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Introduction

Recently I investigated the development of income inequality
in the Netherlands during the years 1950-1967 [1]. The lack
of ánd the deficiencies in the available empirical data pro-
hibited from indicating directly the main sources of the de-
crease of the income inequality which could be noticed. I had
to introduce a stochastic model to indicate the nature of the
events which could have generated the noticed decrease. An
inquiry into the nature of the relevant events which took
place during the studied period made it possible to identify
the main sources of the noticed decrease.
Because the meaning of the results of the model goes beyond
the fore-mentioned investigation they will be presented here
in full length. Zn section 1 the results of [1] will be summa-
rized. In section 2 the model will be described and in section
3 the application of the model will be explained. Section 4
will give some conclusions and suggestions for further research.
The numerical results of the model application are summarized
in two appendices.
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1. The income ineguality in the Netherlands after WO II.

The 1950 frequency distribution of income tax payers according
to their income is the first rather complete one after WO II
and the 1967 distribution is the most recent available one
now. Except for 1951, 1956 and 1961 such a distribution is
available for each year between 1950 and 1967. Because of
changes in the income definition and the way of classification
it is not possible to compare these distributions which each
other from year to year with a reasonable degree of accuracy.
Therefore in the first instance the 1950 distribution was com-
pared with the 1967 one as though both distributions are
completely comparable with each other but the interpretation
of the results was performed with great reserve.
For mainly technical reasons the Theil coëfficient [2], [3]
was chosen as measure of inequality. The inequality measured
in that way turned out to be about 16~ lower in 1967 than it
was in 1950. Although the average income rose from about
f 3.000,-- to about f 10.000,-- and there is a strong gradua-
tion in the income tax the inequality of the incomes exclusive
income taxes did not fall more than the inequality of the in-
comes inclusive income taxes.
Some mutually exclusive subsets of income tax payers could be
distinguished. About three quarters of the fore-mentioned 16g
could be located in the subsets of the industry workers, the
service workers and the subset of the retired people. Another
partition in subsets made it possible to locate about two
fifth of the 16~ in the age category of 65 years and older,
which category is in practice the same as the subset of the
retired people.
The relevant events which took place in the period between
1950 and 1967 can be summarized under three headings: the sour-
ces of income, the payment of the sources and the income trans-
fers. The main issue with respect to the distribution of the
sources of income has been the increased participation in the
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higher levels of education. The influence of that phenomenon

on the relative position of income earners was not yet noti-

ceable during the studied period. With respect to the payment

of the sources one has to distinguish the general level of

payment and the structure of particularly the wages. Events

with respect to the general level of payment have not influen-

ced significantly the income inequality. With respect to the

wage structure there have been two phenomena which can have

been of interest: the so-called minimum wage and incidental

wage increases with equal amounts irrespective of the already

achieved income level. As far as the income transfers concerns

one has to distinguish the taxes, the social securities and

the so-called social provisions. The indirect taxes are not

of interest for the spendable income and we saw already that

the direct taxes have not influenced the income inequality

during the studied period. The social provisions are certainly

of interest but they have a supplementary nature. Because the

level to which is supplemented is such that the receiver is

not liable to taxation the social provisions stay out of sight,

i.e. out of the income statistics and out of the noticed 168.

Of the social securities the insurances for loss of wages and

sickness are not of great interest. The influence of the so-

cial securities on the income inequality has mainly been res-

tricted to the general old age security (A.O.W.), the general

widow and orphans security (A.W.W.) and the children's allo-

wance (A.K.W.).

So we have five major possible sources for the noticed decrease
of the income inequality: the minimum wage, the incidental
wage increases with equal amounts and the income transfers of
A.O.W., A.W.W. and A.K.W. By the lack of empirical data it is
not possible to test the influence of each possible source of
decrease in particular. Only one such test could be made: the
decrease which could be located in the age category of 65 years
and older can be attributed to the income transfers of the
A.O.W. The question which of the other major possible sources
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of decrease actually have been decrease generating could only
be answered by introducing a model of the development of the
income distribution. This model will be described in the next
section.



