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INTRODUCTION

Technological innovations have wide-ranging implications for our economy and the
environment. This dissertation studies how innovation and investment decisions affect
various aspects of the macroeconomy, both in terms of real economic activities such as
productivity, output, and resource use, and from the monetary and financial aspects
such as money demand and monetary policy.

The first chapter investigates how directed technical change may stimulate clean
innovations and phase out polluting technologies, thus contributing to climate change
policy. In the existing literature on directed technical change, market size and initial
conditions determine whether the direction of technical change is clean or dirty and
path dependency arises (see for example Acemoglu et al., 2012). However, as the
literature on coordination failures has pointed out in a different context, expectations
play an important role in forward-looking decision making (see for example Krugman,
1991; Matsuyama, 1991). This chapter shows how multiple equilibria easily arise in a
standard workhorse model of directed technical change when innovators are forward-
looking. In the model presented in this chapter, there is a range of initial conditions
from which both an equilibrium with clean innovation and an equilibrium with dirty
innovation can emerge. Accordingly, the transition to an economy dominated by green
technologies is a self-fulfilling prophecy, but the transition to an economy that is locked
in brown technologies is a self-fulfilling prophecy as well. The range for which this
multiplicity arises is shown to depend on the degree of substitutability of the final
goods from the two sectors. This chapter further investigates the implications of the
existence of the overlap for environmental policies.

The second chapter addresses the interactions between resource-saving innovations
and policies that promote a “circular economy”, an economy built on the principle
of the re-use of materials and produced goods through recycling, refurbishing, and
extended product life. By using less new material per unit of value added, a circular
economy is considered both a solution to our environmental issues and good for the
economy. Yet closing the material loop also changes the structure of the economy and
the incentives for labor- and resource-productivity enhancing innovations. The overall
economic impact is thus not so clear. This chapter develops a two-sector endogenous
growth model with Schumpeterian innovation, where the primary sector continuously
develops new products and uses primary resources in production, while the secondary
sector refurbishes retired products for re-use. It is shown that increased refurbish-
ing increases short-run consumption, but reduces the incentives for developing new,
possibly less resource-intensive products. If innovations are strongly resource-saving,
raising the refurbishing rate leads to a net economic loss.



xvi Introduction

In the third chapter, I turn to the monetary side of the economy and focus on re-
cent fintech phenomenon of cryptocurrencies. To fill in the gap of understanding how
cryptocurrencies differ from existing electronic payment means from the consumers’
perspective and what these differences imply, this chapter generalizes the canonical
search-theoretic model to capture two previously overlooked features of cryptocurren-
cies: 1) anonymity-seeking individuals prefer cryptocurrencies for online payments;
and 2) they purchase their cryptocurrencies secondhand to avoid revealing their iden-
tities. This generalization allows demand for cryptocurrencies to be governed by not
only transaction motives but also by speculation, and is capable of explaining the ob-
served negative correlation between Bitcoin velocity and opportunity cost, contrary to
the positive correlation observed in conventional currencies. I conduct a counterfac-
tual exercise to illustrate the impact of anonymity-motivated secondary demand on
cryptocurrency price, and discuss the implications for monetary policy and national
security risk. Besides the application in cryptocurrencies, the model developed in this
chapter is suitable for studying the informal economy in general.



1

Chapter 1

SELF-FULFILLING EXPECTATIONS IN
DIRECTED TECHNICAL CHANGE1

1.1 Introduction

While the climate negotiation process is often seen as a long process without much
progress so far, sometimes sparkles of hope light up, as when the Paris 2015 COP
meeting created some optimistic reactions. Such optimism has continued to fuel the
momentum of the Paris Agreement, until Syria ratified the agreement late 2017, leav-
ing the United States as the only country on earth opposed, after it withdrew under
President Trump. Whether this hope is justified or not is not yet clear, but maybe
just the change in sentiment can help already. A parallel can be drawn to the experi-
ence with smoking bans, about which it seemed impossible to reach a consensus until
suddenly opinions got coordinated among stakeholders.

A big challenge for the implementation of environmental policies comes from vested
interests and existing technologies, which act as historically grown barriers that lock
society into emission-intensive technologies. Companies are reluctant to give up their
firm position in polluting industries and even for society at large it may be too costly to
forego all the benefits from these sectors and start a green growth path from scratch –
the drop in output may be simply too big. However, while ignoring history is too costly,
ignoring the future might be even more so, not only for society. If firms realize that the
future needs to be green, they might realize that their future is in green products and
that they prefer to stop investing in declining industries in order to benefit from the
size of the future green markets and from spillovers, which create complementarities
between firms’ investment decisions. Forward-looking investors might find it attractive
to go for a business strategy that tends to be green if the whole market is going green.
Self-fulfilling prophecies might replace the force of lock-in: if everybody believes the
future is in clean production, all investment might move in this direction.

This chapter shows that in the most natural macro-economic dynamic setting with
investment in clean and polluting technologies, expectations or beliefs about future
environmental-friendliness of innovation can overturn the lock-in in polluting technol-
ogy that resulted from a history of past investment in these technologies. Thus we show

1This chapter is circulated as a working paper under the title “Believe it or not: how directed
technical change and a bit of optimism lead the economy towards green growth”, jointly with Sjak
Smulders.



2 Chapter 1. Self-fulfilling Prophecies in Directed Technical Change

that in a model of directed technical change, not only does history play a role but so
do expectations, as shown in a different context by Krugman (1991) and Matsuyama
(1991).

Our model is similar to the model by Acemoglu et al. (2012), but gives different
results. The main reason is that we allow for investment to be based on expected
returns over a long (infinite) horizon, while Acemoglu et al. (2012) assume patents
to last for only one period. We find that two stable steady-state equilibria can co-
exist and that the selection between the two involves a coordination problem. In
addition to this “global indeterminacy” result, we also find “local indeterminacy” (in
the terminology of Benhabib and Perli, 1994): multiple transitional paths exist to
each of the steady-state equilibria which are consistent with rational deterministic
expectations, i.e. expectations that can be rationalized in an equilibrium without
stochastic shocks. The implication is that economies with identical preferences and
technologies could have quite different patterns of technical change both in the short
and long run.

Multiple equilibria and coordination problems have been studied in endogenous
growth theory literature. Examples relying on the increasing returns and/or exter-
nalities to generate indeterminacy include Benhabib and Perli (1994), Boldrin and
Rustichini (1994) and Benhabib et al. (2008), while rational-expectation-based inde-
terminacy can be found in Cozzi (2005), Cozzi (2007) and Gil (2013). In models with
a focus on environmental issues, however, multiple equilibria is often associated with
the discussion of tipping points (Skiba, 1978) as in the literature of natural resource
management, such as in Maeler et al. (2003), or related to path dependency and lock-in
phenomena in models dealing with directed technical change, such as Acemoglu et al.
(2012). By emphasizing the role of initial conditions, these models typically ignore the
role of indeterminacy – the fact that multiple, saddle-point stable equilibria exist and
are each consistent with rational expectations – with Wirl (2004), van der Meijden and
Smulders (2017) and Bretschger and Schaefer (2017) among the few exceptions.

Although certainly a very important factor to consider, path dependency might
not be the entire story that characterizes directed technical change. As the discussions
about “animal spirits” (Howitt and McAfee, 1988) or “the waves of enthusiasm” (Cozzi,
2005) suggest, multiple equilibria, sunspot beliefs (Cass and Shell, 1983) or self-fulfilling
expectations (Krugman, 1991; Matsuyama, 1991) could be a major driving force as well.
In particular, the combination of directed technical change and technology spillovers
typically gives rise to “strategic complementarities” and increasing returns, which in
turn are well-known ingredients of multiple equilibria and indeterminacy (see also
Benhabib and Farmer, 1999).

The rest of the chapter is organized as follows: Section 1.2 presents a modified
version of the Acemoglu et al. (2012) model. Section 1.3 studies its dynamics and proves
the global and local indeterminacy; in particular, the rich patterns of expectations will
be discussed. A numerical example of the equilibrium paths is provided in Section
1.4. In Section 1.5, three different policy measures and their respective impact on the
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transition are discussed. And finally, Section 1.6 concludes.

1.2 The model

We adopt the Acemoglu et al. (2012) model in a continuous time setting with two major
modifications. Contrary to the original model, we first allow labor to be mobile between
production and research, and second, we adopt an infinite patent length instead of a
one-period patent length. In the following, the time subscript is omitted whenever no
confusion would arise.

1.2.1 Final goods producers

There are two final goods sectors in the economy: clean (Yc) and dirty (Yd), differenti-
ated by the fact that the intermediate goods used in the dirty sector causes pollution.
The final goods are produced using labor and a continuum of sector-specific interme-
diates following a Cobb-Douglas technology:

Yj = L1−α
j

∫ 1

0
qjix

α
jidi,

where j ∈ {c, d} denotes the sector, clean or dirty, where Lj is the production labor
hired in sector j, and where qji and xji are the quality and quantity, respectively, of
the intermediate good i in sector j. The final goods producers are price takers in both
the final goods market and the factor markets, and maximize their profit according to

max
{Lj ,xji}

πFj = PjYj − wLj −
∫ 1

0
Pjixjidi,

where Pj and Pji are the output and intermediate input prices, respectively, while w
is the wage. Profit maximization leads to the following factor demand functions:

w = (1− α)Pj
Yj
Lj
, (1.1)

Pji = αPjL
1−α
j qjix

α−1
ji ≡ p(xji, qji). (1.2)

1.2.2 Intermediate goods producers

Each individual intermediate good xji is produced by a monopolist. Demand for her
product is given by (1.2). Production requires sector-specific inputs and the unit cost
of production increases with the quality of intermediate goods so that one unit of
intermediate good requires qji units of final output from sector j. Hence, operating
profits are given by

πji = [p(xji, qji)− Pjqji]xji.
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The intermediate monopolist in addition hires research labor in R&D, sji, in order
to improve the quality of its products.2 Quality improves in proportion to the firms
research input, sji, spillovers from other firms in the sector as measured by the sector-
wide average quality level, Qj , and the sector-specific productivity parameter µj :

˙qji = µjQjsji. (1.3)

Qj =
∫ 1

0
qjidi. (1.4)

Due to the spillover term Qj , the returns on research by one firm also depends on the
effort of all other firms in the same sector.

The intermediate goods monopolists choose the amount of production xji and the
level of research effort sji to maximize the net present value of its profits,3 which leads
to the following first order conditions:

Pji = 1
α
Pjqji, (1.5)

µjQjλji ≤ w ⊥ sji ≥ 0, (1.6)

λ̇ji = rλji −
∂πji
∂qji

, (1.7)

where λji is the firm’s shadow price of quality improvements and πji firm’s profit.
Equation (1.5) is the usual mark-up pricing rule. Equation (1.6) is the first order con-
dition for the individual monopolist’s investment decision, equating marginal benefits
and costs in case of active research. The expression µjQjλji represents the contribu-
tion of a marginal unit of research to the present value of the firm’s future profit (or
in other words, the productivity of a marginal unit of research in sector j), while the
wage w is the marginal cost of research effort. Finally Equation (1.7) is the arbitrage
equation that determines the shadow value of quality improvements as the net present
value of future profits due to the quality improvement.

2We choose to model innovation as the result of inhouse R&D a la Smulders and Nooij (2003),
rather than “creative destruction”. The former gives simpler mathematical expressions and seems to be
at least equally empirically relevant as is shown recently by Garcia-Macia et al. (2019). This modeling
choice does not alter the qualitative results in this chapter as is discussed in Appendix 1.A.7).

3The monopolist maximizes the Hamiltonian max{xji,sji}Hji = πji−wsji+λjiq̇ji subject to (1.2)
and (1.3).
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Combining equations we can characterize the production side of the economy as
follows (see Appendix 1.A.1):

Yj = α
2α

1−αQjLj , (1.8)

w = (1− α)α
2α

1−αQjPj , (1.9)

Q̇j = µjQjsj , (1.10)

xji = xj , λji = λj , (1.11)

xj = α
2

1−αLj , (1.12)

πji = 1− α
α

α
2

1−αLjPjqji, (1.13)

where sj =
∫ 1

0 sjidi is sectoral research input. Equations (1.8), (1.9), and (1.10) show
that the model has a Ricardian production structure in which labor is (both for final
goods and intermediate goods) the only primary factor of production of which aggre-
gate productivity is proportional to the aggregate quality stock Q, which grows with
aggregate research effort. Because costs and demand of intermediates both increase
linearly in the firm’s quality q, all firms in a sector sell the same quantity, xj , and face
the same marginal contribution of quality improvements to profits, ∂πqji/∂qji, as is
shown in (1.11), (1.12), and (1.13). The result is that they all face the same shadow
price of quality, λj , and the same return to investment in quality. Denoting any sector
with active research by k, so that sk > 0, and substituting (1.6), (1.11), (1.12), and
(1.9) into (1.7), we find the following equation to characterize the rate of return to
innovation (see Appendix 1.A.1 for details):

r = αµkLk + ŵ − Q̂k, (1.14)

where the hats denote growth rates.

1.2.3 The households

At each point in time, the representative household derives utility from a composite
consumption good, C, which is made up by the two substitutable consumption goods,
clean (Cc) and dirty (Cd), according to a CES instantaneous utility function

C =
[
C
σ−1
σ

c + C
σ−1
σ

d

] σ
σ−1

,

where σ is the elasticity of substitution between clean and polluting consumption
goods. The household also derives utility from the environmental quality, E > 0.
To simplify the analysis, we assume separability between C and E and a logarithmic
specification:

U = lnC + u(E),
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where u(.) is some concave function. Following Acemoglu et al. (2012), we assume
E to be a stock variable that is reduced by the production of dirty goods ( ∂Ė∂Yd < 0),
and further, when E reaches its lower bound there will be severe utility consequences
( lim
E→0

U = −∞). Together, these assumptions imply that continuous growth of the
dirty output will have disastrous welfare consequences in the long run.

The household invests in assets, V , with return r. It supplies inelastically one unit
of labor at wage w. Subject to the intertemporal budget constraint V̇ = rV +w−PcCc−
PdCd, the household maximizes life-time utility W0 =

∫∞
0 [lnC(t) + u(E(t))]e−ρtdt,

where ρ is the utility discount rate. The maximization leads to the usual static demand
functions and Euler equation for consumption, respectively:

Cc
Cd

=
(
Pc
Pd

)−σ
, (1.15)

r = ρ+ Ĉ + P̂ , (1.16)

where P is the price index of consumption. Equation (1.15) shows that relative demand
responds to the relative price with elasticity σ. Equation (1.16) shows that households
require a rate of return on their savings that reflects their impatience (ρ), a premium
for postponing consumption (Ĉ), and for inflation (P̂ ).

We define the share of good j in total consumption expenditure as:

θj ≡
PjCj
PC

.

The price index P is defined by PC = PcCc + PdCd. so that we may write

P̂ + Ĉ = θc
(
P̂c + Ĉc

)
+ θd

(
P̂d + Ĉd

)
. (1.17)

1.2.4 Market equilibrium

Goods market clearing requires that in each sector total production net of intermediates
production equals consumption:

Cj = (1− α2)Yj . (1.18)

Labor market clearing requires that total (exogenous) supply equals demand for pro-
duction and research:

1 = L+ sc + sd, (1.19)

where L is total production labor:

L = Lc + Ld. (1.20)

The static equilibrium, i.e. equilibrium quantities given the predetermined state
variables Qc and Qd, can be characterized as follows. We denote relative variables by
subscript r, such that for any variable z, we have zr ≡ zc/zd. From (1.18) and (1.8),
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we find Cr = QrLr, while from (1.9) we find PrQr = 1 thus (1.15) gives Cr = Qσr .
Together with θr = PrCr this implies

Lc
Ld

=
(
Qc
Qd

)σ−1
= θc
θd
. (1.21)

Since θc + θd = 1, we can rewrite this as

θj = Lj
L

=
Qσ−1
j

Qσ−1
c +Qσ−1

d

, (1.22)

from which we conclude that a sector’s share in production labor, Lj/L, equals its
share in consumption expenditure, θj , which is pre-determined by the state variables.

We can now characterize the dynamics of the clean sector share by time differen-
tiating (1.22), which gives:

θ̇c = θc(1− θc)(σ − 1)(Q̂c − Q̂d). (1.23)

The equation implies that if substitution is good (σ > 1), the clean sector grows relative
to the polluting sector as long as clean innovation proceeds relatively fast.

The dynamics are also governed by equilibrium on the capital market. Equation
(1.14) and (1.16) can be interpreted as the demand and supply, respectively, in the
capital market. We first rewrite (1.16) as

r = ρ+ L̂+ ŵ, (1.24)

where we have used the result that – because of constant mark-ups and constant
share of intermediates in sectoral output – final goods consumption expenditure is
proportional to wage cost in the production sector, PC ∝ wL.4 Combining (1.14),
(1.24), and the first equality in (1.22), we characterize capital market equilibrium as
follows:

L̇ = L
[
αµkθkL− Q̂k − ρ

]
(1.25)

where we recall that sector k is a research-active sector, i.e. the equation only holds if
sk > 0. The equation is the general equilibrium version of the Ramsey rule and shows
that the more the equilibrium production of consumption goods is postponed to the
future (i.e. L̇/L > 0), the more the discount rate falls short of the real rate of return
to innovation. The latter is proportional to market size θkL and the productivity of
R&D, µk, and is reduced by R&D cost reductions as captured by Q̂k.

4More formally, from (1.8) and (1.18) we find P̂j + Ĉj = P̂j + Q̂j + L̂j which from (1.9) equals
ŵ+ L̂j . Substituting this into (1.17) and (1.16), and using the definition of L in (1.20), we find (1.24).
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1.3 The analysis

1.3.1 Innovation regimes and steady states

We need to distinguish a few different coordination outcomes, which we call different
regimes, depending on which sector – the clean sector, the polluting one, or both
– actively innovates. From (1.6) we see that if µrQrλr > 1 only the clean sector
innovates:5 in the clean sector marginal benefits and costs of innovation are equalized,
but in the polluting sector the marginal benefits fall short of the cost. The condition
can be rewritten as: 6

mc ≡
Qcλc

Qcλc +Qdλd
>

1/µc
1/µc + 1/µd

≡ κc ⇔ sc > 0, sd = 0, (1.26)

where mc represents the share of the clean sector in the total market valuation (recall
that λj is the shadow price of investment in sector j, i.e. the stock price, while Qj
represents total assets in sector j), and κc is a composite parameter that represents the
relative cost in the clean sector (related to the inverse of the productivity parameters
µj). Symmetrically, we can characterize the equilibrium with only the polluting sector
innovating and the one with both sectors innovating by, respectively:

mc < κc ⇔ sc = 0, sd > 0, (1.27)

mc = κc ⇔ sc > 0, sd > 0. (1.28)

Intuitively the forward-looking market share of a sector has to be big enough relative
to its relative cost of innovation to generate innovation in that sector in equilibrium.

The dynamics of the market valuation share follow directly from its definition in
(1.26) and can be written as

ṁc = mc(1−mc)
(
λ̂c − λ̂d + Q̂c − Q̂d

)
(1.29)

For future use we define md = 1−mc as the polluting sector’s market valuation share.
In light of equations (1.26), (1.27), and (1.28), we distinguish between three regimes

to characterize the direction of innovation within a non-degenerate period of time.
First, in the clean-only regime, private innovation efforts take place in the clean sector
only, sc > 0 and sd = 0, which requires mc > κc. Second, in the dirty-only regime
we similarly have sc = 0, sd > 0, and mc < κc. Third, the simultaneous regime
is characterized by sc > 0, sd > 0. We require this to happen over a non-degenerate
period of time so that in the simultaneous regime not only is mc = κc required but also

5We ignore the stagnant case with sc = sd = 0. In terms of parameters, if µj is relatively large or
ρ relatively low (more precisely, if ρ < αµj), there will always be innovation in equilibrium, and we
only need to focus on the cases where innovation is active in at least one of the two sectors. The more
restrictive condition in Assumption 1.1 is needed, on the other hand, to warrant active innovation in
both sectors..

6Let aj ≡ Qjλj and bj ≡ 1/µj , then µrQrλr > 1 ⇔ ar > br ⇔ ar/(1 + ar) > br/(1 + br). Using
the definition ar = ac/ad, we find ar/(1 + ar) = ac/(ac + ad) and similar for the RHS.
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ṁc = 0. Notice that mc is a continuous variable that cannot jump (unless unexpected
shocks arise). Hence, if it starts below κc and the economy is in the dirty-only regime,
it remains so for some period.

We now characterize each of the three regimes in terms of the three variables θc,
L, and mc. We do this by using (1.19) and (1.10) to eliminate sj and Q̂j , respectively,
from equations (1.23), (1.25), and (1.29); and by using equations (1.6), (1.7), (1.11),
(1.12), and (1.9) to eliminate λ̂j from equation (1.29). The result is summarized in the
following lemma. The proof and derivation details for all the lemmas and propositions
of the chapter are provided in the appendix.

Lemma 1.1. The three regimes are characterized as follows.
In the clean-only regime, mc > κc, sd = 0, sc = 1− L, and


θ̇c = θc(1− θc)(σ − 1)µc(1− L),

L̇ = −µcL
[
(1 + ρ/µc)− (1 + αθc)L

]
,

ṁc = µcmc

[
αL (mc − θc) + (1− L)(1−mc)

]
.

(1.30)

In the dirty-only regime, mc < κc, sc = 0, sd = 1− L, and


θ̇c = −θc(1− θc)(σ − 1)µd(1− L),

L̇ = −µdL
[
(1 + ρ/µd)− (1 + α(1− θc))L

]
,

ṁc = −µd(1−mc)
[
αL (θc −mc) + (1− L)mc

]
.

(1.31)

In the simultaneous regime, mc = κc, sc = (1 − κc)(1 − L) + (θc − (1 − κc))αL =
1− L− sd, 

θ̇c = θc(1− θc)(σ − 1)αL(µc + µd)(θc − κc),

L̇ = (1− κc)µcL
[
(1 + α)L−

(
1 + ρ/((1− κc)µc)

)]
,

ṁc = 0.

(1.32)

Within each of the three regimes the dynamics of goods market share θc and the
product market size L can be represented by a two-dimensional phase diagram, since
Lemma 1.1 shows that their dynamics do not depend on the market valuation share
mc. In Figure 1.1, the three regimes are respectively represented by the three panels
of the figure.

Characterizing the dynamics using the phase diagrams, we first notice that non-
negativity of sc and sd in the simultaneous regime requires the following two (weak)
inequalities, respectively(

1− 1− L
αL

)
κc ≤ θc ≤

(
1 + 1− L

αL

µc
µd

)
κc. (1.33)

We depict both “boundaries” of the simultaneous regime in Figure 1.1, panel b). Sec-
ond, we notice that in the simultaneous regime both L and θc are only feasible in the
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interval (0, 1). Our case of interest arises if the zero-motion-loci of the phase diagrams
fall inside the unit square, which requires the following assumption:7

Assumption 1.1. ρ
(
µ−1
c + µ−1

d

)
< α.

Under this assumption, there is a unique path towards a constant value of L in
both the dirty-only regime and the clean-only regime. We indicate these paths by the
red lines with arrows.8 In the simultaneous regime, there is an interior steady state,
but it is unstable.

L

θc θc

L

θc

La) Dirty-only Regime b) Simultaneous Regime c) Clean-only Regime

1 1 1

1 1

L∗

L∗cL∗d

κc

L̇ = 0

θ̇c = 0

L̇ = 0

L̇ = 0

θ̇c = 0

θ̇c = 0
1

1+α
1

1+α
1

1+α

κc

(
1 − 1−L

αL

)
κc

(
1 +

µc
µd

1−L
αL

)
Figure 1.1: The (θc, L) phase diagrams

We define a steady state (an asymptotic steady state) as an equilibrium in which
θc, mc and L are constant (asymptotically constant). The phase diagrams allow us to
immediately conclude the following:

Proposition 1.1. If σ > 1 and Assumption 1.1 hold,

1. the model has three steady states:

(a) an interior steady state with simultaneous R&D in both sectors, character-
ized by m∗c = θ∗c = κc, and L∗ = (1 + α)−1(1 + ρ

µd
+ ρ

µc
);

(b) an asymptotic steady state with innovation in the dirty sector only: mc →
m∗dc = 0, θc → θ∗dc = 0, L→ L∗d = (1 + α)−1(1 + ρ

µd
);

(c) an asymptotic steady state with innovation in the clean sector only: mc →
m∗cc = 1, θc → θ∗cc = 1, L→ L∗c = (1 + α)−1(1 + ρ

µc
);

2. the interior steady state is unstable, while the two corner steady states exhibit
saddle path stability.

The two stable steady states can arise, because both consumers and producers
benefit from market size. With high substitution between the two goods, clean and

7In the alternative situation, with Assumption 1.1 violated, an equilibrium without innovation
arises. For growth in steady state with innovation active in only one of the two sectors, it is sufficient
that ρ < αµk for the innovation active sector k. The more restrictive condition in Assumption 1.1
warrants a steady state with innovation active in both sectors.

8Any path starting above the saddlepaths implies that L = 1 in finite time, beyond which the
arbitrage condition - i.e. the equation for L̇ in Lemma 1.1 - can no longer be satisfied; any path
starting below the path implies that L vanishes which is inconsistent with the transversality condition.
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dirty (σ > 1), consumers relatively easily substitute towards the good that becomes
relatively cheap. If the dirty sector starts with a relatively low price, consumers mainly
spend their income on dirty goods, market size is big for these goods, and innovators
realize a higher return on innovation in this market, thus lowering prices and reinforcing
the incentive for consumers to mainly spend on these goods. The spending share of
the sector keeps increasing so that ultimately spending on dirty goods completely
dominates the market. This explains why the dirty-only steady state arise. However,
since the two sectors are symmetric, the same intuitive reasoning can be provided for
the clean good: a large market size for clean triggers innovation for clean and reinforces
the clean market dominance – the clean-only steady state arises.

1.3.2 Overlap and global indeterminacy

The existence of two saddle point stable corner steady states together with an unstable
interior steady state is associated with self-fullfilling expectations and path dependency
in the literature, see e.g. Krugman (1991) and Matsuyama (1991). We show that,
similar to this literature, in our model both history and expectations can play a role
in the selection of the long-run equilibrium. We find that for a large enough value of σ
there is a range of initial conditions (“overlap”) for which self-fulfilling prophecies are
possible. We start with the following definition.

Definition 1.1 (Equilibrium Path). An equilibrium path is a sequence of (θc,t,mct, Lt,

sct, sdt) that satisfies (1.30), (1.31), or (1.32) at any point in time, and approaches one
of the two saddle-point stable steady states as t→∞.

Since (1.30), (1.31), and (1.32) summarize the dynamic optimization of the firms
and the households as well as the market clearing conditions, an equilibrium path is
a sequence of (θc,t,mct, Lt, sct, sdt) that jointly maximizes firms’ profits and household
lifetime utility, while clearing the factor, goods, and capital markets at the same time.
Put in the context of rational expectations, an equilibrium path is the outcome of
coordinated beliefs among all agents about all future actions of other agents and the
resulting state of the economy. As agents are symmetric and atomistic, in equilibrium
all agents must share the same belief, which can be represented by the equilibrium
sequence of (θc,t,mct, Lt, sct, sdt). When agents coordinate on such a belief, it will turn
out to be consistent with the optimizing behavior of all agents and market clearing of
all markets at any point in time and thus consistent with agents’ belief. Multiplicity
arises if, for the same initial condition, multiple such equilibrium paths exist. In this
case, the economy is free to select any such path, meaning that agents can coordinate
on any such beliefs that will turn out to be rational. In our deterministic setting of the
model, once a selection is made at time 0, there is no more uncertainty and rational
expectations collapse into perfect foresight.

We further refer to any equilibrium path that approaches the clean steady state
a clean path, and one that approaches the dirty steady state a dirty path. Global
indeterminacy exists if from the same initial condition, both a clean and a dirty path
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can be found so that in the long run, both the clean and the dirty steady states are
consistent with rational expectations.

We characterize the global multiplicity in our model by finding, first, the full range
of initial conditions (that is, the value of the pre-determined variable θc), from which
the clean steady state can be reached, and, second, the full range of initial conditions
from which the dirty steady state can be reached. Our method is to pick any of the
steady states and follow the associated dynamics back in time to trace out the initial
conditions. We then show under which conditions there is an overlap between both
ranges. From the initial conditions that belong to this overlap, both steady states can
be reached, so that multiplicity and self-fulfilling expectations arise as in Krugman
(1991).

For concreteness, consider the dirty-only steady state, which relates to (b) in Propo-
sition 1.1 and is represented by the left corner in panel (a) of Figure 1.1. Conditional
on staying in the dirty-only regime, this steady state is saddle-point stable and there
is a unique path leading to it. As shown by Lemma 1.1, the equilibrium values along
this path for θc and L can be determined independently from mc. Since close to the
corner steady states mc is far from the regime switching threshold κc and it takes time
for mc to adjust, the saddlepath indicated by the red arrows in panel (a) of Figure 1.1
already traces at least a section of the initial conditions (θc), from which the steady
state can be reached.

However, away from the steady state the value of mc will be different. Sufficiently
far away from the dirty-only steady state the dirty-only regime might not be an equilib-
rium. We can only trace the global saddlepath by taking into account the dynamics of
all three variables, θc, L, and mc, since the saddlepath associated with the steady state
has to be characterized in three-dimensional space. We trace the three-dimensional
saddlepath by “starting” arbitrarily close to a steady state and going back in time,
using the equations of motion in Lemma 1.1, to identify the preceding values of θc, L,
and mc. We continue until we find the point in time for which mc reaches the value
κc, at which time there must be a regime switch. As a regime switch is also associated
with the switch in direction of change for θc, we have thus traced all initial conditions
that can lead to the steady state.

Figure 1.2 illustrates the ṁc = 0 surface in the three dimensional space. The surface
has a flat part at mc = κc that represents the admissible area of the simultaneous
regime defined by (1.33). Above (below) the plane, mc increases (decreases), and the
forward-looking market share of the clean sector increases (decreases) relative to that
of the dirty sector.
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Figure 1.2: The ṁc = 0 surface

Below the ṁc = 0 surface in the unit cube, there is a unique path that leads to the
dirty-only steady state. Above it there is a unique path that leads to the clean-only
steady state. The resulting pair of equilibrium paths for a numerical example provided
in Section 1.4 is shown in Figures 1.6, where each panel represents a different set of
parameter values.9 The two paths may share values of θc, such that from these shared
values both the equilibrium path to the clean steady state and the equilibrium path
to the dirty steady state can be reached. In line with Krugman (1991) we label this
range the “overlap”.

The overlap becomes easier to inspect when we project the two equilibrium paths
onto the (θc,mc)-plane, as in Figure 1.3.10 Along the equilibrium path in the dirty-only
regime, market share θc ranges from zero to the maximum value that we identified by
the reverted-time procedure outlined above11 and that we denote θDSc . Similarly, in the
clean-only regime the market share ranges from the identified minimum value, denoted
θCSc , to 1. The “overlap” is the range [θCSc , θDSc ], the non-emptiness of which we still
need to prove, such that for any initial value of θc ∈ [θCSc , θDSc ] both steady states can
be reached. The selection of the steady state constitutes a coordination problem which
is solved outside the model, such as by means of a sunspot. Expectations here refer
to entrepreneurs’ belief about all future relative, equilibrium market size of the two
sectors, which serves to pin down the forward-looking market valuation share mc at
time zero, that is, at the time of the initial condition. Given the deterministic nature
of the model and the saddle point stability of the corner steady states, for each of the
corner steady states, the relative equilibrium market size at any preceding point in time
is deterministic and can be traced backward. Expectations, therefore, are in essence
the belief about which steady state is to be reached in the long run. Expectations
are self-fulfilling as long as we start in the overlap: if everybody expects the clean

9This three-dimensional phase diagram is the counterpart of the two-dimensional spiral figure in
Krugman (1991).

10Figure 1.4 presents the corresponding projections for the numerical examples.
11Starting from the corner steady states and tracing equilibrium dynamics backward in time, θDSc

and θCSc are given by the value that θc takes whenmc = κc in the dirty-only and clean-only equilibrium,
respectively.
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steady state to be reached, it will be reached since it is consistent with the equilibrium
conditions of the model.

mc

θcκc

κc

Clean-only regime

Dirty-only regime

Simultaneous regime
θCS
c θDS

c

Figure 1.3: Two-dimensional projection

The overlap only arises if consumers see clean and dirty goods as sufficiently strong
substitutes as we state in the following proposition:

Proposition 1.2.

1. If and only if σ > 2, the equilibrium paths towards the two corner steady states
overlap for a range of initial states θc.

2. The overlap increases with σ.

If the initial market share for clean goods, as measured by θc(0), is relatively small,
innovation in the clean sector pays off little in the near future. An equilibrium with
only innovation in the dirty sector will thus result. However, if innovators expect that
the far future clean-sector market size will be relatively large, clean-sector innovation
may pay off more than dirty-sector innovation. This creates a self-fulfilling prophecy:
if all innovators expect high returns, they invest and the future market size will be big,
thus justifying the expectations.

Self-fulfilling prophecies only arise with sufficiently good substitution. In case of
poor substitution, innovation in one sector substantially decreases the relative price
in this sector and reduces the return to innovation. Simultaneously, innovation in
the sector increases productivity in that sector and thus tends to increase the return
on investment. Whether innovation is profitable or not depends on which of the two
effects dominates. Only if substitution is not too poor and productivity is sufficiently
responsive to technical change, the return to innovation in the initially small sector
can remain relatively high as compared to innovation in the bigger sector so that both
types of innovation can arise in equilibrium. In our model with final good being linear
to average sectoral quality levels, the critical value for the substitution elasticity σ

turns out to be 2. A more general case is considered in Appendix 1.A.8.
If consumers consider clean and dirty goods more substitutable, a small change

in relative prices causes a big shift towards the cheaper good. Hence, a switch in
innovation from dirty to clean (or the other way around) has more immediate effects
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in the short run if substitution is better. Loosely speaking, the short run gains kick
in quicker. Thus, if inital market share for clean is initially small, the returns to
clean innovation take too much time to become rewarding for small σ but become
quickly rewarding for high σ. This explains why the scope for self-fulfilling prohecies
(as measured by the width of the overlap) increases with substitution possibilities.

1.3.3 Fast versus delayed transition

So far we have discussed under which conditions the clean-only regime and the dirty-
only regime both constitute an equilibrium. In this subsection we show that there
is a further multiplicity: if for a given initial condition an equilibrium path, along
which clean innovation is exclusively active the entire time, co-exists with one where
dirty innovation is exclusively active along the entire path, then there is (at least)
one further equilibrium path in which the two types of innovation are sequentially or
even simultaneously profitable. When firms invest in both types of R&D over time,
transition to the steady state is slower than when only one type of R&D occurs in
equilibrium, since with innovation in both sectors the productivity differences across
the sectors remain more balanced, while ultimately only one sector can serve the entire
market (asymptotically).

We now analyze under which initial conditions, in terms of θc(0), the simultane-
ous regime can be an equilibrium and how these initial conditions overlap with the
conditions derived in the previous subsection.

We first note that simultaneous R&D can never last long as one sector must start
to dominate whenever σ > 1. More formally, this is because the simultaneous equilib-
rium is instable. We can derive the following about when the economy can be in the
simultaneous regime:

Lemma 1.2. (i) If the economy is in the simultaneous regime at time t and θc(t) 6= κc,
it must leave this regime in finite time after t. (ii) If the economy is not in the
simultaneous regime at time t and no unexpected shocks occur, it cannot be in the
simultaneous regime after t.

We next note that if σ < 2, we have no overlap, and for initial conditions close
to the interior steady state, there must be simultaneous innovation. This is intuitive:
with relative market size (as measured by θc) roughly proportional to relative R&D
cost (as measured by κc), both types of R&D should be viable for a while. That
is, if all innovation effort would be directed towards expanding only a single sector,
consumers would not be willing to shift so much to this sector and instead innovation
is spread over the two sectors. The same logic could apply for a bigger value for σ,
as long as total labor available for innovation would be big. We can show that indeed
simultaneous R&D is an equilibrium even for σ > 2.

Proposition 1.3. With symmetry (µd = µc) and starting from an initial θc,0 ∈[
θCSc , θDSc

]
, the transition towards one of the corner steady states could follow mul-

tiple possible trajectories.
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1. A fast transition, in which the economy selects immediately the corner stable
path, is always possible.

2. The number of different patterns of delayed transition depends on the value of σ,
relative to two critical values, σ̄ and ¯̄σ, where 2 < σ̄ < ¯̄σ. Before finally following
the corner stable path,

(a) if 2 < σ < σ̄, temporary simultaneous R&D is the only possible delay;

(b) if σ ≥ σ̄, delay possibilities include temporary simultaneous R&D and tem-
porary regime switches between the two corner innovation regimes;

(c) if σ > ¯̄σ, delay must include temporary stagnation with no R&D.

The above proposition makes clear that not only the long run equilibrium itself
but also the transition towards it requires a coordination of beliefs. If collectively
entrepreneurs in the economy believe that a bright green future is just around the
corner, such optimism can spur clean innovation such that the economy is immediately
on the fast transition path towards the clean steady state. If entrepreneurs believe
that there will be some period of indecisiveness concerning the relative strength of
the two technologies and their profitability, despite one of them being the only viable
technology in the long run, the economy invests accordingly to reap any short and
mid term gains that can still be harvested by investing into both technologies, before
switching definitively to the only viable future technology. Similarly, if clean technology
is believed to be the only viable technology in the long run with dirty technology still
profitable in the short and mid run, entrepreneurs will still invest into dirty technology
before everyone switches to clean at the same time. And finally, if it is believed that
investing into clean technology is the only profitable strategy while such profitability
will only be manifested starting from some future point of time, no rational investor
will make any investment in either of the two technologies until the time is ripe to
invest into clean technology. Upon arrival of such time, everyone starts to invest into
the only future viable technology, fulfilling the initial expectations.

The possibility of delayed transition depends on the value of σ which reflects the
role of market responsiveness. For a relatively low value of σ, relative demand responds
to the innovation induced changes in relative price only sluggishly. No matter which
sector is expected to eventually dominate, changes towards this sector can occur only
slowly. It takes a lot of cumulative changes to finally tip the balance towards one of the
two sectors decisively. As σ becomes higher, the speed of demand responses picks up.
An initial bias of expectations in favor of one the two sectors can now be much more
easily strengthened and amplified by market responses, and become self-reinforcing.
This higher speed of demand response, however, also adds to volatility, as it becomes
easier to tip the balance in favor of a specific sector. For a very high value of σ,
relative demand now responds to changes in relative price vigorously. A small initial
bias of expectations can be easily strengthened and amplified by market responses,
and become self-reinforcing.
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1.4 Numerical example

We have so far shown analytically that within the overlap of initial conditions, both the
long run equilibrium and the transition towards it are indeterminate. Two economies
that start from the same market share of their green sector may converge to different
steady states, with one economy innovating only in clean and the other one only in dirty
technology, with nothing but entrepreneurs’ collective sentiments and expectations
being the ultimate path selection device. Differences in expectations also pin down
how fast the economy is converging to the selected steady state, giving rise to rich
patterns of self-fulfilling beliefs. In this subsection, we provide a simple numerical
example to illustrate the overlap and transition patterns, and how they changes with
the parameter σ.

We set the factor share of labor to the commonly used value of two-third so that α =
1
3 . We then calibrate the long run growth rate of the model, g = µk(1− Lk) = αµk−ρ

1+α ,
to 2 percent using ρ and µk, where k refers to the innovation active sector. Given ρ,
the required research labor efficiency parameter µk can be calculated as µk = (1+α)g+ρ

α .
To avoid the stagnant case of no growth, L∗ < 1 must hold in all three steady states,
which requires ρ < g(1 + α)µd/µc. With g = 0.02, we thus set ρ = 0.01, and calibrate
the baseline research labor efficiency parameters to be µc = µd = 0.11. For the last
parameter of the model, the elasticity of substitution, empirical estimates tend to
vary by a large range. In general, estimates based on production input substitution
tend to offer smaller numbers, compared to estimates of product substitution. For
the elasticity of substitution between clean and dirty inputs at the aggregate level,
Papageorgiou et al. (2016) suggest values around 2 in the energy-generating sector and
values close to 3 in nonenergy industries. For product substitution, the estimates by
Hottman et al. (2016) range from 4.7 to 17.6 with a median elasticity of 6.9. Here for
the illustration of the overlap, we allow σ to vary between 1.5 and 7, but use larger
values (up to 14) to illustrate different transition trajectories.

Starting from each of the two corner steady states, we simulate the saddlepath
by going backward in time until the variable mc approaches the regime-separating
value of κc. The result is provided in Figure 1.4, where the red and blue curves are the
trajectories starting from the clean and dirty steady state, respectively. For all σ values
larger than 2, there are a region of θc, from which both saddlepaths can be reached.
This region grows larger with increasing σ, as suggested by Proposition 1.2. Figure 1.5
in addition shows the changes of the overlap with varying values of µc, while holding
µd constant at 1 and σ constant at 5. As µc increases, the overlap shifts towards the
left, meaning that as clean research becomes more productive, the clean path can be
reached from a more disadvantageous initial position for the clean sector. Further,
it can also be seen from Figure 1.5 that the overlap becomes smaller the higher the
difference in research productivities between the two sectors. Figure 1.6 in addition
gives the equilibrium paths for different σ values. And finally, Figure 1.7 provides the
slow transition paths with regime switches and stagnation for high σ values.
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Figure 1.4: Overlap with different σ values
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1.5 Policy implications

The existence of overlap suggests that even with unfavorable initial conditions, sup-
portive expectations and optimism alone could help select the clean innovation path
leading to the desirable long-run equilibrium of green growth. From the policy perspec-
tive, however, it is the cases when expectations are pessimistic or oscillating that we
need to be concerned about. While policy measures that stimulate optimism towards
clean innovation might sound speculative, we may also reframe the policy question as
how to eliminate the undesirable outcome of a self-fulfilling dirty path. For this case,
not only will policy intervention be needed, but the existence of overlap further implies
that any environmental policy also needs to be sustained sufficiently long in order to
eliminate any future reverse of the innovation trend such as due to an expectation
shock. Unless environmental policy is sustained long enough to push the economy out
of the overlap, even if policy interventions could help push the clean technology frontier
so much forward that the clean technology is leading, the economy might revert to the
dirty path by pessimistic expectations. The often discussed self-fulfilling debt crises
are classic examples of such risks. Together with any policy interventions, therefore,
there needs to be a minimum commitment period for the policy to eliminate future
expectation risks.

In this section, we discuss how different policy measures could affect the overlap and
the equilibrium paths, and what is needed for such policy measures to eliminate the
dirty innovation path. Before we proceed to discuss the different policy instruments,
we introduce the following definitions:

Definition 1.2 (Minimum Policy Stringency). The minimum policy stringency is de-
fined as the constant level of policy (tax rate, subsidy rate, governmental research em-
ployment, etc.), denoted by τ , with which

θDSc (τ) = θc,0, (1.34)

where θDSc (τ) denotes the upper bound of the overlap under the constant τ .

Definition 1.3 (Minimum Policy Commitment Period). The minimum commitment
period T is defined as the period of time necessary under the minimum policy stringency
to fully eliminate future expectation risks. That is,

θc,0 +
∫ T

0
˙θc,t(τ)dt = θDSc , (1.35)

where θDSc denotes the upper bound of the overlap in laissez faire.

Together, the above definitions describe what is needed for a policy to eliminate
the dirty innovation at the present time as well as making future expectation reversion
impossible. We now proceed to different policy instruments. We start with the often
discussed research subsidy (tax) to the clean (dirty) innovations, and then move on to
government-funded clean research and infrastructure investment as alternative policies.
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1.5.1 Dirty research tax or clean research subsidy

One possible policy intervention to eliminate the dirty equilibrium path is simply
changing the relative costs of doing research in the two sectors by introducing a dirty
research tax or a clean research subsidy.12 For both tax and subsidy, a minimum
commitment period of the policy is needed in order to fully eliminate the risk of
reverting to the dirty path due to adverse expectation. To eliminate such expectation
risk, the policy needs to be sustained until the economy moves out of the overlap
region. Comparing tax with subsidy, while both options are theoretically equivalent,
a dirty research tax would appear more appealing in terms of implementation, as
rational agents will never coordinate on a dirty path, foreseeing the tax payments and
the resulting high innovation costs. However, a dirty research tax has a few practical
drawbacks. First, if the clean research labor is relatively unproductive and the clean
sector is sufficiently lagged behind, i.e. if µc and θc are both low, research labor in
the dirty sector will not be directed into research in the clean sector by the dirty
research tax, but rather to production. The reason is that when research labor in the
clean sector is too unproductive, the low growth potential in future consumption by
innovation does not justify the sacrifice in current production and consumption. The
effect will be exacerbated if the households are more impatient (higher ρ). Blocking
dirty research without providing additional help to clean research will thus be very
costly. Second, as a dirty research tax does not create any distortion should a clean
path be chosen, this policy does not generate higher innovation for the clean path
as compared to laissez faire. A clean research subsidy, on the contrary, effectively
increases the research labor productively in the clean sector relative to production,
and thus also directs labor from production to clean research. As a result, the growth
rate under a clean research subsidy will be higher compared to with dirty research
tax, and one can thus expect a faster transition and a shorter minimum commitment
period with the subsidy.

