) 0.9999 -1.1243 -2.2530 -1.0725 -0.1311 78.6585 (0.0617)
ln(λ2) 1.0001 0.4472 -0.6056 0.4861 1.4169 80.8826 (0.0595)
ln(λ3) 1.0001 0.2230 -0.9132 0.2613 1.2462 108.9316 (0.0532)
ln(λ4) 1.0000 -0.7525 -2.3518 -0.7194 0.7301 2355.9580 (0.0163)

σ2 1.0001 0.0185 0.0118 0.0182 0.0274
φ 1.0003 3334.7 3070.8 3331.2 3632.0

Number of simulation is 20
Y PC 1.0046 -0.2621 -0.3856 -0.2635 -0.1393 94.5046 (0.0064) -0.2306
OPEN 1.0062 -1.0983 -1.7267 -1.0991 -0.4807 429.1436 (0.0153) -0.6666
AGR 1.0000 -1.6361 -2.8183 -1.6445 -0.4268 837.0216 (0.0212) -0.8053
POP 1.0000 -0.1498 -0.4568 -0.1340 0.0534 1858.6579 (0.0030) -0.1391
WAR 1.0006 0.3443 -0.1881 0.3469 0.8728 1529.8757 (0.0067) 0.4110
IMF 1.0001 -0.4449 -1.2090 -0.4371 0.2608 2143.5991 (0.0080) -0.3591
REV 1.0025 0.3562 -1.0890 0.3464 1.9193 642.3403 (0.0298) 0.4278
ρ 0.9999 0.5570 -0.0124 0.5603 1.1332 999.9009 (0.0090) 0.7455

FED 1.0000 -0.6528 -1.3065 -0.6425 -0.0242 1932.8036 (0.0074) -0.4794
MECA 1.0000 -0.6725 -1.4544 -0.6595 0.0101 1984.0780 (0.0083) -0.4895
EU 1.0010 1.0592 0.3087 1.0611 1.7964 1321.6590 (0.0103) 1.8841
WH 1.0008 0.5242 -0.0980 0.5271 1.1142 982.7472 (0.0099) 0.6890
AP 1.0005 0.0526 -0.5778 0.0501 0.6567 998.3281 (0.0099) 0.0540

ln(λ1) 1.0074 -1.1715 -2.2530 -1.1669 -0.1681 119.4304 (0.0471)
ln(λ2) 1.0025 0.4038 -0.6297 0.4133 1.3718 118.1149 (0.0455)
ln(λ3) 1.0026 0.1640 -0.9289 0.1836 1.1570 152.3251 (0.0431)
ln(λ4) 1.0005 -0.8057 -2.4889 -0.7846 0.6977 2315.2517 (0.0166)

σ2 1.0001 0.0186 0.0118 0.0183 0.0273
φ 1.0038 3330.5 3066.6 3325.9 3617.8



Table 2.9: Results with Contiguity Weight Matrix, Six intervals, and Two Years Lag

Covariates GR Diag Mean 2.5% 50% 97.5% ESS
√
V̂ESS exp(θ)-1

Number of simulation is 5
Y PC 1.0023 -0.2871 -0.4008 -0.2864 -0.1804 117.0776 (0.0053) -0.2495
OPEN 1.0013 -1.2449 -1.9338 -1.2358 -0.6206 435.4696 (0.0162) -0.7120
AGR 0.9999 -1.1274 -2.3375 -1.1256 0.0169 799.5852 (0.0212) -0.6761
POP 1.0000 -0.1465 -0.4280 -0.1317 0.0523 2060.6844 (0.0027) -0.1363
WAR 1.0005 -0.1765 -0.7887 -0.1637 0.3939 1816.0531 (0.0069) -0.1618
IMF 0.9999 0.1618 -0.4697 0.1601 0.7669 2387.1253 (0.0064) 0.1757
REV 1.0005 0.2662 -1.2627 0.2761 1.7984 548.9641 (0.0326) 0.3051
ρ 1.0021 0.6875 0.1532 0.6857 1.2419 1369.2397 (0.0076) 0.9888

FED 1.0017 -0.6824 -1.3584 -0.6682 -0.0522 1941.9394 (0.0074) -0.4946
MECA 1.0021 -0.6438 -1.4169 -0.6348 0.0746 1638.9343 (0.0093) -0.4747
EU 1.0008 1.0745 0.3492 1.0857 1.7588 1652.6375 (0.0089) 1.9285
WH 0.9999 0.5427 -0.0582 0.5410 1.1509 1061.9913 (0.0094) 0.7207
AP 1.0016 0.1174 -0.5081 0.1194 0.7213 979.6305 (0.0099) 0.1246

ln(λ1) 1.0007 -0.9204 -1.8204 -0.9166 -0.0374 169.5917 (0.0351)
ln(λ2) 1.0020 -0.8156 -1.7211 -0.8068 0.0505 152.2562 (0.0370)
ln(λ3) 1.0007 0.6374 -0.2457 0.6388 1.5106 154.3290 (0.0370)
ln(λ4) 0.9999 0.5117 -0.3574 0.5045 1.3661 172.1939 (0.0340)
ln(λ5) 1.0016 0.3476 -0.6170 0.3540 1.2514 189.8060 (0.0349)
ln(λ6) 0.9999 -0.5149 -2.2196 -0.4935 1.0570 2533.6558 (0.0165)

σ2 1.0002 0.0187 0.0119 0.0183 0.0277
φ 1.0007 3332.1 3061.3 3328.3 3620.0

Number of simulation is 20
Y PC 1.0201 -0.2851 -0.4090 -0.2818 -0.1783 97.3761 (0.0061) -0.2480
OPEN 1.0089 -1.2530 -1.8806 -1.2547 -0.6109 386.0952 (0.0166) -0.7144
AGR 1.0004 -1.0690 -2.2727 -1.0654 0.0737 706.4552 (0.0223) -0.6567
POP 0.9999 -0.1419 -0.4318 -0.1256 0.0452 1751.0967 (0.0029) -0.1323
WAR 1.0002 -0.1682 -0.7485 -0.1635 0.4151 1773.1346 (0.0069) -0.1548
IMF 0.9999 0.1442 -0.4859 0.1594 0.7165 2108.4846 (0.0066) 0.1551
REV 1.0001 0.2912 -1.2424 0.3004 1.7708 431.3700 (0.0370) 0.3380
ρ 1.0001 0.6847 0.1293 0.6829 1.2282 1225.0010 (0.0080) 0.9831

FED 1.0004 -0.6955 -1.3638 -0.6811 -0.0897 2061.1518 (0.0071) -0.5012
MECA 0.9999 -0.6380 -1.3759 -0.6217 0.0539 1971.3919 (0.0081) -0.4716
EU 0.9999 1.0873 0.3418 1.0977 1.7650 1427.2287 (0.0096) 1.9662
WH 1.0033 0.5410 -0.0377 0.5374 1.1110 1036.9082 (0.0090) 0.7177
AP 1.0043 0.1318 -0.4396 0.1347 0.6861 1399.2057 (0.0076) 0.1409

ln(λ1) 1.0325 -0.9731 -1.8542 -0.9862 -0.0060 116.8135 (0.0445)
ln(λ2) 1.0332 -0.8728 -1.7833 -0.8815 0.0829 115.4510 (0.0444)
ln(λ3) 1.0319 0.6070 -0.2786 0.5851 1.5478 113.9805 (0.0445)
ln(λ4) 1.0232 0.4721 -0.4260 0.4619 1.4200 136.0066 (0.0403)
ln(λ5) 1.0264 0.3210 -0.6222 0.2950 1.3120 149.2933 (0.0402)
ln(λ6) 1.0000 -0.5542 -2.1714 -0.5449 0.9784 2778.3994 (0.0154)

σ2 1.0001 0.0185 0.0118 0.0181 0.0275
φ 1.0022 3341.3 3072.4 3335.5 3640.1

Notes: The six time periods are 1970–1979, 1980–1989, 1990–1999, 2000–2009, and 2009–censored.



Appendix

Figure 2.3: Countries of VAT adoption in given years

Before 1970
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1990−−1994
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Countries with VAT in given years
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Chapter 2: A Spatial Duration Model

Figure 2.4: Maps of posterior mean of frailties and observed hazard rates
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2nd Quartile
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Map of the posterior mean of spatial frailties

4th Quartile
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Map of the posterior mean of the observed hazard rates
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Chapter 3

Identification and estimation of

nonseparable single-index models

in panel data with correlated

random effects9

3.1. Introduction

The single-index models, linking the response variable to regressors by means of a single

linear combination, encompass a large number of practically applied models. To estimate

these models, a significant amount of literature has been devoted in recent years to the

local derivative and average derivative estimation. The average derivative estimation

based on the Nadaraya-Watson kernel regression (Gasser and Müller, 1984) was proposed

and studied, for example, by Härdle and Stoker (1989) and Newey and Stoker (1993). As

the local linear regression offers some advantages over the Nadaraya-Watson estimator

(Fan and Gijbels, 1992), the average derivative estimation relying on the local polynomial

regression was proposed by Hristache et al. (2001) and Li et al. (2003), for instance.

Nevertheless, these classical estimators are primarily designed for cross-sectional data

and the average derivative estimation for panel data is relatively scarce.

The main difficulty in dealing with nonlinear panel data is caused by the presence

of individual specific heterogeneity, especially in the fixed effects models, which allow

the individual effects to be correlated with the explanatory variables. Although the

unobserved individual specific heterogeneity could be eliminated or treated as parameters

to be estimated in linear or additive panel data models, such approaches cannot be readily

applied to nonlinear panel data models as they result in inconsistent estimators due to the

9This chapter is coauthored with Pavel Č́ıžek.
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Chapter 3: Nonseparable Single-index Panel Models

incidental parameters problem (Lancaster, 2000). Nevertheless, there has been a number

of attempts to consistently estimate the nonlinear panel data models with specific model

forms. For example, Manski (1987) and Charlier et al. (1995) proposed a (smoothed)

maximum score estimator for discrete choice models; Honoré (1992) artificially censors

the dependent variable in the censored regression model such that the individual fixed

effects could be differenced away; Kyriazidou (1997) introduced a semiparametric method

to estimate the parameters of sample selection models in panel data; and Abrevaya (1999)

proposed a rank-based estimator for monotone transformation models. Additionally,

there is also a branch of literature which aims at improving the performance of existing

estimators that treat individual effects as parameters via bias-correction (e.g., see Hahn

and Newey, 2004, or Bester and Hansen, 2009b). However, these approaches rely on

parametric assumptions for a specific structural model or on asymptotics, where both

the number of observations and time dimension go to infinity.

Most recently, several papers have provided the identification and estimation for

marginal effects in nonlinear panel models. Chernozhukov et al. (2013) derive bounds

for marginal effects and propose two novel inference methods for parameters as solutions

to nonlinear programs. Further, Bester and Hansen (2009a) achieve identification of av-

erage marginal effects in a correlated random effects (CRE) model by imposing that the

individual-effect distribution depends on each covariate only through a scalar function of

the values observed over time. Finally, the most similar work to the current paper is by

Hoderlein and White (2012), who derive a generalized version of differencing that iden-

tifies local average responses in a general nonseparable model (without the single-index

structure). Considering two time periods and without assuming additional functional

form restrictions or restrictions on the dependence between regressors and fixed effects,

they identify effects for the subpopulation of individuals who have not experienced a

change in covariates between the two time periods.

Our identification strategy relies on an assumption similar to Bester and Hansen

(2009a): the distribution of individual effects depends on the explanatory variables only

by means of their time-averages. At the same time, the resulting estimator is close to

Hoderlein and White (2012) in the sense that one estimates the derivatives of the first

differences of a particular regression function. The crucial difference lies in the identifica-

tion assumption of the CRE model, which is more restrictive than the one in Hoderlein

38



Identification

and White (2012), but provides several practical advantages. First, our method can

identify the regression coefficients and marginal effects for the whole population rather

than for a subpopulation only. Second, although two time periods are also sufficient for

identification, we do not restrict the estimation to only two time periods and make an

explicit use of multiple time periods to improve estimation (this also renders a stability

test if more than two time periods are available). Finally, let us mention that the model

and its estimation – being based on a general nonlinear model – suits many applications

such as those relying on various discrete-choice and limited-dependent-variables models

as discussed in Hoderlein and White (2012) in detail.

In the rest of this paper, we first show how the parameters of interest are identified in

Section 3.2. Next, a semiparametric average derivative estimation procedure is developed

in Section 3.3, which is easy to compute and does not require numerical optimization. The

rate of convergence and asymptotic distribution of the proposed estimator are derived in

Section 3.4 and the finite sample performance of the procedure is documented by Monte

Carlo experiments in Section 3.5. Proofs are included in the Appendices.

3.2. Identification

The panel data consist of n observations of time series Yi = (Yi1, . . . , YiT )> and Xi =

(Xi1, . . . , XiT )> for a dependent variable Yit and a vector of explanatory variables Xit,

which are independent and identically distributed across individual observations i ∈

{1, . . . , n}. The number T of time periods is assumed to be finite and fixed. A general

nonseparable model with an unobserved individual effects αi can be described as

Yit = φ(Xit, αi, Uit),

where the individual effect αi may be a vector of any finite dimension and Uit represents

unobservables. In this paper, we assume more structure in that the explanatory variables

enter into the mean response function only through a single linear index such that

Yit = φ(X>it β, αi, Uit), (3.1)
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Chapter 3: Nonseparable Single-index Panel Models

where β is a parameter vector common to all individuals i and αi is a scalar or vector

of individual effects. This class of single-index models includes panel-data censored and

truncated Tobit models (e.g., Yit = max{X>it β+αi +Uit, 0}), binary choice models (e.g.,

Yit = 1{X>it β+αi+Uit > 0}), duration models with unobserved individual heterogeneity

and random censoring, or monotone and general transformation models (e.g., Yit =

g(X>it β + αi + Uit), where g(·) is an unknown function). Our interest lies in the average

marginal effects of Xit on Yit given αi; the average is taken with respect to errors Uit,

that is, we aim to estimate parameters β and the average marginal effects of Xit on Yit by

studying ϕ(X>it β, αi) = EU(φ(X>it β, αi, Uit)). Note that the function ϕ is of an unknown

form even if φ is known since the distribution function of Uit is not known and is not

assumed to belong to a parametric family of distributions.

First, the assumptions for the identification of β are introduced.

Assumption 3.1. Let (Ω, F, P ) be a complete probability space on which are defined

the random vectors αi : Ω → A,A ⊆ Rda, and (Yit, Xit, Uit) : Ω → Y × X × U , Y ⊆

R,X ⊆ Rd,U ⊆ Rdu , for any i ∈ N, t = 1, . . . , T , and finite integers da, d, du, and

T . Let for all i ∈ N and t = 1, . . . , T hold that: (i) E(|Yit|δy) < ∞ for some δy > 2;

(ii) Yit = φ(X>it β, αi, Uit), where β ∈ B ⊆ Rd is a vector of d parameters and φ is an

unknown Borel-measurable function that is not constant on the support of X>it β for any

(αi, Uit) ∈ A × U ; and (iii) realizations of (Yit, Xit) are observable, whereas those of

(αi, Uit) are not observable.

Assumption 3.1 formally specifies the data generating process and is similar to As-

sumption A1 of Hoderlein and White (2012). While we allow for more than two time

periods, we impose a functional form restriction: the exact functional form may be un-

known, but the dependent variable Yit depends on the explanatory variables Xit only by

means of the linear index X>it β. A general data generating process without a single-index

structure will be discussed later in the case when a researcher is interested only in the

average partial effects of Xit on Yit (Bester and Hansen, 2009a). Furthermore, αi in the

above model is unobserved and time invariant and can be correlated with the covariates

Xit (see Assumption 3.3 below).

Assumption 3.2. Unobservables Uit are independent of αi and Xis and identically dis-

tributed for all i = 1, . . . , n and s, t = 1, . . . , T .
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Assumption 3.2 is the strict exogeneity assumption. The idiosyncratic error term Uit

is assumed to be uncorrelated with the explanatory variables of all past, current, and

future time periods of the same individual. Although this is stronger than Assumption

A3 of Hoderlein and White (2012), dependence between the ‘usual’ error term and the

explanatory variables is not ruled out by Assumption 3.2. For example, a transformation

panel data model Yit = g1(αi+X>it β+εit), where εit = g2(αi, X
>
it β)Uit, satisfies Assump-

tions 3.1 and 3.2, but exhibits heteroscedasticity depending on the linear index and the

individual effect. Assumption 3.2 however rules out the presence of lagged dependent

variables: the weakest form of Assumption 3.2 required here is that Uit is independent

of (Xi(t−1), Xt). The model thus cannot possess dynamics.

The next assumption formulates the main identification restriction on the explanatory

variables that are related to the individual effects αi.

Assumption 3.3. Let us assume that (i) there are no time-constant covariates in Xit,

that (ii) random vectors Xit are identically and continuously distributed for all i ∈ N

and t = 1, . . . , T , and that, for some fixed 1 ≤ T < T , (iii) the joint distributions

FXt,Xt−T
of (Xit, Xi(t−T)) are identical for all i ∈ N and T < t ≤ T and FXt,Xt−T

≡

FXt−T,Xt. Then the conditional distribution Fα|Xt,Xt−T
of the individual effects is assumed

to depend on Xt and Xt−T only by means of their average: Fα|Xt,Xt−T
(αi|Xit, Xi(t−T)) =

Fα|Xt+Xt−T
(αi|Xit + Xi(t−T)). Additionally, the defined distribution functions are twice

continuously differentiable with uniformly bounded derivatives on X .

Assumption 3.3 is the key assumption for the identification of β. Similarly to other

estimation methods that rely on some kind of differencing across time, variables constant

over time cannot be included in the model. More importantly, Assumption 3.3 restricts

the process {Xit} and the joint process {Xit, Xi(t−T)} to be identically distributed for a

fixed time gap T (the time gap T, 1 ≤ T < T , is a fixed quantity from now on unless

stated otherwise). In particular, the joint distribution FXt,Xt−T
(Xit, Xi(t−T)) is assumed to

be time invariant in order to estimate using jointly all available time periods (this will be

further discussed and tested by means of a χ2 statistics in Section 3.4). This assumption

is however not necessary for estimation at any fixed time t and gap T. Even at a fixed t,

it is however necessary to assume that the pairs (Xit, Xi(t−T)) are exchangeable. Finally,

while αi and Xit or Xi(t−T) depend on each other in general, the CRE models impose that

this relationship is of the same form for all individuals i; for instance, that the individual
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Chapter 3: Nonseparable Single-index Panel Models

effects αi depend on covariates Xit via their time-averages X̄i = T−1
∑T

i=1Xit in the same

way for all i (see Bester and Hansen, 2009a, for a discussion of various CRE assumptions).

In the case of two time periods, this implies in Assumption 3.3 that the conditional

distribution Fα|Xt,Xt−T
(αi|Xit, Xi(t−T)) is independent of i and depends only on the sum

Xit +Xi(t−T) rather than individual values Xit and Xi(t−T). (Bester and Hansen, 2009a,

argued that it is not possible to identify marginal effects using two time periods in the

general CRE model if Fα|Xt,Xt−T
(αi|Xit, Xi(t−T)) = Fα|Xt,Xt−T

(αi|h(Xit, Xi(t−T))) with a

general unknown function h).

To derive the main identification result, additional regularity assumptions are needed:

differentiability of the function ϕ and existence of an integrable majorant to enable the

interchange of integration and differentiation. The abbreviated notation F (α|xt, xt−T) ≡

Fα|Xt,Xt−T
(α|Xit = xt, Xi(t−T) = xt−T) and f(α|xt, xt−T) ≡ fα|Xt,Xt−T

(α|Xit = xt, Xi(t−T) =

xt−T) is used.

Assumption 3.4. Function ϕ(v, α) is an unknown Borel-measurable function that is

twice continuously differentiable with respect to v ∈ R for each α ∈ A. Moreover,

E[ϕ′xb(X
>
it β, αi)] <∞, where ϕ′xb(v, α) = ∂ϕ(v, α)/∂v.

Assumption 3.5. For each (xt, xt−T) ∈ Rd×Rd, there exists a σ-finite measure µ(.|xt, xt−T)

absolutely continuous with respect to F (·|xt, xt−T) so that there exists a Radon-Nikodym

density f such that F (dα|xt, xt−T) = f(α|xt, xt−T)µ(dα|xt, xt−T) for each α ∈ A.

Assumption 3.6. (i) Conditional expectations E[Yit|Xit, Xi(t−T)] and E[Yi(t−T)|Xit, Xi(t−T)]

exist, are continuous in Xit and Xi(t−T), and their first derivatives exist almost surely;

(ii) For each (xt, xt−T) ∈ Rd × Rd and T < t ≤ T , there exists an integrable dominating

function D(αi|xt, xt−T) such that, for some ε > 0 and any element x of xt or xt−T,

sup
v∈{x>s β:β∈B,s=t,t−T}

|ϕ′xb(v, αi)f(αi|xt, xt−T)| ≤ D(αi|xt, xt−T),

sup
v∈{x>s β:β∈B,s=t,t−T}

∣∣∣∣ϕ(v, αi)
∂f(αi|xt, xt−T)

∂x

∣∣∣∣ ≤ D(αi|xt, xt−T).

Assumption 3.7. Expectation γT ≡ E
(
E
[
ϕ
′

xb(X
>
it β, αi)|Xit, Xi(t−T)

])
is finite and non-

zero.

42



Identification

The expectation in Assumption 3.7 has to be non-zero to identify parameters β (see

Theorem 3.1 below). Additionally, the knowledge of the sign γT will allow to identify

the sign of β. In this context, note that the value γT being non-zero and its sign can

be inferred easily in models, where function ϕ is increasing or decreasing in its first

parameter for all values of X>it β and αi (e.g., in the binary-choice model Yit = 1{X>it β+

αi + Uit > 0}, ϕ(X>it β, αi) = FU(X>it β + αi) is increasing since FU is a distribution

function).

The main identification result is presented below under Assumptions 3.1–3.7. Al-

though we assume for simplicity that the explanatory variables are continuously dis-

tributed, discrete regressors can be also included under the assumptions analogous to

other identification results for single-index models (e.g., Ichimura, 1993). Furthermore,

note that the result of the following theorem holds both if the expectations are taken

across all cross-sectional units and all time periods as well as if the expectations are

taken only across cross-sectional units for a fixed time period t,T < t ≤ T .

Theorem 3.1. Under Assumptions 3.1-3.7, β is identified up to a multiplicative constant

γT by

β =
{

E
(

E
[
ϕ
′

xb(X
>
it β, αi)|Xit, Xi(t−T)

])}−1

× E

{
∂

∂Xit

E[(Yit − Yi(t−T))|Xit, Xi(t−T)]

}
∝ E

{
∂

∂Xit

E[(Yit − Yi(t−T))|Xit, Xi(t−T)]

}
.

Moreover, when φ(X>it β, αi, Uit) = X>it β + ψ(αi, Uit) with an unknown function ψ, β is

point identified.

Theorem 3.1 states that the parameters of interest are proportional to quantity δT =

E{∂ E[(Yit − Yi(t−T))|Xit, Xi(t−T)]/∂Xit}, that is, to the average derivative of E[Yit −

Yi(t−T)|Xit, Xi(t−T)] with respect to Xit. The identification of β thus requires only two

time periods when considering the simplest case T = 1 (the estimator based on T = 1

is further referred to as the first-difference average derivative estimator δFD = δ1). By

estimating δT, β = γTδT will be estimated up to a multiplicative constant or up to scale if

the sign of γT is known. Since the fact whether sgn(γT) is known follows usually directly

from a particular model considered, it is not discussed further and we will simply refer

to both situations as “β being identified up to scale.”
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Remark 3.1. In Theorem 3.1, T can be equal to any integer smaller than the total

number T of time periods. Although we primarily concentrate on the case of one fixed

T here, one can actually obtain T − 1 different estimators based on δ1, δ2, . . . , δT−1 for

any given T . In general, δT1 6= δT2 for T1 6= T2 because we have not imposed that

the joint distribution (Xit, Xi(t−T1)) is the same as that of (Xit, Xi(t−T2)). To solve the

problem of different average derivatives and estimators for different values of T, they

can be normalized (e.g., set one of the presumed non-zero elements to be one) such that

δNT1
= δNT2

for all T1 6= T2 since the parameters are identified up to scale. Subsequently,

it is possible to combine their information and to base the weighted average derivative

estimator on

δW =
T−1∑
T=1

wT · δNT , (3.2)

where wT represents suitably chosen weights (e.g., proportional to the variance of δT)

and δNT is the normalized value of δT. Finally, note that when φ(X>it β, αi, Uit) = X>it β +

ψ(αi, Uit), that is, in the linear panel models where the errors and individual effects are

non-additive, Theorem 3.1 shows that β is point identified and there is no need for scale

normalization. In this case, δT1 = δT2 for any T1 6= T2, which renders other possibilities

how to combine estimates δ1, δ2, . . . , δT−1; see Section 3.3 for more details.

Remark 3.2. As in Bester and Hansen (2009a), if the interest of researcher lies only

in the partial effects of Xit on Yit with individual heterogeneity held constant, that is,

in the partial effects averaged over the distribution of individual-specific effects, then our

model specification with its single-index structure could be relaxed to a general nonsep-

arable structure Yit = φ(Xit, αi, Uit). If the average partial effect is defined by δAPE =

E[∂ϕ(Xit, αi)/∂Xit], then this average partial effect δAPE is identified and could also be

estimated by

δAPE = E

{
∂

∂Xit

E[(Yit − Yi(t−T))|Xit, Xi(t−T)]

}
The proof is analogous to the proof of Theorem 3.1 and is omitted here.
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3.3. Estimation

To estimate the expectation δT = E{∂ E[Yit − Yi(t−T)|Xit, Xi(t−T)]/∂Xt} for a given

T, 1 ≤ T < T , we first estimate the inside expectation mT(Xit, Xi(t−T)) = E[Yit −

Yi(t−T)|Xit, Xi(t−T)] and its derivative(s) by means of the local linear or polynomial regres-

sion and then the outer expectation will be evaluated. Later, we derive the asymptotic

distribution of the proposed estimator δ̂T of δT, relying on the properties of the local

polynomial estimators such as the uniform strong consistency and asymptotic normality

established by Masry (1996a) and Masry and Fan (1997) for general mixing processes.

