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Abstract

Given a model in structural form, representing a macro-econometric model,

a procedure is given to eliminate redundant endogenous variables.

Subsequently this structural form is transformed into state-space format.

The transformation can be done in several ways and arguments for the most

appropriate choice are given.

The reduction and transformation procedure is applied to Interplay-II, the

two-countries version of 1980.

The analysis is completed by an investigation into the stability of the

model.
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CHAPTER 1. INTRODUCTION

In this report we consider the problem of transforming a macro-econometric

model in structural form, into a state-space model. The latter type of re-

presentation is needed for applicatíon of control theory, dynamic game

theory and analysis of structural properties.

Both for practical and theoretical reasons, it is essential that the state

vector has a dimension which is as low as possible. A state model obtained

from a model in structural form is called a realization. A realization is

called minimal, if no other realization with a lower dimension can be found,

having the same input-output behavior. Hence, this calls for a search for

minimal realizations. Unfortunately, the corresponding theory is involved

and rather difficult. Therefore we seek for other ways: simple algebraic

manipulations will yield a realization, on which we investigate how close

it is to a minimal one.
The realization procedure consists of two steps.

Firstly, redundant endogenous variables, e.g. definitional or technical

relationships, will be eliminated.
Secondly, the reduced structural form will be transformed into a state-

space form. Here several options are possible, dependent on future appli-

cations. Both the reduction and the transformation are automatized, in

contrast to an earlier version, see Markink and De Zeeuw (1980). As a re-

sult, it is possible to apply the DIFFGAMES-routine, for application of

dynamic game theory, and to investigate stability as in the DMM-routine

(Dynamic-Macro-Models) and to proceed with controllability and observabi-

lity properties (see chapter 6.2).

As an application, we will use the Interplay-II model, for two and four

countries. Both the computer program and the practical aspects will be re-

ported elsewhere.
A brief outline of the paper now follows.
Preliminaries and a problem formulation are in chapter 2, the reduction and

transformation problem in chapter 3 and 4 resp. Stability is investigated

in chapter 5 and a summary, including future use of this routine is given

in chapter 6.



CHAPTER 2, DEFINITIONS AND PROBLEM FORMULATION

2.1. Definítions

We need the following types of variables

y: T-; Rk endogenous variables

u: T -; Rm instruments

x: T-} Rn state variables

d: T-~ Rr exogenous, uncontrollable variables

fwhere T- Z is the time-index set.

We omit noise terms and restrict ourselves to the deterministic case.

Definition ARMAs(p,q)

A model in structural form, denoted ARMAs(p,q) is given by

y(t) - AD Y(t) f A1 Y(t-1) t... t Ap Y(t-p) t

B~ u(t) f B1 u(t) t,,, t Bq u(t-q) t F d(t) (2.1)

Definition ARMAr(p,q)

A model in reduced form, denoted ARMAr(p,q) is given by

y(t) - Ai y(t-1) t A2 y(t-1) t... f Ap Y(t-p) t

B~ u(t) t B1 u(t-1) t... t Bq u(t-q) f F d(t) (2.2)

If (I-A~) is nonsingular, which we will always assume, the ARMAs(p,q)-model

can be transformed into the ARMAr(p,q)-model. If form and lag structure is
immaterial, the notation ARMA will be used.



Definition {A,B,C,D}

A model in state-space form, denoted E-{A,B,C,D}

E:
x(ttl )- A x(t) t B u (t) t d(t)

y(t) - C x(t) t D u(t)

Furthermore we need:

Definitions

L

A (L)

lag operator: Lp y(t) - y(t-p), p E Z

polynomial lag operator,
2

A(L) - A~ t A1 L t A2 L t

(2.3)

t A Lp, which
P

can be matríx-, vector- or scalar-valued.

degree {A (L) }

A(L)y(t) - B(L)u(t) f

degree {A (L) } - p

degree {B (L) } - q

E Nymax
u E C~i

max

R - max (ymax~ max'umax

d (t) ,

maximum exponent of L in A(L)

a general ARMAs(p,q) model

degree of AR- (- A(L)y(t)) part

degree of MA- (- B(L)u(t)) part

Property of polynomial lag operators

Lemma 2.1

Let degree {A(L)} - p and degree {B(L)} - q, then
degree {A(L)B(L)} - ptq and
degree {A (L) f B (L) } - max (p,q)

Notation

Al1 vectors are column vectors. To save trees and indices, we denote the

is given by

n-dimensional column vector x as:



x - Cxl; x2; ...; xn].

If A is a mxn matrix, we denote the i-th row by (A)i~ or Ai~ and the j-th
column by (A)~j or A~j. (A)ij denotes the (i,j)-th element, i- 1,2,...,m,
j - 1,2,...,n.

