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Fixed transaction costs and modelling
limited dependent variables

by

A.L. Hempenius*

August 1994

Abstract

As an alternative to the Tobit model, for vectors of limited dependent variables, I suggest

a model, which follows from explicitly using �xed costs, if appropriate of course, in the

utility function of the decision-maker.

1 Introduction

The model I develop in this paper, for vectors of limited dependent variables, was �rst

(partially) suggested by Uhler and Cragg (1971), without a formal economic model as

basis. Goldsmith (1976) and Mayshar (1979) used, for a theoretical economic analysis, a

mean-variance preference function with �xed transaction costs, either in the preference

function (Goldsmith) or in the wealth restriction (Mayshar). The authors just mentioned

consider the presence of �xed transaction costs as a means of explaining that asset

portfolios are only partially diversi�ed.

I shall show: (i) that this line of reasoning may be generalized to all decision processes

in which �xed transaction costs play an important role in the decision process, thus

explaining the structure of the optimal decision, which may be either a zero or a non-

zero transaction, and (ii) that the introduction of decision-maker heterogenity, into the

optimal decision rules of the economic model, leads to a statistical model that is not a

multivariate Tobit model.

Section 2 gives the formal economic model, and presents some examples of its possible

application. Section 3 introduces stochastics, discusses the resulting statistical model,

and gives a detailed example. Section 4 discuss the results and, especially, contrasts the

model with the Tobit model.

��������
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Verbeek.
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2 The economic model

2.1 The formal model

Let y be the vector of decision variables and U (y) be the twice di�erentiable utility

or expected utility function, as yet without �xed costs. Let F (y) be total �xed costs,

de�ned as:

F (y) =
X

j

�j(y)Fj; (1)

where �j(y) = 0 if yj = 0 and �j(y) = 1 otherwise, and where the Fj are the �xed costs

of holding a non-zero amount of element j of the vector y. The �j will be assembled in

the vector �(y).

The consumer then assumedly solves the following problem:

maximize U(y)� F (y) (2a)

Subject to: (i) �0y = x; (2b)

(ii) R(y) � 0; (2c)

where x (e.g. income or wealth) is exogenous. Restrictions (ii) depend on the nature of

the problem; for example: in a static problem there will be non-negativity restrictions,

and in a dynamic problem there is a restriction to the e�ect that the ow variable y can

at most deplete the existing stock. Total �xed costs, F (y), if it were purely an outlay,

paid cash, could be deducted from x, instead of from U(y), thus altering the budget

restriction, (i). As will become clear from the examples in Section 3, F (y) consists both

of objective and of subjective costs. Therefore, the place, to put these costs in, is the

objective function.

Because of the discontinuous nature of problem (2), caused by �xed costs de�nition

(1), the consumer considers his maximal utility for each con�guration or regime �. For-

mally he solves for given �:

maximize U(y); (3a)
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subject to: (i) �0y = x (3b)

(ii) R(y) � 0; (3c)

(iii) �(y) = �; (3d)

where U(y)� F (y) has been replaced by U(y), as F (y) is a constant for given �.

Denote the y-vectors satisfying �(y) = � by y�, and the (assumingly unique) optimizing

y-vector by y�� . I shall assume that y�� is the solution to (3a) (3b) and (3c), or, substituting

(3d), i.e. y = y�, in (3a) and (3b), I assume that y�� is the solution to:

maximize U(y�); (4a)

subject to: �0y� = x: (4b)

This assumption, of course, constrains U to be a "regular" utility function, in the sense

that the solution to (4) is never outside the region R(y�) � 0. The decision-maker

considers it "natural" or "regular" that his equality constrained optimization problems

of type (4) need not be constrained by the restrictions R(y�) � 0; his utility function

sees to that. The examples in Section 2.2 will highlight this assumption.

The consumer determines his optimal con�guration � as the � that maximizes U(y��)�

F (y�� ). If �
� is this optimal con�guration, then y��� contains the optimal amounts.

2.2 Applications

Example 1: durable good expenditure. A consumer has to decide whether or not to

replace some durable good. Let y1 be the outlay for the durable (i.e. 0 or the price of the

durable) and let y2 be the outlay for other consumer goods. The consumer maximizes, in

the absence of �xed costs, U(y1; y2) subject to y1 + y2 = x (income) and yi � 0; i = 1; 2.

This is the model Amemiya (1984) uses to justify the Tobit approach of Tobin (1958)

for total expenditure on durables; I shall use it to illustrate the �xed costs approach to

explaining durable goods expenditure.

