
  

 

 

Tilburg University

Large-scale systems theory for the Interplay model

Merbis, M.D.

Publication date:
1983

Document Version
Publisher's PDF, also known as Version of record

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Merbis, M. D. (1983). Large-scale systems theory for the Interplay model. (pp. 1-83). (Ter Discussie FEW).
Faculteit der Economische Wetenschappen.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 24. May. 2023

https://research.tilburguniversity.edu/en/publications/3c7d51c5-39ca-42ca-8879-35f0a7f13979


" 
CIM 

R . 
-

7627 "I ~p-. 
1983 

34 

subfaculteit _der econometrie 

/111111/1111/11111/11111/11111111111111111111/111/ 
* C I N 0 1 7 6 1 * 

REEKS "TER DISCUSSIE" 

f j' i 1 

~ 
~ ================= 
TIIxa1I 



KATHOLIEKE HOGESCHOOL TILBURG 

No. 83. 34 December 1983 

LARGE-SCALE SYSTEMS THEORY FOR THE 
INTERPLAY MODEL 

by: Max D. Merbis 

DEPARTMENT OF ECONOMETRICS 
TILBURG UNlVERSITY 

~~K.U.B . . 
~ BIBLIOTHEEK 

TILBURG 



I 

Abstract 

In the theory of 1arge-sca1e systems attent ion has been paid to decomposition 
techniques for decentra1ized systems. These techniques can be app1ied to the 
Interp1ay model, if its structure is taken into account. Therefore the Inter-
p1ay model wi11 be considered as an enti ty, consisting of interconnected 

subsystems, where the separate country mode1s and their 1inking sections can 

be discerned. 
It is argued that on1y two model representations are relevant for this type of 
modeis; the consequences of the extension to stochastic systems are discussed 
and confronted with the fundaments of the project. 
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1. INTRODUCTION 

The aim of this paper is to confront the theory of large-scale systems (LSS) 
with the structure of the two-countries vers ion of the Interplay model. Indeed 
the Interplay model, consisting of a model controlled by several decision-
makers (DMs), having possibly decentralized information and an explicit coupl-

ing between the submodels (the linking block), can be considered as a large-
scale system. It appears necessary to study the structure of the model in some 
depth: not only its practical aspects will be considered, but also theoretical 
investigations wil! be done in relation wUh the fundaments of the project. 
This leads to a decomposition of the LSS into simpIer and lower-dimensional 
subproblems, and an explicit account for the interaction between the sub-
modeIs. Similar ideas can be found in the literature on LSS theory, which is a 
rapidly growing field due to strong impetus from a.o. network theory, power 
systems, water resources, energy modeIs. 
Chapters 2 and 3 are devoted to the interaction between the submodeIs, result-
ing in several model representations whlch seem realistic and lnvolve enough 
structural aspects to be sultable for the reductlon of the overall complexity 
of the problem. Although there Is no preclse deflnltlon of what a LSS Is, in 
particular no objectlve assessment for the notion 'large', there Is a consen-
sus on the maln items, as can be seen .from e.g. the seminal survey of Sandell 
e.a. [221. Another, more recent revIew of the literature, lncluding some 

small-scale computational examples, has been given by Jamshidi in his book 
Large-Scale Systems, Modeling and Control [111. The most characterlstic as-
pects of LSS-theory wlll be mentioned In chapter 4, wlth a specIal emphasis on 
decomposltion technlques. 

Two of these techniques will be examlned more closely: the unblased, local 
filter of Sanders e.a. [231 and the restrlcted control problem, In chapter 5 
and 6 resp. The first method Is supposed to grow out towards a two-step proce-
dure for approxlmatlng solutions to the decentralized control problem. The 
main advantage consists of worklng with low-dlmensional and slmple submodeIs. 
The second method Is closely related to the direct output feedback problem and 
relles on matrlclal optimization techniques. The presentation of these tech-

niques wlll be central, slnce they are applicable to a broader class of pro-

blems. However, it will turn out that for this class of problems not yet 

satisfactory solutions can be found. This is in accordance with the experience 
1"' ", 

from On the Compensator, part 1-111 [151 and the prevailing llterature. Due to 
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the coupling between information and control, one ends up with a two-point-
boundary-value-problem (TPBVP), which is difficult to analyse. If we go beyond 

the finite horizon case, the TPBVP changes into a nonlinear mathematical 
programming problem (NPP), which is equally difficult to analyse. 

So far for the technicalities of the paper. Again 1t is judged favorable to 
reconsider and evaluate the original aim of the project, the fundaments on 

which it is built and to discuss the implications for the extension of a 
determinist ic dynamic game to a stochastic dynamic game. This evaluation must 
lead to a clearer view on the project and helps in finding the right direction 
in the vast field of LSS-theory and its connection with linked macroeconomet-
ric modeis. 
In chapter 8, some conclusions and recommendations will follow, likely of a 
very tentative character . They will be presented in such a way that an outline 
of a the~is, to be written by the present author on this subject and some 
additional materiql, follows naturally. Since it is needed also elsewhere, 
this part will duplicate some statements from previous parts of the paper . 
Finally, a list of references and bibliography, and appendices to chapter 2, 
containing the entries of the system matrices of a version of Interplay and to 
chapter 6, containing matrix differential calculus rules and proofs of theo-
rems, will conclude the paper. 
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2. LINKING SECTION: PRACTICE 

2.1. Background of the Interplay model 

The construction, motivation and estimation of the Interplay model can be 
found in several reports. Here only a few general remarks will be made, spe-

cializing to the two-countries version (Netherlands and Federal Republic of 
Germany, abbreviated as NL and G resp.) and their linking sect1on. The models 
are based on a yearly sample from 1953-1975; at the present a revised vers ion 
until 1981 is in preparation. 
The economic behavior in both countries is described by means of 11 behavioral 
equations; it explains the mechanics of the labor market, the private expen-
ditures, the foreign trade and the prices of commodity exports, of government 
expenditures on goods, of private consumption, of private investments and of 
the private wage rate. Except unemployment all endogenous variables are in 
yearly growth rates. 
The classical equation Y = C + I + G + (M-X) is present, explaining the natio-
nal product Y, there is arelation between changes in unemployment and real 
disposable wage income, which is essentially a linearized Phillips curve and 
special attention has been paid to the . investment equation, allowing for 
substitution between capital and labor of so-called putty-putty type. 
Whenever necessary, the stringent conditions imposed by economie theory are 
relaxed to obtain good statistics for tpe &eparate equations (all estimations 
are done by OLS). The monetary and f i scal aspects of the economy are treated 
as instruments or exogenous variables, e.g. long term interest rate, primary 
liquidities, indirect taxes are all considered to be governmental instruments. 
Since it meets with formidable difficulties, no attempt has been made to model 
a separate monetary block. Moreover, there is no guarantee that this will turn 
out to be an irnprovement. 
Before the linking section is attached, the country models have a closed-form 
representation and both imports and exports are taken endogenously. The price 
of the imports (= Pmg) is taken as an exogenous variabie in both countries, 
whereas the price of the exports (pxg) is endogenous. If we speak of ex-im-

ports, always is meant ex-imports of goods. In the closed models all influen-

ces from abroad are taken exogenously, e.g. xgNL depends on the exogenous 

variabie ÖSO: the yearly change of the relative market share. Now a separate 

linking section can be modeled. A very brief justification can be found in 
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Plasmans r 191, wherein several references for original sources. The main 
points in constructing a coupled two-countries model are now: 
- replacement of xg-equations in NL and G 

- endogenizing of PmgNL and PmgG 
- introduction of mg$i .: the volume of imports of goods of country i from 

,] 
country j in dollars of 1970. 

In fact these three operations to be performed for each country, constitute 

the linkage between NL and G. For a six-countries model, per country five 
variables mg$ , j = 1,2, ••• ,5 need to be specified, which makes the linking i,j 
more involved but not essentially different. 

2.2. The appropriateness of the linking section 

In constructing the linking section, only attent ion is paid to bilateral trade 
flows and corresponding prices. No attention is paid to many other factors, 
while some of them might be of considerable importance. 
For example, one of the leading Dutch bankers has claimed that NL is one of 
the largest investors in the USA (and in Belgium as well), which implies a 
capital flow from NL abroad of considerable magnitude. This capital flow is 
made possible by the surplus on the balance of payment in the early 80' s in 
NL, which ranges between 10 to 20 billion Dfl. For the first quarter of 1983 
these numbers are: 
- surplus 4.7 billion Dfl. 
- capital flow: 3.3 billion Dfl. 

Another source for capital flow is found in people who live in NL, but work 

abroad and vice versa. For the same reasons, the tourist consumption is a 
major factor too. In the domestic Dutch tourist branch in 1980 a total amount 
of 17 billion Dfl. was spent. 
It must be noted that the totals of xg and mg are large amounts: in money 
terms they are about 200 billion Dfl. (prices of 1980), where the national 
product of NL is about 300 billion Dfl. What is more important, however, is 
(xg-mg), and indeed xg and mg cancel out to a large extent. 
- 1978: -2.37 billion Dfl 
- 1979: -3.50 billion Dfl 

- 1980: -4.87 billion Dfl 

- 1981: +8.24 billion Dfl. 
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This does not contradict the usual finding from experiments and simulations 
that the submodels are weakly connected. There are only indirect and minor 
influences on the endogenous variables of the other country; this can be shown 
by considering an arbitrary impulse of an endogenous variable or instrument in 
one country of, say, 10% and investigating how this impulse affects the link-
ing variables and the important endogenous variables of the other country, 

like Pcp, un, etc. (the "objectives"). In most cases these influences must 
pass along many stages (- equations) and die out rather quickly, due to small 
coefficients in most of the equations. 
A remark on the accuracy of the data is relevant here. Theoretically, one 
might expect that the imports of goods of NL from G, registered by the Dutch 
Bureau of Statistics, equals the German exports of the same goods to NL, 
registered by the German Bureau of Statistics. It appeared that for several 
countries of the Interplay model and for several commodity groups this is not 
the case, and large deviations exist (up to 100%). 
This registration may indeed be not so simple as it seems; e.g. remember that 
import flows are c.i.f. (cost, insurance and freight) and export flows are 
f.o.h. (free on board). 

2.3. Aggregation of submodels and linkage 

Now the process of how the linking between the NL- and G-submodel is performed 
wi11 be described, and the linking equations will be considered in some de-
tail. 
In constructing the overall model the following steps are essential. 
1. Build and test a closed model for NL and G resp., 
2. Build and test a linking section for NL and G, based on bilateral trade 

flows and corresponding prices, 

3. Replace xgNL and xgG in the original model by the linking block formula-

tion, endogenize PmgNL and PmgG and add the trade flows mg$NL,G and 

mgSG,NL; an overall model has now been obtained. 
This form of the model can be used for simulation purposes by standard rou-

tines. In order to make the model suitable for control purposes, a transforma-

tion to state-space form and a state reduction are necessary. Details can be 

found in the next section. 

The equations of the linking section are : 



6 

Exports of goods 

2-1a. xgNL = .3 mg$G,NL + .7 mg$r,NL + ~ 

2-1b. xgD = .1 mg$NL,G + .9 mg$r,G + MRG 

The coefficients at the RHS are found by some device, see [191 for details. 

Note that they add up to unity and that they are not estimated by OLS. They 

reflect the dependenee of both countries on each other in relation with the 
rest of the world. The Dutch import is more dependent on the German than vice-
versa. Also these relations serve to convert Dfl and DM (German Marks) into 
US-dollars, which make them comparable. 

Imports of goods of i from j 

2-2a. 

2-2b. 

7.5 - .4 PmgS G,_l + .5 mgS G 
-3.35 (6RlG - 6RlNL)_1 

mg$NL,G = 11 + .8 mg$NL - .7 wSNL,_t 

Equation 2a states the role of the difference of the iong term interest rate 
between NL and G on German imports. For financial investors, it is a rule of 
thumb that the Dutch interest rate on government bonds must exceed the German 
(and Swiss) rate by at least 1% to be attractive. 

Equation 2b is counterintuitive, however, since the coefficient of the wage 

rate in dollars is expected to be positive, according economie theory. 

Price indices for imports 

2-3a. Pmg$G .15 Pxg$NL + .85 Pxg$r 

2-3b. PmgS NL .22 PxgS G + .78 Pxg$r 

These relations are found by the same device as in equation (1): the coeffi-

cients at the RHS add up to 1. So no real observable prices are used, although 

statistics are available. But they are disaggregated into 150 commodity groups 
and go back only to 1959. This artificial pricing can be considered as a major 
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dwawback of the construction of the linking section. 
From equations 1-3, it can be seen that the only instruments are 

Since the exchange rates MR are more or less fixed within the European Mone-
tary System and since ~Rl mainly depends on the development of American long-

term interest rate, they are hardly instruments in the control sense of the 
world. It might be suggested to take them exogenously, if control techniques 
are applied. 
Considerations of this kind can reduce the dimension of the model. Likewise, 
definitional variables and endogenous variables of minor importance can be 
eliminated by substitution. As in Merbis [131, it is possible to end up with a 
state vector of 23 elements, namely: 

x = (cPe un Emp Pxg Pcp Pip w Pmge mg$e,NL 

gvampp e2 Wd : u~ Emp Peg Pcp Pip w PmgNL 

Here we want to investigate the structural properties of the Interplay model 
and therefore we need to discern th ree parts of the state vector. A re-order-
ing yields: 

xl - xNL := (u~ Emp Peg Pcp Pip w e2 Wd u~_I)' 

x3 = Xc :a (cp un Emp Pxg Pcp Pip w gvampp e2 Wd)' 

Now the structural aspects of the Interplay model can be investigated using 
xl' x2 and x3' leading to a conformable decomposition of the system matrices. 

This topic is important enough to be treated in a separate section. 
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2.4. Transformation of the structural model into state-space form 

The structural form can be represented as 

x = AOx + A1x + BOu 1 + B1u + ex + Mvt t+ 1 t+ 1 t t+ t t (2-4) 

. 23 where xt E Rand given earlier in section 2.3, Ut denotes the instrwnent 

vector, eXt the exogenous or uncontrollable variables and Mvt the disturban-

ces. In this form, several endogenous variables have been eliminated to obtain 
a lower-order model. Even a more reduced form is obtainable, but this would 
make the structure of the model too complex and less easy to handle. The term 

A2x t _ 1 is omitted here - for notational simplicity only - and typically for 

the model it consists of one element (u~,_2). This impl1es that u';; is 
-1 

regarded as just another element of Xt. The vector of instrwnents Ut can be 
decomposed into 

t ' 

Furthermore, we consider a version of the model, where Ut € RIS and eXt E R19 • 
From (4) we have the state-space representatio~ 

[ -I (I-A~) AI (I-A(B~ [::] + [(I-A~)-IBO] ut+1 

+ (I-A
O

) -1 eX
t + (I-AO)-l MVt (2-5) 

This representation has been used for control purposes and error analysis, see 

1 -1 De Zeeuw [33 , Merbis [13]. To avoid repeated writing of factors (I-A
O

) , we 
rewrite (4) symbolically as: 

(2-6) 

where 

x = 
u = [::] 1::J 
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A corresponding partitioning of A, BO and BI is: 

All Al2 Al3 
0 

BIl 
0 Bl2 

1 
BIl 

I Bl2 
A23 BO 

0 0 
BI 

1 1 A = A21 A22 B21 B22 = B21 B22 
A31 A32 A33 

0 B31 
0 B32 

1 B31 
1 B32 

These matrices are essentially the reduced-form matrices and are known for a 
version of the Interplay model, used in [131 and [331. Their entries can be 
found in appendix A (all entries smaller than .01 are set to zero). 

In a theoretical, structural analysis one can be lead to the conclusion that 
A13 = 0, A31 = 0, i.e., there is no direct relation between the endogenous 

variables of G and NL. Until here there is no reason to assume a causal rela-
tion. Ooly af ter postulation of an economie theory and corresponding statis-
tical verification, the phrase "relation between" can be replaced by "in-
fluence on". 

