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Chapter 1

Introduction

One of the most notable developments iIi the area of causal analysis
during the last century was the attempt to bridge the gap between
statistics and causality by using the former as a way to define, dis-
cover, or sustain the latter. Early attempts can be traced back, iIl
sociology, at least as far as Durklieim (1999[1897]) who used carefully
chosen statistics in order to support or refute certain theories about
the possible causes of suicide. However, the first abstract formaliza-
tion of causality ideas in statistical terms only appeared three decades

later, and originated from agricultural studies, with the seminal works
of Neyman (1990[1923]). Capitalizing on these results  and on those  of
subsequent research, elaborate theories linking probability and statis-
tics to causality  have been developed recently  (see, e.g., Rubin,  1974:
Steyer, 1992; Pearl, 200Oa).

Originally, owing to nonexistent or limited cornputational possi-
bilities. the different statistical models used were not very elaborate.
The development of calculation power through the use of computers
paved the way to a relatively standardized and easy use of more refined
statistical techniques in order to help to assess the strength of poten-
tially causal relationships. Depending on the level of measurement
of tlie variables used within the causal "system", various statistical
techniques have been developed. For continuous variables. the Lin-
ear Structural Equation method, possibly with latent variables, is by
far the most popular technique used iii order to evaluate the effects
of certain variables on others   (see, e.g., Bollen,   1989). For categori-
cal variables, there is not such an overwhelmingly popular technique.
Various methods have been developed and the choice of using one or

1



2                                                                          Introduction

the other is not obvious.
The aim of the preseiit work is to gaill more insight into the ad-

vantages and disadvantages of the differeiit statistical techniques tliat
have been developed for the causal analysis of categorical data.

Organization of the chapters

In order to define more precisely what is meant by "causal" in the
name 'statistical causal models: the use of these (statistical causal)
models is shown as a specific part of a general conceptual framework
for causal analysis. This framework is presented in Chapter 2 and is
structured around three distinct elenients.  The first element is the
idea of causation used. It is situated on an ontological level and cor-

responds to the philosophical ideas developed in order to characterize
tlie causal nature of a relationship. The second element is the account
of causation.  It corresponds to the statement in formal terms of tliese
ideas of causation along with a set of rules allowing characterization of
the circumstances iii which causality cari be. found, i.e.. in which an in-
terpretation iIi ternis of causal relationship can be formed. The third
eleinent is the statistical causal model and is a statistical technique
aimed at measuring associations between variables not considered to
be on equal footing, which Call be used to represent potentially catisal
relationships. Different ideas and accounts of causation are presented
in Sections 2.1.2 and 2.2.

After this general introduction to causal modeling, the problem
of measuring associations or effects among categorical variables is iIi-
troduced in Section 2.3. In particular. two broad classes into which
the different statistical causal models can be organized are presented.
They stem from the different ideas about association between cate-

gorical variables proposed by Pearson and by Yule at the beginning
of the twentieth century (see, e.g., Pearson, 1900, 1906; Yule, 1903.
1912). Two types of models belonging to the Pearsonian tradition and
three types of models belonging to the Yiilean tradition are considered
iIi this book and are described in Cliapters 3 and 4, respectively. IIi
order to make a comparative evaluation of tliese different statistical
methods. the behavior of each method with respect to several crite-
ria is considered. These criteria, such as the existence of coefficients
representing direct effect, of tests of significance for the effects. and of
goodness-of-fit estimates, are presented in Section 2.4.

Iii Chapter 3. the statistical causal models belonging to the Pear-
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sonian tradition are presented. In this tradition, categorical variables
are supposed to be the realization of ail underlying Continzizinl.  Two
main methods of describing this underlying continuum have been de-
veloped. The underlying continuous variable can be deduced either
from a threshold model or from a projection of the categorical vari-
able upon a certain axis fulfilling certain optimal properties.  The
Linear Structural Equation Models with thresholds models (Muth6n,
1984; J8reskog, 1990; Lee, Poon, & Bentler, 1995) stems from the first
way of describing this underlying continuum, and the Linear Struc-
tural Equation Models with optimal quantification of the categories
(de Leeuw, 1988) stems from the second way.

In Chapter 4, the statistical causal models for categorical variables
belonging to the Yulean tradition are presented and evaluated. The
Directed Loglinear Models (Goodman,  1973;  Vermunt,  1996),  the  Lili-
ear Weighted Models (or linear models using the GSK approach, see
Grizzle, Starmer, & Koch, 1969; Kuechler & Wides, 1981), and the
Uncertainty Reduction Models (Entwisle & Knepp, 1970) are consid-
ered here. These methods treat the categorical variables as such and
no underlying continuum is assumed. They can be seen as special
cases of the general class of generalized linear models (see Nelder &
Wedderburn, 1972) and differ in the type of link function used: the
logit function for the Directed Loglinear Models, the identity function
for the Linear Weighted Models, and any nonlinear function for the
Uncertainty ReductiOIl Models.

Within each of the two traditions, one method offering satisfactory
potentialities for causal analysis with categorical data is selected and
certain fundamental problems that may occur during the use of the
corresponding models as statistical causal models are studied. Possible
problems considered here to be of prime importance are the existence
of factors that may prevent the effect, standard-error, or goodness-of-
fit estimates of the model being equal to their "true" value. Indeed, an
unbiased estimation of these three values allows a basic use of these
models as statistical causal models, whereas a biased estimation of
one of these values jeopardizes the correctness of the basic conclusions
that may be drawn when using these models. The methods selected
are the Linear Structural Equation Models (LSEMs) with thresholds
models for the Pearsonian approach, and the Directed Loglinear Mod-
els (DLMs) for the Yulean approach. Of course, the problems encoun-
tered with respect to the estimation of effects. standard errors, and
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goodness-of-fit indices when using these models depend on the nature
of the approach considered. Hence, although the studies presented

in Chapter 5 (for the LSEMs) and in Chapter 6 (for the DLMs) are
performed with the same aim in mind, the problems handled in each
chapter are different.

In Linear Structural Equation Models, each categorical variable
should have an underlying continuum which is, in addition, often sup-
posed to be normally distributed. When using these models. it is
crucial to study the adequacy and precision of the procedures imple-
mented to estimate association among these underlying variables, if
the original underlying variables are normally distributed but also if
they are not.1 In Chapter 5, results from a simulation study concern-

ing Linear Structural Equation Models (LSEMs) are presented. The
robustness of LSEM parameter, standard-error, and goodness-of-fit
estimates is examined for different underlying and observed distribu-
tions. The simulations in Chapter 5 consist of Monte Carlo studies
performed on five different models (bivariate regression, multivariate
regression, causal chain, four-indicators, one-factor model, and causal
model between latent variables) having different original parameter
values.  Data sets are generated from one of these models with cer-
tain effect values and it is checked whether the estimations procedures
implemented in three LSEMs programs (PRELIS 2.3 / LISREL 8.3,
from J8reskog & Surbom, 1996a,1996a; EQS 5.7 from Bentler & Wu,
1993; and Mplus 1.04 from Muthdn & Muthdn, 1999) yield unbiased
estimates of the original/true causal effects, the correct standard er-
rors, and goodness-of-fit indices that do not indicate the rejection of
the original model.

In Directed Loglinear Models, the categorical variables are not as-
sumed to be the realization of underlying continuum. Hence, the esti-
mation problem studied for LSEMs does not occur here. However, the
effects between variables are no longer additive but multiplicative or
log-additive. Hence, conditions for obtaining unbiased effect estimates
are no longer similar to those known for linear models. IIi Chapter 6,
it is first shown that, unlike with linear models, with logit models and
DLMs, collapsibility should be taken into account in order to obtain
unconfounded effect coefficients. The concept of unconfoundedness

1 For example, if the variable Income is measured at a categorical level, the "true"
underlying variable is not normal. A question of interest is then to know how far
the estimated effect coefficients may be from the original ones.
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being fundamental in causal analysis, controlling for collapsibility is
then essential for the use of DLMs as statistical causal models.  Con-
ditions for collapsibility of categories and of variables are presented in
Section 6.2 and possible tests are reviewed.  As, in many cases, if col-
lapsibility conditions are not satisfied, variables over which it should
not be collapsed may not be taken into account in the model. It then
becomes crucial to know what coilsequence this may have for the effect
estimates. Questions such as 'Is the bias of the effect estimate, due to
this omission, large or small?' or 'Are there situations where the effect
coefficient can still be interpreted as such?'  are then of interest.  In
Section 6.3, the effect of collapsing categories or variables on the effect
coefficients, when collapsibility conditions are not fulfilled, are studied
iIi two specific cases. Finally, in Section 6.4, results from some simula-
tion studies are presented.  The aim of these simulations is to evaluate
the consequences of not taking into account noncollapsible variables
on the significance tests of the effects coefficients of the variable of
interest.

Chapter 7 is a more practical chapter in which the methods of mea-
suring associations or effects used in the Linear Structural Equation
Models with threshold models or in the Directed Loglinear Models are
applied to three  data  sets.   In the first  data set (CentERdata,   1999),
four questions concerning abortion have been asked to a sample of 1416
individuals randomly divided in four groups. In each group, every in-
dividual was asked to give answers using specific scales. The second
and third data sets (Halman, 2001) are taken from a recent trend sur-
vey.  In this survey, during the interview, the same respondent was
asked to answer a question twice according to two different answer
formats.  For all three data sets, results from studies of the stability of
the association given the different answer formats, and results yielded
from the statistical causal models on variables with different formats
are presented and compared.

Finally, in Chapter 8, the results of all preceding chapters are sum-
marized and several recommendations on the uses of the statistical
causal models presented are made, based on those results.
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Chapter 2

Modeling Causality

Causal relationships are often used in order to relate various concepts
according to certain theories in social and behavioral science research.
Using evidence in order to infer a causal relationship is called causal
inference. In quantitative studies, Statistical InOdels are often used
in the causal inference process to test and evaluate potentially causal
relationships. Yet, the use of these statistical models relies on several
specific assumptions. If these assumptions are not valid, the results
obtained by these models may only be interpreted as marginal associa-
tions between the variables in the data set (see, for example, Muth6n,
1987a), which  is, of course,  very  far  from the original objective.

By using a statistical causal model, the relation between a cause
and its effect can be represented as an asymmetric statistical relation
between an '6independent" and a "dependent" variable. However. sta-
tistical causal models are often used the other way around: starting
from the data collected, hypotheses about potential causal relations
between "independent" and "dependent" variables are studied with
these models (see, e.g., Boudon, 1995[1969]). Yet. the coefficient(s)
obtained in the model are not considered to be a measure of the in-
tended causal effect unless certain additional assumptions are made.
These assumptions are organized within an account of causation.  In
this account of causation, the. methodological bases for the use of this
II10del within the causal inference process are set. In addition, the
ideas present in this account may depend on a certain characteriza-
tion or idea of causation, often also called a philosophical account of
causation.

Hence, iii theory, performing a complete causal analysis necessi-

7



8                                                      Modeling Causality

tates not only fitting what is commonly called a statistical causal
model, but also checking that the assumptions necessary for causal
analysis contained in the account of causation chosen are valid. This
account of causation should. in turn, be in agreement with the idea of

causation used. In the broad sense of the term thus, a causal model
consists of an idea about causation, an adequate account of causation,
and an adequate statistical causal model. Of course, the idea of cau-
sation, the account of causation and the statistical models cannot be
chosen independently. Different ideas of causation may correspond to
different accounts. and different statistical measures of causation may
correspond to different conditions in the accounts of causation (in par-
ticular. conditions for which effect estimates are unbiased may depend
on  the statistical model  used, see Sections  2.2.1  and  6.1).

Outline of the chapter

In Section 2.1, attention is paid to the problem of defining causation
and to several ideas about causation that have emerged in the philo-
sophical literature. In Section 2.2, several accounts of causation, that
have been developed for social and behavioral sciences studies, are
described. By means of these accounts of causation. the methodolog-
ical bases for causal inference with the statistical causal models are

set.  As, in this work, the focus is on causal models for categorical
variables, the problem of the measure of association for categorical
variable is also introduced here. In Section 2.3, two different views of
the idea of association between categorical variables are presented by
recalling the debate between Yule and Pearson. The statistical models
considered here (introduced briefly at the end of Section 2.3) are then
classified within two families, the Pearsonian one and the Yulean one.
To facilitate comparison of these statistical causal models, presented in

Chapters 3 and 4, this evaluation emphasizes a number of viewpoints.
Three main viewpoints, each containing several related aspects of

the evaluation of a statistical causal model, are considered here and
are detailed in Section 2.4. Finally, several supplementary remarks
about causal analysis are discussed briefly in Section 2.5.
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2.1 Causation and causal inference

The concept of causation has beeii a source of interest and challenge
for philosophers throughout the ages. Indeed, as Kim (1995: 110)
remarks, "the concept of causation has long beeii recognized as of
futidamental philosophical importance". Many philosophical theories
of causalion have been developed and encompass important connota-
tions of the concept. However, the many possible interpretations of
tlie word "cause" seem to resist a single explanation. Possibly be-
cause causation is a primitive concept, it is impossible to comprehend
the entire concept of causation within one definition (Francis, 1961;
Kim,  1995). This primitive concept corresponds  to what Collingwood
(1940: 31) called an absolute presupposition, i.e., a proposition which
is presupposed and which never stands as an answer (in particular to
the  question:    Why?). A consequence   of  this   may   be  that   not  one
but several different Ineanings of the word "cause" should be proposed
(see, for example, Collingwood, 1940: 285: Hume, 1978[1739]: 170-171,
1988[1748]: 72).

Several philosophical approaches to the analysis of causation are
briefly presented next, along with some definitions. Although this
presentation is far from extensive or exhaustive, it Inay be useful as
it illustrates that in certain contexts and given certain assumptions,
speaking about causality does make sense as it corresponds to (at
least) certain aspects of the type of relationships studied in social
science research. Indeed, as Boudon, Bourricaud and Hamilton (1989:
68) stated:  "If we try to learn the episteniological lesson provided by
social science practice, the concept of cause appears less contestable in
principle than philosophers of science would think and less universal in
its applicability than sociologists and historians frequently suppose".

2.1.1 Introductory ideas about causation
A causal relation mayi be seen as a certain type of relation between
two  events  C  and E (Blackburn,   1994), C occurring at tillie  t  and  E
occurring  at  time  t'.   Aii  event can  be, for example. "buying a car",
"voting for candidate A", or "taking an aspirin". Saying that C causes
E means roughly that the occurrence of event C at time t brings forth

i Note that. although there are different types of causation.  such as agent cau-
sation or substantival causation that may not be reducible to event causation (see
Kim, 1995), here the discussion will be restricted to event causation.
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or produces the occurrence of event E at time t' Although more
general philosophical definitions do exist (see, in particular, Mellor,
1998), the occurrence  of an event   is  seen  here  as a change of states:
from a state where tlie event is not present or has not occurred to the
state where the event is present or has occurred. For example, the
event "buying a car" corresponds to a change from a state where the
individual does not have a car to a state where he possesses one.

Variables are usually defined as sets of mutually exclusive but re-
lated states ( /scores),  in the sense  that to every individual  unit  at  one
point of time should correspond one and only one of these states.  In
other words, every unit has one and only one value of the variable
corresponding to the set of (related) states. In this sense, the occur-
rence of a certain event corresponds to a change of states/scores in the
corresponding variable.

Causal relations are very often described between variables. This
causal relation refers in fact to the events that can be (re-)constructed
from the variables (Sobel, 1995b). Hence, although causal relations
are in the following considered between variables, they actually refer

to the corresponding events.
A second "short-cut" which is often made is to measure causal

relationships by comparing states across individuals rather than COIIl-

paring states within individuals. Iii order to illustrate this, suppose
that the potentially causal relationship between variable X and vari-
able Y is deterministic and additive. Whereas a causal relationship
between X and Y is a relation between (intra-individual) changes be-
tween the values of X and Y, it is measured as a relation between

(inter-individual) differences between X and Y. In other words, given
a deterministic and additive assumption, variable causation is origi-
nally viewed as:

[AY]t, = Byx [Axlt
where a change in variable Y occurring at  time t' (denoted  [AY]t')  is
supposed to follow froni a change in variable X occurring at time t.
before t' (denoted  [AX]t)·   Furthermore,  if t  and  t' are supposed  to  be
equal (hypothesis of instantaneous causation), the following equation
can be obtained:

[aY]t = /3Y.\ [Ax]t
where a change in Y is supposed to (immediately) follow from a change

in X, both occurring at time t. These changes can be measured by
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using data from longitudinal studies. However in practice, often data
froul cross-sectional studies only are available and the effect coefficient
Byx is measured from the equation

Yt - By,Xt+a.

In this equation, a difference between the values of X at t. results in
a difference in the value of Y at t.  The coefficient B in the last¥- X

equation relates two diferences and no longer two changes.

The  'change-to-dif erence" step is much more problematic to sus-
tain than the "event-to-variable" step and is not valid in general.  Con-
ditions for its validity are studied iIi the next sections.

Finally, it is important to note that in order to specify the rela-
tionship between the two variables an hypothesis on the measure of
6'change" in the variables was made: a linear equation was assumed to
hold between AY and AX because of the assumption of additivity.  As
will be seen later, this choice of the measure of change, which is related
to the choice of a statistical causal model, may have an influence on
the conditions under whicli according to certain accounts of causation,
causal inference can be performed (see Sections 2.2.1 and 6.1).

2.1.2 Ideas about causation

The precise characterization of the instances where the verb "to cause"
can be used in sentences such as "event C causes event E" is per-
formed by what is called a philosophical account of causation. In the
three-steps decomposition of causal analysis presented earlier, it cor-
responds to what has been called the idea of causation, i.e., what is
actually meant when the verb Uto cause" is used. Several philosophical
accounts of causation  have been developed. Similarly  to  Kim  (1995),
they are organized here according to four different traditions. Some
important ideas from each tradition are presented next (for more ex-
tensive reviews of these theories, see, for example, Hespel, 1994; Kim,
1995; Sobel, 1995b, 1996).

A classic view of causality is provided by regularity  theories.   A rela-
tion between C and E can be denoted causal  if and only if:   C is anterior
to E, C and E are spatially contingent, and there is a constant con-
junction between the occurrences of C and E. In these theories, often
associated with the seminal works of Hume (1978[1739], 1988[1748]),
the regularity conditions are often assumed to be the results of certain
nomological necessities  or  laws (see Pearson, 1911; Nagel,   1961).   The
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idea of regularity is also present in theories stating that an event C
can also be seen to be a cause of event E if, given several conditions
that are clearly specified, the occurrence of event C is necessary and

sufficient to lead to the occurrence of event E (Mackie.  1974).
Probabilistic theories allow one to infer causal relations between

variables without necessitating deterministic relations. Suppose that
the probability of occurrence of an event E is denoted by PCE) and

that the probability of occurrence of an event E given that an event

C has occurred is denoted by P(E C). An event C is seen as a cause

of E if: P(C) > 0, C is anterior to E. the probability of occurrence of
E increases when C has occurred (P(EIC) > P(E)), and tliis increase
remains true when conditioning on any event occurring earlier or si-
multaneously with C (i.e., an event K such that P(EIC, K) = P(EIK)
does not exist).    Note  that the second and third conditions are often
simultaneously taken into account by means of the prerequisite of pos-             
itive association between C and E net of other influences, such as
possible events L, i.e.:  P(EIC, L) > P(EIL) and the absence of event

K  such  that  P(E C, L, K)  = P(E L, K). These theories, generalizing
the idea of regularity in a nondeterministic framework are often as-
sociated with the works of, for example, Suppes (1970) and Salmon

(1980).
According to counterfactual theories of causality, C is a cause of E

if C and E are two actual events such that E would not have occurred
without C (Lewis, 1973). This amounts to studying the occurrence
of E iii two hypothetical worlds that are as similar as possible and iii
which C has occurred in one of them but not in the other (see. e.g.,

Glymour. 1986).
According to the manipulative theories, C is a cause of E if (Colling-

wood, 1940: 285, sense II) C is "an event or state of things by pro-
ducing or preventing which we can produce or prevent" E.

Although these theories represent aspects of relationships that are
usually seen as causal. none of them can be used exclusively to charac-
terize all possible relationships that are, in practice, considered to be
"causal". For example, classic (regularity, functional. or deterministic)
theories may fail to distinguish sequences such as night and day from
causal relationships. and a lot of relations where only the probability
of occurrence of E changes. whether C occurs or not. are not charac-
terized as causal. Probabilistic theories may fail to characterize cer-
tain events as causes since the actions entailed have an extremely low
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cliance of happening. even lower thail the unconditional chance. such
as a golf player perforizling a "birdie" after his ball bounced against a
tree  (Suppes.  1970: 41; Salmon,  1980).   Iii this specific case. bouncilig
against the tree can be considered to be one of the causes of making a
"birdie" . However, the chance of performing a birdie unconditional on
making his ball bounce against a tree is undoubtedly higher.2 Counter-
factual theories of causality base their conclusions on the comparison
with a world in which the cause did not occur and that may not be
realistic  (see,  e.g.,  Kim,   1995).    For example, consider the following
causal counterfactual statement: nly plants died (E) because Clinton
did not water them (C). Comparing the world in which C has occurred
to the one in which it has not occurred may not be relevant here as
tlie two worlds are not similar enough (Clinton and I do not know
each other). Hence,  to obtain acceptable general causal counterfactual
statements, a notion of closeness between the possible worlds has to be
clearly defined which is a challenging problem for these theories (see
Lewis, 1973). In manipulability theories, strictly speaking, attributes
or concepts that are not manipulable or controlled by humans such as
ethnic origin or hurricanes should not be considered as possible causes.

In the rest of this chapter, attention is paid to nondeterministic
causation. Indeed, this type of causation is adapted to the phenomena
studied in subject-specijic research (see Sobel, 1995b). Hence the effect
of the occurrence of C on the probability of occurrence of E (ratlier
than the occurrence or not of E) is studied.

The term subject-specific refers to the field of research of the theo-
ries that are tested by the statistical causal models. Theories from, for
example, epidemiology, medecine, policy-making, psychology, or soci-
ology can be tested. Specific knowledge in the subject studied should
direct the causal inference process. On the basis of knowledge about
tlie variables and the already known relationships between them, other
potential (causal) relationships can be studied using the models pre-
sented here. This background knowledge may also be used to judge

2 Note that this problem can be solved by narrowing the "universe" considered,
i.e., by conditioning on the successive elements having occurred (Salmon. 1980).
Hence, given the fact that the golf ball has taken the direction of the tree, the
chance of making a birdie if the ball bounces against the tree is indeed greater.  But
the causal statement is then made within a certain universe that may not correspond
to the one in which this statement was originally made. For a detailed discussion
about this type of problems occurring in the prol,abilistie theory of causality, see
also Eells (1991:278-392).
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the coherence between the model and preexisting theories. In particu-
lar, given that most of the studies are made on the basis of samples. it
may  help  to  rule  out what Woodward   ( 1998) calls  "coincidental  asso-

ciations" (a monk sneezing in Bhutan cannot be a satisfactory causal
explanation of my bicycle having a flat tire even if these events have
been observed simultaneously  two or three times).

2.2 Presentation of several accounts of causa-

tion

The three main types of account of causation used by social scientists
Stem from the ideas of some of the philosophical accounts presented
previously. The counterfactual account and the manipulative account

(with a hypothesis of being able to manipulate at least hypothetically
the levels of the cause) set the basis for what is called the experimental
account of causation (see, e.g., Rubin, 1974; Holland, 1986; Glymour,

1986; Steyer. Gabler, & Rucai, 1996; Sobel, 1995b). The probabilistic
account provides the basis to what is called the traditional SEM ac-
count of causation  (see, e.g., Simon, 1971[1954]: Boudon & Lazarsfeld,
1966; Blalock, 1964[1961]: Bollen, 1989). SEM stands here for Struc-
tural Equation Models, a statistical method very often used for causal

analysis. Accounts of causation based on counterfactuals and manip-
ulation are also used in a new development of the traditional SEM ac-
count. This account of causation is named the directed-graph account
of causation (Spirtes, Glymour, & Scheines, 1993: Pearl, 2000a).   The
directed-graph and the traditional version of the experimental account
have been recently shown to be closely linked, as they lead to equiva-
lent conditions for causal inference (Spirtes et al., 1993; Robins, 1995:
Galles & Pearl, 1998). Despite these similarities, all three accounts  are

presented here. Iildeed, it may be helpful to present the experimental
account of causation because it allows one to check carefully all fun-
damental assumptions made when measuring causal effects. It is also
helpful to present the traditional SEM account of causation because
it is very often used in practice. Finally, the directed-graph account is

interesting because it can be seen as a synthesis of those two accounts,
and  although  not many applications  have been performed  with  it  yet,
it seems to be very promising.

Note that other frameworks to draw causal inference can be used
such as counterfactual causal models based on event trees. As they
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are much less used in social sciences than the accounts of causation
mentioned above, these methods are not developed here. The reader
is referred to Robins (1987) and Shafer (1996).

2.2.1 The experimental account of causation
The experimental account of causation uses ideas similar to the ones
of the manipulative account but does not necessarily imply actual ma-
nipulation.  If a potentially provoked change in values of variable X
influences the value of variable Y, then there is a (causal) effect be-
tween the former variable and the latter. The fact that the variable
which is the cause (here, X) can attain other states and that this
changing of states produces a change of state in another variable is
fundamental.

Within this framework, Rubin (1974, 1978, 1980) developed a
model from which the assumptions needed to draw causal inferences
can be clarified. This model is often called the Rubin's model, or the
Potential Response Model, and is often seen as the traditional formal-
ization of the experimental account of causation. A simplified version
of this model is presented here (recent developments of this type of
model to complex settings can be found in Angrist, Imbens, & Rubin,
1996; Imbens & Rubin, 1997; Robins, 1997). After the presentation
of the experimental account, its assumptions are specified, and fur-
ther methods and assumptions necessary for its use in observational
studies are reviewed. Finally, a more recent formalization of this ex-
perimental account, called here the probabilistic experimental account,
is presented.

Traditional formalization of the experimental account

Suppose that the effect of a training program on the subsequent earn-
ings of the participants is studied. Let X be a random variable which
represents the assignment to the training program. Variable X is equal
to 1 if the individual did participate in the training program, and is
equal to 0 otherwise.  Let Q be the population of units indexed by
{u  :  u =  1,...,N},  and let  Qr  be the subpopulation of individuals
being assigned to the training z, for x = 0,1  (note that Qo A Ql = 0
and  Qo U f21  -  R). Let Y(Z) (u) denote the earnings of the individual
u  subsequent  to  the  training z  (for  z  = 0,1).

For the sake of simplicity in explanation, suppose first that the
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values   of both potential outcomes   Y(0)   and   Y(1) are known   for   all
individuals. The (causal) effect of the training on the earnings of
the  individual u could then be calculated by  Y(1) (u)  - Y(0) (u).   The

average effect of the training would be calculated as the expected effect
across all individuals,  i.e.,  Even (Y(1))  - E <n (YCI)).    This last effect

represents our best guess for the individual causal effect and is equal
to the individual causal effect if this effect is assumed to be constant
across all units (Holland,  1988).

However, these effects cannot be directly calculated, because tlie
realization of Y(1)  and Y(0) cannot be simultaneously observed  for  the
same  observation u: either u follows the training  (then u  E  Ri)  or  it
does not (then u e flo). One of the two values is always unobserved.
Indeed the following two-by-two table, indicating whether the realiza-
tions of the potential outcomes are observed, can be constructed:

Assignment to condition:
X=0 X=1

Potential outcomes: Y(0) Observed Unobserved
Y(1) Unobserved Observed

The impossibility of calculating Y(1)(u) - Y(0)(u) for any given
unit u has been described as the fundamental problem Of causal infer-
ence  (Holland & Rubin, 1983; Holland,   1988). In order to overcome
this problem, the expected treatment effect is estimated by the dif-
ference of the expected values yielded per treatment. In other words,

EticnCY(1)) - EuenCYCI)) is estimated by Iicni CY(1)) - E.Eno CYCO)),
witli E (y(I)) being the expected Y-value for the individuals as-

U€01·

signed to condition I. Whenever the estimation is unbiased and the
difference is not null, there is a causation "iIi mean" between the treat-
ments and the subsequent earnings, and the effects are called average
causal effects.

The conditions under which this last estimation corresponds to
the effect at the individual level (provided this effect is supposed to
be constant across individuals) have still to be clarified. However,
first, it may be illustrative to see why Eucn(Y(1)) - EucnCYC')) may
be substituted by E (Y(1)) - E (Y(0)).  Suppose that the IIliSS-

I€QI .EnO

ing values contained in variables Y(1) and Y(0) were missing at ran-
dom, i.e., that for each value I of X, the missing units form a ran-
dom subsample of QI· Suppose, furthermore, that for each missing
value YCI) (u)  for  unit  u. tile average YC'x)-value  of  the  units  having
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the Saine (other) characteristics as u. is imputed. This can be seen
as a conditional mean imputation, which leads to unbiased estimates
given the missing data mechanism considered. Indeed, it is easy to see
that if Eucil(Y(1)) - EttEnCYCO)) was calculable, it would be equal to
E ent CY(1)) - E €no CYCO)).

Therefore, the expected value E,en (Y(x)) can sometimes be esti-
mated by the mean of the units assigned to condition x i.e., by
Iy  Et,En   YC )(14),  with  Iflz I  representing the number of units in the
subpopulation $21. Yet, without any supplementary assumption, the
nlean of the units assigned to condition x estimates Eucnx CY(Z)), i.e.,
E(Y(x)IX = x), which can be quite different frOIIl E 'En (y(x)) =
E(Y(x)). The equalities ECY(0)1X = 0) = ECY(0)) and ECY(1)1X =
1) = E(Y(1)) can be obtained whenever there is independence between
the assignment (s) and the response (Y(I)), which happens in particu-
lar  if the assignment  to the levels  of X is randomized (Holland,  1986).
In this last case, the units chosen to be assigned to condition I can
be viewed as a random sub-sample of Q.  If the sign _LL denotes an
independence relation between the two sets of variables with which it
is used, the following result allows the equalities between conditional
and unconditional means  for  all  s:    (Y(0), Y(1))_[LX. In other words,
it is assumed that the information about the assignment of units of
a certain condition x is independent of their potential responses Y(x)
(observed)  and  Y(x')   (with  z'  4 I, unobserved).

Use of the traditional experimental account in observational
studies

In observational studies, it is necessary to find ways other than ran-
domization to obtain at least approximately comparable subpopula-
tions. Several methods available are described in Rosenbaum (1995b).
Before sketching some of these ideas, a precise description of the
strongly ignorable treatment assignment, the condition on which causal
analysis relies in observational studies, is presented.

Suppose that a group of variables on which treatment assignment
depends is denoted by Z and indexed by z. Tliese variables are of-
ten called covariates. The assumption of strongly ignorable treatment
assignment is defined as follows:
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Definition 1 Strongly ignorable treatment assigment (Sobel, 1995b)
Let X be the variable representing the treatment for which potential

responses are represented by Y(1) . The assignment to theand Y(Oj
levels  of X.   is  said  to  be  strongly  ignorable  given  Z  if:

•   X and  Z have a joint distribution
with P(X = zIZ = z) > 0, for all I and  z,

and
• the Y(.T.) are independent Of X given Z.

i. e., ((Y(1).YCO))_ILX)IZ,

Wheti these previous two assumptions are met, it is easy to show
that the following equality

E(y(z IX = x, Z = z) = E(YCI) Z = z)

can be obtained and makes sense (from the first assumption,  E(]cx) IX  =
z, Z = z) and E(Ycx)IZ = z) are uniquely defined). Suppose that fl:
and Q:r denote the subpopulations of individuals having the Z-value
z and the X-value 1, respectively.  If the assignment to the levels

of X is strongly ignorable given Z, the responses of the treatment
I can be estimated consistently for every level of the covariates by

In,An- 1  Zuen,nn   YCH(u).   Furthermore,  if the distribution of the  co-
variates in the entire population is known, the average effect can be
calculated. Usually. it is also interesting to see the different results iii
each level of the covariates.

An extension of the Rubin II10del to nonfinite sets of treatment has
been  developed by Pratt and Schlaifer  (1988). Tlie notion of strongly
ignorable treatment assignment is replaced by the observability condi-
lion.

The aSSUmption of strongly ignorable treatment assignment is of

great iniportance for nonexperimental data, as the assumption of ran-
dom  assignment is rarely justified (Sobel,   1996: 367). Although  I10
general test for this assumption has been found, Rosenbaum (1984,
1987) developed several ways to test it. under certain circumstances.

Methods to render the treatnient assignment strongly ignorable are
then methods to insert covariates in the model in order to obtain a
conditional assignment independent of the several response functions.
This can be done by tlie elaboration of stratified samples or matched
samples. Through sensitivity analyses. it may be possible to detect
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hidden bias indicating that the treatment assignnient is still Iiot ig-
norable. A precise description of these methods and an algorithm
to elaborate complex stratifed or matched samples can be found in
Rosenbauni (1995b).

Assumptions in the traditional formalization of the experi-
Inental account

When using the potential response model as formalization of the ex-
perimental account several assumptions should be IIlade in order to
measure the effect of treatments correctly. A description of each of
them is presented below.

The SUTVA assumption The Stable Unit Treatment Value As-
sumption (Sobel, 1995b: 26; Rubin, 1978, 1980), also named the no
interference between diferent units assumption (Cox, 1958: 19), is
the assumption, almost always made implicitly, that the response of
a unit to a given treatment does not depend on the treatments that
are assigned to the other units. This assumption may sometimes be
justified, but in some cases it can be difficult to sustain. For example,
when the phenomenon known as diffusion of the treatment occurs (see
Cook,  Campbell, & Peracchio,   1990:   507), the SUTVA assumption  is
not valid anymore.

Restrictions on the possible X-variables First, according to the
experimental account of causation, the variables that may be con-
sidered as causes have to be at least hypothetically manipulable in
the sample studied  and  in the entire population (Sobel,   1990:    499).
The idea that attributes, such as the variable sex witli categories
'man/woman', should not be seen as potential cause have been advo-
cated by, for example, Holland  (1986)  or Cox  (1986). The fundamental
reasoning behind this position is that attributes dejine each observa-
tion. Suppose, for example, that observations represent individuals.
By manipulating the value of the attribute of an individual u, this
individual is changed in its essence and becomes another individual
u'. Therefore, although these two individuals can be compared, this
comparison does not correspond to a causal effect on u, as an effect
on u is per definition related to two potential values of u.

Another standpoint, supported by. for example Glymour (1986), is
that attributes can be considered as causes if it is possible to imagine
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a satisfactory "thought experiment" that would allow the variation
towards other levels of this variable. Hence, referring to the moment
when the unit acquires the attribute allows us to use these attributes as
causes (Glymour. 1986). For example with the variable sex, it could
be possible to imagine a kind of lottery that would determine the
existence of X-chromosomes or Y-chromosomes at the precise moment
of the sexual differentiation of the fetus.

The precise definition of an attribute is at the center of this debate.
If indeed, the attribute is seen as an intrinsic quality of the individual
defining its identity, it cannot be used as a cause.  If an attribute is
not seen as an intrinsic property of the individual, it may be possi-
ble to use it as a cause when referring to the moment in which the
unit acquires the value of the attribute. By using the single-unit trial
from the probabilistic account of causation (defined  in tlie following),
this variation toward other states of the attribute can be naturally
defined. It correspond to the use of variable U. This variable contains
information about all characteristics of the individuals such as their
attributes but can be still seen as the realization of a random variable
for which all levels of the attributes can potentially occur.  Note that
this problem would not occur if the regularity or probabilistic ideas of
causation were used instead of the counterfactiial or manipulative idea
of causation.

Secondly, not all variables can be considered as causes, not be-
cause it is impossible to manipulate them. but because it may be
necessary to use them as covariates in order to complete the assump-
tion of strongly ignorable treatment assignment. Sobel (1990, 1996:
368) described some consequences of using a covariate as a cause.  For
example, assume that the assignment to the training prograni (X)
is randomized conditional on the gender (Z) of the units. If gender

(and not assignment to training) is assumed to be a cause of the earn-
ings, the potential outcomes are then Y(m) (for Potential men) and
Y(w)   (for  Potential  women). The assumptions  may  be, for example,

(Y(m). y(w))_LLZ or  (Y(m),Y(w))_U-Z  IX. These assumptions relate

potential outconies YCm) and YCW) to X and Z and are different from
the previous ones which related YCO) and Y(1) to X and Z. These

hypotheses refer thus to a different model and cannot be tested simul-

taneously from this method.
If gender and training programs are both assumed to be potential

causes influencing the amount of earnings received, the potential re-
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Sponse functions should be redefined as Y(:rz). each of the four potential
outcomes corresponding to a possible value of X and of Z (HollaIid.
1986). Tlie assumption  of Strongly ignorable treatment  assignmeIlt  is
tlien:

 y(Om),Y(Ow),Y(im),Y(lu,)  _LL(X, Z)

which is stronger than  (YCO), Y(1))1LX  IZ. 3 Note here also that all
interaction effects between the different causes on the consequence are
included directly in the model.

If the effect of treatment is supposed to be constant across the sex,
and the efIect of sex is supposed to be constant across the training
conditions,  then only Y(Om),  y(Ow),  and  Y(lm)  have  to be defined  (the
value of Y(lw) should actually be equal to Y(Ow) +Y(lm) _Y(Om)).  This
corresponds, in essence, to a potential response for the 'control' group,
a potential response for the 'sex' treatment group and a potential
response for the 'training' treatment group.

Additive measure of change RandoInization of the treatmeiit as-
signment is a sufficient condition to ensure an unbiased estimation of
the effect because these effects are supposed to be additive. i.e., be-
cause the model is supposed to be linear. For example, randomization
is  not a sufficient condition for multiplicative models (see Section  6.1).
The results obtained from the Potential Response Model are restricted
to those cases where the dependent variable is linearly dependent on
the independent ones.

A probabilistic formalization of the experimental account

Another way to test a causal hypotliesis with the experimental account
of catisation is to use a parameterization developed by Steyer et al.
(1996) and Steyer. Gabler, Von Davier, and Nachtigall   (2000).    This
relatively new formalization of tlie experimental account of causation
differs from the previous one iii two fundaniental aspects. Firstly, given
a value x of X and z of Z, whereas in the potential response Inodels
every observation is considered to have one value of the Y variable, in

.lIn the first conditional independence condition, the assignment to each of the
four conditions of (X x Z) is supposed to be at random, whereas in the second one
the assignment to one of the two categories of X is supposed to be performed at
raIidom for each level of Z.
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the theory developed by Steyer, Gabler, von Davier. Nachtigall, and
Bulil (2000), every individual is supposed to have a Y-value that is
drawn from a random distribution4 that may vary for every individual.

Secondly, in this formalization, in order to test the hypothesis of a
causal relationship, the concept of unconfoundedness is defined (Steyer

et   al.,   2000). An advantage   of this concept   is   that it entails weaker
assumptions than the strong ignorability condition (see Steyer et al.,

2000) and that it can be tested. Because of these advantages. this
parameterization is used in Chapters 4 and 6 to describe the problems
of measuring causal effects with multiplicative models for settings with
randomized treatment assignment.

Before defining the different types of effects used here, the stochas-

tiC model OIl which this theory is based is briefly presented (for a
more complete description see Steyer, 1992; Steyer  et  al.,  2000).   This
stochastic model is based on the single-unit trial from which the set of

possible outcomes can be represented as:

n = fl x QX X WY.

The set Q represents the population of units onto which a mapping
U : n » f-2 is defined. The treatment variable X is defined is a
mapping from R onto Rx and the outcome variable Y is a mapping

from fl onto Qi:  Note that U, X, and Y can be seen as random
variables. The single-unit trial consists of three steps. First, a unit u is
drawn from the population Q.  Note that the draw of the observation u
can be seen as an outcome of the (observational-unit) random variable
U.    Then.  this  unit  u is assigned to level/condition  S of variable  X.
Finally, the value V of Y for u assigned to condition ar is observed

(with Y being a numerical variable having a finite expectation and a
positive and finite variance).  Note that for every Unit 11, the conditional

expectation E(Y X) (i.e., E(Y X, U = u)), is already defined from this
single-unit trial. However. in order to estimate this value, these single-

unit trials have to be repeated given a certain sampling process (see

Steyer  et  al.,  2000).
Given this "experimental setting", three concepts of effects,  the

concept of unconfoundedness. and their interrelation, form the core of
this theory and are presented here. The first concept is defined at the
individual level and is called the individual causal eSect.

C :r)4 That would be denoted  11 u,   in the previous notation.
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Definition 2 The individual causal effect of z' versus z on (the ex-
pectation of) Y for the unit u is the diference

ICEL+L'(11) = ECY E X= 1.'. U =u) - ECY I X= I, U = u).

With the subscript 'z-+3·'' indicating that this quantity results from  a
difference of a quantity observed for condition X = 15' and quantity
observed for the reference condition X = z. Note tliat U represents
a variable that differentiate all individuals in Q, yet, because of the
experimental setting presented above, U is a random variable (Steyer
et al., 2000).

Here too, the fundamental problem of causal inference can be illus-
trated by the fact that ICE:r_»:r, (u) cannot be calculated because, even

if E(Y I X=z,U=u) andE(YIX= 2, U=u) are simultaneously
defined, only one of the two is observed. The solution to overcome
this problem would be to estimate the average of the individual causal
effects (Neyman, 1990[1923]:  470, 1935; Rubin, 1974; Holland, 1986).
This quantity is called the average causal efect.

Definition 3  The average causal effect of x' versus x on (the expec-

tation Of) Y is dejined as

ACE:r_.:r, =E  [E(YIX= a.·',U= u)-E(YIX=z,U= u)]P(U =u)
u€ fl

This second concept provides, given certain conditions, the best
approximation of the individual causal efect by calculating the average
of all individual effects in the population. However, this concept is
not directly observable either, as it is the average of nonobservable
quantities. The third fundamental concept is a difference of observable
quantities and is called the prima-facie elrect.

Definition  4   The prima-facie effect  of z'  versus z  on  (the  expectation
of)   Y    is   defined   as

PPE.il+I, =E(Y I X= x')-E(YIX= :r).
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The difficulties of causal inference can then be summarized as fol-
lows. The individual Causal efect  is the concept of interest,  yet,   only
the prlima-facie elect can be measured. The problem of interest, then,
is to know under which conditions the prima-facie efect equals the av-
erage causal efect, which is the best approximation of the individual
causal effect. i.e., the conditions for which the equality

PFEr--'r' = ACEI--:*3:' (2.1)

is verified.
A sufficient condition for Equation 2.1 to be true is: X and U are

stochastically independent, which may be obtained experimentally by
randomization.

Another sufficient condition for Equation 2.1 to be true is: E(Y I
X, U) = E(Y I X),i.e., that Y is X-conditionally regressively inde-
pendent of U . Contrary to the stochastic independence of X and U,
this condition cannot be experimentally obtained.

A third sufficient condition is the unconfoundedness condition, i.e.:
E(Y I X) is unconfounded (Steyer et al., 1996). A confounder Z is a
continuous or categorical variable which can be obtained by a certain
transformation  of  U   (i.e.    Z=f (U)),  but  not  by a certain transfor-
mation of X, and that is, in general, necessary to take into account in
order to ensure Equality 2.1. The notion of unconfoundedness can be
defined (or equivalently characterized) as follows:

Definition 5 Unconfoundedness  of a treatment regression  (Steyer et at.,
2000: Definition 1)

The treatment regression E(Y I X) is said to be unconfounded if and
only if for each  value  z   ofx:

Pix = TIU = U) i P(X = I) for each value u of U

0T

E(YIX = z, U = u) = E(YIX = z) for each value u of U.

Theorem  1   Unconfoundedness of a treatment regression  (Steyer et at.,
1996: Definition 4; Stever et at., 2000: Theorem 2)
(i) The treatment regression E(Y I X) is said to be unconfounded with
respect to a potential confounder Z if and only if

E(YIX= I)=ZE(YIX=x.Z=z)P(Z=z), (2.2)
Z
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for each value x  of X.
(ii) The treatment regression E(Y   X) is unconfounded if and only if
it is unconfounded with respect to all possible potential confoundeTS.

The unconfoundedness condition is in fact weaker tlian the first
and  the second conditions (see Theoreni  1 from Steyer  et  al.,  2000).

Note that the assumption of linear dependency5 allows slightly
more general results: they do not depend on the reference value 25 of
X. Indeed,

ICEI-+I+6      -    ICE:r"-*z"+4  = ICE ,
ACEI-+I+6    -    ACE:r"-+Z"+4  - ACE4,
PFET-,1·+5,.     =    PFET"-+1·"+4  - PFE4.

The results found between ICE:r-*1:+6, ACEI-+2+6, and PFEz-+=+6:r
hold for any value 1," of X  and can thus be directly applied to ICE4,
ACE4, and P.FE4. Note that this is not possible anymore for non-
linear models.

It is important to note that in order to have E(Y I X=z,U= u),
uniquely defined, the probability P(X = x, U - u) has to be strictly
positive (Steyer  et  al.,   1996). This implies  then,  that all individuals
can  potentially be assigned   to all categories  of X, which  is  only  true
before the assignment of the treatment (hence the prefactual nature
of the ICE concept).  In the same vein, for any confounder Z, the
property P(X = z, Z = z) > 0 should be true for all values z and z of
X and Z.

A problem that may arise when using this formalization is that
unless all relevant confounders are taken into account, there may ex-
ist variables that may prevent an unbiased estimation of the average
causal effect without being confounders (see Steyer et al., 2000). Fur-
thermore, assume that Y is only potentially influenced by X, V, Iii/,
and Z and suppose that all effects between variables V, W, X, Y, and
Z, are depicted by arrows and shown in the graph in Figure 2.1. Then
the value of the effect of X on Y, calculated from E(YIX), changes
whether or not it is controlled for W (i.e., E(Y X) 96 E(YIX. W), see

Spirtes, Richardson, Meek, Scheines, & Glymour, 1998; Pearl, 1998b).
However, if Z is taken into account, W does not influence anymore the
prima-facie effect value. However, as Z and X are independent, Z does
Iiot confound the effect of X on Y, and, in principle, does not need to

si.e., E(YIX) =a t bX.
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Figure 2.1: Graph in which W should not be controlled to establish
the size of the influence of X on Y.

be taken into account. Note that this problem may be solved by as-
suming that, for every variable Z considered as potential confounder,
there  is an arrow between  Z  and  Y  in  G (see Pearl, 2000a: 185-194).

With the exception of situations such as the above, the notion
of confounder is much more restrictive than the notion of variable
hindering a satisfactory approximation of the average causal effect by
the prima-fatie effect when it is not taken into account (as instances
of "incidental" unbiasedness can occur, see Steyer et al., 2000).  If
one is willing to assume that all potentially causal relationships can
be summarized by graphs such as the one in Figure 2.1, two accounts
of causation have been developed and are presented in the following
SectiOIls.

2.2.2 The traditional SEM account of causation

Stemming  from  the seminal works of Spearman   (1904), who studied
the relation between observed variables and latent constructs, and of
Wright (1921,1923) who introduced path analysis, Structural Equation
Models (SEM) became increasingly popular in social and behavioral
science researches in the 70's and 80's. The increased interest in these
methods was probably due to two factors. First, in the beginning of
the 70's, a general framework for path-analytic models between un-
observed variables obtained from measurement models was presented
by Jureskog (1973), Wiley (1973). and Keesling (1972). This frame-
work, corresponding to a possible parameterization of SEM II10dels,
was known as the JWK model. Second. the first versions of LISREL,
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(a) Causal graph without interactioii.
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(b) Causal graph with interaction between Y and Z on T.

Figure 2.2: Causal graphs between X, Y, Z, and T.

a program from Jureskog and S8rbOIIl in which SEM models could be
estimated from real-world data sets, were developed and increasingly
used (for a more extensive review of the origins of SEM see Bollen,
1989: 4-9).

Beside these technical developments, the works of, among others,
Simon (1971[1954]), Blalock (1964[1961],1963), Larzarsfeld (1954). and
Boudon (1968,1995[1969]; Boudon & Lazarsfeld, 1966) set the bases for
possible causal inferences on relationships modeled with these SEMs.
The account of causation presented here stems from ideas presented in
tlie aforementioned works. Hence, although this account of causation
may be applied to many models other than SEMs, because of its devel-
opment parallel to SEMs and of its wide use in studies using SEMs, it is
referred to as the t,aditional SEM account of causation. Before defin-
ing this account of causation, the representation of systems of causal
relations by path-analytic models, common in this account, is briefly
introduced liere. A causal structure C between different variables is
represented by a graph G, where the vertices denote the variables, and
where there is an arrow from oiie variable X to a variable Y if X is a
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direct cause  of Y. For example, in Figure  2.2(a),  X   is a direct cause

of Y and Y is a direct cause of T, but X is not a direct cause of T.
The arrow between Y and T in Figure 2.2(a) represents a causal

relationship that is constant across each possible value of other vari-
ables (across the levels  of  Z, for example).    If the effect  of  Y   OIl  T
varies across the levels of Z, the assumption of constant effect can-
not be sustained anymore. An interaction effect between Y and Z
on T is said to occur. Note that this interaction effect is depelideiit
on the ineasure of the effect chosen (for an illustration see, e.g., Aris
&  Hagenaars,   2000). The interaction is represented  in the graph  as
standardly done in graphical representations of loglinear/logit models:
a node connects the edges Stemming from the variables that are sup-
posed to have an interaction effect, and an arrow links this node with
the variable supposed to be caused (Goodman, 1973. 1974; Hagenaars.

1990:  77). If there is such an effect between Y and Z influencing T.
tlie graph of the relationships between the variables is represented by

Figure 2.2(b).
Finally, the SUIIl of the effects of all variables not included in tlie

grapli and of a "truly" random component are supposed to be rep-
resented by the error terms. For example, in the graph shown ill
Figure 2.2(a), the sum of the (partial) effects of all variables outside
the graph on Y and of the randoni coinponent is denoted by <Yr.

Definition of the traditional SEM account of causation

The SEM account of causation uses the philosophical ideas of causation
belonging to the traditiOIl of the probabilistic accounts of causatioti

(see  Suppes,  19701  Salmon,   1980). Tlie approach  of the SEM account

proposed by Bollen (1989: Chapter 3) is presented here.
Suppose that two variables X and Y are measured in the entire

population. Before the relationship between X and Y may be qualified
as causal, three successive prerequisites have to be met: isolation of
Y from all other variables except X and the variables in the II10del,
association or covariation between tlie two variables X and Y given
tlie other variables, and direction of infuence from the cause toward
the effect. These prerequisites are developed in more detail iii the fol-
lowing.
• The isolation assumption states that variables outside the model do
not have any influence on Y. i.e.. that the error term < is a -trtily"¥- X

random component (thus uncorrelated   with any otlier   one).      This
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assumption is almost always considered as an "unobtainable ideal"
(Bollen,  1989:   41),  and  a less  stringent  assumption (but still sufficient
for causal analysis) called pseudo-isolation is often used instead. The
pseudo-isolation assumption can be decomposed iIltO two requisites.
The first requisite is that the total influence of variables outside the
II10del on the dependent variable and of the random component may
be modeled in the form of a random disturbance terni having null ex-
pectancy, i.e., that < is random and has null expectancy. The secondP.V

requisite is that the efTect of X on Y is  "isolated"  from the effect of the
random disturbance on Y, i.e., that X and < are orthogonal. As a¥- x
consequence, if the second requisite is fulfilled,6 the value of the effect
of X on Y does not depend of values of the random disturbance (see,
Bollen,  1989:   43).   The two requisites of the pseudo-isolation condition
are fulfilled when the assignment to the levels of X is randomized.
• The association assumption states that a nonzero association be-
tween X and Y, net of the influence of other variables within the
model, can be established.
• The direction of cansation assumption states that there is evidence
of a causal orderiiig in which the occurrence of the cause X precedes
the  occurrence  of the effect   Y.

Note that these requisites are similar to tlie ones given by, for
example, Mellenberg  (1999) and Saris  (1999),  and  are very often  used
in applied research. However, it is important to keep in mind that
the SUTVA assumption is also necessary here. As this assumption
has already been described in Section 2.2.1, only problems linked with
three prerequisites are detailed here.

Problems linked with the three prerequisites
The tliree prerequisites presented above may be difEcult to meet. In
real life, the isolation prerequisite is almost never attainable as most of
the systems cannot be seen to be strictly included in a vacuum. Hence,
the isolation assumption often relies on the unverifiable (but still falsi-
fiable) assumption that all relevant variables have been included in the
model. Although the pseudo-isolation prerequisite may also be difficult
to meet, the conditions for its fulfillment can be obtained (for linear
models without interaction efTect) by randomization  of the assignment

sThe statistical models used to measure the dependencies, such as the linear
regression models, usually assume  that the effect  of X  on  J'  is  the same for every
level of any other variable, thus also of the random disturbance.



30                                                                Modeling causality

CZY X

'1

X\ 5   Z

Y

Figure 2.3: Causal model between X, Y, and Z.

to the level of X. However, if no randomization has been performed,
problems such as omitted variables and correlated disturbances may
threate11 the accuracy of the results. The problem of omitted variables,
also known as "third variable problem", is developed in the following.

Suppose that the "true" relationship between the variables X,Y,
and Z can be represented by Figure 2.3.  If the relationships are sup-
posed to be linear and this system is pseudo-isolated, the following
equations:7

Y = 7Ylx X + <yx,
(2.3)Z = 7·Zip.Y + 7.ZIXX + <ZYX .

can be deduced with COV(X,<yx)=0, COV(X,<ZYX)-0, COV(Y,<ZYX)=O,
and Cov(<, x AZYX )=0, with Cov(.,.) denoting the covariance between/

two variables.
Suppose that X is not included in the model, the relationship be-

tween Y and Z is represented by the following equation:

Zly
Z =7*   Y + Czy ,

with <z¥.  =  7Zix X + <ZXY . Hence. Cov(Y,<zy ) is not null except if
ZIX ¥-1 x

7    or 7 equal zero. Similarly. the estimate of the effect of Y on Z
Zly

is different from 7 . The ordinary least square estimate of the effect

of Y upon Z is actually (using Equations 2.3)
Zip. zly + 7ZIX Cov(X, Y)/Var(Y)7*    = Col,(Z, Y)/Var(Y) = 7

7In order to be consistent with the notation of effect coefficients of all statistical
models presented later, the labels of the variables corresponding to each effect
coefficient are written in superscript. For example. the effect coefficient  of X  on  6 -

YIXis written 7 instead  of the more Common notation  7 y i x·
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ZIXIn most cases, therefore, the estimator of 7* leads to a result dif-
ZI)ferent from 7   . In order to obtain the correct estimate of the (di-

rect or total) effect of Y on Z, it is necessary to control for X.  If
Y is the variable representing the treatment and Z the response, X
should be controlled for in order to obtain conditional independence
between the treatment assignment and other characteristics of the in-
dividuals that can be considered to be contained in the residual term.
In other words, (Y _LL < ) IX holds whereas  (Y   11-   <yz )  does  not¥ZX
hold. Note that this is equivalent to the second condition for ignor-
able treatment assignment (see Section 2.2.1, and rejoinder from Pearl,
1995).   Hence, the omission of one variable leads to the violation of the
pseudo-isolation assumption and to the estimation of values different
from the ones wanted.

Given the acceptance of pseudo-isolation, problems linked with the
association prerequisite that should be verified between the causing
variable and the effect variable may occur. They may result from, for
example, multicollinearity, sampling fluctuations, measurement errors,
heteroscedasticity or autocorrelations of the disturbances. And finally,
once the prerequisites of pseudo-isolation and association have been
met, the experimenter should focus on the direction of influence. Since
Hume   (1978[1739]),   the time precedence condition, stating  that   the
cause should precede the effect iii time, is required. However, apart
from this condition, researchers often need other convincing evidence
for determining causal direction.

2.2.3 The directed-graph account of causation
The directed-graph account of causation is a recent elaboration of the
traditional SEM account of causation and can be seen as the synthesis
of the traditional SEM account of causation and the experimental ac-
count of causation. Before presenting this account of causation, some
notions about directed graphs are introduced.

Basic Graph Theory notations

A graph G in an ordered pair G = (U, V) where U is a set of vertices.
and V is a set of edges. Each vertex of U represents one variable.  Ele-
ments of V are edges between vertices representing relations between
variables, for example X and Y, which may be of two sorts:
• arrows (X -4 Y) when X is causally connected with Y,
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Figure 2.4: A simple DAG.

• bi-directed arcs (X e - -+ Y) when the errors of measurement of
X and Y are correlated (i.e., when a factor possibly related with X
and  Y   has been omitted, for example).    When  such  an  arc is repre-

sented between two variables in the graph, no error terms are drawn
from these variables as they are already included in this bi-directed
arc. For example, in Figure 2.4 there is an arrow and a bi-directed arc
between X and Y, and there is an arrow between Y and Z.

Two vertices X and Y of G are said to be adjacent, if and only
if there is an arrow or a bi-directed arc between them (i.e., X -4 Y,
Y -4 X, or X e - -4 Y).

Given a vertex Y, all vertices X so that there is an arrow from X
to Y (X -* Y) are called parents of Y. Similarly, all vertices Z so that
there is an arrow from Y to Z (Y -+ Z) are called children of Y.  The
sets Par(Y) and Child(Y) represent the sets of parents and  children of
the vertex Y. Note that bi-directed edges are not taken into account
iii these relationships.

A path between two vertices X and Y is a sequence of edges begin-

ning  with  X and ending  with  Y,   such  that for every   pair of vertices
that are consecutive iIi the sequence, there is an edge between them,
i.e., every two consecutive vertices are adjacent.  If all edges are di-
rected (no matter which direction  they  have),  the  path  is  said  to  be
directed,  if some edges are undirected the  path is said to be undirected.
A descendant of a vertex Y is any vertex Xi so that there is a directed
path from Y to Xi and that all arrows from the path have the same
orientation. starting  by  Y and ending  in  Xt.   The set Desc(Y) denotes
the  set  of all the descendants  of the vertex  Y.

A directed cycle is a path formed from a set of edges which con-
tains at least one vertex more than once. A Directed Acyclic Graph
(DAG) is a directed graph that does not contaiii any directed cycle.
A Markovian model is a DAG in which all error terms are mutually
independent (i.e., there are no bi-directed arcs). Markovian models
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are traditionally called Te(117'Sive models in the SEM literature (Bollen,
1989). The graph depicted  in  Figure  2.4  is  a  DAG  but  not the graph
of a Markovian model.

The assumptions contained in the grapli are of two types which can
be expressed in an intuitive way as follows (for more technical details
see Pearl, 2000a: 191):
(i) every missing arrow between two variables X and Y represents the
assumption that X does not have an effect on Y once the parents of
Y are held constant.
(ii) every missing bi-directed arc between X and Y represents the
assumption that there are no COIIlII1On causes for X and Y, except
those shown in G.

Finally, different functions can be associated with each arrow /
bidirected arc of the diagram G (e.g., in LSEMs the functions are
linear regression equations) and different probability distributions can
be associated with the variables in G having no ancestor/parent. An
instance of probability distributions for the variables in G having no
parents and of functions for each arrow and bi-directed arc is called a
parametrization of G (Pearl, 2000a: 191).

Presentation of the directed-graph account

The directed-graph account stems from the theory of graphical mod-
els originally developed by. among others, Darroch, Lauritzen, and
Speed  (1980). The latter theory is based  on  the  use of conditional  in-
dependence constraints to determine the structure of the associations
between several variables. It has been modified by Spirtes et al. (1993)
and Pearl (1995, 1998a, 200Oa) in order to provide a satisfactory basis
for causal inference.  The main ideas of the directed-graph account
of causation are presented here. More complete presentations of this
theory, and of its technical aspects can be found in Pearl (1995, 1998a,
2000a). The identification of causal effects  in the directed-graph  the-
ory is based on two fundamental notions: the d-separation and the
do(.) operator. The d-separation is primarily used to check the iden-
tifiability of the effect, whereas the do(.) operator is used to calculate
the effect when identifiable. Before presenting the conditions for iden-
tification and calculus of a causal effect. the notion of d-separation is
introduced.



34                                                            Modeling causality

The concept of d-separation and its use The notion of d-separation
is first presented for a given path p.

Definition 6 (d-separation of a path p by a set of variables Z)
A path p is said to be d-separated by a set of edges Z if and only if:

•  p contains a chain X -> Z -0 Y or a fork X e Z -+ Y
such that Z is in Z;

or

•  p contains an inverted fork (collider)  X -4 T » Y such

that  T   is  not   in  Z.

Concretely, a path is d-separated if there are two vertices X and Y
in the path that are conditionally independent given Z. For example,

in Figure 2.5. the path X- *T- +Y»Z, between X and Z i s d-
separated by Z = {T}, but not by Z = {Y} or Z = {T, Y}. The
definition of d-separalion Call be extended to two sets of variables X
and 7, as follows.

Definition 7 (d-separation of X and 7 by Z)
Let X. 7, and Z be three sets of variables.  Z is said to d-separate X
from Y if and only if Z d-separates every path from an edge in X to
an edge in y.

For example, in Figure 2.5, the sets X = {Z} and Y = {T} are
d-separated by Z =  {X} but not by 2  =  {Y}  or by Z  =  {X, Y}.
Using these definitions, the first theorenl can be presented.

Theorem 2 (Geiger, Verma, 81 Pearl, 1990)
Suppose that X , 7, and Z represent three sets of variables.

If X and 3 are d-separated by Z in a Markovian graph G, then X is
independent of y  conditional on Z in every parameterization  of G.
If X and Y are not d-separated by Z  in a Markovian graph G,  then X
and Y are not independent conditional on Z in almost all parameter-
izations of G.

With some modifications, the d-separation criterion can be used in
DAGs (by replacing any bi-directed arc X +- - -+ Y by a latent com-
mon parent X e Ll -+ Y, see Spirtes, Richardson, Meek, Scheines, &
Glymour,  1996),  and in graphs containing cycles (Koster,  1996).

Note the "almost all" in the above theorem.  This is due to a
certain number of parameterizations for which the effects cancel out
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(see Spirtes et al., 1993:  68-69 ; Pearl, 1998a). For these instances, the
presence of certain conditional independences, such as. X_LLY 12, does
not correspond to the property that X and Y are d-separated by Z.
An example of these instances is given by Scheines, Spirtes, Glymour,
Meek, and Richardson  (1998).    Here,   the assumption, called faithful-
ness  assumption by Spirtes  et  al.  (1993),  is  made that these instances
do not occur for the model studied. This assumption is equivalent
to the assumption that there are no spurious zero associations (con-
ditional  on  Z). The question  of the relevance  of the instances ruled
out by the faithfulness assumption may be raised, and this especially
when dealing with samples. Indeed. if the value of the zero-conditional
correlation is tested on samples. instances of non-perfect-spurious-zero
association may still appear as instances where the variables are condi-
tionally independent. Furthermore, if the process described represents
an equilibrium and the effects coefficients are rather stable, the faith-
fulness assumption may become problematic (see Woodward,  1998).

Given the faithfulness condition, the set of conditional indepen-
dences is equivalent to a set of d-separation conditions. Identifying
this set of conditional independences is of prime iInportaIice as it is
used to determine the identification status of the effects calculated
later. Furthermore, for Markovian models this set of conditional inde-
pendences can be used to define classes of observationally equivalent
models (Verma & Pearl,   1990). The property of observational equiv-
alence can be described as follows: two models are observationally
equivalent if each probability distribution generated by one of them
can also be generated by the other. Hence, these models are indistin-
guishable with respect to their fit to the data.

Identification and calculus of the causal effects The causal
theory developed by Pearl (1995, 1998a, 200Oa) is based on the iden-
tification and estimation of several (conditional) probability distribu-
tions and can be applied to nonparametric models.8 Here, in order to
present the ideas contained in this theory, the case of linear models
(with continuous variables) is almost always considered.

Let X and Y be two continuous variables. The symbol "do(X =
I)" used in the following indicates that the value I of X has been
set externally (Pearl, 1998a). Hence,   E (Y  =  vido(X  = z)) denotes

BIn nonparametric models the functional form of the dependencies and of the
disturbance terms remains unspecified (Pearl,  1995).
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Figure 2.5: A causal graph between X, Y, Z, and T.

the expected value of Y that is obtained from the original system
of equations where the equations with X as dependent variables have
been removed, and the value T has been assigned to X in the remaining
equations.

The change in the expected value of Y after an intervention in
which the value of X have be changed (after an external interven-
tion modelized by the 'do(.)' operator) from i· to T + 1, may be
different from the difference in the expected value of Y found when
X=x t l i s observed rather than when X=z i s observed.  As-
suIning a linear relationship, the first quantity can be denoted by
E(Y= V do(X =x+ 1)) -E(Y= yldo(X = z))  and the second by

E (Y = VIX =x+1) - E (Y = v X = z).  For example, considering
the model shown in Figure 2.5, suppose that the equations are

X      =      7x I Z Z  +  <.r z

T   -  7Tix X + CTx
Y                     7F1T  T   +  7Ytz   Z   + 771* X+CYTZX*

According to the definition of do(.), E (Yldo(X = z)) is equal to
E (YIX = 13) in the system of equations:

T    lnX I + (Tx
Y   =   7pITT  . 7¥Iz Z + 7'-1xx + <Yrzx·

Therefore. given the II10del corresponding to the previous system of
P   [T        T I Xequations, the following equality: E (Yldo(X = z))  =  (7   7

7¥Ix)x + 7
YIZ

E(Z) holds. However, for the complete system of equa-
tions. E (YIX = x) is equal to (7¥"17'77'IX + 771.X):r + 7¥IZE(ZIX = z).
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The idea of "manipulability" of the causing variable X 011 Y is
associated with E (Y do(X = z)) but not with E (Y X = I).  At this
point note that for linear niodels the quantity E (Yldo(X = z')) -
E (Yldo(X = z)) denotes the total effect on Y of the change from s
to x' in X. Direct and indirect effects can be also considered. These
three types of effects are defined more precisely as follows.

Definition 8 Causal eiTects (Pearl, 1998a,Pearl, 2000c)
Given a causal model M represented by the graph G, and two variables

X  and Y,

• the total causal efect of X  on Y denoted by P (Y = yldo(X = x))
is the set of probabilities of Y=v induced by deleting from the
model all equations where X is dependent, and substituting X bv
the  value  'z' in  the  remaining  equations,  for  all xs  and vs.

• the direct causal effect of X  on Y  denoted bu
P  Y = yldo(X = x),do(Sy_  = s)) , with 61.2 being the set of vari-
ables other than X that are parents ofY, is the set of probabilities
(for all xs and uS)  of Y - 11 induced by deleting from the model
all equations where X is dependent, substituting X by the value
'x'  in   the   remaining   equations,   and holding constant   all  other
variables.

• the indirect causal ejfect of a change from z to s'  Of X on Y
mediated by a variable T, denoted I I (YITz_+1:'), is the change
in distribution of Y that follows (only) from the change of T
induced by the change from T to z'  of X.

Note that the direct effect of X on Y should be calculated for each
combination of values of the variables in  Par In linear mod-

(331) I
els (without interaction effects) all such effects are the same. The
direct, total, or indirect causal effects of X on Y are said to be iden-
tifiable in model M if the quantities P  Y = vido(X = x),do(Sir = s) ,
P (1. I. VIdo(X = r)),  or  IM  (Y|Tz-+I')  can be computed uniquely  from
the probability of the observed variables in U, respectively.

For Markovian models  (such as recursive  SEMs),  as all dependen-
cies are identifiable, all causal effects are identifiable and can be com-
puted directly by using the conditional probabilities of the variables
given their parents. For example, with the Markovian linear model
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in Figure 2.5, if all variables are supposed to be measured as devia-
tion from their mean, the total effect of the increase of one Unit in X
corresponds to the increase of E (lydo(X =I+ 1)) -E (Yldo(X = z)) =
YIT TIX YIX
7 7 +7 units in Y.

For DAGs, not all effects are estimable and some criterion should
be used to check if identifiability of the effect is possible. Considering
two variables X and Y in a linear DAG G, conditions for identifiability
of the direct, total, and indirect effects of X on Y are presented in the
following theorem.