The above comparison is confirmed by the numerical example, where for simplicity,
have assumed a constant tax (τd) or subsidy rate (τc) on the costs of hiring research
labor in the dirty and clean sector, respectively. With a constant τd or τc, κc in the
regime-separating condition changes to

κc = 1
1 + µrζtx

, (ζtx = 1 + τd > 1) (1.36)

κc = 1
1 + µrζsb

, (ζsb = 1
1− τc

> 1). (1.37)

As long as a tax or subsidy is in place, the regime border shifts downwards along the
θc scale and intersects with the dirty path at a lower θc value. This implies that with
a dirty research tax or a clean research subsidy, the overlap is shifted down towards

12Subsidies can be financed either through a lump-sum tax or a proportional labor income tax on
the households. In either case, raising governmental revenue does not distort households’ decisions.
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lower value of θc, and the dirty path can only be reached from a smaller range of initial
conditions.

Using the same numerical example as before, Table 1.1 shows the minimum policy
stringency and commitment period needed for the dirty research tax and clean research
subsidy. Examining the numbers, we see a few clear patterns. First, for very low θc,
imposing high dirty research tax only creates a (near) zero-growth trap. This problem,
however, does not arise under a clean research subsidy, as now the research labor
productivity µc is augmented by the subsidy. Second, for the same initial conditions
that allow positive growth rate under both tax and subsidy, the required minimum
policy stringency for both tax and subsidy could be substantial, but does decline rather
fast with increasing initial advance of the clean sector (θc,0). Third, when both tax and
subsidy can be used to eliminate the dirty innovation path, the minimum commitment
period is much longer for a dirty research tax than a clean research subsidy, as expected.
And finally, as σ becomes larger and the clean and dirty goods become increasingly
substitutable, for any initial θc,0, the required minimum policy stringency increases.
This is because with increasing substitutability of the two sectors, the market evaluates
any changes in relative technological advancement more cautiously (mc changes more
slowly compared to θc), and the persistence in a given evaluation is stronger. To
eliminate a pessimistic market evaluation, therefore, more stringent policy is needed.
The good news is, on the other hand, when the two final goods are more substitutable,
the relative market size θc does change faster, which should shorten the minimum
commitment period. This latter effect can also be observed in the numbers provided
with the exception of at high initial θc. There, the minimum commitment period first
increases and then drops, as σ increases. This is because as σ gets larger, the size of
the overlap also increases, which tends to increase the minimum commitment period.
This latter effect is, however, only relevant for relatively large initial θc,0.

Figures 1.8 and 1.9 provide in addition a graphic illustration of how the dirty
innovation paths can be eliminated by a dirty research tax and a clean research subsidy,
respectively. In the two figures, the magenta colored lines are the clean path with policy
(tax or subsidy) in place, the red lines the clean paths after policy is abolished, and
the blue lines the dirty paths. Again, it is visible from these figures that for very low
θc,0, the green growth path cannot be reached by imposing high dirty research tax.
When both tax and subsidy can be used, the subsidy scenario features more drastic
changes (higher innovation compared to laissez faire) along the transition.
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Figure 1.8: Eliminating the dirty path with dirty research tax (µr = 1)

Figure 1.9: Eliminating the dirty path with clean research subsidy
(µr = 1)

1.5.2 Government-funded clean research

Instead of affecting private innovation decisions monetarily, policy makers may also
make use of the spillover effects of research and fund clean research directly. Let sg
denote the amount of research labor hired by the government for conducting clean
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innovation. For simplicity, we consider a constant sg. The wage for the government
funded research labor is given by wsg, and can again be financed through a lump
sum tax or a labor income tax from the household. With sg > 0, the dirty research
labor and the production labor are now bounded by sd ≤ 1− L− sg and L ≤ 1− sg,
respectively. Thus, depending on the size of sg, governmental research not only squeeze
labor out of dirty research, but could also crowd out production labor. In other words,
governmental clean research could have both composition and growth effects. With
this two-fold effect in mind, we now distinguish the following innovation regimes:

Q̂r =


µc(1− L) if 0 ≤ mc ≤ 1, L = 1− sg (sc = sd = 0)
µc(1− L) if mc > κc, L < 1− sg (sc > 0, sd = 0)
αµdL [(1 + µr)θc − 1] if mc = κc, L < 1− sg (sc, sd > 0)
−µd(1− L) + (µc + µd)sg if mc < κc, L < 1− sg (sc = 0, sd > 0)

,

(1.38)
where in the above equations sc represents the private clean research effort.

The existence of governmental clean research substantially complicates the dynam-
ics within the dirty research regime (sc = 0, sd > 0), as the equilibrium path might
no longer be monotone. There are potentially many ways the dirty equilibrium path
can still be reached, despite the temporary governmental research. Permanently sus-
tained governmental clean research can however eliminate the dirty innovation path
altogether.

In the following, Figure 1.10 shows the minimum policy stringency required for
different initial θc,0 at σ = 4 and σ = 5, and the share of governmental research in total
clean research within the minimum commitment period. (Each period in this figure
corresponds to one month.) The green line is the private clean research effort, the red
line the minimum policy stringency sg, the dashed magenta lines are the corresponding
share of governmental research in total clean research, and the black line is the total
production labor. For very low initial θc, the figure shows that the minimum policy
stringency requires a clean innovation effort above the level that is privately profitable.
Under such circumstances, there will be no private innovation, and all clean research
is done by the government. Over time, as θc increases along the clean path, the share
of governmental research in total clean research declines. Once this share falls below
1, governmental clean research does not spur more clean research in total, but simply
replaces part of the private research effort. The role of governmental research, in such
cases, lies rather in deterring undesired dirty innovation.

The effect of eliminating the dirty innovation path is illustrated by Figure 1.11. The
interpretation of the figure is similar to that in the last section with a dirty research tax
or clean research subsidy. The magenta part of the clean path illustrates the minimum
commitment period.
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Figure 1.11: Eliminating the dirty path with governmental clean re-
search (µr = 1)
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1.5.3 Infrastructure investment

A final policy measure we consider in this section is governmentally funded infrastruc-
ture investment. Suppose now consumption combines the private consumption good
with infrastructure so that the composite consumption good is given now by

C =
[
(IcCc)

σ−1
σ + (IdCd)

σ−1
σ

] σ
σ−1

, (1.39)

where Ic and Id are the infrastructure in sector c and d. A few common examples of such
infrstructure that is combined with private goods in consumption include roads, ICT
network and concert halls. Specifically in the context of clean and dirty consumption,
we can think of charging station infrastructure of electric cars vs. conventional gas
stations, bike lanes vs. parking space, etc.

Suppose further that the infrastructure is typically maintained by the government,
such that

İj = γjijIj j ∈ {c, d}, (1.40)

where ij is the labor hired by the government for building and improving the infras-
tructure of sector j, and γj is the respective productivity parameter of the workers
in the two sectors. The total available labor is now to be divided among the produc-
tion of final goods, building infrastructure, and researching in private good production
technology of the two sectors. That is,

1 = L+ sc + sd + ic + id. (1.41)

In addition, compared to the baseline, the state variable θc and its change over time
are now given by

θc = Lr
1 + Lr

= (IrQr)σ−1

1 + (IrQr)σ−1 (1.42)

θ̇c = θc(1− θc)(σ − 1)
(
Îr + Q̂r

)
, (1.43)

where Ir = Ic
Id

and Îr = γcic − γdid give the relative infrastructure strength of the two
sectors and its growth rate.

With centrally managed infrastructure, an apparent measure for eliminating the
dirty innovation path would be to invest into the clean infrastructure only (ic > 0, id =
0). This policy is qualitatively similar to the case with governmentally funded clean
research, as can be seen by a simple mental exercise of setting γc = µc. All qualitative
results from last section should thus also hold in the case of governmentally funded
clean infrastructure investment.
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1.6 Conclusions

This chapter investigates the role of expectation in directed technical change towards
green growth. Using a standard workhorse model, we show that with sectoral spillover
of innovation and forward looking investment decisions, the market size effect is no
longer the only deciding factor in determining the future innovation direction in laissez
faire. Rather, there exists a considerable range of initial conditions (the so called “over-
lap”), which allow multiple stable equilibrium paths towards opposite corner steady
states. The existence of the overlap highlights the role of expectation as a coordination
device, and the importance of optimism in shaping the green growth future. Nonethe-
less, as we have often witnessed from the financial market booms and busts, the co-
ordination of expectation could also impose considerable risks in reverting sentiments
and development trends. This feature of expectation led coordination of innovation
behavior is highly relevant for environmental policy making. By discussing a few com-
mon policy instruments, this chapter shows how and what is required to eliminate such
expectation risks in directing future innovation towards clean innovations.

The present work also serves as a starting point for various future extensions.
We have investigated the role of expectation in a deterministic model, with the only
uncertainty concerning the choice of belief at time zero. It is a natural extension to
consider how the overlap changes if agents form stochastic expectations instead. Relat-
edly, extending the model into a global game setting and investigating the coordination
outcomes where agents have incomplete information will surely yield further interesting
insights. Further points of interest for future work include considerations concerning
the interplay between heterogeneity (such as financial constraints) and expectations,
and demand side complementarity such as due to consumers’ other regarding prefer-
ences.

1.A Appendix

1.A.1 Deriving supply side equations

Substituting the firm’s demand curve (1.2) and research technology (1.3), we write the
Hamiltonian for the firm’s maximization problem as:

Hji = αPjL
1−α
j qjix

α
ji − Pjqjixji − wsji + λjiµjQjsji.

The first-order condition for sji is (1.6). The first-order condition for xji reads

αPjL
1−α
j qjix

α−1
ji α = Pjqji,

which after substitution of (1.2) gives (1.5) and which after cancelling the Pjqji term
at both sides gives (1.12). Substituting these results into the definition of profits gives

πji = (1/α− 1)Pjxjiqji
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so that, by the envelope theorem, ∂πji/∂qji = (1/α−1)Pjxji. This gives the optimality
condition (1.7). Since both ∂πji/∂qji and xji are the same across firms, we can write
(1.11). We find (1.8) from subsitution of (1.12) into the production function for Yj .
We find (1.9) from sustitution of (1.8) into (1.1).

To derive (1.14), we start from (1.7) and omit the subscript i in the light of (1.11),
divide by λj and substitute (1.12) to arrive at

λ̇j/λj ≡ λ̂j = r − αλPjLj/λj (1.A.1)

where αλ ≡ (1− α)α
1+α
1−α . Recalling that sector k is the research active sector, we can

write from (1.6) and (1.9)
1 = λkαµk

αλPk
. (1.A.2)

Multiplying the last term in (1.A.1) by the ratio in (1.A.2), we arrive at:

λ̂j = r − αµkLj
Pjλk
Pkλj

. (1.A.3)

Using (1.9) to eliminate Pj/Pk, we find:

λ̂j = r − αµkLj
Qkλk
Qjλj

. (1.A.4)

From (1.A.4) we find (1.14) by setting j = k and replacing the left-hand side by ŵ−Q̂k
from (1.6)

1.A.2 Proof of Lemma 1.1

From (1.A.4), using (1.22) to eliminate Lj , we find the change in the relative shadow
prices:

λ̂k − λ̂j = µkαL

[
θj
Qkλk
Qjλj

− θk

]
. (1.A.5)

For the clean-only and dirty-only regimes, we derive the equation of motion for
mc by using (1.A.5) and (1.19) to eliminate the shadow prices and innovation rates,
respectively, in (1.29). The equation of motion for θc follows from (1.19) and (1.23);
the equation of motion for L follows from (1.19) and (1.25).

In the simultaneous regime, (1.14) holds for both k = c and for k = d since both
sectors are research active. Together with (1.29), this allows us to write:

ṁc = 0⇔ Q̂c − Q̂d = λ̂d − λ̂c = αL (µcθc − µdθd) . (1.A.6)

Substituting Q̂c = µcsc and Q̂d = µd(1−L− sc), both of which follow from (1.10) and
(1.19), into (1.A.6) gives sc = (1− κc)(1−L) + (θc − (1− κc))αL, i.e. the solution for
sc in terms of θc and L. Setting k = c in (1.25) and using the derived sc expression
to eliminate the innovation rate, we find the equation of motion for L. Substituting
(1.A.6) into (1.23), we find the equation of motion for θc.
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1.A.3 Proof of Proposition 1.1

The derivation of the three steady states from (1.30)-(1.32) is straightforward. The
steady states correspond to the intersection of the θ̇c = 0 and the L̇ = 0 loci in the three
phase diagrams in Figure 1.1. While from the phase diagrams it is also obvious that
the stability claim in the second part of Proposition 1.1 holds within each regime, to
take possible regime switch into account we log-linearize the model around the steady
states. Log-linearization around the interior steady state gives

˙̃
θc
˙̃
L
˙̃mc

 =


(σ − 1)αµd(1− θ∗c )L∗ 0 0

0 (1 + α)κcµdL∗ 0
0 0 αµcθ

∗
cL
∗


︸ ︷︷ ︸

Ms

×


θ̃c

L̃

m̃c

 . (1.A.7)

Since obviously the three eigenvalues of Ms are all positive, a small deviation from the
interior steady state will take the system steadily away from it. The positive eigenvalue
associated with mc again highlights the knife-edge characteristics of the simultaneous
regime – any perturbation will take the economy away from the simultaneous regime.

For the clean-only steady state, log-linearizing (1.30) we get the following:


˙̃
θc
˙̃
L
˙̃mc

=


−(σ−1)µc(1−L∗c) 0 0

αµcL
∗c (1+α)µcL∗c 0

−αµcL∗c 0 [(1+α)L∗c−1]µc


︸ ︷︷ ︸

Mc

×


θ̃c

L̃

m̃c

. (1.A.8)

It is obvious that the diagonal elements of the matrix Mc are the three eigenvalues,
indicating the clean-only steady state is saddle point. There is one saddle path going
through the clean-only steady state and along the path, the economy will stay in the
clean-only regime and eventually converge to the clean-only steady state. Similarly,
the dirty-only can also be shown to exhibit saddle point stability.

1.A.4 Proof of Proposition 1.2

An overlap exists if θCSc < θDSc . For the existence of the overlap it is sufficient to show
that θDSc > κc and θCSc < κc if and only if σ > 2. For the size of the overlap, we
show that θDSc increases with σ, while θCSc decreases with it. We prove the two claims
concerning θDSc : (i)∂θ

DS
c
∂σ > 0, and (ii) θDSc > κc if and only if σ > 2. The claims for

θCSc follow from similar argument.

Lemma 1.3. Consider the projection of the dirty equilibrium path in the (θc, L) plane
within the dirty regime. The equilibrium path with a higher σ value has a lower pro-
jection in the (θc, L) plane than one with a lower σ, while passing through the same
steady state (θ∗dc , L∗d), as shown in Figure 1.A.1.
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L

θc

1

1

L∗d

1
1+α

σ ↑

The curves illustrated correspond to the red path in Figure 1.1 Panel a) with different σ’s.

Figure 1.A.1: Projection of the dirty equilibrium path in (θc, L) plane

Proof of Lemma 1.3. The steady state given by Proposition 1.1 does not change with
σ. Thus the equilibrium paths corresponding to different σ values all pass through the
same steady state. In the θc-L plane (see Figure 1.A.1), the slope of the projection of
the dirty equilibrium path in the dirty-only regime satisfies

L̇

θ̇c
= L

σ − 1

[(1 + ρ/µd)− (1 + α− αθc)L
θc(1− θc)(1− L)

]
≡ fLθD(θc, L,mc, σ). (1.A.9)

Evaluated at any given (θc, L) pair, this slope decreases with σ given that the term
in square brackets is positive along the dirty-only equilibrium path. This implies that
equilibrium paths with different values for σ can cross only once, which is at the steady
state. Hence the equilibrium path becomes flatter as σ becomes higher.

The implication of Lemma 1.3 is that while considering the equilibrium paths of
different σ, the path with a higher σ has a lower L for the same θc, and a higher θc for
the same L within the dirty regime. We now proceed with the proof of the proposition.

Proof of Proposition 1.2. Consider the projection of the dirty equilibrium path in the
(θc,mc) plane within the dirty regime. From the phase diagram, we know ṁc/θ̇c > 0.
Further, the slope of the projection is given by

ṁc

θ̇c
= 1
σ − 1

(
mc(1−mc)
θc(1− θc)

)[
1 +

(
αL

1− L

)
θc −mc

mc

]
≡ fmθD(θc, L,mc, σ). (1.A.10)

Evaluated at any given (θc,mc) pair, as long as σ > 1, this slope decreases with σ

since both the term 1
σ−1 and αL

1−L decrease with σ. The latter follows from Lemma 1.3
by fixing θc. Thus again by the single crossing argument, the equilibrium paths with
different σ values can cross only once, which is at the steady state, and the equilibrium
path becomes flatter as σ becomes higher. Consequently, the higher σ, the higher is
θDSc .

Further, whenever mc = θc holds, such as at the steady state, ṁc/θ̇c = 1
σ−1 .

If σ = 2, the projection is the 45◦ line through the origin, and it intersects with
the mc = κc line at the interior steady state. As we have shown above that the
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projection becomes flatter with higher σ, this means that the projection will intersect
with mc = κc line to the left of the interior steady state if 1 < σ < 2 and to the right
of the interior steady state if σ > 2. That is, θDSc > κc if and only if σ > 2.

Evoking the same argument for the clean equilibrium path, we have proven the
claims in the proposition.

1.A.5 Proof of Lemma 1.2

From (1.32) we conclude that the interior steady state of the simultaneous regime
has coordinates θc = mc = κc; L = (1 + ρ(κcµc)−1)/(1 + α) ≡ L] and is unstable.
Consequently, if in the simultaneous regime and θc 6= κc, the economy moves away
from the interior steady state; if L > L], L monotonically increases and in finite time
necessarily one of the inequalities in (1.33) is violated; if L < L], L monotonically
decreases and either again one of the inequalities in (1.33) is violated or L approaches
zero and the TVC is violated. Hence the economy cannot stay in the simultaneous
regime. This proves part (i).

We prove part (ii) by contradiction. Suppose at time T the economy enters from
the clean-only equilibrium the simultaneous regime. We must then have limt→T ṁc < 0
and limt→T mc = κc. From (1.30) this requires

θc >

(
1 + 1− L

αL

µc
µd

)
κc. (1.A.11)

but according to the second inequality in (1.33) this contradicts that we enter the
simultaneous regime. The proof for the case starting with dirty only is similar.

1.A.6 Proof of Proposition 1.3

For the subsequent analysis, we focus on the symmetric case with µc = µd. All the
results carry through with minor modifications with the two productivity parameters
being different. We first characterize the boundaries of regimes in the following lemma.

Lemma 1.4. The projection of the dirty equilibrium path in the (mc, L) plane lies
above the curve L = 1

1+α

[
1 + ρ

µd(1−mc)

]
.

Proof of Lemma 1.4. From the phase diagram, we know L̇/ṁc > 0. Further, the slope
of the projection is given by

L̇

ṁc
= L

1−mc

[
αθcL+ ρ/µd − [(1 + α)L− 1]
αθcL−mc [(1 + α)L− 1]

]
≡ fLmD(θc, L,mc, σ). (1.A.12)

Whenever L = 1
1+α

[
1 + ρ

µd(1−mc)

]
holds, as in the steady state, the term in the square

bracket in equation (1.A.12) becomes one, and fLmD = L
1−mc , which is obviously a

steeper curve than L in the (mc, L) plane as 1 −mc ≤ 1. Thus the projection of the
equilibrium path can at most intersect with the L = 1

1+α

[
1 + ρ

µd(1−mc)

]
curve once,

which is at the steady state, and for mc > 0, the projection lies above.
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We now characterize the level of production labor at which the economy, coming
from another regime, enters the dirty-only equilibrium path to the steady state. We
denote this level by LDS , and the corresponding labor share at this point equals θDSc .
The counterparts of these “switching points” for the clean-only regime are LCS and
θCSc . We provide proofs for the dirty-only regime; the clean-only results are similar.

Lemma 1.5. The level of production labor for which the economy enters the final
dirty-only regime never decreases with σ, i.e. dLDS(σ)/dσ ≥ 0.

Proof of Lemma 1.5. Consider the projection of the dirty equilibrium path in the
(mc, L) plane within the dirty regime. The slope of the projection is given by (1.A.12).
Evaluated at any given (mc, L) pair, this slope changes with σ through changing θc.
Since

∂fLmD

∂θc
= (1−mc)αL2

(−ṁc)2

(
L̇

L
− ṁc

1−mc

)

= (1−mc)αL2

(−ṁc)2

[
(1−mc)((1 + α)L− 1)− ρ

µd

]
,

(1.A.13)

by Lemma 1.4, ∂f
LmD

∂θc
≥ 0. Further, by Lemma 1.3, for fixed L a higher σ translates

into a higher θc (see also Figure 1.A.1). This proves dLDS(σ)/dσ ≥ 0.

Proof of proposition 1.3. We first check if we can enter the dirty-only regime from the
simultaneous regime or the clean only regime. Clearly, such a switch must happen at
mc = κc, with associated values θc = θDSc (σ) and L = LDS(σ). We call this specific
triple (mc, θc, L) the “final regime-switching point”. If it does not satisfy (1.33), a
simultaneous regime is not possible and by Lemma 1.2, the dirty-only regime must
be entered from the clean-only regime. Similarly, if the final regime-switching triple
(mc, θc, L) satisfies (1.33), the dirty-only regime must be entered from the simultaneous
regime.

We can write the existence condition for simultaneous regime, (1.33), as:

ṁc = 0, θc < κc ⇒ L ≤ κc
κc + α(κc − θc)

≡ LLBS(θc), (1.A.14)

ṁc = 0, θc > κc ⇒ L ≤ 1− κc
1− κc + α(θc − κc)

≡ LRBS(θc), (1.A.15)

where LLBS and LRBS denote the left and right border of the simultaneous regime in
the (θc, L)- projection, cf the tent-shaped border in Figure 1.1, panel b, and Figure
1.A.2. LRBS is only defined for θc ≥ κc, while LLBS only for θc ≤ κc.

We define ¯̄σD as the lowest value of σ for which the “final-regime switching point”
implies L = 1:

lim
σ↑¯̄σD

LDS(σ) = 1. (1.A.16)

Then for all σ ≥ ¯̄σD we have LDS = 1, since LDS is non-decreasing in σ by Lemma 1.5.
Since the slope of the stable path in the (θc, L) plane is given by L̇/θ̇c, and L̇/θ̇c → +∞
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θc

L

1

L∗

κc

1
1+α

κc

(
1 − 1−L

αL

)
κc

(
1 + µr

1−L
αL

)

LDS
(
θDSc (σ)

)
LRBS(θRBSc )
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(
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(
θDSc (σ̄)

)

LDS
(
θDSc (¯̄σ)

)
LCS

(
θCSc (σ)

)
LLBS(θLBSc )

Figure 1.A.2: Boundary overlap in the (θc, L) plane

if θc → 1, the equilibrium path must hit the L = 1 line before θc = 1. In other words,
there must exist 2 < ¯̄σ <∞ such that LDS

(
θDSc (¯̄σD)

)
= 1.

We define σ̄D as the value of σ for which the “final-regime switching point” towards
the dirty-only regime is located exactly on the right-hand side part of this border:

LDS(σ̄D) = LRBS(θDS(σ̄D)). (1.A.17)

We know that at σ = 2, θDSc = κc and LDS = L∗ < 1 = LRBS . And at σ = ¯̄σD > 2,
LDS = 1 > LRBS , since LDS = 1 by definition of ¯̄σ while LRBS < 1 holds due
to monotonicity and the fact that θDSc (¯̄σD) > κc (due to Lemma 1.5). Therefore,
since the LHS of (1.A.17) is increasing in σ̄D > 2 (by Lemma 1.5), while the RHS is
decreasing (by 1.A.15), as illustrated in Figure 1.A.2, σ̄D ∈ (2, ¯̄σD) exists.

By Lemma 1.5 we now have: σ < σ̄D ⇒ LDS(σ) < LRBS(θDSc (σ)) so that the final
regime-switching point is preceded by the simultaneous regime, which proves Part (ii)a.
Similarly, with reversed inequalities, the final regime-switching point is preceded by
the clean-only regime. This proves Part (ii)b. And finally, for all σ ≥ ¯̄σD we have
LDS = 1 (i.e. all labor is allocated to production) by Lemma 1.5. Part (ii)c now
follows immediately.

1.A.7 Modeling innovation as creative destruction

Alternatively, innovation can be modeled as a result of “creative destruction”, where
each scientist targets either the clean or the dirty technology, and is then randomly
allocated to innovating one machine with a success probability of µj , while the size of
each quality improvement is denoted by γ. In this case, equation (1.7) is replaced by

V̇jt = rVjt − πjt + µjsjtVjt, (1.A.18)
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where Vjt is the value of the patent in technology j in case of successful innovation.
The regime separating condition (1.6) is then replaced by the free entry condition:

µjVjt ≤ wt ⊥ sjt ≥ 0. (1.A.19)

Comparing the two modeling approaches, one difference is then that reward of success-
ful innovation is evaluated at the marginal value in case of inhouse R&D, while with
creative destruction it is evaluated by the total value of the patent.

In terms of forward looking innovation decision making, which technology to tar-
get depends on the ratio of the expected patent value in the two sectors E(Vct)

E(Vdt) . The
expectation of higher research effort in one sector on one hand increases the research
productivity in that sector due to intra-sectoral spillover, and on the other hand re-
duces the value of the patent due to creative destruction. However, the latter effect
is bounded, as can be seen by considering the extreme case of a one period patent
a la Acemoglu et al. (2012). With one period patent, the regime selection condition
reduces to

E(πct)
E(πdt)

= µc
µd

( 1 + γµcsct
1 + γµdsdt

)σ−2 (Qct−1
Qdt−1

)σ−1
(1.A.20)

where the ratio Qct−1
Qdt−1

captures the effect of history and the ratio 1+γµcsct
1+γµdsdt represents

the expectation. Clearly, expectation can also play a role and thus an overlap can only
exist if σ > 2. Further, in this case, an explicit expression of overlap can be derived as
follow:

(1 + γηc)−
σ−2
σ−1

(
µc
µd

)− 1
σ−1
≤ Qct
Qdt
≤ (1 + γηd)

σ−2
σ−1

(
µc
µd

)− 1
σ−1

. (1.A.21)

1.A.8 Intersectoral spillover and general condition for overlap

In this appendix we generalize the model in two ways. First, we allow intersectoral
spillover of innovation such that

˙qji = µjsjiQ
η
jQ

1−η, (1.A.22)

where Q = Qc +Qd. The model presented in the main text can then be considered a
special case where η = 1. Second, we generalize the final good production to be

Yj = (Qε−νj Lj)1−α
∫ 1

0
qνjix

α
jidi, (1.A.23)

where ε > 0 can be considered the total input share of the aggregate knowledge or
technology stock, where ν determines how much technology is input or labor augment-
ing.13 As we want to focus on the role of ε mainly, for analytical simplicity, let ν = 1

13The exponent ν is restricted by the requirement that the distribution of productivities across
firms affects neither aggregate nor firm-level productivity. This requires ν = 1− α in Acemoglu et al.
(2012) and ν = 1 in our setting. The specification in both our main text and Acemoglu et al. (2012)
implies ε = ν, i.e. there is no independent effect of innovation on productivity otherwise than through
intermediate use.
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in the subsequent analysis. In particular, if xji is the same across intermediate good
firms and proportional to effective labor Qε−1

j Lj , sectoral output will be Yj ∝ QεjLj .
We thus might also consider ε as a parameter measuring the degree of returns to scale
in the model. The model in main text is a special case with ε = 1 (constant return to
scale). This extension serves to illustrate where the necessary condition σ > 2 for the
existence of overlap comes from.

The intermediate good producer maximizes

Hji = Pjixji − qjiPjxji − wsji + λjiµjQ
η
jQ

1−η.

which leads to

µjλjiQ
η
jQ

1−η − w ≤ 0 ⊥ sji ≥ 0

λ̂ji = r − 1− α
α

Pjxj
λji

= r − (1− α)α
1+α
1−α

PjQ
ε−1
j Lj

λji

λ̂k = r − αµkLk
(
Qk
Q

)η−1
,

where k is the innovation active sector.
From households’ optimization and market clearing, we further have

Cr = Qσεr = Yr = QεrLr

θc ≡
PcCc
PC

= Lr
1 + Lr

= Q
ε(σ−1)
r

1 +Q
ε(σ−1)
r

r = ρ+ P̂ + Ĉ = ρ+ ŵ + L̂.

Now define

zc ≡
PrLrQ

ε−1
r Qηr

1 + PrLrQ
ε−1
r Qηr

= Q
ε(σ−1)+η−1
r

1 +Q
ε(σ−1)+η−1
r

(1.A.24)

mc ≡
λcQ

η
cQ

1−η

λcQ
η
cQ1−η + λdQ

η
dQ

1−η = λrQ
η
r

1 + λrQ
η
r
. (1.A.25)

Here, zc is a predetermined state variable, i.e. a transformation of the relative tech-
nology state variable Qr. The transformation ensures that zc captures all channels
through which the initial condition affects the return to innovation. Accodingly, zc is
a sufficient statistic for the allocation of production labor Lr, the productivity of labor
Qε−1
r , the price of goods Q−εr , and the productivity of research labor Qηr .
We can then derive the differential equation system. In particular, we have

żc = zc(1− zc) (ε(σ − 1) + η − 1) Q̂r (1.A.26)

ṁc = mc(1−mc)(λ̂r + ηQ̂r), (1.A.27)

with k being the innovation active sector, and λ̂r ∝ (mc − zc) can be easily derived.
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The steady states can be derived similarly as in the main text. In particular, we will
also have the two corner steady states (zdc , Ld,md

c) = (0, 1+ρ/µd
1+α , 0) and (zcc , Lc,mc

c) =
(1, 1+ρ/µc

1+α , 1). To see the existence of the overlap, notice that

ṁc

żc
= 1
ε(σ − 1) + η − 1

mc(1−mc)
zc(1− zc)

(
λ̂r

Q̂r
+ η

)
. (1.A.28)

Now, whenever mc = zc holds, as in the corner steady states, λ̂r = 0 and

ṁc

żc
= η

ε(σ − 1) + η − 1 . (1.A.29)

If σ = 1 + 1
ε , the equilibrium path in each of the corner regimes will be a straight

line going through the respective corner steady state and the interior steady state. If
σ > 1 + 1

ε , since mc < zc holds for the dirty equilibrium path (the equilibrium path is
to the right of the 45 degree line in the (zc,mc) plane) and mc > zc holds for the clean
equilibrium path, an overlap of zc exists, which translates into an overlap in Qr. The
general condition for the existence of an overlap is thus that the two final goods be
strong enough substitutes that the elasticity of substitution σ is larger than one plus
the inverse of the degree of returns to scale ε. In other words, the larger the degree of
returns to scale, the more likely it is for an overlap to emerge.
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Chapter 2

RESOURCE-SAVING INNOVATIONS AND
THE CIRCULAR ECONOMY14

2.1 Introduction

The call for a “circular economy”, an economy in which materials and produced goods
are re-used and generate less waste, through recycling, refurbishing, and extended
product life, has gained momentum in recent years. In March 2020, a new Circu-
lar Economy Action Plan was adopted by the European Commission as one of the
main building blocks of the European Green Deal. At this year’s annual meeting, the
World Economic Forum intensified their call for joint actions among its members to
scale up the circular economy on a global level. Apart from the environmental bene-
fits,15 the popularity of this sustainability movement reflects the high level of optimism
concerning the economic benefits of a circular economy. The European Commission
suggests that circular economy measures could “increase the EU’s GDP by an addi-
tional 0.5% by 2030” (European Commission, 2020). The World Economic Forum calls
it “a trillion-dollar opportunity, with huge potential for innovation, job creation and
economic growth” (World Economic Forum, 2014).

While this “win-win” belief is mobilizing policymakers around the globe, little
research has been done to assess the robustness of the purported economic benefits. For
one, while circular economy measures are believed to stimulate innovation and growth,
patent data from the OECD technology development dataset (OECD, 2019) suggest
that among all environment-related patents, the share of patents in the categories of
waste management in general or material re-use in particular has been declining since
the 90s, see Figure 2.1.

Relatedly, material productivity has been rising in the EU even after controlling
for the rise of the circular material use rate, suggesting that the production technology
is becoming more resource-saving over time. This is illustrated in Figure 2.2 for real
GDP per kg of total material use, which consists of both primary material (i.e. newly
extracted) and secondary material (i.e. regained from waste streams).

14This chapter is circulated as a working paper under the title “Closing the Loop in a Circular
Economy: Saving Resources or Suffocating Innovations?”, jointly with Sjak Smulders.

15Globally, resource extraction and processing is estimated to be responsible for half of total green-
house gas emissions and over 90% of biodiversity loss and water use (see International Resource Panel,
2019), while secondary production such as recycling are considered much less energy-, carbon-, and
water-intensive (see e.g. EPA, 2016).
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Figure 2.1: Share of CE-related patents in all environment-related
patents (EU-28)

Taking these two trends together, it seems that other, circular-economy-unrelated
innovative processes have been playing a bigger role in increasing resource efficiency
and driving green growth in the past two decades. This raises the question of how
closing the material loop could affect these other innovative processes, and whether
the purported economic benefits will remain if such effects are taken into account. This
is the question that this chapter addresses.

We develop a two-sector endogenous growth model with Schumpeterian innova-
tion. The primary sector is innovative: primary producers continuously develop new
products and use raw materials in production. The secondary sector refurbishes re-
tired products for re-use. Refurbishing saves on raw materials for production, but also
reduces the incentives for developing new, possibly less resource-intensive, products.
This negative effect on innovation incentives works through two channels. On the one
hand, refurbished products compete with new products for market share, leading to
a “business-stealing” effect. On the other hand, being more labor-intensive than the
primary sector, refurbishing drives up labor cost relative to resource price, leading to
what we call a “cost-of-innovation” effect.

In the baseline where the refurbishing rate is exogenous, we find that increased
refurbishing increases short-run consumption, but lowers growth either in the short
run, or in both the short and long run. The overall economic impact depends on
how resource-saving innovations are. If innovations are not strongly resource-saving,
for low levels of re-use, an increase leads to increased lifetime consumption utility. If
innovations are strongly resource-saving, more refurbishing lowers lifetime consumption
utility and leads to a net economic loss.

The baseline result is robust to several extensions. When considering vertical in-
tegration of the primary sector that conducts its own refurbishing, we find that the
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Figure 2.2: Rising material productivity in the EU-28

dynamic trade-off between higher short-run consumption and lower growth is still
present due to the cost-of-innovation effect. By endogenizing the refurbishing rate, we
find that the net economic loss of higher refurbishing could be even larger, as higher
refurbishing is associated with higher production cost.

Related Literature This chapter is most closely related to two strands of the liter-
ature. Firstly, by focusing on the economic impact of a circular economy, this chapter
is similar to early interest on the effect of competitive recycling in the industrial or-
ganization literature. Inspired by the judicial complexities of the Alcoa case in 1945,
this literature has focused on the erosion of monopoly power through competitive re-
cycling. Gaskins (1974) finds that a secondhand market undercuts the monopolist’s
revenues, and can lead to higher prices and lower output in the short run. Martin
(1982) emphasizes the role of vertical integration, and shows that in the long run con-
sumers always (weakly) benefit from recycling, with strict benefits if scrap recovery is
independent. Swan (1980) studies the role of endogenous scrap rates and the scrap
market, and finds ambiguous welfare effects with potentially inefficiently high recy-
cling rates. Grant (1999) connects prior studies through a more detailed description
of material flows. His empirical estimates suggest that competitive recycling decreases
welfare. Complementing these early studies, this chapter adds a general equilibrium
view of competitive refurbishing that interacts with the primary sector through mul-
tiple markets, and provides a dynamic assessment of the overall economic effect.

Secondly, this chapter contributes to the literature that connects recycling to long-
run resource markets and scarcity. Hoel (1978) studies recycling as a substitute for
resource extraction with less negative environmental impacts. Di Vita (2001) explores
transitional dynamics and differences between developing and developed countries.
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Considering waste as a valuable production input, Pittel et al. (2010) characterize mar-
ket inefficiencies when recycling markets are incomplete, and identify policy measures
for correcting the market failures to achieve optimal material recycling. Hoogmartens
et al. (2018) study the interaction between recycling and resource prices in a Hotelling
model, and numerically find the optimal resource extraction path. Sørensen (2018)
studies optimal recycling in a Ramsey model, and suggests that a Pigouvian tax on
nonrecycled materials can ensure the transition towards a circular economy. Akimoto
and Futagami (2018) set up a model where capital accumulation affects the incentives
to recycle, and identify the optimal tax-subsidy policy for a transition from the linear
economy (back) to the circular economy. Different from the above studies, this chap-
ter puts innovation at the center of the analysis. By assessing the dynamic resource
efficiency and lifetime consumption, this chapter is thus able to directly address the
overall economic benefit of a circular economy.

The rest of the chapter is organized as follows. Section 2.2 introduces the model,
and Section 2.3 solves the model for its steady state and transitional dynamics. Section
2.4 investigates the overall economic impact of refurbishing, while Section 2.5 assesses
the robustness of the results in a few key extensions. Section 2.6 briefly addresses
the environmental and overall welfare impact of refurbishing. And finally, Section 2.7
concludes with a few final remarks.

2.2 The model

2.2.1 Final good

There is one final good, which is produced using a continuum of components indexed
by i. Production of the final good is essentially an assembly process of the various
components, and is subject to perfect competition:

y =
[∫ 1

0
x
ε−1
ε

i di

] ε
ε−1

(2.1)

pxi = py

(
xi
y

)− 1
ε

, (2.2)

where ε > 1 is the elasticity of substitution between the different components, pxi is
the price of component i, and py =

[∫ 1
0 p

1−ε
xi di

]1/(1−ε)
is the ideal price index of the

final good. Each component i can be either newly produced (xNi ) or refurbished from
old components (xRi ). The new and refurbished components are perfect substitutes so
that xi = xNi + xRi .

In the rest of the chapter, we refer to component type i as an industry. Within
each industry, we refer to the new and refurbished components as the primary and
secondary sectors, and denote them by subscripts N and R, respectively. We omit the
time subscript whenever it does not cause confusion.
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2.2.2 New component producer (primary sector)

New components of industry i are produced by a primary producer, who possesses the
most advanced technology of that industry. The production uses a Leontief technol-
ogy16 making use of labor and raw materials:

xNi = Ai min
{

(A∗)ψLLNi , (A∗)ψMMi

}
, (2.3)

where LNi and Mi represent labor and the raw materials employed in the primary
sector of industry i, Ai is industry i’s technology stock, and A∗ is the so-called frontier
technology, that is, the highest technology among all industries.17

The terms Ai(A∗)ψL and Ai(A∗)ψM represent the productivity (factor augmen-
tation levels) of labor and material inputs, respectively. While the industry-specific
knowledge Ai determines the overall productivity of an individual primary producer,
the frontier technology A∗ drives the relative productivity of raw material versus la-
bor in production. This set-up therefore captures the idea that while an industry’s
overall productivity is constrained by their own knowledge, they benefit from the ad-
vance of the technology frontier and are able to adopt the “best practice” in terms of
input combinations. A bias of technical change arises if the magnitude of spillovers
to labor productivity differs from that of material productivity: if ψM = ψL, techni-
cal change is neutral as it does not alter the productivity of raw material relative to
labor; if ψM > ψL, technical change is resource-saving since the advance of the tech-
nology benefits resource productivity relatively more; if ψM < ψL, technical change is
labor-saving.

Given the production technology, the unit cost of new component i is given by

cNi = A−1
i

(
(A∗)−ψLw + (A∗)−ψMpM

)
= a−1

i c∗
N
, (2.4)

where w is the wage of workers, pM is the resource price, ai ≡ Ai/A
∗ represents an

inverse measure of the technology distance of industry i to the technology frontier A∗,
and c∗

N
≡ (A∗)−1

(
(A∗)−ψLw + (A∗)−ψMpM

)
is the unit cost of the primary producer

of the frontier industry.

2.2.3 Refurbishers (secondary sector)

The refurbishing sector of each industry takes retired components and refurbishes them
to be re-used. Refurbishing uses only labor as an input, according to

xRi = min
{
Ai(A∗)ψLLRi , Zi

}
, (2.5)

16The Lenotief technology is chosen mainly for traceability, and is not crucial for the results. Our
results carry through if instead a CES production function is used, as long as the elasticity of sub-
stitution between labor and raw material is less than 1 (that is, if the substitutability is weaker than
that in the Cobb-Douglas case).

17Throughout the chapter, the asterisk symbol denotes the frontier industry.
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where LRi is the labor input and Zi are the retired components. Naturally, one unit
of retired components is required to make available one refurbished component. This
is also a matter of accounting: non-refurnishable components are counted as waste
as we see below. Refurbishers have the same per unit labor requirement as primary
producers within their industry, Ai(A∗)ψL . This simplifying assumption is not crucial
for the results and will be relaxed in Section 2.5.2.

The collection, sorting and supply of retired components are conducted by a central
governmental agency, who sets the price for retired components to target a refurbishing
rate β, while the refurbishing sector is subject to perfect competition and free entry.18

Regarding the supply of retired components, we assume the following:

Assumption 2.1. Collecting retired goods and sorting reusable components are cost-
less. There is an exogenous feasibility constraint such that the maximum fraction of
reusable components in all old components is given by 0 < βu < 1.

In equilibrium, for any refurbishing rate target β ≤ βu, the governmental agency
charges a price for retired components equal to the rent, that is, the difference between
the price of new components and refurbishing costs (pxi−A−1

i (A∗)−ψLw), and transfers
this revenue to the households. Refurbishers make zero profits and enter until a fraction
β of all components is refurbished. The amount of retired components supplied to
refurbishers in industry i is thus given by Zi = βxi.19 Essentially, the equilibrium
refurbishing rate in this setting is determined by the target rate, while a policy that
increases the circularity is interpreted as an increase of the target rate β.

2.2.4 Equilibrium price setting

Primary producers anticipate that for any quantity they produce, a fraction re-enters
the market as refurbished components.20 Since the equilibrium goods market share
for refurbishers is the same across all industries (xRi/xi = β), primary producers thus
maximize their flow profit πi = (pxi − cNi )(1 − β)xi, subject to the sectoral demand
(2.2), which leads to the standard pricing rule:21

pxi = ε

ε− 1cNi . (2.6)

18This assumption of the central governmental collection agency together with a competitive re-
furbishing sector reflects the characteristics of the waste management industry in the EU. Waste
management is historically a matter of the municipalities, and is still characterized by the presence of
many public companies. In addition, the industry consists of mainly micro companies (less than 10
employees, 77%) and SMEs (less than 250 employees, 99%), see Eurostat (2020c)

19This continuous time equation is the limit case of the discrete time version as the discrete period
length dt goes to zero, that is, Zi,t = βXi,t−dt.

20In a discrete time setting, pricing decisions of the primary producers in one period affects their
next period profit as a fraction of the products sold of the current period will come back next period
as refurbished products. Profit maximizing in such a setting thus involves a dynamic pricing decision.
As the period length approaches zero, the refurbished products will return to the market immediately.
The analysis in a continuous time setting thus simplifies into a static profit maximization problem.