Similárly, one can argue that B~2 = 0, B~l = 0 and B~2 I 0, B31 = 0, indica-
ting there is no impact or one-year delayed connection of the inStruments 
either. From the entries of A, BO and BI' displayed in appendix A, 1t is 

evident that such structural assumptions are hard to maintain, although there 
is some evidence that the supposed structure can be a rather good approxima-
tion. It can be justified to do structural analysis and theoretic investiga~ 
tions with the proposed assumptions of the zero blocks in A, BO and BI. Some 
attention to this matter will be paid in the next chapter. Finally, we remark 
that for this structure and for this type of coupling, we have a very weak 
coupling indeed: Al2 is almost the zero matrix and ~2 is very sparse too. 
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3. LINKINC SECTION: THEORY 

3.1. Introduction 

Having considered the linking section and its structural aspects from a con-
crete version of the model based on OLS and used for deterministic control, we 

will now proceed in a theoretical fashion taking stochastic considerations 
into account. Due to a complete lack of experience with a stochastic version 
of the model, no conclusions can be drawn based on experiments with stochastic 
control. Hence the emphasis of this section will not be put on applications, 
but rather on applicability. One more aspect will be added to it: the diffe-
rence between local and global dynamics. It will turn out that the final model 
cannot be universally represented together with a variety of information 
patterns, but several representations are needed for an appropriate model 

description. 
This has implications for the estimation technique as weIl. In a stochastic 
setting, or in another terminology, in an errors-in-variables model, we cannot 
cope with OLS, but an alternative estimation procedure is needed, guaranteeing 
(at least) consistency of the estimates, like e.g. the maximum likelihood 
method. Some attention to this topic will be paid in section 3.5. A summary of 
the final model representations can be found in 3.6. 

3.2. Modeling assumptions and the Information Consistency Principle 

Before building the country models, annual data of the main economic variables 
have been gathered. Restricting to NL and C, we can discern the two sets 

MNL := {YNL,xNL , t E T} and MC := {yc' xC' t ET}, where Y are endogenous and 
x are exogenous variables over the estimation period T. From economic theory 

and statistical considerations, closed submodels are estimated: one model 

based on MNL , the other on Me. 
Now, from a subset of MNL U MC the linking section is constructed and af ter a 

modification of the submodels the three models (for NL, C and LINK) can be 
aggregated into one overall model. In this overall model, the functional 
relationship y = f (y ) and y 2 f (y ) will occur: the resulting model is 

NL IC C 2NL 
of ~~~~~~_~!~~~~~~. In other words, the model builder (one person!) estimates 

the model based on MUM = {y , y , x , x , t ET}. In particular T 
NL C NL C C NL 

denotes here the period 1953-1975. 
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If we proceed to the control or simulation period, from 1976 onwards, the data 
are essentially of the same character. Hence there are no arguments to admit 
decentralized observation sets, while the DMs have a global model. And conver-
sely, if we want to study the problem of decentralized information, where the 
DMs have non-shared observatiohs, the model dynamics must be decentralized 
too. In that case every DM has his own submodel and is, in general, unaware of 
the dynamics of the other submodels. Of course, some information exchange must 
be specified, leading to a realistic model for the coupling between the sub-

models. We refer to this class of models as being of !~~~!_~~~~~!~~. More 
precise model descriptions will be given below. Firstly, we summarize this 

discus sion as a basic principle. 

Policy models must obey the Infopmation Pattern Consistency Principle. 

Remarks 
1. In game theory one might encounter the situation where the players know the 

fixed rules of the game and receive decentralized information. Here, so to 
say, the players first have to formulate the rules of the game. 

2. Of course, there is astrong theoretical justification to study decentrali-
zed information problems. Also in our problem formulation this problem is 
important, if we want to compare different information structures for the 
same model. This formulation might answer the question how important obser-
vations are and how important to share them or to keep them secret. Pro-
bably a concept like the value of information is needed, but this seems 
rather cumbersome in multi-DM problems. 

3. Due to the actual process of decision-making, the fact that the model is 
based on annual data and that expectations play an important rol in econo-
mies, it is acceptable to relax the stringent Information Consistency 
Principle and admit lsDOS (I-step delayed observation sharing) patterns for 
a global model. 

4. Although we will nOt consider this issue, one can consider the case where 

every DM has his own ~~~!~.!.! model. Or, there are "rival" models, based on 
different economie theories, e.g. monetarist, Keynesian. The former' ap-

proach of so-called multimodel games has been considered by Khalil [12], 

the lat ter by Rustem [211. 
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3.3. Global dynamics 

Three separated parts of the model, NL, G and Link-bloek, will be considered 
as part of an overall model. In general the bloeks will be related according 
to a cyclical model, where information flows exist between every two members. 

Fig. 1. Cyclical Model 

In a stoehastic setting, it will turn out that this model is too general and 
does not reduee the complexity of the problem. Sinee our major incentive is to 
investigate strueturëd modeIs, we will focus on the simpIer, horizontal model, 
as in figure two. 

Xl x3 

NL LINK G 
~ 

x2 x2 Fig. 2. Horizontal Model 

Here x 1= xNL ' x2 = xLINK' x3 = xG and all flows between NL and G must pass the 
linkage-block. In addition there is no direct input from NL on G and from G on 
NL. · This model can be represented in state-space form and assumes centralized 

model data. These assumptions will result into: 

Proposition 3.1. 
If the DMs have the same global model and if the information flows act accor-
ding to the horizontal model, the stochastic state-space representation for 
the NL-LINK-G model under the Information Consisteney Principle is: 

+ Mvt 

(3.1 ) 
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and both DMs receive noisy observations according to 

Remarks 

(3.2) 
[ ] 

1. As usual in econometric models, we assume that every state variable can be 
observed. This corresponds to the well-known errors-in-variables model. 

2. This model is mainly suitable for theoretical investigations and applicabi-
lity studies. The proposed structure is convenient as an a-priori structure 

in which the remaining coefficients must be estimated; this will be out-
lined in section 3.5. 

3. If, in addition, B12 = 0 and B21 = 0, which can be achieved by restricting 
the set of control elements to the "really controllable" instruments, cf. 

our remark on page 7, we obtain the freeway model of Isaksen and Payne 

[ 101. 

3.4. Local dynamics 

Equation (1) will be the starting point for a model with local dynamics. If we 
want to consider three submodels, then they obey (omit exogenous variables) 

For the observation equations there are several possibilities. 

a. Assume that DMI only knows {All,A12,Bll,Ml'V} and DM2 only 
{A33,A32,B22,M3'V} • Let DMI (= NL) observe 

(3.3c) 

(3.4) 

and analogously for G. In practice we will assume Cl = I. In this setup NL 

and G can estimate their state xlt ' based on {Yls'S ~ t} and x2t ' based on 

{y , s < t} respectively. The corresponding control problem is extremely 2s . 
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difficul t, since every action affects also X2t' which in turn has some 
effect on xl and x3. 8ince we deal with local modeis, the dynamics of the 
x2t-process are not known, therefore they must be learned in an adaptive 
way by DMI and DM2, together with the completely unknown influence of the 
opponent. This problem seems unsolvable and forces to look at other problem 
formulations. 

b. It is more natural to assume that NL and G both know the dynamics of X2t. 
A possible information structure for this local problem admits direct noisy 
observations of the opponent's influence on the linking. If we denote this 
influence for NL in aggregated form as f(x3), the observation equation 

becomes: 

[f~b 
Evidently, the NL-submodel now consists of the state vector [::]t • 

+ (3.5) 

A similar approach for G lies at hand. Now there is no reasonto consider 
systems with three parts. A more concise formulation, consisting of two 
local submodels, will be summarized in 3.6. 

3.5. Estimation of a structured stochastic model 

The fact that we consider a stochastic version of the Interplay model, has 
implications for the estimation of the model. It is incorrect to take the OL8-
version of the model, and add an arbitrary observation equation to it. Clearly 
the covariance of the observation noise is unknown and hence the signal-to-
noise ratio (8NR). A proper identificatioh procedure should start with the 
choice of the class of dynamic systems. For our purposes an appropriate class 
is the class of time-invariant Gaussian stochastic dynamic systems in dis-
crete-time, which can be represented by 

A x t + B Ut + MVt 

C x + N v 
t t 

(3.6) 
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where x : n x T + Rn , the state process, t E T = {O,1, ••• ,tf -1} 
the control process, m-dimensional; 

y n x T + Rk observation or output process; 

v v t E G( 0, V), the noise proces9; 
A,B,C,M,N,V, unknown matrices. 

Estimation of all parameters in this representation is not possible, but by 
invoking canonical forms and an equivalent Kalman filter representation, it 

must be possible to perform the estimation. Algorithms, based on the maximum 
likelihood method are available in the l1terature. Notice that we are only 

interested in off-line methods, since for recursive methods there is an ap-
parent lack of data. Moreover, we are free to impose a particular structure on 

the A, Band C matrices, which is conform our economic interpretation of the 
structure of the two-countries modeIs. Hence equations (1) and (2) fit into 

this framework. 
If we take the Information Pattern Consisting Principle very stringent, then 
any change in the information structure of the problem, should modify the 
class of dynamic systems and hence the estimation procedure. However, we will 
not do so for the lsDOS-pattern; in case of completely decentralized informa-
tion, we can only estimate two submodeIs, based on different data sets. The 
procedure is essentially the same as for the global model. 

3.6. Summary of global and local model representations 

From section 3.3 and 3.4 1t follows that we have essentially two model re-
presentations at hand. For simplicity, omit exogenous variables. 

Define: IMD ~ information of model data 
I OD ~ information of on-line data 

3.6.1. Model with Global Dynamics (MGD) 

Xl All Al2 0 xl Bll 0 

[:~:] S x2 A2l A22 A23 x2 + Bl2 B2l + MVt 

0 A32 A33 0 B2 2 x3 t+l x3 t 

Yt = xt + N vt (3.7) 
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i ... 1,2 

i = 1,2 

Note that (3.7) follows from the discussion in section 3.3, in particular, 

proposition 3.1. 

3.6.2. Model with Local Dynamics (MLD) 

Xl. t+1 

81 

YIt 

IMD 
1 

I OD 1 

Al x lt + BI UIt + f l (x2,u2) + MI 

[:1 :] [:~ ~IJ + ~IJ Y12 t N12 

{Al' BI' f l , MI' Cl' NI' V} 

{YIt' t E T} 

{A2 , B2 , f 2 , M2, C2, N2, V} 

{Y2t' t E T} 

v t 

v t 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

Xl (x2) must be understood as the state vector of the NL(G)-submodel and the 

linking-block, cf. section 3.4.b. 

Usually, f l and f 2 will be linear in their argument. Other information exchan-

ges are possible, and will be discussed later. This exchange may be noisy or 

determinist ie and may consist of: 

a. subsystem's local estimate 

b. observations of other subsystem(s) 

c. specified set of data vectors, e.g. only from neighbouring or nearby sys-
tems. 
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Comment 
Buiter [4] has claimed that in multi-DM models, estimation only can be done if 
you know the equilibrium concept beforehand. This might be true in closed-loop 
estimation; however, from (8) and (9),we obtain by substitution 

Xit + BI UIt + YIZ,t + (MI-NIZ) vt 
x it + Nll v t 

From {Yll' YIZ' uI' tE T} the unknown coefficients can be estimated, so we 
see no point in his observation. 
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4. ASPECTS OF LARGE-SCALE SYSTEMS 

4.1. Methods for 1arge-sca1e systems 

Although there is no universa1 theory and definition of what a LSS is, there 
is 1iterature abound and the main characteristics are: 

a. Of ten more than one controller and observer is invo1ved and decentra1ized 

computations must be made. 
b. The information patterns for the DMS are decentra1ized, possib1y corre1ated 

and specified for different time-scales. 
c. A LSS can be controlled by loca1 DMs at the infima1 level, whi1e a coordl-

nator at the suprema1 level coordinates their actions. 
d. Usua11y a LSS is represented by an aggregated model, of somewhat imprecise 

nature. 
e. The DMs can operate as a team having one common objective, but they may 

have conflicting interests as weIl. 
f. As a rule, the optimization problem for a LSS with respect to a general 

cost function is untractable and sub-optimal or near-optimum controls must 
be achieved. 

Not all of these issues are equa11y .important for our purpose, but most of 
them are present in some way. Accordlng to Sandell e.a. [22], there is a 
natural division of the subject into three parts. 

I. Techniques for simplifying model descriptions 
At the moment this is of minor concern for the project. We mention: aggrega-
tion methods, ~erturbation methods (singular or nonsingular) and various model 
reduction techniques, of which we only point at the theory of balanced reali-
zations (Moore [18]). This method seems attractive for model reduction, due to 

the neat underlying (geometric) theory and the fact that the discrete-time 
counterpart (which is differentl) has been investigated equally weIl. 
There is certainly a need for an application-directed approach of concepts 
llke control1ablllty, minimality cf. tentative remarks in Merbis [13]. 

11. Procedures for testing stability 

This qualitatlve issue is completely discarded at the moment. We refer to the 

survey of Sandell [22], the book of Michel and Miller [17] and a more recent 

survey of Michel [161. 
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111. Control techniques 
Our emphasis will be on methods of decentralized control, since it is most 
akin to the original setting of the project, namely stochastic dynamic games 
problems. Unfortunately, it turned out that methods of optimal-stochastic 
control for the LQG-case are not very useful. Ever since the counter example 

of Witsenhausen [301, which shows that all stochastic optimal control problems 
with a non-classical information pattern are, in fact, useless for applica-
tions, new ways had to be found to make some progress. One of the suggestions 
made, embodied the assumption that the controllers are linear in the available 
information. Some untractable algorithms have been proposed, without practical 
use. It seems that the most straightforward problem formulations fail on 
either the second-guessing phenomenon or the signalling phenomenon. 
Another suggestion is to limit the problem further and to apply only control-

lers of fixed structure and dimension, see e.g. Merbis [151. Although neces-
sary conditions can be stated, there is relatively little known about suf-
ficiency, efficient algorithms, convergence, performance, etc. In general, 
there holds no separation result, which makes things complicated. 

4.2. Decomposition techniques 

From 4.1 it can be concluded that control methods are not very successful 
either, and in a sense this is true. To force a breakthrough, one can consider 
ad-hoc procedures to decompose the LSS into simpier submodeis, preferably a 
decomposition into independent standard LQ or LQG-models. Thereafter, a proce-
dure to coordinate or correct for the interactions between the submodels must 
be invoked. 
Evidently, decomposition methods are bound to be problem-oriented and may 
consist of a mixture of known ideas. An attempt to classify them, leads to the 
next three approaches. 

4.2.1. Multi-level approach 

There is an extensive literature on this field, especially for linear program-

ming. For control problems some information can be found in Findeisen e.a. 

[71, which is rather abstract and hard to digest; some articles in Wismer 

(ed.) [291, are of interest too. 
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Virtually all work that has been done is concerned with static or determinis-
tic, open-loop problems. We are aware of one stochastic example, but of a very 
special nature: the notion of periodic coordination (Chong, Athans [6]). It is 
unclear whether this can be applied or has any practical significance. Com-
ments have been made by Benveniste e.a. [3]. 

4.2.2. !wo step procedure 

As an intuitive idea, this looks quite promising but concrete results do not 
easily show up. 
The model description must consist of submodeis, wi th explicit interaction 
terms. Now we perform two steps: 

a. Set the interaction 
e.g. in the LQG-case 

* 

equal to zero and solve 
* we have Uit = -Fit xit • 

b. Let Uit = Uit + ui where ui corr is * ,corr , 
the 

decoupled control problems, 

correction for the optimal 

control Uit' by taking the interaction into account. 

It is not clear how to choose the ui,corr. Moreover, some iterative method, 
based on the same philosophy, might outperform this two':"step procedure. De-
tails need to be worked out. 

4.2.3. Local filter and local controller 

The concept of local filter stems from Sanders e.a. [231, and local controller 
from Isaksen and Payne(a.o.) in [10]. Local filters can be derived quite 
easily for the submodels Si' i = 1,2 of section 3.6.2. This idea must be 
combined with a local controller, or with an idea as described in (4.2.2). 
Since the derivation of a local filter can be done easily, some details will 
be revealed in chapter five. 