2.2. Problem formulation

Given an ARMAs(p,q)-model, design an automatic procedure leading to a state-
space system E-{A,B,C,D}; in addition, the resulting state-vector must
have an acceptable low dimension, in a sense to be specified.

Loosely speaking, the procedure must lead to a realization with a dimension
close to the minimal one. However, the dimension of the minimal realization
will remain unknown. By inspection of the econometric model, it turns out
that the dynamics of the model are represented by about 10-15 equations,
indicating how large the state-vector approximately will be. The original
number of endogenous variables is roughly twice as large.



CHAPTER 3. DIMENSION REDUCTION OF THE STRUCTURAL FORM

3.1. Introduction

A structural form, like (2.1) consists of behavioral equations, containing

a non-trivial lag structure and static relations, like technical or defi-

nitional equations. These static relations can be substituted into the be-

havioral equations, to obtain a lower-dimensional model. There might be

other variables (of dynamic nature), which can be eliminated without in-

creasing the degree of the AR- or MA-part (i.e. Ymax and umax)' Any sub-

stitution which does increase y or u , is considered undesired, for
max max

reasons to be explained in chapter 4, and will be discarded.

Our purpose is to give an automatic, computerized procedure for this re-

duction.From theorems 4.1, 4.2 and 4.3, it can be seen that the resulting

dimension depends on the number of endogenous variables, hence this re-

duction is for computational reasons attractive.

There are, however, some side constraints. They are imposed by the economic

setting of the problem and the fact that after the reduction a transforma-

tion into {A,B,C,D} follows and that optimal control techniques will be

applied. The constraints for the reduction program will now be summarized.

3.2. Requirements for the reduction program (RED)

a. RED must lead to a realization {A,B,C,D} such that n- dim(x) is "small"

in some sense, or even "minimal".

RED must make this notion of minimality quantitative.

b. The substitution process must be fast, easy to understand and simple to

implement.
c. The resulting state vector is preferred to have an economic interpreta-

tion [this excludes abstract coordination transformations].

d. The user must be able to impose his preferences for several options,

like proper or improper realizations. Stated otherwise: the program must

be flexible.
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3.3. Outline of the reduction program

As a compromíse for the demands a-d of section 3.2, we propose the follo-

wing scheme.
The user must provide the following data as input for RED.

1. Entries of A~,A1,...,B~,B1,...,F.
2. Values for Ymax and umax'
3. Classification of endogenous variables into two types, say

y(t):- [yI(t); yII(t)], with following meaning.
Type-I variables : they consist of variables, not possible or,permitted

to be eliminated, e.g. targets or variables having
own lags at the RHS.

Type-II variables: these variables (dynamic or static) are candidates

for elimination. They do not have own lags at their

RHS.

4. The resulting lag structure.
Two options are open:
a. Aoki's realization (theorem 4.3). The lag structure after reduction

must obey:
degree (AR-part) ~ Q- max
degree (MA-part) ~ Q- max

b. ARMA (2.1) and Chow realízation (theorems 4.4 and 4.2);
require that:

degree (AR-part) ~ y- max
degree (MA-part) ~ umax

here we

It is immediately clear that every endogenous variable, expressing a static

relationship, can be substituted immediately, and no check on degree over-

flow is needed (if of type II).
After any substitution, there must be check if all diagonal elements of A~

are zero. Consider the j-th element of y(t): yj(t). Suppose the j-th equa-
tion is of the form

yj (t) - aj j yj (t) f rest

Then the zero-díagonal reduction can be achieved simply by:
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yj(t) - rest~(1-ajj)

In general we have:

The zero-diagonal reduction

Suppose there exists a j E{1,2,...,k} such that (A ). ~ 0.0 J,j
Denote 6 , : - 1~ (1- (A ) , ) .

] ~ J~J
Perform the following calculation:

(A~)j~i:- 6j(Ap)j~i

(Ap)j~i:- 6j(Ap)j~iJ

(B~)j~i:- 6j(BD)j~i

i - i,.. ,m

(Bq)j~i:- 6j(Bq)j~i

(F) .- A.(F) i - 1,...,rj,i ~ J j,i

The reason for this reduction will be clear in the next section.

3.4. Elimination of type II-variables

We assume that the endogenous vector is given as

kl
y- CYI~ YII~ . YI E R

k
yjI E R 2, k- kl t k2

Let AD be in zero-diagonal form, else apply zero-diagonal reduction.

In our procedure, always the last element of yii will be substituted.