Theorem 3 Identifiability  of causal  effects  in a linear DA G G (Pearl,
1998a,2000c)

•  Identifiability of direct efects (Usingle-link criterion").
If there exists a set of variables Z such that:

1. 2 contains no descendants OfY,
2.  Z d-separates X from Y in the sub-graph formed by deleting

from  G the arrow from  X   to  Y,
then, the causal elfect of X on Y is identijied and is given by
(for continuous variables): Cov(X, Y 1 2) .

•  Identijiability of total efects (:'back-door criterion").
If there exists a set of variables Z such that:

1.2 contains no descendants Of X,
2.  Z d-separates X from Y in the sub-graph formed by deleting

from G all arrows emanating jrom X.
then, the causal effect of X on Y is identijied and is given by
(for continuous variables): Cou(X, Y 12) .

•  Identijiability of indirect effects,
The indirect efect of X on Y mediated by T is identijiable if the
effect of variable X on T (i.e., P (T=tldo(X =z))) is identi-
jiable and if the ellect of the product variable of X and T on Y
(i.e., P (Y = v do(X = s),do(T = t))) is also identijiable.

With COV(X, Y  I Z) being the covariance of X and Y controlling
for Z.  For example, the total and direct effects of X on Y are not
identifiable for the graph G from Figure 2.6. Indeed, because of the
double-headed arrow between  X  and Y. variables  X  and  Y  are  not
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Figure 2.6: A graph with nonidentifiable total effect of X on Y.

anymore d-separated (either by Z = {Z}, or by Z = {0}) in the sub-
graph formed by deleting from  G all arrows emanating from  X,  and
in the sub-graph formed by deleting from G the arrow from X to Y.
Finally, the indirect effect of X on Y mediated by T is identifiable in
the model shown in Figure 2.5 but not in the one in Figure 2.6.

The "back-door criterion" still holds for nonparametric models and
when the total effect is estimable, it can be calculated by (Pearl, 1998a)

P (1' = vido(X = z)) =I P(Y= VIX =Z,2=z)P(Z=z) (2.4)

Z

Tlie identifiability conditions presented in Theorem 3 may not be
fulfilled although the effect can still be estimable. AI10ther criterion,
named the "front-door" criterion, has been developed and is presented
next for the nonparametric framework:

Theorem 4 Identijiability of total efects (front-door criterion) (Pearl,
1998a)
Consider two variables X and Y in a causal diagram G.  The total

efect of X on Y is identijiable if there exists a set of variables Z such
that:

1.  2  d-separates X  from Y,

2. there is no back-door path between X and Z,
3. every back-door path  between  Z  and  Y is blocked  by  X,

then the causal efect P (Y = yldo(X = x)) of X on Y is identified and
can be calculated by
E=P(2 -Z|X = z) Ez, p(r= y|X iT'.2 =Z) P(X=Z').
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Figure 2.7: Causal effect estimable by the front-door criterion

For example, with this theorem the effect of X on Y in the graph

of Figure 2.7 can be estimated and is equal to

E  p(z = zIX = z) Z [p CY = vix =z', z =z) p (x = z')]  .
z                                               d

For rules on symbolic calculus facilitating the identification of causal
effects  in this framework, see Pearl  (1995).

Note that the definition of causal effect in this account (see Defi-
nition 8) actually corresponds to certain building blocks on which the
'final' causal effects are calculated. These 'final' effects are actually the
ones of interest. For linear models, the total and direct effects of X on
Y can be obtained by the derivation of these conditional distributions
given I, i.e.,

OP(Y1do(X=x)) and                      '
Op  rldo(X=tr),Sy-ir -s' 

8/ BI

respectively. For example, the direct effect of X on Y iIi the graph in
Figure 2.5 is

OP<yido(X=r),s¥x.-(t,z)  _ a<7'.17'1+7Ylzz+7¥.IXI,1)     YIX
BI                       - Bz =7

However, the conditions for which these final causal effects are esti-
mated without bias may not be similar. They depend on the type of
functional dependency chosen. Indeed, the collapsibility conditions are
not  the  same  for linear models  and for logit models (see Chapter  6).
Consequently. the last results may be restricted to linear or certain
nonlinear models.
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The role of graphs and bi-directed arcs in the inference pro-
cess

Graphs are used first of all in order to clarify and not to prove or hide
the assumptions that have been nlade during the study, and secondly
(provided the first step is satisfactory) to help the user in estimat-
ing effects given the causal structure assumed and the data available.
This  is  in  line with Wright's statement (Wright,   1923: 240): "prior
knowledge of the causal relations is assumed as prerequisite",  or  the
statement in Pearl (1995):  results   must   rest on causal assumptions
shown in the graph, and these cannot be tested in observational stud-
ies".  Indeed, as Pearl (200Oa: 163) noted, "bidirected arcs should be
assumed to exist by default".   It is, therefore, very important  to  be
aware of the assumptions entailed by the use of a certain graph where
not all possible bi-directed arcs are present.

Indeed, at least one bi-directed arrow should be absent from the
graph in order to be able to estimate at least one effect. For example,
all simple graphs depicted in Pearl (1995: Figure 6), where at least one
effect can be estimated, have at least one bi-directed arrow missing.
This could be obtained by experimental conditions such as random-
ization but may rely mainly on subject-specific assumptions. Hence,
in a way, the graph can be seen as a device summarizing the infor-
mation about nonrelationships between variables (absence of arrows),
and nonsystematic/noncorrelated errors or measurement (absence of
bi-directed  arcs). This information is taken  as a primitive.

2.2.4 Links between the directed-graph account and the
other accounts

Although the level of technical elaboration of the accounts may dif-
fer,9 many correspondences exist between them. This section under-
lines some similarities by focusing on the relationships between the
directed-graph account and the other ones. As a consequence, cer-
tain assumptions that are made tacitly when Using the directed-graph
account of causation are clarified.

'For example, the SEM-account consists of the direct translation of the idea of
causation from regularity theories. The three conditions required cannot be tested.
Hence, this account can be considered to have a low level of technical elaboration.
On the other hand, the probabilistic experimental account, in which methods have
been developed to test conditions (absence of confounders) in which causal effects
can be estimated can be considered to have a high degree of technical elaboration.
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Link with the traditional SEM account The assumption of
pseudo-isolation (Bollen, 1989) can be shown to derive from certain as-
suniptions made in the directed-graph framework. Indeed, each pair of
vertices that does not have a bi-directed arc is supposed to be pseudo-
isolated from the variables outside the model given the variables inside
the model. In other words, for all pairs of variables that are not related
by a bi-directed arc, all relevant variables (such as a common cause
for both variables) have been included in the graph.

In particular relations between any couple of variables in linear
Markovian models are supposed to be pseudo-isolated. This is a con-
sequence of the property of parent screening (Pearl, 1995, 1998a).
This property states that a variable X is conditionally independent
of all variables that are not descendants or parents of X (variables iii
U \ (Par(X) U Desc(X))) given its parents (i.e., given Par(X)). This
is, in essence, the idea that the parents of X isolate X from other
influences. This is a rather strong and fundamental assumption in the
directed-graph account which, except in very specific cases, relies on
subject-specific hypotheses.

The formulae of the causal effects that can be obtained from The-
orem 3 are generalizations of the idea of the association prerequisite
(or nonzero association  net of other influences). Indeed.  in  the  equa-
tions from Theorem 3, Z is the minimal set for which it is sufIcient to
control in order to obtain an estimate of the asymmetric association
between the cause X and the effect Y net of other influences.  If this
estimate is not equal to zero and the causal prerequisites are fulfilled,
the estimated causal effect exists and is equal to this estimate. Thus,
the idea of association or of constant covariation is also an intrinsic
assumption of the directed-graph account of causation (Woodward,
1998).

Spirtes et al. (1993) proposed an automatic procedure, allowing
one to partially or completely determine the direction of causation in
certain cases. Indeed, by reversing certain arrows in a graph, the set
of conditional independences may change.  If so, a graph that is not
observationally equivalent to the original one is obtained. Hence, if
one class of observationally equivalent graphs is chosen, several arrows
should not be reversed as the new graph is not observationally equiv-
alent to the original one (see Section 2.2.3, and Andersson, Madigan,
Perlman. & Richardson, 1999). According to Spirtes  et  al.   ( 1993).  by
means of this device. in certain cases, it may be possible to obtain
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information from the structure of the grapli about tlie direction of
causation. However, this ca11 only be made provided that tlie assump-
tion of faithfulness and that certain effects and double-headed arrows
are not present in the graph. Hence, for both accounts, determining
the direction of causation still requires non-statistical convincing ev-
idence, such as, time-priority constraint, results of other studies, or
subject-specific theoretical bases.

Finally, because of the different ideas of causation associated with
these accounts, the use of latent variables in causal models may be
more problematic with the experimental or directed-graph accounts
than with the traditional SEM account. Indeed, iIi the first two ac-
counts, if a manipulative idea of causation is used, it is difficult, if not
impossible, to imagine conditions in which a latent variable can be ma-
nipulated in order to sustain the existence of a causal effect between
the latent variable and one of its indicator (for a detailed description of
problems arising when using latent variables as causes or effects using
a manipulative/counterfactual idea of causation, see Sobel, 1995a).  As
the traditional SEM account is associated with the idea of causation
from the probabilistic theories, this last entanglement does not occur.

Links with the experimental account of causation Tlie build-
ing blocks used to estimate the effect of X OIl Y in the directed-
graph account, denoted by P(Y = vldo(X = z)), corresponds in fact
to the conditional probability P(Y = VIX = z) obtained if the as-
signment  to the classes  of  X were randomized (Pearl, 1998a).    With
the potential response model notation, this quantity would be writ-
ten  P(YCA   =   1/IX   = z), which could be estimated without  bias  by
Pu€U, CY(x ) = vix = Z ) if the assignment to the different levels of
the causes was randomized. The SUTVA assumption should also be
verified for the directed-graph account. Provided that the graph repre-

sents correctly all present associations, the equivalence of the potential
response model and of the directed-graph models has been proven by
Galles and Pearl  (1998).

The use of graphs as important and useful references (through the
graphical depiction of certain assumptions made) for causal inference
should not hide the fact that the assumptions made are very restrictive
and, iIi many cases, extremely difficult to attain. Indeed, the graph of
a Markovian model has been shown to be equivalent to a finest fully
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mndomized causal graphio (Robins, 1995).
When the manipulative (philosophical) account of causation is in-

voked, it may be problematic to consider endogenous variables as possi-
ble causes. Sobel (1990) tackled this problem within the experimental
account framework, and showed that a certain invariance assumption
was needed in order to draw causal inference. This assumption is,
in fact, implicitly made when calculating the causal effect using the
do(.) operator in directed-graph theory. This problem and the solution
proposed by Sobel (1990) are briefly reviewed below.

In both experimental and directed-graph accounts, if the manip-
ulative philosophical account of causation is used, the cause must be
at least hypothetically manipulable, and the variable caused must be
considered as an outcome variable. Therefore, strictly speaking, the
only variables that can be considered as causes should be exogenous
(i.e., having values determined outside the model),  as the other  vari-
ables (called endogenous) are partly determined by variables in the
model. Hence, indirect effects or any sequences of causal efIects would
not make sense anymore  (see, in particular, Leroy,   1995:   211).    How-
ever, it is still possible to use endogenous variables as causes given a
certain assumption, called invariance assumption (Sobel,  1990:   500).
Endogenous variables can be COIlSidered as causes if it is possible to
develop a subII10del froin the original model where they would be ex-
ogenous. The coefficients obtained by these newly exogenous variables
in these submodels represent the effect of the variables that were en-
dogenous in the complete model. The invariance assumption is the
assumption that coefiicients in the subII10del are equal to the corre-
sponding ones of the Complete model. In directed-graph theory, using
t, lie do(X = x) operator, the effect of X is calculated from a system
of equations where the equations in which X is dependent have been
removed, and X has been replaced by 25 in the equations in which X is
independent. Therefore. the causal effect of X is calculated from this
submodel, the effect coefficients in the equations used being supposed
to be the same as in the complete model ones. Hence, the invariance
assumption is also made implicitly in the directed-graph account of
causation.

 'A finest fully randomized causal graph is in essence a graph where (1) all vari-
ables are supposed to be (at least hypothetically) manipulable. (2) (potential) val-
ues of every variable can be attained by combinations of (potential) values of its
predecessors, and (3) the values of each variable are assigned at random given its
predecessors (for a precise definition see Robins, 1995)
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Before concluding this section. several similarities and differences
between the probabilistic and the directed-graph account are under-
lined. Concerning the similarities, note that the equation represent-
ing the total effect, when estimable from the "back-door" criterion
introduced in the directed-grapli account (see Equation 2.4) is very
much like the equation representing the average effect in presence of
confounders from the probabilistic experimental account (see Equa-
tion   2.2). Tlie difference   is   that   in the directed-graph account,   a
specific structure is assumed (i.e., the graph), and all necessary con-
founders can be directly selected by using the d-separation property
(under the faithfulness assumption).  Note,  furthermore,  that the set of
covariates Z is also the set for which the strongly ignorable treatment
assignment  assumption  is verified (Pearl,   1995).

Apart from the fact that, unlike the directed-graph account, in the
probabilistic experimental account only total or direct effects are con-
sidered, an important difference also lies in the distributional assump-
tions. In the probabilistic account, by using the single-unit trial, each
observation is allowed to have a specific probability distribution for
the outcome given each level of the causing variable. In the directed-
graph account however, for each observation, the value of this Outcome
given a specific level of the causing variable is not random. Hence, in
this respect, the distributional assumptions of the probabilistic ac-
count are more general provided that the variable U is considered as a
truly random variable (and not as an index) and that the probability
P(X=z, U =u) is strictly positive for each pair (x,u) of values of X
and U.

2.3 The handling of categorical variables in
statistical models

In this section, the problem of handling categorical variables within
statistical causal models is introduced. After defining the possible types
of categorical variables, the problem of measuring association between
categorical variables is introduced by recalling the acrimonious debate
between two leading figures in Statistics at the beginning of the twenti-
eth century, namely Pearson and Yule.  The core of their disagreement
is presented below. The tradition each of them has initiated is mir-
rored in the two broad faillilies of statistical models for categorical
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data used nowadays.11 The different statistical causal models deriving
from these two views are introduced briefly at the end of this section
and are more thoroughly studied in Chapters 3 and 4.

2.3.1 Categorical variables and levels of measurement

Every individual of the population studied is considered through its
values on certain characteristics or variables. These variables can be
classified into two broad classes: continuous or categorical variables.
In contrast to the continuous variables, the categorical variables con-
sist of a finite or denumerable number of values or categories. There
are different levels of measurement within those categorical variables,
namely from the highest measurement level to the lowest: ratio vari-
ables, interval variables. ordinal variables, and nominal variables. For
ratio, interval or ordinal variables. the categories are ordered. For ra-
tio or interval variables the distance between several categories can
be measured. Finally, for ratio variables the zero value has an intrin-
sic meaning. Variable  "age", for example is a ratio variable, variable
"intelligence test score" is interval, variable "degree of agreement" is
ordinal, and variable "party affiliation" is nominal.

Even if distinct classes can be created from this classification, the
same label of a concept may sometimes be represented by variables
with different levels of measurement (see Agresti,  1990:   3).   It  is  also
important to note that statistical models made for variables with a
certain level of measurement can treat variables with higher levels of
measurement.  If so. some information on the relation of the categories
of the variables  are not taken into account.

2.3.2   Association from underlying continuous variables:
the Pearson/Yule debate

Even  if, as Kendall (1970[1952]: 422) remarked, a clash with Pearson
"was scarcely to be avoided by any of his generation", the debate be-
tween Yule and Pearson constituted one of the most famous statistical
disputes of the twentieth century. Excerpts and references from the
different articles published during their quarrel can be found iii many
statistical articles and books (see. for example, MacKenzie, 1978; Fien-
berg, 1980: 4-5; van der Heijden. 1987: 6; Agresti, 1990: 26-28, 1996:

11 Note   that this typology  is not clearcut as several models synthetizing  both
approaches  can been developed (see Agresti. 1990: Chapter  8).
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257-259). This dispute  liad a strong impact  on the statistical   com-
munity, as can been seen by the fact that the pOSitiOIlS taken by Yule
and Pearson are mirrored in the different measures of association for
categorical variables of the two families of statistical models still often
used nowadays.

By the end of the nineteenth century, statisticians arrived at a
consensus on how to measure the association between two continuous
variables.  Then, they turned to the problem of the measurement of
association between two categorical variables. In fundamental articles
published in 1900, Pearson and Yule developed their respective views
on the matter.

Consider the problem of measuring the association between two
binary variables, say A and B, with values 0 and 1. Pearson (1900)
advocated that A and B can be assumed to be obtained from un-
derlying continuous variables called  A*   and B*, respectively.   He  also
assumed that A* and B* have a bivariate normal distribution. The
relation between the underlying and the observed categorical variable
was defined by means of a threshold model. In this model, two thresh-
olds values TA  and TB, were defined so that

•  A=O   if A* < ·r A= 1 otherwise,A 1

•  B=0 if B*< T B= 1 otherwise.B.

The thresholds values ·r  and 1-13 were calculated in order to equate
the probabilities Pr(A = 0) = Pr(A* < 7 ) and Pr(B = 0) =
Pr(B* < TB)· The two-by-two table between A and B could then
be obtained by categorizing  A*  and  B*. In order to describe  the  asso-
ciation between A and B, Pearson used the coefficient of correlation
between  A*   and  B*. This coefficient was named the tetrachoric   co-
e#icient of correlation between A and B. By extending this idea to
polytomous variables, polychoric coeficients of correlation were devel-
oped later by Pearson.

Yule (1900) developed coefficients of association which were to re-
spect the categorical nature of the variables and to meet at least three
requirements: value   of  zero for nonassociation or independence.   + 1
for complete dependeiice in a positive sense, and -1 for a complete
dependence in a negative sense. He then created several different co-
emcients of association based on functions of the odds ratio (Agresti,
1990:    27).    One of these coefficients, which  also  had the property  to
iiicrease (or decrease) continuously with a measure of deviation from
independence, was named Q, in honor of Quetelet (Yule, 1900, 1912).
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The open controversy between the two approaches began in 1905
when Yule argued that the tetrachoric correlation was based on as-
sumptions that were doubtful. Pearson reacted in 1907, and an ac-
rimonious debate followed reaching its climax just before the First
World War. According to Yule, Pearson's hypothesis of underlying
continuous variables was not only "needless and unverifiable" (Yule,
1912: 612) but also false in some cases. He argued that some variables
are strictly categorical, such as the variable with categories 'dead' and
'alive': no one is more or less dead, everybody is equally dead when
dead. These kinds of variables should not be supposed to have an un-
derlying continuum.  He also showed, using one of Pearson's examples,
that the polychoric correlation coef[icient obtained given different di-
chotomizations of one of the variables could lead to rather different
tetrachoric correlations. In response, Pearson and his colleague Heron
sharply criticized Yule's various coefiicients, showing that they could
lead to quite different association values for the Same table, and that,
for a two-by-two table generated by bivariate normal data, none of
them agreed with the coefficient of correlation which was suited there

(Pearson & Heron,  1913). Both parties stood by their respective opin-
ions, which were probably influenced by different fields of application:
eugenism for Pearson and epidemiology for Yule, and the quarrel con-
tinued until the First World War (for more details and a complete

bibliography over this controversy, see, MacKenzie, 1978). After 1918,
different statistical problems and other general considerations arose
and came to the fore.

2.3.3 Statistical causal models developed within the Pear-
sonian and the Yulean views

Unlike the continuous case, where a comprehensive statistical causal
model (the linear structural equations model with latent variables com-
monly called the linear SEM model) exists and is now widely used by
social scientists, a generally favored model does not exist for the causal
analysis of categorical variables. Several methods have been developed
rather independently during the last decades and have lead to differ-
ent statistical causal models for categorical variables. These II10dels
are studied in the following chapters.  The way these models treat
association between categorical variables can always be considered as
an application of either the Pearsonian or the Yulean view and are
classified accordingly into two groups.
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The first group derives from the Pearsonian tradition. According
to the type of links between the underlying Continuous variable and
the observed categorical variable, different models liave been devel-
oped. The II10dels studied here are Linear Structural Equation Mod-
els (LSEMs) with thresholds models and Linear Structural Equation
Models with optimally scaled variables (LSEMOS). These models are
studied in Chapter 3

The second group derives from the Yulean tradition. Starting with
Lazarsfeld's elaboration technique, GSK method, and Davis' d-system,
this kind of approach was popularized with the development of the
Loglinear models method. Models centered around the concepts of
uncertainty, variability reduction, or prediction analysis were also de-
veloped. From this group, the Directed Loglinear Models   (DLMs),
the Linear Weighted Models  (LWMs),  and the Uncertainty Reduction
Models (URMs) are considered and examined in Chapter 4.

2.4 Viewpoints chosen  for the evaluation  of
statistical causal models

In order to facilitate the comparative evaluation of the several statis-
tiCal Causal IIlodels for categorical data, this evaluation focuses on a
number of viewpoints which are developed and described here.  They
are classified within three main classes. These classes stem from the
different types of questions that may be asked before using a certain
model for causal analysis:
• What kind of data can be analyzed by the model?
• Is it possible, with this model, to obtain some of the basic informa-
tion needed during the causal analysis process of the data?
• Are there supplementary information or tools available within this
Illodel tliat may allow a more flexible or complex causal analysis?

Although it is a very rough classification, it reflects three different
types of questions that may be of interest. More specifically, questions
about underlying statistical assumptions of the model, the assumed
level of measurement of variables included in the model, and the abil-
ity to deal with sparse data belong to the first class of viewpoints.
Questions about the existence of a coefficient measuring direct causal
effects, of procedures to evaluate the precision of the estimates, of
tests of the hypothesis of no effect, and of goodness-of-fit of the model
belong to the second class. Questions about the treatment of mea-
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surement error, the handling of latent variables, and the existence of
coefficients for indirect effects, reciprocal effects, or interaction effects,
belong to the third class.

The different aspects contained in each of the three classes are
detailed in Sections 2.4.1, 2.4.2, and 2.4.3.

2.4.1 Data analyzed
To begin the evaluation, it is natural to consider the assumptions con-
cerning the variables treated in the model. For example, should the
values of the variables be drawn from a normal distribution? a multi-
nomial distribution? or otherwise?

A model is generally designed for variables with a certain level of
measurement. and treats all variables as if they had this level.  If the
variable treated has a higher level than assumed, some information
contained in the variable is not taken into account by the model. If
the variable treated has a lower level, the use of the variables in the
model may be inappropriate because several relationships between the
categories are assuined, although they do not make sense. IIi order to
use a model optimally, it is necessary to know which levels of measure-
ments can be treated. Hence, an interesting feature, also studied here,
is the possibility of handling variables with several different, levels of
measurement within the same statistical causal model.

When using statistical causal models presented here, practical prob-
lems linked with the size of the proposed causal structure may arise.
These problems can be classified into two main families: the sensitiv-
ity to sparse data and the number of variables treated by the model.
These families are neither exhaustive nor exclusive. In fact, they are
very closely linked. The more variables the model treats, the more
serious the problem of sparse data becomes and vice versa.  The sen-
sitivity to sparse data and the number of variables that can be treated
by the model are considered here.

2.4.2 Basic tools for causal analysis

As long as it has been proven that two variables are not independent,
it is often very useful to be able to evaluate this deviation from inde-
pendence and/or to compare the strength of the association between
several couples of variables.  This can partly be answered by the use of
coe,Bicients which quantify this dependence. The following questions
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are then of interest: Are there coe Oicients that evaluate the strengtli
of the causal effect?  What do they represent?  Can the variance for
the estimate of these coefficients be calculated?  And do significance
tests exist for these effects?

Of course, these measures and tests depend on the assumption that
the model used does not diverge too much from the observatiOIlS. A
test for the quality of representation, or goodness-of-fit test, should be
available to reject some of the models that may not correspond to the
data that have been observed. The possibility of using goodness-of-
fit measures are considered here and these measures, if available, are
presented.

2.4.3 Supplementary tools for causal analysis
Whenever more than two variables are analyzed, complex effects can
occur such as indirect elfects. Contrary to the direct effects, indirect
effects are mediated by other variables, and their calculus may neces-
sitate further assumptions. For example, in Figure 2.3, X has a direct
effect upon Z but also an indirect effect on Z mediated by Y. When-
ever those indirect effects are taken into account in the model, direct
effects no longer indicate the total efect of a variable on another one.
It should be examined here if the method can calculate indirect and
total effects. A related question also considered here is whether it is
possible when using a certain model to handle systems Of equations.

Social scientists often have to deal with cases where interaction
effects have to be taken into account. This means that the effect of
a cause varies according to the level of other causes. This interaction
between two effects is frequent in social science; for example, the effect
of a certain educational program on the return on income may be
different for men and women. The possibility of allowing the calculus
of interaction efects in models is studied here.

Reciprocal ellects may be somewhat awkward because of the asym-
metric view of causality and the often assumed time priority-assumption
of the cause in relation  to the effect. Without entering into details,  it  is
often argued that some relationships, although not strictly reciprocal,
can still be depicted as such in a statistical causal model because of
their successive presence (for a complete discussion, see Bollen, 1989:
61-62).    It is studied here whether the methods considered allow  the
calculation of these reciprocal effects.
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Interesting additional features that may help the user in conduct-
ing causal analysis may be, for example, the availability of some in-
formation about the errors that inay have been made when measuring
various concepts and possibly a way to correct for some of them. This
possibility to evaluate measurement errors is an additional advantage
when describing the association between the variables studied.

Finally, whenever concepts are imperfectly measured, because of
an impossibility in practice or in theory, latent variables can be used.
As indicated by their name, latent variables refer to phenomena in
their purest form, without questioning if they are observable or directly
measured (Bollen,  1989: 11). Latent variables can account for different
important problems that frequently occur iIi statistical modeling such
as measurement error or unobserved heterogeneity. The possibility of
using them in the statistical causal model considered are taken into
account here.

2.5 Causal modeling: additional remarks

Having considered the process of causal inference and the different
accounts of causation, two main concerns may arise and can be formu-
lated as follows: Given all restrictive assumptions linked with every
account, should the search for "causal" effects be pursued?  If so, which
account should be used? Elements of answers to these concerns are
proposed in this final section.

Should the search for Kcausal" effects be pursued?
After reviewing the possible pitfalls linked with 4'causal analysis," it
may be tempting to abandon this endeavor and to use the models only
to estimate conditional probabilities/values (Muth6n, 1987a).     How-
ever, this is not necessarily a satisfactory alternative as, should some
sort of explanation be further performed using these conditional val-
ues, the Same kind of problems are likely to occur.

Furthermore, although the precise characterization of causal rela-
tions represents a real challenge, thinking in causal terms is somehow
very natural (Boudon et al., 1989: 68). Indeed, as Kim (1995: 110)
remarks, "the concept of causation seems pervasively present in hu-
man discourse." By rejecting the possibility of exploring any causal
relationship. one may end up, consciously or not, nierely describing a
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causal relationship with other terms. This can be the case. for exam-
ple, if a relation between two variables is described by using assertions
such as, *determines," 'cinfluences," +produces," or  tresults."  More
generally, as Salmon  (1998[1977]: 193) stated: "an appropriate answer
to an explanation-seeking question beginning by 'why' will normally
begin by 'because'. and the causal involvements of the answer are usu-
ally not hard to find."

Dealing with all inherent difficulties linked with causal analysis
appears, then, to be the better option if the underlying aim of the
research is to find causal dependencies.

Which account should be used?

The traditioiial experimental account of causation and the directed-
graph account of causation have been shown to be Similar since the
assumptions needed to obtain a causal effect are equivalent (Spirtes
et al., 1993; Robins, 1995; Galles & Pearl, 1998), and when the causal
effects can be calculated, they are equal for both models. Although the
directed-graph approach can be seen as a generalization of the SEM
account and the experimental account, and could be used standardly
(provided the structure assumed  from the graph), the directed-graph
account and the experimental account differ in the angle of approach
of causation chosen. The experimental account of causation is focused
more on the effect of causes while the graphical account of causation is
focused on the causes of the effects. Hence, the experimental account
may be more appropriate to some specific cases, and the directed-graph
account to others.

In the experimental account, the cause is the primary concern. It
is usually clearly defined, its assignment is controlled (with a random-
ization process, and/or covariates),  and its effect is measured.   In  the
grapliical account, the consequence occupies tlie foreground, and not
only the effect of a single cause but the structure of the ef ect of dif-
ferent causes is often studied. Besides this, the Ultimate dependent
variable often occupies a central place in the model (e.g., publishing
productivity or colleges plan in Spirtes et al., 1993, crops yields in
Pearl,   1995). In these cases,  the  use  of a graph is rather interesting,
since graphs contain not only information about the set of possible
causes but also about prior assumptions over the structure of their
effects.

The choice between these two accounts of causation should be
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guided by the purpose of the study for which they are used.  If the
measure of the effect of causes is stressed, the experimental account
may be more appropriate.  If the causes of effects are stressed, the
directed-graph account may be a better choice. For example, to study
the factors that may cause voting turnover, the directed-graph account
of causation may be appropriate, whereas to evaluate the effect of a
certain drug, the experimental account may be more suitable.

Note that it may be because distinguishing the "causes of an ef-
feet" is far more complex and risky than distinguishing the "effects of
causes" (Dawid, 1995) that these types of models have been very of-
ten criticized (see, for example. Rosenbaum, 1995a; Imbens & Rubin,
1995). Indeed, the main issues in the experimental account are the
ignorability of the assignment mechanism or the unconfoundedness of
the treatment regression, whereas the directed graph account relies on
a graphical depiction of the dependencies between several concepts,
which is at least partly dependent on subject-specific assumptions and
cannot be checked.

As, if all variables are observed, the directed-graph account of cau-
sation, can be considered to be an extension of the traditional SEM
account of causation, it may be preferred. However, in some simple
cases, such as Markovian models, or if latent variables are included in
the model the SEM account of causation may be preferred.

In the following chapters, the focus is on the study of statisti-
cal models measuring potentially causal relationships between several
variables, with often more than One dependent variable in a model
assuming a specific multivariate distribution. Hence, the use of the
traditional SEM account and directed-graph account should normally
be considered, as they are most appropriate in these cases. However,
in several simple models with only one dependent variable and one or
two independent ones. the experimental account is used in order to
evaluate the value of certain effects (see Chapter  6).



Chapter 3

Pearsonian Methods

In path analysis models and Linear Structural Equation Models (LSEMs),
the dependent variables are assumed to be continuous or at least met-
ric. Using these models directly with categorical dependent variables
is often not satisfactory. Suppose, for example, that a dependent cat-
egorical ordinal variable A has been handled directly by a regression
model. One of the following situations is likely to occur.

If A cannot be seen as a realization of an underlying continuous
variable A*, the expected values obtained for A are mostly nonsensical,
as they are, in general, different from the categories values.

If A can be seen as the categorization of an underlying continuous
variable A*, expected values between two values of A  may be accepted
as they may be due to the fact that the measure of A* could not be
precisely obtained. However, if A is treated as metric in a regression
model, the estimation of the model may still be incorrect because of
errors made by considering A instead of its continuous counterpart
A*. These errors   can be classified   into two types: grouping errors
and transformation errors (Johnson & Creech, 1983). Grouping errors
arise from collapsing several values of A* into the same value of A.
Transformation errors arise if the values of the categories of A are not
linearly related to tlie mean values of the corresponding values of A*.
Hence. roughly speaking, transformation errors occur whenever the
distributions of A and A* have very different shapes. Because of these
two types of error, the correlation calculated between the categorical
variables may be different from the one between the Underlying con-
tinuous variables. As a consequence, the effects found in the models
treating categorical variables as they were continuous may strongly

55
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underestimate or overestimate the effects that would be found with
the original variables. Furthermore, the standard errors may also be
very different from the original ones. Other problems, such as wrong
assessment of the latent dimensions in the measurement models, are
also likely to occur.  For a more detailed description of the problems
that may be encountered when the variables are categorized, see the
results from studies presented in 01sson (1979b), Bollen and Barb
(1981), Boomsma (1983), Muthdn and Kaplan (1985), Babakus, Fer-
guson. and Jureskog (1987), Homer and O'Brien   (1988), and Dolan
(1994).

A way to obtain statistical causal models for categorical variables
is to adapt the models originally designed for continuous variables such
that the previous problems may be avoided or corrected for. In this
chapter, two methods using this strategy will be reviewed. The first
one consists of substituting each categorical variable by an underlying
continuous variable, and of applying the LSEM to these underlying
variables. The continuous variables are related to their categorical
counterparts by means of threshold models. The second method con-
sists of "optimally" rescaling the categories of the variables. In essence,
both II10dels stem from the Pearsonian view of association between

categorical variables.
The presentation of each method is organized in three parts. First,

the basic theory will be presented. Then, the method will be applied
to an example. Finally, this method will be evaluated according to the
criteria presented in Section 2.4.

3.1 Linear Structural Equation Models

Under the term Linear Structural Equation Models (LSEMs), different
types of models can be defined. If linear relationships are assumed
and the variables are normally distributed, all relevant information of
the data set is contained in means, variances, and covariances. Mod-
els in which means, variances, and covariances are taken into account
are called mean and covariance structure models (Browne & Arminger,
1995).    Models in which variances and covariances are taken  into  ac-
count are called covariance structure models (Bollen,   1989),  and  mod-
els in which correlations are taken into account are called correlation
structure models (Cudeck,   1989).     In this section, the covariance   or
correlation structure models are considered. Heiice. the name Linear
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Structural Equation Models (LSEMs) used here stands for Covariance
or Correlation Structure Models within the LSEMs.

LSEMs can be seen as path-analysis models with zero, one, or sev-
eral measurement models. Path analysis was originally developed by
Wright (1921, 1923) in order to model linear relationships between
metric variables. A second major step iii the development of this type
of model was the additioii of measurenient models (confirmatory factor
analysis models in the sense of Spearman, 1904) to the path-analysis
II10dels. This was performed in a systematic way in a framework de-
veloped by J6reskog  (1973),  Keesling  (1972), and Wiley  (1973)   (here-
after JKW). In addition, the possibility to estimate this type of II10del
by means of the LISREL program greatly helped to popularize this
method in the social and behavioral sciences. For more details about
the history and development of LSEMs, see, for example, Bollen (1989:
4-9) and Saris (1999).

Because LSEMs assume metric (dependent) variables, categorical
dependent variables should, in principle, not be handled with standard
estimation procedures (although in some cases it may yield satisfactory
results;  see, e.g., Coenders, Satorra, & Saris,  1997). In order to include
dependent categorical variables in LSEMs, these variables are assumed
to be obtained from continuous variables. Each categorical variable is
related to its underlying continuous counterpart by a threshold model.

LSEMs with categorical variables using threshold models can be es-
timated by programs such as: PRELIS 2.30 / LISREL 8.30 (Jdreskog
& SBrbom, 1996a,1996b), EQS 5.7 (Bentler & Wu, 1993), Mplus 1.04
(Muthdn & Muthdn, 1999), and MECOSA (Schepers & Arminger,
1992). Even though   the same basic ideas   are   used in these   pro-
grams, the parameterization and estimation procedures are different.
The JKW parameterization will be presented in greater detail as it is
chronologically prior to the other ones and is implemented in PRELIS
/ LISREL, which is one of the most widely used LSEM programs to
date. Differences and similarities with other frameworks, such as the
Bentler and Weeks (1980) model and the Muth6n (1983) model, will
be underlined. Then, the specific treatment of categorical variables
will be discussed, and the LSEM will be applied to a data set. Finally,
the LSEMs will be evaluated.
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3.1.1 Presentation of the LSEM framework

In covariance structure models, the set of dependencies between the
variables in a model M can be represented as a certain structure of
the covariance matrix between all observed variables in M. This idea
can be summarized by the following equation

E = EAI(0),
with E being the population covariance matrix. 0 being the vector
containing the model parameters, and EAf (   being the covariance
matrix written as a certain ftinction (depending on M) of 0.  This
function depends on the models assumed between the variables. These
models will be presented in the following.

The linear path-analysis model

A path-analysis model consists of a set of linear relationships between
several dependent variables and several independent variables. Let y
be the vector of dependent variables (of dimension p) and x be the
vector of independent variables (of dimension q), all variables being
assumed to be measured as deviations from their mean. The linear
path analysis model can be represented by the equation (Bollen, 1989:
80)

y =By +rx + < (3.1)

with B  (p x p) and r  (p x q) being coefficient matrices, and < (p) being
a vector of errors. Vectors x and < are supposed to be uncorrelated.

The observed covariance matrix E can be divided into three dif-
ferent components: the covariance matrix  of y  (Eyy), the covariance
matrix of x (Exx), and the covariance matrix between x and y (Ey,).
Using Equation 3.1, the assumptions of uncorrelatedness, and the fact
that the variables are centered,   if  (I  -  B) is invertible, the following
equations  can be obtained (Bollen,   1989:   85-86):

Evy(0) (I - B)-1(rrr' + AR)(I - B)-1''

Exl.(0) T,

E/7(0) Tr'(I-B)-r,
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I being the identity matrix. T and * being the covariance matrices
of x  and <, respectively. Hence,   (p + q)(p + q + 1)/2 linear equations
relate the unknown parameters in 0 (i.e., in B, P, T, and *). Three
distinct situations are likely to occur: either every parameter can be
solved from a corresponding "unique" function of the variances and
covariances  of the observed variables (exactly identified model).  or  at
least one parameter cannot be solved from one such function (under-
identified model),   or at least one parameter  can be solved  from  more
than one such function (overidentified model). Informative estimates
can only be obtained for exactly identified or overidentified models.
Rules for determining the identification status of these models have
been developed (see, e.g., Long, 1983: 36-42; Fox, 1984: 247-251;
Bekker & Pollock, 1986; Bollen, 1989. 88-104; Pearl, 200Ob).

For exactly identified or overidentified models, the unknown pa-
rameters of B, P, 'P, and T are estimated.  They are determined so
that the corresponding estimated matrix E(0) is "close" to the ob-
served covariance matrix  E  or  its sample estimate  S. The closeness  is
determined by a discrepancy function (for a review of some of them,
see Bollen, 1989: 107-116).

The Joresk6g-Keesling-Wiley framework

In the JKW framework, a linear-path model or structural model re-
lates certain possibly latent/unobserved variables. These variables are
deduced from observed variables by measurement models.

The structural model represents the relationships (causal or not)
existing among the latent variables and has the form

7 7=B g t r€t< (3.2)

with 71 (m) being a vector of dependent latent variables, 6 (n) being
a vector of independent latent variables, B (m X m) and I' (m x n)
being weight matrices, and < (m) being a vector of errors.

The measurement model specifies how 71 and € are obtained froni
the several observed variables and has the factor analytic form

y    Avn + E
(3.3)x    AZE + 8

with y (p) and x (q) representing vectors of observed variables, 71 and
C being the vectors of latent variables used in Equation 3.2. Ay (p x m)
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and Ar  (q x n) being matrices of factor loadings, and finally € (p) and

8 (q) being measurement error vectors. The following assumptions
are made: the variables x, y, 4, and 71 are measured as deviations
from their inean; 71 is uncorrelated with  ; 4 is uncorrelated with 6;
< is uncorrelated with 4; E, 6 and < are mutually uncorrelated; and
(I - B),  with I being the identity matrix, is assumed to be nonsingular.

Given these assumptions and Equations 3.2 and 3.3, the equations

Evy(e)   =   Ay(I - B)-1(r*r' + rp)(I - B)-1'AL + ee,

Exz(8)   =   Az*Al. + 08,

Exy(0)   =  Ar*r'(I-B)-1'Ar
can be obtained. Here too, the model parameters can be estimated,
provided that the model is exactly identified or overidentified. Sev-
eral estimation procedures are available, such as: Unweighted Least

Squares (ULS), Maximum Likelihood (ML), and generalized Weighted
Least Squares (WLS) procedures. The ML and WLS procedures are
asymptotically consistent and efficient when the variables have a Inul-
tivariate normal distribution (Bollen, 1989: 415-418).   The  WLS  pro-
cedure is also asymptotically consistent and efficient for nonnormal
variables (Bollen, 1989: 425-429).

Note that the JWK model is also used in Econometrics (see, e.g..
Dillon & Goldstein, 1984). In recent developments of this model, by
defining  a   new   matrix 06€, elements  of  <   may be correlated   with
elements of 8. Furthermore. mean structures can also be analyzed.
The previous equations should then be modified accordingly.  The
reader is referred to Jureskog  and Sdrbom (1996a: 281-304).

Bentler-Weeks framework The Bent;ler-Weeks (BW) model,
a variant of which has been implemented in EQS, consists of two main
components: a structural model and a "selection" model (Bentler &
Weeks,   1980). The random vector 71B" of dependent variables  is  re-
lated to a random vector (BA of independent variables by the equation

(3.4)77BM   =  BW 77BW  + 7BBEBM''

where BBL;  and 7 are coefficient matrices containing the parametersBW

of the linear relations within 71BM and between 77Btl' and 4811 '
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The variables contained iii v,  =  [771,1.' LB".] are related  to  the  ob-
served variables in z by the equation

z= P+Gv, (3.5)

with p containing the means of the variables in z, and G being a bloc-
diagonal matrix. Similarly to the JKW model, the BW model can
also handle mean structures (Bentler & Weeks, 1980; Bentler. 1992:
165-180).

An advantage of this framework is the possibility of directly defin-
ing linear relationships between higher-order latent variables without
changing the meaning of the different vectors of variables, which is not
the  case  in  the JWK framework (Bentler & Weeks, 1980). Indeed,  for
example in the JWK framework, higher-order latent variables are de-
fined as variables in E.  If one of these variables is dependent, it should
be defined as an 4 variable.  If so, the matrix (I - B) may no longer
be invertible, and the parameterization should be modified in order to
still be able to estimate this model. However, the parameterizations
in the JKW and the BW models are very closely related as the former
can be obtained from the latter and vice versa. The BW model can
be seen as a special case of the JKW model by fixing all elements of
ea,  e ,  and  *  to  zero, and fixing all elements  of AI  and Ay either
to one or zero. In additiOIl, the JKW model can be seen as a special
case of the BW model by specifying x and y as z variables, 71 and 4
as 77BW variables, and <, 6, and E as (BW variables and by restricting
elements in * with * being the variance covariance matrix ofBW: B W

the vector EBW •

The Muth6n framework This framework, implemented in the
LISCOMP and Mplus programs, also consists of a structural model
and a measurement model (Mutli6n,  1983, 1984). However, in contrast
to JWK, it was defined originally directly for mean structure models.
Its fundamental equations are

77At =a -1. BAf 77Al + I'Al ]CAl + 6

yAI  = v + AA, 77Af  + 4

with a and v being vectors of intercepts, < and L being random error
vectors. Y.u being a vector of observed variables, and 4Al being a vector
of continuous latent variables. The vector x,w corresponds to a vector
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of (possibly nonrandom) observed exogenous variables for which no
distributional assumptions are made. The following assumptions are
made: xM uncorrelated with <, 71Af uncorrelated with E. < uncorrelated
with f and,  (I - BM ) nonsingular. Given these assumptions, matrices

B M '  r,v,  and A At contain the covariance structure model parameters.
As the basic Muth6n parameterization includes a vector of con-

stants   and a vector of exogenous observed variables   (xM ),   it   can   be
seen as a generalization of the JKW framework (Muthan,  1984).   How-
ever, here too, both parameterizations can be shown to be similar. as
the Muth6n model can be specified as a JKW model if Ay is set to a

matrix of ones, 06 and 08£ are set to zero matrices, with * being
equal to the covariance matrix of xM  and the mean vector in the JWK
model being equal to the Inean vector of xM.

3.1.2 The treatment of categorical variables

The possible use of LSEMs for categorical variables, with the difii-
culties this entails, has been tackled only recently (see, e.g., Muthan,
1983. 1984, 1987bi Lee, Poon, & Bentler, 1990a, 199Ob, 1992, 1995;
J8reskog, 1990, 1994, Muthdn, du Toit, & Spisic, 1997). LSEMs were
originally developed for the treatment of endogenous metric variables.
As a consequence, if categorical variables are treated directly by these
models, the product-moment correlation for categorical variables is
calculated. In many cases. this is not a satisfactory measure of asso-
ciation between these variables (see, e.g., Muth6n, 1983, 1984; Bollen,
1989: 438-4394 Jureskog, 1990).

The threshold model In order to use categorical variables in LSEMs
without violating the assumption that endogenous variables are met-
ric, each categorical variable A, having IAI ordered categories  (with  1.1
denoting the number of categories of ".") is assumed to be the realiza-
tion of an underlying continuous variable A*. Suppose that the values
of A and A* of an observation u of the population X1 are written as
A(u)  and  A* (u), respectively. Also assume here that the categories  of
A are labeled by the integers 0,1,2...., 1A  - 1.  Note that this labeling
reflects only the order of the categories; no calculation on these values

is performed. In fact, it is chosen here for convenience as it is then
easy to run an index across the categories. The link between A aIld
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Figure 3.1: Threshold model with TA ( 1) = - 1 and TA (2) = 1.5.

A* is defined by a threshold model as follows:

A(u)  =  a   *=>   T (a)  <  A*(u)  5  TA (a  + 1), for  a=0, . . . , 1Al -1

for every u E Q, with TACO), TA(1), ..., TACIAD being new parameters
called the threshold values  and  such  that  TACO)  =  -00  and  7-A (1)  5
TA(2) 5 ... 5 74(IAD = too. The threshold values that should be
estimated are contained in the vector TA - [TA (1), TA (2),..., T  (lAI -
1)]. This threshold model  can be equivalently defined  in the following
way: each individual u with an A*-value between TA (a)  and TA (a + 1)
has an A-value of a (for a = 0,..., 1Al - 1). For example, considering
the threshold model depicted in Figure 3.1,  as  7-t  =  [-1,1.5],  all
observations with an A*-value lower than -1 are assigned an A-value
of 0, all observations with an A*-value between -1 and 1.5 are assigned
an A-value of 1, and all observations with an A*-value higher than 1.5
are assigned an A-value of 2.

The product-moment correlation between two underlying continu-
ous variables A* and B* is called the polychoric correlation between
the two corresponding categorical variables A and B. The correlation
between one underlying variable A* and one continuous variable X is
called the polyserial correlation between A and X.

In general, these underlying variables cannot be estimated from
the categorical ones without additional assumptions because of the
indeterminacy of their mean and variance values. The means and
variances of the underlying variables are usually set to zero and one,
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respectively. Furthermore, in order to estimate the threshold values,
a specific distribution for the underlying variables should be assumed.

They are usually assumed to be normally distributed.
Recently, in a simulation study, Poon and Lee (1999) have shown

that the standardization of (the noncategorized) continuous variables
had an influence on the results yielded by LISCOMP for models with
categorical and continuous variables. Incorrect standard errors were
likely to be obtained if the (noncategorized) continuous variables were
not standardized whereas, when the variables were standardized, this
phenomenon did not occur for Sample sizes of 500. Hence, for LSEMs
with both categorical and continuous variables, the continuous vari-
ables will be standardized. The models fitted are then correlation
structure models. However, because of this standardization, the struc-
ture of the relationships between the standardized (observed) continu-
ous variables in this correlation structure model may not be the same
as the one that would be found if they were not standardized (covari-
ance  structure). In particular, this occurs  if the parameters  are  not
scale invariant  (for a detailed presentation of this problem. see Cudeck,
1989; Lawley & Maxwell, 1971).

3.1.3  Estimation of LSEMs with categorical variables
(LISREL)

In LSEMs with metric variables, the covariance matrix E (or at least
its sample estimate S) is known. In LSEMs with categorical variables,
this matrix has to be estimated. In order to distinguish between the
covariance matrix E with product-moment correlations and the corre-
lation matrix obtained with underlying continuous variables, the lat-
ter   matrix is denoted   by   E*   (or S*). Tliese matrices are obtained
by maximizing certain loglikelihood functions of the crosstables. The
main ideas of the different procedures to obtain these matrices will be
presented first.

In the following, A (resp., B, C. D, E) is supposed to be a cate-
gorical variable with   A1  (resp.,  1B ....,  E ) categories, containing nf
(resp. nf, ...,nf') individuals iii the categories a (resp. b. ..., e) of A
(resp. B, ..., E). In addition, X1, ···· and Xs are supposed to be s
continuous variables.
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The polychoric estimation procedure   If lcat deIiotes the kernel
of the loglikelihood for the observed multivariate table ABCDE, given
the  sets of thresholds  TA,···.TE   and the matrix of polychoric correla-
tions S.4..E, then

1.41-1 IBI-1 IEI-1
teat=   E    E   ...   E   nadbBLU , log(,r,4SfeE),

a=0 b=0 e=0

where 7r is equal toABCDE ·
abcde

 T.4(a+l)  TB(btl) /'TE (etl)
JTA (a)        JTB (b)             JTE(e)        0A...E   a*, b*i...,e*; S;..E  da*...de*,

with  A.„E   being the multivariate normal density function. leat
should be maximized with respect to TA, T , 1-2, TI , TE, and S*4. E.
The estimates obtained from this minimization process are called the
Full Maximum Likelihood (FML) estimates. This estimation is com-
putationally intensive as it requires the evaluation of multiple inte-
grals. Another approach consists of estimating polychoric correlations
by maximizing the corresponding bivariate loglikelihood functions.  For
example, suppose that n   +0+D+E and,TaAbB+0+D+E are the observed and ex-
pected frequencies of the marginal table AB, respectively. An estimate
of pA• B.  can be obtained by maximizing the function

1Al-1181-1

tAB =  E   Z  naA  tDtE log('. a b +++ 11 (3.6)
_ABCDE)

a=0 b=0

with,

-ABCDE = i·TA (a+1) fTB(b+1)
"ab+++    JTA(a)    JTB(b)    0AB (a*,b*;PA-B-)(la*db*,

with  respect  to  TA,  1-B ,  and  PA.B.· The estimates obtained  by  this
method are called Partition Maximum Likelihood (PML) estimates.

Although the PML estimates are consistent, the PML method is
not efiicient. In addition, the estimated asymptotic variance covari-
ance matrix of the polychoric correlation may not be positive defi-
nite any longer. However, in simulation studies, the PML procedures
were shown to yield estimates close to the ones yielded by the FML
procedure (Lee & Poon, 1987). Moreover. in the FML method, the
underlying continuous variables are supposed to be multinormally dis-
tributed, whereas in the PML method, only bivariate normality for
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each couple of variables is assumed. The PML estimates may also be
more robust than the FML ones because of low frequency cells in the
k-way contingency table  (Lee  et  al.,   1995).

In PRELIS 2.3, this PML procedure is further modified as the
thresholds are first estimated from the univariate marginals, and the
polychoric correlations are estimated given these thresholds (J6reskog
& Surbom. 1996b: 1.5). Hence, the estimate of the polychoric corre-
lation between A and B is obtained by solving the system (01sson,
1979a):

i(a) . *i-1 (E:Z:„ /N), for a=1, . . . , 1Al,

<   i (b) -I *i-1  tio n /3 , for b - 1, - . . JB1,

BlAB -0
    OPA* B'

with *11(.) being the inverse of the (univariate) standard normal dis-
tribution function, nkA being the number of cases in the category k
of A, and N being the total number of cases, and with at being

OPA'B*

equal to

4-1!Bl-1 -AB

NN :68
[02(+A (a + 1), fa (b + 1),PA• B• )- 02(+A (a), f  (b + 1),PA•B•)

-02(9A (a +  1), +B (b),PA •B•   + 42 (fA (a), PH (b),PA•B•   

with ( 2 ·,·,P.4*B-  being the bivariate density function between two
standard normal variables  A*   and   B* with correlation  PA. B. ·    Note
that,  given the first  two  sets of equations,  l.48  is a function  of PA. B*
only. This third equation is then solved by iterative procedures such

as Newton-Raphson.
This two-step estimation of the correlation estimates (first the

thresholds and then the correlation) is a pseudo-Maximum Likelihood
(pseudo-ML) estimation procedure. This pseudo-ML procedure yields
consistent estimates of the correlations if the estimates of the thresh-
olds are consistent (which is the case here) and under certain regularity
conditionsi (see Gong & Samaniego, 1981; Parke, 1986).

- Rudo-ML1 The pseudo-ML estimate of the correlation P •B• is an eflicient estimate

of PA•B. if (Parke, 1986):
0 [+1.«.de-ML,0$"d.-ML / is asymptotically as efficient  as  [+1'L, +Vt. ]'.
or:

.  *138.  and  [+la, ty L ]' are asymptotically uncorrelated.
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In simulatioii studies. the differences between the estimates ob-
tained by the PML method and by this pseudo-PML method were
shown to be  very  small (Olsson, 1979a). Furthermore,  with PML,  sev-
eral sets of thresholds estimates per variable nlay be obtained whereas,
with pseudo-PML, only one set of thresholds per variable is obtained.

The polyserial estimation procedure

Similarly to what was presented with the polychoric estimation proce-
dure, the estimation of the thresholds of the categorical variables and
the polyserial correlations between these variables and all continuous
variables can be performed simultaneously for all variables or pairwise.
Similarly to the polychoric case, a pseudo-PML procedure is imple-
mented in PRELIS 2.3. For example, let A be a polytomous variable
and X a continuous variable. The threshold values corresponding to
A are estimated first, and the bivariate loglikelihood function (Olsson,
Drasgow, & Dorans, 1982)

N

LAX = E [log(tx(X(t))) + log (p (A (t) IX (t)))]
t=1

is maximized subsequently. Furthermore, if X is supposed to be stan-
dardized normal, LAx is equal to (Olsson et al., 1982)

C  T (A(t))-PAzill  log (0(X(t))) + log <*( A  -1.-2    ) -*(TA(.4(t)-1)-PA.)  \/l-P,
with tx(·) being the standardized normal density function, *(.) being
the bivariate normal cumulative-distribution function, p being equal
to PAA., and A(t) being the class of A for the observation t considered.
The polyserial correlation between A and X is then the correlation p
maximizing tAx ·

A computationally intensive FML procedure estimating simulta-
neously all threshold values and polychoric and polyserial correlations
was  developed  by  Lee  et  al.   (1992). In practice, both polychoric  and
polyserial PML correlation estimates are often very close to the FML
ones (see results from a simulation study in Lee et al., 1995).  Fur-
thermore, in the polychoric case alone, the PML procedures may be
more robust than the FML ones because of their weaker distributional
assumptions and their estimation in bivariate marginal tables. Here
too. a pseudo-PML procedure is used in LISREL, the tresholds being
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estimated first and the polyserial correlation being estimated given
these thresholds.

Estimation of model parameters
The parameters of the model are estimated by a generalized Weighted
Least Squares (WLS) fit function, using the asymptotic covariance ma-
trix W of tlie product-moment, polychoric, and polyserial correlation
estimates obtained. As the models are correlation structure models. a
modification of the distribution-free estimation procedure for covari-
ance structures from Browne (1984) has been extended for correlation
structures in LISREL (J8reskog, 1990: 397-398).   If s*  is the vector  of
the correlations included  in  S*,  the fit function minimized in order  to
estimate the model parameters is

FM'LS(e) - [s* - aM(0)]' w-1 [s* - aM(0)], (3.7)

with aAI(8) being a vector containing the expected correlations given
model M and the parameters vector 0.

The weight matrix W should be a consistent estimate of the asymp-
totic covariance matrix of the correlations. and the distributiOn of
the correlation estimates should be multivariate normally distributed
in order to obtaill an asymptotically efficient WLS estimation proce-
dure  (Muthdn & Satorra, 1995b). The general  term  of  W  for  mod-
els with categorical variables only is an estimate of, for example,
Cov( A. B., fC. D.)·  Formulae for this estimate, implemented in PRELIS
2.3, can be found in Christoffersson and Gunsj8 (1983) and in Jureskog
(1994).

3.1.4   Comparison with EQS, LISCOMP, and Mplus
Estimation procedures in EQS
The estimation of LSEMs with categorical variables in EQS is de-
composed into two stages similarly to PRELIS/LISREL. In the first
stage, the polychoric and polyserial correlations are estimated from a
PML-estimation procedure, and in the second stage. the vector 8 is
estimated  from  a  WLS fit function  (Lee  et  al..  1995).

Given two categorical variables A and B, the kernel of the bivari-
ate loglikelihood function (lAB in Equation 3.6) is maximized simul-
taneously with regard  to  1-A•   7-B ,   and  PA. B.·    Then. the polyserial
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correlations between categorical variable A and the other continuous
variables are estimated from tlie multivariate likelihood function be-
tween  A  and  all continuous variables (LAX&.·-xs ).   The maximization of
this function is performed with respect to the vector of thresholds of
A  and all polyserial correlations  between  A  and  Xi,  ···,  Xs  (see,  Lee
et al., 1995).

Hence, in contrast to PRELIS/LISREL, the threshold values are
not estimated from the univariate marginals. With EQS, polychoric/
serial correlations are estimated by a PML estimation procedure and
not by a pseudo-PML estimation procedure. However, because a PML
estimation is performed and not an FML one, in general, several sets of
thresholds are estimated for the same categorical variable. Although
these estimated threshold values are not directly used further in the
estimation procedure, this may be a drawback of this metliod.  III-
deed, except when the sets of thresholds are very close (which often
seems to be the case according to Lee,  Poon, & Bentler, 1994), strictly
speaking, there is no longer one unique underlying variable for each
categorical variable but several ones corresponding to each different
set of tliresliold values.

Given the polychoric, polyserial, and product-moment correlations
obtained, the model parameters are estimated from a WLS fit function.
The formula of the weight matrix W used in EQS is given by Lee,
Poon, and Bentler (199Ob: Equation  31). This matrix  is also shown
to be a consistent estimate of the asymptotic covariance matrix of the
correlation estimates. Hence, the WLS fit function is asymptotically
efficient.

Estimation procedures in Mplus
The estimation procedure in Mplus (Muthdn & Muthdn, 1999) differs
from the one in LISREL with respect to the model-estimation step.
The fit function iniplemented in MI)lus is no longer a WLS function
but a robust generalized least squares (rWLS) function (Muth6ii et al.,
1997).

Suppose that a mean and covariance structure model is considered
and that C is the estimate of the asymptotic covariance matrix of
the univariate and bivariate marginals (transformations of the latter
ones  leading to correlations between the variables).    The  idea  of  the
rWLS procedure is to use a simpler weight matrix Wr (rather than
C) and to correct a posteriori the estimated standard errors and chi-
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squared goodness-of-fit values (Satorra, 1992; Muth6n, 1993; Muthan
et al., 1997). In the WLS procedure (in LISCOMP), the asymptotic
covariance matrix of the parameters in 0 is estimated by

ACOV(O),i'LS .    a'C-la -1, with   A =
ap(e)
80 '

with B denoting a vector containing univariate and bivariate expected
probabilities (or the estimated correlations for the covariance structure
models).    In  the rWLS procedure (in Mplus),  0 is estimated  by  the
WLS function:

FWLS(0) = [s* - aM(e)]'wrl [s* - aM (8)] ,
with s* and aM being the vectors containing all first- and second-
order sample moments, and all first-and second-order estimated Ino-
ments, respectively (i.e., the vector containing all elements of S* and
of 31(0), respectively, for covariance structure models). Furthermore,
in the robust-WLS approach, the asymptotic covariance matrix of 0
is estimated by the Taylor expansion (Muthdn et al., 1997: Muthdn &
Muthan, 1999: developed originally for the continuous case by Satorra,
1989, 1992):

ACOV(0) rWLS = -  (a'Wra)-1 a'W,71CWT-18 (A'Wra)-1.
The requirement on the weight matrix Wr is that it should be

invertible.  Note that if Wr = C, the rWLS procedure is equivalent
to the WLS procedure. In Mplus, the Wr matrix used is a diagonal
matrix containing the diagonal elements of C.

This procedure may be advantageous in several respects. First, C,
which may be of a large dimension, does no longer have to be inverted,
and the rWLS procedure may be faster than the WLS one. Second,
according to several simulation study results, the rWLS estimates seem
to  be more accurate  than  the  WLS ones (Mutlidn  et  al.,  1997).

New robust goodness-of-fit indices can also be developed for this
estimation procedure (see Section  3.1.6).

Note that other estimation procedures for polychoric and polyse-
rial correlations have been presented in the last decade. Albert (1992)
proposed a Bayesian estimation procedure of the polychoric correla-
tion coefficient based on Gibbs sampling. Bedrick and Breslin (1996)
developed a noniterative estimation procedure for the polyserial corre-
lation coefficient based on the biserial estimation procedure from Lord
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( 1963).   Reboussin and Liang (1998) developed a quadratic estimating
equation approach replacing the two- or tliree-step approaches with
WLS fit functions. In some simulation studies presented by Reboussin
and  Liang  (1998),   this  new estimation procedure yielded better  esti-
nlates than the three-step-WLS approach for models with a relatively
large number of variables  ( 15). However, results of simulation studies
seem to indicate that the rWLS procedure, which requires much less
coniputational tinle, yields results that are almost as satisfactory as
the ones of the quadratic estimating equation approach (see Muthdn
et al., 1997).

3.1.5 Example
The LSEMs with threshold models are applied here to a data set from
the 1993 General Social Survey (hereafter GSS93). Four categori-
cal/categorized variables are taken into account, namely, the fact of
having obtained a graduation diploma (A), the age category (B), the
perceived political view (C), and political affiliation (D). The four-
way crosstable ABCD for a sample of 1423 individuals is shown in Ta-
ble 3.1.5. The hypotheses are that A and B influence C and that A,
B, and C influence D. In order to appreciate the differences between
the polychoric correlations and the product-moment correlations, both
types of correlations are displayed. The estimation procedures used are
the ones implemented in PRELIS 2.3 /LISREL 8.3. The thresholds
obtained are shown in Table 3.2 and the corresponding correlations
are shown in Table 3.4.

Results from the tests of underlying bivariate normality from PRELIS
2.30 are presented in Table 3.3. According to the tests available in
PRELIS, underlying bivariate normality should be rejected (because
of significant difrerences at the 0.05 level of significance) except for the
relationship between B and C. Hence, the threshold models should
not be used. Here, however, in order to show how an LSEM should be
interpreted, the analysis is continued further, still using the threshold
models.

The polychoric correlations are somewhat more pronounced than
the product-moment ones. An LSEM was then estimated with these
polychoric correlations.  As the effect of diploma (A) on perceived po-
litical view (C) was not significant. the model shown in Figure 3.2
was fitted. The specific dependencies between the explanatory vari-
ables A and B are not assessed here. The curved two-headed arrow in
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Party ailitiation:
Democ. Indep. Repub.

A.   College deg.: O. NO

B. Age cat.: 0. 18 - 29
C. Perc. pot. view: 0. Liber.       27     25      11

1. Moder.      26     39      26
2. Conser.      15     27      24

B.   Age  cat.: 1. 30 - 39
C. Perc. pot. view: 0. Liber.        35     17      12

1. Moder.      36     49      18
2. Conser.      16     24      28

B.   Age  cat.: 2. 40 - 49
C Perc. pot. view: 0. Liber.       31     15       2

1. Moder.      29     48      15
2. Conser.      17     24      27

B. Age cat.: 3. 50+
C. Perc. pot. view: 0. Liber.        45     23      18

1. Moder.      66     50      38
2. Conser.      57     45      81

A. College deg.: 1.   Yes

B.  Age  cat.: 0. 18 - 29
C. Perc pol. view. 0. Liber.       13      7       1

1.Moder.       4      2      4
2. Conser.       1      1      19

B.   Age   cat.: 1. 30 - 39
C. Perc. pot. view: 0. Liber.        17     12       6

1. Moder.       5     10      10
2. Conser.       3     11     28

B.  Age  cat.: 2. 40 - 49
C. Perc. pot. view: 0. Liber.        24     11       3

1. Moder.       5     10      2
2. Conser.       2      4     20

B.   Age cat.: 3. 50+
C Perc. pot. view: 0. Liber.        13      8       5

1. Moder.       8     12       7
2 Conser.          6       11       32

Table 3.1: Voting behavior data set: vote by education, age, and
perceived political view (source: GSS93).
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Variables Values of the threshold.s
A. Diploma 0.72

B. Age class -0.87 -0.18 0.34

C. Perc. pot. view -0.62 0.34
D.   Pot. ajjit. -0.38 0.50

Table 3.2: Threshold values obtained PRELIS 2.30 (source: GSS93)

X2 value df. value P. value
A   B   CABC   A   B   C

B 18.2     2   0.00
C 35.5 5.4 1 5 0.00 0.37

D 4.5 17.7 17.1 1 5 3 0.03 0.00 0.00

Table 3.3: Test of underlying bivariate normality (PRELIS 2.30,
source: GSS93).

Polychoric correlations Product moment correlations
A   BCD    ABCD

A 1.00 1.00
B -0.04 1.00 -0.03 1.00
C -0.05 0.13 1.00 -0.03 0.11 1.00
D 0.16 -0.01 0.41 1.00 0.10 -0.01 0.32 1.00

Table 3.4: Polychoric and product moment correlations (source:
GSS93).

<+A  -                       <2<  <1   /--*C- D

C- B  M

Figure 3.2: An LSEM causal model (source: GSS93).
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Figure 3.2 indicates that there may be a nonzero correlation between
A  and B. Variables <1 and <2 are disturbance terms. In addition,
according to the graphical convention of explicitly displaying interac-
tions chosen here (see Section 2.2.2), the effect between each pair of
variables is supposed not to depend on the level of a third variable.
The equations corresponding to the LSEM considered are

D* 7DIA X A* + 7DIB X B* + 7DIC X C* + <2,

C*        7CIB x B* + <1.

This model fitted the data satisfactorily (X2-value of 0.87 for one de-
gree of freedom).2 The effects and their standard-error estimates found
for this LSEM with thresholds II10dels are shown in Table 3.5. The
ones obtained if the categorical variables are treated as metric are
also shown in Table 3.5. The effects found in the LSEM with thresh-
old models are more pronounced than the corresponding ones found
in the LSEM from product-moment correlations. By correcting by
categorization efrects (which most of the time tend to attenuate the
strength  of the relationships between the variables), the effect   coef-
ficients found in LSEMs and thresholds models are in general more

pronounced than the ones found in LSEMs. The strongest effect on
'political affiliation' is the perceived political view (7DIC = 0.42).  More
particularly, the more tlie respondents perceive themselves to be to the
right of the underlying liberal-conservative scale, the more they tend to
affiliate themselves with a party in which Republican ideas are strong.
Besides, an increase in the degree of education also seems to increase
the chance of being afEliated with a party in which Republican ideas
are  strong (7DIA = 0.18), whereas the direct effect of age seems to
indicate an opposite effect of age on affiliatiOIl with a Republican-like
party  (7DIB  - _0.07). However, the indirect effect  of age mediated by
perceived political view is positive (7DIC x 7(718 - 0.42 x 0.14 = 0.06),
indicating that the older the respondent, the more conservative his/her
views. and the greater the likelihood of his/her being affiliated with a
Republican-like party.  In fact. because of these two opposite effects,
the total effect of age on political affiliation is not significant (value of
-0.01 (0.03)).

2 Note. however, that the first-step goodness-of-fit indices (the underlying bi-
variate normality tests) indicated a poor fit of the threshold models. Hence, the
model cannot be accepted even though the second-step goodness-of-fit indices are
satisfactory.



Linear Structural Equation Models                                       75

From poluchoric From product-moment
correlations correlations

effect Valrie Std. Z Value Std.     Z

7(1B 0.14 0.03 4.2 0.11 0.03 4.1

7DIA 0.18 0.04 4.9 0.11 0.03 4.6

7DIB -0.07 0.03 -2.0 -0.05 0.03 -1.8

70'C 0.42 0.03 12.9 0.33 0.03 13.3

NB: coefficients from product-moment correlations are estimated from

standardized variables.

Table 3.5: Effect coefficients from the LSEMs (source: GSS93).

3.1.6 Evaluation

Data analyzed

When LSEMs are used, all (dependent) categorical variables are sup-
posed to have an underlying continuous variable. This is a working
assumption here, and although it may be questioned, it cannot be
tested (provided the categories are ordered, and no specific underly-
ing distribution is assumed). Consequently, if certain truly categorical
variables, such as dead/alive, are used in these models, the effect co-
efficients refer to underlying continuous variables that may be rather
different from the original ones (e.g., here 'survival capacity').