21The setting here considers the primary producer to be the first-mover in the Stackelberg game in
prices. Alternatively, the primary producer and the refurbishers may engage in a Nash game, resulting
in pxi = ε

ε−1+x
Ri
/xi

cNi
, where in equilibrium xRi

/xi = β. All results carry through under this pricing
rule.
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In equilibrium, therefore, there is a uniform markup ε
ε−1 for all industries. This markup

is unaffected by the competitive pressure from refurbishing, since a forward-looking
primary producer realizes that their market share is unaffected by their pricing strat-
egy and will thus rationally set the same markup as in the absence of competitive
refurbishing.

2.2.5 Material balance

Resources exist either in the form of low entropy raw material or as high entropy
waste. The raw material needed for producing the new components is extracted from
a non-renewable resource stock S, while the waste is generated by consumption and
is deposited in a waste stock W . As mentioned earlier, in our continuous-time setting
refurbishing is immediate. Thus the total quantity of material is accounted for in the
two stocks and satisfies Lavoisier’s law of mass conservation. The equations of motion
for the two stocks are given by:

Raw material stock: Ṡ = −M, (2.7)

Waste stock: Ẇ = M, (2.8)

where M is the net material flow through the economy, measured in mass per unit of
time (e.g. kg/year), and the dot notation denotes time derivative.

Resource demand comes from the primary producers only so the aggregate re-
source demand is given by M =

∫ 1
0 Mi di =

∫ 1
0 (A∗)−ψMA−1

i xNi di. The secondary
sector does not demand resources directly, but has an embedded material flow of∫ 1

0
β

1−βMi di = β
1−βM . Thus refurbishing effectively scales up the productive material

flow by a multiplier of 1
1−β :

22

MEff = 1
1− βM.

2.2.6 Extraction

Competitive price-taking resource extractors manage the resource stock and supply
raw material. Resource extraction costs are zero. Maximization of net present value of
extraction profits thus leads to an equilibrium material price that equals the scarcity
rent, which grows at the rate of interest. That is, the simplest form of the classic
Hotelling rule applies:23

p̂M = r. (2.9)
22The fact that there is repeated refurbishing and that not only new goods, but also refurbished

goods are re-used means that in the extreme case of maximum refurbishing (β = 1), closing the cycle
can bring resource extraction to zero. The more realistic case of β < 1 means there are limited number
of times a component can be re-used.

23Throughout the chapter, the hat notation denotes growth rates.
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2.2.7 Research and development

Our modeling of research and development (R&D) closely follows Aghion and Howitt
(1998). Research occurs in all industries. Successful R&D in industry i increases the
productivity of that industry, and brings it from the incumbent’s level Ai to the frontier
A∗. The frontier itself increases over time proportionally to aggregate R&D.

The Poisson arrival rate of innovation per unit of time for each industry i is given
by λLAi , where λ > 0 is a research productivity parameter and LAi is research labor
input devoted to that industry. By the law of large numbers, λLAi is the likelihood
that the incumbent primary producer with productivity level Ai will be replaced by a
new entrant that operates at frontier productivity level.

There is free entry in R&D, so that in equilibrium the cost of R&D, wLAi, equals
the expected benefits of R&D, λLAiV ∗, where V ∗ denotes the value of a patent for the
frontier technology. The free-entry condition for R&D can thus be written as:

λV ∗ ≤ w ⊥ LAi ≥ 0. (2.10)

This condition shows that the costs and benefits of research are the same across all
industries, which implies that innovators are indifferent with respect to which industry
to target. We focus on the symmetric equilibrium in the analysis, in which all industries
have the same equilibrium flow of research labor, that is, LAi = LA, where LA is also
the aggregate research effort since we normalized the mass of sectors to unity.

The technology frontier expands at a rate proportional to aggregate research effort:

Â∗ = λLA ln γ, (2.11)

where γ > 1 represents the size of technology improvement of each innovation, and
λ ln γ > ρ is assumed to hold throughout the chapter so that technology can grow at
a faster pace than the time preference rate ρ, if all labor is devoted to research (that
is, if LA = 1).

Although the distribution of the technology stocks across industries, Ai, changes
over time, the distribution of the relative technology distance, ai, is independent of the
absolute levels of the technology and is stationary in the long run with the following
cumulative distribution function (see appendix in Aghion and Howitt (1998)):

H(a) ≡ a
1

ln γ , 0 ≤ a ≤ 1. (2.12)

2.2.8 Labor market clearing and households

The representative household inelastically supplies one unit of labor. Labor market
clearing thus requires:

LX + LA = 1, (2.13)

where LX ≡ LN + LR is the aggregate amount of labor allocated to production.
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The instantaneous utility of the households is given by ut = ln yt−µnt, where ln yt
represents the utility from consumption, nt captures the disutility from environmen-
tal damage, and µ is the relative weight given to the environmental concerns. The
environmental damage constitutes an externality, which is not taken into account by
agents’ behavior. Since the main purpose of this chapter is to assess the overall eco-
nomic impact of a circular economy, we mostly focus on the consumption utility ln yt.
We shall return to the environmental consideration in Section 2.6.

The households hold the equity of material extraction firms and intermediate goods
firms, and maximize lifetime utility U0 =

∫∞
0 ute

−ρt dt subject to an intertemporal
budget constraint Ȧ = w + rA + pMM + T − pyy, where A is total wealth and T is
lump sum taxes or transfers from the government. The maximization results in the
Ramsey rule for optimal saving:

r = ρ+ p̂y + ŷ. (2.14)

2.3 Equilibrium

2.3.1 Equilibrium industry shares and factor shares

We first solve for the share of labor in total cost of primary production, to be denoted
by φN , and the value share of any industry i in total production, θi.

We first note from (2.4) that the labor share in the primary production cost is the
same across all industries:

wLNi
cNi

= w(A∗)−ψL
w(A∗)−ψL + pM (A∗)−ψM ≡ φN . (2.15)

From now on we will call φN the labor (cost) share for short. It reflects both the state
of technology and relative factor prices, w/pM . We will use it as the key price variable
in the model when analyzing the dynamics.

Similarly, from (2.3) we note that relative factor use is the same across i, so that
material-labor ratios at the industry level as well as in aggregate can be expressed in
terms of frontier technology:

Mi

LNi
= M

LN
= (A∗)ψL−ψM . (2.16)

Relative demand for material versus labor either stays constant, falls, or rises over
time as the frontier technology increases due to innovation. It depends on whether
technology is unbiased (ψM = ψL), relatively resource saving (ψM > ψL), or labor
saving (ψM < ψL).

Second, we define θi ≡ pxixi/pyy as the market share of industry i (relative to the
average industry).24 Uniform markup together with demand (2.2) and marginal costs

24Recall that we normalized the number of industries to unity so that the average industry has a
market share of 1; if θi = 4, spending on industry i is four times as large as on the average industry.
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(2.4) indicate a market share of each industry determined by its distance to the frontier:
θi = aε−1

i θ∗. Since market shares of all industries add up to 1, that is,
∫ 1

0 θi di = 1,
the frontier industry market share is given by

θ∗ =
[∫ 1

0
aε−1
i di

]−1
.

Substituting the stationary distribution for ai (2.12), we find a constant market share
for the frontier industry:

θ∗ =
[∫ 1

0
h(a)aε−1da

]−1
= 1 + (ε− 1) ln γ. (2.17)

Though the market share of the frontier industry does not change over time, the
identity of the frontier industry changes through creative destruction.

Because factor shares and markups are the same across i, employment and materials
shares equal market shares: LNi = θiLN andMi = θiM . Considering total labor use in
production, we also need to account for secondary production. Since in each industry
a share β of the components is supplied as refurbished components and both primary
and secondary production have the same labor requirement, the share of primary
production labor LN in total production labor LX is then simply

LN/LX = 1− β. (2.18)

Given (2.17) and (2.18), the total output of the final goods is given by

y = (θ∗)−
ε
ε−1x∗ = (θ∗)−

ε
ε−1

(A∗)1+ψLL∗N
1− β = (θ∗)−

1
ε−1 (A∗)1+ψLLX . (2.19)

That is, the total output is directly proportional to the total labor employed in pro-
duction and the labor augmenting capacity of the frontier technology. The more pro-
duction labor (LX), the higher the frontier technology (A∗), and the more labor-
augmenting (ψL) technology is, the higher is the total output.

2.3.2 Rates of return to investment and saving

The value of a primary producer firm with productivity Ai, denoted Vi, is the expected
net present value of profits, accounting for the risk λLA of being replaced. Written as
an arbitrage equation, this implies

rVi = πi + V̇i − (λLA)Vi, (2.20)

meaning that the return equals the profit flow, capital gains while still in business,
minus the expected capital loss due to creative destruction.

Because all primary producers charge the same markup, their relative profits equal
relative market value shares, πi/πj = pixi/pjxj = θi/θj = (Ai/Aj)ε−1. Because all
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primary producers face the same risk-corrected discount rate, r + λLA, their relative
expected net present value of profits, i.e. a firm’s relative value, equals relative profits,25

Vi/Vj = πi/πj = (Ai/Aj)ε−1. Hence, a firm’s value can be expressed relative to the
value of the frontier firm:

Vi = (Ai/A∗)ε−1V ∗. (2.21)

Recalling that V ∗ = w/λ by free entry in research and that Â∗ = λ ln γLA, we can
write the growth rate of firm value as:

V̂i = ŵ − (ε− 1)λ ln γLA if LA > 0. (2.22)

The profits of a primary producer are proportional to total cost because of the
constant markup. Using the definitions of labor cost share φN and industry share θi,
we may write total cost as cNixNi = wLNi/φN = wθiLN/φN . Using (2.18) and the free
entry condition (2.10), the frontier primary producer’s profit to firm value ratio (that
is, the dividends paid to households who hold the assets) is found to be proportional
to labor use in production, and inversely proportional to the labor cost share:

π∗

V ∗
= B(β)LX

φN
, (2.23)

where
B(β) ≡ 1− β

ε− 1 λθ
∗. (2.24)

Substituting (2.23), (2.22), and (2.13) into (2.20), we find (for LA > 0)

r − ŵ = B(β)LX
φN
− λθ∗(1− LX). (2.25)

This equation characterizes the return to R&D in terms of our key variables: produc-
tion employment LX and wage cost indicator φN . With higher production employ-
ment, primary producers make higher profits and innovators realize a higher rate of
return to innovation. How much innovators profit from a large economy and low labor
cost is summarized by the term B, which is a composite parameter representing the
product of research productivity λ, frontier industry market share θ∗, primary sector
employment share LN/LX = 1 − β, and profit-to-cost ratio π/(cNx) = 1/(ε − 1). We
interpret B as an indicator of the relevant business size for innovators. The business
size indicator B falls with the refurbishing rate β. More refurbishing lowers the share
of the total market for the frontier primary producer as refurbishers steal a bigger part
of their market; as a result the return to innovation falls, all other things being equal.

Households invest their wealth not only in production firms but also in extraction
firms. The latter manage the resource stock and the rate of return to investing in this
stock is the rate of material price increase according to the Hotelling rule (2.9). Noting

25Let Rs ≡ e
−
∫ s

t
(ru+λLA,u)du denote the risk-corrected discount factor, so that expected net

present value of profits equals Vi,t =
∫∞
t
πi,sRsds =

∫∞
t

(πi,s/πj,s)πj,sRsds. Substituting πi,s/πj,s =
(Ai,s/Aj,s)ε−1, which is constant over time, we find the proportionality result.
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from our definition of the labor share (2.15) that pM = w(A∗)ψM−ψL(1− φN )/φN , we
write the Hotelling rule in terms of our key variables as:

r − ŵ = Ψ(1− LX)− (1− φN )−1φ̂N . (2.26)

where the composite parameter

Ψ ≡ (ψM − ψL)λ ln γ (2.27)

is the productivity of research labor LA = 1− LX in generating resource-saving tech-
nical change, which we refer to as the technology bias indicator. Equation (2.26) states
that the return on resource holdings increases with resource-saving technical change
when the wage rate and factor share remain the same. This reflects the fact that higher
future technology levels increase the productivity and hence price of resources. How-
ever, an alternative – more precise – interpretation of (2.26) is the rate of change of
relative factor prices: since p̂m = r by the Hotelling rule, the left hand side represents
p̂M − ŵ. If material prices grow faster than wages, the wage share must fall (second
term on the right hand side of (2.26)) unless offset by sufficiently high bias of technical
change (first term on the right hand side).

Households save part of their income optimally such that the Ramsey rule (2.14)
holds. We write also this equation in terms of our key variables, LX and φN . Given a
constant markup rate and refurbishing rate, the value of final output is proportional to
the aggregate profits of primary producers and their costs. We can thus substitute the
change in expenditures of production. Since wLX are labor costs, and φN is the labor
cost share, wLX/φN is simply the production costs and proportional to the value of
consumption. The Ramsey rule describes the return that households demand for their
investments:

r − ŵ = ρ+ L̂X − φ̂N , (2.28)

which gives the capital supply from the households.
Equations (2.25), (2.26), and (2.28) provide three expressions for the rate of return.

The capital market is in equilibrium if they are equalized while innovators are active.
An equilibrium might also arise without innovation, in which case (2.25) no longer
holds with equality (but with its left hand side larger than its right hand side). An
equilibrium with zero scarcity rent (and thus zero material price) implies φN = 0, in
which case (2.26) still holds.

2.3.3 Effective resource stock

The productive capacity of the economy at any point in time is represented by two
pre-determined variables: the stock of remaining raw material S and the stock of
accumulated technology A∗. While the former captures the scarcity of production
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inputs,26 the latter determines how efficient the economy is at using production inputs.
Summarizing both aspects, we can define the effective resource stock as

E ≡ (A∗)ψM−ψLS, (2.29)

which provides a productivity-augmented measure of resource scarcity.

2.3.4 Equilibrium dynamics

Equalizing the rates of returns ((2.25), (2.26), and (2.28)) and deriving the equation of
motion for the effective resource stock, the dynamic equilibrium of the model is fully
captured by three reduced-form differential equations, provided in Lemma 2.1. The
proof for this lemma, as all other proofs, is provided in Appendix 3.A.4.

Lemma 2.1. The equilibrium in its reduced form can be expressed by the differential
equation system of the variables φN , LX , and E:

φ̂N = (1− φN )(Ψ + λθ∗)
[
1−

(
1 + B(β)

Ψ + λθ∗
φ−1
N

)
LX

]
(2.30)

L̂X = [Ψ− ρ− (Ψ + λθ∗)φN ]− [Ψ−B(β)− (Ψ + λθ∗)φN ]LX (2.31)

Ê = Ψ−
(
Ψ + (1− β)E−1

)
LX (2.32)

where B(β) is the business size indicator defined in (2.24), Ψ the technology bias indi-
cator defined in (2.27), and E is the effective resource stock defined in (2.29).

Intuitively, the three differential equations summarize how the effective resource
scarcity (E) and its expression through relative wage (φN ) affect labor allocation be-
tween production and research (or equivalently, between consumption and saving),
which in turn affects future effective resource scarcity. In this process, the technology
bias (Ψ) and business size (B) indicators play a crucial role. While the former controls
how much current research can affect future resource scarcity, the latter directly affects
the allocative decisions.

To derive the dynamic equilibrium, notice that the dynamics of φN and LX are
independent of the level of E. We can thus first build a two-dimensional phase diagram
in the (φN , LX) plane. Subsequently, the dynamics of E are independent of φN , and
we build a second phase diagram in the (E,LX) plane. Since both φN and LX are
bounded between 0 and 1, we use Ψ and B(β) to partition the parameter space such
that the steady states in each parameter region are within these bounds. For Ψ, we
distinguish between the cases of large (Ψ > ρ) versus small (Ψ ≤ ρ) technology bias.

26With a finite stock, raw material is the more scarce production input compared to labor, which
is available at a constant flow.
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For B(β), we introduce two refurbishing rate thresholds, implicitly defined as follows:

B(β̄) = ρ (2.33)

B( ¯̄β) = ρ
Ψ + λθ∗

Ψ− ρ , (2.34)

where β ∈ (0, 1), while ¯̄β ∈ (−∞, β̄) if Ψ > ρ and ¯̄β > 1 if Ψ < ρ.27 The phase
diagrams for small Ψ are provided in Figure 2.3, and for large Ψ in Figure 2.4.
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Figure 2.3: Phase diagrams when Ψ < ρ

2.3.5 Equilibrium resource scarcity

Based on the phase diagrams in Figures 2.3 and 2.4, the equilibria can be characterized
into four different regimes, summarized in Proposition 2.1 and illustrated in Figure 2.5.

27Since ε > and λ ln γ > ρ, B(0) = λ
ε−1 + λ ln γ > ρ > 0 = B(1) holds. By ∂B(β)

∂β
< 0, β ∈ (0, 1).

The statement on ¯̄β follows from ∂B(β)
∂β

< 0. Further, since ∂B(0)
∂ε

< 0 and ∂θ∗

∂ε
> 0, ¯̄β > 0 if ε is not

too large.
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of β > β̄.

Figure 2.4: Phase diagrams when Ψ > ρ
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Proposition 2.1 (Characterization of Equilibrium). For each combination of the ini-
tial effective resource stock E(0) > 0 and circularity parameter β ∈ [0, 1), there is a
unique saddle-point stable equilibrium.

I. (“convergence to balanced growth”) If innovation is sufficiently resource-saving
compared to impatience (Ψ > ρ), the refurbishing rate is high (β > ¯̄β), and the
resource stock falls short of a critical level (E(0) < E1), then the labor share φN ,
the effective resource stock E, and research labor LA converge to the steady state
levels given by:

SSI : φIN = B(Ψ− ρ)
ρ(Ψ + λθ∗) , LIX = 1− ρ

Ψ , LIA = ρ

Ψ , EI = (1− β)LIX
ΨLIA

. (2.35)

Convergence is monotonic, with E and φN rising if LA falls and vice versa.

II. (“vanishing scarcity”) If innovation is sufficiently resource-saving compared to
impatience (Ψ > ρ), the refurbishing rate is low (β ≤ ¯̄β), and the effective
resource stock falls short of a critical level (E(0) < E1), then equilibrium wages
grow faster than resource prices; the labor share φN and the effective resource
stock E grow, while research labor falls, with the economy converging to the steady
state given by:

SS1 : φ1
N = 1, L1

X = ρ+ λθ∗

B + λθ∗
, L1

A = B − ρ
B + λθ∗

, E1 = (1− β)L1
X

ΨL1
A

. (2.36)

III. (“no scarcity”) If the refurbishing rate is low (β < β̄), and the initial effective
resource exceeds a critical level (E(0) ≥ E1), the equilibrium resource price is
zero (φN = 1) and innovation labor is constant at level L1

A as given by (2.36) for
all t > 0.

IV. (“vanishing production labor”) If innovation is insufficiently resource-saving com-
pared to impatience (Ψ ≤ ρ), and either the refurbishing rate is high (β ≥ β̄), or
the resource stock is small (E(0) < E1), then the equilibrium converges mono-
tonically to a steady state with vanishing wage share and vanishing labor in pro-
duction:

SS0 : φ0
N → 0, L0

X → 0, L0
A → 1, E0 → 0. (2.37)

In the long run, production and consumption vanish (stay constant, grow un-
boundedly) if ψM < (=, >) ρ

λ ln γ − 1.

With an exhaustible resource as essential input, long run consumption and welfare
crucially depend on whether technical change can compensate for increasing resource
scarcity. Essentially, the equilibrium characterization in Proposition 2.1 answers these
questions for different combinations of E(0), Ψ and β. While E(0) describes the
initial scarcity, together with the technology bias indicator Ψ it determines how much
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Figure 2.5: Characterization of steady states

innovation will be needed. The refurbishing rate β, on the other hand, influences
the profits of the primary producers and thus determines how much innovation the
economy is willing to generate.

Several insights can be gleamed from the above proposition. Firstly, given insuf-
ficient initial endowment (E(0) < E1), equilibrium depends crucially on whether or
not the resource-saving potential of innovation (Ψ) surpasses the depletion incentives
(ρ). If Ψ ≤ ρ, innovation is ineffective in creating or keeping high resource abundance.
As a result, the effective resource supply quickly falls. In the resulting “vanishing
production” regime, scarcity of resources ultimately drives all labor out of production,
while innovation is at maximum speed but still incapable of offsetting depletion. In
contrast, if Ψ > ρ, the economy converges to a steady state with constant effective
resource stock and increasing consumption.

Secondly, given insufficient initial endowment (E(0) < E1) and large resource-
saving potential of innovation (Ψ > ρ), the long run resource scarcity depends on the
refurbishing rate. If the refurbishing rate is low (β ≤ ¯̄β) resulting in high innovation
incentives, the resource price converges to zero relative to wages, as scarcity vanishes
in the long run. If the refurbishing rate is high, innovators see a sizable market share
taken away by refurbishers. To maintain sufficient incentives for innovation, resource
prices must remain high, as scarcity increases in balanced growth.

And finally, only if the refurbishing rate is not too high, an effectively high en-
dowment of resources results in zero resource prices. In the resulting “no scarcity”
regime, cumulative demand for resources is lower than total supply because innovation
offsets depletion, where innovation can be sufficiently high because innovators see little
of their market being stolen away by the secondary sector. As the refurbishing rate
becomes higher, however, innovation incentives are reduced and the required initial
resource endowment for covering the cumulative demand quickly increases. Once the
refurbishing rate becomes too high (β ≥ β̄), it is practically no longer possible to
have a high enough initial endowment (E1 =∞). In this sense, refurbishing increases
resource scarcity by reducing resource-saving innovations.

For the remainder of the chapter, we restrict our attention to the empirically more
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relevant case, where E(0) < E1 (that is, resource is scarce) and Ψ > ρ (that is,
technical change is sufficiently resource saving, see for example Figure 2.2). We thus
concern ourselves only with the balanced growth and vanishing scarcity equilibria. We
further note that the vanishing scarcity equilibrium is only relevant if ¯̄β > 0, which
requires that ε is not too large. We nevertheless continue with both equilibria for
completeness.

Assumption 2.2. Technology bias towards resource-saving is sufficiently strong that
ψM − ψL > ρ

λ ln γ , that is, Ψ > ρ, where λ ln γ > ρ is assumed to hold.

2.4 The economic impact of refurbishing

We now turn to the main question of the chapter, the economic impact of raising the
refurbishing rate. We start with the comparative statics of the steady state. Table 2.1
presents how the steady-state effective resource stock (E), extraction rate (MS ), labor
cost share (φN ), R&D labor share (LA), and consumption growth rate (g ≡ ŷ) are
affected by the refurbishing rate (β). In this table, +, −, and 0 represent a positive,
negative, and no effect, respectively.

E M
S φN LA g

SSI ( ¯̄β < β ≤ 1) − 0 − 0 0

SS1 (0 ≤ β < ¯̄β) + − 0 − −

Table 2.1: Steady state comparative statics

From Table 2.1, we see that the refurbishing rate affects the steady state quite
differently depending on which regime the economy is in. Particularly, while a higher
refurbishing rate does not affect the long-run growth rate in the balanced growth
regime, it lowers the long-run growth rate in the vanishing scarcity regime. To un-
derstand why this occurs, let us revisit the return on R&D equation (2.25). On the
right hand side of (2.25), we see that refurbishing affects the dividend ratio B(β)LXφN
(and thus the innovation incentive) through both the business-stealing (B(β)) and the
cost-of-innovation (φN ) channels. Since B(β) decreases with β, higher refurbishing
always lowers the primary producers’ market share and makes innovation less attrac-
tive. While more refurbishing pulls labor into production and – together with the
increase in effective resource flow – tends to increase wages relative to resource prices,
lower innovation raises resource scarcity and has the opposite effect on the relative
wage. In a balanced growth regime, the latter effect dominates and the steady state
labor cost share φN decreases with β, leading to a positive cost-of-innovation effect
that exactly offsets the business-stealing effect. The net effect on innovation is zero.
This self-correcting mechanism, however, is absent in the vanishing scarcity regime: as
φN approaches 1 the cost-of-innovation effect is negligible. Thus the business-stealing
effect dominates and innovation decreases with the refurbishing rate.
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Apart from the growth rate, Table 2.1 shows that the steady state effective resource
stock also changes with the refurbishing rate. One implication of this is that when
raising the refurbishing rate, the transition from one steady state to another cannot be
immediate, as it takes time for E to decrease (balanced growth) or increase (vanishing
scarcity regime) towards the new steady state level. The next lemma summarizes the
transitional dynamics.

Lemma 2.2. Consider an economy in steady state hit by a shock that permanently
raises the refurbishing rate β.

1. If the economy is in a balanced growth regime, immediately following the shock,
economy-wide production and consumption increase (LX , y ↑), while research
effort and growth drop (LA, g ↓). Along the transition, production labor and labor
cost share decline (LX , φN ↘), while relative resource price, research effort and
growth rise (pM /w,LA, g ↗). The economy converges to a new steady state with
the same growth rate but a lower technology level compared to business-as-usual
(BAU).

2. If the economy is in a vanishing scarcity regime, immediately following the shock,
economy-wide consumption can increase or decrease, corresponding to lower or
higher research effort and growth. Along the transition, production labor and
labor cost share increase (LX , φN ↗), while research effort and growth rate fall
(LA, g ↘). The economy converges to a new steady state with a lower growth
rate compared to BAU.

In the balanced growth regime, raising the refurbishing rate effectively increases the
immediate resource availability, leading to more production and consumption. How-
ever, more refurbishing also leads to an unambiguous fall in innovation in the short run,
as the business-stealing and cost-of-innovation effects reinforce each other, contrary to
the long run outcome. To see why the cost-of-innovation effect behaves differently in
the short run, note from (2.15) that the labor cost share depends both on the rela-
tive price and on the technology level. In the short run, both the immediate resource
abundance and the higher production raise the relative wage. While in the long run
the adjustment in the technology level eventually raises resource scarcity and lowers
the labor cost share, before the technology level can adjust sufficiently, the labor cost
share rises in the short run and makes innovation more costly.

In the vanishing scarcity regime, the short run response is not unambiguous. The
economy either experiences higher short-run consumption accompanied by perma-
nently lower innovation and growth, or lower short-run consumption with higher short-
run but lower long-run growth. Whichever situation, while raising the refurbishing rate
may or may not lead to higher short-run consumption, it always lowers innovation and
growth in the long run.

Lemma 2.2 makes clear that a rise in the refurbishing rate always brings a trade-off
between the short- and long-run efficiency. While more refurbishing could mean less
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resource extraction and higher consumption in the short run, the increased activities
in production crowd out innovation and lead to lower long-run resource efficiency and
consumption. By showing that the potential static benefits are always accompanied by
a dynamic cost, this lemma thus casts doubt on whether an overall economic benefit
will be present.

To compare the trade-off between the short and long run, we now turn to the
lifetime consumption utility of the households, given by Uy,0 =

∫∞
0 ln yte−ρt dt. Since

yt = y0e
∫ t
s=0 gs ds, where gs is consumption growth rate at time s, a marginal increase

in the refurbishing rate changes the consumption utility relative to BAU according to

dUy,0 =
∫ ∞
t=0

[
dlny0 +

∫ t

s=0
dgs ds

]
e−ρt dt.

That is, the total effect on the consumption utility consists of both the immediate
response (ln y0) and the growth effect (dgs). The next proposition summarizes the net
impact on lifetime consumption utility.

Proposition 2.2. The effect of higher refurbishing on lifetime consumption utility Uy
depends on the resource bias of technology (ψM − ψL) and the initial refurbishing rate
(β). In particular,

1. if ρ
λ ln γ < ψM−ψL < (1+ψL)ρ

(1+ψL)λ ln γ−ρ , Uy is always increasing in β for all β ∈ [0, 1);

2. if ψM −ψL ≥ (1+ψL)ρ
(1+ψL)λ ln γ−ρ , Uy is generally hump-shaped in β and there exists a

unique β∗ ∈ [0, ¯̄β] such that higher refurbishing increases the consumption utility
for 0 ≤ β < β∗ while decreasing it for β∗ < β < 1. The consumption-utility-
maximizing refurbishing rate β∗ is decreasing in the elasticity of substitution ε.

Given that raising the refurbishing rate crowds out innovation either in the short
run or in the long run, the results in Proposition 2.2 are not surprising. Whether
or not a potential short-run consumption gain outweighs the loss of lower innovation
depends on how costly it is to crowd out innovation, which in turn depends on how
resource-saving innovation is. The stronger the resource-saving bias, the more costly
it is to crowd out innovation and the less likely an overall economic benefit exists.
Furthermore, the easier it is for the economy to substitute away from the less effi-
cient industries (the higher ε), the easier the efficiency loss rises and the less likely
refurbishing will lead to an overall economic benefit.

By showing that an overall economic benefit does not necessarily exist, the result
of Proportion 2.2 thus challenges the “win-win” claim that a circular economy is good
for both the environmental and the economy. Perhaps somewhat paradoxically, it is
exactly due to the ability of the economy to adapt to more environmentally friendly
production technology that a lack of economic benefit occurs. More generally, the
result of Proposition 2.2 thus points to the importance of taking existing mechanisms
into account when evaluating new policy measures or environmental paradigms.
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Parameter Value Source

Structural Parameters
β 11.7% Eurostat
ε 7 Literature
ρ 0.05 Literature
ψL 0 Normalization

Steady State Values (Target)
gc 0.01 Eurostat
LA 0.088 Eurostat
p
M
MN

pyy
0.027 World Bank

Calibration
ψM 5 Calibrated
λ 0.29 Calibrated
ln γ 0.39 Calibrated

Table 2.2: Parameter values

Numerical example We now provide a simple numerical example to illustrate the
economic response to an increase of the refurbishing rate.

The model consists of seven structural parameters (β, ε, ρ, ψL, ψM , λ, γ). We set
the refurbishing rate β to the 2017 circularity rate of the EU-28 (Eurostat, 2020a),
and set the time preference rate ρ to a commonly used value in the literature. For the
elasticity of substitution ε, we follow the estimates of the product-level elasticity from
the literature (see Broda and Weinstein, 2006; Hottman et al., 2016).28 We further
normalize ψL to 0.

The remaining three parameters are calibrated to match the steady state GDP
growth rate g, R&D labor share LA and share of resource rent in GDP p

M
M

pyy
. For g, we

use the average GDP growth rate of the EU-28 between 2000 and 2019 from the Eu-
rostat national accounts database (Eurostat, 2020b). For LA, we use the employment
category “professional, scientific and technical activities” as a proxy for R&D workers
and derive the 2017 R&D labor share for the EU-28 from the Eurostat national ac-
counts employment data (Eurostat, 2020e). And finally, from the World Bank data on
the share of total resource rent (that is, the sum of oil rents, natural gas rents, coal
rents (hard and soft), mineral rents, and forest rents) in GDP (World Bank, 2020), we

28Existing empirical estimates tend to vary by a large range. In general, as shown by Broda and
Weinstein (2006), the more we disaggregate, the more substitutable the goods becomes. They report
an average elasticity of substitution of 7 at the three-digit level (in the Tariff System of the USA)
during 1972-1988 and 17 at the seven-digit level for the same period; for the period 1990 to 2001, the
average elasticities estimated are 4 at the three-digit level (in the Harmonized Tariff System) and 12 at
the ten-digit level. Hottman et al. (2016) argue for the use of scanner data for the elasticity estimate
as this data measure corresponds more closely to the level at which firms and consumers make their
product choice decisions. Using either 12-digit Universal Product Codes or 13-digit European Article
Numbers, their estimates of product substitution elasticity range from 4.7 to 17.6 with a median
elasticity of 6.9.
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Figure 2.6: Response to a 10% increase in β (initial β = 11.7%)

Figure 2.7: Effect of a 10% increase in β on lifetime consumption
utility

set p
M
M

pyy
to the 1970-2015 average share of the world. Table 2.2 provides an overview

of the parameter values and their sources.
Given the targeted share of resource rent, the model is calibrated to the balanced

growth regime. Using the calibrated parameters, we simulate the economic response to
a 10% increase in the refurbishing rate. Figure 2.6 illustrates the timepaths of the key
variables following the increase, starting from an initial β of 11.7%. For all variables,
the timepaths illustrated are the log-deviation with respect to the BAU scenario. The
dynamic trade-off is apparent, as consumption gradually falls below the BAU level,
whereas resource use increases beyond the BAU level. In Figure 2.7, the effect on
lifetime consumption utility is illustrated for different initial values of β. For all β > ¯̄β
(i.e. the range of β for which a balanced growth steady state is possible, here ¯̄β = 0.08),
a 10% increase in the refurbishing rate lowers lifetime consumption utility.

2.5 Alternative model specifications and robustness

The lack of economic benefit when increasing the refurbishing rate is a consequence
of the crowding out of resource-saving innovations. To check the robustness of this
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crowding out mechanism, we now consider two alternative specifications that are most
likely to challenge it.29 In the first, we consider vertically-integrated primary producers
who conduct refurbishing themselves, which can directly shut down or reduce the
business-stealing effect of refurbishing. In the second alternative specification, we
endogenize the size of the refurbishing sector by allowing it to respond to price signals.

2.5.1 Vertically-integrated primary producer

We now assume that primary producers are vertically integrated in the sense that they
also collect and refurbish used components. Primary producers do not manage to take
back all but only a fraction of used components from their customers, while the rest
continues to be collected by the governmental agency and supplied to the competi-
tive refurbishing sector. The governmental agency takes the internal refurbishing of
primary producers into account, and targets an overall refurbishing rate of β.

Due to imperfect collection and refurbishing, the maximum share of refurbished
components in each primary producer’s output is less than one. We denote this max-
imum share by βI ∈ [0, β). We further use βC ∈ [0, 1) to denote the maximum share
of all used components that can be refurbished by the competitive refurbishing sector.
The total refurbishing rate is thus given by

β = βC + (1− βC)βI = 1− (1− βC)(1− βI). (2.38)

Primary producers maximize their flow profit by setting their product price (the
markup decision) and deciding on how much to refurbish (the refurbishing decision).
Since the overall refurbishing target β is set by the governmental agency, primary
producers foresee that a higher internal refurbishing means a smaller competitive re-
furbishing sector. At the same time, since with an internal refurbishing rate bIi ∈ [0, βI ]
the unit production cost becomes

ci = (1− bIi )cNi + bIi c
I
Ri
,

where cNi = A−1
i ((A∗)−ψLw + (A∗)−ψMpM ) and cI

Ri
= A−1

i (A∗)−ψLw, it is clear that
cNi > cRi and internal refurbishing also lowers unit production cost. Primary producers
thus rationally conduct the maximum amount of refurbishing that is possible to them,
i.e. bIi = βI , while continuing to set a markup of ε

ε−1 over the marginal cost.
Before we proceed, we note that the baseline model is embedded in this more

general framework. If βI = 0, meaning the primary producer has no market power in
the refurbishing sector, we return to the baseline model. This is for example the case
if the primary producer cannot collect used components directly from their customers,
but must purchase old components from the governmental agency the same way as

29Another potential challenge concerns the factor market interaction, through which refurbishing
affects the cost of innovation. While we have assumed a single labor market and a uniform skill level,
these assumptions can be relaxed. Allowing research to be conducted only by high-skilled workers
or allowing different wage rates for high- and low-skilled workers will not affect the result, as long as
low-skilled labor is scarce and high-skilled labor is mobile between both types of labor markets.
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competitive refurbishers. At the other extreme, if we set βI = β, the primary producer
has full power over the refurbishing process. This would be the case if there is no
separate collection sector, and the primary producers are fully vertically integrated.

The rest of the analysis follows the baseline model almost exactly. In particular, we
continue to use the primary producer’ labor cost share φN , total production labor LX
and the effective resource stock E as the key variables for the reduced form relations,
while defining the composite parameter

BC(βC) ≡ 1− βC

ε− 1 λθ∗.

With internal refurbishing, the primary producers’ material and labor demand now
satisfies

M

LN
= (A∗)ψL−ψM (1− βI),

while the labor share in primary production cost is now:

φN = w(A∗)−ψL
w(A∗)−ψL + (1− βI)pM (A∗)−ψM .

Accordingly, with internal refurbishing, the reduced form differential equation sys-
tem in Lemma 2.1 now changes to:

φ̂N = (1− φN )(Ψ + λθ∗)
[
1−

(
1 + BC(βC)

Ψ + λθ∗
φ−1
N

)
LX

]
(2.39)

L̂X = [Ψ− ρ− (Ψ + λθ∗)φN ]−
[
Ψ−BC(βC)− (Ψ + λθ∗)φN

]
LX (2.40)

Ê = Ψ−
(
Ψ + (1− β)E−1

)
LX . (2.41)

Compared to Lemma 2.1, while the dynamics of the effective resource stock E are still
affected by the aggregate refurbishing rate β, φN and LX are now only affected by the
rate of competitive refurbishing βC , as BC(βC) replaces B(β) in (2.30) and (2.31).

The similarity of the reduced form equations indicates that the dynamic behavior
of this generalized framework will be qualitatively similar to that of the baseline. Par-
ticularly, as internal refurbishing is already at its upper bound, raising the refurbishing
rate β translates directly into raising βC and all the results of the baseline will carry
through directly. However, what motivates us to this particular model extension is
whether or not the crowding out of innovation will still occur if refurbishing is done
by the primary producers themselves. The answer to this question, for the balanced
growth regime, is provided by the next proposition.30

Proposition 2.3. Consider an economy in a balanced growth steady state hit by a shock
that permanently raises the internal refurbishing rate βI , while keeping the competitive
refurbishing rate βC ∈ [0, 1) unchanged.

30If the economy is in the vanishing scarcity regime, raising βI while keeping βC unchanged will
only reduce the steady state effective resource stock E1. This means that E(0) > E1 and there is no
longer scarcity.
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1. Immediately following the shock, economy-wide production and consumption in-
crease (LX , y ↑), while research effort and growth drop (LA, g ↓). Along the
transition, production labor and labor cost share fall (LX , φN ↘), while relative
resource price, research effort and growth rise (pM /w,LA, g ↗). The economy
converges to a new steady state with the same growth rate but a lower technology
level compared to BAU.

2. The effect of higher internal refurbishing on lifetime consumption utility depends
on the resource bias of technology (ψM − ψL): lifetime consumption utility is
always increasing in βI if ρ

λ ln γ < ψM−ψL < (1+ψL)ρ
(1+ψL)λ ln γ−ρ , and always decreasing

in βI if ψM − ψL ≥ (1+ψL)ρ
(1+ψL)λ ln γ−ρ .

Proposition 2.3 shows that the result of the dynamic trade-off induced by increased
refurbishing is robust to internal refurbishing. While this might seem surprising at
first glance, it is in fact logical since refurbishing crowds out innovation not just by
its business-stealing effect but also by competing with research for labor. Although
internal refurbishing does not affect the market share of the primary producers (B(βC)
unchanged), by raising labor demand and lowering material scarcity it drives up the
labor cost share φN immediately following the shock, which raises the cost of innova-
tion. Before the labor cost share converges back to the steady state level, the innovation
incentives are reduced due to the increased cost of innovation. Whether the loss of in-
novation outweighs the short-run gains of consumption again depends on the resource
bias of technical change. Since internal refurbishing does not affect the steady state
labor allocation, the impact on lifetime consumption utility no longer depends on the
initial refurbishing rate. The short-run benefit always dominates the long-run cost of
a lower technology level if technical change is insufficiently resource-saving, while the
long-run cost dominates if technology is sufficiently resource-saving.

2.5.2 Endogenous competitive refurbishing

We now endogenize the size of the competitive refurbishing sector, by assuming free
entry in this sector and a refurbishing cost that increases with the refurbishing rate.
To focus on competitive refurbishing, we again assume away the possibility of internal
refurbishing by the primary producers.

Instead of facing a fixed labor requirement and paying a maximal fee to the govern-
ment for collection, we now assume that refurbishers constitute a perfectly competitive
fringe that collects used components and brushes them up to make them as new. This
integrated process of refurbishing requires labor effort. The bigger the fraction of used
components that is refurbished, the higher the average cost of refurbishing. In partic-
ular, refurbishers need a factor δ more labor than primary producers, where this factor
increases with the rate of refurbishing, βi, which continues to face a technical upper
bound. That is, (2.5) changes to

xRi = min
{

(δ(βi))−1Ai(A∗)ψLLRi , Zi
}
,
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where δ(βi) and βi satisfy the following assumption:

Assumption 2.3. The refurbishing rate is bounded above by βu ∈ (0, 1). The unit
labor requirement in refurbishing increases with the refurbishing rate, and approaches
infinity as βi approaches its upper bound: δ′(βi) > 0 and lim

βi→βu
δ(βi) =∞.

Free entry of the refurbishing sector requires that the unit refurbishing cost equals
the market price of components:

pi = τ−1δ(βi)A−1
i (A∗)−ψLw, (2.42)

where τ ≥ 1 is a governmental subsidy on refurbishing.
The primary producer of industry i sets the price to maximize profits, anticipating

that it will sell only (1−βi) of the total market, that total market demand has a price
elasticity ε and that refurbishers will respond to price changes according to the above
free-entry condition. That is, the primary producer maximizes (1 − βi)(pi − cNi )xi
subject to (2.2) and the endogenous response of βi, which results in markup pricing,
pi = mi · cNi , where mi denotes the markup. It is easily verified that there is again a
uniform refurbishing rate (βi = β) across all sectors, and consequently also a uniform
markup given by

mi = m = ε+ η

ε+ η − 1 , (2.43)

where η captures the equilibrium response of refurbishers to price changes derived from
the free entry condition

η ≡ −∂ ln(1− β)
∂ ln p = δ(β)

(1− β)δ′(β) . (2.44)

Examining (2.43), we see that the adjusted markup essentially follows the standard
markup rule but uses the effective elasticity of substitution, ε+ η. This is intuitive as
primary producers not only face inter-industrial competition from producers of other
industries (ε), but also intra-industrial competition from the refurbishers (η) of the
same industry. In the baseline model, collection is done by a governmental agency and
the unit refurbishing cost does not respond to the refurbishing rate, so δ′(β) = 0 and
η = 0. Without the endogenous response of the refurbishing market share, there is no
need for the primary producers to adjust their markup. With the endogenous response
of the refurbishing sector, profit maximizing primary producers need to consider the
impact of their pricing decision on the intensity of intra-industrial competition.

We do not change the cost structure for primary producers, so we still have pi =
m · cNi = mA−1

i (A∗)−ψLwφ−1
N . The free-entry condition of refurbishers is thus also:

m = τ−1δ(β)φN . (2.45)

Since m > 1 and φN ≤ 1, (2.45) means that δ(β) > 1 in equilibrium even if τ = 1
(that is, without a refurbishing subsidy). This suggests that refurbishing is less labor
efficient when compared to primary production.
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Equations (2.43) and (2.45) define the best-response of the primary producer and
the competitive fringe of refurbishers in the Stackelberg game in prices. Together,
(2.43), (2.44), and (2.45) solve for β, η,m and δ as functions of φN , which depends on
the exact specification of the cost function δ(β).

The rest of the model is as in the baseline. When finding the reduced form of
the model, we now need to account for the fact that the refurbishing rate and labor
requirement in refurbishing depend on φN . As a result, the share of primary production
of the total production (LN/LX), the business size indicator of the primary producers
(B), and total spending relative to wage cost ( ypy

wLX
) now become functions of φN :

n(φN ) ≡ LN
LX

= 1
1 + δβ/(1− β) , (2.46)

B(φN ) ≡ λθ∗(m− 1)n(φN ), (2.47)
1

s(φN ) ≡
ypy
wLX

= m

1− β
n(φN )
φN

. (2.48)

The variable s can be interpreted as an inverse measure of spending or a measure of
the savings rate.31 We further denote the elasticity of spending with respect to the
labor share by εs, which has the following properties:

εs ≡
∂ ln s
∂ lnφN

; εs < 1; lim
φN→0

s(φN ) = (θ∗)
1
ε−1βu; lim

φN→0
εs = 0.