Denote:

Define:

y- ~y; Yk~, y E Rk-1

yk E R

N

A.i

Ta.i

B.i

F

Lbl~

a.i

0
i - O,l,...,p

i - O,l,...,q

where Ai E R(k-1)x(k-1)~ Bi E R(k-1)xm, F E R(k-1)xr

a. E Rk-1 , b. E R , f E Rri i

a, E Rk-1
i

The structural form can be written as:

yk (t)

r Áo
0

Y

Lyk~ ( t )

f - u(t) t ..

bT0 bT
q

r

B
q

A
P

~ Ta
P

u (t-q) f

a
P

0

' fTL

yk (t-p)

d(t)



or

N N

Y(t) - A~ Y(t) t... t Ap Y(t-p) t

N

B~ u(t) f... f Bq u(t-q) t

a~ yk(t) t... f ap yk(t-p) t F d(t) and

yk(t) - a~ Y(t) t... t aP y(t-p) t

b~ u(t) t... t bq u(t-q) f fT d(t).

In lag-operator form, we can reformulate concisely

y(t) - A(L)y(t) t B(L)u(t) t a(L)yk(t) t F d(t) (3.1)

yk(t) - aT(L)Y(t) f bT(L)u(t) t fT d(t) (3-2)

Votice that (AQ)k~k - 0, R, - O,l,...,p, since yk(t) is a type-II variable
and does not have own lags at the RHS.
Substitution of (3.2) into (3.1) yields

y (t) - [A (L) f a (L) aT (L) ] y (t) f

[B (L) t a (L) bT (L) ] u(t) t

[a(L)fT t F] d(t)

Now results of lemma 2.1 will be used to check if the degrees of the lag
N

operators on y(t) and u(t) do not exceed Ymax and umax' resp.

Since I degree {A(L)} ~ Ymax' by definition,

degree {B (L) } ~ u- max

we only have to check
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degree {a (L) aT (L) } ` ymax
and

degree {a (L) bT (L) } ~ u- max

Using again lemma 2.1, this is equivalent to:

degree {a(L)} t degree {a(L)} ~ ym~ and

degree {a(L)} f degree {b(L)} ~ umax-

Remarks
1. For other realization procedures, as for example presented in theorem

4.3, the RHS in the inequalities above must be replaced by ~max'
2. The inequalities above are always satisfied, if the variable to be

eliminated, occurs as a static relationship. In that case the substi-

tution of yk into y can be performed at once.

3. After an arbitrary substitution, it is possible that a yll~variable

turns into a type-I variable. P,fter every elimination, the program

must determine which variables enter the yI-vector. Clearly, the order

in which the yII-variables are to be substituted, is essential. Such

an order must be chosen, that the total number of variables, that can

be eliminated, will be maximal.

3.5. Example

For application to macro-econometric models, the most interesting case is

reduction of ARMAs(2,1)-models.

So let Ymax - 2' um~ - 1 and substitution of type II--variables may not

increase these numbers.
Let the ARMAs(2,1)-model be given by (d - 0):
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y (t) -

f

AD a~

BD

bT0

r~
y (t) t

u(t) -~

A1 a1
Y (t-1) t

u(t-1)

A2 a2

a2 0

If all ai and ai, i- 0,1,2, and bi, i- 0,1, are non zero, we have

degree {a(L)} t degree {a(L)} - 2 t 2- 4~ 2- ymax
and degree {a(L)} t degree {b(L)} - 2 t 1- 3~ 1- umax'

hence, there is no substitution possible for yk(t).

For substitution to be allowed, we must have for example:

a1 - a2 - 0, a2 ~ 0, b1 ~ 0, or

a2 - 0, a2 - 0, b1 - 0.

3.6. Procedure for the REDUCTION program

Given A(L), B(L), ymax' umax' y -[yI' yII~~

Elimination of type-II variables.

N

1. Substitute last element of yII into y.

~ 2. Check if lag conditions are satisfied
(skip this check for a static relation)
take decisíon for substitution: yes~no

3. a. yes: perform substitution
reduce dimension by one
perform zero-diagonal reduction

reorganize y into [ yI ; yII] ; go to 1

y (t-2)
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3. b. no : reorganize yII-vector such that the refused element becomes

first of y11-vector
reorganize corresponding rows in A(L), B(L), F

go to 1

4. Stop if all type-II variables are checked and possibly substituted

5. Transform the structural form into reduced form (premultibly by (I-A~)-1)

6. Print resulting endogenous vector
store entries in A(L), B(L), F for transformation program.
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CHAPTER 4. THE TRANSFORMATION PROBLEM

In this chapter we will discuss several ways to obtain {A,B,C,D} from

{A(L), B(L)}. The econometric setting of the problem and the eventual ap-

plication, will provide restrictions, on the basis of which one of the

realizations will be chosen.

