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Abstract

In empirical studies on consumer behaviour, there often is a
contrast between the theoretical and empirical sections. The models
formulated in the theoretical part are concerned with consumption. The
datasets used in the empirical part, however, rarely contain information
on the actual consumption of consumers. Instead, they usually contain
information on the purchases made by consumers. This distinction between
consumption and expenditures may be important, and ignoring it could lead
to incorrect inferences on the performance of the particular model under
consideration.

Because of this potential risk, this paper is devoted to a study of
this problem. The drawbacks of some well-known ways of dealing with it are
discussed, and an alternative framework, assuming a life cycle context, is
put forward. Next, the empirical applicability of this modified life cycle
model is investigated. Attention is focussed especially on the situation
which is most likely to occur, i.e., in which one has information on
purchases, but not on consumption. It turns out that this lack of
information seriously limits the applicability of the model.
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1. Introduction.

In empirical studies on consumer behaviour, there often ís a

contrast between the theoretical and empirical sections. The models
formulated in the theoretical part are concerned with consumption. The

datasets used in the empirical part, however, rarely contain information
on the actual consumption of consumers. Instead, they usually contain
information on the purchases made by consumers. Depending on, among other
factors, the extent to which the data are disaggregated into different
commodity categories, and the length of the time interval used as

reporting period, the distinction between consumption and expenditures may
be important. Ignoring this distinction can lead to incorrect inferences

on the performance of the model under consideration.
Because of this potential risk, some attempts have been made to

take the aforementioned difference into account in the modelling phase. In
the next section some approaches suggested in the literature are
discussed. As they all suffer from some theoretical drawbacks, section 3

is devoted to the development of a model that tries to improve on these
existing alternatives, assuming a life cycle context. In section 4, the
empirical applicability of this modified life cycle model is investigated.

Attention is focussed especially on the situation which is most likely to
occur, i.e., in which one has information on purchases, but not on

consumption. It turns out that this lack of information seriously limits
the applicability of the model. More precisely, given this data
limitation, the objective function of the modified model retains its
(expected) utility function format, only if one assumes perfect foresight

on the part of the consumer. Finally, some concluding remarks are made in
section 5.

2. Existing solutions.

Several ways of modelling the difference between consumption and
expenditures have been proposed in the literature. The best-known of these
approaches probably is the one suggested in the so-called 'infrequency of
purchase' literature, which emerged from studying consumption on a
disaggregated level.
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The starting-point for this model is often a demand equation for a

certain good, where the fact that some persons are found not to consume

the good, is usually dealt with by assuming a Tobit specification for this
equation (cf., for example, Deaton and Irish (1984), Blundell and Meghir

(~98~) and Pudney (1989), section 4.4). Next, a link between (unobserved)
consumption and (observed) expenditures is established by taking into
account that what is bought during the reporting period, is not
necessarily also consumed in the same period. This difference implies that
the expenditure data are likely to differ from the underlying consumption

pattern in the following two ways: firstly, the number of individuals
reporting zero expenditures on a good will be larger than the number of
individuals not consuming the commodity, end secondly, if the expenditures
reported by individuals are positive, they will, on average, be larger
than the corresponding consumption of these individuals. The infrequency

of purchase approach tries to correct for these possible differences by
adding an additional censoring process to the Tobit specification, thus
scaling the positive expenditures downwards, and allowing for zero

expenditures while the underlying consumption is positive. There are
several objections which could be raised against this approach.

An important drawback of this approach is that the model is
static. That is, although the infrequency of purchase model tries to
establish a link between consumption and expenditures, it only links these
quantities on a period by period basis. But because it is often possible
that consumption in a certain period can be paid for not only in the
period itself but also in periods preceding or following it, the link
between consumption and expenditure should preferably be a multi-period
one.l Ignoring this intertemporal aspect can easily result in incorrect
inferences on the consumption pattern of consumers. To illustrate this,
consider the following three-period example: assume someone consumes a
certain good only in the second period, but divides the payment for it
over all three periods. The infrequency of purchase models put forward in
the literature will predict a consumption level for the second period
which is at most equal to the purchases made in that period, and will,
with positive probability, predict a positive consumption level in the
other two periods. So, trying to model a dynamic process in a static
framework can lead to serious distortions.
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In order to take account of this problem, one could try to
incorporate the infrequency of purchase approach in a dynamic model. In
this study attention will be restricted to the probably best-known dynamic
model: the life cycle model. Some of the consumption functions used in the
static models can be interpreted as resulting from the second stage of a
life cycle model in two-stage budgeting form (see, for instance, Meghir
and Robin (1989)). So, a straightforward way of introducing dynamics could
be to alter the life cycle model in such a way that the resulting
consumption equations are no longer static, but also depend on past and
future consumption. In this way one obtains a relation between consumption
over time and thereby, after substituting the corresponding links between
consumption and expenditures, in a relation between the expenditures in
different periods. However, these links themselves remain static, implying
that such a model still suffers from the aforementioned drawback.

Therefore, an alternative way of linking consumption and
expenditures in a life cycle context will be proposed, which will be
formalized i.n the next section. It can briefly be described as follows:
the model retains the notion present in some infrequency of purchase
studies, notably Meghir and Robin (1989), that individuals decide on their
consumption and purchase strategies simultaneously. But in contrast with
these studies, it takes account of this simultaneity by incorporating the
link between consumption and expenditures from the outset in the life
cycle model. Hence, the link is an integral part of the life cycle model
itself, and no longer a separate model, employed only after the life cycle
model has been solved.