There assumedly are no �xed costs for the other consumer goods: F2 = 0, but I assume

F1 > 0. What are these �xed costs F1? For the durable goods purchase, the consumer
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considers, he has to spent time and trouble to inform himself on the quality of the durable

good. Apart from these information costs, he may have to consider costs connected with

the old durable he still possesses. This possibly still gives reasonable services, but will

hardly fetch a reasonable price when discarded. Although these costs are dependent on

the price of the old good, they do not depend on the size of the transaction the consumer

eventually makes. Finally there are the �xed costs of installation.

Assume now that the consumer's utility function is such that leaving out the non-

negativity constraints does not lead to optimal negative values of y1, i.e. the consumer

actually prefers to posses the durable. He then solves problem (4) for � = 0 and � = 1,

and he compares their net utility levels. The result is:

y1 = 0 if U (0; x) � U(y�
1
; y�

2
)� F1; (5a)

y1 = y�
1
(x) if U(0; x) < U(y�

1
; y�

2
)� F1; (5b)

with y�
1
(x) the solution of the problem of maximizing U(y) subject to �0y = x.

Example 2: portfolio composition. This example is about the composition of a

portfolio of (risky) �nancial assets. The investor maximizes, in the absence of �xed

costs, U = �0y � �

2
y0
y subject to �0y = x and y � 0, where y is the vector of money

amounts of �nancial assets, x is total �nancial wealth, � is the vector of expected end-

of-period values of the assets, 
 is the expected covariance matrix of these values, � is

the vector of ones and � is a parameter expressing risk-aversion. Restrictions y � 0

mean that no negative holdings (or short sales) are allowed. For given risk-aversion the

investor's expected values of � and 
 could lead him to negative desired holdings of some

assets. This thus is what I'll rule out; the expectations are of a "regular" nature, so that

leaving out the non-negativity constraints gives the same optimal solution.

The �xed costs Fj; for asset j = 1; . . . ; n; "include costs of gathering and reviewing

information about security prospects, and the costs of administering security transactions

and ownership ... " (Goldsmith (1976)).

The vector �, de�ned under formula (1), de�nes a type of portfolio. The optimal value

of y, for given �; y�� , for this quadratic utility function, is a linear function of �� and x,

where �� contains the elements of � corresponding to the �j's which are 1.

In Hempenius (1993) I have applied this model to a consumer's choice of types of

bank accounts. A forthcoming paper, co-authored with M. Verbeek, applies the model
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to �nancial wealth data of the Socio-Economic Panel of the Netherlands' Central Bureau

of Statistics.

Example 3: external sources of funds. This example is about a �rm deciding on

external sources of funds: stock, long and short debt. The �rm's objective function is

Ct = c0t(vt�vt�1)+
1

2
(vt�vt�1)

0A(vt� vt�1)+
1

2
(vt� ~vt)B(vt� ~vt), where vt is the vector

of the balance sheet totals of the three funds at the end of year t; ~vt is the vector of

target levels of the funds at the end of year t; ct is the vector of return related marginal

costs of the changes yt = vt � vt�1, A is the matrix of marginal costs coe�cients for the

size of the changes and B the matrix of coe�cients for the costs of not being on target.

The �rm minimizes Ct with respect to vt (or yt = �vt) subject to �
0yt = xt (the external

de�cit) and to vt � 0 (or yt � �vt�1). In this example it is especially clear that the

non-negativity restriction is hardly ever binding.

The phenomenon one wishes to explain, by means of �xed costs, is that some elements

of yt = �vt are zero; especially stock changes are infrequent. Note that there is no

restriction to the e�ect that yt � 0: the changes can be positive or negative. So the form

of the (dis)utility function cannot, together with a non-negativity condition, produce the

zero-change observations. This is where the �xed costs of issuing stock or long debt (for

which zero-changes also occur) play their role. The costs of preparing an issue of stock

or long debt seem the principal monetary �xed costs.

With this type of cost function the equations, that belong to a given � (a con�guration

of changes �vt = yt), are linear in the marginal costs of capital, ct, and in xt, the total

de�cit to be �nanced.

In Hempenius (1992) I �rst used �xed costs for explaining the many zero-observations

in the changes of stock and long debt. At the time I was not aware of the same type of

use of these costs in some portfolio models, mentioned in the Introduction.

