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Abstract

The τ -measure is introduces as a method to rank the nodes in a
digraph competition. It coincides with the τ -value of an associated
transferable utility game, the so-called digraph game. The τ -measure
is characterized in two ways. One of them is based on a characterization
of the τ -value in bankruptcy games and uses a decomposition axiom.
This characterization also leads to a new characterization of the β-
measure, a solution method for digraph competitions based on the
Shapley value of the digraph game.
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1 Introduction

A directed graph or digraph is a pair (N,E), where N is a finite set of nodes
and E ⊂ N ×N a set of arcs. Digraphs have been used in modelling many
different types of situations. For example a sports competition can be mod-
elled as a digraph by taking the players as nodes. An arc then represents
the result of a match between two different players: an arc from player x
to player y indicates that x beat y. Another application of digraphs can
be found in social choice theory. Suppose we have a group of agents and a
set of alternatives, and each agent has a preference relation on this set of
alternatives. The preferences of the group can be summarized in a digraph.
The nodes then represent the alternatives and an arc from one alternative
x to another alternative y is drawn if the majority of the group prefers x
to y. As a final example we mention a card game in which some cards can
beat other cards (e.g. a trump beats all other cards). In the corresponding
digraph each node represents a card and an arc from one node to another is
drawn if the corresponding card can beat the other.

In the examples just mentioned one would prefer a full ranking between the
nodes or at least to determine the best node. As argued in Van den Brink
and Borm (1994), Borm, Van den Brink, Lev́ınsky, and Slikker (2000), and
Borm, Van den Brink, and Slikker (2002), this can also be viewed as an allo-
cation problem in which one divides a certain amount of points with help of
the digraph structure at hand. For this aim they assign a cooperative game
in characteristic function form (the score game) to each digraph. In Van den
Brink and Borm (1994) the structure of the core of score games is studied.
In Borm et al. (2002) the Shapley value is studied as a possible solution.
In particular the Shapley value as a ranking method in sports competitions
is studied. In Borm et al. (2000) the Shapley value is analyzed as a social
choice correspondence.

The τ -value is a solution concept for a class of cooperative transferable
utility (TU) games. It is a compromise value based on minimum rights and
utopia demands. The τ -value is introduced in Tijs (1981) and characterized
in Tijs (1987). In this paper we will introduce a cooperative TU-game asso-
ciated to digraphs. This digraph game is defined on the class of all digraphs
and is a generalization of the score game, which has only been defined on
reflexive digraphs. In the analysis possible loops (arcs from a node to itself)
somehow reflect the initial status of nodes. In a reflexive graph all nodes
have a loop and one can interpret this as if all nodes have the same initial
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status. The τ -measure as a solution to problems which can be modelled as
a digraph is analyzed. The τ -measure of a digraph is defined as the τ -value
of the corresponding digraph game. We will provide two characterizations
of the τ -measure in digraphs. One is based on the characterization of the
τ -value given in Tijs (1987). The other is based on the characterization of
the τ -value in bankruptcy games given in Curiel, Maschler, and Tijs (1988).
In this last characterization the concept of decomposition additivity is intro-
duced as the analogue to additivity of claims in bankruptcy situations. The
same property can be used to give another characterization of the β-measure
(the analogue of the Shapley value in digraphs).

The paper is organized as follows. In section two we will introduce digraph
games and the τ -value of digraph games. In section three the τ -measure
of a digraph is introduced and two characterizations are provided. A new
characterization of the β-measure in digraph games is given in section four.
In section five a monotonicity result for the τ -measure is derived. In the
final section the τ -measure of the card game “Zoff im Zoo” is calculated as
an illustration.

2 Digraph games

A directed graph or digraph is a pair (N, E) where N is a finite set of nodes
and E ⊂ N×N is a binary relation on N . The set of all digraphs is denoted
by D, the subclass DN consists of all digraphs that have N as the set of
nodes. For D ∈ DN and i ∈ N the set PD(i) = {j ∈ N | (j, i) ∈ E} is called
the set of predecessors of i in D. The set SD(i) = {j ∈ N | (i, j) ∈ E}
consists of all successors of i. We denote the set of successors of i, for which
i is the only predecessor by S̃D(i): S̃D(i) = {j ∈ N | PD(j) = {i}}. It holds
automatically that if i 6= j then S̃D(i) ∩ S̃D(j) = ∅.