The life cycle model which thus results has the following main
characteristics: since the consumer derives utility from consuming a good
and not from buying it, the utility function has consumption variables as
its arguments. For the budget constraint, however, the opposite is true,
that is, the price when buying a good is essential, not when consuming it.
Therefore, the budget constraint depends on quantities boughtr, and not on
quantities consumed. The link between the two is established by the fact
that what is consumed in a certain period must be paid for sometime during
the lifetime. This link implies, for instance, that aspects determining
the expenditure pattern, like the timing of payments, can also influence

consumption. So, the choice of the consumption path and the choice of the
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expenditure pattern determine, either directly or indirectly, the maximum
expected utility which can be obtained by a consumer.

Apart from the aforementioned fact that the infrequency of purchase
models suggested in the literature are static, they have another, less
important, drawback. In many of these models it is assumed that the
consumption and expenditure variables are normally distributed. This
normality assumption could be a cause of misspecification. Since one of
the advantages of the life cycle model is that it can be estimated without
imposing such distributional assumptions, one would rather do without
them.2

The remainder of this section is devoted to a discussion of two
other ways of linking consumption and expenditures which are proposed in
the literature, and which can be considered as special cases of the model
to be introduced in the next section. The two links can be regarded as two
different representations of one and the same model, which wil-1 be called
the 'lag' model. It allows for an intertemporal link between consumption
and expenditures, and is usually applied within a life cycle context.
Starting-point for this lag model is the assumption that because of the
durability of commodities, consumption in a certain period can be paid for
in that period, or in previous periods. This is modelled by equating the
consumption in a period to a function of the purchases made in that period
and in earlier periods.

The first representation links current consumption to current and
past expenditures by means of a lag polynomial. In some studies the
polynomial is assumed to be finite (cf., for instance, Hansen and
Singleton (1983), Hayashi (1985), Muelbauer (1988), Eichenbaum, Hansen and
Singleton (1988) and Dunn and Singleton (1986)), whereas it is assumed
infinite in other studies (see e.g. Neusser (1988) and Dunn and Singleton
(1986) for durables).

The second, nowadays less commonly used representation, links
consumption and expenditures by introducing a stock model. Purchases of a
good lead to an increase of the available stock of this good, and the
assumption that a constant fraction of this stock is consumed in every
period establishes the link between consumption and expenditures.3
Examples of this approach are the papers by Spinnewyn (1981), Pashardes
(1986) and Bar-Ilan and Blinder (1988).
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The equivalence of the two representations is easily demonstrated.

Assuming a geometric decay structure, for example, the former one can be
4

written as follows (where N S m):

ct'i - A(L)et i~~j-0ai}1 et-j i, 0 5 ai 5 1 (2.1)

where ct i- period t's consumption of good i
e~,i - period T's expenditutres on good i, t- t-N,...,t

Under the same assumption regarding the decay structure, the second

representation can be written as follows:

N jtl
st,i -~j-0gi et-j,i, 0 s 8i s 1

ct,i -~i st,i' U s ai 5 1

where st i- period t's stock of good i

(2.2)

By choosing si equal to ai.8i, the equivalence of both

representations is establíshed.

As stated before, the usual reason for introducing either one of

these representations into a model constructed for explaining consumer

behaviour, is to capture the difference between consumption and

expenditures resulting from the durability aspect of some goods. However,

if consumption is sufficiently disaggregated both over goods and over

time,5 there are also other reasons causing consumption to differ from

expenditures. The most important one is the timing of the (registration

of) payments. Some goods must be paid in advance (for example holiday

reservations), whereas others can be paid after they have been consumed

(for instance the telephone bill).6 Moreover, even if the goods are paid

during the period they are consumed, the payments need not be (completely)

reported in this period. For example, it takes some time before payments

made abroad are processed by banks and brought to one's attention. Or one

could buy goods using a credit-card, which are charged only weeks later.

If the reporting period is short, for example two weeks like in the often

used British Family Expenditure Surveys, consumption and reported
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expenditures can differ, depending on what information is used by
consumers when reporting their expenditures. Since these differences
between the consumption and expenditure patterns are not taken into
account by the lag model, it is less suited for modelling consumer
behaviour on a disaggregated level.

Another reason for making the lag model less appropriate for
modelling consumer behaviour at such a disaggregated level, is that it is
difficult to account for zero consumption in this framework. This is
because, as mentioned before, in many studies using this approach, it is
assumed that the lag polynomisl has an infinite length. This generally
implies that once a purchase is made, the model "predicts" a positive
consumption level (however small) in the period the purchase is made, and
in all subsequent periods, thus resulting in a consumption path which is
likely to be too smooth. Studies which do not assume an infinitely long
lag polynomial, impose some maximimum lag (typically one or two periods)
instead. However, since the reasons for choosing this maximimum lag are

usually data driven rather than resulting from theoretical considerations,
this is also not fully satisfactory. So, because zero consumption is
likely to occur frequently if the consumption is sufficiently
disaggregated, the lag model is less suited for handling such problems.

A less important disadvantage of the lag model is that it is
difficult to combine with habit formation. Zntroducing habits in the lag
polynomial representation requires incorporating an additional lag
polynomial linking consumption over time.~ However, the lag structure
resulting from combining the two lag polynomials is by no means uniquely
related to one particular combination of polynomials, as is illustrated by
the following example.

