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CHAPTER 1

Introduction

1.1 Linear Optimization

Mathematical optimization is the subfield of mathematics concerned with finding the
optimal values of decision variables such that one expression, the objective, is maximal
or minimal, while a number of restrictions, constraints, are satisfied. A significant part
of the mathematical optimization literature is devoted to linear optimization, which
was developed independently by Leonid Kantorovich, Tjalling Koopmans and George
Dantzig (Schrijver, 1998). Linear optimization deals with those problems that have a
linear objective and linear constraints. Many practical optimization problems can be
formulated as linear optimization problems. Examples include, but are not limited
to, network flow problems, production management and appointment scheduling.

Mathematically, a linear optimization problem can be formulated as

min
x

c>x

s.t. Ax ≤ b,

where A ∈ Rm×n, b ∈ Rm and c ∈ Rn are given parameters, and x ∈ Rn represents
the decision variables. Linear optimization problems can be solved very efficiently,
which has led to widespread adoption. In practice, however, some of the parameters
A, b and c might not be known (exactly). Ben-Tal and Nemirovski (2000) show
that the optimal solutions to many linear optimization problems from the NETLIB
library become severely infeasible under minor perturbations in the parameter values.
Traditionally, literature on linear optimization addresses this uncertainty through the
use of sensitivity analysis (see, e.g., Bertsimas and Tsitsiklis (1997)). Sensitivity
analysis focuses on the dependence of optimal solutions on the problem parameters.
In other words, it investigates how the optimal solution changes when values in A, b
and/or c change.

Sensitivity analysis can be a useful tool to analyze which parameters and con-
straints are the most restrictive, i.e., what the effects of minor perturbations in pa-
rameter values are on the optimal solution. Knowing how the optimal solution changes
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2 Chapter 1. Introduction

for different parameter values is only useful when the solution can actually be changed,
however. In practice, unfortunately, this is not always the case. In fact, one might
argue parameter values are often subject to change or uncertainty and it might be
costly to change the implemented solution. This implies it might be more useful to
instead study how a given solution performs under different parameter values.

Therefore, we propose robustness analysis as an alternative method to analyze
the effect of uncertain parameters (Den Hertog et al., 2021). In robustness analysis,
the performance of the optimal solution, that is, its feasibility and objective value,
is analyzed for different parameter values, captured in an uncertainty set. This leads
to a number of key characteristics: the average and worst-case objective value and
constraint violation. These characteristics describe the robustness of the solution, i.e.,
how sensitive its performance is to parameter values.

Performing a robustness analysis empowers a decision maker to decide whether he
deems the robustness level of the obtained solution acceptable. If not, a different solu-
tion must be found. In general, there exist three paradigms that address uncertainty
in optimization problems: stochastic optimization, robust optimization and distribu-
tionally robust optimization. In stochastic optimization, the uncertain parameters
are assumed to follow a prescribed probability distribution. This yields optimiza-
tion problems whose solutions satisfy desirable statistical properties, but are often
extremely difficult to solve. Robust optimization, on the other hand, assumes only a
set of possible values for the uncertain parameters and the constraints are required to
be satisfied for all these possible values. This results in optimization problems that
are generally about as difficult to solve as the original problem. Last, distributionally
robust optimization is a more recently developed paradigm that combines ideas from
stochastic and robust optimization. The uncertain parameters are assumed to follow
a probability distribution, but this distribution is not assumed to be known. Instead,
a set of possible distributions is considered, for all of which the constraints are re-
quired to be satisfied. In this thesis, we focus on robust and distributionally robust
optimization.

1.2 Robust Optimization

Initial work on robust optimization was done by Soyster (1973) and was expanded
upon by Ben-Tal and Nemirovski (1998) and El Ghaoui and Lebret (1997). The
detrimental effect of uncertain parameters on linear optimization problems is dis-
cussed by Ben-Tal and Nemirovski (2000). Additionally they show that the solutions
found by robust optimization only suffer little in terms of objective value to gain this
robustness.

Mathematically, robust optimization uses an uncertainty set U that contains all
parameter values the decision maker wants to safeguard against. Then, it enforces
solutions to be feasible for all those values, or equivalently for the worst-case realiza-
tion in U . Thus, robust solutions are found by solving what is commonly referred to
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as the robust counterpart:

min
x

c>x (1.1a)

s.t. Ax ≤ b ∀(A, b) ∈ U, (1.1b)

where we assume without loss of generality that c is not uncertain. It is generally
assumed that U is compact and convex. Because (1.1b) is required to hold for the in-
finite number of elements in U , it is an infinite constraint and not tractable. For many
different types of uncertainty sets, however, (1.1) can be reformulated to a tractable
optimization problem. When U is a polyhedron, for example, (1.1) is equivalent to a
linear optimization problem, while it is equivalent to a second-order cone optimiza-
tion problem when U is an ellipsoid. Ben-Tal et al. (2009) give an overview of robust
linear optimization. It is important to realize that robust optimization is constraint
wise in nature, that is, (1.1b) is equivalent to

a>1 x ≤ b1 ∀(A, b) ∈ U
...

a>mx ≤ bm ∀(A, b) ∈ U,

where a>1 , . . . ,a
>
m denote the rows of A. In other words, all constraints need to be

separately satisfied by a solution x for all parameter values in U ; there can be different
worst-case realizations of A and b for different constraints.

The computational tractability of robust optimization is one of its main advan-
tages, as robust linear optimization problems can be solved efficiently for any convex
uncertainty set (Gorissen et al., 2014). This is a stark contrast with stochastic op-
timization, which often leads to computationally challenging optimization problems.
Additionally, the distribution of uncertain parameters that is required to be known in
stochastic optimization is often not available in practice. Its main advantage, however,
is the quality of its solutions. In robust optimization, on the other hand, solutions
can be overly conservative, because of the constraint wise nature of robust optimiza-
tion and its core assumption all constraints are ‘hard’ for all parameter values in the
uncertainty set.

1.3 Adjustable Robust Optimization

Robust optimization makes the implicit assumption that decisions have to be made
before the value of the uncertain parameters is known, i.e., it seeks to find solutions
that are robust to changes in this value. This assumption is somewhat relaxed in
adjustable robust optimization (ARO). In ARO, it is assumed that some decisions,
called here-and-now decisions, do have to be made before the value of any of the
uncertain parameters is known while other decisions, called wait-and-see decisions,
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can be made after (part of) these values are revealed. For the sake of simplicity, we
assume there only exist wait-and-see decisions that can be made after all uncertainty
is realized in the mathematical description below.

A two-stage adjustable robust linear optimization problem can be described as:

min
x,y(·)

c>x (1.2a)

s.t. A(z)x+By(z) ≤ b(z) ∀z ∈ U, (1.2b)

where the here-and-now decision variables, also known as static variables, x ∈ Rnx are
decided before the realization of the uncertain parameter z ∈ Rnz , while the wait-and-
see decision variables, also known as adjustable variables, y ∈ Rny can be determined
after this realization, i.e., they are a function of the realized value of z. Here, we
have additionally assumed the coefficients of the wait-and-see variables, B, to be
independent of the uncertain parameters, which is also known as fixed recourse in the
stochastic optimization literature. The other coefficients in (1.2b), A(z) and b(z), are
assumed to be affine functions of z. In general, adjustable robust optimization models
are computationally intractable, because (1.2) optimizes over the infinite dimensional
space of measurable functions from Rnz to Rny .

In practice, ARO problems are solved with a variety of methods. The most studied
one is the use of decision rules, that is, restricting the adjustable variables y to be
simple functions of the uncertain parameters. A prime example of this is the use of
linear decision rules (Ben-Tal et al., 2004):

y(z) = y0 + Y z,

where y0 ∈ Rny and Y ∈ Rny×nz are static variables. Using such a linear decision
rule results in the following approximation of (1.2):

min
x,y0,Y

c>x (1.3a)

s.t. A(z)x+By0 +BY z ≤ b(z) ∀z ∈ U. (1.3b)

Since y0 and Y are static variables, (1.3) is a regular robust linear optimization
problem that can be solved efficiently. The use of linear decision rules does, however,
often results in a suboptimal solution. For a more comprehensive overview of ARO
we refer to Yanıkoğlu et al. (2019).

1.4 Robust Convex Optimization

Convex optimization is a generalization of linear optimization that only requires the
objective and constraints to be convex in the decision variables. Mathematically, a
robust convex optimization problem is given by

min
x,t

t (1.4a)
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s.t. f0(x, z) ≤ t ∀z ∈ U (1.4b)

fi(x, z) ≤ 0 ∀z ∈ U i = 1, . . . ,m, (1.4c)

where z ∈ Rm is the uncertain parameter that resides the uncertainty set U , and
fi : Rn×Rm → R is closed and convex in its first argument for i = 0, . . . ,m. Convex
optimization is a very powerful modeling tool, as many optimization problems can
be formulated as convex optimization problems. Additionally, convex optimization
problems can be solved efficiently with interior point methods. For more details on
convex optimization we refer to Boyd and Vandenberghe (2004).

It is important to note that requiring a constraint to hold for all possible values
of z in U is equivalent to requiring that it holds for the worst case, i.e.,

fi(x, z) ≤ 0 ∀z ∈ U ⇐⇒ max
z∈U

fi(x, z) ≤ 0.

From the second formulation, it intuitively makes sense that such a constraint can
be reformulated when fi is concave in its second argument, as maximizing a concave
function is ‘easy’. Indeed, Ben-Tal et al. (2015) describe how to find computationally
tractable reformulations of the convex robust counterpart when fi is concave in z.

An alternative method to solve (1.4) is the use of a cutting-set method (Mutapcic
and Boyd, 2009). This method alternates between solving (1.4) for a restricted finite
uncertainty set U ′ ⊆ U and finding worst-case scenarios from U to add to U ′ for a
given solution, also called pessimization. Bertsimas et al. (2016) compare a cutting
plane method with the traditional reformulation approach computationally for linear
optimization problems and find that there is no clear dominant method.

In many optimization problems, however, the uncertain parameters naturally ap-
pear in a convex way. In conic optimization, for example, uncertain parameters tend
to appear in a convex way. Furthermore, a common source of uncertainty is implemen-
tation error: the inability to implement the obtained solution exactly as computed,
for example the parameters of physical devices or intensities for various technological
processes. When the source of uncertainty is implementation error, the constraints
and objective are by definition convex in the uncertain parameter, as they are con-
vex in the decision variables. Solving the robust counterpart of such optimization
problems is unfortunately hard.

Some existing work on approximating uncertain inequalities that are convex in
both the decision variables and uncertain parameters exists. All of it, however, treats
specific cases. El Ghaoui and Lebret (1997), El Ghaoui et al. (1998) and Ben-Tal
et al. (2002) consider (conic) quadratic constraints under ellipsoidal uncertainty and
obtain an exact reformulation of the problem as a semidefinite set of constraints. For
the sum of the maximum of linear functions, on the other hand, existing approaches
by Ben-Tal et al. (2005) and Gorissen and Den Hertog (2013) suggest to introduce
auxiliary variables that are adjustable. The resulting problem can be approximated
using linear decision rules. A last existing approach is that of Bertsimas and Sim
(2006), who provide a method for norm-based uncertainty sets and homogeneous
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constraints. Thus, while methods focused on constraints of a specific type exist, there
is no unified approach to find the robust counterpart of constraints that are convex
in the uncertain parameters.

Much more recently, Bertsimas et al. (2020) extended the approach we suggest in
Chapters 2 and 3 and propose a more advanced technique to approximate robust con-
vex constraints based on an extension of the Reformulation Linearization Technique
for any convex uncertainty set. This yields a sequence of conservative approxima-
tions, some of which are shown to generalize most existing approaches. Empirically,
their method generally outperforms all other existing approaches, both in terms of
approximation quality and computation time.

1.5 Distributionally Robust Optimization

Distributionally robust optimization is a more recently developed paradigm that com-
bines ideas from robust and stochastic optimization. Like stochastic optimization,
it assumes the uncertain parameters follow some probability distribution. It does
not, however, assume that this probability distribution is known. Instead, a set of
probability distributions, referred to as an ambiguity set, is defined based on partial
knowledge of the true probability distribution. The constraints that involve the un-
certain parameters are transformed into expectation or chance constraints, which are
required to hold for all probability distributions in the ambiguity set, similar to robust
optimization.

Distributionally robust optimization generally considers two types of constraints:
expectation and chance constraints. A nominal convex constraint of the form

f(x,z) ≤ 0,

is thus replaced by either of

EP [f(x, z)] ≤ 0 ∀P ∈ P

P [f(x, z) ≤ 0] ≥ 1− ε ∀P ∈ P,

where P denotes the ambiguity set containing all considered probability distributions
P. Generally speaking, two types of ambiguity sets are considered: moment-based
ambiguity sets and discrepancy-based ambiguity sets. Moment-based ambiguity sets
contain all distributions whose moments satisfy a prescribed set of properties. Com-
mon properties, for example, are exact knowledge of the first two moments, or other
dispersion measures such as the mean absolute deviation. Convex reformulations of
general convex ambiguous expectation constraints under moment ambiguity are de-
scribed by Wiesemann et al. (2014). Zymler et al. (2013) and Xie and Ahmed (2018),
among others, discuss reformulations of ambiguous chance constraints given specific
moment information. Discrepancy-based ambiguity sets, on the other hand, assume
knowledge of a reference distribution and contain all distributions that are in some
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sense similar to this reference distribution. Mathematically, this similarity is mea-
sured by, for example, the Wasserstein distance, φ-divergences or other statistical
distances. Such ambiguity sets often come with attractive statistical guarantees, see,
e.g., Mohajerin Esfahani and Kuhn (2018). For a more thorough discussion on DRO
we refer the interested reader to Rahimian and Mehrotra (2019).

1.6 Contributions and Overview

While robust optimization is a popular paradigm that addresses uncertainty in opti-
mization, there are two important issues that prevent it from seeing more widespread
use. First, robust optimization is often criticized for the conservatism of its solu-
tions. Second, there exist no general approaches to deal with optimization problems
in which the uncertain parameters appear in a convex way. Specifically, all exist-
ing approaches that address such constraints do so for specific uncertainty sets, e.g.,
ellipsoids, or constraints of a specific type, e.g., quadratic. Problems in which the un-
certain parameters appear in a convex way are common though and find their roots in
implementation error, convex optimization problems with adjustable variables, conic
optimization problems and even the method we propose to address conservatism in
robust optimization. In this thesis we expand upon existing methods that concern
constraints that are convex in the uncertain parameters and address the constraint
wise nature of robust optimization that leads to its conservatism. In general, two
ways to treat such constraints exist: approximate them or turn to distributionally
robust optimization instead. In this thesis, we investigate both of these avenues.

We first investigate robust optimization problems that are convex in the uncertain
parameters. We develop an approach to approximate second-order cone, semidefinite
and conic constraints under polyhedral uncertainty. Specifically, we provide a novel
reformulation of such constraints to adjustable robust linear constraints that can be
solved with conventional ARO techniques. Later, we generalize this approach to deal
with a much wider class of convex constraints such as geometric programming con-
straints. While conic constraints are very powerful, and can be used to model many
optimization problems, such optimization problems often do not take this conic form
naturally but need to be reformulated. Such problem formulations are equivalent
when no uncertainty is considered, but their robust counterparts are not necessar-
ily equivalent. Therefore, this extension to general convex constraints significantly
increases the number of optimization problems whose robust counterpart can be ap-
proximated. The approximation obtained by using linear decision rules to solve the
resulting adjustable robust linear optimization problem is extended to general convex
uncertainty sets by Bertsimas et al. (2020). The ARO framework we use allows for
a large variety of techniques to approximate the resulting problem, however, that
potentially yield tighter approximations than using a linear decision rule.

The core reason for the difficulties that arise in robust constraints that are convex
in the uncertain parameters is the implicit maximization that follows from requiring
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that the constraints hold for all considered parameter values. This also means that
cutting-set methods are generally inefficient in solving such problems, as they require
such a maximization to be performed multiple times in every iteration. One might
therefore wonder whether the ideas developed in this thesis can be used in the more
general setting of convex maximization, in which a convex function is maximized over
a compact set. We explore that idea by using a similar initial reformulation and
solving the obtained problem with an alternating direction method. We extensively
study the performance of this algorithm. The developed algorithm could be used in
the pessimization step of cutting-set methods to allow them to solve robust convex
optimization problems more efficiently.

Then, we turn our focus to distributionally robust optimization. Specifically, we
consider a moment-based ambiguity set that contains all distributions whose support
is contained by a bounded set, and whose mean and mean absolute deviation are
equal to a prescribed value. For this ambiguity set, the maximum and minimum
expectation of a convex function are known to be equal to a closed-form expression,
thus enabling its use for problems with convex uncertainty. Two applications of this
ambiguity set to uncertain problems are discussed.

First, we address the conservatism of robust optimization. While there exist a
number of approaches that address this issue, they all only focus on a single root
cause for this issue: the core assumption that all constraints are ‘hard’ for all pa-
rameter values in the uncertainty set. When relaxing this assumption, however, the
second cause of robust optimization’s conservatism comes into play: the inherent con-
straint wise nature. Existing approaches all disregard this second, equally important
cause. In this thesis, we propose a new method to address this conservatism by intro-
ducing an alternative robust formulation that condenses all uncertainty into a single
constraint. This leads to a nonlinear, convex optimization problem with constraints
that are convex in the uncertain parameters. We use mean-mad ambiguity to solve
the resulting problem.

Furthermore, we use this approach to analyze the Program Evaluation and Review
Technique (PERT). This is a popular approach in project planning that has been
criticized for having rather strong core assumptions with respect to the distribution
of the considered uncertain parameters. The abovementioned results from DRO allow
us to analyze the effect of these assumptions, that is, compare the results under
distributional ambiguity with those obtained by PERT.

Motivated by the effectiveness of this ambiguity set for expectations, we seek to
obtain convex reformulations of chance constraints under this type of ambiguity. To
that end, we study the tail probability and provide a novel tight upper and lower
bound on this tail probability. This allows us to reformulate ambiguous chance con-
straints of various forms, particularly those with right-hand side uncertainty. We
additionally use these bounds to analyze several classical OR problems under distri-
butional ambiguity and extend it to sums of correlated random variables.
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To be more specific, the main contributions of this thesis are divided into six self-
contained chapters. For the sake of completeness, the contributions of each chapter
are outlined below.

In Chapter 2, we develop an approach for second-order cone, semidefinite and
conic constraints under polyhedral uncertainty. Specifically, we first employ tech-
niques from convex analysis to reformulate the robust counterpart into an equivalent
linear adjustable robust optimization problem. Then, we use techniques from ad-
justable robust optimization to solve these problems approximately. When linear
decision rules are used to approximate, the resulting problem is of the same type as
the original nominal problem, and it can thus be solved efficiently. We test our ap-
proach by applying it to the problem of finding the minimum volume circumscribing
ellipsoid of a polytope and solve the resulting reformulation with linear and quadratic
decision rules as well as Fourier-Motzkin elimination. We demonstrate the effective-
ness and efficiency of the proposed approach by comparing it with the state-of-the-art
copositive programming approach. Moreover, we apply the proposed approach to a
robust regression problem and a robust sensor network problem and show that linear
decision rules solve the resulting linear adjustable robust optimization problems to
(near) optimality.

In Chapter 3, we generalize the approach from Chapter 2 to deal with a much wider
class of convex constraints. While conic constraints are very powerful and can be used
to model many optimization problems, such optimization problems often do not take
this conic form naturally but need to be reformulated. Such problem formulations
are equivalent when no uncertainty is considered, but their robust counterparts are
not necessarily equivalent. Therefore, this extension to general convex constraints
significantly enlarges the class of optimization problems whose robust counterpart
can be approximated. We apply our theory to quadratic constraints, constraints that
are the sum of maxima and the sum of squared maxima, as well as constraints from
geometric programming. We demonstrate the quality of the approximations with a
study of geometric programming problems and numerical examples from radiotherapy
optimization, which contain a constraint of the sum of squared maxima type.

In Chapter 4, we propose a biconvex reformulation for convex maximization prob-
lems. We solve this reformulation with a two phase algorithm. First, we find, or
approximate, the furthest point in the feasible set from the global minimizer. This is
still a convex maximization problem, but for ellipsoidal feasible sets it can be solved ef-
ficiently. For other feasible sets, we elect to approximate the feasible set and continue
with the furthest point in this approximation instead. Then, in the second phase,
we use an alternating direction method initialized with this value that converges to
at least a local maximum, which is a good candidate to be a global maximizer by
virtue of being an improvement over the furthest point, a good candidate in its own
right. The alternating direction method is highly tractable, as it only requires max-
imizing a linear function over the feasible set in each iteration. We demonstrate the
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10 Chapter 1. Introduction

performance of our algorithm on randomly generated instances and instances from
the literature.

In Chapter 5, we address the conservatism of robust optimization. Specifically,
we discuss how this conservatism is caused by both the constraint wise nature of
robust optimization and its core assumption that all constraints are hard for all pa-
rameter values in the uncertainty set. We therefore propose an alternative robust
formulation that condenses all uncertainty into a single constraint. This leads to a
nonlinear, convex optimization problem with constraints that are convex in the un-
certain parameters. We show that using mean-mad ambiguity is the only approach to
solve this problem that yields high quality solutions and is computationally tractable.
We demonstrate this approach with a computational study with problems from the
NETLIB library. For some problems, the percentage of uncertainty in the parameters
is magnified fourfold in terms of increase in objective value of the standard robust so-
lution compared with the nominal solution, whereas we find solutions that safeguard
against over half the violation at only a tenth of the cost in objective value.

In Chapter 6, we analyze the Program Evaluation and Review Technique (PERT)
from the perspective of distributionally robust optimization. PERT is a popular
approach in project planning that has been criticized for having rather strong core
assumptions with respect to the distribution of the considered uncertain parameters.
Results from distributionally robust optimization provide us with the worst- and
best-case distributions, which allow us to calculate the exact worst- and best-case
project duration over an ambiguity set defined by a bounded support, mean and mean
absolute deviation. A numerical study of project planning instances from PSPLIB
shows that the effect of PERT’s assumption regarding the underlying beta distribution
is limited. Moreover, we find that the added value of knowing the exact mean absolute
deviation is also modest.

In Chapter 7, we provide a novel tight upper and lower bound on the tail prob-
ability under knowledge of a bounded support, mean and mean absolute deviation.
We leverage these bounds for distribution-free analysis of the newsvendor model, mo-
nopolistic pricing and stop-loss reinsurance. Additionally, we extend the bound to
sums of correlated random variables and find convex reformulations of single and
joint ambiguous chance constraints that are ubiquitous in distributionally robust op-
timization.
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CHAPTER 2

Robust Optimization for Models with Uncertain
Second-Order Cone and Semidefinite Programming

Constraints

Abstract

In this chapter, we develop an approximation method for conic con-
straints under polyhedral uncertainty. We first employ techniques
from convex analysis to reformulate the robust counterpart into an
equivalent linear adjustable robust optimization problem. Then, we
use techniques from adjustable robust optimization to solve these
problems approximately. When linear decision rules are used to ap-
proximate, the resulting problem is of the same type as the original
nominal problem, and it can thus be solved efficiently. The approach
is tested on the problem of finding the minimum volume circumscrib-
ing ellipsoid of a polytope, a robust regression problem and a robust
sensor network problem. For the latter two problems, linear decision
rules solve the resulting linear adjustable robust optimization prob-
lems to (near) optimality.
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14 Chapter 2. Robust Optimization for SOCP and SDP Constraints

2.1 Introduction

Practical optimization problems often contain uncertain parameters. This uncertainty
arises, because of, e.g., estimation or prediction errors. One way of dealing with un-
certainty is robust optimization. The papers El Ghaoui and Lebret (1997), El Ghaoui
et al. (1998) and Ben-Tal and Nemirovski (1998) are considered as the birth of this
field.

In robust optimization the uncertainty is not modeled by probability distributions
as in stochastic optimization, but as uncertainty sets. An uncertainty set contains all
scenarios for the uncertain parameters against which the decision maker would like
to safeguard herself. The constraints are enforced to hold for all scenarios in this
uncertainty set.

The paper Ben-Tal et al. (2004) extends the robust optimization methodology
to problems that also contain wait-and-see or adjustable variables. Such variables
often occur in multi-stage problems. Adjustable variables model decisions that can
be delayed until the values of (a part of) the uncertain parameters have been revealed.
Many efficient methods have been proposed in literature to (approximately) solve such
adjustable robust optimization problems.

The advantages of robust optimization are, among others, the computational
tractability and the fact that there is no need to specify a probability distribution.
Many classes of robust optimization problems have been shown to be equivalent to
tractable formulations. Many of these cases are treated in the book Ben-Tal et al.
(2009). A detailed and unified approach to derive computationally tractable refor-
mulations is given in Ben-Tal et al. (2015). In that paper it is shown that, loosely
speaking, convex reformulations exist for constraints that are concave in the uncertain
parameters, and convex in the optimization variables.

For several problems that contain constraints that are not concave in the uncer-
tain parameters, computationally tractable approximations have also been proposed.
For robust second-order cone (SOC) and robust semidefinite programming (SDP)
constraints that are convex in the uncertain parameters, exact and approximate con-
vex reformulations for specific (simple) ellipsoidal or norm-bounded uncertainty sets
have been proposed by El Ghaoui and Lebret (1997), El Ghaoui et al. (1998), and
Ben-Tal et al. (2002), which are summarized in the book Ben-Tal et al. (2009). In
all these approaches, both for uncertain SOC and SDP constraints, the final robust
counterpart contains an SDP constraint. We are not aware of papers that deal with
uncertain SOC or SDP constraints with general polyhedral uncertainty.

In this chapter we consider uncertain SOC and SDP constraints with polyhedral
uncertainty. We propose to reformulate an uncertain SOC or SDP constraint as a set
of adjustable robust linear optimization constraints with an ellipsoidal or semidefinite
representable uncertainty set, respectively. The resulting adjustable problem can then
(approximately) be solved by using adjustable robust linear optimization techniques
described in the literature. For example, we show that if linear decision rules are used,
then the final robust counterpart consists of SOC or SDP constraints, respectively,
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which have the same computational complexity as the nominal version of the origi-
nal constraints. We also propose an efficient method to obtain good lower bounds.
Moreover, we extend our approach to other classes of robust optimization problems,
such as nonlinear problems that contain wait-and-see variables, linear problems that
contain bilinear uncertainty and general conic constraints. Numerically, we apply our
approach to reformulate the problem on finding the minimum volume circumscribing
ellipsoid of a polytope, and solve the resulting reformulation with linear and quadratic
decision rules as well as Fourier-Motzkin elimination. We demonstrate the effective-
ness and efficiency of the proposed approach by comparing it with the state-of-the-art
copositive approach of Mittal and Hanasusanto (2018). Contrary to existing meth-
ods, in our approach we also obtain lower bounds for the minimum volume of the
circumscribing ellipsoid. Numerical experiments show that these bounds are very
good. Moreover, we apply the proposed approach to a robust regression problem and
a robust sensor network problem, and use linear decision rules to solve the resulting
adjustable robust linear optimization problems, which solves the problem to (near)
optimality.

This chapter is organized as follows. In Section 2.2 we treat uncertain SOC con-
straints, and in Section 2.3 uncertain SDP constraints with polyhedral uncertainty.
Section 2.4 describes how to obtain sharp lower bounds in an efficient way. In Section
2.5 extensions of our approach to other classes of robust optimization problems are
given. Section 2.6, Section 2.7 and Section 2.8 contain the numerical results for finding
the minimum volume circumscribing ellipsoid of a polytope, the robust regression and
a sensor network problem. Section 2.9 contains recommendations for future research.

2.2 Uncertain Second-Order Cone Constraints

Consider the following uncertain second-order cone constraint:

∀ζ ∈ U : a(x)>ζ + ‖A(x)ζ + b(x)‖2 ≤ c(x). (2.1)

Here || · ||2 denotes the l2-norm, x ∈ Rnx is the decision (or optimization) vari-
able in a given domain X ⊆ Rnx , e.g., X = Rnx+ or X = Znx+ , ζ ∈ Rn is the
uncertain parameter that resides in the uncertainty set U ⊂ Rn, and the vectors
a(x) = (a1(x), . . . , an(x))

>
and b(x) = (b1(x), . . . , bm(x))

>
, A(x) ∈ Rm×n, and

c(x) ∈ R have entries that are general functions of x. We demonstrate the modeling
power of (2.1) via the following examples.

Example 2.1. Robust Regression.
In regression models we try to find a vector of coefficients x ∈ Rnx such that the norm
(or squared norm) of Ax−b is minimized. The standard least-squares solution is the
optimal solution to the model:

min
x∈Rnx

‖Ax− b‖2 .
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Here A ∈ Rm×nx and b ∈ Rm are observed data, in which each row of the matrix A
is a different observation and the columns refer to the features. The i-th entry of b
corresponds to the response, or target value, of the i-th observation. Often, some of
the data entries in A and/or b are obtained via measurements, and therefore subject
to uncertainty. Suppose there are uncertainties in the entries of the matrix A. For
robust regression, we can replace the matrix A in the least-squares model by the term
A + ζ, where ζ ∈ Rm×nx is a matrix with uncertain parameters, and minimize τ
subject to:

∀ζ ∈ U : ‖(A+ ζ)x− b‖2 ≤ τ, (2.2)

where τ ∈ R is an optimization variable.

Robust regression models and uncertain quadratic constraints with specific norm
bounded uncertainty sets were studied by El Ghaoui and Lebret (1997). The method
described in this chapter can also deal with uncertain quadratic constraints, with
polyhedral uncertainty, by reformulating it as an uncertain second-order cone con-
straint.

Example 2.2. Uncertain quadratic constraints.
Consider the following constraint:

∀ζ ∈ U : ζ>H(x)>H(x)ζ + f(x)>ζ ≤ g(x),

where the entries of H : Rnx → Rn×n, f : Rnx → Rn and g : Rnx → R are affine
functions. This is equivalent to an uncertain second-order cone constraint in the form
of (2.1):

∀ζ ∈ U :

∥∥∥∥(1 + f(x)>ζ − g(x)
)
/2

H(x)ζ

∥∥∥∥
2

≤
(
1− f(x)>ζ + g(x)

)
/2.

Throughout this chapter, we focus on nonempty polyhedral uncertainty sets of
the form:

U = {ζ ≥ 0 : Dζ ≤ d} , (2.3)

with D ∈ Rr×n and d ∈ Rr. Constraint (2.1) is equivalent to:

max
ζ∈U

{
a(x)>ζ + ‖A(x)ζ + b(x)‖2

}
≤ c(x). (2.4)

The left-hand side of inequality (2.4) is a convex maximization problem, which is
in general computationally intractable even if U is a polyhedron. In the following
theorem we propose a novel technique to reformulate the second-order cone constraint
(2.1) into a set of two-stage robust linear constraints.
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Theorem 2.1. Let U be the nonempty polyhedral uncertainty set given in (2.3).
Then x ∈ Rnx satisfies constraint (2.1) if and only if it satisfies the following set of
two-stage robust linear constraints:

∀w ∈W ∃λ ≥ 0 :

{
d>λ+ b(x)>w ≤ c(x)

D>λ ≥ a(x) +A(x)>w,
(2.5)

where W = {w ∈ Rm : ‖w‖2 ≤ 1} and λ ∈ Rr.

Proof. For constraint (2.1) we can derive the following equivalences:

∀ζ ∈ U : a(x)>ζ + max
w: ‖w‖2≤1

w> (A(x)ζ + b(x)) ≤ c(x)

⇐⇒ ∀w ∈W ∀ζ ∈ U : a(x)>ζ +w> (A(x)ζ + b(x)) ≤ c(x), (2.6)

with W = {w ∈ Rm : ‖w‖2 ≤ 1}. By dualizing over ζ, using strong duality for linear
optimization, we can further deduce that (2.6) is equivalent to:

∀w ∈W : max
ζ∈U

{
a(x)>ζ +w> (A(x)ζ + b(x))

}
≤ c(x)

⇐⇒ ∀w ∈W : w>b(x) + min
λ≥0

{
d>λ | D>λ ≥ a(x) +A(x)>w

}
≤ c(x)

⇐⇒ ∀w ∈W, ∃λ ≥ 0 :

{
d>λ+ b(x)>w ≤ c(x)

D>λ ≥ a(x) +A(x)>w.

As the result of the reformulation, the newly introduced variables w and λ appear
linearly in constraints (2.5). The set of constraints (2.5) can be seen as the constraints
of a two-stage robust linear optimization model where w, that resides in an ellipsoidal
uncertainty set W , can be considered as the uncertain parameter. The first-stage or
here-and-now decision x is decided before the realization of the uncertainty parameter
w, and the second-stage or wait-and-see decision λ is determined after the value of w
is revealed. The coefficients of λ (i.e., d and D) are constant, which corresponds to
the stochastic optimization format known as fixed recourse. Two-stage robust linear
optimization models are in general intractable to solve to optimality, because the
wait-and-see decision is a decision rule, or infinite dimensional variable, instead of a
finite vector of decision variables (see Ben-Tal et al. (2004)).

Theoretically, for several two-stage robust linear models, the structure of the op-
timal decision rules has been characterized. For instance, one can use Zhen et al.
(2018) to establish the optimality of the following decision rules for λ in (2.5). There
exists a piecewise affine function that is optimal for λ in (2.5). More specifically,
if U is simplicial, there exists a linear decision rule that is optimal for λ in (2.5);
if U is a box, there exists a two-piecewise affine function that is optimal for λ in
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(2.5), and the techniques proposed in Gorissen and Den Hertog (2013) can be used to
solve (2.5) approximately. Unfortunately, even when the structure of optimal decision
rules is known, it is often hard to find optimal solutions due to the computational
intractability of such rules.

Numerically, the main advantage of (2.5) is that it can be (approximately) solved
by any method applicable to two-stage robust linear models such as linear decision
rules (see Ben-Tal et al. (2004)), Fourier-Motzkin elimination (see Zhen et al. (2018)),
finite adaptability approaches (see Postek and Den Hertog (2016), Bertsimas and Dun-
ning (2016), Georghiou et al. (2020)), etc. These solution methods will be discussed
in Section 2.4.1. Numerical experiments with uncertain second-order cone constraints
are conducted in Section 2.6, Section 2.7 and Section 2.8 to evaluate the performance
of the proposed methods.

We note that the condition ζ ≥ 0 in the uncertainty set U can be omitted. In that
case, the result of Theorem 2.1 includes equality constraints D>λ = a(x) +A(x)>w
instead. These equalities can be used to eliminate some of λ via Gaussian elimina-
tion. It is well-known that eliminating the wait-and-see variables in the equalities of
a two-stage fixed-recourse robust model is equivalent to imposing linear decision rules
(Zhen and Den Hertog, 2017, Lemma 2).

2.3 Uncertain Semidefinite Programming Constraints

Consider the following uncertain semidefinite programming constraint:

∀ζ ∈ U : A(x, ζ) � 0, where A(x, ζ) = A(0)(x) +

n∑
i=1

A(i)(x)ζi, (2.7)

and the components of A(i) : Rnx → Rm×m, i = 0, . . . , n, are general functions in
x ∈ X. The following theorem shows that an uncertain semidefinite programming
constraint with polyhedral uncertainty can also be reformulated into a set of two-stage
robust linear constraints with a semidefinite representable uncertainty set. Before we
present the final result, we present an auxiliary result on positive semidefinite matrices
that we require in the proof.

Lemma 2.1. A matrix Q ∈ Rm×m is positive semidefinite if and only if the trace of
the product with any positive semidefinite matrix is positive.

Proof. “⇐”: Suppose for any c ∈ Rm, tr (QW ) ≥ 0, where W = cc> � 0. Since
tr (QW ) = tr

(
Qcc>

)
= c>Qc ≥ 0 holds for any c ∈ Rm, by definition, Q � 0.

“⇒”: Suppose Q � 0. For any W � 0, there exists a C such that W = C>C.
We then have tr (QW ) = tr

(
QC>C

)
= tr

(
CQC>

)
≥ 0 because Q � 0 implies

CQC> � 0.
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Theorem 2.2. Let U be a nonempty polyhedral uncertainty set as in (2.3). Then
x ∈ Rnx satisfies constraint (2.7) if and only if it satisfies

∀W � 0 ∃λ ≥ 0 :

{
tr
(
A(0)(x)W

)
− d>λ ≥ 0

D>i λ ≥ −tr
(
A(i)(x)W

)
i = 1, . . . , n,

(2.8)

where tr (·) denotes the trace function, λ ∈ Rr and Di is the i-th column of D for
i = 1, . . . , n.

Proof. From Lemma 2.1 we know that a matrix A(x, ζ) is positive semidefinite if and
only if the trace of the product with any positive semidefinite matrix is positive. For
constraint (2.7) we then can derive the following equivalences:

∀ζ ∈ U : A(x, ζ) � 0

⇐⇒ ∀W � 0 ∀ζ ∈ U : tr (A(x, ζ)W ) ≥ 0

⇐⇒ ∀W � 0 ∀ζ ∈ U : tr
(
A(0)(x)W

)
+

n∑
i=1

tr
(
A(i)(x)W

)
ζi ≥ 0

⇐⇒ ∀W � 0 : tr
(
A(0)(x)W

)
+ min
ζ∈U

{
n∑
i=1

tr
(
A(i)(x)W

)
ζi

}
≥ 0.

By dualizing over ζ, using strong duality for linear programming, we obtain:

∀W � 0 : tr
(
A(0)(x)W

)
+

max
λ≥0

{
−d>λ | D>i λ ≥ −tr

(
A(i)(x)W

)
, i = 1, . . . , n

}
≥ 0

⇐⇒ ∀W � 0 ∃λ ≥ 0 :

{
tr
(
A(0)(x)W

)
− d>λ ≥ 0

D>i λ ≥ −tr
(
A(i)(x)W

)
i = 1, . . . , n,

which concludes the proof.

Notice that since the system (2.8) is homogeneous in λ and W , one can in fact
replace the unbounded uncertainty set ‘∀W � 0’ by the bounded set ‘∀W : I �W �
0’ without affecting the feasible region of x, where I ∈ Rm×m denotes the identity
matrix. Any solution method applicable for two-stage robust optimization models
can be used to solve problems with constraints (2.8). These solution methods will be
discussed in Section 2.4.

2.4 Convex Conservative and Progressive Approximations

In order to construct conservative and progressive approximations of the constraints
(2.1) and (2.7) that are convex, we first assume that −c : Rnx → R and ai : Rnx → R,
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i = 1, . . . , n, are convex functions in x, and bj : Rnx → R, j = 1, . . . ,m, and
the components of A : Rnx → Rm×m in constraint (2.1), and the components of
A(i) : Rnx → Rm×m, i = 0, ..., n, in constraint (2.7) are affine in x.

2.4.1 Conservative Approximation

One popular remedy for the intractability of two-stage robust linear optimization
models is to restrict the wait-and-see decisions in (2.5) and (2.8) to be simple func-
tions of the uncertain parameters, e.g., linear decision rules (also known as affine
policies, see Ben-Tal et al. (2004)). In the following lemma we present the convex
conservative approximation of constraints in (2.5) via linear decision rules, which is
also a conservative approximation of (2.1).

Lemma 2.2. The vector x ∈ X satisfies constraint (2.5) if there exist v ∈ Rr and
V ∈ Rr×m such that x also satisfies:

d>v +
∥∥V >d+ b(x)

∥∥
2
≤ c(x)

ai(x) +
∥∥Ai(x)− V >Di

∥∥
2
≤D>i v i = 1, . . . , n∥∥(V >)j

∥∥
2
≤ vj j = 1, . . . , r,

(2.9)

where ai and vi denote the i-th elements of a and v, respectively, and Ai, Di and
(V >)j denote the i-th column of A, D and V >, respectively.

Proof. By restricting λ to the linear decision rule in (2.5):

λ = v + V w,

we obtain the following conservative approximation of (2.5):

∀w ∈W :


d> (v + V w) + b(x)>w ≤ c(x)

D> (v + V w) ≥ a(x) +A(x)>w

v + V w ≥ 0,

⇐⇒


d>v + max

w∈W

{
w>(V >d+ b(x))

}
≤ c(x)

ai(x) + max
w∈W

{
w>(Ai(x)− V >Di)

}
≤D>i v

vj + min
w∈W

{
w>(V >)j

}
≥ 0,

(2.10)

where the entries of vector v ∈ Rr and coefficient matrix V ∈ Rr×n are optimization
variables, and W = {w ∈ Rm : ‖w‖2 ≤ 1}. By strong duality, which applies because
W admits a Slater point, it can be verified that (2.10) is equivalent to (2.9).

Since we restrict the decision rule λ to be affine, the set of constraints (2.9) is
indeed a conservative approximation of (2.1). Note that the set of second-order cone
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constraints (2.9) has the same computational complexity as the nominal version (that
is, with no uncertainty) of (2.1). The only added computational effort is polynomial,
as the single uncertain constraint is replaced by a set of n+ r + 1 second-order-cone
constraints with mr additional variables.

A simple but powerful enhancement of linear decision rules has been proposed
recently by De Ruiter and Ben-Tal (2017), where the authors use a lifted variant of
W :

Ŵ =

{
(w, z) ∈ Rm × Rm : w2

i ≤ zi, i = 1, . . . ,m,
m∑
i=1

zi ≤ 1

}
,

and show that the resulting linear decision rule is equivalent to the following nonlinear
decision rule:

λ† = v + V w +Zz, (2.11)

where zi = w2
i for i = 1, . . . ,m and Z ∈ Rr×m. Notice that the projection of Ŵ

onto its w-space is W . The convex reformulation of (2.5) with Ŵ can be derived
by first imposing decision rule (2.11) on λ, and then applying the standard robust
optimization techniques. The resulting robust counterpart is a set of second-order
cone constraints (see Appendix 2.A), that is, in the same complexity class as (2.9),
and it is a possibly tighter conservative approximation of (2.1) than (2.9).

Similarly, the following lemma gives the convex conservative approximation of the
robust semidefinite programming constraints in (2.8) via linear decision rules.

Lemma 2.3. The vector x ∈ X satisfies constraint (2.8) if there exist v ∈ Rr and
V (j) ∈ Rm×m, j = 1, . . . , r, such that x also satisfies:

d>v ≤ 0 (2.12a)

A(0)(x)−
r∑
j=1

djV
(j) � 0 (2.12b)

D>i v ≥ 0 i = 1, . . . , n (2.12c)
r∑
j=1

DijV
(j) +A(i)(x) � 0 i = 1, . . . , n (2.12d)

v ≥ 0 (2.12e)

V (j) � 0 j = 1, . . . , r. (2.12f)

Proof. Similarly as for the proof of (2.9), By restricting λ to the linear decision rule,
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we obtain the following conservative approximation of (2.8):

∀W � 0 :



tr
(
A(0)(x)W

)
− d>v − tr

 r∑
j=1

djV
(j)W

 ≥ 0

D>i v + tr

 r∑
j=1

D>ijV
(j)W

 ≥ −tr
(
A(i)(x)W

)
i = 1, . . . , n

vj + tr
(
V (j)W

)
≥ 0 j = 1, . . . , r,

⇐⇒



min
W�0

tr

A(0)(x)W −
r∑
j=1

djV
(j)W

 ≥ d>v (2.13a)

D>i v + min
W�0

tr

 r∑
j=1

D>ijV
(j)W +A(i)(x)W

 ≥ 0 i = 1, . . . , n (2.13b)

vj + min
W�0

tr
(
V (j)W

)
≥ 0 j = 1, . . . , r, (2.13c)

where the vector v ∈ Rr and coefficent matrix V (j) ∈ Rm×m, j = 1, . . . , r, are
optimization variables. It follows from strong duality for SDP that by dualizing the
embedded minimization problem in each constraint in (2.13), we obtain the finite
convex reformulation (2.12).

The set of n+r+1 semidefinite constraints (2.12) again has the same computational
complexity as the nominal version of (2.7), but now with m2r additional variables.

Another popular approach for solving two-stage robust optimization problems is
finite adaptability, in which the uncertainty set W is split into a number of smaller
subsets, each with its own set of recourse decisions. The number of these subsets can
be either fixed a priori or decided by the optimization model (Vayanos et al. (2011),
Bertsimas and Caramanis (2010), Hanasusanto et al. (2015), Postek and Den Hertog
(2016), Bertsimas and Dunning (2016), Georghiou et al. (2020)). In the numerical
experiments of this chapter, we focus on the most effective existing approaches, lin-
ear/lifted linear/quadratic decision rule approaches and Fourier-Motzkin elimination.

2.4.2 Progressive Approximation

Since the methods discussed in Section 2.4.1 are conservative, the solutions are in gen-
eral suboptimal. It is therefore important to find effective outer approximations to
assess the quality of the conservative approximations in Section 2.4.1. In this subsec-
tion, we focus on progressive outer approximation methods for uncertain second-order
cone constraint (2.1). We would like to point out that the discussed methods can be
applied in an analogous way to uncertain semidefinite constraint (2.7).
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One simple way of obtaining an outer approximation of (2.1) is to only consider
a finite subset of scenarios {ζ(1), . . . , ζ(K)} from the uncertainty set U . The outer
approximation is therefore the “sampled version” of (2.1):

a(x)>ζ(k) +
∥∥∥A(x)ζ(k) + b(x)

∥∥∥
2
≤ c(x) k = 1, . . . ,K. (2.14)

These are standard second-order cone constraints. Clearly the set of constraints (2.14)
is an outer approximation of (2.1), since a feasible x̂ of (2.14) is only feasible for a
finite subset of the uncertainty set. There could be realizations in U for which x̂
is infeasible. For a polyhedral U = {ζ ≥ 0 : Dζ ≤ d}, if the set contains all the
extreme points ζ(1), . . . , ζ(K) of U , any feasible solution x̂ of (2.14) is also feasible
for (2.1). Of course, the set of extreme points of a polyhedral uncertainty set U is in
general way too large. As we see in our numerical examples, this is only doable when
the uncertainty set has only a few extreme points. We apply the same reasoning to
(2.5) to obtain an outer approximation for the reformulation of the second-order cone
constraint: 

d>λ(k) + b(x)>w(k) ≤ c(x) k = 1, . . . ,K (2.15a)

D>λ(k) ≥ a(x) +A(x)>w(k) k = 1, . . . ,K (2.15b)

λ(k) ≥ 0 k = 1, . . . ,K, (2.15c)

is also a valid outer approximation of (2.1). Here
{
w(1), . . . ,w(K)

}
is a finite subset

of the dual uncertainty set W = {w ∈ Rm : ‖w‖2 ≤ 1} and λ(k) ∈ Rr is a here-and-
now decision for k = 1, . . . ,K. In this case there are infinitely many extreme points
of the second-order cone W . A complete enumeration of all the extreme points would
be impossible. Given two finite scenario sets {ζ(1), . . . , ζ(K)} and

{
w(1), . . . ,w(K)

}
,

one can of course combine the constraints in (2.14) and (2.15) to obtain a possibly
tighter outer approximation of (2.1).

Hadjiyiannis et al. (2011) propose a way to obtain a small and effective finite
set of scenarios for two-stage fixed-recourse robust linear constraints. For any feasible
(x̂, v̂, V̂ ) of (2.10), their method takes scenarios that are worst case for the constraints
in (2.10), hoping that the same set of scenarios is also worst case for the optimal
(nonlinear) decision rule. For instance, such a scenario of (2.10) admits the following
analytic form:

w̄ = argmaxw∈W

{
d>
(
v̂ + V̂ w

)
+ b(x̂)>w

}
=

V̂ >d+ b(x̂)∥∥∥V̂ >d+ b(x̂)
∥∥∥

2

, (2.16)

where (x̂, v̂, V̂ ) satisfies (2.10). For each constraint one can obtain one such scenario.
The obtained scenarios

{
w̄(1), . . . , w̄(r)

}
can then be used in (2.15) to obtain an outer

approximation of (2.1). For more details on the method we refer to the original paper
by Hadjiyiannis et al. (2011). One direct extension of the method of Hadjiyiannis



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 32PDF page: 32PDF page: 32PDF page: 32

24 Chapter 2. Robust Optimization for SOCP and SDP Constraints

et al. (2011) is to use the obtained scenarios
{
w̄(1), . . . , w̄(r)

}
to recover scenarios{

ζ̄(1), . . . , ζ̄(r)
}
⊆ U , where

ζ̄(k) = argmaxζ∈U

{
a(x̂)>ζ + (w̄(k))> (A(x̂)ζ + b(x̂))

}
k = 1, . . . , r, (2.17)

which can then be used in (2.14) to obtain an outer approximation of (2.1). One
can again combine constraints (2.14) with {ζ̄(1), . . . , ζ̄(r)} and constraints (2.15) with{
w̄(1), . . . , w̄(r)

}
to obtain a possibly tighter outer approximation of (2.1). How-

ever, for a special case of (2.1) where a(x) = a and A(x) = A, the constraints
(2.15) with

{
w̄(1), . . . , w̄(r)

}
are redundant with respect to constraints (2.14) with

{ζ̄(1), . . . , ζ̄(r)}.

Theorem 2.3. Let a(x) = a, A(x) = A,
{
w̄(1), . . . , w̄(r)

}
⊆ W be a finite set of

scenarios and {ζ̄(1), . . . , ζ̄(r)} ⊆ U be the corresponding set of scenarios from (2.17).
Then x ∈ Rnx satisfies the constraints (2.14) with {ζ̄(1), . . . , ζ̄(r)} also satisfies the
constraints (2.15) with

{
w̄(1), . . . , w̄(r)

}
.

Proof. Let x̄ be a vector that satisfies:

a>ζ̄(k) +
∥∥∥Aζ̄(k) + b(x)

∥∥∥
2
≤ c(x) k = 1, . . . , r

⇐⇒ a>ζ̄(k) + max
w: ‖w‖2≤1

w>
(
Aζ̄(k) + b(x)

)
≤ c(x) k = 1, . . . , r.

Since
{
w̄(1), . . . , w̄(r)

}
⊆W , then by definition x̄ also satisfies:

a>ζ̄(k) + (w̄(k))>
(
Aζ̄(k) + b(x)

)
≤ c(x) k = 1, . . . , r

⇐⇒ max
ζ∈U

{
a>ζ + (w̄(k))> (Aζ + b(x))

}
≤ c(x) k = 1, . . . , r, (2.18)

where we have used the definition of ζ̄(k) from (2.17). Note that the equivalence here
is due to a(x) = a and A(x) = A. By dualizing over ζ in (2.18), using strong duality
for linear programming, then x̄ also satisfies:

d>λ(k) + b(x)>w̄(k) ≤ c(x) k = 1, . . . , r

D>λ(k) ≥ a+A>w̄(k) k = 1, . . . , r

λ(k) ≥ 0 k = 1, . . . , r.

Theorem 2.3 indicates that the scenarios from (2.17) are effective for the special
case of (2.1), and therefore we use these in the numerical experiments.
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2.5 Extensions

Bilinear uncertainty

Consider the following robust constraint with bilinear uncertainty:

∀w ∈W ∀ζ ∈ U : a(x)>ζ +w> (A(x)ζ + b(x)) ≤ c(x), (2.19)

where W is a general convex set. In the following proposition, we reformulate con-
straint (2.19) into a set of two-stage robust linear constraints. The proof of this
proposition is similar to the proof of Theorem 2.1 and hence omitted.