Evidently, these approaches must be combined in some way or another. 
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5. LOCAL FILTERS FOR A TWo-COUNTRIES MODEL 

5.1. Introduction 

We consider here the case where the two countries and their linking sections 
have decentralized information patterns, and necessarily decentralized model 

data information, cf. the discussion in section 3.2. 
To establish the interaction between the two countries, there must be some 
information flow between the countries. Corresponding to realistic problem 
formulations, some special cases will be considered. One particular such case 
stems from Sanders e.a. [221, who have introduced the concept of surely local, 
unbiased filters. Their derivation is based on the matrix minimum principle . 
For a slightly different, but equally realistic formulation, a still simpler 
approach is possible, by invoking directly the known formulae of the Kalman 
filter. The stability of the (asymptotic) filter is then immediate. 
Subsequently, some attention will be paid to the control problem. Only the 
very special case is considered where we first solve the filter problem, and, 
based on its solution, solve the control problem afterwards (or at least, try 
to give a problem formulation). No attention is paid to the coupled control-
filtering problem, since this · problem has been treated in more detail in On 
the Compensator, 1-111 [151. 
The model with local dynamics (MLD), as given in section 3.6.2, will be used. 
For the benefit of the reader, the crucial assumptions will be repeated. 

5.2. Assumptions and representation for MLD 

The assumptions for the MLD are: 
a. Consider a horizontal model, as in section 3.3. 
b. The DMs possess knowledge about the dynamics of their submodels and the 

linking section. They do not have any knowledge about the opponent's dyna-
mics. 

c. Both DMs receive noisy observations of their own state and noisy observa-
tions of the opponent's interaction on their own state. 

d. The linking block is not made explicit, but treated as a part of Xl (NL 

state vector) and x2 (G state vector). 
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The following definitions and conventions will be used. 
All relevant variables which serve as interaction input for Si are collected 

qi 
into the vector: wi : n x T + RA " 
wi may consist of xj' uj' Y j' xj' j "* 1. Not all e1ements of Si are affected 
by wi' The functiona1 relat10nship which governs this interaction, is expres-

qi n1 sed by the function: f i : R + R , i = 1,2. 

The submodels SI and S2 can now be represented as: 

X},t+l = Al x lt + B} UIt + fl(w lt) + MI v t (5.la) 

S} 

[:1 0J ~ xjt J [NI:] ll~ Ylt = 
I f

l 
(w

lt
) + N

12 

v t 
Y12 t 

( S. l b) 

X2,t+l = A2 x2t + B2 u2t + f 2(w2t ) + M2 v t (S . 2a) 

S2 

~ o J l2(w2tj + ~21J l2J Y2t v t 
Y22 t C2 x2t N22 

(S.2b) 

where n x T + 
ni 

xi R n} + n2 = n 

f i 
qi 

R + R 
ni 

ki +n1 
Yi n x T + R 

v n x T + RP 

qi 
wi : n x T + R 

uit is the mi-dimensional control vector of DMi at t. 

Comments 
The formu1ation using the funct10ns f i is due to Varaiya and Walrand, in their 

survey [281. 
Sanders e.a. [231 use the 11near expression: Lu, where u = L L x 1"* j 1i i i ij j' • 
Lii belongs to the model data of DMi, but Lij' i "* j apparent~ not. For the 

equations of Yit' i = 1,2, they assume a similar form, as presented here. They 

claim that the assumption that every component of f i is observed, will make 
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the class of local, unbiased filters non-empty. 

5.3. The local unbiased filter problem 

The following problems can be posed. 
1. Given Si' i a 1,2 with decentralized model and on-line data, find within 

the class of l1near, unbiased state est l mators the optimal filter with 
respect to a suitable minimum variance criterion. 

2. Derive stability properties, convergence for the infinite horizon case, 
algorithms, performance differentiation. 

3. Combine the solution of the local filters with some control procedure and 
indicate a measure for global evaluation. 

5.4. The class of unbiased, linear filters 

Due to the decentralized structure of the problem, together with its symmetry, 
we only solve the problem for SI' Hence 

The compensator F1 for SI is given through: 

Assumptions and conventions 

1. dimension zl = dimension xl = nl' 
2. elt :a x1t-Z1t ; some quadratic criterion of e1t must he minimized. 

E[zlt1 + E[e 1t1 = 0, t E T. 3. unhiasedness implies: ErX1t1 
4. Kt = [Kl : K2 1, compatible t. t 

n xk 
1 1 

Kl E R 
n xn 
RIl K

2 
E 

5. Let N[ ,_ [:::] 

with the partitioning of Ylt' Hence 

(5.3a) 

(5.3b) 

(5.4) ' 
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From (3) and (4), the recursion for e lt follows 

(5.5) 

For unbiasedness we need 

(5.6a) 

(5.6b) 

If (6b) has to hold for every function f l , or if DMI does not know this func-
tion precisely, we must set KZt = I, t E T. 
From (6 . a): Ft = Al - KItCl' which will be used to eliminate Ft. 
It remains to determine {KIt' t ~. T}, and this will be done via a minimum 
varianee argument. 
The error of the unbiased linear filter for SI obeys: 

This is a standard form, in connection with the natural cost function 

Et := E[e e l l 
t t 

More suitable for our purposes is a final-stage cost function 

Ef := E(t f ) , 
Qf := Q(t f ) , 
tf final time of T 

By standard techniques we can now state first-order conditions for {Kl ' 
. t 

t E T}. 

Proposition 5.1 

(5 . 7) 

(5.8) 

Given the local, unbiased filter problem with error-equation (7) and cost func-

tion (8). 

* If {K t ET} is the optimal solution, then there exists a costate equation of 
lt' 

Riccati-type 
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Et+l = (AI-KltC1)Et(AI-KltCI) + 

+ (MI-NI2-KItNII) v (MI-NI2-K1tNII) , , EO (5.9) 

and the first-order condition for KIt is: 

(5.10) 

Proof. By application of the matrix minimum principle, see On the Compensator, 
part I [15a, section 3.2]. 

[] 

Comments 
This solution is attractive, since it does not dep end on f l , Qf and reminds of 
the Kalman filter gain. 
Indeed, if f l .. 0, Y12 = 0, we are back in the standard case. The additional 
observation on f i is used for error-covariance reduction: in (9) the usual MI is 

replaced by ' MI-NI2 • By the same reason, the ga in changes. 
Note that if we set Qf ) 0, the cost functlon is strict convex, hence the flrst-

order condition is sufficlent as weIl. 

5.5. The class of linear unbiased filters for linear, interaction inputs 

In the previous section it was shown how to deal with a general interaction 

input fi(wi)' Since all ofour work is in the standard linear-quadratic setting, 

we will now investigate the special situation where only the state affects the 
other subsystem and only in a linear way. 

Since it is not realistic to suppose that DMI observes every element of x2 and 
only a subset of his own state through CIx l , we wil! assume that the interaction 
observation in 3.b obeys: 

This amounts to saying , that only the effects of S2 on the state o,f DMI can be 

measured. For this set-up there is no need to invoke the matrix minimum prin-

ciple, as will be clear furtheron. The linear vers ion of (5.3) ls: 
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(5.Ua) 

(5.llb) 

Although the state equation is very common and of ten seen in the literature, the 

observation equation is rather special. The solution is, nevertheless, at hand. 

Substitute Al2 X2t = Yl2 - Nl2 vt into (lla) to obtain 

[

XI,t+1 = All x lt + BI UIt + Y12,t + (Ml -N12 ) vt 

Yll,t = Cl x lt + Nll v t 
(5.12) 

(12) is a standard LQG-system, since Y12 t is directly available. The costs, the , 
expres sion for the filter gain and the error covariance are identical to expres-
sions (8)-( 10). Of course, this "derivation" could also be applied in section 

5.4. 
It is feIt, however, that application of the matrix minimum principle, has in-
creased insights to the problem. 
From standard filtering theory results on stability are immediate. We have the 
celebrated theorem. 

Theorem 5.2 (Wonham) 
Given the time-invariant Gaussian system 

Define 

~t+1 = 
y = 

t 

Xo E G(O,E O) 

v t E G(O,V) , NVN' > 0 • 

Riccati-
equation 

Et+l = reEt) := AEtA' + MVM' 
- [AEtC' + MVN'l[CEtC' + NVN'l-l[AEtC' + MVN'l' 

Algebraic Riccati-

equation 

Kalman gain K 
t 

reE) := AEA' + MVM' 

- [AEC' + MVN'lfcEC' + NVN'l-l[AEC' + MVN']' 

[AE C' + MVN'lfCE C' + NVN,]-l 
t t 
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Let F :0 A - MVN'(NVN,)-I C 

GG' := MVM' - MVN'(NVN,)-I(MVN')' 

If (A,C) is a detectable pair and (F,G) is a stabilizable pair, then 

ARE G . r(E) 
there exists a positive solution to the 

E ... E' > 0 

it is unique and lim Et ... E . 
t+ ... 

In addition: SP(A-KtC) C C- := {c E C : I c I < I} , 
-1 sp(A-KC) C C- where K = [ALC' + MVN'l[CEC' + NVN'l is the 

asymptotic Kalman gain and sp means· spectrum. 

Proof. Consult [311 for the continuous-time case, which carries over the dis-
crete-time case with the proper modification. 

o 
The theorem states that the filter is (asymptotically) stabIe if (~i'Ci) is 

detectable and (Fi,Gi ) stabilizable, where 

GiG! = (Mi-Nij ) V (Mi -Ni1 )' - (Mi-Nij ) V Ni i (Nii V Ni i )-l 

[(Mi-Nij ) V Nii 1' • 

These expressions simplify considerably if system and observation noise are 
uncorrelated. This result is established in Sanders e.a. [231 under stronger 
conditions, since they invoke a theorem of Anderson [11, where an observability 
condition and an invertibility condition on the system matrix A are required. 

Under the latter conditions it follows that Et is invertible too. 

Remark 

Although the representation (11) is suitable for our purposes, one might be 

interested in the following modification. Replace (lIb) by: 
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(5.13) 

Now there is no alternative but the MMP. The counterpart of (6) is: 

o (5.l4a) 

(5.l4b) 

Unless C22 is invertible, we cannot solve (14b). If 
can take the least-squares solution 

C22 is of full rank. we 

(5 . 15) 

Now we can proceed as in section 5.4, by substituting (15) ioto (14a) and com-

puting {Kl t' t ET} via a minimum-variance criterion. It remains to show that 
the class of linear, unbiased filters is non-empty. e.g. for C22 = (0 • • ••• 01) . 

and consequently C22 Ci2 = 1 • 

5.6. The local filter and the connection with sub-optimal controls 

Now the control problem will be considered. As pointed out earlier. the filter 
and control problem will be treated separately: the DMs have available their 
local, unbiased filters and they use them to determine their optimal controls. 
By virtue of this assumption the compensator approach and resulting TPBVP are 

avoided. From section 5.5 we can write for the local filters. with xl := zl • 

and x 2 := z2 : 

Xl • t + l All x lt + BI UIt + A12 Y12 t + KIt [y 11, t - Cl x1tl (5.16a) , 

x 2• t +1 A22 x2t + B2 u2t + A21 Y21,t+ K2t [Y22.t - C 2 x2tl (5.16b) 

By assurilption. we take as admissible controls at t E T 

u = lt u1t (x1t ) and u2t = u2t (x2t ) . 

There is. however, an obvious relation between the subsystems SI and S2' since 
A 

X1t is affected by Y12.t which results from S2 and similarly x
2t 

is affected by 

SI via Y21. t· This relationship can be ignored. the non-interaction case. or 

taken into account. These possibilities will now be considered. 
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5.6.1. The non-interaction case 

Let us consider the situation for DMI; using SI he has obtained a filter equa-
tion a8 1n (16a). 
Now it is assumed that x2t is a completely exogenous input to SI and does not 
depend on the evolution of x lt • The model decouples completely and we need only 

to minimize 

J Er 1: (Xl QI xl + ui Rl UI)t1 
tET I 

* subject to 06a) • The optimal solution UIt :z -L lt x lt follows from ordinary LQG-

theory. A simllar procedure applies for DM2. 

This solution arises, if A12 x2t is a completely exogenous input to SI. What can 
be the justification of such an approach? It says, that the Dutch Statistical 
Bureau does not make any attempt to model the dynamics of other countries. All 
interaction inputs are strictly exogenous, possibly noise corrupted. 

Let us assume that also during the identification period, exogenous inputs from 
other submodels are available. If a DM or model builder knows anything from 
stochastic realiza.tion theory, he is able to construct a dynamic state-space 
model based on this input, which represlmts the dynamics of the other sub-
model( s). Hence he builds up knowledge for a global model representation, by 
which he can improve his performance since continuously improving estimates of 
the dynamics of the ot her subsystem becomeavailable. 
This argument can be considered as the reason for the major drawback of the no-
interaction case; if we, on the contrary, assume that during the identification 
period no exogenous interaction inputs become available, then we violate the 
Information Consistency Principle, since it is unrealistic to assume that the 
interaction input is only active during the control periode 
As a conclusion, we end up with the conviction that the line followed here can 
only be persued af ter making strong and rather undesired assumptions. 

5.6.2. A model with interaction 

Due to the awkward structure of this complicated problem, no solutions are at 

hand, not even heuristically. There are, however, two suggest10ns, which have 

turned out to be useful for simpier models (e.g., deterministic modeis" open 

loop control). 
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a. Iterative solution procedure 
At first, assume that there is no interaction present between the submodels. 

Hence we can, according 5.6.1, calculate 

[

* A 

UIt = -L1t X1t 
* A U2t = -L2t x2t 

* * Secondly, this solution is used to find closed-loop trajectories x
It 

and x2t ' 

which are used to update the controls (uIt' u2t ' t ET). 
This procedure must be repeated until it converges. Of course, problems of con-
vergence, uniqueness, and interpretation will be of extremely difficult nature. 

-L1t x1t 
b. Two-step correction procedure ~ 

UIt 
Again, in the first step we assume * 

u2t -L2t x2t 
for the non-interaction case. 

In the second step, we update the controls, to compensate for the interaction. 
* Set ui = uI + vi ' i :z 1,2; substitute this into the model equations and find 

* (v1 ,v 2)t for t E T. However, no intuitively appealing method exists for finding 

this corrective control pair (v1,v2)t. 

Comments 
1. The iterative method is akin to the coordination method for open-loop, deter-

ministic control problems. It is a so-called multi-level procedure, exten-
sively studied in the linear programming literature; the interested reader 
may consult Jamshidi [11, eh. 41 or Wismer [29, eh •. 11. 
Unfortunately, there is no straightforward extension to stochastic madels or 
problems where a feedback control law is desired. 

2. Method b. seems intuitively attractive, however, there is no way to evaluate 
the final control problem, i.e., computing (v1 ,v2)t. It looks contradictory 
to do this in a global way by sharing model data of SI and S2' since the 

model essentially is of local nature. 

3. As promised in 5.3, this chapter should conclude with a section on perfor-

mance differentiation. The local filter set-up can be compared with the si-

tuation where the DMs have global dynamics model data, but no interaction 

inputs. This kind of research, however, is accompanied with numerical work, 

and since the local filter problem is so thin, these topics will be postponed 

until a harder core is available. 
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6. THE RESTRICTED CONTROL PROBLEM 

6.1. Introduction 

As a prelude for more complicated and specific systems, we will consider here 

the deterministic regulator problem and make the additional assumption that a 

fixed structure is imposed on the control law. I.e., the control law will have a 

linear, block-diagonal structure and it is possible to give this approach a 

large-scale system interpretation. Since we are dealing with constraints, it is 

natural to invoke the Lagrangean technique. With this, a lot of technical calcu-

lations and machinary is accompanied. To make a fresh start, we will review 

statie problems (with constraints) first, then apply Lagrangean's technique to a 

dynamic system and finally play around with the necessary conditions for the 

restricted control problem. An informal discussion on the restricted control 

problem (RCP) will ncw follow. 