We assume that the reduction program, see section 3.6, has been completed;

therefore we can start with a reduced form ARMA-model, say ARMAr(p,q).

The different types of realizations will now be discussed.

4.1. Realization I

This type of realization can be found in Chow (1975), p. 153. It is rather

popular in econometrics, due to its very simple concept and computation

and its appealing intuitive interpretation. There are several drawbacks

also, however.

Theorem 4.1

Given an ARMAr(p,q)-model, A(L)y(t) - B(L)u(t) t F d(t), the state-space

representation E(I) obeys

x(t) - A x(t-1 ) t B u(t) t E d(t)

y (t) - C x (t)

where: x(t):- [y(t); ... ; y(t-ptl); u(t); ..

C .- [I,O,...,0]

E .- [F;O;.. ;0]

; u(t-qtl)] E Rpktqm
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A1 A2 . . . Ap

I 0 . . . 0

B1 . . . Bq

0 I

0 I 0
A:-

0

0
B:-

I

0

0

Proof. By definition of the state vector x(t), the proof is immediate.

Notice that only the first row of E(I) contains relevant information. All
other elements of the state vector are included for the use of definitions
and are needed for organisation to obtain the 1-step delay structure.
Moreover, there is a row in A, consisting only of zero blocks.
The advantages of this transformation are
1. it does not need any involved algebraic manipulation, but merely stacks

delayed endogenous variables and instruments;
2. the state elements do have a direct interpretation: the state serves as

an explicit memory function.

The drawbacks of this realization are
1. the number of elements in the state (n - pkfqm) is large, compared to

what will follow in other realizations;
2, advancing time by one, we have

x(ttl) - A x(t) f B u(ttl),

so formally E(I) is NOT an element of E-{A,B,C,D}, see definitíon
(2.3). This seemingly innocent difference will turnout to be rather
crucial for further computations, see section (4.7).
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4.2. Realization II

The second disadvantage, mentioned in 4.1 can be remedied at once, by a

minor algebraic manipulation.
Observe, that the time-argument of u in E(I) indicates that there is an

impact relation between endogenous variables and instruments; this can be

seen in the ARMA-representation as well and stems directly from the eco-

nometric methodology.
If we want to dismiss of the instantaneous influence in the state equation,

it must return in the output equation.
Hence, we have to consider so-called improper models, i.e. D~ 0 in

{A,B,C,D}.

Firstly, we equate the degrees of the AR- and MA-parts. Assume p~ q, then

the ARMA(p,q)-model can be rewritten as an ARMA(p,p)-model by Bp}1 -... -

B - 0.
q

The case p ~ q can be treated similarly.

Then, for ARMA(p,p)-models we have the following theorem.

Theorem 4.2

Given an ARMAr(p,p)-model, A(L)y(t) - B(L)u(t) f F d(t), the state-space

realization E(II) obeys

x(t) - A x(t-1) f B u(t-1) t E d(t)

y(t) - C x(t) t D u(t)

where x(t):- [y(t);...; y(t-pfl); u(t-1);...; u(t-ptl)]

y(k):- y(k) - B~ u(k), k- t-p,...,t
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A1 . . . Ap

I 0 . . 0

0 I

A:-

I

Bk:- Bk t Ak B0, k- 1,....P

C .- [I,O,...,0]

D :- B~

E .- [F;O;...;0]

Proof. Rewrite the ARMAr(p,p)-model as:

Y(t) - BO u(t) - A1 [Y(t-1) - BO u(t-1)] t

A2 CY(t-2) - BO u(t-2)] t.

A CY(t-p) - BO u(t-p)] t
P

(B1 t A1 BO) u(t-1) f

(Bp t Ap BO) u(t-p) t F d(t)

0
B:-

I

0

0

Using the definitions for y(k) - BO u(k) and Bk - Ak BO the proof follows

the stacking operatíon of E(I), as in theorem 4.1.

B2 . . . Bp

Q.E.D.
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Remarks
1. E(II) is an element of E, where B~ - D makes it improper.

2. From theorem 4.1 and 4.2 we have,
the dimension of E(I) is pktqm and
the dimension of E(II) is max(p,q) ~ k.
For the case p- q we have the number p(ktm) and p(ktm)-m, resp.

3. Although Bp}1,...,Bq are zero in the p ~ q-case, the Bp}1,...,Bq are

nonzero.
4. Still we have a row in A containing only zero blocks.