Proposition 2.1. Let U be the polyhedral uncertainty set given in (2.3). Then x ∈
Rnx satisfies constraint (2.19) if and only if it satisfies

∀w ∈W ∃λ ≥ 0 :

{
d>λ+ b(x)>w ≤ c(x)

D>λ ≥ a(x) +A(x)>w.
(2.20)

Problems with constraints in the form of (2.20) can then be solved by using the
methods described in Section 2.4.

Uncertain constraints with wait-and-see decisions

Suppose a set of uncertain second-order cone constraints in the form (2.1) contains a
wait-and-see decision y:

∀ζ ∈ U ∃y : a(x)>ζ + h(y) + ‖A(x)ζ +By + b(x)‖2 ≤ c(x), (2.21)

where h : Rny → R is an affine function. One simple yet crucial observation is that,
by imposing linear decision rule y = u+Y ζ, where the vector u ∈ Rny and coefficent
matrix Y ∈ Rny×n are here-and-now decision variables, constraint (2.21) becomes an
instance of (2.1):

∀ζ ∈ U : a(x)>ζ + h(u+ Y ζ) + ‖A(x)ζ +Bu+BY ζ + b(x)‖2 ≤ c(x).

In the following examples, we use the simple algebraic principle (Lobo et al., 1998):

u>u ≤ st, s ≥ 0, t ≥ 0 ⇐⇒
∥∥∥∥ 2u
s− t

∥∥∥∥
2

≤ s+ t, (2.22)

and show that a large class of uncertain convex constraints can be cast as uncertain
second-order cone constraints with wait-and-see decisions.
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Example 2.3. Uncertain quadratic/linear fraction constraints.
Consider uncertain constraints in the form:

∀ζ ∈ U :


K∑
i=1

∥∥A(i)(x)ζ + b(i)(x)
∥∥2

2

(a(i)(x))>ζ + ci(x)
≤ τ, (2.23a)

(a(i)(x))>ζ + ci(x) > 0 i = 1,. . . , K, (2.23b)

where a(i) : Rnx → Rn, ci : Rnx → R, A(i) : Rnx → Rm×nx , b(i) : Rn → Rm×ny
are (componentwise) affine functions for i = 1, . . . ,K, and τ ∈ R is a constant or an
optimization variable. By introducing a wait-and-see variable y, we have an equivalent
reformulation of (2.23):

∀ζ ∈ U,∃y ≥ 0 :


∑K
i=1 yi ≤ τ,(
A(i)(x)ζ + b(i)(x)

)> (
A(i)(x)ζ + b(i)(x)

)
≤ yi

(
(a(i)(x))>ζ + ci(x)

)
i = 1, . . . ,K

(a(i)(x))>ζ + ci(x) > 0 i = 1, . . . ,K,

which, by (2.22), is equivalent to:

∀ζ ∈ U,∃y ≥ 0 :



K∑
i=1

yi ≤ τ, (2.24a)∥∥∥∥ 2A(i)(x)ζ + 2b(i)(x)
(a(i)(x))>ζ + ci(x)− yi

∥∥∥∥
2

≤ (a(i)(x))>ζ + ci(x) + yi i = 1,. . . , K (2.24b)

(a(i)(x))>ζ + ci(x) > 0 i = 1,. . . , K. (2.24c)

Since (2.24) has constraints of the format in (2.21) we can use our conservative (and
progressive) techniques to find solutions.

Example 2.4. Product of uncertain nonnegative affine functions.
Let us consider uncertain constraints in the form:

∀ζ ∈ U :


K∏
i=1

(
(a(i)(x))>ζ + ci(x)

) 1
K ≥ τ, (2.25a)

(a(i)(x))>ζ + ci(x) ≥ 0 i = 1, . . . ,K, (2.25b)

where a(i) : Rnx → Rn and ci : Rnx → R are affine functions for i = 1, . . . ,K. If τ
is maximized subject to the constraints (2.25), then it is equivalent to maximize the
geometric mean of uncertain nonnegative affine functions (a(i)(x))>ζ+ci(x) ≥ 0, i =
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1, . . . ,K. For simplicity, we consider the special case K = 4, and first reformulate
the problem by introducing new variables y1 and y2:

∀ζ ∈ U ∃y ≥ 0 :


y1y2 ≥ τ2 (2.26a)

((a(1)(x))>ζ + c1(x))((a(2)(x))>ζ + c2(x)) ≥ y2
1 (2.26b)

((a(3)(x))>ζ + c3(x))((a(4)(x))>ζ + c4(x)) ≥ y2
2 (2.26c)

(a(i)(x))>ζ + ci(x) ≥ 0 i = 1, . . . ,K. (2.26d)

The extension to other values of K is straightforward. Applying (2.22) yields the
following set of uncertain SOC constraints:

∀ζ ∈ U ∃y ≥ 0 :



∥∥∥∥∥ 2τ

y1 − y2

∥∥∥∥∥
2

≤ y1 + y2∥∥∥∥∥ 2y1

(a(1)(x))>ζ + c1(x)− (a(2)(x))>ζ − c2(x)

∥∥∥∥∥
2

≤ (a(1)(x))>ζ + c1(x) + (a(2)(x))>ζ + c2(x)∥∥∥∥∥ 2y2

(a(3)(x))>ζ + c3(x)− (a(4)(x))>ζ − c4(x)

∥∥∥∥∥
2

≤ (a(3)(x))>ζ + c3(x) + (a(4)(x))>ζ + c4(x)

(a(i)(x))>ζ + ci(x) ≥ 0 i = 1, . . . ,K.

Example 2.5. Uncertain logarithmic constraints.
Let us consider uncertain constraints in the form:

∀ζ ∈ U :
∣∣∣log

(
(a(i)(x))>ζ

)
− log(ci)

∣∣∣ ≤ τ i = 1, . . . ,K, (2.27)

where the entries of a(i) : Rnx → Rn are (componentwise) affine functions for
i = 1, . . . ,K. We assume ci ∈ R+, and interpret log

(
(a(i)(x))>ζ

)
as −∞ when

(a(i)(x))>ζ ≤ 0. Suppose τ is minimized subject to the constraints (2.27). Then it
can be understood as approximately solving an overdetermined set of uncertain equa-
tions (a(i)(x))>ζ ≈ ci, i = 1, . . . ,K, measuring the worst case error by the maximum
logarithmic deviation between the numbers (a(i)(x))>ζ and ci. To cast these con-
straints as a set of uncertain SOC constraints, first note that:∣∣∣log

(
(a(i)(x))>ζ

)
− log(ci)

∣∣∣ = log max

(
a(i)(x)>ζ

ci
,

ci
a(i)(x)>ζ

)
(assuming a(i)(x))>ζ > 0). Then the constraints (2.27) are therefore equivalent to:

∀ζ ∈ U ∃y ≥ 0 :

{
y ≤ Ω
ci
y ≤ a

(i)(x)>ζ ≤ yci i = 1, . . . ,K,
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where y ∈ R and Ω = log τ . Applying (2.22) yields the following set of uncertain SOC
constraints:

∀ζ ∈ U ∃y ≥ 0 :


y ≤ Ω

a(i)(x)>ζ ≤ yci i = 1, . . . ,K∥∥∥∥∥ 2ci

yci − a(i)(x)>ζ

∥∥∥∥∥
2

≤ yci + a(i)(x)>ζ i = 1, . . . ,K.

Uncertain Nonlinear Constraints with lp-norms

In this subsection, we extend the result in Section 2.2 to uncertain constraints with
lp-norms. Let us consider an uncertain constraint in the form:

∀ζ ∈ U : a(x)>ζ + ‖A(x)ζ + b(x)‖p ≤ c(x), (2.28)

where p ∈ [1,∞]. By definition of the dual norm (see, for example, Lax (2007)), we
know:

∀ζ ∈ U : a(x)>ζ + ‖A(x)ζ + b(x)‖p ≤ c(x)

⇐⇒ ∀ζ ∈ U : a(x)>ζ + max
w:‖w‖q≤1

w> (A(x)ζ + b(x)) ≤ c(x)

⇐⇒ ∀w ∈W ∀ζ ∈ U : a(x)>ζ +w> (A(x)ζ + b(x)) ≤ c(x),

where the set W =
{
w : ‖w‖q ≤ 1

}
is convex, and q = p

p−1 for p ∈ [1,∞]. Applying

Proposition 2.1 yields a set of two-stage robust linear constraints in the form (2.20)
with a lq-norm uncertainty set. Uncertain nonlinear constraint with lp-norms is special
case of uncertainty power cone constraint. In the next subsection, we extend our result
to general uncertain conic constraints.

Uncertain Conic Constraints

Finally, the reasoning from Section 2.2 can also be used for uncertain conic constraints
of the type

∀ζ ∈ U : A(x)ζ + b(x) �K 0, (2.29)

where K ⊆ Rm is a closed convex cone with nonempty relative interior and the
notation z �K 0 is used to indicate that −z ∈ K. Examples of these cones, besides
the main cones used in this chapter (normed and semidefinite), are the power cone,
the exponential cone and the copositive cone. We refer the reader to MOSEK ApS
(2020a) for examples of different cones. The dual cone, referred to as K∗ of K is
defined as

K∗ =
{
w ∈ Rm : w>u ≥ 0 ∀u ∈ K

}
,
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and is again a convex cone. Furthermore, we have K = (K∗)∗, because the cone is
closed and convex. Using these properties, we derive for (2.29)

∀ζ ∈ U : A(x)ζ + b(x) �K 0

⇐⇒ ∀w ∈ K∗ ∀ζ ∈ U : w> (A(x)ζ + b(x)) ≤ 0

⇐⇒ ∀w ∈ K∗ : max
ζ∈U

w> (A(x)ζ + b(x)) ≤ 0

⇐⇒ ∀w ∈ K∗ : b(x)>w + min
λ≥0

{
d>λ | D>λ ≥ A(x)>w

}
≤ 0

⇐⇒ ∀w ∈ K∗ ∃λ ≥ 0 :

{
d>λ+ b(x)>w ≤ 0

D>λ ≥ A(x)>w.

The final formulation is a set of two-stage robust linear constraints, which generalizes
the results in Theorems 2.1 and 2.2 for the Second-Order Cone and Semidefinite Cone,
respectively. For the obtained formulation we can use our conservative approximations
to obtain tractable constraints and assess their quality using the progressive methods.

Practical remark. Model constraints do not often naturally appear in conic form,
unless they are conic quadratic or semidefinite as in Section 2.2 and Section 2.3. In
those cases, rewriting the model from its natural form to a conic form requires adding
new wait-and-see decisions as is done in Examples 2.3, 2.4 and 2.5. To end up with
constraints of the form (2.29), we first have to substitute linear decision rules for
the wait-and-see decisions. After deriving the two-stage model formulation of this
constraint, we again have introduced wait-and-see decisions. Using linear decision
rules for these wait-and-see decisions adds an extra approximation error. Hence, this
may lead to more conservative approximations of the original constraint.

2.6 Minimum Volume Circumscribing Ellipsoid

In this application, we consider the problem of finding the minimum volume circum-
scribing ellipsoid of a polytope in n-dimensional space. This problem arises in a
variety of applications such as outlier detection (Ahipaşaoğlu, 2015) and facility loca-
tion (Elzinga and Hearn, 1974) and is known to be NP-hard (Boyd and Vandenberghe,
2004). Mathematically, we are interested in solving

min
X,y

log detX−1 (2.30a)

s.t. ‖Xζ + y‖2 ≤ 1 ∀ζ ∈ U, (2.30b)

for a polyhedron U = {ζ ≥ 0 : Dζ ≤ d}. This optimization problem can be inter-
preted as a robust optimization problem with an uncertain SOC constraint, where
ζ is the uncertain parameter residing in U . We can reformulate the problem as the
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following adjustable robust optimization problem

min
X,y

log detX−1 (2.31a)

s.t. ∀w ∈W ∃λ ≥ 0 :

{
d>λ+ y>w ≤ 1

D>λ ≥X>w,
(2.31b)

where W = {w ∈ Rm : ‖w‖2 ≤ 1}, and approximate it using various decision rules.

In particular, in this experiment we have used two different decision rules to illus-
trate the trade-off between the quality of the resulting approximation and the com-
putation time, and compare their results to the copositive programming approach
described in (Mittal and Hanasusanto, 2018).

2.6.1 Considered Techniques

Linear Decision Rule (LDR)

First of all, we consider the simple linear decision rule used in Lemma 2.2. This yields
a second-order cone optimization problem that is readily solved.

Quadratic Decision Rule (QDR)

We additionally consider a full quadratic decision rule, that is,

λ = u+ V w +
∑
i≤j

rijwiwj . (2.32)

Using such a decision rule yields a static robust optimization problem with conic
quadratic inequalities and ball uncertainty. Such constraints can be reformulated to
uncertain linear matrix inequalities with a specific structure (Ben-Tal et al., 2009).
The first inequality in (2.31b), for example, is equivalent to

max
Z∈Z

tr

([
d>u

(
V >d+ y

)>
/2(

V >d+ y
)
/2 R̂

]
Z

)
≤ 1,

for the decision rule given in (2.32), where R̂ij = 1
2

∑n
k=1 dkrijk and

Z =

{[
1 z>

z Ẑ

]
∈ Sn+1

+

∣∣∣∣ tr
(
Ẑ
)
≤ 1

}
.

Using SDP duality, this inequality can be rewritten to a set of linear matrix inequal-
ities that is computationally tractable.
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Fourier-Motzkin Elimination (FME)

Both abovementioned decision rules can be enhanced by Fourier-Motzkin Elimination.
This is a technique to eliminate variables from an optimization problem by introduc-
ing a number of constraints that are derived from the constraints that contain the
eliminated variable. In our setting, we use Fourier-Motzkin Elimination to eliminate
a number of the adjustable variables λ before substituting a decision rule for them.
This yields many more constraints, and thus makes the problem harder to solve. The
approximation quality, on the other hand, is often higher as there are less variables
for which a (suboptimal) decision rule as to be substituted. For illustrative purposes,
we present a simple example of Fourier-Motzkin Elimination below.

We eliminate λ1 and then λ2 in the following linear inequalities via Fourier-
Motzkin elimination. First, λ1 can be eliminated as followsx ∈ R

∣∣∣∣∣∣∣∣
λ1 − x ≤ 0

2λ1 − 6λ2 ≤ 0
−λ1 + x+ 2λ2 ≤ 0

−λ2 ≤ 1

 =

x ∈ R

∣∣∣∣∣∣∣∣
λ1 ≤ x

λ1 ≤ 3λ2

x+ 2λ2 ≤ λ1

−λ2 ≤ 1


=

x ∈ R

∣∣∣∣∣∣
x+ 2λ2 ≤ x

x+ 2λ2 ≤ 3λ2

−λ2 ≤ 1

 ,

where the first equality follows from dividing each inequality by the coefficient of
λ1, and the second equality follows from pairwisely combining the lower and upper
bounds of λ1. Then, λ2 can be eliminated in a similar way, that is,x ∈ R

∣∣∣∣∣ 2λ2 ≤ 0
x ≤ λ2

−λ2 ≤ 1

 =

x ∈ R

∣∣∣∣∣ λ2 ≤ 0
x ≤ λ2

−1 ≤ λ2

 =

{
x ∈ R

∣∣∣∣∣ −1 ≤ 0
x ≤ 0

}
.

Copositive Programming (CoPos)

The core of the approach proposed by Mittal and Hanasusanto (2018) is the refor-
mulation of (2.30) to a generalized copositive program for any compact, convex and
full-dimensional U . In particular, they find they can represent (2.30b) by the combi-
nation of a linear matrix inequality and a generalized copositive inequality. For the
particular form of U we are interested in, a polytope, they derive a computation-
ally tractable approximation to this generalized copositive program in the form of a
semidefinite optimization problem.

2.6.2 Numerical Setting

To test our approach we use the numerical setup of Mittal and Hanasusanto (2018). In
this numerical setup, we randomly generate polytopes in L dimensions by intersecting
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Method LB LDR QDR CoPos

Variables Eliminated 2 0 2 0 2 -

M = L -2.3% 37.6% 13.5% 5.3% 4.3% 4.7%
L = 2 M = 2L -3.2% 39.3% 23.4% 6.6% 5.3% 6.4%

M = 3L -9.1% 33.7% 26.3% 5.8% 4.8% 5.6%

Variables Eliminated 5 0 5 0 5 -

M = L -0.4% 108.6% 10.1% 6.2% 4.7% 4.9%
L = 5 M = 2L -0.5% 105.6% 19.4% 10.8% 8.3% 8.7%

M = 3L -0.9% 101.2% 29.2% 13.6% 10.6% 11.2%

Variables Eliminated 10 0 10 0 10 -

M = L -0.0% 194.2% 4.0% 2.6% 1.9% 1.8%
L = 10 M = 2L -0.1% 190.6% 9.4% 6.6% 5.3% 5.2%

M = 3L -0.3% 179.8% 16.5% 10.8% 8.7% 8.6%

Table 2.1 – Average suboptimality over 50 instances of the approximations to
the minimum volume circumscribing ellipsoid of a polyhedron in dimension L
based on M generated inequalities, relative to the optimal ellipsoid’s volume.
LB refers to the lower bound from outer approximation (2.1) based on the
linear decision rule approach from Lemma 2.2 after FME, LDR to the linear
decision rule approach from Lemma 2.2, QDR to using the full quadratic
decision rule (2.32), and CoPos to the copositive programming approach from
(Mittal and Hanasusanto, 2018). For the LDR and QDR approach we report
the results without using FME and after using FME to eliminate the listed
number of variables in the adjustable robust optimization formulation.

randomly generated halfspaces with the hyperrectangle
{
ζ ∈ RL : 0 ≤ ζ ≤ 1

}
. The

M random halfspaces are generated by generating a vector sj ∈ RL uniformly dis-
tributed on the surface of the hypersphere, and a scalar rj ∈ R uniformly distributed
from the interval

[
− 1

2‖sj‖1,
1
2‖sj‖1

]
. We then consider the constraint s>j (ζ− 1

21) ≤ rj
if rj > 0 and s>j (ζ − 1

21) ≥ rj if rj ≤ 0. This construction ensures that the center of

the hyperrectangle, 1
21, always remains feasible.

For several values of L and M = L, 2L, 3L, we model the problem using the
YALMIP toolbox (Lofberg, 2004) in MATLAB and solve it with Mosek on a desktop
with 8 GB RAM and a 3.4 GHz Intel Core i7 processor. We report the suboptimality
of our proposed approximations in low dimensions in Table 2.1 and the corresponding
running times in Table 2.2. We report results for both the direct reformulations (0
variables eliminated) as well as the results after applying Fourier-Motzkin Elimina-
tion (FME) to eliminate the specified number of variables. These latter results are
discussed in more detail below. We have also reported the results of the copositive
programming approach suggested by Mittal and Hanasusanto (2018), which, to the
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Method LB LDR QDR CoPos

Variables Eliminated 2 0 2 0 2 -

M = L 0.024 0.115 0.108 0.121 0.112 0.076
L = 2 M = 2L 0.031 0.127 0.114 0.140 0.118 0.080

M = 3L 0.038 0.133 0.111 0.152 0.116 0.079

Variables Eliminated 5 0 5 0 5 -

M = L 0.020 0.176 0.307 0.229 0.394 0.097
L = 5 M = 2L 0.046 0.203 0.301 0.320 0.466 0.112

M = 3L 0.034 0.230 0.355 0.428 0.639 0.144

Variables Eliminated 10 0 10 0 10 -

M = L 0.343 0.259 6.572 1.416 71.674 0.183
L = 10 M = 2L 0.480 0.287 7.020 2.948 214.503 0.237

M = 3L 0.267 0.362 6.954 4.157 348.168 0.323

Table 2.2 – Average computation time in seconds over 50 instances of the
approximations to the minimum volume circumscribing ellipsoid of a polyhe-
dron in dimension L based on M generated inequalities. LB refers to the lower
bound from outer approximation (2.1) based on the linear decision rule ap-
proach from Lemma 2.2 after FME, QDR to using the full quadratic decision
rule (2.32), and CoPos to the copositive programming approach from (Mittal
and Hanasusanto, 2018). For the LDR and QDR approach we report the re-
sults without using FME and after using FME to eliminate the listed number
of variables in the adjustable robust optimization formulation.

best of our knowledge, is the current state-of-the-art method for the minimum volume
circumscribing ellipsoid problem.

Clearly, quadratic decision rules offer a significant advantage in terms of approxi-
mation quality over linear decision rules. They do, however, perform at least slightly
worse than the copositive programming approach, both in approximation quality and
computation time. The adjustable robust optimization approach we propose does
have two major advantages that the copositive programming approach lacks: its ver-
satility and the possibility to obtain a lower bound on the optimal objective value.
The latter results from the discussion in Section 4.2 on progressive approximation,
and is a valuable tool in estimating the suboptimality of a solution in higher dimen-
sions. As can be seen from the results in Table 2.1, the quality of this lower bound is
very good and retains its quality in higher dimensions. Its computation time is also
rather low, although an optimal solution to the LDR problem must be known to be
able to use the techniques from Section 4.2. Easy access to a good lower bound is a
great asset, as it allows for comments on the suboptimality of solutions even in higher
dimensions, when we cannot compute the exact optimal solution.
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Figure 2.1 – The average suboptimality and computation time over 50 in-
stances after a number of adjustable variables have been eliminated through
Fourier-Motzkin Elimination for the linear decision rule shown in triangles and
the quadratic decision rule in squares, for L = 5 and M = 10. The suboptimal-
ity of the copositive programming approach is shown in circles for reference.

The versatility of our approach stems from the possibility to use different decision
rules to make the trade-off between approximation quality and computation time,
as well as other techniques from ARO. One of those techniques is Fourier-Motzkin
Elimination (FME), as described above and by Zhen et al. (2018). This procedure
eliminates adjustable variables one by one, resulting in a better approximation but
requires more computational effort to solve due to an increased number of constraints.
In fact, when all adjustable variables are eliminated, the optimal minimum volume cir-
cumscribing ellipsoid is recovered, but the resulting problem is generally prohibitively
large.

In this numerical experiment, we use FME to eliminate a given number of ad-
justable variables in (2.31b) . We eliminate the adjustable variables λj corresponding
to the first randomly generated constraints of the form s>j (ζ− 1

21) ≤ rj , i.e., we do not
attempt to identify variables that yield better results when eliminated. As described
by Zhen et al. (2018), the procedure is likely to generate redundant constraints. Un-
fortunately, the procedure they propose to identify these redundant constraints is not
applicable to our problem, since (2.31) does not have any constraints in which the
coefficient of the static decision variables are not subject to uncertainty.

Figure 2.1 illustrates the resulting approximation quality and computation time
for both the linear and quadratic decision rule after a variety of variables have been
eliminated for L = 5 and M = 10, averaged over 50 instances. From the results
in Table 2.1, we know that the copositive programming approach has an average
suboptimality of 8.7% for these parameters, also shown in Figure 2.1 for reference
sake. Thus, when at least 5 adjustable variables are eliminated, the quadratic decision
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rule performs better than the copositive programming approach on average. For this
number of eliminated variables, the computation time is still modest, which shows
that the approach we propose can compete with the current state-of-the-art techniques
available.

The results in Table 2.1 and 2.2 in fact indicate that using FME in addition to
quadratic decision rules allows us to obtain better approximations than the copos-
itive programming approach for L = 2 and L = 5 in reasonable time. This does
come at the expense of a higher computation time, especially in higher dimensions.
For L = 10, the copositive programming approach does perform better than the
quadratic decision rule, even when FME is used to eliminate 10 of the adjustable
variables, which indicates the copositive programming method scales better to higher
dimensions. We remark that all results in Table 2.1 and 2.2 were obtained us-
ing a vanilla implementation of FME, i.e., we did not experiment with cleverly
selecting which variables to eliminate, which might improve the results even fur-
ther. All code used in the numerical experiments of this chapter is available at:
https://github.com/trevorzhen/Code-for-Robust-SOC-and-SDP.

2.7 Robust Regression

In this section, we first consider the robust regression model in Example 2.1. We
use the Diabetes dataset from Efron et al. (2004), with m = 442 observations and
each with 10 features, i.e., nx = 11. The ten features are age, BMI, average blood
pressure, six blood serum measurements, and gender. The response of interest b ∈ Zm+
is a quantitative measure of disease progression one year after baseline. We divide the
dataset into a testing set and a training set with the first 132 observations (≈ 30%m)
and remaining 310 observations (≈ 70%m), respectively, and solve the considered
models only using the training set. The testing set is used to evaluate the obtained
solutions.

Let us consider the robust regression model (2.2) in Example 2.1. This model
admits a two-stage robust linear reformulation (see Section 2.2), and can be solved by
the methods in Section 2.4. For the 10 features in the Diabetes dataset, we take that
the gender of the patients is certain, i.e., ζi,10 = 0, i = 1, . . . , 310, as well as the last
column of A, which is defined by us, the modeler, as the all one vector to represent
an intercept, and at most Γ out of 9 remaining features can deviate from the original
data A, each feature can deviate up to 1%. We assume the response vector b can be
measured exactly. To this end, the following budget uncertainty set is considered:

U =

{
ζ ∈ R310×11

∣∣∣∣ i = 1, . . . , 310
j = 1, . . . , 9

:

{
ζi,10 = 0, ζi,11 = 1, ζij = 1%Aijδj
δ ≤ ξ, −δ ≤ ξ, ξ ≤ 1,

∑9
i=1 ξi ≤ Γ

}
,

where δ ∈ R9, ξ ∈ R9, and Aij is the element of A at the i-th row and j-th column.
The one-dimensional uncertain parameter δj for the j-th feature is the same for all
observations. In this way, we can model bias in the measurements of the j-th feature.

https://github.com/trevorzhen/Code-for-Robust-SOC-and-SDP
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All computations are carried out with MOSEK 8.0 (MOSEK ApS (2020b)) on an Intel
Core(TM) i5-4590 Windows computer running at 3.30GHz with 8GB of RAM. All
modeling is done using the modeling package XProg (http://xprog.weebly.com).

Γ 1 2 3 4 5 6 7 8 9

ROC 938.9 942.6 946.2 948.5 949.4 950.4 951.2 951.6 951.7
Time(s) 0.3 0.5 0.3 0.3 0.3 0.4 0.4 0.3 0.2
%Gap 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%

Table 2.3 – The solution quality and computation time for different values of
Γ in (2.2). ROC denotes the (conservatively approximated) objective values
obtained from solving (2.10), and Time(s) is the corresponding computational
time in seconds. %Gap denotes the optimality gap, i.e., %Gap = LDR-OPT

OPT
,

where OPT denotes the optimal objective values.

From Table 2.3 one may observe that the approximated solutions of (2.2) from
solving (2.10) can be computed efficiently, and they are very close to optimality. Since
the extreme points are not too many in U , we enumerate all the extreme points to
obtain the optimal solutions.

2.8 Robust Sensor Network

This section is adopted from Zhen (2018, Section 5.5). The set of prescribed (undi-
rected) links is given by A. In this numerical experiment we consider a problem with
N points in R2 that must be connected by links. Some of the N points are already
positioned and the decision maker has to decide where to place the remaining points.
The goal is to minimize the total distance of all the links together. An example of this
problem can be found in network design, where the points represent wireless sensors
and modules on a network that are interconnected and one wants to minimize the
total energy needed for the wireless transmission over the links. This example is based
on the placement and location problem, for which the nominal case is described in
(Boyd and Vandenberghe, 2004, Section 8.7). In the nominal case the model can be
written as

min
y

∑
(i,j)∈A

‖yi − yj‖2

s.t. yi = āi ∀i ∈ L,

where yi ∈ R2 are the locations of the points for all i = 1, . . . , N . The points that
are fixed (already positioned) are given by the set L and their locations by āi ∈ R2.
The remaining points not in L are free to set by the optimizer.

http://xprog.weebly.com/
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2.8.1 The Robust Model

We introduce uncertainty by considering the case where the locations of the fixed
sensors āi are not precisely known. This uncertainty in the locations could be due to
sea currents for sensors placed at sea, wind drift for sensors that are dropped from
planes or other errors due to placement by catapult or missile (see e.g. Akyildiz et al.
(2002)). We model the uncertainty in the locations as: ai(ζ) = āi + âiζi, where
âi ∈ R+ is the maximal (absolute) deviation from the nominal value āi for all i ∈ L.
The uncertain parameter ζ = (ζ1, . . . , ζ|L|)

> ∈ R2|L|, where ζ>i ∈ R2 for all i ∈ L,
resides in a lifted budget uncertainty set U defined by

U =

(ζ, ξ) : ζ ≤ ξ, −ζ ≤ ξ, ξ ≤ 1,

2|L|∑
i=1

ξi ≤ Γ

 ,

where ξ ∈ R2|L| and Γ ≥ 0 is called the budget of uncertainty. Projecting U on the
space of ζ, one can recover the classical budget uncertainty set{

ζ ∈ R2|L| : −1 ≤ ζ ≤ 1, ‖ζ‖1 ≤ Γ
}
,

of Bertsimas and Sim (2004). We use the lifted budget uncertainty set here because
the improvement in solution quality often worth of the small extra computation effort
due to the extra variable (De Ruiter and Ben-Tal, 2017). Some of the modules xi
need to be placed before the exact locations of ai(ζ) are known, whereas others can
be placed after. We define the set of indices H for those modules that have to be
placed before the sensor locations are known. We associate a here-and-now variable
xi ∈ R2 for every i ∈ H. The robust model can now be written as:

min
x,y(ζ,ξ),τ

τ (2.33a)

s.t. ∀(ζ, ξ) ∈ U :


∑

(i,j)∈A ‖yi(ζ, ξ)− yj(ζ, ξ)‖2 ≤ τ
yi(ζ, ξ) = āi + âiζi ∀i ∈ L
yi(ζ, ξ) = xi ∀i ∈ H.

(2.33b)

For ease of exposition, we use the wait-and-see decision y to represent the location of
the sensors and modules. One can eliminate y using the equalities, and model (2.33)
then has constraints of the form (2.1). We first use Theorem 2.1 to reformulate the
constraints (2.33b) into a set of two-stage robust linear constraints, then we solve the
resulting model via the solution methods in Section 2.4. The objective value of (2.33)
gives the total energy required for the wireless transmissions in the network.

2.8.2 Numerical Setting

For the experiments we use two sets of data. For illustrative purposes we first consider
a small instance with N = 14 points, of which 8 nominal sensor locations are uncertain
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Figure 2.2 – Nominal solution from (Boyd and Vandenberghe, 2004, Figure
8.16). The squares represent the sensors. The dots denote the modules. The
prescribed (undirected) links between the sensors and modules are plotted
using dashed lines.

and 6 modules need to be placed. For this, data from (Boyd and Vandenberghe, 2004,
Section 8.7.3) is used, see Figure 2.2. Data is obtained from the CVX website http:

//web.cvxr.com/cvx/examples. The maximal deviation from the nominal locations
is taken to be âi ∈ {0, 0.2, 0.5, 1} for all i ∈ L. For instance for âi = 0.2, i ∈ L, Figure
2.3 illustrates the robust solution obtained from solving (2.33) via linear decision rules.
Even though the solution is structurally very similar to the nominal solution depicted
in Figure 2.2, there are important differences. In particular, the placed modules are
a little less clustered, accounting for the uncertainty in the sensor locations. This
results in clear improved worst-case performance: the worst-case objective value of
the nominal solution is a little over 1% higher than that of the robust solution, a
remarkable difference considering their similarities.

The second set of data shows results for larger instances. We choose |L| ∈
{10, ..., 70} nominal sensor locations āi, i ∈ L uniformly at random from [−1, 1]2.
The maximal deviation from the nominal locations is âi = 0.3 for all i ∈ L. We have
0.4|L| modules that have to collect data from the sensors. Each module is randomly
linked with |L| sensors. The modules are randomly linked into a cycle. We link the
sensors that are not connected with each of the 0.4|L| modules.

2.8.3 Results

We use the same computer and optimization software as mentioned in Section 2.7.
Figure 2.4 depicts the robust solutions for |L| = 30. For the small instance with
N = 14 points, as âi, i ∈ L = {1, ..., 8}, increases, the obtained objective values ROC

http://web.cvxr.com/cvx/examples
http://web.cvxr.com/cvx/examples
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Figure 2.3 – Robust solution for âi = 0.2, i ∈ L, with the nominal sensor
locations. The squares represent the sensors. The dots denote the modules.
The prescribed (undirected) links between the sensors and modules are plotted
using dashed lines.

âi 0 0.2 0.5 1

ROC 21.91 23.86 26.88 32.07
LB(1) 21.91 23.79 26.64 31.46

Time(s) 0.1 0.1 0.1 0.1

Table 2.4 – Sensor network model with N = 14. ROC is the conservative
approximation obtained from solving (2.9) in Section 2.4.1. LB(1) denotes the
lower bounds obtained from one scenario. Time(s) reports the computation
time (in seconds) for solving ROC.
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Figure 2.4 – Robust solution for âi = 0.3, i ∈ L, and |L| = 30, with the nom-
inal sensor locations. The squares represent the sensors. The dots denote the
modules. The prescribed (undirected) links between the sensors and modules
are plotted using dashed lines.

from solving (2.33) via linear decision rules become larger (see Table 2.4), and the
optimal module locations are slightly more spread out (see Figure 2.3). The lower
bounds LB(1) are obtained from solving (2.14) with only one scenario. This scenario is
obtained from (2.17) using the scenario obtained from (2.16). The differences between
the lower bounds LB(1) and upper bounds ROC are within 1%. This indicates that
the optimality gap of the obtained objective values is at most 1% of the optimal value.
For medium and large instances considered in Table 2.5, the approximated solutions
of (2.33) via linear decision rules are near optimal, and can be computed efficiently.

|L| 10 20 30 40 50 60 70

ROC 24.4 70.8 149.5 257.0 392.0 564.1 762.9
LB(1) 24.3 70.8 149.4 256.9 391.9 564.1 762.9

Time(s) 0.35 2.4 10.4 30.6 59.4 102.5 193.3

Table 2.5 – Sensor network model with âi = 0.3, i ∈ L, where |L| =
{10, ..., 70}. ROC is the conservative approximation obtained from solving
(2.9) in Section 2.4.1. LB(1) denotes the lower bounds obtained from one sce-
nario. Time(s) reports the computation time (in seconds) for obtaining ROC.
All the numbers are the average of 10 randomly generated instances.
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2.9 Future Research

On a theoretical level, one immediate future research direction would be to establish
the optimality of the conservative approximations via linear decision rules for uncer-
tain SOC and SDP constraints with uncertainty sets other than a simplex. Another
interesting research direction is to extend the proposed approach to uncertain SOC
and SDP constraints with non-polyhedral uncertainty sets.
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Appendices

2.A Robust Counterpart of (2.5) with Lifted Uncertainty Set

By imposing the linear decision rule (2.11), we derive the convex reformulation of

(2.5) with the lifted uncertainty set Ŵ :

∀(w, z) ∈ Ŵ :


d> (v + V w +Zz) + b(x)>w ≤ c(x)

D> (v + V w +Zz) ≥ a(x) +A(x)>w

v + V w +Zz ≥ 0.

By using reformulation techniques in Ben-Tal et al. (2015), the following convex re-
formulation can be derived:

d>v +
∑m
i=1 κ

(1)
i + τ (1) ≤ c(x)∥∥∥∥∥2(d>Vi + bi(x))

4σ
(1)
i − κ

(1)
i

∥∥∥∥∥
2

≤ 4σ
(1)
i + κ

(1)
i i = 1, . . . ,m

d>Zi + σ
(1)
i − τ (1) ≤ 0 i = 1, . . . ,m

aj(x) +
∑m
i=1 κ

(2)
ij + τ

(2)
j ≤D>j v j = 1, . . . , n∥∥∥∥∥2(Aij(x)− V >i Dj)

4σ
(2)
ij − κ

(2)
ij

∥∥∥∥∥
2

≤ 4σ
(2)
ij + κ

(2)
ij i = 1, . . . ,m j = 1, . . . , n

−D>j Zi + σ
(2)
ij − τ

(2)
j ≤ 0 i = 1, . . . ,m j = 1, . . . , n∑m

i=1 κ
(3)
il + τ

(3)
l ≤ vl l = 1, . . . , r∥∥∥∥∥ −2Vli

4σ
(3)
il − κ

(3)
il

∥∥∥∥∥
2

≤ 4σ
(3)
il + κ

(3)
il i = 1, . . . ,m l = 1, . . . , r

−Zli + σ
(3)
il − τ

(3)
l ≤ 0 i = 1, . . . ,m l = 1, . . . , r

σ
(1)
i , σ

(2)
ij , σ

(3)
il , τ

(1), τ
(2)
j , τ

(3)
l ≥ 0 i = 1, . . . ,m j = 1, . . . , n l = 1, . . . , r.
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CHAPTER 3

Tractable Approximation of Hard Uncertain
Optimization Problems

Abstract

In this chapter, we generalize the approach from Chapter 2 to deal
with a much wider class of convex constraints. While conic con-
straints can be used to model a wide variety of optimization prob-
lems, such optimization problems often do not take this conic form
naturally but need to be reformulated. Such problem formulations
are equivalent when no uncertainty is considered, but their robust
counterparts are not necessarily equivalent. Therefore, this extension
to general convex constraints significantly enlarges the class of opti-
mization problems whose robust counterpart can be approximated.
We apply our theory to quadratic constraints, constraints that are
the sum of maxima and the sum of squared maxima, as well as con-
straints from geometric programming. We demonstrate the quality
of the approximations with numerical examples from geometric pro-
gramming and radiotherapy optimization, the latter of which con-
tains a constraint of the sum of squared maxima type.
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3.1 Introduction

In practice, optimization problems frequently contain some form of uncertainty. This
uncertainty arises as a result of prediction, estimation or implementation errors, for
example. Robust Optimization (RO) is one of the main approaches to address such
uncertainty and was initiated by Ben-Tal and Nemirovski (1998) and El Ghaoui and
Lebret (1997).

Whereas other approaches, such as Stochastic Programming (Shapiro et al., 2014)
or Distributionally Robust Optimization (see e.g. Wiesemann et al. (2014)), assume
that the uncertain parameters are random variables with fully or partially known
distribution functions, RO models uncertainty by means of an uncertainty set. This
set contains all possible scenarios for the uncertain parameters one wants to safeguard
against.

One of the main advantages of robust optimization is the computational tractabil-
ity of the resulting optimization problems. Indeed, it has been shown that the robust
counterparts of many types of problems are tractable. Ben-Tal et al. (2009) give a
comprehensive account of robust optimization techniques to obtain such tractable for-
mulations. A general approach to finding computationally tractable reformulations
is presented in Ben-Tal et al. (2015), where a technique is presented that is appli-
cable to any constraint that is convex in the optimization variables and concave in
the uncertain parameters. This technique does not necessarily lead to a closed-form
robust counterpart for any convex uncertainty set, but does present solutions for the
commonly considered uncertainty sets like polyhedral and ellipsoidal uncertainty.

In contrast, obtaining a tractable robust counterpart for constraints that are con-
vex in the uncertain parameters is, in general, hard (Chassein and Goerigk, 2019).
Such constraints are, however, common; they appear, for example, in inventory man-
agement problems, geometric programming and conic optimization. In this chapter,
we consider general constraints that are convex in both the optimization variables
and the uncertain parameters. More specifically, we convert the robust counterpart
to an equivalent adjustable robust optimization problem. This enables us to treat
the converted problem with existing techniques for Adjustable Robust Optimization
(ARO), such as (non)linear decision rules and Fourier-Motzkin elimination. When
the original uncertainty set is polyhedral, the resulting ARO problem is linear, and
hence these techniques yield readily solvable conservative approximations to the true
robust counterpart. In particular, aside from a conservative approximation resulting
from linear decision rules, we consider a particular lifting that can greatly increase
the quality of the resulting approximation.

For specific types of constraints such as second-order cone (SOC) and semidefinite
programming (SDP) constraints combined with specific uncertainty sets, e.g., norm-
bounded or polyhedral uncertainty sets, computationally tractable approximations
exist in the literature. Our approach yields the same approximations as some of
them, is tighter than some of them, and most importantly it yields approximations
for a wide class of problems for which there is no approximation available in the
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literature. We first discuss the differences of our approach with other approaches in
the literature in more detail.

Our approach is a generalization of the approach in Chapter 2. For polyhedral
uncertainty sets, they use a similar idea of reformulation to an adjustable robust opti-
mization problem such that conservative approximations can be constructed based on
existing ARO techniques. The approach they describe, however, is only applicable to
second-order cone and semidefinite programming constraints, while the approach we
propose is much more general, as it can be applied to a broad class of constraints that
are convex in both the uncertain parameters and the decision variables. Moreover,
their approach is restricted to polyhedral uncertainty sets, contrary to our approach.
Also note that our proposed method may avoid an extra level of approximation that is
needed in Chapter 2 due to the introduction of additional adjustable variables in that
paper; see Examples 3.3-3.5. For these cases, the conservative approximation from
our method is at least as tight as the ones from Chapter 2, while our reformulation
contains less optimization variables.

The work by De Ruiter et al. (2018) seemingly treats a wider class of problems:
adaptive robust optimization problems. They use a different approach, sequential
dualization, to treat these problems, which requires the strong relatively complete
recourse assumption. This assumption implies that each here-and-now decision is
strictly feasible. Therefore, for the non-adaptive problems we consider, the method
of De Ruiter et al. (2018) is not applicable.

In Bertsimas and Sim (2006), a method for norm-based uncertainty sets and ho-
mogeneous constraint functions is proposed. We prove that for those norm-based
uncertainty sets that are also polyhedral (e.g., box, `1, budget uncertainty set) our
approach yields tighter approximations. For general uncertainty sets defined by non-
linear convex functions, our approximation is equal to the approximation of Bertsimas
and Sim (2006). Our approach extends this method, since it can handle all linear and
convex uncertainty sets, and all (i.e., also nonhomogeneous) convex constraint func-
tions.

Several papers (El Ghaoui and Lebret (1997); El Ghaoui et al. (1998); Ben-Tal
et al. (2002)) consider the special combination of (conic) quadratic constraint func-
tions and ellipsoidal types of uncertainty sets. For this specific case, their result is
exact. The final problem they have to solve is an SDP problem. For this specific case
our approach obtains an approximation, but our final problem is a computationally
less demanding conic quadratic optimization problem.

For the sum of maxima of linear functions, Ben-Tal et al. (2005) and Gorissen
and Den Hertog (2013) propose to use Linear Decision Rules (LDRs) for the analysis
variables that are needed to linearize the “max” terms. We prove that our LDR
approximation is the same as their approximation. However, our approach extends
their approach, since for the reformulated problem, which is an adjustable robust
linear optimization problem, we can also use more advanced decision rules or other
approaches.
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Additionally, we treat possible alternative formulations to the original problem
and discuss the potential differences in the conservative approximation our approach
yields for said formulations. We show that applying a concave transformation that
preserves the convexity of the original constraint yields an approximation that is at
least as tight as applying our approach to the original constraint.

We discuss the application of our approach to four important classes of constraints
for which no computationally tractable exact reformulation of the robust counterpart
is known: quadratic, sum of maxima, sum of squared maxima and log-sum-exp con-
straints. In particular, we discuss how our approach and the one proposed in Chapter
2 compare for quadratic constraints, which can be equivalently stated as second-order
cone constraints. We also provide numerical results for radiotherapy optimization
problems containing a sum of squared maxima constraint and geometric program-
ming problems that contain log-sum-exp constraints. These numerical experiments
illustrate the quality of the conservative approximation provided in this chapter and
additionally show that this approximation is highly tractable.

This chapter is organized as follows. Section 3.2 treats the general reformulation
we propose for polyhedral uncertainty sets, as well as possible alternative formulations
and methods to solve said reformulation. Section 3.3 treats optimization problems
with four classes of constraints: quadratic constraints, sum of maxima constraints,
sum of squared maxima constraints and log-sum-exp constraints. Section 3.4 extends
the results from Section 3.2 to general convex uncertainty sets and provides additional
theory that compares our approach with the existing literature. Section 3.5 contains
numerical results for geometric programming and radiotherapy optimization.

Notation

Throughout this chapter we use the following notation. Let f : Rn → R be a closed
convex function with domain dom(f) = {x | f(x) <∞}. The convex conjugate, which
we refer to as conjugate, of f is defined as

f∗(y) = sup
x∈dom(f)

{
y>x− f(x)

}
.

The perspective function of f is defined by

(fλ) (x) =

{
λf
(
x
λ

)
λ > 0

f∞(x) λ = 0,

which implies (fλ) is a closed convex function, and where f∞ is the recession function
of f , defined by (Rockafellar, 1970, Corollary 8.5.2):

f∞(y) = lim
λ↓0

λf
(y
λ

)
. (3.1)

We write λf
(
x
λ

)
for the perspective function throughout the rest of the chapter,

implicitly assuming that for λ = 0, we use f∞(x).
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The support function of a set U is the conjugate of that set’s indicator function.
This indicator function is defined as:

δ (x | U) =

{
0 if x ∈ U
∞ otherwise,

and thus the support function is given by

δ∗ (y | U) = sup
x∈U

y>x.

This support function paves the way for an alternative definition of the recession
function of f , which we also use (Rockafellar, 1970, Theorem 13.3):

f∞(y) = δ∗ (y | dom (f∗)) . (3.2)

For f(x) =
∑n
i=1

√
1 + x2

i , for example, the recession function is equal to f∞(y) =
‖y‖2. An in-depth analysis of the recession function, including a table of recession
functions of some well-known functions, can be found in Appendix 3.A.

3.2 The Robust Counterpart

3.2.1 Reformulation to ARO

In this chapter, we consider a general convex constraint given by

f (A(x)ζ + b(x)) ≤ 0 ∀ζ ∈ U, (3.P)

where f : Rp → R is convex and closed, A : Rn → Rp×L and b : Rn → Rp are affine.
For ease of exposure, we assume that U is a nonempty polyhedron given by

U =
{
ζ ∈ RL+

∣∣Dζ = d
}
, (3.3)

for some D ∈ Rq×L and d ∈ Rq for now. We extend our results to general convex
uncertainty sets in Section 3.4.

This formulation allows for many important classes of constraints, such as quadratic,
sum of maxima (with and without square) and log-sum-exp functions, which we dis-
cuss in Section 3.3. Other examples are (sums of) norms and negative entropy. Fur-
thermore, all functions g(x, ζ) that are jointly convex in x and ζ can be written as
f (A(x)ζ + b(x)), by choosing

A(x) =

[
I
O

]
, b(x) =

[
0
x

]
.

A direct implication of this remark is that we can also find conservative approxi-
mations for constraints

g (x,y(ζ)) ≤ 0 ∀ζ ∈ U, (3.4)
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where g is jointly convex in x and y for adjustable variables y, that is, jointly convex
constraints in adjustable robust optimization problems. Specifically, such constraints
can be treated by substituting a linear decision rule y = s+Sζ, such that g (x, s+ Sζ)
can be written as f (A(s,S,x)ζ + b(s,S,x)). We do remark that substituting a linear
decision rule for y yields a conservative approximation to (3.4), and thus our approach
yields a conservative approximation to this conservative approximation of (3.4).

We also note that by choosing to consider the function f(A(x)ζ+b(x)) we cannot
handle all constraints convex in both x and ζ. Functions of the form b(x)>g(ζ), for
an affine function b and convex function g, cannot, for example, be formulated as
f(A(x)ζ + b(x)). An example of such functions occurs in brachytherapy optimiza-
tion (Gorissen et al., 2013). Other examples include, but are not limited to capital
budgeting problems and multinomial logit models (Alfandari and Garćıa, 2018).

It is also important to discuss the added value of our approach for a more gen-
eral convex function over the previously developed approaches for second-order cone
programming (SOCP) and semidefinite programming (SDP) constraints in Chapter
2. Although many (nominal) problems can be reformulated as an SOCP, the ro-
bust counterparts of these equivalent problems are not necessarily the same. As an
example, we consider a constraint on the sum of squared maxima:

p∑
i=1

max
{
Ai(x)ζ + bi(x), 0

}2

≤ γ ∀ζ ∈ U, (3.5)

and its SOCP reformulation

∀ζ ∈ U :


‖y(ζ)‖2 ≤ γ

Ai(x)ζ + bi(x) ≤ yi(ζ) i = 1, . . . , p

0 ≤ yi(ζ) i = 1, . . . , p.

(3.6a)

(3.6b)

(3.6c)

While the non-robust versions of (3.5) and (3.6) are clearly equivalent, (3.5) and (3.6)
are in fact only equivalent if the newly introduced variables yi are considered to be
adjustable (Gorissen et al., 2015). As existing techniques for SOCP problems with
uncertainty do not allow for adjustable variables, some form of (linear) decision rule
should be substituted for yi(ζ) in order to apply them. Such an approach would thus
lead to constructing a conservative approximation of the conservative approximation
of (3.6) obtained by substituting the decision rules. Our approach, on the other hand,
can be applied to (3.5) directly, eliminating one of these layers of approximation.

In order to find a conservative approximation to (3.P), we first transform the
problem into an equivalent linear adjustable robust optimization problem.

Theorem 3.1. Let f : Rp → R be a closed convex function and let A : Rn → Rp×L
and b : Rn → Rp be affine functions. Let U ⊆ RL be a polyhedron as defined in (3.3).
Then, x ∈ Rn satisfies

f (A(x)ζ + b(x)) ≤ 0 ∀ζ ∈ U,
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if and only if it satisfies the following set of adjustable robust optimization constraints:

∀w ∈ dom (f∗) , ∃λ ∈ Rq :

{
d>λ+w>b(x)− f∗(w) ≤ 0

D>λ ≥ A(x)>w.

(3.7a)

(3.7b)

Proof. Because f is a closed convex function we have that

f(z) = f∗∗(z) = sup
w∈dom f∗

{
z>w − f∗(w)

}
.

Substituting this into (3.P) yields

∀ζ ∈ U : f (A(x)ζ + b(x)) ≤ 0

⇐⇒ ∀ζ ∈ U : sup
w∈dom f∗

{
(A(x)ζ + b(x))

>
w − f∗(w)

}
≤ 0

⇐⇒ sup
ζ∈U

{
sup

w∈dom f∗

{(
A(x)>w

)>
ζ + b(x)>w − f∗(w)

}}
≤ 0

⇐⇒ sup
w∈dom f∗

{
sup
ζ∈U

{(
A(x)>w

)>
ζ
}

+ b(x)>w − f∗(w)

}
≤ 0 (3.8)

⇐⇒ sup
w∈dom f∗

{
inf
λ∈Rq

{
d>λ |D>λ ≥ A(x)>w

}
+ b(x)>w − f∗(w)

}
≤ 0 (3.9)

⇐⇒ ∀w ∈ dom f∗, ∃λ ∈ Rq :

{
d>λ+ b(x)>w − f∗(w) ≤ 0

D>λ ≥ A(x)>w

where (3.8) and (3.9) are equivalent because of strong LP duality.

The equivalent formulation given in (3.7) can be interpreted as a set of linear
adjustable robust optimization constraints, because it states that for each value of w
there must exist a value λ that satisfies the constraints, that is, the value of λ can
depend on w. In the field of Robust Optimization such a variable λ is referred to as
an adjustable variable, as its value can be adjusted after the value of the uncertain
parameter w is revealed.