2. A model of the development of the income distribution.

Income distribution is the process of distributing the added
value of some production process or another among those who
are~entitled to receive a certain income. The forces which
govern this process are so varied and complicated that each
theoretical model of this process is unrealistically simpli-
fied or very complicated, apart from the difficulty to iden-
tify the parameters of such a model from the available empiri-
cal data. But income distribution is also the frequency dis-
tribution of income earners according to their yearly income.
It is possible to construct a relatively simple model of the
development of the income distribution in this sense. The
influence of the process of the income distribution on the
development of the frequency distribution has then to find
expression in the assumptions underlying the model.
The set of income earners is distributed over a number of,
say n, income classes. The distribution of the income earners
over the n classes is given for T successive years. So the
number of income earners fit) (i-1,2,...n; t-1,2,...,T) that
is in class i at the end of year t is given. If for each
t(t-1,2,...,T) all f(t) (i-1,2,...,n) are divided by
fit) f f2t) f... t f~t) the result is a relative frequency
distribution of the income earners over the n classes for each
t. The relative frequency pit) (i-1,2,...,n; t-1,2,...,T) is
the fraction of the income earners in class i at the end of
year t. In vectornotation the relative frequency distribution
of year t is given by (P(t))i -(pit),p2t),...,pnt)). The
relative transitionfrequency of an income earner who is in
class i at the end of year t(t-1,2,...,T-1) and in class j
at the end of year t f 1 is given by pij (i,j-1,2,...,n). It
is assumed that the relative transition frequency pij depends
on the class i of the income earner at the end of year t and
is constant from year to year.

If we interpret the dependence of pij on the class i of an
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income earner at the end of year t in such a way that p.ij
depends indeed on the class i of the income earner at the
end of year t but not on the way and the time the income ear-
ner reached class i then the development of the relative fre-
quency distribution over time can be discribed by a stationary
single fiarkovchain.
The object of study, an arbitrary income earner, is called
the system. The system always is in one of n possible classes.
The system can make a transition to another class. We say then
that a process takes place. If a chance mechanism has influen-
ce on the transitions the process is called a stochastic pro-
cess. If the transitions take place on discrete times the
sequence of successive classes of the system is called a chain.
If the chance mechanism depends on the classes which were al-
ready reached by the system the chain is called a Markovchain.
If the chance mechanism only depends on the class which was
lastly reached by the system the Markovchain is called a sing-
le Markovchain. If the chance mechanism is constant over time
the Markovchain is called a stationary Markovchain. The pro-
babilities of the process are conditional probabilities:
p. is the probability of a transition to class j under theij
condition that the system is in class i before the transition
is made. The probabilities pij can be summarized in a matrix
~ of transitionprobabilities. Each element of such a matrix
is non-negative and the sum van the elements of each row is
equal to one. Such a matrix is called a stochastic matrix.
Instead of the sequence of successive classes of an income
earner we can also consider the seguence of successive pro-
bability distributions of the class of an income earner. If
p~t~ is the probability of an income earner in class i at thei
end of year t then P~t~ is the probability distribution of an
income earner at the end of year t. Given the probability
distribution at the beginning of the first year, P~o~, and
the matrix.~ of transitionprobabilities the probability dis-
tribution at the end of the first year, P~1~, is iven bg Y:



(P(1),P(1),...,P(1)) - (p(o).P(o)....,P(o))i z n i z n

or in matrix and vector notation by:

(p(1))1 - (P(o))', n

pii piz ... Pin

pzi Pzz ... Pzn

pnl pnz " ' pnn

The probability distribution at the end of the next year is
given by:

(p(z))1 - (p(1))1,n

or:

(P(z))1 - (P(u))i'J~~

By complete induction it follows that:

(P(t))1 - (p(t-~))l.í~ - (P(t-z))1~~ - . . - (P(o))1.J t

The development of the income distribution will now be descri-
bed by means of the probabilistic model of the stationary
sïngle Markovchain. In the remainder of this section we follow
D.G. Champernowne [4]. If we assume that the income scale has
been divided in a denumerable number of income classes
i(i-1,2,...) then the income distribution X(t) of year t is
a vector with elements xit), the number of income earners in
class i at the end of year t. We suppose that in the process

of income distribution the income of an income earner for a
certain year is fixed by his income in the preceding year and
a chance mechanism. We suppose for the time being that the num-
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ber of income earners is constant over time and equal to N.
Each year new income earners appear and old ones disappear.
So we suppose that a new income earner corresponds with each
disappearing one.
With r~spect to the chance mechanism we suppose that its in-
fluence on the frequency distribution can be represented by
a matrix J of transitionprobabilities with elements
pij (i,j-1,2,...), the probability that an income earner in
class i will be in class j next year. The form of the matrix
of transitionprobabilities is given by:

1 2 3 4 .