We again have three expressions of capital returns: returns to innovation, to re-
source conservation, and to savings, as given below:

r − ŵ

= B(φN )
φN

LX − λθ∗(1− LX), if LX < 1

< B(φN )
φN

, if LX = 1
(2.49)

r − ŵ = Ψ(1− LX)− (1− φN )−1φ̂N , (2.50)

r − ŵ = ρ+ L̂X − εs(φN )φ̂N . (2.51)

Combining the three expressions to eliminate r − ŵ and adding the equation for the
extraction of the effective stock, the dynamics of the model can again be summarized
in three differential equations in LX , φN , E, as a counterpart of Lemma 2.1:

φ̂N = (1− φN )(Ψ + λθ∗)
[
1−

(
1 + B(φN )

Ψ + λθ∗
φ−1
N

)
LX

]
(2.52)

L̂X = εs(1− φN )Ψ− ρ− [1− εs(1− φN )]λθ∗

+
[
[1− εs(1− φN )]

(
B(φN )
φN

+ λθ∗
)
− εs(1− φN )Ψ

]
LX

(2.53)

Ê = Ψ−
(
Ψ + n(φN )E−1

)
LX . (2.54)

31Conventionally, the savings rate in a closed economy is defined as investment over the sum of
investment and consumption, which amounts to wLA/(ypy + wLA) here. Since LA = 1 − LX , our
variable s is directly related to the conventional savings rate.
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As a first step towards characterizing the steady state, we consider a candidate
steady state with both φN and LX constant. This requires:

¯̄B ≡ ρΨ + λθ∗

Ψ− ρ = B(φN )
φN

. (2.55)

In the above equation, B(φN ) in the numerator captures the business-stealing effect,
where higher wages, as reflected in higher φN , affects refurbishing and thus the primary
producer’s market size, while φN in the denominator captures the cost-of-innovation
effect, where higher wages make R&D more costly. While in the baseline the business-
stealing effect is exogenous (exogenous β), here the refurbishing rate and thus also the
business-stealing effect endogenously adjust according to the labor cost share.

Whether (2.55) can hold at equality determines the existence of an interior or
corner steady state. The stability of such a steady state then depends on the sign
of ∂(B(φN )/φN )

∂φN
near the steady state. Accordingly, we find three steady states, as

summarized below.

Lemma 2.3. Define B1 ≡ B(1) and B0 ≡ limφN→0
B(φN )
φN

. If Ψ > ρ, then a steady
state with bounded E has the following properties:

I. (“balanced growth”) If B1 < ¯̄B < B0, for any φIN ∈ (0, 1) with B(φIN )/φIN = ¯̄B
and limφN→φIN

d(B(φN )/φN )/dφN < 0 there is a saddle-point stable steady state
characterized by:

SSI : φN = φIN , LX = 1− ρ

Ψ , E = n(φIN )LX
Ψ(1− LX) . (2.56)

II. (“no resource scarcity”) If ¯̄B ≤ B1, there is a saddle-point stable steady state
characterized by:

SS1 : φN = 1, LX = ρ+ λθ∗

B1 + λθ∗
, E = n(1)LX

Ψ(1− LX) . (2.57)

III. (“no labor scarcity”) If B0 ≤ ¯̄B, there is a saddle-point stable steady state char-
acterized by:

SS0 : φN → 0, LX = min
{
ρ+ λθ∗

B0 + λθ∗
, 1
}
, E → 0. (2.58)

Consumption vanishes (stays constant, grows unboundedly) if (1+ψM )λ ln γLA <
(=, >) ρ. Employment grows in the refurbishing sector, while falling in primary
production: L̂N < 0 and LR → LX .

Lemma 2.3 presents all locally saddle-point stable steady states that are consistent
with our current setting. It is apparent that the current setting is much more flexible
than the one considered in the baseline, and uniqueness of the steady state is not
generally warranted. If B(φN )/φN is monotonically increasing or hump-shaped in φN ,
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for example, multiplicity and self-fulfilling expectations can be easily generated. This
suggests that the comparability with the baseline, and consequently also the robustness
of the baseline reults, will depend on the shape of B(φN )/φN as a function of φN , which
in turn depends on the properties of the refurbishing cost δ(β). To proceed, we focus
on a case that is more directly comparable to the baseline.

Assumption 2.4. Suppose δ(β) is such that B(φN )/φN is monotonically decreasing
in φN and B0 > ¯̄B > B1.

Given Assumption 2.4, the model features a unique saddle-point stable steady state
characterized by (2.56), which is directly comparable to the balanced growth steady
state in the baseline. To evaluate the economic impact of raising the refurbishing rate
in this extended framework, we now consider the impact of introducing a refurbishing
subsidy. The results are summarized in the next proposition.

Proposition 2.4. Consider an economy in a balanced growth steady state hit by a
policy shock that permanently raises the refurbishing subsidy τ .

1. Immediately following the shock, employment in production increases (LX ↑), but
research effort and growth fall (LA, g ↓). Consumption can rise or fall depending
on the immediate response of the refurbishing rate. If the refurbishing rate falls
or increases moderately, consumption rises immediately following the shock; if
the refurbishing rate increases sufficiently, consumption falls.

2. Along the transition, production labor and labor cost share fall (LX , φN ↘), while
the refurbishing rate, research effort, and growth rise (β, LA, g ↗). The economy
converges to a new steady state with the same growth rate but a lower technology
level compared to BAU.

Not surprisingly, the response of the labor allocation between production and re-
search is very similar to that of the baseline. This similarity, however, does not directly
translate to conclusions on the consumption response. While higher LX means more
production, since the refurbishing sector is less labor efficient, a larger refurbishing
sector means a lower average labor productivity, which tends to decrease output. The
net effect on output and consumption thus depends on the endogenous response of the
refurbishing rate, which again depends on the specific cost function δ(β). Independent
of the short-term consumption response, it is clear from Proposition 2.4 that the dy-
namic cost of lower innovation and growth remains. The ambiguous short-term benefit
coupled with unambiguous long-term cost thus hints at a more pessimistic prediction
concerning the overall economic impact.

Numerical example We now illustrate the economic response to the introduction
of a refurbishing subsidy using a numerical example. In line with Assumption 2.3, we
assume the following refurbishing cost function

δ(β) = δ̄(βu − β)−1/η̄,
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Parameter Value Source

ε 7 Baseline
ρ 0.05 Baseline
ψL 0 Baseline
ψM 5 Baseline
λ 0.29 Baseline
ln γ 0.39 Baseline
βu 0.435 Assumption
η̄ 1.7 Assumption
δ̄ 0.6088 Calibrate to target β = 11.7%

Table 2.3: Parameter values (endogenous refurbishing rate)

which introduces three additional parameters (βu, η̄, δ̄). For (ε, ρ, ψL, ψM , λ, γ), we take
the same values as in the baseline. We choose βu and η̄ such that Assumption 2.4 is
satisfied and there is a unique, balance-growth steady state. Finally, we calibrate δ̄ to
match the 11.7% circularity as in the baseline. The parameter values are summarized
in Table 2.3.

The economy at the above parameter values is characterized by the following:

∂η

∂β
< 0, ∂m

∂β
> 0; (2.59)

∂β

∂φN
< 0, ∂δ

∂φN
< 0; (2.60)

∂n

∂φN
> 0, ∂B

∂φN
> 0, ∂(B/φN )

∂φN
< 0. (2.61)

Intuitively, (2.59) means that the higher the refurbishing rate, the less the market size
of the refurbishing sector responds to a price change. From the primary producer’s
perspective, the intra-industrial competition decreases with β, allowing them to set a
higher markup. (2.60) reflects the fact that refurbishing is more labor intensive than
primary production. Consequently, higher wage relative to resource price (as reflected
by a higher φN ) increases the cost of refurbishing relative to its return, and lowers the
market size of the refurbishing sector. Relatedly, (2.61) suggests the share of the pri-
mary sector in production n and its profitability B increase as labor becomes relatively
more expensive (as reflected by a higher φN ). Consequently, the business-stealing and
the cost-of-innovation effects work in opposite directions: higher φN increases inno-
vation incentives through a larger market size for the primary producers, but lowers
innovation incentives through more expensive labor. By fulfilling Assumption 2.4,
however, the latter dominates the former.

Starting from an economy without refurbishing subsidy (τ = 1), we now introduce
a 10% permanent refurbishing subsidy (τ = 1.1) and simulate the economic response
of the key variables. The results are illustrated in Figure 2.8. In addition to the
calibrated value of δ̄ (Panel (c)), we show the results for two more δ̄ values (Panel (a)
and Panel (b)) to illustrate all possible cases mentioned in Proposition 2.4.
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(a) δ̄ = 0.7

(b) δ̄ = 0.655

(c) δ̄ = 0.6088

Figure 2.8: Response to a 10% refurbishing subsidy (τ = 1.1)
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Figure 2.9: Effect of refurbishing subsidy on lifetime consumption
utility (δ̄ = 0.6088)

While in Panel (a) with a relatively large δ̄ value β falls initially, in Panels (b) and
(c) β increases immediately. This difference is due to the different immediate response
of φN . While in all three cases, φN increases immediately after the policy shock, the
magnitude of the change decreases with δ̄. Intuitively, the larger the cost coefficient
of refurbishing, the larger is the potential effect of a proportional refurbishing subsidy
on the relative labor cost. Since η and thus the markup m are unaffected by δ̄, from
(2.45) it follows that if the immediate increase of φN is larger than the subsidy rate
(so that φN increases), β will fall immediately after the policy shock.

The different immediate responses of β affect how consumption and resource use
change relative to BAU. In Panel (a), the fall in β together with a rise in LX means that
the economy is more labor efficient in the short run and thus output and consumption
rise. As the refurbishing rates rises over time and the technology grows more slowly
than in BAU, however, consumption eventually falls behind the BAU level. As for the
resource use, the immediate fall in the refurbishing rate means that in the short run
the resource use increases. Over time, a lower technology level means that resource
use continues to be above the BAU level.

In Panel (b), β also falls immediately after the policy shock, which explains the
similar pattern of resource use as in Panel (a). Since the immediate rise of the re-
furbishing rate is rather small, consumption rises moderately in the short run due to
higher LX .

In Panel (c), β jumps up immediately after the policy shock. While resource use
accordingly falls in the short run relative to BAU, the lowered average labor produc-
tivity means that the short run consumption also falls. Over time, the lower pace of
innovation together with rising refurbishing rate means that consumption continues to
be lower than that of BAU, while resource use rises beyond the BAU level.

In terms of the overall effect on the lifetime consumption utility, the picture is
similar for all three δ̄ values and is illustrated in Figure 2.9 for the case of δ̄ = 0.6088.
Starting from τ = 1 (no tax or subsidy), the graph illustrates the effect of a permanent
refurbishing subsidy ranging from 1 to 20 percent. The overall effect on the lifetime
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consumption utility is negative for the entire range of τ considered. Thus with the
endogenous response of the refurbishing sector, the overall economic impact of raising
the refurbishing rate continues to be negative.

2.6 The environmental impact

The main interest of this chapter has been the economic impact of a circular economy
in the presence of resource-saving technical change. The analysis so far shows that,
particularly when technical change has a strong resource-saving bias, promoting re-use
and refurbishing does not necessarily bring an economic benefit. This result, however,
does not preclude the overall benefit of a circular economy. Indeed, a major incen-
tive for promoting a circular economy is the reduction of the negative environmental
impact associated with resource extraction and processing. Even if raising circularity
lowers households’ lifetime consumption utility, a circular economy can still be welfare
improving.

To illustrate this point, we turn to the overall welfare impact of raising the refur-
bishing rate. We return to the baseline model and focus on the balanced growth
regime for this purpose. Since the lifetime utility of the households is given by
U0 =

∫∞
0 ute

−ρt dt, where ut = ln yt − µnt, the overall welfare can be written as
the sum of two terms:

U0 =
∫ ∞

0
ln yte−ρt dt︸ ︷︷ ︸
≡Uy,0

−µ
∫ ∞

0
nte
−ρt dt︸ ︷︷ ︸

≡Un,0

= Uy,0 − µUn,0. (2.62)

While Uy,0 captures the discounted sum of consumption utility, Un,0 is the discounted
sum of environmental damages.

The fact that resource extraction and processing have a higher environmental im-
pact than refurbishing can be captured by ∂nt

∂Mt
> 0. A permanent increase of the

refurbishing rate leads to the following change in environmental damage relative to
BAU:

dUn,0 =
∫ ∞

0
dnt e−ρt dt =

∫ ∞
0

(
∂nt
∂Mt

Mt dlnMt e
−ρt
)

dt,

where dlnMt captures how resource extraction and thus the waste flow at any point
in time compare to the BAU level. According to Lemma 2.2, in the balanced growth
regime resource extraction falls immediately after the shock to the refurbishing rate
but gradually increases and eventually surpasses the BAU level. Thus when raising the
refurbishing rate, dlnMt is first negative in the short run, but will turn positive after
some time. The next lemma states the condition in order for an overall environmental
benefit to occur.

Lemma 2.4. Increasing the refurbishing rate leads to an environmental benefit (i.e.
lowering Ud) only if the marginal damage ( ∂nt∂Mt

) grows at a slower rate than the reduc-
tion rate of emission Mt.
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Intuitively, as the waste flow and the environmental damage caused by it falls in
the short run but rises over time relative to BAU, an environmental benefit only occurs
if the short-run reduction of the waste flow is sufficiently valuable. Since the change of
waste flow relative to the BAU level is evaluated by the level of damage (as measured
by ∂nt

∂Mt
Mt) at each point in time, an overall environmental benefit requires that current

damage is already relative high compared to future damages. Given that the absolute
level of the waste flow Mt falls over time, an environmental benefit occurs as long as
the marginal damage does not rise too fast, which in turn poses restrictions on the
curvature of the damage function n(·).

Since the magnitude of the environmental benefit, if present, depends on the relative
utility weight µ and the curvature of the damage function, among other things, we now
turn to specific examples and numerical exercises for the overall welfare impact.

Numerical example Let us consider a simple flow damage function given by

n(Mt) = M ξ
t

ξ
,

where ξ is the elasticity of marginal damage. With this damage function, households
essentially suffer a disutility from the amount of newly generated waste, for example,
due to the reduction of amenity services of the natural environment caused by the waste
flows. To assess the magnitude of the environmental impact, three parameters need
to be determined: (µ, ξ,A∗0). A∗0 affects the size of the initial waste flow, ξ captures
how quickly environmental damage rises when the waste flow increases, and finally,
µ is the relative utility weight of environmental damage to consumption utility. We
set the utility weight of environmental damage to 0.01 following Gradus and Smulders
(1993), while allowing the A∗ and ξ to vary.

For an initial refurbishing rate ranging from 0.08 (that is, ¯̄β) to 0.65, Figure 2.10
illustrate the overall welfare impact of raising the refurbishing rate by 10% for differ-
ent parameter combinations. While the blue solid curves illustrates the difference of
lifetime consumption utility compared to the BAU level, the red dashed curves show
the changes to the environmental damage and the yellow dash-dotted curves show the
overall welfare impact.

A first thing to notice is that for all combinations of the parameters considered, an
environmental benefit is present, reflected by the reduction in environmental damage
as compared to BAU. Further, the reduction in environmental damage seems U-shaped
in the initial refurbishing rate. This is because while a higher initial refurbishing rate
corresponds to a lower resource use (that is, lowerMt), it also means a larger reduction
of the resource flow compared to the BAU level (that is, a large magnitude of dlnMt).
And finally, the reduction in environmental damage increases in magnitude with higher
ξ and lower A∗0. A higher ξ means that the marginal damage falls more quickly, as Mt

decreases over time. Thus the initial damage reduction compared to BAU is weighted
more heavily, leading to larger reduction of overall environmental damage over time.
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(Horizontal axes: initial circular-
ity)

Figure 2.10: Welfare effect of a 10% increase of β

A lower A∗0, on the other hand, simply scales down the environmental damage and its
reduction for all time.

While an environmental benefit is present for all parameter combinations consid-
ered, the economic impact in Figure 2.10 is always negative. Adding up the two, the
overall welfare impact is ambiguous: whether an overall welfare gain exists depends on
the specific parameter combination and the initial refurbishing rate.

To summarize, this numerical exercise thus shows on the one hand that a circular
economy could be welfare improving despite of bringing an economic loss, but on the
other hand, also highlights the danger of failing to account for and address the potential
negative economic impact.

2.7 Final remarks

The increasing interest for a circular economy in recent years is a welcome development
for sustainability. Casting a circular economic transition as a no-cost, win-win solution
to our environmental problems, however, can be misleading. As closing the material
loop changes the structure of the economy, it can very well have unintended effect on
existing green growth mechanisms. This chapter demonstrates that promoting re-use
and refurbishing can crowd out innovation for creating newer, more efficient products.
If technical change is strongly resource-saving, crowding out innovation could be very
costly and reduce or even eliminate the overall economic benefit.

Inasmuch as our result sounds the alarm, it points out potential opportunities.
Firstly, questions can be raised in terms of how policies can mitigate the potential
negative effect on innovation and growth. To dampen the innovation crowd-out, it
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should for example be investigated if certain R&D promoting policies should be intro-
duced simultaneously with circular economic measures, or if and how existing R&D
policies can be modified to accommodate the change introduced by a circular econ-
omy. Secondly, crowding out innovation in the primary sector turns out to be costly in
this chapter also because the secondary sector is much less innovative. While existing
patent data seems to corroborate this assumption, it can nevertheless be asked if the
secondary sector can be made more innovative. This is of course also a question of
market structure and of the role of the public sector. To which degree the municipal-
ities can and should be more of a market facilitator instead of a service provider in
the waste management sector, for example, merits more research and discussions. This
will affect how innovative the secondary sector can be and have important implications
for the overall economic benefit of promoting a circular economy.

2.A Appendix

2.A.1 Proof of Lemma 2.1

Combining (2.25) and (2.26) to eliminate r and ŵ gives us

φ̂N = (1− φN )
[
Ψ(1− LX) + λθ∗(1− LX)−B(β)LX

φN

]
= (1− φN )(Ψ + λθ∗)

[
1− (1 + B(β)

Ψ + λθ∗
φ−1
N )LX

]
.

Combining (2.25) and (2.28) to eliminate r and ŵ and plugging in (2.30), we have

L̂X = B(β)LX
φN
− λθ∗(1− LX) + φ̂N − ρ

= [Ψ− ρ− (Ψ + λθ∗)φN ]− [Ψ−B(β)− (Ψ + λθ∗)φN ]LX

By definition of E, we have

Ê = (ψM − ψL) ln γλLA −
M

S
= ΨLA −

M

S
. (2.A.1)

By (2.16) and (2.18),
M

S
= LN

E
= (1− β)LX

E
. (2.A.2)

Therefore
Ê = Ψ−

[
Ψ + (1− β)E−1

]
LX . (2.A.3)

2.A.2 Proof of Proposition 2.1

We first state and proof a lemma concerning the steady states.

Lemma 2.5. There are three possible steady states.

1. For all β ∈ [0, β̄), there exists a steady state characterized by (2.36).
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2. There exist ε̄ > 1 such that if Ψ > ρ and ε < ε̄, ¯̄β > 0 and for all β ∈ ( ¯̄β, 1),
there exists a steady state characterized by (2.35).

3. For Ψ ≤ ρ, there exists an asymptotic steady state characterized by (2.37).

Proof of Lemma 2.5.
The Case of φN = 1
If φN = 1, we have

φ̇N = 0

L̇X = LX ((B + λθ∗)LX − (ρ+ λθ∗))

L̇X = 0 if LX = ρ+λθ∗
B+λθ∗ or if LX = 0. LX = 0, however, violates the Ramsey rule. To

see this, note that

py ∝ c∗N = (A∗)−1−ψLw

(
1 + pM (A∗)ψL−ψM

w

)
= (A∗)−1−ψLw

(
1 + 1− φN

φN

)

and with φN = 1, we have py ∝ (A∗)−1−ψLw. Thus, using (2.19), we have

ŷ + p̂y = (1 + ψL)Â∗ + L̂X − (1 + ψL)Â∗ + ŵ = L̂X + ŵ.

Plugging in (2.25) and LX = 0, we have

ŷ + p̂y = −ρ− λθ∗ + r − π∗

V ∗
+ λθ∗ = r − ρ− π∗

V ∗
< r − ρ.

So if φN = 1, L̇X = 0 is only possible if LX = ρ+λθ∗
B+λθ∗ , which is only feasible if B > ρ,

or equivalently, β < β̄.

The Case of φN ∈ (0, 1)
If φN ∈ (0, 1), φ̇N = 0 is given by LX =

[
1 + B

Ψ+λθ∗φ
−1
N

]−1
, and L̇X = 0 is given by

LX = 0 or LX = 1 + B−ρ
Ψ−B−(Ψ+λθ∗)φN . For φ̇N = L̇X = 0, the only possibility is when

φN = B(Ψ−ρ)
ρ(Ψ+λθ∗) , which is only feasible (that is, φN ∈ (0, 1) ) if Ψ > ρ and B < ρΨ+λθ∗

Ψ−ρ

(or equivalently, β > ¯̄β).

The Case of φN → 0
If φN = 0, we have L̇X = LX (Ψ− ρ− (Ψ−B)LX) so that L̇X = 0 if LX = 0 or if
LX = Ψ−ρ

Ψ−B . The case of LX = Ψ−ρ
Ψ−B violates the Ramsey rule. To see this, note that

py ∝ c∗N = (A∗)−1−ψMpM

(
1 + w

pM (A∗)ψL−ψM

)
= (A∗)−1−ψMpM

(
1 + φN

1− φN

)
.

If φN = 0, py ∝ (A∗)−1−ψMpM . Therefore

ŷ + p̂y = (1 + ψL)Â∗ + L̂X − (1− ψM )Â∗ + p̂M = r + L̂X −ΨLA.
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If LX = Ψ−ρ
Ψ−B ,

ŷ + p̂y = r −Ψ ρ−B
Ψ−B > r − ρ.

(LX = Ψ−ρ
Ψ−B is feasible if Ψ > ρ > B or if B > ρ > Ψ. For either case r−Ψ ρ−B

Ψ−B > r−ρ
holds. )

Thus if φN = 0, L̇X = 0 is only possible with LX = 0. In this case, L̂X = Ψ − ρ.
For this to be consistent with φN → 0 and LX → 0, it must be that Ψ < ρ.

Given the steady state LX , the steady state E is given by E = (1−β)LX
ΨLA .

The four different regimes and their stability properties follow directly from Lemma
2.5 and the phase diagrams in Figures 2.3 and 2.4. The derivation of the loci for the
phase diagrams can be provided upon request. We now show the additional equilibrium
properties for the “vanishing production labor” regime mentioned in Proposition 2.1.

If φN → 0 and LX → 0, L̂X → Ψ− ρ, which is only consistent with a declining LX
if Ψ < ρ. In addition, for φN → 0 to be consistent with LX → 0, effective resource
scarcity must increase, that is, E decreases, even if LA = 1. However, if E ≥ E1, then
E always increases for LA = 1 and we cannot have vanishing production labor. Thus
the “vanishing production labor” regime can only occur when E < E1 and Ψ < ρ.

Since the production function is Leontief, and all output is consumed, we have
y ∝ (A∗)1+ψLLX and

ŷ = (1 + ψL)Â∗ + L̂X . (2.A.4)

In the vanishing production labor regime, we have LX → 0 and φN → 0, which,
plugging into (2.31), gives L̂X → Ψ − ρ. Thus in the long run, consumption growth
rate is given by

ŷ → (1 + ψL)Â∗ + Ψ− ρ = (1 + ψM )λ ln γ − ρ.

Thus consumption increases if ψM > ρ
λ ln γ − 1, stays constant if ψM = ρ

λ ln γ − 1, and
decreases if ψM < ρ

λ ln γ − 1

2.A.3 Proof of Lemma 2.2

The effect of higher β on the steady state innovation and growth is given by Table
2.1. The direction of change along the transition towards the new steady state follows
from the phase diagrams. Here in this proof we focus on the immediate response to
the shock.

To see the immediate response to a β shock, we log-linearize around the steady
states. Using tilde to denote the log-deviation of a variable from its steady state
value, e.g. Ẽj ≡ lnE − lnEj , where the superscript j indicates which steady state
is concerned (1 for the “vanishing scarcity” and 2 for the “balanced growth” steady
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state), the log-linearized systems for the two steady states are given by


˙̃
E1

˙̃
L1
X

˙̃
φ1
N

 =


ΨL1

A −Ψ 0
0 λθ∗ + ρ −(Ψ + λθ∗)L1

A

0 0 ρ−ΨL1
A


︸ ︷︷ ︸

≡K1

×


Ẽ1

L̃1
X

φ̃1
N

 . (2.A.5)

and


˙̃
E2

˙̃
L2
X

˙̃
φ2
N

 =


ρ −Ψ 0
0 L2

X

L2
A

(B(β)− ρ) −B(β)L2
X

0 −1−φ2
N

φ2
N

L2
X

L2
A
B(β) 1−φ2

N

φ2
N
L2
XB(β)


︸ ︷︷ ︸

≡K2

×


Ẽ2

L̃2
X

φ̃2
N

 . (2.A.6)

Based on the log-linearized systems given above, the log derivation from the new steady
state at any time t is given by

˙̃
Ejt = Kj

11Ẽ
j
t +Kj

12L̃
j
X,t

where Kj
lm represents the element of Kj in row l and column m.

Let v1 and v2 be the absolute value of the negative eigenvalues (i.e. the adjustment
speed) of K1 and K2, respectively. Along the saddlepath towards the new steady state
(after the shock), we have Ẽjt = Ẽj0e

−vjt + Ẽj∞(1− e−vjt) from which we know

˙̃
Ejt = −vj

(
Ẽj0 − Ẽ

j
∞

)
e−v

jt = −vj(Ẽjt − Ẽj∞) = −vjẼjt

where the third equality sign follows from Ẽj∞ = 0 as both steady states are saddlepath
stable. Equating the two ˙̃

Ejt expressions, we derive the following expression for the
saddlepath close to the new steady state:

L̃jX,t = −v
j +Kj

11
Kj

12
Ẽjt . (2.A.7)

Immediately after the shock, Ẽj0 with respect to the new steady state is given by
Ẽj0 = ln E0

Ej
= ln Eo,j

En,j
, with the superscripts “o” and “n” denoting the old and the new

steady state, respectively. Similarly, L̃jX,0 = ln LjX,0
Ln,jX

= ln LjX,0
Lo,jX

+ln Lo,jX
Ln,jX

= L̃oX,0 +ln Lo,jX
Ln,jX

.
We thus have

L̃o,jX,0 = L̃jX,0 − ln Lo,jX
Ln,jX

= −v
j +Kj

11
Kj

12
ln Eo,j

En,j
− ln Lo,jX

Ln,jX
. (2.A.8)
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“Balanced growth” steady state:
For the “balanced growth” steady state, we have

ln
L2
X,0

Lo,2X
= −v

2 +K2
11

K2
12︸ ︷︷ ︸

>0

ln Eo,2

En,2︸ ︷︷ ︸
>0

− ln Lo,2X
Ln,2X︸ ︷︷ ︸
=0

> 0. (2.A.9)

Therefore, the immediate response of the economy is to allocate more labor towards
production, which lowers innovation and growth. Since consumption is given by

yt = (θ∗)−
1
ε−1LX,t(A∗t )1+ψL , (2.A.10)

immediately after the shock, production and consumption level goes up.

“Diminishing scarcity” steady state:
For the “diminishing scarcity” steady state, notice first that v1 = ΨL1

A − ρ.

ln
L1
X,0

Lo,1X
= 2ΨLn,1A − ρ

Ψ ln
[(1− βo)(Bn − ρ)

(1− βn)(Bo − ρ)

]
− ln B

n + λθ∗

Bo + λθ∗
. (2.A.11)

Let β̃o ≡ ln βn

βo . By Taylor expansion, we have32

ln Bo − ρ
Bn − ρ

= Bo −Bn

Bn − ρ
= Bn

Bn − ρ
ln 1− βo

1− βn

ln Bo + λθ∗

Bn + λθ∗
= Bn

Bn + λθ∗
ln 1− βo

1− βn = Bn

Bn − ρ
Ln,1A ln 1− βo

1− βn

ln 1− βo

1− βn = βn − βo

1− βn = βo

1− βn β̃
o

so that

L̃o,1X,0 =
[
−2ΨLn,1A − ρ

Ψ
ρ

Bn − ρ
+ Bn

Bn − ρ
Ln,1A

]
ln 1− βo

1− βn

= Ln,1A ln 1− βo

1− βn︸ ︷︷ ︸
>0

[
1− ρ

Bn − ρ

(
1− ρ

Ψ
1
Ln,1A

)]
︸ ︷︷ ︸

≡Ω(β,ε)

,

which can be positive, zero, or negative depending on the size of β and thus Bn and
Ln,1A .

2.A.4 Proof of Proposition 2.2

The consumption utility at the time of shock (t = 0) is given by

Uy,0 =
∫ ∞
t=0

ln yte−ρt dt =
∫ ∞
t=0

[
ln y0 +

∫ t

s=0
gsds

]
e−ρt dt,

32In general, for any variable y, the following holds in the if y is in the neighborhood of ȳ: ln y =
ln ȳ + y−ȳ

ȳ
.
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where gs is the growth rate of consumption at time s. The change in consumption
utility w.r.t. the old steady state (i.e. BAU) due to a marginal increase of β is given
by33

dUy,0 =
∫ ∞
t=0

[
dlny0 +

∫ t

s=0
dgs ds

]
e−ρt dt =

∫ ∞
t=0

[
ỹo0 +

∫ t

s=0
dgs ds

]
e−ρt dt,

where ỹo0 ≈
dy0
y0

denotes the log-deviation w.r.t. the old steady state (BAU). Immedi-
ately after the shock, the economy jumps to the saddle-path towards the new steady
state. Log-linearizing around the new steady state gives

gs − gn ≈ gng̃s = gn
[
g̃0e
−νs + g̃∞(1− e−νs)

]
= gng̃0e

−νs,

where ν the magnitude of the adjustment speed towards the new steady state and the
last equality follows from the fact that g̃∞ = 0 holds along the saddle path. Since
dgs = (gs − gn) + (gn − go), we thus have

dlnyt = ỹo0 +
∫ t

s=0

[
gng̃0e

−νs + (gn − go)
]
ds = ỹo0 + gng̃0

1− e−νt

ν
+ (gn − go)t,

(2.A.12)

and consequently

dUy,0 =
∫ ∞
t=0

[
ỹo0 + gng̃0

1− e−νt

ν
+ (gn − go)t

]
e−ρt dt = ỹo0

ρ
+ gng̃0
ρ(ρ+ ν) + gn − go

ρ2 .

(2.A.13)

From (2.19), we have

ỹo0 = L̃oX,0 = L̃X,0 − ln L
o
X

LnX
. (2.A.14)

and
g0 = L̂X,0 + (1 + ψL)Â∗0 = ˙̃LX,t + (1 + ψL)λ ln γLA,0.

Since along the saddle path to the new steady state, L̃X,t = L̃X,0e
−νt and thus ˙̃LX,t =

−νL̃X,t holds, we have

g̃0 ≈
g0 − gn

gn
= −νL̃X,t + (1 + ψL)λ ln γLnAL̃A,0

(1 + ψL)λ ln γLnA
= −

(
ν

gn
+ LnX

1− LnX

)
L̃X,0.

(2.A.15)
33Alternatively, we can derive the same result by using:

dUy,0 =
∫ ∞

0
[dlnLX,t + (1 + ψL)dlnAt] e−ρt dt =

∫ ∞
0

[
L̃oX,t + (1 + ψL)

∫ t

s=0
dgA,sds

]
e−ρt dt.
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Finally,

gn − go = (1 + ψL)λ ln γ(LnA − LoA) = (1 + ψL)λ ln γLnX ln L
o
X

LnX
. (2.A.16)

Using (2.A.14), (2.A.15), (2.A.16) together with (2.A.7) and (2.A.8), dUy,0 can be
written as

dUy0 = 1
ρ

(
1− (1 + ψL)λ ln γ

ρ
LnX

)(
ρ

ρ+ ν
L̃X,0 − ln L

o
X

LnX

)

=


1
ρ ln 1−βo

1−βnF1(β), if 0 ≤ β ≤ ¯̄β
1
ρ ln 1−βo

1−βnF2(β), if ¯̄β < β < 1

(2.A.17)

where

F1(β) ≡ ρ

Ψ

(
1− (1 + ψL)λ ln γ

ρ
LnX

)[
−2 + ρ

ΨLnA
+ Bn

ρ

ΨLnA
ρ

]
ρ

Bn − ρ
(2.A.18)

F2(β) ≡ ρ

Ψ

(
1− (1 + ψL)λ ln γ

ρ
LnX

)
(2.A.19)

Notice that 1
ρ ln 1−βo

1−βn > 0. Further, for F1(β) we have
[
−2 + ρ

ΨLnA
+ Bn

ρ
ΨLnA
ρ

]
ρ

Bn−ρ ≥ 1,

with the equality sign holds when β = ¯̄β, since
∂

[
−2+ ρ

ΨLn
A

+Bn

ρ

ΨLn
A
ρ
−B

n−ρ
ρ

]
∂β ≤ 0 if β ≤ ¯̄β.

Thus lim
β→ ¯̄β

F1(β) = F2(β).

To determine the sign of dW0 we can thus distinguish between the following two
cases.

1. ψM − ψL < (1+ψL)ρ
(1+ψL)λ ln γ−ρ

In this case, 1− (1+ψL)λ ln γ
ρ Ln,2X > 0. And since Ln,1X ≤ Ln,2X , 1− (1+ψL)λ ln γ

ρ LnX > 0
for all β. Consequently, dW0 > 0 for all β.

2. ψM − ψL ≥ (1+ψL)ρ
(1+ψL)λ ln γ−ρ

F2(β) ≤ 0 holds always, but F1(β) > 0 possible if 1− (1+ψL)λ ln γ
ρ Ln,1X > 0. Since

∂Ln,1X
∂β > 0 and ∂Ln,1X

∂ε > 0, there generally exists a unique β∗ ∈ [0, ¯̄β], where
∂β∗

∂ε < 0, such that F1(β) > 0 if β ∈ [0, β∗) and F1(β) ≤ 0 if β ∈ [β∗, 1).

2.A.5 Proof of Proposition 2.3

The phase diagrams are the same as in Figure 2.4 with B(βC) replacing B of the
baseline. From (2.39)-(2.41), it is clear that in the balanced growth regime an increase
in βI does not affect the steady state φN or LX , but lowers steady state E (see also
(2.36) and (2.35)). Thus along the transition towards the new steady state, both LX
and E fall. The immediate response of labor allocation after the shock is given by
(2.A.8). Since steady state labor allocation is not affected by the shock but steady
state E falls, it follows from (2.A.8) that immediately after the shock, LX jumps up.
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The overall welfare impact again follows from (2.A.19). Thus dW0 > 0 if ψM−ψL <
(1+ψL)ρ

(1+ψL)λ ln γ−ρ , and dW0 ≤ 0 if ψM − ψL ≥ (1+ψL)ρ
(1+ψL)λ ln γ−ρ .

2.A.6 Proof of Lemma 2.3

(I.) A steady state with LX ∈ (0, 1), φN ∈ (0, 1) and hence L̂X = φ̂N = 0 requires
LX = 1 − ρ/Ψ and B(φN )/φN = ¯̄B for some φIN ∈ (0, 1). The solution exists
and is saddle-point stable if B/φN cuts ¯̄B from above for φN = φIN , which requires
d(B(φN )/φN )/dφN < 0 evaluated at φIN . The solution is consistent with LX > 0 only
if Ψ > ρ.

(II.) A steady state with LX ∈ (0, 1), φN = 1 and hence L̂X = φ̂N = 0 requires
LX = (ρ+ λθ∗)/(B1 + λθ∗). It is saddle-point stable if the φ̇N = 0 locus is above the
L̇X = 0 locus at φN = 1, which requires B1 ≥ ¯̄B.

(IIIa.) A steady state with LX ∈ (0, 1), φN → 0 is consistent with (2.51) and
(2.49) if r − ŵ = ρ = B0LX − λθ∗(1 − LX) and hence LX = (ρ + λθ∗)/(B0 + λθ∗).
To be consistent with LX < 1, we need B0 > ρ. Next, from (2.51) and (2.50) we
have φ̂N = Ψ(1 − LX) − ρ which needs to be negative to be consistent with φN → 0.
Substituting the solution for LX we find that φ̂N < 0 requires B0 < ¯̄B. Combining
the two conditions we find that this steady state exists if ρ < B0 < ¯̄B.

From (2.48), εs = 0, L̂X = 0, and p̂y = p̂M − (1 + ψM )Â∗, consumption growth
is ŷ = ŵ − p̂M + (1 + ψM )Â∗. Substituting r − ŵ = ρ and Â∗ = λ ln γLA we get the
condition for positive consumption growth.

Employment in primary production and its growth rate are LN = nLX and L̂N =
εn[ΨLA−ρ], respectively, where εn ≡ n′φN/n > 0 (with limφN→0 εn = 1) and the term
in brackets equals φ̂N < 0. Hence L̂N = ΨLA − ρ < 0. Employment in refurbishing
equals LR = LX − LN where LX is constant and LN falls to zero. Hence LR → LX .

From (2.46) and (2.45) we find n(0) = 0, so that (2.54) and Ė = 0 require E =
n(0)LX/Ψ(1− LX) = 0.

(IIIb.) A steady state with LX = 1, φN → 0 is consistent with (2.51) and (2.50) if
r − ŵ = ρ = −φ̂N and with (2.49) and (2.51) if r − ŵ = ρ ≥ B0. Hence this steady
state exists if B0 ≤ ρ. From (2.54) and LX = 1, we find Ê < 0 so that E converges to
zero.

(IV.) A steady state with LX = 0, φN = 0 implies from (2.49) and (2.50) that
r− ŵ = −λθ∗ = Ψ− φ̂N ⇔ φ̂N = Ψ + λθ∗ > 0 which contradicts φN → 0. Hence, this
steady state cannot arise as equilibrium.

2.A.7 Proof of Proposition 2.4

Combining (2.55) with (2.47) and (2.45), we see that ∂φssN
∂τ < 0. Consequently, a higher

refurbishing subsidy leads to a higher βss, a lower nss, and a lower Ess.
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To derive the transition path towards the new steady state, we now log-linearize
around the steady state, which gives us


˙̃
E
˙̃
LX
˙̃
φN

 =


ρ −Ψ −ρεssn
0 [(1− (1− φssN )εsss )ωss − ρ] L

ss
X

LssA
(1− (1− φssN )εsss )ωssLssX εssω

0 −1−φssN
φssN

LssX
LssA

B(φssN ) −1−φssN
φssN

LssXB(φssN )εssω


︸ ︷︷ ︸

≡K

×


Ẽ

L̃X

φ̃N

 .

(2.A.20)

where ω ≡ B(φN )
φN

, εω ≡ φN
ω

∂ω
∂φN

< 0, εn ≡ φN
n

∂n
∂φN

> 0, and εs ≡ φN
s

∂s
∂φN

.
Since ρ is obviously an eigenvalue of K and since

detK = ρ (K22K33 −K23K32) = ρ2 1− φssN
φssN

(
LssX
LssA

)2

B(φssN )εssω ,

as long as ∂ω
∂φN

< 0 near the steady state, detK < 0 and the steady state is saddle-path
stable. Again, use ν to denote the magnitude of the negative eigenvalue, we have

Ẽt = Ẽ0e
−νt

L̃X,t = ν +K11

−K12 + K13K32
K33+ν

Ẽt

φ̃N,t = − K32
K33 + ν

L̃X,t.

Since the new steady state has a lower Ess, Ẽ0 > 0 holds and thus also Ẽt > 0,
L̃X,t > 0 and φ̃N,t > 0. Immediately after the shock, LX jumps up, while the β
response is ambiguous.

2.A.8 Proof of Lemma 2.4

As in (2.A.13), we have

dlnMt = M̃o
0 + gnM g̃M,0

1− e−νt

ν
+ (gnM − goM )t.

From (2.16), Mt = (1 − β)LX,t(A∗t )−(ψM−ψL) holds and thus for the balanced growth
regime,

M̃o
0 = L̃oX,0 + dln(1− β) = L̃X,0 + dln(1− β)

gM,t = L̂X,t − (ψM − ψL)Â∗ = −νL̃X,0 −ΨLA,t

g̃M,0 = gM,0 − gnM
gnM

= −νL̃X,0 −ΨLnAL̃A,0
−ΨLnA

=
(

ν

ΨLnA
− LnX
LnA

)
L̃X,0.
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Thus for the balanced growth regime, dlnMt is given by

dlnMt = ln 1− βo

1− βnL
n
A

(ΨLnX
ν
− 1

)
︸ ︷︷ ︸

>0

[
1− ν + ρ

ρ
e−νt

]
. (2.A.21)

Clearly, dlnM0 is increasing in t, and dlnM0 < 0 and lim
t→∞

dlnMt > 0 hold. There thus
also exists a unique t0 > 0 such that dlnM0 < 0 for all t < t0 and dlnM0 ≥ 0 for all t ≥
t0. It is further easily verified that

∫∞
t=0 dlnMte

−ρt dt =
∫∞
t=0

(
1− ν+ρ

ρ e−νt
)
e−ρt dt = 0.

Since dUn,0 =
∫∞

0

(
∂nt
∂Mt

Mt dlnMt e
−ρt
)

dt, whether or not an environmental bene-
fit is present depends on how dlnMt is weighted over time. Suppose ∂nt

∂Mt
Mt is increasing

or constant over time. Then
∂nt
∂Mt

Mt ≤ ∂nt0
∂Mt0

Mt0, if t ≤ t0
∂nt
∂Mt

Mt ≥ ∂nt0
∂Mt0

Mt0, if t ≥ t0

Consequently,

dUn,0 ∝
∫ ∞
t=0

(
∂nt
∂Mt

MtdlnMt

)
e−ρt dt ≥ ∂nt0

∂Mt0
Mt0

∫ ∞
t=0

dlnMte
−ρt dt = 0.

Thus for an environmental benefit to be present (dUn,0), the marginal damage must
rise at a slower pace than M̂t.
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Chapter 3

THE DEMAND SIDE OF FINTECH
INNOVATIONS34

3.1 Introduction

The spectacular price surge of Bitcoin in 2017 has put the once esoteric blockchain-
based electronic money into the spotlight, and stimulated much public interest in
cryptocurrencies. Policymakers around the world have recognized the large potential
of this technology, both for increasing financial inclusion of the estimated 1.7 billion
currently under- and unbanked worldwide, and for improving the efficiency of cross-
border payments (G7, 2019). As central banks start to probe the idea of central
bank digital currencies (Barontini and Holden, 2019), private entities such as Facebook
are also attempting to launch their own cryptocurrencies. This latter development,
however, is raising the alarm and igniting a wave of debates concerning the various risks
cryptocurrencies pose to society due to the lack of adequate regulatory frameworks,
especially at the global scale. To benefit from the potential of this new technology while
limiting its risks, it is important to understand if and how cryptocurrencies differ (from
the perspective of consumers) from conventional, government-issued (fiat) currencies,
and what such differences imply for the various concerns raised in the ongoing debate.

One oft mentioned feature that sets cryptocurrencies apart from existing electronic
payment means is their transactional anonymity. Created in 2008 by Nakamoto (2008),
Bitcoin, the original and most prominent cryptocurrency, is designed as a peer-to-peer
electronic currency that makes use of cryptographic protocols for settlement and record
keeping. As such, Bitcoin and the subsequent cryptocurrencies unite the anonymity
of cash with the convenience of online payments. This transactional anonymity cou-
pled with cryptocurrency’s online and cross-border nature attracts various groups of
individuals ranging from criminals, oppressed minority groups, vulnerable citizens in
authoritarian regimes, to more privacy-concerned individuals in financially developed
regions.35

34This chapter is circulated as a working paper under the title “Anonymity, Secondary Demand,
and the Velocity of Cryptocurrency”.

35The anonymity and cross-border nature of cryptocurrencies has motivated the LGBT Foundation,
the largest LGBT health and community services charity in the UK, to launch its own token as a
way of empowering the community while allowing its members to stay anonymous. In Venezuela,
citizens are using Bitcoin to evade strict financial controls of an authoritarian regime (Cifuentes, 2019;
Hernandez, 2019). Schuh and Shy (2016) find privacy concerns to be important reasons for consumers
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However, what is often overlooked is that this intended anonymity is severely lim-
ited by the presence of know-your-customer (KYC) requirements on existing cryptocur-
rency exchanges. Recognized by regulators as Money Service Businesses, cryptocur-
rency exchanges are subject to existing banking regulations, requiring them to check
and document the identities of their users (FinCEN, 2013).36 This restriction means
that for those keen on preserving their online anonymity, seeking second-hand pur-
chases of cryptocurrencies on decentralized platforms becomes a more logical choice.
LocalBitcoins, a veteran peer-to-peer Bitcoin trading site active in over 1600 cities in
over 240 countries and territories, is a prominent example of such anonymous platforms,
through which individuals can meet in person to carry out cryptocurrency trades.37

Motivated by these observations, this chapter seeks to answer the following three
questions. Firstly, how does the anonymity-motivated secondary demand affect cryp-
tocurrency demand and usage? Secondly, how do changes in the KYC requirement
affect online consumption and cryptocurrency price? And finally, what are the policy
implications of anonymity-motivated secondary demand?