We note that a similar result holds if the nonnegativity constraint in U is omitted.
Then the inequality in (3.7b) becomes an equality constraint, which can be used to
eliminate some adjustable variables λ. Eliminating variables in this way is equivalent
to imposing linear decision rules for those variables (Zhen and Den Hertog, 2017,
Lemma 2). Moreover, we remark that Theorem 3.1 does not rely on A and b being
affine in x. For more general functions, however, the resulting problem (3.7) is not
linear, and thus much harder to solve.

In the subsequent section, we will discuss two approximations to (3.P) that are
both the result of using a linear decision rule for the adjustable variable λ. There are
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some results in the literature that discuss the optimality and approximation guaran-
tees of such linear decision rules (see, e.g., Bertsimas et al. (2010a), Bertsimas and
Goyal (2012), Iancu et al. (2013) and Simchi-Levi et al. (2019)). Unfortunately, all
these results discuss problems that have right-hand side uncertainty, that is, linear
adjustable robust optimization problems in which the coefficients of both the static
and adjustable variables are not subject to uncertainty. For the adjustable problem
(3.7) we consider, this means that both A(x) and b(x) should not depend on x. In
the context of the original constraint (3.P), this implies there is no decision variable
x. Hence, these results do not apply to any particular example of the problem we
consider.

The one result we know of that is applicable to our problem setting is the opti-
mality of linear decision rules for a simplex uncertainty set (Zhen et al., 2018). In
our setting, specifically, that means our approximation is tight whenever the domain
of f∗ is a simplex, i.e., when f is the maximum of its arguments.

3.2.2 Conservative Approximation

Since the equivalent formulation derived in Theorem 3.1 is a set of adjustable robust
linear constraints, conventional techniques for such problems can be applied. A com-
mon technique to obtain a computationally tractable conservative approximation to
adjustable robust constraints is limiting the adjustable variables to be linear decision
rules in the uncertain parameters (Ben-Tal et al., 2004). This results in the following
conservative approximation. The proof of Theorem 3.2 can be found in Appendix
3.B.

Theorem 3.2. If there exist u ∈ Rq and V ∈ Rq×p for a given x ∈ Rn such that

d>u+ f
(
b(x) + V >d

)
≤ 0 (3.10a)

f∞
(
Ai(x)− V >Di

)
≤D>i u i = 1, . . . , L, (3.10b)

holds, then x also satisfies (3.P).

In general, the tractability of the resulting problem (3.10) is dependent on the
original function f and f∞, where it is important to remark that f∞ is conically
representable by definition. Furthermore, we know for any f that is positively homo-
geneous, it holds that f∞ = f and thus (3.10) can be solved efficiently if and only if the
original nominal problem can be. For more information on positively homogeneous
functions and this identity, we refer to the discussion in Appendix 3.A. Sections 3.3.1
and 3.3.3 describe examples for which problem (3.10) can be solved about as efficiently
as the original nominal problem and f is not positively homogeneous.

Possible other techniques that can be used to solve or approximate the adjustable
robust linear formulation given in Theorem 3.1 include, but are not limited to, finite
adaptability, see e.g. (Bertsimas and Caramanis, 2007; Postek and Den Hertog, 2016),
Fourier-Motzkin elimination (Zhen et al., 2018) and nonlinear decision rules, done
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by (Ben-Tal et al., 2009; Bertsimas et al., 2011). Finite adaptability approaches are
mostly used to solve adjustable robust linear problems with mixed-integer recourse de-
cisions, while for problems with continuous recourse decisions, the approaches quickly
become large optimization problems before any effective partitions are found. Fourier-
Motzkin elimination is a complementary method that is often used to improve the
solutions from existing methods, and the method can be effective if the redundant
constraints from each elimination can be detected efficiently, e.g., when the uncer-
tainty only appears on the right-hand side. Unfortunately, this is not the case for
the adjustable problem we consider. Nonlinear decision rules are discussed and nu-
merically tested in Chapter 2 for a special case of (3.P), where f(·) is SOC or SDP
representable. The tractability of the conservative approximations depends on the
structure of the decision rules and dom(f∗). For instance, if dom(f∗) is a unit ball,
(partial) quadratic decision rules can be used, which produces tighter conservative
approximations than the ones from linear decision rules.

Alternatively, a tighter conservative approximation than the one described in The-
orem 3.2 can be found by lifting the nonlinearity of f∗(w) to the uncertainty set and
using a slightly more involved decision rule. Similar ideas for lifting a set have been
applied in an adaptive distributionally robust setting by Bertsimas et al. (2019b).
The resulting system of inequalities (3.11) is convex and includes 2q + qp + n vari-
ables compared to the original n in (3.P). The proof of Theorem 3.3 can be found in
Appendix 3.B.

Theorem 3.3. If there exist u ∈ Rq, V ∈ Rq×p and r ∈ Rq for a given x ∈ Rn such
that

d>u+
(
1 + d>r

)
f

(
V >d+ b(x)

1 + d>r

)
≤ 0 (3.11a)

1 + d>r ≥ 0 (3.11b)

−D>i u+
(
−D>i r

)
f

(
Ai(x)− V >Di

−D>i r

)
≤ 0 i = 1, . . . , L (3.11c)

−D>i r ≥ 0 i = 1, . . . , L, (3.11d)

holds, then x also satisfies (3.P). Here, Di and Ai(x) denote the i-th column of D
and A(x), respectively. Moreover, (3.11) is a tighter conservative approximation than
(3.10).

The tighter conservative approximation derived in Theorem 3.3 includes the per-
spective of the original constraint function f and its tractability is thus highly reliant
on the tractability of this perspective. A disadvantage of perspective functions is
that they can lead to numerical issues in practice (Jung et al., 2013). For conically
representable f , however, we know that the perspective is conically representable as
well, and hence these numerical issues can be circumvented by using this conic refor-
mulation. We refer to Appendix 3.C for the mathematical proof of this statement.
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It is important to note that there is no simple relation between the quality of
the two derived approximations. In fact, our two numerical experiments illustrate
two different extremes. In the first experiment we observe that the approximation in
Theorem 3.3 is close to perfect, while the approximation in Theorem 3.2 deteriorates
quickly as the number of uncertain parameters increases. In the other experiment,
however, the two approximations coincide.

3.2.3 Alternative Formulations

In Robust Optimization, robust counterparts of equivalent deterministic formulations
are not necessarily equivalent (Gorissen et al., 2015). In the same spirit, conservative
approximations obtained by our approach from equivalent uncertain formulations are
not necessarily equivalent. In this section, we explore alternative formulations to
the initial formulation of the problem and comment on the effects of using these
formulations on the quality of the obtained conservative approximation.

Our first observation is that making the constraint ‘more linear’, that is, trans-
forming it with a strictly increasing, concave function, can potentially result in a
tighter conservative approximation. The following theorem formalizes this idea.

Theorem 3.4. Let X denote the range of f and let g : X → R be concave, strictly
increasing and differentiable and such that g ◦ f is convex. Moreover, let g be such
that g′(0) = 1. Then applying Theorem 3.3 to

g (f (A(x)ζ + b(x))) ≤ g(0) ∀ζ ∈ U, (3.12)

yields a conservative approximation that is at least as tight as the approximation
obtained by applying Theorem 3.3 to (3.P).

Proof. Applying Theorem 3.3 to (3.P) yields

d>u+
(
1 + d>r

)
· f
(
V >d+ b(x)

1 + d>r

)
≤ 0 (3.13a)

1 + d>r ≥ 0 (3.13b)

−D>i u−D>i r · f
(
Ai(x)− V >Di

−D>i r

)
≤ 0 i = 1, . . . , L (3.13c)

−D>i r ≥ 0 i = 1, . . . , L, (3.13d)

as a conservative approximation. If, on the other hand, we apply Theorem 3.3 to
(3.12) we obtain the following conservative approximation:

d>u+
(
1 + d>r

) [
g

(
f

(
V >d+ b(x)

1 + d>r

))
− g(0)

]
≤ 0 (3.14a)

1 + d>r ≥ 0 (3.14b)
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−D>i u−D>i r ·
[
g

(
f

(
Ai(x)− V >Di

−D>i r

))
− g(0)

]
≤ 0 i = 1, . . . , L (3.14c)

−D>i r ≥ 0 i = 1, . . . , L, (3.14d)

Observe that (3.13a) is equivalent to

f

(
V >d+ b(x)

1 + d>r

)
≤ − d>u

1 + d>r
, (3.15)

and (3.14a) is equivalent to

f

(
V >d+ b(x)

1 + d>r

)
≤ g−1

(
g(0)− d>u

1 + d>r

)
. (3.16)

Therefore, (3.14a) leads to a tighter conservative approximation than (3.13a) if (3.15)
implies (3.16), that is, if

− d>u

1 + d>r
≤ g−1

(
g(0)− d>u

1 + d>r

)
⇐⇒ g

(
− d>u

1 + d>r

)
≤ g(0)− d>u

1 + d>r
.

From Taylor’s theorem and the fact that g is concave, we know that

g

(
− d>u

1 + d>r

)
≤ g(0) +

−d>u
1 + d>r

g′(0) = g(0) +
−d>u

1 + d>r
,

where we use that g′(0) = 1 in the last inequality. Similarly, we can prove that
(3.13c) implies (3.14c) and thus (3.14) is a tighter conservative approximation than
(3.13).

It is important to note that any concave, strictly increasing function g can be
scaled such that g′(0) = 1, without affecting the feasible region for x in (3.12). In
particular, this means that applying the natural logarithm or the square root to a
constraint yields an approximation that is at least as tight, given that the resulting
constraint is still convex. An example of this can be found in geometric programming
which can be convexly represented as an exponential sum or as the natural logarithm
of said sum. While the latter has become the more prevalent formulation recently, this
theorem shows that it is the reformulation to look at in a robust optimization setting.
This theorem thus shows that the latter formulation yields the tighter approximation.
More information on geometric programming can be found in Section 3.3.4.

Another example is found in comparing two versions of a norm-bounded constraint:

‖ · ‖p ≤ ρ versus ‖ · ‖pp ≤ ρp,

for some p ∈ [1,+∞). The former constraint is the more prevalent one, and is
fortunately also the one that yields the tighter conservative approximation. The
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theorem thus confirms the use of common formulations over other possible equivalent
formulations.

A last example is found in sum of squared maxima constraints, where taking the
square root does not destroy convexity. Specifically, if f is given by

f(v) =

p∑
j=1

max {vj , 0}2 ,

and g(x) = 2
√
x+ 1, Theorem 3.4 states that applying our approximations to g ◦ f

might yield tighter approximations.
Our next observation regards the treatment of constants in the constraint. More

specifically, we note that including a constant in the function definition leads to the
exact same conservative approximation as leaving it on the right-hand side does. In
other words, it can be shown that for any c ∈ R, applying Theorem 3.3 to

f (A(x)ζ + b(x)) ≤ c ∀ζ ∈ U,

leads to an equivalent conservative approximation as applying Theorem 3.3 to

f̃ (A(x)ζ + b(x)) ≤ 0 ∀ζ ∈ U,

where f̃ = f − c.

3.2.4 Progressive Approximation

As all sets of constraints described in Section 3.2.2 are conservative approximations
to our original constraint (3.P), they can yield suboptimal solutions. In particular,
we propose linear decision rules to solve (3.7), which is equivalent to (3.P), of which
we know they generally do not guarantee to solve adjustable robust optimization
problems to optimality (Ben-Tal et al., 2004). Moreover, as our adjustable formulation
(3.7) exhibits left-hand side uncertainty, that is, the uncertain parameter w directly
interacts with decision variables x, little is known with regard to the approximative
power of linear decision rules.

In this section, therefore, we focus on finding a good progressive approximation
to (3.P) such that we can gauge the quality of the conservative approximations we
propose. A simple method to obtain such approximation is to only require (3.P) to
hold for a finite subset of scenarios from the uncertainty set U . The approximation
is then given by

f
(
A(x)ζ(k) + b(x)

)
≤ 0 k = 1, . . . ,K, (3.17)

where
{
ζ(1), . . . , ζ(K)

}
⊆ U . We note that these constraints are exactly as com-

putationally tractable as the original constraint without uncertainty. In fact, be-
cause we assume a polyhedral set U and f is convex, (3.17) is equivalent to (3.P) if{
ζ(1), . . . , ζ(K)

}
contains all extreme points of U . Generally, U has prohibitively many
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extreme points though, and we must resort to some other way of finding scenarios
ζ(1), . . . , ζ(K).

We can apply the same reasoning as above to (3.7) to find an approximation:

∃{λ(k)}Kk=1 ⊆ Rq :

{
w

(k)
0 + b(x)>w(k) + d>λ(k) ≤ 0

D>λ(k) ≥ A(x)>w(k),

where

{(
w

(1)
0

w(1)

)
, . . . ,

(
w

(K)
0

w(K)

)}
⊂ W and λ(k) ∈ Rq is a non-adjustable variable.

Recall that

W =

{(
w0

w

)
: w0 + f∗(w) ≤ 0

}
,

which generally has infinitely many extreme points.
An approach to find a small and efficient set of scenarios for two-stage fixed-

recourse robust constraints is suggested by Hadjiyiannis et al. (2011). For any feasible

solution x̂ and linear decision rule λ̂ = û + V̂ w + r̂w0, we find scenarios that are
worst-case for the constraints in (3.7). We then hope that these scenarios are also
worst-case for the actual optimal solution x∗,λ∗ of (3.7). For our problem, this means
that we obtain scenarios(

w̄0

w̄

)
= argmax(w0 w)>∈W

{
d>
(
û+ V̂ w + r̂w0

)
+ b(x̂)>w + w0

}
,

as well as the worst-case scenarios from (3.7b). An extension proposed in Chapter 2
is to use these L+ 1 scenarios to also obtain scenarios ζ(1), . . . , ζ(L+1) by solving

ζ̄(k) = argmaxζ∈U

{
(A(x̂)ζ + b(x̂))

>
w̄(k)

}
.

We note that similarly to this approach, we can also obtain worst-case scenarios w̄
based on a linear decision rule solving (3.10). For more details, we refer to Hadjiyian-
nis et al. (2011) and Section 2.4.2.

3.3 Theoretical Applications

3.3.1 Quadratic Programming

In this section, we consider the general uncertain quadratic constraint given by

ζ>H(x)>H(x)ζ + h(x)>ζ ≤ g(x) ∀ζ ∈ U, (3.19)

where H : Rn → Rp×L, h : Rn → RL and g : Rn → R are affine functions and U
is a polyhedron as defined in (3.3). Because such a quadratic constraint can also be
represented as a conic quadratic constraint, our approach can potentially yield two
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different conservative approximations. The first approximation is found by defining
f : Rp+1 → R, A : Rn → R(p+1)×L and b : Rn → Rp+1 by:

f

(
z
z0

)
= z>z + z0, A (x) =

[
H(x)
h(x)>

]
, b(x) =

[
0

−g(x)

]
,

such that (3.19) is equivalent to

f (A(x)ζ + b(x)) ≤ 0 ∀ζ ∈ U.

Theorem 3.3 then gives the following conservative approximation for (3.19):

d>u+
(
1 + d>r

)
f

(
V >d

1+d>r
V >0 d

1+d>r

)
≤ g(x) (3.20a)

1 + d>r ≥ 0 (3.20b)

(
−D>i r

)
f

Hi(x)−V >Di
−D>i r

hi(x)−V >0 Di
−D>i r

 ≤D>i u i = 1, . . . , L (3.20c)

−D>i r ≥ 0 i = 1, . . . , L, (3.20d)

where u ∈ Rq, V ∈ Rq×p, V0 ∈ Rq and r ∈ Rq.
Alternatively, one can show that (3.19) is equivalent to:∥∥∥∥(1 + h(x)>ζ − g(x)

)
/2

H(x)ζ

∥∥∥∥
2

≤
(
1− h(x)>ζ + g(x)

)
/2 ∀ζ ∈ U.

Defining f̃ : Rp+2 → R, Ã : Rn → R(p+2)×L and b̃ : Rn → Rp+2 by

f̃

zẑ
z0

 =

∥∥∥∥∥∥
z
ẑ
z0

∥∥∥∥∥∥
2

+ z0, Ã(x) =

 1
2h(x)>
1
2h(x)>

H(x)

 , b̃(x) =

− 1+g(x)
2

1−g(x)
2
0

 ,
we can write this equivalently as

f̃
(
Ã(x)ζ + b̃(x)

)
≤ 0 ∀ζ ∈ U.

We note that f̃ is positively homogeneous and thus Theorem 3.2 and 3.3 yield the
same conservative approximation:

d>u+ d>V0 +

∥∥∥∥ V >d
d>r + (1− g(x)) /2

∥∥∥∥
2

≤ 1 + g(x)

2
(3.21a)

hi(x)

2
+

∥∥∥∥Hi(x)− V >Di
hi(x)

2 −D>i r

∥∥∥∥
2

≤D>i u+D>i V0 i = 1, . . . , L, (3.21b)
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where u ∈ Rq, V ∈ Rq×p, V0 ∈ Rq and r ∈ Rq.
The following result states that the two approximations above are equivalent, that

is, the original form of the constraint is irrelevant here, as the resulting approximation
from our approach has the exact same feasible region. We remark that this result
extends to constraints where H(x), h(x) and g(x) are not affine functions. The
approximation to such constraints is generally computationally intractable, however.
The proof of the following theorem can be found in 3.D.

Theorem 3.5. The conservative approximations (3.20) and (3.21) are equivalent,
that is, for any x ∈ Rn for which there exist u ∈ Rq, V ∈ Rq×p, V0 ∈ Rq and r ∈ Rq
that satisfy (3.20), there exist u ∈ Rq, V ∈ Rq×p, V0 ∈ Rq and r ∈ Rq that satisfy
(3.21) and vice versa.

3.3.2 Sum-of-Max Constraints

In this section, we consider constraints that are the sum of maxima of multiple argu-
ments. Constraints of this form are often used to penalize undesirable characteristics
of a solution. An example of this can be found in radiotherapy optimization, where
failing to deliver the prescribed dose of radiation to the target should be penalized
while exceeding the prescribed dose should not be (Shepard et al., 1999; De Boeck
et al., 2014). Mathematically this can be achieved by penalizing the maximum of the
difference between the prescribed dose and actual dose and zero.

We consider f : Rp → R to be given by

f(v) =

m∑
j=1

max
k∈Kj

{vk} , (3.22)

such that (3.P) is given by

m∑
j=1

max
k∈Kj

{Ak(x)ζ + bk(x)} ≤ 0 ∀ζ ∈ U, (3.23)

where Kj ⊆ {1, . . . , p}, for j = 1, . . . ,m and Ak(x) is the k-th row of A(x). Because
f is positively homogeneous, we know from Lemma 3.2 in Appendix 3.A that f∞ = f ,
and a conservative approximation for (3.23) is thus given by

d>u+ f
(
b(x) + V >d

)
≤ 0 (3.24a)

f
(
Ai(x)− V >Di

)
≤D>i u i = 1, . . . , L. (3.24b)

Traditionally, the robust counterpart of a sum-of-max constraint is reformulated
by introducing auxiliary adjustable variables yj to reformulate (3.23) (Ben-Tal et al.,
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2005; Gorissen and Den Hertog, 2013):

∀ζ ∈ U, ∃y ∈ Rm :


m∑
j=1

yj ≤ 0

Ak(x)ζ + bk(x) ≤ yj ∀k ∈ Kj , j = 1, . . . ,m.

(3.25a)

(3.25b)

If linear decision rules are used to solve (3.25), the resulting approximation coincides
with (3.24). For the proof of this statement we refer to Appendix 3.E. Ardestani-
Jaafari and Delage (2016) show that for box and budget uncertainty sets, linear deci-
sion rules are optimal in solving (3.25) under some additional assumptions regarding
the structure of A(x). By the equivalence to our approach for linear decision rules,
this means that linear decision rules in our approach are also optimal for box and
budget uncertainty sets under these additional assumptions.

For polyhedral uncertainty sets that are not a box or a budget uncertainty set or for
which the additional assumptions made by Ardestani-Jaafari and Delage (2016) are
not satisfied, linear decision rules are not necessarily optimal. In this case, using the
approach we suggest can be beneficial as it allows for other techniques from adjustable
robust optimization to be used, such as nonlinear decision rules or Fourier-Motzkin
elimination.

When considering sum-of-max constraints, we can in fact also apply our approach
for ellipsoidal uncertainty, without approximating the ellipsoidal uncertainty set by
a polyhedron. To accomplish this, we use the fact that f∗(w) = 0 on its domain
and that this domain is a simplex, and thus a polyhedron. This means we can apply
Theorem 3.1 twice to find an equivalent linear ARO problem. It turns out that, in
fact, this linear ARO problem is exactly (3.25) with the original ellipsoidal uncertainty
set.

The results in this section suggest that the techniques we propose to tackle hard
uncertain convex inequalities can coincide or generalize existing linearization tech-
niques involving adjustable variables. In particular, we find that for sum-of-max
constraints we obtain a reformulation that allows for more advanced adjustable ro-
bust optimization techniques to be used than just a simple linear decision rule. While
applying more advanced decision rules in (3.25) can be cumbersome due to U being
a general polyhedron, it is much easier in the adjustable formulation we obtain, as
there the uncertainty set is a cartesian product of simplices. Moreover, eliminating
an adjustable variable yj with Fourier-Motzkin elimination in (3.25) simply results in
enumerating all possible options with regard to the j-th maximum.

3.3.3 Sum of Squared Maxima

A more intricate version of a sum of maxima constraint is obtained by squaring the
maxima before summing them. This type of constraint or penalty function is partic-
ularly interesting for problems where heavily violating a single requirement is (much)
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more problematic than moderately violating a number of requirements. An example
of such a problem is a cancer treatment planning problem, where the homogeneity of
the dose administered to the target volume is an important consideration. For ease
of exposition, we focus on functions f : Rp → R of the form

f(v) =

p∑
j=1

max {vj , 0}2 ,

and note that we consider a non-zero right-hand side, γ, for this constraint, as f(v) ≥ 0
for all v. To apply our approximation method, we note that

f∞(v) =

{
0 if v ≤ 0

+∞ otherwise,

and

λf
(v
λ

)
=

1

λ
f(v),

that is, f is positively homogeneous of order 2. A conservative approximation of the
constraint is thus given by applying Theorem 3.2:

d>u+

p∑
j=1

max
{
bj(x) + V >j d, 0

}2 ≤ γ

D>i u ≥ 0 i = 1, . . . , L

Ai(x)− V >Di ≤ 0 i = 1, . . . , L.

A tighter conservative approximation can be found by applying Theorem 3.3. For
this particular choice of f , (3.11) can be reformulated to:

d>u+

p∑
j=1

y0
j ≤ γ∥∥∥∥ z0

j
1
2

(
1 + d>r − y0

j

)∥∥∥∥
2

≤ 1

2

(
1 + d>r + y0

j

)
j = 1, . . . , p

z0 ≥ 0

z0 ≥ b(x) + V >d

1 + d>r ≥ 0
p∑
j=1

yij ≤D>i u i = 1, . . . , L∥∥∥∥ zij
1
2

(
−D>i r − yij

)∥∥∥∥
2

≤ 1

2

(
−D>i r + yij

)
j = 1, . . . , p, i = 1, . . . , L
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zi ≥ 0 i = 1, . . . , L

zi ≥ Ai(x)− V >Di i = 1, . . . , L

−D>i r ≥ 0 i = 1, . . . , L,

where the auxiliary variables z0, zi ∈ Rp model the maximum of V >d+ b(x) and 0
and Ai(x) − V >Di and 0, for i = 1, . . . , L, respectively. Furthermore, the auxiliary

variables y0,yi ∈ Rp model
(z0
j )

2

1+d>r
and

(zij)
2

−D>i r
, respectively. We demonstrate the use

of the above conservative approximations with a numerical example in Section 3.5.2.

3.3.4 Geometric Programming

In general, a geometric programming constraint is given by (Boyd et al., 2007):

f(Cx+ c) ≤ 0, (3.28)

for some C ∈ Rp×n, c ∈ Rp, where f is the log-sum-exp function given by

f(z) = log (ez1 + · · ·+ ezp) .

Note that we choose this particular formulation of a geometric programming con-
straint as Theorem 3.4 shows that this results in a potentially tighter conservative
approximation than using simply the sum of exponential terms. In this chapter, we
focus on uncertainty in C. As the argument in (3.28) is affine in both C and x we
note that there exist affine mappings A : Rn → Rp×L and b : Rn → Rp such that the
robust counterpart of (3.28) is given by

f(A(x)ζ + b(x)) ≤ 0 ∀ζ ∈ U, (3.29)

where ζ contains all elements of C and thus L = p ·n and U is the polyhedron defined
in (3.3).

Recall that the conservative approximation resulting from Theorem 3.3 involves
the perspective of the log-sum-exp function. We know that a constraint modeled by
f can be represented as an exponential cone (Serrano, 2015), and problems including
such constraints can thus be solved efficiently. Recall that we show that any perspec-
tive of a conically representable function is conically representable with the same cone
in Appendix 3.C, and thus (3.11) can be solved efficiently.

Alternatively, we can use the conservative approximation as formulated in Theo-
rem 3.2. To this end we note that the recession function of f is given by:

f∞(y) = max {yi | i = 1, . . . , n} ,

and thus we find that

d>u+ f
(
V >d+ b(x)

)
≤ 0 (3.30a)
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max
k

{
Aki(x)− V >k Di

}
≤D>i u i = 1, . . . , L, (3.30b)

is a conservative approximation of (3.29), where Aki(x) is the element on the k-th
row and i-th column of A(x) and Vk is the k-th column of V . We note that (3.30b)
can easily be reformulated as linear constraints.

3.4 Extension to General Convex Uncertainty Sets

In this section, we consider (3.P) with a general convex uncertainty set that is given
by

U =
{
ζ ∈ RL+

∣∣ h`(ζ) ≤ 0 ` = 1, ..., q
}
, (3.31)

where h` : Rp → R is convex and closed. The assumption that U ⊆ RL+ is without
loss of generality because one can always lift the set U into RL+ by setting ζ = ζ+−ζ−
in (3.P), where ζ+, ζ− ∈ RL+, and incorporate the non-convex projection of Bertsimas
and Sim (2006) if U is norm-based.

In case the set U is conic quadratic representable, we can approximate the set U
by a polyhedron using the work by Ben-Tal and Nemirovski (2001b). After having
the polyhedral description, all techniques from the previous section can be applied.
We note that the polyhedral approximation is polynomial in the dimension of the
conic quadratic representation of the set, as well as 1

ε , where ε is the accuracy of
approximation. Furthermore, a large value of ε, and therefore a crude approximation
of the uncertainty set, is often acceptable as the uncertainty set is a modelers’ choice
and not a hard constraint. There is another option, which can also be applied for
sets that are not conic quadratic representable, and is outlined in the theorem below.
The proof of Theorem 3.6 can be found in Appendix 3.B.

Theorem 3.6. Let f : Rp → R be a closed convex function and let A : Rn → Rp×L
and b : Rn → Rp be affine functions. Let U ⊆ RL be a convex set as defined in (3.31)
and ri(U) 6= ∅. Then, x ∈ Rn satisfies

f (A(x)ζ + b(x)) ≤ 0 ∀ζ ∈ U,

if and only if it satisfies the following set of adjustable robust optimization constraints:

∀
(
w0

w

)
∈W, ∃λ ∈ Rq+, {u`}` ⊂ Rp :



q∑
`=1

λ`h
∗
`

(u`
λ`

)
+ b(x)>w + w0 ≤ 0

A(x)>w ≤
q∑
`=1

u`.

(3.32a)

(3.32b)

where the uncertainty set W is defined by

W =

{(
w0

w

)
∈ Rp+1

∣∣∣∣ w0 + f∗(w) ≤ 0

}
.
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The adjustable variables (λ, {u`}`) in (3.32) may appear in a nonlinear way, and
imposing linear decision rules would again lead to robust constraints with convex
uncertainties. In order to obtain the tractable conservative approximation of (3.32)
in Theorem 3.7, we treat the adjustable variables (λ, {u`}`) in (3.32) as static. The
proof of Theorem 3.7 can be found in Appendix 3.B.

Theorem 3.7. If there exist λ ∈ Rq+ and u` ∈ Rp, ` = 1, ..., q, for a given x ∈ Rn
such that

q∑
`=1

λ`h
∗
`

(
u`
λ`

)
+ f(b(x)) ≤ 0 (3.33a)

f∞(Ai(x)) ≤
q∑
`=1

ui` i = 1, . . . , L, (3.33b)

holds, then x also satisfies (3.P) with U ⊆ RL as defined in (3.31).

Here, we restrict the adjustable variable (λ, {u`}`) to be linear decision rule of w0

without static component, which yields

q∑
`=1

w0λ`h
∗
`

(
w0u`
w0λ`

)
+ b(x)>w + w0 ≤ 0 ∀

(
w0

w

)
∈W

=⇒ sup(
w0 w

)>
∈W

{
w0

q∑
`=1

λ`h
∗
`

(
u`
λ`

)
+ b(x)>w + w0

}
≤ 0

⇐⇒ sup(
w0 w

)>
∈W

{
b(x)>w +

(
1 +

q∑
`=1

λ`h
∗
`

(
u`
λ`

))
w0

}
≤ 0

⇐⇒

(
1 +

q∑
`=1

λ`h
∗
`

(
u`
λ`

))
f

 b(x)

1 +
∑q
`=1 λ`h

∗
`

(
u`
λ`

)
 ≤ 0

⇐⇒

 zf
(
b(x)
z

)
≤ 0

1 +
∑q
`=1 λ`h

∗
`

(
u`
λ`

)
≤ z,

where the last equivalence follows from the definition of the conjugate.
For a special case when f(·) is positively homogeneous, the set of constraints

in (3.33) is equivalent to

q∑
`=1

λ`h
∗
`

(
u`
λ`

)
+ f(b(x)) ≤ 0 (3.34a)

f(Ai(x)) ≤
q∑
`=1

ui` i = 1, ..., L. (3.34b)
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The obtained set of finite convex constraints (3.34) is in fact the tractable reformula-
tion of the following robust convex constraint

L∑
i=1

ζif (Ai(x)) + f (b(x)) ≤ 0 ∀ζ ∈ U,

which coincides with the conservative approximation of Bertsimas and Sim (2006) for
a robust convex constraint (3.P) where f(·) is positively homogeneous.

In summary, if the robust convex constraint (3.P) has non-polyhedral convex un-
certainty, we propose to impose static decision rules to adjustable variables in the ad-
justable robust nonlinear reformulation (3.32), and the obtained approximation (3.34)
coincides with that of Bertsimas and Sim (2006) if homogeneous f(·) is considered.
Since our approach does not require f(·) to be homogeneous in (3.P), our approach
generalizes the approach of Bertsimas and Sim (2006) to non-homogeneous functions.
For (3.P) with a polyhedral uncertainty set, we propose to impose linear decision
rules to adjustable variables in the adjustable robust linear reformulation (3.7), and
the obtained approximations (3.10) and (3.11) are tighter than the one from (3.33)
using static decision rules. In this case, our approximations via linear decision rules
are tighter than the ones from Bertsimas and Sim (2006). Additionally, our approach
allows for progressive approximation while their method does not. Note that this
progressive approximation as described in Section 3.2.4 works similarly for a general
convex uncertainty set. We also remark that in the case where the uncertainty set
consists of both linear and nonlinear constraints, the approaches can be combined,
that is, linear decision rules can be used for the adjustable variables corresponding to
the linear constraints while static rules are used for the other adjustable variables.

3.5 Numerical Results

3.5.1 Geometric Programming

For our first numerical experiment we test our approach on several randomly gener-
ated geometric programming instances, identically structured to the instances used
by Hsiung et al. (2008). In particular, this means we treat geometric programming
problems with a linear objective, and a number of two-term log-sum-exp inequality
constraints with uncertainty:

min
x

c>x

s.t. log

(
e

(
−1+B

(1)
i ζ

)>
x

+ e

(
−1+B

(2)
i ζ

)>
x
)
≤ 0 ∀ζ ∈ U, i = 1, . . . ,m, (3.35)

where c = 1 ∈ Rn is the all ones vector, and B
(1)
i , B

(2)
i ∈ Rn×L are randomly gener-

ated sparse matrices with sparsity density 0.1 whose nonzero elements are uniformly
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Approximation Error Computation Time (s)

Lower bound -0.00% 3.3
Theorem 3.3 0.02% 1.3
Theorem 3.2 1.44% 1.1

Table 3.1 – Approximation error with respect to the exact solution and
computation time for 20 randomly generated instances of type (3.35) with
n = m = 100 and L = 5.

distributed on the interval [0, 1]. The uncertainty set U is assumed to be a box, that
is,

U =
{
ζ ∈ RL

∣∣ ‖ζ‖∞ ≤ 1
}
. (3.36)

Note that since U is symmetric around 0, we can restrictB
(1)
i , B

(2)
i to be nonnegative.

We first consider a set of 20 small examples with n = m = 100 and L = 5. Since
L, the number of uncertain parameters, is small, (3.35) can be solved exactly by
enumerating the 2L vertices of U . For larger L, however, we need to resort to com-
paring our solutions’ objective value to the lower bound obtained by the progressive
approximation described in Section 3.2.4.

Table 3.1 lists the approximation error with respect to the exact solution and
computation time of the solutions to the conservative approximations resulting from
Theorem 3.2 and 3.3. Moreover, to evaluate the quality of the obtained lower bound,
we have included the approximation error with respect to the exact solution and
computation time of the proposed lower bound as well. We define the approximation
error (in percentage) with respect to a solution x∗ equally to (Hsiung et al., 2008):

100

(
ec
>x̂

ec>x∗
− 1

)
,

where x̂ is the solution to our approximation. In other words, we compare the ob-
jective value of different solutions to the robust geometric programming problem in
posynomial form. We note that the -0.00 we report for the lower bound means we are
unable to differentiate the objective value from the optimal objective value within a
reasonable numerical precision. We remark that the lower bound does not necessarily
yield a feasible solution to the original problem, but it serves us well in evaluating
the approximations in higher dimensions, where we are unable to obtain the exact
objective value.

Clearly, for instances of this size the lower bound is particularly good. Moreover,
it is an order of magnitude closer to the exact robust objective value compared to the
solutions we find using our conservative approximation. Therefore, we expect that
using the lower bound instead of the exact robust solution for larger instances has
hardly any effect on the approximation error we report.
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To analyze how our approach scales with more uncertain parameters, Figure 3.1
shows the average approximation error with respect to the lower bound and compu-
tation time of both approximations for several values of L over 20 random instances.
There is a clear difference between the two decision rules in approximation quality
and computation time. The more involved decision rule used in Theorem 3.3 performs
very well, having an approximation error below 0.5% for all sizes except L = 18. The
simple decision rule used in Theorem 3.2 performs quite a bit worse with an approx-
imation error between 1% and 5% at first, and quickly increases for larger values of
L. Both approximations are highly tractable, and their computation time increases
linearly with respect to the number of uncertain parameters L. We remark that no
results for L = 19 or L = 20 are included, as a large proportion of the randomly
generated instances of this size were infeasible. Note that not only the approxima-
tions we propose are infeasible, but the robust instances itself are as well. This can
be verified through noting that the optimization problem used to obtain the lower
bound is infeasible when enough scenarios are included. We note that Hsiung et al.
(2008) report approximation errors between 30% and 0.1% dependent on the quality
of approximation used, for L = 5 and n = m = 500.

Besides box uncertainty, we also consider a budget uncertainty set given by

U =
{
ζ ∈ RL

∣∣ ‖ζ‖∞ ≤ 1, ‖ζ‖1 ≤ Γ · L
}
. (3.37)

In this uncertainty set, the parameter Γ ∈ [0, 1] controls the level of uncertainty. It
can be interpreted as the maximum fraction of uncertain parameters that is allowed
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Figure 3.1 – Average results of solving approximations to (3.35) over twenty
randomly generated instances for a box uncertainty set (3.36). Results corre-
sponding to Theorem 3.2 are depicted by triangles and results corresponding
to Theorem 3.3 are shown as squares. The approximation error is reported
with respect to the lower bound obtained from the approach proposed by
Hadjiyiannis et al. (2011).
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to deviate maximally at the same time. Figure 3.2 depicts the numerical results for
a budget uncertainty set with Γ = 1

2 . We first note that for this budget uncertainty
set, all instances with L = 19 and L = 20 are feasible. The approximation error
follows a very similar trend to the one observed for box uncertainty in Figure 3.1 for
smaller L, but there is a clear difference for larger L, where the approximation error
for the budget uncertainty set is smaller. This causes us to suspect that the (extreme)
increase in approximation error that was observed for the box uncertainty is related to
the problems getting close to infeasibility for L ≥ 17. The computation time follows
a slightly more erratic pattern for the budget uncertainty set, and is slightly higher
than for the box uncertainty set, but is largely comparable in magnitude.

This example clearly illustrates that using the more involved approximation that
results from using a lifted decision rule in Theorem 3.3 can be very beneficial. For all
these uncertain geometric programming problems we find a solution very close to the
optimal solution using this approximation. Moreover, the required computation time
is very reasonable and not much higher than for the approximation from Theorem 3.2
that struggles to find high quality solutions in this experiment.

The solutions to the geometric programming problems have been obtained using
Julia with the JuMP interface (Dunning et al., 2017) and the Mosek solver for expo-
nential cones (MOSEK ApS, 2019). The experiments were conducted on a desktop
with 8 GB RAM and a 3.4 GHz Intel Core i7 processor.
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Figure 3.2 – Average results of solving approximations to (3.35) over twenty
randomly generated instances for a budget uncertainty set (3.37) with Γ = 1

2
.

Results corresponding to Theorem 3.2 are depicted by triangles and results
corresponding to Theorem 3.3 are shown as squares. The approximation er-
ror is reported with respect to the lower bound obtained from the approach
proposed by Hadjiyiannis et al. (2011).
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3.5.2 Radiotherapy Optimization

Our second numerical experiment concerns a specific problem from radiotherapy op-
timization: inverse treatment planning of beam-on times for 3D small animal radio-
therapy (Balvert et al., 2015). The core problem in treatment planning is ensuring a
sufficient dose γ of radiation to the planning target volume (PTV) while minimizing
the dose to the tissue around that target volume, also known as the organs at risk
(OAR). To this end, we are interested in minimizing a weighted combination of the
dose ‘shortage’ in the PTV and the dose delivered to the OAR. The decision vari-
ables in this problem are the locations and beam-on times for all beams used. In this
specific application, we assume the beam locations are given and we attempt to find
optimal beam-on times t.

It is customary in radiotherapy optimization to discretize each tissue structure
into voxels. Sets of these voxels are denoted by IPTV and Is for all s ∈ OAR,
respectively. The dose delivered to a tissue structure is then computed as the average
dose delivered to its voxels. Given these voxels, one can compute the dose rates from
all beams to all voxels, referred to as the matrix Γ. The i-th row of this matrix, Γi,
then corresponds to the dose rate of all beams to voxel i. We specifically consider the
following mathematical optimization problem:

min
t,τ

τ

s.t. wPTV
1

|IPTV |
∑

i∈IPTV

max
{
γ − Γ>i t, 0

}2

+ (1− wPTV )
∑

s∈OAR
ws

1

|Is|
∑
i∈Is

Γ>i t ≤ τ

t ≥ 0,

(3.38a)

(3.38b)

(3.38c)

which is a slight adaptation of the problem described by Balvert et al. (2015). Here,
wPTV and ws for all s ∈ OAR represent predefined weights. In particular, we choose
to use a squared penalty function for undelivered dose to the PTV, similar to Fredriks-
son (2013, Eq. 1). Irregardless of whether the regular or squared penalty function is
used, little research has been done on robust or uncertain versions of (3.38). An im-
portant reason for this is the general convex nature of constraint (3.38b), along with
the fact that a natural type of uncertainty in this problem is implementation error
(Van Dye et al., 2013; Van der Merwe et al., 2017), which always leads to constraints
that are convex in the uncertain parameters.

In this numerical example, we therefore focus on implementation error. In particu-
lar, we consider multiplicative implementation error, that is, we replace t by t◦(1 + ε),
where ◦ denotes the element-wise multiplication of two vectors, and ε is the uncertain
vector that models the implementation error. We note that, at least in this context,
additive implementation error of the form t + ∆t would make little sense, as this
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Maximum Implementation Error 1.00% 5.00% 10.00%
Approximation Error 1.13% 5.57% 10.91%

Table 3.2 – Approximation error of both approximation methods with respect
to the lower bound for Case 3 discussed by Balvert et al. (2015) for different
sizes of the uncertainty set.

would presume that there would also potentially be some implementation error if one
chooses not to use a certain beam (tb = 0).

We solve both approximations we derive in this work for Case 3 discussed by Balvert
et al. (2015). In this case, there are 6 different beam angles, that is, t ∈ R6, and the
PTV consists of 112,738 voxels, while the four organs at risk consist of 207,974,
2,261,739, 177,165 and 212,864 voxels. We consider box uncertainty for ε, with three
different maximum values: 0.01, 0.05 and 0.1. For all three, the solutions to the two
approximations coincide. Unfortunately, due to the size of the problem, we cannot
obtain the exact robust solution. We are, however, able to obtain lower bounds us-
ing the technique described in Section 3.2.4 and report the approximation error with
respect to that lower bound in Table 3.2. Furthermore, we find that the nominal solu-
tion performs 4.4% worse in the worst-case than the robust solution we find, which in
turn performs 4.9% worse than the nominal solution when no uncertainty is present.
It should be noted that the approximation resulting from Theorem 3.2 can be solved
in a matter of seconds, much like the model without uncertainty.

We note that although we treat a constraint with sum of squared maxima terms in
this numerical experiment, we unfortunately cannot use the results from Theorem 3.4
here to obtain a potentially tighter approximation. The cause of this are the linear
terms in the constraint, which lead to a non-convex constraint if we apply the square
root.

All results in this section have been obtained using Julia with the JuMP inter-
face (Dunning et al., 2017) and the Gurobi solver. The experiments were conducted
on a desktop with 8 GB RAM and a 3.4 GHz Intel Core i7 processor.

3.6 Conclusions

In Robust Optimization, finding a tractable reformulation of the robust counterpart
of the uncertain inequalities of interest is essential. While a systematic approach to
find such tractable reformulations already exists when the inequalities of interest are
concave in the uncertain parameters, no general results are available when they are
convex. This chapter fills that gap by providing a reformulation of such problems to
adjustable robust optimization problems.

These adjustable robust optimization problems can be approximated using static
decision rules for any convex uncertainty set. When the original uncertainty set is
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polyhedral, we use linear decision rules to obtain an improved approximation. We
show these approximations extend various techniques from the literature. Moreover,
we introduce a lifting that has great potential to improve the resulting approximation,
as illustrated in numerical experiments for uncertain geometric programming.
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Appendices

3.A Recession Functions

As discussed earlier, the recession function can be defined in multiple ways. In this
chapter, we mainly use it to concisely denote the support function of the domain of a
function’s conjugate. An advantage of the recession function besides concise notation
is the relative ease of computing a recession function. Let f1, . . . , fm be convex,
proper and lower semicontinuous functions. Then, the following composition rules for
recession functions are valid (Auslender and Teboulle, 2006, Proposition 2.6.1, 2.6.2):

1. Let f be defined by f(x) =
∑m
i=1 f

i(x). Then f∞(y) =
∑m
i=1 f

i
∞(y);

2. Let f be defined by f(x) = supi∈{1,...,m} f
i. Then f∞(y) = supi∈{1,...,m} f

i
∞(y).

Moreover, if g : Rm → R∪{+∞} is a proper convex function, A is a linear map from
Rn to Rm and ψ : (−∞, b) → R) for 0 ≤ b ≤ +∞ is convex and nondecreasing with
ψ∞(1) > 0 it holds that (Auslender and Teboulle, 2006, Proposition 2.6.3, 2.6.4):

3. Let f be defined by f(x) = g(Ax). Then f∞(y) = g∞(Ay);

4. Let f be defined by

f(x) =

{
ψ(g(x)) if x ∈ dom (g)

+∞ otherwise.

Then

f∞(y) =

{
ψ∞(f∞(y)) if y ∈ dom (f∞)

+∞ otherwise.

f(x) f∞(y)√
1 + x>Qx (Q � 0)

√
y>Qy

x>Qx+ q>x+ c (Q � 0)

{
q>y if Qy = 0

+∞ if Qy 6= 0

log
∑n
i=1 e

xi (n > 1) max {yi | i = 1, . . . , n}∑n
i=1

√
1 + x2

i ‖y‖2∑m
i=1 maxk∈Ki {xk}

∑m
i=1 maxk∈Ki {yk}

‖x‖2 ‖y‖2

Table 3.3 – Some examples of functions f with recession functions f∞.
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Using the above composition rules as well as the recession functions of some of-
ten encountered basic functions f , one can directly find the recession function of the
function of interest. An overview of some common recession functions is given in
Table 3.3. It should be noted that the recession function is always conically repre-
sentable, as its epigraph is the recession cone of the epigraph of f and thus is a cone
by definition (Rockafellar, 1970, p. 66). We additionally remark that for all positively
homogeneous functions of order one, or equivalently all functions such that f∗(y) = 0
on its domain, it holds that f∞(x) = f(x).

Lemma 3.1. Let f : Rn → R be a closed, convex function. It then holds that f is
positively homogeneous if and only if f∗(y) = 0 for all y ∈ dom (f∗).

Proof. ‘=⇒’: Assume f is positively homogeneous. Suppose ∃x∗ ∈ dom (f∗) such
that f∗(x∗) = α 6= 0. We first consider the case where α > 0. We know

α = sup
y∈Rn

{
y>x− f(y)

}
,

that is, there exists a sequence (yk)∞k=0 with yk ∈ Rn ∀k such that

lim
k→∞

{
y>k x− f(yk)

}
= α.

Now let λ > 0 and define the sequence (zk)∞k=0 by zk = λyk. Then

lim
k→∞

{
z>k x− f(zk)

}
= lim
k→∞

{
λy>k x− f(λyk)

}
= λ lim

k→∞

{
y>k x− f(yk)

}
= λα > α,

which is a contradiction with α being the supremum as defined by (3.A).
Now consider the case where α < 0. We know for sure that

α ≥ 0>x− f(0) = −f(0).

Let λ > 0. Then, because f is positively homogeneous, we know that

f(0) = f(λ · 0) = λf(0),

and thus f(0) = 0. This implies α ≥ 0, which is a contradiction.
‘⇐=’: Assume f∗(y) = 0 for all y ∈ dom (f∗). Because f is closed and convex we

know
f(x) = f∗∗(x) = sup

y∈dom(f∗)

{
y>x− f∗(x)

}
= sup
y∈dom(f∗)

{
y>x

}
.

Let λ > 0. We find

f(λx) = f∗∗(λx)
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= sup
y∈dom(f∗)

{
y> (λx)

}
= λ sup

y∈dom(f∗)

{
y>x

}
= λf∗∗(x) = f(x),

and thus we find that f is positively homogeneous.

Lemma 3.2. Let f : Rn → R be a closed, convex and positively homogeneous func-
tion. It then holds that f∞ = f .

Proof. We use definition (3.1) for the recession function to find:

f∞(x) = lim
λ↓0

λf
(x
λ

)
= lim

λ↓0
f (x)

= f(x),

because f is positively homogeneous.

3.B Proofs for Conservative Approximations

Proof of Theorem 3.2. We know from Theorem 3.1 that (3.P) is equivalent to (3.7).
Here, we restrict the adjustable variable λ to be a linear decision rule, that is,

λ = u+ V w.

Substituting this decision rule in the first constraint yields

d>λ+ b(x)>w − f∗(w) ≤ 0 ∀w ∈ dom f∗

=⇒ d>u+ sup
w∈dom f∗

{(
b(x) + V >d

)>
w − f∗(w)

}
≤ 0

⇐⇒ d>u+ f
(
b(x) + V >d

)
≤ 0,

where the last equivalence follows from the definition of the conjugate. For the second
constraint we find

D>i λ ≥ Ai(x)>w ∀w ∈ dom f∗, i = 1, . . . , L

=⇒ δ∗
(
Ai(x)− V >Di

∣∣ dom f∗
)
≤D>i u i = 1, . . . , L

⇐⇒ f∞
(
Ai(x)− V >Di

)
≤D>i u i = 1, . . . , L,

where the last equivalence follows from (3.2).
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Proof of Theorem 3.3. From Theorem 3.1 we know (3.P) is equivalent to (3.7). We
lift the nonlinear term f∗(w) to the uncertainty set, that is, we introduce an auxiliary
uncertain parameter w0 such that we find that (3.7) is equivalent to

∀
(
w0

w

)
∈W, ∃λ ∈ Rq :

{
d>λ+w>b(x) + w0 ≤ 0

D>λ ≥ A(x)>w,

(3.39a)

(3.39b)

where the new uncertainty set W is defined by

W =

{(
w0

w

)
∈ Rp+1

∣∣∣∣ w0 + f∗(w) ≤ 0

}
.

The support function of this new uncertainty set is essential for deriving a tractable
robust counterpart and is equal to:

δ∗
((

z0

z

) ∣∣∣∣W) = sup
(w0 w)>∈W

{
z0w0 + z>w

}
=


supw∈Rp

{
z>w − z0f

∗(w)
}

if z0 > 0
supw∈dom f∗

{
z>w

}
if z0 = 0

+∞ otherwise

=


z0 supw∈Rp

{
w> zz0 − f

∗(w)
}

if z0 > 0

f∞(z) if z0 = 0
+∞ otherwise

=

{
z0f

(
z
z0

)
if z0 ≥ 0

+∞ otherwise.
(3.40)

Now, we once again use a linear decision rule for λ of the form

λ = u+ V w + rw0, (3.41)

where u ∈ Rq, V ∈ Rq×p and r ∈ Rq, and thus we obtain a conservative approxima-
tion for (3.P). Substituting this decision rule in (3.39a) yields

d>λ+ b(x)>w + w0 ≤ 0 ∀
(
w0

w

)
∈W

=⇒ d> (u+ V w + rw0) + b(x)>w + w0 ≤ 0 ∀
(
w0

w

)
∈W

⇐⇒ d>u+

(
w0

w

)>(
1 + d>r

V >d+ b(x)

)
≤ 0 ∀

(
w0

w

)
∈W

⇐⇒ d>u+ δ∗
((

1 + d>r
V >d+ b(x)

)∣∣∣∣W) ≤ 0



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 82PDF page: 82PDF page: 82PDF page: 82

74 Chapter 3. Approximation of Hard Uncertain Constraints

⇐⇒

{
d>u+

(
1 + d>r

)>
f
(
V >d+b(x)

1+d>r

)
≤ 0

1 + d>r ≥ 0 ,
(3.42)

where the last equivalence holds because of the definition of the support of W in
(3.40). Note that (3.42) is exactly (3.11a). Similarly, substituting the linear decision
rule for λ in (3.39b) we find

D>i λ ≥ Ai(x)>w ∀
(
w0

w

)
∈W, i = 1, . . . , L

=⇒ −D>i u+

(
w0

w

)>( −D>i r
Ai(x)− V >Di

)
≤ 0 ∀

(
w0

w

)
∈W, i = 1, . . . , L

⇐⇒ −D>i u+ δ∗
((

−D>i r
Ai(x)− V >Di

)∣∣∣∣W) ≤ 0 i = 1, . . . , L

⇐⇒

{
−D>i u+

(
−D>i r

)
f
(
Ai(x)−V >Di
−D>i r

)
≤ 0

−D>i r ≥ 0
i = 1, . . . , L,

which is exactly (3.11b). Because the decision rule (3.41) is a more general decision
rule than the decision rule used in Theorem 3.2, which equals (3.41) for r = 0, it
follows that (3.11) is a tighter conservative approximation than (3.10).