The set of nodes with at least one predecessor will be denoted by ID, so
ID = {j ∈ N | PD(j) 6= ∅}. Nodes in the set ID have a positive indegree.
The set of all players with only one predecessor is denoted by ĨD, and it
holds that ĨD = ∪i∈N S̃D(i).

We can use cooperative game theory to rank the nodes in a digraph. We
assume that all players with a nonzero indegree own one point which can
be divided among the players (cf. Van den Brink and Borm (1994), Borm
et al. (2002)). We define the digraph game (N, vD) as follows:

Definition 2.1 The digraph game corresponding to D ∈ DN is the game
vD : 2N → R given by:
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vD(S) = |{j ∈ ID | PD(j) ⊂ S}| for all S ∈ 2N\{∅}.
As usual we take vD(∅) = 0.

The digraph game assigns to each coalition S the number of nodes in
N that have all their predecessors in S, provided this set of predecessors is
non-empty. This means that the value of S is determined by the number of
nodes with positive indegree on which N\S does not have any influence. So
vD(S) is the set of players that are beaten and beaten only by members of
S.

It is easy to see that we can write the digraph game as a sum of unanimity
games uT as in the following lemma. For T ∈ 2N\{∅}, unanimity games are
given by:

uT (S) =
{

1 if T ⊂ S
0 if T 6⊂ S

.

Lemma 2.1 For every D ∈ D it holds that:

vD =
∑

i∈ID

uPD(i).

Example 2.1 Consider the graph in figure 1. The corresponding digraph
game is given in the table below.

S 1 2 3 4 12 13 14 23 24 34 123 124 134 234 1234
vD 1 1 0 0 2 1 1 1 1 0 2 2 1 2 3

Clearly SD(2) = {3, 4}, S̃D(2) = {3}. Furthermore ID = {2, 3, 4} and ĨD =
{2, 3}. The digraph game vD can be written as: vD = u{1} + u{2,3,4} + u{2}.

In Borm et al. (2000) the Shapley value of score games is studied. 1 In
this paper we examine the τ -value as a solution concept of digraph games.
The τ -value of a TU-game (Tijs (1981)) is the solution to the following
system:

τi(v) = (1− λ)mi(v) + λMi(v), λ ∈ [0, 1]∑

i∈N

τi(v) = v(N),

1Score games are defined only for reflexive digraphs.
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Figure 1: Graph corresponding to example 2.1

in which Mi(v) equals the utopia vector of player i and mi(v) the minimum
right of player i:

Mi(v) = v(N)− v(N\{i})
mi(v) = max

S:i∈S
{v(S)−

∑

j∈S\{i}
Mj(v)}.

The next theorem states how the τ -value 2 is determined by first giving
each player the points of his successors for whom he is the only claimant of
that point. So player i gets the points of the players in S̃D(i). Then the
points left will be divided proportionally to the remaining number of points
each player would like to have.

Theorem 2.1 Let D = (N,E) ∈ D and let (N, vD) be the corresponding
digraph game. Then:

τi(vD) =

{
|S̃D(i)|+ |SD(i)|−|S̃D(i)|

|E|−|ĨD| ∗ (|ID| − |ĨD|) if |E| 6= |ĨD|
|S̃D(i)| if |E| = |ĨD|

. (1)

Proof: Digraph games can be written as a nonnegative sum of unanimity
games and it is easily checked that the value of the minimum right of player
i equals v({i}). Because vD =

∑
i∈N :PD(i)6=∅ uPD(i), it holds that:

mi(vD) = vD({i}) = |S̃D(i)|.
The value of the utopia demand of player i equals the number of victories
of player i, as is shown below:

Mi(vD) = vD(N)− vD(N\{i})
2Since digraph games are quasi-balanced, the τ -value is well-defined.
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= |ID| − |{j ∈ ID | PD(j) ⊂ N\{i}}|
= |ID| − (|ID| − |SD(i)|)
= |SD(i)|.