Let us denote ∆Yit,T = Yit− Yi(t−T) and Zit,T = (X>it , X
>
i(t−T))

>. For the local polyno-

mial regression, non-negative kernel weights Kh(u) = K(u/hn)/h2d
n , u ∈ R2d, are used,

where the bandwidth hn is for simplicity common to all variables. To estimate the ex-

pectation mT(z) = E[∆Yit,T|Zit,T = z] and its derivatives δT(z) = m′T,1(z) = ∂ E[(Yit −

Yi(t−T))|Zit,T = z]/∂Xit and δ̃T(z) = m′T,2(z) = ∂ E[(Yit − Yi(t−T))|Zit,T = z]/∂Xi(t−T), we

can consider the local linear regression minimizing

n∑
i=1

T∑
t=T+1

[
∆Yit,T − b0,T(z)− (Zit,T − z)>b1,T(z)

]2
Kh (Zit,T − z) , (3.3)

where the least squares estimate b̂T(z) = (b̂0,T(z), b̂>1,T(z))> estimates (i) mT(z) by the

only element of b̂0,T(z) and (ii) the derivatives ∂mT(z)/∂z = (δ>T (z), δ̃>T (z))> by the 2d

elements of b̂1,T(z); z ∈ R2d. Similarly to Härdle and Stoker (1989), the local linear

estimator would require that a kernel K of order p > 2d is used to guarantee the
√
n

consistency of the average derivative estimator proposed later. An alternative lies in

the use of the local polynomial regression of order p > d, which includes higher powers

of Zit,T − z than in (3.3). Denoting |k| = k1 + . . . + k2d the “length” of a vector k =

(k1, . . . , k2d)
> ∈ N2d

0 and understanding zk = zk11 × . . . × zk2d2d , the local polynomial

estimator can be defined as a minimizer of

n∑
i=1

T∑
t=T+1

∆Yit,T −
p∑
|k|=0

(Zit,T − z)kbk,T(z)

2

Kh (Zit,T − z) ; (3.4)

the parameters of interest are again the 2d elements of b̂1,T(z) = {b̂k,T(z)}|k|=1 (or-

dered in the same manner as Zit,T, see Appendix 3.7.2), which estimate ∂mT(z)/∂z =
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(δ>T (z), δ̃>T (z))>.

The least squares solution of (3.3) can be explicitly formulated using some ma-

trix notation. Denoting the vectors of responses ∆Yi,T = (∆Yi(T+1),T, . . . ,∆YiT,T)> and

∆YT = (∆Y >1,T, . . . ,∆Y
>
n,T)>, the corresponding matrices of the explanatory variables

Zi,T(z) = ({(Zi(T+1),T − z)k}p|k|=0, . . . , {(ZiT,T − z)k}p|k|=0)> and ZT(z) = {Zi,T(z)}ni=1,

and the matrix of kernel weights WT(z) = diag{Kh(Zit,T − z)}n, Ti=1,t=T+1, the estimate

minimizing (3.4) equals

b̂T(z) = (b̂>0,T(z), b̂>1,T(z), . . . , b̂>p,T(z))> = [Z>T (z)WT(z)ZT(z)]−1Z>T (z)WT(z)∆YT

(provided that ZT(z) has a full rank, see also Assumption 3.3).

Given that we are interested in estimating δT(z), that is, the first d elements of b1,T(z),

the local derivative estimator of δT(z) is given by

δ̂T(z) = Lb̂T(z) = L · [Z>T (z)WT(z)ZT(z)]−1Z>T (z)WT(z)∆YT, (3.5)

where L = (e2, . . . , ed+1)> and ej represents a vector with its j-th element equal to 1

and all other elements equal to 0 (the length of ej corresponds to the length of b̂T(z)

here). Note that both in (3.5) and in the case of other estimators, the dependence on

the number n of cross-section units is marked by the hat and is kept implicit to avoid

clutter (the asymptotic properties will be derived for n→∞, while T is fixed).

Recalling Theorem 3.1, β is proportional to δT = E[δT(z)]. The finite sample average

derivative estimator of β can thus be defined for a given T as

δ̂T =
1

n(T − T)

n∑
i=1

T∑
t=T+1

δ̂T(Zit,T) =
1

n(T − T)

n∑
i=1

T∑
t=T+1

L · b̂T(Zit,T). (3.6)

Since β is identified only up to scale, this estimator in equation (3.6) should be normalized

(e.g., one of the coefficients is to be set to 1).

Remark 3.3. The weighted average derivative estimator corresponding to (3.2) can be

defined by

δ̂W =
T−1∑
T=1

wnT · δ̂NT , (3.7)

where weights wnT can possibly depend on the sample size.
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Remark 3.4. For the linear models with non-additive errors

φ(X>it β, αi, Uit) = X>it β + ψ(αi, Uit), (3.8)

Theorem 3.1 indicates that β is point identified. In this case, the pooling of estimators

for different levels of T can be replaced by pooling the objective functions as the identified

parameters δ1, . . . , δT−1 are equal to β for all 1 ≤ T < T . In particular, the pairwise-

difference local derivative estimator δ̂PW (z) can be defined as Lb̂(∗)(z), where b̂(∗)(z) =

(b̂>0,(∗)(z), . . . , b̂>p,(∗)(z))> and b̂>k,(∗)(z) = {b̂>j,(∗)(z)}|j|=k,k = 0, . . . , p, minimizes in the case

of the local polynomial regression (3.4)

T−1∑
T=1

n∑
i=1

T∑
t=T+1

∆Yit,T −
p∑
|k|=0

(Zit,T − z)kbk,(∗)(z)

2

Kh(Zit,T − z);

that is, the minimization is performed jointly across all values of T. The corresponding

pairwise-difference average derivative estimator of β then equals

δ̂PW =
2

nT (T − 1)

T−1∑
T=1

n∑
i=1

T∑
t=T+1

δ̂PW (Zit,T) =
2

nT (T − 1)

T−1∑
T=1

n∑
i=1

T∑
t=T+1

Lb̂(∗)(Zit,T).

(3.9)

Remark 3.5. Note that this pairwise-difference average derivative estimator is also ap-

plicable in nonlinear random effects models. Contrary to the fixed effects or CRE models,

where the multiplicative constants in Theorem 3.1, E{E[ϕ
′

xb(X
>
it β, αi)|Xit, Xi(t−T)]}, are

generally different for various T, the random effects specification, where the individual

effects are independent of the covariates Xit, implies that E[ϕ
′

xb(X
>
it β, αi)|Xit, Xi(t−T)] =

E[ϕ
′

xb(X
>
it β, αi)|Xit] does not depend on T. Thus, the scaling coefficients in Theorem

3.1 are independent of T as in the case of the linear model (3.8). The parameter β is

however estimated only up to scale in the random effects models.

The proposed estimator δ̂T in equation (3.6) is similar to the least-square average

derivative estimator of Li et al. (2003), but the underlying data are no longer independent

and identically distributed in our case (e.g., because of the individual effects αi). As the

number T of time periods is finite, the dependence is however limited to a fixed number

of time periods. To establish the uniform consistency of the local derivative estimator

47



Chapter 3: Nonseparable Single-index Panel Models

δ̂T(z) and the consistency and asymptotic distribution of the average derivative estimator

δ̂T based on the local polynomial regression (3.4), the following assumptions are used (in

the case of the estimator based on the local linear smoothing (3.3), the kernel function

would instead be of order p).

Assumption 3.8.

1. As n→ +∞, the bandwidth hn satisfies nh2p+2
n → 0, nh4d+2

n → 0, and nh2d+3
n / lnn→

∞. Additionally, n1−2/δyh2d
n /[lnn{lnn(ln lnn)1+δ}2/δy ]→∞ for some δ ∈ (0, 1).

2. The kernel K is bounded with a compact support and
´
K(u)du = 1,

´
uK(u)du =

0, and
´
uu>K(u)du = cI2d for some c > 0, where Ik denotes the k × k identity

matrix. Additionally, ukK(u) are Lipschitz for any k ∈ N2d, 0 ≤ |k| ≤ 2p+ 1, and´
‖u‖4pK(u)du <∞.

3. Let D ⊂ R2d denote a compact support of the identically distributed random vectors

Zit,T = (X>it , X
>
i(t−T))

> and assume that the density function fz of Zit,T exists, is

uniformly bounded on D from above and below by positive constants, and is twice

continuously differentiable with measurable and uniformly bounded derivatives.

4. Further, let function mT(z) = E[∆Yit,T|Zit,T = z] be (p + 1) times differentiable

with all partial derivatives being uniformly bounded and Lipschitz on D ⊂ R2d and

let mT(Zit,T) and its (p+ 1) derivatives have finite second moments.

5. Finally, errors Vit,T = ∆Yit,T−E(∆Yit,T|Zit,T) = ∆Yit,T−mT(Zit,T) have finite fourth

moments. Assume that (co)variances σ2
T(z) = E(V 2

it,T|Zit,T = z) and σts,T(z1, z2) =

E(Vit,TVis,T|Zit,T = z1, Zis,T = z2) for T < s ≤ T and T < t ≤ T are continuous in

z and (z1, z2), respectively.

6. Conditional distributions of ∆Yit,T|Zit,T and of Zit,T|∆Yit,T are continuous and have

bounded densities.

Assumptions 3.8.1 and 3.8.2 are standard assumptions on the bandwidth and kernel

in the average derivative estimation (e.g., Härdle and Stoker, 1989, and Li et al., 2003).

Exceptions to this are the last part of Assumption 3.8.1, which is required to state

the convergence-rate result of Masry (1996a) and which could be relaxed for the main

results stated in Theorem 3.3, and the second part of Assumption 3.8.2, which could
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be simplified if the kernel has the standard support [−1, 1]. Additionally, Assumption

3.8.3 imposes that the explanatory variables have a compact support. If this common

assumption in the semiparametric literature is not satisfied, it can be imposed by means

of trimming (see Li and Racine, 2007, Chapter 8, for various examples). The existence

of p+ 1 derivatives in Assumption 3.8.4, which is also reflected implicitly in Assumption

3.8.1 since p ≥ d+1, is also common to many average derivative estimators (e.g., Härdle

and Stoker, 1989). If inconvenient, it can be relaxed by estimating iteratively using the

procedure of Hristache et al. (2001), which requires only the existence of the second

derivatives irrespective of the dimension d.

Under the stated assumptions, the uniform consistency of δ̂T(z) follows directly from

Masry (1996a, Theorem 6).

Theorem 3.2. Under Assumptions 3.1–3.8, δ̂T(z) is uniformly consistent on D: supz∈D |δ̂T(z)−

δT(z)| = O{(lnn)1/2 · (n−1/2h−d−1
n )}+O(hp+1

n ) almost surely as n→ +∞.

Using the consistency of δ̂T(z), the asymptotic distribution of the average derivative

estimator can be now derived.

Theorem 3.3. Under Assumptions 3.1–3.8, the average derivative estimator δ̂T defined

in equation (3.6) for some T, 1 ≤ T < T , is consistent and asymptotically normal:

√
n
(
δ̂T − E[m′T,1(Zit,T)]− hpnLAT

)
→ N (0,ΩT + ΦT)

in distribution as n→ +∞, where AT is defined in Lemma 3.1 and ΩT + ΦT is assumed

to be positive definite and defined by

ΩT =
1

(T − T)2

T∑
t=T+1

T∑
s=T+1

Cov
[
m′T,1(Zit,T),m′T,1(Zis,T)

]
and

ΦT =
1

(T − T)2

T∑
t=T+1

T∑
s=T+1

E
[
σst,T(Zit,T, Zis,T) ·G[d],1(Zit,T)G[d],1(Zis,T)>

]
with G[d],1(z) = L[M f (z)]−1Qf (z)e1 and matrices of kernel weights M f (z) and Qf (z)

defined in Appendix 3.7.2.
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Theorem 3.3 proves that the average derivative estimator δ̂T of E[m′T,1(Zit,T)], which

equals β up to scale, β ∝ E[m′T,1(Zit,T)], is consistent and asymptotically normal for any

given T. The bias term hpnLAT is generally present as we assume only
√
nhp+1

n → 0,

where p denotes the order of the local polynomial approximation. It becomes negligible

if
√
nhpn → 0 by choosing a higher order of the polynomial or a smaller bandwidth. The

asymptotic variance of the estimator resembles the result of Li et al. (2003) as it consists

of two components corresponding to the asymptotic variance of

√
n{δ̂T − hpnLAT −

1

n(T − T)

n∑
i=1

T∑
t=T+1

m′T,1(Zit,T)}

and
√
n{ 1

n(T − T)

n∑
i=1

T∑
t=T+1

m′T,1(Zit,T)− E[m′T,1(Zit,T)]},

respectively. On the other hand, the asymptotic variance does not depend here only on

the expected variance of the errors and first-order conditions, but also on their covariances

over time as the regression errors Vit,T = ∆Yit,T−mT(Zit,T) can exhibit heteroscedasticity

and serial correlation.

3.4. Test of stationarity

In Sections 3.2 and 3.3, a form of stationarity of Xit, requiring the pairs of data from

periods t and t − T to be jointly identically distributed across time t, is assumed so

that estimation of β by δT = E{∂ E[(Yit−Yi(t−T))|Xit, Xi(t−T)]/∂Xit} can be based on all

available time periods. In this section, we focus on constructing a test of this assump-

tion provided that one observes the data for at least three time periods. The estimation

procedure actually relies on the implication of the stationarity assumption that the ex-

pectation δs,T = E{∂ E[(Yis − Yi(s−T))|Xis, Xi(s−T)]/∂Xit} evaluated at one fixed time

s,T < s ≤ T , does not depend on the time point s. Thus, this implication can be stated

as δs1,T = δs2,T for all s1 and s2, T < s1, s2 ≤ T ; that is, different pairs of time periods

(s1, s1 − T) and (s2, s2 − T) produce the same estimates (the time difference T is fixed).

If the number T of time periods is larger than T+1 (e.g., T > 2 if T = 1), there are T−

T−1 possible expressions for δT: δT+1,T, . . . , δT,T, which are all equal under Assumptions
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3.1–3.7, see Theorem 3.1. Denoting all these expressions as δ∗T = (δ>T+1,T, . . . , δ
>
T,T)>, we

will thus test the null hypothesis that δT+1,T = δT+2,T = · · · = δT,T:

H0 :RTδ
∗
T = 0

Ha :RTδ
∗
T 6= 0,

(3.10)

where the [d(T −T− 1)]× [d(T −T)] matrix RT can be expressed (using ιk as a symbol

for the vector with length k and all elements equal to 1) as

RT =


Id −Id 0 . . . 0

Id 0 −Id . . . 0
...

...
...

. . .
...

Id 0 0 . . . −Id

 =
[
ι(T−T−1),−I(T−T−1)×(T−T−1)

]
⊗ Id.

Let δ̂s,T be the average derivative estimator of δs,T and δ̂∗T = (δ̂>T+1,T, . . . , δ̂
>
T,T)>. To derive

the asymptotic distribution of an estimate RTδ̂
∗
T of RTδ

∗
T under the null hypothesis, note

first that RTδ̂
∗
T = RT{δ̂∗T−(∆>T , . . .∆

>
T )>}, where ∆T = hpnLAT+E[m′T,1(Zis,T)] is a vector

independent of s under H0. The benefit of the latter expression is that the asymptotic

distribution of δ̂∗T − (∆>T , . . .∆
>
T )> can be obtained similarly to Theorem 3.3.

Theorem 3.4. Under Assumptions 3.1–3.8 and the null hypothesis RTδ
∗
T = 0, it holds

for ∆T = hpnLAT + E[m′T,1(Zit,T)] that

√
n{δ̂∗T − (∆>T , . . .∆

>
T )>} → N

(
0, Ω̃T + Φ̃T

)
in distribution as n → +∞, where Ω̃T + Φ̃T is assumed to be positive definite and the

square matrices Ω̃T and Φ̃T are consisting of (T−T−1)×(T−T−1) blocks of dimensions

d×d; the blocks with coordinates (t, s) within matrices Ω̃T and Φ̃T have the forms Φ̃
(t,s)
T =

E[σts,T(Zit,T, Zis,T) · G[d],1(Zit,T)G[d],1(Zis,T)>] and Ω̃
(t,s)
T = Cov[m′T,1(Zit,T),m′T,1(Zis,T)],

respectively, with G[d],1(z) = L[M f (z)]−1Qf (z)e1 and matrices of kernel weights M f (z)

and Qf (z) defined in Appendix 3.7.2.

Theorem 3.4 implies that a χ2–test statistic for testing H0 can be constructed in

the following way: the asymptotic distribution of RTδ̂
∗
T is identical to that of RT{δ̂∗T −

(∆>T , . . .∆
>
T )>}. Consequently,

√
nRTδ̂

∗
T is asymptotically normally distributed with the
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asymptotic variance matrix RT(Ω̃T + Φ̃T)R>T . Using a consistent estimator
̂̃
ΩT +

̂̃
ΦT of

Ω̃T + Φ̃T, a Wald-type statistics can be constructed as

T̂ ST = n(RTδ̂
∗
T)>

(
RT[
̂̃
ΦT +

̂̃
ΩT]R>T

)−1

(RTδ̂
∗
T),

where T̂ ST → χ2{d (T − T− 1)} in distribution as n → +∞ under H0. The null

hypothesis H0 is thus rejected against the alternative Ha at a significance level α if

T̂ ST > χ2
α{d (T − T− 1)}. In such a case, the estimator (3.6) based on all observed time

periods cannot be used, but instead a weighted average of estimators obtained at various

time periods t has to be employed similarly to (3.7).

3.5. Simulation study

This section reports evidence on the finite sample behavior of estimators constructed

using the proposed identification principle for several classical panel models with corre-

lated random effects. The aim is to compare the average derivative estimator with the

existing procedures designed specifically for each individual model. The data generating

processes exhibit two important features: nonzero correlation between individual effects

and the covariates and strictly stationary covariates.

In order to study performance as well as robustness to Assumption 3.3, the models

contain two stationary regressors X1it and X2it, which are independent for all i and gen-

erated by X1it = X1it−1/2 + u1it, X1i0 ∼ N(0, 4/3), X2it = X2it−1/3 + u2it, X2i0 ∼

N(0, 9/8), u1it ∼ N(0, 1), u2it ∼ N(0, 1), where the number of individuals is n =

100 and the number of time periods is T = 8. The individual effects, generated by

αi = T−1
∑T

t=1 X2it + ηi, ηi ∼ U(−1/2, 1/2), are correlated with X2it, but they are

independent of X1it. The true regression parameters are always β1 = 1 and β2 = −1.

We first consider the CRE linear model: Yit = X1itβ1 + X2itβ2 + αi + εit, where

the εit’s are independently drawn from N(0, 1). Next, we consider the binary-choice

logistic model: Yit = 1{X1itβ1 +X2itβ2 +αi + εit > 0}, where the εit’s are independently

drawn from the standard logistic distribution. This model is analyzed in the cases of

homoscedastic logit with εit ∼ Λ(0, 1), heteroscedastic logit with εit ∼ Λ(0, exp(1 +α2
i )),

and random effects logit with εit ∼ Λ(0, 1); in all cases, the individual effect αi ∼ N(0, 1).
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After that, we consider the censored regression model: Yit = max{0, X1itβ1 + X2itβ2 +

αi + εit}, where the εit’s are independently drawn from N(0, 1). Finally, we consider

the monotone transformation model: g(Yit) = X1itβ1 + X2itβ2 + αi + εit, where g(y) =

|y|λsgn(y)−1
λ

and λ = 0.6. This model belongs to the power transformation family studied

by Bickel and Doksum (1981), which allows for negative y values unlike the Box-Cox

family. For each model, 1000 samples are generated.

As there are two regressors in the original models, d = 2, our multivariate local

polynomial regression contains four regressors; the order of polynomials that we use in

simulations is thus p = 3. To implement the average derivative estimators, the ker-

nel function K and the bandwidth hn need to be chosen. We use the quartic ker-

nel, noting that the choice of the kernel function has typically a rather limited impact

on the performance of nonparametric estimators. The bandwidth, which equals σjhn

for a variable with the standard deviation σj, is selected by the least-squares cross-

validation method. The leave-one-out local polynomial estimator of mT(Zit,T) is obtained

by m̂h
−i,T(Zit,T) = e>1

(
Z>−i,TW

h
−i,TZ−i,T

)−1
Z>−i,TW

h
−i,T∆Y−i,T, where the dependence of the

weighting matrix W on the bandwidth hn is now explicitly stated, and the bandwidth

hn minimizes the least squares criterion given by

CV (h) =
N∑
i=1

T∑
t=T+1

[
∆Yit,T − m̂h

−i,T(Zit,T)
]2
. (3.11)

Finally for the weighted average derivative estimators δ̂W defined in equation (3.7), we

adopt two different weighting functions:

δ̂WStd =
T−1∑
T=1

δ̂T/Std(δ̂T)∑T−1
T=1 1/Std(δ̂T)

, δ̂WRMSE =
T−1∑
T=1

δ̂T/RMSE(δ̂T)∑T−1
T=1 1/RMSE(δ̂T)

,

where Std(δ̂T) and RMSE(δ̂T) denote the standard deviation and root mean squared

error of δ̂T, respectively.

3.5.1. Simulation results

For the linear model, where the scale effect exactly equals to one, our average derivative

estimators δ̂T defined in equation (3.6) could consistently estimate the parameters (not

just up to scale) for T = 1, . . . , (T − 1). The pairwise-difference average derivative
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Table 3.1: The bias, RMSE, and quantiles of all estimators in the CRE linear model.

Parameters True Bias RMSE LQ Median UQ

δ̂1 β1 1 0.0015 0.0589 0.8881 1.0035 1.1224
β2 -1 0.0033 0.0615 -1.1245 -0.9954 -0.8782

δ̂2 β1 1 0.0008 0.0610 0.8844 1.0015 1.1289
β2 -1 0.0032 0.0633 -1.1217 -0.9963 -0.8708

δ̂3 β1 1 -0.0009 0.0618 0.8800 0.9977 1.1181
β2 -1 0.0044 0.0678 -1.1278 -0.9933 -0.8612

δ̂4 β1 1 0.0007 0.0739 0.8590 0.9999 1.1500
β2 -1 0.0070 0.0825 -1.1497 -0.9924 -0.8300

δ̂5 β1 1 0.0028 0.0888 0.8249 1.0022 1.1742
β2 -1 0.0041 0.0934 -1.1789 -0.9974 -0.8113

δ̂6 β1 1 -0.0033 0.1128 0.7790 0.9985 1.2172
β2 -1 -0.0012 0.1283 -1.2577 -0.9979 -0.7585

δ̂7 β1 1 -0.0075 0.2186 0.5514 0.9942 1.4044
β2 -1 -0.0069 0.2331 -1.4854 -1.0065 -0.5519

δ̂WStd β1 1 0.0002 0.0505 0.9019 1.0000 1.0965
β2 -1 0.0032 0.0531 -1.1005 -0.9962 -0.8990

δ̂WRMSE β1 1 0.0002 0.0505 0.9019 1.0000 1.0965
β2 -1 0.0031 0.0531 -1.1005 -0.9963 -0.8990

δ̂PW β1 1 0.0022 0.0552 0.8879 1.0007 1.1075
β2 -1 0.0020 0.0558 -1.1122 -0.9976 -0.8879

δ̂FElinear β1 1 0.0006 0.0377 0.9293 0.9998 1.0731
β2 -1 0.0019 0.0379 -1.0717 -0.9984 -0.9260

Note: For the linear models, the estimators do not have to be scale
normalized. LQ and UQ are 2.5% and 97.5% quantiles, respectively.

estimator δ̂PW defined in equation (3.9) can be therefore evaluated as well. The results are

reported in Table 3.1. The third column indicates the true parameters, while the fourth

to the last columns report the bias, RMSE, 2.5% quantile, median, and 97.5% quantile

of the estimates, respectively. In the linear model, our estimators are compared with the

standard fixed effects estimator δ̂FElinear using the within-group estimation procedure.

While all estimators are practically unbiased, the RMSE of δ̂T is increasing with the

time difference T. This is not surprising as the number of observations after differencing

decreases as T grows and the first-difference estimator δ̂1 is thus the most precise. Even

smaller RMSEs are obtained by the weighted and pairwise-difference estimators. The

RMSEs of these average derivative estimators are roughly 30–50% larger than those of

the within-group estimator.
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For the binary-choice logit model, several alternative methods are reported for com-

parison. The first comparison is made with the conditional fixed effects logit estimator

δ̂FElogit. Furthermore, we consider the pairwise smoothed maximum score (SMS) esti-

mator δ̂SMS
PW in Charlier et al. (1995). To make it comparable with the first-difference

estimator δ̂1, we also include the first-difference smoothed maximum score estimator

δ̂SMS
1 . In all cases (even for the fixed effects logit), estimates are normalized such that

their norms equal to one. The simulation results are summarized in Tables 3.2–3.4 for

the homoscedastic, heteroscedastic, and random effects logits, respectively. The order-

ing of various average derivative estimators stays the same as in the case of the linear

regression model. It achieves again RMSEs larger by 30–50% than the fixed effects logit,

which exhibits generally the smallest RMSE; note that the logit estimator is inconsistent

under heteroscedasticity, even in the present simulation study, but it becomes consistent

after normalization which is applied to both parametric and semiparametric estimators

here. On the other hand, the first-difference and weighted average derivative estimates

always outperform the smoothed maximum score estimation.

For the CRE Tobit model, we compare our method with the estimator δ̂Honore ob-

tained by trimmed least squares of Honoré (1992) and with the bias corrected Jackknife

estimator δ̂Jackknife of Hahn and Newey (2004). Again, all methods deliver practically

unbiased estimates and the average derivative estimators exhibit again RMSEs that are

approximately 40% larger than those of the methods specialized to the censored regres-

sion models.