Proof of Theorem 3.6. Because f is a closed convex function we have that

f(z) = f∗∗(z) = sup
w∈dom f∗

{
z>w − f∗(w)

}
.

Substituting this into (3.P) yields

∀ζ ∈ U : f (A(x)ζ + b(x)) ≤ 0

⇐⇒ ∀ζ ∈ U : sup
w∈dom f∗

{
(A(x)ζ + b(x))

>
w − f∗(w)

}
≤ 0

⇐⇒ sup
ζ∈U

{
sup

w∈dom f∗

{(
A(x)>w

)>
ζ + b(x)>w − f∗(w)

}}
≤ 0

⇐⇒ sup
(w0 w)>∈W

{
sup
ζ∈U

{(
A(x)>w

)>
ζ
}

+ b(x)>w + w0

}
≤ 0

(3.43)

⇐⇒ sup(
w0

w

)
∈W

 inf
λ∈Rq

+
{u`}`

{
q∑
`=1

λ`h
∗
`

(
u`
λ`

)
+ b(x)>w + w0 | A(x)>w ≤

q∑
`=1

u`

} ≤ 0

(3.44)
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⇐⇒ ∀
(
w0

w

)
∈W, ∃λ ∈ Rq+, {u`}` ⊂ Rp :

{∑q
`=1 λ`h

∗
`

(
u`
λ`

)
+ b(x)>w + w0 ≤ 0

A(x)>w ≤
∑q
`=1 u`

where (3.43) and (3.44) are equivalent because of strong duality for convex optimiza-
tion problems, which applies because ri(U) 6= ∅.

Proof of Theorem 3.7. We know from Theorem 3.6 that (3.P) is equivalent to (3.32).
Here, we restrict the adjustable variables (λ, {u`}`) to be a static decision rule, which
yields

q∑
`=1

λ`h
∗
`

(
u`
λ`

)
+ b(x)>w + w0 ≤ 0 ∀

(
w0

w

)
∈W

=⇒
q∑
`=1

λ`h
∗
`

(
u`
λ`

)
+ sup

(w0 w)>∈W

{
b(x)>w + w0

}
≤ 0

⇐⇒
q∑
`=1

λ`h
∗
`

(
u`
λ`

)
+ f (b(x)) ≤ 0,

where the last equivalence follows from the definition of the conjugate. For the second
constraint we find

Ai(x)>w ≤
q∑
`=1

ui` ∀w ∈ dom f∗, i = 1, . . . , L

=⇒ δ∗ (Ai(x) | dom f∗) ≤
q∑
`=1

ui` i = 1, . . . , L

⇐⇒ f∞ (Ai(x)) ≤
q∑
`=1

ui` i = 1, . . . , L,

where the last equivalence follows from (3.2).

3.C Proof of Conically Representable Perspective

We use the definition of conically representable from Serrano (2015), that is, a function
f : Rn → R is conically representable if its epigraph can be written as

Epi f = {(x, t) | f(x) ≤ t}
= {(x, t) | ∃u ∈ Rm, S(x,u, t) = 0, T (x,u, t) ∈ K} ,

where S : Rn ×Rm ×R→ Rk1 and T : Rn ×Rm ×R→ Rk2 are affine mappings and
K is a cone.
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Theorem 3.8. If f is conically representable, so is its perspective (fv).

Proof. Let S,T be the affine mappings that define the conic representation of f and
let K be the corresponding cone. Define Sper : Rn × Rm × R × R++ → Rk1 and
T per : Rn × Rm × R× R++ → Rk2 by

Sper (x,u, t, v) = vS

(
x

v
,
u

v
,
t

v

)
, T per (x,u, t, v) = vT

(
x

v
,
u

v
,
t

v

)
.

Clearly, Sper and T per are affine mappings. Moreover we find

Epi (fv) =
{

(x, v, t)
∣∣∣ vf (x

v

)
≤ t
}

=

{
(x, v, t)

∣∣∣∣ (xv , tv
)
∈ Epi f

}
=

{
(x, v, t)

∣∣∣∣ ∃u ∈ Rm, S
(
x

v
, u,

t

v

)
= 0, T

(
x

v
,u,

t

v

)
∈ K

}
=

{
(x, v, t)

∣∣∣∣ ∃u ∈ Rm, S
(
x

v
,
u

v
,
t

v

)
= 0, T

(
x

v
,
u

v
,
t

v

)
∈ K

}
= {(x, v, t) | ∃u ∈ Rm, Sper (x,u, t, v) = 0, T per (x,u, t, v) ∈ K} ,

which concludes the proof.

3.D Quadratic Optimization Proof

Proof of Theorem 3.5. Let x ∈ Rn be such that there exist u ∈ Rq, V ∈ Rq×p and
r ∈ Rq that satisfy (3.20). We claim choosing u∗ = 1

2 (u− r), V ∗0 = 1
2V0 and

r∗ = 1
2 (u+ V0 + r) means that (x,u∗,V ,V ∗0 , r

∗) satisfies (3.21). First suppose
1 + d>r > 0. Then we find from (3.20a):

d>u+
(
1 + d>r

) [ d>V V >d
(1 + d>r)

2 +
d>V0

1 + d>r

]
≤ g(x)

⇐⇒ d>u+ d>V0 +
d>V V >d

1 + d>r
≤ g(x)

⇐⇒ d>V V >d+
(
1 + d>r

) (
d> (u+ V0)− g(x)

)
≤ 0

⇐⇒ d>V V >d+

[
1

2

(
1 + d>r + d> (u+ V0)− g(x)

)]2

−
[

1

2

(
1 + d>r − d> (u+ V0) + g(x)

)]2

≤ 0

⇐⇒ d>V V >d+

[
1

2

(
1 + d>r + d> (u+ V0)− g(x)

)]2
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≤
[

1

2

(
1 + d>r − d> (u+ V0) + g(x)

)]2

⇐⇒
∥∥∥∥ V >d

1
2

(
d> (u+ V0) + d>r + 1− g(x)

)∥∥∥∥
2

≤ 1

2

(
d>r − d> (u+ V0)

)
+

1 + g(x)

2

(3.45)

⇐⇒ d>
(

1

2
(u+ V0 − r)

)
+

∥∥∥∥ V >d

d>
(

1
2 (u+ V0 + r)

)
+ 1−g(x)

2

∥∥∥∥
2

≤ 1 + g(x)

2

⇐⇒ d>u∗ + d>V ∗0 +

∥∥∥∥ V >d

d>r∗ + 1−g(x)
2

∥∥∥∥
2

≤ 1 + g(x)

2
,

where we use the fact that 1
2

(
1 + d>r − d> (u+ V0) + g(x)

)
> 0 for the equivalence

in (3.45). This can be seen directly from (3.20a) and the realization that d>V V >d ≥
0 because it is a square. Suppose, on the other hand, that 1 +d>r = 0. Then by our
definition of the perspective function (3.20a) is equivalent to

d>u+ f∞

(
V >d
V >0 d

)
≤ g(x) ⇐⇒

{
d>u+ d>V0 ≤ g(x)

V >d = 0.

Using this we find:

d>u∗ + d>V ∗0 +

∥∥∥∥ V >d

d>r∗ + 1−g(x)
2

∥∥∥∥
2

=
1

2
d> (u− r) +

1

2
d>V0 +

1

2
d> (u+ V0 + r) +

1− g(x)

2

= d>u+ d>V0 +
1− g(x)

2

≤ g(x) +
1− g(x)

2

=
1 + g(x)

2
.

We have thus shown that (x,u∗,V ,V ∗0 , r
∗) satisfies (3.21a).

Similarly, we can show for any i = 1, . . . , L that if −D>i r > 0 it holds that

(
−D>i r

) [(Hi(x)− V >Di

)> (
Hi(x)− V >Di

)(
−D>i r

)2 +
hi(x)−D>i V0

−D>i r

]
≤D>i u

⇐⇒
∥∥Hi(x)− V >Di

∥∥2

2

−D>i r
+ hi(x)−D>i u−D>i V0 ≤ 0

⇐⇒
∥∥Hi(x)− V >Di

∥∥2

2
+
(
−D>i r

) (
hi(x)−D>i u−D>i V0

)
≤ 0

⇐⇒
∥∥Hi(x)− V >Di

∥∥2

2
+

[
1

2

(
−D>i r + hi(x)−D>i u−D>i V0

)]2
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−
[

1

2

(
−D>i r − hi(x) +D>i u+D>i V0

)]2

≤ 0

⇐⇒
∥∥Hi(x)− V >Di

∥∥2

2
+

[
1

2

(
−D>i r + hi(x)−D>i u−D>i V0

)]2

≤
[

1

2

(
−D>i r − hi(x) +D>i u+D>i V0

)]2

⇐⇒
∥∥∥∥ Hi(x)− V >Di

1
2

(
−D>i u−D>i V0 −D>i r + hi(x)

)∥∥∥∥
2

≤ 1

2

(
D>i u+D>i V0 −D>i r

)
− 1

2
hi(x)

⇐⇒ hi(x)

2
+

∥∥∥∥ Hi(x)− V >Di
hi(x)

2 −D>i
(

1
2 (u+ V0 + r)

)∥∥∥∥
2

≤D>i
(

1

2
(u− r)

)
+D>i

(
1

2
V0

)
⇐⇒ hi(x)

2
+

∥∥∥∥ hi(x)
2 −D>i r∗

Hi(x)− V >Di

∥∥∥∥
2

≤D>i u∗ +D>i V
∗

0 .

Moreover, if −D>i r = 0, it holds that

f∞

(
Hi(x)− V >Di

hi(x)−D>i V0

)
≤D>i u ⇐⇒

{
hi(x)−D>i V0 ≤D>i u
Hi(x)− V >Di = 0,

from which it also follows that (x,u∗,V ,V ∗0 , r
∗) satisfies (3.21b).

Now, let x ∈ Rn such that there exist u∗ ∈ Rq, V ∈ Rq×p, V ∗0 ∈ Rq and
r∗ ∈ Rq that satisfy (3.21). We claim choosing u = u∗ + r∗ − V ∗0 , V0 = 2V ∗0 and
r = r∗ − u∗ − V ∗0 means that (x,u,V ,V0, r) satisfies (3.20).

First of all, note that we defined u, V0 and r exactly such that they are the inverse
of the equations used before for u∗, V ∗0 and r∗. As all steps in the derivation above
are two-way implications, it directly follows that (x,u,V ,V0, r) satisfies (3.20).

3.E Equivalence of Sum-of-Max Reformulations

Substituting linear decision rules of the form yi(ζ) = u + V ζ in (3.25), yields the
following robust counterpart:

d>z0 +
m∑
i=1

ui ≤ 0 (3.46a)

D>z0 ≥
m∑
i=1

V >i (3.46b)

d>zik − ui + bk(x) ≤ 0 ∀k ∈ Ki, i = 1, . . . ,m (3.46c)

D>zik ≥ Ak(x)> − V >i ∀k ∈ Ki, i = 1, . . . ,m (3.46d)

zik ≥ 0 ∀k ∈ Ki, i = 1, . . . ,m (3.46e)
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Equivalence of Sum-of-Max Reformulations 79

z0 ≥ 0. (3.46f)

Here, z0 ∈ Rq+ is the dual variable corresponding to the robust counterpart of (3.25a)
and zik ∈ Rq+ are the dual variables corresponding to the robust counterpart of (3.25b).
Moreover, Ak(x) is the k-th row of A(x) and Vi is the i-th row of V in this notation.

If we continue, on the other hand, from (3.10), with f defined by (3.22), and
introducing auxiliary variables zij for i = 1, . . . ,m, j = 0, . . . , L, to model the sum of
maxima, we obtain the following formulation:

d>u+
m∑
i=1

zi0 ≤ 0 (3.47a)

D>u ≥
m∑
i=1

zi (3.47b)

d>Vk − zi0 + bk(x) ≤ 0 ∀k ∈ Ki, i = 1, . . . ,m (3.47c)

D>Vk ≥ Ak(x)> − zi ∀k ∈ Ki, i = 1, . . . ,m. (3.47d)

Here, zi =
[
zi1 . . . ziL

]>
and Ak(x) is the k-th row of A(x), while Vk is the k-th

column of V .
Although the interpretation and naming of variables differs in the conservative

approximations (3.46) and (3.47), there is only one true difference. In (3.46) zik ∈ Rq
for all k ∈ Ki, i = 1, . . . ,m, while the corresponding variable V ∈ Rq×p does not
necessarily have the same dimension. The problems are thus only equivalent when all
Ki are pair-wise disjoint, such that

∑m
i=1 |Ki| = p. We can, without loss of generality,

formulate any sum-of-max constraint such that this holds, by appropriately defining
A(x) and b(x). This implies that the two approaches are in fact equivalent.
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CHAPTER 4

Beyond Local Optimality Conditions: The Case of
Convex Maximization

Abstract

In this chapter, we propose an algorithm to solve convex maxi-
mization problems. Such problems occur in robust optimization
when considering implementation error or when employing itera-
tive approaches to robust optimization problems. Specifically, when
cutting-set methods are used to solve robust optimization problems
that are convex in the uncertain parameters, each iteration requires
the maximization of that convex function over the uncertainty set.
We propose a biconvex reformulation for convex maximization prob-
lems and solve this reformulation with a two phase algorithm. First,
we find, or approximate, the furthest point in the feasible set from
the global minimizer. This is still a convex maximization problem,
but for ellipsoidal feasible sets it can be solved efficiently. For other
feasible sets, we elect to approximate the feasible set and continue
with the furthest point in this approximation instead. Then, in the
second phase, we use an alternating direction method initialized with
this value that converges to at least a local maximum. This local
maximum is a good candidate to be a global maximizer by virtue of
being an improvement over the furthest point, a good candidate in
its own right. The alternating direction method is highly tractable,
as it only requires maximizing a linear function over the feasible set
in each iteration. We demonstrate the performance of our algorithm
on randomly generated instances and instances from the literature.
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82 Chapter 4. Beyond Local Optimality Conditions

4.1 Introduction

4.1.1 Contributions

The aim of this chapter is to develop an algorithm for solving the following convex
maximization problem to global optimality:

max
x∈Rn

{f(x) | x ∈ X} , (4.P)

where f : Rn → R is a closed, convex and continuously differentiable function, and
X ⊆ Rn is a compact convex set. This is a nonconvex optimization problem which is
known to be NP-hard (Zwart, 1974). Convex maximization has many applications,
which we discuss in more detail in Section 4.1.2.

Traditionally, conditions under which a feasible solution x∗ of (4.P) is identified as
optimal are based on the body of knowledge in mathematics covered by Infinitesimal
Calculus (IC). Citing from (Bl̊asjö, 2015, p. 3): “The basic idea of the calculus is
to analyze functions by means of their behavior on a micro level [emphasis added]”.
Consequently, IC does not provide global optimality conditions for nonconvex prob-
lems such as (4.P). Thus, something new is needed to help identify x∗ as a global
maximizer, not coming from IC-based conditions such as Karash-Kuhn-Tucker op-
timality conditions (Kuhn, 1976). What we offer is an intuitvely appealing ‘global
optimality condition’ for (4.P):

“The global maximizer x∗ of problem (4.P) is the furthest feasible point
from x̄, the minimizer of problem (4.P)”

To use this condition, several steps must be performed. First, a distance measure
must be chosen in computing the furthest point from x̄. This is presented in detail
in Section 4.3. We elect to use the second-order Taylor approximation at the global
minimum, as it captures both the notion of difference as well as function specific char-
acteristics through the gradient and Hessian at the minimum. Second, the minimizer
of (4.P) must be computed. This, however, is a tractable problem of minimizing a
convex function over a convex set. Third, the furthest point, denoted by x̂, is not
taken as the actual maximizer of (4.P), rather it is used as a promising ‘starting
point’ in a second phase algorithm that converges to a local maximizer of (4.P). This
local maximum is indeed a good candidate to be a global maximum, since it improves
the objective function from the value at the furthest point, which is already a good
approximation of the true maximizer of (4.P). Table 4.3 in Section 4.6 provides a
good demonstration of this claim.

The phase 2 algorithm developed in Section 4.2 is based on converting (4.P) into an
equivalent biconvex optimiztion problem, and solving it with an alternating direction
method. This method only requires maximizing a linear function over the convex set
X, which is a great advantage in terms of computational tractability. In particular,
it means that when X is a polytope, the algorithm we propose can be applied to
problems of type (4.P) with integer valued variables as well.
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Phase 1 of our algorithm, in which the furthest point x̂ from the minimizer x̄ is
computed, reduces to the maximization of just a convex quadratic function. This is
still an NP-hard problem in general, but one that is the most studied convex maxi-
mization problem. In fact, for some feasible sets, this problem can be solved to global
optimality efficiently. In particular, for an ellipsoidal feasible set X, the problem of
finding the furthest point can be converted into an equivalent convex optimization
problem. This is known as hidden convexity (Ben-Tal and Teboulle, 1996), which is
discussed in more detail in (Ben-Tal and Den Hertog, 2014). For other feasible sets,
we exploit this hidden convexity property by approximating the feasible set X by
various ellipsoidal sets, see Section 4.4. In some specific cases, particularly when X is
a polytope, we also use a circumscribing box approximation (see Section 4.4.3). The
full algorithm MCF (Maximizing Convex Functions) we suggest is concisely described
in Section 4.5. Section 4.6 contains numerical experiments on various randomly gen-
erated instances as well as instances from the literature.

4.1.2 Related Literature

Convex maximization problems are found in many real-life applications. Cost mini-
mization problems with cost functions subject to economies of scale and binary linear
optimization problems can be formulated as convex maximization problems for exam-
ple (Zwart, 1974). There are also multiple examples of convex maximization problems
that can be found in machine learning, such as misclassification minimization and
feature selection (Mangasarian, 1996), as well as nonnegative and sparse principal
component analysis (Zass and Shashua, 2007).

Additionally, convex maximization problems naturally appear in the convex-concave
method that solves difference of convex functions (DC) optimization problems. This
method iteratively solves convex minimization and maximization problems (Lipp and
Boyd, 2016). DC optimization is used to solve a variety of problems in biology, se-
curity, machine learning and many other applications (Le Thi and Dinh, 2018). A
different field in which convex maximization problems appear naturally is that of Ro-
bust Optimization. Specifically, finding the worst-case scenario for a constraint that
is convex in the uncertain parameter is a convex maximization problem.

As convex maximization is NP-hard even in simple cases, there is much research
devoted to the approximation of convex maximization problems. Pardalos and Rosen
(1986) provide an overview of such traditional methods until the 1980s. Most such
methods use linear approximations to bound the objective function from below and
come with the disadvantage that the size of the subproblem that is to be solved each
iteration grows. The most commonly studied version of convex maximization is that
of quadratic maximization. To the best of our knowledge, essentially all methods
to solve quadratic maximization problems are based on either cutting plane tech-
niques, iterative numerical methods or decomposition of the feasible set (Audet et al.,
2005; Andrianova et al., 2016). More recently, techniques from robust optimization
have been used to approximate convex maximization problems (Selvi et al., 2020).
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In the context of DC optimization, Lipp and Boyd (2016) provide a comprehensive
overview of the developed convex maximization approaches. Such approaches often
rely on branch and bound or cutting plane methods, which are unable to handle large
problems in reasonable time.

The specific alternating direction method we use in phase 2 of our algorithm
is an example of a wide variety of alternating direction methods available to solve
optimization problems in the literature (see, e.g., Boyd et al. (2011); Jaggi (2011)).
For the constrained biconvex problem we obtain after reformulation of (4.P), global
convergence to a stationary point was established by Grippo and Sciandrone (2000)
when the objective function f is strictly convex. It can be shown that one of the steps
of this alternating direction method has a closed-form solution, which implies it is a
special case of the Frank-Wolfe, or conditional gradient method (Frank and Wolfe,
1956). Using this method has great advantages in terms of computational tractability,
as it only requires maximizing a linear objective over the original feasible set. Beck
(2017) provides an excellent overview of both the conditional gradient method and
alternating direction methods.

4.2 Phase 2: An Alternating Direction Method

To reformulate (4.P) into a biconvex optimization problem, we use the fact that, since
f is closed and convex, it holds that f = f∗∗. Recall that f∗ is the convex conjugate
of f , defined as

f∗(y) = sup
x∈dom f

{
y>x− f(x)

}
.

This means that (4.P) is equivalent to the following problem:

max
x∈X

sup
y∈dom f∗

{
y>x− f∗(y)

}
. (4.1)

Note that y>x − f∗(y) is concave separately in x and y, i.e., (4.P) is equivalent
to a biconvex optimization problem. Such a problem is commonly solved with an
alternating direction method such as the one in (Beck, 2017).

Algorithm 4.1 Alternating Direction Method

1: Input: Threshold ε, initial value x0

2: Initialization: Iteration counter k ← 0
3: repeat
4: Find optimal y: yk ∈ argmaxy∈dom f∗

{
y>xk − f∗(y)

}
5: Find optimal x: xk+1 ∈ argmaxx∈X

{
yk
>
x
}

6: Update iteration counter k ← k + 1
7: until ‖xk − xk−1‖ ≤ ε
8: return xk
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Step 4 in Algorithm 4.1 in which a new iterate yk is computed has a closed-form
solution (Bauschke et al., 2011).

Lemma 4.1. The optimization problem

max
y∈dom f∗

{
y>xk − f∗(y)

}
(4.2)

is solved by
yk = ∇f(xk).

Proof. Since y>xk−f∗(y) is a concave function, any point that satisfies its first-order
condition is a global maximum. We find

0 ∈ ∂

∂y

(
y>xk − f∗(y)

)
⇐⇒ xk ∈ ∂f∗(y),

which is equivalent to
xk ∈ ∂f∗(y) ⇐⇒ y = ∇f(xk).

This last equivalence follows from the fact that for any closed and convex function
y ∈ ∂f(x) ⇐⇒ x ∈ ∂f∗(y), and that f is continuously differentiable. This concludes
the proof.

This result means line 4 and 5 of Algorithm 4.1 can now be combined into

xk+1 ∈ argmaxx∈X
{
∇f(xk)>x

}
,

which implies the algorithm is a variant of the Frank-Wolfe algorithm for convex
optimization (Frank and Wolfe, 1956). Lemma 4.1 is not only useful for computational
purposes, it also allows us to show that the sequence of function values of the iterates
xk is increasing. We remark that this also follows from the definition of alternating
maximization method, as established by, for example, Grippo and Sciandrone (2000).

Lemma 4.2. For any k = 0, 1, . . ., it holds that

f(xk+1) ≥ f(xk).

Moreover, if f is strictly convex, it holds that

f(xk+1) > f(xk) ⇐⇒ xk+1 6= xk.

Proof. First of all, note that by the gradient inequality of a convex function:

f(xk+1)− f(xk) ≥ ∇f(xk)>(xk+1 − xk) = ∇f(xk)>xk+1 −∇f(xk)>xk. (4.3)

Recall that xk+1 is defined as

xk+1 = argmaxx∈X

{
yk
>
x− f∗(yk)

}
,
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and thus we find

∇f(xk)>xk+1 ≥ ∇f(xk)>xk.

This, together with (4.3), implies f(xk+1) ≥ f(xk).

Moreover, if f is strictly convex, the inequality in (4.3) is strict if and only if
xk+1 6= xk, which demonstrates the second part of the statement.

Additionally, we show that if the algorithm is stuck, i.e., xk+1 = xk, this solution
is a local maximum.

Lemma 4.3. Suppose the alternating direction method is stuck, that is, xk is the
unique solution to

max
x∈X

{
yk
>
x− f∗(yk)

}
. (4.4)

Then xk is a local maximum of (4.P).

Proof. First of all, note that by Lemma 4.1, we know that yk = ∇f(xk). Since xk is
the unique solution to (4.4), we know that

∇f(xk)>xk > ∇f(xk)>(xk + ε) ∀ε : xk + ε ∈ X
⇐⇒ ε>∇f(xk) < 0 ∀ε : xk + ε ∈ X.

Moreover, since f is continuously differentiable, this also means that

ε>∇f(xk + ε) < 0,

for sufficiently small ε such that xk + ε ∈ X. By the gradient inequality for convex
functions we find

f(xk) ≥ f(xk + ε)− ε>∇f(xk + ε) ⇐⇒ f(xk) > f(xk + ε),

for all ε sufficiently small and such that xk + ε ∈ X. Hence, xk is a local maximum
of (4.P).

These results allow us to prove that the alternating direction algorithm converges
to a local maximum of (4.P). This convergence is well established in the literature
for block coordinate methods, see, e.g., corollary 2 in (Grippo and Sciandrone, 2000).
The proof of Theorem 4.1 is based on the proof of theorem 14.3 in Beck (2017).

Theorem 4.1. Suppose the level sets of f are bounded, i.e., for any α ∈ R, the set
Lev(f, α) = {x ∈ Rn | f(x) ≤ α} is bounded. Moreover, suppose that f is bounded
on X, and (4.4) has a unique solution for all y ∈ dom f∗. Then, the alternating
direction method converges to a local maximum of (4.P).
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Proof. Given a starting point x0, let
{
xk
}
k≥0

be the sequence of solutions generated

by the alternating direction method. By Lemma 4.2, we know that f(xk+1) ≥ f(xk).
Therefore,

{
f(xk)

}
k≥0

is an increasing sequence that is bounded from above by as-

sumption, and hence is convergent. Denote its limit by f̄ = supk≥0 f(xk).

This implies that
{
xk
}
k≥0
⊆ Lev(f, f̄), and thus it is a bounded sequence. Let

x̄ be a limit point of
{
xk
}
k≥0

, i.e., the limit of a convergent subsequence
{
xkj
}
j≥0

.

Similarly, it follows that
{
xkj+1

}
j≥0

, by potentially passing to a subsequence, con-

verges to some vector v ∈ X. From the definition of the algorithm, we know that

∇f(xkj )>xkj+1 − f∗(∇f(xkj )) ≥ ∇f(xkj )>x− f∗(∇f(xkj )) ∀x ∈ X
⇐⇒ ∇f(xkj )>xkj+1 ≥ ∇f(xkj )>x ∀x ∈ X.

Taking the limit j →∞ and using that f is continuously differentiable, this means

∇f(x̄)>v ≥ ∇f(x̄)>x ∀x ∈ X.

Since
{
f(xkj )

}
j≥0

and
{
f(xkj+1)

}
j≥0

converge to the same value f̄ , it follows that

f(x̄) = f(v). Using the gradient inequality for convex functions we find

f(v)− f(x̄) ≥ ∇f(x̄)>(v − x̄) ⇐⇒ ∇f(x̄)>x̄ ≥ ∇f(x̄)>v,

which implies

∇f(x̄)>x̄ ≥ ∇f(x̄)>x ∀x ∈ X.

Therefore,

x̄ = argmaxx∈X
{
∇f(x̄)>x− f∗(∇f(x̄))

}
.

By Lemma 4.3 we thus know that x̄ is a local maximum of (4.P), which concludes
the proof.

When X is a polytope, the alternating direction method could be equipped with
an alternative stopping criterion not based on the threshold ε. Specifically, suppose
the feasible set is given by

X =
{
x ∈ Rn+

∣∣ Ax = b
}
,

for some A ∈ Rm×n and b ∈ Rm, m < n. The subproblem to determine the next
iterate of x, given by

max
x∈X

{
∇f(xk)>x

}
, (4.5)

is thus a linear program and only a minor perturbation from the linear program solved
in the previous iteration:

max
x∈X

{
∇f(xk−1)>x

}
. (4.6)
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We denote with the subscript B the elements of xk that are nonzero, i.e., that are
in the basis, and with the subscript N the nonbasic components. Similarly, we use
these subscripts for the corresponding components of ∇f(xk−1), and we denote the
matrices consisting of the columns of A that correspond to the basic and nonbasic
variables by B and N , respectively. Let r denote the reduced costs of (4.6), given by

r>N = ∇f(xk−1)>BB
−1N −∇f(xk−1)>.

Then, we know from linear optimization theory that the alternating direction method
is stuck, that is, xk is also a solution to (4.5), if the perturbation in the objective
coefficients, here given by ∇f(xk)−∇f(xk−1), satisfies

∇f(xk)N −∇f(xk−1)N ≤ rN

rN +
(
∇f(xk)−∇f(xk−1)

)>
B−1N ≥ 0.

Moreover, when rN > 0, we know that xk is the unique solution to (4.6), and there-
fore, by Lemma 4.3, we know that it is a local maximum.

4.3 Phase 1: Initialization

Because the alternating direction method is deterministic, the quality of the final
solution, i.e., the objective value of the local maximum this method converges to, is
fully dependent on the initialization of the algorithm. Throughout this section, we
discuss a variety of methods to initialize the algorithm. This initialization is generally
done by providing an initial starting point x0, which is the output of phase 1. An
alternative output of phase 1 is a direction y0, for example from the direction method
explained in Section 4.3.3, for which line 4 of the first iteration of alternating direction
should be skipped.

4.3.1 Distance

The main idea we use is based on the intuition that the global maximum of f over
X is likely to be far from x̄, the minimum of f . Figure 4.1 illustrates that idea
in a 1-dimensional setting. Of course, this intuition is not true in general (for the
moment, Figure 4.1 provides a counterexample), however it does generally provide
us with a reasonably good starting point. We also remark that this intuition is only
valid because the objective function is convex. The quality of this initial solution is
discussed in more detail in Section 4.6.1.

First, it is necessary to decide on a proper distance in talking about the “furthest
point”. It is tempting to simply use the Euclidean distance. We suggest, however, to
use a Hessian distance between a point x and the minimizer x̄:

d(x, x̄) = (x− x̄)>∇2f(x̄)(x− x̄).
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Figure 4.1 – Three 1-dimensional examples of convex functions with a dif-
ferent global minimum x̄. In two out of three examples the maximum over
X = [1, 4], x∗, is the furthest point in X from x̄ in terms of Euclidean dis-
tance.

This is appealing as it incorporates some information on the function that is to be
maximized. In fact, in the example shown in Figure 4.1c, described in detail below,
x∗, the maximizer of f , is the furthest point from x̄ in terms of this Hessian based
distance.

Example 4.1. Consider the example in Figure 4.1c, for which the objective function
f : R→ R is given by

f(x) =

{
1
2x

2 − 3x+ 5 if x ≤ 3
7
2x

2 − 21x+ 32 if x > 3,

and note that f is continuously differentiable. We consider the feasible set X = [1, 4],
from which it follows that the maximum of f over X is attained by x∗ = 4. The
minimum of f is attained by x̄ = 3, in which the Hessian of f is undefined. We do
know, however, that

∇2f(x) =

{
1 if x < 3

7 if x > 3,

and hence the Hessian based distance is given by

d(x, x̄) =

{
(x− x̄)2 if x < 3

7(x− x̄)2 if x > 3,

for which it is clear that it is maximized by x∗ = 4.

So far, we have implicitly assumed x̄ to refer to the minimum of f over its do-
main, in particular that ∇f(x̄) = 0. It is not guaranteed however, that f attains
the minimum over its domain. Therefore, we additionally consider the constrained
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90 Chapter 4. Beyond Local Optimality Conditions

minimum of f over X and also initialize the algorithm with the furthest point from
this constrained minimum. We discuss using the constrained minimum in more detail
in Section 4.3.4.

Besides the intuition outlined above, there is significant theoretical merit to the
idea of initializing the algorithm at the furthest point from the minimum point as
well. Indeed, for a strictly convex quadratic function f , the furthest point from the
global minimum in terms of the Hessian based distance is exactly the global maximum
of f .

Theorem 4.2. Let f be a strictly convex quadratic function, i.e.,

f(x) =
1

2
x>Ax+ b>x,

for some A ∈ Sn++, b ∈ Rn. Then the furthest point from x̄ in terms of d is the global
maximum of f over X:

argmaxx∈X f(x) = argmaxx∈X d(x, x̄).

Proof. Note that the unconstrained global minimum of f , x̄ is such that

∇f(x̄) = 0 ⇐⇒ Ax̄+ b = 0 ⇐⇒ x̄ = −A−1b.

Therefore, we find

d(x, x̄) = (x− x̄)>∇2f(x̄)(x− x̄)

= (x− x̄)>A(x− x̄)

= x>Ax− 2x>Ax̄+ x̄>Ax̄

= x>Ax+ 2x>AA−1b+ b>A−1>AA−1b

= 2f(x) + b>A−1>b,

that is, d is a scalar multiple of f plus a constant. Therefore, they are maximized by
the same x.

Similar to this result, it also follows that for general convex f maximizing this Hes-
sian based distance finds the maximum over X of the second-order Taylor expansion
of f in x̄.

Theorem 4.3. Assume the minimum of f over its domain is attained in a stationary
point x̄. Let tf2 (x; x̄) denote the second-order Taylor expansion of f at x̄ evaluated
in x. Then

argmaxx∈X d(x, x̄) = argmaxx∈X t
f
2 (x, x̄).
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Proof. Note that the second order Taylor expansion of f at x̄ is given by

tf2 (x; x̄) = f(x̄) + (x− x̄)>∇f(x̄) +
1

2
(x− x̄)>∇2f(x̄)(x− x̄)

= f(x̄) + (x− x̄)>∇f(x̄) +
1

2
d(x, x̄)

= f(x̄) + (x− x̄)>0 +
1

2
d(x, x̄)

= f(x̄) +
1

2
d(x, x̄),

where the second equality holds by the definition of d, while the third equality holds
by the first-order condition of x̄ being the minimum of f . This shows that tf2 is the
sum of a constant and a positive scalar multiple of d, and hence they are maximized
by the same vectors.

Inspired by this last result, we in fact suggest to maximize the second-order Taylor
expansion instead of the Hessian based distance d. When using the global minimum,
Theorem 4.3 shows that this is the exact same. For the constrained minimum, on
the other hand, this means there is an additional linear term in the Taylor expansion:
(x− x̄)>∇f(x̄). This term is guaranteed to be nonnegative due to the necessary and
sufficient conditions for x̄ to be the constrained minimum of the convex function f
over X, see Lemma 4.4 in Section 4.3.4. This means it is advantageous to maximize
the Taylor expansion at the constrained minimum.

We conclude this discussion on distance with a small example that illustrates
the potential benefit of using the second-order Taylor expansion over the Euclidean
distance.

Example 4.2. We consider a two-dimensional example with

f(x) = e(2x1−x2)2

+ x2
1 + x2

2 − 4x1 − 4x2,

and

X =
{
x ∈ R2

∣∣ 0 ≤ x1 ≤ 1,−2 ≤ x2 ≤ 3
}
,

which is problem (P3) from (Enhbat, 1996). First, we note that the gradient of f is
given by

∇f(x) = 2

[
2
−1

]
(2x1 − x2)e(2x1−x2)2

+ 2x−
[
4
4

]
.

Then, we find the minimum of f over X:

x̄ ≈
[
1.323
2.338

]
.
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92 Chapter 4. Beyond Local Optimality Conditions

Thus, based on the Euclidean distance, the starting point would be given by x0 =
[0 − 2]>, as it is the furthest from x̄. The alternating direction method would then
subsequently find

y0 =

[
8e4 − 4
−4e4 − 8

]
, x1 =

[
1
−2

]
, y1 =

[
16e16 − 2
−8e16 − 6

]
, x2 = x1,

which is the global optimum of f over X.
If, on the other hand, we use the second-order Taylor expansion, we first find that

∇2f(x̄) =

[
10 −4
−4 4

]
,

and from that find that

argmaxx∈X d(x, x̄) =

[
1
−2

]
,

which is the global maximum. Hence, when using the second-order Taylor expansion,
the initial starting point provided to the alternating direction method is already globally
optimal.

4.3.2 Finding the Furthest Point

While starting at the furthest point from the global minimum is intuitively very
appealing, it is not computationally tractable in general. In fact, one still has to
maximize a convex function over the original feasible set. The main difference with the
original problem, however, is that regardless of f we are now tasked with maximizing
a convex quadratic. We first discuss the case where the feasible set is an ellipsoid, for
which the problem reduces to a regular convex optimization problem due to hidden
convexity. Then we discuss how these results can be used to initialize the algorithm
for non-ellipsoidal feasible sets.

For now, let X be a full dimensional ellipsoid, i.e.,

X = {Qu+ q | ‖u‖2 ≤ 1} ,

for some Q ∈ Sn++ and q ∈ Rn. In this case, we wish to solve the problem

max
x

(x− x̄)>∇2f(x̄)(x− x̄) (4.7a)

s.t.
∥∥Q−1(x− q)

∥∥
2
≤ 1. (4.7b)

The optimal solution to this optimization problem can be obtained from solving a
convex optimization problem by using the approach by Ben-Tal and Den Hertog
(2014) if the matrices ∇2f(x̄) and Q−1Q−1 are simulatenously diagonalizable. Since
we assume Q to be positive definite, this is always the case, and thus (4.7) can be
solved efficiently.
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Specifically, let Q−1Q−1 = LL> be the Cholesky factorization of Q−1Q−1, and
define A = L−1∇2f(x̄)L−>. Then, compute the Schur decomposition U>AU =
diag(α) and set S = L−>U . Then, S diagonalizes both Q−1Q−1 and ∇2f(x̄), since
S>Q−1Q−1S = I and S>∇2f(x̄)S = diag(α). By using the one-to-one change of
variables x = Sz, and defining β = S>∇2f(x̄)x̄ and δ = −2S>Q−1q, problem (4.7)
is reduced to

min
z

∑
i

−1

2
αiz

2
i + βizi (4.8a)

s.t.
∑
i

z2
i + δizi ≤ 1. (4.8b)

Introducing auxiliary variables yi = 1
2z

2
i for i = 1, . . . , n and further relaxing this

equality constraint we end up with the following convex relaxation of (4.8):

min
z,y

−α>y + β>z (4.9a)

s.t. 2 · 1>y + δ>z ≤ 1 (4.9b)

1

2
z2
i − yi ≤ 0 i = 1, . . . , n. (4.9c)

An optimal solution (z∗,y∗) to (4.9) is an optimal solution to (4.8) if some regularity
conditions hold. Then problem (4.9) has a solution such that for all i it holds that
yi = 1

2z
2
i , i.e., this z∗ solves (4.8). Subsequently, an optimal solution to (4.7) is

obtained by applying the change of variables, i.e., x = Sz. We remark that the same
result holds when X is defined by a two-sided quadratic constraint:

α ≤ x>Ax+ b>x ≤ β.

For more details, we refer to (Ben-Tal and Den Hertog, 2014).

4.3.3 Computing the Furthest Feasible Point

When X is not an elllipsoid, finding the furthest point from x̄ is in general hard. In
such cases, we choose to approximate X and find the furthest point in this approxi-
mation. Specifically, we use ellipsoidal approximations and a circumscribing box that
are described in more detail in Section 4.4. Of course, using this approximation of
the furthest point as an initial value does not come with the attractive theoretical
properties described above. Therefore, next to using this approximate furthest point,
we propose two alternative methods that attempt to find initial values that lead the
algorithm to converge to the global maximum. For now, we assume we have some
approximation of X, denoted by X ′, for which we can find the furthest point from x̄
efficiently. This approximate furthest point will be denoted by x̂.
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94 Chapter 4. Beyond Local Optimality Conditions

Line Method

The first of the suggested initial values is found by constructing the line through
x̄ and x̂ and subsequently setting x0 to the furthest of the two intersection points
of this line and the boundary of X. This method will be referred to as the line
method throughout the rest of the chapter. When X is a polytope, these intersection
points can be found efficiently through closed-form formulas. For other feasible sets,
bisection can be used, given that the number of constraints is sufficiently small. For a
higher number of constraints, one can use the (actually optimal) procedure proposed
by (Gal et al., 1978; Ben-Tal and Nemirovski, 2001a).

Direction Method

The second alternative we propose is an initial value for y. Specifically, we suggest
starting with y0 = x̂− x̄ and skip the first half of the first iteration, that is, find

x1 ∈ argmaxx∈X
{

(x̂− x̄)>x
}
. (4.10)

This method will be referred to as the direction method throughout the rest of the
chapter. It is, in fact, guaranteed in this alternative start that x1 is farther from x̄
than the initial value obtained from the line method.

Strictly from a distance point of view, this would indicate that the direction
method should yield the best initial value. However, recall that for non-quadratic
objective functions, starting at the furthest point is no guarantee. Indeed, in numer-
ical experiments we find that using x̂ as x0 or using the initial values provided by
the line and direction methods can all lead to better final solutions than the others.
Therefore, from here on out, we always simply initialize the phase 2 algorithm with
all options to maximize the likelihood of finding the global maximum.

4.3.4 Furthest Point from the Constrained Minimum

So far, we have mainly considered initializing the algorithm as far as possible from
the unconstrained global minimum. This is not necessarily always the best approach,
however. Besides the fact that not all convex functions attain their minimum over
their domain, using the constrained minimum, i.e., the minimum of f over X can
yield a better final solution. This is illustrated in the following example.

Example 4.3. We consider maximizing a quadratic function over a polytope:

max
x∈R2

x>
[

5
4

5
6

5
6 1

]
x (4.11a)

s.t.
1

3
x1 + x2 ≤ 1 (4.11b)

1

4
x1 + x2 ≥

1

2
(4.11c)
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Figure 4.2 – Illustration of initalization based on an inner ellipsoidal ap-
proximation for the unconstrained and constrained minimum for (4.11) from
Example 4.3.

3

4
x1 +

2

3
x2 ≤ 1 (4.11d)

0 ≤ x1 ≤ 1. (4.11e)

Figure 4.2 shows the feasible region together with an ellipsoidal inner approxima-
tion. It also depicts the constrained and unconstrained minimum of f together with
the furthest points from them on the ellipsoid, the line connecting those two points and
the solution the phase 2 algorithm converges to after initialization. In this example,
initialization based on the constrained minimum of f does in fact lead to the algorithm
finding the global optimum, while using the unconstrained global minimum of f does
not.

We remark that for the constrained minimum, which we will denote by x̄c =
minx∈X f(x), the Hessian based distance is not equal to the second-order Taylor
expansion. It is true, however, that the second-order Taylor expansion is an upper
bound for this distance plus a constant. To see this, first recall the following result
from analysis (Boyd and Vandenberghe, 2004, p. 139).

Lemma 4.4.

x̄c ∈ argminx∈X f(x) ⇐⇒ ∇f(x̄c)
>(x− x̄c) ≥ 0 ∀x ∈ X.

Therefore, we find that

tf2 (x; x̄c) = f(x̄c) + (x− x̄c)>∇f(x̄c) +
1

2
(x− x̄c)>∇2f(x̄c)(x− x̄c)

= f(x̄c) + (x− x̄c)>∇f(x̄c) +
1

2
d(x, x̄c)
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≥ f(x̄c) +
1

2
d(x, x̄c),

where the second equality holds by the definition of d. We note that, by Lemma 4.4,
this reasoning only works for the constrained minimum x̄c. We suggest therefore, to
maximize the distance d shifted with this first-order term, i.e., the second-order Taylor
expansion for the constrained minimum instead. This still yields a quadratic for which
all methods discussed in this Section apply. We remark that for the values of x we are
interested in, that is, those far from x̄c, the quadratic term generally dominates the
expression. There is an additional advantage of using the constrained minimum that
originates in the use of the second-order Taylor expansion at the minimum. When the
minimum in the feasible set is used, the approximation quality of the second-order
Taylor expansion with respect to the original objective is generally better over the
feasible set.

4.3.5 Random Initialization

Since the alternating direction method used in the second phase of the algorithm
requires very little computation time, it is often possible to simply ‘try’ many differ-
ent initial values. We therefore also consider initializing the algorithm in a random
fashion. Specifically, we draw y0 uniformly from the surface of the n-dimensional
unit ball. Intuitively, this means we initialize our algorithm by maximizing over the
feasible set in a uniform, random direction. We emphasize that the randomness is
contained to the initialization of the algorithm, i.e., the alternating direction method
is executed based on a randomly generated starting point. For problem instances
whose global maximum is located in a narrow region of the feasible set, random ini-
tialization works particularly well, since converging to narrow regions of the feasible
set is very likely after random initialization. Example 4.4 in Section 4.4.3 is such an
example for which random initialization often finds the global maximum.

Of course, random initialization does not perform well for all instances. In par-
ticular, for larger instances the computation time needed to obtain a high quality
solution through random initialization grows significantly. This can be explained by
the fact that both the iterations in phase 2 of the algorithm take longer and a higher
number of initial values are needed to find the global maximum. This disadvantage
is investigated in more detail in Section 4.6.1. Furthermore, as is to be expected
with any random method, this initialization method is rather unpredictable. While
it seems to perform well in general, it fails to find even a reasonable solution for some
instances. Table 4.5 in Section 4.6.2 contains such an example.

4.4 Approximations of the Feasible Set

As discussed in Section 4.3, we suggest approximating the feasible set in phase 1 to find
the furthest point efficiently. We emphasize this approximation is only used in phase 1
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to obtain a tractable problem. In phase 2, the original feasible set is used. Specifically,
we discuss the maximum volume inscribed ellipsoid in Section 4.4.1 and inscribed and
circumscribing ellipsoids around the analytic center in Section 4.4.2. Additionally, we
discuss approximating the feasible set with a box in Section 4.4.3. This approximation
is particularly relevant for instances where ellipsoidal approximations poorly represent
the feasible set. Throughout this section, we also discuss the types of feasible sets to
which the approximations are especially suited. To underline this, we present results
on randomly generated instances for all these feasible set approximations, as well as
random initialization as discussed in Section 4.3.5.

4.4.1 Maximum Volume Inscribed Ellipsoid

The maximum volume inscribed ellipsoid is a well-known inner approximation of a
convex set that can be found by solving a convex optimization problem whenever that
set is a polytope or the intersection of ellipsoids. Specifically, when X is a polytope,
that is,

X =
{
x ∈ Rn

∣∣ a>i x ≤ bi i = 1, . . . ,m
}
,

for some ai ∈ Rn, bi ∈ R for i = 1, . . . ,m, the maximum volume inscribed ellipsoid
can be found by solving (Boyd and Vandenberghe, 2004):

min
Q,q

log detQ−1

s.t. ‖Qai‖2 + a>i q ≤ bi i = 1, . . . ,m.

Let (Q∗, q∗) denote the optimal solution of this optimization problem. The maximum
volume inscribed ellipsoid is then given by

E = {Q∗u+ q∗ | ‖u‖2 ≤ 1} .

Whenever X is the intersection of ellipsoids, i.e.,

X =
{
x ∈ Rn

∣∣ x>Aix+ 2b>i x+ ci ≤ 0 i = 1, . . . ,m
}
,

the maximum volume inscribed ellipsoid is found from the solution of (Boyd and
Vandenberghe, 2004):

min
Q,q,λ

log detQ−1

s.t.

−λi − ci + b>i A
−1
i bi 0 (q +A−1

i bi)
>

0 λiI Q
d+A−1

i bi Q A−1
i

 � 0 i = 1, . . . ,m.

The maximum volume inscribed ellipsoid, unfortunately, can be somewhat costly
to compute in higher dimensions as it requires solving a semidefinite program. Ad-
ditionally, it is limited to feasible sets with a specific structure. The maximum vol-
ume inscribed ellipsoid generally performs best on polytopes that are not particu-
larly ‘narrow’. This difference is most pronounced for exponential objectives rather
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Objective Value Computation Time (s)
Random MVIE AC Box Random MVIE AC Box

# 1 132.444 132.558 132.582 132.274 2.16 62.98 4.81 0.84
# 2 137.705 137.850 137.751 137.795 1.91 63.46 4.31 0.88
# 3 132.280 132.403 132.402 132.249 2.18 67.88 4.73 0.85
# 4 135.762 135.843 135.834 135.777 2.17 56.93 4.16 0.83
# 5 134.212 134.249 134.210 134.212 2.18 62.66 4.37 0.86

Table 4.1 – Objective values and computation times for five polytopic in-
stances with n = 100 and 2n constraints and an exponential objective for
the four different initialization methods: random, based on the maximum vol-
ume inscribed ellipsoid (MVIE), based on ellipsoids around the analytic center
(AC) and based on a bounding box. For each instance the best found objective
value is marked in bold.

than quadratic objectives. Table 4.1 lists the results for five of those instances with
n = 100. Specifically, we randomly generate polytopes in n dimensions with 2n
constraints by intersecting randomly generated halfspaces with the hyperrectangle
{x ∈ Rn : 0 ≤ x ≤ 1}. The 2n random halfspaces are generated by generating a vec-
tor sj ∈ Rn uniformly distributed on the surface of the hypersphere, and a scalar
rj ∈ R uniformly distributed from the interval

[
− 1

2‖sj‖1,
1
2‖sj‖1

]
. We then consider

the constraint s>j (x − 1
21) ≤ rj if rj > 0 and s>j (x − 1

21) ≥ rj if rj ≤ 0. This con-

struction ensures that the center of the hyperrectangle, 1
21, always remains feasible.

The objective function is given by

f(x) =
n∑
i=1

eαixi − β>x,

where α and β are drawn from a uniform distribution on [0, 1]n.

The objective values of the best solution found by each initialization approach
indeed indicates that the MVIE performs especially well for these instances. Its main
downside however, is also obvious from Table 4.1: the high computation time required
to find the MVIE. The ellipsoids around the analytic center, discussed in the next
section, find solutions that are close in quality in significantly less time. This is
especially useful in higher dimensions. Because of this observation, we elect to not
include the MVIE as an initialization approach in the MCF algorithm in Section 4.5.

4.4.2 Inscribed and Circumscribing Ellipsoids around the Analytic Center

Suppose X is a compact set defined by m convex inequalities, that is,

X = {x ∈ Rn | gi(x) ≤ 0 i = 1, . . . ,m} .
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Figure 4.3 – Illustration of the feasible region and approximating ellipsoids
for (4.11) from Example 4.3.

Then, the analytic center of X is defined as the minimum of the logarithmic barrier
function:

φ(x) = −
m∑
i=1

log−gi(x).

We will denote the analytic center by xac. Jarre (1994) shows that the ellipsoids
defined by

Ein =
{
xac + u

∣∣ u>∇2φ(xac)u ≤ 1
}
, (4.12)

Ecircum =

{
xac + (1 +

2√
m

)mu

∣∣∣∣ u>∇2φ(xac)u ≤ 1

}
, (4.13)

are an inscribed and circumscribing ellipsoid of X, respectively, whenever φ is self-
concordant. We remark that even though these ellipsoids only differ in radius and are
identical in shape, they do lead to different starting points and possibly to different
final solutions. We illustrate that in the following stylized example.

Example 4.3. (Continued.) Figure 4.3 shows the feasible region of (4.11), both Ein
and Ecircum, and the local and global maximum to which the algorithm converges after
initialization based on the inscribed and circumscribing ellipsoid, respectively. Inter-
estingly, after initialization based on the inscribed ellipsoid the algorithm converges
to a local, not global, optimum. After initialization based on the circumscribing ellip-
soid, however, the algorithm converges to the global optimum. This example indicates
therefore that there is merit to considering initial values based on both ellipsoids, even
though their shape is identical.