1

2

~ - 3

4

P11 Plz p13 p14 .

P P P P2 1 2 2 2 3 2 4

p31 P32 p33 P34

P P P P4 1 4 2 4 3 4 4

Because the jumps of an income earner from year to year are
generally rather small we define a new matrix,f~ of transition-
probabilities with elements ri,k - Pi,ifk (i-1,2,...; k-
-ifl,...,-1,0,1,...). Then ri~k is the probability that an
income earner in class i will be in class i t k next year.
The form of the matrix of transitionprobabilities is then
given by:
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1

2

J~ - 3

4

1 2 3 4

r r r ri o i,i i,z i,3
r r r rz -i 2,0 2,i 2,z
r r r r3 -2 3,-1 3,0 3,1

r r r r
4,- 3 4,- 2 4,- 1 4, 0

In this matrix we want to introduce the essential characteri-
stic of the process of the income distribution. Therefore we
choose the income classes on the income scale in such a way
that each class is characterised by the same relative class
width, i.e.for each class the ratio of the class upper bound
and the class under bound is the same and equal to m. For
higher incomes the income change in absolute amount is greater
than for lower incomes. The process of the income distribution
is characterized by percentage increases of wages and salaries
in such a way that the relative income change is approximately
the same for all income earners irrespective of the attai:ned
income level. Because we have chosen income classes with the
same relative width this means that the probability of a jump
of k classes is approximately the same for all classes. There-
fore we suppose the ri~k as probability distribution is the
same for each value of i: ri~k - rk (k--itl,...,-1,0,1,...).
The form of the matrix of transitionprobabilities is then
given by:
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1

1 2 3 4

r r r r0 1 2 3

r r r r
-i o i z

r r r r-z -i o i
r r r r
-3 -2 -1 0

Because the jumps of an income earner from year to year are
generally rather small we suppose that no income earner jumps
more than one class boundary a year, or: rk - 0 if k ~-1
and k~ 1. If r f r f r - 1 the matrix of transition pro-

-i o i
babilities is given by:

1

2

,j~ - 3

4

1 2 3 4

1-r r 0 0i o
r r r 0

0 r r r-i o i
0 0 r r-i o

In the next section the application of this model to the fre-
quency distributions of income earners in the Netherlands
will be described.
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3. The application of the model.

The described model requires frequency distributions over
classes with the same relative class width. The distributions
which have been published by the Dutch Central Bureau of Sta-
tistics (Table A.1) do not meet the needs of the model. There-
fore we transform the given distributions to distributions
over the classes: ~ 2, 2- ~ 4, 4- ~ 8, 8- ~ 16, 16- ~ 32,
32- ~ 64, 64- ~ 128 and ~ 128, where the relative class width
is equal to two and the class boundaries are given in thous-
ands of Dutch guilders. The frequencies of the three lower
classes can be found in the published statistics. The deter-
mination of the frequencies of the five higher classes is
performed by means of the Pareto curve. For each given class
boundary xi the number yi of earners of an income ~ xi is
calculated. The relation of log xi and log yi can be approxi-
mated by a straight line for the higher incomes (cf. Fig. 1).

thousands of earners
10.000F of an income ~ x

1967

1

9l x, income in thousands
10 100 of Dutch guilders

Fig. 1
The Pareto curve for 1952 ~nd 1967
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For all years the coëfficients of the linear relation for the
incomes greater than 8.000 guilders have been estimated by
means of the method of least squares. For those incomes the
frequencies over the given classes according to the linear
relation have been calculated. To get an indication of the
quality of this approximation each calculated frequency has
been substracted from the corresponding given frequency and
the absolute value of this difference has been divided by the
given frequency. For each year the mean value of this relative
absolute deviations has been calculated (Table A.2). The mean
value over all years is equal to 0,0392. So the mean deviation
is less than 4~. The frequencies of the five higher new clas-
ses have been calculated by means of the linear relations.
So we got frequency distributions which meet the requirements
of the model (Table A.3).
The supposition that the development of the frequency distri-
bution can be described by means of a single Markovclain im-
plies that the expecbed distribution ~ X(t}1) of year t t 1
can be generated by the matrix ~ of transition probabilities
and the distribution X(t) of year t according to:

~ X(tfi) - ,I~~X(t).