This chapter addresses these questions by analyzing cryptocurrency demand and
spending behavior in a search-theoretic model in the tradition of Lagos and Wright
(2005). This framework is most suitable here, since it makes explicit the frictions that
render a medium of exchange essential and gives a micro-foundation to money, yet
is quite tractable. The standard model has a two-subperiod structure: a frictionless
market opens in the first subperiod where agents balance their money holding, and a
frictional market opens in the second subperiod where money is needed for goods pur-
chase. In the spirit of that model, I interpret the frictional market as the online goods
market and cryptocurrency the electronic money used, and the frictionless market as
the primary cryptocurrency market. Importantly, however, I modify the standard
model with three key extensions.

Firstly, I modify the typical homogeneous agent setting into one with two types
of agents, differentiated by their different levels of desire for anonymity. While the
non-anonymity-seeking agents (N-types) are not affected by the KYC requirement
on the primary market, the anonymity-seeking agents (A-types) are deterred by the

adopting cryptocurrencies, while Borgonovo et al. (2018) confirm in an experimental setting that
privacy matters significantly for the choice of payment instrument. To date, an accurate estimate of
the relative importance of the different usages of cryptocurrencies does not exist. Take illicit use of
crytpocurrencies as an example, Foley et al. (2019) estimate that approximately 23% of the total dollar
value of transactions is associated with illegal activities, while according to the Crypto Crime Report
by Chainanalysis (a blockchain analysis company), the share of Bitcoin economic value flowing into
darknet markets has been less than 1% since 2016 (Chainalysis, 2019).

36The Financial Crimes Enforcement Network (FinCEN), a bureau of the U.S. Department of the
Treasury, considers cryptocurrency exchanges Money Service Businessess, and subjects them to existing
banking regulations related to KYC, Anti-Money Laundering (AML), and Counter-terrorist Financing
(CFT), see FinCEN (2013). The KYC requirements are expected to further intensify from this point.
In June 2019, the Financial Action Task Force (FATF), an inter-governmental AML/CFT standard-
setting body, issued new guidelines to require cryptocurrency businesses in roughly 200 countries to
verify the identities of anyone sending or receiving more than $1,000 worth of digital assets (FATF,
2019). Recommendations of the FATF are recognized as international standards and endorsed by over
180 countries.

37As of June 2019, LocalBitcoins no longer permits cash trading. Other peer-to-peer platforms
including LocalCoinSwap, Paxful, and Bisq, however, are ready substitutes.
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KYC requirement and do not demand cryptocurrency on the primary market. This
heterogeneity also means that in the standard two-subperiod setting, only the N-types
can consume on the online goods market. Thus, secondly, I extend the two-subperiod
structure to four subperiods by adding a secondary asset market and an additional
online goods market. After the first online goods market, the secondary asset market
opens where the A-types can purchase cryptocurrency from the N-types anonymously,
and subsequently consume on the second goods market. While the second goods
market provides an incentive for the A-types to demand cryptocurrency from the N-
types, this secondary demand introduces an additional motive for the cryptocurrency
demand of the N-types: namely, the N-types can demand cryptocurrency not only
with the intention of using it for online goods purchases, but also for resale on the
secondary market. Finally, I endogenize the participation decision of the N-types and
thus allow cryptocurrency velocity to adjust endogenously.

A few key results emerge from this modified setting. Firstly, contrary to the well-
known “hot potato” effect of inflation observed in fiat currencies, where the veloc-
ity of a currency (that is, the average number of times each unit of the currency is
used to purchase real goods and services) tends to be positively correlated with the
inflation rate, cryptocurrency velocity and opportunity cost can be negatively corre-
lated, consistent with Bitcoin data. This is because anonymity-motivated secondary
demand induces hoarding, and if the expected resale gain is sufficiently large, the
share of cryptocurrency hoarded can actually increase when the opportunity cost of
holding cryptocurrency increases, leading to a countervailing “demand composition”
effect. Secondly, with a secondary demand, the cryptocurrency price contains a spec-
ulative premium. By comparing the baseline results with a counterfactual exercise
which introduces a temporary waiver of the KYC requirement, I further show that
the anonymity-motivated secondary demand leads to lower online consumption and a
higher cryptocurrency price, as compared to the counterfactual. Finally, in terms of
implications for monetary policy, I show that due to anonymity-motivated secondary
demand, agents always hold cryptocurrency in the absence of participation cost, and
thus the existence of cryptocurrencies always limits the scope of central banks’ interest
rate setting. Concerning the national security risk, I show that the share of anonymity-
motivated use decreases both in the fixed participation cost and the opportunity cost
of cryptocurrencies. Thus, if all anonymity-motivated use is illicit, to have minimal
criminal use, it is important for a privately-issued cryptocurrency to be a sufficiently
“good” currency, in the sense that it has a minimal user fee and inflation rate.

The contribution of this chapter is fourfold. Firstly, while the existing literature
on cryptocurrencies has mostly focused on the supply side properties of cryptocurren-
cies (see e.g. Chiu and Koeppl (2019), Biais et al., 2019, and the literature reviewed
therein), this chapter aims at filling in the gap of understanding how cryptocurrencies
differ from existing electronic payment means from the consumers’ perspective. By
focusing on the feature of anonymity, this chapter complements Agur et al. (2019),
who consider the anonymity dimension in the optimal design of central bank digital
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currencies (CBDC), and Hendrickson and Luther (2019), who study criminal use of
cryptocurrencies in a potential cash ban. In contrast to these studies, this chapter
focuses on spatially segregated transactions, where cash as an anonymous alternative
is not feasible, and thus provides another setting where cryptocurrencies can be essen-
tial for anonymity-seeking users. In addition, by taking existing friction in attaining
anonymity through cryptocurrencies seriously and considering a peer-to-peer secondary
market, this chapter provides a more suitable setting for studying anonymity-motivated
demand of cryptocurrencies. By doing so, this chapter is capable of generating empir-
ically observed demand patterns for cryptocurrencies, and is able to address, from a
new viewpoint, a few of the public concerns about cryptocurrencies.

Secondly, to the best of my knowledge, this chapter is the first to provide a micro-
founded framework that considers the dual role of cryptocurrencies as a currency and
a speculative asset. Contrary to existing literature (see, among others, Fernández-
Villaverde and Sanches, 2019; Schilling and Uhlig, 2019; Benigno, 2019), the existence
of resale possibilities in this chapter renders cryptocurrency additionally a speculative
asset.

By providing an important rationale for secondary demand, this chapter is able
to provide an explanation, based on rationally behaving agents, for the speculation
of a currency, as compared to the speculation of dividend-yielding assets dealt with
in existing literature (see for example Lagos and Zhang, 2019). The novel mechanism
based on heterogeneous levels of desire for anonymity and the KYC requirement further
sets this chapter apart from Berentsen et al. (2007), Mattesini and Nosal (2016), and
Geromichalos and Herrenbrueck (2016). Although in these papers a currency can also
be exchanged for dividend-yielding assets through banks or secondary asset markets,
agents in these papers will only bring a currency into the secondary asset market if
there is an ex-ante expectation of using it as a medium of exchange. In contrast, in
this chapter agents bring cryptocurrency into the secondary asset market purely for
the purpose of speculating on a resale gain.

Thirdly, this chapter contributes to the search-theoretic literature on money de-
mand by providing a general framework that is suitable for both fiat money and cryp-
tocurrencies. As discussed in Liu et al. (2011), reconciling the search-theoretic litera-
ture with the observed positive correlation between fiat money velocity and inflation
rate has not been a straightforward task. By endogenizing consumer participation in
the primary market, this chapter is similar to Liu et al. (2011) and can easily generate
velocity patterns for conventional currencies. However, by allowing consumer hetero-
geneity and secondary demand, the model developed in this chapter is much richer
and can be seen to embed the setting presented in Liu et al. (2011) as a corner case,
where only one type of consumers uses money in equilibrium.

Finally, while I focus on the specific application of cryptocurrencies, the model
developed in this chapter is very general and can be applied to other contexts. The
model is directly applicable to the demand and usage of cash, which is a preferred local
medium of exchange by anonymity-seeking individuals. More generally, the model
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provides a way to study informal markets and the shadow economy from the angle
of transactions and payments. In this regard, the substitution of formal by informal
economic activities that occur in this model is very much consistent with the findings
in Aruoba et al. (2016), where increasing inflation of fiat money leads to a substitution
of consumption by housing demand.

The remainder of the chapter is organized as follows: Section 3.2 reviews the rele-
vant literature. Section 3.3 introduces the model and analyzes the equilibrium. Section
3.4 demonstrates that a negative correlation between cryptocurrency velocity and op-
portunity cost can emerge, contrary to the workings of fiat currencies but consistent
with Bitcoin data. Section 3.5 analyzes the implications of secondary demand on
cryptocurrency price, and conducts a counterfactual exercise introducing a temporary
KYC waiver. Section 3.6 discusses the policy implications of anonymity-motivated
secondary demand, and finally, Section 3.7 concludes the chapter.

3.2 Related literature

This chapter is related to several strands of literature. Firstly, it contributes to the
emerging strand of economic literature on cryptocurrencies. Similar to Fernández-
Villaverde and Sanches (2019), Schilling and Uhlig (2019), and Benigno (2019), who
study currency competition between privately-issued electronic currencies and fiat
money, this chapter confirms that cryptocurrencies and fiat money can coexist. How-
ever, by taking the anonymity aspect into account, this chapter challenges the com-
monly adopted assumption of perfect substitutability between the two types of cur-
rencies, and shows that central banks cannot completely drive out cryptocurrencies
by pegging the real value of fiat money. By providing a micro-foundation for specu-
lation, this chapter complements Bolt and van Oordt (2020), who recognize both the
transaction and the speculation components in cryptocurrency pricing, while studying
speculation in investors’ portfolio choice in a mean-variance framework. By highlight-
ing the anonymity feature, this chapter provides another incentive for cryptocurrency
demand and complements Ali et al. (2014) and Biais et al. (2019), who focus on the
transaction fee advantage of cryptocurrencies compared to existing payment instru-
ments. By taking seriously the existing frictions in attaining anonymity in online
transactions, this chapter provides a more suitable setting for studying anonymity-
motivated demand of cryptocurrencies, and complements Agur et al. (2019), who raise
the question whether CBDC should be more token-based (i.e. more similar to cash)
or account-based (i.e. more similar to bank deposits), and Hendrickson and Luther
(2019), who study the criminal use of cryptocurrencies in a hypothetical cash ban.

Secondly, by exploring speculation on a secondary asset market, this chapter is
also related to Berentsen et al. (2007), Mattesini and Nosal (2016), Geromichalos and
Herrenbrueck (2016), and Lagos and Zhang (2019). Similar to these papers, in my
model the secondary market also increases primary demand and the price of the asset
(cryptocurrency). However, this chapter does not rely on liquidity shocks to generate
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trading on the secondary market, a common theme in the mentioned papers. Instead,
here agents want to trade, since their different levels of desire for anonymity induces
differences in their cryptocurrency holdings. Furthermore, while in the mentioned pa-
pers an individual agent either uses a currency for consumption or trades it for another
asset, in this chapter an individual agent can simultaneously use cryptocurrency to do
both. This novel feature highlights how the role of a currency as a store of value can
affect its role as a medium of exchange by inducing hoarding behavior.

Relatedly, the mechanism of hoarding studied here exhibits parallels to the phe-
nomena of market freeze and flight to liquidity during financial crises, when the lack
of (easy) access to sufficient liquidity can lead to liquidity hoarding for precautionary
(Robatto, 2019) or speculative (Gale and Yorulmazer, 2013) motives. The parallel here
is that the KYC requirements prevent some agents from accessing the primary market,
which creates opportunities for others to profit from this lack of access, giving rise to
speculative hoarding.

Thirdly, on the relationship between a currency’s velocity and its opportunity cost,
this chapter draws on the search-theoretic literature studying the velocity of money,
including Telyukova and Visschers (2013) and Wang and Shi (2006), who focus on the
variability of velocity, and Liu et al. (2011), Nosal (2011), Ennis (2009), and Lagos and
Rocheteau (2005), who explain the positive correlation between fiat money velocity and
inflation rate. The model developed in this chapter embeds the setting of Liu et al.
(2011) as a corner case, where only one type of consumers uses money in equilibrium.
In terms of mechanism, the hoarding behavior studied in this chapter is closest to the
precautionary money demand in Telyukova and Visschers (2013).

Furthermore, by focusing on the anonymity feature of cryptocurrencies, this chapter
is also related to the strand of literature that studies the implications of informal
markets and the shadow economy. The demand composition effect studied in this
chapter is reminiscent of the substitution from formal to informal market activities
studied in Aruoba et al. (2016), Elgin and Uras (2014), and Aruoba (2010), among
others. Contrary to these papers, the substitution that occurs in my model is not
between two assets (e.g between fiat currency and housing, or between formal and
informal capital), but rather between two competing roles of the same asset.

Finally, the desire for anonymity studied in this chapter also relates to the privacy
literature. Acquisti et al., 2016 and Bergemann and Bonatti (2019) provide a survey of
the field. Akhter (2012) establishes that privacy concerns negatively affect the amount
of money consumers spend online. Balgobin et al. (2017) show that the presence of
non-bank online payment means capable of preserving financial privacy from banks
and retailers increases online consumption. Using both survey data and the transac-
tion information of German consumers, von Kalckreuth et al. (2014) demonstrate that
the desire for anonymity is a significant factor in explaining the high usage rate of
cash in Germany,38 even when controlling for payment habits. Schuh and Shy (2016)

38Using payment diary surveys from Austria, Canada, France, Germany, the Netherlands, and the
United States, Bagnall et al. (2016) show that Austria and Germany, relative to other countries in the
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find privacy concerns to be important reasons for consumers adopting cryptocurren-
cies. In an experimental setting, Borgonovo et al. (2018) confirm that privacy matters
significantly for the choice of payment instrument. Citing concerns over loss of privacy,
Garratt and van Oordt (2019) argue for the welfare benefit of central bank electronic
cash.

3.3 Model

3.3.1 Environment

My model follows the “new monetarist” framework of Lagos and Wright (2005) and
Rocheteau and Wright (2005), which makes explicit the frictions that render money
essential and thus provides a micro-foundation for money demand. In this framework,
agents want to consume perishable goods, but cannot self-produce all such goods.
There is therefore a desire for trade between different types of agents. Trade, however,
cannot easily occur since agents are anonymous and there is no record-keeping. These
frictions result in the need for a medium of exchange. In the standard model, a
decentralized, frictional market (DM) and a centralized, frictionless market (CM) open
sequentially each period throughout time. The DM makes money essential, whereas
the CM allows agents to rebalance their money holding each period. The introduction
of the CM, coupled with the assumption of a quasilinear preference on the CM, renders
the distribution of agents’ money holding degenerate and keeps the model tractable.

The currency in question in my model is cryptocurrency, which is an electronic
medium of exchange that overcomes the friction of there being no record keeping
among atomistic agents in a decentralized, online goods market. As mentioned in the
Introduction, my model extends the standard model in three ways. Firstly, I differen-
tiate consumers by their preference for anonymity and introduce a KYC requirement
for the primary market for cryptocurrency. Since the anonymity-seeking agents are
deterred by the KYC requirement and do not demand cryptocurrency on the primary
market, they cannot participate in the cryptocurrency economy in the standard two-
subperiod setting. Thus, secondly, I extend the model by adding a secondary asset
market, modeled after Geromichalos and Herrenbrueck (2016) and Lagos and Zhang
(2019), and an additional online goods market. After the first online goods market,
the secondary asset market opens where the anonymity-seeking agents can purchase
cryptocurrency from the non-anonymity-seeking agents, and subsequently consume on
the second goods market. This extends the standard setting of two subperiods to four
subperiods. Finally, I endogenize the participation decision of the non-anonymous-
seeking agents, in the same spirit as the endogenous entry of households in Liu et al.

sample, are cash intensive, with large cash balances (two times greater than in other countries) and
large average withdrawal amounts.
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(2011). This modification allows the velocity to adjust endogenously in the model
according to changes in the opportunity cost of holding cryptocurrency.39

Time is discrete and continues forever. Each period is divided into four subperiods.
In the first subperiod there is a centralized, local market (CM) for goods and assets.
After the CM, a first decentralized online goods market (OM1) opens in the second
subperiod, followed by a local, over-the-counter asset market (AM) in the third sub-
period. Finally, a second decentralized online goods market (OM2) opens in the last
subperiod.

There is a measure 1 of infinitely lived producers each period, while consumers are
finitely-lived.40 At the beginning of any period t, a new generation of young consumers
of measure 1 is born. Consumers of generation t live until the end of the CM in period
t+1 and then die. Each generation of consumers is distinguished by their preference for
anonymity. A measure σ of the consumers have a strong preference for staying anony-
mous in their consumption transactions (dubbed “A-type” for “anonymity-seeking”),
and a measure 1−σ of the consumers do not care about anonymity (dubbed “N-type”
for “non-anonymity-seeking”).

There are two non-storable consumption goods at each date: an offline good x (the
numeraire), produced locally, and an online good q, produced remotely. Consumers
enjoy both goods. Producers consume only the offline good. All consumers and pro-
ducers are able to produce the offline good x and trade it on the CM. Only producers
can produce the online good q at a unit cost of c, and sell it on the OM1 and the OM2.
The OMs are competitive, and producers have zero participation cost. In addition,
while the CM is characterized by perfect record keeping and frictionless trade, the
OMs are anonymous and have no record keeping, thus requiring a commonly accepted
medium of exchange to facilitate trade.

There are also two assets in the economy: a Lucas tree and an intrinsically useless
nominal asset called cryptocurrency. Each young consumer is endowed with a > 0
units of trees at the beginning of each period t. I assume that each tree is one-period-
lived, provides a single dividend payout (the fruit) of δ units of numeraire goods at the
beginning of the CM in the next period and then dies. Cryptocurrency is long lived,
has an exogenous supply path {Bt}∞t=0 known to all agents, and is anonymous to use.
Importantly, while trees are immobile and costly to transfer spatially, cryptocurrency

39Among the various approaches taken, endogenous household entry has proven to be most suc-
cessful in matching the velocity pattern of fiat money (see Liu et al., 2011). In the context of this
chapter, endogenizing the participation decision of those agents who acquire cryptocurrency on the
primary market instead of those who acquire cryptocurrency on the secondary market gives the desir-
able feature that the monetary equilibrium, when it exists, is unique. This is akin to the difference in
modeling household entry versus firm entry in the standard Lagos-Wright framework. Liu et al. (2011)
provide an example of the former, while Rocheteau and Wright (2013) is an example of the latter.

40This structure of overlapping generations is assumed purely for technical convenience. While in
the standard Lagos-Wright framework agents’ asset holdings are degenerate at the end of the CM each
period, this will no longer be the case in my setting if agents are infinitely-lived, since the A-type
consumers do not visit the asset market on the CM to balance their asset holdings. The assumption
of finitely-lived agents removes the necessity for dynamic considerations for the A-types and greatly
simplifies the exposition. Since this is not central to the key messages of this chapter, I deem this an
acceptable simplification.
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Figure 3.1: Overview of the model

is easy to transfer. Due to its storability and mobility, cryptocurrency is used as the
medium of exchange on the OM1 and the OM2.

Cryptocurrency can be acquired both on the CM and the AM. To acquire cryp-
tocurrency on the CM, agents need to incur a fixed participation cost k and in addi-
tion comply with the KYC requirement of the currency exchanges, which request and
document personal information of the agents in the transactions. For the A-types,
complying with the KYC requirement amounts to a prohibitively high cost, while the
N-types do not incur such a cost. The AM, on the other hand, is anonymous, has no
record keeping and is costless to enter. On the AM, potential buyers and sellers of
cryptocurrency are matched randomly and, once matched, engage in bilateral bargain-
ing over the terms of trade. Since the AM is local, trees are used as payment for the
cryptocurrency purchase.

In each period the agents undertake the following activities (see Figure 3.1). In the
first subperiod, all consumers and producers work and consume the numeraire good
x on the local CM. Young consumers receive an endowment of new trees, while old
consumers enjoy the fruits of their old trees. In addition, young consumers of the N-
type also decide on their cryptocurrency acquisition, while old N-types and producers
sell whatever cryptocurrency they have. The A-type consumers do not participate
in the cryptocurrency trade on the CM. In the second subperiod, the N-types and
producers trade goods q online on the OM1 using cryptocurrency as payment. In the
third subperiod, the N-types and A-types trade cryptocurrency locally on the AM
using trees as payment. And in the last subperiod, the A-types and producers trade
goods q online on the OM2 using cryptocurrency as payment.41

All agents discount between the periods with a common discount factor β. The
preferences of consumers of generation t are given by

Et
{
U(xj,t)− lj,t + uj(qjt) + β [U(xj,t+1)− lj,t+1]

}
(3.1)

41As I explain in Appendix 3.A.2.1, this four-subperiod structure and agents’ participation in each
submarket are not merely by construction but can emerge as an equilibrium outcome. The deeper
structure underlying this timeline is one where consumers choose which decentralized markets to visit
and in which order.
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where j ∈ {n, a} stands for the consumer type, and l stands for labor. The preference
of the producers is given by

Et
{ ∞∑
τ=t

[
βτ−t (U(xp,τ )− lp,τ )

] }
.

While the utility function U for the offline good is the same for all agents, only young
consumers enjoy the online goods. The utility function uj can further be different
depending on the consumers’ type. As is standard, both uj and U are assumed to
be concave, twice differentiable, and satisfy the Inada conditions. Furthermore, uj is
assumed to be characterized by constant relative risk aversion (CRRA), where ηj ≡
− qju

′′
j (qj)

u′j(qj)
denotes type j’s relative risk aversion coefficient.

I solve the equilibrium by backward induction.

3.3.2 Old-consumer value function at CM

During the CM in period t+ 1, old consumers work and consume the numeraire good.
In addition, while an N-type may participate in the cryptocurrency market, the A-
types avoid the cryptocurrency market due to traceability. The value function of an
old consumer is simply

Wj,t+1(bt, at) = max
xt+1,lt+1

{
U(xt+1)− lt+1

}
, j ∈ {n, a}

s.t. xt+1 =

lt+1 + pt+1bt + δat, if j = n (N-types)

lt+1 + δat, if j = a (A-types)

where bt and at are the amount of cryptocurrency and trees they possess at the begin-
ning of t+ 1, and pt+1 is the price of cryptocurrency in units of the numeraire good at
the CM in t+1. Eliminating lt+1 using the budget constraint, all old consumers choose
the same x∗, where U ′(x∗) = 1.42 The CM value function of the old consumers is thus
linear in the amount of tress – and for an N-type, also the amount of cryptocurrency
– they have:

Wn,t+1(bt, at) = U(x∗)− x∗ + pt+1bt + δat (3.2)

Wa,t+1(bt, at) = U(x∗)− x∗ + δat. (3.3)

3.3.3 A-type’s spending decision at OM2

Denote by Λjt(bt, at) the value function of type j at the beginning of the OM2, or
equivalently, at the end of the AM. Let b̆t be the amount of cryptocurrency held by an
N-type at the beginning of the AM, and b̃t the amount they sell to an A-type on the
AM. Recall that both types are endowed with a units of trees at the beginning of the
AM, and let ãt be the amount of trees an A-type pays an N-type on the AM. Thus at

42As is standard in the Lagos-Wright model, an implicit assumption is that x∗ is large enough that
lt+1 ≥ 0 never binds.
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the beginning of the OM2, an A-type’s value function is Λat(b̃t, a − ãt), while that of
an N-type is Λnt(b̆t − b̃t, a+ ãt).

For the N-types, since they do not participate in the OM2, upon leaving the AM
they no longer have any use of cryptocurrency until the next CM. By (3.2), their value
function is simply

Λnt(b̆t − b̃t, a+ ãt) = βδãt − βpt+1b̃t + Λnt(b̆t, a). (3.4)

For an A-type, having cryptocurrency allows them to consume on the OM2. Since
for the producers each unit of cryptocurrency is worth pt+1 units of the numeraire on
the CM next period, the purchasing power of each unit of cryptocurrency on the de-
centralized markets in the current period is the discounted next period price βpt+1.43

With a production cost c, each unit of the online good thus costs βpt+1
c units of cryp-

tocurrency. Further, since the A-types do not wish to use cryptocurrency on the CM
due to traceability,

Λat(b̃t, a− ãt) = max
qat

{
ua(qat)− βδãt

}
+ Λat(0, a),

s.t. cqat ≤ βpt+1b̃t,

where the inequality constraint is the A-type’s liquidity constraint: they cannot spend
more cryptocurrency than they have. An A-type thus spend all their cryptocurrency
on the OM2:

qat = βpt+1b̃t
c

. (3.5)

3.3.4 A-type’s cryptocurrency demand at AM

The A-types’ demand for cryptocurrency on the AM is an outcome of the bilateral
bargaining with the N-types. Let the terms of trade agreed be denoted by (b̃t, ãt),
that is, the A-type will exchange ãt units of their trees for b̃t units of the N-type’s
cryptocurrency. From the analysis for OM2, the net gain from these terms of trade for
each type of consumers is respectively given by:

N-type: Λnt(b̆t − b̃t, a+ ãt)− Λnt(b̆t, a) = βδãt − βpt+1b̃t,

A-type: Λat(b̃t, a− ãt)− Λat(0, a) = ua

(
βpt+1b̃t

c

)
− βδãt.

For simplicity, I assume that the terms of trade are determined according to the
proportional bargaining rule of Kalai (1977), which splits the total trade surplus pro-
portionally between the two types of consumers according to their bargaining power.44

43More precisely, due to the quasilinear preferences on the CM, each unit of cryptocurrency saves
pt+1 units of labor. The disutility is discounted to the current period with the discount factor β.

44Alongside Nash bargaining, proportional bargaining is an often used bargaining solution in search
models of monetary exchange. As discussed in Aruoba et al. (2007), proportional bargaining has several
desirable features compared with Nash bargaining. In particular, it guarantees the concavity of the
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Given the net trade gain for each type of consumer, the bargaining problem can be
written as

max
b̃t,ãt

{
βδãt − βpt+1b̃t

}
,

s.t. βδãt − βpt+1b̃t = θ

1− θ

(
ua

(
βpt+1b̃t

c

)
− βδãt

)
,

b̃t ≤ b̆t,

ãt ≤ a,

where θ ∈ (0, 1) denotes the bargaining power of the N-types and thus their share of
the total surplus. The two inequality constraints represent the asset constraints of the
two types of consumers: while the N-types cannot sell more cryptocurrency than they
have, the A-types cannot spend more trees than their endowment.

Suppose the asset constraint of the A-type does not bind. It is then straightforward
to show that the cryptocurrency demand of the A-type will be

b̃t =


c

βpt+1
q∗a, if c

βpt+1
q∗a < b̆t

b̆t, otherwise
(3.6)

where q∗a = u′a
−1(c) is the optimal consumption quantity given the production cost c,

and the amount of the trees exchanged as payment equals

ãt = θua(qat) + (1− θ)cqat
βδ

, (3.7)

where qat = βpt+1b̃t
c . That is, if the A-type’s asset constraint does not bind, they

will demand all the cryptocurrency the N-type brings into AM, unless that amount is
larger than required by the A-type’s optimal OM consumption. When the A-type’s
asset constraint does not bind, the AM gain of trade is determined by the amount of
cryptocurrency the N-types bring into the AM. Throughout the chapter, I make the
following assumption to ensure that the A-type’s asset constraint indeed never binds.45

Assumption 3.1. The supply of trees is abundant: a ≥ θua(q∗a)+(1−θ)cq∗a
βδ .

3.3.5 N-type’s spending decision at OM1

Unlike in the standard Lagos-Wright environment, where a decentralized goods market
is the only place for agents to use their money before rebalancing their money holding
on the CM, here an N-type additionally has the chance to meet a trading partner on the

value functions, and that the solution is monotonic, whereas with Nash bargaining an agent can have
a lower individual surplus even when the total surplus of the trading pair increases.

45This assumption amounts to requiring the dividend of trees to be sufficiently large. This avoids
the two-sided hold-up problem that arises if the two assets to be exchanged are both inferior stores of
value.
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AM and resell what they have not spent. For the AM, all of the A-types are potential
buyers of cryptocurrency, while only the N-types who participate in the cryptocurrency
market are potential sellers. Define the “market tightness” as the ratio of the mass
of N-types to A-types on the AM, and denote it by nt ∈ [0, 1−σ

σ ]. Once on the AM,
A-types and N-types are matched randomly. As is standard, I assume a constant-
returns-to-scale matching function, where the total number of matches depend on the
mass of the A-types and N-types on the market. For each N-type, the probability of
meeting an A-type is thus

αt = α(nt), (3.8)

where α′(nt) < 0 holds by the assumption of constant returns to scale. I further denote
the lower and upper bound of α by αl ≡ α(1−σ

σ ) > 0 and αu ≡ α(0) ≤ 1, respectively.
Let Vjt(bt, a) denote the value function of type j at the beginning of the OM1. Given

the resale probability, the value function of an N-type with bt units of cryptocurrency
is

Vnt(bt, a) = max
qnt

{
un(qnt) + αtΛnt(b̆t − b̃t, a+ ãt) + (1− αt)Λnt(b̆t, a)

}
s.t.

cqnt
βpt+1

+ b̆t = bt,

where qnt is the N-type’s consumption on the OM1, b̆t is the amount of cryptocurrency
the N-type still has when entering the AM, and b̃t and ãt are given by (3.6) and (3.7),
respectively. Using (3.4) and ignoring the constant terms, the decision over qnt is thus
equivalent to

max
qnt

{
un(qnt)− cqnt + αtθ (ua(qat)− cqat)

}
s.t. qat =

qt − qnt, if qt − qnt ≤ q∗a
q∗a, otherwise,

where
qt ≡

βpt+1bt
c

(3.9)

is the N-type’s total real balances in units of the online good. If the N-type’s real
balances are abundant, the N-type will consume their optimal quantity on the OM1

so that qnt = q∗n ≡ u′a
−1(c), and still have enough real balances to cover the optimal

consumption of an A-type. If the N-type’s real balances are scarce so that qt < q∗n+q∗a,
they face a tradeoff between more consumption on the OM1 and a higher resale gain
on the AM. In this case, the entire real balances are split between the two uses so that

qt = qnt + qat (3.10)
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holds, and by the Inada conditions of uj , there is an interior solution and the optimal
allocation needs to satisfy:

u′n(qnt)
c

− 1 = αtθ

(
u′a(qat)
c

− 1
)
. (3.11)

That is, the marginal consumption surplus must equal the marginal resale gain.

3.3.6 N-type’s cryptocurrency demand at CM

While young A-types stay out of the cryptocurrency market on the CM, young N-types
choose whether or not to participate in the cryptocurrency market and if so, how much
cryptocurrency to acquire. Conditional on a positive participation decision, the value
function of a young N-type at the beginning of the CM in period t is given by:

Wnt(0, at) = max
xt,lt,bt

{
U(xt)− lt + Vnt(bt, a)

}
s.t. xt + ptbt + k = lt.

Again, by quasilinearity of the CM preferences, all young N-types consume x∗ and
all N-types active in the cryptocurrency market will demand the same amount of
cryptocurrency. Using Vnt(bt, a) as derived in the last section and ignoring the constant
terms, an N-type’s cryptocurrency demand solves

max
bt

{
− ptbt + (un(qnt)− cqnt) + αtθ (ua(qat)− cqat) + βpt+1bt

}
,

subject to (3.9) and (3.10). Continue to assume qt < q∗n + q∗a and use (3.11), the
following pricing equation follows:

pt = βpt+1

[
1 +

(
u′(qnt)
c
− 1

)]
, (3.12)

where u′(qnt)
c − 1 captures the marginal liquidity value an N-type enjoys from their

cryptocurrency holding. Equation (3.12) is basically a consumption-based asset pricing
equation, if we interpret the marginal liquidity value u′(qnt)

c − 1 as the “dividend” of
cryptocurrency. Importantly, however, the marginal liquidity value is not measured
at the last unit of cryptocurrency demanded by the N-types, as would be the case
should the N-types only be interested in cryptocurrency as a medium of exchange on
the OM1. This suggests a sort of overpricing, a point to which we shall return later.

Denote
it ≡

pt
βpt+1

− 1, (3.13)



3.3. Model 99

which captures the marginal opportunity cost of holding cryptocurrency.46 Equation
(3.12) is then equivalent to:

it = u′n(qnt)
c

− 1, (DDn)

which can be interpreted as the N-type’s demand for real balances for consumption
purposes. Equating the above with (3.11), we also have

it = αθ

(
u′a(qat)
c

− 1
)
, (DDa)

which similarly can be interpreted as the N-type’s speculative demand for real balances.
Conditional on a positive participation decision, an N-type will demand cryptocurrency
for each purpose up to the point where the marginal benefit from that specific purpose
equals the marginal cost of holding cryptocurrency.

Finally, free entry of N-types means that for a positive demand for cryptocurrency
to exist in equilibrium, an active N-type must enjoy a non-negative net surplus from
participating in the cryptocurrency market, that is:

ptbt + k ≤ (un(qnt)− cqnt) + αtθ (ua(qat)− cqat) + βpt+1bt ⊥ αt ≥ αl, (3.14)

where the left hand side of the participation constraint gives the total cost of acquiring
bt units of cryptocurrency and the right hand side the total surplus that can be gener-
ated from having that amount, including the consumption surplus, resale gain and the
value stored from this period to the next. Intuitively, for an N-type to participate in
the cryptocurrency market, the total gains of holding cryptocurrency net of its oppor-
tunity cost must at least exactly compensate the fixed participation cost. Substituting
pt and pt+1 away by (DDn), and using the following shorthand:

Sj(qjt) ≡ uj(qjt)− qjtu′j(qjt), ∀qjt ∈ (0, q∗j ), j ∈ {n, a}, (3.15)

the free entry condition can also be written as

k ≤ Sn(qnt) + αtθSa(qat) ⊥ αt ≥ αl. (FE)

Thus in an equilibrium with a positive cryptocurrency demand, either all N-types
strictly prefer to participate in the cryptocurrency market and the participation con-
straint is non-binding (k < Sn(qnt) + αtθSa(qat)), or everyone is simply indifferent
between participating or not participating and the participation constraint is binding
(k = Sn(qnt) + αtθSa(qat)).

46For conventional fiat currencies, it constitutes the nominal interest rate and (3.13) will be the
Fisher equation, where πt ≡ pt

pt+1
− 1 will be the inflation rate. Since there is no cryptocurrency-

denoted interest-paying nominal asset to date, it does not have a direct empirical counterpart. The
empirical counterpart of πt, on the other hand, is cryptocurrency’s rate of real value depreciation
captured in Figure 3.7. Since it is proportional to πt and to avoid excess notation, throughout the
chapter I use only it to discuss the opportunity cost of holding cryptocurrency.
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3.3.7 Cryptocurrency market clearing at CM

Free entry of the N-types determines the AM market tightness nt and thus the measure
of active N-types: σnt. Individual demand bt is given by (3.9), and the total cryptocur-
rency demand is thus σntbt = σnt

cqt
βpt+1

. The total supply Bt, on the other hand, is
exogenously given by the cryptocurrency protocol. In equilibrium, the cryptocurrency
market must clear. Using (3.8) and (3.10) to replace nt and qt, respectively, the supply
of the cryptocurrency real balances can be written as:

(qnt + qat)cσn(αt) = βpt+1Bt, (SS)

where n(αt) is the inverse of the inverse function of (3.8). I assume throughout the
chapter that the supply of cryptocurrency is scarce so a positive marginal liquidity
value is possible:

Assumption 3.2. Cryptocurrency has a fixed long-run supply and is scarce: Bt ≤
B̄ ≡ lim

t→∞
Bt and B̄ < c(1−σ)

βpt+1
(q∗n + q∗a).

3.3.8 Equilibrium

From the analysis above, an equilibrium can be defined as follows:

Definition 3.1. An equilibrium is a sequence {pt, it, αt, nt, qt, qnt, qat, bt}∞t=0 satisfying
(FE), (DDn), (DDa), (SS), (3.8), (3.9), (3.10), and (3.13).

At any point in time, given next period’s price pt+1, the array {pt, it, αt, nt, qt, qnt,
qat, bt} can be pinned down once we solve for the following four key variables: 1) the
opportunity cost of holding cryptocurrency it; 2) the AM matching probability for the
N-types αt; 3) the real balances demanded by an N-type for consumption qnt; and 4)
the real balances demanded by an N-type for speculative purposes qat. Accordingly,
given next period’s price pt+1, it is sufficient to focus on the four key conditions (FE),
(DDn), (DDa), and (SS). In the remaining analysis, I thus only make use of the
four key conditions listed above. For the rest of the chapter, I also drop the time
subscript wherever it does not cause confusion, and use the prime notation to denote
next period’s quantities wherever applicable.

At any point in time, given the four key conditions, a monetary equilibrium exists if
we can find a non-negative quadruple (i, α, qn, qa) that jointly satisfies (DDn), (DDa),
(FE) and (SS). Notice that, given i, the first three equations are independent of p′.
Thus finding a candidate equilibrium first requires finding an opportunity cost i that
satisfies the three conditions (DDn), (DDa) and (FE). Lemma 3.1 below shows that
given k, the opportunity cost i at any candidate equilibrium is bounded.

Lemma 3.1. Let G(i, α) ≡ Sn(qn(i)) + αθSa(qa(i, α)) be a function of i for a given
parameter value α, where qn(i) and qa(i, α) are implicitly given by (DDn) and (DDa),
respectively. For any k ≥ 0, at any monetary equilibrium, the opportunity cost is
bounded above i ≤ iu(k), where iu(k) is implicitly defined by G(iu(k), αu) = k; an
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Figure 3.2: Effect of higher i for a given k

equilibrium with a binding participation constraint further features i ∈ [il(k), iu(k)],
where il(k) is implicitly defined by G(il(k), αl) = k.

For an monetary equilibrium to exist, there must be a positive mass of N-types
who participate in the cryptocurrency market, which requires (FE) to hold, while the
cryptocurrency demand of the active N-types will be given by (DDn) and (DDa). These
three conditions can be illustrated graphically in the (α, q) space, see for example the
left panel of Figure 3.2. While (DDn) and (DDa) can be combined to show an upward
sloping, concave curve of q in α, which I refer to as the DD curve, (FE) with a binding
participation constraint depicts a downward sloping curve of q in α. For a given i,
the DD curve depicts the total demand for real balances by an N-type as a response
to the AM matching probability: the higher the AM matching probability, the more
cryptocurrency the N-type will demand. The FE curve, on the other hand, shows the
participation decision of the N-types as a response to the value of the real balances
they carry: the more valuable cryptocurrency is (the higher the real balances), the
more N-types will participate in the cryptocurrency market and the lower will be the
AM matching probability.

The left panel of Figure 3.2 illustrates how a higher opportunity cost i changes the
DD and FE curves for a given participation cost k, while the right panel illustrates
the two thresholds il and iu. As long as the participation constraint is binding, it is
immediate from the left panel of Figure 3.2 that an increase in i shifts both the DD
and FE curves to the right, resulting in a larger α. The lower and upper bounds of i
follow immediately from the fact that α ∈ [αl, αu] must hold.

Given Lemma 3.1, the existence of a monetary equilibrium translates into the
existence of an opportunity cost i for which the candidate equilibrium (solution to
(DDn), (DDa), and (FE)) also solves (SS). Using this logic, Proposition 3.1 below
shows the existence of a monetary equilibrium at a given period, given next period’s
cryptocurrency price, and further provides a sufficient condition for the uniqueness of
the monetary equilibrium. The proofs for all lemmas and propositions are provided in
Appendix 3.A.4.
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Figure 3.3: Equilibrium

Proposition 3.1. Let p̂ ≡ c(1−σ)(q∗n+q∗a)
βB and k̂ ≡ Sn(q∗n) + αuθSa(q∗a). For any p′ ∈

(0, p̂), there exists a unique ku(p′) ∈ (0, k̂] and a unique kl(p′) ∈ [0, ku(p′)), where
∂ku(p′)
∂p′ < 0 and ∂kl(p′)

∂p′ > 0, such that for any k < kl(p′), a unique monetary equilibrium
exists with i ≥ 0 and α = αl (participation constraint non-binding); for any k ∈
[kl(p′), ku(p′)], at least one monetary equilibrium exists with i ≥ 0 and α ∈ [αl, αu]
(participation constraint binding). Given k ∈ [kl(p′), ku(p′)], if ηa

ηn
≥ η̃ ≡ il(k)+1

il(k)+αlθ , the
monetary equilibrium with a binding participation constraint is also unique.

For cryptocurrency to be valued, it needs to be scarce. Scarcity is precisely pinned
down by the condition p′ < p̂. Conditional on scarcity, the existence of a monetary
equilibrium requires a positive mass of N-types that participate in the cryptocurrency
market and that their demand for real balances clears the cryptocurrency market.
Since each person’s demand for real balances is bounded above, market clearing re-
quires a sufficiently large mass of active N-types, or equivalently, a sufficiently low α.
Graphically, if the participation constraint binds, the DD and FE curves must accord-
ingly intersect at a point with a sufficiently low α. This is illustrated in the left panel
of Figure 3.3. Given i, as k decreases, the FE curve shifts towards the origin, while
the DD curve is unaffected. Thus for cryptocurrency to be demanded in equilibrium,
the participation cost needs to be sufficiently low (k ≤ ku); and as long as the partici-
pation cost is not too low (k ≥ kl), the participation constraint will be binding. The
boundaries of the equilibria with binding and non-binding participation constraint in
the (p′, k) space are illustrated in the right panel of Figure 3.3.

Proposition 3.1 above shows the existence of a monetary equilibrium at a given
period conditional on next period’s price p′. However, explicitly solving for p′ requires
that we fully characterize the dynamic equilibrium. Since this is not necessary for the
main purpose of this chapter (that is, analyzing the relationship between the velocity
and the opportunity cost of holding cryptocurrency), I do not explicitly solve for the
dynamic equilibrium here, but refer interested readers to Appendix 3.A.3. As I discuss
in more detail there, the model presented is consistent with different types of dynamic
equilibria, and thus it is possible to interpret the results of the chapter in the context
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of, for example, a stochastic steady state or a deterministic cycle, among others. In
the rest of the chapter, I take as given that the next period cryptocurrency price p′,
and thus the opportunity cost i, are determined and consistent with the full dynamic
equilibrium.

The next lemma shows how the AM matching probability and the allocation of
cryptocurrency for the two demand purposes correlate with the equilibrium opportu-
nity cost along the equilibrium path.

Lemma 3.2. Suppose k ≤ k̂ and ηa
ηn
≥ η̃. A higher opportunity cost (i ↑) corresponds

to a higher equilibrium AM matching probability (α ↑) and a higher share of speculative
demand (h ↑), where

h ≡ qa
q

(3.16)

denotes the share of real balances the N-types demand for speculative purposes.

The intuition behind the above lemma is the following. When the cost of holding
cryptocurrency increases, fewer N-types will be inclined to participate in the cryptocur-
rency market. This reduces congestion on the AM and results in a higher matching
probability for the N-types. For an active N-type, a higher cost of holding cryptocur-
rency makes them want to demand less of it for their own consumption. But since
they now have a higher probability of reselling cryptocurrency on the AM, they may
or may not demand less for resale. In any case, if the A-type’s OM demand is suffi-
ciently inelastic (that is, ηa sufficiently high), active N-types will expect a sufficiently
high resale benefit and their speculative demand for cryptocurrency will not decrease
as much, if at all. If the sufficient condition ηa

ηn
≥ η̃ is met, the N-types’ demand for

real balances for consumption purposes falls relatively more, when compared to their
speculative demand.

3.4 Hoarding and the cryptocurrency velocity

3.4.1 Response of velocity to cryptocurrency opportunity cost

To look at cryptocurrency demand and usage, we now turn to the concept of currency
velocity. Defined as the ratio of the nominal spending in a currency to the total supply
of the currency, velocity captures the average number of times each unit of the currency
is used to purchase real goods and services. More commonly, the inverse of velocity
is considered a notion of currency demand, capturing people’s willingness to hold the
currency (Lucas and Nicolini, 2015).