Example 4: portfolio revision. For a given portfolio of �nancial assets there is

the problem of revision, i.e. adaptation of the portfolio to the present expectations

and/or changed risk-aversion. Assuming (for simplicity) exogenuous period-savings, st,

the formal model might be a blend of the models of Examples 2 and 3, i.e. the consumer

maximizes a preference function taking into account (variable) transaction costs and

o�-target costs: U = (�0tvt�
�t

2
v0t
tvt)�

1

2
(vt� vt�1)

0A(vt� vt�1)�
1

2
(vt � ~vt)

0B(vt� ~vt),

subject to �0vt = xt�1 + st and vt � 0. In order to explain that some non-zero elements

of the initial portfolio, vt�1, remain unchanged, one again may use �xed costs for the
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changes yt = vt � vt�1.

2.3 Discussion

The economic model, without the �xed costs, can only "produce" the zero-observations

if zero is a limit in the restrictions of the model. In dynamic models this is generally not

the case, so that at least these type of models need to be enlarged by other elements. I

have suggested adding the �xed costs of deviating from zero, i.e. changing the amount

of the "asset", or, in static models, having a zero or positive amount of the "asset".

Apart from these �xed costs, another feature of the model is the assumption that only

the budget constraints is binding. Although in static models this, generally, amounts to

positive optimal values, so that zero-observations need to have an other explanation, this

is not the reason for the assumption. The reason is the wish to know beforehand which

decision-variables are not restricted by the other, non-budget, restrictions, so that, if one

assumes some elements of y to be zero and other elements non-zero, one knows that the

non-zero elements satisfy the other restrictions.

In Example 1 the restrictions yi � 0(i = 1; 2) are never binding: the consumer does

not wish negative expenditure, so his utility function does not produce them. The �xed

cost explanation for y�1 = 0 is thus very opportune.

In Example 2 some of the restrictions yi � 0(i = 1; . . . ; n) may be binding for some

investors, i.e. for some values of the parameters �; � and 
 of the utility function, unless

short sales are not allowed for these investors. For these investors yi = 0, for some i, may

thus be optimal, even without �xed costs. For the investing saver this type of behavior

(utility function) probably does not occur often: it is the behavior of the short term

speculative investor. For the great majority of (private) investors an other explanation,

such as the �xed costs explanation, of zero-observations thus is necessary.

In Example 3 the restrictions yt � �vt�1 are practically not binding: in a sample of

700 observations for 100 Dutch corporations no case of such a drastic change has been

observed. The �xed costs explanation, for the no change observations, comes very handy.

In Example 4 the investor may revise his portfolio such that some vj;t�1 > 0 become

vj;t = 0. Consumers at the end of their life-cycle, with negative st, and short-term

speculative investors, may exhabit this behavior: these observations of non-negativity

constraints becoming binding should be explained from the form of the utility function.

For all other observations, for which a revision of some vj;t�1 > 0 leads to vjt > 0, an

other explanation of �vjt, such as the �xed costs one, is necessary.
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3 The stochastic model

3.1 The formal model

Stochastics may be introduced, �rstly, by means of the assumption of heterogenity of one

or more of the parameters of the (extended) utility function, U (y) � F (y), such as the

risk-aversion parameter �, the expectations in � and the �xed costs, the Fj. The second

way to introduce stochastics is the traditional, rather ad hoc, way of adding an additive

or multiplicative "disturbance" term to the deterministic equations of the decision model,

which is mostly motivated as representing any inadequacies of the model. A somewhat

stronger case for the presence of this type of disturbance term may be found in the

fact that a more or less important part of any economic decision is the "irrational", non-

economic, part of the decision. This irrational part is, of course, unmodelled heterogenity,

which also seems a somewhat better name. The �rst type of heterogenity might then be

called parameter or model heterogenity.

Given any way of introducing stochastics, one may then talk of P (�), the probability

that the decision-maker chooses con�guration (or regime) �; formally:

P (�) = PfU [y��(x)]� F (�) is maximal g; (6)

with U [y��(x)] the value of the indirect utility function for regime �.

The expectation of y, conditional on regime �, is

E(yj�) = y�� ; (7)

where yj� is the stochastic vector of amounts y, given a portfolio of type �. The cor-

responding conditional density (mass) function is denoted by g(yj�). Its precise form

depends on the assumptions made about the stochastics in the utility function; see the

example in Section 3.2.

The unconditional expectation of y is:

E(y) =
X

�

y��P (�); (8)

and the unconditional distribution of y has density (mass) function:
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h(y) =
P

� g(yj�)P (�)

= g(yj�(y))P (�(y));
(9)

where the second equality follows from the fact that g(yj�) = 0 for � 6= �(y). Note that

(9) de�nes a switching regression model.