The values of the transition probabilities have been chosen
in such a way that the difference of the actual distribution
X(t}1) and its expectation ~ X(t}1) is minimized. Therefore
we minimized the sum of the inproducts of the vector of dif-
ferences with itself over all available pairs of successive
years. By the lack of distributions for the years 1951, 1956
and 1961 we have got eleven such pairs and so we minimized:

E(X(tti) -~~X(t))1 (X(tfi) -,i~.~X(t)).
t

This minimization had to be carried out under the restrictions
that the sum of the elements of a row of the matrix ~ is equal
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to one and that the transition probabilities are non-negative:

r t r t r - 1,
-i o i

r , r , r ~ 0.
-i o i -

This estimation method is known as the restricted least squares
method [5]. The problem can be solved by means of an algorithm
for quadratic programming.
There remains one problem. We supposed that the number of in-
come earners is constant from year to year but in fact this
number was growing. But we do not know the number of new in-
come earners and the number of income earners who disappeared.
We only know the difference of both numbers. So we maintain
the supposition that each disappearing income earner is suc-
ceeded by a new one and we only modify the described procedure
for the net increase u(t) of the number of income earners in
year t. We suppose that a new income enters the system with
probability sj (j-1,2,...) in class j. The expected distribu-
tion of year t f 1 is then generated by:

~x(ttl) -.~i~X(t) } u(t}1)S,

where:

S' -(s , s, s, s, s, s, 0, 0) .
1 2 3 4 5 6

To reduce the number of parameters we suppose that a new in-
come is less than 64 thousand guilders.
The estimation problem is then given by:

min E(x(tti)-c~~x(t)-u(tfi)S)1 (x(tti)-~~x(t)-u(tti)S)
t

under the restrictions:
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r t r t r - 1,
-i a i

s f... f s - 1,1 6

r , r, r, s,...,s ~ 0.
-1 0 1 1 6 -

This problem was solved by means of the simplexmethod for sol-
ving quadratic programming problems [6]. The optimal values
of the transition and entering probabilites are given by:

r - 0,916469550
r - 0,08353045i

s - 0
i

s - 0
z

s - 0,550835593

s - 0,44916441
4

s - O
5

s - O.
6

For eleven years the expected distribution can be generated
by the estimations of the probabilites and the distribution
of the preceding year (Table A.4). To get an indication of the
descriptive power of the model the relative absolute deviations
of the generated distributions have been calculated (Table A.5).
The mean value of these deviations over all years is equal to
0,0908. So the deviation is about 9~ and the descriptive power
of the model can be considered reasonable great.
The assumption of stationarity of the transition probabilities
and the way of introducing the new incomes are the weaker points
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of this model application. The percentage of the wage increases
corresponds to the rate of inflation and rise of the labour
productivity. Because both rates are not constant from year to
year the stationarity assumption can hardly be satisfied to a
reasonable extent. The new incomes are also influenced by in-
flation and labour productivity and so the probability of en-
tering the system in a certain class can hardly be expected to
be the same from year to year. Therefore we modify the trans-
formation of the given income distributions to distributions
over the new set of income classes in such a way that the in-
fluence of inflation and the rising labour productivity is ex-
cluded.
This modification implies that the points on the horizontal
axis of the Pareto curve which corresponds with the boundaries
of the given income classes are corrected for the inflation
and the rise of the labour productivity since 1952. The incomes
are thus expressed in guilders of 1952 and reduced to incomes
of a unit of labour of 1952. The rate of inflation is measured
by the price index figure for the family consumption of the
Dutch Central Bureau of Statistics [7]. The rise of the labour
productivity is measured by the output volume per employee [8],
[9]. Table 1 contains the multiplying factors with which the
incomes have to be multiplied to reduce the given incomes to
incomes of a 1952 labour unit in 1952 guilders.



- 16 -

Table 1

The multiplying factors.