Since computing the analytic center is the computationally expensive part of these
approximations, we suggest initialization based on both the inscribed and circum-
scribing ellipsoids. Additionally, we note that the line method cannot always be
used together with the circumscribing ellipsoid, as the line through x̄ and x̂ does not
necessarily intersect X in that case.



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 108PDF page: 108PDF page: 108PDF page: 108

100 Chapter 4. Beyond Local Optimality Conditions

4.4.3 Bounding Box

For some instances, initialization based on approximating the feasible set with ellip-
soids fails to find the global maximum. We first present a pathological example that
illustrates the conditions under which this happens.

Example 4.4. We consider the two-dimensional example

max
x∈R2

1

2
x>x− b>x (4.14a)

s.t. x1 + 10x2 ≤ 10 (4.14b)

x ≥ 0, (4.14c)

for three different values of b ∈ R2. Note that the global minimum of this problem
is given by x̄ = b. Figure 4.4 shows the feasible region, the analytic center and the
inscribed and circumscribing ellipsoids around it, and a circumscribing box. It also
depicts all considered values of b and the furthest points from these global minima on
the approximations. We consider the following three different values for b:

b1 =

[
4.9
0.1

]
, b2 =

[
4.9
0

]
, b3 =

[
4.9
−0.2

]
,

such that the global minimum of the objective function is inside, on the boundary of
and outside of the feasible set, respectively. We remark that for all these values of b,

the optimal solution to (4.14) is x∗ =
[
10 0

]>
.

Because x1 is by far the most influential of the two variables on the distance to
the global minimum, the furthest points on the ellipsoids are the same for all values of
b we consider: the point on the ellipsoid with the smallest x1. Graphically, it seems
that initialization based on any ellipsoid will lead the MCF algorithm to converge to

x =
[
0 1

]>
. Indeed, for any method (line, direction or x̂, the algorithm converges

to this local maximum.
Interestingly, when the alternating direction method is initialized with a random

direction y0, it is reasonably likely to converge to the global maximum, as any y0 on

the arc from
[
0 − 1

]>
to
[
0.0995 0.995

]>
on the unit circle leads to x1 as the

global maximum.

This example has two key characteristics that causes initialization based on ellip-
soidal approximation to fail to find the global maximum. First, the global maximum
is located in a narrow area of the feasible set, at [10 0]>. Such a narrow region of
the feasible set is hard to approximate well using an ellipsoid. Second, the global
minimum of the objective is in some sense on the same side of the approximating
ellipsoids as the global maximum. Even though the global maximum is in fact the
furthest point from the global minimum in the feasible set, the ellipsoidal based ini-
tialization methods fail to converge to the global maximum as the furthest points
from the global minimum on those ellipsoids are nowhere near the global maximum.
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Figure 4.4 – The feasible set and approximating ellipsoids of (4.14) for three
different values of b.

Approximating the feasible set by a different shape than an ellipsoid can help
alleviate this issue. Specifically, we suggest constructing the smallest bounding box
by maximizing and minimizing in each elementary direction over the feasible set.
This is done by solving minx∈X xi and maxx∈X xi for i = 1, . . . , n. While this box
has exponentially many extreme points, 2n to be precise, finding the furthest point
from the global minimum in terms of Euclidean distance is easy: for each coordinate
simply choose either the minimum or maximum value based on which one’s difference
to the global minimum is larger. Then, for this furthest point the same ideas as for
ellipsoidal approximation can be employed: the line and direction methods as well as
simply initializing x0 with the furthest point.

Example 4.4. (Continued.) For the polytope considered in (4.14):

X =
{
x ∈ R2

∣∣ x ≥ 0, x1 + 10x2 ≤ 10
}
,

it is clear that the smallest bounding box as described above is given by

X ′ =
{
x ∈ R2

∣∣ 0 ≤ x1 ≤ 10, 0 ≤ x2 ≤ 1
}
.

Then, the furthest point in X ′ from the global minimum b is clearly given by [10 1]>

for all of b1, b2 and b3. For the first coordinate, for example, we find |10 − 4.9| >
|0−4.9| and therefore the first coordinate of the furthest point must be 10. Initialization
based on this furthest point ensures the algorithm converges to the global maximum.

A second setting in which the bounding box performs remarkably well is when
the feasible set is the intersection of ellipsoids. Depending on generation, such sets
can also be very narrow, which results in issues for the ellipsoidal approximations. In
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Objective Value Computation Time (s)
Random MVIE AC Box Random MVIE AC Box

# 1 563.58 509.65 509.65 563.58 12.94 2.74 2.70 0.72
# 2 1614.13 1545.08 1545.08 1545.08 17.44 2.76 3.27 1.02
# 3 447.29 312.92 422.90 447.29 62.55 6.04 5.49 3.56
# 4 1816.00 1816.00 1816.00 1816.00 11.72 1.97 2.23 0.58
# 5 1610.13 940.55 1610.13 1610.13 10.98 2.20 2.50 0.69

Table 4.2 – Objective values and computation times for five instances with
n = 100, a feasible set given by the intersection of ellipsoids and an exponential
objective for the four different initialization methods: random, based on the
maximum volume inscribed ellipsoid (MVIE), based on ellipsoids around the
analytic center (AC) and based on a bounding box. For each instance the best
found objective value is marked in bold.

Table 4.2 the results for five instances with a feasible set equal to the intersection of
3 ellipsoids are given. Specifically, the feasible set is given by

X =
{
x ∈ R100

∣∣ ∥∥L>i Li(x+ qi)
∥∥

2
≤ 1 i = 1, 2, 3

}
,

where Li ∈ Rn×n is drawn from a uniform distribution on [0, 1]n×n and qi ∈ Rn is
drawn uniformly from the surface of the unit ball in Rn. The objective function is
given by

f(x) =
n∑
i=1

eαixi − β>x,

where α and β are drawn from a uniform distribution on [0, 1]n. While random
initialization manages to find the best solution for all five instances it is rather costly
in terms of computation time. This is mainly caused by the high number of iterations
the phase 2 algorithm needs to converge. The box method, on the other hand, is
remarkably fast and also finds high quality solutions.

4.5 Full Algorithm

The complete algorithm we suggest using to solve the convex maximization problem
(4.P) is listed as Algorithm MCF. The structure of this algorithm follows the structure
we have outlined in the previous sections, i.e., it is a two phase approach. Depending
on the type of feasible set, different initialization options are used in phase 1 to
provide starting values for the alternating direction method in phase 2. Specifically,
for ellipsoidal feasible sets, no approximation is needed and thus initialization can be
limited to random and furthest from the global maximum. For all other feasible sets,
we consider three different initialization options: random, bounding box and analytic
center. Recall that we elect to not use the maximum volume inscribed ellipsoid as the

tel:00 1816.00 1816.00
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quality of solutions found by that approach is at most a minor improvement over the
analytic center approach, while the computation time required is significantly higher.

Algorithm 4.2 MCF

1: Input: Maximum time Tmax, number of random initializations NR, feasible set X, ob-
jective function f , gradient ∇f , Hessian ∇2f , global minimum x̄g, constrained minimum
x̄c, threshold ε

2: Initialization: Set initialization counter k ← 1, elapsed time T ← 0, set of candidate
solutions C = ∅

3: kmax ← 3
4: if X is an ellipsoid then
5: kmax ← kmax − 1
6: end if
7: if n > 100 then
8: Skip random initialization: k ← 2
9: end if

10: while k ≤ kmax and T ≤ Tmax do
11: Create empty initial value sets Ix ← ∅, Iy ← ∅
12: if k = 1 then
13: for i = 1, . . . , NR do
14: Generate random direction y ∼ U ([0, 1]n) and add to initial values: Iy ←
Iy ∪ {y}

15: end for
16: else
17: if X is an ellipsoid then
18: Set X ′ ← X
19: else
20: if k = 2 then
21: Set X ′ ← {x ∈ Rn | minx∈X xi ≤ xi ≤ maxx∈X xi i = 1, . . . , n}
22: else if k = 3 then
23: Set X ′ ← Ein . (4.12) in Section 4.4.2
24: Set X ′′ ← Ecircum . (4.13) in Section 4.4.2
25: end if
26: end if
27: for x̄ ∈ {x̄g, x̄c} do
28: Find the furthest point in X ′: x̂ ∈ argmaxx∈X′ d(x, x̄)
29: if X ′ ⊆ X or x̄ = x̄c then
30: Find the intersections of the line through x̄ and x̂ with the boundary of

X and denote by x′ the furthest of these from x̄ . Section 4.3.3
31: Include x′ as initial value: Ix ← Ix ∪ {x′}
32: end if
33: Update sets with initial values: Ix ← Ix ∪ {x̂} and Iy ← Iy ∪ {x̂− x̄}
34: end for
35: if k = 3 then
36: Repeat the above procedure on lines 25 - 32 for X ′′
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Algorithm 4.2 MCF (Continued)

37: end if
38: end if
39: for y0 ∈ Iy do
40: Find x1 ∈ argmaxx∈X x

>y0

41: Add x1 to initial values: Ix ← Ix ∪ {x1}
42: end for
43: for x0 ∈ Ix do
44: Use Alternating Direction to find x∗ with initial value x0 and threshold ε

. Algorithm 4.1 in Section 4.2
45: Update candidate solutions: C ← C ∪ {x∗}
46: end for
47: Increment initialization counter k ← k + 1
48: Update T to the elapsed time since initialization
49: end while
50: return Best solution x∗ ∈ argmaxx∈C f(x)

Given an initialization option, the algorithm adds a number of initial values for x0

and y0 to the sets Ix and Iy, respectively. For random initialization, this is limited
to uniform random values of y0. For the other initialization options, on the other
hand, the furthest point x̂ on the approximate feasible set X ′ from both the global
and constrained minimum is determined. This furthest point x̂ is added to Ix and
the direction from the minimum to the furthest point, i.e., x̂ − x̄ is added to Iy.
Additionally, if X ′ is an inner approximation of X or the constrained minimum is
considered, the line method is employed to obtain an extra initial value for x0. In
the second phase of the algorithm, the alternating direction method is used to find
locally optimal solutions based on all obtained initial values.

4.6 Numerical Results

In this section we discuss the results from running our MCF algorithm on selected
instances from the literature and a set of randomly generated instances. For all
those instances we report the best objective value found for the three considered
initialization methods separately, i.e., when initializing the algorithm randomly, based
on the ellipsoids around the analytic center and based on the bounding box, all for
the unconstrained an constrained minimum of f . Specifically, for initialization based
on the analytic center, this means the reported objective value is the best of ten
objective values: for both the unconstrained and constrained minimum of f , the line,
direction and x̂ methods for the inscribed ellipsoid and the direction and x̂ methods
for the circumscribing ellipsoid. Note that we do not use the line method with the
circumscribing ellipsoid, as the line in question is not guaranteed to intersect with the
feasible set, and in our experience it rarely does in higher dimensions. Similarly, the
reported objective value for the bounding box is the best of four objective values: for
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both the unconstrained and constrained minimum of f , the direction and x̂ methods.
We remark that the MCF algorithm we propose in Section 4.5 yields only a single
final solution, which corresponds to the best of the three objective values we report
throughout this section. All numerical results are conducted on a desktop with 16
GB RAM and a 3.6 GHz AMD Ryzen 5 processor.

4.6.1 Algorithm Performance

First we discuss, for a small number of random instances, the behavior of the different
phase 1 approaches as well as the alternating direction algorithm used in phase 2 of
the algorithm. We consider 5 instances with n = 25, a polytope as feasible set and
an exponential objective. Specifically, the objective function is given by

f(x) =

n∑
i=1

eαixi − β>x,

where α and β are drawn from a uniform distribution on [0, 1]n. The feasible set
is constructed by randomly generating 2n constraints by intersecting randomly gen-
erated halfspaces with the hyperrectangle {x ∈ Rn : 0 ≤ x ≤ 1}. The 2n random
halfspaces are generated by generating a vector sj ∈ Rn uniformly distributed on the
surface of the hypersphere, and a scalar rj ∈ R uniformly distributed from the inter-
val

[
− 1

2‖sj‖1,
1
2‖sj‖1

]
. We then consider the constraint s>j (x − 1

21) ≤ rj if rj > 0

and s>j (x − 1
21) ≥ rj if rj ≤ 0. This construction ensures that the center of the

hyperrectangle, 1
21, always remains feasible.

For each instance we report the average objective function value of the initial start-
ing point found in phase 1 by all three initialization methods in Table 4.3. Specifically,
for the analytic center and bounding box methods this average is over the initial val-
ues found by the line and direction methods as well as x̂ for both the constrained
and unconstrained minimum, while for random initialization this is simply the aver-
age over 100 random extreme points as described in Section 4.3.5. Additionally, we

Initial Objective # Iterations Final Objective
n Random AC Box Random AC Box Random AC Box

# 1 25 27.89 32.20 29.98 2.7 1.5 1.8 33.32 33.32 33.32
# 2 25 29.09 33.58 30.95 4.2 2.4 3.4 35.02 35.02 35.01
# 3 25 29.43 32.59 30.20 3.7 2.2 2.0 33.98 33.97 33.98
# 4 25 30.24 34.96 31.61 3.9 2.2 2.6 36.54 36.54 35.51
# 5 25 26.01 28.73 27.74 4.0 1.6 2.4 29.79 29.79 29.79

Table 4.3 – The average initial objective value after phase 1, the number of
iterations in phase 2 and the best found final objective for five instances with
polytopic feasible sets with 2n constraints and an exponential objective listed
separately for all three initialization methods.
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Figure 4.5 – Total computation time in seconds for instances with polytopic
feasible sets with 2n constraints in different dimensions for random initializa-
tion with 100 runs.

report the average number of iterations it took the alternating direction method to
converge to a local maximum from that initial value in phase 2 as well as the objective
value of the best found local maximum.

The results in Table 4.3 illustrate the value of using the furthest point as well as the
Hessian based distance. Indeed, the initial objective values reported for the analytic
center approach are reasonably close to the final objective values found. The box
approach also clearly yields better initial solutions than the random approach, though
significantly worse initial solutions than the analytic center approach. Nevertheless,
all methods converge to (almost) identical final solutions. We suspect the lower quality
of the initial box solutions is caused by the box approach having to use the Euclidean
distance instead of the Hessian based distance for tractability reasons. This once again
underlines the importance of choosing the appropriate distance measure. Related to
the initial objective values is the number of iterations needed. Mostly, we observe
the trend that a better initial solution means less iterations are needed to converge
in phase 2. Indeed, the analytic center method, which has the best initial solutions
by far, only needs 2 or 3 iterations to converge, while random initialization requires
a few extra.

Important is to note that while random initialization does well in relatively low
dimensions, it does not scale particularly well. This can be explained by considering
the reasons why random initialization both finds high quality solutions and does
not require much computation time. Through initializing y0 by random sampling
from the unit ball, one essentially starts at a random extreme point of the feasible
set. Then, in phase 2 of the algorithm, one obtains in some sense the ‘closest’ local
optimum. In small and medium sized problems, maximizing a linear function over the
feasible set requires very little computation time, and thus one can use enough random
initial values to essentially guarantee finding the global maximum. As one moves to
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Objective Value Computation Time (s)
Selvi et al. MCF Algorithm MCF Algorithm

n m (2020) Random AC Box Random AC Box

# 1 20 10 394.751 394.751 248.712 394.751 0.45 1.08 0.07
# 2 20 10 884.751 884.751 738.712 884.751 0.43 1.06 0.08
# 3 10 15 4,674.7 4,674.7 4,674.7 4,674.7 0.40 0.99 0.04
# 4 50 62 175,710 175,706 175,706 175,706 0.43 1.48 0.16
# 5 100 130 692,610.0 692,613 692,613 692,613 0.61 2.10 0.37
# 6 200 240 6,020,800 6,020,787 6,020,787 6,020,787 0.75 3.43 0.94
# 7 240 280 1,855,700 1,855,740 1,855,740 1,855,740 0.95 3.88 1.26

Table 4.4 – Objective values and computation times for the instances from
section 4.3 of (Selvi et al., 2020) with a polytope as feasible set with n variables
and m constraints for the three different initialization methods: random, based
on ellipsoids around the analytic center (AC) and based on a bounding box.

larger problems, however, two things change. First, the number of extreme points can
increase exponentially, and the number of local optima increases accordingly. Hence,
many more initial values are required to ensure finding globally optimal, or even high
quality solutions. Second, depending on the complexity of the feasible set, solving
the optimization problem in each iteration requires an increasing amount of time. In
some sense, therefore, random initialization scales exceptionally badly in the number
of dimensions of the problem. Figure 4.5 illustrates this increase by plotting the
computation time for polytopic instances of dimensions n = 100 through n = 1000
for both random initialization and initialization based on the analytic center.

The performance of the algorithm on a large set of randomly generated instances is
depicted in Tables 4.8 through 4.10 in Appendix 4.A. Table 4.7 provides an overview
of the type of objective and feasible set for all instances in those tables. In general,
we see very similar performance to what is presented above in Table 4.3. The four
suggested initialization methods all find relatively comparable solutions and mostly
differ in terms of computation time. As the computation time for random, analytic
center and box initialization is fairly low, this underlines our decision to simply use
the best solution found in phase 1.

4.6.2 Quadratic Maximization

We focus on convex quadratic maximization with polytopic feasibility. First, we
consider the 7 instances solved in section 4.3 of Selvi et al. (2020), whose method is
restricted to polytopes. Table 4.4 list the objective value for the various initialization
methods we propose as well as the upper and lower bounds reported by Selvi et al.
(2020).

For the first two instances we find solutions whose objective value is significantly
below the objective value reported by Selvi et al. (2020) for analytic center based
initialization. These instances have the same feasible region, and its shape does
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Objective Value Computation Time (s)
Enhbat MCF Algorithm

n (1996) Random AC Box Random AC Box

P10 3 721.4 721.4 721.4 721.4 0.21 1.53 0.02
P10 10 83712 81339 83712 83712 0.20 1.61 0.04
P10 30 6440531 5456454 6440531 6440531 0.21 1.92 0.08
P10 60 101506747 72378785 101506747 101506747 0.22 2.49 0.15
P10 80 319560716 208178879 319560716 319560716 0.22 2.65 0.20
P10 100 778330545 514010719 778330545 778330545 0.23 2.98 0.25
P10 150 3927744505 2517210100 3927744505 3927744505 0.24 3.77 0.39

P12 2 45.5 45.5 45.5 45.5 0.23 1.51 0.02
P12 5 3604 3604.25 3604.25 3604.25 0.33 1.52 0.02
P12 10 109333.5 109333.5 109333.5 109333.5 0.34 1.66 0.03
P12 30 25766625.5 25766625.5 25766625.5 25766625.5 0.32 1.89 0.08
P12 40 108196334 108196334 108196334 108196334 0.33 2.10 0.10
P12 70 1767930209 1767930209 1767930209 1767930209 0.35 2.54 0.18
P12 80 3444342668 3444342668 3444342668 3444342668 0.33 2.66 0.20
P12 90 6203290501 6203290501 6203290501 6203290501 0.34 2.85 0.23
P12 99 9986343609 9986343609 9986343609 9986343609 0.35 2.98 0.25

Table 4.5 – Objective values and computation times for P10 and P12 from
(Enhbat, 1996) in different dimensions n with 2n constraints for the three dif-
ferent initialization methods: random, based on ellipsoids around the analytic
center (AC) and based on a bounding box.

not naturally lend itself to approximation by an ellipsoid, which explains the poor
performance. Observe that both random initialization and initialization based on the
bounding box yields the global maximum, as they perform well in such instances. For
all other instances all initialization methods find the same solution.

Additionally, we consider two problems from (Enhbat, 1996) with different di-
mensions. Specifically, we consider P10 and P12, both of which concern maximizing
a convex quadratic function over a polytope. Table 4.5 contains the objective val-
ues and computation times for all three initialization methods. Table 4.5 also lists
the objective value found by Enhbat (1996). Interesting to note is that P10 is the
first instance where random initialization falls short by a large margin. Particularly
in higher dimensions (n ≥ 20), it does not manage to converge to a local maximum
whose objective value is even close to what the ellipsoidal based initialization methods
find. Other than that, we note that both the analytic center and the bounding box
method find the same objective value as reported by Enhbat (1996) for all instances.
The box method in particular converges remarkably fast.

4.6.3 Problems with Integer Variables

As mentioned before, our approach can also be applied to problems that have linear
constraints and integer variables. The only change such integer constraints bring is
the complexity of the optimization problem that is to be solved in phase 2 of the
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Objective Computation Time (s)
n m Random AC Box Random AC Box

# 1 20 10 370.0 238.0 370.0 4.67 2.69 0.34
# 2 20 10 860.0 728.0 860.0 4.73 1.20 0.36
# 3 10 15 4660.5 4660.5 4660.5 0.89 1.76 0.06
# 4 50 62 175300.9 175300.9 175300.9 3.13 2.66 0.24
# 5 100 130 691844.8 691844.8 691844.8 8.76 4.63 0.55

Table 4.6 – Objective values and computation time for the first five instances
from section 4.3 of (Selvi et al., 2020) with n variables and m constraints
additionally restricted to integer solutions for the three different initialization
methods: random, based on ellipsoids around the analytic center (AC) and
based on a bounding box. For each instance the best found objective value is
marked in bold.

algorithm, where a linear function is maximized over the feasible set. In this section
we consider the first 5 instances from section 4.3 of (Selvi et al., 2020), that were
also considered in Section 4.6.2, with the added constraint that all variables must
be integer. Table 4.6 reports the objective value and computation time for the four
different initialization methods. In terms of objective value the different initialization
approaches perform similar to the continuous case in Section 4.6.2. Specifically, the
random and bounding box approaches find the global maximum for instances 1 and
2, while the ellipsoidal approach does not. For the other instances, all approaches
converge to the same solution. Clearly, the impact of n on the computation time is
significantly higher for integer problems.

4.7 Conclusion

Here we discuss the practical conclusions that can be drawn from the computational
testing of the performance of Algorithm MCF. The three phase 1 initialization meth-
ods perform differently for problem (4.P). Random initialization is efficient for prob-
lems of relatively small dimension, and is neither competitive, nor reliable, for higher
dimensions (see, e.g., Tables 4.5 and 4.10). Analytic center initialization is quite re-
liable and only fails to deliver a good starting point for phase 2 in few cases (e.g.,
narrow polytopes). This method scales well in terms of computation time as the di-
mension grows. Box initialization is both fast and reliable, particularly for problems
with a polytope as feasible set. It mainly falls short on ellipsoidal feasible sets.

Recall that Algorithm MCF uses all three phase 1 methods and reports the best
found result. We can afford using all initialization methods due to the efficiency of
the algorithm. In particular, this is due to the fact that phase 2, the Alternating
Direction Method (ADM), requires very few steps, as it starts from a good candidate
for the global maximizer (“the furthest point from the minimizer”) provided by phase
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1. Moreover, when the feasible set of problem (4.P) is a polytope, ADM only needs
to solve linear optimization problems. This implies in fact that in this case Algorithm
MCF is capable of solving problem (4.P) with integer valued variables.

In future research, we plan to extend our approach to non-differentiable convex
objective functions. Specifically, the biconvex reformulation can be extended to in-
clude an additional regularization term which still enables the use of an alternating
direction method. In fact, this still yields a closed form solution for the direction y
in terms of the proximal operator of the objective function. Additionally, we plan to
extend the approach to DC programming, where the aim is to maximize the difference
of convex functions. The main challenge in this extension is the existence of multiple
minima of DC functions. Therefore, the notion of distance to a minimum does no
longer provide a global optimality condition naturally. However, when the concave
part of the DC objective is linearized, which is commonly done in DC programming
(Le Thi et al., 2014; Lipp and Boyd, 2016), a problem of type (4.P) is obtained to
which Algorithm MCF can be applied.
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Appendices

4.A Additional Tables

# X f(x)

1-10 {Dx ≤ d} , D ∈ R2n×n x>Q>Qx+ q>x, Qij ∼ U(0, 1), qi ∼ U(0, 1)
11-20 {Dx ≤ d} , D ∈ R2n×n ∑n

i=1 e
αixi − β>x, αi ∼ U(0, 1), βi ∼ U(0, 1)

21-30
{
‖x− ci‖2 ≤ 1, i = 1, . . . , 5

}
x>Q>Qx+ q>x, Qij ∼ U(0, 1), qi ∼ U(0, 1)

31-40
{
‖x− ci‖2 ≤ 1, i = 1, . . . , 5

} ∑n
i=1 e

αixi − β>x, αi ∼ U(0, 1), βi ∼ U(0, 1)
41-50

{∥∥L>i Li(x+ ci)
∥∥

2
≤ 1, i = 1, 2, 3

}
x>Q>Qx+ q>x, Qij ∼ U(0, 1), qi ∼ U(0, 1)

Table 4.7 – Instance type description for Tables 4.8, 4.9 and 4.10.

Objective Computation Time (s)
n Random MVIE AC Box Random MVIE AC Box

# 1 25 1500.93 1500.93 1500.93 1500.93 0.48 2.05 2.14 0.10
# 2 25 1591.05 1591.05 1591.05 1591.05 0.47 2.00 2.18 0.09
# 3 25 1503.87 1503.87 1503.87 1503.87 0.56 2.02 2.13 0.09
# 4 25 1506.97 1506.97 1506.97 1506.97 0.53 1.95 2.07 0.11
# 5 25 2039.13 2039.13 2039.13 2039.13 0.41 1.95 2.14 0.08

# 6 100 91923.01 91923.01 91923.01 91923.01 1.59 66.62 5.12 0.84
# 7 100 89345.70 89345.70 89345.70 89345.70 1.61 63.73 4.33 0.83
# 8 100 80896.40 80896.40 80896.40 80896.40 1.96 63.43 4.46 0.85
# 9 100 88155.89 88155.89 88155.89 88155.89 1.77 63.25 4.67 0.87
# 10 100 86758.52 86758.52 86758.52 86758.52 1.91 70.93 4.39 0.87

# 11 25 33.32 33.32 33.32 33.32 0.49 1.94 2.16 0.08
# 12 25 35.02 35.01 35.02 35.01 0.68 2.03 2.27 0.01
# 13 25 33.98 33.97 33.97 33.98 0.67 2.00 2.16 0.09
# 14 25 36.54 36.54 36.54 36.51 0.64 2.01 2.20 0.09
# 15 25 29.79 29.79 29.79 29.79 0.69 1.97 2.16 0.09

# 16 100 132.44 132.56 132.58 132.27 2.16 62.98 4.81 0.84
# 17 100 137.71 137.85 137.75 137.80 1.91 63.46 4.31 0.88
# 18 100 132.28 132.40 132.40 132.25 2.18 67.88 4.73 0.85
# 19 100 130.50 130.81 130.76 130.82 1.75 59.17 4.72 0.83
# 20 100 134.21 134.25 134.21 134.21 2.18 62.66 4.37 0.86

Table 4.8 – Objective values and computation times for instances with a
polytopic feasible set with 2n constraints for the four different initialization
methods: random, based on the maximum volume inscribed ellipsoid (MVIE)
based on ellipsoids around the analytic center (AC) and based on a bounding
box
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Objective Computation Time (s)
n Random MVIE AC Box Random MVIE AC Box

# 21 25 127.66 127.66 127.66 127.66 0.83 1.76 1.67 0.10
# 22 25 67.00 67.00 67.00 67.00 0.85 1.72 1.68 0.10
# 23 25 109.07 109.07 109.07 82.69 0.81 1.65 1.63 0.10
# 24 25 132.80 132.80 132.80 132.80 0.92 1.64 1.67 0.10
# 25 25 124.38 124.38 124.38 124.38 0.84 1.63 1.62 0.1

# 26 100 1827.31 1827.31 1827.31 1827.31 4.86 106.11 2.60 1.74
# 27 100 1728.63 1728.63 1728.63 1728.63 5.21 133.23 2.560 1.77
# 28 100 1524.69 1524.69 1524.69 1524.69 5.20 131.14 2.65 1.75
# 29 100 1809.34 1809.34 1809.34 1809.34 6.13 107.13 2.64 1.93
# 30 100 1841.35 1841.35 1841.35 1841.35 4.44 98.27 2.50 1.77

# 31 25 27.14 27.14 27.14 27.14 1.76 1.72 1.73 0.15
# 32 25 26.76 26.76 26.76 26.76 1.76 1.67 1.72 0.15
# 33 25 27.16 27.16 27.16 27.16 1.56 1.67 1.72 0.14
# 34 25 26.58 26.58 26.58 26.58 1.56 1.68 1.71 0.14
# 35 25 26.46 26.46 26.46 26.46 1.15 1.62 1.67 0.11

# 36 100 103.39 103.39 103.39 103.39 7.01 87.21 2.74 1.90
# 37 100 104.47 104.47 104.47 104.47 7.22 87.15 2.81 1.97
# 38 100 103.34 103.34 103.34 103.34 7.58 102.80 2.86 2.02
# 39 100 103.47 103.47 103.47 103.47 7.40 95.89 2.92 2.02
# 40 100 104.21 104.21 104.21 104.21 7.20 108.51 2.91 2.03

Table 4.9 – Objective values and computation times for instances with the
intersection of five balls as feasible set for the four different initialization meth-
ods: random, based on the maximum volume inscribed ellipsoid (MVIE) based
on ellipsoids around the analytic center (AC) and based on a bounding box.

Objective Computation Time (s)
n Random MVIE AC Box Random MVIE AC Box

# 41 25 369.01 369.01 369.01 369.01 12.95 2.74 2.70 0.72
# 42 25 672.09 672.09 672.09 672.09 17.44 2.76 3.27 1.02
# 43 25 683.30 683.30 683.30 683.30 62.55 6.04 5.49 3.56
# 44 25 461.58 461.58 461.58 461.58 11.72 1.97 2.23 0.58
# 45 25 390.81 390.81 369.82 390.81 10.98 2.20 2.50 0.69

# 46 100 2102.90 2082.78 2082.78 2102.90 275.37 160.59 36.45 16.18
# 47 100 2569.39 2569.39 2569.39 2569.39 145.93 147.19 13.09 8.88
# 48 100 2732.37 2732.37 2732.37 2732.37 103.22 154.00 9.78 7.53
# 49 100 2386.82 2386.82 2386.82 2386.82 104.61 121.78 10.05 7.60
# 50 100 2516.33 2516.33 2516.33 2516.33 151.81 125.74 15.60 10.71

Table 4.10 – Objective values and computation times for instances with the
intersection of three ellipsoids as feasible set for the four different initialization
methods: random, based on the maximum volume inscribed ellipsoid (MVIE)
based on ellipsoids around the analytic center (AC) and based on a bounding
box.
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CHAPTER 5

Reducing Conservatism in Robust Optimization

Abstract

In this chapter, we discuss the issue of conservatism in robust op-
timization. We first observe that this conservatism is caused by its
core assumption that all constraints are hard for all parameter val-
ues in the uncertainty set as well as its constraint wise nature. We
therefore propose an alternative robust formulation that condenses
all uncertainty into a single constraint. This leads to a nonlinear,
convex optimization problem with constraints that are convex in the
uncertain parameters. We show that bounding the worst-case ex-
pected violation under mean-mad ambiguity yields the best combi-
nation of high quality solutions and computational tractability. We
demonstrate our approach with a computational study with prob-
lems from the NETLIB library.
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5.1 Introduction

Most real-life optimization problems contain parameters that are not known precisely.
Potential sources of this uncertainty are measurement, estimation and implementa-
tion errors in the underlying processes (Ben-Tal et al., 2009, p. xi). To deal with
such uncertainty two classes of techniques exist: stochastic optimization and robust
optimization.

Stochastic optimization is a class of techniques in which all uncertain param-
eters are assumed to follow a known probability distribution. Instead of regular
(in)equalities, stochastic optimization problems contain chance or expectation con-
straints. For a more detailed description we refer to the textbook by Shapiro et al.
(2014). Unfortunately, stochastic optimization has two major disadvantages. First of
all, the exact distribution of uncertain parameters is often not known and thus must
be estimated using historical data if available. This may lead to severe inaccuracy
in the obtained solutions. Secondly, stochastic optimization problems are generally
hard to solve (Shapiro and Nemirovski, 2005).

Robust Optimization (RO), on the other hand, is a class of techniques that does
not need any information on the distribution of the uncertain parameters and was ini-
tiated by Ben-Tal and Nemirovski (1998) and El Ghaoui and Lebret (1997), although
earlier papers on the topic exist, see, for example, Soyster (1973). Instead, it requires
the definition of an uncertainty set that contains all scenarios one wants to safeguard
against. Subsequently, RO forces every constraint to be feasible for all possible pa-
rameter values in the uncertainty set. For an overview of RO and its applications we
refer to Ben-Tal et al. (2009). An advantage of this approach is that the resulting
problems are generally not much more difficult to solve than the original problem.
For instance, techniques have been developed for nonlinear and even nonconvex RO
by Mutapcic and Boyd (2009) and Bertsimas et al. (2010b) for example. From a more
practical point of view, RO has been applied successfully to problems such as facility
location, see, e.g., (Baron et al., 2011; Gabrel et al., 2014) and network design, see,
e.g., (Mudchanatongsuk et al., 2008; Alvarez-Miranda et al., 2015; Pessoa and Poss,
2015), among many others.

Ben-Tal and Nemirovski (2000) showed that RO can successfully safeguard against
potential constraint violation in multiple NETLIB problems. Out of 90 NETLIB
problems studied, they found that 27 have a nominal solution that severely violates
at least one constraint for a box uncertainty set that allows parameters to deviate
by 1%. Some of the robust solutions they find, have an objective value up to 10%
higher than the nominal objective value however, i.e., safeguarding against 1% of
uncertainty is paid for tenfold in terms of objective value. This ‘price’ one pays for
robustness has been addressed before, see, e.g., Bertsimas and Sim (2004). Moreover,
in extreme cases, this conservatism can lead to the standard robust counterpart being
infeasible. In other words, robust optimization’s conservative nature might result in no
solution that safeguards against uncertainty at all. Ben-Tal et al. (2017) mention this
conservatism and discuss two approaches to deal with an infeasible robust counterpart:
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a simple approach that minimizes slacks similar to light robustness as introduced
by Schöbel (2014), and an approach based on globalized robust optimization.

This trade-off between objective value and violation leads to the main disadvantage
of RO: it can lead to overly conservative solutions. This conservative nature of robust
solutions has two major causes. First of all, one of the core assumptions of RO is that
all constraints are ‘hard’ for all parameter values in the uncertainty set, which is often
not the case in practice. Note that this assumption is twofold in the sense that it
assumes that (1) no constraint can be violated for (2) any scenario in the uncertainty
set. We remark that this assumption is relaxed by ‘light robustness’ (Fischetti and
Monaci, 2009), ‘globalized robust optimization’ (Ben-Tal et al., 2006, 2017) and ‘soft
robust optimization’ (Ben-Tal et al., 2010). An overview of these (and other) methods
is given by Goerigk and Schöbel (2016). Here we discuss the differences between those
existing methods and the method we propose in this chapter.

Light robustness addresses the conservatism of robust optimization by setting a
limit to the deterioration of the objective value compared to the nominal solution.
From all solutions that satisfy this limit, it then finds the solution that minimizes a
weighted sum of all constraint violations. It is important to note that these violations
are modeled using (non-adjustable) slack variables and thus this approach suffers from
some of robust optimization’s conservatism through its constraint wise nature. This
last observation is the main difference between light robustness and the approach we
suggest.

Globalized robust optimization assumes that constraints are hard for all parameter
values in a ‘normal range’ of scenarios and allows for violation in the constraints
for scenarios that fall outside this ‘normal range’. It additionally assumes that the
allowed violation for such a scenario is proportional to the distance from that scenario
to the ‘normal range’. Globalized robust optimization thus requires specification of
two uncertainty sets and treats them in a different way. Our approach, on the other
hand, is limited to a single uncertainty set and allows a maximum amount of constraint
violation for any perturbation in this set. Moreover, globalized robust optimization
shares light robustness’ main difference to our approach: it does not account for the
constraint wise nature of applying RO, which is the second cause of RO’s conservatism.
Especially for uncertainty sets with high dependence between parameters spread over
multiple constraints, this may lead to overly conservative solutions. The most obvious
example is uncertainty on the right-hand side modeled with a budget uncertainty
set (Bertsimas and Sim, 2004). RO will treat this uncertainty set exactly the same
as box uncertainty for the right-hand side, that is, it completely ignores the budget
constraint.

A more recent technique that deals with uncertainty in optimization combines
ideas from stochastic and robust optimization and is referred to as Distributionally
Robust Optimization (DRO). In general, it considers chance and/or expectation con-
straints that must hold for all probability distributions in some specified ambiguity set,
that is, it considers not the worst-case but the worst-case expected behavior. Amongst
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others, the papers by Wiesemann et al. (2014) and Postek et al. (2018) have shown
that problems with ambiguous expectation constraints are computationally tractable
in specific situations. Two existing approaches within the DRO framework that ad-
dress the conservatism of robust optimization are ‘soft robust optimization’ (Ben-Tal
et al., 2010) and ambiguous joint chance constraints, see e.g., Chen et al. (2010).

Soft robust optimization is an approach using ambiguous expectation constraints
that is similar to globalized robust optimization. Where globalized robust optimiza-
tion considers two distinct uncertainty sets, soft robust optimization considers an
infinite nested family of ambiguity sets. More specifically, it considers nested sets
of which the size is dependent on a parameter ε. Similar to globalized robust op-
timization, the allowed worst-case expected violation for distributions in a set with
parameter ε is proportional to ε. The differences between our approach and soft ro-
bust optimization echo the differences with globalized robust optimization: it requires
a thorough definition of a family of ambiguity sets and it does not account for the
constraint wise nature of applying RO.

One can also use ambiguous joint or individual chance constraints to allow viola-
tion in constraints. In such an approach, one bounds the probability that violation
occurs in any of the constraints from above by some prescribed number. By consid-
ering all original constraints in a joint chance constraint, this approach circumvents
the constraint wise nature of applying RO, similar to our approach. Problems involv-
ing chance constraints are, however, notoriously hard to solve, although substantial
improvements have been made recently (Hanasusanto et al., 2017; Xie and Ahmed,
2018). Moreover, different from directly bounding the violation, the amount by which
constraints are violated is largely deemed irrelevant when using chance constraints,
which can be a downside in certain applications.

In this chapter, we present a general approach that allows violation of constraints
to a certain extent and combines all constraints into one to find less conservative
solutions. More specifically, we consider the total violation over all constraints and
require it to be below a specified value. Choosing this parameter strictly positive then
relaxes the assumption that all constraints are ‘hard’. We show that under certain
conditions the problem is equivalent to introducing auxiliary variables that model the
violation of individual constraints. In general, however, it is not tractable for realistic
problem sizes.

For that reason, we focus on a different formulation that considers the expected
violation instead. This approach is motivated by the recent developments in DRO
mentioned above. Moreover, in problems that need to be solved more frequently, e.g.,
on a weekly basis, robustness might better be represented by the worst-case expected
violation. We furthermore discuss an alternative formulation that bounds the worst-
case probability of violation from above. We subsequently discuss techniques from
the literature that deal with such ambiguous (joint) chance constraints and conclude
that they do not yield computationally tractable formulations for the problems we
are interested in.
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Our approach is tested on the NETLIB library for different amounts of constraint
violation. For these problems, we are able to quantify and visualize the trade-off
between objective value and constraint violation. For some problems, allowing for a
1% deviation in the parameters can lead to an increase in objective value of over 4%
in the standard robust solution. We, on the other hand, find solutions that safeguard
against over half this uncertainty while only increasing in objective value by 0.1%.
The approach presented in this chapter has the following advantages:

� It obtains solutions that safeguard against most uncertainty with a lower price
of robustness than the standard robust solution.

� For problems with a non-unique optimal nominal solution, it is able to find an
optimal nominal solution that also minimizes the worst-case expected violation.

� When the standard robust counterpart is infeasible, it finds the solution that
minimizes the worst-case expected violation as well as solutions that safeguard
against part of the uncertainty relatively cheaply.

� It is computationally tractable.

Moreover, in our search for such an approach we uncover two theoretical results that
are more generally applicable:

� We develop a new tighter approximation to uncertain sum-of-max constraints.

� We develop a novel approach to reformulate ambiguous joint chance constraints
under mean-MAD ambiguity.

Section 5.2 outlines the possible approaches to reduce conservatism in RO and dis-
cusses their (dis)advantages. Section 5.3 expands on the details of our preferred
approach for left-hand side uncertainty. Section 5.4 presents numerical results based
on problems from the NETLIB library and Section 5.5 concludes the chapter.

5.2 Proposed Approach

In Section 5.2.1, we first introduce the optimization problem and the standard Robust
Optimization approach. Afterwards, we discuss four ideas to reduce the conservatism
of this standard approach. The suggested method to address this conservatism is the
one described in Section 5.2.3 that bounds the worst-case expected sum of constraint
violations from above. This approach is computationally tractable, in contrast to
the ideas presented in Sections 5.2.2 and 5.2.5 that bound the worst-case sum of
violations and worst-case violation probability from above, respectively. Additionally,
the approach allows one to find better solutions than simply bounding the worst-case
expected violation per constraint, as described in Section 5.2.4.
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5.2.1 Problem Definition

We consider a general linear optimization problem given by

min
x

c>x (5.1a)

s.t. Ax ≥ b, (5.1b)

where x ∈ Rn is the decision vector, c ∈ Rn and A ∈ Rm×n are given parameters
and b ∈ Rm are parameters that are uncertain. Throughout this chapter we consider
both uncertainty in A and b, but for now, we assume that all uncertainty considered
is in b, the right-hand side of the constraints. The main reason for this assumption is
that the conservatism mentioned in Section 5.1 is present in particular for right-hand
side uncertainty. Intuitively, this is explained by the observation that the uncertain
parameters are to some extent ‘maximally’ spread over a multitude of constraints
and thus the constraint wise nature of RO is most detrimental. We emphasize that
everything stated in this section is also valid when A is considered to be the uncertain
parameter. Moreover, we note that we can also treat the case where both A and b are
uncertain, for example by introducing an extra variable xn+1 that is forced to equal
1 and models the right-hand side.

In RO, the uncertainty in b is modeled by letting it reside in a user-provided convex
and compact uncertainty set U . It is then required that the constraints Ax ≥ b hold
for all values b ∈ U , that is, the problem that we are interested in, also referred to as
the robust counterpart of (5.1) is

min
x

c>x (5.2a)

s.t. Ax ≥ b ∀b ∈ U. (5.2b)

This specific uncertainty structure is also known as simple right-hand side uncertainty.

5.2.2 Bounding the Worst-Case Sum of Violations

To alleviate the constraint wise approach of RO, we combine all constraints of (5.2)
into a single constraint on the sum of all constraint violation. Moreover, we drop the
assumption that all constraints are ‘hard’ and allow some constraint violation α. We
also choose to enforce that the solution is feasible for the nominal or expected scenario
b̄ to avoid solutions with excessive amounts of violation in a single constraint. The
resulting formulation is given by

min
x

c>x (5.3a)

s.t.
m∑
i=1

max
{

0, bi − a>i x
}
≤ α ∀b ∈ U (5.3b)

Ax ≥ b̄. (5.3c)
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Observe that for α = 0, (5.3) is equivalent to (5.2). Note that this implies that
the constraint wise nature of robust optimization only comes into play when some
amount of violation is allowed. An important remark when considering (5.3) is that
by summing the violations, constraints whose coefficients are larger in magnitude are
automatically considered to be more important, as their effect on the total violation
is larger. In applying this technique, it is therefore desirable to consider the relative
importance of all constraints. Note that in many practical examples constraints will
already be scaled accordingly. In a facility location problem for example, where
an uncertain amount of demand should be satisfied, each unit of missed demand
is generally of equal importance. If one does not know the exact interpretation of
constraints, for example, the obvious approach would be to normalize each constraint
such that |b̄i| = 1.

A disadvantage of this problem formulation is that the standard way to solve the
robust optimization problem (5.3) is only known to be tractable for box and budget
uncertainty sets on right-hand side parameters (Ardestani-Jaafari and Delage, 2016).
This tractability issue stems from the fact that finding the worst case of the left-hand
side of (5.3b) over the uncertainty set involves the maximization of a convex function.
For fixed b, i.e., ignoring the uncertainty imposed by the additional requirement
∀b ∈ U in both optimization problems, (5.3) can be reformulated by introducing
auxiliary variables to yield

min
x

c>x (5.4a)

s.t.

m∑
i=1

yi ≤ α (5.4b)

yi ≥ bi − a>i x i = 1, . . . ,m, ∀b ∈ U (5.4c)

yi ≥ 0 i = 1, . . . ,m (5.4d)

Ax ≥ b̄. (5.4e)

For robust optimization problems, however, this equivalence is in general not true
(Gorissen and Den Hertog, 2013). It is true, however, when U is a box uncertainty
set or when variables yi are considered to be adjustable variables. Note that this
implies that (5.4) is a conservative approximation to (5.3) when yi are not considered
as such. In the latter case, Ardestani-Jaafari and Delage (2016) show that for a budget
uncertainty set, affine decision rules suffice, as these yield a problem equivalent to their
reformulation. Unfortunately, even though this reformulation is a linear optimization
problem, its number of constraints and variables grow quadratically in the number of
uncertain parameters of the original problem. This means that in practice it can lead
to impractical problem sizes.

An alternative way to find high quality solutions to (5.3) is introduced in Chapter
3. This provides a systematic way to construct approximations to robust counter-
parts of constraints convex in both the decision variable and uncertain parameters
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for polyhedral uncertainty. More specifically, using Theorem 3.1 one can show that if
U = {b ∈ Rm |Db = d}, for some D ∈ Rq×m and d ∈ Rq, (5.3) is equivalent to

min
x

c>x (5.5a)

s.t. ∀w ∈W, ∃λ ∈ Rq :

d>λ+

[
Ax
0

]>
w ≤ α

D>i λ ≥ wi i = 1, . . . ,m

(5.5b)

Ax ≥ b̄, (5.5c)

where W =
{
w ∈ R2m

+

∣∣ wi + wi+m = 1 i = 1, . . . ,m
}

and Di denotes the i-th col-
umn of D. An important remark is that the variables λ in (5.5) are adjustable, and
thus it is still a hard problem to solve. We focus on the safe approximations to (5.5)
that result from substituting linear decision rules, i.e., using

λ = u+ V w. (5.6)

We note that, for this specific problem, we observe that these approximations are
fully equivalent to those obtained by Ardestani-Jaafari and Delage (2016). For sums
of maxima of linear functions, however, tighter safe approximations can be obtained
because of the special structure of W : it is a Cartesian product of simplices. For the
sake of brevity, we shall simply state the result and briefly sketch the proof, and refer
to Appendix 5.A for more details.

Theorem 5.1. If there exist u ∈ Rq, V ∈ Rq×2m, Rik ∈ S2 for i = 1, . . . ,m and
k = 1, . . . , q, y ∈ Rm and Z ∈ Rm×m for a given x ∈ Rn such that

d>u+
m∑
i=1

yi ≤ α (5.7a)

[
a>i x+ V >i d
V >m+id

]>
⊗ 1 +

q∑
k=1

dkRik − yiE ∈ DNN i = 1, . . . ,m (5.7b)

−D>j u+
m∑
i=1

zji ≤ 0 j = 1, . . . ,m (5.7c)

[
1 + V >i Dj

V >m+1Dj

]>
⊗ 1−

q∑
k=1

DkjRik − zjiE ∈ DNN
i = 1, . . . ,m
j = 1, . . . ,m

(5.7d)

Ax ≥ b̄, (5.7e)

holds, then x is feasible for (5.3). Moreover, (5.7) is at least as tight a safe approxi-
mation to the feasible region of (5.5) as the one obtained by using the linear decision
rule (5.6).
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In this theorem, DNN refers to the doubly nonnegative cone, the cone that con-
tains all matrices that are both nonnegative and positive semidefinite, E is the all-ones
matrix, and ⊗ denotes the Kronecker product.

The result of Theorem 5.1 is obtained by substituting the following decision rule
into (5.5):

λ = u+ V w +
m∑
i=1

[
ri1w

2
i + ri2wiwm+i + ri3w

2
m+i

]
. (5.8)

We then apply an important result by Anstreicher and Burer (2010) that allows us
to use an equivalent formulation for the convex hull of the lifted uncertainty set
including θ, and arrive at (5.7a)-(5.7d), through duality theory. The complete proof
of Theorem 5.1 can be found in Appendix 5.A.

It is important to note that the result in Theorem 5.1 can easily be generalized
to any uncertain constraint that involves the sum of maxima of linear terms, e.g., the
formulation that would appear for uncertainty in A. The dimension of the doubly
nonnegative matrices, however, scales with the number of terms per maximum, and
the approximation thus easily becomes computationally cumbersome. In fact, (5.7)
is not a tractable optimization problem for the sizes we will consider in Section 5.4.
We therefore do not explore this approach numerically.

5.2.3 Bounding the Worst-Case Expected Sum of Violations

One of the causes of RO’s conservative solutions is that it only considers the worst
case over the uncertainty set, while in reality there is not always a high probability
of this worst case occurring. Recent papers in DRO therefore consider the uncertain
parameters to follow an unknown distribution that resides in some ambiguity set. One
can then consider the worst-case expected violation, that is, compute the expected
violation with respect to the distribution in this ambiguity set for which it is high-
est. Recent papers in DRO show that this worst-case expectation can be computed
efficiently for specific ambiguity sets. We thus consider the problem

min
x

c>x (5.9a)

s.t. EP

[
m∑
i=1

max
{

0, bi − a>i x
}]
≤ α ∀P ∈ P (5.9b)

Ax ≥ b̄, (5.9c)

where P is the ambiguity set that contains all distributions one considers for b. Al-
though (5.9) may seem to be a more difficult problem to solve than (5.3), this is not
necessarily true. In particular, when the support, mean and mean absolute deviation
of the uncertain parameters are known, and one assumes pairwise independence, the
maximum expectation over the ambiguity set has a closed-form solution. We discuss
the resulting problem using this ambiguity set and assuming uncertainty in only b
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below, while Section 5.3 discusses this formulation in detail when A is the uncertain
parameter. We also show that the optimal value function of (5.9) is convex in α.

Lemma 5.1. The optimal value function f : R+ → R of (5.9) given by

f(α) = min
x

{
c>x | sup

P∈P
EP

[
m∑
i=1

max
{

0, bi − a>i x
}]
≤ α, Ax ≥ b̄

}
,

is convex.

Proof. We know the supremum as well as the sum of convex functions are convex
functions itself (Rockafellar, 1970). The result then follows by Corollary 2.7 in Fiacco
and Kyparisis (1986).

We note that given some objective value β, we can use all techniques described
in this section and Section 5.3 to find the solution that minimizes the worst-case
expected violation with this objective value. Mathematically, this means we solve

min
x

α (5.10a)

s.t. EP

[
m∑
i=1

max
{

0, bi − a>i x
}]
≤ α ∀P ∈ P (5.10b)

c>x ≤ β (5.10c)

Ax ≥ b̄. (5.10d)

This formulation can, for example, be used to find a nominal solution that minimizes
the worst-case expected violation if the nominal solution is not unique. Moreover, if
we omit the nominal constraints (Ax ≥ b̄), we can find the solution that minimizes
the worst-case expected violation with at most objective value β.