The likelihood, L, for a given sample of observations on y, for simplicity assumed to

be a cross-section, is according to (9):

L = [�ig(yij�i)] [�iP (�i)] ; (10)

where �i = �(yi) and i is the index for observation i. The parameters of the utility

function occur both in the "amount" part and in the "regime" part of (10), so that (10)

may be maximized with respect to these parameters and the parameters of the random

variables one introduces. Alternatively, one could approximate the P (�i) by means of a

well- parametrized function, such as the logistic function, and estimate the compound

parameters of g(yj�). It then depends on the way one introduces stochastics whether

the amount and regime parts could be estimated separately. The example in Section 3.2

will illustrate this discussion.

In estimating parameters there could be a dimension problem, if the n-vector y has

high dimension, say n � 5: the number of regimes � is 2n � 1. The decisionmaker, of

course, also faces this dimension problem, and, although he could heuristically dismiss all

regimes with "too high" total �xed costs, it seems more plausible that he copes with the

dimension problem by structuring his decision proces as a hierachial decision process,

i.e. he �rst decides on an allocation over subtotals for groups of decision variables,

and he subsequently takes these subtotals as given, in a next stage allocation, within the

groups. Assuming these hierarchial decisions, the estimation problem then is accordingly

structured: there are equations and regime probabilities for these subtotals, and other

equations and regime probabilities for the within-group decision variables.

All other (conditional or unconditional) expectations, than the elementary conditional

expectations E(yj�), are compositions of these E(yj�) and the probabilities P (�). This

means that, generally, these other expectations are non-linear in the variables that de-

termine the yj� and P (�). Most prominent among these non-elementary expectations

are the unconditional expectations; see (8). One might, however, be interested in e.g.

E(yj�1 = 1) or E(yj�3 = 0), generally in E(yj� 2 D), with Da relevant set of �'s. These
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are best estimated by �rst estimating the relevant E(yj�) and P (�), and then calculating

E(yj� 2 D) from these estimates.

The reader might wonder about the relation to the multivariate Tobit model. The

Tobit approach is to assume that the decision-maker has a latent y-vector, say y�(z),

then assume that " of y� = y�(z) + " follows a normal distribution, and, �nally, that the

decision-maker compares the element of y�, the y�j , to zero, and decides: yj = 0 if y�j � 0.

The regime probabilities, the P (�), and the distributions of y for a given regime, the

g(yj�), follow from these assumptions, so that the same likelihood, (10), applies. The

parameters to be estimated from (10), are, in the Tobit approach, the parameters of the

normal distribution of y�. The relation to the Tobit approach is as follows. The latent

y-vector, y�(z), may be thought of as the result of solving problem (4), the unrestricted

(only budget-constrained) maximizing problem (i.e. without the �xed costs). If one,

heuristically, describes the result of parameter heterogenity by adding a random term to

y�(z) : y� = y�(z)+", and subsequently assumes that negative values of y�j have meaning

for the decision-maker, one might, heuristically, assume that the decision-maker decides

as above.

Strength and weakness of the multivariate Tobit model are its lack of reallocation,

meaning that once a "desired" value, say y�j , is negative, then not only is yj supposedly

zero, but the yi for i 6= j are not reallocated, as yi = y�i for i 6= j; as the desired (latent)

values, of course, respect the budget constraint, the yi no longer do. This weakness, or

perhaps defect, of the multivariate Tobit model is obvious. This simplicity might also

be its strength: there is no need to distinguish all the di�erent regression regimes, which

arise from the formal need of reallocation.

3.2 An example

In this section I'll use example 2, on portfolio composition, as this example o�ers the

simplest illustration of the problems of a practical application of the above model.

Assume that the investor invests his �nancial wealth in 2 (risky) asset categories, say

stocks and bonds. The 22 � 1 = 3 regimes are: � = (1, 1), (0, 1) and (1, 0). If � =

(1, 1), then, assumedly, yj� = y� + " with " � N(0; C), where y� = ��1D � + � x

solves the equality constrained optimization problem (4) for � = (1, 1). (D = 
�1
�


�1��0
�1=�0
�1� and � = 
�1�=�0
�1�:) By assumption the only heterogenity is the

irrational or unmodelled heterogenity introduced by adding the random vector " to the

average optimal decision for this regime. If � = (0, 1) and (1, 0), then yj� = (0, x)0 and

(x; 0)0, respectively.
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The probabilities P (�) are, according to (6):

P [� = (1; 1)] = P [U(��1 D � + � x)� �1 x+
�

2
�11 w

2 > F2 and

U (��1 D �+ � x)� �2 w + �

2
�22 w

2 > F1];
(11a)