(1): factors to exclude the influence of inflation;

(2): factors to exclude the influence of rising labour produc-
tivity;

(3) : (1) x (2) .

year (1) (2) (3)

1952 1,000 1,000 1,000

1953 1,000 0,926 0,926

1954 0,962 0,862 0,829

1955 0,950 0,806 0,768

1957 0,874 0,758 0,662

1958 0,854 0,752 0,642

1959 0,854 0,725 0,619

1960 0,826 0,671 0,554

1962 0,792 0,641 0,508

1963 0,760 0,629 0,478

1964 0,717 0,585 0,419

1965 0,685 0,559 0,383

1966 0,650 0,543 0,353

1967 0,628 0,513 0,322

By this multiplying procedure the Pareto curves are shifted to
the left. The dotted line of Fig. 1 is the shifted version of
the 1967 curve. The transformation to income distributions
over the new set of income classes is performed in the same
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way as before for the five higher classes with means of the
shifted Pareto curves. The frequencies of the three lower clas-
ses can be found no longer by adding some frequencies of the
given distributions. For these classes the transformation is
also performed by means of the Pareto curve. Because this cur-
ve is very flat in the beginning and the given points of the
curve lay very close together in the curvature the first part
of the curve can be approximated by a piecewise linear func-
tion. The frequencies of the three lower classes have been
determined by means of this piecewise linear function. A dis-
advantage of this procedure is the lack of an indication of
the quality of the approximation. For the higher incomes this
quality is exactly the same as before. So we got freguency
distributions over the new set of income classes which lack
the influence of inflation and rising labour productivity
(Table B.1).
The parameters of the model for this income distributions have
been estimated in the same way as before. The results are gi-
ven by:

r - 0,03670766-i
r - 0,951715120
r - 0,01157722

i
s - 0

i

s - 0,83572206
2

s - 0,16427794
3

6
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For the eleven expected distributions which can be generated
(Table B.2) the relative absolute deviations have been calcu-
lated (Table B.3). The mean value of these deviations over
all years is equal to 0,0430. So the deviation is diminished
by more than 50~ by excluding the influence of inflation and
rising labour productivity. The descriptive power of the model
can be considered rather great now.
In the next section we shall consider the consequences of the
model for the orginal investigation.



- 19 -

4. Conclusions.

With means of the described model the development of the fre-
quency distributions can be analysed theoretically. We can
modify the characteristics of the process of income distribu-
tion and.see which are the conseguences for the income inequa-
lity. So a wage increase in equal amounts reduces the income
inequality in a considerable extent. But this reduction is
melting away very fast when the increases of the following
years are percentage increases. The process of percentage in-
creases is very stable and incidental modifications do not
have lasting consequences for the income inequality.
The same conclusion applies to the so-called structural increa-
ses of the legally garanteed minimum wages. In general we can
conclude that incidental modifications of the process of in-
come distribution and modifications with respect to only a
part of the income distribution do not have a significant ef-
fect on the income inequality. The usual inequality reducing
measures will be effective if and only if the process of per-
centage increases is replaced by a process of increases in
equal amounts, which is highly inequality reducing itself.
Because the income tranfers of A.O.W., A.W.W. and A.K.W. are
paid in equal amounts to every one who is entitled to receive
them they are responsible for the greater part of the decrease
of inequality that could be noticed.
Can the described model be used to explain the shape of the
income distribution and to forecast its shape in the future?
Because of its descriptive power the model seems appropriate
to analyse further the income distribution, especially with
respect to its shape (read: inequality) and its future devel-
opment. But although we succeeded in improving the descriptive
power by excluding the influence of inflation and rising labour
productivity the way in which the new incomes were introduced
in the system remains a weak point, especially when we want to
forecast the future development. So the answer of the question
of the beginning of this paragraph seems to depend on the results
of further research on this point.
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APPENDIX-A.

Table A.1: The income distributions according to the statistics of the
Dutch Central Bureau of Statistics.

The boundaries of the classes are given in thousands of Dutch guilders.
The relation between the log of the boundary of a class and the log of the
number of incomes greater than that boundary has been approximated by a
linear relation for the incomes greater than eight thousand guilders.

Table A.2: The distributions of the incomes greater than eight thousand
guilders according to the approximation and an indication of
the quality of the approximation.

The income distributions have been transformed to a new set of income classes.
The frequencies of the three lower classes can be found by adding some of
the frequencies of the given distributions and the frequencies of the five
upper classes are calculated by means of the approximating linear relations.

Table A.3: The income distributions with the new set of income classes.
The transition probabilities of the descripted Markov model have been
estimated by means of the restricted least squares method.
Eleven distributions can be generated by means of the estimated probabilities
and the distribution of the previous year and be compared with the actual
distributions.