4.3. Realization III

This more involved type of realization can be found for the case k- 1 e.g.

in Aoki (1976), p. 22 ff. For the single-input, single-output case, it is

known as the observable or phase canonical form.
Consider again the ARMA(p,p)-model, where p~ q and Bp}1 -... - Bq - 0

and rewrite it as a sequence of nested lag operators.

Y(t) - B~ u(t) - A1 Y(t-1) t B1 u(t-1) t

A2 y(t-1) t B2 u (t-1) t... f

Ap y(t-p) t Bp u(t-p) t F d(t) -

L[A1 y ( t) t B1 u(t) t

L[A2 y(t) t B2 u(t) t... t

L (Ap y (t) f Bp u (t) ) ~ . . - ~ -F F d (t) (4.1)

Define: zl (t) - y(t) - B~ u(t) (4.2)

From (4.1) and (4.2):
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L-1 zl(t) - zl(ttl) - A1 y(t) t B1 u(t) t

L[A2 y(t) t B2 u(t) t.., t

L (Ap y (t) t Bp u (t) ) ] . . . ] t F d (t)

Define: z2 (t) - L[A2 y(t) t B2 u(t) t... f

L (Ap y (t) t Bp u (t) ) ] . . . ]

then zl (ttl) - A1 zl (t) t B1 u(t) t z2(t) t F d(t)

and proceeding in a similar fashion, we obtain the following recursions
for z. (tfl) :

i

y(t) - zl (t) t B~ u(t) , from (4.2)

zl (ttl) - A1 zl (t) f B1 u(t) t z2(t) t F d(t)

z2(tt1) - A2 zl(t) t B2 u(t) t z3(t)

z (ttl) - A z(t) t B u(t) t z(t)
p-1 p-1 1 p-1 p

z(ttl ) - A z(t) t B u(t)
p p 1 p

As in theorem 4.2 we have defined Bk - Bk t Ak BO'

Summarizing we have the following theorem.

Theorem 4.3

(4.3)

Given an ARMAr(p,p)-model, A(L)y(t) - B(L)u(t) f F d(t), the state-space

representation E(III) obeys

x(ttl )- A x(t) t B u(t) t E d(t)

y(t) - C x(t) t D u(t)
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where: x(t):- [zl(t); z2(t);...;z (t)] E Rpk
P

Bk .- Bk t Ak B0, k- 1,...,P

C .- [I,O,...,0]

D .- BO

E .- [F;O;...;0]

~A1 I 0 . . . 0

A .

A2 0 I . . . 0

A3

I

A
P

0

B:-

B
P

Proof. Writing (4.3) into vector-matrix format, we readily obtain E(III).

Remarks
1. For large p, there is a considerable saving in the dimension of the

state vector: pk versus pk t(p-i)m.

2. The state elements do not admit a direct interpretation. They are now

all dynamic relationships, consisting of linear combinations of endo-

genous variables and instruments.

4.4. Realization theory for ARMA schemes

The problem of finding a minimal realization {A,B,C,D} from {A(L), B(L)}

has been solved in the literature.
See Rosenbrock (1970) or Kailath (1980), chapter 6.3 for a survey and

references.
This method is rather involved, needs deep numerical analysis and takes

into account the structure of the matrices Ai, Bi in the A and B poly-

nomials.
Considering these facts as an disadvantage, it must be confronted with the
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reward of obtaining a minimal realization.

Since we intend to do analysis on the resulting state-space model along

the lines of balanced realizations (quantitative measures for controlla-

bility and an observability-like,property for the targets), see chapter 6,

we prefer here a simple realizatíon, like theorems 4.1-4.3.

The following example illustrates, that it is important to take into ac-

count the structure of the matrices in A(L) and B(L).

Example. Realization III

Consider the case where p- 2, q - 1, k- 2, m- 1.
Let the ARMAr(2,1)-model be:

y(t) - A1 Y(t-2) t A2 Y(t-2) t BO u(t) t B1 u(t-1),

y: T-~ R2, y: T-} R, d- 0

According to theorem 4.1, the state vector will count pk t qm - 4 f 1- 5

elements.
According to theorem 4.3, the realization has dimension pk - 4.

Now we consider a still more special case, where we benefit from the

structure of the Ai.

Assume that A2 has rank 1. Let y-[yl;y2~ obey:

yl(t) - all yl(t-1) f a12 y2(t-1) } a13 yl(t-2) t

bil u(t) t b12 u(t-1)

y2(t) - a22 y2(t-1) t b21 u(t) t b22 u(t-1)

I all a12~
A1 -

a13 0
, A2 -

0 0
~ BO -

bil

Lb21J

I b 12~
. B1 -

b22J

A realization of dimension 3 can be obtained by defining y3(t):- yi(t-1).