In addition, depending on the estimation procedure chosen, the
underlying continuous variables are assumed to follow a multinormal
distribution  (for FML procedures),  or the bivariate marginals  of  the
continuous variables are assumed to follow bivariate normal distribu-
tions   (for PML procedures). Although the assumption of normality
cannot be tested for the underlying continuous variables, bivariate
normality tests liave been developed (Jkireskog, 1990; Muthdn & Ho-
facker, 1988; Muth6n, 1993). Furthermore, comparison of the observed
and expected bivariate tables may provide some clues about the cells
that may strongly contribute to underlying bivariate nonnormality.
However, as Bentler and Wu (1993: 164) noticed: "At present there
are no good diagnostics available for evaluating this [normality of the
underlying variable] assumption empirically".

Several techniques can be developed to deal with data resulting
from sampling schemes other than simple randOIIl Sampling Using LSEMs
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(Satorra, 1992: Muthan & Satorra, 1995a; Muthdn  et  al.,   1997).    In
addition, the hypothesis of independence of the observations can be
partly relaxed as multilevel models have been developed and can be
considered as specific LSEMs (see, e.g., Muth6n & Satorra, 1989: Lee,
1990: Muthan, Forthcoming).

The level of nieasurement required for the categorical variables used
in LSEMs is ordinal. With the polychoric and polyserial estimation
procedures, continuous and ordinal variables can be simultaneously
handled by LSEMs (JEreskog & Sdrbom, 1996b; Lee et al., 1992, 1995;
Muth6n. 1987).

In principle, categorical variables with an interval or ratio level of
measurement should not be analyzed directly with threshold Inodels.
As the distance between categories is no longer arbitrary, they should
be taken into account if a threshold model is used. Alternatively, the
mid-point between two consecutive thresholds can be restricted to be
equal to the value of the corresponding category.  In both cases, the
assumption of univariate normality may be impossible to sustain as
the thresholds are no longer estimated without restrictions. For ex-
ample, for trichotomous variable A consisting of three income classes,
the true continuous distribution of income Ainc is highly skewed to the
left, and the restricted threshold model does not hold because of non-
normality. If the unrestricted threshold model is used, the underlying
normal variable A* corresponding to A does not correspond to Ainc,
and the coefEcients obtained by the LSEM do not represent the effects
of income, but the effects of a nonlinear transformation of income.

The use of categorical variables with a nominal level of measure-
went may not be straightforward either. Indeed, in threshold II10dels,
the categories of each variable are supposed to be ordered.  This as-
sumption can no longer be sustained for polytomous nominal variables.
Different methods may be used to solve this problem. Firstly, it may
be possible to find an ordering for the categories by slightly trans-
forming the variables. Categories may be ordered in a certain way
and/or collapsed in order to obtain this ordering property. Secondly,
the original variable  V with  I V  

categories  may be recoded  into  IV 1-1
dichotomous variables. For independent variables, as in ANOVA II1Od-

els. dummy variables can be created and treated as if they were discrete
and the standard estimation procedures for continuous variables can
be used (Kuhnel,  1988).   For dependent variables. these dummies can
be treated as if they were ordinal (possession of a character or not).   For
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a nominal dependent variable  with  I V I  categories.  this  transformation
may be tedious as it entails I V 1 - 1 underlying dependent continu-
ous  variables  to be taken into account.  azid  heiice   I VI  -  2   additional
equations. For several polytomous nominal variables within the Sallle

model. the size of E* increases accordingly and inay be too large to be
treated. Furthermore, tlie WLS procedure may 110 longer be used as
the weight Inatrix may become singular. Indeed, by multiplying the
nuinber of variables, especially when the variables are highly corre-
lated with each other. problems of nonpositive definiteness may occur
more frequently.

The two above-mentioned strategies may be combined in order to
reduce tlie number of necessary additional variables. Suppose, for
example, tliat V is a categorical variable denoting vote with four cat-
egories indicating four different political parties. If there are theoret-
ical results indicating that the parties are actually ordered according
to two dimensions (e.g.: conservative/progressive, left/right).    If  the
first strategy is used, a loss of information may occur.  If the second
strategy is used, three dichotomous variables are defined. By using
tlie theoretical result that V in fact represents two diniensions, it niay
be interesting to decompose it into two dichotomous ordinal variables
1/ p  and  11/r · Of course, these manipulations should be performed on
the basis of substantive reasoning.

In assuming linearity of the effects and the assumption of multivari-
ate normality, only first and second moments are necessary to estimate
LSEMs witli continuous variables by means of an ML estimation pro-
cedure. Hence, rather accurate estimates may be obtained even with
,small data sets. When categorical variables are taken into account,
as the WLS procedure entails the estimation of W, fourth-order nio-
Illents liave to be estimated. Hence, many more observations may be
needed than when only means and covariances had to be estimated.
Jureskog and Surboni (19961 : 27-28) advised working on sample sized
at least larger than p *  (p -  1)/2 (p being the number of variables).

Note that the weiglit matrix W that is estimated in order to per-
form the WLS estimatioii procedure is of dimension (p(p- 1)/2xp(p-
1)/2).  As tlie number of variables in tlie model increases, the num-
ber of cells to be estimated in W also increases rapidly. In addition,
for strongly skewed aIid/or correlated variables. this weight matrix W
inay become singular, whicli hinders the possibility of fitting the LSEM
(Muthdn, 1993: 228).
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Hence, the possible number of variables to be treated with LSEMs
with a WLS estimation procedure is much lower than if all variables
were continuous. In LISCOMP, for example, around 25 variables can
be handled at most and sample sizes larger than 500 or 1000, depending
on the complexity of the model tested, are needed (West, Finch, &
Curran, 1995:  69-70).  For EQS, the maximum number of categorical
variables treatable  is 20 (Byrne,  1995:   146).

Note, finally, that new estimation procedures, such as the ones
presented in Reboussin and Liang (1998) or in Muth6n et al. (1997),
Seenl to perform much better than the WLS procedure, especially for
small to moderate sample sizes. Hence, more variables can be handled
when using these procedures.

Basic tools for causal analysis

If both A and B are categorical, the equation representing the depen-
dency of B on A is3 B* = 70 + 7BIAA* + <, with A* and B* being the

underlying variables of A and B, respectively. Except in some specific
cases (see Kuhnel,   1996),   the  means and variances of these underly-
ing variables are set to zero and one, respectively. Hence, the effect
coefficient of A on B is a standardized coefficient and represents the
variations in standard deviations of B* following from the increase of
one standard deviation of A*.

If A is continuous and B is categorical, the question can be raised
whether A should be standardized or not. Although unstandardized
coefficients may be more suited to causal analysis (see, e.g., Blalock,
1964[1961] or Tukey, 1954), their  use may  not be recommended  in this
context. Indeed, if continuous variables are not standardized, the same
regression equation may contain simultaneously unstandardized and
standardized coefficients, and it may be awkward to compare them.
Following the advice from Tukey   (1954:    39), as certain variables  do
not have definite scales, the scales of all variables are standardized.
Note that this standardization may also be a better option iIi practice
as the standard-error estimates obtained by LSEM programs (for both

3However. it may be assumed that A is an exogenous variable (which would be
contained in the vector xM  of the Muth6n's model, for example).  If only the effect
of A on B is studied, A may remain unchanged, and the dependency equation is
the one of a probit model:  B' = 70 + 7BIAA + 4, with B' being the underlying
normal variable corresponding to B. Hence, the effect of.4 on B can be interpreted
here  as a probit effect  of  A  on  B.
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categorical and continuous variables) may not be satisfactory when the
variables  are not standardized  (Poon  &  Lee,   1999).

For longitudinal or multigroup data sets, means and variances of
the underlying continuous variables may partly be determiIied. Con-
sider, for example, a longitudinal model; one set of means and vari-
ances can be fixed to zero and one, respectively. at time t, and the sets
corresponding to other time points may be estimated with the ones
in t as a reference. Hence, (partly) unstandardized coefficients can be
estimated.  IIi fact, tliis is very fortunate as longitudinal or multigroup
studies are the cases for which standardized coefficients are more likely
to be misleading (see, e.g., Kim & Ferree, 1981).

The variance estimates of these effects can be obtained. They are
calculated during the WLS estimation procedure using the expected
information matrix (J8reskog, 1981, 1990).

In order to evaluate the adequacy of an LSEM M, several measures
have been developed. Here, three of them will be briefly reviewed.
These measures indicate the closeness between  EM (0), the covariance
matrix given model M, and E, the observed sample covariance matrix.
When (dependent) categorical variables are included in the model, the

*

observed covariance matrix is actually estimated (i.e., denoted by E
or  S*).   Therefore, the measures presented here should be considered
as "second step" measures compared to the "first-step" goodness-of-fit
indices measuring the adequacy of the threshold models.

In using the WLS estimation procedure, a goodness-of-fit test can
be obtained. If model M is true, the value

(N - 1)FwLs - (N - 1) [s* - aM(0)]'w-1 [s* - =Af (0)1,
can be shown to be chi-squared distributed with (1/2)(ptq)(ptq-1)-t
degrees of freedom, with t being the number of parameters in 0 (Bollen,
1989: 425-446).

Based   on   the   work of Satorra (1989,1992), a robust chi-square
goodness-of-fit measure has been developed in Mplus (Muth6n et al.,
1997: Muth6n & Muth6n. 1999). Consider

U = w,7 1 - W r - l a ( A ' W ; - 1 A ) - 1 a ' w r - 1,

with Wr being the weight matrix chosen during the (robust) estima-
tion procedure, and A beiIig a matrix containing the first derivative
of a vector containing estimated correlations and possibly univariate
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and bivariate probabilities given the model parameters. The robust
chi-square estimate can be deduced from the formula

N (d/tr [UC]) Fri"LS(e)

with tr [.] being the trace function, C being the asymptotic covariance
matrix of the correlation estimates (the s*s) if covariance models are
considered,  and d being obtained as the integer closest  to d*,  with  (see
Satorra, 1989),

d* = (tr [UC])2 /tr  (UC)2) .
Another way to assess the fit of the model is to consider the root-

mean-square residual (RMR) (JBreskog  & S6rbom, 1996a:   30):

-                                     - 1/2P+q

RMR= 2 Z  
(S. (i, j) - EM(i, j))2

1 IA-- aM 11

i=l j=l
(P+q)(P+q+1) V (Ptq)(Ptq+1)/2

with S*(i. j) and EAf (i, j) being the elements in the ith row and in
the jih column of the matrices S* and EM (0 )' respectively, and with

ul I  =   /Ii<U, for any vector u.  The RMR measure represents the typ-
ical error that is made in predicting the correlations/covariances if the
model is accepted. In practice, errors lower than 0.05 are considered
acceptable.

Finally, it is important to note that the effects, standard-errors. and
goodness-of-fit estimates are all dependent on the assumptions and the
fit of the threshold models used to estimate S*. In particular,  lack of fit
iIi the estimation of S* may have serious consequences for the estimated
structural  parameters  (Muthdn,   1993).    To  our  knowledge, no global
goodness-of-fit indices, iii which the fit of the threshold models and of
the LSEM are simultaneously tested, have been developed.

A way to assess the fit of the LSEM with threshold models may be
obtained as described in the following. First, the LSEM model is fit-
ted  from the categorical sample data set (containing N observations).
Then, a continuous sample of 1.000,000 observations is simulated froni
the covariance matrix E (0). Each variable of this sample is then cate-
gorized according to the corresponding estimated thresholds obtained
during the first step. Then an estimated crosstable (by dividing the
number of observations in each cell by 1.000,000/N) can be obtained
and compared to the original crosstable. Applying this method leads
to an L2 value of 177 and an X2 value of 180 for the GSS93 data
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set, indicating rather important discrepancies. given the fact that nine
threshold values and seven effect coefficients are estimated.

Supplementary tools for causal analysis

Indirect effects and Systems of equations are handled by LSEMs for
continuous and/or categorical variables. If, for example, variable A
causes variable  B   with a coefficient   781.4, and variable B causes   C
with a coeflicient 7(71 B, the coeflicient representing the indirect effect
of A  on C mediated  by  B is equal to 7BIA  X  7CIB. The indirect effect
of A on C can be defined as the sum of the specific indirect effects
mediated by all variables between A and C. The total effect of A on
C can be defined as the sum of the indirect effect and of the direct
efrect of A on C.

When all variables are continuous, estimates of variances of certain
indirect and total effects in recursive models have been shown to be
obtained  by the delta method (Sobel,  1986). A general  way to obtain
variance estimates of effects in LSEMs with continuous or categorical
variables  is  to  use a bootstrap procedure (see Bollen & Stine,  1990).

In the JWK model, if matrix B in Equation 3.2 cannot be writ-
ten as a lower triangular matrix, the LSEM is nonrecursive. Hence,
nonrecursive models can also be handled by LSEMs, and coefficients
representing reciprocal causal effects can be defined as the two (si-
multaneous) direct effects. However, identification or overidentifica-
tion can be much more difficult to obtain for nonrecursive models (see
Bollen, 1989: 88-104),   and the interpretation  of the reciprocal effect
may not be that simple (see, e.g., Bollen, 1989; and Pearl, 1998a for
two different interpretations).

Latent variables can be easily included in LSEMs. Indeed, they
are already present in the definitions of the models (variables in 71
or   in   E  of  the JWK model). The latent variables are supposed   to
be continuous and normally distributed. Higher-order latent variables
can be also defined in LSEMs. Furthermore, the relations modeled
can be assumed to be measured with a certain degree of error.  In the
JWK niodel, these errors are contained iIi vectors €, 6, and <.

In LSEMs, the effects of one variable (A) on another one (C) are
supposed  not to depend on the levels of a tliird one (B). However,  this
assumption may sometimes be too restrictive.  If A aiid B are observed,
the effect of A on C may vary across the levels of B.  This can be taken
into account  in the model by including the product variable A · B.   Note
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that this interaction term is a linear-by-linear interaction term (and is
therefore restricted  to this functional  form  here).   If C is continuous,
and A and B are categorical, LSEMs can be estimated as an analysis of
variance type of model (Kiihnel,  1988).   If all variables are categorical,
the same method (with a WLS estimation procedure) way be used on
the  equation  in which C is replaced by  C*.

The inclusion of interaction/nonlinear effects of latent variables on
otlier latent variables is more problematic. Different methods have
been developed to include these effects: a corrected variance matrix
can   be used (Busemeyer & Jones,   1983), or product(s) of observed
indicators to measure the product latent variable (Kenny & Judd,
1984; J6reskog & Yang, 1996), or instrumental variables and a two-
stage estimation procedure (Bollen,  1995).   As the first  type of method
is nlore restrictive  than the other  ones (see Bollen,   1989:    408),   only
the last two methods will be sketched here.  For a more complete
description of these methods, see the above-mentioned references and
Jaccard and Wan (1996).

In the product-indicator method. initiated by Kenny and Judd
(1984) and for which a correct statistical development was developed
by J8reskog and Yang (1996), the following model with interaction
effects

71 - ao + 71<1 + 72(2 + 73(142 + ( (3.8)

with the nieasurenient II10dels

E-71

and
-     -      -     -           -                -

A Ql 1 0    81
B       02  +  X2  0    [ 41 1    62C a3 0 1 .[ 42]  63
D aA 0   X4                  84

-     -     - -     -            -                 -

is   fitted.     Here. the intercept terms   at    (for   i   =   1...., 4) should   be
nientioned. as the product variables of two centered variables is not
centered in general. In order to obtain measures of the product variable
41 42 · One of the products of the observed indicators. such as A · C,  can
be used (J8reskog & Yang, 1996). Hence. the additional equation

./1 · ( 7 = . . . = 7-17.'3 -1- 7. 341  -1- 7-1  2   |'  <1 2      85
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with 65  =  7.1 83 + 7-3 81     1 (S3    2 81    (il d3,  Should be taken into account.
The product variable A.C is added to the covariance matrix, and the
model can then be estimated. Because some variables in this model are
nonnormally distributed and a WLS estimation function does not take
into account the possible correlation between the intercepts and the
covariances. a WLS estimation procedure on an augmented moment
nlatrix  has been proposed by Jureskog  and  Yang  (1996).

The idea developed by Bollen (1995) is to replace Equation 3.8 by
equations between observed variables only. This method assumes that
each latent variable can be scaled by an indicator (here, e.g., <i by
A),  and that these indicators  are not correlated  with the other latent
variables. Then,  6,4 2    and  v  can be substituted  by  A- 6 1,C- 6,
and E, respectively. Equation 3.8 is then replaced by

E= liA + 72C + 13A ·C+Cs
with

G = ao - 7181 - 72(53 - 73A83 - 73Cdt + 738183 + (·

However, G is not independent of the independent variables. In order
to be able to estimate this model, instrumental variables are used. As
the same manipulation can be performed for the measurement equa-
tions, the instrumental variable may be obtained by B, D, and B.D
as they are correlated with A, C, and A·C but not with the residual
terms. A two-stage least square procedure is then used. In the first
stage, the independent variables are estimated by the corresponding
instrumental variables; in the second stage, the dependent variables
are  regressed on these estimated independent variables (Bollen,  1995).

If more than one interaction effect is taken into account, the nun-
ber of instrumental variables needed or the dimension of the aug-
mented matrix increases accordingly. Besides, only linear-by-linear
interaction terms liave been taken into account and in practice it is
even more problematic to insert higher-order interaction effects in the
model. Therefore, only very few low-order interaction effects can be
inserted in a model when using these methods.

A more general problem in the treatment of interaction effects in
structural equation models is that the models with and without in-
teraction effects are not calculated on the same covariance matrices.
Consequently, significance of the interaction effects can only be as-
sessed in the augmented model. Hence, in contrast to what is done in
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ANOVA or Loglinear modeling, the goodness-of-fit tests of the main
effect model do not yield information about the possible significant iIi-
teraction effects. Furthermore, as the previous approaches are limited
iii the number of interaction effects they may handle simultaneously.
the test of the significance of the interaction effects has to be conducted
sequentially for low order interaction terms only.

In addition. another problem may arise if the variables are categor-
ical. Suppose, for example, that A, B, C, and D are categorical and
that the interaction eBfect from Equation 3.8 is estimated by means of
tlie instrumental variable method. This interaction effect is estimated
as the (corrected) effect  of A*.C*. However, this product variable does
not have a natural link with the categorical product variable A x C
(or its decomposition) which would have been considered if 41 and (2
were equal to A and C.

Summary

The use of threshold 1110dels in order to define variables that 1Ilay be
handled in LSEMs has many advantages. By means of these threshold
models, association measures for continuous variables can be naturally
extended to categorical ones, and the final LSEMs are rather Similar
for categorical or Continuous variables. Direct, indirect, total, and
reciprocal effects (and their variances) can be estimated in LSEMs
with threshold models. Latent variables and measurement errors can
also be readily included.

However, except for truly ordinal categorical variables, using these
models may rapidly become tedious as the variables may have to be
transformed or the threshold models restricted. Furthermore, tlie as-
sumption of normality for the underlying COntinUUIIl may often be too
restrictive. Finally, even if goodness-of-fit indices exist for the thresh-
old models and for the LSEMs, no global goodness-of-fit measures have

been developed.
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3.2 Optimal Scaling Based Models
The class of methods in which the scores of the variables are trans-
formed according to some optimality criteria are denoted here as Op-
timal Scaling (OS) methods. Under this generic term, several different
methods have been developed to transform the variables in an opti-
mal way (see, e.g., Saporta, 1990; Gifi, 1990). Focusing on categorical
variables, Correspondence Analysis (CA) or Homogeneity Analysis are
two such methods and Call be introduced from several different but re-
lated fundamental concepts. Correspondence Analysis was originally
considered as a method to find optimal quantifications of the cate-
gories of two categorical variables A and B, rendering maximal the
product-moment correlation between tlie two transformed variables
(Hirschfeld, 1935). Hence, this nlethod  can be considered to belong
to the Pearsonian tradition. The extension of CA to more than two
variables is known as Multiple Correspondence Analysis (MCA) and
can be seen as a special case of canonical analysis (see Saporta, 1990:
224-225).

By using a property related to the one of maximizing the product-
moment correlation, CA can be naturally appended in a statistical
causal modeling framework. Indeed, the optimal scores obtained by
CA for the categories of two categorical variables, say A and B, are
such that the regression between the transformed categorical variables
is linearized (Hirschfeld, 1935; de Leeuw, 1988). Hence, optimal seal-
ing may be performed to estimate the transformed variables that are
subsequently used in linear regression models or LSEMs.

This section is organized as follows. First, the idea behind OS
methods is presented, and several potential uses of these methods in
combination with other ones will be briefly discussed. Then, the spe-
cific use of OS within a multivariate framework will be presented.  The
causal models obtained will be called Linear Structural Equation Mod-
eis  with   Optimal Scaling (LSEMOS). Finally, having been applied  to
an example, the LSEMOS method will be evaluated.

3.2.1 Optimal Scaling methods
Suppose that N observations have been measured on m variables A,
..., and E having IAI, ..., and IEI categories, respectively. For variable
A.  the indicator matrix GA is defined as an (N x  Al) matrix with each
column corresponding to one category of A. and each row correspond-
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ing to one individual. The element in the kth row and the ath C0111mIl
of GA  is  1 whenever individual k belongs to category a of A, and 0 oth-
erwise. The matrix DA  = G,4 GA is diagonal (as the column vectors in
GA are orthogonal) and contains the univariate marginals of variable
A on its diagonal. Similar matrices (GM •••, GE 7 and DB j ···, DE ) are
defined for variables B to E.

The notion of quantification   Let the categories of variable A be
quantified by tlie values y,4.1 ' * < '  AJAI

contained in the vector YA ·  By
multiplying the indicator matrix  G A  by  a new vector of category values
yA(1)'  variable  A(1) is obtained. Variable  A(1)  is a rescaled version of
A according to the new weights or quantijications for the categories
contained in yA(1) Suppose that, for example, six individuals score 2,
3, 1, 3, 3, and 2 on a trichotomous variable A. If the categories of the
variable A are rescaled, respectively, to YA(1),1 - 0.5, y = 1, andA(1),2

v       = 3, the vector of the values of the individuals in the rescaled
A(1).3

variable A(1) is GAy,1(1) - [1 3 0.5 3 3 1]'. Note that A(1) can be
considered to be a discrete variable.

Homogeneity: the idea behind optimal quantification  Each
observation has a value for each variable and can be represented as a
point in a space of dimension m. A category of a certain variable way
in turn be seen as the center of gravity of the observations that belong
to this category. The aim of homogeneity analysis is to map both ob-
servations and categories in a lower dimensional space of dimension l
such that the individuals are as close as possible to the categories they
belong to (de Leeuw, 1984; Gifi, 1990). A measure of this closeness
is used as the optimality criterion. Suppose that the vectors of the
different object scores in these l (latent) dimensions (1 5 m) are com-
piled inamatrix named X*, such that X*' = IX;....,X ,0..,Xil,
with XZ being the vector containing the scores of the individuals on
the kth (latent) dimension. In addition, denote by YL  = [y 41 ' I I I'  Al 1
the vector containing a quantification of the IAI categories of A in the
l (latent) dimensions.

For notational convenience, suppose finally that  [YA '  ...'YE]  and
[GA, ...,GE] can be written [YI, ···,Ym] and [Gl, ••••Gil. respectively.
In Homogeneity Analysis. the l latent dimensions can be found by cal-
culating simultaneously  a  set of weights  for the variables  (Yt....,Y™ )
and  a  set of scores  (X*)  for the observations  such  that the following
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loss function
m

0(X*; YI,···, Ym) =   iliztr  (X* - GjYJ )'(X* - Gj Y,)  ,
J=1

with tr [.] being the trace function, is minimal (see HOMALS in Gifi,
1990). In order to avoid a trivial solution, the scores   of  X*   are
supposed to be nonzero and are standardized: X ' · 1N = 0, for
k=1, . . . ,l, with l N being the (N) unity vector, and X*' X* =N·1 1
with lt being the (l) unity vector. Consequently, the loss function is
strictly positive (as long  as tlie variables  are not linearly dependent),
and it makes sense to minimize it.

The set of scores and quantifications can be obtained either by a
singular value decomposition method or by an iterative minimization
procedure. In order to introduce the main ideas of these methods,
suppose that G= (GAIGB  ···GE) and D= Diag(DA; ···;DE)· The
matrix G (N x (1Al +... + IEI)) is called the tableau disjonctif in the
French literature. The first method consists of the singular value de-
composition of the matrix ( 1/m)GcD-1/2, with Gc being the matrix G
that has centered columns  (Micliailidis  & de Leeuw,  1998:   315).   This
method yields results similar to the ones obtained by MCA (Benzecri,
1973; Saporta, 1990; Gifi, 1990: 149; Michailidis & de Leeuw, 1998:
317). The second method, also known as the method Of reciprocal av-
erages, consists of conducting an Alternating Least Squares procedure,
in order to estimate these vectors (Bekker & de Leeuw, 1988; Saporta,
1990:   215). This alternating least square procedure is implemented  in
HOMALS4 (see Gifi, 1990: 106-120).  For a discussion of the similari-
ties and differences of Homogeneity Analysis with other OS methods,
the reader is referred to Michailidis  and de Leeuw  (1998).

Suppose, for notational convenience,   that   [y, 1 ,    -, Ell   -    11 ,
-,Yint] and IDA, ·••,DE] = [Dl, •••,D™]. Whenever only one latent

dimension is needed, the loss function can be written as

o(X;; y 11 ....1 ym i  )   =        i Z'I X;   -  Gj yj 1  1 1 2
j=1

with 11.11 being the Euclidean norm, i.e.. that for any vector u, 111111 =

Au'ii. The vectors minimizing the loss function are obtained by mod-

4 The acronym HOMALS stands for HOmogeneity Analysis by Means of Alter-
native Least Squares.
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ifying X;  and Yll, ····ymi to alternatively satisfy  the two sets of equa-
tions:

1m
J Yjl (3.9)

and

Yi - D-1 G'XT for j = 1,..., m. (3.10)

In fact, the solutions obtained satisfy both conditions  (Gill,  1990:   106).
For these solutions, each observation's score is equal to the mean of
all category scores this observation belongs to (Equation  3.9).    Sym-
metrically, the quantification of every category is equal to the mean
of the quantification of all the individuals belonging to that category
(Equation  3.10). This property is called the principe barycentrique  by
Benzecri (1973). Note that the first HOMALS dimension corresponds
to the first principal component of the optimally scaled data matrix
on the basis  of the category quantifications  (Gifi,  1990:   123).

Using the singular value decomposition method.  if only one singular
value is chosen, the minimum loss is (Michailidis & de Leeuw, 1998)

cr(*, *) =N(1 -1/'T), (3.11)

with 7/'T being the largest nontrivial singular value of 1/mG&.D- 1/2.

CA as an inferential method Correspondence analysis models
can be seen as reparameterizations of canonical correlation models.
Indeed, the joint probabilities of the bivariate table AB, with rows
corresponding to categories of A and columns corresponding to cate-
gories of B can be decomposed by means of the following correlation
model (Goodman, 1985, 1986):

'TakbB  -  1,-:1-:i't. f(1  +  I V'kyi'.ay:'k.,) (3.12)

k=1

with 71'IlB being the probability that an observation is in category a of
A and b of B. 7raxf and ir AbB being the marginal probabilities of row
a and of column b, respectively, l = Min(IAI - 1. IBI - 1), and the
0ks being the correlations between A and B with the sets of scores

YIA  and Ym. respectively.  The ll'ks are strictly positive and ordered
froni the largest  one  (01)  to the smallest one  (tbt).   They  can be shown
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to be equal to the square root of the eigenvalues found by CA on
table AB (Goodman,  1986). The parameter vectors  YI   and  yl   are
constrained  such that the quantified variables  G Ay k  and  GByik  are
standardized, and that the correlation 1/'k is maximized under certain
additional constraints (see Goodman,  1986). The scores  y1k·   and  yjk
can be obtained by reparameterizing the scores  y 4k·   and yBk obtained
by a CA of the table AB as: y. k· - y  Ak  l  11' k     arid    y&k      =     y  Bk   /  11' k·

Despite its traditional descriptive use, CA can also be considered as
an inferential method. Indeed, the goodness-of-fit measure (Pearson
Y2 test, with Ho being the hypothesis of independence between A and
B)  can be partitioned  into  l components (Goodman,  1986):

lAI IBI  _AB - ef,1-fit)2      LI E ..a»
_AB_AB =   E d. (3.13)

a=lb=1 . at "tb k=1

Hence, by means of the previous formula, it may be possible to decide
how many latent dimensions (i.e., 0ks) are sufficient to satisfactorily
model the association structure. Usually, only the first two or three
dimensions are considered. Then, restrictions about the scores may
be set. Scores may be estimated or not, with or without order COIl-
straints.5 A variety of models (e.g., uniform association, estimation of
row scores only, column scores only, or both row and column scores
noted U, R, C, and RC) with different numbers of axes can be defined.
These types of models are closely related to the independence, the U,
C,  R,  and RC logbilinear associations models (Goodman,  1985,  1986).
However, bivariate directed models and bivariate undirected models
are not identical except when the variables are independent. Hence,
the calculation of directed models cannot be obtained directly from
undirected models; with these methods. contrary to what was done for
association models (see discussion by Clogg in Goodman, 1986).

MCA and causal analysis Multiple CA and OS methods cannot
be used directly as statistical causal models. Indeed, these methods do
not provide any means to evaluate and interpret the effects of certain
independent variables on dependent ones. Of course, these methods
can be very useful during the general causal analysis process as they
may provide illuminating summaries of the association structure of sets

5 Order restrictions can be set on the scores (see Ritov & Gilula, 1993), and
conditional independence restrictions may also be included in the correspondence
analysis model  (see de Falguerolles,  Amel, k Whittaker,  1995).
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of variables. For example, many interesting applications of the use of
CA in medical research can be found in Gibrat (1980). Furthermore,
CA or MCA can be used in an analysis of residuals approach in order to
gain insight into the necessary modifications that must be performed in
order to obtain a well fitting Directed Loglinear Model (see Section 4.1
and  van der Heijden, 1987: Chapter  3).

The use of CA and MCA, as exemplified in Benzecri (1992: 501-
507),  is more suited to determine a typology of the effects  than  to  mea-
sure them. Furthermore, the CA and MCA models do not take into
account any causal ordering between the variables. In order to remedy
this problem, nonsymmetric correspondence analysis (see Kroonenberg
& Lombardo, 1999, and references herein) has been developed. The
fundamental idea of this type of method is to fit a CA on the ma-
trix of the (centered) column profiles (with one column per dependent
category). However, in order to evaluate and interpret in terms  of de-
pendencies the relationships that have been visualized by a graphical
depiction obtained by nonsymmetric CA, other methods are used. For
example,  in the article by Kroonenberg and Lombardo  (1999),  the  ef-
fects are evaluated and interpreted by means of Goodman and Kruskal
T (models from Section 4.3), or as differences of percentages (models
from  Section  4.2).

Hence, the direct use of these methods only as statistical tools
applied during the general causal analysis process falls outside the
scope of the present book. However, a property of linearizability of the
regressions can be helpful in developing a combined approach between

MCA/OS and some multivariate techniques in order to develop causal
models. This property and its possible use will be presented in the
following section.

3.2.2 Optimally scaled variables in a multivariate frame-
work

The fundamental idea at the basis of the methods presented in this sec-
tion is the idea of linearizable regression. Indeed, an interesting feature
of using optimally scaled variables is that the relationships between the
original variables which were possibly nonlinear may beconle linear for
the transformed variables. For example, consider two categorical vari-
ables   A   and   B   that   have been optimally rescaled   into   A*   and   B*,
respectively.  Then, the regression of B* on A* is linear. or more pre-
cisely. the different values of E(B*IA*) (for A* = 1JA•.1'. -'VA•.1.41) are
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on  a  straight line (Guttulan,   1959; de Leeuw,   1988). For nlore  than
two variables, not all regressions are automatically bi-linearized ex-
cept iii Some specific cases. Nevertheless. the class of multinormal
elliptical and strained multinorma16 distributions are subclasses of
the bi-linearizable distributions (see Bekker & de Leeuw, 1988; and
de  Leeuw, 1993). Furthermore, although  not all possible regressions
between the variables may be linearized, the scores of the categorical
variables found by means of MCA are such that the "average regres-
sion" is linear (de Leeuw, 1993:  4).

Hence, the linear model and its extensions are in principle bet-
ter suited to the optimally scaled variables than to the corresponding
original variables. This combined use of Optimal scaling methods and
regression analysis models or LSEMs is presented here.

Multivariate regression model with OS The procedure con-
tained in MURALST (van der Kooij & Meulman, 1997) consists of
an optimal scaling procedure coupled with a multivariate regression
model. This method is a special case of the nonlinear canonical corre-
lation method (see Saporta, 1990, or the OVERALS procedure from
Gifi,   1990).    As in MURALS,  only  two  sets   (Sl   and  S2) of variables
are considered, and one of the sets is constituted by only one variable;
the nonlinear canonical method amounts to finding two linear combi-
nations 41 (of Sl) and 711 (of S2) so that 61 and 711 have a maximal
correlation (here, only the first canonical variables are studied). More
precisely, suppose that A, B, C, D, and E are 5 categorical variables
and  that  S l - {A, B, C, D} and S2 - {E}.  By means of this method,

transformations 4 .4 (·), 08(4' 09(·)' 4'I,(4, and (b (3 are found so that
the correlation between  0E (E)  and a linear combination  of  A (A),
08(B), 0£(C), and tD(D) is maximized.

The optimization is performed by an alternative least squares method
although a similar solution could be obtained by a singular value de-
composition (similarly to the howogeneity analysis method presented
previously). This method  can be performed for categorical  and  con-
tinuous variables simultaneously and is called second-order regression
(Meulman & Heiser,  1988).

6A strained multinormal distribution is a multivariate distribution such that
by applying a specific monotonous transformation function to each variable, the
obtained multivariate distribution is multivariate normal (see Yule, 1912).

LThe acronym MURALS stands for AIUltiple Regression and optimal scaling
using Alternative Least Squares.
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The second-order regression procedure implemented in MURALS is
presented briefly here (for more technical details, see van der Kooij &
Meulman.  1997).   The idea is  to find a composite standardized variable
X such that X is as close as possible to a certain transformation of
E and to a linear combination of transformations of A, B, C, and D.
The loss function can be rewritten as:

G tx., (bE'  A, *8 1 +C, +D,7 A'78 '7( ' 7 Dil E 
-   ( |X -7E0£(E)112 +11X - (7.A A (A) + ... + 71)0D(D))112) .

In order to simultaneously identify the transformations  (0_ (.))  and  the
corresponding weights  (7_), the transformed variables are supposed to
be standardized. In order to obtain a minimal loss function, the dis-
tance between the composite variable and the space spanned by the
dependent variable and the distance between the composite variable
and the space spanned by the explanatory variables are simultaneously
minimized. This corresponds to solving two different regression equa-
tions. X on A, B, C, and D, and E OIl X ; hence the name second-order
regression (Meulman  &  Heiser,   1988).

Suppose  that only categorical variables are considered   (i.e.,   vari-
ables A to E),  and that the quantifications on the first axis are denoted
y.4,  ...,y£,  instead of yA,1 ,   -.,yE, 1.   For  models with categorical  vari-
ables only, the loss function of this second-order regression can be
written

a (X; YE, Y.4, YB, Ye·, YD,7,1,78,7c, 70,7£)
=   ( |X -7EGEyE|12 + 11X - (7A GAYA   ··· + 7DGDYD)112)

with X,  GAy.4..'-'  and YEGE being standardized variables.
The quantities yp yA ' yB , yc' yD , 'YA , 78, 'Yr , 7D , TE are obtained

by an iterative two-step procedure. The two steps are described below.
Suppose that 7' iterations have been performed and X(r),  fr),..., 99.),
Aft'-), ..., i). and fir) have been obtained. The next two steps are the
following ones.

• Step 1. X is updated in XC,·+1) by a linear combination of the
transformed variables ACH, .-, D(r) (with, e.g., .4(r) = G..iyt)).
The quantifications yA, ..., and YE are updated in 99+1). ....

99'+1) by projections onto adequate subspaces.
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•  Step 2. The regression coefficients 7,4. · ··' 7£ are updated (,i,trtl)
..., .92·+1)) from a weighted average of the quantifications of the
corresponding variable. The new loss function is calculated. Un-
less the improvenient from the previous one is smaller than an
arbitrary small number, Steps 1 and 2 are repeated.

As the loss function is positive aIid decreases iIi each of the two
steps, this process converges toward a (possibly local) minimum. When
the loss function is minimized, the estimated canonical variables are
equal to 1)1 - '9 GE92 and (1 - '9AGA9A   -   5 DG Dy D '     If   b
denotes the correlation between these two canonical variables, the es-
timated (standardized) effect coefficient of, for example, A on E can
be obtained by  E'A  - P. •YA 'YE ·

LSEM with OS The method developed by Mezilman and Heiser
(1988) can be extended and generalized in a multivariate context.  Sup-
pose that A and B are the only purely independent variables and that
C, D, and E are dependent and causally ordered according to the al-
phabetical order. Tlie II10del consists of tliree successive regressions:
• E on A, B, C, and D,
• D on A, B, and C,
• C on A and B.
In order to obtain the optimal regression coefficients 7EA,...,7ED,
IDA, 7DB, 7DC, 7CA, and 7CB, for all three regressions, the following
loss function

0 ( -Xl, X21 X3 ; YA M YB, YC, Y D, YE, 7.EA 5 7E B ' - 7 71}A 1 · · ·   7(8  
= (1|Xi - 7EGEyE|12 + 11Xl -  7EA GAyA   -'' + 7EDGDyD |12)
+ (1'X2 - 7DGDyD|12 +1|X2 - (7DAGAYA   .- + 70(Gryc.)112)
t   X3 - 7£Gcyc·112 +1'X) - (7c·AGAYA + 7cBGByB)|12) 5

could be minimized, with X1,  X2, and X  being the three latent dimen-
sions.  Note that the optimal quantifications of A, B. C, and D appear
in different terms that could be otherwise independently estimated
by the three loss functions of the three successive regression models.
Hence, restrictions are set across the different (sub)loss functions. If
some variables are assumed not to influence others, they can be re-
moved from the corresponding (sub)loss functions. To our knowledge.
no algorithm has been developed to solve this optimization problem.
If such an algorithm can be developed, given an assumed (linear) de-
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pendency structure between observed variables, a specific loss function
can be built, and the optimal scores can be obtained.

More general (non-optimal) methods to obtain scores for the vari-
ables exist and do not depend on the dependency structure assumed.
For example, all variables may be optimally scaled by the homogeneity
analysis / MCA method presented in Section 3.2.1 (or by a canoni-
cal analysis between  X  and  A,...,  E  if some variables are continuous).
Such a method has been used by, for example, Cazes (1976). Other
optimization procedures that are centered around the linearizing prop-
erty of the regression have also been developed (Bekker & de Leeuw.
1988; de Leeuw, 1993).  If E denotes the covariance matrix of the0S

optimally scaled variables, this method amounts to finding optimal
scores such that the sum of the squared correlations in E is maxi-0S

mized. Another method consists of using the scores obtained by the
MURALS procedure with E as the only dependent variable. This
metliod may be interesting if the last dependent variable is of central
interest in the study. However, with this method, the absolute value
of the correlations between A, B, C, and D is not maximized.

When the scores for the categories of the variables have been ob-
tained, an LSEM model can be performed on these variables. For
the presentation of the LSEM method, the reader is referred to Sec-
tion 3.1.1.

3.2.3 Example
In this section, two methods presented previously will be applied to
the GSS93 data set. A multivariate regression model will be fitted
on optimally scaled variables first, a LSEMOS will subsequently be
studied .

Multivariate regression model The MURALS procedure imple-
mented in SPSS 9.0 (van der Kooij & Meulman, 1997) is performed
liere with D as the only dependent variable. As all variables are first
supposed to be ordinal. the quantification values are supposed to re-
spect the original ordering of the categories. The optimal quantifi-
cations of all variables except age class (B) are acceptable. Indeed,
for age class, the optimal quantification was -1.80 for class 0, -0.40
for  class   1,  and  0.77 for classes  2  and 3. Hence, the effect  of  age  on
political affiliation may not be monotonous. In the following. variable
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With MURALS With OS
D. Party aflil. (ord.) D. Party affit. (ord.)

Dem. Ind. Rep. Dem. Ind. Rep.
-0.99 -0.27 1.43 -0.67 -0.36 1.17

A. College degree (ord.) A. College degree (ord.)
no yes no yes

-0.56 1.80 -0.12 0.39
B. Age class (nom.) B. Age class (nom.)

18-29 30-39 40-49 50+ 18-29 30-39 40-49 50+
-1.35 -0.27 1.76 0.09 -0.22 -0.10 -0.42 0.41

C. Perc. pot. views (ord.) C. Perc. pot. views (ord.)

lib. mod. cons. lib. mod. cons.

-1.27 -0.29 1.21 -0.80 -0.43 1.01

Table 3.6: Optimal quantification of A, B, C, and D (MURALS/OS),
with the supposed level of measurement of each variable in parentheses.

B (age class) is considered to be nominal in order to allow for a non-

monotonous eMect. The optimal quantification of the several variables
obtained are presented in Table 3.6. In order to obtain linear regres-
sions. the distances between certain categories have been shortened
(e.g.,   categories   0   and   1 of party affiliation), whereas distances  be-
tween certain categories  have been increased (e.g., categories   1  and  2

of age). The coefficients found  if all variables except age class (B) are
supposed to be ordinal are shown in Table 3.7. These effects can be
interpreted as the increase of a certain quantity of the rescaled variable
vote that would follow from the increase of one unit of the rescaled
independent variable. For example, individuals from the age brackets
that have a strong positive quantification, i.e., here the 40 to 49-year-
old individuals, are likely to affiliate themselves with a Democrat-like
party   (fDIB   -   -0·06). The younger and older age brackets  tend  to
be more affiliated with a Republican-like party. Hence, there does not
seem to be an effect of age, but rather a cohort effect.  This type of
effect is indeed common iii political science (see, e.g., Francis & Payne,
1977).
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MURALS method LSEMOS
Coe#icient Value Std.           F Vdue Std.     Z

7('IN  - - - 0.12 0.03 4.5

TD 1.4 0.12 0.03 24.5 0.11 0.03 4.5

. DIB -0.06 0.03 6.62                 -          -          -
DIC' 0.33 0.03 180.8 0.33 0.02 13.17

Table 3.7: Standardized effect coefficients found (GSS93).

Product moment correlations
Order restrictions No order rest. for B

without OS with OS with OS
Variables D A BD ABD A    B
A 0.10 0.12 0.12

B -0.01 -0.03 0.04 -0.08 0.06 -0.07

C 0.32 -0.03 0.11 0.33 0.00 0.13 0.33 0.00 0.12

Table 3.8: Product-moment correlations with or without Optimal Scal-
ing.

LSEMOS A nonlinear principal component analysiss between the
four variables was performed here in order to obtain the optimal quan-
tifications. Here too, all variables are supposed to be ordinal except B,
which is supposed to be nominal. The optimal quantifications found
are shown in Table 3.6. The correlations obtained are shown in Ta-
ble 3.8.

The model selected is shown in Figure 3.3. Its fit was acceptable
(Likelihood Ratio test of 2.9 for 2 degrees of freedom, P=0.24).  The
values of the (standardized) effect coefficients found are shown in Ta-
ble 3.7. The structure of effects found is different from that of the
multivariate regression model. Here. for example, age does not have
a direct effect on political affliation. The effect is only indirect: a
change of age influences the perceived political view which. in turn,
influences political affiliation.

The differences between the quantified values found for B by MU-
RALS or by OS is due to the minimization of different loss functions.
In MURALS, the multiple R2 of the regression is maximized without
taking into account the correlation between A, B, and C. In OS, the

8Name given to homogeneity analysis of variables that may be metric. ordinal,
or nominal (see Gili, 1990: Chapter 4).
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Figure 3.3: An LSEMOS causal model (source: GSS93)

correlations between A, B, and C are taken into account. More pre-
cisely here, iii OS, the quantification of B has been optimized, taking
into account the correlations not only with D (such as in MURALS)
but also with C and with A. As a consequence, different optimally
scaled variables are obtained, and a different effects structure may
also be obtained. More generally, the effects found between the non-
purely dependent variables will often be more pronounced if measured
by LSEMOS than if measured by an LSEM on variables optimally
scaled by MURALS, as the process of measuring the (causing) vari-
ables is linked to a (partial) optimization of the effect values between
these variables for the former method but not for the latter one.9

3.2.4 Evaluation

As the LSEMs models are applied to the optimally scaled variables,
the remarks iii Section 3.1.6 that are not specifically related to the
threshold II10dels are also valid here. Hence, the present evaluation
focuses on the specific use of optimally scaled variables in LSEMs.

Data analyzed
The optimally scaled variables are used as metric variables in the re-
gression models or the LSEMs. Hence, these variables are supposed to

g For   example, by taking into account the correlation   with   C, the association
between the optimally quantifed B and C by OS (0.12) was higher than the ones
by B and C from MURALS (-0.004). Besides, as the correlations between .4 and C
and A and B were taken into account in OS, and not only the one between A and

DAD. the standardized effect coefficients 7 was higher for MURALS (0.12) than
for LSEMOS (0.11).
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be quantifiable as the values between the category scores are compared.
However, the underlying distributions are not assumed to be normally
distributed. Distributions obtained by nonlinear transformations of
normal variables may also be used.

The MURALS method can simultaneously handle variables with
different levels of measurement such as ordinal, nominal, or metric
variables  (van der Kooij & Meulman,  1997).   In the same vein, another
procedure called ACE (from  Alternating Conditional Expectations),
which focuses on maximizing the likelihood instead of the multiple
correlation, can also be used and is appropriate for both continuous
and categorical variables (see Breiman  &  Friedman,  1985).

As only one axis is retained, a part of the information about the
relationships between the variables  may  be  lost. In order to indicate
to what extent the representation on the first axis only is suflicient to
summarize the information contained in the crosstable, several mea-
sures can be used.  In MCA,  for m variables Yl,  ···,  Ym, the quantity
01/((1/m) Ej 1161 - 1), with IYjl being the number of categories of Yj,
represents the fraction of total information (inertia) that is conserved

by considering the first axis only. Hence, this value can be used to
evaluate the representativeness of the first axis. However, as the per-
centage of inertia explained may be misleading in certain cases, this
measure  may  not be informative (see Saporta, 1990: 229-231). Other
goodness-of-fit indices are available and represent the fraction of the
total (independence) chi-square value explained by the first axis (see
Bacher, 1995).

Correspondence analysis is traditionally presented as a method
yielding robust estimates with small samples (see, e.g., Lebart, Morineau,
& Tabart, 1977; van der Heijden, 1987: 12). However, as only one
(latent) dimension is considered here, and as a regression model is es-
timated on the optimally scaled variables, regression estimates may be
unstable for small samples. Chauchat (1986) studied the sensitivity
of the estimates for a regression model with two optimally scaled tri-
chotomous regressors. For sample sizes lower or equal to 100, several
local optinia were obtained. Indeed, if the first eigenvalue is not much
higher than the other ones, their estimates on small samples may not
be adequately ordered. Further, if the number of observations is not
much larger than the number of categories, the chance of obtaining a
solution that is not very informative may be high. This ' capitaliza-
tion on chance" phenomenon, which may also occur with traditional
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regression models, is even more likely to occur with the methods de-
scribed above as the category scores are estiniated rather than fixed.
For more details about tliis previous phenomenon and otlier specific
cases for which this type of procedure may yield unsatisfactory re-
sults, the reader is referred to de Leeuw, Young, and Takane (1976),
Young, de Leeuw, and Takane (1976), Breiman and Friedman (1985),
and Buja (1990).

Basic tools for causal analysis

Coefficients for the direct effects can be obtained from LSEMs with
optimally scaled variables (LSEMOS). They should be interpreted  as
linear effects between these optimally scaled variables. Note that, al-
though OS procedures may correct for transformation errors, they do
not correct for grouping error. Hence, for variables that are catego-
rized in a relatively small number of categories, and for relationships
that are approximately linear, the differences between LSEMOS and
LSEM estimates using original categorical variables scores may not be
that large (see, e.g., Chauchat, 1986; and Golden & Brockett, 1987 for
results of differeut rescaling methods). Indeed, for moderate to large
samples, the correlation coefficient, from which effects are calculated,
may be rather robust against small deviations from the original scores
(see the discussion of Pearson, 1906, by de Leeuw, 1988).

The variances of the effect coefficients can be obtained for LSE-
MOSs.  Indeed, de Leeuw (1988) showed  that,  if the regression  of B  on
A is linearized, the formula of the correlation standard-errors estimate
of the transformed variables (s-e A. B. )  did not involve the derivative of
the category quantifications. Hence, if linearization of the regressions
is assuIned, the quantifications of the optimally scaled variables can
be considered as fixed in the LSEMOSs and the standard errors may
be estimated by conventional methods. However, not all regressions
may  always be linearizable  (see de Leeuw, 1993). Robustness  of  this
result to only approximately linear regressions has not been studied
yet.  Alternatively, the standard errors of the LSEMOS coefficients
can be estimated without making this linearizability assumption by a
bootstrap procedure.

Similarly to what has been presented for LSEMs with thresholds
Iiiodels, goodness-of-fit values should take into account the two stages
of the model building process: the optimal scaling procedure (into only
oile dimension) and the fit of the LSEM model from optimally scaled
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variables. To our knowledge, no goodness-of-fit index has been devel-
oped to test both stages simultaneously. Tests of the first stage have
been recalled previously.   For the second stage (LSEM fitting stage),
if the Maximum Likelihood estimation procedure has been performed,
the Likelihood-Ratio test can be used. In this test, the likelihood of
the null hypothesis Ho that Ebs = EA,Ce), evaluated at the respec-
tive values of Sbs   and  EA, (8), is compared to hypothesis  Hl   that
the model is saturated. The difference between the two loglikelihoods
log(Ll) aiid log(Lo) multiplied by (-2) yields the quantity

(N - 1)  log I EM(e) 1 +tr  EM(0)-1Sls  - log 1 SIs I
with m being the number of variables, and can be shown to be dis-
tributed as a chi-square with (1/2)m(m- 1)-t degrees of freedom.  with
t being the number of free parameters in 8 (Bollen, 1989: 265,334).
Significant values of this test indicate poor fit of the model M. Con-
ditional tests are also available: model M is then compared with a
nonsaturated model M' in which M is nested. These tests are usu-
ally more powerful than the conventional goodness-of-fit tests (1989:
338-349). Other goodness-of-fit indices  can  also  be  used to assess  the
quality  of the representation  of the LSEM model (see Section  3.1.6).

Supplementary tools for causal analysis

Indirect, reciprocal, and interaction effects can be handled with the
LSEMOSs similarly as they were handled with LSEMs. Similar Conl-

mentaries can be made as in Sectioii 3.1.6.
Measurement errors can also be taken into account by these meth-

ods since latent variables can be defined as in traditional LSEMs.  How-
ever, if the variables are scaled as previously presented, the scores ob-
tained may not be satisfactory. Indeed, it may be better to conduct a
separate homogeneity analysis per latent variable. All the indicators
of each latent variable are then optimally scored in the sense that the
fit of the measurement models is optimized.

Correspondence Analysis models are often coupled with graphical
displays of the structure of the association between the variables, or of
the structure of their dependencies (van der Heijden, 1987: 53: Dev-
ille  &  Saporta, 1983; Kroonenberg  &  Lombardo,   1999).   This  may  be
very helpful in order to gain more insight into the kind of relation-
ships present between the variables, especially when the number of
categories is large.
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Summary

The use of Optimal Scaling iIi combination with regression analysis
or with LSEMs  is a method often  used iii practice (de Leeuw.  1988).
Indeed, combining both methods may be advantageous regarding sev-
eral aspects. For example, optimal scores can be seen as scores for
which the linearity assumption between variables is the most suitable.
Furthermore, graphical displays can be used as information about the
structure of the relationships between the variables.

However, when this metliod is used with small samples, unstable
estimates may be obtained. Furthermore, for IllOderate to large sam-
ples and variables with few categories, an LSEMOS may yield results
that are not very different from the corresponding LSEM as the cat-
egorization effect may be mainly due to grouping errors and not to
transformation errors.

3.3 Discussion

Linear Structural Equation Models (LSEMs) are widely used to evalu-
ate potentially causal relationships between continuous variables. The
extensions of LSEMs to categorical variables, which are obtained by
using threshold models or optimal scaling, may be useful as the causal
coefficients are comparable to the ones obtained with continuous vari-
ables. In addition, these approaches benefit from the versatility of
LSEMs: direct, indirect, total, and reciprocal effects (and their vari-
ances) can be estimated, and latent variables and measurement errors
can be naturally defined.

However, categorical variables cannot be directly used in these
models and have to be either seen as the realization of underlying
normal continuous variables or rescaled. Hence, these models may, for
several reasons, be of more limited use than LSEMs with continuous
variables. Firstly, the coefficients may be wore difficult to interpret
as they refer to the underlying or transformed variables (i.e., they are
nonlinear  in the categorical variables). Furthermore, the goodness-of-
fit estimates may be much more difficult to assess. Indeed, there may
be no clear-cut decision about the fit of an LSEM for categorical vari-
ables whenever the "first-step" goodness-of-fit indices are not clearly
satisfactory (i.e., testing the relevance  of the threshold model or of the
first component).



102 Pearsonian Methods

Although the use of LSEMs on optimally scaled variables may be
attractive, for variables with few categories and approximately lin-
ear relationships, the results may not be very different from the ones
obtained without optimal scaling, as the grouping errors are not ac-
counted for by these methods. Furthermore, this method yields re-
sults much different frOIIl the method of treating categorical variables
as metric (i.e., using product-moment correlation on the original label
scores) particularly when the nonber of categories is large and the
relationship highly nonlinear. In these situations. the interpretation
of the value of the coefficients based on the transformed variables may
be rather difficult to obtain and other methods such as the Linear
Weighted Models may then be more suitable. In the latter methods,
the interpretation problem is simplified as there is no longer one effect
estimate but several ones representing comparisons between couples of
categories  (for more details, see Section  4.2).

Because LSEMs with threshold models may correct for both group-
ing and transformation errors, these methods are studied further.

In the threshold models used, besides the ordinality assumption,
the underlying variables are assumed to be normally distributed, and
the underlying bivariate distributions are assumed to be bivariate nor-
mal. These very strong assumptions are rarely met iIi practice. There-
fore, it is crucial to evaluate the behavior of the estimation procedures
when the observed or underlying distributions do not correspond to
the ones generally assumed.  This idea is at the core of the simulations
presented in Chapter 5.



Chapter 4

Yulean Methods

The categorical variables handled in the InOdels presented in this chap-
ter are not supposed to be realizations of underlying continuous vari-
ables. They are treated as such, in accordance with the Yulean tra-
dition. As no underlying continuum is assumed for any categorical
variable, other association measures than the correlation coefficient
should be used. Models including such measures have been devel-
oped and may be used to evaluate causal dependencies between several
variables. In this chapter, the Directed Loglinear Models, the Linear
Weighted Models, and the Uncertainty Reduction Models will be pre-
sented successively.

4.1 Directed Loglinear Models
In loglinear models, the logarithms of the frequencies of the contingency
table are supposed to be linearly dependent on (the level of) certain
variables. With these models, all variables are treated symmetrically.
If a variable is considered to depend on the other ones, logit models
obtained by reparameterizing loglinear models can be used. The effect
coefficients of a logit model represent the effects of the independent
variables (and their combination) on the odds of belonging to one
category of the dependent variable against another category.

In modijied-path-analysis models (Goodman, 1973), several loglin-
ear models are fitted simultaneously. This model is built in a step-
wise fashion where the different (sub)models are defined according to
a certain causal ordering of the variables. Finally, the dimensionality
of the crosstables on which the (sub)models are estimated can be re-

103
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duced if certain conditional independence properties are present in the
model (Darroch et al., 1980; Wermuth & Lauritzen, 1983). When these
properties are applied to conditional probabilities from w'modified-path

models" (such as presented in Vermunt, 1996), the models obtained
are called Directed Loglinear Models (Hagenaars,   1998).

Before presenting the Directed Loglinear Models, several basic no-
tions about loglinear and logit models, concerning parameterization
and estimation. will be discussed.

4.1.1 Loglinear models

The categorical variables are supposed to be presented in a complete
crosstable. Let m and n denote the vectors of the expected cell fre-
quencies and of the observed cell counts of this table, respectively.  For
example, n' denotes [ni, n2, · · · , 711,..., nNu1' with Nu being the num-
ber of cells  of the crosstable.   Let  X  be  a  (t  x 1) vector of parameters
corresponding to levels or combination of levels of the different vari-
ables. Let X (Nu x t) be a known design matrix containing constants,
so that each column of X corresponds to a parameter contained in X.
In loglinear models, the logarithm of the cell counts can be decomposed
as follows:

log(m) = XA. (4.1)

If all possible parameters are included in A, matrix X is not of full
rank. The parameters cannot be estimated and the model is said to be
unidentified. In order to identify the models, constraints on the values
of parameters in X have to be set. These are mainly of two types,
depending on whether the parameter corresponding to one category
of each variable, called the reference category,   is  set  to  zero ( dummy
coding),  or  the sum of parameters across all categories  of each variable
is set to zero (efect coding). Let, for example, A, B, and C be three
categorical variables with JA ,  86 and f C  categories (the symbol 1.1
denotes  the  number of categories of variable "."). Equation  4.1   may
be equivalently displayed as

log(m fs) = A' + Al + Af + At' + Alf + Als + Aff" + A' r,

for all a. b, and c of A, B, and C. respectively, with m&5' being the
expected frequency of the cell where A=a.B=b and C=c. and, for
example, A   and A-jf being the parameters corresponding to category



Directed Loglinear Models 105

a of A, and categories a of A and b of B, respectively. If dummy
coding is chosen, the restrictions are. for example. (with category 0 as
reference category  for  A,  B,  and  C):

Aj = AB - AC = A- 08 = A·48 =A.108 = -- = AABC - 0.

If efect coding is chosen, the restrictions are:
1Al-1 IBI-1 IC'-1 'Al-1 181-1 1Al-1

I A.: = I As: = E At' = I A. f = S A.   = I A.it. =O
a=0 b=0 C=0 (1=0 b=0 a=0

and

IC'1-1 IBI-1 IC'1-1 'Al-1 IBI-1 ICI-1

I  A<:t. =  I  A. S.  = I  Aff'  = I  X.1 fs. = I   X.; ff'  = I  Att:f = O.
C=0 b=0 b=0 a=0 b=0 C=0

Estimation   In many cases, the values of the characteristics are not
observed for the entire population, and vector X has to be estimated
from samples of this population. The procedure commonly used to
estimate X is the Maximum Likelihood (ML) procedure. The sample
counts are usually assumed to follow a multinomial distribution of size
N, but loglinear models are also suited for data following Poisson or
product-multinomial distributions as the ML estimates are similar for
these three types of distributions  (see, e.g., Agresti, 1990: 168-169).   hi
order to obtain ML estimates, it is sufIcient to maximize the kernel of
the logarithm of the likelihood. If the sample counts follow a Poisson
distribution, this kernel is equal to (Agresti, 1990: 166)

Nu
C = I (nt log(mt) - mi) .

l=1

Differentiating this equation with respect to every parameter Aj (for
j=1. . . . ,t) yields the following t likelihood equations:

DC            _u                       NIA- =  1   Zijnt - S Zijmt - 0, for j=1, . . . ,t,Oxj *1 l=,1

with xij being the element of the Ith row and the jih column of design
matrix X.  The ML estimates are solutions of these equations (Haber-
man, 1974). The ML frequency estimates contained in Iil, and the
corresponding ML parameter estimates X should then satisfy

X'n = X'Iil or equivalently, X'n = X'exp(XA)  (4.2)



106 Yulean Methods

where the exponent is taken elementwise. These equations equate the
sufEcient statistics with some observed marginal cell counts, through
the model parameters.

According to the properties of the model. the expected cell fre-
quencies can be estimated either directly or by iterative methods. This
can be shown to depend on certain decomposability properties of the
models (see Whittaker, 1990: Section 10.4; Lauritzen, 1996: 90-98).
However, iterative methods such as Iterative Proportional Fitting or
Newton-Raphson are often standardly used as they converge to the
ML solution for both types of models.

Hierarchical and unsaturated models  If, for every interaction
effect (corresponding to a certain combination C of variables) present
in the model, all lower-order effects corresponding to a subset of C are
also present, the model is said to be hierarchical. Hierarchical models
are usually represented with a short-hand notation where every vari-
able  appears in every  one  of its highest-order term(s). For example,
the hierarchical loglinear II10del in which variable B is independent of
variables  A  and  C  Call be represented  by  {AC,B}. In model {ABC},
all possible loglinear parameters are present and the number of in-
dependent parameters are equal to the number of independent cells
of table ABC. With this model, the observed cell frequencies can be

exactly reproduced and the fit is perfect. This model is said to be
saturated. If several loglinear parameters are set equal to zero, there
are more independent cells than parameters to estimate, and the ob-
served cell frequencies are not, in general, exactly reproduced by the
estimated cells. The model is said to be unsaturated. The difference
between the number of independent parameters and the number of
independent loglinear parameters in a model is the number of degrees

of freedom of the model. For unsaturated models, the goodness-of-fit
of the Inodel can be assessed by certain goodness-of-fit measures (see
Section 4.1.4).

Logit models as reparameterizations of loglinear models     When
using loglinear models, all variables are treated symnietrically. One
variable (C) is now supposed to depend OIl the other ones (A and B).
In addition. the dependency of C on A and B is supposed to be of
a multiplicative nature or equivalently of a log-additive nature.  In
the logit model, the logarithm of the odds of being iii category c of
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C instead of category c' can be modeled by the effects of (changes of
levels in) variables A and B. For example, if C is dichotomous with
categories  0  and  1,   the  logarithni  of  the odds between the categories
0 and 1 is defined as: *S |ill = log(mjgc/ml c). If variables A and
B have an effect on the odds of the two categories of C, the following
decomposition

*11  12 = 0:, +  t1'1.: + 11:l'l  + t :;  2
is obtained. Note that the dependent variable is displayed before the
bar (1) and the independent variables are displayed after it. The
coefEcients "0/1 a ' MO/1 b '   nd MO/1 abAc l A   ACIB   a     Acl AB  (for a  =  0,...,  A  - 1 and

b = 0,..., IBI - 1) can be used for the evaluation of the causal effect of
variables A and B on C. Usually when the dependent variable is di-
chotomous, the ratio between the first and the second category (0/1) is

ACIA.not explicitly displayed in the coefficients. For example, po/1 a 15; Writ-

ten  d C ''A Finally, similarly  to what happens iIi multiple regression,
in the logit model, no restrictions are imposed on the relationships
among the independent variables.

For each possible logit II10del, a (statistically) equivalent loglinear
II10del can be found (Agresti, 1990: 152-153; Vermunt, 1996: 34-35).
For example, supposing that the parameters in A have been obtained
from the saturated loglinear model  {ABC}, the log-odds of category
'0' rather than category '1' of C equals

*Clf = (AC- AC) + (Al - AAT) + (ABOC- ABC) t (AAGBC- A BC).
The same log-odds can be decomposed by the taturated' logit model
as follows:

*CI'lf =  C .,  C  A    C  B  .   C li:B.
The last two models actually have the same form and the same set
of constraints; their terms  can be identified (Agresti, 1990: 152-153).
More generally, for a certain logit model, the equivalent loglinear model
is the loglinear model having as parameters all parameters correspond-
ing to the effects present in the logit model (such as the A' Ss which

r.C I Acorrespond  to the effects  P    a s)  and all (loglinear) interaction  pa-
rameters among the independent variables (such as the A js, the Ai s,
and  the  Alf's  here).    As  for each logit model,   it is possible  to  find  a
corresponding loglinear model entailing exactly the same constraints.



108 Yulean Metliods

the estimation of the parameters, and goodness-of-fit tests for a logit
model can be deduced from the ones of the corresponding loglinear
model.

Let the probability of appearance of category c of C given cat-
egories a of A and b of B be denoted 7rc . Using the loglinearC\AB

ab

parameters. this conditional probability can be written as follows:

ABC exp  A9 + A.:9 + Aff + A.:r)CIAB _ mabc
'Tc  al,  - mt=, - I' ill exp (AS' + A·19. + Aff + Alff)

with the symbol "t" denoting the Sum over the. index it replaces, and
rn.lflf representing the expected frequency of cell (a, b) in marginal
table AB. Hence, restrictions on the conditional probabilities between
variables can be obtained by restricting the parameter values of the
corresponding loglinear models.

4.1.2 Extension toward a causal model framework

With the logit model, only one dependent variable is taken into ac-
count. For several dependent variables, a  'modified-path-analysis ap-
proach"   can  be used (Goodman,   1973). This approach provides  the
framework needed for the analysis of causal relationships between sev-
eral dependent categorical variables. The presentation proposed here is
restricted to recursive models  (and not block-recursive models).   The
estimation of the parameters and standard errors of modified-path
models can be simplified by using conditional independence properties
to reduce the dimensionality of the tables on which the parameters are
estimated (Vermunt,   1996). The models obtained are called Directed
Loglinear Models (DLMs) (Hagenaars, 1998).

The modified path analysis approach This approach consists
in considering systems of loglinear equations. In particular, if the
model is recursive and if no restrictions are set across the different
equations, it can be obtained by stepwise applying several loglinear
models according to the prior ordering of the variables. These loglinear
models are the submodels of the complete causal model. For example,
in the model shown in Figure 4.1, the (causal) ordering of the variables
is assumed to be read from left to right. Variables A and B are the two
explanatory variables and are (causally) prior to all other variables in
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B

E

A             . D T
C

Figure  4.1: A modified path II10del

the model. Then variable C is (causally) prior to D that is. in turn,
prior to E. Besides, the probability decomposition

ABCDE AB lrC\AB  D\ABC  E\ABCD7rabcde -7rab c ab 7rd abc e abcd ,

which is always true, corresponds to the decomposition in a prod-
uct of conditional probabilities of certain variables given the variables
causally prior to them. Instead of directly restricting the probabil-
ity of the complete crosstable, restrictions may be then imposed on
each (conditional) probability contained in the right-hand side of the
equation, or, which is equivalent, on each corresponding loglinear sub-
Inodel.   Here, for example, in sub-models  Mi,  M2,  M3,  and  M#,  re-

AB ClAB DIABC EIABCDstrictions can be imposed on Ka b ' 71'c ab ' 7Td abc ' and   1r e abcd '
respectively. This has been called the "step-wise approach" (Good-
man, 1973; Hagenaars,   1990:   77-82). The models obtained are called
modified-path models (Goodman, 1973).

Variable E is situated at tlie right end of the graph and is the
ultimate dependent variable (no variables are causally posterior to
E).    The  estimation  of the  parameters  of a logit Mi model using  E
as the dependent variable is equivalent to the estiination of a corre-
sponding loglinear model containing all possible interactions between
all the other variables. Hence. in the loglinear model equivalent to
M.1, viz. {BDE,ABCD}, no restrictions  are made between  the  inde-
pendent variables. These restrictions are taken into account in the
others sub-models.
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The hypothesis of no interaction effect between A and C on D and
of no effect of B on D have to be tested on marginal table ABCD by
means of the logit model equivalent to loglinear model {AD,CD,ABC}.
The hypothesis that B does not influence C also has to be taken into
account by fitting the logit model equivalent to the loglinear model

{AB,AC}. And finally, the independence between the two independent
variables A and B has to be evaluated by fitting the loglinear model

{A,B}.
To sunimarize, in order to take into account all assumptions dis-

played iii the graph shown in Figure 4.1, the following sub-models have
to be simultaneously tested:

Model Dependent Equivalent loglinear Estimated in
variable model marginal table

AIl  (loglin.) - {A,B} AB
AI2 (logit) C {AB, AC} ABC
1113  (logit) D (AD,CD. ABC  ABCD
M4  (logit) E <BDE, ABCDj ABCDE

If, as here. the complete model is recursive and if no equality
or inequality constraints are set between parameters of different sub-
models, the estimation of the parameters can be made for each sub-
model successively. Furthermore, tlie L2 value of the model is asymp-
totically equal to the sum of the L2 value of every sub-model (Good-
man,   1973). The number of degrees of freedom  of  this L2 value  can
also be shown to be equal to the sum of the degrees of freedom of the
sub-models.