Note that each player has at most one predecessor if |E| = |ĨD|, and therefore
for each player i ∈ N : SD(i) = S̃D(i). This implies that m(vD) = M(vD) =
τ(v).

Suppose that |E| 6= |ĨD|. The τ -value is the efficient linear combination
of M(vD) and m(vD). We can find the τ -value by solving the following
linear system:

τi(vD) = (1− λ)mi(vD) + λMi(vD)∑

i∈N

τi(vD) = vD(N) = |ID|

Combining these equations leads to:
∑

i∈N

τi(vD) = (1− λ)
∑

i∈N

mi(vD) + λ
∑

i∈N

Mi(vD)

= (1− λ)
∑

i∈N

|S̃D(i)|+ λ
∑

i∈N

|SD(i)|

=
∑

i∈N

|S̃D(i)|+ λ
∑

i∈N

(|SD(i)| − |S̃D(i)|)

= |ID|.

We know that
∑

i∈N |SD(i)| = |E| and
∑

i∈N |S̃D(i)| = |ĨD|, which yields:

λ =
|ID| − |ĨD|
|E| − |ĨD|

.

¤

Example 2.2 For the digraph depicted in figure 1 and its corresponding
digraph game, the τ -value is given by: τ(vD) = (1, 4

3 , 1
3 , 1

3). For example

τ2(vD) is computed by: τ2(vD) = |S̃D(2)| + |SD(2)|−|S̃D(2)|
|E|−|ĨD| ∗ (|ID| − |ĨD|) =

1 + 2−1
5−2 ∗ (3− 2) = 4

3 .

In the sequel we will only consider digraph games for which the τ -value
is non-trivial. This means that we will only consider digraphs for which
|E| 6= |ĨD|.
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3 Two characterizations of the τ-measure

A digraph rule f assigns to D ∈ D a payoff vector f(D). This payoff
vector is |N |-dimensional if D ∈ DN . We can define the τ -measure of a
digraph in a natural way by taking the τ -value of the corresponding digraph
game. In this paragraph we will give two characterizations of the τ -measure.
One characterization is inspired on the characterization of the τ -value in
bankruptcy games given in Curiel et al. (1988). We can view a digraph
game as a bankruptcy situation in which the estate is given by the number
of nodes which have a positive indegree, and each node claims an amount
equal to the number of its successors. The other characterization is inspired
on the general characterization of the τ -value given in Tijs (1987).

A digraph rule is efficient if the total amount allocated by this rule equals
the number of nodes that have a positive indegree.

Property 3.1 (Efficiency): A digraph rule f is efficient if for each D ∈
DN it holds that

∑
i∈N fi(D) = |ID|.

Consider a digraph in which two nodes, i and j, have the same number
of successors and the same number of nodes for which they are the only
predecessor. A digraph rule f is symmetric if it gives the same payoff to i
and j.

Property 3.2 (Symmetry): A digraph rule f is symmetric if for all D ∈
DN , for all i, j ∈ N such that |SD(i)| = |SD(j)| and |S̃D(i)| = |S̃D(j)|, it
holds that fi(D) = fj(D).

The third property states a decomposition additivity of nodes. Consider
a digraph D ∈ DN . We can decompose a node i in D in the following way:
replace i by |SD(i)|+ 1 nodes (i0, . . . , i|SD(i)|). The node i0 will contain all
incoming arcs of i and each other node is the starting point of an arc to a
successor of i, in such a way that for each successor of i there is exactly one
new node ik. If i has a empty set of predecessors, no arc is adjacent to i0.

After decomposing a node i a new digraph d{i}(D) arises with node set
N\{i} ∪ {i0, . . . , i|SD(i)|}. In d{i}(D) one could again decompose a node of
N\{i}. In this way we could decompose several nodes of N consecutively.
The graph arising from D by decomposing all nodes in a subset S will be
denoted by dS(D). It is easily seen that the order in which the nodes in S
are decomposed does not affect the resulting graph dS(D). A digraph rule
will satisfy decomposition additivity if the payoff a node i ∈ S can achieve
in D equals the sum of the payoffs of nodes arising from i in dS(D) for every
S ∈ 2N\{∅}.
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Figure 2: The graphs d{2}(D) and d{N}(D).