Then we have
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yl

Y2

3 J

1Y

Y2

y3 t-1

t

all

0

1

which is of the format

y(t) - A1 y(t-1) t Bp u(t) t B1 u(t-1) b

x(t) - A1 x(t-1) t B1 u(t-1) where,

N N

B1:- A1 S~ t B1

t

x :-y-B~uE R
3

This idea will be generalized in section 4.6.

4.5. Applícation to Interplay-I: the 1975 version

bll

b21

0

u (t) t

I b21~

b22 u(t-1)

0

For the mini-Interplay version until 1975, see Merbis (1982) for the

structural form, the method of Chow has been used, cf. theorem 4.1.

Although mechanical application of the state-stacking procedure will lead

to a large dimensional system, some modifications can reduce the dimension

considerably.
From Merbis (1982), section 2.3, we invoke the ARMAs(2,1) representation,

which is typical for mini-Interplay.

en(t) - A~ en(t) t A1 en(t-1) t A2 en(t-2) t B~ u(t) t B1 u(t-1)

f F d(t) (4.4)

where en E R22, endogenous variables

u E R15, instruments

d E R19, exogenous variables
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According to theore~r. 4.1, the dimension of the state vector will be

2~ 22 t 15 - 59.

Two observations can be made:

1. The vector en(t-2) consists of one active element, namely un-2(NL). By

redefining y(t):- [en(t); un(t-1)] a dimension reduction of 22 - 1- 21

is possible.
2. The vector u{t-1) consists of 8 active elements. By a similar procedure,

a dimension reduction of 15 - 8- 7 is possible.

We cor.clude that the resulting state-vector consists of 23 f 8- 31

`lements.

Although in a more restrictive fashion, this idea can be generalized to a

general ARMAr(p,q)-model. This will be the topic of the next section.

4.6. Dimensior~ reduction for the Chaw realization

Consider the ARMAr(p,q)-model

y(t) - A1 Y(t-1) t... t Ap Y(t-P) t

BD u(t) f... f Bq u(t-q)

We investigate whether it is possible to omit zero columns from

A2,...,Ap, B1,...,Bq and still obtain a realization like E(I).

Suppose A~ y(t-i) and Ai}1 y(t-i-1) are reduced to A, y-(t-i) and
y 1

N -

Aitl y-{t-i-1), resp.
Due to the construction of the Chow realízation, at least all elements in

y-(t-i-1) must belong to y-(t-i). In general this will not be the case.

The process of skipping all zero columns from A2,...,Ap, B2,...,Bq can only

take place under this proviso.

Formally we have.
Consider A, y(t-i); let A, have a certain number of zero columns. Denote

i i
by the index set Si c{1,2,,,,,k} the elements cf y(t-i) corresponding to
the nonzero columns in Ai, i- 2,...,p.
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For the matrices A2,...,A we can compute the index sets 52,...,5 .
P p

Now all zero columns can be omitted if the following nesting property is

satisfied.

S2 ~ ... ~ Sp (4.5)

For a general ARMAr(p,q)-model we can take care, that (4.5) is satisfied

if we do not skip all zero columns; this leads to the following procedure.

Step 1: initialization
omit all zero columns from
determine SP

A
P

Step 2: for i- p-1(-1)2 do
omit all zero columns from A.,i
except the columns (Ai)~j, j E Si}1, which must be retained

anyhow
determine S.i

Step 3: stop if all Ai are processed or as soon as Si -{1,2,...,k}

construct the Á.:- [(A.)~,, j E S,] and the corresponding
i i ~ i

selector matrices P, for all i - 2,...,p.i

Remarks
1. For ARMAr(2,1)-models, as in section 4.5, this ímplies that all zero

columns from A2 and B1 can be skipped.
2. The left-upper block of the matrix A in theorem 4.1 now becomes

A1 A2 . . . Ap

0
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3. An entirely similar procedure is valid for the B-matrices.

4.7. Application to Interplay-II: the 1980 version

Again we suppose that the resulting reduced form is an ARMAr(2,1)-model.