Let there be Riven a linear system consisting of aggregated r"uut21aJ\tes x = ~J and 

controls u = [:J. n.e LQ-control law in the feedback case is, l 

[::1 
Now suppose, for some reason, OMl, who controls xl by means of uI' does not use 

his knowledge about x2' and analogously for DM2. 

So we impose the fixed structure: 

(6.1) 

Now the RCP asks to determine {FIt' t ET} and {F2t , t ET} in order to minimize 

the standard cost function. This set-up is akin to the direct output feedback 

problem, extensively discussed in the literature, e.g •• Wonham [32]. in the 

following way. 

Given the two-DMs dynamic system: 
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Xt+1 - A x t + BI UIt + B2 u2t 

Ylt = Cl x t 

Y2t = C2 x t 

where Yit is the output of DMi, i = 1,2. Let both DMs use a direct-output feed-

back controller to minimize a joint cost function • 

G
1 = F1 Y1 

u2 = F2 Y2 
If Cl = [I 01 and C2 = [0 11 such that Y1t = x1t and Y2t x2t ' we have obtsined 

the RCP. 

The direct-output feedback problem does not admit a satisfactory solution; es-

pecially stability of the resulting system is problematic. The situation for the 

RCP is not much better: alike most fixed-structure problems, one ends up with 

TPBVPs or nonlinear mathematical programming problems. In this chapter we will 
present the first-order conditions. 

6.2. Lagrangean theory for deterministic statie control problems 

All results from this section are fairly well-known and therefore we will be as 

brief as possible. 
n 1 Let there be given a function f(x),f : R + Rand fE C and a function g(x), 

n~Rm 1 < g:R ~ ,gEC,m n. 

We will give conditions for extreme values of f subject to g(x) = O. 

Definition 6.1. The Jacobian matrix of g is defined by: 

ag 1 ag 1 E Rmxn 

aX l ax 
~ 

n 
:= ax 

a~ ag m 
aX l ax n 

m Definition 6.2. For f and g given above, and À ER, the Lagrangean function 

L : Rn x Rm 
+ R is defined by L(x,À) = f(x) + À' g(x) • 

Theorem 6.3. 

If f is extreme in x* at g(x) = 0 and if ~ (x*) has rank m, then there exists a 
ax 

* * * À such that (x , À ) is a stationary point of L. 
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The stationary points of L are given through 

* * aL af(x ) + À*' ag(x ) 0 (6.2) -= ax ax ax 

aL * -. g(x ) = 0 (6.3) aÀ 

Problem I: Least Squares under Linear Constraints 
Theorem 6.3 will be applied to the least-squares problem under linear con-
straints. 
Let the cost be quadratic: 

1 J(u) = 2 u'Ru + u'Sx (6.4) 

with x a known vector. 
The constraint on the control variabIe is linear and of the type 

Du - r, r E R
q 

, q < m (6.5) 
D E Rqxm has rank q 

By straightforward application of theorem 6.3, the stationary points are given 
through 

m 

q 

Since R R' > 0 and D has full rank, (6) can be solved, to obtain: 

À = -(D R- 1 D') [r + D R- 1 S xl 

u = 

* If the constraint Du = r is omitted, the unconstrained solution is u 

(6.6) 

(6.7) 

(6.8) 

= _R- 1 S x; denote the constrained solution as ucon ' then we can write (8) as: 

* -1 -1 -1 * u = u + R D' (D R D') (r-Du) con 
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* and we conclude that the difference between ucon and u is a linear function of 

* * r-Du which measures the degree to which u faila to obey the restriction. 
Note that all m elements of u must be solved, although, due to the conatraint, u 
consists of only (m-q) free elements. An alternative procedure will be given 

below. 

Problem 11: Reparametrization of the Constraint 

8uppose the rows of D are unit vectors: m-q elements of u are free and q are 
preasssigned. The least-squares problem will be reformulated in terms of the 
free elements, denote them as y €Rm-q • 
From Du = r, follows u = Sy + D'r, 8 E Rmx(m-q) with D8 = O. Obviously DD' ~ I, 

due to 
Now we 

the structure of D. 
have: (let x = 0): 

min J(u) 1 u' Ru = -2 subject to Du = r 
u 

min J(u) 1 u'Ru = -2 subject to u = Sy + D'r 
u 

min t [(8y + D'r)' R(Sy + D'r)] 
y 

The minimum is achieved for S'RSy + 2 8'RD'r 
8'R8 is nonsingular, then 

o. Replace 8 by 28, note that 

* y - ( 8' R8) -1 8' RD' r (6.9) 

Now only (m-q) elements need to be solved. This result can also be obtained 
directly. 

Problem 111: Direct Method 
Suppose the first m-q elements of u are free, the last q elements are fixed, and 
equal to the vector r. 
Hence 

[~] . u Rm- q r E Rq and u E , 

[RIl [~J · J(u) = J(~,r) (~, r' ) :12J R' 
12 22 

(~ + -1 r) , R (~ -1 -1 R R + R R r) + r'[R - R' RIl R12]r • 11 12 11 11 12 22 12 
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~* -1 Obviously u = -RIl R12 r , which corresponds to (9) by the correspondence 

y - ~ , S'RS - RIl' S'RO' - R12 • 

6.3. Lagrangean theory for deterministic dynamic control problems 

Given the state equation: 

(6.10) 

the cost function: 

1 1 J(u) = - x' Qf xf + 1: - (x'Qx + u'Ru)t 
2 f tET 2 

(6.11) 

* The deterministic regulator problem consists of finding {Ut' t E T} such that 
* J(u ) is minimal subject to (10). Is this format the problem can be solved via 

Lagrangean theory; extensions to problems with other constraints on controls or 
states are possible. 

Theorem 6.4 (deterministic regulator) 
Given the deterministic regulator problem, with R = R' > 0, Q = Q' ~ 0, 

Qf = Qf ~ o. 
* The optimal solution {Ut' t E T} is given through Ut * -F t x t where 

* * * * Xt+1 = A xt + B Ut ' Xo Xo 

Ft (R + B' P B)-l B' t+1 Ft +1 A 

~t A' P t+1 [I + BR -1 B' P ] -1 A+ Q t+1 

Ptf ... Qf • 

* Proof: Assume {Ut' t E T} is a minimizing solution. 
n m n . 

Then the Lagrangean L : R x R x R + R forthe cost function (11) sub-
ject to the set of constraints 

Xo is given 

x - A x - B u = 0 1 0 0 
x -

2 A x -1 B uI 0 

x
f 

- A x - BuO 
t -1 t -1 

f f 
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obeys: 

Now omit the stars and state the stationary points of L: 

aL 0 x'Q - À~+1 A + À' = 0 --= + aX t t 

aL 0 x' Qf + À' 0 -- ,. + aXf f tf 

aL 0 u' R - À~+1 B 0 --= + aU t t 

aL 0 A xt + B + Xt+l = Ut 
ClÀ t +1 

Rearranging yields a TPBVP in xt and À : t 

= -Q x f f 

!xt+l 

GC O) 

A x t + BR- 1 B' À t+l 

Guess a solution of the form Àt = P t Xt. A simple calculation leads to the 
result. 
Since Q ~ 0, R > 0, makes the cost function convex, the necessary conditions 

are sufficient as weIl. 

o 
Remarks 
1. A more familiar expression for the Riccati equation follows by invoking the 

matrix inversion lemma: 

[I + PBR- 1B]-1 P = P - PB(B'PB o+ R)-1 B'P. ° 

2. A more convenient but equivalent formulation can be found in the discrete-
time maximum principle. 

6.4. The restricted control problem 

Let the state equation 
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consist of two subsystems: 

x - [ ::J and u - [::1' 
for two DMs, one controlling 

Furthermore, we assume: 

A - ~:: :::l 
R = [Rl 0 J ' 

o R2 
The cost function is as in (11): 

J(x,u) = xi Qf Xf + L (x'Qx + u'Ru)t ' Q ~ 0, R) 0 • 
tET 

(6.12) 

(6.13) 

(6.14) 

The controller is assumed to be linear and has the restricted block-diagonal 
structure: 

(6.1) 

Problem formulation 
The restricted control problem consists of finding matrices {FIt' F2t , t E T} 
such that J is minimal, subject to the state constraint (14) and the struc-
tural assumptions (1) and (13). 

Solution techniques 

We will present three ways to tackle the RGP. 

The first method uses the matrix minimum principe, af ter decomposing the sys-

tem. !Wo first-order conditions will be obtained, which can be aggregated into 
one equation. There results a TPBVP. 
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The second method reformulates the block-diagonal structure of the control 
matrix F as a linear constraint of the type DFc = o. 
Here FC 

:: vec F denotes a column vector which stacks the columns of F. D is 
then a permutation matrix. Now the Lagrangean method can be applied to incor-
porate the additional constraint, in an identical way as the state constraint. 
The third method is akin to the second, but ncw the chain rule will be used. 
It will turn out that the later two methods are equivalent and lead, once 
more, to a TPBVP. 

6.5. Solution methods for the Rep 

6.5.1. Reformulation of the problem 

For all three methods, it is necessary to transform the problem in a matrix 
formulation, since the new parameters are ncw the 'control matrices' F1 and F2 
instead of the control vector Ut. First the assumption Ut Ft x t is substi-
tuted into (12) and (14). This yields as state equation 

and cost function 

J(x,F) 

Restriction: 

Now introduce the rank one matrix function 

x T ~ R
nxn , X ' ~ t := x t x

t 
Xo .- x x' .- 0 0' 

and accordingly we find for the state equation and cost function 

X 
t+1 

J(X,F) 

(A + BF ) X (A + BF )' 
t t t 

(6.15) 

(6.16) 
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From here we will discuss the three methods separately. 

6.5.2. Restricted control problem I 

Giv:n st:te equation (IS) witb F - [:1 :]and tbe 

{FIt' F2t , t ET} such that J(X,F l ,F2) is minimal. 

cost function (16), find 

The necessary conditions for Fit' i = 1,2 to be optimal, can be found by 
application of the matrix minimum principle. 

Define Xt = rxll Xl~in accordance with the structural assumptions (13); the 

LXi2 x2J 
first-order conditions are given in the following theorem. 

Theorem 6.5. 
Given RCPI. 

* * * * * If FIt and F2t are such that J(X ,F ) is minimal, where Xt+ l -
* * * - (A + BFt )' Xt(A + BF t )' ls the correspondlng state trajectory, then there 

t P' 
12 P22 t 

exist costate matrices P : T U {tf} 

following relations are satisfied: 

+ R
nxn

, P - GIl PIj 

costate and 
t ransversali ty 

condition 

Hamilton (B' 1 
conditions (B' 1 

(B' 2 
(B' 2 

constraint 

(A+BFt ), Pt+l(A+BFt ) + Q + F~ RFtl* 

- Qf 

PIl All + B' P12 A2l ) XII + (Bi PIl BI + Rl) 1 
PIl A12 + B' P12 A22 + Bi P12 B2 F2) xi21* -1 

P22 A22 + B' Pi2 A12) X22 + (Bi P22 B2 + R2) 2 
P22 A2l + B' Pi2 All + Bi Pi2 BI Fl ) x12 1* = 2 

Proof: See appendix C. 

Remark. (18a) and (18b) can be reformulated as (omit stars) 

, such that the 

(6.17) 

Fl XlI + 
0 (6.l8a) 

F2 X22 + 
0 (6.l8b) 

(6.19) 
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or even 

(6.20) 

where * denotes a non-zero matrix. 
The conditions (I8a) and (I8b) are found back in the (1,1) and (2,2)-blocks of 
(20). 
From (20) the relation with the unconstrained control problem is clear. For 
that problem, the RHS is zero, and since the LHS has to hold for every Xt , one 

-1 immediately obtains Ft = -(R + B' P t+I B) B' P t+IA. Here Ft depends on Pt+I 
and Xt and (20) must be solved numerically, together with the TPBVP (17) and 
(19) • 

6.5.3. Restricted control problem 11 

Assume ncw that F is a full mxn-matrix; the structural restriction on the off-
diagonal blocks of F will be translated into a linear constraint on the ele-
ments of FC , i.e., the stacked columns of F. This enables us to apply the 
Lagrangean theorem. 
The structural constraint on F has the form: D FC 

t 
expression for D can be found in appendix D. 

0, t E T, and an explicit 

Now a precise prQblem formulation for Rep 11 can be given: 

Given cost function 

J(X,F) = tr Qf Xf + E 
teT 

tr(Q + F'RF) X 
t t (6.21) 

* where Ft, t E T is a full mxn-matrix, find {Ft' t ET} that makes (17) mini-
mal, subject to the constraints 

X - (A + BF ) X (A + BF )' 
t+I t t t 

0, t E T (6.22a) 

(6.22b) 

A straight forward application of theorem 6.3 along the lines of theorem 6.4. 

yields: 
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Gi ven RCP II. 
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* * * * * If {Ft' t ET} minimizes (21) and Xt+1 ,. (A + BFt ) Xt(A + BF t )' is the corres-

ponding state trajectory, then there exist costate matrices P : T U {tf} + Rnxn 

m1n 2+m2n1 and costate vectors À : T + R such that the following relations are 

satisfied: 

costate and 

transversality 

cond1tion 

Hamilton 

cond1tion 

Constraint 

(B'P B + R) t+1 

o 

Proof: See appendix E. 

Remarks 

9 B' 

o 

Using DD' = I, Àt can be solved and eliminated from (23), and this yields an 

expression in FC 
t 

(6.24) 

This equation in F~ lives in a tensor space and cannot be de-vectorized, 

without losing its essential features. This will be illustrated by rewriting 

the top-line from (23): 

Since 0' is known (see Appendix D), a matrix A can be found such that 0' À 
t 

Then de-vectorization yields (B' Pt+1B + R) Ft X
t 

+ B' P
t
+

1
' A xtl* 2 At 
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This is in correspondence with (20). Obvious1y, we wi11 a1so have here, that 

l*
UO I" *otl 

At has the structure At ~ 

Note a1so that (I-D'D) is an idempotent matrix, hence a projector. lts special 
structure wi11 be used later on to compare RGP 11 and 111. 

6.5.4. Restricted control prob1em 111 

In this section we wi11 app1y the chain rule. 

matrices to vectors is necessary. Let F = fF 11 

lF21 
free e1ements of F as a column vector q. In our 

Again a transformation from 

Fl~ E Rmxn and denote the 

:~~e we have q = [F! 1], and 
F22 

the dependence of F on those of its e1ements, which can be considered as free, 

wi11 be denoted as F = F(q). 
If we want to differentiate the Lagrangean with respect to the free e1ements 
of F, we can use the chain ru1e: 

aL aL -=--

c The matrix aF laq is a so-ca1led selector matrix, consisting of zeroes and 
ones on1y. Examp1es and computation for this case can be found in appendix D. 

Now the Lagrangean theorem for this restricted control prob1em, i.e. mini-
mizing (16) with respect to F = F(q), subject to (15) can be stated as: 

Theorem 6.7. 
* * * * * If {Ft' t ET} minimizes (16) and X~+1 * (A + BF t ) Xt (A + BF t )' is the cor-

responding state trajectory, where F F (q), then there exist costate matri-
ces P : T U {tf} + Rnxn such that the fo11owing re1ations are satisfied: 

costate and 
transversa1ity 

condition 

state constraint 

[

p t = (A + 
P = Q 
tf f 

* * * * (A + BF ) X (A + BF)' X 
t t t' 0 
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Hamilton S := aFc/aq 
condition S'(Xt g B' Pt+ l ) AC + (Xt g (B' Pt+IB + R)1 F~1 = 0 (6.25) 

Proof: Comparing with the proof of theorem 6.6. there is only a modificatlon 
in the Hamilton condition. Here we have to compute: 

aL aL 
äëï = aFc 

{ __ a __ E (~tr F~ R Ft Xt + ~ tr(A + B Ft)' Pt+I(A + BFt ) X~]}S 
aFc 

t T 

Af ter transposing and reorganizing terms. the result follows. 