Assume the following link between total consumption (c) and total
expenditures (e):

ct- et}a eL-1 (2.3)

Furthermore assume that the negative effect of yesterday's
consumption on utility derived from today's consumption, caused by habit
formation, is as follows:



-~-
.

ct- ct-b ct-1 (2.4)

Under the assumption that one has information on expenditures but
not on consumption, one needs to combine both equations in order to obtain

M
an expression for c in terms of the observed variables:

N
ct- ett(a-b)~et-l-a.bet-2- et}a et-1}~ et-2 (2.5)

As can be seen from equation (2.5), the lag structure resulting

from equations (2.3) and (2.4) can also be obtained by assuming, for

example, no habit formation and a two-period lag for the link between

consumption and expenditures, or assuming that expenditures equal

consumption and that habits have an influence lasting two periods. The

fact that such a one-to-one correspondence is lacking, implies that one

cannot draw any clear-cut conclusions on the importance of habit formation

on the one hand, and the link between consumption and expenditures on the

other.
In the studies using the stock representation it is usually

possible to draw conclusions on the role which each aspect plays. For
instance, if one assumes, like Pashardes (1986), that the link between
consumption and stock is linear and constant over time, and that the
maximum lag (N in equation (2.2)) is infinite, the sign of the parameter
9i in equatíon (2.2) determines whether the habit forming aspect outweighs
the durability aspect. However, if not all of these assumptions are
satisfied, this needs no longer hold true. If, for example, the link
between consumption and stock is nonlinear, such an unambiguous
interpretation of the parameter 8i probably will not be possible.

Especially the assumption that a constant fraction of the stock is

consumed in each period is troublesome, since the size of the stock is

partly determined by market factors (like prices, and the minimum quantity

of a good one must buy), whereas consumption is mainly determined by

preferences. Assuming that a constant fraction of the stock is consumed

implies, for example, that if a price cut in a certain period induces a

consumer to buy a large quantity of a good to take advantage of this

discount, his or her consumption must increase significantly in this

period. Since there is no compelling reason why consumers should behave so
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rigidly, alternative consumption patterns could be just as plausible. One
such alternative could be a pattern implying a constant consumption level
as long as the available stock allows for it; so ct- min[c,st]. Such a
pattern perhaps could be a reasonable representation of the consumption
of a commodity like clothing.

Given the aforementioned shortcomings, the lag model is not
considered fully suited for establishing a link between consumption and
expenditures, when studying individual consumer behaviour on a
disaggregated level. The next section is, therefore, devoted to the
development of an alternative framework which tries to improve upon the
alternatives discussed in this section.

3. Linking consumption and expenditures in the life cycle model.

The models discussed in the previous section can be considered as
belonging to either one of two different classes of life cycle models. The
classes differ in the way in which they take account of the distinction
between expenditures and consumption. The first class contains the
infrequency of purchase models which can, under appropriate assumptions,
be interpreted as a framework in which one first solves a life cycle model
formulated in consumption terms only. In a second step, the thus resulting
consumption equations are related to some expenditure variable.

In contrast, the second class of life cycle models, to which the
lag model belongs, is characterized by the fact that the difference
between consumption and expenditures is taking into account in the life
cycle model itself. That is, the link between the consumption and
expenditure variables is introduced by adding equality constraints to the
model which link each period's consumption to some function of realized
purchases. Because of this exact relationship between the consumption and
purchase levels, choosing either of them, fully determines the other.

In this section a generalization of the models belonging to this
second class is put forward. The key notion underlying these models- that
utility is derived from consumption, and costs result from purchases- is
retained. Hence, the utility function depends on consumption variables,
and the budget constraint is determined by expenditure variables. The
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difference between the proposed model and the lag model is the way in
which consumption and expenditures are linked to one another.

It is no longer assumed that the consumption in a certain period

is exactly equal to a weighted sum of purchases realized until that
period. Instead, it is assumed that expenditures imply an upper bound on

the consumption of the different goods. If a particular good is a durable,
the corresponding upper bound will depend on past purchases and past

consumption. If one can postpone the payment of the consumption oF a good,

the corresponding upper bound will depend on the purchases which will be

made in future periods.8

An advantage of the model proposed in this section, as compared
with the lag model, is that it allows for a greater flexibility. For
example, a price discount in a certain period might induce a consumer to

buy a large quantity of the particular good in that period, without
increasing his consumption of the good.9 Or one might buy a durable

good, for instance a car, whilst keeping one's consumption of the good

unchanged. Because of the assumed equality between consumptíon and a

weighted sum of realized purchases, both cases are not easily modelled

using the lag model. In the framework proposed in this section, however,

they can be modelled without great difficulty, since both examples simply

lead to higher upper bounds for the particular goods. Thus higher
consumption levels of these goods are possible, but by no means necessary.

A formal representation of the life cycle model in which this
generalization is incorporated could be as follows (for t- 1,...,L):

Maxet,..cL.eL Et~T-t(l~P)~-tu(c~)

s.t. ~T-t(1}r)T-tp~eK s (1}r)At-1 } ~T-t(itr)~-ti~~

cT Z 0 2- 1,..., L,

Lcl s bl lel t Fs-2as 2es,
(3.1)

c~ s b~.TeT t ïs-iás~~(es-cs) t is-~tlas~~es T- 2,.., L-1,



-10-

L-1cL s bL,LeL t Es-1bs~L(es-cs).