Example 3.1 Consider the digraph D in figure 1. The graphs d{2}(D) and
dN (D) are drawn in figure 2.

Property 3.3 (Decomposition additivity): A digraph rule f satisfies
decomposition additivity if for all D ∈ DN , for all S ⊂ N and for all i ∈ S
it holds that:

fi(D) =
|SD(i)|∑

k=0

fik(dS(D)).

We call a node a basic node if it is the only predecessor for each of
its successors. This means that if D = (N, E) and i ∈ N are such that
SD(i) = S̃D(i), then i is a basic node.

In a TU-game (N, v) a player i is a dummy player if for each S ∈ 2N\{i}

the following holds:

v(S ∪ {i}) = v(S) + v({i}).

The following lemma shows that a basic node in a digraph corresponds to a
dummy player in the corresponding digraph game.

Lemma 3.1 Let D ∈ DN and i ∈ N . Then i is a basic node in D if and
only if i is a dummy player in the corresponding digraph game (N, vD).

Proof: Let D ∈ DN and i ∈ N . Suppose node i is a basic node in
D. This means that SD(i) = S̃D(i), which implies that if j ∈ SD(i) then
PD(j) = {i}. Let S ∈ 2N\{i}, then vD(S ∪ i) equals:

vD(S ∪ {i}) =
∑

j∈ID

uPD(j)(S ∪ {i})
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=
∑

j∈ID

(uPD(j)(S) + uPD(j)(i))

=
∑

j∈ID

uPD(j)(S) +
∑

j∈ID

uPD(j)(i)

= vD(S) + vD({i}).

The second equality follows from the fact that if PD(i) ⊂ (S ∪ {i}) then
PD(j) = {i} or PD(j) ⊂ S.

We conclude that if i is a basic node, then i is a dummy player in the
corresponding game.

For the converse, suppose i is a dummy player in the game, but not a
basic node in G. Then there exists a k ∈ SD(i) for which i ∈ PD(k) and
|PD(k)| ≥ 2. Take S = PD(k)\{i}, then S ∈ 2N\{i} and:

vD(S ∪ i) =
∑

j∈N :PD(j)6=∅
uPD(j)(S ∪ i)

≥ vD(S) + 1 + |S̃D(i)|
> vD(S) + vD({i}).

This contradicts the assumption that i is a dummy player, so i is a basic
node in D. ¤

The basic property states that every basic node gets a payoff equal to
the value of the one person coalition in the game. For a basic node this
value equals the number of successors of this node.

Property 3.4 (Basic): A digraph rule f satisfies the basic property if for
each D ∈ DN and all basic nodes i ∈ N it holds that fi(D) = |SD(i)|.

The four properties stated above uniquely determine the τ -measure.

Theorem 3.1 The τ -measure is the unique digraph rule f : D → RN that
satisfies the properties of efficiency, symmetry, decomposition additivity and
the basic property.

Proof: The τ -measure satisfies efficiency by definition. From theorem
2.1 it is immediately clear that the τ -measure satisfies symmetry and basic.
It remains to show that the τ -measure satisfies decomposition additivity.

Let D = (N, E) ∈ D and S ⊂ N , and let dS(D) the graph arising from
D by decomposing all the nodes in S. The set of nodes in dS(D) will be
denoted by NdS(D). Now vD(N) = vD(NdS(D)), because the number of nodes
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with an non-empty set of predecessors remains unchanged. This implies that
|ID| = |IdS(D)|. Note that also the number of arcs in D and dS(D) is the
same, |E| = |EdS(D)|.

Let i ∈ S. Node i0 has no successors and therefore τi0(dS(D)) = 0. The
payoff of a node ik depends on the number of predecessors of its successor.
Since there arise exactly |S̃D(i)| basic nodes with one successor from i and
|SD(i)|−|S̃D(i)| nodes that are not basic nodes with one successor, equation
1 leads to:

|SD(i)|∑

k=0

τik(dS(D)) = |S̃D(i)| ∗ 1 + (|SD(i)| − |S̃D(i)|) ∗

∗ 1
|EdS(D)| − |JdS(D)|

(|IdS(D)| − |ĨdS(D)|)

= |S̃D(i)|+ |SD(i)| − |S̃D(i)|
|E| − |ĨD|

∗ (|ID| − |ĨD|)

= τi(D).