The relationship between RCP 11 and RCP 111 
From RCP 11. we have the Hamilton condïtion: 

From the structure of D. see appendix C. it is clear that 

I-D'D diag{I.O.I.O •••• ,I,O,o,i,o,I •••• ,O,I} 

o 

(6.26) 

(6.27) 

In this expression the pair {I,O} with I = land 0 = 0 occurs 
mI xml m2

xm2 . 

times, and subsequently, the pair {O,I} with 0 = Om xm ' I = I occurs n2 I I m2xm2 

times. 
Since (I-D'D) is postmultiplied by a vector in (26) and at the RHS a zero 
column appears, we can skip the zero columns of (I-D'D) and also leave out the 
corresponding zero vectors at the RHS of (26). 
By this procedure, (I-D'D) reduces to S' and OC reduces to 0 mn (ml n l+m2n2)xl' 

since totally n
1
m2 + n2m

1 
zero columns are skipped from (27). 

We can conclude ncw that (26) implies (25), hence the Hamilton conditions for 

RCP II and RCP III are equal and, all other things being equal, we end up 

with: RCP 11 = RCP 111. 
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ó.ó. Evaluation of the restricted control problem 

It has turned out that, using techniques from matrix differential calculus, an 
equivalent representation can be found for an old prob1em. Simi1ar prob1ems 
have been treated in On the Compensator, part 111 [15cl. It must be emphasized 
that here on1y a contribution has been made, regarding a solution method, not 

in more insightfu1 aspects of the solution itself. It is indeed temptative to 

conclude here that for a wide c1ass of fixed-structure control problems, one 

ends up with TPBVPs which do not provide any clear view on the coup1ing bet-

ween information and control, do not admit desirab1e numerical properties and 

do not lead to straight answers on convergence and stabi1ity questions. This 
is in correspondence with the non-existence of empirical results in the lite-
rature on this topic. 
If we consider the extension to the infinite horizon case, then the TPBVP can 

be converted into a non1inear programming problem. However, the same difficu1-
ties on stability, uniqueness, convergence, numerical experience remain. In 
the next section, we will give a problem formulation and show how the non-
linear programming problem arises. 
We wi11 conclude the RCP with a few bib1iographic notes. Matrix differentia1 

calculus is common use in statistics and parts of econometrics: e.g., in 
Pollock's book [201 it takes a prominent place. Lagrangean theory can be found 
in a host of books on nonlinear programming or optimization techniques, e.g. 
Luenberger, Zangwill, Hestenes, Mangasarian, etc. The statement of the dis-
crete-time maximum principle is not a trivia1 analogon of the continuous-time 

maximum principle. Many ear1y results were in error, as has been asserted by 
Halkin [81, by not taking into account the proper convexity conditions. A very 

general proof of the maximum principle in discrete-time setting has been given 
by Hautus [91. 

6.7. Infinite horizon, fixed structure, control prob1ems 

6.7.1. The infinite horizon regulator problem 

This section serves basica1ly as an i11ustration for the technique to be 
presented and will lead to known results. 

State equation x 
t+l 

Ax +Bu +c+Mv 
t t t (6.28) 
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1 tf 
(x~QXt + u~Rut)l (6.29) Cost function J Um t E[ 

tf+co f t=l 

Assumption Ut = -F xt + k (6.30) 

() mxn m The problem consists of determining F, k , F ER, k ER, such that J is 
minimal subject to (28) and (30). Obviously additional assumptions are re-
quired for existence and uniqueness of the solution, e.g., stability and 
controllability of (28). The assumption (30) immediately leads to a Lagrangean 
formulation. Substitution of (30) into (28) and (29) yields 

xt+1 = (A-BF) x t + Bk + c + M v t 

1 tf 
J = Um t E[ L 

t f + co f t=l 
x'[Q + F'RFl x + k'Rk - 2x' F'Rkl 

t 

(6.31) 

(6.32) 

Since vt E G(O,V) and (vt ' t E T) and Xo are independent, (xt , t e T) is a 
Gauss-Markov process, obeying xt E G(mt,L t ) where, from (31): 

(A-BF) mt + Bk + c 

Et+l z (A-BF) Et (A-BF), + (A-BF) mt (Bk+c), + 
(Bk+c)(Bk+c), + (Bk+c) m' (A-BF), + MVM' 

t 

Condition I 

If sp(A-BF) CC, Eco := lim Et exists and obeys 
t+co 

E (A-BF) E (A-BF)' + (A-BF) m (Bk+c)' + co co co 
(Bk+c)(Bk+c), + (Bk+c) m' (A-BF), + MVM' co 

where from (31) 

m = co 

Condition II 

( A-BF) m + Bk + c co 

(6.33) 

(6.34) 

(6.35) 

(6.36) 

Under certain conditions (ergodi city?) for (29) and under condition I, we can 
rewrite (29) as 
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1 tf 
L (tr(Q + F'RF) Lt + k'Rk - 2m~F'Rkl 

tf t=l 
, 

~ tr(Q + F'RF) E + k'Rk - 2m F'Rk 
00 00 

Reformulation of the infinite-horizon regulation problem 

(6.37) 

The infinite-horizon regulator problem can be restated, under conditions I and 
11 as a Lagrangean problem. 

minimize J 
(F,k) 

trace(Q+F'RF) L + k'Rk - 2m'F'Rk 
co 00 

subject to m = (A-BF) m + Bk + c 
co 00 

and L (A+BF) E (A-BF), + (A-BF) m (Bk+c), 
00 co 00 

+ (Bk+c)(Bk+c), + (Bk+c) m' (A-BF), + MVM' 
00 

(6.37) 

(6.36) 

(6.35) 

Introducing the Lagrangean parameters P E Rnxn for (35) and 2p E Rm for (36), 
an immediate application of theorem 6.3 yields: 

Theorem 6.8. 
For the (static) constrained optimization problem (35)-(37), we have the 
first-order conditions 

P (A-BF), P(A-BF) + Q + F'RF 

F (R+B'PB)-l B'PA 

(A-BF-I), p ~ A' Pc 

-1 k = -(R+B'PB) B'(Pc+p) 

Proof: The Lagrangean L for (35)-(37) is 

L .- tr(Q+F'RF) E + k'Rk - 2m' F'Rk + 
co co 

tr{[(A-BF) E (A-BF)' + 2(A-BF) m (Bk+c), 
co co 

+ (Bk+c)(Bk+c), + MVM' - ElP'} + 2 p'[(A-BF) m + Bk + c - m 1 
00 00 00 
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The result follows af ter differentiation of L with respect ~o F, k, E and m 
"" "" 

and af ter a few algebraic manipulations. 

o 
6.7.2. The compensator problem "for the infinite horizon case 

Compared with [15al, we will consider here a slightly more general situation 
of two interconnected subsystems 

[XI. t+l All x lt + A12 x2t + BI UIt + MI v 
SI 

t 

YIt Cl x lt + NI vt 
(6.38) 

: [X2• t+l 
= A22 x 2t + A2l x lt + B2 u2t + M2 v 

S2 
t 

Y2t = C x2t + N2 vt 2 
(6.39) 

We consider the decentralized control problem where the DMs have decentralized 
observations (Ylt' t E T) and (Y2t' t E T) and fixed-order compensators like 

Cl [ZI.t+1 Fll ZIt + F12 Z2t + BI UIt + Kl [Ylt - Cl Zlt 1 
(6.40) 

UIt -L l ZIt 

C2 
[Z2.t+1 F22 Z2t + F2l ZIt + B2 U2t + K2 [y2t- C2 Z2t 1 

(6.41) 
u2t -L2 Z2t 

Remark that in this set-up, we admit an information flow between Cl and C2 
through F12 zl and F2l z2' and that dim xi = dim zi' i = 1,2. These assump-
tions can be relaxed. 

The technique for determining the unknown parameters 8 := (Fij , Ki' L
i

, 
i .. 1,2, j = 1,2) is 

1. Aggregate SI and S2 

or symbolically: [Xt+l 
Yt 

=Cx +Nv 
t t 

(6.42) 
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2. Aggregate Cl and C2• 
Only the symbolic representation is given: 

[

Zt+l = 
u = 

t 

FZt + B Ut + K [Yt-Czt1 

-Lz 
t 

(6.43) 

3. Aggregate the system (42) and the compensator (43), substitute the assump-

tion for the control Ut and derive the covariance function of 

b:c -HL J [K:J A := 
~ 

M := 
F-BL-KC 

then 
~ 

A' + MvM' , from (44). Lt+l '" A Lt 

4. Reformulation of the cost function. 

v 
t 

x 
Z t 

Assume that both DMs want to minimize the same ave rage cost function 

1 tf 
J = lim ~ Er L (x'Qx + u'RU)t 1 

t f +co f t=l 

Under similar conditions as in 6.7.1 we can restate the problem as 

"'co lQo minimize J(8) = trace ~ 
8 

subject to L 
co 

(6.44) 

(6.45) 

(6.46) 

(6.47) 

(6.48) 

This nonlinear programming problem will arise for a diversity of compensator 
problems with an ave rage cost function. The difficulties involved with it, 
have already been discussed. 
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7. STOCHASTIC EXTENSIONS FOR A MULTI-DM CONTROL MODEL 

7.1. Introduction 

This project is a prolongation of results on deterministic dynamic game thee-
ry, and its main feature is an extension to stochastic models. Therefore it is 

important to reflect on the fundaments of the original project, the evaluation 
of the research program and its repercussions for (stochastic) extensions. One 
of the consequences of this kind of reasoning has been the Information Consis-
tency Principle. Moreover, it is felt that we cannot bypass the question what 

is the use and strength of optimal control theory for econometrie policy 
models. This debate is old, but not ' dated and certainly controversial. Ap-
parently, there is not a yes/no answer. There is some evidence that the ap-
plication of solely LQ-theory is insufficient, if we resort on recent attempts 
to combine LQ-theory with 'classical' frequency-domain methods. Also there is 
a tendency to incorporate the economie notion of expectations; some authors 
have proposed to use noncausal models! The only contribution we can make to 
this discussion, is of theoretical nature. There is no empirical evidence at 
all with any stochastic model and hence its practical merits are unknown. Our 
aim is only to make some statements on structural aspects of a stochastic 
model, and to provide analytical solutions and additional insight for trac-
table classes of stochastic models. 
Even for a deterministic dynamic game model it is not quite clear how it 
should be evaluated and what are the consequences for further research. There-
fore it is possible that it will turn out that the analysis of hcw to apply 
the model in a stochastic way, will not be grounded on a sound footing. 

7.2. Fundaments of the project 

The project lends on three, essential parts: 
a. state-space representation ' 

b. mul ti-DM case 
c. Optimal control theory for policy making and planning. 

The fourth part, which is under investigation now, will be uncertainty. Some 

comments on these features will ncw follow. 

The properties of and transformation into a state-space model have been dis-

cussed amply; see e.g. r 131. In deterministic setting always a global model 



50 

for all DMs has been constructed, with perfect state observations. From sec-
tion 3.2 it is now c1ear that in a stochastic setting mode1s with decentra-
1ized model data and information patters are very natura1 too. Of course, it 
is beyond any doubt that the state-space representation is the most usefu1 for 

our purposes. 
Since in an economic environment many agents are invo1ved in the pré:>cess of 
decision-making, it is natura1 to take it into account and this extension 

poses no rea1 prob1ems. Which equilibrium concept between the DMs must be 

used, however, is not so obvious, nor how it must be interpreted and how 

realistic it is. 
We ho1d the point of view that this fundamental prob1em must be ana1yzed in a 
much simp1er c1ass of mode1s, unobscured by the intricacies of dynamic mode1s. 
Examp1es can be found in the c1assica1 1iterature on (s tatic) game theory, 
e.g. matrix games, games in extensive form. Awaiting some substantia1 conclu-
sion, we wi11 not hesitate to solve our prob1ems for as many concepts as 
possib1e. Due to practical reasons, it comes down to solving Nash and Team 

prob1ems. A simi1ar attitude wi11 be held, concerning the status of the 1i-
near-quadratic theory. lts merits, a1so for the mu1ti-DM case are c1ear in a 
determinist ic setting; however, we are not ab1e to conc1ude what is the most 
fruitfu1 way to proceed. Dne natura1 way, at first sight, seems to be a stoch-
astic extension, but this route does not remove many, deep prob1ems, inherent 
to the po1icy prob1em. Without being complete, we on1y mention the 1ack of 
fast a1gorithms (for the mu1ti-DM case), the daunting number of parameters to 
be set by the model builder, fundamental aspects (does the theoretica1 defini-
tion of state extend to dynamic games?), model reduction techniques, a11eged 
superiority over scenarios, suitabi1ity of the quadratic tracking cri-
terion •••• 
Due to the difficu1ties just mentioned, we wi11 proceed in a pragmatic way: 
starting from a standard linear, deterministic, two-DMs dynamic system, we 
wi11 extend it in the 'most simp1eway (add Gaussian disturbances), analyse the 
resu1ting model and proceed by considering the next simp1e extension, etc. 
However, it wi11 turn out that this step-by-step procedure wi11 converge very 
rapid1y or rather , it breaks down immediate1y, as soon as we enter mu1ti-DM 

control prob1ems with decentra1ized information. We want to ho1d the view that 

a natura1 environment for economie prob1ems is a stochastic one, therefore we 

shift our attention to so-ca11ed decentra1ized control prob1ems, structura1 
'considerations, decompositions and even mu1ti-1eve1 theories. It is hoped for 
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that we can extract from this random collection of approaches the most natural 

one, leading to empirical results. 

7 . 3. Stochastic extensions for the linear-quadratic control problem 

It seems natural to start with the single DM-case . All results are proven in 

[ 141. 
a. Consider the deterministic state-space equation 

x = A x + B u ,xO t+l t t 

with cost function 

J xi Qf Xf + L (x'Qx + u'Ru)t 
tET 

(7 . 1) 

(7.2) 

n Now xt can be made a stochastic process x: n x T + R , with (n,F,p) a fixed 

probability space, if we add at the RHS of (1) a Gaussian disturbance MVt. 

This term reflects the uncertain evolution of the state trajectory, in fact 
'shocks' not explained by the model. The covariance MVM' follows directly 
from the residual sumof squares, a byproduct from OLS. 
In case of perfect state observation, the control does not change: 

* Ut = -Ft Xt. The optimal value of the cost function in the additive sto-
t

f
-l 

chastic case will increase by L trace (MVM' P t+l)' where Pt obeys the 
t=O 

control-Riccati equation, see [14, p. 221. This value has hardly an inter-
pretatlon, nor can be used for comparison of several model representations. 
This is due to the fact th at the weighting parameters Q and R do not have a 

straightforward economic interpretation, but are used by the policy-maker 
to tune the criterion in order to obtain "reasonable" and "acceptable" 

model behaviour. 

b. The next, logical step seems to be adding a noise-corrupted measurement 

process. This will induce a major change, as will become clear in a moment . 

We deal with the so-called LQG-problem: 

(7 . 3) 



J = E[x' f Qf x f + 

The problem is to find 

is minimized subject 
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E 
tET 

(x'Qx + u'Ru)t1 

* {Ut • t E T} such that Ut 
to the system constraint. 

(7.4) 

= ut(yO.yl ••••• yt-l) and J 
The fact that Ut may only 

depend on observations up to and including Yt-l' is just a convention. The 
LQG-problem is solved by: 

where Ft is given by an identical expression as in the deterministic case 

and x is generated via the Kalman filter 
t 

(7.5) 

where Et E G(O. CEtC' + NVN') is the prediction error; Et!' the error co-

variance. can be generated by a Riccati-equation. In closed-1oop from the 

filter obeys: 

or explicit1y, 

with 

t-l 
L ~(t,j+l) Kj Ej 

j=t o 

(7.6) 

(7.7) 

t 

The equation (7) admits an important interpretation, quite different from 

* the deterministic case, where we had the static controller U F t = - t Xt· 
Here we have a dynamic re1ation for the controller, since it is proportio-

nal to the weighted sum of all past prediction errors (the summation term 

in the RHS of (7)). Using (5) the prediction errors can be rep1aced by the 

past observations, if desired. In engineering vocabulary. this is cal led a 
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PI-regulator, which stands for proportional-plus-integral. Obviously in a 

deterministic setting, we only have a P-regulator. This PI-nature of the 
feédback control policy makes that the control actlon will not react 80 

sharply to recent prediction errors as a policy based on those recent 
errors alone. This contributes to general continuity and carefulness. From 
Sandell e.a. [22, p. 1171, we remark another feature of the LQG-problem. 
The authors assert that the modes of the filter will appear in the closed-
loop response of the system and therefore gain and phase margins will be 
reduced. In other words, the LQG-design is more sensitive and less robust 

than a corresponding LQ-design. 