Finally, for the monotone transformation model in Table 3.6, we compare our method

with the smoothed maximum score estimators, which are special cases of the rank esti-

mators in Abrevaya (2000) for monotone transformation models and the Leapfrog esti-

mators (LFE and LFE2) in Abrevaya (1999). Similarly to the logit model, the proposed

average derivative estimators outperform the SMS and LFE estimators, which exhibit

similar performance: the RMSEs of the average derivative methods are up to three times

smaller than those of the methods specialized to the monotone transformation model.

Altogether, the average derivative estimators (both the first-differenced and weighted

forms) deliver a robust performance across a range of nonlinear panel data models. Al-

though they do not reach the precision of the parametric estimation methods specialized

to each particular model, they outperform the rank-based methods and offer much wider
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Table 3.2: The bias, RMSE, and quantiles of all estimators in the CRE logit model.

Parameters True Bias RMSE LQ Median UQ

δ̂1 β1 0.7071 -0.0073 0.0695 0.5548 0.7057 0.8259
β2 -0.7071 -0.0005 0.0685 -0.8320 -0.7085 -0.5639

δ̂2 β1 0.7071 -0.0054 0.0725 0.5568 0.7069 0.8413
β2 -0.7071 0.0021 0.0733 -0.8306 -0.7073 -0.5406

δ̂3 β1 0.7071 -0.0028 0.0778 0.5414 0.7079 0.8527
β2 -0.7071 0.0059 0.0798 -0.8408 -0.7063 -0.5223

δ̂4 β1 0.7071 -0.0038 0.0884 0.5132 0.7062 0.8573
β2 -0.7071 0.0073 0.0889 -0.8582 -0.7080 -0.5148

δ̂5 β1 0.7071 -0.0004 0.1060 0.4711 0.7125 0.8873
β2 -0.7071 0.0169 0.1099 -0.8821 -0.7017 -0.4612

δ̂6 β1 0.7071 -0.0077 0.1370 0.4103 0.7088 0.9274
β2 -0.7071 0.0199 0.1426 -0.9120 -0.7054 -0.3742

δ̂7 β1 0.7071 -0.0334 0.2633 0.0369 0.7316 0.9964
β2 -0.7071 0.0880 0.3203 -0.9923 -0.6753 0.2017

δ̂WStd β1 0.7071 -0.0002 0.0598 0.5836 0.7108 0.8208
β2 -0.7071 0.0049 0.0603 -0.8121 -0.7034 -0.5712

δ̂WRMSE β1 0.7071 -0.0003 0.0597 0.5834 0.7107 0.8206
β2 -0.7071 0.0048 0.0602 -0.8122 -0.7035 -0.5715

δ̂FElogit β1 0.7071 -0.0039 0.0457 0.6147 0.7042 0.7936
β2 -0.7071 -0.0009 0.0455 -0.7888 -0.7100 -0.6084

δ̂SMS
1 β1 0.7071 -0.0481 0.1233 0.4688 0.6533 0.8839

β2 -0.7071 -0.0275 0.1182 -0.8833 -0.7571 -0.4677

δ̂SMS
PW β1 0.7071 -0.0290 0.1041 0.4851 0.6811 0.8796

β2 -0.7071 -0.0127 0.1106 -0.8744 -0.7322 -0.4756

Note: LQ and UQ are 2.5% and 97.5% quantiles, respectively. For
comparison, all parameters, including true ones, are normalized such that
||β|| = 1.
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Table 3.3: The bias, RMSE, and quantiles of all estimators in the CRE logit model
with heteroscedasticity.

Parameters True Bias RMSE LQ Median UQ

δ̂1 β1 0.7071 -0.0095 0.0844 0.5173 0.7060 0.8402
β2 -0.7071 0.0003 0.0824 -0.8558 -0.7083 -0.5422

δ̂2 β1 0.7071 -0.0087 0.0891 0.5194 0.7013 0.8572
β2 -0.7071 0.0026 0.0904 -0.8545 -0.7129 -0.5150

δ̂3 β1 0.7071 -0.0071 0.0959 0.4919 0.7071 0.8776
β2 -0.7071 0.0061 0.0970 -0.8707 -0.7071 -0.4794

δ̂4 β1 0.7071 -0.0070 0.1071 0.4734 0.7044 0.8854
β2 -0.7071 0.0094 0.1084 -0.8809 -0.7098 -0.4649

δ̂5 β1 0.7071 -0.0027 0.1283 0.4242 0.7100 0.9370
β2 -0.7071 0.0223 0.1378 -0.9056 -0.7042 -0.3493

δ̂6 β1 0.7071 -0.0132 0.1644 0.3315 0.7008 0.9653
β2 -0.7071 0.0291 0.1814 -0.9434 -0.7133 -0.2571

δ̂7 β1 0.7071 -0.0727 0.3486 -0.2737 0.7176 0.9980
β2 -0.7071 0.1223 0.3930 -0.9929 -0.6754 0.4520

δ̂WStd β1 0.7071 -0.0022 0.0738 0.5509 0.7087 0.8368
β2 -0.7071 0.0055 0.0743 -0.8346 -0.7055 -0.5475

δ̂WRMSE β1 0.7071 -0.0023 0.0737 0.5512 0.7088 0.8367
β2 -0.7071 0.0054 0.0741 -0.8344 -0.7054 -0.5477

δ̂FElogit β1 0.7071 -0.0050 0.0556 0.5863 0.7042 0.8045
β2 -0.7071 -0.0007 0.0552 -0.8101 -0.7100 -0.5939

δ̂SMS
1 β1 0.7071 -0.0480 0.1327 0.4618 0.6477 0.9107

β2 -0.7071 -0.0236 0.1303 -0.8870 -0.7619 -0.4131

δ̂SMS
PW β1 0.7071 -0.0293 0.1091 0.4847 0.6810 0.8865

β2 -0.7071 -0.0114 0.1161 -0.8747 -0.7323 -0.4628

Note: LQ and UQ are 2.5% and 97.5% quantiles, respectively. For
comparison, all parameters, including true ones, are normalized such that
||β|| = 1.
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Table 3.4: The bias, RMSE, and quantiles of all estimators in the random effects logit
model.

Parameters True Bias RMSE LQ Median UQ

δ̂1 β1 0.7071 -0.0033 0.0744 0.5424 0.7054 0.8398
β2 -0.7071 0.0047 0.0756 -0.8401 -0.7088 -0.5429

δ̂2 β1 0.7071 0.0002 0.0721 0.5517 0.7091 0.8385
β2 -0.7071 0.0077 0.0739 -0.8340 -0.7051 -0.5450

δ̂3 β1 0.7071 -0.0046 0.0829 0.5295 0.7059 0.8611
β2 -0.7071 0.0054 0.0848 -0.8483 -0.7083 -0.5085

δ̂4 β1 0.7071 -0.0035 0.0966 0.4971 0.7080 0.8833
β2 -0.7071 0.0100 0.0992 -0.8677 -0.7062 -0.4688

δ̂5 β1 0.7071 -0.0164 0.1166 0.4516 0.7001 0.8905
β2 -0.7071 0.0024 0.1140 -0.8922 -0.7140 -0.4549

δ̂6 β1 0.7071 -0.0213 0.1548 0.3393 0.7038 0.9418
β2 -0.7071 0.0123 0.1537 -0.9407 -0.7104 -0.3362

δ̂7 β1 0.7071 -0.0602 0.3095 -0.1038 0.7040 0.9962
β2 -0.7071 0.0865 0.3346 -0.9943 -0.6982 0.2467

δ̂WStd β1 0.7071 -0.0022 0.0640 0.5718 0.7056 0.8238
β2 -0.7071 0.0037 0.0652 -0.8204 -0.7086 -0.5669

δ̂WRMSE β1 0.7071 -0.0022 0.0639 0.5717 0.7054 0.8238
β2 -0.7071 0.0036 0.0651 -0.8205 -0.7088 -0.5669

δ̂PW β1 0.7071 -0.0053 0.0697 0.5629 0.7042 0.8313
β2 -0.7071 0.0017 0.0703 -0.8265 -0.7100 -0.5558

δ̂FElogit β1 0.7071 -0.0007 0.0484 0.6100 0.7066 0.7995
β2 -0.7071 0.0027 0.0491 -0.7924 -0.7076 -0.6007

δ̂SMS
1 β1 0.7071 -0.0371 0.1284 0.4637 0.6675 0.9149

β2 -0.7071 -0.0131 0.1325 -0.8860 -0.7446 -0.4037

δ̂SMS
PW β1 0.7071 -0.0243 0.1051 0.4922 0.6817 0.8744

β2 -0.7071 -0.0079 0.1103 -0.8705 -0.7317 -0.4851

Note: LQ and UQ are 2.5% and 97.5% quantiles, respectively. For
comparison, all parameters, including true ones, are normalized such that
||β|| = 1.
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Table 3.5: The bias, RMSE, and quantiles of all estimators in the CRE Tobit model.

Parameters True Bias RMSE LQ Median UQ

δ̂1 β1 0.7071 -0.0005 0.0396 0.6259 0.7085 0.7832
β2 -0.7071 0.0017 0.0398 -0.7799 -0.7057 -0.6127

δ̂2 β1 0.7071 -0.0012 0.0422 0.6175 0.7073 0.7818
β2 -0.7071 0.0013 0.0420 -0.7865 -0.7069 -0.6235

δ̂3 β1 0.7071 -0.0008 0.0446 0.6110 0.7090 0.7936
β2 -0.7071 0.0021 0.0450 -0.7916 -0.7053 -0.6084

δ̂4 β1 0.7071 0.0003 0.0540 0.6006 0.7091 0.8068
β2 -0.7071 0.0045 0.0547 -0.7995 -0.7052 -0.5909

δ̂5 β1 0.7071 0.0002 0.0629 0.5785 0.7094 0.8235
β2 -0.7071 0.0058 0.0638 -0.8157 -0.7048 -0.5673

δ̂6 β1 0.7071 -0.0087 0.0879 0.5188 0.7049 0.8492
β2 -0.7071 0.0020 0.0868 -0.8549 -0.7093 -0.5280

δ̂7 β1 0.7071 -0.0205 0.1574 0.3358 0.7038 0.9435
β2 -0.7071 0.0143 0.1565 -0.9419 -0.7104 -0.3313

δ̂WStd β1 0.7071 -0.0004 0.0363 0.6313 0.7081 0.7742
β2 -0.7071 0.0015 0.0363 -0.7756 -0.7061 -0.6330

δ̂WRMSE β1 0.7071 -0.0004 0.0363 0.6314 0.7081 0.7741
β2 -0.7071 0.0015 0.0364 -0.7755 -0.7061 -0.6330

δ̂Honore β1 0.7071 -0.0006 0.0260 0.6535 0.7066 0.7557
β2 -0.7071 0.0003 0.0260 -0.7570 -0.7076 -0.6549

δ̂Jackknife β1 0.7071 0.0001 0.0230 0.6616 0.7074 0.7512
β2 -0.7071 0.0008 0.0230 -0.7499 -0.7068 -0.6600

Note: LQ and UQ are 2.5% and 97.5% quantiles, respectively. For
comparison, all parameters, including true ones, are normalized such that
||β|| = 1.
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Table 3.6: The bias, RMSE, and quantiles of all estimators in the CRE monotone
transformation model.

Parameters True Bias RMSE LQ Median UQ

δ̂1 β1 0.7071 -0.0009 0.0349 0.6315 0.7074 0.7701
β2 -0.7071 0.0008 0.0347 -0.7754 -0.7068 -0.6380

δ̂2 β1 0.7071 -0.0002 0.0352 0.6348 0.7083 0.7741
β2 -0.7071 0.0015 0.0353 -0.7727 -0.7060 -0.6331

δ̂3 β1 0.7071 -0.0009 0.0391 0.6265 0.7054 0.7785
β2 -0.7071 0.0013 0.0391 -0.7794 -0.7088 -0.6276

δ̂4 β1 0.7071 -0.0007 0.0428 0.6146 0.7079 0.7924
β2 -0.7071 0.0019 0.0428 -0.7888 -0.7063 -0.6100

δ̂5 β1 0.7071 -0.0031 0.0520 0.5965 0.7062 0.7966
β2 -0.7071 -0.0008 0.0518 -0.8026 -0.7080 -0.6045

δ̂6 β1 0.7071 -0.0059 0.0712 0.5559 0.7079 0.8272
β2 -0.7071 0.0012 0.0707 -0.8312 -0.7064 -0.5619

δ̂7 β1 0.7071 -0.0140 0.1298 0.4099 0.7065 0.9095
β2 -0.7071 0.0100 0.1305 -0.9121 -0.7078 -0.4156

δ̂WStd β1 0.7071 -0.0008 0.0296 0.6441 0.7071 0.7631
β2 -0.7071 0.0004 0.0295 -0.7650 -0.7071 -0.6463

δ̂WRMSE β1 0.7071 -0.0008 0.0296 0.6441 0.7071 0.7631
β2 -0.7071 0.0004 0.0295 -0.7650 -0.7071 -0.6463

δ̂SMS
1 β1 0.7071 -0.0428 0.1013 0.4921 0.6631 0.8477

β2 -0.7071 -0.0282 0.1017 -0.8705 -0.7485 -0.5304

δ̂SMS
PW β1 0.7071 -0.0250 0.0888 0.5000 0.6860 0.8405

β2 -0.7071 -0.0134 0.0923 -0.8660 -0.7276 -0.5418

δ̂LFE β1 0.7071 -0.0209 0.0871 0.5025 0.6920 0.8444
β2 -0.7071 -0.0102 0.0868 -0.8645 -0.7219 -0.5356

δ̂LFE2 β1 0.7071 -0.0159 0.0844 0.5087 0.6941 0.8481
β2 -0.7071 -0.0054 0.0880 -0.8609 -0.7199 -0.5298

Note: LQ and UQ are 2.5% and 97.5% quantiles, respectively. For
comparison, all parameters, including true ones, are normalized such that
||β|| = 1.
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applicability than the methods specifically designed for one kind of model or for mod-

els with monotonic link functions. Thus, the average derivative estimation opens up

possibility to estimate many new panel data models with correlated random effects.

3.6. Conclusion

Both regression coefficients and marginal effects in nonseparable single-index models with

correlated random effects are shown to be identified. The suggested estimation procedure

relies on the local polynomial regression and the average derivative estimation. The esti-

mation of the slope coefficients requires only two time periods and is not only consistent

and asymptotically normal, but also exhibits reasonable finite sample performance in a

variety of panel data models, especially compared to the rank-based estimators. The

procedure is currently limited to static panel data models and an extension to dynamic

panel data is a topic of future research.

3.7. Appendix

3.7.1. Proof of Theorem 3.1

This appendix provides the proof of the main identification result.

Proof. [Proof of Theorem 3.1] Expectation E[Yit|Xit, Xi(t−T)] and its derivatives are non-

parametrically identified under Assumption 3.1–3.6 and can be written at (xt, xt−T) as

E[Yit|Xit = xt, Xi(t−T) = xt−T] = E[φ(X>it β, αi, Uit)|Xit = xt, Xi(t−T) = xt−T]

=

ˆ
φ(x>t β, α, ut)FUt,α|Xt,Xt−T

(dut, dα|Xit = xt, Xi(t−T) = xt−T).

To simplify the notation, we write F (ut, α|xt, xt−T) ≡ FUt,α|Xt,Xt−T
(ut, α|Xit = xt, Xi(t−T) =

xt−T). Further, f(α|xt, xt−T) ≡ fα|Xt,Xt−T
(α|Xit = xt, Xi(t−T) = xt−T). Note that
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ϕ(X>it β, αi) = EU(φ(X>it β, αi, Uit)); applying successive conditioning thus leads to

E[Yit|Xit = xt, Xi(t−T) = xt−T]

=

ˆ [ˆ
φ(x>t β, α, ut)FU |α,Xt,Xt−T

(dut|α, xt, xt−T)

]
f(α|xt, xt−T)dα

=

ˆ [ˆ
φ(x>t β, α, ut)FU(dut)

]
f(α|xt, xt−T)dα

=

ˆ
ϕ(x>t β, α)f(α|xt, xt−T)dα,

where FU denotes the distribution function of Uit, which is independent of αi, Xit, and

Xi(t−T) by Assumption 3.2, and f(α|xt, xt−T) ≡ fα|Xt,Xt−T
(α|Xit = xt, Xi(t−T) = xt−T)

denotes the conditional density of α.

As Assumptions 3.4, 3.5, and 3.6 ensure that the derivatives of this expectation exist

and the valid interchange the order of integration and derivative, it follows that

∂

∂xt
E[Yit|Xit = xt, Xi(t−T) = xt−T] =

ˆ [
∂

∂xt
ϕ(x>t β, α)

]
f(α|xt, xt−T)dα

+

ˆ
ϕ(x>t β, α)

∂

∂xt
f(α|xt, xt−T)dα.

(3.12)

As ∂
∂xt
ϕ(x>t β, α) = ϕ

′

xb(x
>
t β, α)β, the first part of the right handside of the above equa-

tion (3.12) can be rewritten as

β

ˆ
ϕ
′

xb(x
>
t β, α)f(α|xt, xt−T)dα = β E

[
ϕ
′

xb(X
>
it β, αi)|Xit = xt, Xi(t−T) = xt−T

]
. (3.13)

The second part of the above equation (3.12) can be expressed, by Assumption 3.3

implying f(α|xt, xt−T) = f(α|xt + xt−T), as

ˆ
ϕ(x>t β, α)f ′(α|xt + xt−T)dα. (3.14)

The marginal effects of the covariates on the above conditional expectation (3.12)

thus consist of two parts. The first part (3.13) represents the direct effect of a change

in Xit averaged over the individual unobserved heterogeneity, whereas the second part

(3.14) reflects the effect of a change in αi on Yit caused by the change of Xit. However,

when considering the marginal effects of the value Xit on past Yi(t−T), the first part of
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the effect disappears as Yi(t−T) does not depend on Xit. Therefore, we can write

∂

∂xt
E[Yi(t−T)|Xit = xt, Xi(t−T) = xt−T]

=

ˆ [ˆ
φ(x>t−Tβ, α, ut−T)FU(dut−T)

]
∂

∂xt
f(α|xt, xt−T)dα

=

ˆ
ϕ(x>t−Tβ, α)f ′(α|xt + xt−T)dα.

(3.15)

Since Xit and Xi(t−T) are identically distributed and exchangeable by Assumption 3.3,

integrating the conditional expectations (3.14) and (3.15) leads to the same quantity:

EXt,Xt−T

[ˆ
ϕ(x>t−Tβ, α)f ′(α|xt + xt−T)dα

]
= EXt,Xt−T

{ˆ
ϕ(x>t β, α)f ′(α|xt + xt−T)dα

}
.

This result implies that (3.12) can be rewritten using (3.13) and (3.15) as

E

{
∂

∂xt
E[Yit|Xit = xt, Xi(t−T) = xt−T]

}
=β E

{
E
[
ϕ
′

xb(X
>
it β, αi)|Xit = xt, Xi(t−T) = xt−T

]}
− E

{
∂

∂xt
E[Yi(t−T)|Xit = xt, Xi(t−T) = xt−T]

}
.

Therefore, similar to Härdle and Stoker (1989), β could be identified up an unknown

constant γT and the average estimator can be based on

δT = γTβ = β E
{

E
[
ϕ
′

xb(X
>
it β, αi)|Xit, Xi(t−T)

]}
= E

{
∂

∂Xit

E[Yit − Yi(t−T)|Xit, Xi(t−T)]

}
,

where γT ≡ E
{

E
[
ϕ
′

xb(X
>
it β, αi)|Xit, Xi(t−T)

]}
is a non-zero scalar under Assumption 3.7.

Finally, when φ(X>it β, αi, Uit) = X>it β + ψ(αi, Uit), we have ϕ
′

xb(X
>
it β, αi) = 1 and

γT = 1 for all T. In this case, β is point identified for each T. Q.E.D.

3.7.2. Proofs of Theorems 3.3 and 3.4

For the proofs of Theorems 3.3 and 3.4, we need to introduce notation, which is closely

related to Masry (1996a) and Li et al. (2003). Moreover, note that Assumptions 3.1–3.8

cover all assumptions used in the theorems of Li et al. (2003) and Masry (1996a) applied

here so that their results regarding the local polynomial estimator can be applied in the

current context. After introducing the notation and some auxiliary lemmas, the proofs
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of the main theorems follow.

First, assuming that mT(·) has p + 1 derivatives at point z0, we can approximate

mT(z) locally by a multivariate polynomial of order p:

mT(z) ≈
∑

0≤|k|≤p

1

k!
DkmT(v)|v=z0(z − z0)k,

where k = (k1, . . . , k2d) ∈ N2d, k! = k1!× · · · × k2d!, |k| =
∑2d

i=1 ki, z
k = zk11 × · · · × z

k2d
2d ,

∑
0≤|k|≤p

=

p∑
j=0

j∑
k1=0

· · ·
∑

k2d=0;k1+···+k2d=j

, and (DkmT)(z) =
∂kmT(z)

∂zk11 . . . ∂zk2d2d

.

Further, recall that Vit,T = ∆Yit,T −mT(Zit,T) and Kh(u) = h−2d
n K (u/hn) and define

for j = (j1, . . . , j2d) ∈ N2d and z ∈ R2d

τ̄ eT,j(z) =
1

n(T − T)

n∑
i=1

T∑
t=T+1

(∆Yit,T −mT(Zit,T))

(
Zit,T − z
hn

)j
Kh (Zit,T − z)

=
1

n(T − T)

n∑
i=1

T∑
t=T+1

Vit,T

(
Zit,T − z
hn

)j
Kh (Zit,T − z) ,

(3.16)

and

s̄eT,j(z) =
1

n(T − T)

n∑
i=1

T∑
t=T+1

(
Zit,T − z
hn

)j
Kh (Zit,T − z) . (3.17)

Note that, similarly to estimators such as δ̂T, the quantities τ̄ eT,j and s̄eT,j(z) are sample

averages and thus depend on the sample size n, which is however kept implicit and is

indicated by the bar above the letters. All limits and asymptotic statements will be

taken for n→∞ and a fixed T > 1.

Following Masry (1996a) and Li et al. (2003), we write τ̄ eT,j in a matrix form by using

a lexicographical ordering in the following manner. Let

Nl =

l + 2d− 1

2d− 1


be the number of distinct 2d-tuples with |j| ≡ j1 + · · · + j2d = l (Nl is the number

of the distinct derivatives of total order l). These Nl 2d-tuples will be arranged as

a sequence in a lexicographical order with the highest priority to the first position so
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that (l, . . . , 0, 0) is the first element in the sequence and (0, 0, . . . , l) is the last element

and let g−1
l ≡ g−1

|j| denote this one-to-one map of the 2d-tuples to {1, . . . , Nl}. Arrange

the Nl = N|j| values τ̄ eT,j(z) in a column vector τ̄T,l(z) according to this order. Then

τ̄T,l(z) = (τ̄ eT,gl(k)(z))Nlk=1. Define τ̄T(z) = (τ̄>T,0(z), τ̄>T,1(z), . . . , τ̄>T,p(z))>, where τ̄T,l(z) is an

Nl × 1 vector with elements τ̄ eT,j(z), |j| = l, arranged in the above lexicographical order.

Note that τ̄T(z) is of dimension N × 1 with N =
∑p

l=0Nl. Similarly, column vector

mT,p+1(z) denotes the Np+1 elements of derivatives (DjmT)(z)/j! for |j| = p + 1 using

the same lexicographical order.

Next, the possible values of s̄eT,j+k(z) are also arranged in a matrix S̄T,|j|,|k|(z) in

a lexicographical order with the (l1, l2)-th element [S̄T,|j|,|k|(z)]l1l2 = s̄eT,g|j|(l1)+g|k|(l2)(z).

Now define

S̄T(z) =


S̄T,0,0(z) S̄T,0,1(z) . . . S̄T,0,p(z)

S̄T,1,0(z) S̄T,1,1(z) . . . S̄T,1,p(z)
...

...
. . .

...

S̄T,p,0(z) S̄T,p,1(z) . . . S̄T,p,p(z)

 and B̄T(z) =


S̄T,0,p+1(z)

S̄T,1,p+1(z)
...

S̄T,p,p+1(z)

 .

Similar matrices are defined also for kernel moments µj =
´
R2d u

jK(u)du and vs,j =´
R2d usu

jK(u)du, where us denotes the s-th component of vector u. Thus, let Mi,j and

Qs,i,j be Ni×Nj dimensional matrices whose (l1, l2)-th elements are given by µgi(l1)+gj(l2)

and vs,gi(l1)+gj(l2), respectively, s = 1, . . . , 2d, and let

M=


M0,0 M0,1 . . . M0,p

M1,0 M1,1 . . . M1,p

...
...

. . .
...

Mp,0 Mp,1 . . . Mp,p

, B=


M0,p+1

M1,p+1

...

Mp,p+1

, Qs=


Qs,0,0 Qs,0,1 . . . Qs,0,p

Qs,1,0 Qs,1,1 . . . Qs,1,p

...
...

. . .
...

Qs,p,0 Qs,p,1 . . . Qs,p,p

.

Finally, we define M f (z) = Mf(z), Qf (z) =
∑2d

s=1 f
′
s(z)Qs, where f

′
s(z) is the s-th com-

ponent of the first derivative f
′
(z) of the density function f(z) of Zit,T, s = 1, . . . , 2d, and

Gf (z) = [M f (z)]−1Qf (z)[M f (z)]−1 (note that the density function f(z) is everywhere

positive by Assumption 3.8.3).

Using this notation, Masry (1996a, equation (2.13)) and Li et al. (2003, equation
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(A.9)) showed that it holds for n→ +∞

β̂T(z)− β(z) = S̄−1
T (z)τ̄T(z) + hp+1

n S̄−1
T B̄T(z)mT,p+1(z) + op(h

p+1
n ), 0 ≤ |k| ≤ p, (3.18)

where β̂T(z) = (h0
nb̂
>
0,T(z), . . . , hpnb̂

>
p,T(z))> and b̂k,T(z) are the estimates of parameters

(bj,T(z))|j|=k in objective function (3.4) sorted again in the lexicographical order. (The

subscript n denoting the cross-sectional dimension is again kept implicit as there are

many other subscripts needed already.) Note that the term op(h
p+1
n ) in (3.18) represents

quantities that are asymptotically negligible in probability with respect to hp+1
n uniformly

in z ∈ D according to Masry (1996a, Corollary 3).