This shows that the τ -measure satisfies composition additivity.
Let D = (N, E) ∈ D and suppose that f satisfies efficiency, symmetry,

basic and composition additivity. 3 Now consider the graph dN (D) by
decomposing all the nodes in D. By decomposition additivity:

fi(D) =
|SD(i)|∑

k=0

fik(dN (D)), (2)

for all i ∈ N .
The nodes in dN (D) contain at most one outgoing arc. If for an arc

(ik, j0), k 6= 0, j ∈ S̃D(i) then ik is a basic node in dN (D). Hence from
each node i arise |S̃D(i)| basic nodes with payoff one according to basic. By
symmetry all remaining nodes will get the same payoff α. Thus with i ∈ N :

fi(D) =
|SD(i)|∑

k=0

fik(dN (D))

= |S̃D(i)|+ (|SD(i)| − |S̃D(i)|) ∗ α. (3)
3The independence of the four properties can be illustrated by presenting four digraph

rules satisfying three but not all four properties. These four rules can be found in Quant
(2001).
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Adding this equation for all i ∈ N and using efficiency, we get:

∑

i∈N

fi(D) =
∑

i∈N

|S̃D(i)|+ α
∑

i∈N

(|SD(i)| − |S̃D(i)|)

= |ĨD|+ α ∗ (|E| − |ĨD|)
= |ID|.

From this result we can compute α:

α =
|ID| − |ĨD|
|E| − |ĨD|

.

Hence by substitution:

fi(D) = |S̃D(i)|+ |SD(i)| − |S̃D(i)|
|E| − |ĨD|

∗ (|ID| − |ĨD|)

= τi(D).

¤
Another characterization of the τ -measure in digraphs is given by the

properties efficiency, basic right and proportionality. This characterization
is in line with the general characterization of the τ -value in Tijs (1987).

The basic right of a node consists of the number of nodes for which this
node is the only predecessor. This means that the basic right of a node
i ∈ N in the digraph D ∈ DN equals |S̃D(i)|(= mi(vD)). Therefore the
basic right of a node in a digraph equals the minimum right of this node in
the corresponding digraph game.

Giving all the nodes in a digraph their basic right corresponds to dividing
the points of the nodes with exactly one predecessor. Note that a basic node
has only basic rights. One can divide the remaining points using the τ -
measure in a new graph, m(D). The graph m(D) arises from D by deleting
al ingoing arcs from nodes which have only one predecessor. In m(D) all
basic nodes are trivial nodes in the sense that they do not have any outgoing
arcs. Note that Ĩm(D) = ∅.

Example 3.2 Consider the digraph D in figure 1. For this graph, m(D) is
given in figure 3.
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Figure 3: The graph m(D).

Property 3.5 (Basic right): A digraph rule f satisfies the basic right
property if for all D ∈ DN , for all i ∈ N : fi(D) = |S̃D(i)|+ fi(m(D)).

Property 3.6 (Proportionality): A digraph rule f satisfies proportional-
ity if for all D ∈ DN with ĨD = ∅ and all i, j ∈ N with |SD(i)| = k ∗ |SD(j)|,
it holds that fi(D) = k ∗ fj(D)

Theorem 3.2 The τ -measure is the unique allocation rule that satisfies ef-
ficiency, basic right and proportionality.

Proof: Let D = (N, E) ∈ D. From theorem 2.1 it is clear that τ satisfies
proportionality. For proving that τ satisfies basic right note that in m(D)
the following equations hold:

N = Nm(D)

|Em(D)| = |ED| − |ĨD|
|Im(D)| = |ID| − |ĨD|
Ĩm(D) = ∅.

And for all i ∈ N :

S̃m(D) = ∅
|Sm(D)(i)| = |SD(i)| − |S̃D(i)|.