Unfortunately, there is no empirical evidence with a model like (3) or (5). 

The main reasons are: l 
x 1 = A x + B u + M v 

1. There is no model t+ t t t 
Y =Cx+Nv . t t t 

estimated with this 

specification. OLS will fail to yield consistent estimates and the ML-
method will not work in practice for a large simultaneous model. Only 
the heuristic method of assigning an arbitrary value for NVN' remains, 
introducing still more parameters. 

2. For optimal control exercises with (3) or rather (5), no d.ata {Yt' t .E T} 
are available for ex-ante control. Typically, this is an on-line proce-
dure: as soon as data come in, control actions come out. Hence only 
simulation studies can be performed. 

c. All of the project hinges on the linear-quadratic time-invariant theory. No 
attempts . have been made to consider models with stochastic coefficients, 
not to speak of nonlinear models or of an exponential cast function. This 
is not surprising, taking into account what still must be done in the LQG-
case . 

7.4. Stochastic extensions for multi-DM control models 

These problems have been discussed in same detail at various stages of the 

project. 

A chronological review is: 

a. Initial formulation (1981). Solve a stochastic dyn'amic Nash game for a 
global model with decentralized information. 
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b. Modification (1981-1982). Solve the corresponding team problem. 

c. Restricted control problems (1982). Consider controllers with a fixed 
structure (compensators) and solve the resulting determin1stic covariance 
problems. 

d. Structural approach, submodeIs. Decompose the model into subsystems and a 
linking section in order to reduce the complexity. 

Dne can discover some logic in this order. Problem a. could not be solved, 
neither the slightly simpIer problem b. A switch was made to a simpler(?) and 
smaller class of problems: the compensator approach. It is possible to state 
necessary conditions, but the numerical problems are insurmountable. Hence 
there arose an incentive to study even more simple problems: decompose the 
overall problem into local subproblems with a traetabIe structure, e.g. in 
LQG-setting and do something with the interaction. This last step is under 
investigation, but existing results are unorganized, scattered and doubtful. 
Dur aim is to bring some connection in this field. 
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8. SUMMARY OF PROJECT AND THESIS' OUTLINE 

Since this thesis' outline is needed also elsewhere, we will present it to-
gether with a broader, tutorial view on the project. 
In section 8.1, the fundaments of the project are summarized, and in section 
8.2, four aspects of it are mentioned; they can be considered as approaches to 

the project and coincide with separate research projects. Clearly the struc-
tural aspectsof the model, with corresponding solutions and properties, 
analyzed by means of stochastic (optimal) control theory for a multi-DM LQG-
model, take a prominent place. 
There is at least one motivation for the introduction of uncertainty: all data 

I 

are noisy. In addition, one would like to have an ' evaluation from the eorres-
ponding deterministic model using linear-quadratie differenee games as a tooI 
for poliey-making, in order to obtain guidelines for the application of mult~
DM stochastic control theory on econometrie modeIs. Apparantly, there is no 
fully ' fledged theory available, and, therefore, the stoehastic aspects of this 
project will be considered in its own right; whenever possible, we will point 
at the connection with the scattered results from deterministic control theo-
ry. 
The chapter ends with some concluding remarks and a thesis' outline, whieh 
might be interpreted as a research program, from which a thesis should result. 

8.1. Fundaments of the Interplay project 

a. A linear state-spaee model w!th two DMs, in discrete-time (yearly sampled) 
of the form 

together with aquadratic cost funetion for eaeh DM 

tf-l 

L [(X-Xi)' Qit(X-Xi)t + (ui-Üi )' Rit(ui~Üi)tl 
t=O 

Here, A, BI' B2 , Qi' Ri' tf' xi' ui' ex are known at every time t; 

xi and ~i denote the "ideal" or "desired" paths for DMi, i ... 1,2. 

(8.l) 

(8.2) 
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h. Game-theoretic concepts are used to formulate the nature of the decisions 
between the DMs. Emphasis is on the Nash concept; in addition, we have the 
Stackelberg, Pareta or Team concept and concepts of minor importance, like 

conjectural variations. These concepts might represent a co-operative, 
competitive, hierarchical or decentralized mood of play. Af ter specifica-

tion of an information structure, "games" are solved by means of linear-
quadratic optimal cant rol theory. 

c. Introduction of uncertainty. Until now, only the case of additive noise has 
been considered. This amounts to: 
1. Add Gaussian white noise as a disturbance in the right-hand-side of 

(8.1): + MVt' v t E G(O,V). 
2. Observation equations for bath DMs, e.g., 

Ylt Cl x t + NI v t 

Y2t C2 x t + N2 v t 
The underlying information structure must still be specified. At a later 

stage, it might be important to consider refinements, like stochastic 
parameters or risk. 

3. State-space models with stochastic parameters. Let 0 be a probability 

space, and w EO, then A = A(w), Bi = Bi(w), Ci = Ci(w), M = M(w), Ni = 
Ni(w). 

4. The notion of risk. A more specific choice of the cast function admits 
incorporation of the notion of risk. Mathematically, it means that the 
covariance of the cast function must be taken into account and an appro-
priate way of doing this is by the exponential cast function. It is 

referred to as the LEG-problem. 

Summarizing, we can discern between expected, average or exponential cast 

functions: 

J exp E[ E (x'Qx + u'Ru)t1 
tET 

J aver lim 
t +00 

f 

_1 J 
tf exp 

2 l.I 
J = ~ E[exp(- -2 expon ... E 

tET 
(x'Qx + u'Ru) )] , 

t 
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where the rea 1 scalar ~ measures the risk-sensitivity of the decision-
maker. The cases ~ = 0, ~ ) 0 and ~ < 0 correspond respectively to what an 
economist would term risk-neutral, risk-loving and r1sk-averse attitudes on 

the part of the optimizer. 
As a somewhat obscure application, we mention the cost function with a dead 
zone, which is not necessarily unrealistic. 

Comments 
Clearly a very sophisticated model can be obtained by considering a model with 
time-varying, stochastic coefficients, with a specia11zed information struc-
ture and cost function, etc. Instead of this, we will concentrate on simple 
linear-quadratic models and first try to point out how optimal control theory 

can be applied on this class of modeIs. The argument of using LQ-models is 
purely of mathematical nature: the controls must allow for tractable algo-

rithms. 
In the LQ-case with a general tracking criterion and exogenous inputs, quite a 
lot of book-keeping must be done. To limit this tedious , notational work, we 
wil 1 restrict to a representation without exogenous inputs and with ii ~ 0, 
~i = 0, i = 1,2, since all essential features of the optimal control law are 

exemplified by this kind of modeIs. 

If, in addition, the ideal paths iit' Uit' t e T, happen to be feasible, i.e. , 
they obey the state equation (8.1), then we can interpret the simple form of 
the model as a linear perturbation around the ideal paths, and there is no 
loss of generality. However, typically for this kind of pol1cy modeIs, the 
ideal paths are not feasible. 
Obviously, there is stronger need to consider multi-DM models in economic 
systems than in engineering ones. This observation leads naturally to a 8yn-
thesis between optimal control theory and game theory. This synthesis has its 
strong, but also its weak sides, even more stipulated by the fact that we deal 
with economic systems. For two quite different views on the relationship 
optimal control/economics, see Athans ' & Kendrick [21, and Varaiya [271. 
The notion of risk seems rather important and interesting in adynamie frame-
work , but unfortunately, there is lack in time for any deep investigation. 

Especially, the economic interpretation of the LEG-problem looks promising. 

The problems posed here, must be tackled by techniques. For stochastic optima! 

control, we need both dynamic programming and the minimum principle (also in 

matrix version). Moreover, matricial optimization techniques, stochastic 
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filtering and maybe a geometric theory for multi-DM systems are needed. We 

hold the view, however, that the latter theory must start in a deterministic, 
static environment, then made dynamic and then stochastic. This long route is 
out of scope of our project, but might be crucial for a bet ter understanding 
of the relationship between information and control. 
Furthermore, decomposition techniques from LSS-theory, model reduction tech-
niques and (fast) algorithms must be investigated. 
A thorough description of most of these techniques (in discrete-time setting) 

is lacking at the moment. 

8.2. Four items of the Interplay project 

A project as large as the Interplay project, has many different faces. Typi-
cally for this research, not one of them has been considered in depth, but 
most of them are treated in connection with each other and with a holistic 
view. 
The four topics A-D, to be presented below, agree with the chronological order 
of the work that has been done. At the same time this order is of logical 
nature as well, since there has been a perpetual effort to reformulate the 

problems in a simplified farm, without making them trivialor unrealistic. 
In this setup, the gaps which are still open, will be shown and it will be 
pointed out if they can be filled in due time. From these four items, and the 

white spots, an outline for a thesis naturally follows. 

A. The stochastic optimal control t echnique 

The first problem to be solved, is the choice of the class of models. Accord-
ing to the Consistency Principle of section 3.2, there is a severe limitation 
in our choice, namely global and local model representations. 
Under certain conditions, a global LQG-model wi th cent.ralized information can 
be considered. This problem can be solved easily, using standard dynamic 
programming techniques (e.g., Striebel's method). It can also be applied to 

the I-step delayed observation sharing (lsDOS) pattern. This prob'lem can 
indeed be solved but some details remain obscure, and an algorithm for actual 

computation is unavailable. 

In the dynamic programming set-up non-classical information structures must be 

avoided. If a model with decentralized information must be considered, then in 

addition the global model cannot be maintained. In that case, local submodels 
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must be formulated and a specifiation of the information flow between the 
subsystems. Only in special circumstances, one can benefit from the solution 
of the LQG-model. E.g., af ter decoupling the subsystems and solving each of 
them with LQG-theory, the interaction must be taken into account, usually in 
an ad hoc manner. Suchmethods are gathered in LSS-theory and will be treated 

in C and D. 
If we stay with the control theory as such, some other interesting features 

are: 
1. Relationship economics-control. What are the conclusions from the litera-

ture (Chow, Kendrick, Lucas, Varaiya, Rustem, a.o.), and differences with 
engineering modeis. 

2. Notion of risk. The so-called LEG-problem must be solved and interpreted. 
3. Ratiortal expectations approach. What are the implications for stochastic 

control? Does it make sense to consider non-causal (in a sense to be speci-
fied) modeis? 

B. Equilibrium concepts from game theory 

If we bypass the question whether optimal solutions exist, and only concen-
trate on concepts from game theory, the following fundamental questions may be 
posed. 
1. (Tenney, (261). If a system is controlled by several DMs, what is the 

not ion of a state? Does the geometric approach to control theory help here 
too? 

2. (Huiter , (41). What is the meaning of game theory in economics and deter-
mines the equilibrium concept the identification of the model? ' 
Since the revival of game theory due to Von Neumann-Morgenstern in the 
fifties, there is now need for a reappraisal. Many of the authors in 8.2.A. 
have made contributions, but of scattered nature. 

3. Specific questions for Nash and incentives: 
- proof of optimality in dynamic games, 
- collection of Nash equilibria: global, feedback, conditional, no-memory, 

open-loop. What i 's their interpretation, relation; which of them guaran-
tee uniqueness? 

- what is the matter with threats, dynamic programming and subgame perfect-
ness? 

- what is the matter with Stackelberg and control incentives? 
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C. The structural approach 

For more insight and for computational reasons, efforts have been made to give 
a more detailed description of the model . in terms of x la (xNL xLINK xG). 

Compatible with this partitioning of the state vector, the system matrices can 
be structured according to eertain assumptions, like for instance the horizon-

tal model. 
A computational reduction is only possible if the global model can be decom-
posed into submodels of both simpler and smaller structure. In addition, the 
interaction between the submodels must be made explicit. 
Solution techniques are very problem-dependent, and of ad-hoc nature. We will 
investigate or mention: 

local control and local filters, 
two-step procedures, 
sub-optimal or near-optimum control procedures, 
co~ordination schemes. 

Any investigation cannot be complete without elaborate experimental evidence 
and performance analysis. 
In every method, one prefers a feedback solution (in stochastic setting) and 
some robustness properties are desired. 

D. Controllers with a fixed structure 

In C. the discussion was oriented towards the basis philosophy of LSS-theory 
and applicabili ty to econometric policy models. Here we aim at a specific 
problem, which results from imposing a fixed-structure for some type of con-
troller. Examples can be found in On the Compensator, 1-111, and in the direct 
output feedback problem. The motivation lies in the fact that the c1ass of 
admissible controls must be confined, in order to make any progress. 
Progress has been made, to the extent that one now ends up with a TPBVP or 
NPP, dependent on the finite or infinite time-horizon case. 
Almost no results are available beyond the necessary conditions. Neither of 
the above problems (TPBVP, NNP) can be analyzed easily: uniqueness, conver-
gence and possibility of loeal extrema remain unsolved problems. 

It would be helpful to develop a matricial optimization theory in discrete-

time; as for the direct-output feedback problem, insights from geometrie 

approach seem clarifying (Wonham [32], chapter 4). 
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8.3. Conclusions and thesis' outline 

Loosely stated, there is one cent ral theme in the Interplay project: the 
structural approach for multi-DMs models. This involves LSS-techniques as 
decomposition, explicit nature of the interaction and the fixed-structure 
approach. 

The main tools for solving the resulting problems come from stochastic (opti-
mal) control theory, adapted for the economie and the multi-DM case. It is 
asked for to characterize and compare the properties of solutions obtained, 
and make inferences for applicability. Finally, it must all be tested in an 
applications-study. 
The background of this study is supported by three disciplines: economics, 
control theory and game theory. The hardest question one can ask for, is: how 
can a consistent, interrelated theory evolve from them? Our modest goal is to 
make some prudent comments on this issue. 
Let us now assembIe what we know about this subject, while putting the struc-
tural aspects in a central place and present a thesis' outline. 
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THESIS' OUTUNE 

CONTROL. ECONOMICS AND GAMES: APPLICABILITY FOR A LINKED ECONOMETRIC POLICY 

MODEL 

1. Econometric Policy Models 
1.1. Motivation + background Interplay model 
1.2. System theoretical proper ties of the Interplay Model (controllabil1ty, 

model reduction, multipliers, control techniques) 
1.3. Structural aspects and uncertainty 
1.4. Model representations and the Information Consistency Principle. 

2. Problem Formulation 

Consider a control problem for a stochastic, multi-DM econometric policy 
model: refer to it as the "Econometric Control problem". 

2. 1. The econometric control problem consists of: 
(gl) given a stochastic system, representing a linked econometric model, 

(g2) given a specification of model data, on line data and parameters, 
(g3) given an information structure 
(g4) given an equilibrium concept 
(g5) given a cost function, 

By means of an appropriate technique (problem dependent: DP, MP, LSS-proce-

dure), answer the following questions: 
* * (pI) existence. uniqueness and design of (optimal) solution {uI' u2} 

(p2) properties of the solution (stability, robustness, sensitivity analysis) 
(p3) examination of structure of the solution 
(p4) informational questions - the exchange of information 

- the use of information 
- which information is most relevant 

(pS) comparisons for several options which occur under one fixed (gi). 

Remarks 

a. There might exist a modification for which the informational questions are 
more pertinent. 

The Econometric Control and Information Problem consists of: 
given (g1), (g2), (g4) and (g5), solve simultaneously the following two 

problems: 
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* * 1. find the optimal strategies {uI' u2} , by means of an appropriate 
technique, 

2. which information structure is most appropriate for the DMs?, 

and answer the questions (p1)-(p5), if applicable. 

b. For (gi), there are not so many alternatives as thls imposing problem 
formulation might indicate. Emphasis will be on the global model with 
imperfect state observations, the local model with information exchange, 
and Nash (Team) problems. 