P [� = (0; 1)] = P [U(��1 D � + � x)� �1 x+
�

2
�11 w

2 < F2 and

(�1 � �2)x+
�

2
(�22 � �11)w

2 > F1 � F2];
(11b)

P [� = (1; 0)] = P [U(��1 D � + � x)� �1 x+
�

2
�11 w

2 < F1 and

(�1 � �2)x+
�

2
(�22 � �11)w

2 < F1 � F2]:
(11c)

No heterogenity of parameters of U has been assumed, so that heterogenity of the �xed

costs will be assumed: Fi � N( �Fi; �
2
i ); i = 1; 2; and, moreover, uncorrelated Fi's.

The density (mass) function of y = (y1; y2) is, according to (9):

h(y) = P [� = (1; 0)] for y1 = x and y2 = 0;

= P [� = (0; 1)] for y1 = 0 and y2 = x;

= g(y1; y2j� = (1; 1))P [� = (1; 1)] for y1 > 0 and y2 > 0;

= 0 elsewhere,

(12)

where g(yj� = (1; 1)) is the bivariate normal density N (��1D �+� x; C). Each regime

has its separate density (mass) for the amounts invested.

The likelihood for a cross-section of individuals is according to (10):

L =
h
��i=(1;1)g(yij�i = (1; 1))

i n
��i=(1;0)P [�i = (1; 0)]��i=(0;1)P [�i = (0; 1)]

��i=(1; 1)P [�i = (1; 1)]
o (13)

where g(yj� = (1; 1)) and the P (�) have been de�ned above. A direct approach estimates

the parameters of U and of the assumed distributions, i.e. Fi; �
2
i and C. A problem

of this approach is the presence of some unpleasant integrals; see (11b) and (11c). A

less ambitions approach would approximate all of the probabilities in (11) by a logistic

function, which seems quite possible in view of the fact that a logistic and a normal

distribution function are very similar in form.65281 The amount and the regime part of

L may then be estimated separately.

The Tobit approach has been described at the end of Section 3.1. Assume, for this

example, that y�(z) = Bz with z0 = (�0; x) and B a matrix of parameters and that

65281For (11a) the goodness of the approximation is obvious, given the independence assumption of F1
and F2.
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" follows the (bivariate) N(0;
P
) distribution. The normal density of y� = Bz + " is

denoted by f(y�). The density (mass) function of the observations then is:

h(y) = �
R
0

�1

R
1

0
f(y�)dy�

1
dy�

2
for y1 = x and y2 = 0

= �
R
1

0

R
0

�1
f(y�)dy�

1
dy�

2
for y1 = 0 and y2 = x

= �f(y) for y1 > 0 and y2 > 0

= 0 elsewhere

with � = [1�P (y�
1
< 0 and y�

2
< 0)]�1, as there is positive probability in the area y�

1
< 0

and y�
2
< 0: the possibility of y1 = 0 and y2 = 0 is not there, so that f(y�) should be

replaced by the truncated density �f(y�).

In contrast to this Tobit approach there is no selection bias in the expectations of the

conditional amount(s) yj�, as there is no selection from some overall distribution, as in

the Tobit approach.

4 Conclusion

The above, �xed transaction costs, approach speci�es a utility function and, assuming

maximizing behavior and stochastic elements, derives the optimal amount distributions

for the regimes and the regime probabilities. Subsequently the most fundamental ap-

proach, to estimating the model, then estimates the parameters of the utility function

and of the stochastic speci�cation.

The Tobit approach, rather ad hoc, speci�es a distribution for a latent dependent

variable (vector). From this distribution the conditional distributions and the regime

probabilities are derived by means of an, also ad hoc, selection mechanism. Subsequently

the parameters of the latent variable distribution are estimated.

Both approaches are parsimonious in the number of parameters to be estimated and

both involve complicated integral to be calculated. Especially the utility approach needs,

for higher dimensioned problem, rather complicated expressions for the regime probabil-

ities. Perhaps its structural basis gives greater rewards than costs?

Provided one accepts a suitable stochastic speci�cation, a way out of the computa-

tional problems is to estimate separately the regime probabilities and the conditional

distributions of the amounts. One then no longer estimates the fundamental parame-

ters, i.e. of the utility function and of the stochastic speci�cation, but one estimates

the parameters of an approximate expression for the probabilities and the compound

parameters of the conditional distributions of the amounts. In the �xed costs approach
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the expectations of these conditional distributions have no selection bias, because there

is no selection from an overall distribution.
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