Table A.4: The distributions generated by the model.
A comparison of the generated distributions with the relevant distributions
of Table A.3 gives an indication of the quality of the descriptive power
of the Markov model.

i

r

Table A.5: An indication of the quality of the model.
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Table A.1: The given income distributions.

income Frequencies of the years:
classes 1960 1962 1963 1964 1965 1966 1967

0. - 1. 237079. 218400. 234668. 427050. 351076. 335219. 276949.
1. - 2. 578932. 524600. 457999. 427050. 315968. 271984. 217377.
2. - 3. 559950. 572700. 551450. 436400. 410805. 328467. 285766.
3. - 4. 500589. 471500. 496331. 424800. 424269. 398091. 372703.
4. - 5. 649655. 502100. 467588. 376800. 432734. 429864. 398387.
5. - 6. 685748. 632400. 582106. 425600. 393947. 407171. 422485.
6. - 7. 499113. 596900. 606995. 518500. 473460. 409196. 373309.
7. - 8. 306588. 450900. 513150. 501800. 506527. 471419. 424226.
8. - 9. 187023. 293400. 355366. 392000. 446313. 469588. 453218.
9. - 10. 123311. 186300. 231930. 300200. 350460. 411079. 423284.

10. - 15. 271169. 376700. 459532. 640500. 802246. 998691. 1150271.
15. - 20. 91616. 121200. 145368. 199700. 252003. 310222. 376317.
20. - 50. 94575. 127800. 153169. 208900. 255383. 308963. 364535.
50. - 100. 13682. 19100. 22988. 28600. 35649. 41130. 46322.

100. and more 3648. 5600. 6836. 8600. 11485. 11415. 13469.

Total 4802678. 5099600. 5285476. 5316500. 5462325. 5602499. 5598618.
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Table A.2 (cont.)
Evaluation of the results of the approximation for the years:

1960 1962 1963 1964 1965 1966 1967
The coefficients of the linear relation Y- AfBX:

A- 17.9203 18.1302 18.3148 18.7277 18.8701 19.2759 19.423;
B - -2.1013 - 2.0597 -2.0579 - 2.1004 -2.0723 -2.1554 -2.1537

The frequencies of the relevant classes are approximated by:
8. - 9. 185945.
9. - 10. 118979.

10. - 15. 275313.
15. - 20. 92905.
20. - 50. 95569.
50. - 100. 12512.

100. and more 3802.

320236. 397186. 432467. 502545. 487334. 426409.
157986. 190635. 267217. 323832. 419257. 487441.
369081. 445540. 618466. 754344. 958235. 1114490.
126431. 152723. 208774. 257237. 317115. 369043.
132678. 160410. 214861. 268323. 317921. 370269.
18005. 21803. 28153. 36021. 39727. 46333.
5682. 6892. 8562. 11237. 11499. 13431.

The absolute values of the relative deviations of the approximation
from the real values are given by:

8. - 9. 0.0058 0.0915
9. - 10. 0.0351 0.1520

10. - 15. 0.0153 0.0202
15. - 20. 0.0141 0.0432
20. - 50. 0.0105 0.0382
50. - 100. 0.0855 0.0573

100. and more 0.0422 0.0146
The average deviation is given by:

0.1177 0.1032 0.1260 0.0378 0.0592
0.1781 0.1099 0.0760 0.0199 0.1516
0.0304 0.0344 0.0597 0.0405 0.0311
0.0506 0.0454 0.0208 0.0222 0.0193
0.0473 0.0285 0.0507 0.0290 0.0157
0.0516 0.0156 0.0104 0.0341 0.0002
0.0081 0.0044 0.0216 0.0073 0.0028

0.0298 0.0596 0.0691 0.0488 0.0522 0.0273 0.0400
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Table A.4: The distributions generated by the model.

income Frequencies of the years:
classes 1953 1954 1955 1958

0. - 2.
2. - 4.
4. - 8.
8. - 16.

16. - 32.
32. - 64.
64. - 128.

128. and more

1249606. 1225320.
1657687. 1654098.
871383. 968435.
234202. 286197.
48677. 55103.
12590. 13965.
3276. 3531.
1153. 1195.

1033778. 858274.
1655428. 1231145.
1175860. 1828310.
324300. 535838.
68328. 117696.
16977. 28033.
4218. 6726.
1395. 2123.

1959 1960

830321. 81290~.
1179108. 1137196.
1905308. 2008844.
604369. 658995.
130618. 141821.
30279. 32936.
7048. 7657.
2139. 2320.