We can now give the following expression for τ(m(D)):

τi(m(D)) = |S̃m(D)(i)|+
|Sm(D)(i)| − |S̃m(D)(i)|
|Em(D)| − |Ĩm(D)|

∗

∗(|Im(D)| − |Ĩm(D)|)

12



=
|Sm(D)(i)|
|Em(D)|

∗ |Im(D)|

=
|SD(i)| − |S̃D(i)|

|E| − |ĨD|
∗ (|ID| − |ĨD|).

Hence the τ -measure satisfies basic right.
Suppose that f satisfies efficiency, basic right and proportionality. 4 We

can then write f as follows (using basic right):

fi(D) = |S̃D(i)|+ fi(m(D)).

For each node i ∈ N the set S̃m(D) is empty. By proportionality we can find
α such that:

fi(D) = |S̃D(i)|+ fi(m(D))
= |S̃D(i)|+ |Sm(D)(i)| ∗ α

= |S̃D(i)|+ (|SD(i)| − |S̃D(i)|) ∗ α.

Adding all nodes and using efficiency yields:
∑

i∈N

fi(D) =
∑

i∈N

|S̃D(i)|+
∑

i∈N

(|SD(i)| − |S̃D(i)|) ∗ α

= |ĨD|+ (|E| − |ĨD|) ∗ α

= |N | − |ID|,

the value of α is given by:

α =
|ID| − |ĨD|
|E| − |ĨD|

.

Now f can be written as:

fi(D) = |S̃D(i)|+ |SD(i)| − |S̃D(i)|
|E| − |ĨD|

∗ (|ID| − |ĨD|)

= τi(D).

¤
4The independence of these three properties can be illustrated by presenting three

alternative allocation rules that each satisfy two but not all three properties. These rules
are given in Quant (2001).
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4 A characterization of the β-measure

The β-measure was defined on the class of reflexive digraphs as the Shapley
value (cf. Shapley (1953)) of the corresponding score game in Van den Brink
et al. (1994). The β-measure can be directly extended to digraphs which are
not necessarily reflexive, by taking the Shapley value of the corresponding
digraph game. It can easily be shown that for D ∈ DN , i ∈ N the β-measure
is then given by:

βi(D) =
∑

j∈SD(i)

1
|PD(j)| .

A characterization of the β-measure on the class of reflexive graphs was
given in Borm et al. (2000) by the properties: component efficiency, equal
loss, local determinateness and marginal difference.

In theorem 3.1 a characterization of the τ -measure on the class of all
digraphs is given. It is easy to show that the β-measure satisfies the prop-
erties efficiency, decomposition additivity and basic. So in particular the
β-measure does not satisfy symmetry. A characterization of the β-measure
can be obtained by simultaneously strengthening and weakening some of
these properties.

We will strengthen efficiency to component efficiency. Two nodes i and
j are said to be connected in a digraph D = (N,E) if there is a sequence of
nodes (x1, . . . , xm) such that x1 = i, xm = j and {(xk, xk+1), (xk+1, xk)} ∩
E 6= ∅, ∀k ∈ {1, . . . m− 1}. A subset T of nodes is maximally connected in
D if for each pair of nodes in T this pair is connected and no pair i ∈ T and
j ∈ N\T is connected. A digraph is the union of all its maximally connected
components. A digraph rule f is component efficient if the sum of payoff
assigned to nodes in a maximally connected subset equals the number of
nodes with a non-empty set of predecessors in this maximally connected
subset.

Property 4.1 (Component efficiency): A digraph rule f is component
efficient if for all D ∈ DN and all maximally connected subsets T ⊂ N it
holds that

∑
i∈T fi(D) = |T ∩ ID|.

Component efficiency is a stronger property than efficiency: a component
efficient rule is automatically efficient, while the converse does not hold.

The symmetry property can be weakened by imposing that two nodes
are symmetric if they have the same number of predecessors and the same
set of successors.
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Property 4.2 (Weak symmetry): A digraph rule f satisfies weak sym-
metry if for all D ∈ DN and all i, j ∈ N such that SD(i) = SD(j) and
|PD(i)| = |PD(j)|: fi(D) = fj(D).