In the standard Lagos-Wright framework, total spending consists of spending in
both the centralized and the decentralized markets. Since velocity is defined as the
ratio of the nominal spending in a currency to the total supply of the currency, here it
must also consist of both the centralized and decentralized components. Since the CM
in this chapter is the same as the standard model, the expression for the CM velocity
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is also standard:
vc = X∗/p

B
= X∗

pB
,

where 1/p is the nominal price of the numeraire good in units of cryptocurrency on
the CM. Since the deviation from the standard model in this chapter is really only on
the decentralized markets, I will no longer address vc in the remainder of the chapter,
but focus instead on the velocity on the decentralized markets.47

In the present framework, not all cryptocurrency transactions on the decentral-
ized markets are for consumption purposes, due to the presence of the AM and the
transactions within. As a result, the velocity on decentralized markets now consists
of velocities both for consumption on the two online markets and for resale trans-
actions on the AM. In particular, each purchase on the OM2 involves two separate
cryptocurrency transactions, one for the currency to be transferred from the N-type to
the A-type, and another for it to be spent for consumption on the OM2. Consequently,
the velocity of the cryptocurrency on the decentralized markets is given by:

vd = nσc (qn + 2αqa)
βp′B

= 1− (1− 2α)h, (3.17)

where the nominal price on the decentralized markets is c/(βp′). Accordingly, the
share of the AM transaction volumes, that is, the value share of the transactions that
are not payment for OM consumptions, is given by

τ = αh

1− (1− 2α)h.

From (3.17), it is immediate that the deviation from the standard model exists
due to the presence of h. If h = 0, vd is the same as in the standard model. In
this case, the N-types spend all their cryptocurrency on OM1, and the velocity on the
decentralized markets is exactly equal to the probability of spending the currency for
consumption, which is 1 in my model. As defined earlier, h is the share of real balances
the N-types’ demand for speculation. Importantly, it is also the share of real balances
the N-types hoard in hopes of resale. Unlike in the standard model, where being a
medium of exchange on the goods market is the only use of a currency, the resale
possibility here means that cryptocurrency is also a store of value from the perspective
of an N-type. Thus, different from the standard model, the N-types will not spend all
the cryptocurrency they take out of the CM.

Apart from the level effect, the presence of the extra term in vd means that the re-
sponse of the velocity to the opportunity cost can also be different. Here, it is a priori

47The CM velocity in the Lagos-Wright framework is not a well-defined concept, since the trans-
action role of money is not explicitly modeled here, contrary to the decentralized markets. Since the
CM is standard in my model, any novelty in terms of cryptocurrency velocity pattern can only arise
from the decentralized markets. I thus avoid the conceptual difficulty of dealing with the CM velocity
and do not include it in further analysis. Note that this omission does not compromise my analytical
results. In fact, given next period’s price p′, from (3.13) it is obvious that a higher i directly translates
into a higher p and thus a lower vc, which is consistent with the observed negative correlation between
velocity and the opportunity cost.
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not clear whether vd is increasing or decreasing in i, since both α and h can change in
response to the opportunity cost. As Lemma 3.2 suggests, α and h can both increase in
i for a given parameter constellation. This means that in principle it is possible to have
two opposing effects of higher opportunity cost on the cryptocurrency velocity. While
a positive relationship between α and i corresponds to the well-known “hot potato” ef-
fect, a positive relationship between h and i (when 1−2α > 0) suggests a second, novel
effect of demand composition. When the higher cost of holding cryptocurrency damp-
ens entry by the N-types (n ↓), this reduces congestion on the secondary asset market
and leads to a higher resale probability, which encourages speculative demand. This
demand composition effect can lower the total consumption spending and cryptocur-
rency velocity, since when the N-types hoard instead of spend their cryptocurrency, it
leads to potential losses of consumption as not all active N-types will get to trade on
the AM.

The next proposition shows that when the N-types have a sufficiently high bar-
gaining power on the AM, the demand composition effect dominates the “hot potato”
effect, and a higher cost of holding cryptocurrency actually leads to less frequent trans-
actions.

Proposition 3.2. Suppose k ≤ k̂ and ηa
ηn
≥ η̃. There exist α̃l ∈ (0, 1

2) and α̃u ∈ [α̃l, 1
2).

1. If αu < α̃l, the cryptocurrency velocity on the decentralized markets (vd) is de-
creasing in the opportunity cost of holding cryptocurrency (i) and in the share of
secondary market transactions (τ);

2. If αl > α̃u, vd is increasing in i and τ ;

3. If αu ≥ α̃l and αl ≤ α̃u, vd is non-monotonic in i and τ . There further exists
η̃′ > 0 such that if ηa

ηn
≥ max{η̃, η̃′}, then α̃l = α̃u ≡ α̃. As long as αl ≤ α̃ ≤ αu

there exists a unique ĩ ∈ [il, iu], where ∂ĩ
∂θ > 0, such that vd is decreasing in i and

τ for all i ∈ [il, ĩ), and increasing in i and τ for all i ∈ (̃i, iu].

Proposition 3.2 shows that when secondary cryptocurrency demand is taken into
account, the standard result of a positive correlation between a currency’s velocity
and its opportunity cost does not necessarily hold. In fact, when the opportunity
cost is not too large so that the equilibrium AM matching probability is relatively
low, a negative correlation can emerge. In this case, the expectation of a sufficiently
large resale gain induces a strong demand composition effect and leads to a negative
correlation between the cryptocurrency velocity and its opportunity cost, as well as
between the velocity and the share of secondary market transactions. Importantly, for
the demand composition effect to occur, different motives for cryptocurrency demand
need to coexist. This can be seen from (3.17). A negative correlation between the
velocity and the opportunity cost of holding cryptocurrency cannot occur unless 0 <
h < 1. If h = 0, velocity is constant at 1; if h = 1, the demand composition effect
disappears and only the “hot potato” effect is still present, as vd = 2α holds in this
case. Thus, interestingly, for the negative correlation to occur, it is important that
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cryptocurrency is perceived by the N-types both as a medium of exchange and as a
store of value. The competition of the two roles of cryptocurrency is thus at the heart
of generating this negative correlation.

A few remarks are in order at this point. Firstly, the current model can be seen
to embed the setting of Liu et al. (2011). While I have assumed that N-types get to
consume on the OM1 with certainty, it is possible to assume that the mass of active
N-types also affects the probability of meeting a producer on OM1. In this richer
setting, shutting down the secondary asset market will set h = 0 and directly produces
the model of Liu et al. (2011). A higher i will lead to less entry of the N-types, a
higher probability of consumption on OM1, and thus also a higher vd. Similarly, it is
also possible to shut down OM1 in the current model. In this case, h = 1 so the “hot
potato” effect prevails, and again the results of Liu et al. (2011) apply. Thus their
setting emerges as a corner case of my model.

Relatedly, it is also interesting to consider how a short sale constraint can affect
the velocity and opportunity cost relation. If a short sale constraint is in place on
cryptocurrency exchanges so that the N-types cannot sell more than they own, then
h ≤ 1 must always hold. When i becomes too large the N-types will no longer spend
the cryptocurrency for their own consumption at all and the short sale constraint will
bind. In this case, the demand composition effect no longer operates since h no longer
changes. If cryptocurrency exchanges do not impose a short sale constraint and it
is possible for the N-types to sell cryptocurrency they do not yet own, then h > 1 is
possible and the two opposing effects on velocity are always in place. Without explicitly
modeling the currency exchanges, it is not possible to study the case of h > 1 in the
very simple setting here. Nevertheless, this discussion provides an argument for the
demand composition effect being relevant in a broader context.

Finally, the hoarding behavior studied here, and its implications, exhibits parallels
to the phenomena of market freeze and flight to liquidity during financial crises. During
financial crises, the (fear of the) failure of financial markets or financial institutions
to provide sufficient liquidity leads either to precautionary liquidity hoarding, as in
Robatto (2019) where agents expect a need for liquidity in future but fear that they will
not have sufficient access to liquidity through the markets or banks, or to speculative
hoarding as in Gale and Yorulmazer (2013), when agents expect to profit from the
greater liquidity need of others and the resulting fire sales of assets. The parallel here
is that when the KYC requirements prevent certain agents from accessing the primary
market, it creates opportunities for others to profit from this lack of access, leading
to the behavior of speculative hoarding. Thus, although here the underlying cause
of hoarding is specific to cryptocurrency, the mechanism itself bears resemblance to a
much more general phenomenon.
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Parameter Value / Source

β discount factor 0.97 (Liu et al., 2011)
ν constant in utility function 0.0001 (Liu et al., 2011)
c production cost of online goods 1 (Liu et al., 2011)
ηn N-type’s relative risk aversion 0.373 (Liu et al., 2011)
k crypto market participation cost 0.58
ηa A-type’s relative risk aversion various values: {0.7, 0.8, 0.9}
θ N-type bargaining power various values: {0.3, 0.5, 0.9}

Table 3.1: Parameters

3.4.2 A numeric example

This section provides a numeric example to illustrate the results of Proposition 3.2.
Following the literature, I assume the following standard functional forms:

OM utility: u(qj) = (qj + ν)1−ηj − ν1−ηj

1− ηj
, j ∈ {n, a}, (3.18)

AM matching probabilty: α(n) = 1
1 + n

. (3.19)

There are a total of seven parameters to determine: {β, ν, c, ηn, ηa, θ, k}. For the first
four parameters, I choose the same values as in Liu et al. (2011). The relative risk
aversion parameter of A-type’s OM utility (ηa) and the bargaining power of the N-
types (θ) and are allowed to vary. The participation cost k is set to 0.58 so that for
all ηa and θ combinations, the steady state48 AM matching probability α∗ is always
between 5% and 15%. Table 3.1 gives an overview of the parameters.

Using the above functional forms and parameter values, I solve (DDn), (DDa), and
(SS) for a vector of different i values. Figure 3.4 illustrates the response of vd to the
varying values of i for each ηa and θ combinations. In all panels of Figure 3.4, the
horizontal axis represents the opportunity cost of holding cryptocurrency (i), while the
vertical axis represents the velocity in the decentralized markets (vd). As is apparent
from the figure, vd is generally U-shaped in i at low levels of ηa and θ. However, as
ηa and θ become larger and the speculative incentives become stronger, vd eventually
becomes monotonically decreasing in the opportunity cost for the entire range of i
considered.

In addition, taking the combination ηa = 0.9 and θ = 0.9 as an example, Figure
3.5 illustrate the “hot potato” and the demand composition effects. Consistent with
the result of Lemma 3.2, the right panel shows that the AM matching probability α
to be increasing in i (the “hot potato” effect), while the middle panel illustrates a
positive relation between the share hoarded h and the opportunity cost i (the demand
composition effect). The left panel shows that for the given parameter values, the

48That is, when i = 1/β − 1.
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Figure 3.4: The velocity-opportunity cost relation

Figure 3.5: The “hot potato” and the demand composition effects
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Note: Trend removed using the Hodrick-Prescott filter for all series.

Figure 3.6: Fiat currency velocity and inflation

However, repeating the above exercise for Bitcoin (the original and most prominent
cryptocurrency) shows the opposite pattern, both at quarterly and monthly frequencies
(Figure 3.7). Here, following the standard approach for fiat currencies, Bitcoin velocity
is computed as the ratio of transaction volume on the Bitcoin blockchain to the average
number of Bitcoin outstanding, while the average depreciation rate of Bitcoin price in
constant US dollars is used as the counterpart to fiat currency inflation rate, that is,

πbtc =
(
pt
pt+1

− 1
)
× 100,

where pt and pt+1 are the quarterly (or monthly) average real price. Contrary to the
workings of fiat currencies, Bitcoin velocity is negatively correlated with its opportunity
cost (rate of real value depreciation), consistent with the first empirical prediction.
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Note: Trend removed using the Hodrick-Prescott filter for all series.

Figure 3.7: Bitcoin velocity and rate of real value depreciation

To see whether the proposed mechanism through secondary demand can be con-
tributing to the velocity pattern of Bitcoin, I now take LocalBitcoins, the most well-
known anonymous secondary market, as an example. Figure 3.8 plots LocalBitcoins’
share in the total Bitcoin monthly transaction volume against Bitcoin’s monthly ve-
locity.50 The negative correlation between the two is again consistent with the second
empirical prediction.

50As of June 2019, LocalBitcoins no longer permits cash trading. My sample thus only considers
LocalBitcoins data prior to June 2019.
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Figure 3.8: Bitcoin velocity and LocalBitcoins’ transaction share

3.5 KYC, secondary demand, and cryptocurrency price

3.5.1 Speculative premium

One implication of the dual role of cryptocurrency as a medium of exchange and as
a store of value, as perceived by the N-types, is that the hoarding behavior of the
N-types leads to the seemingly abnormal pattern of cryptocurrency velocity. Another
implication concerns the cryptocurrency price. To see this, note that the cryptocur-
rency price the N-types are willing to pay is given by (3.12), which can be rewritten
as follows:

p = βp′

c
u′n(qn) = qu′n(qn)

b
. (3.20)

From the second equality, it is apparent that the price the N-types are willing to pay
is equal to the value of the real balances provided by each unit of cryptocurrency.
However, here the N-types are not valuing the entire real balances at the marginal
utility derived from the last unit of cryptocurrency they demand (that is, at u′n(q)),
as would be the case if they were only be able to spend it for consumption. Instead,
they value the entire real balances at a higher level as if it were actually more scarce
(that is, at u′n(qn)). Put differently, the price the N-types are willing to pay for the
entire real balances q exceeds the price that they would otherwise pay should they
be denied the chance of reselling and be obliged to hold the cryptocurrency until the
next CM, that is, p > qu′n(q)

b . Following Harrison and Kreps (1978), I call this price
difference a speculative premium.51 Denote the share of the speculative premium in

51The fact that the total demand q exceeds qn is in a way also similar to Berentsen et al. (2007),
where agents also demand more money than they expect to spend themselves. There the mechanism
is such that if an agent does not in the end need money, they can deposit money into the banks to
generate some interest. That way, agents can derive some return from the entire real balances they
carry, even the amount exceeding what they would expect to be able to spend. Here, the excessive
amount of cryptocurrency demanded by the N-types also provides some expected return, since the
N-types expect some chance of reselling it.
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the cryptocurrency price by s, that is,

s ≡ 1−
βp′

c u
′
n(q)
p

= 1− u′n(q)
u′n((1− h)q) . (3.21)

The next proposition suggests that the share of cryptocurrency hoarded by the N-types,
the absolute price, and the speculative share of the price all increase with the bargaining
power of the N-types and the mass of the A-types in the economy. Intuitively, the more
potential cryptocurrency buyers there are on the secondary market, and the more
capable the N-types are of negotiating, the more attractive reselling will be relative to
consumption, and consequently, the larger will be the share of cryptocurrency hoarded,
and the higher will be the speculative premium.

Proposition 3.3. Suppose k ≤ k̂ and ηa
ηn
≥ η̃. Given the next period cryptocurrency

price p′, the more A-types there are in the economy (σ ↑), and the higher the N-
types’ bargaining power on the secondary asset market (θ ↑), the higher are the current
cryptocurrency price (p ↑ and i ↑), the share of the cryptocurrency hoarded (h ↑), and
the speculative share in the cryptocurrency price (s ↑).

3.5.2 Temporary waiver of KYC requirement

The abnormal velocity pattern and the speculative premium in cryptocurrency price
discussed so far are both outcomes of an active secondary cryptocurrency market. In
this chapter, I identify an individual’s desire for anonymity and the existence of the
KYC requirements as a reason that secondary demand exists. It is natural to ask
what effect changing the KYC regulation could have on the price of cryptocurrency
and its ability to fulfill its role as a medium of exchange. I address this question by
conducting a counterfactual analysis of a temporary waiver of the KYC requirement,
which induces the A-types to demand cryptocurrency on the CM.52 The assumption
of a temporary waiver is made in the form of a one period shock, which is realized at
the beginning of the CM.

Denote the aggregate demand with and without the KYC requirement by Qd1 and
Qd0, respectively. Throughout this section, the number “1” in the superscript denotes
the presence of the KYC requirement, and “0” denotes its absence. When there is a
KYC requirement, individual demand for cryptocurrency satisfies (DDn) and (DDa),
following the analysis in Section 3.3. Depending on the magnitude of the opportunity
cost i, either all of the N-types, some of the N-types or none of the N-types will enter the
cryptocurrency market. Denote the two thresholds of i by il1 and iu1. il1 is the highest
opportunity cost, below which all N-types participate in the cryptocurrency market;
and iu1 is the lowest opportunity cost, above which none of the N-types participate.
The aggregate demand for real balances, when the KYC requirement is present, is then

52In Appendix 3.A.2.3, I show that if delaying consumption is costly, without the KYC requirement
the AM will indeed shut down. In this case, the model reduces to the standard two-subperiod setting
of the Lagos-Wright model.
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given by

Qd1 =


0, if i > iu1

nσ
(
q1
n + q1

a

)
, if il1 < i ≤ iu1

(1− σ)
(
q1
n + q1

a

)
, if i ≤ il1,

(3.22)

where q1
n, q1

a and n are solved the same way as in Section 3.3.8.
If the KYC requirement is absent, both types of consumers demand cryptocurrency

only on the CM. In this case, since consumption is again the only use of cryptocurrency,
all agents spend all their cryptocurrency for online goods. The two types of consumers,
if active, will demand amounts of cryptocurrency according to:

i = u′n(q0
n)

c
− 1 if k ≤ Sn(q0

n)

i = u′a(q0
a)

c
− 1 if k ≤ Sa(q0

a) ,

where Sj(·), j ∈ {n, a}, is the benefit of holding cryptocurrency in excess of its op-
portunity cost for type j, and is defined in (3.15). If the opportunity cost of holding
cryptocurrency is sufficiently low and k ≤ Sj(q0

j ), all type j consumers will enter the
cryptocurrency market. Denote the highest level of opportunity cost below which the
N-type and the A-type starts demanding cryptocurrency by in0 and ia0, respectively.
That is, in0 and ia0 are implicitly given by

k = Sn(q0
n(in0)), k = Sa(q0

a(ia0)).

The aggregate demand for real balances is then a piecewise continuous function of the
opportunity cost i, depending on which, if any, type of consumers demands cryptocur-
rency. Let iu0 ≡ max{ia0, in0} and il0 ≡ min{ia0, in0}. If i > iu0, no one demands
cryptocurrency; and if i < il0, everyone demands cryptocurrency. Since the results do
not hinge upon whether iu0 = ia0 or iu0 = in0, for concreteness, suppose iu0 = ia0.
The total demand for real balances is then given by:

Qd0 =


0, if i > iu0

σq0
a, if il0 < i ≤ iu0

σq0
a + (1− σ)q0

n, if i ≤ il0
(3.23)

where the individual demand is given by q0
a = u′a

−1[(1 + i)c] for the A-types and
q0
n = u′n

−1[(1 + i)c] for the N-types.
Since the KYC waiver is temporary, it does not affect future prices of cryptocur-

rency. Given next period’s cryptocurrency price p′, the total supply of real balances is
a constant:

Qs = βp′B

c
, (3.24)

independent of whether or not the KYC requirement is in place. Whether or not



3.5. KYC, secondary demand, and cryptocurrency price 113

current cryptocurrency price will be higher or lower in equilibrium with a temporary
KYC waiver thus depends on whether Qd0 T Qd1.

Q

i

Qd0

Qs

Qd1

il0 il1 iu0 iu1

Figure 3.9: Equilibrium with versus without the KYC requirement

In Figure 3.9, the supply Qs and the two demand curves Qd0 and Qd1 are plotted as
functions of the opportunity cost i. Given next period’s price p′, whileQs is a horizontal
line, the two demand curves are both downward sloping. Figure 3.9 illustrates the case
where Qd1 is above Qd0 for all i. As a result, the market clearing price will always be
higher with the KYC requirement than without it. The next proposition shows that
it is indeed possible for Qd1 to be above Qd0 for all relevant i.

Proposition 3.4. Suppose k ≤ k̂ and ηa
ηn
≥ η̃. Given next period cryptocurrency price

p′, a temporary waiver of the KYC requirement always increases online consumption.
Further, a temporary waiver of the KYC requirement also always lowers cryptocurrency
price, if the mass of the A-types is sufficiently small (σ ≤ σ̃p, σ̃p ∈ (0, 1)), their OM
utility is sufficiently inelastic (ηa ≥ iu

1+iu ), and their bargaining power on the secondary
asset market sufficiently low (θ ≥ θ̃p, θ̃p ≥ 0).

Intuitively, the above proposition says that the larger the surplus the N-types can
reap from resale, the more speculative demand there will be and the higher the cryp-
tocurrency price in the presence of the KYC requirement. Even though without the
KYC requirement potentially more consumers can participate in the cryptocurrency
market on the CM, when the resale gain is expected to be high, as will be the case
if the A-types have a sufficiently inelastic OM demand and sufficiently low bargaining
power on the AM, the speculative demand from the N-types in the baseline will eas-
ily surpass the additional primary demand from the A-types that would arise in the
counterfactual scenario of no KYC requirement.

In addition, Proposition 3.4 shows that the KYC requirement also affect consump-
tion. Since in the absence of the KYC requirement all cryptocurrency demanded will
be spent for consumption, the velocity in this case is exactly 1, while in the presence
of the KYC requirement it is less than 1 due to hoarding. Thus, with the same total
real balances supplied, the level of consumption facilitated by cryptocurrency will be
lower with the KYC requirement than without it. Thus, while the presence of the



114 Chapter 3. The Demand Side of Fintech Innovations

KYC requirement generates a role for cryptocurrency to be a store of value for part of
the society, it is detrimental to the role of cryptocurrency as a medium of exchange.

3.6 Policy implications

While policy makers recognize the potential of cryptocurrencies for increasing finan-
cial inclusion to the under- and unbanked, and for improving efficiency of crossborder
financial transactions (G7, 2019), the current lack of an adequate regulatory frame-
work for the sector is causing unease. The attempt by Facebook to launch its own
cryptocurrency has thus ignited a new wave of debates concerning the various risks
cryptocurrencies pose to society. In this section, I address through the lens of the
current model two of the often debated issues: the implications of cryptocurrency for
monetary policy and for national security.

3.6.1 Monetary policy

When it comes to the implications of privately-issued digital currencies on monetary
policy, existing literature considers cryptocurrencies and fiat money as perfect sub-
stitutes from the perspective of consumers, see for example Fernández-Villaverde and
Sanches (2019), Schilling and Uhlig (2019) and Benigno (2019). The fact that cryp-
tocurrency is preferred by some as an anonymity-preserving alternative to fiat money
challenges this assumption and the conclusions that rely on it.

I now enrich my model by allowing fiat-money-based payment cards alongside
cryptocurrency on the OM1. To have minimal departure from the settings used in
Fernández-Villaverde and Sanches (2019) and Benigno (2019), I assume that fiat money
and cryptocurrency are perfect substitutes on the OM1. I also drop the fixed partici-
pation cost k for cryptocurrency.53 The AM and the OM2 are unchanged.

Given both cryptocurrency and fiat money are accepted on the OM1, the N-types
can demand either fiat money or cryptocurrency alone, or demand both at the same
time. In the absence of the fixed participation cost, the first observation that can be
made is that demanding cryptocurrency alone generates a positive payoff. This can be
seen from (FE) by setting k = 0. Relatedly, a second observation is that fiat money
will never be demanded alone. This is because it is always possible for an N-type to
use only fiat money for consumption while demanding cryptocurrency in addition only
for resale purposes. Without the participation cost, the additional speculative demand
generates a positive expected surplus. Consequently, this strategy will dominate the
strategy of demanding fiat money only. Combining these two observations, the next
lemma follows easily.

Lemma 3.3. In the absence of the fixed participation cost, cryptocurrency will always
be demanded.

53A full model with fixed participation costs for both fiat money and cryptocurrency is analyzed in
Appendix 3.A.5.
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As an immediate result of Lemma 3.3, all N-types will participate in the cryptocur-
rency market, and the resulting AM matching probability is α = αl. Consequently,
the demand of an N-type for the two types of currencies must satisfy:

ib = αlθ

[
u′a(qba)
c
− 1

]
(DD′a)

ib ≥
u′n(qf + qbn)

c
− 1 ⊥ qbn ≥ 0 (DD′n)

if ≥
u′n(qf + qbn)

c
− 1 ⊥ qf ≥ 0 (DD′f)

where ib is the opportunity cost of holding cryptocurrency, if is the nominal interest
rate, qf is an N-type’s real balances held in fiat money and qb their real balances held
in cryptocurrency upon leaving the CM, qbn is real balances in cryptocurrency spent
on the OM1, and qba is the amount hoarded for resale purposes.

Equation (DD′a) is exactly the same as (DDa) in Section 3.3, and captures the
speculative demand of the N-types. However, (DD′n), as the counterpart of (DDn), is
now written as a complementary slackness condition. This reflects the fact that when
an N-type can spend fiat money for consumption, they will only use cryptocurrency
on the OM1 if the opportunity cost of holding cryptocurrency is sufficiently low. The
reason is that the marginal liquidity value provided by cryptocurrency is now bounded
above, since the consumption demand of the N-types is already partially fulfilled by
the use of fiat money. Contrary to Section 3.3, the existence of fiat money means that
it is possible for cryptocurrency to be demanded purely for speculative purposes.

Finally, (DD′f) provides the demand of fiat money by the N-types. Similar to
(DD′n), the existence of cryptocurrency means that the marginal liquidity services
provided by fiat money are also bounded above by the amount of cryptocurrency the
N-types are willing to spend on the OM1. Thus only when the opportunity cost of
holding fiat money is sufficiently low, will the N-types start demanding fiat money.

Comparing (DD′n) and (DD′f), it is obvious that qf and qbn can only be both
positive if if = ib. In this case, an N-type is indifferent to using only fiat money,
using only cryptocurrency, or using a mix of the two for consumption on the OM1. If
if < ib, the N-types use only fiat money for consumption on the OM1, but demand
cryptocurrency in addition for speculative purposes. If if > ib, the N-types demand
only cryptocurrency. This observation leads to the next proposition.

Proposition 3.5. In the absence of the fixed participation cost, it is not possible for
fiat money to drive out cryptocurrency by lowering the nominal interest rate. For fiat
money to be demanded, the nominal interest rate cannot be above the opportunity cost
of holding cryptocurrency.

This result emphasizes the importance of considering the imperfect substitutabil-
ity between fiat money and cryptocurrency. Indeed, contrary to the conclusions of
Fernández-Villaverde and Sanches (2019) (Propositions 9 and 10), pegging the real
value of government-issued money is not sufficient for driving out cryptocurrency.



116 Chapter 3. The Demand Side of Fintech Innovations

Even if if = 0 and fiat money generates a positive real return, cryptocurrency will
still be demanded for purely speculative purposes. On the other hand, the existence
of cryptocurrency will continue to put pressure on monetary policy by limiting the
nominal interest rate the central bank can set. To the end that a central bank might
want to raise the nominal interest rate in order to stabilize the economy, such as when
dealing with stock market bubbles, the existence of cryptocurrency can become an
obstacle.

The result of Proposition 3.5 can be generalized to the situation where fiat money is
acceptable by all merchants on the OM1, while cryptocurrency only by a subset of them
(see Appendix 3.A.5). This situation could occur if the government requires all online
merchants to accept fiat money, while taxing businesses that accept cryptocurrency in
addition. As long as it remains impossible for the government to effectively prevent all
businesses (including the ones operating on the OM2) from accepting cryptocurrency,
then cryptocurrency will always be demanded. The more effective the government is
at lowering the acceptance rate of cryptocurrency, the higher is the upper bound of the
nominal interest rate that the central bank can set. While this relaxes the constraint,
the existence of cryptocurrency continues to restrict the central bank’s nominal interest
rate setting.

While Proposition 3.5 provides a sobering message for monetary policy, it is based
on the assumption of no participation cost, which basically renders speculation a cost-
less activity, since the expected gain from speculation is always positive. The gov-
ernment, however, can tax the use of cryptocurrency, which can be interpreted as a
participation cost for the cryptocurrency market. When this is the case, speculation
will no longer be a costless activity. The next proposition shows that it is possible to
set the user tax sufficiently high that only fiat money is demanded.

Proposition 3.6. For any if ≥ 0 and ib ≥ 0, there exists a unique k̃ such that for all
k ≥ k̃, fiat money is the only currency demanded.

3.6.2 National security risk and criminal use of cryptocurrency

In the 2019 US Senate Banking Committee hearings on Libra, the cryptocurrency is
branded as a national security risk. This concern is shared by many including the chair
of the Federal Reserve, Jerome H. Powell, and Treasury Secretary Steven Mnuchin. In
essence, the concern is that cryptocurrencies can be used by malicious actors for crim-
inal activities. For the financial sector today, conducting KYC is one of the standard
measures in combating illicit activities. However, in the case of cryptocurrency, the
existence of peer-to-peer trading platforms means that the KYC requirements can be
easily circumvented. To see what this anonymity-motivated secondary demand means,
let us again consider the single currency setting. Assume now that only malicious
actors are strongly anonymity-seeking. Thus here I narrow the interpretation of the
A-types to be malicious actors, and the OM2 as some illegal markets such as the infa-
mous Silk Road. The objective of limiting criminal use of cryptocurrency can then be
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expressed by minimizing the share of total real balances spent on the OM2:

αqa
q

= αh.

By Lemma 3.2, αh is increasing in the opportunity cost of holding cryptocurrency i.
Thus for a given k, the lower the opportunity cost i, the lower will be the share of
criminal use of cryptocurrency. Similarly, for a given i, the lower k, the lower is αh.
Thus, interpreted through the lens of the model, one effective way to reduce criminal
use of cryptocurrency is to provide a sufficiently “good” cryptocurrency, in the sense
that it is economical to use (low k) and has a low opportunity cost (low i). Intuitively,
the better a cryptocurrency is (the lower k and i), the more will it be demanded for
its role as a medium of exchange on the goods market and the less does its demand
rely on speculation. This result is stated in the next proposition.

Proposition 3.7. Suppose ηa
ηn
≥ η̃ and the participation constraint binds. For any

k ≤ k̂, the share of the cryptocurrency real balances spent by the A-types (αh) is
increasing in i; for any i ≥ 0, this share is decreasing in k.

Proposition 3.7 sends an optimistic message in the sense that limiting criminal use
and realizing the potential of cryptocurrencies for increasing financial inclusion are
not necessarily obstacles to each other. This is a particularly important message for
the unbanked region, where a viable alternative to a fiat-money-based online payment
means does not exist. To the extent that a lower i and a lower k increase the welfare
of those who use cryptocurrencies for legal consumption, they also reduce the need for
speculation and thus the potential for criminal use.

3.7 Conclusions

Cryptocurrencies are becoming an increasingly important presence in the global finan-
cial landscape. This trend is further intensified by the prospect of central bank digital
currencies and the emerging initiatives of privately-issued, asset-backed cryptocurren-
cies such as Facebook’s Libra (G7, 2019).

This chapter is a first step towards understanding the difference of cryptocurren-
cies from conventional, government-issued currencies. By focusing on the perceived
transactional anonymity from the consumer perspective, this chapter highlights a key
feature that sets cryptocurrencies apart from existing electronic payment means. Mo-
tivated by the observation that the KYC requirements of cryptocurrency exchanges
prompt anonymity-seeking users to resort to secondary markets, this chapter shows
that anonymity-motivated secondary demand induces speculative hoarding and can
explain the (previously unknown) negative correlation between Bitcoin velocity and
its opportunity cost. Furthermore, through a counterfactual exercise implementing
a temporary waiver to the KYC requirements, I show that the anonymity-motivated
secondary demand drives up cryptocurrncy price, but lowers online consumption, as
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compared to the counterfactual. Finally, by uniquely focusing on the anonymity fea-
ture, this chapter provides a few policy insights concerning the various risks posed by
cryptocurrencies. For monetary policy, this chapter cautions that when agents care
about anonymity, it is impossible for government money to drive cryptocurrencies out
of the market. Consequently, the existence of cryptocurrencies will always limit the
scope of central banks’ interest rate setting. As for concerns about the national se-
curity risk of cryptocurrencies, the practice of conducting KYC is not sufficient for
eliminating criminal use, as existing and emerging secondary markets provide an easy
route to evade those KYC requirements. Instead, to minimize criminal use, it is im-
portant for a privately-issued cryptocurrency to be a sufficiently “good” currency, in
the sense that it has a minimal user fee and inflation rate.

For future work, this chapter can be extended in a few different ways. Firstly,
this chapter has made a simplifying assumption that the second asset, which is used
to purchase cryptocurrency on the secondary market, has a sufficiently high return.
As discussed in the chapter, this assumption removes the two-sided hold-up problem
that arises in bilateral bargaining, when both cryptocurrency and the other asset have
a low expected return. One way to deal with this two-sided hold-up problem is to
adopt competitive search instead of bilateral bargaining. While this is not central
to my results and the simplifying assumption made is arguably innocuous during a
time of near zero nominal interest rates, relaxing this assumption will be a helpful
extension. This can allow us, for example, to analyze the impact of monetary policy
on cryptocurrency price, where fiat money serves both as payment on the secondary
asset market for cryptocurrency and as a competing payment on the goods market.

Secondly, to focus on the mechanism of anonymity-induced secondary demand, this
chapter has deliberately considered only a simple setting of two discrete consumer types
and one single level of the KYC requirement. For more nuanced policy and welfare
analyses, it is a natural and useful extension to consider a continuous distribution of
desire for anonymity, as well as allowing for different levels of KYC stringency.

Further, over the last two years, we have seen the emergence of a fast growing
cryptocurrency loan sector. Growing from non-existence to a $5 billion industry within
these two years, the pace and pattern of development in this cryptocurrency loan
industry has raised concerns among practitioners (see Marsh, 2019). To analyze the
potential systemic risk of this cryptocurrency loan sector, it is possible to model the
secondary asset market as a shadow banking sector of cryptocurrency loans.

Finally, the type of cryptocurrency modeled in this chapter follows the prototype
of first-generation cryptocurrencies such as Bitcoin. Contrary to the decentralized
supply envisioned by the Bitcoin protocol, future cryptocurrencies such as Libra are
likely to have a central governance body that assumes a similar role to central banks
for government-issued currencies. To adequately investigate the phenomenon of sta-
blecoins, it appears useful to explicitly consider the objectives of such a governance
body in future work.
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3.A Appendix

3.A.1 Data and facts

All data series for the US dollar and the Turkish lira are retrieved from FRED St.
Louis. The velocity is calculated as the ratio of quarterly nominal GDP to the average
stock of M1 of the corresponding quarter. For the Turkish lira, the entire available
series are used, whereas for the US dollar I restrict my sample to after 1979 Q3, when
the Federal Reserve announced a major change in operating procedures and a new
commitment to reducing the inflation rate. As pointed out by Gavin and Kydland
(2000), splitting samples in 1979 is a commonly adopted practice in empirical studies
on policy rules. Various authors have reported a more prominently positive correlation
between the US dollar velocity and its inflation rate (or generally the procycality of the
nominal variables) prior to 1980, see Gavin and Kydland (1999), Lucas and Nicolini
(2015) and the references therein. In addition, aside from the new commitment to
reducing the inflation rate by the Federal Reserve, the beginning of 1980s corresponds
to several further regulatory changes – 1980 marks for example the start of a gradual
relaxation of regulation Q, which prohibited commercial banks from paying interest
rates on bank demand deposits (see Teles and Zhou, 2005). As lucidly argued by Lucas
and Nicolini (2015), the regulatory change concerning regulation Q means that post
1980 the sum of M1 and the interest-paying money market deposit accounts, which
can be held by some corporations as well as households, represents a more comparable
monetary aggregate to the pre-1980 M1. Using this new monetary aggregate, a more
prominent relation between velocity and opportunity cost emerges, consistent with the
pattern prior to 1980. Since my focus in this chapter is not to document specifically
the relation between the nominal variables for the US dollar but rather the difference
between cryptocurrency demand and that of the fiat currencies, I continue to use M1
to illustrate the pattern for the US dollar, while noting that this positive correlation
for the US dollar is not an artifact of the choice of sample period.

Bitcoin data is downloaded from Blockchain.info, with the exception of the Lo-
calBitcoins transaction volume, which is taken from Coin.dance. Bitcoin velocity is
calculated as the ratio of Bitcoin on-chain transaction volume (in units of Bitcoin) to
the average number of Bitcoin outstanding in each quarter or month, depending on the
frequency. To compute the rate of real value depreciation for Bitcoin, I first convert
the daily Bitcoin price in US dollar into real price in constant dollars, and derive the
average real price for each quarter (or month). The rate of real value depreciation for
each period is finally computed using the following formula:

πbtc =
(
pt
pt+1

− 1
)
∗ 100,

where pt and pt+1 are the quarterly (or monthly) average real price.
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3.A.1.1 Spot vs. futures prices

One discrepancy between the stylized fact and the theoretic model is that while the
stylized fact is based on the actual rate of value depreciation computed from spot
price, what matters for cryptocurrency demand in the model is really the expected rate
of value depreciation. While data for the expected next period price for investors is
non-existent, using the next period average spot price as a proxy for investor expec-
tation is perhaps not entirely unacceptable, if I believe that rational investors cannot
persistently misjudge the value of their investment. Although the introduction of Bit-
coin futures provides a better indicator for investor expectations, due to its rather
recent introduction, the data on Bitcoin futures price still offers too few observations.
Nonetheless, I conduct the exercise of using average futures price as an alternative
proxy for investor expectation, and compare the series of expected rate of value depre-
ciation thus calculated with that based on spot price.

The Bitcoin CME futures historical price data is downloaded from Barchart. Since
18 December 2017, four futures contracts are active at each point in time, with one
expiring at the end of each of the next four months. The contract in the nearest
month (i.e. the contract that expires at the end of the current month) is the most
active and has the highest trading volume. Using these historical daily closing price
data, I compute the expected price for buying one Bitcon one month in the future
on a daily basis. This expected price is computed as a weighted sum of the futures
prices for the contract in the nearest month and for the contract that expires at the
end of the subsequent month. The expected price of Bitcoin at monthly intervals is
then calculated as a mean of all the expected prices in that calender month. Using the
average monthly spot price and average expected future price in the same month, the
expected rate of Bitcoin value depreciation is derived.

The result of my calculations is shown in Figure 3.A.1, where the actual rate of
value depreciation from spot price is compared to the expected one calculated using
the futures price. Comparing the two series, I see that while they differ in levels, the
two series mostly co-move. At least when it comes to the sign of the correlation with
the Bitcoin velocity series, the two coincide, as confirmed by regression results. For
consistency of the data, I thus continue to use the expected depreciation rate series
derived from average spot prices.

3.A.1.2 Velocity-opportunity cost correlation

For a preliminary look at the two time series of Bitcon monthly velocity with its
expected depreciation rate, I run the augmented-Dicky-Fuller (ADF) test for all in-
dividual series to test for the presence of unit roots, and the Phillips-Ouliaris test (a
residual-based unit root test) for potential cointegration between the series. For both
the velocity and value depreciation rate series, the ADF test results reject the unit
root hypothesis at the 1% significance level, both with and without the time trend.
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Figure 3.A.1: Expected depreciation rate using spot vs. futures prices

When multiple lagged terms are included, unit root is still rejected at the 5% sig-
nificance level. Unit root tests with multiple lags applied to the regression residuals
(based on Newey-West standard errors) of the velocity and depreciation rate series also
reject cointegration of the two series at the 1% significance level. This result is further
confirmed when alternatively a Johansen test is run.

Plotting the two series, a striking negative correlation appears in Figure 3.A.2
for almost the entire length of the time where data is available (July 2010 to July
2019), while the pattern seems somewhat different or less apparent for the months
immediately after the known historical crashes (see Figure 3.A.3). Adjusted Cho tests
confirm that these historical crashes are rather breakpoints in the velocity-depreciation
rate relationship. It thus seems reasonable to restrict the samples to exclude the
immediate aftermath of these historical crashes. In addition, while neither the velocity
nor depreciation rate series exhibit any clear trend, a cyclical pattern seems more
prominent, especially for Bitcoin’s velocity. It thus appears appropriate to remove
the cyclical components from the series and restrict the sample size to exclude the
immediate aftermath of the historical crashes. The figures in the main text are based
on data processed thus, that is, HP filtered and with three months’s data excluded for
each crash, starting from the historical high prices. For comparison, I reproduce the
figure from the main text at the monthly frequency using: the full sample of unfiltered
series (Panel a of Figure 3.A.4), the full sample of filterred series (Panel b), and the
sample excluding three months after each historical crash of unfiltered series (Panel
c). As we see in Figure 3.A.4, the negative correlation between Bitcoin velocity and
rate of value depreciation is very robust.
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Figure 3.A.2: Bitcoin velocity and expected depreciation rate
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Figure 3.A.4: Velocity-depreciation rate relationship with different
samples
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3.A.2 Model timeline

3.A.2.1 With the KYC requirements on the CM

The model presented in the main text makes use of a four-subperiod timeline, where not
all consumers visit all decentralized submarkets. In this appendix I present the deeper
structure underlying this timeline, and explain why and when this four-subperiod
timeline emerges as an equilibrium outcome.

Each period has two stages: a centralized-market stage (CM) and a decentralized-
market stage with multiple markets (DMs). During the stage of the DMs a decen-
tralized online goods market (OM) opens at the same time as a local over-the-counter
asset market (AM). Each consumer can choose which decentralized submarket to visit
first. If they visit the AM before the OM, however, the additional time used on the
AM means that they will face a higher cost when purchasing goods on the OM, since
producers need to apply a costly technology to prolong the shelf life of goods.54 With-
out having purchased cryptocurrency on the CM, A-types have to visit the AM before
the OM. For N-types, if they visit the AM before the OM, the advantage is that they
can try their luck for resale first and then have the certainty of spending the remaining
cryptocurrency on the OM. The disadvantage, however, is that they face a higher cost
on the OM when they enter the market late. Their sequence of market visits thus
depends on the tradeoff of the two.

Suppose each OM good costs c units of the numeraire if a consumer shows up
early on the OM, and ξc units of the numeraire, where ξ > 1, if they show up late.
Throughout this section I refer to c as the early price, and ξc as the late price. Denote
by q ≡ βp′b

ξc the N-type’s total real balances, and by qa ≡ βp′b̃
ξc the amount demanded

for resale, both evaluated at the late price. Again, h ≡ qa
q denotes the share of real

balances demanded for resale purposes. I further denote the two alternative market-
visit sequences of N-types by the superscripts “oa” (the OM before the AM) and “ao”
(the AM before the OM).

Each N-type takes CM and OM prices as well as the AM matching probability α
as given, and decides on the market-visit sequence. Ignoring the constant terms, the
net benefit of visiting the OM before the AM is given by

W oa
n = max

qoa

{
− k + (un(qoan )− cqoan ) + αθ (ua(qoaa )− ξcqoaa )− iξcqoa

}
, (3.A.1)

where qoan ≡ ξ(qoa − qoaa ). The cryptocurrency demand further satisfies:

i = u′n(qoan )
c

− 1 = αθ

(
u′a(qoaa )
ξc

− 1
)
, (3.A.2)

54What matters is that delaying consumption is costly. Higher production cost due to longer shelf
life is one interpretation. Other interpretations include – other things equal – the consumer’s own
impatience and discounting, a lower chance of meeting a producer if a consumer shows up on the
market late, or simply that meeting a producer on the OM is more uncertain than meeting a trading
partner on the AM.
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which allows us to write W oa
n as

W oa
n = −k + Sn(qoan ) + αθSa(qoaa , )

where Sj is defined in (3.15). This is exactly the case analyzed in the main text,
modified with a cost of delaying consumption ξ.

If N-types visit the AM before the OM, the bargaining problem on the AM is
more complicated, since the N-types’ reservation price is no longer βp′. Instead, the
opportunity cost of selling b̃ao units of cryptocurrency is given by

Λn(bao, aao)− Λn(bao − b̃ao, aao + ãao) = un(qao)− un(qaon )− βδãao,

where qaon ≡ qao − qaoa . Given N-types’ opportunity cost, the bargaining problem now
solves

max
qaoa ,ãao

{
ua(qaoa ) + un(qaon )− un(qao)

}
s.t. qaoa ≤ qao

δãao ≤ δaao.

Due to the Inada condition of the OM utility functions, N-types’ cryptocurrency con-
straint now no longer binds. And as I continue to assume that trees are abundant so
A-types’ asset constraint does not bind, the bargaining solution is given by

u′a(qaoa ) = u′n(qaon ). (3.A.3)

N-types’ cryptocurrency demand on the CM now solves

W ao
n = max

qao

{
− k + α [θ (ua(qaoa ) + un(qaon )− un(qao)) + (un(qaon )− ξcqaon )]

+ (1− α) (un(qao)− ξcqao)− iξcqao
}
.