The technique we consider to solve (5.9) is the distributionally robust optimization
approach developed by Postek et al. (2018). This technique assumes the ambiguity set
to contain all probability distributions for b with a given support, mean and mean ab-
solute deviation from the mean (MAD), for which all bi are pairwise independent. We
remark that the function of interest, the sum of maxima, is separable in the uncertain
parameters, as for right-hand side uncertainty each constraint only contains a single
uncertain parameter. Therefore, we do not require an assumption regarding their
pairwise independence. To see this, note that the expectation is a linear operator and
we can thus consider the maximum over the ambiguity set per individual maximum,
i.e., only the marginal distributions of bi, i = 1, . . . ,m, matter. Mathematically, this
means that we consider

P = {P : P (bi ∈ [li, ui]) = 1, EP (bi) = µi, EP |bi − µi| = di ∀i} .
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The required support, mean and MAD can often be estimated from historical data,
which makes this approach suitable for practical applications. Moreover, if no infor-
mation regarding the MAD is available, the approach we propose can still be applied.
In this case, all techniques in this section can be used with di = 2(ui − µi)(µi −
li)/(ui − li), which is the highest possible MAD any distribution with the specified
support and mean can have. This yields the expressions as first derived by Madansky
(1959).

Given that the ambiguity set is defined as above, we use the results from Postek
et al. (2018) to reformulate (5.9). In this derivation we use that the sum of maxima
is a separable function and that the ambiguity set only contains information on the
marginal distributions of bi:

max
P∈P

E

[
m∑
i=1

max
{

0, bi − a>i x
}]

= max
P∈P

m∑
i=1

E
[
max

{
0, bi − a>i x

}]
=

m∑
i=1

max
P∈P

E
[
max

{
0, bi − a>i x

}]
(5.11)

=
m∑
i=1

∑
y∈{1,2,3}

piy max
{

0, τ iy − a>i x
}
,

where τ i1 = li, τ
i
2 = µi and τ i3 = ui are the support of the worst-case distribution, and

their probabilities are given by

pi1 =
di

2 (µi − li)
, pi2 = 1− di

2 (µi − li)
− di

2 (ui − µi)
, pi3 =

di
2 (ui − µi)

,

for i = 1, . . . ,m. The derivation above states that the worst-case expected violation
constraint can simply be replaced by the latter expression resulting in the following
problem

min
x

c>x (5.12a)

s.t.
m∑
i=1

 ∑
y∈{1,2,3}

piy max
{

0, τ iy − a>i x
} ≤ α. (5.12b)

In other words, the worst-case distribution is a three-point distribution on the support
and mean. (5.12) can be easily transformed into a linear optimization problem with
3m extra variables with linearization techniques for maxima. The resulting linear
optimization problem is then:

min
x,z

c>x (5.13a)

s.t.
m∑
i=1

∑
y∈{1,2,3}

piyz
i
y ≤ α (5.13b)
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ziy ≥ 0 i = 1, . . . ,m, y ∈ {1, 2, 3} (5.13c)

ziy ≥ τ iy − a>i x i = 1, . . . ,m, y ∈ {1, 2, 3} (5.13d)

Ax ≥ b̄. (5.13e)

The most obvious parameter choice for the ambiguity set is such that µi = b̄i. Forcing
each constraint to be nominal feasible (Ax ≥ b̄) then means that τ iy − a>i x ≤ 0 for

i = 1, . . . ,m, y ∈ {1, 2}, as τ i1 ≤ τ i2 = b̄i. The problem thus reduces to containing only
m auxiliary variables modeling the violation of each original constraint for bi = τ i3.
Although this resembles a box uncertainty set, (5.13) is only equivalent to (5.4) for
an appropriate choice of di and ui. In particular, one needs to choose ui equal to the
highest value bi can take in the uncertainty set used in (5.4) and di such that pi1 = pj1
for all i, j.

Postek et al. (2018) also describe how the best-case distribution can be found based
on the additional information βi = P (bi ≥ µi). This yields a two-point distribution
with which the best-case expected violation can be computed. Combined with the
worst-case distribution, this information can be used to find an upper bound on the
cost of not knowing the uncertain parameter’s actual distribution.

Clearly, (5.13) is a computationally tractable approach to reduce conservatism in
RO. It alleviates the constraint wise nature of RO, by combining all original con-
straints into one and considers not only the probability but also the magnitude of
violation by considering the worst-case expected violation. Section 5.4.2 discusses
numerical results for (5.13).

Under specific conditions, (5.9) can also be reformulated to a computationally
tractable optimization problem for other ambiguity sets. Specifically, this is possible
for ambiguity sets that only contain information on the marginal distributions of
bi and for which the worst-case expectation of a piece-wise linear function exists.
An ambiguity set with information on the mean and variance of bi could be used
by applying the results of (Wiesemann et al., 2014), for example. Such approaches
do not extend to situations where the sum of maxima is not separable in terms
of the uncertain parameters however, as is the case for left-hand side uncertainty.
Additionally, they do not provide a way to compute the best-case expected value, as
can be done for mean-mad ambiguity.

5.2.4 Bounding the Worst-Case Expected Constraint Wise Violations

Instead of merging all constraints and bounding their total worst-case expected vio-
lation, the violation of individual constraints can also be bounded. Such a proposal
also alleviates any concerns regarding conservatism caused by RO’s assumption that
all constraints are ‘hard’ for all scenarios in the uncertainty set, but does not address
the constraint wise nature of RO. In particular, we are interested in comparing (5.9)
to

min
x

c>x (5.14a)
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s.t. EP
[
max

{
0, bi − a>i x

}]
≤ γi ∀P ∈ P, i = 1, . . . ,m (5.14b)

Ax ≥ b̄. (5.14c)

In (5.14) the user-specified parameter γi denotes the allowed worst-case expected
violation of constraint i. For the sake of comparison, we will only consider values
γi such that

∑m
i=1 γi = α, that is, we consider the case where the bound on the

total worst-case expected violation is the same in both (5.9) and (5.14). It is easy
to show that for such values of γi, (5.14) is at least as conservative, as any solution
that has at most γi worst-case expected violation for any constraint i, surely has at
most

∑m
i=1 γi total worst-case expected violation. Additionally, this solution might

in fact have a lower worst-case expected violation, as the worst case for the individual
constraints is not necessarily attained by the same distribution. We note that this
is only true when no assumption is made regarding the independence of uncertain
parameters occurring in different constraints. Specifically, this means that for the
ambiguity set(s) we consider in this chapter, the total worst-case expected violation
will be equal to

∑m
i=1 γi, as we do assume such pairwise independence.

Despite this last observation, the constraint wise nature of (5.14) implies that
surely it is more conservative than (5.9), as the allowed worst-case expected violation
must be spread out over all constraints according to the values of γi. It should be
remarked that this extra conservatism could be considered an advantage as well, as
the violation is more uniformly bounded across constraints, which can be desirable
in certain applications where robustness is of importance. The example in Figure 5.1
illustrates this conservatism, where we set γi = α

m for all i. In this figure we have
plotted the optimal objective value of both (5.9) and (5.14) for different values of α.
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Figure 5.1 – Results for the NETLIB problem 80bau3b with right-hand side
uncertainty. The solutions to (5.9) are shown as a solid line and the solutions
to (5.14) are shown as a dashed line. The cross indicates the standard robust
solution and the square indicates the nominal solution.
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Clearly, bounding the worst-case expected violation of individual constraints is more
conservative, as can be seen by comparing the dashed with the solid line. We thus
choose not to explore this approach numerically.

5.2.5 Bounding the Worst-Case Violation Probabilities

A different approach that can reduce conservatism in RO is not to bound the worst-
case (expected) violation of the constraints, but instead require the constraints to
be satisfied with a minimum probability. Such a requirement can be set for individ-
ual constraints or a set of constraints, leading to single and joint chance constraints,
respectively. In particular, we consider ambiguous chance constraints, where we re-
quire constraints to be satisfied with a minimum probability for the worst possible
distribution. Mathematically, we will consider the following two problems:

min
x

c>x (5.15a)

s.t. P
(
a>i x ≥ bi

)
≥ 1− ρi ∀P ∈ P, i = 1, . . . ,m (5.15b)

Ax ≥ b̄, (5.15c)

and

min
x

c>x (5.16a)

s.t. P
(
a>i x ≥ bi i = 1, . . . ,m

)
≥ 1− ρ ∀P ∈ P (5.16b)

Ax ≥ b̄. (5.16c)

Similar to the approach discussed in Section 5.2.4, (5.15) does not address the con-
straint wise nature of RO and is in general more conservative than (5.16). It is
however, computationally tractable for a variety of ambiguity sets. If the mean and
covariance matrix of the uncertain parameters are known, for example, a tractable
reformulation of (5.15) exists (Calafiore and Ghaoui, 2006), and when the support,
mean and mean-absolute deviation are known, several safe approximations to (5.15)
have been developed (Postek et al., 2018). More general results for such constraints
have also been obtained more recently by Hanasusanto et al. (2017) and Xie and
Ahmed (2018).

Methods for solving (5.16) are more scarce on the other hand and often are ap-
proximations instead of exact reformulations. A common way to treat a joint chance
constraint is decomposing it into individual chance constraints and dividing the vio-
lation probabilities over them. As the Bonferroni inequality, which guarantees that
the above idea leads to a safe approximation, is not necessarily tight, such a decom-
position can be overly conservative. Zymler et al. (2013) describe an approximation
to ambiguous joint chance constraints with first- and second-order information that
does not rely on potentially loose probabilistic inequalities.
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The approaches of Zymler et al. (2013) and Chen et al. (2010) introduce a strictly
positive scaling parameter φ ∈ Rm and reformulate the ambiguous joint chance con-
straint in (5.16) into

inf
P∈P

P
[

max
i=1,...,m

{
φi
(
bi − a>i x

)}
≤ 0

]
≥ 1− ρ, (5.17)

which they note is in fact an individual chance constraint and it can thus be con-
servatively approximated by the following worst-case Conditional Variance at Risk
(CVaR) constraint:

sup
P∈P

CVaRρ

[
max

i=1,...,m

{
φi
(
bi − a>i x

)}]
≤ 0.

Inserting the definition for the conditional variance at risk, this constraint can equiv-
alently be written as

inf
β∈R

{
β +

1

ρ
sup
P∈P

EP

[
max

{
0, max

i=1,...,m

{
φi
(
bi − a>i x

)}
− β

}]}
≤ 0. (5.18)

Finding a tractable safe approximation to the original joint chance constraint thus
comes down to finding a tractable reformulation of

sup
P∈P

EP

[
max

{
0, max

i=1,...,m

{
φi
(
bi − a>i x

)}
− β

}]
,

for given values of β, φ and x. This expression is somewhat similar to the worst-case
expected violation we introduced in Section 5.2.3. Using the results of Postek et al.
(2018) outlined in Section 5.2.3, the inner maximization problem can be replaced to
find the equivalent formulation:

inf
β∈R

β +
1

ρ

∑
y∈{1,2,3}m

 m∏
j=1

pjyj max

{
0, max
i=1,...,m

{
φi

(
τ iyj − a

>
i x
)}
− β

} ≤ 0.

Requiring such a constraint to hold for the minimum β is equivalent to simply requir-
ing it holds for some β ∈ R. Introducing auxiliary variables to model the maxima,
one arrives at the following set of linear constraints:

β

(
1− 1

ρ

)
+

1

ρ

∑
y∈{1,2,3}m

[
m∏
i=1

piyizy1···ym

]
≤ 0 (5.19a)

zy1···ym ≥ φi
(
τ iyi − a

>
i x
)

i = 1, . . . ,m, ∀y ∈ {1, 2, 3}m (5.19b)

zy1···ym ≥ β ∀y ∈ {1, 2, 3}m . (5.19c)
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First of all, we remark that even though (5.19) is a set of linear constraints,
there are both an exponential number of variables and constraints, n + 3m and 1 +
(m+ 1) 3m, respectively. Secondly, Zymler et al. (2013) remark that if φ is treated as
a decision variable, (5.18) is essentially an exact reformulation of (5.17). If one were
to also optimize over φ, the bilinear system (5.19) is thus an exact reformulation of
(5.17). If m is sufficiently small, therefore, one could adapt the sequential procedure
suggested by Zymler et al. (2013) to find high quality solutions to the original chance
constrained problem (5.16).

Although (5.19) is an interesting novel way to reformulate ambiguous joint chance
constraints under mean-MAD ambiguity, it does not offer the computational tractabil-
ity that we desire. The reason for this difference is that the quantity in question
cannot be separated per constraint, which yields 3m terms instead of the 3m we have
to consider in Section 5.2.3. We thus do not explore this approach numerically.

In the remainder of the chapter we will hence focus on the approach that bounds
the total worst-case expected violation as discussed in Section 5.2.3.

5.3 Left-Hand Side Uncertainty

5.3.1 General Approach

For left-hand side uncertainty, the standard approach using the technique described in
Section 5.2.3 would lead to an optimization problem involving an exponential number
of terms, m · 3n to be exact. To alleviate this computational burden, we use the
adaptation proposed in Postek et al. (2018) that deals with aggregate uncertainty.
More specifically, we consider aij = āij (1 + εζij), that is, to be a nominal value times
some perturbation. A more general dependence on ζij can be assumed by allowing ε
to vary, that is, use some εij . The effects of this alteration will be expanded upon at
the end of this section. We then define the ambiguity set by

P = {P : P (ζij ∈ [−1, 1]) = 1, E (ζij) = 0, E |ζij | = dij

for i = 1, . . . ,m, j = 1, . . . , n} .

Note that this definition does not require ζij to be pairwise independent. More-
over, this definition of the ambiguity set implicitly assumes that the uncertainty is
symmetric around the nominal value. To reduce the dimensionality issues of n · m
uncertain parameters, we combine the uncertainty from all ζij for a given i, such

that we in fact consider the random variables yi(x, ζ) = (āi ◦ x)
>
ζi, where āi ◦ x

denotes the element-wise multiplication, also called Hadamard product, of āi and x.
We are thus interested in solving the following problem, using the approach outlined
in Section 5.2.3 applied to the uncertain factors yi(x):

min
x

c>x (5.20a)
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s.t.
m∑
i=1

EP
[
max

{
bi − ā>i x+ yi(x, ζ), 0

}]
≤ α ∀P ∈ P (5.20b)

Āx ≥ b, (5.20c)

where Ā ∈ Rm×n is the matrix consisting of the elements āij . Since yi(x, ζ) depends
linearly on ζij , it is easy to find its support and mean:

P (yi(x, ζ) ∈ [−‖āi ◦ x‖1, ‖āi ◦ x‖1]) = 1, E [yi(x, ζ)] = (āi ◦ x)
> E [ζi] = 0.

Its mean absolute deviation, however, cannot be found exactly. The following theorem
outlines how bounds on the mean absolute deviation can help bound the worst-case
expected violation as well, analog to Propositions 3 and 7 in Postek et al. (2018).

Theorem 5.2. For any δi(x) such that E
[
|yi(x, ζ)|

]
≤ δi(x), the worst-case expected

violation in (5.20) can be bounded from above by

m∑
i=1

[
δi(x)

2‖āi ◦ x‖1
max

{
0, 2

(
bi − ā>i x

)
, bi − ā>i x+ ε‖āi ◦ x‖1

}
+

(
1− δi(x)

‖āi ◦ x‖1

)
max

{
0, bi − ā>i x

}]
. (5.21)

Proof. First of all, Postek et al. (2018) show that the worst-case expectation is
a nondecreasing function of the MAD. Therefore, using an upper bound δi(x) ≥
E [|yi(x, ζ)|] instead of the MAD will give an upper bound for the expectation in
(5.20). We can thus use this upper bound together with the worst-case three-point
distribution introduced by Postek et al. (2018) to find:

m∑
i=1

max
Pi∈Pi

E [max {bi − yi(x, ζ), 0}]

≤
m∑
i=1

[
δi(x)

2 (E [yi(x, ζ)]−−‖āi ◦ x‖1)
max

{
0, bi − ā>i x− ε‖āi ◦ x‖1

}
+

δi(x)

2 (‖āi ◦ x‖1 − E [yi(x, ζ)])
max

{
0, bi − ā>i x+ ε‖āi ◦ x‖1

}
+

(
1− δi(x)

2 (E [yi(x, ζ)]−−‖āi ◦ x‖1)

− δi(x)

2 (‖āi ◦ x‖1 − E [yi(x, ζ)])

)
max

{
0, bi − ā>i x

}]
=

m∑
i=1

[
δi(x)

2‖āi ◦ x‖1
max

{
0, bi − ā>i x− ε‖āi ◦ x‖1

}
+

δi(x)

2‖āi ◦ x‖1
max

{
0, bi − ā>i x+ ε‖āi ◦ x‖1

}
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+

(
1− δi(x)

2‖āi ◦ x‖1
− δi(x)

2‖āi ◦ x‖1

)
max

{
0, bi − ā>i x

}]
. (5.22)

Subsequently we use the fact that Eζi = 0 to simplify (5.22). Moreover, since ‖āi ◦
x‖1 ≥ 0, we find that

max{0, bi − ā>i x+ ε‖āi ◦ x‖1} = 0 ⇒ max
{

0, bi − ā>i x− ε‖āi ◦ x‖1
}

= 0.

Conversely it thus holds that

max
{

0, bi − ā>i x− ε‖āi ◦ x‖1
}

= bi − ā>i x− ε‖āi ◦ x‖1
⇒ max

{
0, bi − ā>i x+ ε‖āi ◦ x‖1

}
= bi − ā>i x+ ε‖āi ◦ x‖1.

Therefore,

max
{

0, bi − ā>i x+ ε‖āi ◦ x‖1
}

+ max
{

0, bi − ā>i x− ε‖āi ◦ x‖1
}

= max
{

0, 2
(
bi − ā>i x

)
, bi − ā>i x+ ε‖āi ◦ x‖1

}
.

Hence, (5.22) is equal to

m∑
i=1

[
δi(x)

2‖āi ◦ x‖1
max

{
0, bi − ā>i x− ε‖āi ◦ x‖1

}
+

δi(x)

2‖āi ◦ x‖1
max

{
0, bi − ā>i x+ ε‖āi ◦ x‖1

}
+

(
1− δi(x)

‖āi ◦ x‖1

)
max

{
0, bi − ā>i x

}]
=

m∑
i=1

[
δi(x)

2‖āi ◦ x‖1
max

{
0, 2

(
bi − ā>i x

)
, bi − ā>i x+ ε‖āi ◦ x‖1

}
+

(
1− δi(x)

‖āi ◦ x‖1

)
max

{
0, bi − ā>i x

}]
.

In other words, the worst-case distribution for yi(x, ζ) is a three point distribution on
its mean and extremes of its support, where the probability density on the extremes
is proportional to the mean absolute deviation, which is bounded from above.

The results in this section would hardly change if one assumes aij = āij (1 + εijζij),
that is, one assumes ε to vary. More specifically, one would then define aggregate
random variables yi(x, ζ) = (āi ◦ εi ◦ x)

>
ζi, where εi ∈ Rn is the vector consisting

of all εij for some i. This implies that the support of yi(x, ζ) is given by

P (yi(x, ζ) ∈ [−‖āi ◦ εi ◦ x‖1, ‖āi ◦ εi ◦ x‖1]) = 1,

and the expression in Theorem 5.2 changes accordingly.
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5.3.2 Bounds for the MAD

The simplest way to find an upper bound as suggested by Postek et al. (2018) is the
following:

E |yi(x, ζ)− 0| = E
∣∣∣(āi ◦ x)

>
ζi

∣∣∣ = E

∣∣∣∣∣∣
n∑
j=1

āijxjζij

∣∣∣∣∣∣
≤ E

n∑
j=1

|āijxjζij | =
n∑
j=1

E |āijxjζij | =
n∑
j=1

E |āijxj | |ζij |

=

n∑
j=1

|āijxj |E |ζij | =
n∑
j=1

|āijxj | dij ≤ ‖āi ◦ x‖1 ·max
j
dij . (5.23)

The quality of this bound and the resulting formulation will be discussed at the end
of this section.

This bound is particularly useful as it greatly simplifies (5.21). More specifically,
we can show the following simplification analog to Proposition 7 in Postek et al.
(2018).

Theorem 5.3. For δi(x) = ‖āi◦x‖1 ·maxj dij, the optimal value of (5.20) is bounded
from above by the optimal value of the following linear optimization problem:

min
w,x,y,z

c>x (5.24a)

s.t.
m∑
i=1

1

2
max
j
dijwi + (1−max

j
dij)yi ≤ α (5.24b)

wi ≥ 2
(
bi − ā>i x

)
i = 1, . . . ,m (5.24c)

wi ≥ bi − ā>i x+ ε
n∑
j=1

zij i = 1, . . . ,m (5.24d)

zij ≥ āijxj i = 1, . . . ,m, j = 1, . . . , n (5.24e)

zij ≥ −āijxj i = 1, . . . ,m, j = 1, . . . , n (5.24f)

yi ≥ bi − ā>i x i = 1, . . . ,m (5.24g)

yi, wi ≥ 0 i = 1, . . . ,m (5.24h)

Āx ≥ b. (5.24i)

Proof. Using δi(x) = ‖āi ◦ x‖1 ·maxj dij we find

m∑
i=1

max
Pi∈Pi

E
[
max

{
bi − ā>i x− yi(x, ζ), 0

}]
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≤
m∑
i=1

[
δi(x)

2‖āi ◦ x‖1
max

{
0, 2

(
bi − ā>i x

)
, bi − ā>i x+ ε‖āi ◦ x‖1

}
+

(
1− δi(x)

‖āi ◦ x‖1

)
max

{
0, bi − ā>i x

}]
=

m∑
i=1

[
‖āi ◦ x‖1 ·maxj dij

2‖āi ◦ x‖1
max

{
0, 2

(
bi − ā>i x

)
, bi − ā>i x+ ε‖āi ◦ x‖1

}
+

(
1− ‖āi ◦ x‖1 ·maxj dij

‖āi ◦ x‖1

)
max

{
0, bi − ā>i x

}]
=

m∑
i=1

[
1

2
max
j
dij ·max

{
0, 2

(
bi − ā>i x

)
, bi − ā>i x+ ε‖āi ◦ x‖1

}
+

(
1−max

j
dij

)
·max

{
0, bi − ā>i x

}]
. (5.25)

Introducing auxiliary variables, the optimal value of (5.20) can then be bounded from
above by the optimal value of (5.24).

Much like for right-hand side uncertainty, the inclusion of the constraint Āx ≥ b
means that for the appropriate choices for dij , (5.24) is equivalent to the ordinary
slack problem (5.4) with a unit box uncertainty set on ζij . This equivalence holds
when dij = d for all i, j to be precise.

Furthermore, if all uncertain parameters in the same constraint have equal mean
absolute deviation, we can show that (5.20) is equivalent to the derived upper bound
(5.24).

Theorem 5.4. Given the ambiguity set

P = {P : P (ζij ∈ [−1, 1]) = 1, E (ζij) = 0, E |ζij | = di

for i = 1, . . . ,m, j = 1, . . . , n} , (5.26)

(5.20) is equivalent to (5.24).

Proof. Consider the probability distribution P ∈ P such that

P (ζi = 0) = 1− di, P (ζi = sign (ai ◦ x)) = P (ζi = −sign (ai ◦ x)) =
di
2
∀i,

such that we find EP [yi(x, ζ)] = 0 and

EP [|yi(x, ζ)|] = di‖ai ◦ x‖1.

This shows there exists a distribution that attains the bound for the mean absolute
deviation found in (5.23). Therefore, this distribution is the worst-case distribution
in this ambiguity set and thus (5.20) is equivalent to (5.24).
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Theorem 5.4 shows that the bound on the MAD of yi(x, ζ) given in (5.23) is tight
when no assumption on the (in)dependence of ζij is made and dij = di for all j. The
idea of the proof of Theorem 5.4 can be extended to show that the first inequality in
deriving (5.23) is tight, that is, the looseness of the bound is highly dependent on how
maxj dij compares to other dij for a given i. If, for example, di1 = 1 and dij = 1

10 for
all j 6= 1, the MAD of yi(x, ζ) is overestimated by a factor close to 10.

We note that the results from this section can also be used when the MAD is
unknown. Similar to the approach for right-hand side uncertainty we then instead
use the maximum possible MAD: dij = 1 for all i, j. In particular this also means
that the bound we obtain is exact, since all uncertain parameters have equal mean
absolute deviation.

Besides the simple bound given above, Postek et al. (2018) suggest three other
bounds. Unfortunately, all these bounds are either not applicable to the problem
we discuss or do not offer advantages over the bound discussed above in terms of
tractability or quality. More specifically, they cannot be used to obtain a convex
constraint or their convex reformulation is a worse bound than the one discussed
above.

5.4 Numerical Results: NETLIB Problems

5.4.1 NETLIB Problems

To analyze the practical applicability of all the approaches considered here, we con-
sider problems from the NETLIB library, similar to Ben-Tal and Nemirovski (2000).
In total, 80 problems from this library were considered to exhibit uncertainty. Once
again, we consider uncertainty in the right-hand side of the inequality constraints first
in Section 5.4.2. Uncertainty in the left-hand side is discussed in Section 5.4.3.

To measure the performance of our method, we attempt to quantify the trade-off
between objective value and constraint violation that is represented by the solutions it
finds. More specifically, we report the potential improvement in violation compared to
the nominal solution when a (slightly) higher objective value is allowed. Similarly, we
report the potential improvement in objective value compared to the robust solution
when some constraint violation is allowed. These measures will be denoted by Im-
provement Objective Value (IOV) and Improvement Expected Constraint Violation
(IECV), followed by a percentage that indicates the allowed room in the constraint
violation and objective value, respectively. Figure 5.2 illustrates these concepts graph-
ically. In this figure x% is with respect to the nominal worst-case violation, while y%
is calculated with respect to the nominal objective value. The IOV and IECV are
also always reported in percentages with respect to the nominal solution.

It is important to note that the curve presented in Figure 5.2 is a Pareto curve
in the sense that there exist no solutions that are nominal feasible with both a lower
objective value and worst-case expected violation than any solution on the line. More-
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Figure 5.2 – A graphical illustration of the IOV and IECV. The cross in-
dicates the standard robust solution and the square indicates the nominal
solution, while the line indicates the solutions found by our approach.

over, we remark that this Pareto optimality of our solutions does not correspond to
the Pareto robustly optimal solutions as defined by Iancu and Trichakis (2014). Their
notion of Pareto robustly optimal solutions can be applied to solutions to the refor-
mulated problem we consider, however.

Throughout this chapter we assume parameters to deviate 1% from their nominal
value, while Ben-Tal and Nemirovski (2000) also consider 0.1% and 0.01%. After
running a representative selection of problems for other levels of uncertainty, we found
there to be a simple effect on the results: multiplying the uncertainty by 10 yields
the same tenfold increase in IOV-x% for any x. The IECV also adjusts accordingly,
but since our chosen percentages by which to increase the objective value are suited
to 1%, it is not particularly informative for other levels of uncertainty.

All numerical results have been obtained using MATLAB and Gurobi on a Lenovo
Y700 with an i7-6700HQ and 16GB RAM.

5.4.2 Right-Hand Side Uncertainty

For right-hand side uncertainty, we only consider a parameter to be uncertain if it is
different from zero, as a right-hand side of zero is often known with certainty. After
selecting problems that do in fact have at least a single uncertain parameter by these
standards, 64 problems remain. Of these 64 problems, there are 3 problems for which
the nominal solution attains no violation whatsoever for all levels of uncertainty,
due to the inequalities concerning the uncertain parameters not being binding in the
nominal solution. These problems are therefore excluded from this analysis. This
means we are left with 61 problems on which we have tested the technique discussed
in Section 5.2.3.

As noted in Section 5.2.1, it is important to make sure all constraints are in the
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same order of magnitude such that their violation is comparable. Since we have no
information on any constraints that are more important than others, we choose to
normalize all constraints such that |bi| = 1.

We consider the ambiguity set discussed in Section 5.2.3 where each uncertain
parameter can deviate a fraction ε from its nominal value and has a mean absolute
deviation proportional to this maximal deviation:

P =
{
P : P

(
bi ∈

[
b̄i − ε

∣∣b̄i∣∣ , b̄i + ε
∣∣b̄i∣∣]) = 1, EP (bi) = b̄i, EP

∣∣bi − b̄i∣∣ = δε|b̄i|
}
,

where we specifically consider ε = 0.01 and δ = 0.5. The results of this approach are
reported in Table 5.3 in the Appendix. As there is hardly any computational burden
for this method, all solutions presented were obtained within seconds.

For five problems (boeing, boeing2, degen2, degen3 and fffff800), the standard
robust counterpart is infeasible for ε = 0.01. For such a problem, the IOV cannot be
computed. The ICV, however, is presented along with all other problems’ characteris-
tics in Table 5.3. First of all, note that the difference between the nominal and robust
solution in terms of objective value is indicated in the table by IOV-100%. In other
words, this number is the factor by which the uncertainty (here 1%) is magnified in
the objective value for the standard robust solution.

A first observation of the table shows that for many problems, the IOV-50% and
the IOV-100% are remarkably close. This means that, reasoning from the nominal
solution, the first half of the worst-case constraint violation is usually very cheap to
prevent, while the second half comes at a much higher price in terms of objective
value. Moreover, the last column shows that, except for degen2, degen3 and wood1p,
accepting an increase of 1% in objective value safeguards one against over half the
worst-case constraint violation for all problems with 1% uncertainty. If regarded more
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Figure 5.3 – The solutions found by our approach with right-hand side un-
certainty for 80bau3b and perold. The cross indicates the standard robust
solution and the square indicates the nominal solution.
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closely, in fact a staggering 47 out of 61 problems have an IECV-1% higher than 90%,
that is, for 47 problems over 90% of the worst-case expected constraint violation can
be avoided by accepting an increase of 1% in objective value.

Another important remark is the fact that although any IECV that equals 100%
indicates one can fully safeguard against the considered uncertainty, this is not neces-
sarily the merit of our approach. More specifically, a 100% improvement in worst-case
constraint violation simply indicates that the standard robust solution’s objective
value is within the set percentage from the nominal solution. The primary merit of
our approach is found at problems such as 80bau3b and perold, whose solutions are
plotted in Figure 5.3. For perold, for example, we find that by safeguarding against
only 90%, instead of all, of the possible worst-case violation, one can gain over 1% in
objective value compared to the standard robust solution.

Figure 5.4 shows the solutions found for boeing2 and fffff800, for which the
standard robust counterpart is infeasible. The figure shows that, while we cannot
find any solutions with a worst-case expected constraint violation equal to 0, the
trade-off between violation and objective value can still be visualized for violation
higher than that. Moreover, this approach allows one to find the solution with the
least amount of worst-case expected constraint violation possible under this ambiguity
set. An intuitive way of dealing with an infeasible standard robust counterpart might
be shrinking the uncertainty set (here by lowering ε) until it is feasible and using the
solution found. The solution that is obtained in this way is shown as an orange circle
in Figure 5.4. Clearly, this is not the best approach in dealing with an infeasible
standard robust counterpart.

0 0.02 0.04

−315

−314.5

−314

−313.5

Worst-Case Expected Violation (α)

O
b

je
ct

iv
e

V
al

u
e

boeing2

0 0.05 0.1

5.56

5.57

5.58

·105

Worst-Case Expected Violation (α)

O
b

je
ct

iv
e

V
al

u
e

fffff800

Figure 5.4 – The solutions found by our approach with right-hand side uncer-
tainty outlined for boeing2 and fffff800. The square indicates the nominal
solution while the circle represents the solution found by shrinking the uncer-
tainty set until we obtain feasibility for the standard robust counterpart. The
diamond shows the solution found by minimizing the sum of slacks.
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Another approach that can be used to deal with an infeasible standard robust
counterpart is to introduce slack variables like in (5.4) in all constraints, minimizing
their sum and subsequently minimizing the objective value. The solution found by
this approach is shown as a purple diamond in Figure 5.4. Note that, since we choose
the mean absolute deviation such that it is proportional to the maximal deviation of
a parameter and we assume nominal feasibility, this slack approach is equivalent to
our approach and thus this solution lies on the end of the curve of solutions we find.

It is important to mention that the choice for δ has no effect whatsoever on the
results, besides scale. This is due to the fact that δ only influences the probabilities
of the three scenarios occurring and, since we enforce nominal feasibility here, thus
simply scales the worst-case expected violation. Section 5.4.4 discusses relaxing the
assumption that solutions should be nominal feasible.

5.4.3 Left-Hand Side Uncertainty

Similarly to Ben-Tal and Nemirovski (2000), we consider all entries of A that are
specified to more than two decimals to be uncertain. By these standards, 49 of the
80 considered problems exhibit uncertainty. For three of these problems, the nominal
solution has a worst-case expected violation of 0, which leaves 46 problems to analyze.
Table 5.4 in the Appendix summarizes the results. We use (5.26) as the ambiguity
set and thus assume equal MAD, i.e., dij = di ∀j. As discussed in Section 5.3.2 this
means the IECV can be computed exactly.

Figure 5.5 shows the characteristics of the solutions found for e226 and greenbea,
for which the approach yields exceptionally good solutions. Both problems allow
one to immunize against over 80% of the uncertainty at a mere 0.1% increase of the
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Figure 5.5 – The solutions found by our approach with left-hand side uncer-
tainty for e226 and greenbea. The cross indicates the standard robust solution
and the filled square indicates the nominal solution. For greenbea, the open
square indicates the most robust nominal solution.
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objective value. The standard robust solution, on the other hand, has an objective
value 2.9% and 5.1% higher than the nominal solution, respectively.

For greenbea, the nominal solution is non-unique. In Figure 5.5 we have also
indicated an optimal nominal solution that minimizes the worst-case expected viola-
tion. We note that this solution’s worst-case expected violation is approximately half
that of the initial nominal solution found. In practice, the proposed method can thus
also be used to simply select the most robust nominal solution out of a set of possible
optimal nominal solutions.

For left-hand side uncertainty, the standard robust counterparts of five of the
considered problems are infeasible. Similar to how we treat such problems in Sec-
tion 5.4.5, we include the IECV for these problems in Table 5.4. Figure 5.6 shows the
characteristics of the solutions we found for bnl1 and perold. For bnl1 in particular,
decreasing the first half of constraint violation hardly increases the optimal objective
value, while there is a steep increase in optimal objective value close to the lowest
possible worst-case expected violation.

When we do assume pairwise independence for ζij , the exact value of the worst-case
expected violation can be computed with the methodology outlined in Section 5.2.3.
The main reason to use a bound instead stems from the computational intractability
of this method, as this requires m · 3n evaluations in general. Therefore, an exact
analysis for the ambiguity set with independence is only possible for very small prob-
lems. We can, however, estimate the worst-case expected violation for the pairwise
independence ambiguity set as we know the worst-case distribution. Sampling from
this distribution is easy, as we assume all ζij to be independent and Section 5.2.3 tells
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Figure 5.6 – The solutions found by our approach with left-hand side uncer-
tainty for bnl1 and perold. The square indicates the nominal solution while
the circle represents the solution found by shrinking the uncertainty set until
we obtain feasibility for the standard robust counterpart. The diamond shows
the solution found by minimizing the sum of slacks.
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Allowed violation for (5.26) 10% 25% 50%

blend 9.7 25.7 52.6
brandy 1.9 23.6 29.4
e226 7.6 21.3 50.0
greenbea 8.8 24.3 46.5
scfxm1 5.4 9.6 22.4

Table 5.1 – Estimates of the actual allowed worst-case expected constraint
violation in percentages when assuming pairwise independence for the solu-
tions that allow for 10%, 25% and 50% of the nominal solution’s worst-case
expected violation without this assumption.

us the worst-case distribution is a discrete distribution on only three possible values.
In general, we sample 10,000 observations (violations) and estimate the worst-case
expected violation by their average.

We estimate the worst-case expected constraint violation for this ambiguity set
for the nominal solution and the solutions corresponding to the IOV in Table 5.4. Ta-
ble 5.1 illustrates the results for a representative set of problems. For these problems
we observe that the worst-case expected violation for the ambiguity set with pairwise
independence is only occasionally higher, and if so never by much, than without as-
suming independence. This is true for every NETLIB problem, indicating that even if
one is truly interested in an ambiguity set including pairwise independence, omitting
this assumption does little to no harm in terms of solution quality, while it does yield
a computationally tractable problem.

5.4.4 Removing Nominal Feasibility

For some problems, violation is truly interchangeable between constraints. For a
facility location problem, for example, where constraints require demand in different
locations to be met, a decision maker might not care about which demand is unmet.
When we drop the requirement of solutions being nominal feasible, we find that
we can significantly improve the nominal solution in objective value or worst-case
expected violation. In this section, we assume right-hand side uncertainty identical
to the uncertainty assumed in Section 5.4.2. Figure 5.7 shows the characteristics of
the solutions found by our approach as well as the solutions to (5.4) with the nominal
feasibility constraint omitted. First of all, it is clear that the equivalence of (5.4)
and (5.13) truly depends on the assumption of nominal feasibility, as the solutions to
(5.4) clearly perform worse on objective value and worst-case expected violation. The
two different problems in Figure 5.7 show that the magnitude of differences between
solutions to both problems is problem dependent.

Moreover, especially for israel, there exist solutions with a much lower objective
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Figure 5.7 – Solutions for adlittle and israel with right-hand side uncer-
tainty, when nominal feasibility is not enforced. The solutions found by our
approach are shown as the solid line and the solutions to (5.4) as the dashed
line. The cross indicates the standard robust solution and the square indicates
the nominal solution.

value than the nominal objective value but with the same worst-case expected viola-
tion. Similarly, there exist solutions with the same objective value but a much lower
worst-case expected violation than the nominal solution. Table 5.2 lists the potential
improvement in both objective value and worst-case expected violation for the five
problems for which they are the largest. All numbers are reported as differences to the
nominal solution in percentages. Note that this potential improvement comes at the
price of the corresponding solutions no longer being nominally feasible. The potential
improvement is quite significant for these problems. Apparently, if one is willing to
accept violation for the nominal scenario in some constraints, the total worst-case
expected violation can be decreased by up to 90% without any cost or alternatively
the objective value could potentially be improved 10% or more.

5.4.5 Worst-Case Violation

In considering the worst-case violation we consider a budget uncertainty set given by

U =

{
b ∈ Rm :

∣∣∣∣bi − b̄ib̄i

∣∣∣∣ ≤ ε, i = 1, . . . ,m,
m∑
i=1

∣∣∣∣bi − b̄ib̄i

∣∣∣∣ ≤ Γmε

}
,

where we consider ε = 0.01 and Γ = 0.5. Out of the 61 problems we considered, the
reformulation suggested by Ardestani-Jaafari and Delage (2016) could not be solved
within 30 minutes for 14 problems. It is important to note that many of the prob-
lems in the NETLIB library have numerous non-binding constraints included. For a
high enough budget parameter Γ, this means that even though a budget constraint is
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Conclusion 141

Improvement Improvement
Problem Objective value Worst-case expected violation

agg 17.4 91.9
agg2 17.4 91.9
agg3 33.2 88.9
perold 4.8 91.9
pilot 8.6 96.0

Table 5.2 – Potential improvement compared to the nominal solution in per-
centage when nominal feasibility is not enforced and right-hand side uncer-
tainty is consdered, ε = 0.01 and δ = 0.5.

present, all uncertain parameters in binding constraints can deviate from their nom-
inal value maximally. Therefore, the uncertainty set is effectively a box uncertainty
set on the binding constraints and thus (5.4) is an equivalent problem that can be
solved efficiently. In practice, however, the budget parameter should be chosen such
that the budget constraint limits the effect that considering the worst-case scenario
has on the solution, i.e., low enough that not every uncertain parameter in binding
constraints can deviate from their nominal value.

5.5 Conclusion

In this chapter we consider a new approach to find robust solutions to linear optimiza-
tion problems with uncertain parameters. In particular, we attempt to alleviate the
conservative nature of traditional robust optimization, which results in solutions that
can be much worse in terms of objective value than the nominal solution. We find a
wide array of solutions by allowing constraint violation up to a predefined maximum.
The solutions found by our approach, together with the nominal and standard robust
solution result in a good understanding of the trade-off between the objective value
and the constraint violation for a problem.

In the resulting approach, we consider an ambiguity set based on the support,
mean and mean absolute deviation of uncertain parameters. This allows us to cal-
culate the worst-case expected violation and bound it from above and leads to a
tractable problem for both right- and left-hand side uncertainty. The approach is ap-
plied to all relevant NETLIB problems for both left- and right-hand side uncertainty.
For many of these problems the array of solutions found gives great insight into the
trade-off between objective value and worst-case expected violation. A selection of
these solutions can also be found for problems for which the standard robust coun-
terpart is infeasible. This allows decision makers to safeguard against at least part of
the uncertainty for such problems and make better informed decisions with regard to
this trade-off.
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When one does not require the solution to be feasible for the nominal scenario,
the potential improvements compared to the nominal solution can be enormous. For
one problem, for example, a solution was found with the same objective value as
the nominal solution of which the worst-case expected violation was only 5% of the
nominal solution’s worst-case expected violation.

Interesting avenues for further research follow from our ideas on uncertain sum-of-
max constraints in Section 5.2.2 and on ambiguous chance constraints in Section 5.2.5.
Both of the techniques we discuss in these sections generalize beyond the scope of this
chapter. Although they are not the ideas we choose to pursue further in this chapter,
they may be more suitable to other applications.
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Appendices

5.A Proof of Theorem 5.1

Proof. To obtain a safe approximation of (5.5), we substitute the decision rule

λ = u+ Vw +
m∑
i=1

ri1w
2
i + ri2wiwm+i + ri3w

2
m+i, (5.27)

that is, we consider all squares w2
i and all products of wi’s such that they correspond

to the same maximum in the original function f .
To ensure a tractable reformulation of the resulting static robust optimization

problem we need to introduce auxiliary uncertain parameters θ and move the non-
linearity of the uncertain parameters to the uncertainty set.

We introduce θi ∈ S2 such that θi =

[
w2
i wiwm+i

wiwm+i w2
m+i

]
for i = 1, . . . ,m, where

we use Sn to denote the set of symmetric matrices of size n× n. To ensure this value
for θ we define an auxiliary uncertainty set Θ by Θ = Θ1 × · · · ×Θm with

Θi =

{
θi ∈ S2

∣∣∣∣ θi =

[
w2
i wiwm+i

wiwm+i w2
m+i

]}
.

We note that W × Θ is not necessarily a convex set. Since the ARO problem in
question is linear in the uncertain parameters, it is equivalent to consider the convex
hull of W × Θ. Here, we can use the result by Anstreicher and Burer (2010) that
states that

Conv

{(
1
x

)(
1
x

)>
: x ∈ S

}
⊆
{(

1 1>X
X1 X

)
: X ∈ DNN, tr (EX) = 1

}
,

(5.28)
where S is a simplex, 1 is the vector of all ones, E = 11> and DNN is the set of all
doubly nonnegative matrices, that is, all matrices X such that X � 0 and X ≥ 0.
Moreover, equality holds in (5.28) whenever the dimension of x is less than or equal
to 4.

In translating this result to our application, we use thatW is the Cartesian product
of simplices to find that we can choose

Ψ =
m⋂
i=1

Ψi, Ψi :=
{

(w,θ) ∈ R2 × S2
∣∣ θ ∈ DNN, tr (Eθ) = 1, w = θ1

}
,

(5.29)
such that Conv (W ×Θ) = Ψ, since the dimension of w is equal to 2. To end up
with a safe approximation based on Ψ we first find its support function. We use the
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definition of Ψi and the support function to find

δ∗ ((v,V ) |Ψi) = max
(w,θ)∈Ψi

{
v>w + tr (V θ)

}
= max
θ∈DNN

{
v>θ1 + tr (V θ)

∣∣ tr (Eθ) = 1
}

= max
θ∈DNN

{
tr
((
v> ⊗ 1

)
θ
)

+ tr (V θ)
∣∣ tr (Eθ) = 1

}
= max
θ∈DNN

{
tr
((
v> ⊗ 1 + V

)
θ
) ∣∣ tr (Eθ) = 1

}
,

where ⊗ denotes the Kronecker product. We use duality for the doubly nonnegative
cone as introduced by Yoshise and Matsukawa (2010) to transform this maximization
problem into a minimization problem. Note that X = 1

2I, with I the identity matrix
is a strictly feasible solution for this problem and thus strong duality applies. This
yields

δ∗ ((v,V ) |Ψi ) = max
X∈DNN

{
tr
((
v> ⊗ 1 + V

)
X
) ∣∣ tr (EX) = 1

}
= min

y∈R

{
y
∣∣v> ⊗ 1 + V − yE ∈ DNN

}
. (5.30)

Recall that we substitute the decision rule

λ = u+ V w +
m∑
i=1

ri1w
2
i + ri2wiwm+i + ri3w

2
m+i,

or equivalently the decision rule

λ = u+ V w +
m∑
i=1

q∑
l=1

el tr (RilV ) , (5.31)

for u ∈ Rq, V ∈ Rq×2m and Ril ∈ S2 for i = 1, . . . ,m and l = 1, . . . , q. Here, we use
tr (AB) to denote the trace inner product between A and B and el ∈ Rm to denote
the unit vector with all zeros except for a one at index l. Inserting (5.31) in the first
constraint of (5.5) we find:[

Ax
0

]>
w + d>

[
u+ V w +

m∑
i=1

q∑
l=1

el tr
(
Rilθ

i
)]
≤ 0 ∀ (w,θ) ∈ Ψ

⇐⇒ d>u+

([
Ax
0

]
+ V >d

)>
w +

m∑
i=1

q∑
l=1

d>el tr
(
Rilθ

i
)
≤ 0 ∀ (w,θ) ∈ Ψ

⇐⇒ d>u+ max
(w,θ)∈Ψ

{([
Ax
0

]
+ V >d

)>
w +

m∑
i=1

q∑
l=1

d>el tr
(
Rilθ

i
)}
≤ 0
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⇐⇒ d>u+
m∑
i=1

max
(w,θ)∈Ψi

{[
a>i x+ V >i d
V >m+id

]> [
wi

wm+i

]
+

q∑
l=1

dl tr
(
Rilθ

i
)}
≤ 0

⇐⇒ d>u+
m∑
i=1

δ∗

([
a>i x+ V >i d
V >m+id

]
,

q∑
l=1

dlRil

∣∣∣∣∣ Ψi

)
≤ 0

⇐⇒


d>u+

∑m
i=1 yi ≤ 0[

a>i x+ V >i d
V >m+id

]>
⊗ 1 +

∑q
l=1 dlRil − yiE ∈ DNN i = 1, . . . ,m,

where the last equivalence holds by substituting (5.30) for the support function and
subsequently realizing that if a constraint must hold for the minimum over y, requiring
it to hold for at least one y is sufficient. Note that V >i denotes the i-th row of the
matrix V , and as throughout the rest of the chapter a>i is the i-th row of A.

Using the same reasoning we find that a safe approximation for the second con-
straint of (5.5) is given by:

−D>j u+
m∑
i=1

zji ≤ 0 j = 1, . . . ,m

[
1 + V >i Dj

V >m+iDj

]>
⊗ 1−

q∑
k=1

DkjRik − zjiE ∈ DNN
i = 1 . . . ,m
j = 1, . . . ,m,

where Dj denotes the j-th column of and D, Dlj is the element of D on row l and in
column j, and zji ∈ R.