where

u(.) - within period utility function; assumed to be strictly
concave, constant over time and increasing in its arguments,

cT -(cT~1,...,cT~M)': M-dimensional vector of consumptíon of
goods in period T,

eT -(eT~1,...,eT~M)': M-dimensional vector of purchases of goods
in period T,

pT -(pT,1,...,pT,M)': M-dimensional price vector of the goods in
period T,

iT - nominal non-property income in period T,

r - nominal interest rate; assumed to be constant over time,

p - time preference parameter,

At-1 ' assets available at the beginning of period t,

Et - expectation conditional on the information available at

period t,

as~T - diag(as,T,l "'' as,T,M)' (MxM) diagonal matrix with as
diagonal elements the fractions of period s' expenditures on
each good which can be consumed in period T s s,

a E [0,1]s,T,i

as,T}1.12 as.T,i

i- 1,. ,M; T - 1,. ,L; s- Ttl,. ,L
(3.2)
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bs ,~ - diag(bs,t,l ""' bs,T,M)' (MXM) diagonal matrix with on the
diagonal the fractions of not consumed outlays on each good
done in period s, which are available in period T 2 s,

bl,,~,i - 1 if cl,i2 el,i
i - 1, ,M; T - 1, . ,L

bl ,~ i E[0,1] if cl,i~ el,i

s-1
b - 1 if c Z e t ï b (e - c )s,T,i s,i s,i 1-1 l,s,i l,i l,i

i- 1,. ,M; s - 2,. ,L; T- s,. ,L

bs ,~ i E[0,1] if cs i( es~it ïi-ibl~s~i(el~i- cl~i).

The model put forward in (3.1) can be seen as a modification of the
multi-good version of Hall's (19~8) life cycle consumption model under
uncertainty. As can be seen from the above formulation, a consequence of
loosening the tie between consumption and expenditures is that in order to
achieve the maximum expected lifetime utility, the model must be solved
with respect to the consumption as well as the expenditure variables. This
contrasts with the lag model, in which the link between expenditures and
consumption implies that the models need to be maximized only with respect
to either one of these variables. As stated before, the difference between
consumption and expenditures implies a budget constraint which depends on
expenditure variables. The other constraints in (3.1) provide the link
between consumption and purchases.l~ Their specific form is determined by
the aspects mentioned earlier: durability and postponement.

If a good is durable, a certain fraction of the quantity bought in

a period will, by definition, be available in the next period(s). This

aspect is represented by the part of the right hand side of these

constraints relating to past expenditures. As can be seen from the way in

whi.ch this is modelled, both the consumption in the periods prior to the

particular period under consideration, as well as technical factors

itiFluencing the rate of decay (bs~,~), determine the exact quantity which

is available in future periods.

Notice that in lag models these two elements are usually not
separated. Especially the effect of consuming on the stock available next
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period is ignored, as depreciation is considered to be the only reason for
a decrease ín the available stock.

The second aspect determining the link between consumption and

expenditures is the postponement of payments. This implies that a certain
quantity of a good can be consumed in one period, and only be paid for in

later periods. This aspect is represented by the part of the right hand
side of the 'linking' constraints relating to purchases in periods
succeeding the particular period under consideration. The assumption that
payments which can be delayed s-T periods can also be postponed one

period less, implies the restriction on the as~~'s given in (3.2).
Another effect worth pointing out is that incorporating the

postponement aspect complicstes the way in which the durability aspect is

modelled. The possibility of delaying the payment implies that one has to
determine for each good in each period, starting with period t, whether
the corresponding consumption level exceeds the quantity remaining from
the purchases made until that moment. If this is the case, a certain

qusntity has to be paid for in later periods, hence the durability
parameter corresponding to this good and period, i.e., b is sets,T,i'
equal to one, since future payment obligations do not decrease over time.
If the consumption level does not exceed the available quantity, the
durability parameter takes a value between zero and one, depending on
technical factors influencing the rate of decay.

Finally, notice that nonnegativity constraints are imposed on the
consumption variables only. Expenditures can become negative, since one
can sell (a part of) the stock one has built up in previous periods.ll So
the lower bound for the purchases of a good in a certain period is minus
the quantity available at the beginning of this period.

In the remainder of this section it will be established that the
life cycle model without the difference between consumption and
expenditures, the lag model, and the life cycle model with habít
formation, all are special cases of the model given in (3.1). The common
features of these models are that they do not allow for the postponement
of payments, and that the restrictions linking consumption to expenditures
are equality constraints. This implies that in these constraints the
as~,~'s are set equal to zero, and that the inequality signs are replaced
by equality signs.
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The additional requirement needed in order to obtain the
traditional life cycle model in which the difference between consumption
and expenditures is not taken into account, is to set all bs~,t's equal to
zero. The lag model results if one imposes a reparameterization on the
ós ,~'s. The stock representation as given in (2.2), for instance, results
if one substitutes the consumption realized until period ~[ in period T's
constraint, and makes use of the following reparameterization:

b - a.8.( gi ) ~-s i- 1. .M; s- 1. ,L: t- s,. ,Ls,T,i i i 1-ai8i

Similarly, the polynomial representation given in (2.1) results

after substituting in each period's constraint the consumption realized

until that period, and using the following reparameterization:

a.S - a ( i )T-s i - 1. .M; s - 1. ,L; ~ - s~. .Ls,T,i i 1-ai

Since habit formation is modelled by introducing a similar
polynomial, as was already pointed out in section 2, the life cycle model
with habit formation can be obtained using the same procedure.

So it can be concluded that a number of well-known models are

special cases of the life cycle model introduced in this section. In the
next section it is determined under what conditions this life cycle model
cari be used in empirical applications.