(3.A.4)

The cryptocurrency demand is thus given by:

i = αθ

(
u′n(qaon )
ξc

− u′n(qao)
ξc

)
+ α

(
u′n(qaon )
ξc

− 1
)

(1− h̃) + (1− α)
(
u′n(qao)
ξc

− 1
)
,

(3.A.5)
where from (3.A.3) we have

h̃ ≡ ∂qaoa
∂qao

= u′′n(qaon )
u′′a(qaoa ) + u′′n(qaon ) .

We are now ready to compare the net gains of the two alternative market-visit se-
quences. The next proposition establishes that N-types will prefer visiting the OM
before the AM, if it is costly to postpone consumption.

Proposition 3.8. Suppose ηa ≥ ηn and u′n(qn) + qnu
′′
n(qn) ≤ 0. For ξ sufficiently

large, W oa ≥ W ao holds for all α ∈ [αl, αu] and active N-types always visit the OM
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before the AM.

Proof of Proposition 3.8. Since h̃ =
[
1 + 1−h

h
ηa
ηn

]−1
, h̃ ≤ h as long as ηa ≥ ηn.

Suppose qaoa ≤ qoaa . Combining (3.A.3) and (3.A.2) we have qaon < qoan . Combining
(3.A.2) and (3.A.5) we further see that qaoa < qoaa is only possible if 1 − α − αθ < 0.
Thus, if qaoa ≤ qoaa , W ao

n satisfies the following:

W ao
n ≤ −k + αθ (Sa(qaoa ) + Sn(qaon )− Sn(qao)) + αSn(qaon ) + (1− α)Sn(qao)

= −k + Sn(qaon ) + αθSa(qaoa )− (1− α− αθ) (Sn(qaon )− Sn(qao))

< −k + Sn(qaon ) + αθSa(qaoa )

< −k + Sn(qoan ) + αθSa(qoaa )

= W oa
n ,

where the first inequality follows from h̃ ≤ h, the second inequality from 1−α−αθ < 0,
and the third from qaoa ≤ qoaa and qaon < qoan .

Now suppose qaoa > qoaa . From (3.A.2) and (3.A.5), this requires 1−αh̃−αθ ≥ 0 to
hold. I now show that conditional on qaoa > qoaa and 1− αh̃− αθ ≥ 0, d(W oa−Wao)

dξ > 0
must hold.

From (3.A.1), we have:

dW oa
n

dξ
=
(
∂W oa

n

∂qoa
+ ∂W oa

n

∂qoaa

∂qoaa
∂qoa

)
︸ ︷︷ ︸

=0

∂qoa

∂ξ
+ ∂W oa

n

∂ξ
= −(i+ αθ)cqoaa .

From (3.A.4), we have:

dW ao
n

dξ
=
(
∂W ao

n

∂qao
+ ∂W ao

n

∂qaoa

∂qaoa
∂qao

)
︸ ︷︷ ︸

=0

∂qao

∂ξ
+ ∂W ao

n

∂ξ
= − [i+ 1− αh] cqao.

If 1− αh− αθ ≥ 0, given qaoa > qoaa , it follows immediately that

d(W oa
n −W ao

n )
dξ

> (i+ αθ)c(qaoa − qoaa ) > 0.

Now suppose αh̃+ αθ ≤ 1 < αh+ αθ. From (3.A.5) we have

i ≥ αθ
(
u′n(qaon )
ξc

− 1
)

+ (αθ + α− 1)
(
u′n(qaon )
ξc

− u′n(qao)
ξc

)
. (3.A.6)
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It follows thus

d(W oa
n −W ao

n )
dξ

>icqaon + (1− αh)cqao − αθcqaoa

>αθ

(
u′n(qaon )
ξc

− 1
)
cqaon + cqaon

+ (αθ + α− 1)cqaoa
[
u′n(qao)
ξc

qaon
qaoa

(
u′n(qaon )
u′n(qao) − 1

)
− 1

]
>(αθ + α− 1)cqaoa

[
u′n(qao)
ξc

qaon
qaoa

(
u′n(qaon )
u′n(qao) − 1

)
− 1

]
,

where the first inequality follows from qaoa > qoaa and the second from (3.A.6) and
(1 − αh)cqao = (1 − α)cqaoa + cqaon . By assumption u′n(qn) + qnu

′′
n(qn) ≤ 0 holds.

Thus u′n(qaon )
u′n(qao) ≥

qao

qaon
and the term in the square bracket is positive. It follows that

d(W oa
n −Wao

n )
dξ > 0.

Summarizing the above, we have thus shown that as long as qaoa ≤ qoaa , W oa
n ≥W ao

n

holds, while as long as qaoa > qoaa , d(W oa
n −Wao

n )
dξ > 0 holds. Since ξ → 0, W oa

n −W ao
n < 0,

and ξ →∞, W oa
n −W ao

n > 0, it follows that for ξ sufficiently large: W oa
n ≤W ao

n holds
always and the N-types always prefer vising the OM before the AM for all α ∈ [αl, αu].

3.A.2.2 Main results when delaying consumption is costly

Proposition 3.8 provides the justification for assuming the timeline as presented in the
main text. Here I further show that including the cost of delaying consumption ξ does
not alter the results in the main text qualitatively.

With the cost wedge ξ, (DDn) (DDa) and (FE)55 change to

i = u′n(qn)
c
− 1

i = αθ

(
u′a(qa)
ξc

− 1
)

k = Sn(qn) + αθSa(qa),

where qn = ξ(q − qa) = ξ(1− h)q. Using the above equations, (3.A.19) changes to:

∂qa
∂qn

= ξu′′n(qn)
αθu′′a(qa)

k − (un(qn)− cqn)
αθ (ua(qa)− ξcqa)

. (3.A.7)

55Here I consider only the participation-constrained case.
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Equation (3.A.20) then changes to

∂h

∂i
=
[1
q

∂qa
∂qn
− 1
ξ

qa
q2 −

qa
q2
∂qa
∂qn

]
∂qn
∂i

= 1
ξ

qa
q2
∂qn
∂i

[
ξ
qn
qa

∂qa
qn
− 1

]
= h(1− h) c

ηnu′n(qn) (1− ξεqa,qn)

= h(1− h) c

ηnu′n(qn)

[
1− ξ2ηn

ηa

u′n(qn)
αθu′a(qa)

k − (un(qn)− cqn)
αθ (ua(qa)− ξcqa)

]

= h(1− h) c

ηnu′n(qn)

1− ηn
ηa
ξ
i+ 1
i+ αθ

k − (un(qn)− cqn)
αθ (ua(qa)− ξcqa)︸ ︷︷ ︸

<1



(3.A.8)

Thus a sufficient condition for ∂h
∂i > 0 to hold is given by ηa

ηn
≥ ξη̃.

3.A.2.3 Without the KYC requirement on the CM

The four-subperiod structure presented in the main text is a result of the KYC require-
ment. Without the KYC requirement on the CM, both types of agents can demand
cryptocurrency on the CM. Section 3.5.2 considers this counterfactual scenario, while
assuming that the secondary asset market will shut down. In this case, the model
reduces to the standard two-subperiod structure, where agents visit the CM and a
decentralized goods market sequentially each period. In this section, I show that if
delaying consumption is costly, the AM will indeed be inactive in the absence of the
KYC requirement on the CM.

Without the KYC requirement, N-types and A-types differ only by their OM utility.
This means that in addition to their decisions on which decentralized markets to visit
and in which order, either type can now be the buyers or sellers of cryptocurrency on
the AM. For concreteness, let us continue to call potential sellers of cryptocurrency on
the AM N-types, while potential buyers A-types. Let α continue to be the matching
probability for an N-type on the AM, while ω denotes the matching probability for an
A-type.

A-types now have three different options:

(A1) demanding cryptocurrency only on the CM and consuming on the OM1 (i.e.
without consumption delay and no AM trade),56

(A2) demanding cryptocurrency only on the AM and consuming on OM2,

(A3) demanding cryptocurrency both on the CM and the AM and consuming on OM2.

Similarly, N-types also have three different options:
56Obviously, demanding cryptocurrency only on the CM and delaying consumption until OM2 is

always dominated as delaying consumption is costly.
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(N1) demanding cryptocurrency on the CM and consuming on the OM1 (i.e. without
consumption delay and no AM trade),57

(N2) demanding cryptocurrency on the CM, visiting the OM1 and then the AM,

(N3) demanding cryptocurrency on the CM, visiting the AM and then the OM2.

Suppose first that active N-types choose N2. In the same spirit as the analysis in
Section 3.3, A-types’ cryptocurrency demand in each of the three cases, conditional on
a positive market entry decision, can be shown to satisfy:

CM only: i = u′a(qca)
c
− 1 (3.A.9)

AM only: i = αθ

(
u′a(qaa)
ξc

− 1
)

(3.A.10)

both: i = (1− ω)
(
u′a(qca,ca )

ξc
− 1

)
+ ω(1− θ)

(
u′a(qca,ca + qca,aa )

ξc
− 1

)
, (3.A.11)

where the superscript c, a, and ca denotes the case of demanding cryptocurrency only
on the CM, only on the AM, and on both markets. For the case when A-types visit both
the CM and the AM, qca,ca denotes the amount of real balances demanded from the CM
and qca,ca the amount demanded from the AM. In addition, N-types’ cryptocurrency
allocation decision is given by

i = αθ

(
u′a(qca,ca + qca,aa )

ξc
− 1

)
. (3.A.12)

If A-types visit only the CM, they simply demand cryptocurrency according to the
amount they would like to consume, given the opportunity cost of holding cryptocur-
rency.

If A-types only visit the AM to purchase cryptocurrency, there is no difference
compared to the baseline, where the KYC requirement is present. In this case, A-
types partially bear the opportunity cost of holding cryptocurrency, since N-types
have a non-zero bargaining power and will shift some of the cost to A-types. As the
terms of trade on the AM depend only on the amount of cryptocurrency N-types bring
into the AM, A-types’ cryptocurrency demand is still passively determined by N-types’
cryptocurrency demand, as shown in Section 3.3.

And finally, when A-types visit both markets for cryptocurrency, A-types can par-
tially influence the AM terms of trade by deciding on the amount of cryptocurrency
to demand on the CM.

Individual A-types take i, α and ω as given, and decide on the amount of real
balances to demand in each case. Since α < 1, θ ∈ (0, 1), and ξ > 1, comparing (3.A.9)
and (3.A.10) we have qaa < qca, and comparing (3.A.9) and (3.A.12) we have qca,ca +
qca,aa < qca. That is, the total amount of real balances demanded will be the highest

57With the KYC requirement, there is always secondary demand on the AM. Thus re-selling on the
AM always dominates no AM trade for the N-types. Without the KYC requirement, however, this is
no longer the case.
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if A-types demand cryptocurrency only on the CM. Further, comparing (3.A.10) and
(3.A.12) we have qca,ca + qca,aa = qaa.

Given the above cryptocurrency demand and the participation cost for the CM
cryptocurrency market, the net gains of holding cryptocurrency for each of the three
cases are given by:

CM only: W c
a = Sa(qca)− k,

AM only: W a
a = ω(1− θ) [ua(qaa)− ξcqaa] ,

both: W ca
a = (1− ω)Sa(qca,ca ) + ω(1− θ)Sa(qca,ca + qca,aa ) + ω(1− θ)

αθ
iξcqca,aa − k,

where Sa(.) is defined in (3.15). Compared to demanding cryptocurrency directly on
the CM, where A-types face an participation cost k and the inflation tax i, entering
the AM continues to be free. However, visiting the AM has several disadvantages:
meeting a trading partner is uncertain, the gains of trade need to be shared between
the trading partners, and finally, visiting the AM is time consuming and thus means
delaying consumption. The next lemma shows that delaying consumption can be too
costly for A-types to want to visit the AM.

Lemma 3.4. Suppose there are no KYC requirements on the primary asset market
and active N-types choose N2. If it is sufficiently costly to delay consumption, that
is, if ξ is sufficiently large, A-types do not demand cryptocurrency from the secondary
asset market.

Proof of Lemma 3.4. Given i, equation (3.A.10) implies that ∂qa
∂ξ < 0. Thus ∂Wa

a
∂ξ < 0,

while ∂W c
a

∂ξ = 0. So there exists ξ̃1 such that for all ξ ≥ ξ̃1, W a
a ≤< W c

a .
Now denote ha ≡ qca,aa

qca,ca +qca,aa
. We can write W ca

a as follows:

W ca
a =ha [(1− ω)Sa(qca,ca ) + ω(1− θ)Sa(qca,ca + qca,aa )− k]

+ ha [(1− ω)Sa(qca,ca )− k] + (1− ha)ω(1− θ) [ua(qca,ca + qca,aa )− ξc(qca,ca + qca,aa )]

Since qca,ca + qca,aa = qaa < qca, the first term of the right hand side is less than haW c
a ,

while the last term is simply (1− ha)W a
a . If ξ ≤ ξ̃1, we then have

W ca
a < W c

a + ha [(1− ω)Sa(qca,ca )− k] .

Combining (3.A.11) and (3.A.12) we see that ∂qca,ca
∂ξ < 0. There thus exists ξ̃2 such that

if ξ ≥ ξ̃2, (1− ω)Sa(qca,ca )− k ≤ 0 and W ca
a < W c

a .
To summarize, if ξ ≥ max{ξ̃1, ξ̃2}, delaying consumption is sufficiently costly that

A-types do not demand cryptocurrency on the AM.

Lemma 3.4 suggests that there is no secondary demand if there are no KYC re-
quirements and active N-types choose N2. The next lemma shows that it is sufficient
to consider this scenario, since with large ξ active N-types will not choose N3.
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Lemma 3.5. Suppose there are no KYC requirements on the primary asset market,
ηa ≥ ηn, and u′n(qn) + qnu

′′
n(qn) ≤ 0. If it is sufficiently costly to delay consumption,

that is, if ξ is sufficiently large, active N-types do not delay consumption, that is, they
do not choose N3.

Proof of Lemma 3.5. To show that active N-types will not choose N3 if ξ large, it
is sufficient to show that N3 is always dominated by N2 for ξ large. Suppose A-
types choose A2. Then Proposition 3.8 is directly applicable, which shows that N2
dominates N3 in this case. Now suppose A-types choose A3. The amount of real
balances demanded by an A-type on the CM continues to be denoted by qca,ca . (3.A.1)-
(3.A.4) change to

W oa
n = max

qoa

{
− k + (un(qoan )− cqoan ) + αθ [ua(qca,ca + qoaa )− ua(qca,ca )− ξcqoaa ]

− iξcqoa
}
,

i =u′n(qoan )
c

− 1 = αθ

(
u′a(qca,ca + qoaa )

ξc
− 1

)
,

u′n(qaon ) =u′a(qca,ca + qaoa )

W ao
n = max

qao

{
− k + αθ (ua(qca,ca + qaoa ) + un(qaon )− un(qao)− ua(qca,ca ))

+ α (un(qaon )− ξcqaon ) + (1− α) (un(qao)− ξcqao)− iξcqao
}
,

(3.A.5) remains the same, while h̃ changes to

h̃ = ∂qaoa
∂qao

= u′′n(qaon )
u′′a(q

ca,c
a + qaoa ) + u′′n(qaon ) .

The above equations summarize the best response of active N-types, given qca,ca . Since
N-types take qca,ca as given, Proposition 3.8 continues to hold. Thus, if ξ is large, the
best response of active N-types is still to visit the OM before the AM, that is, the
N-types will not delay consumption.

Putting the results of the above two lemmas together, the no-AM-trade result
follows, as summarized by the next proposition and Table 3.A.1.

Proposition 3.9. Suppose ηa ≥ ηn and u′n(qn) + qnu
′′
n(qn) ≤ 0. If it is sufficiently

costly to delay consumption, that is, if ξ is sufficiently large, the secondary asset market
shuts down when there are no KYC requirements on the primary asset market.

A-Types
A1 A2 A3

N-types
N1 Autarky No Supply No Supply
N2 No Demand No Dem. if ξ large No Dem. if ξ large
N3 No Demand No Sup. if ξ large No Sup. if ξ large

Table 3.A.1: AM trade in the absence of KYC requirements
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3.A.3 Dynamic equilibrium

This appendix deals with the dynamic equilibrium of the model. The fact that con-
ditional on (DDn), (DDa) and (FE), p′ and i uniquely pin down each other through
(SS) implies that a fixed price steady state exists and is unique, since the supply of
cryptocurrency will be fixed at B̄ in the long run. As the following lemma shows, the
stability of the steady state depends on the curvature of the OM utility function of the
consumers.

Proposition 3.10. There exist 1) a non-monetary steady state, where cryptocurrency
is not valued and there is no trade on decentralized markets, 2) a continuum of non-
stationary equilibria, where the price of cryptocurrency converges monotonically to-
wards zero, and 3) a unique monetary steady state, where iss = 1−β

β and pss > 0. If
ηn and ηa are sufficiently low so that ∂p

∂p′ ∈ (0, 1) holds at the monetary steady state,
the dynamic equilibrium is fully characterized by the above three possibilties; if ηn and
ηa are large so that ∂p

∂p′ ∈ (−1, 0), a two-period cycle arises in addition; if ηn and ηa
are very large so that ∂p

∂p′ < −1, there further exists a continuum of non-stationary
equilibria that converge non-monotonically towards the monetary steady state.

Proof of Proposition 3.10 . Since the cryptocurrency supply will be constant at B̄ in
the long run, a steady state must be a stable price steady state with constant pss. Thus
at the steady state iss = 1−β

β . Further, before the maximum supply B̄ is reached, since
Bt is growing, a stable price steady state cannot exist, because with changing Bt

and constant pt the real balances of the entire cryptocurrency stock will vary and
consequently αt and qt cannot stay constant. The existence and uniqueness of the
stable price steady state is immediate from Proposition 3.1.

We now check the local stability of the steady state. Since from (3.13) we have
∂p
∂p′ = p

p′ + βp′ ∂i∂p′ and by the proof of Proposition 3.1 ∂i
∂p′ < 0 always holds, we thus

have ∂p
∂p′

∣∣∣
ss
< p

p′

∣∣∣
ss

= 1. Further, using (3.A.17) and (SS), we have

∂p

∂p′
= p

p′
+ βp′

βB

cσ

[
q
∂n

∂α

cq

θŜa
− ncqn
ηnu′n(qn) −

ncqa
ηaαθu′a(qa)

(
1− icq

αθŜa

)]−1

= p

p′
− β

[
icq

αθŜa

(
−εn,α −

qa
q

i

ηa(i+ αθ)

) 1
i

+ qn
q

1
ηn(1 + i) + qa

q

1
ηa(i+ αθ)

]−1

(3.A.13)

where εn,α ≡ α
n
∂n
∂α and Ŝa is defined in (3.A.16). Further, since we assume throughout

the chapter that ηa
ηn
≥ η̃, ∂q∂i ≤ 0 holds and thus

icq

αθŜa
≤ 1 + qn

qa

ηa(i+ αθ)
ηn(i+ 1) .
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For concreteness, suppose the matching function is so that
[
−εn,α − qa

q
i

ηa(i+αθ)

]
ss

≥ 0.58 Then

∂p

∂p′

∣∣∣∣
ss

> 1− β(iss + αssθ)ηa > 1− β(1 + iss)ηa = 1− ηa,

∂p

∂p′

∣∣∣∣
ss

< 1− β
[(

1 + qn
qa

ηa(i+ αθ)
ηn(i+ 1)

)
(−εn,α)

]−1

ss

< 1− β
[
q∗

q∗a

ηa
ηn

(−εn,α)
]−1

ss

,

where the last inequality sign follows from αθ < 1 and ∂h
∂i > 0. That is, we have

∂p

∂p′

∣∣∣∣
ss

∈
(

1− ηa, 1− β
(
q∗

q∗a

ηa
ηn

(−εssn,α)
)−1)

.

Clearly, if ηa < 1 (and thus ηn < 1 must also hold), then ∂p
∂p′

∣∣∣
ss
∈ (0, 1). If, on the

other hand, ηn is large (and thus ηa is also large), then ∂p
∂p′

∣∣∣
ss
< 0 or even ∂p

∂p′

∣∣∣
ss
< −1

is possible.59 Thus depending on the values of ηn and ηa, ∂p
∂p′ ∈ (0, 1), ∂p

∂p′ ∈ (−1, 0)
and ∂p

∂p′ ≤ −1 are all possible.

p p

p′ p′

p

p = Γ(p′)

p = Γ(p′)

p = Γ(p′)

p′
(a) ηj small (b) ηj moderately large (c) ηj large

Figure 3.A.5: Phase diagrams

The results of Proposition 3.10 are illustrated in the phase diagrams in Figure
3.A.5. While hyper-inflationary paths towards the non-monetary steady state are al-
ways possible, if the relative risk aversions of the two types of agents are low, the
monetary steady state can be saddle-point stable. Thus once the supply of cryptocur-
rency has reached its maximum, the economy must immediately be at the steady state.
By backward induction, even as the supply of cryptocurrency is still growing, since the
entire supply path is exogenous and known to all agents, there is a unique, mone-
tary equilibrium path, corresponding to the exogenous supply path of cryptocurrency.
When the relative risk aversion parameters of the two types of agents become larger,
indeterminacy arises. And depending on whether ∂p

∂p′ > −1 or ∂p
∂p′ < −1 holds, either

58The case where
[
−εssn,α − qa

q
i

ηa(i+αθ)

]
ss
< 0 is similar. In this case, 1 − β

[
q
qa

ηa
ηn

(−εn,α)
]−1

ss
<

∂p
∂p′

∣∣
ss
< 1− ηn.

59If ∂q∗n
∂ηn
≥ 0, since un and ua differ only by their relative risk aversion, then q∗

q∗a
≤ 2; if ∂q∗n

∂ηn
< 0,

then q∗

q∗a

ηa
ηn

is monotonically decreasing in ηn.
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two-period cycles or non-monotonic convergence towards the monetary steady state
arise.

The characterization of the dynamic equilibrium in Proposition 3.10 is reminis-
cent of the results in Rocheteau and Wright (2013), who illustrate the many different
types of dynamics that can occur in a search-theoretic model of asset demand.60 The
discussion of the full dynamics is out of the scope of this chapter. The purpose of
this appendix is to show that the analysis provided in the main text of the chapter
can be consistent with different types of dynamic equilibrium. Here I mention two
possibilities.

1. Noisy steady state
Suppose ηn and ηa are small such that absent exogenous uncertainty, the fixed-price
steady state is unstable. Since the supply path is deterministic, by backward induction
and using Proposition 3.1, the entire equilibrium path is uniquely pinned down.

Now suppose there is exogenous uncertainty to certain model parameters. For
example, the OM production can be subject to total factor productivity shocks such
that the production cost c fluctuates over time. Alternatively, the mass of the A-types
σ can fluctuate due to preference shocks. Denote the vector of parameters that are
subject to exogenous uncertainty by ψt. Further, suppose the shocks are one-period
shocks that are independently distributed over time, and are realized at the beginning
of the CM each period. We can then define a noisy rational expectation equilibrium
as follows.

Definition 3.2. A noisy rational expectations equilibrium (REE) is a function p(ψt)
defined so that p(ψt) = G(Et(pt+1), ψt) and Et(pt) = Et (G(Et(pt+1), ψt)), where the
expectation is taken with respect to the joint distribution of ψt. A noisy steady state
REE is a noisy REE with Et(pt) = p∗ is a constant.

It has been well-known since Evans and Honkapohja (1995) that a noisy steady
state can exist if the exogenous shocks are small. Each period the expected next
period’s price is known, since the shocks are transient and independently distributed
over time. Conditional on Et(pt+1), the realization of the shocks at the current period
determines current price pt and the opportunity cost of holding cryptocurrency it ≡

pt
βEt(pt+1) − 1. From here, the results from the main text can be directed applied.
In the case of preference shocks that affect σ, for example, Proposition 3.3 can be
reinterpreted as showing how the equilibrium responds to the realization of the shocks
each period. Productivity shocks that affect c can be analyzed analogously.

2. Deterministic cycle
Consider again a deterministic setting. Suppose ηn and ηa are large such that two-
period cycles arise. With perfect foresight, the next period price pt+1 is determined and
consequently also the current period opportunity cost it. From the Proof of Proposition

60In fact, as Rocheteau and Wright (2013) show, when agents’ relative risk aversion becomes very
large, periodic equilibria of a higher order, including three-cycles, can emerge.
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3.1, we have ∂it
∂pt+1

< 0. Thus the equilibrium opportunity cost it fluctuates as the
economy oscillates between the two states.

To summarize, this appendix shows that the model in this chapter allows rich
dynamics consistent with fluctuations of cryptocurrency price p and opportunity cost
i, both endogenously and as a result of exogenous uncertainty. While the former is
consistent with, for example, a deterministic cycle, the latter is consistent with a noisy
steady state, where fluctuations originate from one-period, independently distributed
shocks.

3.A.4 Proofs

3.A.4.1 Proof of Proposition 3.1

Existence
For a monetary equilibrium to exist, there must be a positive mass of active N-types.
This requires k ≤ Sn(qn) + αθSa(qa) for some α ≤ αu and qj ≤ q∗j (j ∈ {n, a}). Given
the upper bound of α and qj , a monetary equilibrium can only exist if k ≤ k̂.

Given p′, since qj ≤ q∗j , from (SS) we have n ≥ βp′B
c(q∗n+q∗a) , or equivalently, α ≤ α̂(p′) ≡

α
(

βp′B
c(q∗n+q∗a)

)
. That is, for the cryptocurrency market to clear there must be sufficiently

many N-types willing to participate. Clearly, for all 0 < p′ ≤ p̂, αl ≤ α̂(p′) < αu holds.
Recall from Lemma 3.1 that G(i, α) ≡ Sn(qn(i)) + αSa(qa(i, α)), where qn(i) and

qa(i, α) are implicitly given by (DDn) and (DDa), respectively. Let ku(p′) ≡ Sn(q∗n) +
α̂(p′)θSa(q∗a) = G(0, α̂(p′)). Clearly, ∂ku(p′)

∂p′ = ∂ku(p′)
∂α̂(p′)

∂α̂(p′)
∂p′ < 0. Further, let kl(p′) ≡

G(̆i(p′), αl), where ĭ(p′) is implicitly defined by c(1−σ)(qn(̆i)+qa(̆i, αl)) = βp′B. That
is, given p′, ĭ(p′) is the lowest i that will generate a binding participation constraint
for the N-types. Clearly, ∂k

l(p′)
∂p′ = ∂kl(p′)

∂ĭ(p′)
∂ĭ(p′)
∂p′ > 0.

It is easily verified that ∂G(i,α)
∂i < 0 and ∂G(i,α)

∂α > 0. Thus, given p′ ≤ p̂, for
any k ≤ ku(p′) there exists an iu(k) such that G(iu(k), α̂(p′)) = k, and an il(k) ≤
iu(k) such that G(il(k), αl) = k. By continuity and monotonicity of G(i, α), for any
i ∈ [il(k), iu(k)], there exists one unique α ∈ [αl, α̂(p′)], such that G(i, α) = k holds.
That is, given p′ ≤ p̂ and k ≤ ku(p′), there exists a continuum of candidate solutions
(i, α, qn(i), qa(i, α)) to (DDn), (DDa) and (FE) (at equality), where i ∈ [il(k), iu(k)]
and α ∈ [αl, α̂(p′)].

Now denote P (i) ≡ cn(α(i))(qn(i)+qa(i,α(i))
βB , where (i, α(i), qn(i), qa(α(i)) is the so-

lution to (DDn) (DDa) and (FE) (at equality) for a given i. Given p′ ≤ p̂, for any
k ≤ ku(p′), iu ≥ 0 and qj ≤ q∗j hold and thus P (iu) ≤ p′. If k ≥ kl(p′), il ≤ ĭ(p′)
and P (il) ≥ p′. By continuity of P (i), there exists at least one i ∈ [il(k), iu(k)] such
that p′ = P (i). That is, a solution (i, α, qn(i), qa(i, α)) exists that jointly solves (DDn),
(DDa), (FE) (at equality), and (SS). Thus for any p ≤ p̂ and k ∈ [kl(p′), ku(p′)], a
monetary equilibrium with binding participation constraint exists

Now suppose k < kl(p′). Since any monetary equilibrium features α ≥ αl, given α,
to satisfy (SS), (DDn) and (DDa) at the same time we must have i ≤ ĭ(p′). Thus any
candidate equilibrium must have α ≥ αl, qn ≥ qn(̆i) and qa ≥ qa(̆i, αl). Consequently,
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any candidate equilibrium features Sn + αθSa ≥ kl > k and is only consistent with
α = αl. Therefore, for any k < kl(p′), (̆i, αl, qn(̆i), qa(̆i, αl)) is the unique monetary
equilibrium.

Uniqueness
To show the uniqueness, I show that given k, if ηaηn ≥ η̃,

∂p′

∂i < 0 holds at any monetary
equilibrium. I will start by stating and proving the following lemma.

Lemma 3.6. For any monetary equilibrium in which (FE) holds at equality, we have:

∂α

∂i
= 1
θŜa(qa)

cq (3.A.14)

∂qa
∂i

= c

αθu′′a(qa)

[
1− icq

αθŜa(qa)

]
, (3.A.15)

where Ŝj(qj) is the total consumption surplus of type j defined as

Ŝj(qj) ≡ uj(qj)− cqj , j ∈ {n, a}. (3.A.16)

Proof of Lemma 3.6. Total differentiating both sides of (DDa) with respect to i, we
have

1 = θ

(
u′a
c
− 1

)
dα

di
+ αθ

u′′a
c

dqa
di

Total differentiating both sides of (FE) with respect to i and plugginng in the above,
we have

0 = −cqn − αθqau′′a
dqa
di

+ θSa
dα

di

Combining the two equations and solving for dα
di and dqa

di gives (3.A.14) and (3.A.15).

Now back to the proof of Proposition 3.1.

∂p′

∂i
= cσ

βB

[
q
∂n

∂α

∂α

∂i
+ n

∂qn
∂i

+ n
∂qa
∂i

]
(3.A.17)

1. Non-binding participation constraint
With a non-binding participation constraint, (SS) and (DDa) are given by

βp′B = c(1− σ)(qn + qa)

i = αlθ

(
u′a(qa)
c
− 1

)
,

from which we have ∂qa
∂i < 0. And since ∂qn

∂i < 0 follows from (DDn), equation
(3.A.17) is thus equal to

∂p′

∂i
= c(1− σ)

βB

[
∂qn
∂i

+ ∂qa
∂i

]
< 0.
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2. Binding participation constraint
I first show that if ηa

ηn
≥ η̃, ∂q∂i > 0 is not possible.

With a binding participation constraint, (FE) holds at equality. Thus:

∂k

∂i
= −qnu′′n(qn)∂qn

∂i
− αθqau′′a(qn)∂qa

∂i
+ θSa(qa)

∂α

∂i︸ ︷︷ ︸
>0 (Lemma 3.6)

= 0, (3.A.18)

which requires −qnu′′n(qn)∂qn∂i − αθqau
′′
a(qn)∂qa∂i < 0.

Suppose ∂q
∂i > 0. Then ∂qa

∂i > −
∂qn
∂i . Thus:

−qnu′′n(qn)∂qn
∂i
− αθqau′′a(qn)∂qa

∂i
> −qnu′′n(qn)∂qn

∂i

[
1− ηa

ηn

αθu′a(qa)
u′n(qn)

]
⇒ −qnu′′n(qn)∂qn

∂i
− αθqau′′a(qn)∂qa

∂i
> −qnu′′n(qn)∂qn

∂i︸ ︷︷ ︸
<0

[
1− ηa

ηn

i+ αθ

i+ 1

]
,

where ∂qn
∂i < 0 follows from (DDn). It is easily verified that i+αθ

i+1 is increasing in
i. Thus if ηa

ηn
≥ η̃, then ηa

ηn
i+αθ
i+1 ≥

ηa
ηn

1
η̃
≥ 1 for all i ∈ [il(k), iu(k)]. Consequently,

1 − ηa
ηn

i+αθ
i+1 ≤ 0 and −qnu′′n(qn)∂qn∂i − αθqau

′′
a(qn)∂qa∂i > 0 for all i ∈ [il(k), iu(k)],

which results in a contradiction.

I have thus shown that as long as ηa
ηn
≥ η̃ holds, ∂q∂i ≤ 0 must hold. From (3.A.17),

we then have ∂p′

∂i < 0.

3.A.4.2 Proof of Lemma 3.2

The fact that α increases with i is immediate from the left panel of Figure 3.2, and is
formally proved in Lemma 3.6. I show in this proof the effect of higher i on h.

Combining (3.A.15) and (DDn), we have:

∂qa
∂qn

= ∂qa
∂i

∂i

∂qn
= u′′n(qn)
αθu′′a(qa)

k − (un(qn)− cqn)
αθ (ua(qa)− cqa)

= u′′n(qn)
αθu′′a(qa)

k − Ŝn(qn)
αθŜa(qa)

, (3.A.19)

where Ŝj is defined in (3.A.16). Using (3.A.19), we have

∂h

∂i
=
[1
q

∂qa
∂qn
− qa
q2 −

qa
q2
∂qa
∂qn

]
∂qn
∂i

= qa
q2
∂qn
∂i

[
qn
qa

∂qa
qn
− 1

]
= h(1− h) c

ηnu′n(qn) (1− εqa,qn)

= h(1− h) c

ηnu′n(qn)

[
1− ηn

ηa

u′n(qn)
αθu′a(qa)

k − Ŝn(qn)
αθŜa(qa)

]
= h(1− h) c

ηnu′n(qn) (1− εqa,qn) ,

(3.A.20)

where εqa,qn ≡ qn
qa

∂qa
∂qn

. Since with ηa
ηn
≥ η̃, ηa

ηn
i+αθ
i+1 ≥ 1 for all i ∈ [il(k), iu(k)], we have

ηn
ηa

u′n(qn)
αθu′a(qa) ≤ 1 for all i ∈ [il(k), iu(k)]. This proves ∂h

∂i > 0.
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3.A.4.3 Proof of Proposition 3.2

Since vd = 1− (1− 2α)h, we have

∂vd

∂i
= 2h∂α

∂i
− (1− 2α)∂h

∂i

= 2h
ηnqu′n(qn)

∂α

∂i

[
ηnqu

′
n(qn)− (1

2 − α)(1− h)(1− εqa,qn)θŜ(qa)
]
.

Now define Φ(α) ≡ ηnqu′n(qn)− (1
2 −α)(1−h)(1− εqa,qn)θŜ(qa), where qn, qa, h, εqa,qn

are all functions of α ∈ [0,∞) jointly determined by (DDn), (DDa), and (FE). If
α = 1

2 , Φ(1
2) > 0 and ∂vd

∂i > 0. If α→ 0, we have qa → 0 and h→ 0. Further, since

lim
α→0

(1− εqa,qn)θŜa(qa) = lim
α→0

[
(1− ηn(i+ 1)

ηa(i+ αθ))θŜa(qa) + ηn(i+ 1)
ηa(i+ αθ)

icq

α

]
=∞,

we have lim
α→0

Φ(α) = −∞ and ∂vd

∂i < 0. Thus, by continuity, Φ(α) = 0 must have at
least one root in the interval of α ∈ (0, 1

2). Denote by α̃l and α̃u the smallest and
largest roots in this interval, respectively. Then Φ(α) < 0 for all α < α̃l and Φ(α) > 0
for all α > α̃u.

Further, at any such root of Φ(α) = 0, we have

∂Φ(α)
∂α

∣∣∣∣
Φ(α)=0

= ∂Φ(α)
∂i

∂i

∂α

∣∣∣∣
Φ(α)=0

= θŜa(qa)
1− εqa,qn

[
ηn

(
1− εqa,qn

u′
n(qn)

αθu′
a(qa)

(
1 + (u′

a(qa) + c)q
Ŝa(qa)

))

+(1− εqa,qn)2
(
h− εqa,qn

1− εqa,qn

)
+ ηnu

′
n(qn)

ηaαθu′
a(qa)

icq

αθŜa(qa)

(
1− icq

αθŜa(qa)

)
︸ ︷︷ ︸

>0

 .

Let ik be implicitly defined by k = Ŝn(qn). If i ≤ ik, k ≤ Ŝn(qn) and εqa,qn ≤ 0 hold.
Thus ∂Φ(α)

∂α

∣∣∣
Φ(α)=0

holds for all i ≤ ik. If i > ik, k > Ŝn(qn) and εqa,qn ∈ (0, 1) hold. It

is easily verified that ∂Φ(α)
∂α

∣∣∣
Φ(α)=0

> 0, if

εqa,qn ≤ min
{

1
u′n(qn)
αθu′a(qa)

(
1 + (u′a(qa)+c)q

Ŝa(qa)

) , 1
h−1 + 1

}
. (3.A.21)

(3.A.21) holds, if

ηa
ηn
≥ max

{
i+ 1
i+ αθ

(
1 + 2cq

Ŝa(qa)

)
,
(
h−1 + 1

)} i+ 1
i+ αθ

.

The right hand side of the above inequality is decreasing in i. Define

η̃′ ≡
[
max

{
i+ 1
i+ αθ

(
1 + 2cq

Ŝa(qa)

)
,
(
h−1 + 1

)} i+ 1
i+ αθ

]∣∣∣∣∣
i=ik

. (3.A.22)
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If ηa
ηn
≥ η̃′, (3.A.21) and ∂Φ(α)

∂α

∣∣∣
Φ(α)=0

> 0 hold for all i > ik.

Therefore if ∂Φ(α)
∂α > 0, ∂Φ(α)

∂α

∣∣∣
Φ(α)=0

> 0 holds for all i ≥ 0 and Φ(α) = 0 has a

unique root in the interval α ∈ (0, 1
2) and α̃l = α̃u = α̃. Since the equilibrium α is

increasing in i, the uniqueness of α̃ translates to a unique ĩ. And since ∂Φ(α)
∂θ < 0,

∂α̃
∂θ > 0 and ∂ĩ

∂θ > 0 follow.

3.A.4.4 Proof of Proposition 3.3

I first show that given p′, ∂p∂θ > 0 and ∂h
∂θ > 0 hold.

An equilibrium can be illustrated graphically in the (α, q) plane, as shown in Figure
3.A.6. As explained in Section 3.3.8, for any i, a candidate equilibrium that satisfies
(DDn), (DDa), and (FE) (at equality) is given by the intersection of the DD and FE
curves. Further, given p′, (SS) is represented by an upward-sloping, convex curve of
q in α. Thus a candidate equilibrium is an equilibrium, if there is an i ∈ [il, iu] such
that the intersection of the DD and FE curves also lies on the SS curve.

Suppose the initial equilibrium is characterized by (i1, θ1). Let the curves in solid
black line in Figure 3.A.6 represent the initial equilibrium. Now first suppose i stays
unchanged. A higher θ leads to an upward rotation of the DD curve and a downward
shift of the FE curve (dashed line). Since the next period price p′ remains unchanged,
the SS curve does not change. In order to reach a new equilibrium with the same p′, i
must increase, allowing an upward shift of the FE curve and a downward shift of the
DD curve (solid red line). Given p′, current price p = βp′(1 + i) will also be higher.

DD

FE

q

α

i1, θ2

i1, θ2

i2, θ2

i2, θ2

SS

Figure 3.A.6: New equilibrium with higher θ

Further, we know that given i and k, equilibrium qn, qa, q = qn + qa and thus h
are all independent of θ. Thus h(i1, θ1) = h(i1, θ2). From Lemma 3.2 we have ∂h

∂i > 0,
so that h(i2, θ2) > h(i1, θ2) and ∂h

∂θ > 0.
The proof is similar for a change in the magnitude of σ. If σ becomes larger, the

DD and FE curves do not move, while the SS curve rotates downward. To reach a new
equilibrium again i must rise and so must p. Thus ∂p

∂σ > 0 and ∂h
∂σ > 0 for given p′
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3.A.4.5 Proof of Proposition 3.4

In the absence of the KYC requirement, the total demand and supply of real balances
are given by (3.23) and (3.24), respectively. The existence of a monetary equilibrium
in this case is given by the next lemma.

Lemma 3.7. As long as p′ < c(σq∗a+(1−σ)q∗n)
βB so that the cryptocurrency is scarce, there

is a unqiue (i, qn(i), qa(i)) that jointly satisfies (3.23) and (3.24). That is, in the
absence of the KYC requirement, a unique monetary equilibrium exists and is unique.

Since we assume p′ < p̂ and k ∈ [kl(p′), ku(p′)] throughout the chapter, a monetary
equilibrium always exists in the presence of the KYC requirement. However, if p′ ≥
c(σq∗a+(1−σ)q∗n)

βB , no monetary equilibrium exists in the absence of the KYC requirement
and Proposition 3.4 clearly holds. The rest of the proof therefore focuses on the case
where p′ < c(σq∗a+(1−σ)q∗n)

βB so that a monetary equilibrium can also exist in the absence
of the KYC requirement.

In the following, I show that it is possible for Qd1 to be above Qd0 for all permissible
i. For concreteness, I assume c ≥ 1 throughout the proof. The case where c < 1 is
similar. The next lemma shows that depending on the size of k, iu0 = in0 or iu0 = ia0

are both possible.

Lemma 3.8. Suppose c ≥ 1. ∂(q0
n/q

0
a)

∂i < 0 and ∂(Sa(q0
a)−Sn(q0

n))
∂i < 0. There exists

ina > 0 such that for all i < ina, Sa(q0
a) > Sn(q0

n) and for all i ≥ ina, Sa(q0
a) ≤ Sn(q0

n).

Given Lemma 3.8, we can distinguish between two cases.

Case 1: Low participation cost k ≤ Sn(q0
n(ian) (i.e. iu0 = in0)

In this case, we have il0 = ia0 and iu0 = in0. For the same i, Sn(q0
n) = Sn(q1

n) al-
ways holds. When i = iu0, we have k = Sn(q0

n(iu0)) < Sn(q1
n(iu0)) + αlθSa(q1

a(iu0)).
Since ∂Sn(·)

∂i < 0 and ∂Sa(·)
∂i < 0, iu1 > il1 > iu0 > il0 must hold.

1. For i ∈ (iu0, iu1], Qd1 ≥ 0 = Qd0 holds.

2. For i ∈ (il0, iu0], we have

Qd1 −Qd0 = (1− σ)q1 − (1− σ)q0
n = (1− σ)q1

a ≥ 0.

3. For i ∈ [0, il0], we have

Qd1 −Qd0 = (1− σ)q1 − (1− σ)q0
n − σq0

a = (1− σ)q1
a − σq0

a

∂(Qd1 −Qd0)
∂i

= σcq0
a

ηau′a(q0
a)

[
1− 1− σ

σ

q1
a

q0
a

u′n(q1
n)

αθu′a(q1
a)

]
∂(Qd1 −Qd0)

∂i

∣∣∣∣∣
Qd1=Qd0

= σcq0
a

ηau′a(q0
a)

[
1− u′n(q1

n)
αθu′a(q1

a)

]
< 0.
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Thus Qd1 intersects Qd0 at most once in the interval i ∈ [0, il0], and Qd1 must
intersect Qd0 from above. Consequently, if Qd1 ≥ Qd0 at i = il0, then Qd1 ≥ Qd0

for all i ∈ [0, il0]. A sufficient condition for this to occur is given by

σ ≤ σ̃p ≡
[
1 + q0

a(il0)
q1
a(il0)

]−1

. (3.A.23)

Case 2: Higher participation cost k > Sn(q0
n(ian) (i.e. iu0 = ia0)

Similar to the low participation cost case, since k = Sn(q0
n(il0)) < Sn(q1

n(il0)) +
αlθSa(q1

a(il0)), we have il1 > il0. For Qd1 > Qd0 to hold for all permissible i, we
must have Qd1(iu0) ≥ Qd0(iu0) and iu1 ≥ iu0. That is,

nσq1(iu0) ≥ σq0
a(iu0) ∧ k ≤ Sn(q1

n(iu0)) + αuθSa(q1
a(iu0)),

which is equivalent to

θ ≥ θ̃p ≡ max
{ iu0c

α(q0
a(iu0)/q1(iu0)) (u′a(q1

a(iu0))− c) ,
k − Sn(q1

n(iu0))
αuSa(q1

a(iu0))
}
. (3.A.24)

1. For i ∈ (iu0, iu1], given θ ≥ θ̃p, we have iu1 ≥ iu0 and thus Qd1 ≥ 0 = Qd0 holds.

2. For i ∈ (il1, iu0], we have

Qd1 −Qd0 = nσq1 − σq0
a = σq1(n− q0

a

q1 )

∂
[
n− q0

a
q1

]
∂i

= q0
a

q1

[
q1
q0
a

n

α
εn,α

∂α

∂i
− c

ηnu′n(q0
n)

(
1− ηn

η
− h(1− εqa,qn)

)]
.