Further recall that the local derivative estimator is defined as the first d elements

of b̂1,T(z) (δ̂T(z) = b̂1,T(z) = h−1
n Lβ̂T(z) = Lb̂T(z) as in equation (3.5)) and the average

derivative estimator is defined as in equation (3.6) by

δ̂T =
1

n(T − T)

n∑
i=1

T∑
t=T+1

δ̂T(Zit,T) =
1

n(T − T)hn

n∑
i=1

T∑
t=T+1

Lβ̂T(Zit,T).

To simplify notation, let IT denote the index set {it,T}n ,T
i=1,t=T+1. Sorting the sequence

{Zit,T} by the cross-sectional and the time indices, it is possible to express double sums

with respect to i and t as
∑

l∈IT Zl =
∑n

i=1

∑T
t=T+1 Zit,T, or with a slight abuse of

notation, by
∑n(T−T)

l=1 Zl.

To derive the asymptotic distribution of δ̂T in Theorem 3.3, we will consider first the

following sample average of β̂T(Zl)−β(Zl), l ∈ IT, and derive its properties. Substituting

from (3.18),

1

n(T − T)

∑
l∈IT

[β̂T(Zl)− β(Zl)]

=
1

n(T − T)

∑
l∈IT

S̄−1
T (Zl)τ̄T(Zl) +

hp+1
n

n(T − T)

∑
l∈IT

S̄−1
T (Zl)B̄T(Zl)mT,p+1(Zl) + op(h

p+1
n )

= Ā1
T + hp+1

n Ā2
T + op(h

p+1
n ),

(3.19)

where Ā1
T = 1

n(T−T)

∑
l∈IT S̄

−1
T (Zl)τ̄T(Zl) and Ā2

T = 1
n(T−T)

∑
l∈IT S̄

−1
T (Zl)B̄T(Zl)mT,p+1(Zl).

We will now derive the asymptotic properties of Ā2
T and then of Ā1

T.
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Lemma 3.1. Under Assumptions 3.1–3.8, Ā2
T = AT + O(hn) almost surely as n → ∞,

where AT = M−1B E[mT,p+1(Zit,T)].

Proof. Vector Ā2
T depends on S̄−1

T (Zl)B̄T(Zl)mT,p+1(Zl). First, each element of matrix

S̄T(z) contains a sum with respect to time t = T + 1, . . . , T , see (3.17), and S̄T(z) can

therefore be considered as a sum of T−T matrices. By applying Lemma A.1(i) in Li et al.

(2003) to all those matrices and by the triangle inequality, it follows that sup z∈D|S̄T(z)−

M f (z) − hnQ
f (z)| = o(h

3/2
n ) almost surely since nh2d+3

n / lnn → ∞ by Assumption

3.8.1.10 Further, Li et al. (2003, Lemma A.1(ii)) implies that sup z∈D|(S̄T(z))−1 −

[(M f (z))−1 − hnG
f (z)]| = o(h

3/2
n ) almost surely, and by Assumption 3.8.2 and 3.8.3,

sup z∈D|(S̄T(z))−1 − (M f (z))−1| = O(hn) almost surely as n→ +∞.

Next, Masry (1996a, Corollary 2) has shown that sup z∈D|B̄T(z) − Bf(z)| = O(hn)

almost surely (as the density function on D is Lipschitz). Since M f (z) = Mf(z), it

follows that Ā2
T = 1

n(T−T)
M−1B

∑
l∈IT mT,p+1(Zl) +O(hn) almost surely for n→ +∞ by

Assumption 3.8.4. As Assumption 3.8.4 guarantees that mT,p+1(z) is bounded and uni-

formly continuous in z and that expectations E |mT,p+1(Zl)| and E |
∑T

t=T+1mT,p+1(Zit,T)|

exist and are finite, 1
n(T−T)

∑n
i=1{

∑T
t=T+1 mT,p+1(Zit,T)} converges by Khintchine’s law of

large numbers to E[
∑T

t=T+1mT,p+1(Zit,T)/(T − T)] = E[mT,p+1(Zit,T)] almost surely (the

equality follows from Assumption 3.3). Thus, Ā2
T = M−1B E[mT,p+1(Zit,T)] + O(hn) =

AT +O(hn) almost surely as n→ +∞. Q.E.D.

Next, we study term Ā1
T. As discussed in the proof of Lemma 3.1, Li et al. (2003,

Lemma A.1) implies, uniformly in z ∈ D, S̄−1
T (z) = (M f (z))−1−hnGf (z)+o(h

3/2
n ) almost

surely. The elements of Ā1
T can therefore be further decomposed to

Ā1
T =

1

n(T − T)

∑
l∈IT

[
(M f (Zl))

−1τ̄T(Zl)− hnGf (Zl)τ̄T(Zl) + o(h3/2
n )τ̄T(Zl)

]
= J̄1

T − hnJ̄2
T + o(h3/2

n )

(3.20)

almost surely, where J̄1
T = 1

n(T−T)

∑
l∈IT(M f (Zl))

−1τ̄T(Zl) and J̄2
T = 1

n(T−T)

∑
l∈IT G

f (Zl)τ̄T(Zl)

and the equality follows from Masry (1996a, Theorem 5), who showed (elementwise) that

supz∈D |τ̄T(Zl)| = o(1) almost surely as n→ +∞ under Assumption 3.8.

10Note that the rate h
3/2
n is faster than hn in Li et al. (2003) due to a stronger assumption: we assume

lnn/(nh2dn ) = o(h3n), whereas Li et al. (2003) assume lnn/(nh2dn ) = o(h2n) as n→∞.
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The following lemmas now state the properties of the rth elements of J̄1
T,r = e>r J̄

1
T

and J̄2
T,r = e>r J̄

2
T; again, all asymptotic statements are for n→ +∞ and T being fixed.

Lemma 3.2. Under Assumptions 3.1–3.8, J̄1
T,r = Op

(
(nhdn)−1

)
as n → ∞ for r =

2, . . . , 2d+ 1.

Proof. After substituting from (3.16), the rth element J̄1
T,r of vector J̄1

T can be seen as a

sum of (T − T)2 averages,

1

(T − T)2

T∑
s,t=T+1

 1

n

n∑
i=1

p∑
|k|=0

(M f (Zit,T))−1
k,r

1

n

n∑
j=1

Vjs,T

(
Zjs,T − Zit,T

hn

)k
Kh(Zjs,T − Zit,T)

 ,

and each average in the curly brackets behaves asymptotically as Op

(
(nhdn)−1

)
for r =

2, . . . , 2d+ 1 and n→ +∞ by Li et al. (2003, Lemma A.3). The claim follows from the

fact that T is fixed. Q.E.D.

Lemma 3.3. Under Assumptions 3.1–3.8, J̄2
T,r → N(0,ΦT,r) in distribution as n→∞

for r = 2, . . . , 2d+ 1, where

ΦT,r =
1

(T − T)2

T∑
t=T+1

T∑
s=T+1

E [σts,T(Zit,T, Zis,T)Gr,1(Zit,T)Gr,1(Zis,T)]

and matrix G(z) = Gf (z)M f (z) = [M f (z)]−1Qf (z).

Proof. The proof closely follows Li et al. (2003, Lemma A.4). Let Vit,T = ∆Yit,T −
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mT(Zit,T) and the elements of Gf (z) be denoted Gf
i,j(z). Then

J̄2
T,r =

1

n(T − T)

∑
l∈IT

e>r G
f (Zl)τ̄T(Zl)

=
1

n(T − T)

∑
l∈IT

∑
0≤|j|≤p

Gf
r,j(Zl)τ̄T,j(Zl)

=

[
1

n(T − T)

]2∑
l∈IT

∑
i∈IT

∑
0≤|j|≤p

ViG
f
r,j(Zl)

(
Zi − Zl
hn

)j
Kh(Zi − Zl)

=

[
1

n(T − T)

]2∑
l∈IT

∑
i∈IT,i 6=l

∑
0≤|j|≤p

ViG
f
r,j(Zl)

(
Zi − Zl
hn

)j
Kh(Zi − Zl)

+

[
1

n(T − T)

]2∑
l∈IT

VlG
f
r,0(Zl)Kh(0)

=2

[
1

n(T − T)

]2 n(T−T)∑
l=1

n(T−T)∑
i>l

HT,r(Vi, Zi;Vl, Zl) +Op((n
3/2h2d

n )−1),

where the last equality follows form the central limit theorem (n−1/2
∑

l∈IT VlG
f
r,0(Zl)Kh(0) =

h−2d
n n−1/2

∑n
i=1{

∑T
t=T+1 Vit,TG

f
r,0(Zit,T)K(0)} and the inner sums are independent and

identically distributed with zero mean and finite variance by Assumption 3.8.5). Fur-

thermore, (n3/2h2d
n )−1 → 0 by Assumption 3.8.1 and the symmetrized elements

HT,r(Vi, Zi;Vl, Zl) =
∑

0≤|j|≤p

1

2

[
ViG

f
r,j(Zl)

(
Zi − Zl
hn

)j
+ VlG

f
r,j(Zi)

(
Zl − Zi
hn

)j]
Kh(Zi−Zl).

Using the cross-sectional independence, let for i, l ∈ IT

HT,r(Vi, Zi) = E[HT,r(Vi, Zi;Vl, Zl)|Vi, Zi] =
1

2

∑
0≤|j|≤p

Vi E

[
Gf
r,j(Zl)

(
Zi − Zl
hn

)j
Kh(Zi − Zl)|Zi

]
.

Recall that the kernel moments exist up to order 4p by Assumption 3.8.2. Hence, ex-

pectations E[Gf
r,j(Zl)

(
Zi−Zl
hn

)j
Kh(Zi−Zl)|Zi] =

´
Gf
r,j(zl)f(zl)

(
Zi−zl
hn

)j
Kh(Zi−zl)dzl =´

Gf
r,j(Zi+hnu)ujf(Zi+hnu)K(u)du = Gf

r,j(Zi)f(Zi)
´
ujK(u)du+O(hn) = Gf

r,j(Zi)f(Zi)µj+

O(hn), where we use the Taylor expansion along with the fact that f , its derivatives,

and Gf
r,j(z) are uniformly bounded in z ∈ D due to Assumption 3.8.3 (e.g., implying

that f ′(Zi), f
′′(Zi), ... are bounded by supz∈Dmax{f ′(z), f ′′(z), ...}); term O(hn) is thus

uniform in Zi. It follows that HT,r(Vi, Zi) = 1
2
Vi
∑

0≤|j|≤p[G
f
r,j(Zi)µjf(Zi) + O(hn)] =
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1
2
Vi(G

f (Zi)M
f (Zi))r,1 + 1

2
ViO(hn) = 1

2
ViGr,1(Zi) + 1

2
ViO(hn), i ∈ IT. Therefore, by the

H-decomposition for U -statistics (e.g., by Assumption 3.8.1 and Lemma 3.1 of Härdle

and Stoker, 1989), it follows that as n→ +∞

J̄2
T,r =

2

n(T − T)

∑
i∈IT

HT,r(Vi, Zi) + op(n
−1/2) +Op((n

3/2h2d
n )−1) (3.21)

=
1

n

n∑
i=1

[
1

T − T

T∑
t=T+1

Vit,TGr,1(Zit,T)

]
+O(hn)

1

n

n∑
i=1

[
1

T − T

T∑
t=T+1

Vit,T

]
(3.22)

+ op(n
−1/2) +Op((n

3/2h2d
n )−1). (3.23)

Considering
√
nJ̄2

T,r, note that n1/2[Op((n
3/2h2d

n )−1)] = Op((nh
2d
n )−1) = op(1) by Assump-

tion 3.8.1. The first and last terms in (3.22) multiplied by
√
n can be analyzed in a similar

way by the central limit theorem due to Assumption 3.8.5 and we thus discuss only the

first term in detail. Since the last term in (3.22) becomes negligible due to the factor

O(hn) in front of it, the first term in (3.22) determines the asymptotic distribution of
√
nJ̄2

T,r:

√
nJ̄2

T,r =
1√
n

n∑
i=1

[
1

T − T

T∑
t=T+1

Vit,TGr,1(Zit,T)

]
+ op(1). (3.24)

Given that the random variables in the squared brackets are independent and identically

distributed with zero means and finite second moments by Assumption 3.8.5, it follows

that
√
nJ̄2

T,r → N(0,ΦT,r) in distribution as n→∞ for r = 2, . . . , 2d+ 1, where

ΦT,r = Var

[
1

T − T

T∑
t=T+1

Vit,TGr,1(Zit,T)

]

=
1

(T − T)2

T∑
t=T+1

T∑
s=T+1

E [σts,T(Zit,T, Zis,T)Gr,1(Zit,T)Gr,1(Zis,T)] .

Q.E.D.

Lemma 3.4. Define d × 1 vectors J̄2
T,[d] = LJ̄2

T = (J̄2
T,2, . . . , J̄

2
T,d+1)> and G[d],1(z) =

LG(z)e1 = (G2,1(z), . . . , Gd+1,1(z))>, where Gr,1(z) is the (r, 1)-th element of G(z) =

[M f (z)]−1Qf (z). Under Assumptions 3.1–3.8,
√
nJ̄2

T,[d] → N(0,ΦT) in distribution as
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n→ +∞, where

ΦT =
1

(T − T)2

T∑
t=T+1

T∑
s=T+1

E
[
σts,T(Zit,T, Zis,T)G[d],1(Zit,T)G[d],1(Zis,T)>

]
.

Proof. By the equation (3.24) in the proof of Lemma 3.3, we know that

√
nJ̄2

T,[d] =
1√
n

n∑
i=1

[
1

T − T

T∑
t=T+1

Vit,TG[d],1(Zit,T)

]
+ op(1), (3.25)

where the elements of the outer sum are independent and identically distributed with

zero means by Assumption 3.8.5 and their variance matrix exists with the (r1, r2)th

element equal to (r1, r2 = 2, . . . , d+ 1)

[
1

T − T

]2

E

[(
T∑

t=T+1

Vit,TGr1,1(Zit,T)

)(
T∑

s=T+1

Vjs,TGr2,1(Zjs,T)

)]

=
1

(T − T)2

T∑
t=T+1

T∑
s=T+1

E [σts,T(Zit,T, Zis,T)Gr1,1(Zit,T))Gr2,1(Zis,T))]

=(ΦT)r1−1,r2−1.

By the multivariate central limit theorem (e.g., example 2.18 of Van der Vaart (2000)),

it follows that
√
nJ̄2

T,[d] → N(0,ΦT) in distribution as n→ +∞. Q.E.D.

Proof. [Proof of Theorem 3.3] Let δ̃T = 1
n(T−T)

∑n
i=1

∑T
t=T+1m

′
T,1(Zit,T) and define d× 1

vectors AT,[d] = LAT, ĀkT,[d] = LĀkT, and J̄kT,[d] = LJ̄kT (recalling that L = (e2, . . . , ed+1)>),

where k = 1, 2 and AT, ĀkT, and J̄kT are defined in Lemma 3.1 and equations (3.19)–(3.20),

respectively. We want to study the asymptotic distribution of

√
n
(
δ̂T − hpnAT,[d] − E[m′T,1(Zit,T)]

)
=
√
n
{

(δ̂T − δ̃T − hpnAT,[d]) + (δ̃T − E[m′T,1(Zit,T)])
}
.

Whereas the latter term equals simply the
√
n-multiple of the average of m′T,1(Zit,T) −

E[m′T,1(Zit,T)], the first term can be rewritten in the following way: using first δ̂T(z) =

h−1
n Lβ̂T(z), then decompositions (3.19) and (3.20), and finally, Lemmas 3.1 and 3.2, it
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holds almost surely that

√
n
(
δ̂T − δ̃T − hpnAT,[d]

)
=

√
n

hn

(
1

n(T − T)

∑
l∈IT

[Lβ̂T(Zl)− Lβ(Zl)− hp+1
n AT,[d]]

)

=

√
n

hn

(
A1

T,[d] + hp+1
n A2

T,[d] − hp+1
n AT,[d] + op(h

p+1
n )

)
=

√
n

hn

[
J̄1
T,[d] − hnJ̄2

T,[d] + o(h3/2
n )

1

n(T − T)

∑
l∈IT

τ̄T(Zl) + hp+1
n (A2

T,[d] − AT,[d]) + op(h
p+1
n )

]

=Op(n
−1/2h−d−1

n )−
√
nJ̄2

T,[d] +
o(h

1/2
n )√

n(T − T)

∑
l∈IT

τ̄T(Zl) +Op(n
1/2hp+1

n ) + op(n
1/2hp+1

n )

=−
√
nJ̄2

T,[d] +
o(h

1/2
n )√

n(T − T)

∑
l∈IT

τ̄T(Zl) + op(1)

(3.26)

due to Assumption 3.8.1. Since
√
nhn

1
n(T−T)

∑
l∈IT τ̄T(Zl) is asymptotically normally

distributed by Masry (1996b, Theorem 3), the second term in (3.26) is asymptotically

negligible in probability: o(h
1/2
n )√

n(T−T)

∑
l∈IT τ̄T(Zl) = op(1). After substituting (3.26) into

equation (3.25), we thus have

√
n
(
δ̂T − hpnAT,[d] − E[m′T,1(Zit,T)]

)
=
√
n
{

(δ̂T − δ̃T − hpnAT,[d]) + (δ̃T − E[m′T,1(Zit,T)])
}

=−
√
n
{
J̄2
T,[d] + δ̃T − E[m′T,1(Zit,T)]

}
+ op(1)

=
1√
n

n∑
i=1

[
− 1

T − T

T∑
t=T+1

Vit,TG[d],1(Zit,T) +
1

T − T

T∑
t=T+1

{m′T,1(Zit,T)− E[m′T,1(Zit,T)]}

]
+ op(1).

(3.27)

The elements of the last sum are identically distributed, have zero means, and their
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variance matrices equal to

Var

[
− 1

T − T

T∑
t=T+1

Vit,TG[d],1(Zit,T) +
1

T − T

T∑
t=T+1

{m′T,1(Zit,T)− E[m′T,1(Zit,T)]}

]

=ΦT + ΩT − 2 Cov

[
1

T − T

T∑
t=T+1

Vit,TG[d],1(Zit,T);
1

T − T

T∑
t=T+1

{m′T,1(Zit,T)− E[m′T,1(Zit,T)]}

]

=ΦT + ΩT − 2 E

[
1

T − T

T∑
t=T+1

Vit,TG[d],1(Zit,T)× 1

T − T

T∑
t=T+1

{m′T,1(Zit,T)− E[m′T,1(Zit,T)]}

]

=ΦT + ΩT − 2 E

[
1

(T − T)2

T∑
t=T+1

E(Vit,T|Zi1,T, . . . , ZiT,T)G[d],1(Zit,T)

× 1

T − T

T∑
t=T+1

{m′T,1(Zit,T)− E[m′T,1(Zit,T)]}

]
=ΦT + ΩT

because Cov[Vit,TG[d],1(Zit,T), Vis,TG[d],1(Zis,T)] = E[E(Vit,TVis,T|Zit,T, Zis,T)G[d],1(Zit,T)

G[d],1(Zis,T)>] = E[σts,T(Zit,T, Zis,T)G[d],1(Zit,T)G[d],1(Zis,T)>]. By the multivariate central

limit theorem, it follows that

√
n
(
δ̂T − hpnAT,[d] − E[m′T,1(Zit,T)]

)
→ N(0,ΦT + ΩT)

in distribution as n→ +∞.

Q.E.D.

Proof. [Proof of Theorem 3.4] Recall that δ̂∗T = (δ̂>T+1,T, . . . , δ̂
>
T,T)> and ∆T = hpnLAT +

E[m′T,1(Zit,T)], where E[m′T,1(Zit,T)] is independent of t = T+ 1, . . . , T under H0. Follow-

ing the same steps as in the proof of Theorem 3.3, see (3.27), which does apply to any

δ̂t,T with fixed t = T + 1, . . . , T , it follows that

√
n{δ̂∗T − (∆>T , . . .∆

>
T )>} =

1√
n

n∑
i=1

[−V Gi,T + EMi,T] + op(1), (3.28)

where V Gi,T = (V G>iT+1,T, . . . , V G
>
iT,T)> with V Git,T = Vit,TG[d],1(Zit,T) and EMi,T =

(EM>
iT+1,T, . . . , EM

>
it,T)> with EMit,T = {m′T,1(Zit,T)−E[m′T,1(Zit,T)]}. Given that V Gi,T,

EMi,T, and their differences are identically distributed, have zero means, and finite sec-

ond moments by Assumption 3.8, we only have to find the variance matrix of their sum to
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apply the central limit theorem. The covariance of the elements of V Gi,T corresponding to

times s and t is equal to Cov[Vit,TG[d],1(Zit,T), Vis,TG[d],1(Zis,T)] = E[E(Vit,TVis,T|Zit,T, Zis,T)·

G[d],1(Zit,T)G[d],1(Zis,T)>] = E[σts,T(Zit,T, Zis,T)·G[d],1(Zit,T)G[d],1(Zis,T)>] = Φ̃
(t,s)
T and thus

Var(V Gi,T) = Φ̃T. Similarly, Cov{m′T,1(Zit,T)−E[m′T,1(Zit,T)],m′T,1(Zis,T)−E[m′T,1(Zis,T)]} =

Ω̃
(t,s)
T and thus Var(EMi,T) = Ω̃T. Finally, it holds for any s, t = T + 1, . . . , T that

Cov(V Git,T, EMis,T) = E[V Git,TEM
>
is,T]

= E[Vit,TG[d],1(Zit,T) · {m′T,1(Zis,T)− E[m′T,1(Zis,T)]}>]

= E[E(Vit,T|Zi1,T, . . . , ZiT,T)G[d],1(Zit,T) · {m′T,1(Zis,T)− E[m′T,1(Zis,T)]}>]

=0

and hence Var(−V Gi,T+EMi,T) = Φ̃T+Ω̃T. Applying the multivariate central limit theo-

rem now to n−1/2
∑n

i=1[−V Gi,T+EMi,T] in (3.28) implies that
√
n{δ̂∗T−(∆>T , . . .∆

>
T )>} →

N
(

0, Φ̃T + Ω̃T

)
in distribution as n→ +∞. Q.E.D.
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Chapter 4

Smoothed spatial maximum score

estimation of spatial

autoregressive binary choice

panel models

4.1. Introduction

This paper considers a spatial autoregressive binary-choice panel model based on the

latent process

y∗it,n = λ0

n∑
j=1

wij,ny
∗
jt,n + xit,nβ0 + αi,n + εit,n, i = 1, . . . , n, t = 1, . . . , T, (4.1)

where y∗it,n is the latent dependent variable that links to the observed binary outcome

yit,n such that yit,n = 1 if y∗it,n > 0 and yit,n = 0 otherwise. Variables xit,n are observed

exogenous regressors for the individual i in the t-th period,11 and Wn = (wij,n), i, j =

1, . . . , n is an n×n time-invariant exogenous spatial weight matrix whose elements are all

nonnegative. As usual, a proper normalization imposes wii,n = 0 for all i. Parameter λ0

captures the spatial effect, αi,n is the individual effect which is unobserved and allowed

to be correlated with the regressors in an arbitrary way, and εit,n is the idiosyncratic

individual error term. This spatial model is an equilibrium model with endogenous

interaction effects among the unobserved dependent variable.

The spatial binary choice model is useful when a researcher allows the outcome of

an agent’s decision to be determined by the latent value of neighbors. For instance,

one can use this model to analyze the tax reform (dummy indicator) while allowing

11Note that xit,n consists of time-varying covariates as any time-invariant covariate would be absorbed
into the individual effect αi,n.
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tax competition at subnational level of governments, i.e., the latent income tax rates

of local governments are spatially correlated and observed by the local governments,

while econometrians only observe the tax reform indicators. The spatial binary choice

model has been increasingly used in spatial econometrics literature, where the most

popular specification is the spatial lag probit model, which is the cross-sectional version of

model (4.1). Many studies have considered this model from a methodological viewpoint:

McMillen (1992), LeSage (2000), Pace and LeSage (2011) among others, there are also

some empirical studies using this model, such as Beron et al. (2003), and Mukherjee

and Singer (2008). Moreover, Klier and McMillen (2008) replace the probit by the logit

specification. Most recently, Qu and Lee (2012) and Elhorst et al. (2013) conduct an

important variant of the cross-sectional spatial lag probit model in the following form:

y∗i,n = λ0

∑n
j=1wij,nyj,n + xi,nβ0 + εi,n, where the latent dependent variable y∗i,n depends

on observed choices represented by
∑n

j=1 wij,nyj,n rather than unobserved ones.

Another specification is a latent linear regression model with spatially correlated

errors: y∗i,n = xi,nβ0 + vi,n, vi,n = ρ0

∑n
j=1wij,nvj,n + εi,n, where vi,n reflects the spatially

correlated errors with coefficient ρ0 and εi,n follows a normal distribution. In this model,

the variance of errors is usually normalized to one, as it cannot be separately identified

with the parameter β0. This spatial error probit model has been studied by Beron and

Vijverberg (2004), Fleming (2004), Klier and McMillen (2008), Wang et al. (2013) among

others. Moreover, Bolduc et al. (1997) consider the logit specification in their empirical

application such that the probability of Pr(y = 1) has an analytical solution.

The main assumption of existing estimation methods for the spatial binary choice

models is that distribution of εi,n conditional on {xi,n}ni=1 is known up to a finite set

of parameters. For example, it is often assumed that εi,n has either a normal or a

logistic distribution. However, when the distribution of εi,n is misspecified, estimation

methods that require specifying the distribution of εi,n can yield inconsistent estimators.

Furthermore, even if the model is correctly specified, likelihood based estimation methods

may suffer from the multi-dimensional integration problem as the individual error terms

are dependent on each other. Many attempts have been made to solve this problem, see

Elhorst et al. (2013) for a detailed review.