4. Empirical applicability.

The life cycle model as formulated in (3.1) can be estimated if one
has information on both consumption and expenditures. However, as already
mentioned before, it is very rare to find a dataset containing information
on consumption.i2 In most datasets one only finds information regarding
the purchase of commodities. Hence, the question which is addressed first,
is what conditions must be imposed to enable the estimation of the model
given in (3. 1) using expenditure data only. In subsection 4.1, this
question is taken up for the model under uncertainty, whereas the life
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cycle model assuming perfect foresight is considered in subsection 4.2. In
subsection 4.3 the conclusions for the life cycle model under uncertainty
arrived at in subsection 4.1 are compared with those which can be drawn if
one has consumption data at one's disposal.

4.1 The life cycle model under uncertainty.

The usual way of estimating models like the one given in (3.1) is

to combine the first order conditions into a system of equations which can

be estimated on the basis of the data available. In order to derive the

first order conditions for the model given in (3.1), a generalized

Lagrange multiplier rule, whose working in a life cycle context is

discussed by Melenberg and Alessie (1989), is applied. This results in the

following system of restrictions:

E [ ~L ( 1 )T-tD u(c ),hc - ~ .~L ( 1 )T-tp,he t ~L y,,hc .
t t-t lfp c T ~c t T-t 1}r T T T-1 T T

~~-1~M-1vT~i.[DeRi~ihe - DcR~~ihi~ ) - 0 (4.1)

such that

Et [Nii.c,~i7 - ~.
i- 1,.. , M; Y- 1, ., L

Et [vTi-R,~i] - 0.

where

~u(c,~) ~u(c,~)
Dcu(c,~) - ( ~c ,.. , ~c )': vector of partial derivatives of

T,1 T,M
u(~) with respect to the consumption variables,

hc -(hc ., hc )': vector of functions were hc is allowedT T,1~. . 2,M T,i
to depend on all variables influencing cT'i (cf. section 3
in chapter 2),
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he -(he ., he )': vector of functions were he is allowed2 T 1.. . ,~.M T,i
to depend on all variables influencing eT,i,

c c c ,
hi - (hl i~.. . hL i) .

hi - (hi.i,.. . h~ i)'.

at - Lagrange multiplier corresponding with the lifetime budget
constraint,

u,~ -(u,~ 1,.. , y,,~~M)': vector of Lagrange multipliers
correpsonding with the nonnegativity constraints for period
2's consumption,

Yt,i - Lagrange multiplier corresponding with the upper bound on
period ~r's consumption of good i,

- the upper bound on period T's consumption of good i with
c,~ i substracted from both sides of the inequality,13

D R -(b , b a , a ': Re T,i l,~r,i' T,T,i' T.l,T,i' L,2,i) t,i
differentiated with respect to the ith expenditure variable
of each period, T t L,

DeRL,i ~
- ( 1,L,i "' ' bL,L,i) '

DcRi,i -(-bl,T,i' "'-bT-l,t,i' -1, 0,..., 0)': RT~i differentiated
with respect to the ith consumption variable of each
period, T ~ 1,

DcRl i - (-1, 0,..., 0)'.

In order to be able to estimate the first order conditions
formulated above in the absence of consumption data, the parts depending
on consumption variables must be eliminated. This is achieved by setting
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all hT~i's equal to zero. After this choice of the hT~i's is substituted
in (4.1), the following condition results:

Et~ -At ~T-t(1}r)T-tp~hT } ~~-1~M-1vT'1.DeRT.ihi~ - 0 (4.2)

As (4.2) demonstrates, this procedure does not allow for the
estimation of the parameters of the utility function. Nor is it
straightforward to estimate the parameters characterizing the link between
consumption and expenditures, i.e., the ~s,T,i's and the bs~,~.i's. This is
because the h~.i's can not be chosen in a way which eliminates the unknown
Lagrange multipliers present in (4.2). Hence, estimating the parameters of
the link between consumption and expenditures on the basis of (4.2),
requires additional assumptions regarding these Lagrange multipliers.

Because of the difficulties with which one is confronted if one
tries to estimate the model following the procedure desribed above, it
could be worthwhile to consider an alternstive approach for estimating
model (3.1) on the basis of expenditure data only. This alternative
consists of solving the model in two steps. In the first step, the model
is maximized with respect to the consumption variables. Next, the optimal
consumption bundle is written as a(vector-)function of the expenditure
variables. After replacing the consumption variables by this function, a
model which only depends on the expenditure variables results. In the
second step this model is solved with respect to the expenditure
variables. This second step model can then be used in estimation.

In order to study the working of this two step approach in greater
detail, consider the following life cycle model which includes model (3.1)
as a special case:l4

max U(c)
c,e

s.t. ~(e,c) E Z

(c,e) E CxE

(4.3)

where
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U(.) - expected lifetime utility function,

C, E C L,

L - set of functions with domain V and range Rp,

V - set of possible values of the vector of uncertainty inducing
variables v(the so-called input variables),

c - p-dimensional vector containing consumption functions for each

good in each period,

e - p-dimensional vector containing the expenditure functions for

each good in each period,

~(-) - q-dimensional vector of constraints on c and e,

Z -{z(.) E L; z(.) Z 0} C L.

After replacing the consumption variables in (4.3) by functions of
expenditure variables the following second step model results:

max U(F(e))
e

(4.4)
s.t. ~(e,F(e)) E Z

(F(e),e) E CxE

where F: E-~ C, the (vector-)function relating the consumption variables
to the expenditure variables; this function results from solving the
first step (see the appendix for conditions under which the
existence of this function is guaranteed).