Symmetry implies weak symmetry. Suppose f is symmetric and D ∈
DN . Suppose i, j ∈ N are such that SD(i) = SD(j) and |PD(i)| = |PD(j)|,
then |SD(i)| = |SD(j)| and S̃D(i) = S̃D(j) = ∅ and hence by symmetry,
fi(D) = fj(D).

The basic property can be weakened by only stating that a node without
outgoing arcs gets nothing. We consider such nodes as trivial nodes.

Property 4.3 (Triviality): A digraph rule f satisfy triviality if for all
i ∈ N with SD(i) = ∅ it holds that fi(D) = 0.

The three properties stated above, together with decomposition additiv-
ity completely determine the β-measure. 5

Theorem 4.1 The β-measure is the unique digraph rule that satisfies com-
ponent efficiency, weak symmetry, triviality and decomposition additivity.

Proof: It is clear that β satisfies triviality, weak symmetry and decom-
position additivity. In Borm et al. (2000) it is proved that the β-measure
satisfies component efficiency in reflexive digraphs. This proof can be easily
extended to the class of all digraphs.

Let D ∈ DN and suppose f satisfies efficiency, weak symmetry, triviality
and decomposition additivity. 6 Decomposing all nodes in D yields the
graph dN (D). The digraph dN (D) consists of |N | maximally connected
components. Each component Ti consists of the node i0 (arising from the
node i) and all its incoming arcs with corresponding nodes (this is clearly
illustrated in figure 2). Consider a fixed Ti and suppose PD(i) 6= ∅. The
set SdN (D)(i0) is then empty and there are |PD(i)| other nodes in Ti with
each one successor and no predecessors. By weak symmetry, triviality and
component efficiency each predecessor of i0 in Ti gets the same payoff 1

|PD(i)| .
By decomposition additivity:

5If one weakens symmetry more by omitting the claim of the number of predecessors, it
is possible to give a characterization of the β-measure with the properties efficiency, weak
symmetry and decomposition additivity. These three properties then imply triviality.
Because of analogy with the characterization of the τ -measure we preferred to give the
characterization with the four properties mentioned.

6The independence of the four properties mentioned in theorem 4.1 is shown in Quant
(2001)
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fi(D) =
|SD(i)|∑

k=0

fik(dN (D))

=
|SD(i)|∑

k=1

fik(dN (D))

=
|SD(i)|∑

k=1

∑

j0∈SdN (D)(ik)

1
|PdN (D)(j0)|

=
∑

j∈SD(i)

1
|PD(j)|

= βi(D).

¤

5 Monotonicity

In this paragraph a monotonicity result for the τ -measure will be derived.
Let D = (N,E) ∈ D and suppose (i, j) 6∈ E. Monotonicity will imply
that by adding the arc (i, j), the τ -measure of node i increases and the τ -
measure of node j decreases. Let D = (N,E) ∈ D, the graph arising from
D by adding the arc (i, j) is denoted by Dij := (N, E ∪ {(i, j)}).
Proposition 5.1 If D = (N, E) ∈ D and i, j ∈ N are such that (i, j) 6∈ E,
then it holds that:

τi(D) ≤ τi(Dij).

If j 6∈ ĨD then it also holds that:

τj(Dij) ≤ τj(D).

Proof: Let D = (N,E) ∈ D and i, j ∈ N such that (i, j) 6∈ E. Suppose
we add the arc (i, j) to E, the change in τ -measure of the nodes depends on
three cases: the case j 6∈ ID, the case j ∈ ID\ĨD and the case j ∈ ĨD.
Case 1: Suppose j 6∈ ID. This implies:

IDij = ID ∪ {j}
ĨDij = ĨD ∪ {j}

SDij (i) = SD(i) ∪ {j},
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and for all k ∈ N\{j}:

SDij (k) = SD(k).

With theorem 2.1 this yields that for k ∈ N\{i} the value of the τ -measure in
Dij equals the value of the τ -measure in D and the value of node i increases
by one.
Case 2: Suppose j ∈ ID\ĨD. Now it holds that:

IDij = ID

ĨDij = ĨD

SDij (i) = SD(i) ∪ {j},

and for all k ∈ N\{i}:

SDij (k) = SD(k).