Let the model be

y(t) - A1 y(t-1) t A2 y(t-2) f BO u(t) f B1 u(t-1) t F d(t) (4.6)

Assume:

1. A2 has k2 zero columns, kl t k2 - k, where y E Rk.

2. The elements in y(t-2) corresponding with the nonzero columns of A2 are
k

denoted by y- E R 1.
k Xk

3. Let P E R 1 be the selector matrix such that y- - Py.

Now A2 y(t-2) can be rewritten as A2 y-(t-2), A2 - A2 PT, which is the
result of omitting the zero columns in A2 and corresponding elements in
Y(t-2).

k
Define: y(t-1):- y-(t-2), y E R 1,

then (4.6) can be rewritten as

Y t

N

A1 A2

P 0
J

t-1
N

Y

t

B O

0

u (t) t

which is an ARMA(1,1)-model, of dimension k f kl.
Application of theorem 4.3 immediately leads to:

Theorem 4.4

B1

0

u(t-1) (4.7)

Given an ARMAr(2,1)-model, A(L)y(t) - B(L)u(t) f F d(t) with rank(A2) -
kl ~ k, the state-space repres~ntation obeys
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(4.8)

where

kx (k}kl )
C - [IkIO] E. R

D - B~

Proof. From (4.7) we obtain the first-order difference equation

Y

x(t) - A x(t-1) f B u(t-i)

y(t) - C x(t) t D u(t)

x -
0

ktkl
u, x: T ~ R

~ T ~
y- P y, A2 P - A2, A2 y- A2 Y

A -

B -

Y

A1

P

A21

0

A1 B~ t B1

BO
u (t) -

Y t
0

A1 A2
t

P 0 0

which is essentially (4.8).

A1

P

B1

0

A2~

0

u(t-1)

u(t-1)

0

t

Q.E.D.
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4.8. A further note on realization (I)

In theorem 4.1 we have derived a state-space representation

x(t) - A x(t-1) t B u(t)

E (I) : ~

y (t) - C x (t)

and made the observation that this object does not belong to the class of

deterministic, discrete-time state-space systems E-{A,B,C,D}. This ob-

servation is crucial, and has far-reaching consequences. These will be il-

lustrated by means of an example.
Consider the scalar ARMAr(1,1)-model:

Y(t) - al Y(t-1) f bQ u(t) t bl u(t-1) (4.9)

Following theorem 4.1 a state-space representation is

y(t) al bl

u (t) 0 0

y(t-1)

u(t-1)

y (t)

u (t)

or

{p,1~B1~C1~D1} - {
al bl

0 0

1

1

u (t)

, (1 0), ~ } .

Now it is not allowed to apply system-theoretical notions like controlla-
bility, on the triple {p,1,B1,C1},
A calculation shows that {A1,B1} is a controllable pair and {A1,C1} is an

observable pair (for almost all values al, b~ and bl), hence {A1,B1,C1}

is a minimal realization of dimension 2.
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This is obviously false, since (4.9) can be realized by

x(t) :- y(t) - b0 u(t) - a1CY(t-1) - b~ u(t-1) ] t(al b~ f bl)u(t-1)

where x(t) has dimension n- 1.

4.9. The transformation program

Input for the program ~

1. ARMAr(p,q)-model A(L)y(t) - B(L)u(t) f F d(t).

2. Known parameters k, m, r, p, q, A(L), B(L), F.

3. Options, set by user.

A. If p- 2 and q- 1, the deficient rank-A2 realization of theorem 4.4.

Result: n- k t kl.
B. For general (p,q)-case and a proper state-space model: the Chow

realization of theorem 4.1 and the procedure of section 4.6. Result:

n ~ pk t qm .
C. For general (p,q)-case and improper state-space model: the Aoki

realization of theorem 4.3. Result: n- k~ max(p,q).

Output of the program

Dependent on option 3A, 3B or 3C we have:

A. The deficient rank-A2 ARMA(2,1)-case

a. trace zero columns of A2, say k2, kl t k2 - k

b. define AZ, y- such that A2 y-(t) - A2 y(t)

define y(t) :- y-(t-1) - P y(t-1)

c. transform ARMAr(2,1) into ARMAr(1,1)

Y

A1 AZ

P 0 t-1Y

t

BO

0

u(t) f

B1

0

u (t-1)



d. theorem. Resulting state-space realization is

x(ttl )- A x(t) t B u(t)

y(t) - C x(t) t D u(t)

where

A1 p~2 A1 BO t B1
A:- B:-

P 0 P BO

C:- [Ik 0] D:- B0, n:- k t k1

B. The proper Chow realization

Theorem. Resulting state-space realization is

x(ttl) - A x(t) t B u(ttl)

y (t) - C x (t)

where

A1 A2 . . . Ap B1 . ' B
q

I

I 0
A:-

I

I 0

B:-
0

I

0

C:- [I,O,...,0].
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By the procedure of section 4.6, a number of zero columns in

A2,...,Ap, B1,...,Bq can be skipped; n ~ pk t qm.