Total 4078573. 4207844. 4280283. 4608146. 4689190. 4802678.

income Frequencies of the years:
classes 1963 1964 1965 1966 1967

0. - 2. 680937. 634808. 782757. 611326. 556483.
2. - 4. 1019041. 1018118. 860607. 821038. 716588.
4. - 8. 2189621. 2093202. 1822711. 1802723. 1632726.
8. - 16. 1074566. 1181188. 1479279. 1728274. 1932465.

16. - 32. 246200. 298299. 397481. 488077. 587630.
32. - 64. 57094. 69056. 91626. 115141. 133953.
64. - 128. 13695. 16585. 21367. 27379. 30069.

128. and more 4322. 5242. 6498. 8541. 8703.

Total 5285476. 5316500. 5462325. 5602499. 5598618.
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Table A.5: An indication of the quality of the model.
Evaluation of the results for the years:

1963 1964 1965 1966 1967

income absolute relative deviations:
classes

0. - 2. 0.0169 0.2568 0.1735 0.0068 0.1257
2. - 4. 0.0274 0.1822 0.0306 0.1300 0.0883
4. - 8. 0.0091 0.1484 0.0089 0.0495 0.0088
8. - 16. 0.0012 0.1419 0.1048 0.1155 0.0936

16. - 32. 0.0825 0.0323 0.0407 0.0539 0.0900
32. - 64. 0.0453 0.0393 0.0088 0.1076 0.1057
64. - 128. 0.0439 0.0106 0.0106 0.1733 0.1044

128. and more 0.0422 0.0284 0.0355 0.2646 0.1028

The average deviation is given by:

0.0336 0.1050 0.0517 0.1127 0.0899
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Table B.1: The transformed income distributions.

income
classes

0. - 2.
2. - 4.
4. - 8.
8. - 16.

16. - 32.
32. - 64.
64. - 128.

Frequencies of the years:
1952 1953 1954 1955 1957 1958 1959

1363500. 1520608. 1519297. 1487643. 1522562. 1563258. 1617178.
1684500. 1668817. 1788469. 1843713. 2037404. 2019475. 2048888.
757160. 690535. 702726. 740531. 792070. 802317. 796912.
153829. 147713. 147556. 156122. 162881. 170746. 173493.
39093. 38030. 37424. 39342. 39511. 40163. 40463.
10174. 9616. 9298. 9733. 9480. 9349. 9407.
2648. 2431. 2310. 2408. 2275. 2176. 2187.
931. 823. 764. 792. 718. 660. 663.128. and more

Total 4011835. 4078573. 4207844. 4280283. 4566900. 4608146. 4689190.

income Frequencies of the years:
classes 1960 1962 1963

0. - 2.
2. - 4.
4. - 8.
8. - 16.

16. - 32.
32. - 64.
64. - 128.

128. and more

1707089. 1762787. 1840135
2084350. 2160696. 2218580
790898. 928200. 963932
168648. 186553. 197299
39646. 46645. 49791
9239. 11189. 11958
2153. 2684. 2872
654. 847. 908

1964 1965 1966 1967
2017131. 2032967. 2047660. 2061003.
2089817. 2196585. 2293416. 2326150.
938699. 955773. 983543. 944639.
206181. 208418. 214587. 206254.
49591. 52274. 49086. 46959.
11564. 12430. 11019. 10553.
2697. 2956. 2473. 2372.
820. 922. 716. 687.

Total 4802678. 5099600. 5285476. 5316500. 5462325. 5602499. 5598618.
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Table B.3: An indication of the quality of the model.
Evaluation of the results for the years:

1953 1954 1955 1958 1959 1960

income absolute relative dev~ations:
classes

0. - 2. 0.0730 0.0296 0.0536 0.0105 0.0013 0.0196
2. - 4. 0.0202 0.0275 0.0204 0.0004 0.0057 0.0040
4. - 8. 0.0958 0.0006 0.0455 0.0151 0.0121 0.0206
8. - 16. 0.0602 0.0164 0.0396 0.0299 0.0013 0.0426

16. - 32. 0.0350 0.0223 0.0426 0.0081 0.0020 0.0307
32. - 64. 0.0641 0.0412 0.0376 0.0229 0.0038 0.0284
64. - 128. 0.0989 0.0629 0.0306 0.0572 0.0076 0.0286

128. and more 0.1277 0.0746 0.0368 0.0874 0.0018 0.0142

The average deviation is given by:

0.0719 0.0344 0.0383 0.0289 0.0045 0.0236
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