Moreover, estimation becomes much more difficult if a context of panel data with

fixed effects or correlated random effects is considered. Even if the distribution of the
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errors is correctly specified and there is no spatial dependence, consistently estimating

parameters in binary choice panel models with fixed effect requires clever estimators,

such as conditional logit estimation (Chamberlain, 1984) or maximum score estimator

(Manski, 1987; Charlier et al., 1995). These methods could either generate a conditional

likelihood function without fixed effects or eliminate the fixed effects by some relation-

ship based on the expectation of dependent variables. However, to my best knowledge,

whether these methods still work or not when there is spatial dependence is still un-

known, and so far there have been no formal studies on the asymptotic properties of

estimators of model (4.1).

In this paper, I consider a correlated random effects spatial autoregressive (SAR)

binary choice model (4.1), where the only assumption imposed on the errors is time

stationarity rather than any parametric assumption. Based on this assumption and the

exogeneity of a time-invariant spatial weight matrix, a result similar to Lemma 1 in

Manski (1987) is derived in this paper. Therefore, a spatial maximum score estimator

is defined, analogous to that of Manski (1987), which can be smoothed by replacing the

sign function with a continuous function, as in Horowitz (1992). The proposed smoothed

spatial maximum score (SSpMS) estimator is currently the only available consistent

estimator for model (4.1) that does not impose a parametric distribution of the errors.

Although the SSpMS estimator cannot be extended to cross-sectional SAR binary choice

models, it is applicable to correlated random effects SAR binary choice models with

arbitrary spatial correlation in the errors when such spatial correlation is time-invariant

and satisfies some “fading memory” property as described in Section 4.3.2. Finally, the

SSpMS estimator is a general estimator that includes smoothed maximum score estimator

of Charlier et al. (1995) without spatial correlation as a special case.

The rest of the paper is organized as follows. The model specification and the sug-

gested SSpMS estimator are provided in Section 4.2. In Section 4.3, we consider identifi-

cation, consistency, and asymptotic normality of the proposed estimator. The results of

a Monte Carlo investigation of finite-sample properties of the estimators are presented

in Section 4.4. Concluding comments are presented in Section 4.5. All the proofs are

provided in the appendices.

At this point, it is convenient to introduce some notation. To write model (4.1)

in matrix notation, we denote Y ∗nt = (y∗1t,n, . . . , y
∗
nt,n)>, Ynt = (y1t,n, . . . , ynt,n)>, Xnt =
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(x>1t,n, . . . , x
>
nt,n)>, X = (Xn1, . . . , XnT ), αn = (α1,n, . . . , αn,n)>, and εnt = (ε1t,n, . . . , εnt,n)>.

Denote Sn(λ) = In − λWn, and Sn = In − λ0Wn, where In is the identity matrix. For

any random variable v, ||v||p = (E |v|p)1/p denotes its Lp-norm.

4.2. Description of the Estimator

To motivate the estimator, we consider the simplest case when there are only two time

periods (t = 1, 2). Suppose that the inverse of matrix Sn exists, rearrange equation

(4.1), and rewrite it in matrix notation. The equilibrium vector Y ∗nt is then

Y ∗nt = (In − λ0Wn)−1(Xntβ0 + αn + εnt) = S−1
n Xntβ0 + S−1

n αn + S−1
n εnt. (4.2)

Denote ε̃nt = S−1
n εnt, ε̃nt is an n× 1 vector of linear combinations of the error terms for

all individuals. Let ei,n denote an n× 1 vector with the i-th element equal to one and all

other elements equal to zero; then ε̃it,n = e>i,nS
−1
n εnt is the i-th element of ε̃nt. Under the

conditional stationarity assumption that εn1 and εn2 are identically distributed condi-

tional on (αn, X), we know that ε̃n1 and ε̃n2 also have the same distribution. Therefore,

we obtain the following relationship for each individual i (as we show later in Lemma

4.2), which is similar to Lemma 1 of Manski (1987)

E[yi1,n − yi2,n|αn, X] > 0 if and only if e>i,nS
−1
n Xn1β0 > e>i,nS

−1
n Xn2β0,

E[yi1,n − yi2,n|αn, X] = 0 if and only if e>i,nS
−1
n Xn1β0 = e>i,nS

−1
n Xn2β0,

E[yi1,n − yi2,n|αn, X] < 0 if and only if e>i,nS
−1
n Xn1β0 < e>i,nS

−1
n Xn2β0.

(4.3)

Similar to Lemma 3 of Manski (1987), under Assumptions 4.1-4.4 (listed in section 4.3.1),

conditions (4.3) imply that the true parameter θ0 = (λ0, β
>
0 )> is the unique maximizer

of (as we show later in Lemmas 4.1 and 4.2)

E[G∗i,n(θ)] ≡ E[∆yi,n sgn{e>i,nS−1
n (λ)∆Xnβ}], i = 1, . . . , n, (4.4)

where θ = (λ, β>)>, ∆yi,n = yi1,n− yi2,n, ∆Xn = Xn1−Xn2 ≡ (∆x1,n, . . . , ∆xn,n)>, and

sgn(·) is the sign function. Lemma 4.2 shows that θ0 is also the unique maximizer of the
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average of E[G∗i,n(θ)] for any n (including the limit), that is

θ0 = arg max
θ

1

n

n∑
i=1

E[G∗i,n(θ)] = arg max
θ

1

n

n∑
i=1

E[∆yi,n sgn{e>i,nS−1
n (λ)∆Xnβ}]. (4.5)

Maximizing the sample analogue of 1
n

∑n
i=1 E[G∗i,n(θ)], a consistent estimator of θ0

can be obtained by maximizing the following objective function:

G∗n(θ) ≡ 1

n

n∑
i=1

G∗i,n(θ) =
1

n

n∑
i=1

∆yi,n sgn{e>i,nS−1
n (λ)∆Xnβ}.

Observe that the behavior of G∗n(·) is unaffected by removing observations having yi1,n =

yi2,n, thus, the estimator maximizing G∗n(·) is a conditional maximum score estimator

(conditional on observations with yi1,n 6= yi2,n). It is difficult to derive its asymptotic

distribution as the score function is a step function. Chamberlain (1986) has shown

that there is no n1/2-consistent estimator of β0 under Manski’s assumptions. Horowitz

(1992) then modified Manski’s maximum score estimator (Manski, 1985), under some-

what stronger but still very weak assumptions, by smoothing the score function to be con-

tinuous and differentiable, and shows that the convergence rate of the centered smoothed

estimator is at least as fast as n−2/5 and, depending on how smooth the distribution of

εi,n and xit,nβ0 are, can be made arbitrarily close to n−1/2.12 In the context of panel

data models with fixed effects, Charlier et al. (1995) investigate the smoothed version of

estimator in Manski (1987) and indicate that G∗n(θ) can be equivalently expressed as

1

n

n∑
i=1

1

2
∆yi,n

[
sgn{e>i,nS−1

n (λ)∆Xnβ}+ 1
]

=
1

n

n∑
i=1

∆yi,n1{e>i,nS−1
n (λ)∆Xnβ ≥ 0}. (4.6)

This objective function can then be smoothed by

Gn(θ, σn) =
1

n

n∑
i=1

∆yi,nK

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)
, (4.7)

where K(·/σn) is some smooth function that converges to the indicator function as n→

∞ and σn is a sequence of strictly positive real numbers satisfying limn→∞ σn = 0. For

12Recently, Jun et al. (2013) propose a classical Laplace estimator as alternative that provides a unified
method of smoothing for a large class of 3

√
n consistent estimators and which can have computational

advantages, e.g. in the maximum score case.
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smoothed maximum score estimator (Horowitz, 1992), K(·) is assumed to be a continuous

function of the real line into itself such that: (K1) |K(v)| < C for some finite constant

C and all v in (−∞, ∞), and (K2) limv→−∞K(v) = 0 and limv→∞K(v) = 1. Note

that K(·) could be a cumulative distribution function such as the cumulative standard

normal distribution function Φ(·), as in Horowitz (1992), and σn can be viewed as the

bandwidth.

Remark 4.1. Apparently, when there is no spatial effect (λ0 = 0), then the SSpMS

estimator maximizing equation (4.7) degenerates to the standard smoothed maximum

score estimator for panel models, as in Charlier et al. (1995).

Moreover, the identification and estimation strategy described above also works for

models with arbitrarily spatially correlated errors, if the spatial correlation is time sta-

tionary and satisfies the “fading memory” property as stated in the next section. For

example, the mixed spatial lag and spatial error binary choice models with correlated

random effects:

Y ∗nt = λ0Wn,1Y
∗
nt +Xntβ0 + αn + vnt, vnt = ρ0Wn,2vnt + εnt.

Suppose that the inverses of matrices Sn1 = (In − λ0Wn,1) and (In − ρ0Wn,2) exist and

the spatial weight matrices Wn,1 and Wn,2 are time-invariant. Rearranging the above

equation and rewriting it in matrix notation, we have

Y ∗nt = (In − λ0Wn,1)−1[Xntβ0 + αn + (In − ρ0Wn,2)−1εnt]

= S−1
n1 (Xntβ0 + αn) + S−1

n1 (In − ρ0Wn,2)−1εnt.

When there are only two time periods (t = 1, 2), and εn1 and εn2 are identically dis-

tributed conditional on (αn, X), then ε̄n1 and ε̄n2 also have the same distribution, where

ε̄it,n = e>i,nS
−1
n1 (In − ρ0Wn,2)−1εnt. Therefore, we could also obtain the same relationships

for each individual i as in equation (4.3). The identification and estimation strategy

will be exactly the same as discussed previously, however, the parameter ρ0 can not be

estimated in this case.13

In addition, when β0 = 0, the model degenerates to a spatial binary choice model

13As the objective function will be exactly the same as (4.7) if Wn,1 = Wn, which does not contain
the parameter ρ, so it is not possible to be estimated.
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without covariate. In this case, spatial effect λ0 is not identified without imposing ad-

ditional assumption on the errors. Another point we should notice is that identification

strategy described in this paper cannot be applied to cross-sectional spatial binary choice

models directly.

Finally, when there is a finite number of time periods larger than two, the SSpMS

estimator can be defined analogously to that of Charlier et al. (1995) by

θnT = arg max
θ

1

nT (T − 1)

n∑
i=1

∑
s<t

cits(yit,n − yis,n)K

(
e>i,nS

−1
n (λ)(Xnt −Xns)β

σn

)
,

where cits = ritris with rit = 1 if (yit,n, xit,n) is observed, and zero otherwise. Therefore,

cits = 1 if both (yit,n, xit,n) and (yis,n, xis,n) are observed, and zero otherwise. The inclu-

sion of cits is to make the SSpMS estimator applicable to an unbalanced panel, which is

common in applications.

Remark 4.2. Note that G∗n(θ) is equivalent to the absolute loss objective function

min
θ

1

n

n∑
i=1

∣∣∆yi,n − sgn{e>i,nS−1
n (λ)∆Xnβ}

∣∣ · 1{yi1,n 6= yi2,n},

and the squared loss objective function

min
θ

1

n

n∑
i=1

[
∆yi,n − sgn{e>i,nS−1

n (λ)∆Xnβ}
]2 · 1{yi1,n 6= yi2,n}.

Motivated by Khan (2012), when the standard normal distribution Φ(·) is applied for

smoothing the objective function and observations with {yi1,n = yi2,n} are included to im-

prove efficiency, we can define a spatial nonlinear least square (SpNLLS) probit estimator

as

θSpNLLSn = arg min
θ

1

n

n∑
i=1

[
∆yi,n − Φ

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)]2

, σn → 0.

The main advantage of this procedure is that the objective function of standard NLLS

probit estimator can be extended to the case with spatial correlation, and the standard

software packages, such as Stata, can be easily adjusted to compute the SpNLLS probit

estimator.
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4.3. Identification and Asymptotic Properties

4.3.1. Identification

In this subsection, identification of parameters in model (4.1) is provided. The definition

of identification is similar as in Manski (1987). Consider (λ, β>)> ∈ Λ×Rq, (λ, β>)> 6=

(λ0, β
>
0 )>; condition (4.3) (which holds for each individual i) distinguishes (λ, β>)> from

(λ0, β
>
0 )> if there exists a set of ∆Xn values having positive F∆Xn probability such that

condition (4.3) does not hold for some i, when (λ, β>)> is substituted for (λ0, β
>
0 )>,

where F∆Xn denotes the cumulative distribution function of ∆Xn. Let

Vi,n(λ, β) = {∆Xn ∈ Rq : sgn(e>i,nS
−1
n (λ)∆Xnβ) 6= sgn(e>i,nS

−1
n ∆Xnβ0)}, (4.8)

then (λ0, β
>
0 )> is identified relative to (λ, β>)> if there is some i = 1, . . . , n, such that

Ri,n(λ, β) ≡
ˆ
Vi,n(λ, β)

dF∆Xn > 0. (4.9)

Assumption 4.1. i). The conditional distribution functions of εi1 and εi2 are identical:

Fεi1|αn, X = Fεi2|αn, X for all i and (αn, X).

ii). The support of Fεi1|αn, X is R for all i and (αn, X).

Assumption 4.2. i). The support of F∆xi,n is not contained in any proper linear sub-

space of Rq for all i and n.

ii). For each n, ∆xi,n’s are i.i.d. double arrays and have uniformly bounded densi-

ties. There exists at least one q′ ∈ [1, . . . , q] such that β0,q′ 6= 0, and for almost every

value of ∆x̃i,n = (∆xi,1,n, . . . ,∆xi,q′−1,n,∆xi,q′+1,n, . . . ,∆xi,q,n), the scalar random vari-

able ∆xi,q′,n, which is the q′-th element of ∆xi,n, has an everywhere positive Lebesgue

density conditional on ∆x̃i,n for all i = 1, 2, . . . , n.

Assumption 4.3. The matrix Sn (λ) = In− λWn is nonsingular for all λ ∈ Λ, where Λ

is the parameter space of λ.

Assumptions 4.1 and 4.2 have the same forms as Assumptions 1 and 2 in Manski

(1987), except that we condition differently. As in Assumption 4.1 i), εit,n is stationary

not only conditionally on its own characteristics, but also conditionally on the character-

istics of other individuals. Assumption 4.1 ii) guarantees that event yi1,n 6= yi2,n occurs
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with a positive probability for all αn. Assumption 2 i) is the familiar full-rank condition

that prevents a global failure of identification and part ii) is a substantive restriction,

which implies that ∆Xnβ has everywhere positive density for all β such that βq′ 6= 0.

Assumption 4.3 guarantees that matrix Sn (λ) is invertible.

Identification of θ0 will require that there is a positive probability such that e>i,nS
−1
n (λ)∆Xnβ

has a different sign than e>i,nS
−1
n ∆Xnβ0. Lemma 4.1 establishes the identification of θ0.

Although λ0 is point identified, the scale of β0 is not identified. To see this, we can

simply set λ = λ0, then the identification problem degenerates to that of Manski (1987).

The usual way is to normalize β0,q = 1 (let q′ = q) so that other elements of β0 are point

identified, since we only consider the case βq 6= 0.

Lemma 4.1. Under Assumptions 4.1–4.3, (λ0, β
>
0 )> is identified relative to (λ, β>)> ∈

Λ× Rq for any finite n, where β/||β|| 6= β0/||β0|| and βq 6= 0.

Assumption 4.4. For any θ 6= θ0 with β/||β|| 6= β0/||β0||, it holds that lim
n→∞

1
n

n∑
i=1

E[G∗i,n(θ0)] >

lim
n→∞

1
n

n∑
i=1

E[G∗i,n(θ)].

Although for any fixed sample size n, identification only requires that there is at least

one i satisfying condition (4.9), identification may fail for some extreme spatial weight

matrices when n tends to infinity. For instance, a trivial case is that identification of λ0

fails if Wn = 0. Therefore, failure of identification of λ0 may occur if the matrix Wn be-

comes sufficiently sparse as n→∞. Assumption 4.4 directly imposes that identification

holds in the limit.

4.3.2. Consistency

In this subsection, consistency of estimator maximizing objective function (4.7) is es-

tablished. The main difficulty in proving consistency is that objective function (4.7) is

based on a dependent and heterogeneous process. Therefore, some appropriate “fading

memory” property must be guaranteed to support laws of large numbers and uniform

laws of large numbers: near epoch dependence, which is defined in Definition 4.2.

To proceed, we need to first define the space and metric (which are not restricted

to physical space and distance) for the convenience of analyzing the spatial correlation

structure. Following the setting in Jenish and Prucha (2009, 2012) on the development

83



Chapter 4: Spatial Autoregressive Binary Choice Panel Models

of statistical theory for spatial mixing and near epoch dependent (NED) processes, we

list the following assumption.14

Assumption 4.5. Individual units in the economy are located or living in a region

Dn ⊂ D ⊂ Rq, where the cardinality of Dn satisfies limn→∞ |Dn| = ∞. The distance

d(i, j) between any two different individuals i and j is larger than or equal to a specific

positive constant d0 > 0.

The assumption of a minimum distance ensures the expansion of sample regions

Dn = {1, . . . , n} ⊂ D as the growth of the sample size, which means the asymptotic

method in this paper is increasing domain asymptotic rather than infilled asymptotic.

For convenience of reference, we now review the definitions of α-mixing and near epoch

dependent (NED) random fields in Jenish and Prucha (2012).

Definition 4.1. For U ⊆ Dn, V ⊆ Dn, let =n(U) = σ(ηit,n : i ∈ U), αn(U, V ) =

α(=n(U), =n(V )), where α(=n(U), =n(V )) = sup{|P (U∩V )−P (U)P (V )|;U ∈ =n(U), V ∈

=n(V )}. Then the α-mixing coefficient is defined as:

ᾱ(u, v,m) = sup
n

sup
U,V

(αn(U, V ), |U | ≤ u, |V | ≤ v, d(U, V ) ≥ m), u, v, m, n ∈ N.

Definition 4.2. Let dt = {di,n,t, i ∈ Dn, t = 1, 2} be some arrays of finite positive

constants. Process {yit,n, i ∈ Dn, t = 1, 2} is called Lp-NED on {ηit,n, i ∈ Dn, t = 1, 2}

if {yit,n} is Lp-bounded with p ≥ 1 and ||yit,n−E(yit,n|=i,n,t(m))||p ≤ di,n,tv(m), where the

NED coefficient v(m) ≥ 0 with limm→∞ v(m) = 0 and =i,n,t(m) is a σ-field generated by

the random variables ηjt,n’s with units j’s located within the ball Balli(m) with distance

m from unit i.

The idea behind the near epoch dependence condition is that given them-neighborhood

of input process {ηit,n}, {yit,n} should be predictable up to arbitrary accuracy with an

increasing m. That is, the approximation error declines “sufficiently fast” as the condi-

tioning set of input process expands. The base process {ηit,n} needs to satisfy a condition

such as strong or uniform mixing or independence.

The models considered in this paper are actually the Cliff and Ord (1981) type

model, which is one of the common approaches to model cross-sectional dependence in

14This assumption can also be found in Assumption 1 of Xu and Lee (2014).
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the econometrics literature. In the Cliff-Ord type models, the spatial weights wij,n depend

on some measure of distance and decline as the distance increases. Under Assumption 4.3,

model (4.1) is then yit,n = 1{e>i,nS−1
n [Xntβ0 +αn+εnt] > 0}. Although the output process

{yit,n} only depends on a finite number of elements of the input process ηit,n = xit,nβ0 +

αi,n + εit,n for a fixed n, the mixing property of {ηit,n} may not carry over to {yit,n}. The

reason is that the number of elements composing the spatial lags grows unboundedly with

the sample size so that the mixing property can break down in the limit. This is especially

important when analyzing the asymptotic properties of Cliff-Ord type processes. Denote

e>i,nS
−1
n = (ai1,n, . . . , ain,n) and e>i,nS

−1
n (λ) = (ai1,n(λ), . . . , ain,n(λ)) for all i = 1, . . . , n,

these notations will be used systematically in this paper. Therefore, towards establishing

that {yit,n, i ∈ Dn} is NED on {ηit,n, i ∈ Dn}, we need some condition such as:

lim
m→∞

v1(m) ≡ lim
m→∞

sup
i,n

sup
λ∈Λ

∑
j:d(i, j)>m

|aij,n(λ)| = 0. (4.10)

Jenish and Prucha (2012)15 show that a sufficient condition is that

sup
i,n

sup
λ∈Λ

n∑
j=1

|aij,n(λ)|d(i, j)γ <∞,

for some γ > 0. A similar condition has been used recently by Kelejian and Prucha

(2007), and should be satisfied in a wide range of applications if weights are decreasing

with d. It is slightly stronger than the typical assumption in the Cliff-Ord literature

which imposes that the row and column sums of the absolute elements of the matrix

S−1
n (λ) are uniformly bounded. Although condition (4.10) is sufficient for the L2-NED

of {yit,n} and the consistency of the SSpMS estimator, we need to establish the L2-NED of

{e>i,nS−1
n (λ)WnS

−1
n (λ)∆Xnβ} with coefficient v2(m) and {e>i,nS−1

n (λ)WnS
−1
n (λ)WnS

−1
n (λ)∆Xnβ}

with coefficient v3(m) for the proof of asymptotic normality, by imposing similar condi-

tions as (4.10). Given that these restrictions are imposed on S−1
n (λ) and its product of

spatial weight matrix Wn, therefore, we simply assume:

Assumption 4.6. lim
m→∞

v̄(m) = 0, where v̄(m) ≡ max{v1(m), v2(m), v3(m)}.

One can also directly impose restrictions on the spatial weight matrix such that the

“fading memory” property is guaranteed. For instance, Xu and Lee (2014) discuss two

15Working paper version, available on author’s website.
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different settings of weight matrix in their Assumption 3. One is that only individuals

whose distances are less than or equal to some specific constant may affect each other

directly (wij,n 6= 0 only if d(i, j) ≤ d̄0); the other allows the existence of direct interaction

even though two locations are far away from each other, but requires the strength of their

interaction to decline with d(i, j) in the power γ > q.

Assumption 4.7. i). For each n and t, ηit,n’s (i = 1, . . . , n) are i.i.d., and supi,n ||ηit,n||p <

∞ for some p ≥ 2.

ii). The essential supremums of densities of {y∗it,n} are uniformly bounded in i and n for

t = 1, 2.

Impose the uniform boundedness, Assumption 4.7 is used to restrict the dependence

of the input process {ηit,n} and the uniform boundedness of the density function of {y∗it,n},

such that random fields in the following proposition are uniformly L2-NED.

Proposition 4.1. Under Assumptions 4.1, 4.3–4.7, {yit,n}, {∆yi,n}, and {sgn(e>i,nS
−1
n (λ)∆Xnβ)}

are uniformly L2-NED random fields on {ηit,n} with NED coefficient v̄(m)1/3.

Remark 4.3. Proposition 4.1 shows that {yit,n} is a sequence of 0/1 valued random field

that is uniformly L2-NED on {ηit,n}. Therefore, a similar result of Theorem 2 in De Jong

and Woutersen (2011) can be obtained to show the α-mixing property of (yit,n, ηit,n), then

asymptotic results of the SSpMS estimator can be established by using the uniform law

of large numbers (ULLN) and central limit theorem (CLT) for α-mixing random field in

Jenish and Prucha (2009). However, the asymptotic results in this paper is based on the

ULLN and CLT for NED random fields in Jenish and Prucha (2012).16

Assumption 4.8. i). |β0,q| = 1 and β̃0 = (β0,1, . . . , β0,q−1)> is an interior point of B̃,

where B̃ is a compact subset of Rq−1;

ii). The parameter space Λ is compact, the true parameter λ0 is in the interior of Λ.

Assumption 4.8 is needed to deal with the nonlinearity of K(e>i,nS
−1
n (λ)∆Xnβ/σn) as

a function of λ and β. The parameter space Λ× B is usually assumed to be a compact

convex subset of Rq for a nonlinear extremum estimation. This assumption is required

for the uniform convergence of the sample average objective function in the proof of

16NED rather than α-mixing is selected to prove the asymptotic results, because it is not always easy
to check the α-mixing property of the product of two α-mixing processes, which is also not clear in
De Jong and Woutersen (2011).
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consistency (Amemiya, 1985). However, Wang and Lee (2013) mention that relaxation

of this assumption would be an important issue of future research as it does not cover

leading specification for the parameter space of λ, which is often taken to be an open

set, e.g., (−1, 1).

Under Assumptions 4.1-4.8, the following theorem shows the consistency of the

smoothed spatial maximum score estimator.

Theorem 4.1. Let Assumptions 4.1-4.8 hold. Let θn be a solution to

max
θ
Gn(θ, σn), (4.11)

where Gn(θ, σn) = 1
n

∑n
i=1 ∆yi,nK(e>i,nS

−1
n (λ)∆Xnβ/σn), θ = (λ, β>)>, and lim

n→∞
σn = 0.

Then θn →p θ0, as n→∞.

4.3.3. Asymptotic Normality

In this subsection, the asymptotic normality of the smoothed spatial maximum score

estimator is established, and the approach is analogous to that of Horowitz (1992) and

De Jong and Woutersen (2011) except that the asymptotic properties are built on a

dependent and heterogeneous process while the process in Horowitz (1992) is i.i.d and

the process in De Jong and Woutersen (2011) is dependent but stationary.

Let Assumptions 4.1−4.3 hold and suppose K(·) is twice differentiable everywhere.

ThenGn(θ, σn) is twice differentiable with respect to θ̃ = (λ, β̃>)>, where β̃ = (β1, . . . , βq−1)>.

Assumption 4.8 ensures that θ̃0 is an interior point of Θ̃. Define Tn(θ, σn) = ∂Gn(θ, σn)/∂θ̃,

and Qn(θ, σn) = ∂2Gn(θ, σn)/∂θ̃∂θ̃>. Let θn ≡ (θ̃>n , βn,q)
> denote a solution to problem

(4.11), then with probability approaching 1 as n → ∞, θ̃n is an interior point of Θ̃,

βn,q = β0,q = ±1 and Tn(θn, σn) = 0. A Taylor series expansion of Tn(θn, σn) yields17

Tn(θn, σn) = Tn(θ0, σn) +Qn(θ∗n, σn)(θ̃n − θ̃0) = 0, (4.12)

where θ∗n is between θn and θ0. Similar to Horowitz (1992), suppose there is a real

function ρ(n) such that ρ(n)Tn(θ0, σn) converges in distribution as n→∞ and suppose

Qn(θ∗n, σn) converges in probability to a nonsingular and nonstochastic matrix Q. Then

17The Mean-Value Theorem is applied componentwise.
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we would obtain

ρ(n)(θ̃n − θ̃0) = −Q−1ρ(n)Tn(θ0, σn) + op(1). (4.13)

Thus, ρ(n)(θ̃n − θ̃0) is distributed asymptotically as −Q−1ρ(n)Tn(θ0, σn).