The resulting safe approximation is clearly tighter than the one obtained by sub-
stituting λ = u+ V w in (5.5). This can be seen by observing that the decision rule
used in this proof, (5.27), is a generalization of (5.6), as it reduces to (5.6) when
ri1 = ri2 = ri3 = 0 for all i.
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5.B Numerical Results for NETLIB Problems

IOV IECV
10.0% 25.0% 50.0% 100.0% 0.1% 0.5% 1.0%

25fv47 1.1 1.7 2.1 2.2 52.9 74.7 83.2
80bau3b 0.6 0.9 1.1 1.2 59.6 88.4 98.8
adlittle 0.2 0.3 0.5 0.6 58.5 95.1 100.0
afiro 0.2 0.5 1.0 1.0 52.2 73.4 100.0
agg 2.9 3.7 3.9 3.8 55.4 58.6 82.6
agg2 2.9 3.7 3.9 3.8 55.4 58.6 82.6
agg3 5.6 7.4 8.2 9.1 20.4 44.0 50.3
beaconfd 0.0 0.0 0.0 0.0 100.0 100.0 100.0
blend 0.2 0.5 0.8 1.0 24.3 74.9 100.0
bnl2 0.5 0.6 0.6 0.6 85.5 92.3 99.0
boeing 41.5 68.1 80.0
boeing2 32.0 71.3 72.5
brandy 0.0 0.0 0.1 0.1 100.0 100.0 100.0
capri 1.0 1.2 1.3 1.4 44.5 95.1 97.8
czprob 0.2 0.4 0.6 0.7 29.5 47.4 59.7
d2q06c 0.1 0.2 0.2 0.2 92.1 100.0 100.0
degen2 23.5 23.5 23.5
degen3 32.3 32.3 32.3
e226 0.9 1.2 1.4 1.5 50.9 86.4 97.1
etamacro 0.0 0.1 0.1 0.1 100.0 100.0 100.0
fffff800 74.6 84.2 86.0
finnis 1.5 2.7 3.3 3.4 56.9 67.9 76.5
ganges 0.1 0.3 0.4 0.5 40.1 96.4 100.0
gfrd-pnc 0.0 0.0 0.0 0.1 100.0 100.0 100.0
israel 1.1 1.3 1.3 1.3 85.0 91.6 91.3
lotfi 0.1 0.2 0.4 0.5 56.5 100.0 100.0
maros 0.2 0.3 0.4 0.4 79.6 80.1 90.9
nesm 0.0 0.0 0.0 0.0 100.0 100.0 100.0
perold 1.0 1.0 1.0 1.1 85.5 96.8 97.8
pilot 1.8 1.9 1.9 1.9 88.6 98.1 96.4
pilot4 0.1 0.1 0.1 0.1 91.3 100.0 100.0
pilot87 1.4 1.8 1.9 2.0 70.3 88.2 95.2
pilot ja 0.7 0.7 0.8 0.8 95.4 99.2 100.0
pilot we 0.3 0.5 0.7 0.7 60.0 78.4 92.0
sc105 0.4 0.7 0.9 1.0 46.4 85.5 100.0
sc205 0.7 0.9 1.0 1.0 75.1 92.7 97.9
sc50a 0.2 0.4 0.7 1.0 28.8 68.5 100.0
sc50b 0.2 0.4 0.7 1.0 19.0 65.3 100.0
scagr25 0.1 0.1 0.1 0.1 94.8 100.0 100.0
scagr7 0.0 0.0 0.1 0.1 64.1 100.0 100.0
scfxm1 0.1 0.2 0.2 0.2 87.2 98.2 100.0
scfxm2 0.1 0.2 0.2 0.2 62.7 95.2 100.0
scfxm3 0.1 0.2 0.2 0.2 60.8 94.1 100.0
scorpion 0.5 0.8 1.0 1.1 53.3 88.0 99.0
scrs8 0.5 0.9 1.0 1.0 70.5 90.8 99.9
sctap1 0.6 1.2 1.7 2.1 27.2 57.6 77.9
sctap2 0.4 0.7 0.9 1.2 30.3 76.4 96.8
sctap3 0.5 0.7 0.9 1.1 36.0 85.8 98.7
seba 0.1 0.2 0.3 0.4 61.5 100.0 100.0
share2b 0.5 0.8 1.0 1.0 57.7 89.9 99.7
ship04l 0.0 0.0 0.0 0.0 100.0 100.0 100.0
ship04s 0.0 0.0 0.0 0.0 100.0 100.0 100.0
ship08l 0.0 0.0 0.1 0.1 99.6 100.0 100.0
ship08s 0.0 0.0 0.1 0.1 93.3 100.0 100.0
ship12l 0.1 0.2 0.3 0.3 62.2 100.0 100.0
ship12s 0.1 0.2 0.3 0.4 61.2 100.0 100.0
sierra 0.0 0.0 0.0 0.0 83.6 100.0 100.0
stair 0.1 0.1 0.2 0.2 81.1 100.0 100.0
vtb base 0.1 0.2 0.4 0.7 17.4 73.8 100.0
wood1p 0.3 0.7 1.3 2.7 3.7 18.3 36.6
woodw 0.2 0.6 1.0 1.3 33.9 68.0 88.9

Table 5.3 – Characteristics of solutions found for right-hand side uncertainty,
ε = 0.01 and δ = 0.5. All numbers are percentages relative to the nominal
solution.
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IOV IECV
10.0% 25.0% 50.0% 100.0% 0.1% 0.5% 1.0%

25fv47 0.3 0.3 0.4 0.4 93.7 100.0 100.0
80bau3b 0.8 1.5 2.1 2.3 23.0 69.0 79.7
adlittle 0.5 0.9 1.4 1.6 46.2 63.9 85.7
afiro 0.0 0.0 0.1 0.1 85.8 100.0 100.0
agg 0.1 0.1 0.1 0.1 98.6 99.8 100.0
agg2 0.1 0.1 0.1 0.1 98.6 99.8 100.0
agg3 0.2 0.2 0.2 0.2 39.3 100.0 100.0
blend 0.0 0.0 0.1 0.1 89.3 100.0 100.0
bnl1 64.4 92.7 92.9
bnl2 0.3 0.3 0.3 0.3 94.9 98.6 99.9
boeing2 0.0 0.0 0.0 0.1 100.0 100.0 100.0
brandy 0.0 0.0 0.0 0.0 100.0 100.0 100.0
capri 4.0 4.1 4.2 4.2 86.9 92.6 95.4
cycle 0.0 0.0 0.0 0.0 100.0 100.0 100.0
czprob 0.2 0.4 0.5 0.7 32.5 85.1 100.0
d2q06c 61.9 88.4 93.8
e226 2.7 2.8 2.8 2.9 88.9 91.7 93.9
etamacro 0.0 0.0 0.0 0.0 100.0 100.0 100.0
ffffff800 0.2 0.5 0.5 0.5 77.7 98.9 100.0
finnis 1.1 2.0 2.9 3.4 34.7 51.6 66.3
greenbea 4.9 5.1 5.1 5.1 83.6 94.0 95.0
greenbeb 0.1 0.2 0.2 0.2 97.9 100.0 100.0
israel 0.4 0.4 0.4 0.5 69.8 99.3 100.0
kb2 0.2 0.2 0.2 0.2 98.6 100.0 100.0
maros 0.5 1.0 1.5 1.8 29.1 60.9 81.1
nesm 0.1 0.4 0.7 0.9 40.9 73.5 100.0
perold 3.9 14.9 27.8
pilot 30.5 54.6 69.9
pilot4 1.1 1.8 2.7 3.6 21.2 37.5 53.1
pilot87 81.8 90.1 94.4
pilot ja 1.3 1.8 2.7 3.6 13.6 33.6 51.5
pilot we 1.4 2.0 2.5 2.7 29.6 67.6 84.2
pilotnov 2.0 2.0 2.0 2.0 99.9 99.9 99.9
scfxm1 0.1 0.2 0.2 0.3 47.0 100.0 100.0
scfxm2 0.1 0.2 0.2 0.3 51.2 100.0 100.0
scfxm3 0.1 0.2 0.2 0.3 51.8 100.0 100.0
scorpion 0.0 0.0 0.0 0.0 100.0 100.0 100.0
scrs8 0.0 0.0 0.0 0.0 100.0 100.0 100.0
ship04l 0.0 0.0 0.0 0.0 100.0 100.0 100.0
ship04s 0.0 0.0 0.0 0.0 100.0 100.0 100.0
ship08l 0.0 0.0 0.1 0.1 100.0 100.0 100.0
ship08s 0.0 0.0 0.1 0.1 91.4 100.0 100.0
ship12l 0.1 0.1 0.2 0.3 58.9 100.0 100.0
ship12s 0.1 0.2 0.2 0.3 58.9 100.0 100.0
stair 0.5 0.9 1.2 1.6 20.1 59.3 86.1
vtb base 0.0 0.0 0.0 0.0 100.0 100.0 100.0

Table 5.4 – Characteristics of solutions for left-hand side uncertainty, ε = 0.01
and δ = 0.5. All numbers are percentages relative to the nominal solution.
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CHAPTER 6

A Distributionally Robust Analysis of the Program
Evaluation and Review Technique

Abstract

In this chapter, we discuss a particular example in which uncertain
parameters appear in a convex way: the Program Evaluation and
Review Technique (PERT). In particular, we focus on the application
of mean-mad ambiguity, which is naturally able to handle convex
uncertainty. PERT is a popular approach in project planning that
has been criticized for having rather strong core assumptions with
respect to the distribution of the considered uncertain parameters.
Results from distributionally robust optimization provide us with the
worst- and best-case distributions, which allow us to calculate the
exact worst- and best-case project duration over an ambiguity set
defined by a bounded support, mean and mean absolute deviation.
A numerical study of project planning instances from PSPLIB shows
that the effect of PERT’s assumption regarding the underlying beta
distribution is limited. Moreover, we find that the added value of
knowing the exact mean absolute deviation is also modest.
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150 Chapter 6. A Distributionally Robust Analysis of PERT

6.1 Introduction

The efficient planning of projects has been studied extensively for decades. Optimiza-
tion of decisions regarding the planning of projects under various circumstances has
been investigated in for example (Demassey et al., 2005; Zhu et al., 2006). Even when
the optimization aspect of project planning is disregarded, one is left with computa-
tionally challenging problems. In particular, if uncertainty is present in the duration
of activities, determining the project length’s distribution or even its expectation is
usually a difficult computational problem. In this light, a common assumption in
PERT, the Program Evaluation and Review Technique first proposed by Malcolm
et al. (1959), is that activity durations follow a beta distribution. To properly define
this beta distribution, three values for each activity, a pessimistic, optimistic and
most likely duration are assumed to be known. Subsequently, it is assumed that the
standard deviation is one sixth of the range of the distribution and that a linear ap-
proximation for the mean is acceptable (Littlefield Jr and Randolph, 1987). Given
this beta distribution, the critical set of activities is determined based on the mean
activity duration that follows from this assumed beta distribution, and the expected
project length is calculated by summing the mean activity durations of all critical
activities.

PERT is particularly attractive because of its extremely low computational bur-
den. Moreover, it only requires the support and most likely value of the activity
durations to be known and/or estimated from historical data. Because of these ad-
vantages, PERT is widely used in practice and implemented in software packages such
as MS Project.

On the other hand, PERT also has some disadvantages. In general, four main
points of criticism exist (Hajdu, 2013):

1. An additional assumption on the variance is needed to fully specify the beta
distribution;

2. The beta distribution might not appropriately model reality;

3. Activity durations are assumed to be independent;

4. The expected project duration found is usually too optimistic.

A great deal of research has been devoted to addressing these disadvantages. The
assumption that activity durations are independent has been relaxed by Klein Han-
eveld (1986), among others. Klein Haneveld (1986) discusses the worst-case project
duration distribution given (partly specified) marginal distributions.

Moreover, many alternatives to the beta distribution have been proposed, hoping
to alleviate both issue 2 and 4. Hahn (2008), for example, discusses an extension of
the beta distribution that allows a user to specify a different variability for different
activities. Other suggested distributions include, but are not limited to, the doubly
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truncated normal distribution (Kotiah and Wallace, 1973) and the triangular distri-
bution (Johnson, 1997). While many of these alternatives have specific advantages,
the question remains whether these distributions do appropriately model reality.

In this chapter, we analyze PERT’s assumptions regarding the beta distribution
and its variance, not by analyzing a specific alternative to the beta distribution, but
by considering all distributions with a specified support, mean and possibly mean
absolute deviation. We use techniques from Distributionally Robust Optimization
to derive tight upper and lower bounds for the expected project duration given this
distributional information.

Distributionally Robust Optimization (DRO) is a recent stream of research that
focuses on optimization under uncertainty. It assumes there is only limited infor-
mation on the distribution of the uncertain parameters. This limited information is
captured in an ambiguity set: a set that contains all probability distributions under
consideration. In the context of PERT we are mostly interested in results from DRO
concerning expectations, i.e., methods to compute upper and lower bounds on an ex-
pectation of a nonlinear function for a given ambiguity set. Such results are presented
in Wiesemann et al. (2014) for ambiguity sets with moment conditions and confidence
sets, and Postek et al. (2018) for ambiguity sets with a specified support, mean and
mean absolute deviation, for example. For a comprehensive overview of DRO we refer
to Rahimian and Mehrotra (2019).

In this chapter, we focus on the distributional results from Postek et al. (2018),
because they provide a closed-form expression for tight upper and lower bounds on the
expectation of a convex function, expanding upon results from Ben-Tal and Hochman
(1972). This allows us to consider a set of potential distributions, instead of assuming
a beta distribution with a specified variance, and hence we can analyze PERT’s disad-
vantages with respect to those assumptions. Moreover, by considering both the best-
and worst-case distribution in this set, we are guaranteed not to obtain an optimistic
expected project duration.

These best- and worst-case distributions are shown to be a two and three point
distribution, respectively. By comparing the expected project duration for the best-
and worst-case distributions, we can comment on the importance of actually knowing
the true distribution. We remark that although these two- and three-point distribu-
tions might not be realistic distributions for the activity duration, we do not consider
them as such; they are simply used as a tool to obtain tight upper and lower bounds
on the expected project duration.

Birge and Maddox (1995) also present an approach to bounding the expected
project duration given limited information on the activity duration distribution, which
is somewhat similar to ours. Because they use the variance instead of the mean ab-
solute deviation, however, the bounds they propose are not tight. Therefore, they
cannot necessarily draw definitive conclusions with respect to PERT’s core assump-
tions.

It is important to note that PERT generally only considers a single scenario for
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the whole project, in which all activities are at their mean value. This implies that
PERT only considers a single critical path: the path that is critical when all activities
are at their mean duration. Due to the nature of the three-point distribution that
attains the worst-case expected project duration, our method considers every possible
combination of the minimum, mean and maximum duration for each activity. We
thus consider every possible critical path, thereby avoiding one of the main causes
of PERT’s optimistic result. Because we consider all combinations of the possible
values for each activity, however, computing the best- and worst-case expected project
duration requires the project duration to be computed for an exponential number of
scenarios. In this chapter, we also present an algorithm that severely diminishes the
(exponential) number of scenarios that have to be considered. Moreover, we present
techniques to obtain bounds on the worst- and best-case project duration, one of which
is particularly effective, such that we can obtain slightly weaker bounds with much
less computational effort. These bounds can be employed whenever the project at
hand contains a prohibitively high number of activities. Employing these techniques,
we can effectively bound the expected project duration for projects with up to 120
activities.
The contributions of this chapter can be summarized as follows:

1. We propose a new method of analysis that yields tight upper and lower bounds
for the expected project duration when PERT’s assumptions on the beta distri-
bution and its variance are relaxed.

2. We analyze a large set of projects from PSPLIB with this method and show
that the gap between the worst-case expected project duration and PERT’s
result is below 1% on average and always below 3% when activity duration can
deviate by up to 15%. We thus find that PERT’s assumptions on distribution
and variance are not particularly detrimental.

The remainder of the chapter is organized as follows. Section 6.2 elaborates on the
mathematical background of PERT. Section 6.3 introduces the distributionally robust
techniques we apply to this framework. Section 6.4 elaborates on the algorithm we
develop to more efficiently compute the resulting expressions. Section 6.5 discusses re-
laxations to obtain upper and lower bounds for both the best- and worst-case expected
project length. In Section 6.7 we present the results of the numerical experiments for
both the algorithm as well as the discussed bounds for instances from PSPLIB. Sec-
tion 6.8 concludes the chapter.

6.2 The Basics of PERT

Projects as modeled by PERT (Malcolm et al., 1959) are represented by a weighted
directed graph G = (V,A). Here, V = {1, . . . , n}, where 1 represents the start of the
project and n represents the completion. Activities of the project are represented by
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arcs a ∈ A, with a duration da ∈ R+, and we denote by m the number of activities
|A|. Precedence constraints between activities are modeled by the nodes 2, . . . , n− 1,
in the sense that activities originating from a node can only be started when all
activities ending in that node are completed. The minimum amount of time in which
the project can be completed is found by finding the longest (also called critical) path
in G from 1 to n.

Given a vector of activity durations d, we will denote the length of the longest
path in G from node 1 to node i by fi(d) for all i ∈ V . Because any graph constructed
by the logic above cannot contain cycles, we can always order the nodes in such a way
that i > j implies (i, j) 6∈ A and hence fn(d), the project duration, can be computed
by recursively computing the longest path to the nodes in the graph in increasing
order:

fi(d) = max
j:(j,i)∈A

{
fj(d) + d(j,i)

}
. (6.1)

Hence, fn(d) can be calculated in O (|A|+ |V |). For the sake of simplicity, we will
not carry the subscript and refer to the project duration with f(d) throughout the
rest of the chapter.

Typically, activity durations are assumed to include some form of uncertainty. In
the traditional PERT approach, all activity durations are assumed to be independent
and follow a beta distribution. More specifically, it is assumed that three values are
specified for each activity a: the most likely activity duration, ma, an optimistic
duration, la, and an pessimistic duration, ua. By additionally assuming the standard
deviation of the activity duration to be given by σa = 1

6 (ua−la), the beta distribution
is fully specified. In particular, we know that its mean is given by

µa =
la + 4ma + ua

6
.

The main objective of the PERT analysis is to determine an accurate estimate of
the project duration’s distribution. To this end, the constructed graph G is analyzed
when all activity lengths are equal to their mean duration, that is, f(µ) is calculated.
Based on this analysis, the activities that are in the longest path found when deter-
mining f(µ) are marked as critical. The project duration’s variance is then calculated
by

σ2
P =

∑
a∈CP

σ2
a,

where CP is the collection of critical activities. The project duration’s distribution
is assumed to be normal with the above characteristics, i.e.,

f(d) ∼ N
(
f(µ), σ2

P

)
.
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6.3 A Distributionally Robust Analysis of PERT

In contrast to the stochastic approach in PERT, it is common in Distributionally
Robust Optimization (DRO) to assume an uncertain parameter follows an unknown
distribution of which only some characteristics are specified. In this chapter, similar
to PERT, we consider distributions for the activity duration with a known bounded
support supp(da) ⊆ [la, ua]. Moreover, we assume a known mean EP [da] = µa, po-
tentially a known mean absolute deviation from the mean EP|da − µa| = δa and
potentially a known probability to be bigger than the mean P (da ≥ µa) = βa. We
choose to assume knowledge on these properties, as it allows us to use the aforemen-
tioned results from Distributionally Robust Optimization on tight upper and lower
bounds for the expected project duration from (Ben-Tal and Hochman, 1972).

A further assumption necessary to apply those results is the pairwise independence
of the activity durations. We note that we thus do not address this disadvantage of
PERT, as it is shared by our method of analysis. All these assumptions are combined
in the following three sets of distributions, also known as ambiguity sets:

Pµ = {P : P (da ∈ [la, ua]) = 1, EP [da] = µa ∀a ∈ A, da ⊥⊥ db ∀a 6= b} , (6.2)

P(µ,δ) = {P ∈ Pµ : EP [|da − µa|] = δa ∀a ∈ A} , (6.3)

P(µ,δ,β) =
{
P ∈ P(µ,δ) : P (da ≥ µa) = βa ∀a ∈ A

}
. (6.4)

In general, Ben-Tal and Hochman (1972) state that we can calculate the lowest and
highest possible expectation of a convex function f over these ambiguity sets, which
relate by:

inf
P∈Pµ

E [f(d)] ≤ inf
P∈P(µ,δ,β)

E [f(d)] ≤ sup
P∈P(µ,δ)

E [f(d)] ≤ sup
P∈Pµ

E [f(d)] .

When δa = 2 (ua−µa)(µa−la)
(ua−la) , which is the maximum value the mean absolute devia-

tion can take given support and mean information, the third inequality is in fact an
equality. Moreover, if the critical path is the same for any combination of values in
[la, ua], all inequalities are equalities, as the expected project duration is then simply
the sum of the expected duration of the activities on this single critical path.

In order to apply the results by Ben-Tal and Hochman (1972), it is thus necessary
for f(d) to be convex in d. To see that in our setting f(d) is convex, it is important
to note that by its definition (6.1), f(d) is the (recursive) maximum of several affine
functions in d. The fact that f(d) is convex then follows from the fact that both the
sum and maximum of convex functions is once again a convex function.

The best-case project duration over the simple ambiguity set (6.2), infP∈Pµ E [f(d)]
is equal to the expected project duration the standard PERT approach yields, f(µ).
This confirms the criticism that PERT generally yields too optimistic values for the
expected project duration.
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Lemma 6.1. (Jensen’s bound)
PERT’s expected project duration f(µ) equals infP∈Pµ E [f(d)].

Furthermore, we can provide a closed-form expression for the worst-case expected
project duration. The worst-case distribution corresponding to this worst-case expec-
tation is supported on 3m points, which we denote by

τa1 = la, τ
a
2 = µa, τ

a
3 = ua,

with corresponding probabilities

pa1 =
δa

2 (µa − la)
, pa2 = 1− pa1 − pa3 , pa3 =

δa
2 (ua − µa)

,

for all a ∈ A. To make this chapter self-contained, a proof to Lemma 6.2 is included
in 6.A.

Lemma 6.2. For any convex function f : Rm → R, it holds that

sup
P∈P(µ,δ,β)

E [f(d)] =
∑

α∈{1,2,3}m

∏
a∈A

paαaf
(
(τ1
α1
, . . . , τmαm)>

)
.

Essentially, this result states that the distribution that attains the worst-case expected
project duration is a three point distribution on the boundaries of the support, and
the mean, resulting in 3m possible outcomes for d with according probabilities and
corresponding critical paths. It is important to remark that all possible combinations
of these possibilities are considered, while the standard PERT analysis only considers
a single critical path. We thus compute the worst-case expected project duration
by determining f

(
(τ1
α1
, . . . , τmαm)>

)
for all possible values of α, i.e., determining the

longest paths in the corresponding deterministic graphs, and multiplying them with
the corresponding probability. This results in a computation of total complexity
O
(
3|A| (|A|+ |V |)

)
. Observe that βa is not used in the definition of this distribution,

which means that no information on P (da ≥ µa) is necessary to find the worst-case
expected project duration. It is however, necessary for finding the best-case expected
project duration.

The best-case distribution is supported on 2m points, denoted by

qa1 = 1− βa, qa2 = βa,

with corresponding probabilities

νa1 = µa −
δa

2 (1− βa)
, νa2 = µa +

δa
2βa

,

for all a ∈ A. The expression for the best-case expected project duration is given in
the following Lemma. To make this chapter self-contained, a proof to Lemma 6.3 is
included in 6.A.
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Lemma 6.3. For any convex function f : Rm → R, it holds that

inf
P∈P(µ,δ,β)

E [f(d)] =
∑

α∈{1,2}m

m∏
a=1

qaαaf
(
(ν1
α1
, . . . , νmαm)>

)
.

This results in a computation of total complexity O
(
2|A| (|A|+ |V |)

)
for the best-

case expected project length.

6.4 Exact Calculation of the Worst- and Best-Case Bounds

Because of the exponential nature of both the best- and worst-case expected project
duration, the expressions in Section 6.3 seem impossible to compute within a reason-
able time for any realistic projects. In practice, this means we can only use these
formulas for projects with a very small number of activities. We therefore develop an
algorithm that severely diminishes the number of scenarios for which the critical path
needs to be computed explicitly.

The algorithm used in this chapter is based on the following observation. Given
a scenario α ∈ {1, 2, 3}m and the critical path C in the corresponding graph with
activity durations τ1

α1
, . . . , τmαm , the critical path must be the same for many other

scenarios α. In particular, the critical path is the same for any scenario α̃ that has
the same activity duration as α for all activities on the critical path, and at most
α’s activity duration for all other activities. Formally, these scenarios are given by
all α̃ ∈ {1, 2, 3}m such that {

α̃c = αc ∀c ∈ C
α̃c ≤ αc ∀c 6∈ C.

We will refer to such scenarios as the induced scenarios by a pair (α, C). For all
induced scenarios, we know that the critical path for both scenarios must be the same,
because τa1 ≤ τa2 ≤ τa3 for any a ∈ A. Hence, it also holds that f

(
τ1
α̃1
, . . . , τmα̃m

)
=

f
(
τ1
α1
, . . . , τmαm

)
. This observation means that for many scenarios, the critical path

will not have to be computed as it has implicitly been determined while evaluating a
different scenario. Based on this observation, we develop an algorithm that iteratively
computes the critical path for a scenario for which it is still unknown and subsequently
identifies all scenarios α̃ for which the critical path is guaranteed to be the same.
These scenarios then do not have to be considered any further.

A basic implementation of this idea would be to store the critical path for every
scenario and iterate over all scenarios for which it remains unknown. This approach,
however, quickly runs into severe memory limitations, as for any graph with 21 or
more activities, the number of stored scenarios would exceed the number of bytes
available in a computer with 4GB RAM.

Instead, the algorithm we propose stores the scenarios for which the critical path
is already known in a more intelligent way, enabling the algorithm to deal with larger
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Algorithm 6.1

1: Set V = ∅
2: Set L = {(2, . . . , 2)}
3: Set i = 1
4: while L 6= ∅ do
5: Choose α ∈ L and remove it from L
6: Compute λi = f(ν1

α1
, . . . , νmαm) and let C ⊆ A be the longest path of length l

7: Compute the total probability γi =
∏
c∈C p

c
αc · remaining((α, C), V )

8: Add (α, C) to V
9: for all a ∈ C such that αa > 1 do

10: Define α̃ by α̃a = αa − 1 and α̃c = αc for all c 6= a
11: if α̃ 6∈ L and 6 ∃C such that (α, C) ∈ V then
12: Add α̃ to L
13: end if
14: end for
15: Increase i by 1
16: end while
17: The worst-case expected project length is given by γ>λ.

problems. The pseudocode for this algorithm is presented in Algorithm 6.1. For
simplicity’s sake, the algorithm is presented for computing the expected project du-
ration for a distribution supported on 2m points, instead of 3m. In this algorithm,
remaining is a subroutine that computes the total probability of the scenarios in-
duced by the current scenario and critical path couple (α, C) and subtracts from that
the probability of the induced scenarios whose critical path was already known. For
more details on this subroutine, we refer the interested reader to Appendix 6.B.

The algorithm starts by considering the scenario in which all activity durations
are at their maximum possible value. For each scenario α it considers, the critical
path C in the corresponding graph is to be determined. Based on this critical path
and the key observation the algorithm relies upon, the induced set of scenarios for
which the critical path and its length are the same can be found. Some of these
scenarios have been induced by a scenario processed earlier. Using the remaining
subroutine, the total probability of all scenarios that have not been induced before is
calculated. Subsequently, a new scenario α̃ is created for each arc on the longest path
that is not already set to its lowest possible value. These new scenarios are identical
to α for all but one activity, for which the duration is lowered. This guarantees that
every possible scenario will either be considered or induced at some point during the
algorithm. These new scenarios are added to a list L, from which the next scenario
is chosen. Once L is empty, i.e., no more scenarios exist for which the critical path is
unknown, the algorithm terminates.

While the algorithm we develop still has a worst-case computational complexity of
O
(
3|A| (|A|+ |V |)

)
, it allows us to compute the best- and worst-case expected project

duration for projects with up to 40 activities on a critical path within reasonable
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time. Dependent on project structure, this potentially means projects with up to 120
activities could be processed.

6.5 Approximation of the Worst- and Best-Case Bounds

While the algorithm described in Section 6.4 is a huge improvement over evaluating
the expressions from Section 6.3, it is still somewhat limited in the size of projects
that can be tackled. In this section we propose adaptations to our approach that
will decrease the quality of the obtained bound on the expected project duration
while increasing the computational tractability. For ease of exposition we will focus
on upper bounds for the worst-case expected project duration in this section. The
second and third proposal in this section can easily be adapted to yield lower bounds
as well and bounds for the best-case expected project duration follow from these lower
bounds.

First of all, we remark that any partial completion of the algorithm can lead to an
upper bound on the worst-case project duration, given that the scenarios are processed
such that the corresponding project durations are in decreasing order. A disadvantage
of this approach is the quality of the resulting bound, as it is particularly bad for low
amounts of computational time. An advantage, on the other hand, is that it is very
easy to implement and yields a bound for any specified maximum computation time.

Two other possible upper bounds can be obtained by altering characteristics of the
project such that the worst-case expected project duration increases. In particular,
we consider two operations that decrease the number of activities with uncertainty
and thus lessen the computational burden. The easiest way to do this is to remove
uncertainty from an activity by setting da = ua for some a ∈ A. The quality of the
resulting bound is dependent on the activity chosen to perform this operation on. In
general, it is attractive to select those activities that had low impact on the expected
project duration to start with. This impact results from an activity duration having
high variability, i.e., a high mean absolute deviation, and having a long duration in
general. Therefore, we select the activities whose duration have the lowest mean
absolute deviation.

The second operation we consider is the merger of two activities. More specifically,
we consider the replacement of two activities that are each other’s unique successor
and predecessor by a single activity. Mathematically, this means we replace activities
(i, j), (j, k) ∈ A by a single activity (i, k). By linearity of the expectation we know
that

P
(
d(i,k) ∈

[
l(i,j) + l(j,k), u(i,j) + u(j,k)

])
= 1, E

[
d(i,k)

]
= µ(i,j) + µ(j,k).

Unfortunately, we cannot directly compute the mean absolute deviation of the newly
introduced activity, and therefore the worst-case expected project duration after the
merger cannot be calculated exactly. We do know, however, that the worst-case
expected project duration is increasing in the mean absolute deviation of all activities
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(Postek et al., 2018). Therefore, any upper bound on E
[∣∣d(i,k) − µ(i,j) − µ(j,k)

∣∣] will
yield an upper bound on the original worst-case project duration.

Postek et al. (2018) suggest a number of different techniques to obtain such an
upper bound. Here, we use proposition 5 from their work, that exploits the observa-
tion that the absolute value is a convex function and the mean absolute deviation can
thus be bounded by the same theory used for the expected project duration. This
means we consider 32 = 9 different scenarios for

(
d(i,j), d(j,k)

)
to find a fairly tight

upper bound on E
[∣∣d(i,k) − µ(i,j) − µ(j,k)

∣∣]. Similar to the first operation, we choose
to merge those activities that have the lowest mean absolute deviation to stay as
close to the true worst-case expected project duration as possible. We investigate the
quality of the bounds resulting from these operations numerically in Section 6.7.

We note that for the best-case expected project duration we require a lower bound
on E

[∣∣d(i,k) − µ(i,j) − µ(j,k)

∣∣]. For this, we can similarly use the idea that the mean
absolute deviation is a convex function to bound it from below by considering 22 = 4
different scenarios for

(
d(i,j), d(j,k)

)
.

6.6 Project Preprocessing

Besides intelligently calculating the project duration for relevant scenarios, another
observation is key in efficiently evaluating the worst-case expected project duration.
If there exists a node k ∈ {1, . . . , n} such that for each scenario α the critical path
in the corresponding project contains k, the expected project duration is equal to the
sum of the expected longest path from 1 to k and the expected longest path from k
to n. In other words, if there exists a node that is on any longest path, irrespective of
the activity duration, it suffices to find the worst-case longest path from 1 to k and
the worst-case longest path from k to n. This observation relies on the assumption
that all activity lengths to be independent. We will refer to nodes k with the above
property as separating nodes.

Unfortunately, these separating nodes are not necessarily easy to identify. When
any path from 1 to n passes through k, that is, removing k from the graph would
disconnect it completely, it is clear that k is a separating node. The easiest way to
identify all other separating nodes is removing all edges from the graph that are never
contained in a longest path from 1 to n. An intuitive, but computationally expensive
method to find these edges is to compute supP∈Pµ E [f(d)]. Since the worst-case
distribution for this ambiguity set is only a two-point distribution on the boundaries of
the support, any edge that is not on the longest path for any of the considered scenarios
in this evaluation, will not be on any longest path. Calculating supP∈Pµ E [f(d)] first
can thus yield a significant decrease in computation time of supP∈P(µ,δ)

E [f(d)] and

infP∈P(µ,δ,β)
E [f(d)].

A more computationally tractable approach to identify separating nodes involves
applying the following sufficient but not necessary condition. First, we note that the
shortest possible longest path has length f(l). Now, for any activity a ∈ A we find
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the longest possible path from 1 to n containing this activity. Then, we know that a
can never be on the critical path if this length is strictly smaller than f(l). We once
again stress that although this is a sufficient condition, it is not necessary.

By first checking the sufficient condition outlined above and subsequently comput-
ing the values of interest in the order indicated, that is computing supP∈Pµ E [f(d)]
first, we can limit the graph to only the relevant edges fairly efficiently, thereby identi-
fying all separating nodes. All results reported in this chapter result from an approach
in which theses ideas have been implemented.

We acknowledge that more efficient and elaborate techniques for reducing the
project of interest exist. As our implementation only serves an illustrative purpose,
we chose not to implement those even though we suspect using such techniques could
improve the applicability of our techniques even further. We refer the interested
reader to, e.g., (Bard and Bennett, 1991; Reich and Lopes, 2011).

6.7 Numerical Experiments

6.7.1 Illustrative Examples

For illustrative purposes, we first consider two examples commonly considered in the
literature. More specifically, we consider the two projects analyzed by Birge and
Maddox (1995). Figure 6.1 and 6.2 graphically depict the projects, Table 6.1 and 6.3
contain information on all activities and Table 6.2 and 6.4 summarize the results from
Birge and Maddox (1995) as well as our approach. Since the data for these examples
only include information on the first two moments of the distribution of all activity
durations, we consider two different possible values for the mean absolute deviation:

the minimum and maximum possible value given the variance, given by 2σ2

u−l and σ,
respectively (Postek et al., 2018).

These two examples perfectly illustrate the quality of the bound on the expected
project duration we obtain. In example 1, where previous known bounds determine
the expected project duration exactly, irrespective of the true distribution, we find
the exact same value. We note that in this example there is only a single critical path
for all scenarios, which is why the best- and worst-case project duration coincide.

In example 2, on the other hand, there are multiple potential critical paths. The
lower and upper bounds found by Birge and Maddox (1995) therefore still had a
significant gap. Here, we can narrow the gap by a factor ten if we know (or have
an accurate estimate of) the mean absolute deviation. Moreover, if only the variance
is known, we can tighten the bounds to [3.22, 3.40], which is still a little over half
the original gap. This empirically shows that the bounds by Birge and Maddox
(1995) are not tight. We note that for illustrative purposes, the potential deviation
in these examples is unrealistically large (up to 100% of the mean). The relative size
of the gap with respect to the value of the expected project duration is therefore
disproportionally large.



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 169PDF page: 169PDF page: 169PDF page: 169

Numerical Experiments 161

1
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10

Figure 6.1 – Project network for example 1, labels indicate the activity’s
index.

Activity Minimum Maximum Mean Variance

1 1 1 1 0

2 2 4 3 1
3

3 1 3 2 1
3

4 1 5 3 4
3

5 2 3 21
2

1
12

6 3 7 5 4
3

7 3 5 4 1
3

8 4 5 41
2

1
12

9 1 2 11
2

1
12

10 4 6 5 1
3

Table 6.1 – Activity duration data for example 1.

BM δa =
2σ2
a

ua−la δa = σa

Upper Bound 20 20 20
Lower Bound 20 20 20

Table 6.2 – Bounds for example 1. BM lists the bounds found by Birge and
Maddox (1995), the other two columns list the results of our method for the
listed values of the mean absolute deviation.
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1

2
3

4

5

Figure 6.2 – Project network for example 2, labels indicate the activity’s
index.

Acitivity Minimum Maximum Mean Variance

1 0 2 1 2
3

2 0 2 1 2
3

3 0 2 1 2
3

4 0 2 1 2
3

5 0 2 1 2
3

Table 6.3 – Activity duration data for example 2.

BM δa =
2σ2
a

ua−la δa = σa

Upper Bound 4 3.33 3.40
Lower Bound 3 3.22 3.32

Table 6.4 – Bounds for example 2. BM lists the bounds found by Birge and
Maddox (1995), the other two columns list the results of our method for the
listed values of the mean absolute deviation.
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6.7.2 PSPLIB Instances

To test our approach on a larger scale, we use the RCPSP problems from the PSPLIB
project scheduling library (Kolisch and Sprecher, 1997). This library contains a wealth
of problems with m = 30, 60, 90 and 120 activities, that need to be adapted slightly
to be fully suitable for our method. First and foremost, the problems are modeled
as an activity on nodes (AoN) network. To transform the projects into the desirable
activity on arc (AoA) format, we employ the algorithm in (Sterboul and Wertheimer,
1981) as explained by Mouhoub et al. (2011).

Moreover, the instances from PSPLIB only provide a nominal value for the activity
duration. We assume this nominal value is the mean (µ) and that the support is given
by either (I) 95% and 115% or (II) 85% and 145% of this value. An instance from the
PSPLIB library is visualized in Figure 6.3. Here, black arcs correspond to activities,
while gray arcs are auxiliary arcs that model additional precedence relations that
result from the reformulation to the AoA format. The critical path found by PERT is
shown as solid arcs. Additional arcs that are potentially on a critical path are shown
as dashed (I) and dash-dotted (II) arcs. We remark that any arc that is on a critical
path for the narrow support (I) is also on a critical path for the wider support (II).

Because we are comparing our technique to PERT, we choose to assume the mean
absolute deviation (δ) and probability that the duration is larger than the mean
(β) are exactly the values PERT assumes them to be, that is, values from the beta
distribution PERT assumes. All numerical results presented have been obtained using
Python 3.7 on a Lenovo Y700 with an i7-6700HQ processor and 16GB RAM.

As we present many results later in this section based on the bounds discussed
in Section 6.5, we first present some numerical results regarding the quality of these
bounds. In particular, the average results on removing uncertainty from activities and
merging activities over all 480 instances with 30 activities are shown in Figure 6.4.
These figures both show two sets of boxplots. On the x-axis of all these figures, the
number of activities from which the uncertainty was removed, or the number that
were merged is shown. On the y-axis of the figures on the left, the average quality
of the resulting bound with respect to the exact value is shown. In the figures of the
right, the y-axis shows the average computation time.

The results for the two bounds are quite different. Removing uncertainty can
clearly completely remove the computational burden if all activities are assumed to
be certain. Its quality, however, suffers accordingly. When only 2 or 3 activities are
assumed to be certain the bound can already be up to 5% above the true worst-case
expected project duration. It is important here to note that the activities of which
the uncertainty was removed were selected to maximize the quality of the resulting
bound.

Merging activities, on the other hand, yields bounds that are very close to the
actual value. Clearly, the gain in computation time is much smaller for this bound,
but it is generally sufficient to tackle all problems with 30 activities and most with
60. We therefore will limit ourselves to only consider this bound moving forward.
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Never critical

PERT

Support I

Support II

Figure 6.3 – A visualization of j301 2.sm. Solid arcs correspond to activities,
dashed arcs are auxiliary arcs that model additionally precedence relations.
Green, orange and red arcs correspond to activities on the critical path for
PERT, support I and support II, respectively.

https://2.sm/


564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 173PDF page: 173PDF page: 173PDF page: 173

Numerical Experiments 165
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(a) Bound quality for removing uncertainty.
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(b) Computation time in seconds for removing un-
certainty.
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(c) Bound quality for merging activities.
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(d) Computation time in seconds for merging ac-
tivities.

Figure 6.4 – An overview of the quality and computation time of the bounds
presented in Section 6.5.
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The best- and worst-case expected project duration for all 480 instances with 30
activities are shown for both values of the support (I and II) in Figures 6.5 and 6.6. For
all instances, the ratios of the presented bounds with respect to the expected project
duration found by PERT are reported, such that the best-case expected project dura-
tion without mean absolute deviation known always corresponds to 1. The resulting
ratios were grouped by and averaged over the instances that have the same number
of different critical paths. Specifically, Figures 6.5 and 6.6 show the following four
values from bottom to top:

� Best-case expected project duration without mean absolute deviation known
(equal to PERT);

� Best-case expected project duration with mean absolute deviation known;

� Worst-case expected project duration with mean absolute deviation known;

� Worst-case expected project duration without mean absolute deviation known.

Figure 6.5 shows that on average, even in the most extreme projects, the difference
between the worst- and best-case expected project durations does not exceed 2%.
Moreover, when the mean absolute deviation is known, the difference is significantly
smaller, which follows from the inner dots being significantly closer than the outer.
In fact, the biggest difference between the worst- and best-case expected project du-
rations when the mean absolute deviation is known is slightly less than 3%. As we
allow the activity duration to be up to 15% higher than on average, and the support
width is 20% of the mean value, we feel this 3% is rather small. We therefore tenta-
tively conclude that knowing the actual distribution (and mean absolute deviation)
has little influence on the expected project duration.

To investigate whether the width of the support significantly changes the expected
project duration, Figure 6.6 shows the results when the activity duration is between
85% and 145% of its mean. As mentioned before, assuming a wider support implies
that more activities are potentially on the critical path, and thus the computation
time increases as well. Hence, for a fair number of instances the exact worst- and best-
case expected project durations could not be calculated within 5 minutes. Therefore,
we included a bound on those values based on merging activities for those instances.
While the difference to PERT is clearly bigger for a larger support, the change seems
mostly proportional to the change in the width of the support. This strengthens
our belief that knowledge of the support and mean is much more important than
knowledge of the actual distribution or the mean absolute deviation.

6.C contains similar figures to Figure 6.5 for projects with 60, 90 and 120 activities
and a support from 95% to 115% of the mean: Figures 6.9, 6.10 and 6.11, respectively.
For these sizes, we randomly selected 50 instances from PSPLIB in order to prevent
the total computation time from becoming entirely unreasonable. While for both 90
and 120 activities there clearly exist some instances for which the difference between
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Figure 6.5 – Average ratio to PERT grouped by number of different criti-
cal paths for instances with 30 activities with a support from 95% to 115%
of the nominal value. Depicted are from bottom to top: PERT, best-case
with mean absolute deviation, worst-case with mean absolute deviation and
worst-case without mean absolute deviation. Arrows indicate the lowest and
highest found value per group of instances for the worst-case with known
mean absolute deviation. The number of instances in each group is included
in parentheses.
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Figure 6.6 – Average ratio to PERT grouped by number of different criti-
cal paths for instances with 30 activities with a support from 85% to 145%
of the nominal value. Depicted are from bottom to top: PERT, best-case
with mean absolute deviation, worst-case with mean absolute deviation and
worst-case without mean absolute deviation. Arrows indicate the lowest and
highest found value per group of instances for the worst-case with known
mean absolute deviation. The number of instances in each group is included
in parentheses.
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worst- and best-case expected project durations is bigger, on average the difference is
still fairly small. Moreover, we remark that due to the size of these instances all results
presented here have the maximum number of activities merged that was possible. The
true difference, therefore, is likely to be somewhat smaller than the figures suggest.

6.8 Conclusion

In this chapter, we develop a general approach to analyze the sensitivity of the Pro-
gram Evaluation and Review Technique to its assumptions on activity durations fol-
lowing the beta distribution with a specified variance. In contrast to previous research,
which compares the use of this beta distribution with a variety of other distributions,
we use techniques from distributionally robust optimization that do not require any
assumptions on the type of distribution. We only assume some basic distributional
information on the activity durations to be known: the support, mean and mean
absolute deviation, as well as pairwise independence. This allows us to use the results
of Ben-Tal and Hochman (1972) that specify the worst- and best-case distribution,
from which we find tight upper and lower bounds on the expected project duration.

Because the approach we propose is computationally intensive, we propose several
potential speedups that result in slightly looser bounds. This allows us to analyze
PERT’s assumptions on a large collection of instances from PSPLIB. Through exten-
sive numerical experiments, we show that the effect of PERT’s assumption regarding
the beta distribution is limited. Furthermore, we conclude that there is only a limited
benefit to knowing the exact mean absolute deviation.
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Appendices

6.A Proofs

The following proof is taken from Van Eekelen et al. (2020, Theorem 1).

Proof of Lemma 6.2. First of all, note that since da ⊥⊥ db for all a 6= b, we can write

sup
P∈P(µ,δ,β)

E [f(d)] = sup
P1∈P1

(µ,δ,β)

· · · sup
Pm∈Pm

(µ,δ,β)

E [f(d)] , (6.5)

where

Pa(µ,δ,β) = {P : supp (da) ⊆ [la, ua], EP [da] = µaEP [|da − µa|] = δa} ,

is the ambiguity set containing the marginal distribution of da for a = 1, . . . ,m. For
any a, we consider the problem

sup
Pa∈Pa

(µ,δ,β)

E [f(d)] . (6.6)

For the sake of brevity and simplicity, we consider all db for b 6= a fixed for now, such
that f is only a function of da. With a slight abuse of notation, we will refer to f(da)
instead of f(d). We can write (6.6) as the following semi-infinite linear program:

sup
P

∫
da

f(da) dP(da) (6.7a)

s.t.

∫
da

dP(da) = 1 (6.7b)∫
da

da dP(da) = µa (6.7c)∫
da

|da − µa|dP(da) = δa. (6.7d)

Consider the dual of (6.7),

min
λ1,λ2,λ3

λ1 + λ2µa + λ3δa (6.8a)

s.t. f(da)− λ1 − λ2µa − λ3|da − µa| ≤ 0 ∀da ∈ [la, ua]. (6.8b)

Define F (da) = λ1 + λ2µ + λ3|da − µa| such that (6.8b) can be written as f(da) ≤
F (da) ∀da ∈ [la, ua], that is, F (da) majorizes f(da). Since the dual problem (6.8)
has three variables, the tightest majorant F touches f(da) at three points: da = 1a,
µa and ua, which we denote by τa1 , τa2 and τa3 . This is illustrated in Figure 6.7. The
optimal probabilities can now be easily found by solving the linear system with three



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 179PDF page: 179PDF page: 179PDF page: 179

Proofs 171

da
la µa ua

f(da)

F (da)

Figure 6.7 – A convex function f(da) and its piecewise linear majorant F (da).

unknowns that is obtained when limiting the probability distribution in (6.7) to be
only supported on τa1 , τa2 and τa3 .

If we apply this reasoning for dm in (6.5), we find it is equal to

sup
P1∈P1

(µ,δ,β)

· · · sup
Pm−1∈Pm−1

(µ,δ,β)

E

 ∑
αm∈{1,2,3}

pmαmf
(
(d1, . . . , dm−1, τ

m
αm)>

) .
Since all probabilities are nonnegative, the inner maximization problem once again
concerns the maximum expectation of a convex function, and we can apply the rea-
soning above. Applying that reasoning m times gives the final expression given in
Lemma 6.2 and completes the proof.

The following proof is taken from Van Eekelen et al. (2020, Theorem 3).

Proof of Lemma 6.3. Similar to the proof of Lemma 6.2, we can focus on the univari-
ate setting:

inf
Pa∈Pa

(µ,δ,β)

E[f(d)]. (6.9)

For the sake of brevity and simplicity, we consider all db for b 6= a fixed for now,
such that f is only a function of da. With a slight abuse of notation, we will refer to
f(da) instead of f(d). The optimization problem (6.9) can be written as the following
semi-infinite linear program:

min
P

∫
da

f(da) dP(da) (6.10a)

s.t.

∫
da

dP(da) = 1 (6.10b)
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∫
da

da dP(da) = µa (6.10c)∫
da

|da − µa|dP(da) = δa (6.10d)∫
da

1{da≥µa} dP(da) = βa. (6.10e)

The dual of (6.10) is given by

max
λ1,λ2,λ3,λ4

λ1 + λ2µa + λ3δa + λ4βa (6.11a)

s.t. f(da)− λ1 − λ2µa − λ3|da − µa| − λ41da≥µa ≥ 0 ∀da ∈ [la, ua]. (6.11b)

We define F (da) = λ1 + λ2µa + λ3|da − µa| + λ41da≥µa , such that (6.11b) can be
written as F (da) ≤ f(da), i.e., F (da) minorizes f(da). In this situation, F (da) has a
kink and a discontinuity at da = µa, as illustrated in Figure 6.8. The dual problem
thus boils down to finding the tightest minorant that maximizes the objective (6.11a).
From the supporting hyperplane theorem, we know that F (da) touches the epigraph
of f(da) at two or fewer points, on opposite sides of µa, i.e., some x1 and x2 such that
x1 ≤ µa ≤ x2. If we insert this knowledge in the dual, we find

max
λ1,λ2,λ3,λ4

λ1 + λ2µa + λ3δa + λ4βa

s.t. λ1 + λ2x1 + λ3(µa − x1) + λ4 = f(x1)

λ1 + λ2x2 + λ3(x2 − µa) = f(x2).

Using Lagrangean duality, one can show the optimal solution satisfies

x1 = µa −
δa

2(1− βa)
, x2 = µa +

δa
2βa

,

da
νa1 νa2µa

f(da)

F (da)

Figure 6.8 – A convex function f(da) and its non-continuous piecewise linear
minorant F (da).
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which correspond to νa1 and νa2 . Substituting these values and solving for the dual
variables λ1, . . . , λ4, we find the optimal objective is given by (1−βa)f(νa1 ) +βf(νa2 ),
which concludes the proof.

6.B Algorithm Details

For ease of exposure, the algorithmic details given in Algorithm 6.2 and 6.3 concern
two possible values for each activity, as would be the case when calculating the best-
case project duration. With some minor modifications the algorithm can also be
applied when an activity can take three or more values.

Algorithm 6.2 remaining subroutine

1: function remaining ((α, C), V )
2: Define S =

{
ᾱ : ∃(ᾱ, C̄) ∈ V for which C̄ = C, ᾱc = αc ∀c ∈ C

}
3: if S = ∅ then
4: Set ω =

∏
c6∈C

∑αc
i=1 p

c
i

5: else
6: Set ω = 0
7: for all c 6∈ C such that αc > ᾱc ∀ᾱ ∈ S do

8: Update ω = ω +
[∑αc

i=maxᾱ∈S{ᾱc}+1 p
c
i

]
·
∏
χ6∈C∪{c}

∑αχ
i=1 p

χ
i

9: Update αc = maxᾱ∈S ᾱc
10: end for
11: Update ω = ω + recursive((α, C), S, ∅)
12: end if
13: end function

The remaining subroutine calculates the total probability of all scenarios induced
by (α, C) that were not previously considered, i.e., were already induced by an element
of V . First, it collects in S the scenarios with the same critical path and the same
activity durations on this critical path from V , as those are the only scenarios that
could have induced the same scenarios. If such scenarios do not exist, all scenarios
induced by (α, C) are new and calculation of the total probability is easy. If such
scenarios do exist, on the other hand, the calculation is split into two parts. First of
all, we check if any activity c that is not on C has a longer duration in α than in
any previously considered scenario. For all such activities c, we can be sure that any
scenarios induced by (α, C) for which the value on c is equal are new scenarios and can
thus be included in the total probability. For the second part of the calculation, all
activity durations are reduced to the maximum value that was considered before this
iteration and the recursive subroutine recursive is called to calculate the remaining
probability.