Use of conditional independence properties Continuing with
tlie previous example and assuming that all relations between the vari-
ables are shown in Figure 4.1. the probability decomposition

ABC'DE AB C\AB D\ABC E\ABCD
71-abcde =7Tab 71-c ab Td abc 7re abcd 9

can be simplified into

ABCDE  A B C\A D\AC E\BD
7rabc d e    =  T a   7[- b    7r c   a  Td   a c   Te    b d'

given the different conditional independences present (Darroch et al.,
1980; Wermuth & Lauritzen, 1983: Vermunt, 1996).

Indeed. as the distributions of the two exogenous variables A and
B are supposed to be independent of each other, they can be estimated
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by the loglinear models  {A}  and  {B}  froIIi marginal tables  A  and  B.
Furthermore, as model M2  ({AB. AC})  is fitted, variable C is supposed
to be conditionally independent of B given A. The estimates of the
effects of A on C of model M, are the samel as the ones of model
{AC} calculated on table AC (Vermunt,  1996).   Similarly,  model  A,6
can be calculated with model {AD, CD, AC} on marginal table ACD
and model 1144 can be calculated with model {BDE} on marginal table
BDE.

When these dimensionality reductions have been performed, the
model fitted on the reduced tables is called a Directed Loglinear Model
(DLM) (Hagenaars, 1998). Hence, with the DLMs, the dimensions of
the new marginal tables are always lower or equal to the correspond-
ing ones for the modified-path models, and the parameter estimates
and standard-error estimates are equal to the ones obtained by the
modified-path models.

Directed Loglinear Models with latent variables Similarly to
what  has  been done with Structural Equation Models (see Chapter 3),
several measurement models can be included in the DLM framework.
The addition of latent-class models to the "modified-path-analysis ap-
proach" was developed by Hagenaars, Heinen, and Hamers (1980) and
Hagenaars   (1985,   1988,   1990). The model obtained after addition  of
latent class models to the DLM model are called the Directed Loglinear
Models with  Latent   Variables  (Hagenaars,  1998).

Suppose that, in the model shown in Figure 4.1, variables D and
E are latent and measured by two observed indicators I and J, and K
and L, respectively. In order to underline the differences between the
variables directly observed and the latent ones, variable D is renamed
as X and variable E is renamed as Y. The model obtained is shown
in Figure 4.2. Using the conditional independence properties of the
latent class model, the joint probability can be decomposed as follows:

,ABC'DXYIJKL
/ A  B _CIA 7TXIAC _YIBX  X (-IIX 7TJIX _KIY  LIY)7rabcdzyijkt -<ira irb 71-c a   z  ac  " y bz (71- i        Z          J        x     "A·        9    7rt        y  )

At the right-hand side of the equation, the joint probability is decom-
posed  into the product  of two factors. The first factor (7ri'71'7 4.1.:'d 1':S
XY X) represents the structural model whereas the second factor can

IIX Jix K)'-Llybe split into two measurement models: 7ri  x 7rj  r for X and 7rk  v "1  V
for Y.

1 Conditional independence between  C  and B given  A  is a sufficient condition
for (strong) collapsibility  over  B (see Section  6.2).
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B

A        ' X Le T/\
Figure 4.2: A loglinear II10del with latent variables

Using a stepwise approach, the loglinear models {A}, {B}, and
{AC} can be estimated in the sallie manner as before on the marginal
tables A, B, and AC, respectively. Then models {AX,CX,AC}, {BXY},
{IX}, {JX}, {KY}. and {LY} have to be estimated on tables ACX,
BXY, IX, JX, KY and LY, respectively. As these marginal tables
are not observed, the previous estimation procedures can no longer
be applied. Estimation has to be performed here by methods such as
Newton-Raphson or Fisher's scoring, or by an EM algorithIIl in the
same way as it is done for latent-class analysis (see, e.g., Hagenaars.
1993: Appendix B; Vermunt, 1996: 67-74). DLMs with latent vari-
ables can be estimated with, for example, the fEM program (Vermunt,
1996, 1997).

4.1.3 Example
The data set used for the example is again the data set frOIIl GSS93

(see  Section 3.1.5). Voting afAliation   (D) is supposed to depend  on

graduation diploma (A). age class (B) and perceived political view (C).
The data are assumed to be drawn from a multinomial distribution.
In order identify the models, the parameters are restricted by effect

coding. The DLM shown in Figure 4.3 did adequately fit the data
(L 36) = 44.3, P=O.16; X661) = 41.2. P-0.25). In the first submodel,
A and B are supposed to be associated. This association is denoted
by an edge between A and B in the graph in Figure 4.3. In the second
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A
-1-

»»DB

Figure 4.3: A DLM between A, B, C, and D (source: GSS93)

(sub)model, A and B are supposed to have an effect C, and the effect
of one variable (e.g., A) is supposed not to depend on tlie level of
the other one. In the third submodel, A, B, and C are supposed
to influence D, and the (direct) effect of B on D is supposed not to
depend on the level of A and of C. The reference class chosen for the
dependent variables were 'moderate' and independent' for C and D,
respectively. The effect parameters found are shown in Table 4.1.

The effects are described here as (wziltiplicative) effects on the odds
or on the products of odds. The average odds of being affiliated to the
Democrat Party instead of the Independent one are of exp(13871)  -  0·89
across all categories, indicating an "average" stronger affiliation for
the Independent "Party"   than  for  the  Democrat one (effect coding).
Then, for example, exp(i32 1   28) is equal  to 0.73, indicating that  the
40-49 age bracket tends on average to affiliate themselves more to the
Independent than the Republican Party. More precisely, the odds of
being affiliated to the Republican Party instead of the Independent
Party is 1.38 (=1/0.73) times lower for this age class than on average.

The effect of B on D depends on the levels of C, and conversely.
Hence, the level of C should be taken into account when calculat-
ing the effect of B on D.  For example, the effect of being in class
b of B (for the subpopulation for which C = c) on the odds of be-
ing  in  category   1  rather  tlian  2  of  D  is  equal  to   R D I B 4- AD\BC

"0/1 b r 0/1 bc 'In order to gain insight into the kind of association modeled, the ex-
pected odds of the dependent variable corresponding to each com-
bination of levels of the (interacting) independent variables may be
displayed  (Alba,   1987). For example, the different possible combina-
tion and the corresponding expected odds of category '2' rather than
'1' of D can be found in Table 4.2.  Note that these odds are equal
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Value Std. Z exp(B) Vatue Std. Z         expiB)

det'' -0.47 0.08 -5.7 0.63
t'2/1   0

ncIA -0.37 0.07 -4.6 0.69

ACIB
 fs 1 ':

-0.06 0.12 -0.50.15 0.13 1.2 1.16 0.94
PO/1 0
ACIB -C \B -0.14 0.11 -1.3 0.87-0.02 0.12 -0.2 0.98

02/1   11-'0/1 1
AC\B 0.02 0.12 0.1 1.02

oC  \ B
-0.12 0.12 -1.0 0.88

PO /1 2  2/1   2

AD\A -D I A
-0.18 0.09 -2.1 0.830.14 0.09 1.6 1.15

#'2/10PO /  1    0

(¢1
B -0.20 0.13 -1.6 0.82

P2/1  0

oD I B 0.07 0.13 0.5 1.07

AD\B oD \ B
-0.04 0.12 -0.3 0.96-0.10 0.12 -0.8 0.91 P211 190/1   1

AD\B ..D \ B
-0.04 0.12 -0.3 0.96 p211 2

-0.32 0.13 -2.4 0.73
h' O/  1 2

-DicOD I C
0.66 0.12 5.7 1.94  2/1 0 -0.58 0.14 -4.2 0.56

PO/1 0
A \C -0.23 0.12 -1.9 0.79

»D I C -0.36 0.12 -2.9 0.70
PO/1 1 |12/1   1

Bolt A  -0.17 0.11 -1.5 0.85 ADIAC 0.30 0.14 2.2 1.35
'-2/1 00

AD\AC -0.00 0.12 -0.0 1.00 #2/1 01
. D I A C 0.04 0.12 0.4 1.05

Po/1  01

Table 4.1: Effect parameters from the DLM (source: GSS93)

to exp tli    BO  +  13:;  t +  1,    ODOCj . From this table, the reason of the
addition of the interaction effect betweeIi A and C on D Call be easily
explained: the effect of perceived political view on political affiliation
seems to be stronger for the individuals with high education (gradu-
ation diploma, A = 1) than for the others (A = 0). Using the last
two columns of Table 4.2, the ratio of the odds of being conservative
(D = 0) against independent for class 0 or 1 of C compared to class
2 of C is much further from one (0.11 and 0.18) for the individuals
with high education than for the individuals with low education (0.42
and 0.41). Individuals  with high education  seem to choose a political
affiliation more closely linked to their self-reported political views than
individuals with low education.

4.1.4 Evaluation

Data analyzed
When using loglinear models, the cell frequencies are usually assumed
to follow a multinomial distribiition, a product-multinoniial distribu-
tion, or a Poisson distribution depending on the sampling scheme used.
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C . Perc. pot. view Conipar.
0. Lib. 1. Mod. 2. Cons. 0./2. 1./2.

A. College deg.
0. No 0.63 0.61 1.50 0.42 0.41

1. Yes 0.50 0.80 4.35 0.11 0.18

Table 4.2: Odds ratios '2'/'1' of D for different levels of A and C.

For three categorical variables A, B, and C, let (a, b, c) denote the cell
corresponding to the individuals having value a of A, b of B, and c of
C. The probability density of the multinomial distribution (N,7rABC 
has the form

NI ABC,nABC
f (nabc) = T-T   nABc  II(Tabc 3

abc

ilabc abc abc

with niwc being the frequency  of cell  (a, b, c), Flfc being  the  prob-
ability of being in cell (a, b, c) in the population. For samples that are
stratified, for example, over the lAi strata of A, the product multi-
nomial distribution Call be defined. It corresponds to a wziltinomial

A BCIA,sampling (n ,7rbc a ) within each stratum a of A.
ML estimates found for stratified samples (product multinomial

distributions) are the same as the ones found if the sample is assumed
to be multinomial, provided the (loglinear) parameters pertaining to
all variables used to stratify the global sample are present. In par-
ticular, it implies that certain columns of the design matrix X used
to fit the loglinear model sliould be present. However, these loglin-
ear parameters should not be tested, as the strata are fixed by design
(Hagenaars, 1990: 50). Clogg and Eliason (1987: 21-28) proposed a
general method to cope with more complex sample designs. Refer-
ences about this research area can be found in Hagenaars (1990: 90)
or Agresti (1990: 42, 456-457).

The variables treated in loglinear models, logit models, or DLMs
are assumed to be measured at the nominal level. However, if the
variables treated are measured  at a higher level (ordinal or interval),
models using the ordering assumptions between the categories of the
variables have been developed. Models dealing with observed ordi-
nal variables only, can be found ill, for example, Dykstra and Lewke
(1988). Agresti (1990: Chapter 9), Clogg and Shihadeh (1994), or So-
bel (1997. 1998). Models dealing with observed and latent ordinal
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variables can be found in, for example, Croon (1990) or Clogg (1995).
Continuous variables, when exogenous, can be inserted into the

logit framework (Fienberg & Meyer, 1983). Recently,  van der Heijden,
Dessens, and Bockenholt (1996) proposed an EM-based estimation
procedure for simultaneous latent class models with continuous ex-
planatory variables. The treatment of continuous endogenous variables
can only be performed by a generalization of linear and loglinear mod-
els (called Generalized Linear Models, see, e.g., Agresti, 1990: Chapter
9).

Theoretically, there is no reason to restrict the number of variables
included in a model, but the more variables, the larger the number
of  cells  Nu. The growth  of this number of cells  is even faster  if  the
variables handled have many categories. Because of the somewhat
restricted number of observations, the problem of sparse data may
then occur.

One consequence of sparseness of the cell frequencies is tliat zero
cells and zero marginals are more likely to occur. As every sub-model
is equivalent to a loglinear model, Maximum Likelihood (ML) esti-
mates exist for this model when all cells counts (contained in vector
n in Equation 4.2) are strictly positive, and do not exist if any suf[i-
cient marginal count   is null (Haberman,   1973,   1974).    But the strict
positiveness of all sufiicient marginals does not imply the existence of
ML estimates (Agresti,   1990: 245). Indeed, for hierarchical models,
Glonek, Darroch, and Speed (1988) showed that strict positivity of
the sufficient statistics implies the existence of ML estimates if alid
only  if the model is decomposable  (i.e., the model has direct estimates
and can be interpreted iii terms of conditional independence. inde-
pendence, or equiprobability, see Agresti,   1990: 199). Baker, Clarke,
and Lane (1985) proposed to release the constraint m>0 that is
imposed when II10deling the logarithm of the frequencies. By specify-
ing the model in a multiplicative manner on the cell frequencies, the
logarithm of the cell frequencies is no longer calculated and the ML
estimation procedures converge even when zero expected frequencies
are present. However, although estiniates are obtained for all cells, the
parameters do not have any simple interpretation, as the variance of
certain parameters cannot be estimated. Furthermore. the fit of the
model cannot be satisfactorily evaluated.

Furthermore, when fitting DLMs on sparse data cells, the stan-
dardized effects and residuals may no longer be normally distributed
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and the goodness-of-fit statistics (X2 and L2) may not adequately ap-
proximate  the  X2  distribution  (Haberman,  1988).

Four approaches can be used or combined to cope with these prob-
lenls. The first one consists iii modifying the original data without
smoothing them too much iIi order to coinplete the criteria requested
by the previous statistics. Several categories may be merged (which
may result in a loss of information if these categories are heterogenous,
see  Chapter 6), and/or  a small constant  may be added  to  each  cell.
Many strategies for the addition of these constant have been proposed
(for  a  review of them, see Hagenaars,   1990:    88).    It   is,   in  this  case,
highly recommended to run a sensitivity analysis in order to evaluate
the impact of the addition of the constants. The second approach con-
sists  in the  use of exact-tests (possibly with Monte Carlo sirnulations),
that provide results not based on asymptotic properties (Metha, Patel,
& Senchaudhuri, 1988; Agresti, 1992). However, these tests  have  been
shown  to be conservative especially  for low frequency cells   (see,   e.g.,

Agresti,  1992). The third approach consists in using conditional tests,
i.e., testing the model not against the saturated model but against an
unsaturated model in which tlie tested model is nested. Indeed these
conditional tests converge more quickly to their limiting X2 distribu-
tion than the usual tests (Haberman, 1977; Agresti, 1990: 250). The
fourth approach consists in smoothing cell counts of the contingency
table using Bayesian inference (Agresti, 1990: 462-471; Gelman,  1995).

Taking advantage of all these approaches may help to avoid or
at least to limit sparse data problems for DLMs. Nevertheless, their
efficiency depends largely on the kind of model considered.

Basic tools for causal analysis
Using the DLM model presented in Section 4.1.3, the effect parameter
representing the direct effect of category b of age class (B) on party
affiliation (D) can be obtained. However, the value of the effect coef-
ficients also depends on the coding chosen (Agresti, 1996: 150). For
exaniple. if dummy coding is chosen with the first category of each
variable as reference category,

ABCDi ABCD ABCD i ABC D
/ ADIB ) - m o b o l    /m o b o o      -   m a b c l     /7 7't a b c Oexp<pl/0 b) - .-ABCD / ABCD

-
ABCD 1 ABCD'"60001 /moo0O malcl /malco

for all possible values c and a of C and A, is the ratio between the odds
of being iii category '1' rather than category '0' of D, wlien B=b and
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the odds of being in category '1' rather than category '0' of D when
B = 0.

If effect coding is chosen,

-ABCD 1-ABCD
e"p( 18 'b  = "60601 /"60bOO

, 1/IBI'
(17\B\-1 -ABCD I-ABCD \(14=0 "60601 /"60500 j

is the ratio between   the   odds of being in category 4 1' rather   than
category '0' of D, when B=b and of the (multiplicative) average
of the odds of being in category '1' rather than category '0' of D
across all categories of B. The effect parameters of the logit model
can be interpreted as the logarithms of these ratios.  Note that certain
functions of these parameters do not depend on the coding chosen.

They should be used for the interpretation of the effects (see Long,
1984).

Except for the study of relationships between dichotomous vari-
ables there are, in general, more than one independent coefficient to
describe the direct effect. Several possibilities are available to combine
these coeflicients in order to evaluate the strength of the relationship
between the two variables by only one coefficient (see Hagenaars, 1990:

88-90). The summary  of all these coefficients  into  an  aggregated  one
remains an open question.

Besides, as the logit/DLM effect parameters can be calculated from
logarithms of odds ratios, these coefficients may have some specific
advantages and disadvantages compared to the. effects calculated frOIIl
an additive model.

A interesting property of odds ratios is that they do not change if
certain rows or columns of a crosstable are multiplied by a constant.
Hence. the value of the DLM coefficients do not change whether they
are calculated froIIl a table obtained from prospective or from retro-

spective studies (Agresti, 1990: 16,86; Lloyd, 1999: 156). In prospec-
tive studies, the observations are selected, assigned to a certain level of
potential causes, and followed up over a certain period of time.  In ret-
rospective studies, iIidividiials having a certain level of the consequence
and individuals having others levels are compared. The comparisons
are performed by looking backward in time for certain possible causes.
Of course, causal inferences may be drawn more easily in a prospec-
tive study than in a retrospective study because of the possibility to
perform a (conditional) randomized assignment to the levels of the
potential cause  in the former  but  not   in the latter (see Chapter  2).
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However, a prospective study is much nlore expensive than a retro-
spective one. Hence, using DLMs may be interesting as the crosstable
obtained from a retrospective study may be analyzed directly as if it
Came from a prospective study.  Note that if a linear model is used. this
property no longer holds. Indeed, the effects are based on differences
of proportions, and these effects are not invariant by multiplications
of rows and/or columns by a constant.

The disadvantage of this type of effect coefficients is that random-
ization of the assignment of the level of the cause is not a sufficient
condition to obtain unbiased effect coefficients. To illustrate this, the
causal theory developed by Steyer et al. (1996) can be used (see Sec-
tion 2.2.1). Assume that A and B are two dichotomous variables with
categories 0 and 1, and that A causes B. If categorical variable Z  (with
categories indexed by z) is the unique background variable, having an
influence on B that has been omitted, then, the p,·ima facie efect is2

-B\AZ 1 _BhdZ

P.F..8,81   =   710     0+ / 71 1
0-1- _ IJAB

B\AZ 1 B\AZ - "0101 ,
TO lt/Al 1+

with GAB0101 being the odds ratio of the marginal table AB, and, for
example, 4"jf  = 71-0+308/7,#f, whereas the average causal  efect is

/ BIAZ, BIAZ\*++Z ABZ
ABZ

ACE6=H  TO   02 / Al   Oz 1 ++2
B\.AZ , B\AZ 1 - Ij (#21')'I    ,z    \71-0   lz 1 7rl    lz  /

with 0 z being the odds ratio of conditional table AB given Z =AB\Z
0101

z. The average causal effect is then the multiplicative average of the
conditional odds ratios, that, in general, even under randomization, is
not equal to the marginal odds ratio 06\Boi ·  This bias will be studied
in more detail in Chapter 6.

The variances of the logit/DLM effect coefficients Call be calcu-
lated and are the variances of the parameters which are available di-
rectly with the Newton-Raphson estimation and with the inverse of
the information matrix if the IPF algorithm is used (Hagenaars,  1990:
54).     Here, the choice  of  the most restricted model fitting  the   data,
usually dictated by Occam's razor, also has some interesting conse-
quences in the precision of the parameters and cell frequencies esti-
mates.  Bergsma (1997: 32) showed that the average variance of the

2Here, the geometric rather than the arithmetic mean is used because the DLMs
are "multiplicative" models and not additive ones.
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ML cell frequencies estimates could be calculated by f/N with f being
tlie number of loglinear parameters. if these parameters are estimated
indepeIidently (and not including parameters representing marginals
fixed by design).

The significance of tlie parameters can be tested by calculating
their estiniated Z-value by dividing the estimate of the paraineter by
its standard error. An estimate whose Z-value is higher than 2 in
absolute value is considered as significant.  Note that the result of
the significance test of a effect of a variable on another one does not
depend on the coding chosen.

The significance of the parameters can be also assessed by using
conditional tests. Suppose that model Mi contains all relevant pa-
rameters and the parameters that have to be tested. Model Afl is
supposed to be true. If model M2 is exactly the same as Ml except
that the effect parameters to be tested are set to zero, then the difTer-
ence of likelihood ratio statistics L46 - Lifi is chi-square distributed
with as degrees of freedom the difference of degrees of freedom between
M·2 and Mi (Agresti, 1990: 229) . If the difference is significant, the
parameters should be taken into account.

Significance tests for the variables can also be developed as a shnul-
taneous significance test for the corresponding parameter estioiates.
This may be performed by a Wald statistic:

7-1      .

W = (C X)' IC Var(X) C']    (C A)

witli Var(X) being the asymptotic covariance matrix of the parameter
estimates and C being the matrix selecting these parameters.

Most of the time, similar Conclusions about setting to zero the ef-
fects at the variable level or at the parameter level are obtained by
these tests. However, conflicting results may occur as the global efTect

of a variable may not be significant whereas certain of its correspond-
ing effect parameters are significant. It may then be problematic to
decide whether or not the effect of this variable should be removed
frOIIl the model. This choice should be performed on a case-by-case

basis. by considering the values of the parameter estimates. and of the
significance tests.

Contrary to what could be done with the II10dified-path models,
with the DLMs. the L2 value for the complete model is not neces-
sarily equal to the sum of tlie L2 value of every sub-model included.
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The goodness-of-fit of the DLMs should be assessed directly by com-
paring the observed frequencies n to the expected frequencies Iil of
the complete crosstable (Vermunt, 1996: 45, Hagenaars, 1998). Two
goodness-of-fit tests that can be used are the Likelihood-ratio test

NU
nlL2 =2 E n t log -r-,

2-1 mi

and the Pearson's chi-squared test
NU

X2 = S (nt - mt)21-1 mt
with Nu being the total number of cells of the complete crosstable, nt
and 7ht being the observed frequency of the lth cell, and the estimated
frequency of the lth cell, respectively. Other goodness-of-fit tests are
presented by Read and Cressie (1988). Whenever the model is true,
these statistics follow an asymptotic X2 distribution with as number of
degrees of freedom the difference between the number of independent
cells minus the sum of all nonzero estimated parameters (see, e.g.,
Agresti, 1990: 425-435).

Supplementary tools for causal analysis
Interaction effects are used very often in loglinear models. In the
DLM considered in Section 4.1.3, the effect of A on D varies across
the levels of C. Hence, only the effect of category a of A on D given a
certain category c of C should be considered, i.e.:  DiA +11£'J C.   tiore
generally, in a logit model, the effect of a certain independent variable
on a dependent one should always be described by the main effect
parameter plus all nonzero higher-order interaction parameters. Note
that if many interaction effects are included in a model, the number of
parameters needed to describe several effects between several variables
may increase substantially, rendering the analysis lengthy.

The dependent variables appear as odds in the logit equations.
This formulation, which cannot be used for an independent variable,
makes it difiicult to evaluate indirect effects (Hagenaars,   1990:    81).
With DLMs, contrary to what happens in linear SEMs, there are no
generally accepted ways to calculate indirect effects.

Hagenaars (1993: 49-50) proposed a way to evaluate the strength
of these indirect effects. The total effect of one variable (C) on an-
other (E) can be estimated by calculating the effect of the former on
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A    ' B-4-
C         .E

D

Figure 4.4: A simple DLM.

the latter using certain marginal tables formed by collapsing over the
variables (causally) situated between C and E. For example, with
tlie model shown in Figure 4.4, in order to calculate the total efTect

between C and E, loglinear model {BC,BE,CE} is fitted on marginal
* EICtable BCE. The parameters Bk/k' i of the corresponding logit model

can be considered to represent the total effect between C and E. The
importance of the indirect effects can be evaluated by comparing these

last coefficients to the corresponding ones of the original logit model

({BCD,BE,CE,DE} on BCDE). Note that the total effect can be seen
here to be obtained by USing COIlditional probabilities obtained by the
"back-door criterion" Theorem between  C  and  E (see Section  2.2.3).
However, although the conditional probabilities are unbiased, the ef-
feet coefficients calculated here are, in general, biased (because of the
nonlinear link function between the dependent quantity and the inde-
pendent ones). Hence, as Hagenaars  (1993: 49-50) remarked, the total
effect may be estimated in a model where some interaction terms are
not postulated by the original model. The two logit models may no
longer be comparable as by collapsing table BCDE over D, third-order

* EIBCinteraction terms may appear, such as Bk/k'     ' For the model depicted
4

in Figure 4.4, though, as B and D are conditionally independent given
C, the interaction term might be nonsignificant, although nonzero.
Consequently, the efficacy of this method is strongly dependent on the
interaction structure postulated by the model.

Marc and Winship (1991) proposed an extension of loglinear Inod-
els enabling to calculate reciprocal effects between two categorical vari-
ables. However, the results obtained by this method may not be very
robust. Indeed, as Mare and Winship (1991) noted, a lot of arbitrary
constraints have to be set on a certain augmented table and the choice
of other sets of constraints may lead to different effect estimates.
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As shown by Hagenaars et al. (1980) and Hagenaars (1985, 1988,
1990), latent variables can  be used in modified-path IllOdels.   The same
kind of dimensional reduction of the marginal tables can be performed
as  the  ones  that  were  done  iii DLMs (Vermunt,  1996). As latent  vari-
ables are measured by several observed variables, models using latent
variables may contain maily observed variables and the dimension of
the observed crosstable may be large.

Consequently, although the use of latent variables may simplify
the number of 'structural relationships' in the model, the goodness-
of-fit statistics are still estimated on the complete observed crosstable
where all indicators are included. There may be many small or zero
cell frequencies in this Complete cross table. Hence, for a DLM with
several latent variables on polytomous indicators, it may be difEcult
to evaluate the fit of the model by standard methods. Reiser and Lin
(1999) have recently proposed a method for evaluating goodness-of-fit
of latent class models from bivariate marginals only that, according to
several simulation studies, may yield better estimates than traditional
goodness-of-fit indices when the tables are sparse.

Summary
The DLMs presented here were shown to provide a flexible framework
for causal analysis with several useful tools such as the possible evalua-
tion of direct and interaction effects, the possible use of latent variables
and the availability of goodness-of-fit measures. Furthermore, in ob-
servational studies, an attractive feature of this model is that the effect
estiInates found from a table obtained either from prospective or retro-
spective studies are the same. On the other hand, indirect effect may
be difficult to evaluate and sparse data problems may occur, although
in certain cases, the methods presented above may be used to solve
these last two problems. Another weakness of this type of model may
be that randomization of the assignment to the levels of the cause is
not a sufEcient property to ensure unbiasedness of the effect estimates.
Hence, not only in observational studies but also in experimental stud-
ies, all relevant variables should be taken into account.



124 Yulean Methods

4.2 Linear Weighted Models

In DLMs, the values of the conditional probabilities are obtained by
multiplicative effects of the corresponding independent variables. In
Linear Weighted Models (LWMs), the values of the conditional prob-
abilities are obtained by additive effects of the independent variables.
Consider three categorical variables A, B, and C, such that C is sup-
posed to be dependent on A and B. In LWMs, the conditional prob-
ability of category c of C given categories a of A and b of B is equal
to

ABC
CIAB m a b c_ C14 CIB C\AB

71'c  ab = 772ABC - 7  + 766 + 7£ b  + 'Ye ab 'ab+

Here, the effects of the independent variables are described in terms of
differences in conditional probabilities. In order to obtain a model with
identifiable parameters, the same kind of restrictions (effect or dummy
coding) as the ones presented in Section 4.1.1 are also necessary.

If, additionally, the effect of A on C is supposed not to depend on
the levels of variable B, the following model

'Ts'lAbB  - 7  + 7 I  + 7 lf, (4.3)

is fitted. In particular, if C, A, and B are dichotomous with categories
0 and 1, it is easy to show that the previous LWM (restricted by
dummy coding with zero as reference category for A and B) is a linear
probability model with a Weighted Least Squares estimation procedure

(for  a definition of the linear probability model, see Agresti,  1990:   84).
In their classic article, Grizzle et al. (1969) introduced the use of

a Weighted Least Squares (WLS) estimation procedure for the anal-
ysis of categorical data. Methods using this estimation procedure are
nowadays often referred to as GSK methods. In particular, two types
of models have been developed using this estimation procedure: the
linear and the loglinear models. The framework developed for the
liIiear II10dels, that generalizes the ideas introduced above, will be
presented here. Although these IHOdels were originally introduced for
only one dependent variable, an extension toward a causal model, here
called a Linear Weighted Model (LWM),  has  been  proposed  by  Knech-
ler and Wides (1981). Developed independently, Davis' d technique  is
a method where the dependent quantities, which are also differences
in proportions. are linearly dependent on the explanatory variables
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(Davis, 1975, 1980). The models obtained with tliis method are actu-
ally very similar to tlie LWMs.

The LWMs are presented in Section 4.2.2, and an example will
be studied in Section 4.2.3. A detailed explanation of the similarities
and differences between the LWMs and the Davis' d technique will
be proposed in Section 4.2.4. Finally, tlie LWMs will be evaluated in
Section 4.2.5.

4.2.1  The GSK approach

Let C, with ICI categories, be the response variable (in the following,
.

I always denotes  the  number of categories of variable "."). Suppose
that C is measured at Nt levels of an explanatory variable or at NE
combinations of levels of several explanatory variables.  If Nu denotes
the number of cells of the complete crosstable, note that Nu/NE   =
C I. The sample counts are assumed to follow a product multinomial

distribution of size  n i, · · · , nNE according to these NE levels.
Then, let 7r' = (7rl,..., 7r ,......, 7rivE ) where lr;  =  (lro t, ···, TICI-1  It)

represents the expected conditional distribution of C at the lt/1 level
of the explanatory variable (or combination of explanatory variables),
and E. 7rjlt = 1. Let p denote the corresponding sample proportions
and V  the covariance matrix of p,  and let F be a vector of u  f
NE *(ICI-1) responses functions Fi, ..., Fu. Inorder tobeable to
obtain the covariance matrix of F, F is assumed to have continuous
second-order partial derivatives in an open neighborhood containing
ir. Since the NE sub-groups are supposed to be independent, V can
be expressed as

[  Diag ([Vt])  ],

for 1 - 1,..., NE, with "Diag(.)" being the block diagonal matrix hav-
ing as diagonal elements the different Vt matrices. These Vt matrices
are equal to

ACT(1 - ACT} -1TCIT CIT      . .        _7TCIT,rc'  I T
01 11 0 1   ICI-1 1

1 -XCIT CIT lrCIT(1 -ACIT  . . . -1rcITSTC.  1 T
1 1 O t 1 1  ICI-1 1

nT
_,TC'  1 T C'IT     _7rc' I T 1Tc'IT    . . .   lrC  I T(1 - 7TC'  1 T)ICI-1 1 0 Z ICI-1 2 1 1 IC'1-1 ICI-1 1

for  l  =  1...., NE,  with T representing the independent variable(s).
The fundamental equation of the GSK method relates the func-

tions of the (conditional) probabilities contained in F(7r) to a vector
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of parameters 7.  viz..

F(1r) = X7 (4.4)

where 7 8 the t x 1 vector of parameters to estimate, and X i s a
u x t known design matrix. The estimation of the parameters in 7
is based on a noniterative Weighted Least Squares (WLS) estimation
procedure.  Let VF (u x u) be the covariance matrix of F(p).  As F
was supposed to have continuous second-order partial derivatives, the
delta method can be used to obtain a large sample normal distribution
for F(p),  and to calculate its asymptotic covariance matrix, which here
is equal to:

vF = QvQ' with Q =I CIT I '
[ OF, 1
Larct J

Let VF (u x u) be the estimator of VF using the sample proportions
instead of the population values (i.e., the 7rc'Ts) in Q and V.  The
estimated value of vector  7(t x l)   that  mininiizes the quadratic  form

(F'(p) - X7)' 1/;,1 (F(p) - X7),

can then be directly obtained by

/    / .  , -1 1-1 , A  ' -1

'9 = tx' (Vi,j   X    X' (VF) F(p). (4.5)

Note that, in order to obtain an estimate of 7, matrix VF should be
nonsingular.

From the. general formulation presented in Equation 4.4, several
specific models can be developed according to response function F.
Two types of models have been particularly considered within the GSK
approach, namely:
• linear response models for response functions of the type F(,r) =
M,r,  with  M  (u  x  ICI  x NE) being a matrix of constants,
• loglinear response models for F(,r) of the type F(,r) = K.log(M ),
with K (t x u) and M (u X IC 1 x NE) being matrices of constants, and
the logarithm being taken elementwise.

For multinomially distributed data, the Maximum Likelihood pro-
cedure in the loglinear response models (or logit models) can be shown
to consist of several iterations of the WLS estimation procedure pre-
sented here, updating the weight matrix in eacli iteration (Nelder &
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Wedderburn, 1972, Agresti, 1990: 449-451).     As   the   two  estimators
fall iIi the class of Best Asyniptotically Normal estimators, estimates
obtained with both procedures are very close for moderate to large
sample sizes (Agresti, 1990: 458). In results from some simulation
studies with small samples, WLS yielded estimates somewhat closer
to their true value than ML (see Odoroff, 1970, and Berkson, 1972).
However, the differences were rather small and the problem of zero
cells is more serious for the WLS procedure as VF can become singu-
lar. More details about the comparison between the two estimation
procedures can be found  iIi  the refereilces above and in Kritzer  (1979).
In the following, only linear response models which are specific to the
GSK approach will be COIlSidered.

For linear models, the covariance matrix of F(p) can be estimated
by VF = MVM', where V is the estimator of covariance matrix V.
The estimate of 7 can then be deduced by

5 =  X'  IMVM'  -1 X  -i X'  MVM'  -1 Mp. (4.6)

On the role of matrix M By specifying M, the terms that are
considered as dependent are selected. For example, let a dichotornous
response variable  C be measured  at I A I levels  of an explanatory  vari-
able A. By means of the matrix

1  0  0  0  0  0  0  ...  0  0

0 0 1 0  0  0  0  ...  0  0

M= 0  0  0  0  1  0  0  ...  0  0

0  0  0  0  0  0  0  ...  1  0
-                                             -

the conditional probabilities 7r of belonging in class 1 of C given aCIA
0a

certain level a of A are selected.
In the following, the effects of the independent variables on the

conditional probability of belonging in category c of C instead of the
reference category of C will be studied. For a dichotOIIlOUS dependent,
variable, only one comparison is needed. For a dependent variable
with ICI categories,  ICI- 1 comparisons are needed. For example, if C
is a dependent trichotomous variable and the first two categories are
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compared to the third one, matrix M may be defined as

AC 11   -

Diag  C I   Aff'11;  .       O      0
--------------

Dia, (I,  .afit·   01)
with "Diag(.)" being the block diagonal matrix having as diagonal
elements the elements within the parentheses.

4.2.2 Extension toward a causal model framework

As Kuechler and Wides (1981) showed, the linear-GSK model can be
modified in order to build a causal model with several dependent vari-
ables. The main idea of the method proposed by Kuechler and Wides
(1981) can be summarized as follows. In the GSK method, the condi-
tional probability of the dependent variable given the independent ones
are regressed. By creating a variable that is the crossproduct of all the
dependent variables, several basic conditional probabilities can be ob-
tained and are denoted by 7r.  By means of certain simple functions of
these conditional probabilities, it is possible to obtain the several con-
ditional probabilities that are needed given the system of dependencies
represented by the path diagram.  This is performed by means of the
exp (K ·  (log (L...))) transformation presented later. Hence. the depen-
dent conditional probabilities  can be written  as  exp (K ·  (log (L7r))).
By fitting a specific GSK model on these dependent probabilities. a
model representing a system of linear dependencies can be obtained.
Here, Kuechler and Wides' (1981) idea is slightly modified as the re-
sponse variable is assumed to be the cartesian product variable of all
variables. Note that this modification does not have any influence on
the results found. The extension of the linear GSK model toward this
causal model is called the Linear Weighted Model (LWM).  It  is  illus-
trated by using the model displayed in Figure 4.5. In order to obtain
the association parameters between the several variables, two subrnod-
els are fitted:

(sub-) Hypothesis Estimated
Model in table
All       C caused by A and B with interaction effect ABC
Af, D caused by B and C without interaction effect   ABCD
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C- A -

2,-4 -
t.8 - ' D

Figure 4.5: An LWM causal model

Similarly to what is usually assumed in regression analysis, the as-
sociation between the (purely) independent variables is not restricted.

As the response variable is the product of all variables in the model,
x  is  equal  to  the  (Nu  x 1) vector containing  the cell probabilities  of
the complete crosstable. In order to fit the global model, two different
types of conditional probabilities are fitted.
• In order to test model Ml, the following conditional probabilities are
estimated: 7rflf (= 7rc|.NiI}), for c=0, . . . , ICI-2, a - 0, . . . , 1«41-1,
and b=0, . . . , IBI -1.
•   In   order   to test model   M2, the following conditional probabilities

DEABCare estimated:  7rd  abc  , for d =  0, . . . , IDI -2, c = 0, . . . , ICI -1,
a= 4. . . , 1Al-1, and b= 4. . . ,1 8 1-1.

The response function is obtained by the following equation:

F(7r) = exp (K · log (L7r)) ,

where the exponent and logarithm are taken elementwise.
Note that this 'exp-log' link is only a computational trick to obtain

the desired conditional probabilities from both Mi and M2 simultane-
ously iIi the 7r vector.  If each sub-model (Mi and M2) was considered
separately, the standard linear-GSK method could have been used.

In the ((2(Nu - NE)) x Nu) matrix L, the marginal probabilities

necessary in the calculation of the response functions (here the condi-
tional probabilities) are selected. In the (Nu X (2(Nu -NE))) matrix

K, this calculation is performed. For example, if all variables are sup-
posed to be dichotomous. then

i _  r    ABC' D ABCD _ABCD ABCD ABCD .ABC'Di
A - LK 0000 , T 5001 ' " 0010 , 7I-O 0 1 1  ···  7r'1110 · K 111 1 J,
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and the (24 x 16) matrix L is equal to:

1   0   1   0   0   0   0   0   0   0   0   0   0   0   00
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1_

Rows 1 and 2 of L are used to calculate 7r . In  row   1, the proba-C\AB
0 00

bilities that sum to 7rit  are selected, and in row 2, the probabilities
that sum to 7rj5' are selected. Hence, the ratio of the sum of the
selected probabilities from row 1 by row 2 is equal to the conditional

CIABprobability  71' 0 00 needed for model  Mi.    Similarly.  rows  3  to  8  are
used to calculate all conditional probabilities with C as the depen-

dent variable, and rows 9 to 24 are used to calculate the conditional
DIABCjprobabilities  with  D  as the dependent variable  (TO  abc   k

The ratio of the sum of the probabilities obtained for each line of
L can be obtained with the following (16 x 24) matrix K:

K -[Diag (11      -11) 1,
with "Diag(.)" being the block diagonal matrix having as diagonal
elements the elements within parentheses.

During the specification of F(gr), only the hypotheses that A and
B are exogenous variables, that C is causally posterior to A and B,
and that D is causally posterior to A, B, and C were used. Hypotheses
about the relationships between the variables can be specified when
defining 7 and X. Suppose that effect coding has been chosen, and
that the assumptions between the possible relations between the vari-
ables are shown in the graph in Figure 4.5. Then, matrix X can be
specified as a block diagonal matrix, with for each block the corre-
sponding design matrix for each submodel, and 7' is the following

C CIA C 1B C \AB D DIB D I Clvector:  70/ 1, 70/ 10,70/ 10,70/1 00 ' 70/1,70/10,70/10]·
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 -A  = »»DB

Figure 4.6: An LWM between A, B. C, and D (source: GSS93)

When matrices K, L, and X and vector 7 have been specified,
the model can be fitted using the general GSK approach presented
previously with tlie CATMOD procedure from SAS (SAS, 1989). The
generalization of this method to polytomous variables or models with
more variables is straightforward, although the building of matrices L
and K becomes tedious.

4.2.3 Example
With the GSS93 data set, and the variables perceived political view
(C) and political affiliation (D) as dependent, the fit of the LWM
shown in Figure 4.6 was satisfactory (chi-square goodness-of-fit test
of 37.21 for 30 degrees of freedom, P=0.17). The parameters have
been restricted by effect coding. The parameter values are presented
in Table 4.3.

The effects are interpreted in terms of increase of probabilities from
a certain reference probability.  As the reference category of variable
political view (C) is conservative, the parameters 7  (-0.45) and
7 2 (-0.46) represent the average probability (across all correspond-
ing cells) of having a liberal or independent view rather than a conser-
vative one, respectively. Then, for example, considering the compari-
SoIl  nloderate'/'conservative' of C. there is an increase in chances of
feeling moderate rather than conservative of 9% if the individual does
not  have a graduation diploma (7   '   = 0.09) rather  than on average.
As there is an interaction effect between A and C, and between A and
B on D, the effect of education (A) on political affiliation (D) varies
across levels of political views or age class. Conversely, the same re-
mark can be IIlade for the effect of B or of C on D. For example, the
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Value Std. W Vatue Std.         W

<' 0.45 0.02 596.4 7<2 0.46 0.02 588.7
70/2
C. 1 A 7(' 1

A 0.09 0.02 23.2-0.02 0.02 1.8
70/2 0 ,1/2 0

C· 1 B C' I B
0.01 0.03 0.20.05 0.03 2.5

70/2 0 71/2 0
C I B C' 1 B

0.03 0.03 1.60.03 0.03 0.8
70/2 1 71/2 1

C' 1 B 0.04 0.03 1.3
71/2 2

0.03 0.03 1.1
C' 1 B

70/2 2

7 2 0.54 0.02 1041.1 782 0·56 0.02 1031.6
D A DIA 0.05 0.02 7.2

70/2 0 0.07 0.02 15.2
71/2 0

D\B DIB
-0.06 0.03 4.i-0.06 0.02 6.4

70/2 0 71/2 0
D\B 0.6

DIB 0.01 0.03 0.3
70/2 1

-0.02 0.02
71/2 1

DIB 9.6
7   8      0.08     0.03      8.270/2 2 0.07 0.02

D\C DIC 0.16 0.03 34.3
70/2 0 0.28 0.02 159.1

71/2 0
D C Dlc 0.08 0.03 10.1

70/2 1
0.01 0.03 0.3 71/2

D \ AC
-0.09    0.02     16.3     718  tS    -O.08    0.03      7.870/2 00

D \ AC' DIAC -0.02 0.03 0.47 0.00 0.03 0.0
71/2 010/2 01

7, , «« -0.03 0.02 0.9 71/2 00
0.05 0.03 3.8D\AB

D\AB DIAB 0.00 0.03 0.00.01 0.02 0.4
71/2 0170/2 01

DIAB DIAB 0.03 0.03 0.90.03 0.02 1.5
70/2 02 71/2 02

Table 4.3: Parameters from the LWM (source: GSS93)
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effect of having political view c oIl the ratio between political affiliation
'1' against '2' is obtained given the education level of the individual,

DIC DIAC
i.e.: 7112 c - 7112 ac

' Similarly to what was done with the DLMs,
crosstaDles can De considered in order to see why the interaction ef-
fects occur. These tables are not shown here. The structure of the
effects of A and C were the same as the one found with the DLMs,
viz. that individuals with a high education tend to show a stronger
link between their political views and their political affiliation.

4.2.4  Comparison of the LWM method and Davis' d
method

Independently of the linear-GSK approach, Davis (1975, 1980) devel-
oped a method of decomposing conditional probabilities, called Davis'
d technique or linear flow graphs. Models obtained by this method are
compared here to the LWMs and are shown to yield similar results for
saturated models, the results for unsaturated models being different,
although often close.

The comparison is organized as follows. First, the case of one poly-
tonious variable influencing a dichotomous variable will be presented.
Then, the case of two polytornous variables influencing a dichotonious
dependent variable will be studied. Finally, Davis' d method and the
LWM method will be compared on a simple path-analysis model.

Suppose that variables A and B are polytomous and that vari-
able   C is dichotomous. The categories   of   C are labeled   0   and    1,
the  categories  of  A  and  B are indexed  by  a  (a  =  0,... 1Al  -  1)   and
b (b = 0,...,  B  - 1). The first categories of A and B and the second
category of C are supposed to be the reference categories.

Bivariate model

Suppose that A is the independent variable and C is the dependent
one. In Davis' d technique. the coefficient associated with category a of
variable A on C is defined as the increase of the estimated probability
of being in class '1' of C (rather than class '0') for the individuals
being in class a instead of class '0' of A.  This d coefficient is written
d c'A.  As the model is saturated, this probability call be estimated

1/0 a/0
by

-AC AC
, Cl A 'bal n 01

allo a/O -  It ni:C - It ni}C.
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Consider now the corresponding model from the linear-GSK method.
With the dummy coding assigning to zero, the effect of the first cate-
gory of A, and the choice of

-                                        -

0 1 0 0 0 0_0 0
000100...00

M=

0 0 0 0 0 0-0 1
-                                        -

the fundamental equation Mlr = X7. of the linear-GSK method can
be simplified into

-  c 4 -  -    7 071-10
CIA CIA

 11 +71/0 1

CIA Cl 4

Al lAi-1 _    _ 7C +71/01Al-1 -
i.e.,

AC
.C .CIA 1601
7   = 71'1/0 0= r ACLtnot

and.

-AC _AC
.CIA .CIA .CIA 'bal '601 -dCIA
71/0 a  =  71-1  a    - *1 0    -  St n·jc  -  Et n. C   -     1/0 a/05

for a = 1,..., 1Al - 1. Hence, the effect estimates yielded by both meth-
ods are identical. This result can be easily extended to pOlytOIIlOUS

dependent variables.

Multivariate model

For multivariate models in which all interaction terms are present, the
total effects estimates in both methods are also identical as the efFects
that should be interpreted in these saturated models correspond to
the effects of each category of the variable obtained by crossing all
categories of the independent variables.

Suppose   now   that   C is influenced   by   A   and B. Conditional   d
coefficients (or partial ds) corresponding to category a of A can be
defined. These coefficients represent the effect of being in category a
of A  given a certain category  b  of B (Davis,   1975):

_ABC _ABC
CIA B ,6 ab 0 '5 Ob O

110/1 a/0.b -               -                         for a-O,..., IAI -1.r -ABC F-      -ABC"L.t'babt Lt'#Obt
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Ar O .4=1
B=0 B=1 B=2 B=3 B=0 B=1 B=2 B=3

C=0 715 183 317 812         36      13      16     111

C = 1        53       37       59      674            9         5       12      143

Table 4.4: Value of C given  A  and B (source: Davis, 1975: Table 8).

However, if the effect of A on C is supposed not to depend on the level
CIAof B, all conditional effects are supposed to be equal to a value d
1/0 a/0'

Tlie Davis' a effect of category a of A will be calculated from a,C I A
1/0 a/0

certain weighted average of the corresponding conditional effects (i.e.,
the d bs, see Davis, 1975: 128). This weighted average is knownC IA.B

1/0 a/0.
as the Maximum Likelihood estimator of d (Goodman, 1963:C IA

1/0 a/0
C IA97).    If  the WLS procedure  was  used to estimate d the linear-
1/0 a/0'

GSK effect estimate would have been obtained. As both estimation
procedures are in the class of Best Asymptotically Normal estimators,
the estimates obtained will be very close to each other except maybe
for small sample sizes.

Path-analysis model

Consider a model with several dependent variables.  If the model is
saturated, the effect estimates are exactly equal to the sample pro-
portions, and as seen in the saturated bivariate case, the definition of
an effect for both methods is similar. Hence, for these models, the
estimates of the ef[ects found by the linear GSK-method and Davis'
d are identical.  If the model is unsaturated, the results may not be
identical, although they are often similar. This way be the case not
only because the models are unsaturated but also because of possible
correlations between the effect estimates from different sub-models.
Indeed, the ML estimates of the effect parameters in Davis'd method
are obtained step by step, whereas the WLS estimates in the LWMs
are obtained simultaneously. Hence. the latter method may control for
possible covariances between the parameters whereas the former does
not.

In addition, whereas with the LWM a goodness-of-fit statistics is
available (see Section  4.2.5),  it  is  not  the  case for Davis' d technique.
III contrast to what can be done in "modified-path analysis" models
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A         'C

B

Figure 4.7: Causal model between A, B, and C.

(see  Goodman.   1973). the addition  of the (log-likelihood) goodness-
of-fit indices of the different sziccessive linear submodels has not been
shown to be equal to the goodness-of-fit of the complete Inodel.3

However. if, in a given data set, the weight matrix W is a bloc-
diagonal Inatrix, with each block representing a sub-model, the pa-
rameters are variation independent and the log-likelihood values of
the submodels can be added. In practice. the frequencies of the cells
outside the (bloc) diagonal of W are ofteIi very low. Therefore. the pa-
rameter estimates obtained by applying ML stepwise are also close to
the ones obtained simultaneously by ML. Consequently, as WLS and
ML often yield estimates close to eacli otlier, the estimates yielded by
means of the d method or by nieans of the LWMs are often similar.

For example. the results from Davis' d technique and the LWM
are compared for the data showii in Table 4.2.4. The three categorical
variables are supposed to be causally related as shown in Figure 4.7.
The coefiicients obtained by Davis (1975: 137) were compared to tlie

.CIBoiles obtained with the corresponding LWM. Except for dl /0 3/0 and
- (' 1 B
71/0 3/0 that are very slightly different (0.383 instead of 0.3>2), the
results found are identical (given rounding errors) for both nit,thods.

3The property of being able to add the log-likelihood values of the submodel in
order to obtain the log-likelihood of the complete model is a consequence of the
property of likelihood variation independence. Likelihood variation independence is
known to occur when the coefficients of the successive submodels are variation inde-
pendent (i.e.. that the correlation between two estimates from different submodels
is null. see Barndorff-Nielsen, 1978). This occurs in particular for logit/loglinear
models as the coefficients are independent of the marginals (Bergsma & Rudas.
2000). Parameters obtained from the linear submodels (of the d technique) are
not. in general, variation independent  of the marginals. Hence. likelihood variation
independence for these models cannot be inferred as was done for DL ls.
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4.2.5 Evaluation

Data analyzed
The sample counts are assumed to follow a product-multinomial dis-
tribution of size nl, · · · , AN£ according to the NE levels of one or sev-
eral explanatory variables. However, Bonnet, Woodward, and Bentler
(1985) showed that data sets with variables following a multinomial,
unconditional Poisson, or a general class of Poisson distributions could
also be handled.

As shown by Semenya and Koch (1979) and by Semenya, Koch,
Stokes, and Forthofer (1983), techniques are available in order  to  use
dependent variables with ordered categories in linear models.

The GSK method is not well suited for the analysis of continu-
ous variables. Indeed, in the WLS procedure used in this method,
the covariance structure of the sample response for each cell of the
crosstable formed by crossing the explanatory variables is estimated
(here denoted VF).  If some of the explanatory variables are continu-
ous, because of the large number of possible values, zero cells are very
likely to occur in the crosstable. As the model cannot be estimated
(by WLS) if a table contains empty cells, the GSK method is not rec-
ommended when some explanatory variables are continuous (Agresti,
1990: 461-462).

Kleinbaum, Kupper, and Muller (1988[1978]: 531) advised  to  use
these methods on crosstables in which every cell has at least 10 and
preferably more than 25 observed frequencies. Forthofer and Lelinen
(1981) also advised working with data in which the observed frequen-
cies (or more precisely observed subpopulations having the same re-
sponse pattern) are higher than 10. Whenever there are zero cells in
the contingency table, the covariance matrix VF may no longer be of
full rank u, and cannot be inverted. Hence, it is no longer possible to
estimate the parameter vector 7 by Equation 4.5 (in which VF has
to  be  inverted). A possible remedy  for this problem  is to replace  zero
cells by small constants. Grizzle et al. (1969) proposed using the value
1/ 1 Cl. A sensitivity analysis, in order to coinpare the effect of adding
different constants is then strongly advised as the addition of these
constants may have a conservative effect on the model tests (Agresti,
1990: 462). Linear-GSK models' sensitivity to sparse data Compared
to the SeziSitivity of loglinear models has not been studied.
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Basic tools for causal analysis

Effects in linear-GSK Illethod models can be either interpreted in terms
of differences of conditional probabilities, or of differences in percent-
age, which may be simpler than interpreting differences in the loga-
rithms of particular odds. However, as the dependent value is a condi-
tional probability which is bounded between zero and one, a potential
problem of out-of-range expected values for the LWMs may occur.
This may be the case especially when some significant interaction ef-
fects are omitted  (see,  e.g.,  Aris & Hagenaars,  2000).

The variances for the coefficients of the linear-GSK method model
'   1

can be estimated  with the matrix  CI)v(•9)  =    X'VplX)
-

(Agresti,

1990:    460). The variances   for the coefficients   of  the   LWM   can   be
derived similarly (Kuechler & Wides, 1981).

Then, if'yt is the Lth element of ·9 and Var(.)  is the variance func-
tion, the statistic

72
Wt -

Var('h)

follows a X2 distribution with one degree of freedom according to the
null  hypothesis:   3  = 0 (Agresti,   1990: 460). Hence,   the  coefEcients
are significant at the 0.05 level for a Iii value higher than 3.84, and at
the 0.01 level for a Iii/t value higher than 6.64.

The goodness-of-fit statistic of the model F(,r) = X7 with 7 a
(t x 1) vector and with only one dependent variable (called C) can be
calculated by the residual term

//.   \-1W   = (F(p) - X·9)  (VF)    (F(p) - X7)

which  has a central X2 distribution with  (ICI - 1) NE  -  t   degrees   of

freedom when the model fits, with t being the number of parameters
in 7  (Agresti, 1990: 460-461). The goodness-of-fit  of the  LWM  can  be
calculated by the same formula.

Note that this goodness-of-fit test for the LWM is different from
the one proposed for the DLMs. No hypotheses about the association
between the independent variables is tested by this statistic. III the
DLMs, it is also possible to test for these associations simultaneously
with the test about the decomposition of the log-odds.
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Supplementary tools for causal analysis

Interaction effects can be included iIi LWMs in the same way as they
are included in ANOVA or iii DLMs. Besides, as Kuechler and Wides
(1981) showed, systems of equations can be treated by LWMs.  More-
over, similarly to what cari be done with standard path-analysis mod-
els, indirect effects Call be calculated for LWMs. Suppose that A causes
C directly and through B, the total effect froul A to C equals the di-
rect coefficient from A to C plus the indirect effect that is equal to the
product of the coefficient from A to B and the one from B to C.

Similarly to loglinear models, a satisfactory method allowing to
handle reciprocal effects has not been developed for LWMs.

Contrary to what has been done with loglinear models, to our
knowledge, measurement errors and latent variables have not been
included in LWMs.

Summary
LWMs are statistical models providing parameters that are a priori
easy to interpret. Furthermore, the estimation of the parameters is
based on a noniterative procedure, that is per definition not affected
by convergence problems or local maxima. However, in some cases,
out-of-range estimated values may be obtained. Furthermore, for the
estimation of models relating more than four variables, because the
occurrence of zero cells, the original data set may often have to be
modified by adding small constants, which often has a conservative
eBfect on the significance tests.

4.3 Uncertainty Reduction Models
A general way of evaluating the effect of several categorical variables
on another one is to define a measure of dispersion(/variation) of the
dependent variable, and to measure the (relative) reduction of this dis-
persion when the independent variables are taken into account. Sup-
pose, for example, that variable A influences B, A and B being cate-
gorical. If V(B) represents a measure of dispersion for B, the general

coefficient of iIifluence of A on B can be defined as:

V(B)-V(BIA)
KBIA- V(B)    '
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with V(BIA) being the expected value of the conditional variation of

B with respect to the distribution of A. In particular, if V(B) =
1 - E |(i-1 (7rbB)2, with IBI being the number of classes of B, and 7rf
being the probability that B = b, ABIA is more commonly known as
Goodman and Kruskal's T (Goodman & Kruskal, 1979[1954]).   Mea-
sures of variations can be developed for categorical variables and may
differ according to their level of measurement (see Agresti & Agresti,
1977. for "nominal" variables, and Blair & Lacy, 2000, for "ordinal"
ones).

The techniques presented in this section belong to the general class
of methods presented above. Association measures from these meth-
ods are based on the concept of entropy or uncertainty as a measure of
variation (Shannon & Weaver, 1949; Kullback, 1997[1959]). This mea-
sure has been chosen here because of its generality and possible use
in behavioral and natural sciences and because of the fact that it can
be naturally used for either categorical or continuous variables. Ap-
proaches using these measures are known under the names information
theory or uncertainty analysis.

Within the same class, another type of approach is known as predic-
tion analysis (Hildebrand, Laing, & Rosenthal, 1974b,  1975,  1976).   In
this method, logical propositions relate the outcomes of the dependent
variable to the ones of independent variables. The logical proposition
is evaluated by the decrease in prediction error that occurs when the
independent variables are known (rather than unknown). Although
the concept of entropy/uncertainty is not central in these theories,
these methods are closely related to the uncertainty reduction mod-
els (for a discussion of the similarities and differences of these meth-
ods, see Hildebrand. Laing, & Rosenthal, 1974ai Goodman & Kruskal,
1974a,1974b). Hence, in the following, only Uncertainty Reduction
Models will be studied.

This section is organized as follows. First. the fundamental con-
cepts in uncertainty analysis and information theory will be reviewed.
From these definitions, a way to define multivariate directed models
will be derived. These models are called the Uncertainty Reduction
Models (URMs).     Finally,   after   the  presentation  of  an  example,   the
URMs will be evaluated.

In the following. A (resp. B, C. D, E) is a categorical variable
with IAI (resp. IBI. ICI, IDI. IEI) categories, containing nit (resp.
nf'....nE) individuals in category a (resp.  b. ..., e) of A (resp.  B,...,E).
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4.3.1 Basic concepts
The Concept of entropy originates frOIn the field of Tliermodynamics
and has been used to describe the anwunt of disorder of the system
considered. More precisely, the further relationships are far from being
deterministic, the larger the entropy will be. In social sciences, entropy
is   often also called uncertainty   (see e.g., McGill & Quastler,    1954;
Entwisle & Knepp,   1970).     The two terms  are used interchangeably
here. Starting from the intuitive idea that the amount of uncertainty
contained in an event A is related to the number of possible outcomes,
i.e.   of possible categories, the uncertainty (entropy) associated  with  A
is (McGill & Quastler, 1954; Entwisle & Knepp, 1970; Krippendorff,
1986):

1Al-1

H(A) = -E e x log, (e) (4.7)
a=0

with e being the probability that A - a, and log2 being the loga-
ritlim to the base two. The logarithm to the base two measures the
uncertainty in bits and has the desirable property that the doubling
of the number of categories increases the uncertainty by one. Hence,
this uncertainty value corresponds to the expected average number of
binary choices necessary to make in order to assign an observation
chosen at random to the right category.

In Equation 4.7, the probability of occurrence of the different out-
comes is used to weight the sum. Hence. the uncertainty not 0Illy
depends on the number of outcomes but also on their relative proba-
bility. The uncertainty ranges from 0 when all individuals are iii one
category (so that the category can be predicted with certainty), to
log( 1Al)  when all categories  of A  have  the same probabilities. A large
uncertainty value indicates little knowledge of the class to which a
particular observatioIi is or should be assigned.

Bivariate measures The uncertainty associated with the distribu-
tion obtained by crossing variables A and B is called the joint uncer-
tainty of A and B and can be written:

H(A, B) = - Z 7rd#bB x log2('raAbB),
a.b

with 7rdlB being the joint probability that A=a and that B=b.  Note
that the joint uncertainty between A and B is equal to the uncertainty
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defined in Equation 4.7 for the product variable A x B. Given fixed
marginals, maximal joint uncertainty is obtained when the variables
are independent. Consequently, the maximal joint uncertainty can
be calculated frOIIl the marginal distributions of A and of B, and the
following equation,

H(A, B) 5 Max [H(A, B)] = H(A) + H(B),
can be deduced. From these first definitions and results, several con-
cepts used to describe association between two variables can be devel-
oped. Reviews of these measures can be found ill Garner and McGill
(1956), Garner (1962), or Entwisle and Knepp (1970). They are briefly
presented below.

Contingent uncertainty is defined as the information about the as-
sociation between the two variables. It can be deduced by:

H(A: B)   = H(A) + H(B) - H(A, B), (4.8)

and is equal to zero whenever A and B are independent. Note that
contingent uncertainty is symmetric and positive. This measure can
be  seen  as a measure of redundancy (or "shared uncertainty").   It  may
also be seen as the amount of uncertainty in B that can be predicted
by the values  of A (see Equation  4.11).

Conditional uncertainty is the amount of uncertainty of a variable
when another one is fixed. For example, the conditional uncertainty
of B given A is

If(BIA) = H(A, B) - H(A), (4.9)

with H(BIA) denoting the uncertainty of B conditional on A.  This
conditional uncertainty can also be calculated directly by a weighted
average (across categories of A) of the uncertainty of B given A, i.e.:

H(BIA) = -I 'Takf E 'T':I,Alog,(11-':laA), (4.10)
a

with 7r being the conditional probability for value b of B when ABA
ba

is equal to a.
Using Equations 4.8 and 4.9, the uncertainty of B can be rewritten

as  the  sum  of two terms (McGill,  1954):

H(B) = H(A: B) + H(BIA). (4.11)
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the first term representing the uncertainty that is "due" or can be
explained by part of the uncertainty contained in A and the second
term representing the (average) "residual" uncertainty when A is held
constant.

Multivariate measures Tlie measures developed for the bivariate
case can in a similar way be defined for the multivariate case. Consid-
ering the variables A, B, and C, the entropy of C can be decomposed
into two components (McGill, 1954):

H(C) =H(C:A, B)+H(CIA, B), (4.12)

with  H(C  :  A, B) being called the multiple  contingent  uncertainty
and H(CIA, B) being called tlie multiple conditional uncertainty. In
order to clarify the notation used above, the following priority rule will
be applied: the comma "," will be considered before the colon ":"or
the  symbol   9". For example,  H(C  :  A, B) denotes the contingent
uncertainty that is calculated between C and variables A and B.

Using Equation 4.12, the following decomposition of the multiple
contingent uncertainty can be obtained:

H(C:A, B)   = H(C) - H(CIA) + [H(CIA) - H(CIA, B)]
(4.13)

= H(C: A) + H ((C: B)IA),

Hence, the multiple contingent uncertainty between C and A and B is
the sum of the contingent uncertainty of C and A and of the contingent
uncertainty of C and B holding A constant. Using Equation 4.13 and
adding and subtracting the contingent uncertainty between C and B,
the decomposition of multiple contingent uncertainty can be extended
as follows:

H(C:A, B)   = H(C:A) + H(C:B) + [H((C:B)IA)- H(C:B)],
the first two terms being the bivariate contingent uncertainties, and the
third term being the interaction uncertainty. This last term represents
the amount of information of C which is predictable by the unique
combination of A and B.  Note that "information" is not really the
proper term as the interaction uncertainty can be negative. Interaction
uncertainty is symmetrical in the independent variables as it is easy
to show that H((C : B)IA) - H(C: B) = H((C: A)IB) - H(C: A).
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This interaction uncertainty is then noted H(CAB) and the following
equation can be obtained:

H(C:  A, B)      =  H(C:  A)  + H(C:  B)  + H(CAB). (4.14)

It is possible to extend these measures to a larger number of pre-
dictors. For example, the decomposition of the contingent uncertainty
between the predicted variable E and its predictors A, B, C, and D
is equal to (Garner, 1962: 109):

HCE:A,B,C, D) =   HCE:A) + H(E.B) + H(E.C) + HCE Dj
+H(EAB) + H(EAC) + HCE-AD)
+ H (EBC j  +  H (EBD)  +  H(ECD) (4.15)

+H EABCj + H(EABD) + H(EACD)
+HiEBCD) + H(EABCD)

Note that, in the interaction uncertainties, as in the bivariate case,
all variables are treated symmetrically. For example, H (EABCD) =
H<ABCDE) represents the same quantity, and this holds for every
permutation of the five variables. Consequently, there is only one
quantity representing the amount of uncertainty predictable by the
unique combination of a definite number of variables, and it can be
calculated  by, for example (McGill,  1954):

H<ABCDE) = H(BCDE\A) - H(BCDE).
At this stage, an important remark should be made. Interaction

terms such as H(ABC) (or ACIA.B later) may not be null when some
conditional independence properties are valid. For example, if A is
independent of B given C, as H((C : A)18) = 0 then H(ABC) =
-H(A : B). Here, the interaction term will exactly correct for the
overlapping information that has been accounted for twice, once for
H(C: A) and once for H(C : B).  Note that if A and B are marginally
independent, there will not be any negative interaction ternl. More
generally, the interaction term will be negative when this correction
of overlapping information is stronger than H((A : B)IC) which is
the overlapping information of A and B obtained after having been
part;ialled out by C.

If the variables are treated symmetrically, the joint uncertainty of
the variables A, B, C. D. and E can be expressed, for example, as
follows:

H(A. B.C. D.E)- H(A. B.C. D) + HCE\A. B.C.D). (4.16)
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The multivariate version of the contingent uncertainty between A,
B, C. D, and E, can be defned as the information contained in the

association of A, ..., and E, and is equal to, for example:

H(A:B:C:D:E) = H(E: A, B, C, D) +H(A:B:C:D). (4.17)

The extension of tliese results to more variables is easily derived. For
more   details,   see, for example, McGill (1954), Garner and McGill
(1956), or Garner (1958, 1962).

The concept of information In information theory, the amount of
information contained in a message M received by a system S is defined
by the difference of uncertainty H(S) of the system at two time points,
viz., before knowing the message   (time  tl)  and  after  (time  t2).    This
information  can be written as (Shannon & Weaver,  1949:   67):

I(M) = H(S at tl) - H(S at t2).

Hence, the amount of information contained in the relationship be-
tween two variables A (input) and B (output) can be obtained by
(Shannon & Weaver, 1949: 67):

I(link between .4 and B)  = H(no link) - H(link)
= H(input not known) - H(input known)
= H(B) - H(BIA)
= H(A: B),

Similarly, the total amount of information about the association
contained by a multidimensional AB...E table is (McGill, 1954):

I(link between all var.) = H (Mo)-  H (M J
= H(A) +... + H(E) - H(A, B,..., E)
= H(A:B:...: E),

with Mo and Ma being the independence model and the saturated
model, respectively.

Therefore. the contingent uncertainty H(A :B: . . . :E) can also
be interpreted as the maximum amount of information from the data
a model can explain. This is sometimes also displayed as I (Ms  -+  Mo)
and represents the amount of information lost when the independence
II10del is chosen instead of the saturated model. This total amount
of information is often used as a reference quantity for the selection
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of satisfactory models. Using Equation 4.17 and Equation 4.15 iter-
atively, this contingent uncertainty can be decomposed into several
Simple ternis:

H(A:B:C:D:E)   = H(A) +H(B) + H(C) +... + H(E)
+H(A: B) + H(A: C) +... + H(D: E)
+H(ABC) + H(ABD) t... + H(CDE)
+HiABCD) t... + H(BCDE)
+H(ABCDE).

where the first line represents all marginal uncertainties, the second
line all bivariate contingent uncertainties, the third line all trivariate
interaction uncertainties, and so on.

Estimation of the difTerent values The different types of uncer-
tainty defined above can be calculated by functions of certain prob-
abilities. When no restrictions are imposed, these probabilities can
be estimated by the sample frequencies which are then the Maximum
Likelihood estimates.  Hence, for example, the uncertainty of A will be
estimated by:

Al-1

#(A) = -E (naA/n) x log2 (nak/n),
a=0

with na, being the number of individuals in cell A=a and n being the
total number of individuals. For models where several restrictions are
assumed, the probabilities are estimated. If several conditional inde-
pendences between the variables are assumed, they can be tested by
compariiig the observed cell frequencies to the expected ones yielded
by certain loglinear II10dels (see, in particular, Kullback & Cornfield,
1976;  Krippendorff, 1986). However. the loglinear models and uncer-
tainty models are distinct and parameters from the two models are
not directly related: several loglinear parameters are zero because of
the conditional independences. but the "corresponding" uncertainty
parameters are not necessarily null.