2.2. List of problems to be discussed within the ECP-framework. 
a. global model representation with centralized model data, 
b. local model representation with decentralized model data, 
c. fixed-structure problems. 
This will be done in chapters 4, 5 and 6, resp. where a more detailed 
summary will follow. 
In chapter three, we will review the techniques: in essence stochastic 
optimal control theory with modifications for the multi-DM case in an 

economic environment. 

3. Stochastic Optimal Control Theory 
3.1. Dynamic Programming/Striebel's formulation 

Application to LQG-model, regulator problem with exogenous inputs 
Extensions to Nash games, LEG-problem, rational expectations 

3.2. Maximum Principle 
Relation to Lagrangean technique/matrix vers ion and transformation to 
deterministic covariance problems 
Application to fixed-structure problems 
Application to Nash problems 

4. Global Model Representations 
Ideally, we have a subdivision like 
4.1. Nash solution 
4.2. Team solution 

4.3. Stackelberg solution 
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4.4. Paret%ptimal control solution 

4.5. Another equilibrium concept 
4.6. Comparison of properties of solutions to (4.1)-(4.5) along the lines of 

(p1)-(p5). 

For some of these equilibrium concepts, we can make a subdivision into: 
4.x.1. imperfect state observations, centralized model and on-line data 

pro of of optimality 
structure and properties solution 
differences with determinist ie counterpart 

computational aspects 

4.x.2. lsDOS-pattern for global model 
structure, properties, proof of optimal algorithm 

4.x.3. completely decentralized on-line data 
motivation for this case in view of consistency principle 
a. general solution 
b. linear strategies, second guessing, sufficiency 
c. approximating solutions 
structure and properties solution 
survey of literature 

4.x.4. comparison of 4.x.l.-4.x.3. 

Remark 

difference in informational aspects, 
implications for the structure of a compensator 
implcations for policy making 

Of course, this is only a rough outline. It is the objective here, although 
this does not seem to clear, to emphasize the properties (existence, unique-
ness, design, stability, robustness, ••• ), the differences with respect to the 
available information and the implications for applicability. We do not want 

to list all cases that are solvable and solve them. 
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5. Local Model Representations 
5.1. List of models with different information exchanges. 
5.2. A survey of LSS-theory: - decomposition techniques 

- synthesis procedures 
5.3. The Decentralized Filter Problem 

5.3.1. Sanders & Tacker 
5.3.2~ Speyer & Chang 
5.3.3. Bernussou & Geromel 

5.4. Synthesis local filter and local control 
5.4.1. deterministic approach: co-ordination scheme 
5.4.2. stochastic approach: periodic co-ordination 
5.4.3. 2-step procedure 

5.5. Evaluation of local and global models 

6. Fixed Structure Problems 
6.1. Motivation for fixed structure from chapter 4 and 5 

What struetures can be chosen? 
Problem formulation: 1. The restricted control problem 

2. The compensator problem 
6.2. The Restricted Control Problem 

6.2.1. the finite horizon case 
6.2.2. the infinite horizon case 

6.3. The Compensator Problems 
6.3.1. the finite horizon case 
6.3.2. the infinite horizon case 
6.3.3. the separation property for the Nash compensator 

6.4. Evaluation 
- relation with the direct output feedback problem 
- coupling between information and control 

7. Conclusion on: 
A model for the interaction of economics, control and games. 



2 3 4 5 6 7 8 9 10 11 

cp .09 .04 -.56 -.01 -.06 - .13 .01 
un -.03 1.0 .09 . 01 . 0 1 . 02 -.05 
Emp .1 .02 -.27 -. 05 -. 0 3 -. 06 .16 
Pxg -.01 - .12 - .19 .04 . 12 .21 .16 .03 .32 

G Pep -.02 -.1 .24 .2 2 .13 .28 -.03 
Pij) - .1 -.35 .30 .5 3 . 03 .46 .21 
w -.06 -.59 .17 . 58 . 02 .74 .12 
gvampp .1 7 .03 -.46 -.08 -.05 - .1 -.03 
e2 .1 8 .04 -.50 -.09 -. 06 -.12 -.03 
Wd .13 -.5 -.09 .47 -. 01 .6 .25 

Pmg(D) 

mgSG,NL . 14 .03 -.39 -. 07 -. J4 -.09 -.03 -.38 
LINK Pmg(NL) -.03 -.04 . 03 . 05 .03 

mgSNL,D .03 -.07 -. 01 • J 1 -.02 -.07 

un 
Emp -.01 -.01 
Peg -.01 . ,) 1 .01 
Pep .01 .03 .03 
Pip . 01 .02 

NL w 
e2 .02 -.06 -.01 -.01 -.06 
Wd 

un_ 1 

Appendix Al. System matrix for struetured two-eountr~es model. 
All elements smaller than .01 (in abs • • alue) are omitted. 

12 13 14 15 16 17 18 

-.04 - .17 .19 -.01 

1.04 -.14 
- .09 .31 .02 

.09 -1.57 .02 .48 

.02 -1.66 .1 0 .50 

.08 -1.29 .40 
-2.9 -.13 .86 

-.03 -5.6 .13 .11 
-2.6 .14 .73 

1.0 

19 

-.02 

.01 

-.01 

20 21 

.01 

.01 

- .01 
. 02 

- . 02 

- .75 .21 

1.0 -.04 
- . 22 .08 

.16 -.13 

.02 -.39 

.16 -.13 

.04 - .14 

- .15 .14 
- .15 -.05 

22 23 

0-
0' 

.17 

- .04 

.09 
1.57 
1.66 
1.29 
2.98 

.56 
2.6 



G 

LINK 

NL 

eg Wgr 

cp -.04 
un -.02 

Emp .07 -.02 
pxg .02 
Pep .10 
Pip .13 .02 
w .10 .01 
gvanunp .11 -.04 
e2 .13 -.04 
Wd .15 .2 

Pmg{G) 

mg$G,NL .10 -.03 
Pmg{NL) 

mg$NL,G .02 

un 
Emp 
Peg 
Pep 
Pip 
w 
e2 .015 
Wd 

un_ 1 
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G NL 

TRI TR2 11 MR ~Rl eg TS WG TR2 TRI L1 MR 

0.4 
-0.4 

.14 
., .29 - .01 

-.09 
- .15 
-.09 

.23 

.26 
.28 -.39 . .05 

.98 - .03 
-.3 
-.16 

. -.05 .12 -.04 .12 -.25 .21. 
1.10 • 

- .07 • 

.01 -.01 - .04 
.02 .02 -.03 .03 · .08 · 

-.04 -.32 .11 .24 · 
.02 -.05 .22 -.05 .10 -.08 - .22 

-.03 -.01 .1 -.01 .03 -.02 · .15 · 
.21 

-.04 .1 .1 -.2 .16 · .45 · 
.01 .18 .25 -.5 .42 · .07 · 

Appendix A2. Input matrix {I-A
O
)-l Ba for struetured two-eountries model. 



G 

LINK 

NL 

eg Wgr 
G 

TR1 TR2 

cp -.015 • 
un 
Emp 
pxg 

Pep .03 
Pip 
w 
gvampp -.01 
e2 -.01 
Wd 

Pmg(G) 

mg$G NL • -.01 , 
Pmg(NL) 

mg$NL,G • 

un 
Emp 
Peg 
Pep 
Pip 
w 
e2 
Wd 
un_ l 

L1 MR 

.33 
-.05 

.16 
-.02 
-.14 
-.17 
-.10 

.27 

.30 

.06 
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.01 

.01 

.02 

.02 

.23 .38 -3.4 

.04 .07 

.04 

.01 .09 

-.017 -.03 .25 
.07 

i 
.035 .06 .5 I 

.08 i 

NL 
eg TS Wg TR2 TRl L1 

-.04 · .13 

.02 
.12 · 
.23 · -.05 
• 10 -.01 
.22 · 

.1 

.18 .02 

MR 

.01 

.015 

.01 

.55 

. 

Appendix A3: Input matrix (I-AO)-l B1 for struetured two-eountries model. 

.01 

.01 

. 016 

.018 

3.4 

.64 

.04 

.09 

.25 

.07 

.5 

.08 
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Appendix B: Vector differentiation and Kronecker Calculus 

1. 

2. 

3 . 

This convention implies: y Ax + ay/ax A. 

f f(x) , n af/ax f [af at J Ixn f R + R then Vf - = ax
1

' ••• 'ax
n 

ER x 

The gradient of f with respect to x is a row vector, compatible with (1) 
for m = 1. 

m ag 1 m bg ag~, 
g = g(t), g : R + R then at = at' ... 'at E 

mx1 
R 

4. For vectors there exists a chain rule; 

s. 

au au ~ 
= u(y) 

let then u u[y(x)] and -=-
y = y(x) ay ay 

To fit more problems into vector format, we 
a . vec X = Xc: all columns of X are stacked 
b. Xr : similar for the rows of X 
c. property: Xc, = X,r 

e. (De-)vectorization 

A 8 B = [
a ijB

1 [yc 

rules: Y = AXB' -
yr 

d. Kronecker product: 

g. If q x'Ax then aq/ax = x'(A+A') 
q (a+Bx) , Q( a+Bx), Q = Q' then 
aq/ax = 2(a+Bx)' QB 

h. tr y' AXB' = yC, (B 8 A) XC 

i. Kronecker rules: 
(A 8 B)' = A' 8 B' 

adopt the convections: 
in one vector 

(B 8 A) XC 

Xr(A' 8 B') 

(A 8 B)(C 8 D) = AC 8 BD; (A+B) 8 C 
A 8 (C+D) = A 8 C + A 8 D 

A8C+B8C 

trace (B 8 A) = tr B • tr A 
(A 8 B)-l = A-I 8 B- 1 
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Appendix C: Proof of theorem 6.5. 

For the RGP I, we will transform our problem into a format that admits appli-
cation of the matrix minimum principle. 

State equation: 

Cost function: 

makin~ use of the structural assumptions X = Xll Xl2 

Xi2 X22 

P = [Pil PI2J · [RI 0 J B = ~I 0 QI :J R = Q = 
Pi2 Pn o R2 B2 0 

The Hamiltonian is: 

H(Xt,Pt+I,Ft ) = tr(Q+F'RF)Xt + tr(A+BFt)Xt (A+BFt ), P~+l 

which can be expanded using the structural assumptions into: 

F [:1 

H = H(Xt,Pt+I,Flt,F2t) = ~ tr(QI+FiRIFI)X II + 4 tr(Q2+FiR2F2)X22 

+ 4 tr[(AII+BIFI)XII(AII+BIFI)' PIl + 2{AII+BIFI)XI2Ai2 PIl + 

Al2X22Ai2 PIl + 2{AII+BIFI)XIIAil P12 + 2Al2X12 A21 P12 + 

2{AII+BIFI)XI2{A22+B2F2), Pi2 + 2A12X22{A22 +B2F2)' P12 + 

A2lXIIAii P22 + 2A2IXI2{A22+B2F2), P22 + 

(A22+B2F2)X22(A22+B2F2), P22 1 

The necessary conditions, to be obtained from the MMP, yield: 

Costate equation r-:t 

~ tf 

State constraint X 
t+l 

(A+BF ) X (A+BF)' 
t t t 

X o 

:J 



7I 

Hamilton conditions: 

Remark 

aH 
aF

1t 
= 

aH 
aF

2t 
= 

(BiP11A11 + BiP12A21)X11 + (Bi P11 Bl + R1)F1X11 + 

(BiP11 A12 + BiP12A22 + BiP12B2F2)Xi2 ~ 0 

(BiP22A22 + BiPi2A12)X22 + (BiP22B2 + R2)F2X22 + 

(BiP22A21 + BiPi2A11 + BiPi2B1F1)X12 ~ 0 
[ 1 

Similar computations and rules for matrix differentials can be found in On the 
Compensator, part I, [15a1. The stochastic Nash and Team compensator problem, 
which admits essentially the same conditions, is dealt with in [15c1. 



72 

Appendix D 

1. The linear constraint DFc 0 

Fll E 
m1xn1 R 

n1 n2 F12 
m1xn2 E R 

mI ~11 Fl~ m2xn mxn 
F2I E R 1 Given F ER, where F = 

m2 F21 F22 m2xn2 F22 E R 

Problem: find the linear operator that sets the elements of F12 and F21 in 
the mn-vector FC to zero. 

Solution: 

Let FC be: 

where F~~ denotes 
the k-th column of 

block i,j, i,j = 1,2 

J first column of F (length m) 

] n1 th col ... n of F 

] (n1+l)th column of F 

The matrix D with the property DFc = 0, such that F~~ , i = 1, ••• ,n1 and 

F~~ , j = 1, ••• ,n2 are zero, can now easily be constructed. 
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mI mZ mI mZ mZ 

D ,., 

i m2 0 I 0 0 

mZ 0 0 0 I 0 

n l 
x mz 0 

o I 

-------------------------- ~---------------------------------

o 

D admits the partitioning D .~1 
nImZ x nIm 

Dll E R 

DZZ E R 
nZm I x nZm 

(nImZ+nZmI ) x nm 
Evidently: D E R 

and 

By inspection of D it is clear that 

Z. DO' I 
nImZ+nZmI 

o Jhere 
DZZ 

I 

o 
o 
o I 

I 0 

3. The unit matrices in 011 are m x m
Z

' the zero blocks are rectangular . Z 

The unit matrices in DZZ are mI x mI' the zero blocks are rectangular 
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2 

F 

c F = (f ll f 21 f l2 f 22 f l 3 f 23)' • 

DFc = 0 comes down to: 

~ 
I 0 0 0 ~ Fe m 0 I 0 0 

0 0 0 I 

Indeed DO' = 13. 

If diag{Ài , i = l, ••• ,n} denotes an nxn-diagonal matrix with 
elements ÀI, ••• ,Àn' then for this example: 1-0'0 

= dia~{I,O,O,I,O,I } . This feature shows up in RCP 11. 

c 2. The selector matrix aF /aq. 
Let us start with a simple example, to clarify the idea. 

Example (continued from Cl ) 

I 

f ll 
I f I2 f13 I 

F I ---------------I 
Free elements: q 

f 2I 
I f 22 f 23 I 
I 

Now aFc/aq follows from 
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f ll f 22 f 23 

f ll 1 0 0 1 0 0 

f 21 0 0 0 0 0 0 

f 12 0 0 0 3Fc 
0 0 0 :S hence -- = 3q 

f 22 0 1 0 0 1 0 

fl3 0 0 0 0 0 0 

f 23 0 0 1 0 0 1 

Properties 
1. S has full column rank. 
2. SIS = I. 

3. D and S are complementary: DS - O. 

[F 1 0J, or q = rF
C

clJ For the RCP where F 
o F2 F2 

the procedure is ncw clear. Another outs tanding example to make the idea 
2 clear, is where F is symmetric: then from the nxn = n elements of F, there 

are n(n+l)/2 independent ones, and they are stacked in q. The structure of S 
for the RCP obeys: 
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q mI mI · .. mI m2 m2 · .. m2 

FC 

FIl FIl · .. FIl F22 F22 · .. F22 
.1 .2 .n l .1 .2 .n2 

mI Fll 
• 1 I 0 · .. 0 

m2 F21 
• 1 0 0 · .. 0 

mI Fll 
• 2 0 I · .. 0 

m2 F21 0 0 0 .2 
, · · · 1 ... 
• · . 