An issue of particular interest is in what way this second step
model is related to the models which are usually estimated, i.e., lífe
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cycle models which are (explicitly or implicitly) formulated in
expenditure terms. Starting-point for the answer to this question is the
model as given in (4.3), and in particular i ts objective function. Since
this is an expected utility function, it can be written as follows:15

U(c) - jV u(c(v)) dP(v) (4.5)

where u(.): Rp ~ R,
P- the probability distríbution with respect to v E V.

The objective function of the second step model results after
replacing c by F(e)

U(F(e)) - fV u(F(e)(v)) dP(v) (4.6)

This function can be considered as an expected utility function if
it can be written as follows:

U(F(e)) - jV u((e(v)) dP(v) (4.~)

for some u: Rp ~ R

However, the function u(F(e)(.)) whose expectation is determined in
(4.6) can, in general, not be equal to the function u(e(~)) in (4.7), as
it depends on the complete function e(.), and not only on just one
possible value of this function, say e(v). Were this the case one could
rewrite (4.6), using:

F(e)(v) - F(e(v))

for some F ~ F

Which after substituting would result in

u(F(e)(~) - u(F(e(v))) - u(e(v))
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where u - uoF

To illustrate that this procedure will, in general, not be
applicable, consider the example depicted in Figure 1 where it is assumed
that there ís just one uncertainty inducing variable ( so v is a scalair):

~~ ~~,

e

Figure 1

The functions el(.) and e2(.), depicted in the fourth quadrant, are
elements of E, whereas cl(.) and c2(-), drawn in the second quadrant,
belong to the set C. In the first quadrant, the function which results
from solving the first step, relating consumption to expenditures, is
drawn. It is assumed this function F(-) links el(-) to cl(~), and e2(.) to
c2(.). In the third quadrant, the 45' line is drawn. As can be seen from
this figure, it is not sufficient to know the value of the expenditure
functions at vi in order to be able to determine whether cl(vl)
(-F(el(vl))) or cz(vl) (-F(e2(vl))) corresponds with this value. For this,
at least one additional value of the functions el(-) and e2(.) is
required, for example, those corresponding with v2.
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From the above it can be inferred that if one starts out from a
life cycle model as given in (4.3), the model one ends up with in the
second step will, in general, not be the familiar life cycle model which
has an expected utility function as its objective function. So, if one
believes that a model like the one given in (4.3) is an adequate
description of the consumer's optimization problem, one cannot draw any
conclusions regarding this model on the basis of results obtained from
estimating a life cycle model in expenditure terms, in which an expected
utility function is used as objective function. Instead one should use a
model like the one given in (4.4). However, since solving this model
requires knowledge of the shape of all the ej(~) 's E E, this does not
seem to be a straightforward task.

In summary, it can be concluded that both ways of estimating model
(3.1) considered in this subsection, i.e., either directly from the first
order conditions, or by using a two step approach, are applicable with
great difficulty only, in the absence of consumption data.

4.2 The life cycle model under perfect foresight.

The problem with the two step approach discussed in the previous
subsection was the fact that one needed to know all complete expenditure
functions in order to be able to estimate the second step model. In case
of the the life cycle model under perfect foresight, however, it is
assumed that the consumer knows exactly which of the possible values of
the vector of input variables v is realized. Hence, one only needs
informatíon on the value of the expenditure functions for ttiis particular
value of the input variables.

Given this feature, and the discussion in subsection 4.1, it is
easily established that the objective function of the second stage model
which results under the assumption of perfect foresight, is an (expected)
utility function, implying that the second step model can be solved in the
usual way. To demonstrate this, suppose that vi is the actual realization
of the input variables. The consumption and expenditure levels which are
possible given this value vi are cj(vi) d cj(~) E C, and ej(vi) b ej(-) E
E, respectively. Since all other possible values of the consumption and
expenditure functions are irrelevant for the consumer's optimization



problem, as they will not occur, it is no longer necessary to know the
complete consumption and expenditure functions. So, substituting F(e) for
c in the (expected) utility function U(c) as defined in (4.5) now results
in:

U(c) - u(c(~i)) - u(F(e(~i))(~i)) - u(F(e(vi))) - u(e(~i)) (4.8)

The function u(-) can be taken as an expected utility function,
with a degenerated probability distibution of v, which concentrates all
probability mass in the point vi. Assuming v consists of just one
variable, the consequences of the perfect foresight assumption can be
illustrated by Figure 1. Suppose that vl is the value of the input
variable which is realized. As Figure 1 shows, the corresponding values of
the two expenditure functions are just a single point, and the two
consumption functions collapse to two points. Hence, the expenditure level
is fully determined, and of the two possible consumption levels, the one
resulting in the highest utility level is chosen. In order to make this
choice, one needs, in contrast with the model under uncertainty, no
information on the values of cl(~) and c2(~) for other possible
realizations of v.

So, if one is willing to assume perfect foresight on behalf of the
consumers, estimating a life cycle model in expenditure terms with en
(expected) utility function as its objective function, can give some
insight in the original model as given in (4.3). However, because of the
following two reasons it is doubtful whether one can learn very much from

these estimation results.
Firstly, ít will in general be difficult to identify the

parameters of the original model from the (reduced form) parameters of the
second step model. Secondly, any model resulting in the second step cannot
be distinguished from a properly chosen life cycle model in which the
distinction between consumption and expenditures is ignored, and which is
from the outset formulated in expenditure terms only.