4.3.2 Extension toward a causal model framework

The case of only one dependent variable is first tackled. the way to
define recursive models is presented subsequently.
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One-dependent-variable models Giveii two categorical variables
A and B, the following quantity

HU)-H(BIA)
ABIA =

H(B)
(4.18)

is called4 the relative reduction in uncertainty of B getting to know A
(Shrndal,  1974).   This coefficient represents the fraction of information
in B that can be explained by the knowledge of A. It ranges from
zero   (independence)   to one (complete dependence).    Note   that  even
very small coefficients, such as the ones above 0.01, already indicate
nonnegligible effects (Preuss & Vorkauf,  1997).

Using Equations 4.8,  4.9, and 4.18, the relative reduction in un-
certainty can be written as:

H(A: B)
ABIA *   H(B)

By dividing Equation 4.11 by H(B) (considered  different  from  zero),
the equation

H(BIA)
1 -KBIA +  H(B)

may be obtained. Similarly for three variables, from Equations 4.12
and 4.14, the following equation

H(CAB)   H(CIA, B)
1 - ACIA + ACIB +   H(C)   +    H(C)    '

is obtained. In particula. corresponds to the supplementaryr H(ABC)
H(C)

relative reduction in uncertainty in C whenever the unique combina-
tion of A and B is known.  It is denoted as AC\A.B· This result can
be easily generalized for more variables. For example, with D be-
ing dependent on A, B, and C, the following decomposition can be
obtained:

1 -  XDIA + ADIB + KDIC + ADIA.B + ADIA.C + XDIB C
H(DIA,B,C) (4.19)

+ADIA.B.C + H<D)  '

4 Other  names  that  have been given  to this coefficient  are, for example: separa-
bility  of B given A (Preuss & Vorkauf, 1997), asymmetric uncertainty coefficient
(Brown. 1975), proportional reduction of uncertainty (Pannekoek,  1983), or coefii-
cient of constraint of A upon B (McGill & Quastler, 1954).
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Figure 4.8: A causal model

with  IQDIA.B.C  = I/(;: D). Hence, the uncertainty  of the  depen-
dent variable can be partitioned into several terms corresponding to
the effect of the independent variables alone or in combination with
each other and the last term: H(DIA,B,0#HCD). This last term

is the residual amount of uncertainty in the dependent variable not
accounted for by the independent ones.

Recursive models Suppose that variables A, B, C, D, and E are
ordered and that their hypothetical relationship is shown in Figure 4.8.
Using Equation 4.16 iteratively, the joint uncertainty can be decolll-
posed as follows:

H(A, B,C, D, E) = H(EIA, B, D, C) + H(DIA, B, C) +H(CIA, B) +H(A, B).

Then, as B is independent of C given A, H(CIA, B) is equal to

H(CIA) (use Equation 4.10 and tlie fact that 't.728 = trt 1;4). Other
conditional independence patterns can be treated similarly. Hence, the
decomposition of the entropy of model M shown in Figure 4.8 Call be
simplified as follows:

H(M) = H(EIB, D) + H(DIA, C) +H(CIA) +H(A, B).

As, here, the exogenous variables A and B are independent, the fol-
lowing decomposition

H(M) = H(EIB, D) +H(DIA. C) + H(CIA) + H(B) + H(A).
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can be obtained.5
Using Equation 4.12. Equation 4.15. and tile definition of KEIB.D,

the following equations

H(EIB, D)    = H(E) - H(E: B, D)
-  H (E)  -  H (E:  B)  -  H (E  :  D)  -  H (EED)

=  1 - AEIB - REID - XEIB.D  x H(E),
can be deduced. Hence, the decomposition of the uncertainty of model
M can be expressed as

H(M) =    1 - KEIB - XEID - AEIB.D  >< H(E)
+  1 - ADIA - ADICADIA.C  X H (D)

(4.20)
+  1 - ACIA  x I/(C)
+H(B) + H(A),

and has to be compared to the completely "saturated" directed II10del
MS..

H(Ms)  = H(EIA, B, D, C) +H(DIA, B, C) +H(CIA, B) +H(B, A)
=H(A, B,C,D,E),

or to the independence model Mo:

H(Mo) =   H(E) + H(D) + H(C) + H(B) + H(A).

Estimation of the model and the coefficients from restricted
models If several conditional independence properties are assunied,
tlie decomposition of the joint entropy can be performed and simpli-
fied as shown previously. However, the estimation of the coeBicients
has to be made from the expected frequencies given these conditional
independencies, and no longer from the observed cells frequencies. The
expected cell frequencies from model M given the several conditional
independence relationships may be estimated by an IPF algorithm on
the complete crosstable. In fact, these estimated frequencies are equal

5The decomposition of the uncertainty of the exogenous variables (here only A
and B) may be more complex than choosing between independence or dependence.
For example, several conditional independence assumptions between the variables
may be assumed.
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to the ones estimated by the corresponding DLM where all the possi-
ble effects (on the marginal tables) for each logit model constituting
the several elaboration steps are taken into account.

It is then possible to calculate the fraction of entropy explained by
model M by calculating the ratio between the difference in entropy
between   M   and   Mo,   and the difference in entropy between   Ms   and
Mo.  Moreover, the values of the effect parameters can be compared
between model M and model Ms.

4.3.3 Example
The four variables from the GSS93 data set are again used here (see
Table 3.1.5). Perceived political  view  (C) and political affiliation  (D)
are the dependent variables  (with D being posterior  to  C).

Considering the independent variables, the following uncertainties
H(A) = 0.79, H(B) = 1.94, and H(AB) = 2.73 are obtained. Hence,
the contingent uncertainty H(A : B) between A and B is equal to
0.001. This quantity is also the difference between the uncertainty of
the independent model Mo and the saturated model Ms. The test of
significance of this difference is equal to 19.3 for 3 ((1Al - 1) x (IBI -
1)) degrees of freedom. This difference is significant and A and B
are not independent. Furthermore, as there does not Seem to be any
conditional independence of A (or B) and D given C. the saturated
URM was fitted to the data. It consists of the following two equations:

H(Cl.'1B)
1 - 'SCIA + ISCIB + KCIA.B     H(C)  9

and

1        hDIA + ILDIB + ILDIC + I€DIA.B + ILDIA.C + XDIB.C
H(DABC)

+AD1A.B.C -r
H(D)

The value of the coefficients found are shown in Table 4.5.
Except for the effects of education (A) on perceived political view

(C)  (/SCIA  = 0.012) and of C on political affiliation (D)  (xDIC  - 0·056).
all coefficients have a value lower than 0.01. The effect of C on D is
by far the most important effect on (more than 4 times higher than
any other coefficient, and more than 6 times higher that any other
coefficient on D).  If the interaction effects are considered, the ones
with the highest values is ADIA.C (0.008). Indeed. this interaction
effect also had to be present in DLMs or LWMs in order to obtain
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• C dependent variable
Component Value   fraction of H (V) esplained

ACIA 0.012 1.18 %

ACIB 0.007 0.73 %

ACIA.B 0.003 0.26 %
H(C\AB)/H(C) 97.81 %

• D dependent variable
Component Value  fraction of H(V) explained
KDIA 0.006 0.63 %

ADIB 0.006 0.57 %

ADIC 0.056 5.60 %

AD\A.B 0.004 0.44 %

IMDIA.C 0.008 0.81 %

R DjB.C 0.005 0.54 %
RDjA.B.C 0.002 0.23 %
H(D\ABC)/H(D) 91.19 %

Table 4.5: Value and quantity of entropy of the dependent variable
explained by the coefficients
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a satisfactory fit. The effect of perceived political view on affiliation
seems to vary according to the level of education (having graduated or
not). This differential effect seems  to be around  the same importance
as the effects  of age (0.008 against  0.007  or  0.006).

4.3.4 Evaluation

Data analyzed
The data are supposed to have a multinomial distribution (see Miller,
1954).     Therefore, the distributional assumptions  for  the   URMs   are
Similar to the ones required for DLMs and LWMs.

As Golden, Brockett, and Zimmer (1990) showed, ordinal variables
may be integrated in information theory models. Note that this ap-
proach is strongly related to loglinear models with ordinal variables
as frequency estimates are obtained from loglinear models for ordinal
variables.

The entropy and information measures can also be calculated for
continuous variables (Kullback, 1997[1959]:   5). For example,  if A  is  a
continuous variable defined upon the real line with a density function
f, then:

r+00
HiA)--1 f (x) x 10g2 (f(L)) ds.

J -00

It is then conceivable to work with continuous and categorical variables
even if, to our knowledge. no applications in the social sciences have
been published on this subject.

Although the number of possible parameters to be estimated also
grows very fast with the number of variables, this approach may han-
dle more variables than DLMs or LWMs. For models with the same
complexity, the number of parameters to estimate is, in general,6 lower
in uncertainty models than in DLMs or LWMs. and may be calculated
on relatively more observations. However. the goodness-of-fit statistics
based on the model correspond to the ones of a specific DLM, and the
sensitivity to sparse data may remain high.

6Except if the variables are all dichotomous and when, for polytomous variables,
very few interaction effects are present in the successive logit/linear models for each
marginal table.



Uncertainty Reduction Models 153

Basic tools for causal analysis

The  coefficients  of the type KBI.-1,  ECIA,  and  xCI.4.B  can be considered
to represent the causal effects of one or several variables on one de-
pendent variable. If Acl.4.B is not null, then the net effect of A on
C should be evaluated by XCIA  + KCIA.B· However,  the  nature  of the
functional dependencies between the variables is not indicated by these
coefficients.

In addition, the effects presented here are effects calculated from
marginal tables containing only the variables mentioned in the labels
of the coefficients.  This may be advantageous as tliese measures will
not vary when more variables are included in the model, or discarded
from  it.

Note that the ' general coefficient of causal influence" PBA between
A and B developed by Taganov (1975: 158) can be seen as a special
case of the previous coefficients.  In fact, it is possible to show that
rBA is based on an approximation obtained from a Taylor expansion

of ABIA, and is equal to KBIA if the relationship between H(B) and

H(A) is linear.
The asymptotic variances of the first-order gammas (e.g. KBIA)

can be derived. Considering the crosstable AB, the estimate of the
asymptotic variance of ABIA  is  given by (Brown,  1975):

Var(ABIA )  =      H(B 4 vw  a 6)b 71- B   I<(B)   log2(71' .  )  + log2(7['AB) 

+H(BIA) log2(71' f)   ,

with 'Ir B being the probability that A=a and B=b, 7rff and
7['43  being the marginal probabilities that A=a and that B=b,
respectively.

Several indices are available for judging the adequacy of a model
M.   Let  7rjb...n  be the frequencies according  to  Ml, let 7rab...n  be  the
expected frequencies according to M, and let Pab...n be the observed
frequencies. The quantity of information lost by selecting Mi instead
of M is called the informational diference between Ml and M and is
equal to

I CM   -+  Mil =  Pab...n x log2(7Tab...n/7 b...n .

Ratios of informational diference quantities may be used to evaluate
the quality of representation of a model. For example. if Ms is the
saturated model and Mo is the independence model. the proportion of
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explained information I(M -+ Mo)/I(Ms -+ Mo) or the proportion of
unexplained information I(Ms -+ M)/I<Ms -+ Mo) canbe calculated.

Furtherinore,   it  has been shown  that the quantity  2 loge (2)NI  is
approximately X2-distributed (Miller & Meadow, 19544 Golden et al.,
1990), the degrees of freedom being the degrees of freedom   of  the
(equivalent loglinear) model M. It is then possible to test whether the
information contained in model M is significantly different from the
information contained  iIi the crosstable  (i.e., the information contained
iii   the   saturated   model). Conditional tests between nested models
can also be performed. For example, considering two nested Illodels
Mi   and  Mj, the   value  2 log2(2)NI(Mi   -*   Mj)   is  approximately  chi-
square distributed. with as degrees of freedom the difference between
the  degrees of freedoni  of the two models (see Krippendorff,  1981).

Supplementary tools for causal analysis

As shown previously, interaction terms can be defined and evaluated
iii uncertainty arialysis. They correspond to the difference between
the supplenientary relative contingent uncertainty due to the set of
variables minus the supplementary contingent uncertainty for all ex-
ogenous variables. Hence. although in the literature these effects are
commonly called "interaction" effects (see, e.g., Garner, 1962: 106-
107),   tliey  do  not   have tlie traditional  meaning of interaction effects
as effects correcting for the constant lower-order effects. For example,
the coefficieiit denoting the "interaction" effect of variables A and B
on variable C, deIioted ACI.4.B· is equal to

H(CAB) = H((A: B)IC) - H(A: B)
'6('1.4.B

=

H(C) H(C)       '

witli H((A : B)IC) - H(A : B) representing the entropy contained iii
the associatioii between A and B for each level of C. minus the entropy
contained iii the Inarginal association between A and B. However. the
absence of interaction terms is not equivalent to the assumption of
constant lower-order effects. For example, assuming that Ac,I.4.8 - 0
does not imply the assumptioii that the effect of A on C is constant
across the levels of B.  With URMs. the interaction effect may be
different from zero, for example, because of the correction for over-
lapping lower-order effects (remember that these effects are calculated
on marginal tables). More precisely. positive (two-order)   interaction
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effects accounts for the effect of the combination of A and B OIl C (cor-
rected  by the unique coInbination  of  A  and  B in table AB), whereas
negative interaction effects should not be considered as a measure of
amount of prediction but simply as a correction term (for more details,
see Garner, 1962: 106-107).

Variance estimates  for  the  interaction  coefficients,   such  as  ACIA. B
have  not been developed. In contrast   to  H(C  : A), H (ABC) is not
asymptotically X2 distributed but distributed as a difference of X2 dis-
tributions (Entwisle & Knepp, 1970). Indeed, 2 loge(2)NH((C : A)IB)
is asymptotically X2 distributed with  IBI (1Al  -  1)(ICI  - 1) degrees  of
freedom. whereas 210ge(2)NH(C : A) is asymptotically X2 distributed
with (1Al - 1)(ICI -  1)  degrees of freedom  (Golden et  al.,  1990).

Moreover, with the URM method, although the entropy of the
model resulting from the assumptions contained in a system of equa-
tions can be calculated (see Equation 4.20), no Inethods for evaluating
indirect or reciprocal effects have been developed yet.

Latent variables models have not yet been developed for these
methods, nor are measurement errors handled by these methods. A
way to define latent variables may be first to fit a DLM with latent
variables in order to obtain expected frequencies of the augmented
crosstable (crosstable between observed and UIiderlying variables) and
then to fit a URM on this table.

Finally, within this framework, several additional measures have
been developed, such as the terseness of a cross classification, which
can be of help to select the variables that have nonnegligible associa-
tions  with the other  ones (see Preuss & Vorkauf,  1997).

Summary

URMs provide a reliable framework to evaluate the strength of the
association between several variables. An advantage of these mod-
els is that all kinds of relationships between the variables are taken
into account: nonlinear effects, as well as unimodal or multimodal,
deterministic or probabilistic relationships. However, the price to pay
for it is that the nature of the type of functional dependency (linear,
quadratic, or other) whose strength is evaluated is not studied. This
probably constitutes one of the main drawbacks of these models.

Very few studies have been conducted using this approach. Most
of them have used uncertainty analysis as a preliminary analysis in
order to clarify and SiInplify data sets. This is, so far, probably one of
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the aspects for which this method is best suited (Entwisle & Knepp,
1970).

4.4 Discussion

In all three methods presented here, the data are supposed to be multi-
nomially distributed. This distributional assumption is not very re-
strictive, which is an advantage of these methods. compared to the
ones from the Pearsonian tradition.

The particularity of Uncertainty Reduction Models (URMs) is that
no specific functional dependencies are assumed between independent
and dependent variables. This may be an advantage as all kinds of
dependencies can be accounted for but it has the fundamental draw-
back that the functional interpretation of the estimated effects, which
is often of interest, cannot be performed with these models.

In Directed Loglinear Models (DLMs) and Linear Weighted Models
(LWMs), certain types of functional dependency between dependent
and independent variables are assumed.  If the effects are considered
in an additive fashion, the dependent quantities are the logarithm of        
the odds of the dependent variables for the DLMs and the conditional
probabilities of the dependent variables for the LWMs. Although these
models may often yield similar results, because of the property of the
logarithmic function, they may be different in certain cases. For ex-
ample, when the (conditional) proportions exceed 0.9, the adequate
loglinear model and linear-GSK model may necessitate including dif-
ferent (interaction) efTect parameters (see, for example. Knoke, 1975;
Kritzer,   1979;    Aris & Hagenaars, 2000). Following Kritzer   ( 1979),
the choice between the two models and their parameters should be
directed by a "substantive" justification of the choice of type of de-
pendency chosen.

Considering the tools available that may be of use for causal anal-
ysis, the DLMs seem to offer more versatility. Latent variables can be
handled by these models. correcting for measurement errors. Simul-
taneous tests about the association among the independent variables
and about the structure of the effects in the directed model are pro-
vided by standard goodness-of-fit tests. Finally. the sensitivity to zero
cells for these methods is less strong than for the LWMs. as nonnullity
of the sufiicient statistics is often sufEcient to be able to estimate the
model.
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However, due to tlie multiplicative notion of effects, the conditions
for which DLM effects coefficients can be calculated with or without
controlling for other variables are different from the ones for the linear
II10del. In particular. randomization to tlie level of the cause A is not a
sufficient condition to collapse over possible confounders. Hence, even
in a randomized setting, possible confounders should be taken into
account. The conditions in which these confounders may be collapsed
without entailing ' biased" effect coefficients and the values of the bias
if these conditions are not satisfied are then of great interest for the
use of DLMs for causal analysis. They will be studied in more detail
in Chapter 6.
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Chapter 5

Simulation Studies over
Linear Structural Equation
Models

When using Linear Structural Equation Models (LSEMs) as statistical
causal models, the main concern is to know whether the basic tools for
causal analysis that are available in these models can be used in prac-
tice. More precisely, it is of interest to check whether the estimates
of the effect parameters, standard errors, and of the goodness-of-fit
indices correspond to the estimates that would be obtained if the un-
derlying continuous variables were really observed. Furthermore, it is
also of interest to check the robustness of these estimation procedures
as the "true" underlying distributions may not be bivariate normal.

In this chapter, the effects of several different situations on LSEM
parameter, standard-error, and goodness-of-fit estimates are studied.
A Monte Carlo study is conducted and the estimated values obtained
from several LSEM programs are studied, in which the type of model,
the underlying and observed distributions, the original parameter val-
ues, the sample size, and the number of categorical variables are varied.

This simulation study has been performed in order to provide some
answers to three questions: What are the situations in which the sim-
ulation procedures are likely to yield biased estimates? Which factors
influence the quality of the estimation of these different values the
most? Do the estimates from different estimation procedures show
much variation? Furthermore. special attention is paid to the study of
the simultaneous effect of underlying and observed nonnormal distri-

159
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butions, which has not been studied systematically in previous simula-
tion studies. Indeed, most previous simulation studies focused on the
behavior of SEM with skewed. leptokurtic, or platykurtic categorical
variables and underlying normal distribution (see, e.g., Olsson, 1979a;
Babakus et al., 1987; Faber, 1988; Muthan & Kaplan, 1985, 1992;
Parry & McArdle, 1991; Potthast. 1993: Dolan,   1994),   and   only   a
few simulations studies have been performed using underlying nonnor-
mal continuous variables (0'Brien & Hoiiner, 1987; Homer & O'Brien,
1988: Lee & Lam, 1988: Coenders et al., 1997).

As is often the case in robustness studies. the skewness and kurtosis
of the distributions are used as criteria indicating deviations from the
normal distribution. A "normal" categorical distribution is then a
categorical distribution with zero skewness and kurtosis. Although
these measures are useful in describing nonnorniality, in Section 5.6,
values of moments higher than the third and the fourth moments are
shown to have a nonnegligible influence on the results of estimation
procedures.

This chapter is divided as follows. In Section 5.1, the general or-
ganizatioIi of the simulations is presented and the simulation design is
detailed. Iii Section 5.2, polychoric correlation estimates are compared
to estimates of product-moment correlation with or without optimal
scaling. In Section 5.3, results from causal models with observed vari-
ables only are presented. In Section 5.4, results from causal models
with latent variables are presented. In Section 5.5, the use of a boot-
strap procedure in order to solve the problem of the estimation of
the standard deviations is briefly reviewed. Finally, in Section 5.6,
limitations  of the design studies and several other cases (e.g., other
underlying distributions) for which the estimates are likely to be very
biased are presented.

5.1    Description of the simulations
The simulations performed here are Monte Carlo simulations. A model
M with a set of parameter values 0 was chosen to represent the rela-
tionships among several continuous variables. The variance-covariance
matrix for the entire population can be calculated and is denoted by E.
A certain degree of skewness and kurtosis was chosen for the continu-
ous variables. and a sample of N observations of continuous variables
having this degree of skewness and kurtosis given E is generated.  Then,



Description of the simulations 161

using certain fixed threshold values. several variables are categorized
iIi order to obtain approximately a particular categorical distribution.
The model M is finally re-estimated from these transformed SaIriples
by means of one of the LSEM programs.  The estimates of M parame-
ters, standard deviations, and goodiless-of-fit values are then compared
to the reference values.

If all variables are categorized, polychoric estimation procedures
are used. These models are referred to as polychoric models.  If only
certain variables are categorized, polyserial estimation procedures are
used (and possibly polychoric  ones also). These models are referred
to as polyserial models. The variable "type of treatment" (poly-
choric/polyserial) is defined in order to indicate whether the models
are polychoric models or polyserial ones.

The programs used to fit the LSEMs are EQS 5.7 (Bentler & Wu,
1993), PRELIS 2.30 / LISREL 8.30 (Jdreskog & SUrbom, 1996a,1996b),
and  Mplus 1.04 (Muth6n & Muth6Il, 1999). These programs  will  fur-
ther be referred to as EQS, LISREL, and Mplus. Note that these

three programs are based on different estimation procedures. LIS-
REL is based on pseudo=PML and WLS estimation procedures, EQS is
based on PML and WLS estimation procedures, and Mplus is based 011

pseudo-PML and robust-WLS estimation procedures. The polychoric
and polyserial estimation procedures implemented in these programs
are described in more detail in Sections 3.1.3 and 3.1.4.

5.1.1  Procedures used to generate distributions

Underlying continuous distributions

In order to simulate standardized variables having a certain value of
skewness and kurtosis and following a multivariate distribution, the
simulation procedures proposed in Fleishman (1978) and in Vale and
Maurelli (1983) are used. The first seven continuous distributions (Dl
to  D7),   used in Sections  5.2,     5.3,   and   5.4 are generated using  this
procedure directly, which is implemented in the simulation module
from EQS. They all have a mean of zero and a standard deviation of
one but differ with respect to their degree of skewness and kurtosis.
The skewness and kurtosis values for these variables are shown in Ta-
ble  5.1   and a graphical representation of these variables is shown  ill
Appendix A.2. Distributions Dl,  D2.  and D3 differ in their increasing
skewness, whereas distributions  D4.   Dl,   D5.   and D6 differ in their
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Value of
Name Distribution type Skew Kurt

Dl Normal variable 0.0 0.0

D2 Mildly positively skewed variable 0.8 0.0

D3 Highly positively skewed variable 1.5 2.5

D4 Platykurtic variable 0.0 -1.0

D5 Mildly leptokurtic variable 0.0 2.5

D6 Highly leptokurtic variable 0.0 4.0

D7 Highly leptokurtic & positively skewed 1.5 4.0

Table 5.1: Moments of the continuous underlying distributions used.

increasing kurtosis. Finally, D7 is the most skewed and leptokurtic
distribution. Note that although these continuous distributions are
used in almost all simulations, other continuous distributions using
modifications from this procedure are used in Section 5.6. Further-
more, in Sections 5.2,  5.3, and 5.4 all variables are supposed to have
the same type of (underlying) continuous distribution. In Section 5.6,
this hypothesis is not always made. Before briefly presenting the main
ideas and shortcomings of Fleishman's procedure, the definitions of
skewness and of kurtosis are introduced.

The skewness (Skew) and kurtosis (Kurt) used, are defined as
follows (Kendall & Stuart, 1969:  85):

K3       Bl oSkew - - and, Kurt=-2-0  ,3/2                                         /12j12

where Mi is the central moment of order i, for i=1,..., 4 (see Kendall &
Stuart,   1969:   55). The nonnormal variables simulated  in  the  method
developed by Fleishman (1978) are obtained from a fourth-degree-
polynomial transformation of a standardized normal variable.  This
implies a specific constraint on the values of skewness (Skew) and
kurtosis  (Kurt),  namely. only distributions  such  that

Skeu,2 < 0.629576 x Kurt + 0.717247

can be generated (Fleishman, 1978). Hence, only a specific "class" of
nonnormal variables can be generated with this method, and it is not
possible to disentangle completely the effect of underlying skewness
and of underlying kurtosis. However, this shortcoming may not be
problematic as the values of observed skewness and kurtosis cannot
be varied independently either. For example, with a trichotomous dis-
tribution having consecutive integer scores, certain values of skewness
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Observe(1 freqiiency Value of
categories (in W) Skew IC urt

Name Distribution tyI)(' Catl Cat2 Cat3

Cl   Negatively skewed             10      35      55 -0.8 -0.5

C2 Equal categories 33.3 33.3 33.3 0.0 -1.5

C3 Normally distributed 16.7 66.7 16.7 ().0 0.0

C4 Mildly positively skewed      55      35      10 0.8 -0.5

C5 Highly positively skewed 71.4 21.4 7.4 1.5 1.1

C6 Plat.ykurtic·                           46        8 46 0.0 -1.9

07   Mildly leptokurtic            10     80     10 0.0 2.0

C8 Highly lept c,ktirtic 7.1 85.7 7.1 0.0 4.0

C9 Extremely  positiv.   skewed            85                10 5 2.5 5.4

Table 5.2: Description of tlie observed categorical distributions used.

and kurtosis cannot occur simultaneozidy( ,see  Appeiidix  A.1).    Here,

the focus is on the effects of the deviation froni observed or underlying
normality, rather tlian 011 a particular effect of skewness or of kurtosis
alone.

Observed (categorized) distributions

The observed variables used are trichotomous variables. For categori-
cal variables with a large number of categories, it is not clear whetlier
the polyclioric procedure yields better results than standard proce-
dures developed for continuous variables. In their simulation study,
O'Brien and Homer (1987) found that the absolute bias of product-
moment estimates between two five-category variables was not higher
than 0.05 for thre.e possible correlations and two possible levels of
underlying skewness and kurtosis. A study by Dolan (1994) on a one-
factor model concluded that, for ordinal variables with seven cate-
gories, acceptable results were obtained when tlie categorical variables
were treated as continuous/metric.  The use of polychoric correlation
and of specific estimation procedures was advised zip to a maximum
of five categories per variable.

The observed distributions are obtaixied by categorizing the under-
lying distributions given certaiii thresholds. These threshold values
are chosen iIi order to obtain approximately certain values of skewness
and kurtosis for tlie tricliotomous variables. Tlie distributioii of the
observed variables and their skewness aild kurtosis values are shown in
Table 5.2. Distributions Cl to C5 and C9 are such tliat the skewness
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value increases from -0.8 to 2.5. Distributions 02, (6, 07, and (8 are
symmetric with different degrees of kurtosis ranging from -1.5 to 4.0.

5.1.2 Criteria chosen

The relative bias is the criterion chosen to evaluate the bias of the
parameters and standard-error estimates.    The  relative   bias   (B (fir) 1
of a parameter estimate 'hr corresponding to observation number r, is
defined as:

B(fir) =
7ir - 71

7i

with 7, being the parameter value chosen in model M in order to
simulate the samples.  Note that, as none of the values of 7* studied in
the following are equal to zero, this formula makes sense.   If this relative
bias is high but not significantly different from zero, the emphasis
will be more on the fact that the estimation procedure may not yield
unbiased results.  If this relative bias is significantly different from zero,
the direction of the bias (under- or overestimation) will be taken into
account.

Similarly. the relative bias of the estimate Tei, of the standard
error of 71 corresponding to observation r is defined as:

se.gir - 887,
B(s-e#,r)  = Rei

, ,

with se. being tlie empirical standard deviation of the estimates of
'yi. This empirical standard deviation is estimated considering all ob-
servations for which the levels of the design factors are the same as the
ones for observation r. Note that, as the reference value sef, is also
estimated, the variability of the average relative bias of the standard
deviation may be higher than if sef, was known. Another possible
reference value for the standard-error estimates could be the asymp-
totic standard deviation of the parameter estimates calculated from
the original continuous underlying variables.  For a discussion of tlie
choice of the empirical standard error as the reference standard-error
value, see Appendix A.4. Comparisons of the average values of these
relative biases given certain levels of the design factors are used to
evaluate the elTect of these factors on the accuracy of the estimation
procedures. Note finally that the significance of the values of the av-
erage relative biases is checked by means of a t-test.
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The values of the g()odness-of-fit estimates are considered. aiid it
is checked wliether their Inean value (average valite across tlie replica-
tions) lies within the 95% confideiice interval (at the 0.05 level).

5.1.3 Sample sizes and number of replications
The behavior of the estirnates is studied on samples of two different
sizes: 300 and 1000. Although tlie models considered with tlie small
sample  size   (300)   do  not  contaiii many variables  (four  at  most),   this
sample size is just below the "sufficient saniple sizes" (minimal saHiple
size for which all model estimates are acceptable) found in most of ear-
lier simulation study literature (see, e.g., Hoogland & Boomsnia, 1998;
Boommna, 1983; Mutli in k Kaplan, 1985; Pottliast, 1993; Dolati,
1994).    On tlie other hand, considering most  of the II10dels examined
here, a sample size of 1000 is much higher than the sufficieiit saniple
size and is used here to study tlie InOderate to large sample properties
of the estimates.

The number of replications chosen is 100 or 200.  Oil a model siwi-
lar to the largest model considered here,  note that  Poon and Lee  (1999)
remarked that 100 replications were enough to obtain satisfactory re-
sults in terms of precision.

5.1.4   Summary of the design chosen

For a given model, the different factor designs considered iii the Sitil-
ulation studies presented in Sections 5.3 and 5.4 are:
- the type of underlying distribution (seven different from Dl to D7):
-  the  type of observed distribution (nine different  from  Cl  to  (9);
-  the  value  of the original parameters (different sets indexed  by  S, ):
- the sample size (either 300 or 1000 observations);
-  the number of variables categorized (either all or only some of them).

The simulations are performed on the design formed by crossing all
previous factors. Per design cell, 100 or 200 replications are considered.

5.2  Polychoric vs. product-moment estimates
In order to justify the study of polychoric/serial procedures only in
the simulation studies presented in the following section. the results
obtained iIi this section by the polychoric estimation procedures froni
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Relative biases Absolute ret.  biases
- -

B(7) B(.9-e,) for 7 for sel

Estimation method
Product Moment -0.28 -0.73 0.28 0.73

PM + Optimal Scaling -0.25 -0.70 0.25 0.70

Polychoric EQS 5.7 0.01 -0.51 0.10 0.61

Polychoric LISREL 8.20 0.01 0.10 0.09 0.21

Table 5.3: Total average   B(.)s and absolute relative biases   for   the
effect estimates (bivariate regressioii models, categorical variables only,
N=1000, 50 replicatioIks).

LISREL and EQS are compared to the ones yielded by the product-
moment (PM) procedure and the product moment with optimal-scaling
(PM+OS) procedure (using the Maximum Likelihood estimation pro-
cedure  from EQS). Hence, the simulations  here are conducted  from  a
desigii simpler than the one presented previously. IIi both product-
monient (PM) and product-moment from optimally scaled variables
(PM+OS) procedures, the categorical variables are treated as if they
were continuous. With the PM procedure, the correlation is calcu-
lated using the origiiial values of the categories.  With the PM+OS
procedure, tlie values of the categories are optimized in order to ob-
tain the highest nontrivial (product-moment) correlation coefiicient
possible (see Sectiori 3.2.1)

The procedures are compared on the basis of the estimates yielded
if bivariate regression models. with an original effect coefficient equal

to 0.2,0.4,0.6, or 0.8, are fitted when both variables are tricliotoinized.
Tlie possible uiiderlying and observed distributions are those presented
previously. As only the parameter estimates are considered here. for
eacli combination of observed and unobserved distributi011, 50 replica-
tions of samples of size 1000 are drawn. Estimates are obtained for
botli estimation procedures on all the 12.600 samples.

The regression parameter estimates yielded by the polychoric pro-
cedures were rather siniilar aiid on average much less biased (see Ta-
ble   5.3).     The   bias was equal  to  0.01   for the polychoric procedures
and -0.28 and -0.25 for the PM and PM+OS ones, respectively. As
the average absolute relative biases  were  of 0.09  or  0.10  for  the  poly-
choric procedures and of 0.28 and 0.25 for the PM and PM+OS ones.
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the polychoric procedures yielded estiniates tliat were niore precise
than the PM aiid PM+OS 011es. The last two results were also found
for each specific observed distribution. unobserved distribution. and
parameter vahie, which corresponds with findings froni several earlier
simulation studies (see, e.g.. Coenders et al., 1997). Although  the opti-
mal scaling procedure Hlay correct for transformation errors. grouping
errors are not corrected for. As the categorical variables are triclioto-
mous, the grouping error due to the categorization is important and
not corrected for by ineans of either PM or PM+OS. Polychoric es-
timation procedures have beeii developed to correct for both types of
categorization errors (the correction being perfect if the underlying
bivariate distributions  are  binornial, see Chapter  3). By potentially
correcting the two types or errors, the polyclioric estimates are here
closer to the true value than PM or PM+OS estimates. Note that, be-
cause of the quite strong underestimation of the correlation by the PM
procedure, by correcting for possible transformation errors, PM+OS
yields slightly less biased estimates than PM.

The precision of the polychoric estimates  (i.e., the value of the  ab-
solute average relative bias of ·9) decreases with the value of the original
regression parameter. For example, with regression parameters of 0.2,
0.4,0.6. and 0.8, the average absolute biases found for EQS estimates
are 0.19, 0.09, 0.06, and 0.03, respectively. The bias and precision of
the PM or PM+OS estimates also depend on the type of observed
distributions: strongly biased estimates are obtained for models with
variables having highly skewed or leptokurtic observed distributions.
As a result, for a low original regression parameter and a not too
skewed or leptokurtic observed distribution, the difference in precision
between the estimates of the four procedures iS small. For example, for
an original regression parameter of 0.2 with an equiproblable distribu-
tion (C2), the average absolute bias is equal to 0.19 for PM, 0.16 for
PM+OS and 0.16 and 0.20 for the two polychoric procedures. How-
ever,   if the observed distribution chosen is highly leptokurtic   (C8),
the average absolute bias is equal to 0.49 for PM, 0.44 for PM+OS,
and  0.23  and  0.19  for  the two polychoric procedures.   Note that these
results are similar to those of O'Brien  aiid  Homer  (1987).
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(a) Bivariate regression model.
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(b) Multivariate regression model.
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(c) Causal chain model.

Figure 5.1: Causal Inodels with observed variables.

Conclusions  In the small simulation study presented here, better
parameter estimates are obtained whell USing polychoric procedures
than when using PM or PM+OS procedures. As the simulation stud-
ies presented in this chapter are also performed on trichotomous vari-
ables. the categorization error is important.  This type of error is not
taken into account by the PM or PM+OS procedures but Inay possibly
be corrected with polyclioric or polyserial procedures. Hence, iii the
following only polychoric and polyserial estimation procedures will be
considered. The models studied in the following section are also illod-
els with observed variables only, but they are studied takilig all levels
of the factor designs into consideration.
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Models
Bivariate Multivariate Causal

regression regression chain

Set  7  731 732 012 721 732
Sl 0.2 0.2 0.2 0.1 0.2 0.2

S2 0.4 0.4 0.4 0.1 0.4 0.4

S3 0.6 0.6 0.6 0.1 0.6 0.6

S4 0.8 0.4 0.4 0.8 0.8 0.2

Table 5.4: Parameter values from the different models with observed
variables only.

5.3  Models with observed variables only
The models considered in this section are causal models with observed
variables only. Three different kinds of models are studied here: bivari-
ate regression models, multivariate regression models, and causal chain
models.  They are shown in Figure 5.1.  For each kind of model, two dif-
ferent cases are studied: eitlier all variables are categorical/categorized
( apolychoric models")  or all variables are categorical except Xi  ("pol-
yserial models"). Two sample sizes are studied (N=300 and N=1000),
and different sets of parameters for each type of model are used (see
Table  5.4). The programs  used  to  fit the LSEMs are LISREL  and
EQS. Given the kind of model, the type of treatment, the set of orig-
inal parameter values, the sample size, the underlying distributions
and the observed distributions, 100 replications are generated. Hence,
for each kind of model, the estimation procedures from EQS and LIS-
REL are applied on 100,800 samples.  For each kind of model and each
program, results from analyses of variance of the relative biases were
used in order to measure the relevancy of the different design factors.
Before presenting the results obtained for parameters, standard-errors
and goodness-of-fit estimates, results from previous simulation studies
are briefly reviewed.

5.3.1 Previous research

Polychoric correlations are unbiased for underlying normal distribution
and observed distributions with zero skewness and kurtosis (Olsson,
19798;  Jureskog & S8rbom, 1996b). Furthermore,  mild observed  skew-
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ness may not systematically result in important bias for polychoric
estimates (Olsson, 1979a).

The polychoric estimation procedures were shown to yield poor
estimates for skewed observed distributions (Faber,   1988),  high  skew-
ness and kurtosis for the underlying continuous variables (0'Brien &
Homer, 1987; Quiroga,  1992), or small sample sizes  (Lee &  Lam,  1988).
Furthermore, the higher the original correlation, the lower the average
relative bias (0'Brien & Homer,  1987;   Lee  &  Lam,   1988).    Note  that
standard-error estimates were not considered in lilost previous studies.
A possible explanation of the inaccurate estimates for high observed
skewness (or kurtosis) and small sample could be that some cell fre-
quencies may be small (lower than 5) or even null, which can have an
effect on the estimation (see. in particular, Brown & Benedetti, 19774
Olsson, 1979a).

01sson et al. (1982) compared the behavior of the FML, the pseudo-
PML (see Section 3.1.3), and the point-polyserial estimation procedure
on simulated data sets with underlying multivariate normal distribu-
tions. The first two procedures yielded almost unbiased estimates
with average B(7)s lower than 0.05. while the point-polyserial proce-
dure yielded estimates with average B('9)s higher  than  0.15. A recent
study by Coenders et al. (1997) found polychoric and polyserial esti-
mates rather robust against nonnormality of the underlying continuous
variables, and polyserial estimates fairly sensitive to nonnormality of
the (observed) continuous variable.

5.3.2 Simulations results

Behavior of parameter estimates

For bivariate regression models, the total average of all relative biases
are rather low for both estimation procedures: 0.009 for EQS and 0.006
for LISREL. For the other models, they are a little higher but always
lower than 0.03. Furthermore, the behavior of the LISREL and EQS
estimates is similar. For example, for bivariate regression models, the
average difference between the two correlation estimates is equal to
0.003. alid tlie mean absolute difference is 0.02. Given each type of
model. an analysis of variance was performed on the values of 8(·9)
yielded by LISREL and by EQS. Tliese ANOVA-models. containing
all possible interaction effects,  did  not  explaiii  more  than   11%  of the
total variance. Hence, when a parameter estimate of a certain sample
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EQS LISREL
Unobs. dist. Unobs. dist.

Dl D2 D3 Dl D2 D3
• Polychoric models

Cl 0.01 -0.02 -0.11 0.01 -0.03 -0.12

C3 -0.01 -0.02 -0.08 -0.01 -0.02 -0.08

Obs. dist. C5 0.01 0.06 0.11 0.01 0.06 0.12

C9 0.00 0.06 0.12 -0.01 0.04 0.10

C7 0.00 -0.06 -0.14 0.00 -0.06 -0.14

C8 0.00 -0.10 -0.16 0.01 -0.09 -0.16

• Potyserial models
Obs. dist.   C8 -0.01 -0.04 -0.10 -0.01 -0.06 -0.11

Table 5.5: Average B(·9)s given certain underlying and observed dis-
tributions (sample sizes of 300 and 1000, all four bivariate regression
models)

varies from its original value, this is, in general, more due to sam-
pling errors than to a specific bias of the estimation procedure due to
particular design conditions. The combinations of types of treatment,
observed distributions, and underlying distributions resulting in aver-
age B(·9) higher than 0.10 are presented in Table 5.5. Although none
of these average biases are significantly different from zero, supporting
the claim that polychoric estimates are quite robust against nonnor-
mality (Olsson, 1979a; Quiroga, 1992; Coenders et al., 1997) several
conclusions may be drawn from this table.
• Higher parameter relative biases appear whenever both underlying
and observed distributions deviate from multivariate normality: the
highest average  IB(·9)1  with Dl  is 0.01, while it  is 0.16  with  D3.   Note
that this was also found by O'Brien and Homer (1987).
• Underlying distribution and observed distribution do not affect the
value of the relative bias independently. Considering LISREL esti-
mates, for example, the interaction underlying/observed distributions
accounts for 31% of the variance explained, whereas underlying and
observed distributions account independently for 10% and 17% re-
spectively. The influence of skewness or kurtosis in the observed dis-
tributions is much more important if the underlying variable is liighly
skewed tlian if it is normally distributed.
• Estimates from polyserial models are slightly less affected by non-
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normality than estimates from polychoric models. For example, with
LISREL, the average 8(7) is -0.01 for polyserial models against 0.02
for polychoric models. Furthermore, it can be seen from Table 5.5
that the polyserial correlation estimates seem to be at least as robust
as the polychoric correlation estimates. Although all original continu-
ous variables are supposed to have the same distribution here and all
variables are observed, this last result is different from the one found
by Coenders et al. (1997).

Results obtained using causal chain models are similar to those
obtained using bivariate regression models. This is not surprising as
the two regression parameters of the causal chain model are asymptoti-
cally independent. The estimated (spurious) effect between X1 and X 
was very low: given a set of parameters, an underlying and observed

distribution, only 8 out of the 504 average are not between -0.05 and
+0.05  (though they still lie between -0.10  and +0.10).

For multivariate regression models with sets of parameters Sl, S2,
and S3 (see Table 5.4), the results are similar to those already men-
tioned for bivariate models. The parameter estimates from the multi-
variate regression model with set S4 vary according to different pat-
terns. The results found with the sets S2 and S4 are compared. These
sets are different with respect to the value of the correlation between
the regressors: low for S2 (012 = 0·1) and high for S4 (012 = 0.8).

Considering first the polyserial models, average B(·931)  and B(*32)
estimates from EQS, with sample sizes of 1000, for the highly posi-
tively skewed and leptokurtic underlying distributions (D3) and five
observed distributions, are shown in Table 5.6.  If the correlation be-
tween the explanatory variables is high and the observed distributions
have a moderate to high skewness and/or kurtosis, high significant rel-
ative biases in the estimated values of the regression parameters can
be obtained (e.g., average biases up to -0.74 were obtained for B(·931 )
with distributional combination  0301). III particular,   if the under-

lying continuous variable and its corresponding observed variable are
skewed in the same direction, the effect coefficient for the categorical
variable (732) is overestimated (+45% with (5 and +54% with (9). If
they are skewed in opposite directions, the effect coefficient is under-
estimated (-74% with Cl). Hence, if both categorical and continuous
regressors are present in the model, are highly correlated, and if the
underlying distribution is nonnormal. the sensitivity of the effect esti-
mates to the observed categorical distribution is very high. Note that
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With D.9 (highly positively skewed and teptokurtic)
Set S2 (012 = 0·1) Set St (012 - 0.8)

Observed B('931) B (732) EC' 31) B (932)
distribution:

Cl 0.02 -0.14 0.65* -0.74*
C2 -0.01 0.01 0.04 -0.03

C3 -0.05 -0.09 0.10 -0.19

Ct -0.04 0.09 -0.26*        0.30*
(5 -0.06 0.13 -0.40* 0.45*

C9 -0.09 0.15 -0.48* 0.54*

NB: The average B(71 )s significantly different from zero at the 0.05
level are indicated by an asterisk.

Table 5.6: Average  B(·9_)s  given the observed distribution  and  the
value of the correlation between the regressors (EQS, polyserial mod-
els, N=1000)

the effect estimates are almost unbiased if the observed distribution
with equiprobable observed categories (C2) is used or if the underlying
variable is normally distributed. Similar results have been found for
LISREL.

For "polychoric" multivariate regression models, the average rela-
tive biases found for the estimates of 731 and 732 were low for both S2
and S4. This result being obtained for both EQS and LISREL. Hence,
the effect coefficients, from polychoric multiple regression models with
correlated categorical regressors that have underlying nonnormal vari-
ables, can still be on average correctly estimated.  But if one of the
regressors is no longer categorical but continuous, the procedures are
likely to yield biased effect estimates.

Behavior of standard-error estimates

Similarly to what was done previously, analyses of variance are per-
formed on the estimated-standard-error relative biases obtained. Two
general remarks about the outcome of the simulations can be made.
First, the estimation procedures from EQS and LISREL yield very
different estimates for the standard deviations of the parameters.  For
example, with the bivariate regression models, the total average of

B(s«ey)  is -0.29  for  EQS and  0.74 for LISREL. Second. there  is very  lit-
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EQS LISREL

Polychoric Polyserial Polychoric Polyserial
0.2 -0.77* -0.63* 0.01 0.37

Value 0.4 -0.72* -0.54* 0.01 1.01
Of 7 0.6 -0.58* -0.28 0.07 1.53

0.8 -0.02 1.15 0.36 2.16

NB: the average  B(s-ef )s significantly different from zero are indicated  by an asterisk.

Table 5.7: Average B(s-ef)s (bivariate regression models)

tle sampling variation between the standard-error estimates of the 100
replications per design cell. For example, with LISREL the "within"
variance was 572.0 for the standard-error estimates (it was 4143.9 for
the corresponding parameter estimate). As a consequence, for bivari-
ate regression models, the total variance of B(se.y) was explained for
94% and for 99% by the variation in the levels of the design factors for
EQS and LISREL, respectively.

The results found for the estimated bias given the different design
factors are very similar for the bivariate regression models and the
causal chain models (hence, the estimates from the latter are not pre-
sented). Results found  for the multivariate models differ somewhat
with respect to several specific points.

For the bivariate regression models, the factors found to affect
the value of BiseR,) most are the type of treatment (polychoric or

polyserial) and the value of the original regression parameter.  The
average relative biases (B(ie,)) found  for all cells  of the crosstable
formed by these two factors are presented in Table 5.7. For low values
of 7, standard errors are significantly underestimated by EQS. LIS-
REL standard-error estimates are very close to their empirical value
for polychoric models, but overestimate their empirical values quite
strongly for polyserial models. Another difference is that. whereas
LISREL produces very different results for polychoric and polyserial
models, the ones yielded by EQS do not depend much on the contin-
uous or categorical status of X1 except where values of 7 are medium
to high. However, LISREL and EQS estimates are similar in certain
aspects.
• The average relative bias value of the standard error estimates al-
most always increases (estimates become more overestimated or less
underestimated) as the original value of the parameter increases:
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• Dependence on the original regression parameter value is more pro-
nounced for polyserial models than for polychoric ones. For example.

EQS mean relative bias increases from -0.63 (7 = 0.2) to 1.15 (7 = 0.8)
for polyserial models, while it increases from -0.77 to 0.02 for poly-
choric models;
• The dependence of the estimates oil the types of underlying and/or
observed distribution is small.

Note, finally, that although several large overestimations of the
standard errors of LISREL and EQS parameter estimates are not found
to  be  significant  here (see Table  5.7),  this  is  due  to  the  fact  that  the
variability of the estimates is still important given the other factors.  If
more design factors had been taken into account, such as the observed
distribution, for example, significant overestimation would have been
found for both estimation procedures.

For the multivariate regression models, two analyses of variance
are performed separately on B(s-eg31)  and B(s-8932), for both EQS and
LISREL estimates. The results for B(ge, 31) are considered first.

The value of the model parameters is the design factor with the
strongest influence on EQS B(s-e-,31)s, whereas  the  type  of treatment
design factor has the strongest influence on LISREL ones. Average
8(6€'931)s  for  all  combination of these two variables are shown  in  Ta-
ble 5.8. For models with low 021, the results are similar to the ones
found with simple regression models (see Table 5.7). Rather different
estimates are obtained for models  with  high  021 · Variations  of  the
value of 021 strongly influence the value of the estimated relative bi-
ases. The standard errors are underestimated (around 50%) by EQS
for models with low correlation, and overestimated (around 50%) for
models with high correlation (see Table 5.8). For polyserial models,
LISREL estimates are even further from their empirical values if 021
is high, the overestimation of the standard error being almost as high
as 200%.

The effect coefficient 732 represents the effect of X2 on X3, both
variables always being categorized, whether the model is "polyserial"
or "polychoric". Hence, the effect of the  "type of treatment"  is of in-
terest here. Whereas the variance of the EQS relative biases explained
by the design factors does not vary much whether the factor "type
of treatment" is taken into account  or not (36553 against 35745),  the
one of LISREL varies  very much (87635 against 29803). Hence,  with
LISREL, the standard-error estimate of a direct effect between two
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For B(s-e( 31))
Value of EQS LISREL

731 and 732 021 Polychoric Polyserial Polychoric Polyserial
0.2 0.1 -0.75* -0.68* -0.04 0.47

0.4 0.1 -0.63* -0.53* 0.00 0.56

0.6 0.1 -0.02 0.05 0.18 0.80

0.4 0.8 0.50 0.55 0.26 1.90

For B(de(·i,32))
Value of EQS LISREL

731 and 732 021 Polychoric Polyserial Polychoric Polyserial
0.2 0.1 -0.74* -0.74* 0.03 1.32

0.4 0.1 -0.63* -0.60* 0.04 1.05

0.6 0.1 -0.02 -0.01 0.15 1.04

0.4 0.8 0.50 0.42 0.27 1.67

NB: the average B( 8-ei )s significantly different from zero are indicated by an asterisk.

Table 5.8: Average B(s-£531 )  and  B(de.g31 ) (multivariate regression
inodels).

categorical variables can change markedly if the level of measurement
of the other variables changes, whereas with EQS there may be little
difference. Consider, for example, the values  of the average B (sci'32 )
given the type of treatment and the parameter values shown in Ta-
ble 5.8: for LISREL, the estiniates of tlie standard error of the effect
of X2 on X3 are more biased if X1 is continuous than if X1 is categor-
ical (X2 and X3 being categorical), but for EQS this is not the case.
Hence, for LISREL, the presence of a continuous variable is likely to
disturb the estimated standard deviation of the polychoric esti lates.

Behavior of (second-stage) goodness-of-fit values

The regression models are saturated, their second-stage goodness-of-fit
(see Section 3.1.6) is perfect. Only the causal chain models are unsatu-
rated and therefore those are studied here. As the causal chaill II10dels
considered here have 1 degree of freedom. average X2-goodness-of-fit
values around 1 are expected. EQS and LISREL yield very differ-
ent results in this respect. The total variance of the estimates from
EQS is much higher than from LISREL (1.9 x 108 against 2.2 x 105).
The amount of variance explained by the analysis of variance mod-
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EQS LISREL
Observed distributions Observed distributions
Cl C3 C5 C9 Cl  C3  C5   C9

Sl 12.1 9.1 22.4 115.1 1.2 1.() 1.1 1.4

Polychoric S2 5.2 4.9 10.1 45.8 1.0 0.9 1.0 1.2

Models S3 1.6 1.8 2.5 9.4 0.8 0.8 0.8 1.0

S4 1.7 1.7 2.6 14.0 1.0 0.9 0.9 1.1

Sl 6.0 5.2 8.0 19.5 0.3 0.4 1.1 2.3

Poluserial S2 3.1 2.7 3.8 8.8 0.3 0.4 1.3 2.8

Models S3 1.2 1.0 1.0 2.1 0.3 0.5 1.2 2.4

S4 1.2 0.8 1.3 3.8 0.1 0.1 0.4 1.1

NB: the expected value is 1.

Table 5.9: Average X2-goodness-of-fit for certaiii desigii combinations
(causal chain  models).

els is rather low for both programs (around 10 % for LISREL and
around  20%  for EQS). Althougli the results  for each sample depend
strongly on sampling variations, relevant information can still be ob-
tained from these aiialyses of variances. EQS goodness-of-fit estiniates
are very mucli influenced by the original parameter values, tlie ob-
served distributions, tlie type of treatment, and their interaction.  LIS-
REL goodness-of-fit estimates are mostly influenced by the observed
distributions, the type of treatment, and their interaction. Average
goodness-of-fit values for certain different levels of these factors are
shown in Table 5.9. Note that a similar table would be obtained if
the only underlying distribution considered was normally distributed.
Here, soine points should be noted.
• EQS goodness-of-fit values are lower for polyserial models than for
polychoric ones. and for models with higher parameter values than for
models with low parameter values. As a result, EQS goodness-of-fit
values are much too high for low parameter values. especially for the
polychoric models.
• LISREL goodness-of-fit values are very close to their expected value
for polychoric models. and slightly less robust for polyserial model.



178 Simulations Studies over LSEMs
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(a) a CFA model.
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(b) a simple LSEM with latent variables.

Figure 5.2: Causal models with observed and latent variables

5.4 Models with latent variables

Two kinds of models are studied iIi this section: four-indicator, one-
factor models   (hereafter   CFA   models), and simple LSEMs   with   a
causal relation between two latent variables nieasured by four indi-
cators each (hereafter LSEMs). These models are shown in Figure 5.2.
The programs used to fit the models are LISREL, EQS, aiid Mplus.

The equations implied by the CFA models are

Xi  =  Al 1 4  + €i for i = 1,..., 4,

witll Xii and €i being the factor loading and the error of measurement,
respectively, associated with latent variable 4 and indicator Xi (for
i  =  1..... 4). All original four factor loadings are supposed  to be equal.
The possible values  of the factor loadings  are 0.55 (parameter  set  Sl),
0.71  (S2), and 0.84 (S3).  If all four variables are categorical. the models
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are referred to as polychoric models.  If only X3 and Xt are categorical
while Xi and X2 are/reniain continuous. the models are referred to as
polyserial models.

The equations implied by the LSEMs are

.Xi = Ail < -h €i for i = 1..... 4.

71 -74 + <   and    < Xi = Augt€i for i = 5....8.

with Ail and fi being, respectively. the factor loading and the error of
measurement. associated with latent variable 4 and indicator Xi (for
i - 1,..., 4), and with Aig and €i beitig. respectively, the factor loading

and the error of measurement, associated with latent variable 7/ and
indicator Xi  (for i  =  5,..., 8).   If all eight variables are categorical.
the models are referred to as polyclioric models. If only X5 to X8 are
categorical whereas Xi to Xt are continuous. the models are referred
to as polyserial models. For LSEMs, only oiie set of parameters is
chosen. All original factor loadings are equal to 0.84, and the effect
parameter (7) between the latent variables is equal to 0.5.

In order to obtain identified CFA models, the variance of the latent
variable was set to one, and to obtain identified LSEMs, the value of
tlie factor loading on the first indicator of each latent variable was set
to one (All = A.52 - 1).

In the following, the CFA models are studied on samples of sizes
N=300 and N=1000, 100 replications being generated for each design
setting. For the LSEM model, the complete observed crosstable has
6.561 cells; with only 100 replications of samples of 300 individuals, the.
empirical standard errors may not be adequately estimated. Hence,
tliese models are studied on samples of size 1000 only, and 200 repli-
cations are generated for each cell of the design.

Before presenting the results obtained for parameter. standard-
error. and goodness-of-fit estimates, results from previous simulation
studies are briefly reviewed.

5.4.1 Previous research

For models with categorical variables only and factor loadings around
0.7, the estimated factor loadings and standard deviations were found
to be close to their true value (found for LISCOMP by Muth6n & Ka-
plan.  1985, and Pottliast,   1993).   If the model  size  increased  (more  la-
tent variables having four indicators each), standard errors were found
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to be underestimated whereas the bias of the factor-loading estimates
remained fairly small (Potthast, 1993; RebOUSSin k Liang, 1998). The
parameter estimate bias was found to be smaller for high sample sizes
than for low sample sizes (Parry & McArdle. 1991: Reboussin k Liang,
1998),   although for sample sizes higher  than  500 this difference  was
reported to be small (Potthast, 1993). Parry and McArdle (1991)
found that the quality of parameter estimation increased as the true
factor-loading values increased.  The bias of factor-loading estimates in
models with categorical data having underlying nonnormal variables
was found to be low (Coenders et al., 1997).

Lee et al. (1995) simulated a two latent variables model with four
indicators each, with either four or six continuous variables, the rest
being categorical. EQS parameter estimates were on average quite
accurately estimated and the chi-square values were shown to be ac-
ceptable, even for small sample sizes. Coenders et al. (1997) studied
the performance of LISREL estimates on a model with two latent vari-
ables having two categorical indicators each. The parameter estimates
were shown to be fairly robust wheIl the underlying variables were
nonnormal. However, whenever polyserial correlatioIis were estimated
(when an independent nonnormal continuous regressor was added to
the model) the structural parameters were found to be biased (up to
26% of relative bias). Reboussin and Liang (1998) studied a three-
wave longitudinal model with one latent variable per time point and
restriction on their factor loadings values. Parameters and standard
errors were found to be poorly estimated by LISCOMP. This may be
due not only to the large size of the model, but also to the restric-
tions imposed on parameter values. Indeed. in a simulation study on
restricted and unrestricted longitudinal models, Kuhnel (1996) found
that setting restrictions on threshold values may lead to a distorted
estimation of the polychoric correlation estimates.

5.4.2 Simulation results from the CFA models

As X:i and X4 are always categorized whereas Xi and X2 are not, it
is interesting to consider the behavior of the factor loadings associated

:(1)with these variables separately. The first type of factor loadings, A_  ,
corresponds to indicators that are always categorical such as X3 or X4
(i.e.-  A31   and  A,11)· The second  type,   19 .  corresponds to indicators
that  are  may be either categorical or continuous   (i.e..   All   and  A21)·
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8(Ati)) 8(s-eAL')) 8(Atfl) 8(s-Bili') Chi-square
EQS 0.00(0.08) -0.51(0.31) 0.00(0.07) -0.53(0.27) 7.8(49.4)

LISREL 0.01(0.09) -0.04(0.30) 0.01(0.16) 0.05(0.68) 3.3(5.7)

Mplus 0.00(0.08) -0.03(1.21) 1.16(1.27) -0.44(0.40) 2.5(3.2)

NB: standard errors are shown between parentheses.

Table 5.10: Total average values for EQS, LISREL. and Mplus (CFA
II10dels, complete design, 100 rep. per cell)

Relative biases for standard-error  estinlates   (B(selo))  and  B(se1133))
are defined in a similar way. As was previously done, analyses of

variance   for   B(At )   and   B(6e Ac  ))   were performed given the design

factors. Nonacceptable cases, because of nonconvergence or because of
a Iiondefinite asymptotic-variance-covariance estimated matrix, were
deleted from the study (2228 for EQS, 134 for LISREL, and 11 for
Mplus). The ANOVAs  are then performed on 75,589 observations  for
Mplus, 75,466 observations for LISREL, and 73,372 observations for
EQS.

Behavior of factor-loading estimates

The  values  of the total average  of  B(Ailj) are close  to  zero  for  all
methods (lower than 0.01  for EQS, LISREL, and Mplus see Table 5.10).
For all three methods, less than 11% of the variance of the relative
estimated bias could be explained by the design factors. Although the
most important factors are the observed and underlying distributions,
all average B(Af))s, given an underlying and an observed distribution,
are lower than 10 %. Hence, these estimates are rather robust against
observed and unobserved nonnormality. Note that this is in line witli
what was found by Coenders  et  al.   (1997).

The values of the total average of B(11 ) are close to zero for EQS
and LISREL (lower than 0.01) but not for Mplus (equal to 1.16) (see
Table  5.10).    For  EQS and LISREL, the beliavior  of the estimates  of

8(19 ) is similar to that of B(19)). For Mplus, All and X21 are largely
overestimated for polyserial models whereas, for polychoric models, the
estimates are similar to those  of A31  and  A41 · The design factor  "type

9.of treatment (polychoric/polyserial models) explains more than 83%
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of the total variance of B ( Alf  ). Tlie average B(Aff ) is of 0.01 (witli
a standard deviation of 0.07) for polychoric models and of 2.32 (stan-
dard deviation of 0.73) for polyserial models. Hence. the estimation of
confirmatory factor analysis models with Mplus when some indicators
are categorical and other are continuous may not be satisfactory as
it leads here to a strong overestimation of the factor loading of the
Contilluous variables.

Behavior of standard-error estimates

The total average of the relative biases of the standard-error estimates
of the first  type of As  B(s-ext' 1) deviates strongly  from  zero  for  EQS

(-0.51) but less for LISREL and Mplus (-0.04 and -0.03, respectively).
Note that the variance of the Mplus B(s-excii ) estimates is much larger
than  that of LISREL

B(s-ex(_' )) estimates. However.  this  does  not  nec-
essarily mean that the procedure in LISREL should be preferred. as
the  variability of  ex  i should, iIi principle, be larger  than  that  of the
c:orresponding parameters, which is not the case for LISREL.1 LISREL
estimates are mainly affected by the observed distribution and by the
interaction between observed distribution and type of treatnient.  EQS
estiIIiates are mainly affected by the value of the original parameter
and by the observed distribution,

Average B(s-exci )) obtained  with the three programs  for  each  of

tliese levels are presented in Table 5.11.  From examination of this ta-
ble. several points are worth remark:
• Mplus standard-error estimates are relatively close to their empiri-
cal values for both polychoric and polyserial models. Furthermore, the
average relative biases are not significantly different from zero for any
level of the design factors.
• LISREL standard-error estimates are relatively close to their empir-
ical value for polychoric models but relatively further away with poly-
serial models. especially when the observed distributions are skewed or

i As the variances for 8(12   ) obtained from EQS. LISREL. and Mplus. within
the design cells (due to the replications) were of 395. 506. and 484 respectively,
the variation of the standard-error estimates should, in theory. be higher. Indeed,
as the standard-error estimates are calculated from higher-order moments, their
variability should be much larger. Hence. "within" variances of 8(83,< u )  of 689
and 311 for EQS and LISREL. respectively. are too small. whereas the one of Mplus
(106.901) seems  to  have an acceptable  size.
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• For LISREL
Observed distributionS
Cl    C2    C3 C4 C5 C6 C7 C8 C9

Polc. -0.07 -0.01 -0.07 -0.08 -0.08 -0.05 -0.09 -0.14 -0.09

Pols. 0.31 0.53* 0.11 -0.05 -0.32* 0.49* -0.23 -0.36* -0.57*

Original factor-loading values
0.55 0.71 0.84

Polc. -0.08 -0.06 -0.08

Pols. -0.01 -0.01 -0.01

• For EQS
Observed distributions
Cl    C2 C3 C4 C5 C6 C7 C8 C9

Polc. -0.51* -0.34 -0.55* -0.45 -0.58* -0.54* -0.69* -0.78* -0.74*

Pols. -0.36 -0.21 -0.38 -0.30 -0.45 -0.40 -0.58* -0.69* -0.64*

Original factor-loading values
0.55 0.71 0.84

Polc. -0.76* -0.65* -0.32

Pols. -0.69* -0.55* -0.01

• For Mplus
Observed distributions
Cl    C2 C3 C4 C5 C6 C7 C8 C9

Polc. -0.09 -0.03 -0.03 -0.06 -0.11 -0.06 0.03 0.05 0.08

Pols. -0.05 -0.02 0.06 -0.04 -0.06 -0.08 0.12 0.06 0.01

Original factor-loading values
0.55 0.71 0.84

Polc. -0.03 -0.04 -0.09

Pols. -0.08 0.00 0.07
NB: the average B(Zex_ )s significantly different from zero are indicated by an asterisk.

Table 5.11: Average B(s-exti i ) for EQS. LISREL, and Mplus per treat-

ment and observed distributions (CFA models).
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leptokurtic. For example.  with  C3 (no skewness or kurtosis),  tlie aver-
age B(s-ex-)s are -0.07 aiid 0.11 for polychoric models and polyserial
models, respectively, wliereas with C9 (high skewness and kurtosis)
the averages are -0.09 and -0.57. respectively.
• EQS estimates are often further from their empirical values than are
LISREL or Mplus. EQS estimates seem to be closer to their empirical
values for high original factor loading valites than for low ones: average
B(s-eA-) of-0.76 and 0.69 are found for polychoric and polyserial Inod-
els with all As equal to 0.55, against -0.32 and -0.01 if all As are equal
to 0.84. They are also slightly less biased for polyserial models than
for polychoric models: the average B(.lex_)  is of -0.58 for polychoric
models while it is -0.44 for polyserial models.

Concerning the estimation of se· tj , some comnlents call be made.
• For Mplus, the type of treatment explains more than 88% of the total
variance of the relative bias estimate.  Indeed, the standard errors for
Ail and X12 are much more underestimated for polyserial models (81%
on average) than for polychoric models (6%).
• For EQS and LISREL. the variations of B(s-extt,) are similar to those

found for B(sext.i) ).
Hence, for polychoric models, LISREL and Mplus yield unbiased

standard-error estimates whereas, for polyserial 1Iiodels, wlietlier using
Mplus or LISREL. the standard error estimates may strongly deviate
froni tlieir empirical value. Estimates yielded by EQS almost always
significaIitly ziIicle.restiniate their empirical value.

Behavior of goodness-of-fit values

All CFA models have two degrees of freedom. The expected X2-
goodikess-of-fit value is 2. and the 95% confidence interval is contaiiied
between the values 0.05 and 7.38.  With a total niean of 7.8. EQS
goodness-of-fit values are very often too liigh to be acceptable. LIS-
REL and Mplus goodness-of-fit values teIi(1 to be inuch less inflated,
with a total niean around 3.3 and 2.5, respectively. Analyses of vari-
ance were performed on tlie estimated goodness-of-fit values.  The most
notable results, shown in Table  5.12.  are the following:
• for LISREL, tlie most important factors explaining the variation of

the estimates are the observed distribution. the type of treatiIient. and
their iiiteraction. The average estiinated goodness-of-fit values of tlie
polychoric models are close to the expected vallie of 2 for all observed
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• For LISREL
Observed distributions
Cl C2 C3   C4  C5  C6 C7 C8 C9

Polc. 2.1 2.0 2.0 1.9 2.2 2.0 2.0 2.2 1.9

Pols. 2.9 2.0 3.6 3.1 4.8 1.7 6.4 9.3 8.0

Originat factor-loading values
0.55 0.71 0.84

Polc. 2.1 2.0 2.0

Pols. 4.4 4.7 4.8

• For EQS
Observed distributions
C1   C2   C3   C4  C5  C6 C7 C8 C9

Pole. 4.1 3.0 5.3 4.5 7.8 6.8 12.7 25.7 26.0

Pols. 3.1 2.0 2.5 2.8 4.2 3.1 4.8 11.9 9.3

Original factor-Zoading values
0.55 0.71 0.84

Polc. 22.5 14.1 1.7

Pols. 7.3 3.6 2.8

• For Mptits
Observed distributions
Cl   C2 C3 C4  C5 C6 (7 C8 C9

POIC. 2.1 2.0 1.9 1.9 2.1 2.0 1.8 1.9 1.9

Pols. 2.8 2.5 3.4 2.8 3.0 2.2 3.9 3.8 3.1

Original factor-loading values
0.55 0.71 0.84

Polc. 2.0 2.0 1.9

Pols. 1.9 2.0 5.3

Table 5.12: Average X2-goodness-of-fit estimates for EQS, LISREL
and Mplus given their most influential factors (CFA models).
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distributions. They are not too inflated for the polyserial models ei-
ther, provided that observed distributions which are not too skewed

or leptokurtic are used. For example, with Cl to C4 and also C6, the
average goodness-of-fit values are lower than 4.0:
• For EQS, the most important factors explaining the variation of the
estiniates are the observed distribution and the interaction between
the type of treatment and the value of the original factor-loading val-
ues. Estimation procedures produce somewhat better estimates for
polyserial models than for polychoric ones.  For both types of treat-
ment, however. the goodness-of-fit estimates are often too higli for
low factor-loading values: for example, with A = 0.55, the average
X2_goodness-of-fit values are 22.5 for polychoric models and 7.3 and
polyserial models:
• for Mplus, the most important factors explaining the variation of
the estimates are the type of treatment and the original factor-loading
value. However, except for the combination of polyserial model and
high factor loadings, the mean goodness-of-fit estimates remain close
to tlieir expected values.