C. The improper Aoki realization

a. if p~ q set Bq}1 -... - Bq - 0,

if p ~ q set Ap}1 -... - Aq - 0.

b. theorem. Resulting state-space realization (p ~ q) is

x(ttl) - A x(t) t B u(t)

y(t) - C x(t) t D u(t)

where

A1 I 0

A2 0 ~
A:-

A 0
P

I

0

B:-

B1

C:- [I 0. .. 0], D:- B~ ,

n:- kp.
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CHAPTER 5. STABILITY OF THE REALIZATIONS

5.1.

We consider here the stability of the realizations I-IV. As well-known, we

only have to check the spectrum of the system matrices A in theorem 4.1-4.4.

We need the following lemma.

Lemma 5.1

Given

All A12

A21 A22

Let A22 be non-singular,

A E Rnxn11

xA22 E Rm m

then det(A) - det(A11 - A12 A22 A21) det(A22).

Proof. Since

det(AB) - det(A) det(B) and

A1 B

A -

det
0 A `, j

- det(A1) det(A2)

the result follows from taking the determinant of both sides of the
identity

1I -A12 A22 All A12

0 I A21 A22

-1
A11 - A12 A22 A21 0

A21 A22

Q.E.D.
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5.2. Stability for the Chow realization

From theorem 4.1, the system matrix has the following structural form

A11 A12
A -

xAll E RP P

x
0 A22 A22

E R~ ~

The eigenvalues of A follow from

det(A-aI) - det(All-aI).det(A22-aI)

The second determinant can be computed explicitly:

det(A22-aI) - det

0

x
Since A22 E R~ ~.

0 . . . 0 I -~I

Due to the structure of A, we have qm eigenvalues zero; the eigenvalues of

All determine the dynamics of the system.

Summarizing.

Lemma 5.2

Realization (I), see theorem 4.1 is a stable system if the eigenvalues of

A1 A2 . . . Ap

A11:- I

I 0
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lie within the unit circle.

For the realizations II and III we have an identical result.

For realization IV we note the following.

5.3. Stability for the ARMAr(2,1)-model

The system matrix obeys

A1 A2
A:-

P 0

where A2 P - A2,

kXk k xk
A1 E Rkxk, A2 E R 1, P E R 1 .

The eigenvalues of A follow from

~I-A1 -A2

det(aI-A) - det

det(aI).det[(aI-A1) - A2(~I)-1 P] -

lkl detC~Ik - A1 -~ A2] - a-k2 detCa2 Ik - aA1 - A2] - 0,

where the second equality follows from lemma 5.1.

Stability is guaranteed if the roots of det[a2 Ik -~A1 - A2] - 0 lie
within the unit circle.
If formally a- 1~L, this condition is equivalent with the familiar
det[Ik - A(L)] - 0, where A(L) - A1 L t A2 L2. The latter equation must
have roots outside the unit circle for stability.
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CHAPTER F. EPILOGUE

6.1. Summary of results

Startinq from tY~e structural form

A(L) y(t) - B(L) u(t) f F d(t)

we have a state-space model

x(ttl) - A x(t) t B u(t) t F d(t)

E:
y(t) - C x(t) t D u(t)

(6.1)

(6.2)

where x is the n-dimensional state vector. A slight modificaticn, such

that D- 0, is possible. This object however, is not an element of E, but

appropriate for control exercisès.
ihe set {A,B,C,D} foliows from {A(L),B(L)} after a simple algebraic compu-

tation. Nc attempt is made te obtain a minimal realization, but much effort

has been paid to reduce the dimension of x as much as possible.
The target equation will obey

z(t) - F y(t) t G u(t) t d2(t)

- FC x(t) t(FD t G)u(t) t d,,(t)
L

-: H x(t) t J u(t) t d2 (t)

6.2. Further developments

A. Input for DIFFGAM;:S

(6.3)

The DIFFGAMES-routine computes open loop and feedback Nash, Stackelberg
and Pareto solutions for linked macro-econometric models. It has an option
for the dynamic bargaining solutior. as well, and for graphical display of
the results.
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DIFFGAMES, however, only accepts a target equation of the form

z(t) - H x(t) t d2 (t) .

This can always be achieved by a suitable definition of type-I and type-I~

variables, such that G- 0 in (6.3), and by

such that D - 0.

B. Balanced realizations

using the Chow-realization,

We concentrate on the pairs (A,B) and (A,H), see (6.2) and (6.3).

The notion of balancing refers to the influence of the instruments on the

state at one side, and to the influence of the state on the targets on the

other side.
For model reduction, it is necessary that these effects are balanced.

We will not go into this theory here now, but only note that we need to

compute the eigenvalues of two "Gramians", QQT and RTR, where

Q:- [B,AB,,..,P.n-~ B]

R:- [H;HA;...;HAn-1~.

Also we note that the balancing concept as used here, is somewhat different

from the system theory literature, where outputs replace targets.
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