4.3 The life cycle model under uncertainty in
the presence of consumption data.
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Given information on consumption, estimation of model (3.1) does
not seem too difficult a task. In order to get some insight in how to
derive a system of restrictions from condition (4.1) which can be used for
estimation, three special cases of model (3.1) will be considered in this
subsection.

i) Only the lifetime budget constraint is binding:

Under this assumption, condition (4.1) collapses to the following
restriction:

EtL ~~-t(1}P)T-tDcu(c~),hi - ~t.~T-t(1}r)T-tp~h~~ - 0 (4.9)

On the basis of (4.9), one can derive many different sets of moment
restrictions which can be used in estimation. For example, by choosing
ht,1- 1,Pt,1. htt1,1- -(1}r)~Pt,l,l, and all other hS~i's ( where ~ equals
c or e) equal to zero, the Euler equation for the first good corresponding
with the multi-good version of Hall's (19~8) model results. Alternatively,
if one has no information on the prices with which consumers are
confronted16, condition (4.9) still allows one, in contrast with the
first order conditions of the multi-good version of Hall's (19~8) model,
to estimate the model, by setting, for instance, ht~1- 1, and ht}1 1- -1.

ii) Both the lifetime budget constraint and the nonnegativity constraints
are binding:

In this case, condition (4.1) is reduced to the following
restriction:

Et[ ~~-t(1}P)T-tpcu(c~),h~ - ~t.~i-t(1{r)T-tPThT r ~~-1uThT7- 0
(4.10)

Under the assumption that the nonnegativity constraints for the
r

first good are not binding, and by a proper choice of the hz~i's, one can
obtain the moment restrictions for the multi-good version of Hall's (19~8)
model with binding nonnegativity constraints. Choose, for instance, ht~1-
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1. ht 2- -I(O~m)(ct 2). and M httl'1- -(ltr)~(pt~l-
pt,2 I(O,m)(ct,2))~pttl,l' ~d set all other hT~i's equal to zero.

ii) Both the lifetime budget constraint and the upper bounds are binding:

The for this case relevant part of condition (4.1) is:

E [ ~L ( 1 )T-tD u(c ),hc - ~ .~L ( 1 )T-tp,he i
t T-t ltp c t i t Z-t ltr T T

LT-1~M-lv,~ i~[DeRT ihi - DcRT ihi] ]- 0 (4.11)

x
To illustrate this case, set all hT~i's equal to zero, except ht~l

and httl'1. After substituting these zeroes and the values of DeRT~l and
DcRT 1, the following restriction results:

~u(ct) c 1 ~u(cttl) c c
Et[~ct 1 ht,l} (ltp) ~ct~l 1 httl,lt vt lht.lf

vt}1~1(bt~t4l~lht~lt httl~l) f.....}

c c
vL,l(bt,L,lht,l} bttl,L,lhttl,l] - 0 (4.12)

By making some additional assumptions, this condition can be
greatly simplified. For instance, under the assumption that the upper
bound for period t is not binding, and that b - bs-Tc ,~~s 1 c 1 (i.e.. a
geometric decay structure), and by setting httl,l- -bl ht,l' all unknown
Lagrange multipliers drop out and the following condition results:

~u(c ) b ~u(c )
Et{[~c t - (lt ).~c

ttl ],h~'1} - 0
t,l p t}1,1

(4.13)

The special cases consídered above indicate that, given information
on consumption, a model like the one formulated in (3.1) can be
estimated.l~ However, notice that the systems of restrictions derived as
examples of these special cases, are by no means exhaustive. That is,
conditions (4.9), (4.10), and (4.11) allow for many more (linearly



independent) restrictions than those used in the examples (for instance,
those in which not all h~ i's are set equal to zero). This is of
importance, since estimating such a subsystem is inefficient and might
make it impossible to estimate all parameters of interest. Furthermore,
tests based on a subsystem of restrictions could be misleading.i8 This
should be taken into account if one is in a situation allowing for the
estimation of models of the type discussed here.

5. Concluding remarks.

In this chapter, the consequences for the life cycle model of
taking into account the difference between expenditures and consumption
were considered. E~cisting ways of dealing with this difference, i.e., the
approaches used in infrequency of purchase models and in lag models, were
discussed. As both types of models have their disadvantages, sn
alternative way of incorporating this difference in life cycle models was
proposed.

Although this generalization seems attractive, the data
requirements associated with it make it less suited for empirical
applications. Put more precisely, the estimation of the model is
straightforward only if one has information on the expenditures of
households as well as on their consumption. Since information on the
consumption is very rarely available, one is forced to express the model
in expenditure terms only in order to enable estimation.

Two approaches for achieving this aim were considered in this
chapter. The first one starts from the first order conditions of the model
in which the link between consumption and expenditures is incorporated,
and by proper combining of these conditions, removes all parts depending
om consumption variables. However, it turned out that this procedure makes
it impossible to estimate the parameters characterizing the utility
function.

Therefore, a second approach was considered in which the model was
solved in two steps. In the first step one solves the model with respect
to the consumption variables. After expressing the solution of this first
step model in expenditure terms, a model depending on expenditure
variables only results. This can then be solved and estimated in a second
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step. It was demonstrated that only if one assumes perfect foresight, is
this second step related to the type of life cycle model which is ususlly
estimated, i.e., a model formulated in expenditure terms only which has an
(expected) utility functíon as its objective function.

~ut even if one restricts one's attention to the life cycle model
under perfect foresight, one is still confronted with an important
problem. That is, the second step model which results under this
assumption can not be distinguished from a properly chosen life cycle
model in which the difference between consumption and expenditures is
ignored, and which is from the outset formulated in expenditure terms
only.