It follows that

∂
[
n− q0

a
q1

]
∂i

∣∣∣∣∣∣
Qd1=Qd0

= q0
a

q1

εn,α︸︷︷︸
<−1

∂α

∂i
− c

ηnu′n(q0
n)

(
1− ηn

η
− h(1− εqa,qn)

)
≤ q0

a

q1

[
− cq

αθŜa(q1
a)
− c

ηnu′n(q0
n)

(
εqa,qn −

ηn
η

)]

≤ q0
a

q1
cq

αθŜa(q1
a)

[
−1 + i

i+ 1
1
ηa

]
.

If ηa ≥ iu

iu+1 , then
∂

[
n− q

0
a
q1

]
∂i

∣∣∣∣∣∣
Qd1=Qd0

< 0 and Qd1 intersects Qd0 at most once

(from above) in the interval i ∈ (il1, iu0].

Since θ ≥ θ̃p, Qd1(iu0) ≥ Qd0(iu0) holds and it follows that Qd1 ≥ Qd0 for all
i ∈ (il1, iu0].
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3. For i ∈ (il0, il1], we have

Qd1 −Qd0 = (1− σ)q1 − σq0
a = σq1

(
1− σ
σ
− q0

a

q1

)
,

∂(q0
a)/q1

∂i
= q0

a

q1
c

u′n(q1
n)

[
−1 + (1− h)ηa

ηn
+ h

u′n(q1
n)

αθu′a(q1
a)

]
>
q0
a

q1
c(1− h)
u′n(q1

n)

(
ηa
ηn
− 1

)

Since Qd1(il1) > Qd0(il1), we have 1−σ
σ − q0

a
q1 > 0 and Qd1 − Qd0 > 0 for all

i ∈ (il0, il1].

4. For i ∈ [0, il0], similar to the low participation cost case, if (3.A.23) holds, Qd1−
Qd0 > 0 for all i ∈ [0, il0].

Summarizing the two cases, we have shown that it is possible for Qd1 ≥ Qd0 to
hold for all admissible i, if θ and ηa are sufficiently large, while σ is sufficiently small.
Since Qs is the same with or without the KYC requirement, with Qd1 ≥ Qd0, a higher
demand results in a higher equilibrium i and a higher price p.

3.A.4.6 Proof of Lemma 3.3

If an N-type uses only fiat money on the OM1, the amount of fiat money they demand
is

if = u′n(qf0)
c

− 1,

where if is the opportunity cost of fiat money (or the nominal interest rate) and
qf0 is the amount of real balances demanded. By Inada conditions of the OM utility
function, for any if ≥ 0, there will be a positive amount of real balances qf0 demanded.
Similarly, if the N-types demands cryptocurrency only for speculative reasons, then

ib = αθ

[
u′a(qb0)

c
− 1

]
,

where ib is the opportunity cost of holding cryptocurrency, and qb0 is the speculative
demand for the real balances held in cryptocurrency. The total surplus an N-type
enjoys with this portfolio of currencies is Sn(qf0) + αθSa(qb0), where Sj(·) is defined
in (3.15). This total surplus is obviously larger than Sn(qf0), which is the surplus
the N-type will enjoy if they demand fiat money alone. Thus the N-types will never
demand fiat money alone: if an N-type demands fiat money, it is then a dominant
strategy to demand some cryptocurrency in addition. If the N-types do not demand
fiat money, on the other hand, it is still profitable to demand cryptocurrency alone.
In the absence of participation cost, demanding cryptocurrency only for speculative
reasons already gives a positive surplus αθSa(qb0) > 0, the flexibility of demanding
cryptocurrency in addition for consumption can only increase the total surplus.
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3.A.4.7 Proof of Proposition 3.6

In Appendix 3.A.5, I consider a more general case of currency competition, where
kb ≥ 0 and kf ≥ 0. In Lemma 3.9, I show that for any if ≥ 0, there exists îb ≥ 0 such
that for all ib ≥ îb, fiat money is the only currency demanded. The proof is provided
in Section 3.A.5.1, where I show that

îb =

ī
02
b < max{̄i12

b , ī
13
b , 0}, if if > i01

f

max{̄i12
b , ī

13
b , 0} ≤ ī02

b , if if ≤ i01
f

= min{max{̄i12
b , ī

13
b , 0}, ī02

b }, (3.A.25)

It is easily verified that ī12
b , ī13

b , and ī02
b all decrease with kb. Thus ∂îb

∂kb
< 0.

Proposition 3.6 is a special case of the setting considered in Appendix 3.A.5, where
kf = 0 and kb = k. Thus, for any if and ib, there exists a unique k̃ such that if kb ≥ k̃,
îb ≤ ib so that fiat money is the only currency demanded.

3.A.5 Extension: competition between cryptocurrency and fiat money

Section 3.6.1 considers a case where neither cryptocurrency nor fiat money requires a
participation fee. Here I consider a more general case where participation costs are
present. Denote the fixed participation cost for cryptocurrency by kb and for fiat money
by kf . I also allow the possibility that the two currencies have different acceptance
rates. In particular, I assume that fiat money is accepted with certainty on the OM1,
while the cryptocurrency is accepted by a subset of the online merchants, resulting
in a probability 0 < µ ≤ 1 of meeting a merchant that accept the cryptocurrency.
This could be interpreted as a reflection of the fact that to date fiat money based
payment cards are still much more common than cryptocurrency, or as an outcome of
the governmental policy of taxing businesses that accept cryptocurrency.61

Given that both fiat and the cryptocurrency can be spent on the OM1, N-types’
currency demand and spending decisions must satisfy:

ib ≥ αθ
[
µ
u′a(qba)
c

+ (1− µ)u
′
a(qb)
c
− 1

]
⊥ qb ≥ 0 (DD′a)

u′n(qf + qbn)
c

− 1 ≤ αθ
(
u′a(qba)
c
− 1

)
⊥ qbn ≥ 0 (AL′)

if ≥ µ
u′n(qf + qbn)

c
+ (1− µ)u

′
n(qf )
c
− 1 ⊥ qf ≥ 0 (DD′f)

where ib is the opportunity cost of holding cryptocurrency, if is the nominal interest
rate, qf is an N-type’s real balances held in fiat money and qb their real balances

61Since the existence of fiat money based payment cards matter only for the N-types, to ease
notation, I only allow fiat money as an additional medium of exchange on the OM1. One interpretation
is that while N-types will visit markets where both fiat and cryptocurrency are accepted, A-types only
visit markets where they can use cryptocurrency. Consequently, the cryptocurrency acceptance rate
continues to be 1 on the OM2.
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held in cryptocurrency upon leaving the CM, qbn is the amount of real balances in
cryptocurrency spent on the OM1, and qba is the amount hoarded in the hope of resale.

Equation (DD′a) is derived the same way as (DDa) in Section 3.3, and can be
interpreted as the speculative demand of the N-types. Different from (DDa), the right
hand side of (DD′a) is now the expected marginal resale value. With a probability
of µ, the N-types meet a merchant on OM1 who is willing to accept cryptocurrency,
and have thus a lower amount of real balances qba available for resale when entering
the AM; with a probability of 1 − µ, the N-types have not been able to spend any
cryptocurrency for consumption and the entire real balances in cryptocurrency qb is
available for resale. Further, as we allow the possibility that cryptocurrency is not
demanded at all, (DD′a) is written as a complementary slackness condition.

(DD′f) provides the demand of fiat money by the N-types. The right hand side
represents the expected marginal liquidity service provided by fiat money, taking the
probability of spending both currencies into account. The partial acceptability of
cryptocurrency means that the marginal liquidity services provided by fiat money is
also bounded below by the amount of cryptocurrency the N-types are willing to spend
on OM1. Thus only when the opportunity cost of holding fiat money is sufficiently
low, will the N-types start demanding fiat money. This contrasts a situation where
fiat money is the sole medium of exchange on OM1. In this case, the right hand side
of (DD′f) becomes u′n(qf )

c −1 and the Inada conditions of the utility function will make
sure that for any if ≥ 0, there is a positive qf such that if = u′n(qf )

c − 1 holds at
equality.

Depending on which of the above conditions hold at equality, the N-types could
hold four different portfolios: 0) having neither currency, 1) having only fiat money,
2) having only the cryptocurrency, and 3) having both currencies. Given the fixed
participation costs kb and kf , the desirability of demanding each currency depends on
the opportunity costs ib and if , while the endogenous participation of the N-types in
the cryptocurrency market results in an equilibrium α that clears the cryptocurrency
market. The two currencies can coexist, unless one is strictly dominated by the other
or by the outside option of not having any currency. As the next lemma shows, it
is possible to find the boundary conditions in the (if , ib) space, within which neither
currency is strictly dominated.

The thresholds that enable us to define the boundary of the coexistence region
are denoted as follows. I use the subscript b and f to denote the currency that the
threshold rate applies to, the superscript to denote which two portfolio should be equal
at the threshold, while an upper bar indicates that the threshold holds at α = αu and
a lower bar indicates that the threshold holds at α = αl. Thus, for example, ī13

b is
the threshold rate of ib, at which the payoff of portfolios 1 and 3 will be equal, when
α = αu, while

¯
i23
m is the threshold rate of if , at which portfolios 2 and 3 give the same

payoff, when α = αl. Using this notation, Lemma 3.9 specifies the boundary of the
coexistence region.
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Lemma 3.9. Suppose kf < k̂f ≡ Sn(q∗n), and kb < k̂b ≡ µSn(q∗n) + αuθSa(q∗a). For
any if there exists

îb ≡ min{max{̄i12
b , ī

13
b , 0}, ī02

b } (3.A.26)

where ∂îb
∂if
≥ 0, such that cryptocurrency is not demanded if ib > îb. For any ib there

exists
îf ≡ min{max{

¯
i21
f ,¯
i23
f , 0}, i01

f } (3.A.27)

where ∂îf
∂ib
≥ 0, such that fiat money is not demanded if if > îf .

A precondition for a positive demand for either currency, to begin with, is that it
is possible to generate a positive payoff by holding the currency. This requires that the
participation cost is lower than the highest possible gain of demanding that currency.
This is warranted for fiat money by the condition kf < k̂f , and for cryptocurrency
by kb < k̂b. Once these conditions are met, the above lemma says that, intuitively,
either currency will not be demanded in equilibrium, if the highest-payoff portfolio
containing that currency is dominated by the relevant outside option. Further, since
the endogenous participation decision of the N-types affects the resale probability of
cryptocurrency and thus the payoff of holding cryptocurrency, the comparison of the
payoffs needs to take into account the effect of endogenous participation.

For the case of cryptocurrency, if the highest-payoff portfolio containing cryptocur-
rency is dominated by the outside option even when α = αu, then in no equilibrium
will cryptocurrency be demanded. If fiat money is costly to hold at given if , the best
cryptocurrency portfolio is the portfolio containing cryptocurrency alone (portfolio 2),
while the relevant outside option is having no currency. In this case, if ib > ī20

b , de-
manding cryptocurrency is worse than having no currency at all. If fiat money is not
too costly to hold at given if , the relevant outside option is demanding fiat money
alone (portfolio 1), while the best cryptocurrency portfolio can be portfolio 2 or 3.
However, if ib > max{̄i12

b , ī
13
b , 0}, both portfolios generate worse payoff than the out-

side option. Thus, combining both cases, (3.A.26) gives an upper bound of ib, above
which cryptocurrency will not be demanded in equilibrium.

Analogously, (3.A.27) gives an upper bound of if , above which the highest-payoff
portfolio containing fiat money is always dominated by the relevant outside option.
Here, whenever the relevant outside option is demanding cryptocurrency alone (port-
folio 2), if the highest-payoff portfolio containing fiat money is dominated by the outside
option when α = αl, then it is also dominated by the outside option for all α ≥ αl.
Using these boundary conditions, Proposition 3.11 specifies all possible equilibria.

Proposition 3.11. Suppose kf < k̂f and kb < k̂b. If if > îf and ib > îb, neither
currency is demanded and there is a non-monetary equilibrium; if if ≤ îf and ib > îb,
only fiat money will be demanded; if if > îf and ib ≤ îb, only cryptocurrency will
be demanded; and finally, if if ≤ îf and ib ≤ îb, both currencies are demanded.
Further, within the coexistence region, either there is partial participation (α > αl)
and individual N-types are indifferent between the fiat-only portfolio (portfolio 1) and
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Figure 3.A.7: Coexistence of fiat money and cryptocurrency

a cryptocurrency portfolio (portfolio 2 or 3), or there is full participation (α = αl) and
all N-types hold portfolio 3.

Figure 3.A.7 provides a graphical illustration of the different equilibria. The two
upper bounds îb and îf mark the boundary for a region in the (if , ib) space, where
neither currency is strictly dominated by the relevant outside option. For any given if ,
îb (red line) marks the upper bound for the opportunity cost of holding cryptocurrency,
while for any given ib, îf (blue line) marks the upper bound for the opportunity cost of
holding fiat money. It is only when the opportunity costs of holding the two currencies
fall in this region that the two can coexist. Within the coexistence region, endogenous
participation of the N-types ensures that there is an equilibrium AM matching prob-
ability α ∈ [αl, αu] such that agents either strictly prefer the portfolio of holding both
currencies, or are indifferent to the choice between two different portfolios.

A few remarks are in order here. The fact that the opportunity cost of holding fiat
money is bounded above by îf , which depends on the cryptocurrency opportunity cost,
is reminiscent of the finding in Fernández-Villaverde and Sanches (2019) and Benigno
(2019) that the existence of cryptocurrency seriously limits the control central banks
have in setting the nominal interest rate. This is a result stated also in Section 3.6.1.
However, with a fixed participation costs kb, it is now possible that the existence of
fiat money also disciplines the rate of value depreciation cryptocurrency can have in
equilibrium, as reflected by the upper bound îb. The possibility of fiat money being
the only currency demanded in equilibrium further means that it is possible for fiat
money to drive out cryptocurrency. Finally, within the coexistence region, fiat money
inflation rate affects the cryptocurrency demand and spending pattern, as I show next.

Within the coexistence region, both currencies are demanded. For those N-types
with a positive demand of the cryptocurrency (qb > 0), (AL′) holds at equality, while
qf ≥ 0 and qbn ≥ 0 continue to hold. Free entry of the N-types ensures that in
equilibrium the cryptocurrency resale probability α ∈ [αl, αu] is such that an active
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N-type is indifferent between demanding cryptocurrency (with or without additional
demand of fiat money) and demanding fiat money alone. That is,

(1− µ)Sn(qf ) + µSn(qf + qbn) + αθ
[
µSa(qba) + Sa(qb)

]
− kb − Ifkf = Sn(qf ′)− kf

where qf ′ > 0 is the amount of fiat money real balances an N-type would have if they
demand only fiat money. In the case where N-types demand cryptocurrency, we must
have qb > 0, qba > 0, qbn ≥ 0, and qf ≥ 0. If in the above equation is an indicator
function: If = 1 if qf > 0, and If = 0 if qf = 0. The free entry condition can thus be
written as

kb−(1−If )kf = (1−µ)Sn(qf )+µSn(qf +qbn)+αθ
[
µSa(qba) + Sa(qb)

]
−Sn(qf ′). (FE’)

Taking if as given, an N-type’s decisions concerning the cryptocurrency can again
be illustrated graphically in the (α, qb) plane by an upward sloping DD curve and a
downward sloping FE curve, and much of the results of Section 3.3.8 goes through.
The next proposition shows the impact of an anticipated change in fiat money inflation
rate.

Proposition 3.12. Suppose if ≤ îf and ib ≤ îb. Given next period’s cryptocurrency
price p′, a fully anticipated increase in the fiat money inflation rate (if ↑) does not
decrease the cryptocurrency price (p ↑ or p unaffected).

Intuitively, an increase in the inflation rate makes fiat money more costly to hold,
and more people are willing to hold the cryptocurrency instead. This leads to an
increase in the demand for the cryptocurrency and drives up price.

As a final note, I point out that whenever the two currencies coexist in my model,
the nominal exchange rate is determinate. While in Zhang (2014) the exchange rate
determinacy comes from the informational friction and recognizability of the differ-
ent currencies, here indeterminacy of Kareken and Wallace (1981) is broken down by
differentiating the two currencies in the degree of anonymity they provide.

3.A.5.1 Proof of Lemma 3.9

Taking if , ib and α as given, an individual N-type choose from four possible currency
portfolios: 0) having neither currency, 1) having only fiat money, 2) having only the
cryptocurrency, and finally, 3) having both currencies. I use the numbers 0 to 3 in the
superscript to denote the five different portfolios. For portfolios 1 to 3, the currency
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demand satisfies the following:

portfolio 1: if = u′n(q1f )
c

− 1 (3.A.28)

portfolio 2: ib = αθ

[
µ
u′a(q2b

a )
c

+ (1− µ)u
′
a(q2b)
c

− 1
]

(3.A.29)

u′n(q2b
n )
c

− 1 = αθ

(
u′a(q2b

a )
c

− 1
)

(3.A.30)

portfolio 3: if = µ
u′n(q3f + q3b

n )
c

+ (1− µ)u
′
n(q3f )
c

− 1 (3.A.31)

ib = αθ

[
µ
u′a(q3b

a )
c

+ (1− µ)u
′
a(q3b)
c

− 1
]

(3.A.32)

u′n(q3f + q3b
n )

c
− 1 ≤ αθ

(
u′a(q3b

a )
c

− 1
)

⊥ q3b
n = q3b − q3b

a ≥ 0

(3.A.33)

where f and b in the superscript indicate the type of currency demanded, and the n
and a in the subscript indicate the type of consumers the cryptocurrency real balances
are allocated to.

The possibility of q3b = 0 means that the cryptocurrency demand in portfolio 3
could be purely speculative. In particular, as long as

if ≤ ib, (3.A.34)

q3b
n = 0 holds. It is easily verified that if if ≤ ib, q3f = q1f , and if if > ib, q3f < q1f <

q3f + q3b
n . Further, q3b < q2b and lim

if→∞
q3b = q2b hold.

The payoffs for each of the four portfolios is given by:

Ω0 = 0

Ω1(if ) = −kf + Sn(q1f )

Ω2(ib, α) = −kb + µSn(q2b
n ) + αθ

[
µSa(q2b

a ) + (1− µ)Sa(q2b)
]

Ω3(if , ib, α) = −kf − kb + (1− µ)Sn(q3f ) + µSn(q3f + q3b
n )

+ αθ
[
µSa(q3b

a ) + (1− µ)Sa(q3b)
]
.

Since q3f ≤ q1f and q3b < q2b, by concavity of the functions Sn and Sa, we have
Ω3 < Ω1 + Ω2. Further, Ω3(if , ib, α) reduces to:

Ω3(if , ib, α) = −kf − kb + Sn(q3f ) + αθSa(q3b) = Ω1 +
[
−kb + αθSa(q3b)

]
,

if if ≤ ib and thus q3b
n = 0.

Lemma 3.10. For any α ∈ [αl, αu], ∂Ω1

∂if
< 0, ∂Ω3

∂if
< 0, and ∂(Ω1−Ω3)

∂if
≤ 0; similarly,

∂Ω2

∂ib
< 0, ∂Ω3

∂ib
< 0, and ∂(Ω2−Ω3)

∂ib
< 0.
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Proof of Lemma 3.10. Using (3.A.28)-(3.A.33), it is easily verified that ∂Ω1

∂if
< 0, ∂Ω3

∂if
<

0, ∂Ω2

∂ib
< 0, and ∂Ω3

∂ib
< 0 hold.

If if ≤ ib, we have q3b
n = 0 and ∂q3b

∂if
= ∂q3b

n
∂if

= ∂q3b
a

∂if
= 0. It follows that ∂Ω3

∂if
= −cq3f .

Now suppose if > ib. Given ib, total differentiating equations (3.A.31)-(3.A.33)
with respect to if gives us

c = µu′′n(q3f + q3b)∂(q3f + q3b
n )

∂if
+ (1− µ)u′′n(q3f )∂q

3f

∂if

0 = αθµu′′a(q3b
a )∂q

3b
a

∂if
+ αθ(1− µ)u′′a(q3b)∂q

3b

∂if

µu′′n(q3f + q3b)∂(q3f + q3b
n )

∂if
= αθµu′′a(q3b

a )∂q
3b
a

∂if
.

It follows that

∂Ω3

∂if
=− (1− µ)q3fu′′n(q3f )∂q

3f

∂if
− µ(q3f + q3b

n )u′′n(q3f + q3b)∂(q3f + q3b
n )

∂if

−αθµq3b
a u
′′
a(q3b

a )∂q
3b
a

∂if
− αθ(1− µ)q3bu′′a(q3b)∂q

3b

∂if

=− cq3f + µu′′n(q3f + q3b)∂(q3f + q3b
n )

∂if

[
q3f − q3f − q3b

n − q3b
a + q3b

]
=− cq3f .

Consequently, we have

∂(Ω1 − Ω3)
∂if

= −cq1f + cq3f ≤ 0,

where the inequality is strict if if > ib.
Similarly, for a given if , we have ∂Ω2

∂ib
= −cq2b and ∂Ω3

∂ib
= −cq3b. Consequently, we

have
∂(Ω2 − Ω3)

∂ib
= −cq2b + cq3b < 0.

Given the results in Lemma 3.10, the following must hold:

• Since ∂Ω1

∂if
< 0, as long as kf < k̂f , there exists i01

f such that Ω1 = 0.

• Since ∂Ω2

∂ib
< 0, as long as kb < k̂b, there exists ī02

b such that Ω2(̄i02
b , α

u) = 0.
There further exists

¯
i02
b < ī02

b such that Ω2(
¯
i02
b , α

l) = 0, where
¯
i02
b ≥ 0 if kb ≤

µSn(q∗n) + αlθSa(q∗a).

• Given if , for α = αu:

– Since ∂Ω2

∂ib
< 0, there exists ī12

b ∈ R such that Ω1(if ) = Ω2(̄i12
b , α

u), where
∂ī12
b

∂if
= −∂(Ω1−Ω2)/∂if

∂(Ω1−Ω2)/∂ib > 0.
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If Ω1(0) ≤ Ω2(0, αu) holds, ī12
b ≥ 0 holds for all if ≤ i01

f .
If if ≤ i01

f (and thus Ω1 ≥ 0), we have ī12
b ≤ ī02

b , and if if > i01
f , ī12

b > ī02
b .

– Since ∂Ω3

∂ib
< 0, there exists ī13

b ∈ R such that Ω1(if ) = Ω3(if , ī13
b , α

u), where
∂ī13
b

∂if
= −∂(Ω1−Ω2)/∂if

∂(Ω1−Ω2)/∂ib ≥ 0 (with strict inequality if if > ib).
Since Ω3 < Ω1 + Ω2, we must have ī13

b < ī02
b .

• Given ib, for α = αl:

– Since ∂Ω1

∂if
< 0, there exists

¯
i21
f ∈ R such that Ω1(

¯
i21
f ) = Ω2(ib, αl), where

∂
¯
i21
f

∂ib
= − ∂(Ω1−Ω2)/∂ib

∂(Ω1−Ω2)/∂if > 0.
If ib ≤ ¯

i02
b , Ω2 ≥ 0 and thus

¯
i21
f ≤ i01

f , and if ib > ¯
i02
b , Ω2 < 0 and thus

¯
i21
f > i01

f .

– Since ∂Ω3

∂if
< 0, there exists

¯
i23
f ∈ R such that Ω3(

¯
i23
f , ib, α

l) = Ω2(ib, αl),

where ∂
¯
i23
f

∂ib
= − ∂(Ω2−Ω3)/∂ib

∂(Ω2−Ω3)/∂if > 0.
Since Ω3 < Ω1 + Ω2, we must have

¯
i23
f < i01

f .

Given the above, for any if , if ib > max{̄i12
b , ī

13
b , 0}, demanding cryptocurrency is

dominated by demanding fiat money alone, and if ib > ī02
b , demanding cryptocurrency

alone is dominated by not demanding any currency at all. Thus the upper bound for
ib, above which there is no cryptocurrency demand, is given by

îb =

ī
02
b < max{̄i12

b , ī
13
b , 0}, if if > i01

f

max{̄i12
b , ī

13
b , 0} ≤ ī02

b , if if ≤ i01
f

= min{max{̄i12
b , ī

13
b , 0}, ī02

b }, (3.A.35)

where ∂îb
∂if
≥ 0.

Similarly, for any ib, if if > max{
¯
i21
f ,¯
i23
f , 0}, demanding fiat money is dominated

by demanding cryptocurrency alone, and if if > i01
f , demanding fiat money alone is

dominated by not demanding any currency at all. Thus the upper bound for if , above
which there is no fiat money demand, is given by

îf =

i
01
f < max{

¯
i21
f ,¯
i23
f , 0}, if ib > ¯

i02
b

max{
¯
i21
f ,¯
i23
f , 0} ≤ i01

f , if ib ≤ ¯
i02
b

= min{max{
¯
i21
f ,¯
i23
f , 0}, i01

f }, (3.A.36)

where ∂îf
∂ib
≥ 0.

3.A.5.2 Proof of Proposition 3.11

In this proof I show that both currencies will be demanded in equilibrium, if if ≤ îf

and ib ≤ îb. The other three cases stated in the proposition are obvious.
Within the coexistence region, Ω1 ≥ 0 always holds. Further, from (3.A.35) and

(3.A.36), in the coexistence region, if and ib are such that the following holds:

Ω1(if ) ≤ max{Ω2(ib, αu),Ω3(if , ib, αu)} ∧ Ω2(ib, αl) ≤ max{Ω1(if ),Ω3(if , ib, αl)}.
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We can then distinguish the following three cases:62

1. Given if and ib, Ω2(ib, αu) gives the highest payoff at α = αu, while Ω1(if ) gives
the highest payoff at α = αl.

Given if and ib, Ω2 and Ω3 increase with α, while Ω1 is independent of α. Since
Ω2(ib, αl) ≤ Ω1(if ) and Ω3(if , ib, αl) ≤ Ω1(if ), as α increases, Ω2 and Ω3 will
intersect Ω1 from below. Denote the value of α at the two intersections by
α12 and α13, respectively. Since Ω2(ib, αu) ≥ Ω1(if ) and Ω2(ib, αl) ≤ Ω1(if ),
α12 ∈ [αl, αu] holds. We can generally distinguish between two possibilities:

(a) α12 ≤ α13 (panel (a) of Figure 3.A.8):
In this case, it is easily verified that Ω3 ≤ max{Ω1,Ω2} for all α ∈ [αl, αu]
and portfolio 3 is always dominated.
For all α ∈ (α12, αu], all preferred portfolios include cryptocurrency and
more N-types will become active until in equilibrium, α = α12 and indi-
viduals are indifferent between portfolios 2 and 1, while portfolio 3 is not
demanded.

(b) α12 > α13 (panel (b) of Figure 3.A.8):
For all α ∈ (α13, αu], all preferred portfolios include cryptocurrency and
more N-types will become active until in equilibrium, α = α13 and indi-
viduals are indifferent between portfolios 3 and 1, while portfolio 2 is not
demanded.

α

Ω2

Ω3

Ω1

αl αuα12 α13
α

Ω2

Ω3

Ω1

αl αuα12α13

(a) α12 ≤ α13 (b) α12 > α13

Figure 3.A.8: Portfolio choice when Ω2(ib, αu) ≥ Ω1(if ) and
Ω2(ib, αl) ≤ Ω1(if )

2. Given if and ib, Ω3(if , ib, αu) gives the highest payoff at α = αu, while Ω1(if )
gives the highest payoff at α = αl.

Similar to above, we again have α13 and α12. Since Ω3(if , ib, αu) ≥ Ωif and
Ω3(if , ib, αl) ≤ Ωif , α13 ∈ [αl, αu] holds. we again have two possibilities:

(a) α13 ≤ α12

62There are only three instead of four feasible cases, since Ω2(ib, αu) > Ω3(if , ib, αu) and Ω2(ib, αl) ≤
Ω3(if , ib, αl) cannot hold at the same time.
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For all α ∈ (α13, αu], all preferred portfolios include cryptocurrency and
more N-types will become active until in equilibrium, α = α13 and indi-
viduals are indifferent between portfolios 3 and 1, while portfolio 2 is not
demanded.

(b) α13 > α12:
For all α ∈ (α12, αu], all preferred portfolios include cryptocurrency and
more N-types will become active until in equilibrium, α = α12 and indi-
viduals are indifferent between portfolios 2 and 1, while portfolio 3 is not
demanded.

3. Given if and ib, portfolio 3 gives the highest payoff both at α = αu and α = αl.
In this case, portfolio 3 always dominates. In equilibrium, only portfolio 3 is
demanded and α = αl.

Summarizing the above, there are three possible equilibrium outcomes within the
coexistence region:

1. C1: Coexistence of portfolios 1 and 2:
In equilibrium, α ∈ (αl, αu). Some individuals hold portfolio 1, while others hold
portfolio 2. Portfolio 3 is not demanded.

2. C2: Coexistence of portfolios 1 and 3:
In equilibrium, α ∈ (αl, αu). Some individuals hold portfolio 1, while others hold
portfolio 3. Portfolio 2 is not demanded. If in addition if ≤ ib, the demand for
cryptocurrency is purely speculative.

3. C3: Only portfolio 3
In equilibrium, α = αl and all N-types demand portfolio 3. If in addition if ≤ ib,
the demand for cryptocurrency is purely speculative.

3.A.5.3 Proof of Proposition 3.12

From the proof of Proposition 3.11 we know that there are three different equilibria
within the coexistence region. I restrict the proof to the situation where the new
equilibrium remains in the coexistence region.
Starting From C1
Suppose the economy is originally at equilibrium of type C1 and thus Ω1 = Ω2 holds.

Lemma 3.11. Given α ∈ [αl, αu], we have ∂q2b

∂ib
< 0, ∂q2b

a
∂ib

< 0.

Proof of Lemma 3.11. From (3.A.30), we have

∂q2b
a

∂q2b = u′′n(q2b
n )

u′′n(q2b
n ) + αθu′′a(q2b

a ) ∈ (0, 1)

∂q2b

∂ib
< 0 and ∂q2b

a
∂ib

< 0 then follow immediately from (3.A.29).
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Given p′, (SS) must hold. Using Lemma 3.11, we thus have

d(Ω1 − Ω2)
dif

= ∂(Ω1 − Ω2)
∂if︸ ︷︷ ︸
<0

+ ∂(Ω1 − Ω2)
∂α

∂α

∂n

∂n

∂q2b︸ ︷︷ ︸
<0

∂q2b

∂if︸ ︷︷ ︸
=0

< 0

d(Ω1 − Ω2)
dib

= ∂(Ω1 − Ω2)
∂ib︸ ︷︷ ︸
>0

+ ∂(Ω1 − Ω2)
∂α

∂α

∂n

∂n

∂q2b︸ ︷︷ ︸
<0

∂q2b

∂ib︸ ︷︷ ︸
<0

> 0

⇒ dib
dif

> 0.

Thus if the economy remains in C1, an increase in if leads to a higher ib. If the
economy does not remain in C1, the only possibility is when portfolios 1 and 2 are
dominated by portfolio 3, which increases the mass of active N-types and leads to an
even higher ib, in order to clear the cryptocurrency market.

To summarize, if the economy starts from C1, an increase in if leads to a higher
ib, which, given p′, corresponds to a higher p.

Starting From C2
Suppose the economy is originally at equilibrium of type C2 and thus Ω1 = Ω3 holds.

Lemma 3.12. Given α ∈ [αl, αu], for a given if , we have ∂q3b

∂ib
≤ 0, ∂q

3b
a

∂ib
≤ 0, ∂q

3f

∂ib
≥ 0,

and for a given ib, we have ∂q3b

∂if
≥ 0, ∂q3b

a
∂if
≤ 0, ∂q3f

∂if
≤ 0.

Proof of Lemma 3.12. If if ≤ ib, from (3.A.32) it follows that ∂q3b

∂ib
= ∂q3b

a
∂ib

< 0 and
∂q3b

∂if
= ∂q3b

a
∂if

= 0, while from (3.A.31) we have ∂q3f

∂ib
= 0 and ∂q3f

∂if
< 0.

Now suppose if > ib. Since q3f
n = q3f − q3f

a , from (3.A.33) we have

∂q3b
a

∂ib
= u′′n(q3f + q3b

n )
u′′n(q3f + q3b

n ) + αθu′′a(q2b
a )

(
∂q3f

∂ib
+ ∂q3b

∂ib

)

⇒ ∂(q3f + q3b
n )

∂ib
= αθu′′a(q2b

a )
u′′n(q3f + q3b

n ) + αθu′′a(q2b
a )

(
∂q3f

∂ib
+ ∂q3b

∂ib

)

Plugging the above result into (3.A.31) gives us

∂q3f

∂ib
= − µu′′n(q3f + q3b

n )αθu′′a(q2b
a )

µu′′n(q3f + q3b
n )αθu′′a(q2b

a ) + (1− µ)u′′n(q3f ) (u′′n(q3f + q3b
n ) + αθu′′a(q2b

a ))
∂q3b

∂ib
.

It follows that ∂q
3b

∂ib
, ∂(q3f+q3b)

∂ib
, and ∂q3b

a
∂ib

all have the same sign. From (3.A.32) it follows
that ∂q3b

∂ib
< 0 must hold. Consequently, we also have ∂q3b

a
∂ib

> 0 and ∂q3f

∂ib
> 0.

Similarly, we can derive

∂q3b

∂if
= − µu′′n(q3f + q3b

n )u′′a(q2b
a )

µu′′n(q3f + q3b
n )u′′a(q2b

a ) + (1− µ)u′′a(q3b) (u′′n(q3f + q3b
n ) + αθu′′a(q2b

a ))
∂q3f

∂if
,
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from which it follows that ∂q3f

∂if
, ∂(q3f+q3b)

∂if
, and ∂q3b

a
∂if

all have the same sign. Thus, we

must have ∂q3f

∂if
< 0, ∂q

3b
a

∂if
< 0 and ∂q3b

∂if
> 0.

Given p′, (SS) must hold. Using Lemma 3.12 and 3.10, we thus have

d(Ω1 − Ω3)
dif

= ∂(Ω1 − Ω3)
∂if︸ ︷︷ ︸
≤0

+ ∂(Ω1 − Ω3)
∂α

∂α

∂n

∂n

∂q3b︸ ︷︷ ︸
<0

∂q3b

∂if︸ ︷︷ ︸
≥0

≤ 0

d(Ω1 − Ω3)
dib

= ∂(Ω1 − Ω3)
∂ib︸ ︷︷ ︸
>0

+ ∂(Ω1 − Ω3)
∂α

∂α

∂n

∂n

∂q3b︸ ︷︷ ︸
<0

∂q3b

∂ib︸ ︷︷ ︸
<0

> 0

⇒ dib
dif
≤ 0.

Thus if the economy remains in C2, then an increase in if either leads to a higher ib
(if if > ib) or does not affect ib (if if ≤ ib). If the economy does not remain in C2,
it is only possible if either portfolio 3 dominates all other portfolios, or if portfolio 2
dominate the rest. In either case, since the preferred portfolio contains cryptocurrency,
the mass of active N-types will increase. Cryptocurrency market clearing thus requires
a higher ib.

To summarize, if the economy starts from C2, an increase in if leads to a higher
or the same ib, which, given p′, corresponds to a higher or the same p.
Starting From C3
Suppose the economy is originally at equilibrium C3 and all N-types are active (α = αl).

Suppose the economy remains in equilibrium C3. If if ≤ ib. An increase in if does
not affect q3b and thus ib. If if < ib, then by Lemma 3.12 an increase in if increases
q3b. Cryptocurrency market clearing thus requires that ib to increase.

If the economy does not remain in C3, then it either moves to C1 or C2. Since
∂(Ω1−Ω2)

∂if
< 0 and ∂(Ω1−Ω2)

∂ib
> 0, for the economy to move to C1 ib must increase.

Similarly, since ∂(Ω1−Ω3)
∂if

≤ 0 and ∂(Ω1−Ω3)
∂ib

> 0, for the economy to move to C2, ib also
needs to increase.

To summarize, if the economy starts from C3, an increase in if leads to a higher
ib, which, given p′, corresponds to a higher p.

3.A.5.4 Pure Speculation Condition

In my baseline model, by the Inada conditions, the N-types never demand cryptocur-
rency solely for speculative purpose. When fiat money exists as a competing payment
means on OM1, however, the picture is different. This is because with alternative
payment means, the marginal value of having real balances in cryptocurrency on OM1

is bounded above. A question thus arises concerning when cryptocurrency will only
be demanded for speculative purpose. For the model presented in Section 3.A.5, this
question is answered by condition (3.A.34). In this section, I consider a more general
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setting than the one presented in Section 3.A.5. In particular, I relax the assumption
that fiat money is accepted by all producers.

Suppose that on the OM1 a proportion µf of all producers accept only fiat, µb only
the cryptocurrency, and µmb both, where µf + µb + µfb ≤ 1. (That is, the chance
of spending the cryptocurrency on the OM1 is given by µ1 = µfb + µb.) For OM2, I
assume that a proportion of µ2 of all producers accept the cryptocurrency.

Suppose both fiat money and the cryptocurrency are demanded. Then

if = µf
u′n(qf )
c

+ µfb
u′n(qf + qbn)

c
− 1 (3.A.37)

ib = αθµ2

[
µfb

u′a(qba1)
c

+ µb
u′a(qba2)

c
+ (1− µfb − µb)

u′a(qb)
c
− 1

]
, (3.A.38)

where

u′n(qbn2)
c

− 1 = αθµ2

(
u′a(qba2)

c
− 1

)
(3.A.39)

u′n(qf + qbn1)
c

− 1 ≤ αθµ2

(
u′a(qba1)

c
− 1

)
. (3.A.40)

Proposition 3.13. Given ib, there exists a unique ĩf that solves

ib = 1− µb
µf + µfb

if + µbαθµ2

(
u′a(qba2(if ))

c
− 1

)
, (3.A.41)

such that for all if ≤ ĩf , qbn1 = 0 and cryptocurrency is demanded purely for speculative
reason; if if > ĩf , qbn1 > 0 and cryptocurrency is demanded for both consumption and
speculative reasons. For all if ≥ ĩf , a higher if leads to lower qf , qf + qbn1 and qba1,
while higher qb, qbn1, qbn2 and qba2.

Proof. If qbn1 > 0, (3.A.40) must hold at equality and can thus be rewritten as

χ(qf + qb, qba1) ≡ u′n(qf + qb − qba1)− αθµ2u
′
a(qba1)− (1− αθµ2)c = 0. (3.A.42)

We have

∂χ

∂qba1
= −

(
u′′n(qf + qbn1) + αθµ2u

′′
a(qba1)

)
> 0

∂χ

∂(qf + qb) = u′′n(qf + qbn1) < 0,

from which

∂qba1
∂(qf + qb) = u′′n(qf + qbn1)

u′′n(qf + qbn1) + αθµ2u′′a(qba1)
≡ Q1 ∈ (0, 1)



3.A. Appendix 155

follows. Similarly, let Q2 ≡
∂qba2
∂qb

, then Q2 ∈ (0, 1), while ∂qba2
∂qf

= 0. Given ib, from
(3.A.38) we have

∂ib
∂qf

= αθµ2
c

µfbu
′′
a(qba1)Q1

∂ib
∂qb

= αθµ2
c

(
µfbu

′′
a(qba1)Q1 + µbu

′′
a(qba2)Q2 + (1− µfb − µb)u′′a(qba)

)
,

and thus

∂qb

∂qf
= − µfbu

′′
a(qba1)Q1

µfbu′′a(qba1)Q1 + µbu′′a(qba2)Q2 + (1− µfb − µb)u′′a(qba)
≡ −Q3. (3.A.43)

Clearly, 0 < Q3 < 1. In addition, the following must also hold:

∂(qb + qf )
∂qf

= 1−Q3 ∈ (0, 1)

∂qba1
∂qf

= ∂qba1
∂(qf + qb)

∂(qf + qb)
∂qf

= Q1(1−Q3) ∈ (0, 1)

∂qbn1
∂qf

= ∂qb

∂qf
− ∂qba1
∂qf

= −Q3 −Q1(1−Q3) < 0

∂(qf + qbn1)
∂qf

= (1−Q3)(1−Q1) > 0

∂qba2
∂qf

= −Q2Q3 ∈ (−1, 0)

∂qbn2
∂qf

= ∂qb

∂qf
− ∂qba2
∂qf

= −Q3(1−Q2) < 0.

Plugging the above back to (3.A.37) and replacing u′′n(qf + qbn1) by an expression of
u′′a(qba1) from (3.A.40),

∂if
∂qf

= µfb
c
αθµ2u

′′
a(qba1)Q1(1−Q3) + µf

c
u′′n(qf ) < 0.

Consequently, ∂qb

∂if
> 0, ∂qba1

∂if
< 0, and ∂qbn1

∂if
> 0. If if is sufficiently low, then qbn1

eventually becomes zero. The exactly lower bound of if for qbn1 ≥ 0 to hold is when
qbn1 simultaneously satisfy (3.A.37), (3.A.38), (3.A.40) at equality and qbn2 = 0. When
this is the case, (3.A.41) holds. It can be shown that the right hand side of (3.A.41)
is monotonically increasing in if . Since

∂RHS

∂if
= 1− µb
µf + µfb

+ αθµ2
c

µbu
′′
a(qba2)Q2Q3

1
∂if/∂qf

.
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and 1−µb
µf+µfb ≥ 1, to show ∂RHS

∂if
> 0 I only need to show that the magnitude of the

second term in the equation above is less than one. We have:

αθµ2
c µbu

′′
a(qba2)Q2Q3

∂if/∂qf
=− µbu

′′
a(qba2)Q2

µfbu′′a(qba1)Q1 + µbu′′a(qba2)Q2 + (1− µfb − µb)u′′a(qba)
· 1

1−Q3

·
µfb
c αθµ2u

′′
a(qba1)Q1(1−Q3)
∂if/∂qf

.

From (3.A.43),Q3 <
µfbu

′′
a(qba1)Q1

µfbu′′a(qba1)Q1+µbu′′a(qba2)Q2
and thus 1

1−Q3
<

µfbu
′′
a(qba1)Q1+µbu′′a(qba2)Q2

µbu′′a(qba2)Q2

hold. Consequently:

αθµ2
c µbu

′′
a(qba2)Q2Q3

∂if/∂qf
>− µfbu

′′
a(qba1)Q1 + µbu

′′
a(qba2)Q2

µfbu′′a(qba1)Q1 + µbu′′a(qba2)Q2 + (1− µfb − µb)u′′a(qba)︸ ︷︷ ︸
∈(0,1)

µfb
c αθµ2u

′′
a(qba1)Q1(1−Q3)
∂if/∂qf︸ ︷︷ ︸
∈(0,1)

>− 1.

This proves ∂RHS
∂if

> 0. Therefore, for any ib, there exists a unique ĩf such that for all
if ≥ ĩf , both currencies will be spent on the OM1 for consumption. And as long as
if ≥ ĩf , we have

qf

∂if
< 0, qb

∂if
> 0,

qba1
∂if

< 0, ∂q
b
n1

∂if
> 0, ∂(qf + qbn1)

∂if
< 0,

qba2
∂if

> 0, ∂q
b
n2

∂if
> 0.

I make a few observations concerning (3.A.41). Firstly, if µfb = 0, fiat money and
the cryptocurrency are not directly competing with each other. From (3.A.43), it is
obvious that the amount of real balances demanded in each currency is independent of
the rate of the other. Secondly, it is easy to check that the right hand side of (3.A.41)
is increasing in µb. Thus the higher µb, the lower ĩf . That is, the more likely it is
that the cryptocurrency is the only possible payment means, the more readily will the
N-types start spending it. If µb = 0, (3.A.41) becomes linear: ib = 1

µf+µfb if . As soon
as the relative cost ib

if
surpasses the relative likelihood of using the currency 1

µf+µfb ,
the N-types will stop using that currency. If µf + µfb = 1, both currencies can be
used with certainty: while fiat money can be used for consumption in all cases, the
cryptocurrency can either be used to purchase goods or for resale. In this case, as soon
as ib > if , the N-types will stop spending the cryptocurrency for consumption. This
is exactly the case studied in Section 3.A.5 (see (3.A.34)).
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