Let zi,n = e>i,nS
−1
n ∆Xnβ0 = e>i,nS

−1
n ∆X̃nβ̃0+e>i,nS

−1
n ∆Xn,q, where ∆X̃n = (∆x̃1,n, . . . ,∆x̃n,n)>

and ∆Xn,q = (∆x1,q,n, . . . ,∆xn,q,n)>, then there is a one-to-one relation between (∆X̃n, Zn)

and ∆Xn for any fixed θ0, where Zn = (z1,n, . . . , zn,n)>. Denote Z̃i,n = {∆X̃n, Z−i,n},

where Z−i,n = (z1,n, . . . , zi−1,n, zi+1,n, . . . , zn,n)>. By Assumption 4.2, the distribution

of zi,n conditional on Z̃i,n has everywhere positive density with respect to Lebesgue mea-

sure for almost every Z̃i,n and i = 1, . . . , n. Let pi(zi,n|Z̃i,n) denote this density. For

each positive integer j, define p
(j)
i (zi,n|Z̃i,n) = ∂jpi(zi,n|Z̃i,n)/∂zji,n whenever the deriva-

tive exists, and define p
(0)
i (zi,n|Z̃i,n) = pi(zi,n|Z̃i,n). Let Pi denote the cumulative dis-

tribution function of Z̃i,n, and let Fi(·|zi,n, Z̃i,n) denote the cumulative distribution of

ε̃i,n = e>i,nS
−1
n (εn1 − εn2) conditional on zi,n and Z̃i,n. For each positive integer j, define

F
(j)
i (−zi,n|zi,n, Z̃i,n) = ∂jF

(j)
i (−zi,n|zi,n, Z̃i,n)/∂zji,n whenever the derivative exists. De-

fine the scalar constants αA and αH by αA =
´∞
−∞ v

hK ′(v)dv and αH =
´∞
−∞[K ′(v)]2dv

whenever these quantities exist. For each integer h ≥ 2, define the q × 1 vector A and

the q × q matrices H and Q by

A = −2αA lim
n→∞

1

n

n∑
i=1

h∑
k=1

(
1

k!(h− k)!
E
[
F

(k)
i (0|0, Z̃i,n)p

(h−k)
i (0|Z̃i,n)B̃1,i,n

]
Pr(yi1,n 6= yi2,n)

)
,

H = αH lim
n→∞

1

n

n∑
i=1

E
[
pi(0|Z̃i,n)B̃1,i,nB̃

>
1,i,n

]
Pr(yi1,n 6= yi2,n),

Q = lim
n→∞

2

n

n∑
i=1

E
[
F

(1)
i (0|0, Z̃i,n)pi(0|Z̃i,n)B̃2,i,n

]
Pr(yi1,n 6= yi2,n),

where B̃1,i,n = (e>i,nS
−1
n WnS

−1
n ∆Xnβ0, e

>
i,nS

−1
n ∆X̃n)> and

B̃2,i,n =

(e>i,nS−1
n WnS

−1
n ∆Xnβ0

)2
e>i,nS

−1
n WnS

−1
n ∆Xnβ0e

>
i,nS

−1
n ∆X̃n

∗ ∆X̃>n [S−1
n ]>ei,ne

>
i,nS

−1
n ∆X̃n

 .

Assumption 4.9. The components of B̃1,i,n have finite fourth absolute moments.

Assumption 4.10. i). The NED coefficients satisfy
∑∞

m=1m
q−1(v̄(m))(p−4)/6(p−2) <∞

for some p > 4.
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ii). For some sequence mn ≥ 1 and µ > 0, as n→∞

(σ−3q
n σ−2

n n1/p + σ−2q/µ
n n2/p)(v̄(mn))(p−4)/6(p−2) + | log(nmn)|(n1−4/pσ4

nm
−2
n )−1 → 0.

Assumption 4.9 is the analogue of Assumption 6 in De Jong and Woutersen (2011).

Assumption 4.10 is used to strengthen the fading memory conditions of Assumption 4.6

in order to establish asymptotic normality. Assumption 4.10 i) is similar to Assumption

4(c) of Jenish and Prucha (2012), which is necessary to apply the CLT for L2-NED

random field. Assumption 4.10 ii) is similar to Assumption 7 of De Jong and Woutersen

(2011), by replacing their α-mixing coefficient with the NED coefficient. The following

assumptions are analogous to Assumptions 7-11 of Horowitz (1992):

Assumption 4.11. i) K(·) is twice differentiable everywhere, |K ′(·)| and |K ′′(·)| are uni-

formly bounded, and each of the following integrals over (−∞,∞) is finite:
´

[K ′(v)]4dv,´
[K ′′(v)]2dv,

´
|v2K ′′(v)|dv.

ii) For some integer h ≥ 2 and each integer k (1 ≤ k ≤ h),
´
|vkK ′(v)|dv <∞, and

ˆ ∞
−∞

vkK ′(v)dv =

0 if k < h,

d (nonzero) if k = h.

iii) For any integer k between 0 and h, any γ > 0, and any sequence {σn} converging to

0,

lim
n→∞

σk−hn

ˆ
|σnv|>γ

|vkK ′(v)|dv = 0, lim
n→∞

σ−1
n

ˆ
|σnv|>γ

|K ′′(v)|dv = 0.

Assumption 4.12. For all i and each integer k such that 1 ≤ k ≤ h − 1, all zi,n in

a neighborhood of 0, almost every Z̃i,n, and some C < ∞, p
(k)
i (zi,n|Z̃i,n) exists and is a

continuous function of zi,n satisfying p
(k)
i (zi,n|Z̃i,n) < C. In addition, |pi(zi,n|Z̃i,n)| < C

for all zi,n and almost every Z̃i,n.

Assumption 4.13. For all i and each integer k such that 1 ≤ k ≤ h, all zi,n in a

neighborhood of 0, almost every Z̃i,n, and some C < ∞, F
(k)
i (−zi,n|zi,n, Z̃i,n) exists and

is a continuous function of zi,n satisfying F
(k)
i (−zi,n|zi,n, Z̃i,n) < C.

Assumption 4.14. Suppose quantities A, H, and Q exist, and matrix Q is negative

definite.
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In addition to the above assumptions, we still need the following two assumptions

that are similar to Assumptions 13 and 14 in De Jong and Woutersen (2011). The first

assumption is needed to ensure proper behavior of covariance terms, and the second

assumption on K ′′(·) is needed to formally show a uniform law of large numbers for the

second derivative of the objective function.

Assumption 4.15. The conditional joint density p(zi,n, zj,n|Z̃i,n, Z̃j,n) exists and is con-

tinuous at (zi,n, zj,n) = (0, 0) for all i 6= j.

Assumption 4.16. K ′′(·) satisfies, for some C ∈ [0, ∞) and all x, y ∈ R,

|K ′′(x)−K ′′(y)| ≤ C|x− y|.

The main results concerning the asymptotic distribution of the smoothed spatial

maximum score estimator are given by the following theorem.

Theorem 4.2. Let Assumptions 4.1-4.16 hold for some h ≥ 2, then

(a) If nσ2h+1
n →∞ as n→∞, σ−hn (θ̃n − θ̃0)→p −Q−1A.

(b) If nσ2h+1
n has a finite limit κ as n→∞, then

√
nσn(θ̃n − θ̃0)→d N(−κ1/2Q−1A, Q−1HQ−1).

(c) Let σn = (κ/n)1/(2h+1) with 0 < κ < ∞; Ω be any nonstochastic, positive semidef-

inite matrix such that A>Q−1ΩQ−1A 6= 0. Then MSE ≡ E
[
(θ̃n − θ̃0)>Ω(θ̃n − θ̃0)

]
is

minimized by setting κ = κ∗ ≡ [trace(Q−1ΩQ−1H)]/(2hA>Q−1ΩQ−1A), in which case

nh/(2h+1)(θ̃n − θ̃0)→d MVN
[
−(κ∗)h/(2h+1)Q−1A, (κ∗)−1/(2h+1)Q−1HQ−1

]
as n→∞.

In order to make the results of Theorem 4.2 useful in applications, the next the-

orem shows how A, H and Q could be consistently estimated from observations of

(Ynt, Xnt, Wn).

Theorem 4.3. Under Assumptions 4.1-4.16, let θn be a weakly consistent estimator

based on σn such that σn ∝ n−1/(2h+1). For θ ∈ Θ̃× {−1, 1}, define

ti,n(θ, σ) = 1{yi1,n 6= yi2,n}(2 · 1{yi1,n = 1, yi2,n = 0} − 1)B
(1)
i,n (θ, σ),
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where B
(1)
i,n (θ, σ) is defined in Appendix B. Let σ∗n be such that σ∗n ∝ n−δ/(2h+1), where

0 < δ < 1. Then, as n → ∞: (a) An = (σ∗n)−hTn(θn, σ
∗
n) converges in probability to A;

(b) the matrix

Hn ≡
σn
n

n∑
i=1

ti,n(θn, σn)ti,n(θn, σn)>

converges in probability to H; (c) Qn(θn, σn) converges in probability to Q.

Theorem 4.2 indicates that the asymptotic bias of nh/(2h+1)(θ̃n−θ̃0) is −κh/(2h+1)Q−1A

if σn ∝ n−1/(2h+1) and this can be consistently estimated by −κh/(2h+1)Qn(θn, σn)−1An

by Theorem 4.3. Therefore, an asymptotically unbiased estimator of θ̃0, which is also

called the bias-corrected smoothed spatial maximum score estimator, can be defined by

θ̂bc = θ̃n + (κ/n)h/2h+1Qn(θn, σn)−1An. (4.14)

Another important issue in applications is choosing the bandwidth σn, and no com-

pletely satisfactory solutions have been found for the well-known problem of bandwidth

selection. Horowitz (1992) proposed that a feasible choice of bandwidth for the smoothed

maximum score estimator is (κ̂/n)1/(2h+1), where κ̂ is a consistent estimate of κ∗ in part

(c) of Theorem 4.2. Therefore, the procedure of bandwidth selection is as follows. Given

h, first choose any σn ∝ n−1/(2h+1) to compute the smoothed maximum score estimate

θn, then use θn and any σ∗n ∝ n−δ/(2h+1), (0 < δ < 1) to compute An, Hn, and Qn(θn, σn).

After that, estimate κ∗ from the formula in part (c) of Theorem 4.2 by replacing A, H,

and Q with An, Hn, and Qn(θn, σn). Finally, the bandwidth is given by (κ∗/n)1/(2h+1).

In finite samples, EAn 6= A. The bias of An consists of two components: one com-

ponent is due to the use of a nonzero bandwidth to estimate A, and the other is due to

the use of an estimate of θ0 in the estimator of A. As suggested in Horowitz (1992), only

the second component of the bias can be removed by a corrected estimator of A, which

is given by

A∗n =
An

1− [κ̂∗−1nσn(σ∗n)2h]−1/2
.

Note that, the use of A∗n instead of An also improves the estimate of the asymptotically

optimal bandwidth.
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4.4. Monte Carlo Experiments

To investigate the finite sample properties of the proposed estimators by a Monte Carlo

study, the spatial binary choice SAR model is specified as

y∗it,n = λ0

n∑
j=1

wij,ny
∗
jt,n + xit,1,n + xit,2,nβ0 + αi,n + εit,n (4.15)

for t = 1 and 2, where xit,1,n is drawn from the standard normal distribution N(0, 1) and

xit,2,n from the chi-square distribution with one degree of freedom, normalized to have

zero mean and unit variance. Further, αi,n = 1
2
(xi1,2,n+xi2,2,n)+γi,n with γi,n being from

N(0, 1) independent of other variables, and εit,n is drawn from N(0, 1), independent of

(xit,1,n, xit,2,n), the observed dependent variable yit,n is generated by yit,n = 1 if y∗it,n > 0,

and yit,n = 0 otherwise. When the sample size is n = 49, the spatial weight matrix Wn

corresponds to the weight matrix for the study of crimes across 49 districts in Columbus,

Ohio in Anselin (1988). For large sample sizes of n = 490 and n = 980, the corresponding

spatial weight matrices are block diagonal matrices with the preceding 49 × 49 matrix

as their diagonal blocks, as in Lee (2007). These correspond to the pooling, respectively,

of ten and twenty separate districts with similar neighboring structures in each district.

Given that the coefficients of x could be estimated only up to scale, we set the

coefficient of xit,1,n to one that the coefficient of xit,2,n is point identified. In different

cases of the Monte Carlo study, true parameters are β0 = 1 and λ0 = 0.3, 0.7, respectively.

As the score function Gn(θ, σn) can have many local extrema, so it is necessary to use a

global optimization method such as tunneling (Levy and Montalvo, 1985) and generalized

simulated annealing (Bohachevsky et al., 1986). However, results reported here are based

on grid search, the number of grid elements is 200, and the parameters are searched in

intervals centered at their true values with width 0.9.

Tables 1-3 report results for comparing the performance of estimators discussed in this

paper: the maximum score (MS), smoothed maximum score (SMS), spatial maximum

score (SpMS), smoothed spatial maximum score (SSpMS), and spatial nonlinear least

square (SpNLLS) probit estimators. For SMS, SSpMS and SpNLLS estimators, the

bandwidth for each sample is selected as follows. For SSpMS, a cumulative normal

distribution function is used and compared with two bandwidth selection procedures. For
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SSpMS-1, bandwidth σn is selected according to the procedure suggested by Horowitz

(1992) and discussed in section 4.3.3. For SSpMS-2, bandwidth is selected by using

Silverman’s rule of thumb, σn = 1.06·ŝ·n−1/5, where ŝ is the sample standard deviation of

yit,n. Finally, the bandwidth selection for SMS and SpNLLS estimators is also according

to Silverman’s rule of thumb.

The number of repetitions is 1000 for each case in this Monte Carlo experiment. The

regressors are randomly redrawn for each repetition. In each case, we report the mean

bias (Mean B), median bias (Med. B), root mean square errors (RMSE), and mean

absolute deviation (MAD) of the empirical distributions of the estimates.

Table 1 reports simulation results under homoskedasticity, where εit,n is drawn from

N(0, 1). In all the cases, the performance of the SpNLLS probit estimator is the worst,

which is intuitive given that the SpNLLS probit estimator has a slower convergence rate

(Theorem 2.2 of Blevins and Khan, 2013) and the bandwidth selection procedure may

not be optimal. Although the spatial effects λ can not be estimated, the MS and SMS

estimators for the estimation of β are better for the case of small spatial correlation

λ0 = 0.3 than those of the SpMS and SSpMS estimators, respectively; nevertheless, the

spatial estimators fight back for the case of large spatial correlation λ0 = 0.7. The perfor-

mances of SSpMS-1 and SSpMS-2 estimators are almost the same, which suggests that

Silverman’s rule of thumb is an effective bandwidth selection procedure for the SSpMS

estimator at least in this type of simulation study. The SpMS estimator outperforms

the SSpMS estimators, especially for a small sample size (n = 49), where the ratios of

RMSEs of the SpMS estimator to those of the SSpMS estimators are roughly 50-60%

and 20-30% for the estimates of λ and β, respectively. However, this ratio increases as

sample size n increases, which is consistent with the findings in Horowitz (1992) for the

(smoothed) maximum score estimators without spatial effect. Finally, the RMSEs of the

SSpMS estimators for estimation of λ is even around 30% less than those of the SpMS

estimator for the modest and large sample sizes.

The estimators are robust under heteroskedasticity and spatial errors. Table 2 re-

ports simulation results under heteroskedasticity, where εit,n = (1 + 2z2
it,n + z4

it,n)uit,n/4,

zit,n = xit,1,n + xit,2,n, and uit,n is logistic with median 0 and variance 1. Table 3 reports

simulation results with spatial errors, where εnt = ρ0Wnεnt + vnt, vit,n are i.i.d. errors

with distribution N(0, 1), ρ0 = 0.5, and spatial weight matrix Wn is the same as in
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spatial lag’s. As we can see, the MS, SMS, SpMS and SSpMS estimators appear to

perform better in the heteroskedasticity design while the SpNLLS probit estimator stays

the same, and all estimators are robust under spatial errors.

In summary, the SpNLLS probit estimator performs the worst. Both the SpMS and

the SSpMS estimators delivers a robust performance for various spatial autoregressive

binary choice models. The SSpMS estimator can improve substantially and outperform

the SpMS estimator with large sample sizes for estimation of λ.
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4.5. Conclusion

In this paper, new estimation procedures for spatial autoregressive binary choice panel

models were proposed. The estimators were based on a modification of the (smoothed)

maximum score estimator to the binary choice panel models without spatial effect.

Asymptotic properties of the SSpMS estimator were derived. A simulation study in-

dicates these estimators perform quite well for various spatial models in finite samples.

The work here suggests areas for future research. Although both the SpMS and the

SSpMS estimators have desirable asymptotic properties and perform adequately well in

finite samples, they may not be easy to implement in practice. The SpMS estimator

has a discontinuous objective function, ruling out gradient-based optimization methods.

The objective function of the SSpMS estimator can have several local maxima and thus

requires a global maximization algorithm that is not available in standard econometric

software packages. The SpNLLS probit estimator may be an alternative in applications,

although it has a slower rate of convergence, non-Gaussian limiting distribution (Blevins

and Khan, 2013), and relatively worse finite sample performance. Therefore, using bias

correction procedures for the SpNLLS probit estimator or deriving other competing es-

timators may be the direction for future research.

Furthermore, it would be useful to explore a more effective bandwidth selection pro-

cedure than that suggested in (Horowitz, 1992), as the SSpMS, especially for the bias-

corrected SSpMS, estimators are quite sensitive to the choice of bandwidth in finite

samples.

Finally, Horowitz (2002) shows that the differences between the true and nominal

levels of tests based on smoothed maximum score estimates can be very large in finite

samples when first order asymptotics are used to obtain critical values and that the boot-

strap provides asymptotic refinements. Thus, it is natural to ask whether this property

carries on for the SSpMS estimator or not.
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Table 4.1: Simulation results under homoskedasticity

λ β
Mean B Med. B RMSE MAD Mean B Med. B RMSE MAD

N = 49, λ0 = 0.3
MS -0.0030 0.0023 0.0484 0.1600
SMS 0.0190 0.0362 0.1509 0.3309
SpMS 0.0067 -0.0023 0.0609 0.1913 0.0008 0.0113 0.0533 0.1850

SSpMS-1 0.0211 0.0701 0.1267 0.2842 0.0768 0.1447 0.2088 0.3308
SSpMS-2 0.0176 0.0656 0.1226 0.2840 0.0680 0.1244 0.2021 0.3345
SpNLLS 0.0404 0.0814 0.1671 0.3214 -0.0360 -0.0859 0.1631 0.3228

N = 490, λ0 = 0.3
MS -0.0020 -0.0068 0.0628 0.2090
SMS 0.0215 0.0000 0.0992 0.2380
SpMS -0.0096 0.0006 0.0495 0.1641 0.0068 -0.0068 0.0711 0.2161

SSpMS-1 -0.0040 0.0068 0.0446 0.1650 0.0394 0.0204 0.1135 0.2331
SSpMS-2 -0.0028 0.0068 0.0429 0.1633 0.0359 0.0158 0.1102 0.2332
SpNLLS -0.0159 -0.0068 0.0838 0.2194 -0.0459 -0.0927 0.1352 0.2578

N = 980, λ0 = 0.3
MS -0.0038 -0.0249 0.0569 0.1929
SMS 0.0209 -0.0068 0.0805 0.2040
SpMS -0.0113 0.0068 0.0355 0.1248 0.0049 -0.0045 0.0589 0.1947

SSpMS-1 0.0039 0.0158 0.0254 0.1178 0.0403 0.0339 0.0965 0.1995
SSpMS-2 0.0020 0.0158 0.0238 0.1187 0.0381 0.0294 0.0952 0.2009
SpNLLS -0.0172 -0.0068 0.0601 0.1686 -0.0472 -0.0724 0.1185 0.2240

N = 49, λ0 = 0.7
MS -0.0093 0.0023 0.0578 0.1673
SMS 0.0012 -0.0181 0.1397 0.3411
SpMS -0.0133 -0.0252 0.0401 0.1379 0.0029 0.0090 0.0525 0.1754

SSpMS-1 0.0303 0.0681 0.0723 0.1732 0.0606 0.0972 0.1893 0.3261
SSpMS-2 0.0256 0.0617 0.0680 0.1763 0.0534 0.0724 0.1824 0.3264
SpNLLS 0.0364 0.2016 0.1097 0.2521 -0.0006 -0.0317 0.1300 0.3271

N = 490, λ0 = 0.7
MS 0.0158 0.0204 0.0855 0.2278
SMS 0.0249 0.0204 0.1149 0.2598
SpMS -0.0178 -0.0027 0.0315 0.0937 0.0122 0.0158 0.0790 0.2188

SSpMS-1 0.0064 0.0166 0.0184 0.0856 0.0482 0.0384 0.1208 0.2284
SSpMS-2 -0.0003 0.0102 0.0135 0.0904 0.0370 0.0294 0.1128 0.2328
SpNLLS -0.0137 0.0006 0.0501 0.1618 -0.0197 -0.0430 0.1212 0.2797

N = 980, λ0 = 0.7
MS 0.0084 -0.0023 0.0714 0.2128
SMS 0.0287 0.0158 0.0983 0.2235
SpMS -0.0065 0.0038 0.0150 0.0737 0.0122 -0.0023 0.0671 0.1967

SSpMS-1 0.0091 0.0166 0.0159 0.0652 0.0319 0.0023 0.0831 0.1899
SSpMS-2 0.0030 0.0118 0.0108 0.0703 0.0228 0.0023 0.0779 0.1971
SpNLLS -0.0114 0.0038 0.0342 0.1230 -0.0224 -0.0520 0.1022 0.2431
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Table 4.2: Simulation results under heteroskedascity

λ β
Mean B Med. B RMSE MAD Mean B Med. B RMSE MAD

N = 49, λ0 = 0.3
MS 0.0039 0.0023 0.0204 0.0678
SMS 0.0707 0.1198 0.1946 0.3190
SpMS 0.0043 -0.0023 0.0243 0.0978 -0.0014 0.0023 0.0156 0.0722

SSpMS-1 0.0710 0.1153 0.1593 0.2523 0.1116 0.2013 0.2287 0.3090
SSpMS-2 0.0685 0.1108 0.1574 0.2540 0.1047 0.1945 0.2242 0.3127
SpNLLS 0.0474 0.0905 0.1759 0.3265 -0.0568 -0.1447 0.1828 0.3194

N = 490, λ0 = 0.3
MS 0.0130 0.0113 0.0446 0.1434
SMS 0.0278 0.0113 0.0652 0.1548
SpMS -0.0212 -0.0158 0.0338 0.0873 0.0150 0.0181 0.0368 0.1175

SSpMS-1 0.0017 0.0090 0.0147 0.0891 0.0354 0.0226 0.0671 0.1390
SSpMS-2 0.0013 0.0068 0.0146 0.0903 0.0347 0.0204 0.0669 0.1403
SpNLLS -0.0076 -0.0068 0.0618 0.1886 -0.0627 -0.0882 0.1365 0.2290

N = 980, λ0 = 0.3
MS 0.0146 0.0113 0.0414 0.1316
SMS 0.0215 0.0158 0.0461 0.1246
SpMS -0.0136 -0.0068 0.0218 0.0688 0.0212 0.0158 0.0388 0.1042

SSpMS-1 -0.0015 0.0023 0.0080 0.0616 0.0299 0.0226 0.0458 0.0982
SSpMS-2 -0.0019 0.0023 0.0084 0.0619 0.0298 0.0249 0.0457 0.0978
SpNLLS -0.0235 -0.0204 0.0597 0.1521 -0.0498 -0.0746 0.1080 0.1976

N = 49, λ0 = 0.7
MS -0.0100 0.0023 0.0465 0.1352
SMS 0.0085 -0.0113 0.1454 0.3396
SpMS -0.0163 -0.0332 0.0344 0.1085 -0.0106 0.0023 0.0420 0.1276

SSpMS-1 0.0559 0.1035 0.0909 0.1525 0.0785 0.1357 0.2010 0.3124
SSpMS-2 0.0525 0.1003 0.0879 0.1536 0.0682 0.1153 0.1880 0.3080
SpNLLS 0.0453 0.2225 0.1175 0.2514 -0.0077 -0.0452 0.1269 0.3115

N = 490, λ0 = 0.7
MS 0.0061 -0.0068 0.0677 0.2104
SMS 0.0234 0.0068 0.0976 0.2293
SpMS -0.0202 -0.0091 0.0284 0.0707 -0.0087 -0.0068 0.0481 0.1593

SSpMS-1 0.0023 0.0070 0.0088 0.0622 0.0088 0.0023 0.0517 0.1658
SSpMS-2 -0.0030 0.0038 0.0103 0.0661 0.0036 0.0023 0.0495 0.1720
SpNLLS 0.0052 0.0166 0.0369 0.1483 -0.0524 -0.0927 0.1422 0.2583

N = 980, λ0 = 0.7
MS 0.0292 0.0249 0.0793 0.1858
SMS 0.0295 0.0113 0.0791 0.1825
SpMS -0.0115 -0.0059 0.0159 0.0497 0.0072 0.0068 0.0346 0.1318

SSpMS-1 0.0012 0.0070 0.0046 0.0444 0.0180 0.0090 0.0431 0.1249
SSpMS-2 0.0007 0.0054 0.0044 0.0466 0.0119 0.0023 0.0395 0.1311
SpNLLS -0.0168 -0.0059 0.0367 0.1133 -0.0372 -0.0543 0.1060 0.2217
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Table 4.3: Simulation results with spatial errors

λ β
Mean B Med. B RMSE MAD Mean B Med. B RMSE MAD

N = 49, λ0 = 0.3
MS 0.0054 0.0023 0.0525 0.1640
SMS 0.0227 0.0339 0.1630 0.3451
SpMS 0.0223 0.0158 0.0893 0.2221 0.0025 0.0045 0.0640 0.2050