The overall conclusion which can be drawn from the above, is that

if the difference between consumption and expenditures is considered to be

important, and if one regards the already existing ways of dealing with

this difference inadequate, not much insight can be gained from estimating

a life cycle model in expenditure terms.19 In order to be able to assess

the importance of the d.ifference between consumption and expenditures, it

is necessary to collect consumption data next to expenditure data.

Although it seems a difficult and expensive task to measure the

consumption of households, the potential consequences of ignoring the

difference between consumption and expenditures make research in this area

more than necessary.
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Appendix.

In order to formulate the second step model (4.4), it is necessary
that c can be written as a function of e: c- F(e). In this appendix,
conditions guaranteeing the existence of such a function are given for the
following two situations:

i) The solution to the first step model is unique.

In r,his case, strict concavity of U(-), and convexity of the choice

set with respect to c are sufficient to guarantee the existence of the
(.). To demonstrate this, assume that c and c both arefunction F 20 -

solutions of the first step model:

U(c) - U(c) -Uo - max {U(c); ~(e,c) E Z, (c,e) E CxE} (A.1)
c

Because of the convexity of the choice set with respect to c, the
linear combination ac t(1-a)c with a E[0,1], is also a possible solution
of model (A.1). The strict concavity of U(-) implies that U(ac t(1-a)c) )
aU(c) t(1-a)U(c) - Uo. Since this implies that Uo is not optimal, the
first step model must have an unique solution, say c. So, model (A.1) has
an unique solution for each value of e, which is just another way of
saying that co is a function of e: co - F(e).

ii) The solution to the first step model is not unique.

In this situation, there is at each expenditure level more than one
consumption level resulting in the optimum of the first step model. Hence,

the optimal consumption is no longer a function of expenditure variables,

but a correpondence. In, for example, Hildenbrand (19~4) sufficient

conditions are given under which one can still express c as a function of

e. Because these conditions are rather technical, the reader is referred

to Hildenbrand (19~4), page 54 for further details.
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Notes to chapter 4.

1 The fact that the infrequency of purchase model i s a static
approximation of this underlying dynamic process was already pointed
out by Blundell and Meghir (1987).

2 To take account of this possible misspecification, some of the studies
in this field (for example, Bludell and Meghir (1987), and Deaton and
Irish (1984)) test the validity of the normality assumption.
Alternatively, one could try to employ some semiparametric estimation
procedure, thus making the normality assumption superfluous.

3 This assumption linking consumption to the available stock of a
commodity is not always written down explicitly (see for example
Pashardes (1986)). However, since consumers are usually assumed to
derive utility (mainly) from consuming a good, and not from the fact
that they possess a certain amount of it, such an assumption is
necessary.

4 Choosing another decay structure, for example the form used by Dunn
and Singleton (1986), does not change this result.

5 The aforementioned studies applying this 'lag approach', all use macro
data. The only exception is Hayashi's study, in which quarterly
household data are used. Given this lack of disaggregation, the
subsequent discussion does have no bearing on the macro studies, and
the relevance for Hayashi's work is limited.

6 Notice that the postponing of payments is not accounted for at all in
the 'lag' model, since it links consumption only to past expenditures,
not to future purchases.

7 Because habits refer to consumption, the lag polynomial linking
consumption to expenditures does not represent habit formation, as
claimed by, for example, Neusser (1988) and Muellbauer (1988).
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8 Notice that there is another situation in which this will be the case,
namely if the payments themselves are not delayed, but the reporting
of them is. In most datasets, these two different mechanisms cannot be
distinguished from each other.

9 An example of this situation could be the buying of clothes when the
sales are on.

10 Notice that these links only deal with the physical quantities which

are bought or consumed, not with the costs associated with these

activities.

11 This is possible if there exists a(second-hand) market for each good
in which any quantity can be sold at the same price per unit which
holds if one buys the particular good for new. It will be assumed that
such markets exist.

12 In the peak load pricing literature one sometimes comes across
datasets containing information on the electricity use of households
(see, for example, Bartels and Fiebig (1990)). This can be seen as an
example in which the consumption of a good, electricity, is observed.

13 The upper bounds all are written as nonnegativity constraints to
facilitate the application of the Lagrange multiplier rule.

14 The representation of the life cycle model as given in (4.3), is based
upon the formulation used by Melenberg and Alessie (1989).

15 Remember that c is a vector of (consumption) functions which depend on
the uncertainty inducing variables v. Hence, in order to determine the
expected utility one needs the probability distribution of v. For an
extensive discussion on the technical aspects of the model as given in
(4.1), the reader is referred to Melenberg and Alessie (1989).
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16 This is often the case in empirical work. In many studies information
on national price indices must be used, since information on the
prices consumers actually pay is lacking.

17 A much simpler version of model (3.1), which might be an interesting
first step, results if one replaces the upper bounds on consumption by
the followin restriction: L L -

B ~T-1c~ is ~~-le2 i, i 1,..., M. This
restriction simply states that one's lifetime consumption of each good

can not exceed the corresponding purchases made during this period.

18 It is possible, for instance, that testing on the basis of a
subsystem leads to acception, whereas testing on the basis of the full
system of restrictions would result in rejection of the model.

19 It is even possible that the outcomes of such a model which are
considered by the researcher to be favourable, would not be obtained
if the estimation was repeated using consumption data.

20 Notice that these two conditions often are imposed in studies of the
life cycle model.
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