• 
mI FIl 0 ... I • n l 

m2 F21 0 ... 0 • n l 
---- ------- ---------------------- -----------------------

mI F12 
• 1 0 0 · .. 0 

m2 F22 
• 1 1 0 · .. 0 

· • 0 0 0 · .. 0 
; .. 
· , 

0 I · .. 
F12 . 

mI 0 ... 0 • n 2 

m2 F22 0 ... I • n2 

= 
[

SI1 0 J, Hence we have the structure S 
o S22 

where 

By careful inspection of the product OS, we conclude that OS 

O( , i.e., a rectangular zero matrix. n m +n m )x(m n +m n ) 
1 2 2 1 1 1 2 2 
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Appendix E: Proof for ECP 11 = theorem 6.6 

Proof: Given cost function J(X,F) = t tr{Qfxf } + t ~T tr[(Q+F'RF)tXt1 

subject to: Xo is given 

Xl - (A+BFO)XO(A+BFO), = 0 

X2 - (A+BF 1)X1(A+BF1)' 0 
o 

Xf - (A+BF _l)X _l(A+BFt 1)' 0 
tf tf f~ 

· · · c 
DFt -1 0 

f 

{} 
nxn Define costate matrices p : . T U tf + Rand costate vector 

m1n2+m2n1 T + R for the Lagrangean L: 

where the indices of Pand À are chosen for convenience, and if A and Bare 
compatible matrices, their inner-product <A,B> is defined as <A,B> = tr AB'. 
Using matrix differentiation calculus for scalar trace functions, we immedia-

tely obtain (omit stars) 

costate and 
transversality 
condition 

constraints 

(A+BFt ), Pt+1(A+BFt ) + Q + F~ R Ft 
= Q f 
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In order to compute the Hamilton condition 3L/3F~ o we need to transform the 
C RHS of L in terms of Ft • 

This can be done using tr Y'AXB' = yC'(B S A)Xc • 
Furthermore are needed the properties: (A Q B)' = A' Q B', (A Q B)(C Q D) 

AC S BD and Y = AXB' - yC = (B S A)Xc • This yields for 3L/3Fc : 

~ = __ 3 __ {-21 E tr F'RF X + E [-21 tr(A+BF )' Pt+1(A+BFt )Xt' + Àt'DFt
C]} = 

3Fc 3Fc tET t t t tET t 
t t 

3 
{l FC' (X S R)Fc + -21 (A+BF )c, (X 9 P )(A+BF)c + 2 t t t t t t+1 t 

+ __ 3 __ {l[AC + (I S B)Fcl' (X SP) [AC + (I S B)FC]} = 
3Fc 2 n t t t+1 n t 

t 

F~' (Xt S R) + À~ D + [Ac + (In 9 B)F~]' (Xt 9 Pt+1)(In S B) 

Together with DF~ o and af ter re-arranging, this yields 

R + R) :] [::] . 
which makes the proof complete. The matrix at the LHS of the last expression 

can be viewed up on as a bordered Hessian. However, Xt Q (B' Pt+1B+ R) is 
singular, since Xt has rank one. 

--:' -
-, ' 

........ 



80 

Literature 

1. Anderson, B.D.O.: Stability properties of Kalman-Bucy filters, Journalof 
the Franklin Institute, vol. 291, 1971, pp. 137-144. 

2. Athans, M., D. Kendrick: Control theory and economics: a survey, forecast 
and speculations, IEEE Trans.Automatic Control, Vol. 

AG-19, 1974, pp. 518-524. 

3. Benveniste, A., P. Bernhard, G. Cohen : On the decomposition of stochastic 
control problems, IRIA Rapport de Récherche, 187, 1976. 

4. W.H. Buiter: Expectations and control theory, Economie Appliquée, tome 

XXXVI, 1983, pp. 129-156. 

5. Chipman, J.C.: Estimation and aggregation in econometrics: an application 
of the theory of generalized inverse, in: Generalized 
Inverse and Applications, M.Z. Nashed (ed.), Academic 
Press, 1976. 

6. Chong, C.Y., M. Athans: On the periodic co-ordination of linear stochastic 
systems, Automatica, vol. 12, 1976, pp. 321-335. 

7. Findeisen, W., F.N. Bailey, M. Brdys, M. Malinowski, P. Tatjewski, and 
A. Wozniak: Control and co-ordination in hierarchical systems, Wiley, 

London, 1979. 

8. Haikin, H.: Optimal control for systems described by difference equations, 
in: Advances in Control Systems, Vol. I, 1964, C.T. 
Leondes (ed.), pp. 173-196, Academic Press, New York. 

9. Hautus, M.L.J.: Necessary conditions for multiple constraints optimization 
problems, SIAM J. Control, Vol. 11, 1973, pp. 653-669. 



81 

10. Isaksen, H.J., H.J. payne: Sub-optimal control of linear systems byaug-
mentation wi th application to freeway traffic regulation, 
IEEE Trans.Automatic Control, Vol. AC-18, 1973, pp. 210-219. 

11. Jamshidi, M.: Large-scale systems, Modeling and control, North-Holland, 
Amsterdam, 1983. 

12. Khalil, H.K., P.V. Kokotovic: Control strategies for decision-makers using 
different models of the same system, IEEE Trans.Automatic 
Control, Vol. AC-23, 1978, pp. 289-297. 

13. Merbis, M.D.: System properti es of the Interplay model, Reeks 'Ter Discus-

sie', 82.02. 

14. Merbis, M.D.: Linear-quadratic-gaussian dynamic games, Reeks 'Ter Discus-
sie',82.14. 

15. Merbis, M.D.: On the compensator: 
15a. . Part I: preliminaries and problem formulation, Reeks 'Ter 

15b. 

15c. 

cussie',82.12, 
Part 11: corrections and extensions, Reeks 'Ter Discussie' , 

83.09, 
Part 111: Stochastic Nash and Team problems, Reeks 'Ter Dis-

cussie', 83.16. 

16. Michel, A.N.: On the status of stability of interconnected systems, IEEE 
Trans.Automatic Control, Vol. AC-28, 1983, pp. 639-653. 

17. Michel, A.N., R.K. Miller: Qualitative analysis of large-scale dynamical 
systems, Academic Press, New York, 1977. 

18. Moore, B.C.: Principal component analysis in linear systems: controllabi-

lity, observability and mode IEEE Trans.Automa-

tic Control, Vol. AC-26, 1981, 17-32. 



82 

19. Plasmans, J.E.J.: Interplay: a linked model for economic policy in the EEC, 
in: Dynamic modelling and control of national economics 
(IFAC), J.M.L. Janssen (ed.), pp. 43-56, Pergamon Press, 

Oxford, 1981. 

20. Pollock, D.S.G.: The algebra of econometrics, Wiley, London, 1979. 

21. Rustem, B.: Optimal policies with rival modeis: compromise solutions, games 

and min-m,ax strategies, paper presented at the European 
Meeting of the Econometric Society, August 29/ September 2, 

1983, Pisa, Italy. 

22. Sandell, N.R. jr., P. Varaiya, M. Athans, M.G. Safonov: Survey of decentra-
lized control methods for large-scale systems, IEEE Trans. 

Automatic Control, Vol. AC-23, 1978, pp. 108-128. 

23. Sanders, C.W., E.C. Tacker, T.D. Linton: A new class of decentralized fil-
ters for interconnected systems, IEEE Trans.Automatic Con-
trol, Vol. AC-19, 1974, pp. 259-262. 

24. Striebel, C.: Optimal control of discrete-time stochastic systems, Lecture 
Notes in Economics and Mathematical Systems, Vol. 110, 
Springer Verlag, 1975. 

25. Tacker, E.C., C.W. Sanders: Decentralized structures for state-estimation 
in large-scale systems, Large-Scale Systems, Vol. 1, 1980, 

pp. 39-49. 

26. Tenney, R.R.: On the concept of state in decentralized control, Informa-
tion and control, Vol. 50, 1981, pp. 1-12. 

27. Varaiya, P.: The role of control and system theory in economics, Confe-
rence on Decision and Control, 1975. 

28. Varaiya, P., J. Walrand: Decentralized stochastic contro!, in: Proceedings, 

IFAC Workshop on control and management of industrial com-

plexes, Toulouse, France, Sept. 1977, Pergamon Press, Ox-



83 

ford, 1978, pp. 97-105. 

29. Wismer, D.A. (ed.): Optimization methods for large-scale systems, with 
applications, McGraw-Hill, 1971. 

30. Witsenhausen, H.: A counter-example in stochastic optimum control, SIAM 
J. Control, Vol. 6, 1968, pp. 131-147. 

31. Wonham, W.M.: On a matrix Riccati-equation of stochastic control, SIAM J. 
Control, Vol. 6, 1968, pp. 681-697. 

32. Wonham, W.M.: Linear multivariable control: a geometric approach, Springer 
Verlag, Berlin, 1979. 

33. Zeeuw, A.J. de: Policy solutions for a linked model for two common market 
countries, in: Preprints 4th IFAC Conference on the modeling 
and control of national economies, June 17-19, 1983, Wash-
ington D.C., pp. 1-6, Pergamon Press, Oxford. 

.. 



IN 1982 REEDS VERSCHENEN 

Ol. ~. van Groenendaal 

02. M.D. Merbis 

03. F. Boekema 

04. P.T.W.M. Veugelers 

os. F. Boekema 

06. P. van Geel 

07. J.H.M. Donders 
F.A.M. van der Reep 

08. R.M.J. Heuts 

09. B.B. van der Genugten 

10. J. Roemen 

11. J. Roemen , 

12. M.D. Merbis 

13. P. Slangen 

14. M.D. Merbis 

IS. P. Hinssen 
J. Kriens 
J.Th. van Lieshout 

i 

Building and analyzing an econome-
trie model with the use of a hybrid 
computer; part I. 

System properties of the interplay 
model. 

Decentralisatie en regionaal so-
ciaal-economisch beleid. 

Een monetaristisch model voor de 
Nederlandse economie. 

Morfologie van de "Wolstad". 
Over het ontstaan en de ontwikkeling 
van de ruimtelijke geleding en struc-
tuur van Tilburg. 

Over de (on)mogelijkheden van het 
model van Knoester. 

De betekenis van het monetaire 
beleid voor de Nederlandse economie, 
presentatie van een analyse aan de 
hand van een eenvoudig model. 

The use of non-linear transformation 
in ARlMA-models when the data are 
non-Gaussian distributed. 

Asymptotic normality of least 
squares estimators in auto-regres-
sive linear regression models. 

Van koetjes en kalfjes I. 

Van koetjes en kalfjes 11. 

On the compensator. 
Part 1. 

jan. 

jan. 

maart 

maart 

april 

mei 

mei 

juni 

juni 

juli 

juli 

Problem formulation and preliminaries. juli 

Bepaling van de optimale beleids-
parameters voor een stochastisch 
kasbeheersprobleem met continue 
controle. 

Linear - Quadratic - Gaussian 
Dynamic Games. 

Een kasbeheermodel onder onzeker-
heid. 

aug. 

aug. 

sept. 



11 

IN 19R2 RREnS VERSCHENEN (vervolg) 

16. A. Hendriks 
T. v.d. Bij-Veenstra 

17. F.W.M. Boekema 
A.J. Hendriks 
L.H.J. Verhoef 

18. B. Kaper 

19. P.F.P.M. Nederstigt 

20. J.J.A. Moors 

2l. J. Plasmans 
H. Meersman 

22. J. Plasmans 
H. Meersman 

23. B.B. van der Genugten 

24. F.A. Kense 

25. R.T.P. Wiche 

26. J.A.M. Oonincx 

"Van Bedrijfsverzamelgebouw naar 
Bedrijvencentrum". 

Industriepolitiek, Regionaal 
beleid en Innovatie. 

Stability of a discrete-time, 
macroeconomie disequilibrium model. 

Over de toepasbaarheid van het 
Amerikaanse 'Diagnosis Related 
Group'-systeem in Nederland. 

Auditing and Bayes' Estimation. 

An Econometrie Quantity Rationing 
Model for the Labour Market. 

Theorieën van de werkloosheid. 

Een model ter beschrijving van de 
ontwikkeling van de veestapel 
in Nederland. 

De omzet/artikel concentratiecurve 
als beleidsinstrument. 

Populatie wetten/specificatieve 
wetten, oftewel 
Over het ethisch en maatschappe-
lijk belang van een korrekte in-
terpretatie van generische uit-
spraken. 

Micro-computers, standaardpakket-
ten, administratieve gegevensver-
werking en informatieverzorging. 

' ,.fr 
{: 

okt. 

okt. 

okt. 

nov. 

nov. 

nov. 

nov. 

nov. 

nov. 

dec. 

dec. 

.. " . 



IN 1983 REEDS VERSCHENEN 

Ol. F. Boekema 
L. Verhoef 

02. R. H. Veenstra 
J. Kriens 

03. J. Kriens 
J.Th. van Lieshout 
J. Roemen 
P. Verheyen 

04. P. Meys 

os. H.J. Klok 

06. J. Glombowski 
M. KrUger 

07. G.J.C.Th. van Schijndel 

08. F. Boekema 
L. Verhoef 

09. M. Merbis 

la. J.W. Velthuijsen 
P.R.M. Ruys 

11. A. Kapteyn 
R. van de Stadt 
S. van de Geer 

12. W.J. Oomens 

13. A. Kapteyn 
J.B. Nugent 

14. F. Boekema 
J. van der Straaten 

Hi 

Enterprise Zones. 
Vormen Dereguleringszones een ade-
quaat instrument van regionaal 
sociaal-economisch beleid? 

Statistical Sampling in Internal 
Control Systems by Using the 
A.O.Q.L.-System. 

Management Accounting and 
Operational Research. 

Het autoritair etatisme. 

De klassieke politieke economie 
geherwaardeerd. 

Unemployment benefits and Goodwin's 
growth cycle model. 

Inkomstenbelasting in een dynamisch 
model van de onderneming. 

Local initiatives: local enterprise 
agency/trust, business in the 
community. 

On the compensator, Part 11, 
Corrections and Extensions. 

Profit-non-profit: een wiskundig 
economisch model. 

The Relativity of Utility: 
Evidence from Panel Data. 

Economische interpretaties van 
de statistische resultaten van 
Lydia E. Pinkham. 

The impact of weather on the income 
and consumption of farm households 
in India: 
A new test of the permanent income 
hypothesis? ,I 

Wordt het milieu nu echt ontregeld? 

jan. 

jan. 

jan. 

jan. 

febr. 

febr. 

febr. 

febr. 

febr. 

febr. 

maart 

maart 

april 

april 



iv 

IN 1983 REEDS VERSCHENEN (vervolg) 

15. H. Gremmen 
Th. van Bergen 

16. M.D. Merbis 

17. H.J. Klok 

18. D. Colasanto 
A. Kapteyn 
J. van der Gaag 

19. R.C.D. Berndsen 
H.P. Coenders 

20. B.B. v.d. Genugten 
J.L.M.J. Klijnen 

21. M.F.C.M. Wijn 

22. P.J.J. Donners 
R.M.J. Heuts 

23. J. Kriens 
R.H. Veenstra 

24. M.F.C.M. Wijn 

25. A.L. Hempenius 

26. B.R. Meijboom 

27. P. Kooreman 
A. Kapteyn 

28. B.B. v.d. Genugten 
K. v.d. Sloot 
M. Koren 
B. de Graad 

29. W. de Lange 

De universitaire economen over het 
regeringsbeleid. 

On the compensator, Part 111, 
Stochastic Nash and Team Problems. 

Overheidstekort, rentestand en groeI-
voet; terug naar een klassieke norm 
voor de overheidsfinanci~n? 

Two Subjective Definitions of 
Poverty: Results from the Wisconsin 
Basis Needs Study. 

Is investeren onder slechte 
omstandigheden en ondanks slechte 
vooruitzichten zinvol? 

Een Markovmodel ter beschrijving 
van de ontwikkeling van de rundvee-
stapel in Nederland. 

Enige fiscale-, juridische- en be-
drijfseconomische aspecten van 
goodwill. 

Een overzicht van tijdsvariërende 
parametermodelspecificaties in 
regressieanalyse. 

Steekproef controle op ernstige 
en niet-ernstige fouten. 

Mislukken van ondernemingen. 

Relatieve Inkomenspositie, 
Individuele en Sociale Inkomens-
bevrediging en Inkomensongelijkheid. 

Decomposition-based planning 
procedures. 

The Systems Approach to Household 
Labor Supply in The Netherlands 

Computergebruik bi j propedeuse-
colleges econometrie 

Korter werken of 
Houden wat je hebt 
Tendenzen, feiten, meningen 

april 

april 

mei 

mei 

mei 

juni 

juni 

juni 

juli 

juli 

aug. 

sept. 

sept. 

sept. 

okt. 



Bibliotheek K. U. Brabant 

111111111 ~IIIIIIIIIIIIIIIIIIIIIIIII 
17000010594365 