5.4.3 Simulation results from LSEMs

In this section, simulation results from a simple LSEM with latent
variable (see Figure 5.2) are presented. In particular, the recovery
of tlie parameter 7 representing the effect of one latent variable on
another. of its standard deviation se„ and of the goodness-of-fit value,
are studied.

Estimates are obtained for all of the 25,200 possible samples for
Mplus and LISREL, but only for 16.263 samples for EQS. Given that
estinlates are obtained On 0Illy 6,226 Samples (out of 12,600) for EQS
with polychoric models, polyserial models only are coiisidered for EQS
(for which results  are  obtained on 10,037 samples).   2

Effect estimate (7)
The variations of LISREL and Mplus B(·9)8 are studied by nieans of
analysis of variance models. The total variance of the B(·9)s is approx-

2 Note that nonnormality in the observed or underlying distributions is not the
cause of the large number of unavailable results: for polychoric models with the
distributional combinations DlC2 and DlC3. results for 87 and 88 out of the 200
samples were obtained.
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imately three times higher for LISREL estimates (around 891.8) tlian
for Mplus (around 278.1). For LISREL , contrary to what was seen iIi
tlle previous models, tlie effects of tlie design factors, especially the
factor 'polychoric/polyserial IllOdels', account for a large part (80%)
of the total variance of the relative bias estimate. For Mplus, oiily a
small part (13%) of the total variaIice is explaiiied by the design fac-
tors. Tlie values of B(·i), given coinbinations of observed distributions
aIid type of treatment, are shown ill Table 5.13; several reniarks are iii
order here:
• Mplus yields almost unbiased estimates in all situations. The av-
erage estimates are close to their true value for both polychoric and
polyserial models. Only seven out of 126 average B(·9)s are higher

than 0.10 (but are nonsignificantly different from zero and lower than
0.13, all for polyserial niodels and D3);
• for polychoric models, LISREL estimates are satisfactory and quite
robust against observed nonnormality. For polyserial models, the bias
of LISREL effect estimates may depend highly on the skewness and
especially on the kurtosis of the observed variables. For observed dis-
tributions that are very highly leptokurtic (C8), the estimates are sig-
nificantly underestimated with 45%;
• EQS estimates for polyserial models are also close to their true value
on average. The estimate of 7 seems to be robust against observed
skewness and kurtosis.

Standard-error estimates  (487)
For Mplus and LISREL, a large part of the variance of B(s-ef) is due
to the design factors (98% for LISREL and 75% for Mplus). For all
procedures, the quality of the results may differ depending on the type
of treatment chosen.  Then, for Mplus, the underlying distribution has
a greater influence on the value of B('9) than the observed distributioll.
For LISREL, the observed distribution has a greater influence thall the
underlying one. Average B (Se.g) values given certain combinations of
tliese factors are shown in Table 5.14: several points may be noted.
• Mplus yields the best results iIi terms of low average bias. Except
for polyserial models  and  a very skewed uIiderlying distribution  (D3),
the average relative bias of the standard-error estimates is lower than
10% and nonsignificant.
• For polychoric models and observed distributions froni (3 to (9,

LISREL standard-error estimates are close to their empirical values
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• For LISREL
Observed distributions
Cl C2 C3 C4   C5   C6 C7 C8 C9

Polc. 0.02 0.03 0.02 0.04 0.05 0.04 0.03 0.02 0.06

Pols. -0.30* -0.11 -0.22* -0.06 -0.06 -0.09 -0.36* -0.45* -0.09

• For EQS
Observed distriblitions
Cl C2 C3 C4   C5   C6 C7 C8 C9

Pols. 0.03 0.02 -0.01 0.01 0.00 0.03 -0.03 -0.03 -0.01

• For Mplus
Observed distribtltionS
Cl C2 C3 C4   C5   C6 C7 C8 C9

Polc. 0.01 0.02 0.01 0.03 0.03 0.03 0.01 0.01 0.02

Pols. 0.02 0.03 0.01 0.03 0.03 0.04 -0.01 -0.02 0.03

Table 5.13: Average B(·9) for EQS. LISREL and Mplus given the type
of treatment  and the observed distribution (LSEMs).

although overestimating them slightly (but still significantly for Cl
and  C2). For polyserial models, LISREL standard-error estimates  de-
pend strongly on the type of observed distribution.  This is in line with
what Coenders et al. (1997) found. Here, the value of s-ef are signifi-
cantly overestimated for platykurtic observed distributions (49%, 64%,
and 80% for C2, C4, and C6, respectively), and significantly underes-
timated for leptokurtic observed distributions (-58% and -67% for C7
and C8, respectively).
• For polyserial models, EQS standard-error estimates are strongly
below their reference value for all observed distributions.

Goodness-of-fit values

The LSEMs COIlsidered here have 19 degrees of freedom. The expected
H2-goodness-of-fit value is 19, and the 95% confidence interval is con-
tained between the values 8.91 and 32.85. Similar to what was seen in
the case of the causal chain and CFA models, LISREL goodness-of-fit
values are rather robust and close to their expected values for poly-
choric models and rather inflated for polyserial models, especially for
variables with highly skewed or leptokurtic observed distributions. An
illustration of this can be found in Table 5.15: average goodness-of-fit
values always lie between 18 and 21 for polychoric models while they
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· For LISREL                                                                                                            5.
Observed distributions                                                                                 =
Cl C2 C3 Cl (5 C6 C7 C8 Cg                      =

P(11yc·horic 0.23* 0.21* 0.11 0.09 0.11 0.15 0.11 0.08
0.13                                                                    0

Polserial -0.34* 0.49* -0.26* 0.64* 0.49 0.80* -0.58* -0.67* -0.08                                                    =
r.

• Fo,· EQS
Observed distributions                                                                                  
C1    C2    C3    C4    C5    C6 C7 C8

09                   5
Polyserial -0.71* -0.67* -0.70* -0.67* -0.72* -0.72* -0.77* -0.81* -0.78*

• For Mplus
Observed distributions
Cl    C2    C3 C4 C5 C6    C7    C8    C9

Polychoric -0.01 -0.05 -0.01 -0.09 -0.06 -0.06 -0.00 -0.03 -0.03

Polyserial -0.07 -0.05 -0.(}1 -0.07 -0.08 -0.09 -0.03 -0.()1 -0.03
Underlying distributions
Dl D2 D3 D4 D5 D6 D7

Poly(·horic 0.00 -0.02 -0.08 -0.01 -0.01 -0.03 -0.09
Polyserial 0.00 0.03 -0.27* -0.05 -0.01 -0.04 -0.04

Tabk, 5.14 Average 8(.Tef) for EQS, LISREL , and Mplus given the type of treatment and the observe(1 clistri-
bittioii (LSEMs niodels).

». 
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may increase up to 104 (with C9) for polyserial models. EQS estimates
are also rather sensitive to skewness and kurtosis of the observed dis-
tribution: the average goodness-of-fit value is equal to 21.5 for the
equiprobable observed distribution  (2. and equal  to  61.6.   88.1.   and
73.2 for the 11ighly skewed and/or leptokurtic distributions C7, C8,
and C9, respectively. Mplus average goodness-of-fit values are close to
their expected values for both polychoric and polyserial models.

5.5  Bootstrapping for the polychoric estima-
tion procedure

As   Bollen  and  Stine   ( 1990) have shown, bootstrap methods  can   be
used to obtaill standard-error estimates. The purpose of this section
is to evaluate whether the use of bootstrapping may solve the probleni
of inaccuracy in the estimation of the standard errors from EQS. A
nonparametric bootstrap is used here, associated with the estimation
procedure from EQS 5.7.

Tlie results of the simulation studies in this section are obtained
with the four-indicator, one-factor Iziodels, whenever all indicators are
categorical. The underlying distributions are normally distributed; 50
replications of samples of size  1000 were drawn. The variables are then
categorized according to the Same thresholds values that were used
previously.  For each replication, 200 samples of size 1000 are drawIl
with replaceinent. The standard error of the factor-loading estimates
is calculated for each replication as the (empirical) standard deviation
of the factor-loading estimates of the 200 bootstrap Samples.

The factor-loading estimates produced 1)y the bootstrap proce-
dures are very close to their original values and they are not presented
here. Results of the standard-error estimates from the bootstrap pro-
cedures for given specific trichotonious distributions are displayed in
Table 5.16. The estiniates provided by EQS iIi combination with the
bootstrap procedure are very close to the einpirical standard errors.
Furthermore. this result holds for all original values of the factor load-
ings and all observed distributions. even the most skewed and leptokur-
tic:  across all types of observed distributions. the average relative bias
is always lower than 10%.

Hence. the bootstrap method can be used to obtain standard-error
estimates close to their reference value even if tlie observed distribution
is skewed and/or leptokurtic.
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• For· LISREL
Observed distributions
Cl C2 C3 C4 C5 C6 C7 C8 C9

Polc. 19.9 19.1 20.0 18.6 19.2 18.9 20.8 21.3 19.2

Pols. 27.9 23.5 42.1 39.8 56.1 19.1 64.9 80.1 104.7

• For EQS
Observed distributions
Cl C2 C3 C4 C5 C6 C7 C8 C9

Pols. 34.9 21.5 31.7 25.4 33.3 36.1 61.6 87.7 73.7

• For Mplus
Observed distributions
Cl C2 C3 C4 C5 C6 C7 C8 C9

POIC. 19.8 18.9 19.0 18.4 18.7 18.9 19.2 18.7 18.7

Pols. 20.5 20.5 18.6 19.8 19.6 20.5 18.0 17.5 18.1

Table 5.15: Average goodness-of-fit value for EQS, LISREL, and Mplus
given the type of treatment and the observed distributiOIl (LSEMs, 200
rep.).

EQS (direct) estimates EQS bootstrap estimates
"Tkne " factor loadings ' Thie" factor loadings

Obs. dist. 0.55 0.71 0.84 0.55 0.71 0.84
Skew. Kurt.

-0.8 -0.5 -0.71* -0.54* -0.13* -0.01 0.04 -0.01

0.0 -1.5 -0.66* -0.47* 0.05 -0.00 0.02 -0.02

0.0 0.0 -0.69* -0.64* -0.26* -0.05 -0.05 -0.01

1.5 1.1 -0.77* -0.66* -0.32* -0.00 -0.00 -0.04

2.5 5.4 -0.88* -0.81* -0.54* -0.04 -0.07 0.01

NB: the average B(s-eX_ )s significantly different from zero are indicated
by an asterisk.

Table 5.16: B(.<ex_ )s for EQS with and without the use of bootstrap.
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Obs. dist. Underlying distribution
Skew. Kurt. D4 D8

Value of i Value of 7
0.2     0.4 0.6 0.8 0.2     0.4 0.6 0.8

0.0 -1.9 0.00 0.03 0.03 0.04 1.59 0.50 0.22 0.07

0.0 -1.5 0.00 0.02 0.02 0.02 0.65 0.22 0.17 0.04

0.0 0.0 0.04 0.02 0.02 0.02 -0.88 -0.35 0.04 -0.05

0.0 2.0 0.02 0.01 0.01 0.04 -1.23 -0.60 -0.05 -0.08

0.0 4.0 -0.03 0.00 0.01 0.06 -1.34 -0.72 -0.12 -0.07

Table 5.17: B(7) obtaiIied (EQS. polychoric models, bivariate regres-
sioiL N=100000. 1 replication)

5.6  Limitations and additional specific prob-
lems

Use of skewness and kurtosis as nonnormality measures

The aim of this section is to illustrate possible shortcomings linked
with the use of skewness and kurtosis values as measures of noiinor-
mality. In particular, it is shown that variables having (underlying)
continuous distributions with the same (low) kurtosis and zero skew-
ness. but different higher order-moments, can result iIi very different
estimates.

Only bivariate regression models with two categorical variables are
coiisidered here,  and are fitted on a very large sample (N=100000).   Re-
sults from underlying distribution D8, generated froni a modification
of the procedures frOIIl Fleishman  ( 1978)  and Vale and Maurelli  (1983)
presented in Appendix A.3, are compared to results from D4. Both
distributions, which have similar moments values up to the fourth, are
symmetric and mildly platykurtic  (k=-1).

The relative biases of the regression parameters obtained by the
polychoric estimation procedure from EQS are Shown ill Table 5.17
(similar  resiilts were obtained with LISREL). All relative parameter
biases are lower than 0.10 for underlying distribution D4 whereas they
cati be very high for distribution D8 (with a regression parameter
of  0.2. the relative biases obtained ranged frOI11  -1.34   to   1.59).    The
relative bias obtained with D8 varies due to two simultaneous trends:
• the more leptokurtic (positive kurtotis) tlie observed distribution.
the higher the underestiniation of the paranieter:
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• the higher the regression coefficient. the smaller the relative bias.
A combination of these two trends yields. for example, relative bi-

ases of 1.59  (for  C6)  and -1.34  (for C8)  both with regression parameter
0.2, and relative biases of 0.07 (for CG) and -0.07 (for (8) with regres-
sion parameter 0.8.  Note also that the mea11 relative biases found
with D8 are higher than those found for Underlying distributions hav-
ing more pronounced skewness and kurtosis than D8 such as D3, D6,
or D7.

Hence, although skewness and kurtosis indicate a certain degree of
nonnormality, the values of moments of the underlying distributions
higher than the fourth ones may have a strong influence on the quality
of the (polychoric) correlation estimates.

Effect of bimodality on polyserial estimates

The effect of bimodality of one underlying continuous variables in a
bivariate regression model is studied here. Results from a sample of
size 100,000 are presented. Variable X is supposed to be the indepen-
dent  variable and variable Y is supposed to depend  on X. Variable  X
is standardized normal. Variable Y is supposed to be a mixed variable
obtained from two normally distributed variables Ya and Y-a with op-
posite means  (+/-  a).   For one group of 50,000 individuals,  Y is equal
to Ya, and for the other 50,000 individuals, Y is equal to Y_a. The
different values chosen for a are 0.0, 0.5, 1, 1.5, and 2. For a = 0, the
Y-distribution is normal, the degree of nonnormality increasing as the
absolute value of a increases. Variables X and Y are supposed to have
a correlation of 0.0,0.2,0.4,0.6. or 0.8. The detail of the simulations
of the samples with a certain correlation between X and Y and the
different shapes of the Y-distribution are detailed in Appendix A.3.2.

Having obtained the continuous Samples, Y is dichotomized in B
through the threshold value T - 0, and the regression of B on X is
studied using the polyserial estimation procedure from LISREL. The
effect coefficient obtained is equal to the polyserial correlatioIi between
X  and B. This coefficient is then compared to the original correlation
coefficient between  X   and  Y.

The results obtained are shown in Table 5.18. If the variables are
originally independent (px - = 0), the estiinated effect is also zero.
However, if the original effects are strictly positive, the value of the
estimated effects can be very different from the original ones.  If the
underlying variable Y is normally distributed or "close" to the normal
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Coellicient  observed,  if...
Original a = 0.0   a = 0.5    a = 1.0   a = 1.5 a = 2.0
correlation

0.00 0.00 0.00 0.00 0.00 0.00
0.20 0.20 0.19 0.17 0.12 0.06

0.40 0.40 0.39 0.34 0.23 0.12

0.60 0.60 0.59 0.52        -
0.80 0.80 0.79               -

NB: a '-' denotes impossible correlations given the simulation method

Table 5.18: Value of the effect coefficient obtained for a dependent
variable having an increasing degree of bimodality (N=100000)

distribution  (a  =  0  or  0.5), the estimates  obtained  by the polyserial
estimation procedure are satisfactory (difference lower  than  0.02).    If
the underlying variable Y has a higher degree of "bimodality" (a >
0.5), the polyserial estimation procedure not longer yields estimates
close to the original correlation. For example, for a=2 and an initial
correlation of 0.4, the estimated polyserial correlation is 0.12.  Note
that point-polyserial correlations yielded estimates that were lower
than the polychoric Ones.

Effect of different distribution types on the estimates

The polychoric and polyserial correlation estimates were found to be
robust against nonnormality of the underlying distribution for most
of the models studied in Sections 5.2,  5.3, and 5.4. However, in
these studies, the underlying continuum of all observed categorical
variables and the continuous variables were supposed to have the same
distribution. This assumption is not made in this section. The LSEM
model studied in Section 5.4 (see Figure 5.2) is used here. and four
different cases are considered. These cases are presented below:
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Distribution of Distribution of
X 1    to X4 X5 to X8

Case lc Trichotomous and Trichotomous and underlying
underlying normal (Dl) highly skewed and leptokurtic (07)

Case 2c Trichotomous and underlying Trichotomous and
highly skewed and leptokurtic (D7) underlying normal (Dl)

Case ls Continuous normal (Dl) Trichotomous and underlying
highly skewed and leptokurtic (D7)

Case 2s Continuous highly skewed Trichotomous and
and leptokurtic (D7) underlying normal (Dl)

Models in Cases le and 2c are polychoric models, and models in
Cases ls and 23 are polyserial models. As the estimates obtained by
Mplus were satisfactory for the LSEMs, Mplus is used to fit the LSEMs
in those four conditions on 200 replications of sample of size 1000.

For polychoric models, the average relative biases for the effect esti-
mate (7), their standard-error estimate, and the value of the goodness-
of-fit index are shown in Table 5.19 for Cases le and 2c. In both cases,
efrect estimates and goodness-of-fit estimates are estimated without
much bias. For Case lc (original indicators of the dependent variable
highly skewed and leptokurtic), the standard error  can be significantly
underestimated by around  20%.

For polyserial models, the estimated effect coefficients are still rel-
atively close to their original value, and goodness-of-fit estimates are
close to their expected value (see Table 5.19). However, standard errors
can often be significantly underestimated, and goodness-of-fit indices
are also underestimated although not significantly. Note that this phe-
nomenon did not occur for the polyserial models from variables having
the same underlying distribution (see Section  5.4).

5.7  Summary and conclusions
The results presented previously are based on a Monte Carlo study.
The conclusions drawn in this chapter are therefore restricted to the
particular models and distributions used here. The main results ob-
tained from this study are briefly presented below, and several conclu-
sions are drawn.
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•  For  Case.  I c
Observed distributions

C.' 1 6'2 0,3 C:,4 C5 (_'6 ('7            C8            ( '9

B(i) 0.05 0.06 0.05 0.05 0.05 0.06 0.06 0.05 0.04

B (.s'e i ) -0.19* -0.23* -0.18* -0.20* -0.15* -0.19* -0.15* -0.10 -0.07

Ch i 2 20.3 19.1 19.3 18.7 18.6 18.8 19.7 19.2 18.5

• For Case 2c
Observed distributions
(:1 C2 C3 ('4 05 C6 (:7 C8 (.9

B(i) 0.03 0.03 0.03 0.03 0.03 0.04 0.03 0.03 0.02

8(3-ei) -0.06 -0.07 0.04 -0.06 -0.04 -0.09 0.00 0.00 0.03

C'hi:2 19.3 19.4 19.0 18.3 18.7 18.4 19.4 18.3 19.3

•  For  Case  1 s
Observed distributions

('1 C2 C3           ('4 C,5 C6 (-'7 C8 C9

B(f) -0.08 -0.08 -0.10 -0.08 -0.09 -0.07 -0.11 -0.12 -0.10

B (.s-4) -0.10* -0.09 -0.19* -0.12* -0.14* -0.03 -0.26* -0.26* -0.13*

C'h,2 20.0 20.1 18.0 19.4 19.6 20.2 17.5 16.8 17.6

• For Case 28
Observed distributions
C:l (2           ('3 C:4 C5 C6 C7 C8 C9

B(i) -0.11 -0.09 -0.10 -0.08 -0.07 -0.08 -0.12 -0.13 -0.06

B(*i) -0.31* -0.24* -0.30* -0.16* -0.11* -0.18* -0.36* -0.36* -0.02

Ch,2 19.7 20.4 18.4 19.7 19.6 20.3 17.7 17.4 18.3

NB: the average relative bias estimates significantly difTerent from zero are indicated
by an asterisk.

Table 5.19: Estimates for LSEMs with different underlying distribu-
tion (polychoric or polyserial models, Mplus. N=1000, 200 replica-

t ions).
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In a preliminary study, the polychoric estimates were found to
be nearly unbiased, whereas the product-monleilt estimates with or
witliout optinial scaling strongly underestinlatecl the correlations. In-
deed, the product-moment procedure with or without optimal scal-

iiig did not correct for the categorization error (which niay be large
here) whereas polychoric and polyserial procedures did. Note that if
the number of categories increases, the product-moment procedures
sliould yield niore accurate parameter estiinates and may eventually
be better suited than polychoric or polyserial procedures.

The results from several simulation studies evaluating the poly-
choric and polyserial estimation procedures iinplemented iii EQS, LIS-
REL, and Mplus were presented iii Sections 5.3 and 5.4. The results
obtained for parameter, standard-error, and goodness-of-fit values pro-
vide answers to the first two research questions presented iIl the intro-
duction: What are the situations in which the simulation procedures
are  likely  to  yield  biased  estimates F Which factors influence the qual-
ity  of the estimation Of these diferent  values  the  most f  As in several
situations, very different standard-error and goodness-of-fit estimates
were obtained frOIIl the three estimation procedures, the answer to the
third question (Are the estimates from the diferent estimation proce-
dures much diferentf) is negative. These results are considered and
summarized as follows:

EQS and LISREL parameter estimates were often found to be
similar for models with observed variables only. Furthermore, they
were close to their original value in almost all models from Section 5.3
(except for multivariate regression models with both categorical and
continuous regressors that are highly correlated and that have highly
nonnormal underlying distributions), which  is in accordance  with  tlie
previous simulation studies (see, e.g., Quiroga, 1992). LISREL yielded
estimates close to their true values for LSEMs with categorical vari-
ables only and for CFA models. For LSEMs with one latent factor
having continuous indicators and one latent factor having categori-
cal indicators, LISREL estimates often significantly underestimated
the true value. EQS yielded estimates close to their true values for
LSEMs with categorical and continuous variables only and for CFA
II10(lels. For LSEMs with categorical variables only, nonconvergence
problems were found with EQS. Mplus yielded virtually unbiased esti-
niates for CFA models with categorical indicators only and for LSEMs.
However, when both categorical and continuous variables were used to
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measure a common latent variable, continuous indicators were strongly
overestimated by Mplus.

The bias of the parameter estimates was mainly due to observed
and underlying skewness and/or kurtosis, which has also been re-
ported in previous simulation studies (see, e.g., O'Brien & Homer,
1987;   Faber, 1988; Quiroga,   1992). The effects of observed  and  un-
derlying skewness/kurtosis have been shown to interact: the more the
underlying distribution was skewed, the stronger the effect of observed
skewness on the over- or underestimation of the parameters.  As the
occurrence of simultaneous observed and unobserved highly nonnor-
nial distributions may not be rare,3 results obtained from robustness
studies using underlying normal distributions may underestimate by
quite a lot the possible biases obtained by polychoric and polyserial
procedures.

Standard-error estimates were much more often biased and were
rather different for each of the three estimation procedures. EQS al-
most always significantly underestimated the empirical standard-error
estimates for models with observed variables only, for CFA IllOdels
and for LSEMs. The underestiniation was important especially for
parameters being of low value, and when only categorical variables
were taken iIito account. LISREL estimates were close to their empiri-
cal values for models with categorical variables only, but if categorical
and continuous variables were considered, depending on the type of
Inodel or of the observed distribiition considered, they underestinlated
or overestimated often significantly their empirical values. For II10dels
witli observed variables only. the standard errors were mostly overes-
timated. For CFA models or LSEMs, the standard errors were un-
derestimated or overestiniated depending on the observed distribution
chosen. Given the fact that LISREL and LISCOMP procedures were
found to yield similar results for niodels with categorical variables only
(Dolan, 1994), these results  are  in  line  with the results from Pottliast
(1993).   Mphis  estimates were often close to tlieir empirical values  for
CFA models or for LSEMs, except when the same latent variable liad
simultaneously continuous and categorical iIidicators (cases for which
the   factor  loading  estimates  were also biased).     Note   that for cases

3Indeed, if the threshold values are given a priori. the observed distribution
depends on the underlying one. In particular. a very skewed underlying distribu-
tions results in a skewed observed distribution if the values of the thresholds are
symmetrical.
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where high relative biases were obtained previously with EQS and
LISREL, several additional Simulations on a few very large samples

(N=100,000) were performed, but the biases did not seem to decrease
niuch.

The relative bias of EQS standard-error estimates did vary a lot
with respect to the corresponding paranieter values. In particular, it
was found that the lower the parameter value was, the greater the
relative underestimation. For models with latent variables, the type of
observed distributions also had some influence, especially for LISREL
and polyserial models.

A bootstrap procedure was performed in combination with EQS
and helped to correct the estimation of the standard errors (see Sec-
tion 5.5). The estimates obtained were close to their reference value
in all cases.

The three procedures also differed with respect to their estimated
goodness-of-fit values. EQS estimates were often too high in the case
of models with categorical variables only or models with low parameter
values. Estimates were less inflated for polyserial models but still on
average often higher than those obtained with the other estimation
procedures. LISREL goodness-of-fit values were almost always close
to their expected values and robust against high observed skewness
and kurtosis for polychoric models, but not for polyserial ones. Mplus
average goodness-of-fit estimates were close to their expected values for
almost all combinations of underlying and or observed distributions.

EQS goodness-of-fit estimates were most often very much affected
by the value of the original parameter estimates and by the type of
observed distribution. For polyserial models, LISREL goodness-of-fit
estimates were mainly affected by the different types of observed distri-
butions. Mplus estimates remained on average close to their expected
value.

Note, finally, that the effect of the sample size (N=300 or 1000) on
the relative bias of the estimates for "Sulall" models was found to be
very  low, this result being similar to the one found by Potthast  (1993).

In Section 5.6, several limitations of the simulations studies were
underlined and cases where the procedures may yield biased results
were noted. Polychoric and polyserial procedures were shown to be
rather sensitive to underlying bimodality  (or even multimodality).  The
nonnormal distributions used in Sections 5.3 and 5.4 were unimodal
(except D4 which has two small peaks for the extreme values. see
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Appendix A.2). Consequently, the results found are restricted to uni-
modal distributions. Furthermore, in Sections 5.3 and 5.4, all variables
were supposed to have the same distribution. For models in which the
underlying distributions between the variables were rather different,
Mplus standard-error estimates were shown to be much more biased
than those found in Section 5.4. Hence, robustness of the estimates
may very much depend on the assumption of similar underlying dis-
tribution, which is only a part of the assumption of normality of the
distributions.

Finally, several general conclusions concerning practical use may
be drawn from these results and are listed below.

• Except in very specific cases, the estimation procedure imple-
mented in Mplus seems to yield the most satisfactory results and is
to be recommended. This corresponds with the results obtained by
Muthdn et al. (1997), which concluded that the pseudo-ML and robust-
WLS procedures (implemented in Mplus) yielded better estimates than
the pseudo-ML and WLS procedures (implemented in LISREL and
LISCOMP).

• LISREL estimates are generally acceptable for models with cate-
gorical observed variables only  (with or without latent variables),  but
are not always suitable for models with categorical and continuous
observed variables.  The use of categorical estimation procedures in
LISREL should be limited to models with categorical variables only.

• Because of the often significant underestimation of standard-
errors and of over inflated goodness-of-fit values. the use of EQS is
not recommended, especially in the case of models with categorical
observed variables only and small original parameter values. This quite
regular underestimation may be due to the PML estimation procedure.

• Above results are conditional to the distributions used in Sec-
tions 5.3 and 5.4. Polychoric and polyserial procedures may yield esti-
mates even more biased because of different underlying distributions,
and especially because of multimodality of the underlying distribu-
tions (see Section 5.6). In particular, when Underlying multimodality
is expected, these procedures should not be used, as they may often
lead to misleading results.



Chapter 6

Collapsibility in Directed
Loglinear Models

Categories of a multidimensional table are sometimes grouped in order
to reduce the number of parameters needed to estimate for 9'ease of
interpretation" (Fienberg, 1980: 121) and/or to reduce the number of
zero- or low-frequency cells that may hinder the precise estimation of
parameter and standard-error estimates (Whittemore, 1978). Condi-
tions in which no information is lost when these categories or variables
are grouped together are called collapsibility conditions and have been
extensively discussed in the literature (see, e.g., Bishop, Fienberg, &
Holland, 1975; Whittemore, 1978; Goodman, 1981; Ducharine & Lep-
age, 1986; Davis, 1986; Guo & Geng, 1995).

The study of collapsibility is fundamental when using DLMs and
logit models as statistical causal models. Indeed, contrary to what
would happen in linear models, the logit effect coefficient of variable A
on variable B may change if a variable which is independent of A but
still influencing the caused variable B is omitted. Hence, certain vari-
ables that may influence the value of the logit or DLMs effects are not
seen as potential confounders in the sense of, for example, Greenland,
Robins, and Pearl (1999). In Section 6.1, stable unconfoundedness of
the logit effect is defined and the variables that may influence the value
of the logit effect of interest are seen as COIlfoUIlders given this defini-
tion. Collapsibility conditions are used in order to judge whether these
variables should be taken into account as potential confounders. Vari-
ables satisfying the collapsibility conditions do not have to be taken
into account in the table used to evaluate the (logit) causal effect of

201
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interest.

In Sections 6.2 to 6.4, the collapsibility conditions that are specific
to DLM/Logit models are presented and consequences of the violation
of these conditions are examined.

In Section 6.2, category and variable collapsibility are presented
and possible tests for the different collapsibility conditions are re-

viewed. The links between category and variable collapsibility are
underlined and the use of collapsibility conditions for DLMs in mul-
tivariate tables is presented. In Section 6.3. the consequences of col-
lapsing over noncollapsible categories or variables are assessed. First,
the parameter bias, occurring when two categories of a variable are
collapsed, is studied. Second, the logit effect of a variable A on an-
other variable, obtained when the assignment of the individuals to
the different categories of A is randomized and when possibly relevant
background variables are not taken into account, is studied. Results
from simulation studies are presented in Section 6.4. These simulations
are aimed at evaluating the consequences of the "loss of power" of de-
tecting an effect when certain noncollapsible variables are not taken
into account in the model.  In the following sections of this chapter,
unless otherwise specified, the crosstables should contain no zero cells.

6.1  Unconfoundedness and collapsibility
Although this term has been used to describe different situations, con-
founding is, within the context of causal models, commonly defined as
"a  type  of  bias  in estimating causal effects" (Greenland  et  al.,   1999:
29).  This type of bias is often associated with the idea of spuriousness.
Consider, for example, two variables A and B. A spurious association
between A and B is said to occur when certain variables, called coun-
founders, are not taken into account. Such confounders are considered
to be 'upsetting the "true" relationship between A and B' (Blalock,
1964[1961]:129).   If no spurious association is present. tlie association,
or   effect, is often referred to as unconfounded. Conditions for un-
confoundedness of an effect depend on the definition of effect. Hence,
conditions for unconfoundedness in linear models and logit models will
be considered separately. Linear models are considered in Section 6.1.1
and logit models in Section 6.1.2.  IIi the following Sectiolls, unless oth-
erwise specified, interaction effects between the variables are supposed
to be null. If interaction terms are preseiit, the effect should then
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vary across the population considered and the results obtaiIied here
can be applied separately to each sub-population iIi which the effect
is constant.

Before presenting the notions of unconfoundedness of linear or logit
effects, a general definition of (stable) unconfoundedness of conditional
distributions introduced by Pearl (200Oa) is presented here. This gen-
eral definition does not assume a specific parameterization of the effect
between A and B. In order to define stable unconfoundedness of con-
ditional distributions, the do(.) operator presented in Section 2.2.3 is
used.

Definition 9 Stable Unconfoundedness of Conditional Distributions
(Pearl, 2000a: Dejinition 6.4.2.)
For two variables  A   and  B  in a graph  G, the conditional  distribution
of B given A is said to be stably unconfounded if, in every parameter-
ization of G, P(B A = a) = P(B do(A = a)) holds for every value a
of A.

Note that, P(Bldo(A = a)) corresponds to the conditional prob-
ability of B given A=a that would be obtained from a controlled
experiment in which A would be randomized (Pearl, 2000a:184).

The condition in any parameterization of G' is used here in order
to rule out instances where the values of certain coefficients may can-
cel each other out, implying properties that cannot be deduced from
the graph. For example, cases in which the faithfulness assumption
concerning the association between A and B (see Section 2.2.3) is vio-
lated are ruled out by this condition as these cases are associated with
a graph in which, in general (i.e., with other parameterizations), the
conditional distribution of B given A is not unconfounded.

6.1.1 Effect unconfoundedness in linear models

Consider a graph G relating variables A, B, C, ..., and Z. By means of
the notations from the probabilistic experimental account of causation
introduced by Steyer et al. (2000) (see Section 2.2.1), the stochastic
model used here is

n =Q x Q.,t x QB x ... x Qz,
with Q representing the population of observational units onto which
a mapping U : fl -+ 8 is defined. The following definition of a total
linear causal effect is then used here.
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Definition 10 Total linear causal efect.
Given  two  variables  A  and  B  in a graph  G, the total linear causal
effect of being in category a' rather than a of A on B is defined as:

E [E(BIA=a',U=u)-E(BIA=a,U=u)]·P(U= u).
uen

Note that the total linear causal effect is equal to the Average Causal
Effect in the probabilistic experimental account of causation (see Sec-
tion 2.2.1).

In order to introduce the notion of stable unconfoUIidedness of a
linear coefficient, the notion of Prima-Facie Effect of A oIl B is used.
The Prima-Facie Efect of a' versus a of A on B is defined as the
quantity

PFEa-+a' = E(B I A= a') - E(B I A= a).
The notion of stable unconfoundedness of total linear effects proposed
here is defined as follows.

Definition 11 Stable  unconfoundedness  of a total linear efect.
For two variables A and B in G, the total linear efect of A on B
is said to be stably unconfounded if the unfaithfulness assumption is
made (see Section 2.2.3) and if

PFEa-+a, =   [E(B I A=a', U=u) - E(B l A-a, U=u)] · P(U=u),
u€Q

for all values a and a' of A.

Note that the term 'stable' in the previous Definition 11 is used in
a less general way than in Definition 9 where all parameterizations are
considered. However, it has been used here to emphasize the fact that
unfaithfulness is assumed.

For two variables A and B in G, given that there is an arrow
between every potential confounder Z and B in G (in order to rule
out  cases  such as  the one in Figure  2.1),  if the conditional distribution
of B given A is stably unconfounded. then for all values a and a'
of A. PFEa-+a' is equal to the total linear causal effect of being iIi
category a' rather than a of A on B. Indeed, because the formula of
the effect used here is a linear function of the conditional probabilities,
this follows from a corollary proven by Pearl (2000a: Corollary 6.5.2.).
This last result can be understood intuitively by means of the following
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example. Suppose that the assignment to the categories of A has been
raiidomized, thell tlie conditional distributioii of B given A is stably
uiiconfounded. Iii addition. as

E(B   A=a) =E E(B I A=a.U= u)P(U= ulA =a)
ufn

can be obtained using the definition of conditional probabilities (see
Steyer et al., 2000), and as P(U = UIA =a) = P(U = u) (A is
independent of any other variable), tlien

E(B A=a)= ZE(B |A=a,U= u)P(U = u).
u€Q

Because the effect is calculated as a difference between two such condi-
tional expectations, the probabilities P(U = u) can be factorized aIid
the logit Prima-Facie effect can be written as

PFEa-+a, = Z [E(BIA=a',U=u) - E(BIA=a,U=u)] ·P(U=u).
uen

Hence, given that there is an arrow between every potential con-
founder Z and B in G. conditions for stable unconfoundedness of
conditional distribution of B given A are necessary for conditions for
stable unconfoundedness for total linear effects. Suppose now that the
effects are not supposed to be additive but log-multiplicative such as in
logit models. As will be shown in the following section, conditions for
stable unconfoundedness of logit effects can no longer be derived from
conditions for stable unconfoundedness of conditional distributions.

6.1.2 Effect unconfoundedness in logit models

Given a graph G, using notations from the probabilistic account of
catisation (see Section 2.2.1), and tlie stochastic model used in Sec-
tion 6.1.1. in the same way as the total linear causal model was defined,
the total logit causal effect can be defined as follows.

Definition 12 Total logit causal efect.
Given two variables in a graph G. the logit total causal efect of being
in a' rather than a of A on the log-odds Of being in category b' rather
than b of B is dejined as:

·p(U = 14).
UER A  b    a' J b' a' u
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The logit Prima-Facie effect is defined as follows.

Definition 13 The Logit Prima-Facie Effect of a versus a' on the
log-odds of category b against b' of B is the ratio

r_BIA/rBIAl
1

1*b   a  /" 61  (1     LPFEaa,/bb' = 10% [ BIA  _BIA
71-1, a'  / " b'  a' -1

This effect is equal to the logit coefficient corresponding to the loga-
rithm of the (multiplicative) increase iIi the odds of beiiig iii category
b' rather than category b of B when one is iii category a' rather than
category a of A. In other words, it is equal to the effect g b  Jya ob-
tained frOIIl the logit II10del {BA} (the parameters being restricted by
dummy coding, see Section 4.1.1).

The definition of stable unconfoundedness of a total logit effect
proposed here is as follows.

Definition 14 Stable unconfoundedness of a total logit el]'ect.
For two variables A and B in G. the total logit efect of A on B is
said to be unconfounded if the unfaithfulness assumption is made (see
Section  2.2.3)  and  if

r  BIAU,  BIAU 1
LPFEaa' fbb'  = 'illog' . · P(U = U).  7rb   a 11 /71- b'  a u   I

1 BIAU , BIAU I
uER L7rb a'u/7Tb'a'ul

for all values a and a' of A, and all values b and b' Of B.

Note that here. even if the conditional distributiOIl of B given A is
stably unconfounded (see Definitioii  9), and there  is an arrow between
every potential confounder Z and B in G, the logit causal effect of
being in category a' rather than a of A on the log-odds of being iIi cat-
egory b' rather than b of B may not be equal to the logit Prima-Facie
effect. Indeed here, because of the fact that the effects are multiplica-
tive (they are defined in terms of logarithm of odds ratios). it will not
be possible to factorize P(U = u) (as was done in the example froIll the
linear case) in order to obtain the equality between the Prinia-Facie
effect and the total causal effect. This is illustrated by means of the
following exainple.

Consider three dichotomous variables A. Z. and B, and suppose
that A and Z have an effect on B and that the assignment of the
observations to the levels of A is randomized. Furthermore. suppose



Unconfoundedness and collapsibility 207

Z

B

A

Figure 6.1: Logit model betweeii A. Z. ail(1 B.

that the effects of A and Z on B are measured by means of a logit
model and that the effect of A on B is supposed to be the Same for
all levels of Z. The logit model considered can be represented by
the graph shown in Figure 6.1. As tlie assignnient to the categories
of A is randomized, A and Z are independent, and the conditional
distribution of B given A is stably unconfounded (Pearl, 2000a:  184,
Definitions 3.2.1.   and 6.2.1.). However, even under randomization,  the
logit effect of A on B obtained from table AB is, in general, not equal
to the one obtained from Table ABZ. As here the total logit causal
effect is equal to the effect obtained from Table ABZ, and the logit
Prima-Facie effect is equal to the effect obtained from Table AB, tlie
logit causal effect of A on B is, in general even under randonlization,
not stably unconfounded. Those ideas are illustrated below by means
of a specific parameterization of the graph shown in Figure 6.1.

Consider a situation in which 2000 individuals have been assigned
randomly to category  '0'  of A  and 2000 individuals to category  wl'  of

A.  Suppose that the logit effect of A on B is log(6) for all individuals.
From Definition 12, the total logit causal effect is then equal to log(6).

Suppose that the B-distributions (B - 0/B = 1) for the groups
with A=0 are 40%/60% for individuals with value Z=0 and
60%/40% for individuals with value Z = 1. Finally, suppose that
the effect of Z on B is log(2.25) and that there are 2000 individuals
with Z=0 and 2000 individuals with Z=1. The following table
illustrates those conditions.

Z=0 Z=1 Total

B=0 B=1 B=0 B=1 B=0 B=1
.4=0 600 400 .4 = 0 400 600 .4=0 1000 300

A=1 200 800 .4 = 1 100 900 .4=1 1000 1700

The logit Prima-Facie effect of A on B is estiniated from table
BIAAB,  and is equal  to  71/0 1/0  = log(17/3). The total logit causal effect
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is equal to log(6) and corresponds to the logit calculated from table
ABZ. Hence, the logit Prima-Facie effect of A on B is not equal to
the total logit causal effect. Futhermore, it is easy to show that this
result also holds for different marginal distributions of Z given that
the association structure from the above crosstable remains the same.1

Hence, variable Z should be taken into account in order to ensure
stable unconfoundedness of the logit total causal effect although it does
not need to be controlled for in order to ensure stable unconfounded-
ness of the conditional distribution of B given A.

Conditions for which the logit effects of A on B estimated from
table AB are equal to the corresponding logit effects of A on B es-
timated frOIn table ABZ, i.e., for which variable Z does not have to
be taken into account for the calculation of the effect of A on B.  are
called collapsibility conditions. These conditions are studied in the
next sections.

6.2 Collapsibility conditions

Collapsibility conditions are considered for categories first (in Sec-
tion 6.2.1) and then for variables (in Section 6.2.2). Relationships
between these conditions are presented in Section 6.2.3. Finally, the
use of these concepts in a multivariate framework is presented in Sec-
tion 6.2.4.

6.2.1    Collapsibility of categories
Consider two categorical variables A and B. Their association can be
represented by a crosstable with a row corresponding to each category
of A and a column corresponding to each category of B. Conditions
for collapsing categories of A or B without losing information about
the association between the two variables are studied here. Before
presenting these conditions for any bivariate table. they are introduced

i Suppose that Bi   i/0 = log(6).  38,1 to =log(2.25), .4 has an 50%/50% dis-
tribution, and that the conditional B-distributions for A=O are 60%/40% and
40%/60% for individuals with Z=0 and with Z=1, respectively. Then it is pos-
sible to show that by varying the marginal distribution of Z, provided that none
of the two category of Z is empty. the effect of A on B from table AB is always
strictly lower than the effect of.4 on B from table ABZ (which is always equal to
6). for all univariate dichotomous distributions of Z.
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for variables A and B having 3 and 4 categories, respectively, for tlie
original crosstable:

B=0 B=1 B=2
A=0 7'too nol 7102

A=1 7110 ' 11 7112

A=2 7120 n21 7/22

A=3 n3O 7131 n32·

Variables A and B are first treated as if they are not causally ordered
and conditions of collapsibility if a logit InOdel is used (assuming that
A occurs before B) are studied subsequently.

Undirected case

Two categories of A may be collapsed provided the crosstable obtained
after merging the two categories contains as much information on the
association between A and B as the complete original table. This is the
case, if and only if the individuals from both collapsed categories be-
have  similarly, i.e., satisfy the homogeneity criteria (Goodman,  1981).

Categories a and a' of A are said to be homogeneous in the crosstable
AB if and only if the distribution of B-values for the individuals be-
longing to categories a and a' of A are similar, i.e.: that nab/na+ -
na'b/na'+ for b= 0,..,181 - 1, with IBI being the number of categories
of B   (Goodman, 1981). Homogeneity between two categories  can  be
tested. For example, categories 2 and 3 of A are homogeneous if and
only if the L2-test of independence of the subtable

B=0 B=1 B=2
A=2 7120 7121 7122

A=3 n30 7131 71321

is not rejected. Note that the likelihood ratio test L2 of this subtable
is equal to the difference of the likelihood values L2(AB) - L2(A'B),
with A' being the variable obtained having collapsed categories 2 and 3
of A, and L2(..) being the likelihood ratio test of independence for the
table '..' considered. This homogeneity test can easily be generalized
to p categories (p 2 2) and corresponds to the L2-test of independence
of the subtable formed by the p rows.

Tests for collapsing simultaneously categories of A and of B have
also been developed. Let A' and B' represent the variables obtained
having collapsed certain categories of A and B. The statistic L2(AB)-
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L2(A'B') is chi-squared distributed with (1Al - 1)(181 - 1) - (IA'I -
1)(IB'I - 1) degrees of freedom if the collapsed categories are homoge-
neous (see Gilula & Krieger, 1983).

Directed case (dummy coding)
Variable A is now supposed to be independent and B is supposed to
be dependent. The effect parameters are supposed to be restricted
by dummy coding with the first category as reference category (see
Section  4.1.1). The logit equations  on the complete table  are  the  fol-
lowing:

B I ALogit(B = b/OIA = a) = Bbfo + Bb/O a ,

for b = 1,2, and a = 0,1,2,3, with B B \A -  B B \A= 01/00  -   2/00

Collapsing categories of the independent variable The logit
equations obtained after categories 2 and 3 of A have been collapsed
are:

BIALogit(B = 6/OIA = a) = 7bfo + 76/0 a '

for b = 1,2 and a = 0,1,2, given the same dummy coding restrictions.
The effect parameters in the complete and collapsed model can be
shown to be equal if and only if (see Appendix B.1)

7120/7130 = 7121/7131 = 7122/7132,

which is valid if and only if the homogeneity criterion between cate-
gories 2 and 3 of A is fulfilled.

If one of the two collapsed categories is the reference category,
similar conditions can be obtained, namely, homogeneity of the two
categories  of A (see Appendix B.1).

Collapsing categories of the dependent variable Categories 1
and 2 of B are now collapsed. The logit equation for the reduced table
is

BIALogit(B = (1 + 2)/OIA = a) = 7(1 2)/0 + 7(1+2)/0 a     '

given dummy coding restrictions  (7(1 2)/  0   =  0) , Similar to what has
been done previously, it can be shown that no information about the
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effect of A on B is lost when collapsing categories 1 and 2 of B if. and
only if,

nal noo na2 7100 nal + na2 1100
-= -=

nao nol nao n02 nao 7101 + 7102'

for a = 1,2,3. These last equations can be Simplified into

nol /7102 = 7111/n 12 = 7221/7122 = 7131/ n32·

These equalities are verified when the homogeneity criterion between
columns 1 and 2 is fulfilled. Similar results can be obtained when one
of the two categories of B is the reference category.

Generalization for any bivariate table

A straightforward generalization of the above results on a logit model
for any bivariate table can be stated as follows.

Theorem 5 (collapsing categories with dummy coding, logit model)
Let A and B be two categorical variables with lAI and IBI categories,
respectively. Dummy coding is used to restrict the parameters of the

logit equation of B on A.
•  Categories a and a'  of A  can be collapsed without loss of information
if and only if a and a'  are homogeneous.
•  Categories b and b'  of B can be collapsed without loss of information
·if and only if b and b' are homogeneous.

Although conditions for collapsibility of certain categories of a vari-
able with respect to parameter values restricted by effect coding are
different from the previous conditions,2 if all categories of a variable

2If A and B are two categorical variables with  A  and IB  categories, respec-
tively. Categories of.4  (resp. B) correspond to rows (resp. columns) of the bivariate
crosstable. If effect coding is used to restrict the parameters of the logit equation
of B on A, it is possible to show that categories a and a' of A can be collapsed
without entailing change in the effect coefficients if and only if rows a and a are

homogeneous and rows a and a' are homogeneous with the multiplicative average
of all remaining rows.
However, absence of collapsibility with respect to effect estimates from effect coding
is not relevant as these effects should not interpreted directly. Indeed, interpreta-
tion of the parameters should be performed on estimable functions only (see Long,
1984).   Here, the estimable functions of the effect  of.4 on B correspond to contrasts
between categories of A. As with dummv coding, when one category of A is set to
zero, the remaining effects (i.e., the B3   s), can be seen as contrasts, and thus can
be interpreted directly. The parameters from effect coding do not represent such
contrasts and only the difference between these coefficients should be interpreted.
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are collapsed, these conditions are the same regardless of which coding
is used. Indeed, in order to collapse over an entire variable without
changing the effect parameters, homogeneity between all rows is a nec-
essary and sufficient property for both effect and dummy codings.

Note here the strong analogy between these last collapsibility tests
and the significance tests of several association measures from meth-
ods using information theory (see Section 4.3). Indeed, simultaneous
tests of homogeneity for categories of variable A with respect to the
B-distributions have been expressed as (see Gabriel, 1966; Gilula &
Krieger. 1983)

L2(AB) = 210g(2)N x H(A : B)

which  is asymptotically chi-squared distributed  with  ( 1Al  -  1) ( IBI  -
1) degrees of freedom. IIi practice, testing for homogeneity of any
possible subset of categories may be tedious due to the large number
of combinations of these categories. A method which can be used to
find potential collapsible categories in a bivariate table introduced by
Gilula (1986) is presented below.

A method to find homogeneous categories in a crosstable

Using Canonical Correlation Models on the table AB (see Section 3.2.1),
Gilula (1986) developed a method to find the categories susceptible to
be collapsed.  Let l = min( A  - 1, jB  - 1), by means of canonical
correlation models. the probability of the cell (a, b) of table AB, noted
 618 can be decomposed as

AB AB AB (1  +  2 li'ky k,a V k.b ' (6.1)Tab  - Tat Atb
k-1

with the notation and assumptions presented in Section 3.2.1. Gilula
(1986) showed tliat two categories a and a' are homogeneous if and
only if they have identical scores on each of the l latent dimensions,
i.e.,  if and only if y* =  v*       for k  =  1...., l. Hence, in order to

Ak,a Ak.a'
see which categories could be collapsed the scores of theses categories
on each latent dimension can be calculated and the categories with
similar scores are the ones which can be collapsed.
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6.2.2 Variable Collapsibility
In this section, unless otherwise specified, dummy coding is used (see
Section 4.1.1). Furthermore,  for the sake of clarity, the crosstable frOIIl
which each logit coefficient is calculated is referred to explicitly. For
example, 8B\A:BAZ denotes the logit effect of A on B calculated from
table BAZ and BB AIBA denotes the logit effect of A oIl B calculated
froni table BA. The definition of variable collapsibility is presented for
a logit model with an independent variable B and two independent
ones A and Z.

Definition 15 Let A, B, and Z be three categorical variables. Table
ABZ is said to be collapsible over Z with respect to the (logit) eiTect
parameter representing the  effect of A  on B  if and only if the parame-
ters corresponding to the efect of A on B calculated from table BAZ
are equal to the corresponding ones calculated from table BA.

Note that the effect of A on B is not, in principle, assumed to
be constant across the levels of Z. However, if an interaction effect
between A and Z is included in the complete model, equality of the
two coeflicients 13BIA,BAZ and dBIA,BA , though still informative, may be
misleading. Indeed, as an interaction effect is assumed, the effect of
A on B depends on the level of Z and cannot simply be represented

BIA;BA
by the coefficient B (see  Section 4.1.4). Therefore, eveii  if  the
effect coefficients of A on B before and after collapsing are equal, it
does not imply that the influence of Z on the relationship between A
and B can be neglected. The effect of A on B is often assumed not to
depend on the value of Z and this last assumption is made explicit by
introducing the concept of consistency.

For a categorical Z, results are said to be consistent if the sign of
the conditional causal effect is the same in all layers defined by the
levels of Z (see, e.g., Wermuth, 1987).  They are said to be stronglu
consistent if the conditional causal elTect of A on B is the same iIi all
layers of variable Z.

If the complete model holds and variable A is continuous, strong
consistency also implies that the marginal logit of B is linear in A if a
logistic model is considered.3

3Note that this last condition is also necessary in order to collapse across the
levels of Z without losing information about the link between A and B. for A
continuous.
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Different notions of variable collapsibility

Three different notions of collapsibility can be developed according to
the assumptions about the consistency of the results and the alter-
ations of Z.
• Collapsibility, if the effect coefficient of A on B remains the same
whether or not the crosstable ABZ is (entirely) collapsed over Z
(Whittemore, 1978).
• Strict collapsibility,  if the results are strongly consistent and the effect
coellicient of A on B remains the same whether or not the crosstable
AB Z is (entirely)  collapsed  over  Z  (Whittemore,  1978).
• Strong collapsibility. if the results are strongly consistent and the
effect coefficient of A on B remains the same regardless of which cate-
gories of Z are pooled together for Z categorical (Ducharme & Lepage,
1986), and regardless  of how  Z  may be categorized  for Z continuous.

Strong collapsibility implies strict collapsibility which in turn im-
plies collapsibility. Furthermore, strong collapsibility and strict col-
lapsibility have been shown to be equivalent for Z dichotomous (Ducharme
& Lepage, 1986; Guo & Geng, 1995).

Necessary and sufficient conditions for variable collapsibility

Strong collapsibility Conditions for strong collapsibility may be
presented as conditional independence conditions, as shown by the
following theorem.

Theorem 6 (Ducharme 8 Lepage, 1986: Guo E Geng, 1995)

Let B, A and Z be three variables, A and Z being either categorical or
continuous and B being categorical and occurring after A and Z.  Table
ABZ is strongly collapsible over variable Z with respect to coe,Dicient
BBI.4 if and only if:

Z_LLBIA (i.e. B = 0) OT Z_t.LAIB.
B\Z:BAZ

In particular, when the regressors are categorical, the last two condi-
tions are equivalent to (Ducharme 8 Lepage, 1986)

_BAZ _ _BA Z  BA Z  -BAZ BAZ  _ -BAZ   BAZ 1   BAZ
 'b a z  -   'b a t t a z "+i+ OT 1Tbaz -'tba+1Tbtz/7Tb+t'

for all values a and a' of A, b and b' of B, and z of Z.
These last conditions refer to properties of the joint distribution

of the variables. The directed nature of the relationsliips is not taken
into account.
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Strict collapsibility  The two conditions presented in Theorem 6
are sufficient but not necessary for strict collapsibility (Whittemore.
1978). A necessary and sufficient condition for strict collapsibility can-
not be expressed iii conditional independence terms. In the following
theorem, a necessary and sufficient condition for strict collapsibility is
presented.

Theorem 7 (Whittemore, 1978)
Table ABZ  is strictly  collapsible  over Z  with  respect to  the efect of A
on B if and only if two functions 9(.,.) and h(.,.) can be found so that
the joint probability lr23z can be decomposed as follows,

BAZ BAZ
Abaz    - 7rba+   ' 9(a, z) · h(b, z),

for  all values a  and a'  of A, b  and V  of B,  and z  of Z.

Collapsibility The conditions presented in Theorems 6 and 7 are
sufficient  but not necessary for collapsibility (Whittemore,  1978).   The
necessary and sufEcient conditions for collapsibility are, per definition,
the equality of the coefiicients in the complete and collapsed tables,

i.e.*.  Bv 'b   la - Mb'/b a'/a
BIA; BAZ_   9  BIA; BA,forall values a and a' of A and b

and b' of B.

Tests for variable collapsibility

Strong collapsibility Strong collapsibility may be assessed from
goodness-of-fit tests of the logit models containing one of the two con-
ditional independence assumptions. These logit models correspond to
the hierarchical loglinear models {AB,AZ} and {AB,ZB}.

Strict collapsibility Strict collapsibility can be tested with a likelihood-
ratio test developed by Whittemore (1978). Besides this test, a closed-

form asymptotic test for dichotomous B and A, and polytonious Z
have been presented by Ducharme and Lepage (1986). Suppose  that
the conditional odds ratio is denoted as 8= = Log[(7r6111ZXAB.Z)/(7 1' Zlril#Z)]

(for z = 0,.... 1ZI - 1), and that the marginal odds ratio is denoted as
9+  = Log[(71· oi 71'itz)/(7 &14z71'il,TZ)].   Let also 1,2  =  Eab lr(Yf/TJBZ
and  14  - Eab 7r XAB Z/ Agz. When strict collapsibility holds.
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-                                                                    -

IZI-1  - 2 9
1

IZI-1  -1 /|Z|-1 -    :  \2

DL = N      Ce' -,+)- + l'.71 -    1.,-,)     1  'S-  8, -,+1    ,C  ==0          16        /1

with N being the total number of observations, follows a X2-distribution
with I Z I degrees of freedom.   This test  can be readily extended  to  poly-
tomous B and A (Ducharme & Lepage, 1986).

Collapsibility Collapsibility can be also assessed by testing if the
difference d between the effect coefficient of A oil B from the logit
model collapsed over Z (B ) and the effect coefficient estimatedBIA,BA,

on the complete table (d , with a logit model without interac-B\A·.BAZ

tion term between A and Z on B), is significantly different from zero.
The estimate of 6 can be deduced from the difference between the two
estimated coefficients:  3 -  BIA,BA _  BIA,BAZ Its standard error may
be calculated from analytic methods or from nonparametric methods
such as Bootstrap or Jacknife (see Clogg, Petkova, & Shihadeh,  1992).
Note however, that this test is not suflicient to test for strict collapsi-
bility.4

Examples of different types of collapsibility
Studies on the association between lung cancer and tobacco use, pre-
sented in Dorn (1954), are used to illustrate these collapsibility notions.
In fourteen studies (Z), patients with and without lung cancer (B) ad-
mitted to several hospitals were asked about their smoking habits  (A).
R.esults obtained from four different studies are considered here in or-
der to illustrate strong and strict collapsibility.

Strong collapsibility In Table 6.1, results frOIIl three diMerent stud-
ies,  indexed  by  Zl, are presented. The loglinear model  {AB,Zl B}  fits
the  data  well  (L 4)  =  1.1,  P=0.89). From Theorem  6, the relationship
between  A and  B is strongly collapsible over  Zl. The (logit) effect of

4Unlike in the tests of Whittemore (1978) and Ducharme and Lepage (1986),
the reference model in the test developed by Clogg et al. (1992) is the logit model
with no interaction effect. Hence. in order to test for strict collapsibility with
Clogg et al.'s (1992) method, an additional goodness-of-fit test of the logit model
{AB,AZ.BZ} is necessary.



Collapsibility conditions 217

Zl = 0 Zl = 1 Zl = 2
Germany(1939) Germany(1943) Netherl.(1948) Total

B=0 B=1 B=0 B=1 B=0 B=1 B=0 B=1
.4-0     14        3        43        3        19        7        76       13
A = 1      72        83       227        90        81 129 380 302.

Table 6.1: Association between smoking and lung cancer over variable
Zi representing continental countries (source: Dorn.  1954).

Z2=0 Z2=1 Z2=2
Germany(1939) Germany(1943) England(1948) Total

B=0 B=1 B=0 B=1 B=0 B=1 B=0 B=1
.4 = 0     14        3        43        3        12        5        69       11
A = 1    72     83     227     90     174     87 473 260.

Table 6.2: Association between smoking and lung cancer over variable
Z2 representing Germany and England (source: Dorn, 1954)

smoking  (A)  on lung cancer  (B),  can be estimated without having  to
control  for the study   ( Zl), and remains  the  same  even when results
from some or all studies are pooled together.

Strict collapsibility The studies used here are shown in Table 6.2.
As the logit model without interaction effect between A and Z2 on B
fits the data adequately (L 2) = 4.4, P-0.11) the results are strongly
consistent.

However, strong collapsibility can no longer be accepted.  The
loglinear models {AB,Z,B} (L2 - 11.8, P=0.02) and {AB,Z2A}

(4)

(L2  - 34.2, P-0.00) do not fit the data.
(4)

The  test of strict collapsibility frOIIl Ducharnie and Lepage  ( 1986)
indicates that strict collapsibility cannot be rejected (DL = 6.8 <
X8.05,3   - 7.8). Table  ABZ  can be considered  to be strictly  but  not
strongly collapsible over  Z2.

Collapsibility An example of a situation in which Z is collapsible
but not strictly collapsible with respect to a nonzero effect of A on B,
is presented in Table 6.3. The results are not strongly consistent as
the interaction effect between A and Z on B in the (complete) logit
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Z=0 Z=1 Total

B=0 B=1 B=0 B=1 B=0 B=1
A =0 240 100          90      70 330 170

.4 =1 100 220          70 110 170 330.

Table 6.3: Table for which Z is collapsible but not strictly collapsible

model is significantly different from zero (BB I AZ:BAZ = _0.96, Z=-
3.5).   Therefore,  Z is neither strictly nor strongly collapsible. The logit
effect of A on B calculated on the complete and collapsed table are
equal to  1.322  and 1.323, respectively. The standard error estimates of
8  found  was 0.007 (obtained from bootstrap  with 50 replications).   As
the estimate of d is not significantly different from zero (significance
Z-value  of -0.6), the model is collapsible  over  Z.

6.2.3 Relation between category and variable collapsi-
bility

Category and variable collapsibility are, of course, strongly related as
collapsibility of the categories of Z in the bivariate table (A x B)Z
implies collapsibility of the crosstable ABZ over variable Z.  A link
between variable and category collapsibility conditions is presented
here.

By defining the notion of conditional homogeneity it is possible
to deduce the notion of variable strong collapsibility from the one of
category collapsibility. For three variables A, B, and Z, conditional
homogeneity of Z on B given A is defined as simultaneous homogeneity
of all categories of Z in the bivariate tables between Z and B obtained
for each level  of A.

As testing for (complete) honiogeneity of A on B was equivalent
to testing for independence in table AB, testing for conditional ho-
mogeneity of A on Z given B is equivalent to testing for conditional
independence of A and Z given B. Therefore, the test of strong col-
lapsibility over a variable can be seen as an extension of Goodman's
criterion for collapsing categories: testing for strong collapsibility over
Z witli respect to the effect coefficients of A on B is equivalent to
testing for conditional homogeneity of Z on A given B, or of Z on B
given A.

The relationship between variable collapsibility and category col-
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lapsibility may be illustrated by tlie data set displayed in Table 6.1.  Iii
this data set, Zi is shown to be strongly collapsible iii the logit equation
of B  on  A  and  Zl · because of the conclitional independeIice between
A  and Zl given  B   (L 4)   =   1.13,   P-0.89). The tests of homogeneity
of (all) categories  of  Zi   in  the  Zl A table. are equal  to  LI2)   -  0.496

for B = 0. and L '2) = 0·632 for B = 1. These two tests are based

on "independent" samples and can be suinnied. The test yielded by
summing the two preceding values and their two degrees of freedom
is equivalent to the test of strong collapsibility: 0.496 + 0.632 = 1.13
witli 4 df.

6.2.4   Collapsibility in a multivariate case

The extension of the notion of collapsibility to the Inultivariate case
is considered here. In this section, variable collapsibility should be
understood as strict collapsibility. Collapsibility of categories is con-
sidered first, collapsibility of variables is considered subsequently.

Collapsibility of categories
Given a set Q = {A,B , '..., E} of variables, categories a and a' of A

can be collapsed if they are homogeneous in the bivariate table forIIied
between A and the product variable of all variables in fl \ A. Hence,
if A' denotes the new A variable after collapsing the two categories.
tlie following L2-test L (A(B x C x ... x E)) -L (A'(B x C x ... x E)
can  be used,  and is chi-squared distributed with  (1Al  -  1)(IBI  x  ICI  x
... x IEI - 1) - (IA'I - 1)(IBI x ICI x ... x IEI - 1) degrees of freedom.
with IAI, IBI..... and IEI being the number of categories of A,..., and
E. respectively.

However, the test of conditional homogeneity may not be adequate
for large sparse crosstables. Indeed, as Agresti (1990: 246-247) stated,
if most of the expected cells frequencies are lower than 0.5, the L2 test
may be too conservative, whereas if most of the cells have expected
frequencies between 4 and 0.5. it may be too liberal. A method to find
which categories might then be collapsed has been proposed recently
by Carridad-Ocerin, Espejo-Mohedano, and Gallego-Segador   (1999),
using information theoretic measures. This procedure can be seen
as an alternative procedure when the other tests may no longer be
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applicable.5
Similar to what was done previously with bivariate correlation

models, multivariate correlation models can be used in order to indi-
cate which categories can be collapsed. However, these multivariate (or
high-rank) canonical models may not always produce well defined so-
lutions unless additional conditions are set (see Kruskal, 1976). Hence,
particular low-rank (e.g., bivariate) canonical correlation models may
be preferred, provided  they  fit  the  data (see Gilula, 1986). Differences
in likelihood-ratio values between canonical correlation models on col-
lapsed or complete tables can be used to test whether the collapsed
categories are homogeneous.

Collapsibility of variables

For undirected loglinear models, it is possible to find necessary and
suflicient conditions for strict multivariate collapsibility. These condi-
tions, found by Davis  (1986), are presented below. Relations  with  the
DLMs are underlined later.

Undirected models Before presenting theorems providing neces-
sary and sufficient conditions for multivariate variable (strict) collapsi-
bility, several notations are introduced.

Suppose that Q = {A, B„..., E} is a set of m categorical variables
and consider a hierarchical loglinear model M relating these m vari-
ables (see Section  4.1.1). The restriction  of this loglinear model  to  a
subset of variables A of f , is written AJA and the number of variables
in  the  set  A is denoted  IAI. The graphs corresponding  to  M  and  to
MA are written G(M) and G(MA). respectively. In G(M), each vertex

corresponds to a variable in Q. In the graph G(M), there is an edge

between two vertices A and B if and Only if the loglinear interaction
terms AN; are nonzero for all values a and b of A and B.

Two sets of vertices C and D are said to be equivalent in the graph
G if and only if there is (at least) an edge between one variable from
C and one variable from D. The connected components of the graph

5The decision to collapse a category is here based mainly on the decrease of
the quantity of information in the whole crosstable, and on a vector of weight,
chosen by the user, representing the desirability of collapsing certain categories.
However, this procedure is designed mainly to reduce the number of cells with low
expected frequencies in the multidimentional, and not to find categories that may
be collapsed without resulting in a variation in the logit effect coefficients.
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G are defined as the equivalence classes of this previous equivalence
relation. The boundary of a subset A of vertices given a graph G(M).
denoted   8(A       M),   is  the   set of vertices   that are adjacent   to  some
vertices in A but that are not in A.

To improve readability, the A-loglinear interaction term in the
marginal table obtained by crossing variables from B (with .4 C B C
Q) is denoted as AA;B. The effect coding paranietrization is used. The
notion of strict collapsibility, introduced previously for a logit model
can be generalized for a multivariate logliIiear model as follows.

Definition 16 (Whittemore, 1978; Davis, 1986)
Let M be a loglinear model dejined in a crosstable formed by variables
in the set Q.  M is said to be strictly collapsible onto B C fl with respect
to A c B if and only if:

  AA,Q = AA,B12'n =0   for any A S Z E 0   with Z n (9\B) 00.

The first condition corresponds to the idea that the loglinear parameter
values do not change, the second condition can be seen as a generaliza-
tion of the concept of strong consistency. Evidently, strict collapsibility
onto B can be seen as strict collapsibility onto B with respect to B.
Necessary and sufficient conditions can be found for strict collapsibility
onto B and are stated by the following theorem.

Theorem 8 (Davis, 1986)
A hierarchical loglinear model M dejined over Q is strictly collapsible
onto B g Q with respect to A C B if and only if A is not contained in
a (C  I  M) for any  connected  component C  of G(Mn\13)·

Directed models Iii order to use these conditions for DLMs, the
step-wise decomposition introduced in the InOdel building stage, in
which each logit model can be shown to be equivalent to a loglinear
model,  is used (see Section 4.1.2).   In fact, the dimensionality reduction
obtained using conditional independence properties in order to collapse
certain crosstables from which the submodels are fitted corresponds
exactly to the dimensionality reduction that can be performed USing

collapsibility results for the equivalent loglinear models from Davis
(1986).   This is shown  in the following example.

Consider a (logit) submodel   from   the   modified-path-analysis  ap-
proach, with, for example, A, 8, C and D being the independent
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variables and E being the dependent variable. Using Conditional inde-
pendence properties, the crosstable is collapsible over D if and only if
D and E are conditionally independent given the rest of the indepen-
dent variables (Vermunt, 1996; Hagenaars,  1998).

Consider now the loglinear model equivalent to the logit submodel
considered. In the graph G(M) corresponding to this loglinear model,

since the associations between the independent variables are not re-
stricted in a logit model, there is an edge between every pair of inde-
pendent variables. In particular, there is an edge between D and ally
other independent variable. Hence, all independent variables are in
the boundary of D.  If D has an effect on E, E is also on the boundary
of D and from Theorem 8, M is not collapsible onto {A, B, C, E}  be-
cause {A, B, C, E} = 0({C}   M).  If D has no effect on E, than E is
not on the boundary of D and from Theorem 8, M is collapsible onto
(A. B,C,Ej because {A, B, C, E} g {A, B, C}

-
0({C} 1 M).