SSpMS-1 0.0326 0.0882 0.1497 0.3063 0.0551 0.0995 0.1939 0.3451
SSpMS-2 0.0293 0.0814 0.1437 0.3010 0.0440 0.0791 0.1834 0.3466
SpNLLS 0.0484 0.1176 0.1748 0.3221 -0.0333 -0.0905 0.1669 0.3353

N = 490, λ0 = 0.3
MS -0.0142 -0.0294 0.0814 0.2224
SMS 0.0191 -0.0068 0.1040 0.2504
SpMS -0.0091 0.0113 0.0589 0.1862 -0.0108 -0.0294 0.0816 0.2293

SSpMS-1 0.0086 0.0294 0.0579 0.1813 0.0346 0.0271 0.1167 0.2467
SSpMS-2 0.0044 0.0249 0.0554 0.1857 0.0228 0.0113 0.1056 0.2473
SpNLLS -0.0055 0.0023 0.0796 0.2319 -0.0473 -0.0837 0.1419 0.2669

N = 980, λ0 = 0.3
MS 0.0076 -0.0023 0.0705 0.2134
SMS 0.0318 0.0181 0.0970 0.2150
SpMS -0.0119 0.0023 0.0443 0.1468 0.0121 0.0023 0.0734 0.2104

SSpMS-1 -0.0002 0.0023 0.0300 0.1386 0.0420 0.0339 0.1055 0.2099
SSpMS-2 -0.0009 0.0113 0.0316 0.1411 0.0402 0.0384 0.1047 0.2115
SpNLLS -0.0188 -0.0181 0.0723 0.1903 -0.0490 -0.0882 0.1330 0.2479

N = 49, λ0 = 0.7
MS -0.0049 0.0023 0.0578 0.1825
SMS 0.0139 0.0294 0.1604 0.3571
SpMS 0.0031 0.0070 0.0415 0.1717 0.0037 0.0023 0.0678 0.2115

SSpMS-1 0.0352 0.1099 0.0878 0.2004 0.0662 0.1108 0.1996 0.3335
SSpMS-2 0.0323 0.1067 0.0850 0.2011 0.0580 0.0927 0.1901 0.3309
SpNLLS 0.0473 0.1983 0.1169 0.2428 0.0117 -0.0136 0.1358 0.3185

N = 490, λ0 = 0.7
MS -0.0089 -0.0249 0.0835 0.2393
SMS 0.0237 0.0204 0.1204 0.2725
SpMS -0.0111 0.0134 0.0341 0.1246 -0.0088 -0.0158 0.0894 0.2481

SSpMS-1 0.0167 0.0359 0.0378 0.1162 0.0091 0.0023 0.1060 0.2736
SSpMS-2 0.0122 0.0327 0.0341 0.1189 0.0033 -0.0090 0.1004 0.2744
SpNLLS 0.0157 0.0424 0.0593 0.1798 -0.0515 -0.1063 0.1600 0.2933

N = 980, λ0 = 0.7
MS 0.0032 0.0068 0.0754 0.2309
SMS 0.0166 -0.0023 0.1021 0.2535
SpMS -0.0109 0.0102 0.0257 0.0989 -0.0029 -0.0204 0.0696 0.2204

SSpMS-1 0.0071 0.0198 0.0208 0.0930 0.0243 0.0045 0.0986 0.2317
SSpMS-2 0.0016 0.0182 0.0162 0.0966 0.0163 -0.0023 0.0919 0.2351
SpNLLS -0.0115 -0.0059 0.0422 0.1443 -0.0271 -0.0746 0.1162 0.2594
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4.6. Appendix

4.6.1. Appendix A: Proofs of Identification and Consistency

Proof. [Proof of Lemma 1] Without loss of generality, let q′ = q and consider the case

in which β0,q > 0 (the case β0,q < 0 is analogous). For any (λ, β) ∈ Λ × Rq, let β̃ =

(β1, . . . , βq−1)> and β̃0 = (β0,1, . . . , β0,q−1)>. Recall that e>i,nS
−1
n = (ai1,n, ai2,n, . . . , ain,n)>

and e>i,nS
−1
n (λ) = (ai1,n(λ), ai2,n(λ), . . . , ain,n(λ))>. As the inverse matrices S−1

n and

S−1
n (λ) exist, so there exists at least one i such that vectors e>i,nS

−1
n and e>i,nS

−1
n (λ)

do not have identical elements. For any fixed sample size n, identification only re-

quires that there is at least one i such that Ri,n(λ, β) > 0, for all (λ, β) ∈ Λ ×

Rq with β/||β|| 6= β0/||β0|| and βq 6= 0. Therefore, to show the identification of

θ0, it is sufficient to show that, either Pr
(
e>i,nS

−1
n (λ)∆Xnβ < 0 < e>i,nS

−1
n ∆Xnβ0

)
or

Pr
(
e>i,nS

−1
n ∆Xnβ0 < 0 < e>i,nS

−1
n (λ)∆Xnβ

)
or both.

Given the existence of S−1
n (λ) and S−1

n , again there exists at least one element

aij,n(λ) 6= 0 and one element aij′,n 6= 0. Apparently, there are four possible index sets:

J, J ′, K, K ′, where aij,n(λ) 6= 0, aij,n = 0 for all j ∈ J ; aij′,n(λ) = 0, aij′,n 6= 0 for all

j′ ∈ J ′; aik,n(λ) 6= 0, aik,n 6= 0 for all k ∈ K; and aik′,n(λ) = 0, aik′,n = 0 for all k′ ∈ K ′.

It is easy to see that

Pr
(
e>i,nS

−1
n (λ)∆Xnβ < 0 < e>i,nS

−1
n ∆Xnβ0

)
= Pr

(∑
j∈J

aij,n(λ)∆xj,nβ +
∑
k∈K

aik,n(λ)∆xk,nβ < 0 <
∑
j′∈J ′

aij′,n∆xj′,nβ0 +
∑
k∈K

aik,n∆xk,nβ0

)

≥Pr (A1,i,j∈J ∩ A2,i,j′∈J ′ ∩ A3,i,k∈K)

=
∏
j∈J

Pr (A1,i,j)
∏
j′∈J ′

Pr (A2,i,j′)
∏
k∈K

Pr (A3,i,k) ,

(4.16)

where A1,i,j∈J = ∩j∈JA1,i,j, A2,i,j′∈J ′ = ∩j′∈J ′A2,i,j′ , A3,i,k∈K = ∩k∈KA3,i,k,

A1,i,j ≡ {aij,n(λ)∆xj,nβ < 0} = {aij,n(λ)∆x̃j,nβ̃ + aij,n(λ)∆xj,q,nβq < 0},

A2,i,j′ ≡ {aij′,n∆xj′,nβ0 > 0} = {aij′,n∆x̃j′,nβ̃0 + aij′,n∆xj′,q,nβ0,q > 0},

A3,i,k ≡ {aik,n(λ)∆x̃k,nβ̃ + aik,n(λ)∆xk,q,nβq < 0 < aik,n∆x̃k,nβ̃0 + aik,n∆xk,q,nβ0,q}

for all j, j′ and k. The last line of (4.16) comes from the independence of ∆xi,n imposed
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in Assumption 4.2 ii). Similarly,

Pr
(
e>i,nS

−1
n ∆Xnβ0 < 0 < e>i,nS

−1
n (λ)∆Xnβ

)
≥
∏
j∈J

Pr
(
A′1,i,j

) ∏
j′∈J ′

Pr
(
A′2,i,j′

) ∏
k∈K

Pr
(
A′3,i,k

)
,

where A′1,i,j ≡ {aij,n(λ)∆xj,nβ > 0} = {aij,n(λ)∆x̃j,nβ̃ + aij,n(λ)∆xj,q,nβq > 0},

A′2,i,j′ ≡ {aij′,n∆xj′,nβ0 < 0} = {aij′,n∆x̃j′,nβ̃0 + aij′,n∆xj′,q,nβ0,q < 0},

A′3,i,k ≡ {aik,n∆x̃k,nβ̃0 + aik,n∆xk,q,nβ0,q < 0 < aik,n(λ)∆x̃k,nβ̃ + aik,n(λ)∆xk,q,nβq}.

Under Assumption 4.2, the conditional probabilities of A1,i,j, A
′
1,i,j, A2,i,j′ , and A′2,i,j′

are always positive, given that βq 6= 0. For instance, conditioning on ∆x̃j,n, Pr(A1,i,j)

is a right-tail or left-tail probability for ∆xj,q,n based on the negative or positive sign of

aij,n(λ)βq. This tail probability is positive for almost every ∆x̃j,n under Assumption 4.2.

For the positive conditional probability of A3,i,k and/or A′3,i,k on ∆x̃k,n, there are four

cases to consider, as we need to consider the different signs of aik,n(λ) and aik,n:

(i) Case aik,n(λ)βq < 0 and aik,n > 0:

A3,i,k =
[
∆xk,q,n > max

(
−∆x̃k,nβ̃/βq, −∆x̃k,nβ̃0/β0,q

)]
;

A′3,i,k =
[
∆xk,q,n < min

(
−∆x̃k,nβ̃/βq, −∆x̃k,nβ̃0/β0,q

)]
;

(ii) Case aik,n(λ)βq < 0 and aik,n < 0:

A3,i,k =
[
−∆x̃k,nβ̃/βq < ∆xk,q,n < −∆x̃k,nβ̃0/β0,q

]
;

A′3,i,k =
[
−∆x̃k,nβ̃0/β0,q < ∆xk,q,n < −∆x̃k,nβ̃/βq

]
;

(iii) Case aik,n(λ)βq > 0 and aik,n > 0:

A3,i,k =
[
−∆x̃k,nβ̃0/β0,q < ∆xk,q,n < −∆x̃k,nβ̃/βq

]
;

A′3,i,k =
[
−∆x̃k,nβ̃/βq < ∆xk,q,n < −∆x̃k,nβ̃0/β0,q

]
;

(iv) Case aik,n(λ)βq > 0 and aik,n < 0:

A3,i,k =
[
∆xk,q,n < min

(
−∆x̃k,nβ̃/βq, −∆x̃k,nβ̃0/β0,q

)]
;
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A′3,i,k =
[
∆xk,q,n > max

(
−∆x̃k,nβ̃/βq, −∆x̃k,nβ̃0/β0,q

)]
.

Under Assumption 4.2, we know that the conditional probabilities of A3,i,k and A′3,i,k in

cases (i) and (iv) are tail probabilities, so they are always positive. In cases (ii) and (iii),

either the probability of A3,i,k or the probability of A′3,i,k is positive. To see this, consider

any value of ∆xk,n such that ∆x̃k,nβ̃/βq 6= ∆x̃k,nβ̃0/β0,q. For almost every such ∆x̃k,n,

one of the two intervals (−∆x̃k,nβ̃/βq,−∆x̃k,nβ̃0/β0,q) and (−∆x̃k,nβ̃0/β0,q,−∆x̃k,nβ̃/βq)

exists and, under Assumption 4.2, has a positive probability. It follows that

Ri,n(λ, β) > 0 as long as Pr(∆x̃k,nβ̃/βq = ∆x̃k,nβ̃0/β0,q) < 1.

As β is not a scalar multiple of β0, then ∆x̃k,nβ̃/βq = ∆x̃k,nβ̃0/β0,q only for ∆x̃k,n being

in a (q − 2)-dimensional subspace of Rq−1. By Assumption 4.2 i), the probability that

∆x̃k,n is in this subspace is less than one. Therefore, (λ0, β0) is identified relative to

(λ, β) except those β that are scalar multiples of β0. Q.E.D.

The following Lemma 4.2 shows that identification result in Lemma 4.1 implies θ0 is

a unique maximizer of 1
n

∑n
i=1 E[G∗i,n(θ)]. For the consistency of the SSpMS estimator,

we need to strengthen the identification information inequality to the limit, which is

directly imposed in Assumption 4.4.

Lemma 4.2. Under Assumptions 4.1-4.4, we have 1
n

∑n
i=1 E[G∗i,n(θ0)] > 1

n

∑n
i=1 E[G∗i,n(θ)]

for all θ = (λ, β) ∈ Λ× Rq and n = 1, . . . , ∞, where β/||β|| 6= β0/||β0|| and βq 6= 0.

Proof. [Proof of Lemma 2] We first show conditions (4.3), it is similar to the proof of

Lemma 1 in Manski (1987). For all (αn, X, t), E(yit,n|αn, X) = Pr(y∗it,n ≥ 0|αn, X).

Recall that y∗it,n = e>i,nS
−1
n (Xntβ0 + αn) + ε̃it,n, where ε̃it,n = e>i,nS

−1
n εnt. In general

Pr(y∗i1,n ≥ 0|αn, X) =

ˆ ∞
−e>i,nS

−1
n (Xn1β0+αn)

dFε̃i1,n|αn,X ,

Pr(y∗i2,n ≥ 0|αn, X) =

ˆ ∞
−e>i,nS

−1
n (Xn2β0+αn)

dFε̃i2,n|αn,X .

It follows from Assumption 4.1 that for all i and (αn, X), Fε̃i1,n|αn,X = Fε̃i2,n|αn,X . There-

fore,

Pr(y∗i1,n ≥ 0|αn, X) T Pr(y∗i2,n ≥ 0|αn, X)⇔ e>i,nS
−1
n (Xn1β0 + αn) T e>i,nS

−1
n (Xn2β0 + αn).
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Equivalently, conditions (4.3) follow,

E(yi1,n|αn, X) T E(yi2,n|αn, X)⇔ e>i,nS
−1
n Xn1β0 T e>i,nS

−1
n Xn2β0.

As in Lemma 3 of Manski (1987), for all θ ∈ Θ such that β/||β|| 6= β0/||β0|| and

βq 6= 0,

1

n

n∑
i=1

E[G∗i,n(θ0)]− 1

n

n∑
i=1

E[G∗i,n(θ)]

=
1

n

n∑
i=1

E
[
∆yi,n

(
sgn{e>i,nS−1

n ∆Xnβ0} − sgn{e>i,nS−1
n (λ)∆Xnβ}

)]
=

2

n

n∑
i=1

ˆ
Vi,n(λ, β)

sgn{e>i,nS−1
n ∆Xnβ0}E(∆yi,n|∆Xn)dF∆Xn .

Conditions (4.3) imply that for all ∆Xn, sgn{e>i,nS−1
n ∆Xnβ0}E(∆yi,n|∆Xn) = |E(∆yi,n|∆Xn)|.

Therefore,

1

n

n∑
i=1

E[G∗i,n(θ0)]− 1

n

n∑
i=1

E[G∗i,n(θ)] =
2

n

n∑
i=1

ˆ
Vi,n(λ, β)

|E(∆yi,n|∆Xn)|dF∆Xn ≥ 0.

Under Assumptions 4.1–4.3, E(∆yi,n|∆Xn) 6= 0 for almost all ∆Xn. It now follows from

Lemma 4.1 that 1
n

∑n
i=1 E[G∗i,n(θ0)] > 1

n

∑n
i=1 E[G∗i,n(θ)] for finite n. Note that, for the

limit, lim
n→∞

1
n

∑n
i=1 E[G∗i,n(θ0)] > lim

n→∞
1
n

∑n
i=1 E[G∗i,n(θ)] is imposed by Assumption 4.4.

Q.E.D.

For the proof of Theorem 4.1, we need Proposition 4.1 and the following Lemmas.

Proof. [Proof of Proposition 1] First we note that random fields in Proposition 4.1 are

all Lp-bounded. To prove {yit,n} is uniformly L2-NED, we first show the L2-NED of

y∗it,n = e>i,nS
−1
n (Xntβ0 + αn + εnt) =

n∑
j=1

aij,n (xjt,nβ0 + αj,n + εjt,n) .

By Assumption 4.7, ηit,n = xit,nβ0 +αi,n + εit,n are mutually independent elements of the
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sequence. Then, by the Minkowski inequality,

∣∣∣∣y∗it,n − E(y∗it,n|=i,n,t(m))
∣∣∣∣

2
=

∣∣∣∣∣∣
∣∣∣∣∣∣
∑

j, d(i, j)>m

aij,n (ηjt,n − E(ηjt,n|=i,n,t(m)))

∣∣∣∣∣∣
∣∣∣∣∣∣
2

≤ dtv1(m),

(4.17)

where dt = 2 supn supj ||ηjt,n||2 are finite positive constants by Assumption 4.7, and

v1(m) = supi,n supλ
∑

j,d(i, j)>m

|aij,n(λ)| ≤ v̄(m). Therefore, {y∗it,n} is L2-NED because

limm→∞ v̄(m) = 0 by Assumption 4.6.

Let us now discuss {yit,n}. For any ε > 0, let δε(0) denote the ε-neighborhood of 0,

then we have the following inequality for the indicator function:

|1{x1 > 0} − 1{x2 > 0}|

≤|x1 − x2|
ε

1{x1 6∈ δε(0) or/and x2 6∈ δε(0)}+ 1{x1 ∈ δε(0), x2 ∈ δε(0)}.
(4.18)

Denote B = {y∗it,n ∈ δε(0), E(y∗it,n|=i,n,t(m)) ∈ δε(0)}, then we have

∣∣∣∣1{y∗it,n > 0} − E
(
1{y∗it,n > 0}|=i,n,t(m)

)∣∣∣∣
2

≤
∣∣∣∣1{y∗it,n > 0} − 1{E

(
y∗it,n|=i,n,t(m)

)
> 0}

∣∣∣∣
2

=
(

E
∣∣1{y∗it,n > 0} − 1{E

(
y∗it,n|=i,n,t(m)

)
> 0}

∣∣2)1/2

≤
(

1

ε2

ˆ
Bc

∣∣y∗it,n − E(y∗it,n|=i,n,t(m))
∣∣2 dP +

ˆ
B

dP

)1/2

≤1

ε

(ˆ
Bc

∣∣y∗it,n − E(y∗it,n|=i,n,t(m))
∣∣2 dP)1/2

+

(ˆ
B

dP

)1/2

≤1

ε

∣∣∣∣y∗it,n − E(y∗it,n|=i,n,t(m))
∣∣∣∣

2
+ Pr

(
|y∗it,n| < ε

)1/2

where the first inequality follows from Theorem 10.1218 of Davidson (1994), the third line

is by definition, the fourth line is by equation (4.18), the last line comes from the uniform

boundedness of the density function of y∗it,n. Let ε =
∣∣∣∣y∗it,n − E(y∗it,n|=i,n,t(m))

∣∣∣∣2/3
2

, we

obtain that {yit,n} is L2-NED with NED coefficient v̄(m)1/3.

The L2-NED of process {∆yi,n} with NED coefficient v̄(m)1/3 follows from Davidson

(1994, Theorem 17.8), which is also applicable under spatial dependence. The L2-NED

of {sgn(e>i,nS
−1
n (λ)∆Xnβ)} with NED coefficient v̄(m)1/3 can be shown similarly as for

18
1{E

(
y∗it,n|=i,n(m)

)
> 0} is a =i,n(m) measurable approximation to 1{y∗it,n > 0}.
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{yit,n}, and omitted here. Q.E.D.

Lemma 4.3. Under Assumptions 4.1, 4.3-4.8, for all c ∈ R, we have, as n→∞,

(a) sup
θ∈Θ

∣∣∣∣∣ 1n
n∑
i=1

(
∆yi,n1{e>i,nS−1

n (λ)∆Xnβ ≤ c} − E
[
∆yi,n1{e>i,nS−1

n (λ)∆Xnβ ≤ c}
])∣∣∣∣∣→p 0;

(b) sup
θ∈Θ

∣∣∣∣∣ 1n
n∑
i=1

(
1{e>i,nS−1

n (λ)∆Xnβ ≤ c} − E
[
1{e>i,nS−1

n (λ)∆Xnβ ≤ c}
])∣∣∣∣∣→p 0.

Proof. [Proof of Lemma 3] The proof of part (a) is similar to the proof of Lemma 4 in

De Jong and Woutersen (2011), except that we use a weak law of large numbers for the

random field. We also apply the generic uniform law of large numbers of the Theorem

of Andrews (1987). It requires the following assumptions: (A1) compactness of the

parameter space Θ, which is assumed by Assumptions 4.3 and 4.8; (A2) the summands

qi,n(θ) = ∆yi,n1{e>i,nS−1
n (λ)∆Xnβ ≤ c}, q∗i,n(θ) = sup{qi,n(θ′) : θ′ ∈ Θ, d(θ, θ′) < ρ} and

q∗i,n(θ) = inf{qi,n(θ′) : θ′ ∈ Θ, d(θ, θ′) < ρ} are well-defined and satisfy a pointwise law

of large numbers; and (A3) for all θ ∈ Θ,

lim
ρ→0

sup
n

∣∣∣∣∣ 1n
n∑
i=1

(
E q∗i,n(θ)− E q∗i,n(θ)

)∣∣∣∣∣ = 0. (4.19)

Here we first show (4.19). Denote zi,n(θ) = e>i,nS
−1
n (λ)∆Xnβ and z∗i,n = sup

θ′,d(θ, θ′)<ρ

|zi,n(θ′)|,
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we have

lim
ρ→0

sup
n

∣∣∣∣∣ 1n
n∑
i=1

(
E q∗i,n(θ)− E q∗i,n(θ)

)∣∣∣∣∣
= lim

ρ→0
sup
n

∣∣∣∣∣ 1n
n∑
i=1

(
E[∆yi,n1{ sup

θ′: d(θ, θ′)<ρ

zi,n(θ′) ≤ c}]− E[∆yi,n1{ inf
θ′: d(θ, θ′)<ρ

zi,n(θ′) ≤ c}]

)∣∣∣∣∣
≤ lim sup

K→∞
lim
ρ→0

sup
n

∣∣∣∣∣ 1n
n∑
i=1

{E[∆yi,n
(
1{zi,n(θ) ≤ c+ ρz∗i,n} − 1{zi,n(θ′) ≤ c− ρz∗i,n}

)
]1{z∗i,n ≤ K}}

∣∣∣∣∣
+ lim sup

K→∞
lim
ρ→0

sup
n

∣∣∣∣∣ 1n
n∑
i=1

{E[∆yi,n
(
1{zi,n(θ) ≤ c+ ρz∗i,n} − 1{zi,n(θ′) ≤ c− ρz∗i,n}

)
]1{z∗i,n > K}}

∣∣∣∣∣
≤ lim sup

K→∞
lim
ρ→0

sup
n

∣∣∣∣∣ 1n
n∑
i=1

(Pr{zi,n(θ) ≤ c+ ρK} − Pr{zi,n(θ′) ≤ c− ρK})

∣∣∣∣∣
+ lim sup

K→∞
sup
n

n∑
i=1

1

n
Pr{z∗i,n > K}

=0,

because ∆xi,q,n has a continuous distribution and the densities of ∆xi,n are uniformly

bounded for all i and n by Assumption 4.2 ii). Finally, we have to prove that qi,n(θ),

q∗i,n(θ), and q∗i,n(θ) are all well-defined L2-NED random fields and satisfy a law of

large numbers of Theorem 119 of Jenish and Prucha (2012). To see this, we need As-

sumption 4.7, {∆yi,n1{e>i,nS−1
n (λ)∆Xnβ ≤ c}} to be Lp-bounded for some p > 1 and

L2-NED. The Lp-boundedness is easy to see, {∆yi,n} is L2-NED in Proposition 4.1,

{1{e>i,nS−1
n (λ)∆Xnβ ≤ c}}} can be shown easily to be uniformly L2-NED by using a

similar argument as in the proof of Proposition 4.1, their product remains a uniformly

L2-NED random field by Lemma A.2 of Xu and Lee (2014).

The proof of part (b) is analogous and omitted here. Q.E.D.

Denote Ḡn(θ, σn) = 2
n

∑n
i=1 ∆yi,nK

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)
− 1

n

∑n
i=1 ∆yi,n. The consistency

of θn is shown based on the objective function Ḡn(θ, σn) rather than Gn(θ, σn) as θn =

arg maxθGn(θ, σn) = arg maxθ Ḡn(θ, σn). Thus, we need the following lemmas:

Lemma 4.4. Under Assumptions 4.1-4.8, |Ḡn(θ, σn)− 1
n

∑n
i=1 E[G∗i,n(θ)]| →p 0 uniformly

over θ ∈ Θ, as n→∞.

19Theorem 1 of Jenish and Prucha (2012) is based on L1-NED random fields, but their result is also
applicable to L2-NED randoms fields, since L2-NED randoms fields are also L1-NED randoms fields.
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Proof. [Proof of Lemma 4] We first show |Ḡn(θ, σn)−G∗n(θ)| →p 0 uniformly over θ ∈ Θ.

|Ḡn(θ, σn)−G∗n(θ)| =

∣∣∣∣∣ 1n
n∑
i=1

∆yi,n

[
2 ·K

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)
− 1− sgn{e>i,nS−1

n (λ)∆Xnβ}

]∣∣∣∣∣
=

∣∣∣∣∣ 1n
n∑
i=1

∆yi,n

[
2 ·K

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)
− 2 · 1{e>i,nS−1

n (λ)∆Xnβ ≥ 0}

]∣∣∣∣∣
≤ 2 · 1

n

n∑
i=1

∣∣∣∣∣1{e>i,nS−1
n (λ)∆Xnβ ≥ 0} −K

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)∣∣∣∣∣
The proof is then similar to that of Lemma 4 in Horowitz (1992). Given any c > 0,

|Ḡn(θ, σn)−G∗n(θ)|

≤2 · 1

n

n∑
i=1

∣∣∣∣∣1{e>i,nS−1
n (λ)∆Xnβ ≥ 0} −K

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)∣∣∣∣∣1{|e>i,nS−1
n (λ)∆Xnβ| ≥ c}

+ 2 · 1

n

n∑
i=1

∣∣∣∣∣1{e>i,nS−1
n (λ)∆Xnβ ≥ 0} −K

(
e>i,nS

−1
n (λ)∆Xnβ

σn

)∣∣∣∣∣1{|e>i,nS−1
n (λ)∆Xnβ| < c}

≡Mn1(c) +Mn2(c).