The τ -measure of a node k ∈ N\{i} is given by:

τk(Dij) = |S̃Dij (k)|+ |SDij (k)| − |S̃Dij (k)|
|EDij | − |ĨDij |

∗

∗(|IDij | − |ĨDij |)

= |S̃D(k)|+ |SD(k)| − |S̃D(k)|
|ED|+ 1− |ĨD|

∗ (|ID| − |ĨD|)

≤ |S̃D(k)|+ |SD(k)| − |S̃D(k)|
|ED| − |ĨD|

∗ (|ID| − |ĨDij |)

= τk(D).

This means that the τ -measure decreases for all nodes k ∈ N\{i}. Because
vDij (N) = vD(N) this automatically yields that the τ -measure of node i
increases (by efficiency).
Case 3: Suppose j ∈ ĨD. The difference in τ -measure of node i before and
after adding the arc (i, j) is given by:

τi(Dij)− τi(D) = (|SD(i)| − |S̃D(i)|) ∗ (
|ID|+ 1− |ĨD|
|E| − |ĨD|+ 2

− |ID| − |ĨD|
|E| − |ĨD|

)

+
|ID|+ 1− |ĨD|
|E| − |ĨD|+ 2
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= (|SD(i)| − |S̃D(i)|) ∗ |E| − 2|ID|+ |ĨD|
(|E| − |ĨD|+ 2)(|E| − |ĨD|)

+

+
|ID|+ 1− |ĨD|
|E| − |ĨD|+ 2

> 0.

The last inequality follows from the fact that the number of arcs in D
equals at least two times the number of nodes with indegree strictly larger
than one plus the number of nodes with indegree one. ¤

If D is such that the indegree of a node j is one, adding an arc (i, j)
can improve the τ -measure of node j. Node j profits from the fact that its
predecessor will be worse off. This is shown in the following example.

Example 5.1 Consider the graph D drawn in figure 4. Let i = 1 and j = 2,
then τ2(D) = 4

5 , adding the arc (1, 2) results in a higher value of τ -measure
for node j: τ2(D12) = 6

7 .

@
@

@R

HHHHHHj-?

A
A
A
A
A
AU

¾

r

r r

r r

1

5 4

2 3

Figure 4: Graph corresponding to example 5.1

6 Application: a card game

In the card game “Zoff im Zoo” each card represents a different animal.
One card can beat another card if that animal can beat the other. The
game consists of twelve different cards, representing the animals: whale (w),
elephant(e), crocodile (c), polar bear (b), lion (l), seal (s), fox (f), perch
(p), hedgehog (h), goldfish (g), mouse (m) and mosquito (q). The graph
representing the hierarchical structure of the animals is drawn in figure 5.
For example the edge between the nodes e and l means that a elephant can
beat a lion.
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Figure 5: Graph corresponding to the game “Zoff im Zoo”.

animal τ β rank (τ) rank (β)
elephant 66/25 11/4 1 1

fox 33/25 7/6 2-3 4-5
mouse 33/25 4/3 2-3 3
whale 32/25 3/2 4-6 2

polar bear 32/25 7/6 4-6 4-5
crocodile 32/25 11/12 4-6 6

seal 24/25 2/3 7 7
lion 16/25 5/12 8-9 9

hedgehog 16/25 1/2 8-9 8
perch 8/25 1/4 10-11 11

goldfish 8/25 1/3 10-11 10
mosquito 0 0 12 12

Table 1: “Zoff im Zoo”

One could use the τ -measure or the β-measure of the digraph to deter-
mine the best card of this game. The results of this calculation can be found
in table 1. The best card of this game will be the elephant, as this card has
the highest τ -measure and β-measure.

The ranking based on the τ -measure differs not much from the ranking
based on the β-measure. The difference is caused by the fact that the β-
measure takes into account how strong the card that is beaten is, whereas
the τ -measure takes into account if a card is beaten once or more. For
examples with a larger set of nodes the τ -measure will result in a score rule
(counting the number of successors), because each node will be beaten more
than once.
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