Hence, the strict collapsibility results of the tables that can be ob-
tained from Theorem 8, are here equivalent to the use of conditional
independence properties (i.e., of strong collapsibility) that was already
introduced when considering DLMs instead of modified-path-models
(Vermunt,   1996).    This  is  due  to   the  fact  that   for  each  step,   the  re-
lation between all variables but one (the new dependent variable) are
unrestricted.

6.3   Studies of noncollapsible cases

In this section, the consequences of collapsing categories or variables
that are noncollapsible are examined.

6.3.1       Effect of collapsing noncollapsible categories    on
logit coefficients

Let B. A, and Z be three categorical variables representing the de-
pendent variable, the causing variable of interest. and a background
variable possibly influencing B, respectively. The parameters are re-
stricted by dummy coding with the first category of each variable being
considered as reference category. Furthermore, B is supposed to be di-
chotomous and the categories collapsed are categories other than the
reference ones.  In this section, the effect of collapsing two nonhon10-
geneous categories of A on the values of the effect parameters of A
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on B is studied first. The effect coefficients corresponding to the two
collapsed categories are shown to lie between tlie two original coeffi-
cients. This is shown not always to be tlie case for tlie logit coefficients
of A on B (given Z) if two noncollapsible categories of Z are collapsed.
Certain conditions must be fulfilled.

Here, the effect parameters calculated froni the collapsed table are
denoted by 7 instead of B without recalling tlie crosstables froin which
they are calculated or the two categories of B conipared: for example,
oB I A:BA B.4

Pl/0 a is simply written 7   a.

Suppose that from the original crosstable

B=0 B=1
A=0 noo 7101

A=1 7110 7111

A=2 7120 1121,

BA
categories   1   and   2   of  A are collapsed.    The bias obtained   if  7   1 +2   is

used instead of #B'A, can be calculated and is equal to

Cnil + n21  7111 1 /1 +7121/7111 78 2 - #Bli' = log I / -  1  = log 1  .
\7110+7120 nlo/ \ 1 + 7120/7110  

It is easy to see that if categories 1 and 2 of A are homogeneous.
BIA oBI A Bl 4 08 1 A7   1 +2  -  P       1     =   0,   and  that   if  not,  7   1 +2  -  1       1     may   take   ally  possible

real value from -00 to too if the values of 7111, n21, nlo and ri20
are varied. Suppose now that BBIi' is smaller than BB'21. From the
definition  of the effect coefficients (dummy coding), the inequality

1111 noo
s   n217200

nionol 7 207101

can be derived. In particular,  ngo  is smaller  than 71217 10/nil· Hence.
81.4 .BIA

7 1+2 can be shown to be larger than P  1, as the following inequality

can be deduced:

B I.4 /7*11 + n21 Ttoo ) /  7111 + '121 noo)7 1+2 = log 1               x-1 2 log l X- -  114
\ 7110  + 7120 7101/  7 10 t tdill      7101  

BIABy means of a similar reasoning, 7 1+2 can be shown to be smaller

oBI.4than 1'2· Therefore, tlie value of the effect coefficient of A o n B
corresponding to the collapsed categories of A, lies between the two
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values of the effect coefficients of A on B corresponding to the two
original categories of A.  Generally, if two categories a and a' of A are
collapsed. tlie following result can be obtained:

min(d,81;4,  81;;)  5  7Ba  Aa'  5  max(tyBI . /3Blit).

Given several additional conditions. this result also holds if two
independent variables A and Z are considered, and the categories of
one of thein are collapsed. Indeed, suppose that a third variable Z is
also taken into account. the complete table is

Z=0 Z=1 Z=2
B=0 B=1 B=0 B=1 B=0 B=1

.4 = 0 noon 11001 71010 71011 n020 n021

.-1 = 1 nooo n 101 n, 110 71111 71120 71121·

As. for example,

 18'tf   =  log ( 7 12171020nlOonool  
l n 1 20 n0 21 n l 0 1 71000 /

B\AZif categories  1  and 2 of Z are collapsed, the difference between 7     1 (1+2)
BIAZ

and  B    11    (:an be calculated and is equal to

 1 + n 121/71111   1 +7'1020/71O1Oj
  (1 +n120/71110   1 +71021/non)

It is easy to show that this difference is null if categories 1 and 2 of Z
are homogeneous iii their B-distributions given the two levels of A. If
these categories are not honlogeneous. this difference Hiay, in principle,
be  equal  to any value between  -00  to toc. depending  on the values
of n020·  n021 ·  71120  and  n 121 · Similarly, the equality

Bl A Z B l dz      .     (1+71111/71,121  x  1+ nolo/71020  7  1(1+2) - 13 13 log   1 + 71110/71120 1 + noll/non )
Bl  .4  Zcati  also be obtained. However.  here,  7    1 (1+2)  does  not lie between  the

two original corresponding effect coefficients. This can be shown from
the following crosstable.

Z=0 Z=1 Z=2
B=0 B=1 B=0 B=1 B=0 B=1

A= 0   10     10          1      3          15     50
.4 = 1    10     10          5      7          20     30.
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B 1.4 ZFor this crosstable, the following values are obtained: 0   11  = -0.76,

BBlitz = -0.80, and 781 2) = -0.81.
Note that the same results can be found here for the total efIect

of A on B in subpopulations defined by the values of Z. Indeed, the
o B 1.4first-order effects  of  A  on  B from table   ABZ   or  AB   (i.e.,   P     1    and

B I.4,
7  1 3 are equal to zero here.

In general, it follows that, if the values of the effect parameters
are not contained within the original effect parameter values, certain
conditions in which they are contained between these values may be
presented follows:

First,  note  that  for four strictly positive integers al,  a2,  a3,  and ad.
the following inequalities hold:

al a3 al + a3 ,al a3,
0  <  min( - ; - ) < < maxl-; -b

a2 a4 a2 + a4 a2 a4

It can be easily shown that
   "111 +"121    

7"'02)     -     log  1   ) :;:1 ]1:1 :t  I  1  - log (:;:;':lit:  )  0
\   "010+no2O,1 /

Then as all cell frequencies are nonzero, applying twice the previous

inequality leads to:

1«g (mm :It'16811,161  1  « 78'd' )+l«g(:  =)  « 1«g <mm 1811131). (6.2)
no10 n020 /       n 010 n020

BIAZFrom this inequality, sufficient conditions for which 'v may be
1 1(1+2)

oB \ AZ B\AZincluded between P    12   and BY   11   can be derived and are described
in the following theorem.

Theorem 9 The value of the parameter *v is included betweenB\AZ
1 1(1+2)

oB\AZ B \ AZ  'f9  12   and#  15    4
(i)                     I1121  110.  < 1 and,         1311%  21'71120 nlll  -

Or if
(ii)                 8121 n       > 1 and. nolo &021 < 1.

71120 nlll - 71011 n020 -

Proof:
If. for example. condition (i) holds. the following equalities

dBI,Z    =    log (*t/Zil) - log (itt/%5)
<   m i n(  2.Ht:  Rji  ) \ / 11 1 \

=     log  (A,··c :,:060/  -log  ls)
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BIAZcan be obtained. A similar calculation for /3  11   can be made and by
using Equation 6.2. the iIiequality

 Blf 57 ('l I f 5  B"tz
can be deduced. With identical reasoning it is possible to show that if
(ii) holds,

 Bly   71(I'll:f) 5  1BIAZ
12

can be deduced. 0
The conditions presented in Theorem 9 can also be stated in terms

B\Zof effect parameters. For example, condition (i) states   that   (0     2   +

13Blitz) - (#Blf +#Bl;tiz) 5 0 and that #Blz2- 3Bll 2 0. Condition (ii)
is obtained by reversing the two inequality signs. As the parameters
are restricted by dummy coding, the conditions are that the ordering
of the (total) effect of the two categories (1 and 2) of Z on B should
be different if A=0 and if A=1. For example, the effect of category
1 of Z on B is larger than the efTect of category 2 of Z for A = 0,
but smaller than the one of category 2 for A = 1.  Note that these
conditions are rather restrictive especially for ordinal variables.6.

6.3.2  Effect of collapsing over noncollapsible variables
on logit coefficients (randomized setting)

The consequences of estimating the effect of A on B from the marginal
table AB if a noncollapsible variable Z is omitted, are examined in
this section. The variations of the effect estimate are studied first, the
variations of the power of the test of no effect of A on B are presented
subsequently. The following calculations are presented for all three
variables  A,   B,   and Z being dichotomous (with values  0  or   1) .   and
dummy coding is used to restrict the parameters. Hence, there is only
one nonzero effect parameter of A on B for the logit model on table

GFor example, suppose  that   .4  denotes  use of study material   (0=no,   1=yes).
Z, the ability to pass tests (low/medium/high), and B. passing the test or not.
Condition (ii) of Theorem 9 correspond to situations in which, when not using
study material. the increase of the odds of passing rather than failing the test when
having a medium rather than a low ability is less than when having a high rather
than a low ability, but that when using study material, the increase of the odds
of passing rather than failing when having a medium rather than a low ability is
greater than when having a high rather than a low ability.
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814;B 4Z,
BAZ  (13    .      .     ) ,  and  only  one nonzero effect parameter  of A  on  B  for

the logit II10del on table  BA  (/3
BIA:BA J

The assignment of the observations to the level of tlie variable A is
supposed to be randomized.  If a linear model is considered, the esti-
illate of the (expected) effect of A oIl B will not depend on whether or
not  Z is taken into account  iii tlie model (see, e.g. Neyman, 1990[1923]:
Steyer,  1988).   If a logit model is considered, tliis property  will not  hold
anymore and the effect coefficient of A on B may not be the same re-
gardless of whether or not Z is taken into account. However, as will
be seen later, the test of significance of the effect of A on B is still
valid even if performed on the collapsed table.

Suppose that Logit(BIA, Z) denotes the logit of variable B given
variables A and Z. and that Logit(BIA) denotes the logit of variable
B given variable A. The complete model, can be represented by tlie
equation

Logit(B\A = a,Z= z) = 1 B,BAZ + BB\AiBAZ a + BBIZiBAZz

for a = 0,1 and z = 0.1.  Note that the effect of A on B is supposed to
be constant across the levels of Z. In order to simplify the presentation,
the original effect coefficients are denoted  a,  aA,  and az,  such  that
a =  B:BAZ , aA  = dBIA;BAZ , and otz = #

B\Z:BAZ
. The model collapsed

over Z can be represented by
BBA BIA;BALogit(BIA =a) =B      +1 3       a,

for a = 0,1.
The consequences of estimating the effect of A on B by 1381.4.BA

 BIA:BAZ
instead of 6.1 (i.e., B ) are examined below. The differences
between the variances of the estimates. and between the powers of the
test of no effect of A 0Ii B iii both models is presented subsequently.

Value of the effect estimates

Both categories of Z are assunied to be nonempty, otherwise the re-
sult is trivial. The ratio d = 7r#/71-f is thus a strictly positive real
number. Since A is independent froni Z, the logit of B conditional on
A=a and Z=z can be written as follows (detailed calculations in
Appendix B.2):

C ltd·exp(-a 7, z}+(1+d)·exp(a+aAa) \
Logit,(B   A=a,Z=z)  = log 1Cd+exp(-azz)+(ltd)·exp(-a-aAa-azz),1 '
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Hence,   the  estimated  effect of category '1 rather  than  '0'  of  A o n  the
logit  of B  on tlie collapsed table is equal  to (see Appendix  B.2):

 BIA:
B.,1

 BIA:BA (a, aA , az, d)
/ 1+d·exp( -az )+( 1+d)·exp(a+a A )

log  t      1 +d·exp( -a )+(1+d)·exp(a)
X

1+d·expfaz)+(1+d)·exp(-a) ) (6.3)1+d·exp(Oz )+(1+d)·exp(-a-a. ),1

=  log (Qi(a. aA, az,d) x 02(a, aA, az' d))
B\A:BAIt is easy to show that if az = 0. then d is  equal  to  (2 4· If a A    is

strictly positive, both  01(.)  and  02(.) are. strictly higher tlian   1,  and
/3BIA;B.4 is strictly positive.   If a  is equal  to  zero.  Ql (.)  and  (22(.)

BIA:BA
are equal to 1 and B is equal to zero.  If 0 1 is strictly negative,

BIA,BA
both Qi (.) and Q2(.) are strictly lower than 1. and B is strictly

BIA:BAnegative.  If ciz grows unboundedly, the asymptotic values of B
are

/ 1+(ltd)·eXp(-e) \
Li - liIn dBIA:BA (a, aA, az, d) log ( 1+( 1+d)·exp( -0-0 A) )

uZ -,-CX

and

/1+(1 +d)·eXP(a+a A))L2 - lim dBI.4:BA(a,a,vaz,d)  logl 1+(ltd)·eXp(a) j
az-,+0(

As d is strictly positive, the asymptotic values Li aiid L2 are equal
to zero if and only if aA - 0. In order to find extreme values,

BIA·B-1
01  (.....)/Oazis calculated (formula in Appendix  B.3).   If aA  =
0. from Equation 6.3, it is easy to see that i BIA.BA is also null. For a4
different from zero. there is only OIie root for the partial derivative,
obtained for az - 0. This corresponds to a maximum for 04 >0,
and a minimuni for a,1  < 0· Therefore. tliese results are  in accordance

BIA,BAwith tlie already known result that for randomized settings B
RIA,B.AZlies between 0 and /3 (see. e.g.. Gail. 1986). Given certain val-

ties of c¥ and of d (and aA = 1), note that the effect value obtained
in the collapse(1 table is a function of az only.  For example, iii Fig-

BIA:BA
ure 6.2, the values of B obtained for different values of az · given
(Y A   =  d -  1  and  a  -  0  are  shown.   Given  this  example,  for high values

of az · the effect  of A on  B can be underestiinated by 25% or more if
(:alculated on the collapsed table. However. tlie estiInated coefficient
reinains strictly positive and higher than 50% of its original vallie.
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Figure 6.2: Value of the logit effect of A on B in the collapsed model
(with a   0, aA =  1  and  d  =  1).

Note that large underestimations always occur for values of az
that  are much larger  than the values of aA. Suppose,  as may often
be the case in practice, that the effect of the omitted variable Z on B
is smaller (in absolute value) than the effect of A on B. Then using
Figure 6.2, it can be shown that for an effect of Z less than twice
that of A, omitting Z when estimating the effect of X results in an
underestimation of less than 2%.  If the effect of Z is of the same
magnitude  as the effect   of  X, the underestimation  of the effect   of  A
is around 6% or less. Hence, if Z has been omitted in the model, but
evidence exists that the effect of Z on B is smaller than the effect of
A, the effect of A on B may still be quite accurately estimated from
the collapsed table.

The previous analysis was performed under the assumption that d
and a were equal to one and zero, respectively.  If d now varies from
0.5 to 10 and the effect of omitting Z on the estimate of the effect
of A is studied. results shown in Figure 6.3 can be obtained.  The
underestimation is no higher than 6% for any value of d between 0.5
and 10 and any value of az between -1 and 1. In addition, the further
d is from 1, the smaller the underestimation. As d is equal to the
ratio between 71"#  and  7rf,  for a strongly unequal distribution of Z.  the



230 Collapsibility in Directed Loglinear Models

dampening of the effect coefficient is small.
If a instead of d is varied, the graphs displayed in Figure 6.4 can

be obtained.  Here also the underestimation of a  is less than 6% if
Z iS Omitted. Furthermore, the higher the value of a (in absolute
value) the smaller the underestimation. For example, for a value of
a higher than 3 iii absolute value, the underestimation is no larger
than 2%. Note that for high values of a, the conditional distribution
of B (given A=0 and Z=0)i s very skewed For example, if a=3,

BIAZ .
then 1,2 00 is around 0.95. Heiice, if B represents very rare or very
frequent phenomena. for randomized settings, the effect of omitted
variables may be small.

Until now the effect of A on B was independent of the levels of the
omitted variable Z (consistency assumption).   If the effect  of A  on  B
depends on the value of Z, the original logit equation on the complete
crosstable should then be written

Logit(BIA = a, Z = z) = a +aAa +azz + +aAZa · z,
with a being the interaction effect representing the differential ofAZ
the efTect of A on B for class 1 of Z compared to class 0 of Z. and for
a = 0,1  and z = 0,1. Similar to what was done for the logit model
without interaction effects, for the logit model with an interaction
effect, it is possible to write ij as (see Appendix  B.2),

nBIA:BA

/3BIA:BA = biBIA;BA(a, aA'QZ'aAZ,d)
=  log < 1+d·exp(-az)+(1+d)·exp(a)

/1+d·exp(-az-aAZ )+(1+d)·exp(a+a A )

ltd·exp(a;.)+(ltd)·exp(-a)
X 1+d·exp(-a z )+(1+d)·exp(-a-a.,i -a'tz ) 

For a = 0, d = 1, aA = 1, provided that the effect of Z and the

interaction effect are lower (in absolute value) than the effect of A on
BIA:BAB, the variation of the ratio between B and the average effect of

A on B  (for half of the population the effect of A on B is aA · for the
other  half it  is  a.4  + a .tz )  is  shown in Figure  6.5.

Several conclusions may be drawn from Figure 6.5. In the first
BIA:BAplace. the variations in the differences between B aIid the ex-

pected effect Chere. a.4 + aAZ/2) are much more important than when
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Figure 6.3: Value of the logit effect of A in the collapsed model (with
a= 0, aA 1, 0.5 <d< 10, and an efrect of Z not higher than tlie

one  of A).
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Figure 6.4: Value of the logit effect of A in the collapsed model (with
d=l, 4=1=d, -5 <a<5, and laz I S a A = l.).
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Figure 6.5: Value of the ratio between the logit effect of A on B in
the collapsed model and the expected value of A on B in the complete
model (with a=O,a A=1=d,d=1, and the effect of Z and the
interaction effect lower  than  c¥A )·

no interaction effect was assumed. For example, the overestimation of
around 60% if az = a,tz = -1, and the underestimation is of around
40% if az = aAZ = 1. Furthermore, unlike the previotis case, the

BIA;BAeffect of A on B found in the collapsed table (B ) can be higher
than the expected original effect a,4 ta/tz/2, this occurring very often
if the interaction effect is negative. However, if the interaction effect
is positive, the effect of A on B estimated from the collapsed table
is always smaller thaIi the expected effect of A on N estimated from
ABZ.

Variance and power of null efTect tests

As  shown by Robinson and Jewell  (1991),  if one background variable
is omitted. the variance of the effect estimates in the logit or logistic
models decreases (i.e., var(PBIA.BA ) 5 Var(1 BIA,BAZ     whereas if a lin-
ear model is considered, the variance of the effect estimate is lower iIi
the  complete  model  than  in  the   'collapsed  one".   However,  with  the
logit/logistic models, tlie effect coefficient of A on B may no longer be
consistently estimated by pBIA:BA Consequently. this extra of preci-
sion may not be of much use. In fact. in the logit or logistic models.
Robinson and Jewell (1991) showed that the addition of background
variables having an effect on B results in an increase of power for the
test of null treatment effect. In other words. the power of the test
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of no treatment effect is greater if performed OIl the complete table
(B                   =  0)  tlian if performed on the collapsed table ( BIA.BA   =  0).

B\A:BAZ

In order to evaluate this difference in power of the two tests for the
logit model, the Asymptotic Relative Efficiency (ARE) of two tests is
used. The ARE can be defined as follows.

Definition 17  The ARE of two tests of null treatment efect (b = 0)
provided  by  two  estimators 61  and b2  of b  is defined as (Cox G Hinkley,
1974: 338):

S fid- Trar(62 IA)
ARE(61  to 6   at b =0) =  Ilim < i -b, j / 'd-£) }1' x lim

)+0 l ( db '      db -

b-+0 Var(bl |A)

An ARE higher than 1 means that 61 has a greater power than 62
asymptotically.  For the logit model presented earlier, the ARE of the
two tests of null effect of A on B (on complete or collapsed table) can
be shown to be equal to (see Appendix B.4)

AREiBBJA,BAZ
-BIA·BAto B ' atb=0)

d·expb)(-1+expgz))2 (6.4)=1+ (1+d)((1+exp(a))2.exp(az)+d(1+exp(a+az))2)  '

or more simply to 1 + K(a,az,d) with a certain function K(.,.,.)
being always strictly positive. Therefore, the test of the hypothesis
of no effect of A on B from the complete model has a greater power
that the one from the collapsed model, which is in accordance with the
results found by Robinson and Jewell  (1991). For example,  with a=0
and a   =  1, the ARE of the tests for the null hypothesis given different
values of az are displayed for different values of d in Figure 6.6.

The different curves shown in Figure 6.6 are symmetric, hence the
loss of power (given a = 0) is as important for negative as for positive
influencing estimates. Furthermore, the lower d, the higher the pos-
sible loss of efficiency for sufficiently large values of az ·  This may be
understood as follows: a very large d value indicates that a large part
of the population is in class nz=0 for which Z = 0, i.e., the reference
class; omitting the effect of Z=1 against Z=0 may not be so impor-
tant as it only applies to a small subpopulation (Qz=1 )· However, if d
is small, then a large part of the population is in flz=  and the effect
of  Z, which should be applied  to this large subpopulation  (Qz=o)  is
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Figure 6.6: ARE of the null-effect test in the Complete versus the
collapsed model given the effect of the omitted variable Z for different
values of d (with a=0 and aA = 1).

not accounted for in the model on the collapsed table. Note that for
low values of az (between -1 and +1) the loss of power is not high and
not so dependent on the value of d.

The variation of ARE given az for different positive values of a
(with  a d fixed  at   1) are displayed in Figure  6.7.    As the curves  for
-a  are symmetric to  the ones  for  +a (see Equation  6.4), only positive
values for a are considered here. The different curves now shown are no
longer symnietric given the vertical axis. More specifically, the higher
a the lower the loss of power if a covariate Z with a positive effect on
B has been omitted, and the higher the loss of power if a covariate
Z with a negative effect on B has been omitted. Note that certain
values of the ARE obtained by letting a vary are much higher than
those obtained by letting d vary. However, here also the differences

B\A,BAZobtained for different values of a for values of az lower than B
are not pronounced.

Suppose that A is a treatment consisting of taking a certain medicine
or not (no/yes), and B is the outcome (not cured/cured). Suppose also
that a large majority of the population recover even without treatment
(a is high). The asymmetry found in Figure 6.7 can be interpreted
as follows.  The loss of power for detecting a significant effect of the
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Figure 6.7: ARE of the null-effect test in the complete versus the
collapsed model given the effect of the omitted variable Z for different
values  of a  (with  d  -  1  and  a.4  -  1) .

drug remains low if a factor affecting the recovery positively has been
omitted, but may be high if a factor negatively affecting the recovery
has been omitted.

Generally, the limiting values for the ARE values for a logit II1()del
without interaction terms can be calculated and are equal to

AREt- lim ARE(a, aA, az, d) 1   exp(-a 
QZ I.   00

(1+d)

and

ARE  = lim ARE(a, aA• az, d) 1 + exp(a)
az -&+(0 (ltd).

The  value  of the asymptotic relative efficiency  (ARE(a,aA,az, d))
can be showii   to lie between   1 and max(AREl,ARE,)· Hence,   the
loss of power for the test of null effect is bOUIided. III particular,
if the estimated coefficient dz is significantly difTerent from zero at
a certain level, and a certain sample size N, then PB l A,BA is also
significantly different froni zero at the Same level with a sample size

Ni   (with  Ni   2   N). A question of interest   may  then   be  how   much
larger than N does Ni have to be. this given almost all values of
az .   Answers  to this question can be found  iii  the  results  from  the
simulation studies presented in the next section.
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6.4 Simulations studies
Iii this section, several simulations of logistic InOdels are presented.
In order to compare results from logistic models with those from lin-
ear models, the dependent categorical variable B is supposed to be
deduced from an underlying continuous variable. Furthermore. the
independent continuous variables A* and Z* are supposed to be nor-
mally distributed and independent of each other, and B* is supposed
to follow a logistic distribution. Given that the logit effect of A* on
B is significant at a certain sample size in the complete model. the
aim of these simulation studies is to evaluate what may be the sample
size from which, iii general, this effect will also be significant iii the
collapsed one. A situation in which one independent variable is omit-
ted is presented first, and then a situation in which two independent
variables are omitted is considered.

6.4.1 One omitted background variable
Let A* and Z* be two continuous variables with a standard normal dis-
tributi011. Variable B is supposed to be obtained from the dichotomiza-
tion of a continuous variable B* following a logistic distribution such
that the original linear model is represented by the equation

B* =a + aA· A* + az. Z* +E l,
with E 1 being a residual term, following a logistic distribution. Thus
(see Long. 1997: 41.122),

P(B -1 .4- =a, Z*=z)   =P(B* > 01.4* =a, Z* = z)
exp(Q+QA• a+nz• i)

1+exp(a+a A• a+az• 4)

Estimates from the parameters a, aA., and az,  can be obtained as
the estiniates of 138, /3BIA., and /Blz' . respectively, from the equation

Logit<B\A*, Z*) = BB + BBIA' A* + BBVT Z* . (6.5)

However. as the effect of a missing c:ovariate is studied, the following
model:

Logit(BIA*) =78+7BIA'  A*

is fitted instead.
If the continuous model iS COIlSidered. the effect coefiicient a 4. =

/381.4. -lis significantly different froni zero for samples of size 30 or
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higlier. The following siniulatioii study ailns at evaluating the max-
inmm value of az· = /3BIZ- for whicli 781.4  is signifcant, giveii a
certain sample size. As the assumption of an underlying variable B*
of B is made, each effect  BIZ' corresponds to a correlation between
Z* and B* (see Appendix B.5).

Design The design chosen is the following:
-  two different values of (px·   :  0.4 and 1.0, corresponding to correlations
between A* and B* of 0.48 and 0.22. respectively (given otz. = 0);
- values of az. varying from 0 to 10 by steps of 0.2;
- six different sample sizes: 3000, 1000, 300, 100, 50, and 30:
- 100 replications per sample size:

three different distributions for B: 90-10. 50-50, and 10-90.
-BIA'The mean of the estimates of 7BIA' , denoted f , is calculated

across the 100 replications for each sample size.  The empirical standard-
TBIAIerror is calculated. It is tlien checked whether 7 is significantly

different from zero.
Note that an effect of Z* on B of 10 occurs in only very rare cases,

as it corresponds to a correlation of Z* and B of 0.97. Hence, the
omitted variable Z* would then account for more than 96% of the
variance  of  B.

Results The lowest effect of Z* on B (i.e., /3Blz.) for which 3'BIA.
was not significantly different from zero, given a certain sample size is
displayed iii Table 6.4. Some remarks can be made.
• With BBIA' = 1.0 and a sample size larger than 1000, 5 81/1. is al-
most always significantly different from zero (except if dBIZ. > 10).
Nonsignificant estimates occur only if the association between Z* and
B  is almost perfect.
• With BBIA' = 0.4, similar results (as with BRIA' = 1.O) may be
obtained with sample sizes liigher than 3000.

With moderate to high effect of A* on B Chere 1.0). 5 BIA' is then
almost always significant for N higher or equal to 1000. For a low effect

(here 0.4) sample sizes larger than 3000 may be necessary to obtain
sigiiificant values of '913*A. significantly different from zero regardless

of tlie value of /3Blz.. More generally, higher association between Z*
and  B are needed in order to obtain .9BIA' s  nonsignificantly different
from zero for:
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• ForaA• =BBI.'1.   1
Sample size

3000 1000 300 100    50     30
Frequency dist. of B
10/90 > 10 > 10 5.8 2.8 0.6 < 0.2

50/50 > 10 > 10 5.2 3.6 1.6 < 0.2

90 / 10 > 10 > 10 6.2 2.6 1.4 < 0.2

• For aA• I. BBIA. = 0.4
Sample size

3000 1000 300 100    50     30
Frequency dist. of B

10 / 90 7.2 4.8 0.2 < 0.2 < 0.2 < 0.2

50 / 50 8.0 4.8 2.2 0.2 < 0.2 < 0.2

90/10 7.2 4.2 0.2 < 0.2 < 0.2 < 0.2

Table 6.4: Minimal value of c¥z· = dB'z. from which 7 is notBIA'

significantly different from zero.

- large effects  of A*  on  B (in absolute value), rather  than  low  ones;
- large samples sizes rather than small ones:
- equally distributed dependent variables rather than skewed ones.

6.4.2 Two omitted background variables
The original continuous linear model is here

B*  = a + aA• A* + azi.ZI + az.i. Z  + 6.2, (6.6)

with   aA•    >   0, two background variables   Z;   and   ZJ,   and   El   being
a residual term following a logistic distribution. As iIi the previous
section, the effect of A* oil B is estimated from the logistic model in
which Z; and Z; are omitted. i.e..

Logit(BIA*) =78+7B 1.4 'A*

The value of the effect coefficient of A* estimated from the collapsed
complete model (7BIA.) is compared to the original one (aA. ) accord-
ing to different values of a and aZl* Z2.
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Design The design chosen is the following:
- a is equal to 0 and aA• is equal to 1;
- values of a varying from 0 to 6, in steps of 0.5; and values of aZli Z 2*

varying from 0 to a in steps of 0.5;Zl*

- one replication of a large sample (N=50000) per combination of values
of a and aZl* Z2"

Results Estimates of 78'A. obtained from the collapsed table, for
azi and a having values from 0 to 6.0 in steps of 0.5, are shown in

22*

Table 6.5.  With two background variables omitted instead of one, the
effect of A* is usually dampened for lower effects of the (uncorrelated)
background variables on B.  For example, fBI.A' = 0.26 is obtained
for a =  6,0  and  az2*  = 0,0, while .i'BIA. = 0.23 is obtained for

Zli

azl• = 5 and az1• = 5. It is also easy to see that the dampening
of OBIA. is not constant for a constant sum of a and a (see forZl* Zl.

example the values on the first diagonal of Table 6.5).
The dampening of the effect coefficient is in fact strongly related to

the percentage of variance of B* explained by the collapsed variables.
Given the distributional assumptions, the fraction of variance of B*
explained by Z  and Z( is equal to

(azi•)2 + (az2*)2
1+(azl* )2 + (az2•)2 + 7r2/3

The value offBI.A.  as a function of this ratio is displayed in Figure 6.8.
For values of the ratio from 0 to 0.8, fBIA. seems to be approximately
linearly related to the ratio of unexplained variance. A regression
analysis was performed on observations with ratio values lower than
0.8. The slope found  was  -0.80, the intercept  1.00,  and  the  fit  of  the
linear model was good.  Note that altliough the value of the linear-
model  R2  is very high  (0.997),  it  overestimates the quality  of the fit  of
the niodel.  This is due to the high leverage of observations with very
low ratio values. for which the relation is linear.

As can be seen in Figure 6.8, tlie dampening of the effect coefficient
seems to depend approximately linearly on the total contribution to
the explained variance of B* that is lost by omitting the Z* variables.
This result holds if no more than 80% of the variance of B* is accounted
for by the omitted variables.



a

a22. values
(t 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0Zl*
values:
0.0 1.01

0.5 0.96 0.91

1.0 0.84 0.82 0.74

1.5  0.72 0.70 0.65 0.59                            2.0 0.60 0.59 0.58 0.55 0.49

2.5 0.52 0.54 0.50 0.47 0.45 0.39                                                                      €
3.0 0.47 0.47 0.44 0.42 0.40 0.36 0.35

3.5 0.41 0.40 0.40 0.38 0.37 0.34 0.33 0.30

4.0 0.36 0.36 0.36 0.35 0.34 0.31 0.29 0.30 0.28                                          q

4.5 0.33 0.34 0.31 0.32 0.29 0.28 0.28 0.27 0.23 0.23                                                        E.

50 0.29 0.31 0.29 0.29 0.27 0.27 0.25 0.25 0.24 0.24 0.23
5.5 0.29 0.28 0.28 0.27 0.26 0.26 0.24 0.24 0.23 0.22 0.21 0.21                                             4

6.0  0.26 0.25 0.25 0.24 0.25 0.23 0.23 0.23 0.20 0.21 0.19 0.20 0.17
CL

Table 6.5: Value of i,HI.4. given azi· and az2*  (BBIA' - 1,1 replication, N=50000).                          E
91
E.

is

 :
A
B
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Figure 6.8: Value of 1,
BIA. given the fraction of variance of B* ex-

plained  by the omitted variables  Z;  and Z2* (N=50000).
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6.5  Summary and conclusions
As shown in Section 6.1, conditions for unconfoundedness of the logit
or of the DLM effects cannot be deduced from those of linear mod-
els. Specific conditions for collapsing certain variables in logit/DLM
models have to be taken into account.

In Section 6.2, definitions of categories and variables collapsibil-
ity were presented. Also, conditions for collapsibility of categories or
variables, and ways to test whether these conditions are fulfilled were
recalled. Relations between category and variable collapsibility were
underlined. In particular, strong variable collapsibility was shown to
be an extension of the criteria of homogeneity developed by Goodman
(1981).  Finally, in a multivariate framework, the use of conditional in-
dependence properties and the use of the strict collapsibility Conditions
in multivariate loglinear models from Davis (1986) were shown to re-
sult iIi the same subtables as those on which the successive submodels
of a DLM can be fitted.

In Section 6.3, several consequences of collapsing category or vari-
ables when the collapsibility conditions are not verified were examined.
The main results are briefly noted here.

Consider two categorical variables A and B, with B depending
on A.  If two categories of A, namely a and a', are collapsed, the
effect coefficient (with dummy coding) of the collapsed category lies
between the two original coefficients. If three variables A, B and C, are
considered and if two categories of the last variable are collapsed, in
general, the value of the effect of A on B corresponding to the collapsed
category no longer lies between the two original effect values. Hence,
one should be very careful in collapsing categories as the results may
markedly differ from the "original" values.

Suppose that the assignment to the categories of the cause of in-
terest A on the outcome B is randomized and that both variables are
dichotomous. If another dichotomous variable Z, that does not inter-
act with A on B and that has an effect on B lower than the effect
of A, is omitted in the logit equation, the effect coefficient of A on B
can still be estimated quite accurately. This result has been shown
to hold for different distributions of Z and of B and the dampening
was shown to decrease where either B or Z have unequal rather than
equal distributions.  Note that in certain cases the use of a random
effect   model   (i.e.,   here   a  DLM with latent variable) can correct   for
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this underestimation (see, e.g., Aris, Hagenaars. Croon, & Vermunt,
2000).

If variable Z interact with A, the bias of the effect coefficient of A
may be much more important, and the coefficient obtained can eveli
become larger than the original one. Hence, when using a logit model
in a randomized setting, it is important to know whether the effect of
the cause may vary across tlie observations.  If so, the results may not
be close to those obtained from a complete model.

The loss of power for the significance test of the logit effect of A
on B if a relevant variable Z has been omitted is bounded (Robinson
& Jewell, 1991). In addition, the higher the effect of Z the higher the
loss of power.  On a simple logit model, it was shown that the fewer
observations made in the reference class of Z, the higher the loss of
power. Furthermore, if B is skewed on one side, the omission of a
variable Z that would "correct" for this skewness (i.e., for which the
conditional distributions of B are less skewed than the marginal one)
results in a higher loss of power than the omission of a variable Z that
accentuates this skewness.

As a consequence, provided Z does not interact with A, the test
of no effect of A on B is still valid, albeit this test is less powerful
than when Z is taken into account. Indeed, the effect coefficient found
in the collapsed table lies between the coefficient obtained from the
complete table and zero, and the significance test for I10 treatment
effect of A is less powerful when performed oIl the collapsed table than
when performed on the complete one.  If the efTect of A on B varies
across the levels of Z, this result is, in general, no longer valid.

Results from simulation studies on collapsibility in logistic models
were presented in Section 6.4. Provided the correlation between the
independent variable A* and the original continuous dependent vari-
able B* is higher than 0.2 a sample size higher than 3000 seems to
ensure obtaining a significant effect coefficient in the collapsed model
in almost all cases. For an original moderate to large correlation be-
tween  A*  and  B*  (0.5), a sample  size  of 1000 instead  of 3000 seems  to
be sufficient.



244 Collapsibility in Directed Loglinear Models



Chapter 7

Applications

In this chapter, the two statistical causal models studied in Chapters 5
and 6, namely, the Linear Structural Equation Models (LSEMs) with
thresholds models and the Directed Loglinear Models (DLMs) are used
to measure certain associations or effect coeflicients among categorical
variables from three data sets. The first data set consists of answers
from a questionnaire given by members of a (tele)panel (CentERdata,
1999), the second and third  data  sets were collected  for the European
Value Survey by means of a face-to-face interview (Halman et al., 20011
E.V.S., 2000).  For all three data sets, comparable individuals were
asked twice a similar question with different answers formats. For
CentERdata, different random subgroups were asked to answer the
same questions with different response formats. For the EVS data,
the same individuals were asked to answer a question twice with each
time a different response format within the same interview.

The studies presented here all share a common concern, which is
to assess how much the associations or the effects estimates among
the variables may vary given the different response formats proposed.
Furthermore, specific questions may be asked depending on the type
of association used. In particular, several comparisons of the values of
the (polychoric or product-moment) correlations are considered. Vari-
ations and invariance of correlations between the answers are stud-
ied across subgroups that have been offered different response scales.
Variations or invariance of correlations between the answers are also
studied for the same subgroup, comparing when certain response cate-

gories, of the answer-format proposed to this group, are collapsed and
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when not. Considering that the reference time point is the point at
which the respondent gives his/her answer, it will be referred to col-
lapsing eg; ante if the categories of the scale are collapsed before the
question has been answered, and to collapsing €I post if the categories
of the scale are collapsed after the question has been answered and
recorded. If significant differences are found several possible expla-
nations will be examined. With the logodds, it is examined whether
certain response categories are collapsible, and whether the results ob-
tained by collapsing the categories before the interview (ex ante) or
after it (ex post) yield significantly different results.

This chapter is organized as follows. In Section 7.1, using the
CentERdata (1999) data set, invariance of the association estimates
is studied by comparing the pseudo-continuous scale with the differ-
ent categorical scales, and invariance of the association estimates is
compared across categorical scales. In Section 7.2, using the EVS
(1999) data set, invariance of the univariate distributions and of the
bivariate association measures is studied using two different response
formats. Finally, in Section 7.3, with the EVS (1999) data set, re-
sults yielded from a number of statistical causal models (i.e., values
of effect, standard-error, and goodness-of-fit estimates) are compared
where the variables are measured from a dichotOIIlOUS response format
and where they are measured from a seven-category response format.

As a test of underlying bivariate normality is available in LISREL
(i.e: PRELIS 2.30 / LISREL 8.30), and as LISREL was shown to yield
correct standard-error estimates for models with categorical variables
only (see Chapter 5), this program is used to estimate polychoric corre-
lations in Sections 7.1 and 7.2. In section 7.3, since models with both
continuous and categorical variables are estimated, certain LISREL
effect estimates may be biased (see, e.g., results from the simulation
studies in Section  5.4).    When this occurs, both LISREL and Mplus
estimation procedures are used and compared.

7.1 Views about abortion example.
This section focuses on the results given by several methods on a data
set from CentERdata. In this data set a sample of 1416 Dutch house-
holds were asked the following questions:
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Do ·you approve or disapprove of abortion under the following cir-
cumstances f

A.   It  is  likely  that  the  child  will  be  born phvsically handicapped.
B. The woman is not married.
C. The married couple does not want to have any more children.
D.  The mother's health is put at risk by the pregnancy.
The sample was divided into four random sub-samples. III each

subsample, the individuals were asked to answer the above questions
given a certain response format:
•  Group  1 (369 individuals): 100-point scale,
between  1 (complete disagreement)  and 100 (total agreement).
• Group 2 (367 individuals): five-point scale

(completely disagree/disagree/no opinion/agree/completely agree).
• Group 3 (328 individuals): three-point scale

(disagree/no  opinion/agree).
• Group 4 (352 individuals): dichotomous scale

(disagree/agree).
As the four groups are random subsamples of the original sam-

ple, the individuals in each subsample should be comparable and the
structure of the association among answers A, B, C, and D obtained
in each of the four groups should be similar.

Assuming that the degree of approval of abortion is a variable that
should be measured as continuous and that the response-scale 1 to 100
(for Group 1) provides a good approximation of this distribution  (for a
discussion on these two assumptions, see Section  7.1.1), the responses
from Group 1 are considered to represent the responses that would
be given if the scale was really continuous. Given these assumptions
certain questions are of interest: Are the associations (polychoric or
product-moment correlations) between the different answers obtained
from the categorical scales close to those obtained fr01Il the "continu-
ous" response scale?  If not, why not?  Are the associations (polychoric
or product-moment correlations) among the responses similar when
different categorical scales are used?  If not, why not? In Section 7.1.1,
the effect of categorization of the continuous scale is studied in or-
der to answer the first two questions. In Section 7.1.2, differences
between correlations of answers of the same questions but with dif-
ferent categorical response fornlats are studied in order to answer the
third question. Finally, in order to answer the fourth question, in Sec-
tion 7.1.3, the univariate and bivariate distributions obtained when
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certain categories of the response scales are collapsed before or after
the response has been recorded are compared.

7.1.1     Invariance of correlation estimates against catego-
rization

The answers from Group 1 have been recorded on a 1 to 100 scale. For
example, for variable A, the distribution was as follows.

Value  156910202530405051
Frequency 45          3          1 1 22 8 8 11 8     70     1

Percentage 12% 1% 0% 0% 6% 2% 2% 3% 2% 19% 0%

Value  60 65 70 75 80 85 90 95 99 100
Frequency 14 1 12 21 36 1 24 4 4 74
Percentage 4% 0% 3% 6% 10% 0% 7% 1% 1% 20%

Hence, although 100 different answers are in principle possible, the
respondents tend to give preference to certain values: seven answers
('1', '10', '50', '75', '80', '90', and '100') have been chosen by at least
5% of the respondents and represent altogether 80% of the answers.
Thus, a large majority of the individuals seem to answer in a cate-
gorical way.  As the number of different categories chosen (in total) is
large, this distribution can be seen as a pseudo-continuous one. Fur-
thermore, because of the large number of categories chosen, it may be
also assumed that the product-moment correlations between variables
on this scale are close to those that would be obtained from a truly-
continuous response distribution (the categorization effect is here very
low).

If the number of response categories proposed decreases, the cate-
gorization effect may no longer be negligible, and the product-moment
correlation between the categorical variables way differ from that which
would be obtained with the original continuous variables (this correla-
tion often being lower  than the original  one,  see, e.g., Bollen  &  Barb,
1981;   Olsson  et  al.,   1982). The questions of interest   in this section
therefore are, whether these categorization effects are important here
and whether the polychoric estimation procedures correct for these
errors. It is checked whether the correlations between the answers
obtained if the response format is categorical (Groups 2,3, and 4)
are different frOIIl those obtained if the response format is pseudo-
continuous.
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Considering each group independently, the matrices of product-
moment (PM) and of polychoric (PO) correlations between A, B. C,
and D can be estiinated and are equal to (with their corresponding
standard errors within parentheses)

Group  1 (pseudo-continuous scale):
Producl moment

A        B        C
B   0.31(0.05)
C 0.36(0.06) 0.71(0.06)
D 0.37(0.06) 0.17(0.05) 0.18(0.05)

Group 2 (five-category scale):
Product moment Poll|choric

A        B        C              A        B         C
B 0.36(0.06) B 0.41(0.05)
C 0.36(0.06) 0.78(0.07) C 0.42(0.05) 0.85(0.02)
D 0.45(0.06) 0.30(0.05) 0.29(0.05) D 0.53(0.04) 0.38(0.06) 0.41(0.05)

Group 3 (trichotomous scale):
Product moment Polychoric

A        B        C              A        B        C
B 0.34(0.06) B 0.52(0.07)
C 0.32(0.06) 0.63(0.07) C 0.48(0.07) 0.79(0.03)
D 0.32(0.06) 0.17(0.06) 0.17(0.06) D 0.54(0.07) 0.33(0.11) 0.32(0.11)

Group 4 (dichotomous scale):
Product moment Polychoric

A         B         C               A         B         C
B 0.23(0.06) B 0.43(0.09)
C 0.24(0.06) 0.71(0.06) C 0.46(0.08) 0.91(0.03)
D 0.31(0.06) 0.08(0.05) 0.08(0.05) D 0.76(0.09) 0.25(0.16) 0.27(0.16)

In order to compare the estimates of the different correlation nia-
trices, a measure of closeness called the Mean Absolute Relative Dijfer-
ence (MARD) is used. The MARD between two matrices Ci and (2
is equal to the mean of the absolute differences between correlations in
(32 and their corresponding correlation in (71 divided by the correlation
in Cl. Relative differences are used here because a difference between,
for example, 0.1 and 0.2 is considered to be as large as a difference
between 0.3 and 0.6.

With the correlation matrix from Group 1 as the reference corre-
lation matrix, the MARDs found for PM correlations are 31%, 9%,
and 31%. for Groups 2,3, and 4, respectively, and for PO correlations,
62%, 56%. and 50%, for Groups 2, 3, and 4. respectively. Hence,
the PM method yields association estimates 011 average closer to the
reference estimates than does the polyclioric metliod. Furthermore,
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when considering the values of the correlations. it can be seen that the
polychoric estimates overestimate the reference ones.

With the PM method, no significantl differences are found between
the correlations of Group land those of Groups 2,3, or 4.  With the
PO method, significant differences were found for four correlations
between Group 1 and Group 2, two correlations between Group 1 and
Group 3, and two correlations between Group 1 and Group 4.

Hence, if the reference matrix is the correlation matrix from Group
1 (pseudo-continuous scale).  the PM procedure yields better estimates
than the PO procedure in terms of average absolute relative bias, but
it should also be noted that the PM estimates are not significantly
different from the original estimates. Possible explanations for the
large differences obtained for the PO estimates are considered next.

The skewness and kurtosis values of the four pseudo-continuous
distributions are not extreme. The skewness lies between -1.7 and
1.7, and the kurtosis lies between -1.2 and +2.2. However, observa-
tion of the pseudo-continuous distributions provides strong evidence
of multimodality in the underlying continuous distributions (see, for
example,  the  distribution of variable A presented previously). Multi-
modality was shown to disrupt greatly the estimation procedures (See
section 5.6).   This may explain the poor performance of the polychoric
procedures.

Another possible explanation for the difference between the (PM
or PO) correlation matrix of Group 1 aIid the other correlatioii ma-
trices may be that the answers given by the individuals may depend
on the scale proposed. As, for example, Groups 1 and 2 are random-
subsamples, a way to check for answer-format dependency is to cat-
egorize the answers of Group 1 so that the univariate distributions
are similar to those given by Group 2 and to compare the correlation
matrices. If these matrices are very different, it may indicate answer-
format dependency.

Group 1 answers were categorized into five categories in order to
obtain approximately the univariate distributions frOIIl Group 2 an-
swers. Group  1  with the answers  in five categories is called Group  1'.
The  PM  and PO correlations obtained for Group  l'  are:

i The difference between two correlations pi  and P2  estimated from independent
groups with standard errors sepi and S€P2 are significant at the 0.05 level if they

are higher than 2 x 4841 + se%2 ·
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Product moment Polychoric
A    BC             A     BC

Group 1': B 0.33 B 0.41
C 0.39 0.71 C 0.50 0.80

D 0.39 0.16 0.21 D 0.48 0.23 0.32

Estimates from Group l' are close to those of Group 2 (MARDs
of +19%  for  PM  and  of +16%  for PO estimates). Therefore, whether
the categorization is made before (Group 2) or after (Group 1') the
result seems to be rather similar for both PM and PO. However, the
PM correlations between Group  1 and Group  l' are still close  (MARD
of 8%)  whereas the PO correlations in Group land Group  l'  are very
different (with a MARD of 38%).

Hence, the differences between the correlations of Group 1 and the
estimated PO of the other groups seems to be more a consequence of an
overcorrection of the categorization effect than of a dependency of the
responses on the categorical or continuous answer-format proposed.

This overestimation by the PO estimates seems to be due, to a large
extent, to the multimodality of the (underlying) continuous variable.

7.1.2   Invariance of correlations for categorical response
formats

Whereas in the previous section, the effect of categorization was stud-
ied, in this section the efrect of collapsing the different categories is
studied. The question of interest here is whether the correlations are
significantly different from each other if the response format is cate-
gorical with five-, three-, or two-response categories.

If the responses are assumed not to depend on the response format,
a satisfactory (summary) association measure should yield relatively
similar correlation estimates whether five-, three-, or two-response cat-
egories have been proposed to the respondents.

Suppose that Group 2 is considered to be the reference group.
For the product-moment (PM) correlation estimates, the MARDs are
25% and 42% for Groups 3 and 4, respectively. However, for the
polychoric (PO) correlation estimates, the MARDs are 14% aiid of 22%
for Groups 3 and 4, respectively. Therefore, the correlation yielded by
the PO correlation estimates are on average more stable across the
different categorical response format than are the PM correlations.

In addition, whereas 9 out of 12 estimated PM correlations for
Groups 3 and 4 are significantly different from their corresponding
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PM correlation in Group 2, only 4 out the 12 PO correlations differ
significantly from their corresponding ones in Group 2.

Hence, considering the values of the MARDs and of the number of
significantly different correlations, PO seems to yield estiinates that
are more stable across the different categorical response formats. This
is due to the fact that tlie smaller the number of categories, the higher
the categorization effect, and that PM estimates do not correct for this
categorization effect wliereas PO estimates do. Indeed, provided that
the underlying distribution is normal. the categorization effect will be
corrected  by  the PO procedure (see Section 5.2). Hence. wlien using
PO correlations the estimates seem to vary less. as the extra catego-
rization error due to the (ex ante) collapsibility of certaill categories
froni the five-category scale is corrected for.

A way to test simultaneously for invariance against catego-
rization and collapsibility In order to study the invariance of the
correlation estimates among the four groups. the presence of the same
structure of association anwng the answers in the four subgroups was
tested by means of a multigroup analysis.

Several confirniatory factor analysis models were fitted on the four
indicator variables A, 8, C, aIid D separately for Groups 1,2, 3, and
4. The one-factor. four-indicator model did not fit for any of the four
groups, but a two-factor. four-indicator model did. Iii particular, A
and D. which are illore related to health reasons were indicators of the
first latent factor, and variables B and C. which are niore related to
social reasons were indicators of the second latent factor. This result
held for both PM and PO estimates (PO being used only for Groups
2,3. and 4).

In order to test siniziltaneous significance among the structure of
association of the variables given the four different response formats.
a niultigroup confirmatory factor analysis model was fitted with the
restriction that the factor loadings should be the sallie across groups.
With a goodness of fit of 12.0 for 16 degrees of freed01Il. the multigroup
with PM correlation fitted the data quite well.2  With a goodness of lit
of 43.4 for 16 degrees of freedolil tlie Hiziltigrolip with PO correlation

2Note that, because of the equality restriction of the factor loadings across
groups, and because the values of the variances of the categorical variables de-
pends on the coding chosen if PM is used, here. for the PM method all variables
are standardized beforehand.
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did not fit the data. Hence, the correlation structure among all the
different groups is not similar if PM is used for Group 1 and PO is
used for Groups 2,3, and 4. Considering the results found previously,
the reason for this poor fit seems to be the strong discrepancy between
the correlation structure of Group 1 and that of the other groups.

7.1.3   Collapsibility ex ante/ex post
The univariate distributions obtained in Groups 2,3, and 4 are closely
related: by collapsing certain categories of the response format for
Group 4 or Group 3, the response distributions are rather similar to
those of Group 3 or Group 2 (for an illustration with variable A see
Appendix C.1).

In order to evaluate the "robustness" of the associations measures,
such as PM or PO correlation estimates or log-odds ratios estimates,
given the different categorical scales, the effects of collapsing certain
response categories on the association measures obtained are examined
next.

Effect of collapsibility on correlations estimates

Response categories 1 and 2, and response categories 4 and 5 from
individuals from Group 2 are collapsed in order to obtain trichotomous
distributions. Individuals with these distributions are considered to
belong to Group 2'. The PM and PO correlations from Group 2' are
compared below with the original correlations and those obtained frOIIl
Groups 2 and 3.

Product moment Polychoric
A    BC             A    BC

Group 2: B 0.36 B   0.41
C 0.36 0.78 C 0.42 0.85

D 0.44 0.30 0.29 D 0.53 0.38 0.41

Product moment Polychoric
A    BC             A    BC

Group 2': B 0.31 B 0.46
C 0.32 0.73 C 0.49 0.86

D 0.32 0.20 0.13 D 0.51 0.43 0.29
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Product moment Polychoric
A    BC            A    BC

Group 3: B 0.34 B 0.52
C 0.32 0.63 C 0.48 0.80

D 0.32 0.17 0.17 D 0.54 0.33 0.32

No significant differences were found between the correlations of
Group 2' and the correlations of Group 2 or Group 3. The PM corre-
lations of Group 2' are on average close to those of Group 3 (MARD
= 12%) but further from those of Group 2 (MARD = 25%). The PO
correlations are on average close to those of Groups 2 and 3 (MARDs
of 13% and 11%, respectively). Hence, both metliods yield similar esti-
mates whether the categorization is performed ex ante or ex post. The
fact that the difference between Groups 2 and 2' is greater for PM than
for PO can be explained by the correction of tlie extra grouping error
(occurring when categories from the five-point scale are collapsed, see

Chapter 5) by the polychoric procedure.
For the correlation between B and D however, the PO correlations

obtained between Group 2' and Group 3 were less close to eacli other
(0.43  and  0.33)   than  the  PM  ones   (0.20   and  0.17). The crosst ables
between B and D for Groups 2' and 3 are displayed below.

Group 2' Group 3
Variable D Variable D

1.    2.     3.                             1.    2.     3.

1.   24   23 192 1. 13 30 167
Variable B  2. 0 8 74 Variable B 2.    0    12   64

3. 0 1 45     3. 0 1 41

The structure of association seems to be rather close (same zero
cells, almost same ordering of the cells frequencies with respect to
their size). The large difference between the two PO correlations may
be due to the presence of zero cells in the cross table and the low
frequency of all three cells of the sub diagonal (only one individual
in both crosstables). These two phenomena  may  explain the rather
different PO association measures obtained. In fact, using the bivari-
ate underlying normality test from PRELIS 2.3, underlying bivariate
normality between B and D is rejected at the 5% nominal level of
significance for Groups 2' and 3: the P-values are 0.04 and 0.03 for
Groups 2' and 3, respectively. The PO correlations seems tlills to be
less appropriate than the PM correlations when the test of underlying
bivariate normality is rejected. which may occur in cases such as this
when the individuals are likely to have a score equal or higher on one
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criteria (here, D) than on another one (here, B).

Effect of collapsing on log-odds ratios

IIi order to know whether, for example, three categories are sufficient
to represent the association between the different responses. it may be
interesting to measure the effect of collapsing categories of the five-
point scale on the information about the association contained in the
bivariate crosstables.  If, for example, variables A and C are considered,
it may be interesting to compare the information about the association
contained in table AC for Group 2 (five-category variables) to the one
for Group 3 (trichotomous variables). Iii particular, if categories  1  and

2, and 4 aIid 5 of the five-category variables A and C of Group 2 are
collapsible, the information about the association between A and C
will be the same in both tables (see Section 6.2).  If A' and C' denote
the collapsed variables, the likelihood test for collapsibility is equal to
(Gilula & Krieger, 1983).

1;2(AC) -L2(A'C') = 97.6 - 52.2 = 45.3,

with 12 degrees of freedoni. Hence, these categories cannot be col-
lapsed witliout losing a SigIlificant amount of information about the
association between A and C. Similar results are obtained for every
other couple of variables. Hence, if DLMs are used, collapsing the ex-
treme categories results in a significant loss of information about the
association between the variables. Note that if LSEMs with threshold
models are used, given the assumption of underlying bivariate normal-
ity, collapsing categories of a categorical variable does not result in a
loss of information about the bivariate association measures (here, the
polychoric correlations).

Although the results are not collapsible, it way be interesting to
compare tlie odds ratios in Groups 3 and 2', in order to judge the
robustness of the measures against collapsibility of the response scale
before and after the questions are answered. As the two crosstables
obtained are the following.

Group 2' Group 3
Variable C Variable C

1.     2. 3. 1.    2.    3.

1.    86    4 2 1. 7:3 8 2
Variable A 2. 49 19 9 2. 48 16   6

3. 111 42 45 3. 98 27 50
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the local log odds ratios (standard errors in parentheses) are then:

Group 2' Group 3
Variable C Variable C

8.1        0.2                       0.1        0.2

01. 2.12 -0.05 81 1.11 0.41

(0.58) (0.96) (0.92) (0.47)
Variable   A 02. -0.02 0.82 02. -0.19 1.60

(0.33) (0.46) (0.36) (0.53).

For example 812 = -0·05 represent the log-odds ratio between
categories 1 and 2 of A and categories 2 and 3 of B.  None of the four
log-odds ratios found in Group 2' are significantly different from their
corresponding odds ratios in Group 3.

Hence. when USing DLMs, as just shown previously, there does
not seems to be a significant difference iIi the answers of Groups 2
and 3 but a significant amount of information about the association
between the variables is lost if the five-categories scale is collapsed in
a three-categories scale.

7.1.4 Summary
The correlations yielded by tlie polychoric estiniatioIi procedure from
the categorical distributions were further from the "original" correla-
tions than those yielded by the product-moment procedure. The indi-
viduals did not Seem to be influenced by the response scales proposed,
possibly owing to the milltimodality of the underlying distributions of
tlie responses A, 8, C and D. The association among the answers to
the four questions was found to be inore stable across the groups with
categorical answer formats (Groups 2,3, and 4) if polychoric rather
than product-Inoment correlations were used. Tliis is owing to the
fact that polychoric procedures at, least partly correct for the extra
categorization effect that occurs when certain categories are collapsed
whereas tlie product-monlent procedure does not.

When polychoric or product-moment correlations estimates were
used as association measures between two categorical distributions.
no significant difference among tlie associations between the response
distributions was found. Furthermore. no significant difference aniong
the associations was found whether certain categories were collapsed
before or after the respolise was recorded. Tliis last result was also
found for odds ratios although the categories tliat were collapsed were
not collapsible.
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7.2 Successful marriage example.
The data set used here is taken froirl the Europeaii Value. Survey con-
ducted  on 1001 Dutch liouseholds  in 1999 (Halman  et  al.,   2001).    A
member of every household was asked a question twice. each tinie iii a
slightly differeIlt manner during a face-to-face interview. The number
of possible response categories proposed for each forIIl of the questioii
was different ill order to study the dependency of the response on the
response format proposed. IIi the following, it is assumed that no
learning effect has taken place.

The data set considered here contains the responses given by the
respondents when tliey were asked to evaluate the importance of cer-
tain "qualities" necessary to a successful marriage.  The respondents
were asked to answer according to the two following formats (the origi-
nal questions were asked in Dutch aiid are presented in Appendix C.2):

F 1.  Here is a list of things which according to some contribute to a suc-
cessful marriage. How important do you consider each Of these things
(0.  very important / 1.  fairly important / 2.  not so  important) f
F2.  To what extent do you consider the following things important for
nzarriage    (0. 1!el'U much important / 1.  important / 2.  neutral / 3.
not important / 4. not important  at  all) f

The different items proposed to the respondents were:

A.  Faithfulness.
B. Reciprocal respect and esteem.
C Understanding and tolerance.
D. Being able to speak about problems arising between men and women.
E. Spending as much time together as possible.

Out of tlie 1001 respondents. 984 conipleted the questions wit1110
responses. The following study is based on their responses.

Here, unlike in previous section, no continuous or pseudo-continuous
distribution is available. Hence, the question about the possible cat-
egorization effects and possible corrections for it cannot be studied.
However. as in the preceding section, the effect of the collapsibility
on the univariate distributions and on the bivariate association mea-
sures can be studied. Tlie questions of interest are similar to tliose
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on collapsibility studied iIi the previous section, namely: Are the as-
sociations (polychoric or product-moment correlations) among the re-
sponses similar if different categorical scales are used?  If not, why not?
In Section 7.2.1 and 7.2.2, answers to the first question with respect
to (the effect of collapsing categories on) univariate distributiOIls Or
bivariate association measures are given. As iii this data set the same
individuals are asked twice to answer a similar question, a possible
answer to the second question is proposed in Section 7.2.3 by studying
a latent class model with as indicators the answers to the questions in
both formats.

7.2.1        Collapsibility of categories from univariate distri-
butions

If the respondents were not influenced by the wording of the ques-
tions.3 nor by the response format proposed,1, distribution Fl and the
distribution obtained from F2 by collapsing the last two categories
of F2 onto the third one should be similar.  This is not the case.
The frequency distributions obtained are significantly different from
each other. For example, the frequency distributions of regardiIlg the
questioIi concerning faithfulness (A) were (tlie other distributioIis are
shown in appendix C.3)

• A. Faithfulness:
Fl F2 collapsed

very /very much important 853 799

important/fairly important 115 136

not so important,/ neutral + not (at all) important       16 49 (27+10+12)

A Chi-squared test of marginal honiogeneity of the two distribu-
tions has a likelihood ratio value of 21.1 for 2 degrees of freedoni.  The
two distributions are significantly different from eacli other. Similar
results are obtained for the other couples of variables. Certain remarks
about the difference between the frequency distributions can be Inade
(which also hold for variables B to E):
- answer category '0' (very /very nizich important) is chosen nlore fre-
quently in Fl thaii in F21

3 i.e., their answer would not be different for nonsignificant differences in the
wording of the same question

4 i.e., that the position of the respondent in the spectrum of different opinions
do not dependent on the coding chosen to represent this spectruin
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- category '1' (important'/'fairly important') is chosen less frequently
iii Fl than iIi F2 (except for E);
- category '2' of Fl ('not so important') is cliosen less frequently than
the union of categories '2', '3', and '4' of F2 ('neutral' + 'not (at all)
important').

Therefore, answers with Format  F 1  cannot be easily deduced  from
answers with Format F2. This may be due to the fact that the label-
ing of the two questions and of the first two categories of Fl and F2
are not identical. Indeed, the semantics used in the question, and/or
the labels put on the rating scales may activate different cognitive
categories, which  may  in turn produce different  answers  (see.  e.g.,  Os-
trom   &  Gannon,   1996). In other words, given  the same underlying
continuous evaluation of the importance of the item for a successful
marriage, the threshold values from which one category may be cho-
sen instead of another may be shifted because of a slightly different
wording of the category (for a description of the threshold model, see
section 3.1.2). Furthermore,  note  that the wording  of the answer  cat-
egories are symmetric  in  Format   F2   but   not   in  Format   Fl.    As  the
underlying continuous opinion seems to be very skewed, this symme-
try or asymmetry of the response scale may also have an effect on the
responses. Indeed, the respondents may well tend to situate themselves
in the middle of the scales which way come from a natural tendency to
show a moderate position. Hence, the fact that the distribution of the
answers  from  F 1 is skewer  than the distribution  from F2 collapsed  in
three categories may be because the center of the scale for Fl is 'fairly
important' while for the original F2 the center of tlie scale is 'neutral'.

7.2.2  Collapsibility of categories from bivariate distri-
butions

If tliere is only a shift in the categorical distributions owing to a shift
of the difTerent thresholds implied by the different labeling of the re-
sponse categories. and if the collapsibility/categorization effect is null
or perfectly corrected, the product-moment or polyclioric estimation
procedures should yield similar correlation estimates for Fl and for
F2.

The product-moment and polychoric correlations among the dif-
ferent answers of the same batteries of questions are estimated and
presented below:
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Product moment Polychoric
A BCD A    BCD

B 0.11 B   0.29
Format  F l: C 0.12 0.22 C 0.27 0.47

I) 0.11 0.17 0.16 D 0.23 0.41 0.34

E 0.14 0.03 0.06 0.13 E 0.27 0.11 0.10 0.23

Product moment Polychoric
A    BCD          A    BCD

B 0.38 B 0.46
Format F2: C 0.27 0.53 C 0.39 0.74

D 0.27 0.45 0.45 D 0.38 0.63 0.62

E 0.27 0.12 0.14 0.18 E 0.37 0.17 0.21 0.28

The differences between the correlations of two variables in F2 and
the correlations of the same variables iIi Fl are then (standard errors
within parentheses):

Product moment (F2 vs. Fl) Polychoric   (F2  us.    Fl)

ABCD   ABCD
B 0.28 B    0.17

(0.04) (0.07)

C 0.16 0.31 C 0.12 0.27

(0.04) (0.04) (0.06) (0.08)

D 0.17 0.29 0.29 D 0.15 0.22 0.28

(0.03) (0.04) (0.04) (0.06) (0.08) (0.07)

E 0.11 0.08 0.09 0.06 E 0.10 0.06 0.11 0.06

(0.03) (0.03) (0.03) (0.03) (0.04) (0.07) (0.06) (0.05),

with Sep2-pl =
 Se#1 + se#2,-2cot,(P2;Pl). for

two correlations pi

and P2 from F 1 and F2 respectively. Hence. all product-moment cor-
relation differences are significantly different from zero, while three
of the ten polychoric correlations are not significantly different from
zero. Furthermore, for both estimation procedures the estimated cor-
relations are systematically higher  in  F2  than  in  Fl.

Using polychoric correlations instead of product-moment correla-
tions results in a slight decrease in the discrepancy in the associations
among answers from Fl compared to the corresponding ones from F2.
However this discrepancy is still important. Therefore, not only the
univariate distributions but also the bivariate association between the
responses seems to differ depending on Fl or F2 is considered.  If
the tests of underlying bivariate normality are not rejected. then it is
possible to argue that the underlying continuous variables are in fact
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not siniilar for questions from formats Fl and the corresponding ques-
tions from forillat F2. These tests of underlying bivariate normality
are considered next.  The resulting P-values of the test of underly-
ing bivariate normality from LISREL obtained for the tricliotomous
(Fl),  tricliotomized (F2 collapsed), or five-category (F2) variables  are
presented below.

Trichotomous 7hichotomized Five-category
A BCD A B C D A B C D

B 0.04 0.00 0.00

C 0.14 0.12 0.00 0.00 0.00 0.00

D 0.17 0.05 0.23 0.03 0.74 0.01 0.05 0.37 0.1.3

E 0.00 0.12 0.15 0.99 0.00 0.83 0.21 0.02 0.00 0.02 0.18 0.00

hi the tests of underlying bivariate-normality, for the five-category
variables, only three out of ten tests were not rejected, and for tlie tri-
chotomous variables, seven of the ten tests were not rejected. In total
the outcomes of the underlying bivariate normality tests are different in
six cases out of ten. The hypothesis of an underlying bivariate normal
continuum for both trichotomous variables and five category variables
can only be accepted (i.e., not rejected) for the bivariate tables CD
and CE. Hence, in 80% of the cases here, it is not possible to conclude
that the same underlying binormal distribution can be assumed for
the trichotoInous and the five-category variables.

By collapsing the last two categories and obtaining the "trichoto-
mized" variables. the test of underlying bivariate normality of table CD
becanie significant (from P=0.13 to P-0.01) and that of table BE be-
came  nonsignificant  (from  P=0.02  to P=0.83). Hence, the Outcome of
the above test may differ when certain categories are collapsed because
of the nonperfect underlying bivariate normality in the crosstables with
five-category variables. Therefore, for polychoric correlations, collapsi-
bility of categories should be evaluated on the basis of the change that
Inay occur in these underlying normality tests as it may transform a
bivariate distribution that may well respect the underlying normality
assumption to one that may not and vice versa.

In conclusion, as the underlying bivariate distribution cannot be
considered to be normally distributed, althougli the polychoric corre-
latiotis are different it is not possible to conclude at tliis point that the
questioiis are considered to be different by the individuals.
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7.2.3 Latent class analysis
The results frOIIl the two previous sectioiis indicate that there is no
simple correspondence between the responses from format F2 and the
corresponding responses from format   F l.     Here, a latent class model
is used in order to study the relationship between the two response
formats.

For each question, the individuals should have several distinct pos-
sible response patterns depending oil the different (latent) classes to
which they belong. The probabilities of the responses from formats Fl
and F2 for eacli of these classes are then coinpared across variables.  In
order to see directly to which questioIi and format an indicator corre-
sponds. each indicator is denoted QF„ with Q representing a question,
and Fi representing the format (for i = 1.2).  For example,  BF2  cor-
responds to the response to question B under format F2.