Conditions (K1) and (K2) together with σn → 0 imply that for each c > 0, Mn1(c)→p 0

uniformly over θ ∈ Θ as n→∞. Now consider Mn2(c). Since K(·) is bounded, there is

a finite C such that

Mn2(c) ≤ C · 1

n

n∑
i=1

1{|e>i,nS−1
n (λ)∆Xnβ| < c}. (4.20)

Lemma 4.3 implies the uniform law of large numbers for 1{|e>i,nS−1
n (λ)∆Xnβ| < c}, the

right-hand side of (4.20) converges in probability to C · 1
n

∑n
i=1 Pr{|e>i,nS−1

n (λ)∆Xnβ| < c}

uniformly over θ ∈ Θ. It is easy to see that limc→0 Pr{|e>i,nS−1
n (λ)∆Xnβ| < c} = 0

uniformly over θ ∈ Θ for all i because ∆xi,q,n has a continuous distribution with uniformly

bounded density.

Then we show |G∗n(θ)− 1
n

∑n
i=1 E[G∗i,n(θ)]| →p 0 uniformly over θ ∈ Θ. By equation
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(4.6), we have

G∗n(θ) ≡ 1

n

n∑
i=1

G∗i,n(θ) =
1

n

n∑
i=1

∆yi,n sgn{e>i,nS−1
n (λ)∆Xnβ}

=
2

n

n∑
i=1

∆yi,n1{e>i,nS−1
n (λ)∆Xnβ ≥ 0} − 1

n

n∑
i=1

∆yi,n,

where process in the first term in the second line of the above equation satisfies a uniform

law of large numbers by Lemma 4.3, and {∆yi,n} satisfies a law of large numbers of

Theorem 1 of Jenish and Prucha (2012).

Therefore, by the triangle inequality, we know that∣∣∣∣∣Ḡn(θ, σn)− 1

n

n∑
i=1

E[G∗i,n(θ)]

∣∣∣∣∣ ≤ |Ḡn(θ, σn)−G∗n(θ)|+

∣∣∣∣∣G∗n(θ)− 1

n

n∑
i=1

E[G∗i,n(θ)]

∣∣∣∣∣→p 0,

uniformly over θ ∈ Θ. Q.E.D.

Lemma 4.5. Under Assumptions 4.1-4.8, 1
n

∑n
i=1 E[G∗i,n(θ)] is continuous for all n ≥ 1,

and θ = (λ, β>)> such that βq 6= 0.

Proof. [Proof of Lemma 5] By the Theorem of Andrews (1987), whose assumptions are

verified in the proof of Lemma 4.3, 1
n

∑n
i=1 E[G∗i,n(θ)] is continuous on θ ∈ Θ, uniformly

over n ≥ 1. Q.E.D.

Proof. [Proof of Theorem 1] For weak consistency (θn →p θ0), by Theorem 2.1 of

Newey and McFadden (1994), it is sufficient to verify the following conditions: (i)

lim
n→∞

1
n

∑n
i=1 E[G∗i,n(θ)] has a unique maximum at θ0; (ii) The parameter space Θ is com-

pact; (iii) lim
n→∞

1
n

∑n
i=1 E[G∗i,n(θ)] is continuous; (iv) |Ḡn(θ, σn)− 1

n

∑n
i=1 E[G∗i,n(θ)]| →p 0

uniformly over θ ∈ Θ.

Condition (i) is imposed by Assumption 4.4, condition (ii) is provided by Assumption

4.8, condition (iii) is proved by Lemma 4.5, and condition (iv) is obtained by Lemma

4.4. Q.E.D.

4.6.2. Appendix B: Proof of Asymptotic Normality

For the proofs of Theorems 4.2 and 4.3, we first present the first and second order

derivatives of the objective function.
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As ∂S−1

∂λ
= −S−1 ∂S

∂λ
S−1, we know that

∂e>i,nS
−1
n (λ)

∂λ
= e>i,nS

−1
n (λ)WnS

−1
n (λ). Denote

Bi,n(θ, σn) = K(e>i,nS
−1
n (λ)∆Xnβ/σn) = K(zi,n(θ)/σn), where zi,n(θ) = e>i,nS

−1
n (λ)∆Xnβ,

then
∂Bi,n(θ, σn)

∂λ
= K ′

(
zi,n(θ)

σn

)
e>i,nS

−1
n (λ)WnS

−1
n (λ)∆Xnβ

σn
;

∂Bi,n(θ, σn)

∂β̃>
= K ′

(
zi,n(θ)

σn

)
e>i,nS

−1
n (λ)∆X̃n

σn
;

B
(1)
i,n (θ, σn) = (∂Bi,n(θ, σn)/∂λ, ∂Bi,n(θ, σn)/∂β̃>)>;

∂2Bi,n(θ, σn)

∂λ2
= K ′′

(
zi,n(θ)

σn

)[
e>i,nS

−1
n (λ)WnS

−1
n (λ)∆Xnβ

σn

]2

+2K ′
(
zi,n(θ)

σn

)
e>i,nS

−1
n (λ)WnS

−1
n (λ)WnS

−1
n (λ)∆Xnβ

σn
;

∂2Bi,n(θ, σn)

∂β̃>∂λ
= K ′′

(
zi,n(θ)

σn

)
e>i,nS

−1
n (λ)WnS

−1
n (λ)∆Xnβ

σn

e>i,nS
−1
n (λ)∆X̃n

σn

+K ′
(
zi,n(θ)

σn

)
e>i,nS

−1
n (λ)WnS

−1
n (λ)∆X̃n

σn
;

∂2Bi,n(θ, σn)

∂β̃>∂β̃
= K ′′

(
zi,n(θ)

σn

)
∆X̃>n [S−1

n (λ)]>ei,ne
>
i,nS

−1
n (λ)∆X̃n

σ2
n

;

B
(2)
i,n (θ, σn) =

∂2Bi,n(θ,σn)

∂λ2
∂2Bi,n(θ,σn)

∂β̃>∂λ

∗ ∂2Bi,n(θ,σn)

∂β̃>∂β̃


Recall that

Gn(θ, σn) =
1

n

n∑
i=1

∆yi,nK(e>i,nS
−1
n (λ)∆Xnβ/σn)

=
1

n

n∑
i=1

1{yi1,n 6= yi2,n} (1− 2 · 1{yi1,n = 0, yi2,n = 1})Bi,n(θ, σn),

then we have

Tn(θ, σn) =
∂Gn(θ, σn)

∂θ̃
=

1

n

n∑
i=1

1{yi1,n 6= yi2,n} (1− 2 · 1{yi1,n = 0, yi2,n = 1})B(1)
i,n (θ, σn);
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Qn(θ, σn) =
∂2Gn(θ, σn)

∂θ̃∂θ̃>
=

1

n

n∑
i=1

1{yi1,n 6= yi2,n} (1− 2 · 1{yi1,n = 0, yi2,n = 1})B(2)
i,n (θ, σn).

We now discuss the NED property of each term in the first and second order deriva-

tives of the objective function. As in Proposition 4.1, we already know {∆yi,n} and

{zi,n} are all uniformly Lp bounded and L2-NED random fields with coefficients v̄(m)1/3

and v̄(m), then {zi,n/σn} is L2-NED with coefficient v̄(m). Under Assumptions 4.11 and

4.16, we know that K ′(·) and K ′′(·) satisfy the Lipschitz condition and thus K ′(zi,n/σn)

and K ′′(zi,n/σn) are also Lp bounded and L2-NED with coefficient v̄(m) by Proposi-

tion 2 of Jenish and Prucha (2012). Under Assumptions 4.6 and 4.7, by using a sim-

ilar argument as in the proof of Proposition 4.1, we know that {e>i,nS−1
n (λ)∆X̃n/σn},

{e>i,nS−1
n (λ)WnS

−1
n (λ)∆Xnβ/σn}, and {e>i,nS−1

n (λ)WnS
−1
n (λ)WnS

−1
n (λ)∆Xnβ/σn} are all

uniformly Lp-bounded and L2-NED with coefficient v̄(m). Therefore, their pairwise prod-

ucts are also uniformly Lp bounded by Cauchy’s inequality, and by Lemma A.2 of Xu and

Lee (2014), {B(1)
i,n (θ, σn)}, {[e>i,nS−1

n (λ)WnS
−1
n (λ)∆Xnβ/σn]2}, {e>i,nS−1

n (λ)WnS
−1
n (λ)∆Xnβ·

e>i,nS
−1
n (λ)∆X̃n/σ

2
n}, and {∆X̃>n [S−1

n (λ)]>ei,ne
>
i,nS

−1
n (λ)∆X̃n/σ

2
n} are all uniformly L2-

NED random fields with coefficient (v̄(m))(p−4)/2(p−2) for some p > 4, and their products

with ∆yi,n are all uniformly L2-NED random fields with coefficient (v̄(m))(p−4)/6(p−2).

Finally, by Theorem 17.9 of Davidson (1994)20, the terms of products with K ′′(zi,n/σn)

in the second order derivatives are all uniformly L1-NED random fields with coef-

ficient (v̄(m))(p−4)/6(p−2), then by Theorem 17.8 of Davidson (1994), all elements of

{∆yi,nB(2)
i,n (θ, σn)} are uniformly L1-NED random fields with coefficient (v̄(m))(p−4)/6(p−2).

Lemma 4.6. Let Assumptions 4.1–4.15 hold. Then

(a) lim
n→∞

E
[
σ−hn Tn(θ0, σn)

]
= A; (b) lim

n→∞
Var

[
(nσn)1/2Tn(θ0, σn)

]
= H.

Proof. [Proof of Lemma 6] To prove part (a), as we know that

Tn(θ0, σn) =
1

n

n∑
i=1

∆yi,nB
(1)
i,n (θ0, σn)

=
1

n

n∑
i=1

1{yi1,n 6= yi2,n} (1− 2 · 1{yi1,n = 0, yi2,n = 1})B(1)
i,n (θ0, σn),

20Theorem 17.8 and 17.9 of Davidson (1994) are for time series NED processes, but they are also
applicable for NED random fields.
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then

En(T ) = E[σ−hn Tn(θ0, σn)]

=σ−hn
1

n

n∑
i=1

Pr{yi1,n 6= yi2,n}
ˆ [

1− 2Fi(−zi,n|zi,n, Z̃i,n)
]
B

(1)
i,n (θ0, σn)pi(zi,n|Z̃i,n)dzi,ndPi(Z̃i,n).

By Assumption 4.1 and conditions (4.3), the Corollary of Manski (1987) holds under

spatial dependence, that is, Med (yi1,n − yi2,n|∆Xn, yi1,n 6= yi2,n) = sgn{zi,n}. Therefore,

Med (∆ε̃i,n|∆Xn, yi1,n 6= yi2,n) = 0 and Fi(0|0, Z̃i,n) = 0.5 for almost every Z̃i,n and

i = 1, . . . , n. Analogous to the proof of Lemma 5 in Horowitz (1992), it can be easily

shown that

σ−hn
1

n

n∑
i=1

ˆ [
1− 2Fi(−zi,n|zi,n, Z̃i,n)

]
B

(1)
i,n (θ0, σn)pi(zi,n|Z̃i,n)dzi,ndPi(Z̃i,n)

→− 2αA lim
n→∞

1

n

n∑
i=1

h∑
k=1

1

k!(h− k)!
E
[
F

(k)
i (0|0, Z̃i,n)p

(h−k)
i (0|Z̃i,n)B̃1,i,n

]
(n→∞).

To prove part (b), now consider

Vn(T ) = Var
[
(nσn)1/2 Tn(θ0, σn)

]
=
σn
n

n∑
i=1

Var
[
∆yi,nB

(1)
i,n (θ0, σn)

]
+
σn
n

n∑
i=1

∑
j 6=i

Cov
[
∆yi,nB

(1)
i,n (θ0, σn),∆yj,nB

(1)
j,n(θ0, σn)

]
≡Hn1 +Hn2.

Similar to Lemma 5 of Horowitz (1992), by part (a), Lebesgue’s dominated convergence

theorem and Assumptions 4.10–4.13,

Hn1 =
1

nσn

n∑
i=1

E

[[
K ′
(
zi,n
σn

)]2

B̃1,i,nB̃
>
1,i,n

]
Pr{yi1,n 6= yi2,n}+ o(1)

=
1

nσn

n∑
i=1

Pr{yi1,n 6= yi2,n}
ˆ [

K ′
(
zi,n
σn

)]2

B̃1,i,nB̃
>
1,i,npi(zi,n|Z̃i,n)dzi,ndPi(Z̃i,n) + o(1)

→H,

where B̃1,i,n = (e>i,nS
−1
n WnS

−1
n ∆Xnβ0, e

>
i,nS

−1
n ∆X̃n)>. Using similar argument as in the

proof of Lemma 7 in De Jong and Woutersen (2011), we can show that Hn2 is asymp-

totically negligible. To prove this, it is sufficient to show that for all vectors ξ such that
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|ξ| = 1,

lim
n→∞

σn

∞∑
j 6=i

|Cov(ξ>(B̃1,i,n/σn)K ′(zi,n/σn), ξ>(B̃1,j,n/σn)K ′(zj,n/σn))| = 0.

Note that, we have shown that {B̃1,i,n/σn} and K ′(zi,n/σn) are uniformly Lp bounded and

L2-NED with coefficient v̄(m). By Lemma A.2 of Xu and Lee (2014), ξ>(B̃1,i,n/σn)K ′(zi,n/σn)

is L2-NED with coefficient (v̄(m))(p−4)/2(p−2) for some p > 4. Then, by the covariance

inequality (see Corollary 14.3 in Davidson (1994)21), for the same p in Assumption 4.10,

σn Cov(ξ>(B̃1,i,n/σn)K ′(zi,n/σn), ξ>(B̃1,j,n/σn)K ′(zj,n/σn))

≤σnC0(v̄(m))(p−4)/2p
(

E |ξ>(B̃1,i,n/σn)K ′(zi,n/σn)|p
)1/p (

E |ξ>(B̃1,j,n/σn)K ′(zj,n/σn)|p
)1/p

≤σ−1
n C0(v̄(m))(p−4)/2p sup

i,n

(ˆ
|ξ>B̃1,i,n|p|K ′(zi,n/σn)|ppi(zi,n|Z̃i,n)dzi,ndPi(Z̃i,n)

)2/p

=C0v̄(m)(p−4)/2pσ2/p−1
n sup

i,n

(ˆ
|ξ>B̃1,i,n|p|K ′(ζi,n)|ppi(ζi,n|Z̃i,n)dζi,ndPi(Z̃i,n)

)2/p

by substituting ζi,n = zi,n/σn. The last term is smaller than C1v̄(m)(p−4)/2pσ
2/p−1
n for some

constant C1. In view of the fact that summing the latter expression over j will give a term

that diverges as n → ∞, we also need a second bound. To obtain this second bound,

note that under the assumptions of this lemma, σn E(ξ>(B̃1,i,n/σn)K ′(zi,n/σn)) = O(σn),

implying that

σn Cov(ξ>(B̃1,i,n/σn)K ′(zi,n/σn), ξ>(B̃1,j,n/σn)K ′(zj,n/σn))

=σn E
[
ξ>(B̃1,i,n/σn)K ′(zi,n/σn)ξ>(B̃1,j,n/σn)K ′(zj,n/σn)

]
+O(σn)

=σ−1
n

ˆ ˆ ˆ
ξ>B̃1,i,nK

′(
zi,n
σn

)ξ>B̃1,j,nK
′(
zj,n
σn

)p(zi,n, zj,n|Z̃i,n, Z̃j,n)dzi,ndzj,ndP (Z̃i,n, Z̃j,n) +O(σn)

=σn

ˆ ˆ ˆ
K ′(ζi,n)K ′(ζj,n)p(σnζi,n, σnζj,n|Z̃i,n, Z̃j,n)dζi,ndζj,nξ

>B̃1,i,nξ
>B̃1,j,ndP (Z̃i,n, Z̃j,n) +O(σn)

=O(σn).

21The original Corollary is for α-mixing process, but it is also applicable for the NED process with
the α-mixing coefficient α(m) replaced by the NED coefficient v(m).
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Therefore, for any µ ∈ (0, 1) and some constant C2, by using both bounds,

σn

∞∑
j 6=i

|Cov(ξ>(B̃1,i,n/σn)K ′(zi,n/σn), ξ>(B̃1,j,n/σn)K ′(zj,n/σn))|

≤C2

∞∑
j 6=i

σµn(v̄(m)(p−4)/2pσ2/p−1
n )1−µ,

and by choosing µ = 2(p− 3)/3(p− 2) + η and η > 0 small enough, the last term can be

bounded by

C2(
∞∑
m=1

(v̄(m))(p−4)/6(p−2)−η(p−4)/2p)σ(p−4)/3(p−2)+2η(p−1)/p
n

=O(σ(p−4)/3(p−2)+2η(p−1)/p
n ) = o(1),

where the finiteness of the summation follows from Assumption 4.10 i). This finishes the

proof of part (b).

Q.E.D.

Lemma 4.7. Let Assumptions 4.1–4.15 hold. (a) If nσ2h+1
n →∞ as n→∞, σ−hn Tn(θ0, σn)

converges in probability to A as n → ∞. (b) If nσ2h+1
n has a finite limit κ as n → ∞,

(nσn)1/2Tn(θ0, σn) converges in distribution to MVN(κ1/2A, H) as n→∞.

Proof. [Proof of Lemma 7] If nσ2h+1
n →∞, Lemma 4.6(b) implies that Var[σ−hn Tn(θ0, σn)]→

0. So part (a) follows from Lemma 4.6 and Chebyshev’s Theorem.

Remember that Tn(θ0, σn) =
∑n

i=1
1
n
∆yi,nB

(1)
i,n (θ, σn). Part (b) follows from Lemma

4.6 and the central limit theorem (CLT) for L2-NED random fields { 1
n
∆yi,nB

(1)
i,n (θ, σn)}.

To show the CLT, by Corollary 1 in Jenish and Prucha (2012), it is sufficient to check the

uniform L2+δ integrability, for some δ > 0, the uniform NED property of { 1
n
∆yi,nB

(1)
i,n (θ, σn)},

and the decreasing rate of the NED coefficient.

The uniform L2+δ integrability is satisfied if each component of { 1
n
∆yi,nB

(1)
i,n (θ, σn)}

is uniformly Lp-bounded for p > 2 + δ, which is already shown for any natural number p.

We have also discused that { 1
n
∆yi,nB

(1)
i,n (θ, σn)} is a uniformly L2-NED random field with

coefficient (v̄(m))(p−4)/6(p−2). The decreasing rate of the L2-NED coefficient that satisfies

Assumption 4 of Jenish and Prucha (2012) is provided in Assumption 4.10. Thus, all the

conditions of Corollary 1 in Jenish and Prucha (2012) are satisfied, and the CLT can be

applied.
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Q.E.D.

Analogously to Horowitz (1992) and De Jong and Woutersen (2011), define

gi,n(ζ) = 1{yi1,n 6= yi2,n} (2 · 1{yi1,n = 1, yi2,n = 0} − 1) B̃1,i,nK
′
(
zi
σn

+ ζ>B̃1,i,n

)
.

Lemma 4.8. Under Assumptions 4.1-4.16, there exists a sequence mn ≥ 1 such that

σ−3q
n σ−2

n n1/p(v̄(mn))(p−4)/6(p−2) + (log(nmn))(n1−2/pσ4
nm
−2
n )−1 → 0,

then supi,ζ

∣∣∣ 1
nσ2

n

∑n
i=1 [gi,n(ζ)− E gi,n(ζ)]

∣∣∣→p 0.

Proof. [Proof of Lemma 8] First, as for {∆yi,nB(1)
i,n (θ, σn)} in Lemma 4.7, we can easily

show that {gi,n(ζ)} is a uniformly L2-NED random field with coefficient (v̄(m))(p−4)/6(p−2).

The proof is then identical to the proof of Lemma 11 in De Jong and Woutersen (2011)

except that the dimension of parameter space for ζ is q, and we need to replace their

α-mixing coefficient with the NED coefficient (v̄(m))(p−4)/6(p−2) due to spatial effects in

{gi,n(ζ)}. Q.E.D.

Lemma 4.9. Let Assumptions 4.1-4.16 hold, and define φn = (θ̃n − θ̃0)/σn, where θn is

a smoothed spatial maximum score estimator. Then plimn→∞ φn = 0.

Proof. [Proof of Lemma 9] This follows from Lemma 4.8 and the reasoning of Lemma 8

in Horowitz (1992). Q.E.D.

Lemma 4.10. Let Assumptions 4.1-4.16 hold. Let {θ′n} = {θ̃′n, β′n,q} be any sequence in

Θ such that (θ′n − θ0)/σn → 0 as n→∞. Then plimn→∞Qn(θ′n, σn) = Q.

Proof. [Proof of Lemma 10] The proof is analogous to the proof of Lemma 13 in De Jong

and Woutersen (2011), except that we use a law of large numbers for NED random field

(Theorem 1 of Jenish and Prucha, 2012), and thus we need to replace their α-mixing

coefficient with the NED coefficient. Q.E.D.

Proof. [Proof of Theorem 2] By equation (4.12), σ−hn Tn(θ0, σn)+Qn(θ∗n, σn)σ−hn (θ̃n−θ̃0) =

0 with probability approaching 1 as n→∞. By Lemmas 4.9 and 4.10, plimQn(θ∗n, σn) =

Q, and by Assumption 4.14Q is nonsingular. Therefore, σ−hn (θ̃n−θ̃0) = −Q−1σ−hn Tn(θ0, σn)+

op(1). Part (a) now follows from Lemma 4.7(a).
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Similarly, (nσn)1/2(θ̃n − θ̃0) = −Q−1(nσn)1/2Tn(θ0, σn) + op(1). Part (b) now follows

from Lemma 4.7(b).

Part (c) follows exactly as in the proof of part (c) of Theorem 2 in Horowitz (1992).

To see this, by the definition of MSE in Theorem 4.2,

MSE = E
[
(θ̃n − θ̃0)>Ω(θ̃n − θ̃0)

]
= trace

[
Ω E(θ̃n − θ̃0)(θ̃n − θ̃0)>

]
.

By part (b), E(θ̃n−θ̃0)(θ̃n−θ̃0)> = n−2h/(2h+1)
[
κ−1/(2h+1)Q−1HQ−1 + κ2h/(2h+1)Q−1AA>Q−1

]
.

Thus,

MSE = trace
[
ΩQ−1(κ−1/(2h+1)H + κ2h/(2h+1)AA>)Q−1

]
. (4.21)

The minimum of MSE is found by differentiating the right-hand side of (4.21) with

respect to κ, which leads to κ = κ∗ ≡ [trace(Q−1ΩQ−1H)]/(2hA>Q−1ΩQ−1A), in which

case it follows from part (b) that

nh/(2h+1)(θ̃n − θ̃0)→d MVN
[
−(κ∗)h/(2h+1)Q−1A, (κ∗)−1/(2h+1)Q−1HQ−1

]
.

Q.E.D.

Proof. [Proof of Theorem 3] By equation (4.12),

(σ∗n)−hTn(θn; σ∗n) = (σ∗n)−hTn(θ0; σ∗n) +Qn(θ∗n; σ∗n)(σ∗n)−h(θ̃n − θ̃0) = 0 (4.22)

with probability approaching 1 as n → ∞. By Lemma 4.9, (θn − θ0)/σn = op(1).

Therefore, (θn − θ0)/σ∗n = op(1) and, by Lemma 4.10, plimQn(θ∗n; σ∗n) = Q. In addition,

(σ∗n)−h(θ̃n − θ̃0) = op(1) because (σn)−h(θ̃n − θ̃0) = Op(1) and (σ∗n/σn)−h → 0. Finally,

plim(σ∗n)−hTn(θ0; σ∗n) = A by Lemma 4.7(a). Part (a) now follows by taking probability

limits as n→∞ on each side of (4.22).

To show part (b), it is sufficient to show that E(Hn) → H and Var(Hn) → 0 by

Chebyshev’s theorem. Let ϑ = zi,n(θn)/σn, then

E(Hn) =
1

n

n∑
i=1

Pr{yi1,n 6= yi2,n}
ˆ ˆ

[K ′(ϑ)]2B̃1,i,n(θn)B̃1,i,n(θn)>pi(zi,n(θn)|Z̃i,n)dϑdPi(Z̃i,n).

(4.23)

As B̃1,i,n(θn)B̃1,i,n(θn)>pi(zi,n(θn)|Z̃i,n) is continuous in θn and θn is a consistent estimator
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of θ0, the right-hand side of (4.23) converges to H as n → ∞ by Assumptions 4.9 and

4.12 and Lebesgue’s dominated convergence theorem. For Var(Hn):

Var(Hn) =
σ2
n

n2

n∑
i=1

Var{vec[ti,n(θn, σn)ti,n(θn, σn)>]}

+
σ2
n

n2

n∑
i=1

∑
j 6=i

Cov
(
vec[ti,n(θn, σn)ti,n(θn, σn)>], vec[tj,n(θn, σn)tj,n(θn, σn)>]

)
≡Hn3 +Hn4.

Since E(Hn) = 1/n
∑n

i=1 E[σnti,n(θn, σn)ti,n(θn, σn)>] is bounded, then

1

n2

n∑
i=1

{E(σnvec[ti,n(θn, σn)ti,n(θn, σn)>])}2 = o(1),

and

Hn3 =
σ2
n

n2

n∑
i=1

E{vec[ti,n(θn, σn)ti,n(θn, σn)>]vec[ti,n(θn, σn)ti,n(θn, σn)>]>}+ o(1)

=
1

nσn

ˆ ˆ
1

n

n∑
i=1

Pr{yi1,n 6= yi2,n}vec[B̃1,i,n(θn)B̃1,i,n(θn)>]vec[B̃1,i,n(θn)B̃1,i,n(θn)>]>

[K ′(ϑ)]4pi(zi,n(θn)|Z̃i,n)dϑdPi(Z̃i,n) + o(1).

Therefore, Hn3 converges to 0 because the integral is bounded under Assumptions 4.9–

4.13 as n → ∞ and nσn → ∞. Similar argument as in the proof of Lemma 4.6 can be

used to show that Hn4 → 0 as n→∞.

Part (c) follows from Lemma 4.10 immediately. Q.E.D.
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