The model with all five latent variables corresponding to the five
different questions was fitted to the data (with all association pa-
rameters among the latent variables higher than the second order
ones being assumed   to   be zero). Owing   to the large dimension  of
the observed crosstable  (35  x  55).  most  of the estimated cell frequen-
cies are zero and the goodness-of-fit-indices, such as the Likelihood
RatiO (L 759234)

= 1681.9. P = 1.00) and the Pearson chi-square

   059234)
= 2270521.7, P = 0.00), seems to be far from their asymp-

totic value and yield conflicting results. As already noted in Sec-
tioIi 4.1.4, this phenomenon is not rare.

III order to work on less sparse data sets, two separate models
are (:onsidered. the first with the three latent variables corresponding
to questions about what could be called "intrinsic" qualities (A, B.
and  C),  and the second model focusing on questions about "external"
qualities (D alid E).

The results found using the first niodel (shown in Figure 7.1)
are presented in the followiIig.  If only two latent classes are chosen,
the model does not fit the data adequately according to the Pearson

goodness-of-fit test (X2  The model with tricliotomous latent vari-
ables without restrictions on the values of the conditiolial probabili-
ties (of answering in a certain category given the fact of belonging to
one of the latent categories) yielded acceptable goodness-of-fit indices

(Lt'3302-1-23) = 325.6, P = 1.00 and X2 = 2851.4. P = 1.00).(3302+23)
Note that the '+23' in the calculation of the nunil,er of degrees of
freedom stems from the fact that. as usually iIi latent class analysis.
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Figure 7.1: Latent class model on variables A, B, and C, with the two
different response formats Fl and F2 (Successful marriage example,
source: EVS, 1999)

one degree of freedom is claimed for each null conditional probabili-
ties.  If four latent classes are chosen and the effect is constrained to
be linear, the fit of the model obtained will not be satisfactory. Hence,
only the three-latent-class model is considered further. Restrictions
consisting in setting equal the corresponding conditional probabilities
obtained for T, U, and V resulted in conditional goodness-of-fit tests
significantly different from zero and were rejected. Hence, the response
patterns of the different questions A, 8, and C given each latent class
are not identical. The conditional probabilities found for the unre-
stricted model are as follows:

T                                                                         U                                                                          V
012    012    123

(0.83)  (0.15) (0.02) (0.86)  (0.12) (0.02) (0.80)  (0.18)  (0.02)

0 0.97 0.36 0.48 0 0.99 0.76 0.59 1 0.94 0.57 0.61

Afl  1 0.03 0.60 0.13 B 1 0.01 0.24 0.36    CF,1 2 0.06 0.42 0.31Fl
2 0.00 0.04 0.39 2 0.00 0.00 0.05 3 0.00 0.01 0.09

0 0.97 0.06 0.00 0 0.99 0.16 0.00 1 0.95 0.10 0.00
1 0.03 0.75 0.00 1 0.01 0.84 0.00 2 0.05 0.90 0.00

A    0 0.00 0.16
0.1 9             B F.2     2

0.0 0 0.01 0.54  ('F2 3 0.00 0.03 0.48F2 -
3 0.00 0.03 0.25 3 0.00 0.00 0.09 4 0.00 0.00 0.36

4 0.00 0.00 0.55 4 0.00 0.01 0.37 5 0.00 0.00 0.16

0.97 represents, for example, the probability of answering '0' to
question A if the individual is in class 0 of T.  For T, U, or V, class
0  represents  by  far the majority  of the population  (more  than  80  %),
while class  2  is  a very small minority group (around  2%).  Even  if the
conditional probabilities are not equal, they are rather similar given
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latent variables T, U, or V. Several tendencies are detailed below.
• Individuals from class 0 of T, U, or V almost always choose response
'1' in both formats (i.e., 'very important' or 'very much important').
• Individuals from class 1 of T, U, or V choose between the first two
categories of variables coded by format Fl with different probabilities
according to the question, and choose between the first three answer
categories of variables coded by format F2 with a very high probability
for the second answer.
• Individuals from class 2 of T, U, or V tend to behave rather differ-
ently depending on the response format.  If they are asked to answer
according to a response format F2, they do not choose the first or
second categories, whereas the majority choose one of the first two
categories if the response format is Fl.

For the study with answer D and E, the following conditional
probabilities were found:

X Y
0          1          2                            0          1          2

(0.81) (0.16) (0.03) (0.31) (0.50) (0.19)

0 0.95 0.59 0.16                 0 0.82 0.07 0.02

DFl 1 0.05 0.41 0.61 EFl 1 0.17 0.93 0.07
2 0.00 0.01 0.23 2 0.01 0.00 0.91

0 0.93 0.00 0.00 0 0.77 0.00 0.02
1 0.05 1.00 0.00 1 0.23 0.60 0.06

DF'l 2 0.01 0.00 0.89 EF2 9 0.00 0.37 0.37

3 0.00 0.00 0.05 3 0.00 0.03 0.40

4 0.00 0.00 0.05 4 0.00 0.00 0.15

The behavior of the three classes of X with respect to the response
of question D is similar to that observed for T, U, or V. The relations
between Y and the two response formats of E are somewhat different.
Indeed, the answer categories of Eli'l chosen by the individuals are
much more precisely defined by the three latent classes to which they
belong. Individuals in latent class 2 tend to choose the same type of
categories in both response format: category 2 of EFl and categories
2.3, or 4 of E 2·

Hence, although  for the large majority  of tlie population (class  0),
category  '0' is chosen  in  both  F 1  and  F2 formats, there  is in general
no simple correspondence between categories of Fl and categories of
F2. One minority group of the population (group2) seems to consider
that responses '1' from format F2, and either responses '0' or '1'of
format F2 are compatible, whereas another small minority group (class
2) seems to consider that responses '2', '3', and '4' from format F2,
and either responses  0' or '1' of format F2 are compatible. However,
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it should be noted that nonequivalence betweeii the categories of the
two  formats Hlay also come  from  the questions as,  for  Oile of them  (Y),
the correspondence between the categories seems to make sense ('0' of
Fl with '0' or '1' of F2, '1' of Fl with :1' or '2' of F2, and '2' of Fl
with '2', '3' or '4' of F2).

7.2.4 Summary
In the example given here, the univariate distributiOIlS obtained for
response format F 1 and response format F2 (if the last tliree categories
are merged) were shown to be significantly different. Furthennore,
the product-moment or polychoric correlations were also shown to be
significantly different from each other.

The difference between polychoric correlations could not be shown
to be the consequence of a different association between the underly-
ing continuous variables as the outcomes of the underlying bivariate
normality tests on the two formats ofteIi differed. hideed, for cer-
tain bivariate distributions, collapsing certain categories did influence
the test of underlying multivariate normality, the outcome of the test
becoming significant or nonsignificant.

By means of latent class models, a subpopulation was distinguished
and may at least partly explain the large and significant differences in
the univariate and bivariate results given the two formats Fl and F2.
Tliese individuals correspond to the individuals in the third class of
the latent variables  T,  U,  V,  and X, whose answers strongly depend
on the response format proposed.

7.3   Choice of neighbors example

IIi this section, unlike the previous ones, several variables are supposed
to be independent whereas others are supposed to be dependent. Given
the ordering assumed, it is possible to fit statistical causal models in
order to measure the dependencies. Hence, because of this possible
ordering, attention is paid here to the outcomes of the statistical causal
models used (e.g., values of the effect coefficients, or of the goodness-
of-fit indices of the model) that may help to gain more insight into the
structure of the dependencies rather than tlie associations among all
variables.

The dataset studied is extracted from the European Value Survey
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(Halman et al.. 2001). In this study. 1001 respondents are asked the
followiiig questions (the original questions were asked in Dutch and
are presented in Appendix C.2):

Would  you accept having these types of people as neighbors  

I. People with a criminal record.
J. Extreme leftists.
K.   Heauv drinkers.
L. Eztreme rightists.
M.   Emotionally unstable people.

These questions appeared twice in the questionnaire with different
"response formats proposed: either a dichotomous ( 'yes' or 'no J or a

likert scale from 1 (='absolutely not') to 7 (='yes'). Iii addition, age
(Age). level of education (Educ) and sex (Sex:  7' for men and '1' for
women) of the respondents were also collected. Variables age and level
of education are trichotomized.  For age, the categories are '0' for less
than 35 years old, '1' for from 35 to 54 years old, and '2' for more than
55 years old. For level of education. the categories are '0' for low. '1'

for medium. and '2' for high.
In total, 966 respondents completed the questions with 10 re-

sponsed. The following study is based on their answers. The statistical
causal models selected and studied in Chapters 5 and 6 are considered
here. Directed Loglinear Models with latent variables are studied first.
Linear Structural Equation Models with thresholds models are then
studied. As latent variables are used in the model, the traditional
SEM account of causation is used here and all relations measured are
assumed to satisfy the isolation, association, and directioil of causation
prerequisites (see Sections  2.2.2  and  2.5).

7.3.1 Directed Loglinear Models with Latent Variables
Iii order to determine several possible response patterns within the
population. several latent class analysis models on indicators I, J,

IC, L, and M are first tested. DLMs including also age. education,
and sex are tested subsequently. Tliis model building strategy con-
sisting of first fitting the measurement models and then fittitig the
Complete InOdel has been often reconimended (see, e.g, Anderson &
Gerbing. 1988) although other strategies are available (see. e.g., Hay-
duk & Glaser. 2000).



Choice of neighbors example 267

Latent Class Analyses
The first latent class analysis model is performed on the five dichoto-
mous variables. A latent class with three dimensions fits reasonably:
L2    = 24.0 (P=O.09) and X2 =  25.4  (P=0.06).   The con-(14+2) (14+2)
ditional probabilities of giving certain answers on variables I to M
given each of the three latent classes are as follows:

X
Class 0 Class 1 Class 2

(0.275) (0.431) (0.294)

I. 'no' 0.219 0.160 0.655

'yes' 0.781 0.840 0.345

J. 'no' 0.137 0.505 0.839

'yes' 0.863 0.495 0.161

IC. 'no' 0.458 0.440 0.920

'yes' 0.542 0.560 0.080

L. 'no' 0.000 1.000 0.911
'yes' 1.000 0.000 0.089

At. ano' 0.207 0.116 0.471

'yes' 0.793 0.884 0.529

with, for example, 0.219 representing the conditional probability
of a 'no' answer to the question of accepting people with a criminal
record given that the respondent is in the first latent class.

The three classes can be described as follows.
•  Class  0  (28% of pop) "The political and social tolerants": individ-
uals in this class have a high degree of acceptance (higher than 80%)
of people with social problems (heavy drinkers, criminal record, emo-
tionally unstable) and of political extremists.
• Class  1  (43 % of pop) "The social tolerants": individuals in this class

distinguish themselves by a high degree of tolerance concerning social
conduct (people with a criminal record, emotionally unstable people or
heavy drinkers are accepted with a probability higher than 50%) and
a low degree of tolerance concerning political extremism (extreme-left
persons are accepted with a probability of around 50% and extreme-
right people  are not accepted  at  all).
•  Class 2  (29% of pop) "The intolerants": individuals in this class are
the least tolerant in all aspects. The degrees of acceptance found are
always the lowest ones of the three groups. Except for the emotionally-
unstable-people group, the degree of acceptance of the different groups
is not higher than 35%.
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In order to check whether the three latent classes would also be ob-
tained if the dichotomization of the responses was performed a poste-
riori, the seven-category variables are dichotomized (the dichotomiza-
tion process consisted in setting all values originally lower or equal to 2
to the value 0, and all values higher than 2 to the value 1) and a three
latent class model is fitted. The goodness-of-fit values obtained are
close to those found witli the dichotomous variables (Lt14+1) = 26.6,
P = 0.03, and X2 =  26.5,   P  =  0.03). The conditional response

(14+1)
probability found is as follows:

X
Class 0 Class 1 Class 2

(0.188) (0.426) (0.386)

1. 'no' 0.142 0.153 0.601

'yes' 0.858 0.847 0.399
J. 'no' 0.000 0.555 0.847

'yes' 1.000 0.446 0.153

K. 'no' 0.347 0.378 0.977

'yes' 0.653 0.622 0.023

L. 'no' 0.009 0.953 0.939

'yes' 0.991 0.047 0.061

AI. 'no' 0.145 0.053 0.381

'yes' 0.855 0.947 0.619

The three classes found correspond to the classes obtained from
the dichotomous variables, and their size are comparable. Hence,
these three classes seem to distinguish between the respondents rather
clearly as similar results are obtained whether categorization occurs
before or after the response is recorded.

Directed Loglinear Models with latent variables

The effects of age, sex and education on belonging to one of the three
classes is studied with a directed loglinear model. The model shown
in Figure 7.2 is selected. In this model, age, education and sex are
supposed to be the independent variables, tolerance is supposed to
be influenced by education, age, and sex, and the effect of either,
age, sex, or education, is supposed to be constant across the levels of
the other variables. The results found using the dichotomous or the
dichotomized variables are described below.

On the dichotomous variables The Directed Loglinear model
chosen, shown in Figure 7.2. seems to fit the data adequately (Lt           -531+2)
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A: Age -

 --  C:
Educ: :1X:  Tol J\1 -itiB: Sex - I.JKLM

Figure 7.2: Directed Loglinear II10del (source EVS, 1999)

565.9, P = 0.16: X2 - 585 6. P = 0.06)(531+2)
The latent classes fouiid are the saine ones as those found pre-

viously and the distribution of the population withill these classes
is  similar:   28% are "social and political tolerants",  47% are "social
tolerants",  and are 25% of 'Lintolerants". The values of the effect pa-
rameters on the three tolerance classes are presented iIi Table 7.1. The
effects of age, education, and sex are significant.

On the dichotomized variables The goodness-of-fit indices of the
model Shown iii Figure 7.2, applied to the data set in which the seven-
category indicators are dichotomized, are also satisfactory (L2        -

(531+2)

515.4, P = 0.70, and X631+2) = 526.0, P = 0.58).  The effect of sex
is no longer significant. Values of the effect coefficients are shown in
Table 7.1.

Several coninients can be made on Table 7.1 with respect to the ef-
fect coefficients yielded when using the dichotomous or the dichotomized
indicators. First, all signs are the same whether they are estimated on
the data set with dichotomous or dichotomized variables, except for
tlie effect /3 However this effect is not SigIlificant in any of theXI A

0/1 1/0'
two models. Second, regarding the significance of the effects, eight out
often effect coefficients are significant or not significant when either
dichotomous or dichotomized variables are used. The four coefficients
of 11ighest value aiid the higliest Z values are the same in the DLM frOIIl
dichotomous variables and in the DLM from dichotoniized variables.
The two coefficients with the lowest Z values are also the sallie.

Hence. the results obtained from the DLM from the dichotomized
and the dichotoinous variables are very similar and the same kind
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With dichotomous variables With dichotomized variables
Param€ter Value Std. Z Parameter Value Std. Z

. ,X I  A 0.09 0.20 0.5
11':i, tto

-0.28 0.21 -1.3
 011 VO
GXI A 0.78 0.25 3.1 0.12 0.29 0.4rxIA
' 0/1 2/0  0/1 2/0
A X I A 0.76 0.36 2.1 AX I A

0.95 0.29 3.31'2/1 1/0 1'2/1 1/0
9114 1.81 0.39 4.6 ( XI

A
2.05 0.33 6.2' 2/1 2/0 , 2/1 2/0

dx'B 0.45 0.18 2.6 Bwigo 0.35 0.19 1.8
0/1 1/0

601, '10 O.01           0.24          0.0             8271| 270
0.32 0.22 1.5

9 x 1 c. -1.63 0.28 -5.9     3 r'
c. -0.96 0.28 -3.4

' 0/1 1/0 "0/1 1/0
3 XIC -1.76 0.28 -6.2 r t x I C'

0/ 1 2/0 po/1 2/0 -1.43 0.30 -4.8

BrIC -0.77       0.35 -2.2
 32'/1 | 1/0

-0.63 0.30 -2.1

 2- 11
Il,0 -1.41 0.39 -3.6 B XI

C
-1.56 0.33 -4.7' 2/1 2/0 2/1 2/0

Table 7.1: Effect parameters on the latent variable from the DLM,
the effect parameters being restricted by dummy coding (choice of the
neighbors example, source: EVS99)

of interpretation of tlie dependencies will apply to both data sets.
Individuals from the middle- or oldest- age bracket seem to be more
inclined than individuals in the youngest age group to be in the class
of social and political tolerants or intolerants rather than in the class
of social tolerants (majority of significant positive effect parameters of
age on tolerance). IIidividuals  with an "average"   to high education
seem to be more iIicliIied than tliose with a "low" education to be in
the class of social tolerants rather thaIi the other classes (majority of
negative positive effect parameters). Men seems to be slightly more
inclined than women to be in the group of social tolerants rather than
in one of the other two groups.

7.3.2 Linear Structural Equation Models with latent vari-
ables

If the concept of tolerance for each individual is considered to be con-
tinuous although it has been measured by categorical indicators, Lin-
ear Structural Equation Models (LSEMs) witli thresliolds models can
be fitted on the data sets. Here also. the measurement model for the
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tolerance concept is coiisidered first, and the complete LSEM is fitted
subsequently. IIi the following, results froin the data sets with the
dichotomous variables or with the seven-category variables are consid-
ered and compared.

Confirmatory Factor Analyses
Different Confirmatory Factor Analysis models are fitted on tlie seven-
category variables and oii the dichotonious variables.

For the seven-category variables, a Maximum Likeliliood procedure
is used to fit the CFA models. A one-factor, five-indicator 1IlOdel is
tested first but that model does not have an satisfactory fit (X 5) =
144.8,   P   =  0.00). A two-factor, five-indicator model is then tested,
with the first factor influencing the "social"  tolerance  (I,  K,  and  M),
and the second the "political" tolerance   (J  and L). Considering  the
fact that 966 individuals are taken into account iIi the study, the good-
ness of fit of this model can be considered acceptable here (X 4)  =  12.6,
P  =  0.01,  RMR  =  0.05).    Note that except  for tlie distribution  of  A
for which a small degree of multimodality is found (the distribution
found was 18%-14%-19%-14%-10%-8%), the distributions of the seven-

category variables are not found to be multimodal.
For the dichotomous variables, the polychoric procedures from

PRELIS 2.3 is used to estimate the correlations, and the CFA mod-
els are fitted with a generalized-weighted-least-squares procedure from
LISREL 8.3. Here also, the one-factor, five-indicator niodel does not

fit the data (X 5) = 61.2, P = 0.00) and the same two-factor, five-
indicator model is acceptable  (X 4)  =  10.8,  P  =  0.03,  RMR = 0.04).

Given tlie above results, the one-factor, live-indicator models is
not studied further and the two-factor, five-indicator model is used
to measure the tolerance concepts. In order to study the influence of
age, education, and sex on the degree of political and social tolerance,
several LSEMs with latent variables are presented next.

Linear Structural Equation Models with Latent Variables

Results from models with the same variables but different formats.
and possibly different estiniations procedures are presented here. So.
cial tolerance is supposed to have an influence on political tolerance
but not the other way around. Therefore, the models considered here
are recursive models. First, the seven-category indicators are used,
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Figure 7.3: Recursive SEM with a latent variable (Choice of the neigh-
bor example, source EVS, 1999)

and all variables are treated as if they are continuous. Second, the
dichotomous indicators are used and all variables are treated as cat-
egorical and a polychoric estiniation procedure is used. Finally, the
dichotomous iIidicators are treated as categorical and the independent
variables are treated as continuous. Both polychoric and polyserial
estimations procedures are used to fit tliis model. The models have
been estimated with LISREL. As LISREL was shown to yield possi-

bly inaccurate estimates when polyserial correlations are considered,
Mplus is also used for the last case.

On apseudo-continuous" variables The seven-category variables
are handled as if they are continuous and a Maximum Likelihood pro-
cedure is used to fit the LSEM on the data set (which is a reasonable
estimation procedure here, see Dolan,  1994). Tlie selected model is the
one shown in Figure 7.3. The Chi-squared goodness-of-fit estimated
value indicates a poor fit (XI15) = 74.6, P = 0.00) but the RMR is
acceptable CRM R = 0.03).   The  values  and  standard  errors  of the  sig-
nificant effects are shown in Table 7.2. The significant effects found
are those of age and education on social tolerance and of age, sex, and
social tolerance on political tolerance. An increase of one level of age
category decreases the social tolerance level by 0.14 units and the po-

litical tolerance  by  0.06  unit (only direct effects are considered  here).
A change from low to middle level of education or from middle level to
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\Vith PRELIS 2.3 /LISREL 8.3
All continuous All categorical Cont. + Categ

variables variables variables
Soc. tol. Pol. toI Soc'. tol. Pot. tol Soc. toI. Pol. tol

Eftert of :
Age -0.14 -0.06 -0.20 -0.13 -0.25

(0.02) (0.03) (0.03) (0.05) (0.04)        -
-5.9 -2.0 -6.4 -2.7 -6.1

Educ 0.07               -               0.10               -                                  -0.07
(0.02)          -          (0.03)          -              -          (0.01)
3.0          - 3.4 1.8

Sex              -         0.06         - 0.11 0.05

-          (0.03)          -          (0.05)           -          (0.01)
2.2 2.4 .1.0

Soc. toi.      -      0.87      -      0.80      -      0.96
(0.08)    -    (0.10)    -    (0.01)

-           11.5           - 8.3 65.9

Table 7.2: Effect parameters on the latent variables from tlie LSEMs,
obtained with PRELIS 2.3 / LISREL 8.3 (choice of the neighbors
example, source: EVS99)

high level, increases the social tolerance level by 0.07. The liypothet-
ical change from man to woman increases the political tolerance level
by 0.06. Finally, the increase of one unit in social tolerance results iii
an increase in 0.87 unit in political tolerance.

On categorical variables (polychoric correlations only) All
variables are considered here to be categorical and the model showll
in Figure 7.3 is again fitted on tlie polychoric correlation matrix by
means of a WLS estimation procedure.  Its fit to the data can be
considered as acceptable regarding the RMR value (Xt15) = 54.1. P
=  0.00,   RAIR   =  0.05).    All significant effects found  are  of the sallie
magnitude as the effects found in the model obtained from continuous
variables   only (see Table 7.2). However,   it   can be noted   that   tlie
estiInated effects of age, education, atid sex are slightly higher. and
the effect of social tolerance on political tolerance is slightly lower
tlian the correspondilig effects obtained by the model fitted on the
continuous variables.
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On continuous and categorical variables   Here the only variables
considered categorical  are the tolerance indicators  (I.  ....  M),  the oth-
ers being considered continuous. Polychoric correlations are estimated
among the indicators. whereas polyserial correlations are estimated
between each indicator and age, education, or sex.

Using LISREL, the goodness-of-fit values obtained for the model
shown in Figure 7.3 are Inuch poorer than the previous values (Xt,5) =
307.3).   Education is found to influence political tolerance significantly
but not social tolerance, age is not found to significantly affect political
tolerance. The goodness-of-fit valile of the new model is still poor
(X 16) = 292.8, P=O.00, RMR = 0.29). Furthermore, no significant
effect seems to be omitted, as adding additional effects does not result
iIi sigiiificantly better goodness-of-fit indices.

As seen from the simulation studies in Chapter 5, when both cat-
egorical and continuous variables are present, LISREL goodness-of-fit
values may overestimate the correct ones because of nonnormality,
whereas if all variables are categorical the goodness-of-fit values are
close to their original value (i.e., here the ones of the model on pseudo-
continuous variables).

Note also that the structure of the effects found here is also very
much different tlian in the other niodels (the values of all effect coef-
ficients obtained is shown in Table 7.2). Education no longer affects
social tolerance but does affects political tolerance, and age no longer
affects political tolerance. Furthernlore, the values of the remaining
effects and of their significance tests vary very much from those found
previously. In particular the effect of social tolerance on political tol-
erance is much higher tlian found previously.

The estimation procedures implemented in Mplus are then used
iIi order to compare their estimates to LISREL ones. The (robust-
)goodness-of-fit of the model shown in Figure 7.3 is much less pro-

nounced (Xti,) = 50.3. P = 0.00) than the. previous LISREL one. The
coefficients obtained with LISREL and Mplus from this data set with
continuous aIid categorical variables are shown ill Table 7.3. The struc-
ture of the effects and of the significance test is close to those found
with niodels estimated from contintious variables only or from cate-
gorical variables only. Furthermore. the signs of all significant effects
were in accordance with the signs found in nlodels with continuous
variables only or categorical variables only.

Therefore. in models with both continuous aiid categorical variable.
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With PRELIS 2.3 /LISREL 8.3 With ilplus 1.04
All continuous Cont. + Categ Cont. + Categ

variables variables variables
Soc. toI. 1,01. toi Soc. toI. Pol. toi SoC. toi. Pol. 101

Effect of :
Age -0.14 -0.06 -0.25 -0.25 -0.14

(0.02) (0.03) (0.04) (0.04) (0.06)

-5.9 -2.0 -6.1 -6.0 -2.3

Educ 0.07               - -0.07 0.12         -

(0.02)           -              - (0.01) (0.0·1)
3.0 -4.8 3.1

Sex                        -               0.06               - 0.05 0.16

(0.03)          -          (0.01)          -          (0.08)
2.2           -           4.0           -           1.9

Soc. tol.      -      0.87      -      0.96      -      0.81
-          (0.08)          -          (0.01)          -          (0.10)

11.5               -               65.9               -                8.5

Table 7.3: EfTect parameters on the latent variables from the LSEMs,
obtained with LISREL or EQS (choice of the neighbors example.
source: EVS99)

the estimates from Mplus seem to be much more reliable than those
from LISREL. Note that this result is in accordance with what was
already found iii the simulation studies from Chapter 5.

7.3.3 Summary
The causal models fitted in this section were shown to yield similar
results given different formats, in most of the cases. The Directed Log-
linear Models estimated OIl both categorical and categorized variables
had a similar structure, most of the effects being of Coulparable size,
although effects which were not highly significant may have differed.
This was also the case for the Linear Structural Equation Models with
the seven-category variables, or with all variables treated as categor-
ical. However. witli LISREL the results yielded by SEMs with cate-
gorical indicators and ContinUOUS background variables deviated froni
the two preceding results. The goodness-of-fit of the polyserial models
were much more inflated, and the structure of the effects obtained was
different froul that obtained from the other studies. This may be due
to tlie fact tliat results yielded by a WLS-procedure used from poly-
serial estimates are less robust against nonnormality of the bivariate
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distributions than if the WLS procedure is used from polychoric esti-
mates. Results yielded by Mplus on the data set with both continuous
and categorical variables were close to the results from models with
pseudo-continuous variables only.

7.4  Summary and conclusions
The distribution of the answers and the structure of the association
among answers obtained in surveys may vary due to a possible response-
format dependency of some or all respondents (see Section 7.2).  In
cases in which there does not seem to be a response-format depen-
dency from most of the respondents, such as in the data sets stud-
ied in Sections 7.1 and 7.2, polychoric estimates may be more stable
than product-moment ones across different categorical scales, whether
several categories are collapsed before of after the answer has been
collected. Hence, polychoric estimation procedures can yield associa-
tion estimates that may be more ' robust" against collapsibility of the
responses categories, especially when the test of underlying bivariate
normality is not rejected (see, e.g., Section 7.1.3).

However, in the data set considered in Section 7.1, the polychoric
associations were further from the "original" associations than the
product-moment ones.  This may be due to the high nonnormality
(multimodality) of the original underlying variables. Hence, although
polychoric estimates seem to be more robust against collapsibility of
categories than product-moment ones, they may not be a satisfactory
alternative to product-moment estimates especially when certain un-
derlying variables tend to be multimodal. IIideed, in this last case,
an incorrect correction for the categorization effect way lead to po-
tentially more bias than if no correction was attempted (such as when
using product-inonient correlations).

IIi Section 7.3, the effect of categorization ex ante or ex post (the
recording of the response) and the effect of dilTerent response formats
on the estimates obtained from certain statistical causal models for
categorical variables was studied. The results from Directed Loglinear
Models estimated from both categorical and categorized variables were
very similar with respect to the latent classes and all significant effects
except one. Linear Structural Equation Models (LSEMs) for categor-
ical variables only estimated by means of LISREL yielded results that
were similar to those obtained from the seven-category variables, but
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LSEMs with botli categorical and continuous variables estinlated 1)y
LISREL deviated markedly from the two preceding ones with respect
to the structure and the values of the effects, and also the value of tlie
goodness-of-fit indices. This could be due to the fact that LISREL-
WLS procedure may be much more sensitive to nonnorInality of the
underlying distributions if used from polyserial estimates than if used
from polychoric ones. Results yielded by Mplus on this last data set
were acceptable. Hence, when botli categorical and continuous vari-
ables are present, the use of Mplus should be preferred. In any cases

however, fitting LSEMs with botli continuous and categorical variables
by means of the polychoric and polyserial procedures inipleniented iii
LISREL or Mi)lus should be performed with utmost care as results,
such as the values of the coefficients or of significance tests, may differ
markedly  from the "original"  ones (see, Section  7.1.1).
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Chapter 8

Conclusion

In this final chapter, the main contributions of the present work are
summarized and several recommendations that are made on the uses
of the statistical causal models presented.

In Chapter 2, the process of causal modeling using quantitative
methods is first approached from a general viewpoint in order to de-
fine more precisely the elements that are studied in the following chap-
ters. The global concept of causal model is decomposed into three
fundamental elements: the idea of causation, the account of causa-
tion, and the statistical causal model. For each element, different op-
tions are available. The different ideas of causation are presented in
Section 2.1.2, the different accounts of causation are presented in Sec-
tion 2.2, and the different statistical causal models for categorical data
are presented in Chapters 3 and 4. Note that these alternatives InUSt
be carefully chosen as they may depend on each other. For exam-
ple, in Section 6.1, the conditions for (stable) effect unconfoundedness
that were found for linear models are shown not to be valid for multi-
plicative statistical causal models such as Directed Loglinear Models.
Chapters 3 and 4 concentrate on the different statistical causal mod-
els that have been developed to measure causal relationships among
categorical variables. In addition to the problem of measuring causal
relationships, when considering statistical models on categorical vari-
ables, two quite different ways of measuring association or dependence
between these variables are possible. These ways are traditionally as-
sociated with their initiators and are usually referred to as Pearsonian
and Yulean approaches. Models from these two general approaches
are considered liere, those from the Pearsonian approach in Chapter 3

279
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and those from the Yulean approach iIl Chapter 4. In order to gain
more insight into the pros and cons of these models, each method
is evaluated through the prism of certain characteristics presented in
Section 2.4.  The main advantages and drawbacks of these metliods,
noted in these chapters, are reviewed briefly here.

Methods stemming from the Pearsonian tradition are advantageous
as the strength of the effect coefficients obtained between two categor-
ical variables or between one categorical variable and one continuous
ones can be easily compared witli those obtained from continuous vari-
ables only. However. the precise interpretation of these coefficients
may not be very informative as it refers to underlying variables whose
precise meaning may be difficult to grasp. Additionally, the measure
of the fit of the Causal IllOdel can also be problematic as the estima-
tion of the model consists traditionally of two main steps, the first one
estimating the associations between the underlying continuous vari-
ables and the other variables, the second one estimating the statistical
causal model from these associations.

Methods stemming from the Yulean tradition do not have the prob-
lems in interpreting the effect coefficient mentioned above for Pearso-
nian methods as no underlying variables are assumed here. The effect
coellicients obtained are informative as they represent functions of cer-
tain cells of the crosstable between the categorical variables. However,
unless additional assumptions are niade (see e.g; Agresti, 1990:261-

295), the number of effect coefficients  obtained  can  become very large,
especially when the variables have many categories, rendering difficult
the interpretation of the relationships between the variables in a con-
cise way. The adequacy of the model for the observed data, whicli is
based on the comparison between the complete observed and expected
crosstables, may also become difficult to evaluate if these tables are
sparse. Indeed, the behavior of goodness-of-fit indices may be far from
chi-square distributed and it may no longer be possible to rely on the
outcome of their significance tests.

Additional important potential weaknesses of a method from the
Pearsonian tradition (the Linear Structural Equation Models with
threshold models) and a method frOIIl the Yulean tradition (the Di-
rected Loglinear Models) are studied in more detail in Chapters 5
and 6, respectively.

The results of several different estimation procedures for polychoric
and polyserial correlations are presented in Monte Carlo simulations
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from certain Simple models that can be considered as possible building
blocks of larger models. The data sets are siinulated with several dif-
fereiit observed aIid 11Iiderlying distributions in order to evaluate the
,sensitivity of the estimates against deviations from the distributional
assumptioils. The estimation procedures compared are iInpleinented
in three widely used softwares: PRELIS 2.30 / LISREL 8.30, EQS 5.7,
aiid  Mplus 1.04. Except in sonie specific cases (sucli as, Inziltinlodal
uriderlying distributions, higlily correlated nlixed regressors, or causal
niodels with latent variables and both categorical and continuous iii-
dicators), niost  of tlie parameters estimates are close to their reference
value. Many niore less accurate standard-error or goodness-of-fit esti-
ulates are fouiid. For EQS, the deviations of the standard-error esti-
mates seem to be very dependent on tlie values of their corresponding
parameters (with a tendency to strongly underestimate the empirical
standard errors for parameters having small values). For LISREL, the
deviations of the standard-error estimates are small when polychoric
correlations only are estimated but much larger when polychoric and
polyserial correlations are estimated (for models with both categorical
and continuous variables the standard errors are sometimes strongly
overestimated).    The  type of observed or underlying distributions,  or
the sample size does not have a strong effect on the bias of EQS or LIS-
REL standard-error estimates.  EQS goodness-of-fit estimates are often
found to be too high for models with categorical variables only or for
small parameter values. LISREL goodness-of-fit indices are sometimes
also found to be much inflated for models with categorical and con-
tinuous variables. IIi almost all cases, the estimation procedures froni
Mplus yield parameters, standard-error, and goodness-of-fit estimates
close to their reference values whereas those implemented in LISREL
or EQS do not. Hence, use of the combination of pseudo-PML and ro-
bust WLS estimation niethods should be preferred to the combination
of pseudo-PML and WLS procedures (implemented in LISREL) or to
the combination  of PML  and WLS procedures (implemented  iii EQS).

In the Directed Loglinear Models, none of categorical variables
,should any longer be the realization of an underlying continuum and
tlie problems examined iii the simulations presented previously do not
occur. However, these models are not linear but log-linear. Hence,
as Shown iii Section 6.1, collapsibility conditions over certain vari-
ables should be taken into account in order to obtain unconfounded
DLM effects. Several definitions of category and variable collapsibility
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conditions are presented along with available tests. The relationship
between category and variable collapsibility conditions are underlined.
The dimensional reduction of the successive crosstables, from which a
DLM is fitted. obtained by conditional independence properties (cor-
responding to strong collapsibility conditiOnS) is shown to be equiv-

alently obtained by using strict collapsibility conditions presented in
Davis   ( 1986). In Section   6.3.2,   it is shown   that,   in a randomized
setting, although the effect coeffcients of interest may be biased if a
relevant background variable or anotlier relevant cause is omitted, the
bias may be minor if the influence of the omitted variable is lower than
the effect of interest and if the effect of interest does not vary across the
observations (i.e., if no interaction effects are present). Provided that
the effect of interest does not vary across the observations, the tests
of significance of the effect are valid in the collapsed II10del, albeit less
powerful than iIi the complete model. SimUlations studies are made
in order to measure the minimal sample size for which a logistic effect
is almost always significant, regardless of the fact that noncollapsible
variables have been omitted. Given the model used, sample sizes of
1000 are found to be sufficient to detect an effect on the collapsed ta-
ble, if it is equal to unity in the complete table (which corresponds to
a correlation between the two variables of interest of around 0.5, if the
effects  of all other variables  is  null), this holding except when omitted
variables are almost perfectly correlated with the dependent variable.

Finally. in Chapter 7, the LSEMs and the DLMs are applied to real-
life data sets in order to evaluate the invariance of the associations
and of the effects given the different response formats. Polychoric
estimates are found to be more stable with respect to collapsibility
of the categories than simple product-moment estimates. However,
owing to the multimodality of certain underlying variables, it is shown
that polychoric estimates may be further from the original correlations
than are product-moment estimates. Statistical causal models with
both categorical and continuous variables are also fitted. If categorical
variables only are considered. the structure of the effects yielded by
DLMs seems to be rather stable across the different answer format
proposed. Furthermore, as no sign of strong multimodality is found
for the underlying distributions, results from LSEMs (using LISREL)
with categorical variables only are found to be close to those with
continuous variables. For models with both categorical and continuous
variables. the structure of the estimated effects found using LISREL



Conclusion 283

is rather far from that found with the continuous variables (although
the individuals seem to yield rather consistent answers across response

scales). Results found using Mplus, are close to those found   with
the continuous variables. Hence, polychoric and polyserial estimation
procedures should be used with care as, if the underlying distributions
are multimodal or if LISREL is used with models with both categorical
and continuous variables (containing latent variables), the results 1Ilay

differ Inarkedly from those that would be obtained if all underlying
continuous variables could be directly measured.
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Appendix A

About simulations on
LSEMs

A.1 Nonindependence between skewness and
kurtosis for trichotomous variables

In this section, the values of skewness and of kurtosis of a discrete
tricliotonious variable (with categories indexed by consecutive natu-
ral numbers) are shown not to be independent of each other.  It is
shown that a value of 2 of skewness and 0 of kurtosis cannot occur
simultaneously for such a trichotonious variable.

Suppose that X is a trichotomous variable with a strictly positive
variance  and   that   iri   is the probability to belong to category   i  of  X.

1/for i = 1,2.3.  Given a certain values of the vector w = [7rl, 71 2• 71.3 J  a
couple of skewness and kurtosis is obtained. For example With 7r =
[0.804,0.110,0.086]',  X  has a skewness of 2.0  and a kurtosis  of 2.6.

thFor j being an integer strictly higher than one, the j centered
moment associated   to a random variable   X is equal   to ( Kendall   &
Stuart. 1969:55):

pj = E I(X - E(X))j) .
with E(.) being the expected value of '.'. From this definition, it is
easy to see that, for j > 1, the values of the jt/, centered Inonients are
tlie same if the categories of X are coded 0, 1, and 2 o r r,r +1 and
r  +  2   (r  being  a  real number). Hence,   here, the categories  of  X  are
coded -1. 0, and 1. respectively. Giveii tliese values, it is easy to sliow
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that the first four centered moments can then be written as

/11    =  71-3 - 7rl
and
pj = Al(-1 -Fl)j +(1-71'1-71 3)(-Fl)j +71'3(1-Fl)1,

for j = 1.2,3 and with * 1 being the centered moment or order 1,  i.e.
the mean of X.  If X is supposed to have a skewness of 2 and a kurtosis
of 0, the values of /12, /13, and LL,t should satisfy

f "«   2
U2

1%    3
as /42 is supposed to be nonzero (nonzero variance for X),  this is equiv-
alent to solve

{ 1' = 4/6 
/44  - 3M 

/12 > 0.
This system can be shown to be equivalent to

'    (FT  + 4 11  + 9#   +  13   +  18MI  +  12#f  + 814)
-67r3(M  + 2,  + 5/41 + 4/1  + 4/11) + 1271-32(/41 + MT + 2/1 ) + 87r33   = 0,

c   Mi - 7  - 12  - 18,4 - 14p - 12,11
+2 3(1 + 6pl + 12pf + 12p ) + 127rt

.  -(-1 - Fl)3111 - /4 + /11 + ((-1- /11)3 + (1- /11).3 + 24) 11 3 > 0.

The second equation can be easily solved for x3 given /il and the
solutions

1/
71'.3 - i  t,1 + 6/*1 + 125*  + 12/ ? - V 1 - 24,t  + 24,1  + 72/*1 + 120,t  ,
and

It
Ir) = i  <1 + 6 :1 + 12"f + 12;,  + V' 1 - 24 *}i + 24/*  + 72, 1 + 120,t  
can be derived. It means that /Li should be higher than -0.1931, this
root being found  numerically by using Mathematica (Wolfram.  1996).
By substituting these two values of 71 3 in the first equation and solving
for Fl, the solutions (in IR) for /il obtained were p 1 - 0 and M 1 -
-0.144712   for the first value   of  T3   and   no (real) solutions   for   the
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Figure A.1: Shape of the underlying nonnormal distributions Dl to
D7 used in the simulation studies.

second value  of K3 · Consider  the two solutions obtained  with the first
formula  of   3·
• If Bl = 0, then 71 3 is also equal to zero.  As Bl = lr3 = 0, then 71'1 - 0
and the solution is degenerated (zero variance for X).
• If Bl - -0.144712, then 71 3 - -0.0269282 which is impossible.

Hence, there is no possible distribution for X having simultane-

ously a skewness of two and a kurtosis of zero.

A.2   Shape of the different underlying distri-
butions

The shapes of the continuous distributions Dl to D7 are presented in
Figure A.1.
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A.3 Correlation matrices for the bimodal vari-

ables

A peculiarity of the method developed by Fleishman (1978) is that
the nonnormal variables simulated are almost always unimodal. In
order to obtain variables (e.g., Y) that are not standardly produced
by this procedure, and that could be bimodal, it is used in two steps.
First. N observations are obtained from a noncentered distribution
called Ya (with mean a), and N are obtained from its symmetrical
distribution Y_a (having an opposite mean and skewness values, and
the same variance and kurtosis).   Then, a variable  Y is defined  on  N
observations as being equal to Ya for its N/2 first observations and
equal to Y-a for its N/2 last observations.

As will be shown, the correlation between Y and the other variables
(of a particular model) can be deduced from the correlations of Ya and
Y_a and the other variables. Hence, the Fleishman (1978) and Vale and
Maurelli (1983) method can be used to simulate a certain correlation
matrix of Ya and Y a and all the observed variables other than Y, in
order to have the desired correlation matrix of all observed variables
and Y. The derivation of the correlations with Y can be deduced from
results presented in Section A.3.1. Application to the generation of
the multivariate distributions used in simulations from Sections 5.6
and 5.6 are presented subsequently.

A.3.1  Mean and variance in samples given the ones in
subsamples

Suppose that two characteristics X and Y are measured on a sample

SC   of  size   Ni   + 32, obtained by merging two samples   Sl   and   92   of

size  Ni   and N2, respectively. Suppose  that  X 1,  and  Y l  are the means
of X  and  Y from sample  Sl,  X2·  and Y2  are  the  means of X  and Y
from  sample  S2,  and  that  Xc  and  Yc  are  the  means of X  and  Y  from
sample Sr . Suppose that the variances of X and of Y from sample

Sl are denoted by Sli  and  Sf 1, respectively, that the variances of X
and  of Y from sample  S2 are denoted  by  Si,  and S 2' respectively.
and that the variances of X and of Y from sample Sc are denoted by
S(  and S -, respectively. Denote. finally, Sx3i' SX¥2' and ST,£. the
covariance  of X  and  Y in samples  Sl,  S2'  and Sc, respectively.
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The following results can then be easily deduced:

Xe  = N:+N Xl + NRN2X29
'. - "-

Ye   = %1+Nifl + NAN,¥2,

SS =
.., ' 1911 32 SX, t N,+N, SX' t (N,+ )2 (Xl - X2)24

Ist>       -    N, t'N, ST., + 3, *N, Sf,2 -1- (,V 112)2 (rl - Y2)2,

S.,%    =     NI'll.'V, S,\-15  +  Nl JN·2 S.rig +  (f 'j-Ig6)2 (Xi  -3 '„2)(Yl -Y2)·

A.3.2 Simulation of the continuous distributions D8

Continuing with the notations of Section A.3.1, for the calculation of
bimodal variables, suppose that the following values:

191 = N2 = 50000
X 1=1; X 2 = -1
Y i -1; Y 2= -1
St:, - S ' = Si, - St, =1
Sxl.1 = P,

with p being a real number between -1 and 1. are used. The correlation
(pxy) of the variables X and Y from the total sample (Sc) can tlien be
deduced from the common correlation (p) of the variables in samples
Sl and .92 by the simple formula

1+P
pxi' I - ·

2

Hence, the following table. relating values of px,' to those of p.

Parameter

pc            0   0.2 0.4 0.6 0.8   1

P -1   -0.6  -0.2 0.2 0.6   1

caii be deduced.  If now X1 has a mean and a variance equal to one,
a skewness of -0.5, and a null kurtosis, and X2 has the same variance
and kurtosis but opposite mean and skewness. Then a variable X with
niean equal to 0, a skewness of 0 and a kurtosis of -1 can be obtained.
A new distribution. that is named DS is obtained by rescaling X to
have variance equal to one. For the previous table, aiid the procedures
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MO.5 a=1.0
0.4 0.4

0.3 0.3

O.Z 0.2

0.1 0.1
j

-4  -2 0 2 4 -4  -2 0 2    4

a=1.5 *2.0
0.4 0.4

0.3 0.3

0.2 0.2

0.1

0.1 -3
-4  -2 0 2 4 -4  -2 0 2    4

Figure A.2: Tlie underlying Iionnormal distributions (unstandardized)

developed by Fleishnian  (1978)  and Vale and Maurelli (1983),  it is then
possible to generate a multivariate distribution between two variables
with distribution DS and a certain positive correlation px 1..  This type
of distribution is used in Section  5.6.

A.3.3 Simulation of the bimodal variables

The results from Section A.3.1 are now applied to tlie following set of
values:

Ni -Nq - 50000

X1 = X  = 1
Y i -a;  Y 2- -a
Si,=St,=St-,=Sf,= 1
Sx},1 = P.

Then X is a standardized norinal variable, and Y is a standardized
normal variable for a = 0. and a possibly bimodal variable for a > 0.
The different distributions of Y for different values of a are shown
in Figure A.2 Froni this figure. it can be seen that the -degree" of
bimodality increases with the value of a.
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Using results from Section A.3.1, the following forniula,
PA 1 3 '1

p.\.3 =
V'l + a2

can be (leduced. Hence, X and Y with correlation pxi· can also be
deduced  by  generating  Xi,  X2,  Yl,  and Y2 using the Fleishman  (1978)
and Vale and Maurelli (1983) methods. However, note that, witli this
method, the correlations between X and Y should be contained be-
tweal - 1/41 + a2 and 1/41 + a2. For example, if a = 2, a correlation
of 0.6  between  X  and Y cannot be simulated  (pxi 1·1 should tlien  be

equal  to  1.34)

A.4 Choice of the standard-error-estimate ref-

erence value

For the standard-error estimates, two reference values cari be chosen:
the original value of the standard error calculated on the original con-
tinuous model, or the empirical value calculated from the variations of
the parameters across the different replications.

It may be interesting to use the original value of the standard error
as reference value since this value is the same for all estimation pro-
cedures and all types of categorization of one (underlying) continuous
variable. Furthermore, it is the original standard deviation value of
the parameter frOIn tlie mOdel that should "ideally" be estimated.

Given AR replications of a data set from a cell of the multivariate
crosstable formed by crossing all design factors, the empirical standard
deviation value can be calculated from:

1 An
serp = \ .1\R -1 Z (fir - 7,)2,

r=1

with 7, being the parameter from which the standard deviation is es-
timated. This value mirrors exactly the variation of the estimates ob-
taiiied by the estimation procedures. Hence. it may also be interestiiig
to use this value as reference value for the standard error estimates in
order to see if they represent the variation of the parameter estimates
correctly.

The "original" and the "empirical" standard-error values may be
rather far from each other. Furthermore, even if the empirical statidard
error is very often higher than the true value of the standard deviation
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Continuous Categorical
model model

True values Empirical Expected
Factor Obsemed  dist.:

loadings Skew. Kurt.
0.0 -1.9 0.039 0.060 0.052

A = 0.55 0.0 0.0 0.039 0.047 0.047

0.0 2.0 0.039 0.062 0.058

0.0 -1.9 0.031 0.039 0.035

A = 0.71 0.0 0.0 0.031 0.033 0.032

0.0 2.0 0.031 0.044 0.040

0.0 -1.9 0.027 0.024 0.022

A = 0.84 0.0 0.0 0.027 0.023 0.021

0.0 2.0 0.027 0.027 0.026

NB : all standard deviations of the expected std are between 0.0012 and 0.0070.

Table  A. 1:   seA_ s for LISREL (four-indicator, one-factor CFA models
with trichotomous variables as indicators, underlying normal distribu-
tion, 200 replications of samples of size 1000)

iii the continuous II10del, this may not always be the case (see results
with A = 0.84 in Table A.1). Since these reference values are different
and since either of the two reference values may be higher than the
other, standard-error estimates that are relatively close to One of the
reference values are not necessarily close to or even higher or lower
than the other reference value.

Note that the behavior of the parameter estimates is often Simi-
lar for LISREL, EQS and Mplus, and the empirical standard-deviation
values obtained are often close for all three estimation procedures. Be-
cause the emphasis here is put on the correctness of the modeling of the
parameters variation and because tlie empirical standard deviatiOIlS of
the estimates from the three estimation procedures are often similar,
the empirical standard deviations are considered to be the reference
standard deviation value in the Sinizilations of Chapter 5.



Appendix B

About collapsibility

B.1  Conditions for category collapsibility
Suppose that the coefficients of tlie logit model of variable B on vari-
able A are restricted by dulnmy coding (with category 0 as reference
category). Consider first  a case where two categories, neither of tliem
being tlie reference category, of the independent variable A are col-
lapsed. Here, for example, categories 2 and 3 of A are collapsed. The
two logit equations for the complete table are as follows:

Logit(B = b/OIA = tz) = /1 o + Bb ol ,     for b = 1,2  and a - 0 j...,3.

B IA     owitll Bi/00  = i'J o  j  = O. The logit equations for the table obtained
after having collapsed categories 2 and 3 of A are:

B IALogit(B = b/01A = a) - 7 0 + 7b/0 a' for b = 1,2  and a = 0,..., 2,

given the sallie dummy coding restrictions. No information about the
type of effect of A on B is lost when categories 2 and 3 of A are
collapsed if tlie following equalities:

. 1;,      1;,
7119           029

B IA B I.4

71/0 1 /1/01

,          8  1 A                        ·2  t   72/01
B 1.4 A B '..1 B 1.4

71/0 2+3 Pl/02  1103
B 1.4 B 1.4 t:, B  1.4

. 72/02+3  '1152 92/03 '

293
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hold. The first four equalities trivially hold. The other equality re-
strictions are equivalent to

7121/7120 · 1200/nol n31/7130 · noo/7101 - (7221 + 7131) (7120 +7130) '7100/not,
7122/7220 · noo/7102 n32/n30 ' 7100/n02 = (n22 + n32 ) (n20 + n30 ) · 7too/n02 ·

or. as all cells are supposed to be strictly positive

 
7121/7120 7 31/n30
7122/7120 7132/n30,

i.e.- 71,20/7 30 = n21/n31 = 1122/7132,        0·

Suppose now that one of the two categories collapsed is the refer-
ence category. For example, suppose that categories 0 and 1 of A are
collapsed. The following model is then fitted

Logit(B = b/01.4=a)=7 0  +  7 o'
A forb=1,2 anda=(0+1),2.3.

The complete and collapsed models yield identical parameters if and
only if

 BIA _ 3BI.4 _ 8  1.4  -   1 B  I A, and BIA_ 181.442/0 1 - ' 1/0 1 -  '     -21/00  - L'1/Oa 72/00 - ' 2/00 1

for a=2,3. These conditions Call be shown to be equivalent to

7110 7200 - nll nol = n12 7102,

which is precisely the condition of homogeneity of categories 0 and 1
of A.

Note that collapsibility conditions of two categories of the depen-
dent variable B (whether one of them is the reference category or not)
can be obtained from the sallie kind of derivations.
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B.2  Calculation of /3BI.-1:BA (a, a,11 az,d)

In this section. the calculation of  BIA;B.4 as a function of a. aA. az
and d is presented. As,

BIAZ )
Logit(B = 1/OIA =a. Z- a) = 10

g   1-a:   = a+Cy,ta+azZ.BI.-tZ I
0 a: /

then as B is dichotonious. the following equalities

B 1.4 Z _ exp(ata,la+azz)
1Tl a:   -  1+exp(citaAa+azz)

BAZ                          1
7r 0 az 1+exp(a+C,Aa+az Z)'

with exp(.) being the exponential function,  can be deduced. Further,
since from raiidomization A is independent froni Z, the following equa-
tions:

BIA _B1AZ Z\A BIAZ ZIA
Aba " b d  KO a + 7rbal  X la

B\AZ Z BIAZ  Z
=     7Tb  aO   71-0   + 7rb  alt   7rl
=   71#/(1 + exp(-a- a/la)) + 7rf/(1 +exp(-a- a a- az))

can be deduced  for B equal  to  0  or   1.   After  Simplification,

BIA
7Tla _

l t d· exp(-az) + (l t d) · exp(a ta/la)

BIA -d t exp(-az) + (1+d) · exp(-a - aAa - az)
7r O  a

can be deduced. The logit of B conditional on A=a can then be
written as follows:

 rBIA \Logit(BIA = a)  =  log 1 -B £AL I
\"O«/C ltd·exp(-az)+Cltd)·exp(a+aAa) )

=    log (d+exp(-az)+(1+d)·exp(-a-aA a-az))

So, as the effect parameters are restricted by effect coding

tiBIA;BA = dBIA,B.4(a, aA•az·d)

Logit(BIA = 1) - Logit(BIA = 0)

/1+d·exp(-az)+(1+d)·exp(a+a A)
log (   1+d·exp(-az)+(1+d)·exp(a)

1+d·exp(az)+(1+d)·exp(-a)    )
X 1+d·exp(az )+(1+d)·exp( -a-a , ) 3

log (Qi (cY, aA ' az, d) x Q2(a. a.4, az · d)).
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Suppose now that the effect of A on B varies given the several
levels of Z, then

C B\AZ 814Z)Logit(B = 1/OIA = a, Z = z)    = log (7rl az  /71'0 jz  )
= Cr -  ci (1 -  (*zz t QAZaz.

The same reasoning as previously can be performed and

  71·BIA \Logit(BIA = a)  =  109 1 -11 1
o  7TBIA / 1+d·exp(-az -aAZa)+(1+d)·exp(ataAa)

-  log (d+exp(-az-aAZa)+(1+d)·exp(-a-aAa-az-aAZa) 

can be obtained. Therefore,

0B14BA dBIA;BA (a, CIA, az, (FAZ' d)

log t      1+d·exp(-az)+(1+d)·exp(a)
/ 1+d·exp(-az -nAZ )+(1+d)·exp(a+aA )

1+d·exp(az)+(1+d)·exp(-a)
X 1-1-d·exp(-ciAZ)+(1-1-d)·exp(-0-c,A-aAZ)) '

can be finally deduced.

B.3    Calculation of 8 f B\A BA lot, ax,az, (1) 1 Baz

The partial derivative of /3BIA;BA (a, aA , az, d)  on the variable az  can
be calculated and is equal to:

8 Bl,l,B,4(404 907.(11)
Baz

d(1+d)exp(a+Oz )(-1+exp(a A ))(1-exp((kz ))= (1+d+(1+d·exp(a ))exp(a))(d+exp(a  )+(1+d)·exp(a+az ))
x    (1+2d-1-(1+(6(1+exp(az))(exp((,5+exp(c,+aA)+exp(20+aA)))

(1+d+(1 +d·exp(az)) exp(a+ax ))(d+exp(az )+(1+d)exp(0+a.4 +az ))

= K x (-1 + exp(aA ))(1 - exp(az ))·

with K being always strictly positive.
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B.4    ARE of the two tests for the logit models
As the ARE of two tests of null treatment, effect (b = 0) provided by
two estimators bl and 62 of b is equal to :

d-\ /d.\'12 1 -cir (621.4)

ARE(61 to 62 at b =0) =   lim   <-b, 1/1 -4/1.  I   x lim3=0      \ db   ')      \ db ]     b-+0 l'ar(bil--1)

then it is possible to show that (Robinson & Jewell, 1991)

El.:1:zl 'Ell-':181.ZlARE(bl to 62 at b = 0) =
E  ,rf 16=Z (1- 71.f 'IA.Z )               '

with E[.] denoting the expected value for the possible values Z = z.
Hence,

ARE(i,1 to 62 at b -0)

4  Z \.1         i /-2 expc .) z expl -0 -az) )
1+exp( -(. ) 1 1+exp(-a-az)  ("0 ·1+exp(-a)+71-1  1+exp<-0-az))

=
z /    expc_.) ) . C    exp<-0-07,    )

*0  (0+expc -a  )2 '11+7rt  ( ( 1+expc -a -a z ))2 '11

wliich, after Simplification can be shown to be equal to

1+
d·exp(a)(-1+exp(az))2

(1+d)·((1+exp(a))2exp(az)+d·(1+exp(a+az))2)
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B.5   Relationships between PA·B·,PZ·B·, 04*and
Czz.

As the model defined by the equation

8* =a+ aA• A* + az. Z* + El. (B.1)

is a multivariate regression model. and the variable B* follows a 10-
gistic distribution, the random error term 6, also follows a logistic
distribution with mean 0 and variance 7r2/3.

The  relatioii  between  the different values  p.#. B.,   Px. B.,   a..1•   and

az . are as follows:

eA*

P.·1'B=    =    v' al. tal:.+71"2/3
and

az.
PZ*B'

\/ 1. tai. +1["2/3.

When az· = 0 the correlation between A* and B* is 0.48 and 0.21,
for  values of a 4.  of 1  and 0.4. respectively.

Given DA•  = 1, several values of czz·  and the corresponding values
Of PZ. B. are presented in the Table below.

Paranieter

.z. 0.0 0.5 1.0 1.5 2.0 3.0 4.0 5.0 6.0 7.0 8.0 10

PZ*BI 0.00 0.27 0.48 0.64 0.74 0.86 0.91 0.94 0.96 0.97 0.98 0.98

I f I A*  =  1
PZ*B*l A* 0.00 0.24 0.44 0.59 0.70 0.82 0.89 0.92 0.95 0.96 0.97 0.98

I f   a A.     =   0   4
0.00 0.27 0.48 0.64 0.74 0.86 0.91 0.94 0.96 0.97 0.98 0.98PZ* 8*14*

Additionally, for az· = 15. PZ. B. = PZ. B. 1.4. - 0·99 for both
values of a.4.' and for (pz. = 20, PZ.B. - PZ.B. 1.4. = 1.00 for both
values of a 4.
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About applications

C.1     Collapsibility of univariate distributions

Tlie responses given on the three different categorical scales are coIn-
pared here. The question of interest is whether similar univariate re-
sponse patterns can be fouiid for Groups 2,3, and 4 (tlie assumption
that the randoni sub-samples should yield similar answers, is again
made   here).     For   all four questions, tlie following relatioiis   are   ob-
served:

• if categories 1 and 2, and categories 4 and 5 of the five-point scale
are collapsed together, the distribution obtained is close to that of the
three-point scale.
• if the IIliddle category of the three-point scale is split in two, aIid
each of the two parts is assigned to the extreme categories, the result-
ing distribution is close to that of tlie two-point scale.

For example. with the answers from question A, the following orig-
inal and aggregated distributions were found:

Distribution of answers from question A
Group   2   (Five-points  scale)

Original Trichotomized Dichotomized
7.4%/17.7%/21.0%/36.0%/18.0% 25.1%/21.0%/53.9% 35.6%/63.4%

Grolip Y (Three-points scale)
Original Dichotomized

25.3%/21.3%/.53.4% 36.0%/64.0%

Group 4 (Two-points scale)
Original

36.1%/63.9%

299
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The individuals seem to be rather consistent when answering ac-
cording to tlie five-, three-, and two-point scales with regard to the
marginal freqziencies. This may come from the fact that respondeIltS
have a very clear-cut opinion about this problem.

C.2 Original questions of the EVS data sets
For the '9liappy niarriage" example, the precise questions asked in
Dutch are as follows:

F l. Hier staat  een  lijst  van  dingen  die  volgens  sommigen  bijdiagen
tot een succesvol huwelijk.  Witt U mij voor elk daarvan zeggen hoe

belangrijk het volgens u (0. zeeT belangrijk / 1.  tamelijk belangrijk /

2.   niet  zo  belangrijk) Y

F2.  In hoevene vindt u de volgende zaken belangrijk voor het
huwelijk (0. heel erg belangrijk / 1.  belangrijk / 2.  niet belan,grijk-
niet onbelangrijk / 3.   niet  belangrijk / 4.  helemaal niet belangrijk) f

The different items proposed to the respondents were

A.    Th,aw.

B. Wederzijds respect en waardering.
C. Begrip en verydragzaamheid.
D. Bereidheid om over proble,nen die tussen man en vrouw ontstaan

te pi'aten.
E. Zoveel mogelijk tijd Sam.en doorbrengen.

For tlie "choice of neiglibor" example, the precise questions were
the following:

Hier staan diverse groepen van mensen. Witt U daar eens alle

greepen uit noemen die U liever niet als buren zon hebben (Enq: noteer
alle groepen!)9 (0. genoemd / 1.   niet genoemd) 4

Witt U voor ieder van de groepen van mensen die ik ga noemen
zeggen of u die liever wel of liever niet als buren zou willen hebben.
Wilt u daarvoor een clifer noemen van de schaal op de kaart Y  (1.  in
het geheel  niet / . . . /  7.   wel) Y
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The different groups proposed to the respondents were:

L Mensen met een strafregister.
J. L·inkse extremisten.
K. Zware drinkers.
L. Rechte eztremisten.
M. Emotioneel onstabiele mensen.

C.3 Univariate distributions

Distributions of the answer given answer format Fl, and F2 when the
last three categories of F2 are collapsed a posteriori.

• B: Mutual respect and esteem:
Fl       F2 collapsed

very 1very much important 934 850

important/fairly important                  47        111
not so import./ neutral + not (at all) import.        3         23      (12+2+9)

• C: Understanding and tolerance:
Fl F2 collapsed

very /very much important 857 765

important/fairly important 124 194

not so import./ neutral + not (at all) import.        3        25     (11+9+5)

• D: Speaking about problems:
Fl F2 collapsed

very / very much important 856 743

important/fairly important 119 203

not so import./ neutral + not (at all) import.        9         38      (28+5+5)

• E: Spending time together:
Fl Fg collapsed

very /very much important 290 242

important/fairly important 523 375

not so import./ neutral + not (at all) import. 171 367 (251+88+28)

All bivariate chi-squared tests of independence are higher than 20
for  2  degrees of freedom  (P=0.00).
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Summary in Dutch
Het gebruik van statistische causale modellen kan worden beschouwd
als de derde en laatste stap in het proces van causale analyse, dat tot
doel het afleiden van causale verbanden uit de data heeft. De eerste
twee stappen zijn de keuze van een idee van causaliteit, en vervol-
gens de keuze  van een verantwoording van causaliteit. Verschillende
idee8n van causaliteit kunnen worden gebruikt: het manipulatieve of
counterfactual-idee wordt vaak gekozen door experimentele onderzoek-
ers, terwijl onderzoekers in observationele studies vaak het regulari-
tieve of probabilistische idee van causaliteit gebruiken. In overeenstem-
ming met deze ideeSn van causaliteit zijn er meerdere verantwoordin-
gen van causaliteit ontwikkeld, die voorwaarden aangeven wanneer
geobserveerde relaties als causaal kunnen worden beschouwd. Statis-
tische causale modellen worden gebruikt om relaties tussen variabelen
te meten, die als causaal kunnen worden beschouwd, als aan de voor-
waarden die worden opgegeven door de gekozen verantwoording van
causaliteit, die op haar beurt weer voldoet aan het gekozen idee van
causaliteit, is voldaan.

Als de variabelen een continu meetniveau hebben, dan zijn de
statistische causale modellen vaak specifieke gevallen van lineaire struc-
turele modellen. Als het gaat om categorische variabelen, dan kunnen
verschillende modellen worden gekozen. Het idee van associatie dat in
deze modellen wordt gebruikt, is oftewel gebaseerd op de benadering
van Pearson, oftewel op de benadering van Yule. In de benadering
van Pearson worden categorische variabelen gezien als de realisatie
van een onderliggend continuum, terwijl dit in de benadering van Yule
niet het geval is. Lineaire structurele niodellen met threshold modellen
en lineaire structurele modellen met optimale schatting van de cate-
gorieJn zijn gebaseerd op de Pearsoniaanse benadering. Gericlite log-
lineaire modellen, lineaire gewogen modellen en modellen ter reductie
van onzekerheid zijn modellen welke zijn gebaseerd op de Yuleaanse be-
nadering.  Deze vijf modellen kunnen worden ge8valueerd aan de hand
van bepaalde zwakke en sterke punten van het model, als het wordt
gebruikt in de context van causale analyse. De sterke punten van
de Pearsoniaanse methoden zijn de overeenkoII1St in de definities van
efTecten van/op categorische en continue variabelen en de mogelijk-
heid om alle modellen te gebruiken die al voor continue variabelen
ontwikkeld zijn. De sterke punten van de Yuleaanse methoden zijn de
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direkte interpreteerbaarheid van effect-co6fficiiinten (behalve bij mo-
dellen ter vertnindering van onzekerheid) en de zwakke aSSUIzipties
over de verdeliiig die gelden voor de variabelen. Afgezien vaii de sterke
assumpties omtrent de verdeling, zijn zwakke punten van de Pearsoni-
aanse methoden de interpretatie van de effecten en de evaluatie vaIi de
Goodness Of Fit. Zwakke punten van de Yuleaanse niethoden zijii dat
het aantal effect-paraizieters groot kan worden als er geen restricties
aan het model worden opgelegd. en verder dat de methoden lastig zijn
te gebruiken als een groot aantal variabelen wordt gebruikt, onidat de
te analyseren kruistabel teveel lege cellen kan bevatten.

Lineaire Structurele niodellen met threshold niodellen en gericlite
loglineaire modellen zijn verder onderzocht vanuit specifieke aspecten.
Afwijkingen van de effect-parameters, schattingen van standaard-fou-
ten, en Goodness-Of-Fit waarde.Il van de modellen worden vanuit hun
referentiewaarden onderzocht. Voor lineaire structurele modellen met
threshold modellen wordt onderzocht of de schattingen van verschil-
lende software-pakketten om lineaire structurele modellen te scliatten
(PRELIS 2.3 / LISREL 2.3, EQS 5.7, en Mplus 1.04) diclibij hun
ware/empirische waarden liggen voor verschillende modellen, verschil-
lende geobserveerde en onderliggende verdelingen, voor verschillende
waarden van de parameters, en voor verschillende steekproefomvan-
gen. De schattingen van Mpliis waren meestal de schattingeii met
de minste afwijkingen. Schattingen door LISREL lagen dicht bij hun
referentiewaarden voor modellen die geschat werden Op basis van ca-
tegorische data alleen, maar de standaardfouten werden vaker onder-
schat en de Goodness-Of-Fit waarden overschat voor modellen met
categorische en continue data. Binnen EQS werden standaardfouten
vaker onderschat en de Goodness-Of-Fit waarden overschat. Op basis
van deze restiltaten werd het gebruik van Mplus aanbevolen.

Voor gericlite loglineaire Inodellen werd het zogenaainde 'collapsi-
bility'-probleem onderzoclit. In tegenstelling tot lineaire modelleIi, met
logit of gericlite loglineaire modellen, is randoniisering van de toewij-
zing van de treatment onvoldoende OIn te garanderen dat de geschatte
effect-coiifficiiint gelijk is aan de co8ffici6nt die zou worden gescliat op
basis van een model dat alle relevante variabelen bevat. RandOIiliserillg
is niet voldoen(le 0111 alle voorwaarden voor collapsibility te vervullen.
De verschillende typen collapsibility over categoriebn of variabelen wor-
den gepresenteerd en aali elkaar gerelateerd. Vervolgens wordeIl de
variaties van de relevante effect-coJfficiBnt gepresenteerd oin de Ineest
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problematisclie gevallen en de gevallen waarvan de schatting accep-
tabel is. gegeven dat de toewijziiig van de niveau's van de oorzaak is
gerandomiseerd.  Als liet effect van variabele A of variabele B niet
varieert ten opzichte vaii niveau's van andere variabelen. en het totale
effect Vail de variabelen waarvoor niet wordt gecontroleerd lager is dan
het  effect  van A  op B,  dan kan het effect van regressor A desondanks
relatief nauwkeurig worden geschat.  Als het effect significant is in het
volledige model, dan is het ook significant iIi het Inodel met als enige

regressor variabele A. Deze resultaten zijn niet meer geldig als de
waarde van het effect van A op B varieert met de waarden van andere
variabelen.
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