First and foremost, recursive checks whether there exists a scenario ᾱ ∈ S such
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Algorithm 6.3 recursive subroutine

1: function recursive ((α, C), S, F0)
2: if ∃ᾱ ∈ S such that ᾱc ≥ αc ∀c 6∈ C then
3: return 0
4: else
5: Set F = {i 6∈ C : ∃ᾱ ∈ S s.t. ᾱi < αi, ᾱc ≥ αc ∀c 6∈ C ∪ F0 ∪ {i}} ∪ F0

6: if |F | > 0 then
7: Set Ŝ =

{
ᾱ(α,C) ∈ S : ᾱc ≥ αc ∀c ∈ F

}
8: else
9: Set Ŝ = S

10: end if
11: if |Ŝ| ≤ 1 then
12: if |Ŝ| = 0 then
13: return

∏
c∈F p

c
αc ·

∏
c6∈C∪F

∑αc
i=1 p

c
i

14: else
15: Denote the only element of F by χ
16: Set B = {c 6∈ C : χc < αc}
17: return

∏
c∈F p

c
αc ·

[∏
c∈B

∑αc
i=1 p

c
i −

∏
c∈B

∑χc
i=1 p

c
i

]
·

18:
∏
c6∈C∪F∪B

∑αc
i=1 p

c
i

19: end if
20: else
21: Find an arc j such that j 6∈ F and αj > 0
22: Define F1 = F ∪ {j} and S1 = {ᾱ ∈ V : ᾱc ≥ αc ∀c ∈ F1}
23: Define α̂ by α̂j = αj − 1 and α̂c = αc for all c 6= j
24: return recursive((α, C), S1, F1) + recursive((α̂, C), Ŝ, F )
25: end if
26: end if
27: end function

that ᾱc ≥ αc for all c ∈ C, that is, whether it is dominated by any scenario processed
before. In this case, α does not induce any scenario we have not encountered before
and thus the remaining probability is 0. Otherwise, we find all activities i such that we
have considered scenarios before, which had higher values on every activity but i, and
add those activities to a set F . We are only interested in scenarios for which the value
of these activities is fixed, as a lower duration on this activity would mean it has been
induced previously. After this, we can reduce the set of relevant previous scenarios
in S to all scenarios such that their value exceeds the value of α on all activities
in F , as those are fixed. This reduced set is denoted by Ŝ. If only one or none of
such scenarios exist, calculating the total probability of all new induced scenarios is
fairly straightforward. If, on the other hand, more than one scenario reside in Ŝ, we
consider two cases for which we compute the total probability of induced scenarios
recursively. More specifically, we choose an activity that is not fixed and not at its
lowest possible value and consider the case where this activity is fixed and the case
where its value is lower.
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6.C Additional Figures

Figure 6.9 – Average deviation from PERT grouped by number of different
critical paths for instances with 60 activities. Depicted are from bottom to
top: PERT, best-case with mean absolute deviation, worst-case with mean
absolute deviation and worst-case without mean absolute deviation. Arrows
indicate the minimum and maximum value for the worst-case with known
mean absolute deviation. The support is from 95% to 115% of the mean.
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Figure 6.10 – Average deviation from PERT grouped by number of different
critical paths for instances with 90 activities. Depicted are from bottom to
top: PERT, best-case with mean absolute deviation, worst-case with mean
absolute deviation and worst-case without mean absolute deviation. Arrows
indicate the minimum and maximum value for the worst-case with known
mean absolute deviation. The support is from 95% to 115% of the mean.
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Figure 6.11 – Average deviation from PERT grouped by number of different
critical paths for instances with 120 activities. Depicted are from bottom to
top: PERT, best-case with mean absolute deviation, worst-case with mean
absolute deviation and worst-case without mean absolute deviation. Arrows
indicate the minimum and maximum value for the worst-case with known
mean absolute deviation. The support is from 95% to 115% of the mean.
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CHAPTER 7

Tight Tail Probability Bounds for Distribution-Free
Decision Making

Abstract

In this chapter, we continue studying problems from the perspective
of distributionally robust optimization, specifically through the lens
of mean-MAD ambiguity. We provide a novel tight upper and lower
bound on the tail probability under knowledge of a bounded sup-
port, mean and mean absolute deviation. We leverage these bounds
for distribution-free analysis of the newsvendor model, monopolis-
tic pricing and stop-loss reinsurance. Additionally, we exploit the
bounds to find tail probability bounds of sums of correlated random
variables as well as convex reformulations of single and joint ambigu-
ous chance constraints that are ubiquitous in distributionally robust
optimization.
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7.1 Introduction

Chebyshev’s inequality provides an upper bound on the tail probability of a random
variable using only its first two moments (Bienaymé, 1853; Chebyshev, 1867). Due
to this distribution-free nature, Chebyshev’s inequality is widely applicable. Let the
ambiguity set P(µ,σ) contain all distributions with a given mean µ and variance σ2,
and let the random variable X follows some distribution P ∈ P(µ,σ). Chebyshev’s
inequality (the one-sided version also known as Cantelli’s inequality) then follows
from the worst-case distribution that solves the optimization problem

P (X ≥ t) ≤ sup
X∼P∈P(µ,σ)

EP [1{X ≥ t}] =
σ2

σ2 + (t− µ)
2 . (7.1)

This inequality is tight, meaning it cannot be improved in general. However, Cheby-
shev’s inequality can be criticized for only being attained by pathological distributions
that abuse the unboundedness of the underlying support. Indeed, the worst-case dis-
tribution takes only values on the points µ − σ2/(t − µ) and t (with probabilities
(t−µ)2/(σ2 +(t−µ)2) and σ2/(σ2 +(t−µ)2), resp.), which can be regarded unrealis-
tic (Van Parys et al., 2016a). In many practical applications some information on the
minimum and maximum of uncertain parameters is known. This is particularly true
for OR applications that consider uncertain parameters that are known to be nonneg-
ative, such as inventory management, service operations, appointment scheduling and
pricing mechanisms. We remark that a tight tail probability bound under knowledge
of the mean, variance and a bounded support was derived by De Schepper and Heijnen
(1995). Next to restricting the support, a second potential improvement of Cheby-
chev’s inequality concerns robustness for outliers. Whereas the (sample) variance is
greatly influenced by outliers, the mean absolute deviation (MAD) is less sensitive
for large deviations from the mean, and hence a potentially more robust measure of
statistical dispersion in data. We therefore propose to replace variance with mean
absolute deviation (MAD). Using the MAD comes with additional advantages. We
show that the set of extremal distributions for which the derived tail bounds are tight
is more varied than a single pathological distribution: it consists of an infinite num-
ber of mixed distributions instead. Second, because the MAD is a linear function, it
allows for elegant closed-form bounds, a feature we shall leverage when applying the
bounds to domain-specific OR questions.

In obtaining the robust tail bounds, we need to solve

sup
X∼P∈P(µ,b,d)

EP [1{X ≥ t}] , (7.2)

with P(µ,b,d) the ambiguity set that contains all distributions with a given mean
µ, support [0, b] and mean absolute deviation d. Optimization problem (7.2) is a
semi-infinite linear optimization problem (LP) that is reminiscent of those arising in
moment problems, and typically does not allow for an analytic (closed-form) solution.
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Using the MAD based ambiguity set P(µ,b,d), the dual program to (7.2) can be solved
explicitly. While comparable dual programs are often solvable as semidefinite or
second-order conic programs (see, e.g., Xin and Goldberg (2021); Natarajan and Zhou
(2007); Perakis and Roels (2008); Natarajan et al. (2017); Das et al. (2019)), analytic
solutions as in our case are typically hard to attain.

The solution of (7.2) gives a generic tight upper bound on the tail probability of
all random variables with a given bounded support, mean and MAD. This new robust
bound is of a similar simplicity and generality as the original Chebyshev inequality,
and can therefore be used widely in various applications. The worst-case distribution
that solves (7.2), is however more complicated than the two-point distribution of the
Chebyshev inequality, and is a mixed distribution with up to three discrete parts and
one continuous part. We also derive three more tail probability bounds: the tight
lower bound under P(µ,b,d) ambiguity and the tight upper and lower bounds under
P(µ,b,d,β) ambiguity, where we also condition on the skewness P (X ≥ µ) = β.

Recent advances in Distributionally Robust Optimization (DRO) also exploit am-
biguity sets in terms of bounded support, mean and MAD to obtain closed-form
expressions for stochastic quantities such as the minimum and maximum expectation
of a convex function (Postek et al., 2018; Ghosal and Wiesemann, 2020). These closed-
form expressions are then used to solve minmax and maxmin optimization problems
that arise naturally in decision making under uncertainty. Postek et al. (2018) specif-
ically use results from Ben-Tal and Hochman (1972) on tight upper and lower bounds
on the expectation of convex function of a random variable. This chapter presents the
first closed-form solution for the combination of P(µ,b,d) (or P(µ,b,d,β)) constraints and
a non-convex objective function. This proof method is not restricted to the indicator
function, and could potentially work for a much larger class of (measurable) functions.

The first part of this chapter revolves around the tail probability bounds. After
the primal-dual proofs we conclude that part with extensive numerical demonstrations
and a comparison with other classical bounds. We expect the bounds to be useful in
many domains. The second part deals specifically with the use of these new bounds in
the OR domain. Although numerical aspects are important, the focus is on utilizing
the structural properties of the closed-form inequalities. For optimization problems
that have tail probabilities as input, this can lead to closed-form or tractable solutions,
which would remain out of reach without the derived tight inequalities.

We first apply the robust bounds for distribution-free analysis of three classical
models that can be subjected to minmax or maxmin optimization. We start with
the newsvendor model, the basic single-period inventory model that searches for the
optimal order quantity in view of overage and underage costs. Under full informa-
tion, the optimal order quantity corresponds to a specific quantile of the demand.
Scarf (1958) studied the situation when only the mean and variance of demand are
known, and derived a robust order quantity as the solution of a minmax optimization
problem, where the decision maker takes the best decision under the worst possible
circumstances in light of mean-variance ambiguity. Scarf’s distribution-free analysis
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is one of the first forms of DRO, and has been a source of inspiration for many OR
studies. Technically, it requires computing upper bounds via a linear program on the
expected value of a convex function E[h(X)] for a random variable X with mean µ
and variance σ2. We shall apply our tail probability bounds for a comparable analysis,
with P(µ,b,d,β) ambiguity.

We then turn to the monopolistic pricing problem, where a seller seeks to maximize
profit when selling a single object to a buyer who is willing to pay some unknown
value X. Traditionally, it is assumed that X is drawn from some distribution that
is known to the seller, so that the seller can set the optimal price. When there is
a single buyer, the optimal strategy is to post a fixed price p that maximizes the
expected profit pP(X > p); see Riley and Zeckhauser (1983) and Myerson (1981). We
apply the derived tail probability bounds to the robust variant of the monopolistic
pricing problem, where instead of knowing the distribution, the seller only has partial
information contained in P(µ,b,d). The seller then becomes a maxmin decision maker
who chooses the price that maximizes the worst-case expected profit.

The third classical model occurs in stop-loss reinsurance. An insurance company
faces a claim of size X, which it pays up to a predefined level z, while the reinsurance
company covers the remainder (up to a predefined maximum m). We study this prob-
lem from both the insurer’s and reinsurer’s perspective, the latter of which requires
an extension of our tail probability bound. Specifically, we derive an upper bound for
the expected payment of the reinsurer, which is neither a convex or indicator type
function. The three classical models come from different corners of Operations Re-
search and Management Science, but have in common that important characteristics
can be expressed in distribution functions, which facilitates a direct application of
the tail probability bounds for distribution-free analysis. The models also show that
the bounds lend themselves to both minmax and maxmin decision problems. We em-
phasize that the models have been chosen somewhat arbitrarily, and there are many
other OR questions where tail probability bounds under mean-MAD constraints can
prove useful.

As alluded to above, our bounds are part of a larger research effort that deals
with exploiting the tractability of mean-MAD constraints for enhancing the state-of-
affairs in DRO. To highlight the connection of our work with DRO, we extend our tail
probability bound to sums of random variables. We demonstrate the multivariate tail
bound with a risk management example that considers portfolios with multiple risky
assets. The bound allows for arbitrary dependence structures and hence is particularly
suitable for, e.g., credit risk and insurance problems. Additionally, we apply our
tail probability bounds to find convex reformulations of several types of ambiguous
chance constraints containing a single random variable. Specifically, we consider a
general convex constraint with right-hand side uncertainty, and a constraint that is
bilinear in the decision variable and the uncertain parameter. This allows optimization
problems with such ambiguous chance constraints to be solved through conventional
solution methods from continuous optimization under mean-MAD ambiguity. These
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theoretical results on ambiguous chance constraints are illustrated through an example
from radiotherapy optimization, in which the dose of radiation delivered to the tumor
is to be maximized, under a probabilistic constraint on the dose of radiation delivered
to the surrounding healthy tissue.

This introduction largely revolves around bounds of tail probabilities through
mean-MAD ambiguity and their applications in probability theory, stochastic OR
and optimization. For each of these applications, we will discuss more details and
related studies in the appropriate sections. In Section 7.2 we present, prove and illus-
trate the tail probability inequalities. We provide tight upper and lower bounds for
the probability that a random variable exceeds a specified threshold under a known
support, mean and mean absolute deviation. In Section 7.3 we use these bounds for
distribution-free analysis of classic OR problems. Specifically, we study the newsven-
dor model in Section 7.3.1, the monopoly pricing model in Section 7.3.2, and the
stop-loss reinsurance model in Section 7.3.3. To further demonstrate the large scope
of our bounds, and to highlight the connection with DRO, we present in Section 7.4
two more perspectives. We extend our tail probability bound to sums of random vari-
ables in Section 7.4.1 and illustrate this extension in Section 7.4.2 with an insurance
problem that considers a portfolio with multiple risks. Section 7.4.3 discusses the
application of tail probability bounds to reformulate ambiguous chance constraints
in distributionally robust optimization. This application is illustrated through an
example from radiotherapy optimization in Section 7.4.4.

7.2 Novel Tail Probability Bounds

In this section we derive novel bounds for the probability P(X ≥ t) that a random
variable X with given support, mean and MAD exceeds t. We obtain the bounds by
solving the semi-infinite linear program

sup
P∈P(µ,b,d)

∫
x

1{x≥t}dP(x), (7.3)

where we maximize over a set of probability measures with the stated characteristics,
i.e.,

P(µ,b,d) = {P : B → [0, 1] | P(X ∈ [0, b]) = 1, EP[X] = µ, EP[|X − µ|] = d} (7.4)

with B the Borel σ-algebra of the closed set [0, b], and µ, b, d ∈ R+ parameters that
describe all known properties of the distribution. We solve the linear programs and
present the novel bounds in Section 7.2.1. We then compare the novel bounds with
some existing bounds in Section 7.2.2, and briefly discuss the existing literature on
generalized versions of Chebyshev’s inequality.
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7.2.1 Tight Lower and Upper Bounds

Since P is a probability measure it should satisfy the constraint
∫
x∈[0,b]

dP(x) = 1.

Moreover, this probability measure should satisfy the mean and MAD constraints∫
x∈[0,b]

xdP(x) = µ and
∫
x∈[0,b]

|x − µ|dP(x) = d. Under these constraints, we solve

the semi-infinite linear program (7.3), which gives our first main result.

Theorem 7.1. Consider a random variable X with a distribution P in P(µ,b,d). Then,

sup
P∈P(µ,b,d)

P(X ≥ t) = sup
P∈P(µ,b,d)

P(X > t) =


1, t ∈ [0, τ1],
µ
t −

d(b−t)
2t(b−µ) , t ∈ [τ1, µ],

1− d
2µ , t ∈ [µ, τ2],

d
2(t−µ) , t ∈ [τ2, b],

(7.5)

with τ1 and τ2 given by

τ1 = µ− d(b− µ)

2(b− µ)− d
, τ2 = µ+

dµ

2µ− d
.

Proof. LetM+ be the set of non-negative measures defined on the measurable space
([0, b],B). We need to solve

sup
P∈M+

∫
x

1{x≥t}dP(x) (7.6a)

s.t.

∫
x

dP(x) = 1,

∫
x

xdP(x) = µ,

∫
x

|x− µ|dP(x) = d. (7.6b)

A useful fact is that the semi-infinite LP (7.6) can be reduced to an equivalent finite
LP that yields the same optimal value. In particular, when certain Slater conditions
hold for the moment constraints (i.e., the moment vector should lie in the interior of
the set of feasible moments) then solving the primal semi-infinite LP is equivalent to
solving its finite dual counterpart; see, e.g., Isii (1962) or Popescu (2005). Moreover,
the Richter-Rogosinski Theorem (see, e.g., Rogosinski (1958); Shapiro et al. (2014),
or Han et al. (2015)) states that there exists an extremal distribution for problem
(7.6) with at most three support points. While finding these points in closed form
is typically not possible for general semi-infinite problems, we next show that this
is possible for the problem at hand by resorting to the dual problem and exploiting
the specific shape of the dual constraints that is imposed by the MAD constraint∫
x
|x− µ|dP(x) = d.
Consider the dual of (7.6):

inf
λ0,λ1,λ2

λ0 + λ1µ+ λ2d (7.7a)

s.t. 1{x≥t} ≤ λ0 + λ1x+ λ2|x− µ| =: F (x) ∀x ∈ [0, b]. (7.7b)
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The constraint of the dual problem requires F (x) to majorize 1{x ≥ t}. Note that
F (x) has a ‘kink’ at x = µ, that is, F (x) is piecewise linear and can only change
direction in x = µ. Solving (7.7) boils down to finding the tightest majorant. We have
four candidates for the solution, which are depicted in Figure 7.1. When t ∈ [0, µ],
F (x) touches 1{x ≥ t} in {0, t, b} (scenario 1a), or F (x) = 1 and touches 1{x ≥ t}
in [t, b] (scenario 1b). When t ∈ [µ, b], F (x) touches in [0, µ] ∪ {t} (scenario 2a) or in
{0} ∪ [t, b] (scenario 2b).

x

1{x ≥ t}
F1a(x)
F1b(x)

µt0 b
x

1{x ≥ t}
F2a(x)
F2b(x)

µ t0 b

Figure 7.1 – Scenario 1 and the majorizing functions F1a(x) and F1b(x) under
scenarios 1a and 1b, respectively. Scenario 2 and the majorizing functions
F2a(x) and F2b(x) under scenarios 2a and 2b, respectively.

Scenario 1a implies F (0) = 0, F (t) = F (b) = 1, which gives dual solution

λ2 = − b− t
2t(b− µ)

, λ1 =
1

t
+ λ2, λ0 = −λ2µ, (7.8)

and objective value

λ0 + λ1µ+ λ2d =
µ

t
− d(b− t)

2t(b− µ)
. (7.9)

The next step of our proof is to find a feasible solution for the primal problem which
yields the same objective value as the solution to the dual problem. By weak duality
of semi-infinite linear programming, we know that a feasible solution to the dual
problem provides us with a valid upper bound for the optimal primal solution value.
Now finding a feasible primal solution with an objective value equal to this upper
bound results in strong duality. Next, we will provide a constructive approach for
finding such a primal solution. Assume that we have strong duality. The primal
maximizer P∗ and the dual minimizer (λ∗0, λ

∗
1, λ
∗
2) are then related as∫

x

1{x ≥ t}dP∗(x) =

∫
x

(λ∗0 + λ∗1x+ λ∗2|x− µ|)dP∗(x). (7.10)

Moreover, due to dual feasibility we must have that λ∗0 + λ∗1µ + λ∗2d − 1{x ≥ t} ≥ 0
pointwise for each x ∈ [0, b]. This inequality combined with equation (7.10) is also
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known as the complementary slackness relation in (semi-infinite) linear programming.
An immediate consequence of complementary slackness is that the worst-case proba-
bility distribution should be supported on the points where the dual solution function
F ∗(x) = λ∗0 +λ∗1x+λ∗2|x−µ| coincides with the indicator function 1{x ≥ t}. For sce-
nario 1a we have one (unique) option, that is, a discrete probability distribution with
probability masses on the elements of the set {0, t, b}. The corresponding optimal
probabilities of (7.6) follow from solving

p0 + pt + pb = 1, ptt+ pbb = µ, p0µ+ pt(µ− t) + pb(b− µ) = d. (7.11)

This gives

pb =
d

2(b− µ)
, pt =

µ

t
− bd

2t(b− µ)
, (7.12)

and hence ∫
x

1{x ≥ t}dP(x) = pt + pb =
µ

t
− d(b− t)

2t(b− µ)
. (7.13)

By the strong duality argument outlined above, these must be the optimal primal
and dual solutions.

Scenario 1b implies F (0) = F (t) = F (b) = 1 and hence λ0 = 1, λ1 = λ2 = 0 with
objective value 1. One feasible primal solution is pb = µ−t

b−t , pt = 1−pb, with objective
1. Note that this primal solution is not a unique optimum, as the dual solution
function F ∗1b(x) coincides with 1{x ≥ t} on the entire interval [t, b]. Therefore, one
could construct an arbitrary (discrete, continuous or mixed) probability distribution
with support on the interval [t, b], which then serves as the worst-case distribution,
as long as the mean and MAD conditions are satisfied.

Scenario 2a implies F (0) = F (µ) = 0, F (t) = 1, which gives

λ1 = λ2 =
1

2(t− µ)
, λ0 = − µ

2(t− µ)
, (7.14)

and objective value

λ0 + λ1µ+ λ2d =
d

2(t− µ)
. (7.15)

Solving the optimal probabilities of (7.6), where we take {0, µ, t} for the support of
the worst-case distribution, indeed confirms that pt = d

2(t−µ) .

Scenario 2b gives F (0) = 0, F (µ) = F (b) = 1, which results in

λ0 =
1

2
, λ1 =

1

2µ
, λ2 = − 1

2µ
(7.16)

and dual objective value

λ0 + λ1µ+ λ2d = 1− d

2µ
. (7.17)
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Solving (7.6) with support {0, t, b} confirms that p0 = d
2µ .

The proof is then completed by looking which scenario prevails on a specific inter-
val, and these intervals can be determined by simply equating the minimum objective
values and thereafter solving the resulting equations with respect to t to find τ1 and
τ2 for, respectively, scenario 1 and 2.

We remark that the proof is identical for the strict inequality. Because the ma-
jorant is a continuous function, it is irrelevant whether the indicator function that is
majorized is lower or upper semi-continuous.

We mention some noteworthy characteristics of the bound in Theorem 7.1. The
bound is continuous in t = µ. If the support is symmetric around µ, then the worst-
case probability is at least 1/2 for t ∈ [0, µ]. The upper bound for t ∈ [µ, b] is increasing
for d ≤ 2µ(t− µ)/t and decreasing for larger values of d. This last observation in
particular is interesting as one might anticipate the bound to increase with MAD. This
also implies that when MAD is unknown, the worst-case probability based on only
the support and mean is given by the result of Theorem 7.1 for d = 2µ(t− µ)/t. This
indeed returns Markov’s inequality. We also mention that the support information
[0, b] can easily be extended to [a, b] with a ∈ R by shifting the distribution accordingly.
The tail bounds for the second and third interval then change into

µ− a
t− a

− d(b− t)
2(t− a)(b− µ)

and 1− d

2(µ− a)
, (7.18)

respectively.
For a tight lower bound on P(X > t), we can use the results and the remark above

on a slightly altered version of the input. The idea is formalized in the following
theorem:

Theorem 7.2. Consider a random variable X with a distribution P in P(µ,b,d). Then,

inf
P∈P(µ,b,d)

P(X ≥ t) = inf
P∈P(µ,b,d)

P(X > t) =


1− d

2(µ−t) , t ∈ [0, τ1],
d

2(b−µ) , t ∈ [τ1, µ],
µ−t
b−t + dt

2µ(b−t) , t ∈ [µ, τ2],

0, t ∈ [τ2, b]

(7.19)

with τ1 and τ2 given by

τ1 = µ− d(b− µ)

2(b− µ)− d
, τ2 = µ+

dµ

2µ− d
.

Proof. We reformulate the infimum as follows:

inf
P∈P(µ,b,d)

P(X > t) = 1− sup
P∈P(µ,b,d)

P(X ≤ t)
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= 1− sup
P∈P̃(µ,b̃,d)

P(X ≥ t̃),

where

P̃(µ,b̃,d) = {P : B → [0, 1] | P(X ∈ [ã, b̃]) = 1, EP[X] = µ, EP[|X − µ|] = d},

and ã = 2µ − b, b̃ = 2µ and t̃ = 2µ − t. Plugging in the results from Theorem 7.1
for t ∈ (a, b] then yields (7.19). Similarly, the result for infP∈P P(X ≥ t) can be
obtained.

We now describe in more detail the worst-case distributions found that are revealed
in the proof of Theorem 7.1.

Proposition 7.1. Consider the set of worst-case distributions

P∗ = arg sup
P∈P(µ,b,d)

EP[1{X ≥ t}].

Then,

(i) If t ∈ [0, τ1], P∗ = {P ∈ P(µ,b,d) | P (X ∈ [t, b]) = 1}, all distributions in P(µ,b,d)

that are supported on the interval [t, b].

(ii) If t ∈ [τ1, µ], P∗ = {P : P (X = 0) = 1 − µ
t + d(b−t)

2t(b−µ) , P (X = t) = µ
t −

bd
2t(b−µ) , P (X = b) = d

2(b−µ)}, the three-point distribution as derived in scenario

1a in the proof of Theorem 7.1.

(iii) If t ∈ [µ, τ2], P∗ = {P ∈ P(µ,b,d)

∣∣ P (X = 0) = d
2µ , P (X ∈ [t, b]) = 1 − d

2µ}, all

discrete/mixed distributions with probability mass d
2µ on 0 and the remainder of

its probability mass supported on [t, b].

(iv) If t ∈ [τ2, b], P∗ = {P ∈ P(µ,b,d)

∣∣ P (X = t) = d
2(t−µ) , P(X ∈ [0, µ]) = 1 −

d
2(t−µ)}, all discrete/mixed distributions with probability mass d

2(t−µ) on t and

the remainder of its probability mass supported on [0, µ].

Proof. The proof follows almost directly from the complementary slackness relation
explained in the proof of Theorem 7.1. For t ∈ [0, τ1] the dual solution function coin-
cides with 1{x ≥ t} on the interval [t, b]. Hence, all distributions that are supported
on this interval and obey the mean and MAD requirements are possible candidates for
the worst-case distribution. Next, one can apply a similar reasoning for t ∈ [µ, τ2] and
t ∈ [τ2, b]. The worst-case distribution can exist on the range where the dual solution
function F ∗(x) and the indicator function coincide. To attain the same optimal value,
the probability mass on the singletons is chosen accordingly. Finally, note that the
second case is already shown in the proof of Theorem 7.1.



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 197PDF page: 197PDF page: 197PDF page: 197

Novel Tail Probability Bounds 189

P(X ≤ x)

x0

1

0 µ = 1t = 1
2

τ1

b = 3

(a) d = 1
4

P(X ≤ x)

x0

1

0 µ = 1t = 1
2

τ1

b = 3

(b) d = 1

P(X ≤ x)

x0

1

0 µ = 1t = 3
2

τ2

b = 3

(c) d = 1

P(X ≤ x)

x0

1

0 µ = 1t = 3
2

τ2

b = 3

(d) d = 1
4

Figure 7.2 – Examples of the extremal distributions that attain the tail prob-
ability bound as described in Proposition 7.1.

Observe that when t equals τ1, µ, or τ2, there is only a single discrete extremal
distribution. Figure 7.2 provides examples of the worst-case distributions for several
different parameter settings and values of t. Proposition 7.1 shows that the ambiguity
set P(µ,b,d) results in a non-trivial collection of worst-case distributions; that is, the
mean-MAD approach results in a set that does not solely include discrete distributions
with a small number of atoms for t /∈ [τ1, µ] ∪ {τ2}.

We next consider the tail bounds when also β = P(X ≥ µ) is known. We therefore
consider the restricted ambiguity set

P(µ,b,d,β) = {P : P ∈ P(µ,b,d), P(X ≥ µ) = β}. (7.20)

Using this ambiguity set results in new tight bounds. These results are stated in the
following two theorems for which the primal-dual proofs are given in 7.A.
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0 0.2 0.4 0.6 0.8 1
0

0.5

1

t

P(
X
≥
t)

(µ, b, d) upper bound

(µ, b, d) lower bound

(µ, b, d, β) upper bound

(µ, b, d, β) lower bound

Beta(2, 2)

Figure 7.3 – An illustration of the mean-MAD-β bounds for the tail prob-
ability where the ambiguity set consists of all distributions with µ = 0.5,
d = 0.1875, β = 0.5, a = 0, and b = 1. As a point of reference, the tail
distribution of a Beta(2, 2) distribution is also depicted.

Theorem 7.3. Consider a random variable X with a distribution P in P(µ,b,d,β).
Then,

sup
P∈P(µ,b,d,β)

P(X ≥ t) =


1, t ∈ [0, τ1],
(1−β)µ+βt

t − d
2t , t ∈ [τ1, µ),

β, t ∈ [µ, τ2],
d

2(t−µ) , t ∈ [τ2, b],

(7.21)

with τ1 and τ2 given by

τ1 = µ− d

2(1− β)
, τ2 = µ+

d

2β
.

Theorem 7.4. Consider a random variable X with a distribution P in P(µ,b,d,β).
Then,

inf
P∈P(µ,b,d,β)

P(X > t) =


1− d

2(µ−t) , t ∈ [0, τ1],

β, t ∈ [τ1, µ),
β(µ−t)
(b−t) + d

2(b−t) , t ∈ [µ, τ2],

0, t ∈ [τ2, b]

(7.22)

with τ1 and τ2 given by

τ1 = µ− d

2(1− β)
, τ2 = µ+

d

2β
.

Note that for these bounds equality between P(X ≥ t) and P(X > t) does not
hold. In particular, the bounds admit a jump discontinuity at µ for all distributions
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with β 6= 1 − d
2µ . In Figure 7.3 the upper and lower bounds are depicted for the

ambiguity set that considers all distributions with µ = 0.5, d = 0.1875, β = 0.5,
a = 0, and b = 1. As a point of reference, the Beta(2, 2) tail distribution, which is a
member of the ambiguity set, is also plotted.

7.2.2 Comparison with Other Bounds

Closely related to our results is the discussion in section 4.1 of Ghosal and Wiesemann
(2020). In particular, they consider, among others, an ambiguity set given by

P̃(µ,b,d) = {P : B → [0, 1] | P [X ∈ [0, b]] = 1, EP [X] = µ, EP [|X − µ|] ≤ d} .

The only difference with the ambiguity set we use is the inclusion of all distributions
with a lower mean absolute deviation. This has major implications for the maximum
and minimum probability that X exceeds t, however. First of all, it should be noted
that the distribution with all its probability mass on µ is an element of P̃(µ,b,d) for
any value of d. This means that for any t ≤ µ it holds that

sup
P∈P̃

P (X ≥ t) = 1.

Moreover, for any t > µ and d > 2µ(t−µ)
t , the maximum probability of X exceeding t

is attained by a distribution with a mean absolute deviation equal to 2µ(t−µ)
t , which

is explained by the observation that the bound we obtain is decreasing in d for d >
2µ(t−µ)

t .
Clearly, because of the above observations, the theoretical maximum of P (X > t)

has a much simpler closed-form solution than (7.5) for the ambiguity set P̃(µ,b,d). A

big downside is that many of the extra distributions contained in P̃(µ,b,d) but not in
P(µ,b,d) might be unrealistic. Especially when the mean absolute deviation is known
or can be accurately estimated, there is little reason to consider distributions with a
different (in this case lower) mean absolute deviation. For large values of d relative
to t in particular, using P̃(µ,b,d) can lead to an overestimation of the maximum value
of P (X > t). The observation that the maximum value of P (X > t) is decreasing in
d for large values of d also means that considering distributions with a lower mean
absolute deviation can lead to a higher bound on P (X > t).

Comparing the result of Theorem 7.1 to Cantelli’s inequality (Chebyshev, 1867)
is harder, since we assume the mean absolute deviation to be known, but not the
variance. Hence, some relation between these two quantities is needed to be able to
make a comparison. In particular, we will use that

d2

4β (1− β)
≤ σ2 ≤ db

2
, (7.23)

where β = P (X > µ) (Ben-Tal and Hochman, 1985). We note that this also implies
d ≤ σ. Throughout the comparison below we assume that d is given and compare
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−1 −0.5 0 0.5 1
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0.5
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P

(X
≥
t)

Theorem 7.1

Cantelli: σ = 1
4

Cantelli: σ = 1
3

Cantelli: σ = 1
2

Figure 7.4 – A comparison of the bound in Theorem 7.1 with Cantelli’s bound
for three different values of σ with the parameter values a = −1, µ = 0, b = 1
and d = 1

4
.

the bound obtained in Theorem 7.1 with Cantelli’s bound for different values of σ
satisfying (7.23). Figure 7.4 illustrates this comparison for a simple numerical example
with the following parameters: a = −1, µ = 0, b = 1, d = 1

4 . We consider three values

for σ: σ = d = 1
4 , σ = 1

3 and σ =
√

db
2 = 1

2 .

Figure 7.4 gives rise to a number of interesting observations. First of all, we note
that since Cantelli’s bound is 1 for any t ≤ µ, the bound from Theorem 7.1 is at most
Cantelli’s bound as it includes an interval for which it is not 1. Furthermore, the flat
area in the blue line corresponds to the values of t such that

min
{ d

2 (t− µ)
, 1− d

2µ

}
= 1− d

2µ
,

which corresponds to all µ ≤ t ≤ τ2 := µ+ dµ
2µ−d . Moreover, we note that for σ = d,

Cantelli’s bound is lower than (7.5) for all τ2 ≤ t ≤ b. This is true for all parameters
as:

d2

d2 + (t− µ)
2 =

d2

d2 + (t− µ)2 − 2d(t− µ) + 2d(t− µ)

=
d2

(d− (t− µ))
2

+ 2d(t− µ)

≤ d2

2d(t− µ)

=
d

2 (t− µ)
.
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0

0.2

0.4

0.6

0.8

1

t

P
(X
≥
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Theorem 7.1

Cantelli: σ = 0.27τ̂

τ2

τ

τ

Figure 7.5 – An illustration of τ̂ , τ2, τ and τ for the parameter values a = −1,
µ = 0, b = 1 and d = 0.25.

In particular, for σ = d Cantelli’s bound and (7.5) always coincide at t = µ+d, since:

d2

d2 + d2
=

1

2
=

d

2d
.

If, on the other hand, we choose σ =
√

db
2 , its highest possible value, Cantelli’s bound

is higher than (7.5). This is true for all parameter values as well, as Cantelli’s bound
is increasing in σ and must thus be at least (7.5) for its highest possible value.

For intermediate values of σ, we observe behavior similar to the line corresponding
to σ = 1

3 in Figure 7.4. More specifically, we find that (7.5) is lower than Cantelli’s
bound for all t in the two intervals [0, τ̂ ] and[τ , τ ], with the three boundaries given by

τ̂ = µ+

√
dσ2

2(µ− a)− d
,

τ =
σ2

d
− σ

√
σ2

d2
− 1,

τ = min
{
b,
σ2

d
+ σ

√
σ2

d2
− 1
}
.

Note that for some σ, such as σ =
√

db
2 in Figure 7.4, it holds that τ̂ ≥ τ , that is,

(7.5) is lower than Cantelli’s bound for all t ∈ [µ, τ ]. To visually clarify all boundaries
discussed above, Figure 7.5 only shows Cantelli’s bound for σ = 0.27 and marks τ∗,
τ̂ , τ and τ .
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7.2.3 Prior Work on Chebyshev-Type Tail Bounds

Multivariate generalizations of Chebyshev’s inequality have also been studied. In
Bertsimas and Popescu (2005) and Vandenberghe et al. (2007) generalizations are
studied through formulating a convex optimization problem, given that the prescribed
confidence region can be described by polynomial or linear and quadratic inequali-
ties, respectively. In Grechuk et al. (2010) on the other hand, closed-form variants of
Chebyshev’s inequality are provided for different dispersion measures than the vari-
ance. Generalized versions of Chebyshev’s inequality for products of random variables
that focus on a one-sided inequality have also received some attention recently (Ru-
jeerapaiboon et al., 2018).

While Chebyshev’s inequality is tight, it has been criticized for only being attained
by pathological distributions that abuse the unboundedness of the underlying support
and are not considered realistic in many applications (Van Parys et al., 2016a). A
variant of the Chebyshev inequality that was already considered in Gauss (1821)
restricts the distributions it considers to be unimodal. This yields an improvement by
a factor 4

9 over the classical Chebyshev inequality. This idea of including unimodality
has been extended to the multivariate case recently as well (Van Parys et al., 2016a).

All the above mentioned inequalities, however, still assume an unbounded support.
De Schepper and Heijnen (1995) mention tail probability bounds that incorporate the
upper bound of the random variable’s range. A comparison is provided in 7.B. Unfor-
tunately, these bounds are only attained by rather pathological probability measures,
i.e., point distributions with two or three atoms. Using the MAD instead of the
variance results in a richer class of worst-case distributions.

7.3 Distribution-Free Analysis of OR Models

We now turn to three classical OR models: the newsvendor problem, monopoly pricing
and stop-loss reinsurance. These three models can be subjected to distribution-free
analyses that make direct use of the novel Chebyshev bounds. This leads to closed-
form solutions of the associated maxmin optimization. The common theme is that
with ambiguity described in terms of mean, MAD and restricted support, distribution-
free analysis leads to valuable structural insights, while unrestricted support often
yields degenerate results.

7.3.1 Newsvendor Problem

The newsvendor problem serves to find the order quantity that maximizes the ex-
pected profit for a single period given a stochastic demand. Denote by q the order
quantity (number of units) and by D the stochastic demand during a single selling
period. Per unit, p denotes the selling price and c the purchase cost. Let p > c,
and assume without loss of generality that unsold units have zero salvage value. The
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expected profit is EP[π(q,D)] with D ∼ P and

π(q,D) = pmin{q,D} − cq.

The decision maker then chooses the optimal order quantity q∗ = argmaxq EP[π(q,D)].
This solution is known to be the η := (p − c)/p quantile (critical quantile) of the
distribution of D, that is,

q∗ = min{q : P(D ≤ q) ≥ η}. (7.24)

In practice, however, the decision maker might only know partial information on the
demand distribution. Scarf (1958) pioneered distribution-free analysis of the newsven-
dor problem, when only the mean and the variance of the demand are known. Scarf
obtained the optimal order quantity for the worst case demand, turning the newsven-
dor into a maxmin decision maker that solves

max
q

inf
P∈P(µ,σ)

EP [π(q,D)] , (7.25)

with P(µ,σ) the ambiguity set that contains all distributions with a given mean µ and
variance σ2, and solution

qS =

 0, if η < σ2

µ2+σ2 ,

µ+ σ
2

(√
1

η(1−η) − 2
√

1
η − 1

)
, if η ≥ σ2

µ2+σ2 .
(7.26)

We shall instead consider all demand distributions with given mean µ, MAD d
and support [0, b], and consider

max
q

inf
P∈P(µ,d,b)

EP [π(q,D)] . (7.27)

This is the counterpart of problem (7.25). Scarf (1958) solved (7.25) directly, comput-
ing the lower bound infP∈P(µ,σ)

EP [π(q,D)] via a linear program. Instead, we do not
solve (7.27) directly, but apply the obtained tail probability bounds to the first-order
condition for q∗ in (7.24). Clearly, tight lower and upper bounds for this quantile
follow from infP∈P(µ,d,b)

P(D > q) and supP∈P(µ,d,b)
P(D > q), respectively, providing

an interval that contains the optimal order quantity q∗.

Theorem 7.5 (Order quantity bounds under mean-MAD-range ambiguity). Suppose
the newsvendor knows the mean µ, the mean absolute deviation d and the support’s
upper bound b of the demand distribution P(D ≤ q). The optimal order quantity q∗

that solves maxq EP[π(q,D)] is then contained in the interval [qL, qU ] with

[qL, qU ] =


[
0, 2µ(b−µ)−bd

2(b−µ)(1−η)−d
]
, if η < d

2µ ,[
µ− d

2η , µ+ d
2(1−η)

]
, if d

2µ ≤ η ≤ 1− d
2(b−µ) ,[µ−b(1−η)

η−d/(2µ) , b
]
, if η ≥ 1− d

2(b−µ) ,

(7.28)

where η = (p− c)/p is the critical quantile of the distribution of D.
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η b = 10 b = 15 b = 20 b =∞
0.01 [0.00, 4.17] [0.00, 4.23] [0.00, 4.26] [0.00, 4.29]
0.1 [0.00, 4.67] [0.00, 4.70] [0.00, 4.71] [0.00, 4.72]
0.2 [1.25, 5.94] [1.25, 5.94] [1.25, 5.94] [1.25, 5.94]
0.4 [3.13, 6.25] [3.13, 6.25] [3.13, 6.25] [3.13, 6.25]
0.5 [3.50, 6.50] [3.50, 6.50] [3.50, 6.50] [3.50, 6.50]
0.7 [3.93, 7.50] [3.93, 7.50] [3.93, 7.50] [3.93, 7.50]
0.9 [5.33, 10.00] [4.17, 12.50] [4.17, 12.50] [4.17, 12.50]

0.95 [5.63, 10.00] [5.31, 15.00] [5.00, 20.00] [4.21, 20.00]
0.99 [5.83, 10.00] [5.77, 15.00] [5.71, 20.00] [4.24, 80.00]

Table 7.1 – The intervals [qL, qU ] for mean-MAD ambiguity with µ = 5,
d = 1.5 and various profit margins η.

The theorem provides various handles for a robust policy that responds to the
uncertainty captured in P(µ,d,b). The lower bound qL follows from the worst-case
demand distribution. Observe that qL is larger than µ when the profit margin η
exceeds 1−d/(2(b−µ)), and smaller than µ otherwise. This insight can be contrasted
with qS in (7.26) that also considers the worst-case scenario, but then in view of P(µ,σ)

ambiguity. Scarf’s qS is larger than µ if η > 1/2 and smaller than µ otherwise. Hence,
qL quantifies the dependency on b, where qS does not. In particular, when the profit
margin η is fixed, the pessimistic newsvendor that uses qL will only order above the
mean when b does not exceed µ+ d/(2(1− η)).

Table 7.1 shows that the support [0, b] also influences the intervals [qL, qU ], in
particular for low and high profit margins. We also recognize the three different
regimes in Theorem 7.5 that correspond to low margins, average margins and high
margins.

We mention two further works related to Theorem 7.5. Ben-Tal and Hochman
(1976) use general techniques for stochastic programs with limited information such as
(7.27). For such stochastic programs the available information is often not sufficient
to find the optimal solution. Ben-Tal and Hochman (1976) develop a method to
construct the minimal set that should contain the optimum. They also demonstrate
this technique for the newsvendor model with given mean and MAD, but unbounded
support, and obtain intervals that indeed arise from Theorem 7.5 for the limit b→∞:

[qL, qU ] =

{ [
0, µ−d/21−η

]
if η < d

2µ ,[
µ− d

2η , µ+ d
2(1−η)

]
if η ≥ d

2µ .
(7.29)

Natarajan et al. (2017) introduce semi-variance as an extra piece of information
about the skewness of the distribution. Together with the mean and variance, this
results in a more restrictive ambiguity set (compared to Scarf), and therefore a less
conservative (or sharper) estimation of q∗. Theorem 7.5 can also be viewed as a



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 205PDF page: 205PDF page: 205PDF page: 205

Distribution-Free Analysis of OR Models 197

way to address conservatism, by taking into account the finite support. We can even
restrict the ambiguity further by using the tail probability bound with the additional
P(X ≥ µ) = β constraint, which, like semi-variance, measures skewness:

max
q

inf
P∈P(µ,b,d,β)

EP[π(q,D)]. (7.30)

Instead of solving this problem directly, we apply the tail probability bounds with
skewness information to the first-order condition of the newsvendor problem. Thus, we
will use the results from Theorem 7.3 and Theorem 7.4 to bound the tail distribution
of the demand D. Tight lower and upper bounds for the optimal order quantity q∗

follow from infP∈P(µ,b,d,β)
P(D > q) and supP∈P(µ,b,d,β)

P(D > q), respectively. The
following result provides an interval that contains the optimal order quantity q∗.

Theorem 7.6 (Order quantity bounds under mean-MAD-β ambiguity). Suppose
the newsvendor knows the mean µ, the mean absolute deviation d, the probability
P(D ≥ µ) = β and the support’s upper bound b of the demand distribution P(D ≤ q).
The optimal order quantity q∗ that solves maxq EP[π(q,D)] is then contained in the
interval [qL, qU ] with

[qL, qU ] =



[
0, (1−β)µ−d/2

(1−η−β)

]
, if η < d

2µ ,[
µ− d

2η , µ
]
, if d

2µ ≤ η < 1− β,
µ, if η = 1− β,[
µ, µ+ d

2(1−η)

]
, if (1− β) < η < 1− d

2(b−µ) ,[ b(1−η)−βµ−d/2
(1−η−β) , b

]
, if η ≥ 1− d

2(b−µ) ,

(7.31)

where η = (p− c)/p is the critical quantile of the distribution of D.

This result provides a robust policy that models the uncertainty captured by the
ambiguity set P(µ,b,d,β). Obviously, ordering the mean is optimal if η = 1 − β. The
lower bound qL relates to the worst-case demand distribution. Similar to the mean-
MAD-range case, qL is larger than µ when the profit margin η exceeds 1−d/(2(b−µ)).
Hence, an interesting observation is that the skewness information does not influence
the point at which we order more than the mean. This can be contrasted with the
results of Natarajan and Zhou (2007). These authors show for P(µ,σ,s) ambiguity

that the order quantity is greater than µ if η > 1
2 (1 + s), where s is the normalized

semivariance.
Table 7.2 shows that the bounded support [0, b] again influences the intervals for

low and high profit margins. The intervals in this section, however, are sharper than
the ones found in Table 7.1, which is a consequence of the additional information
regarding the skewness of the demand distribution.

Apart from modifying or narrowing the ambiguity set, conservatism can be al-
leviated by choosing alternate objective functions, for instance replacing the profit
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η b = 10 b = 15 b = 20 b =∞
0.01 [0.00, 3.57] [0.00, 3.57] [0.00, 3.57] [0, 3.57]
0.1 [0.00, 4.38] [0.00, 4.38] [0.00, 4.38] [0.00, 4.38]
0.2 [1.25, 5.00] [1.25, 5.00] [1.25, 5.00] [1.25, 5.00]
0.4 [3.13, 5.00] [3.13, 5.00] [3.13, 5.00] [3.13, 5.00]
0.5 5.00 5.00 5.00 5.00
0.7 [5.00, 7.50] [5.00, 7.50] [5.00, 7.50] [5.00, 7.50]
0.9 [5.63, 10.00] [5.00, 12.50] [5.00, 12.50] [5.00, 12.50]

0.95 [6.11, 10.00] [5.56, 15.00] [5.00, 20.00] [5.00, 20.00]
0.99 [6.43, 10.00] [6.33, 15.00] [6.22, 20.00] [5.00, 80.00]

Table 7.2 – The intervals [qL, qU ] for mean-MAD-β ambiguity with µ = 5,
d = 1.5, β = 0.5 and various profit margins η.

function by a regret function (opportunity cost of not making the optimal decision)
(Yue et al., 2006; Perakis and Roels, 2008), or by extending the profit function with
a utility function u(·) for max-min analysis of E[u(π(q,D))] (Han et al., 2014). See
Natarajan et al. (2017) for an extensive review of many other studies on distribution-
free newsvendor models. The tail probability bounds developed in this chapter can
be used for distribution-free analysis of more advanced models, including those mod-
eling regret and utility mentioned above, the risk-averse newsvendor with stochastic
price-dependent demand (Chen et al., 2009) and multi-product settings (Choi et al.,
2011).

7.3.2 Monopoly Pricing

The monopoly pricing problem maximizes a seller’s profit when selling a single object
to a buyer who is willing to pay some unknown value B. Traditionally, it is assumed
that B is drawn from some distribution P(B ≤ r) that is known to the seller, so that
the seller can set the optimal price. When there is a single buyer, the optimal strategy
is to post a fixed price r that maximizes the expected profit rP(B > r); see Riley and
Zeckhauser (1983) and Myerson (1981). The seller thus faces the tradeoff between
price and sale, because the probability of sale P(B > r) decreases with increasing
price r.

We consider a robust variant of this model, where instead of knowing the distri-
bution, the seller only knows that the distribution of B is contained in P(µ,d,b) and
chooses the price that maximizes the worst-case expected profit:

max
r

inf
P∈P(µ,d,b)

rP(B > r). (7.32)

We refer to the solution to this maxmin optimization problem as the robustly optimal
(or maxmin) price rL. The tight lower bound for rP(B > r), denoted by F (r), follows
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Figure 7.6 – Tight lower bound F (r) for rP(B > r) with µ = 0.5 and b = 1,
which is evaluated for d = 0.20, 0.25, 0.30, 0.38.

from the tail probability bound for P(B > r) in (7.19). The resulting worst-case
profit function turns out not be concave and in fact to have multiple local maxima,
as illustrated in Figure 7.6.

Upon maximizing this worst-case profit function, the next result shows that there
exist three ranges of dispersion (measured in MAD), each with a different optimal
price that attains the largest local maximum.

Theorem 7.7 (Optimal price under mean-MAD-range ambiguity; Van Eijk and Van
Leeuwaarden (2020)). Suppose the seller knows the mean µ, the mean absolute devi-
ation d and the upper bound b of the value distribution. For b ∈ [µ, 5µ], the solution
to the monopoly pricing problem (7.32) is given by

rL =


r1 = µ−

√
dµ
2 , if d ∈ [0, d1],

µ, if d ∈ [d1, d2],

r2 = b−
√
b(2µ−d)(2µ(b−µ)−bd)

2µ−d , if d ∈ [d2, dmax],

(7.33)

where

d1 =
2bµ(b− µ)− 4

√
µ3(b− µ)3

(b− 2µ)2
, d2 =

2
(
bµ− µ2

)
2b− µ

, dmax =
2(b− µ)µ

b
.

For b > 5µ and d ∈ [0, d2] the optimal price is rL = r1. For b > 5µ and d ∈ (d2, dmax]
the optimal price rL is either r1 or r2.

The proof of Theorem 7.7 is due to Van Eijk and Van Leeuwaarden (2020) and also
presented in 7.D. Theorem 7.7 shows that the pricing function rL is not monotone in
the dispersion (measured in MAD), and that dispersion and support both have a major
influence on the pricing strategy. The theorem identifies the dispersion thresholds d1
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0 0.2 0.4
0.2

0.4

0.6

0.8

1

d

rL

Figure 7.7 – The optimal price rL for µ = 0.5 and b = 1, for which d1 = 1/4
and d2 = 1/3.

and d2. As a function of dispersion, the price is smaller than µ and decreasing until
d1, then is µ until d2, and then increases towards the maximal value b. Hence, only
when dispersion is high, the seller is willing to set a price close to the maximum
price b. This is illustrated in Figure 7.7. Theorem 7.7 degenerates when the support
exceeds 5 times µ. In particular, when b→∞, the optimal price is µ−

√
dµ/2 for all

d ≤ 2µ. This price is always lower than µ.

Theorem 7.7 contributes to the active research field of robust pricing; see Carroll
(2019) for a recent overview. We mention a few related works. Kos and Messner
(2015) show that when the seller only knows the mean valuation, the maxmin profit
is always zero. This solidified intuition that in absence of an upper bound, arbitrarily
high valuations cause overly pessimistic scenarios. Indeed, Kos and Messner (2015)
show that when there is an upper bound, the seller can find a nontrivial maxmin
price that is smaller than µ and generates positive expected profit. The same holds
true when the seller knows the variance (instead of upper bound); see Carrasco et al.
(2018). In both cases, the maxmin price monotonically decreases with the allowed
dispersion (either measured as upper bound or variance). Suzdaltsev (2018) considers
the case when the mean, variance and upper bound are all three known, and finds
a maxmin price that is smaller than µ for low variance and greater than µ for high
variance.

The monopolistic pricing problem is connected to virtual valuations v(r) := r −
P(B > r)/fB(r), with fB(r) the probability distribution function of B. These virtual
valuations measure the surplus that can be extracted from agents, and can be used
for optimal design of auctions with multiple buyers or object-types (Myerson, 1981).
With a single buyer, the optimal price is the solution to v(r) = 0, which indeed is
arg maxr r P(B > r). Hence, there are possibilities for deploying the tail probability
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bounds for other models in pricing and mechanism design, for instance, distribution-
free analysis of auctions with multiple independent bids (Suzdaltsev, 2018) or corre-
lated bids (Che, 2019).

7.3.3 Stop-Loss Reinsurance

Reinsurance is a classical topic in the actuarial sciences and insurance mathemat-
ics and implies that an insurance company transfers part of its risk to a reinsur-
ance company; see e.g., Asmussen and Albrecher (2010), Kaas et al. (2008). Say
an insurance company faces a total claim S that is the sum of n individual claims
Xi, i = 1, . . . , n. The insurance company pays the claim up to a level z, and the
reinsurance company covers the remainder. This gives rise to the so-called retention
function ψ(z, S) = min{S, z} that represents the payment of the insurer. We provide
an upper bound for the standard stop-loss retention function in 7.C.

The payment function of the reinsurance company puts forward a more challenging
problem when the insurance coverage is limited. In this case, a relevant performance
characteristic is to what extent the insurance company benefits from the reinsurance
contract. This benefit is measured with the function

φ(z, S) =


m, if S ≥ z +m,

S − z, if z ≤ S ≤ z +m,

0, if S ≤ z.
(7.34)

When the total claim S stays below the retention limit z, the insurance company
covers the entire claim, but when S exceeds z the reinsurer pays the excess claim up
to a maximum m. Thus, the reinsurance company does not compensate large claims
that exceed the exit point m+z. Above this level the risk is retained by the insurance
company.

We obtain a novel bound by using primal-dual arguments, the proof of which is
given in 7.E.

Theorem 7.8. The expected insurer’s benefit is bounded by sup
P∈P(µ,b,d)

EP[φ(z, S)] =


min{m, m

m+z (µ− d(b−(m+z))
2(b−µ) )}, if z ≤ z +m ≤ µ,

min{m(1− d
2µ ), z( d

2µ − 1) + µ}, if z ≤ µ ≤ z +m ≤ b,
min{m(1− d

2µ ), dm
2(m+z−µ)}, if µ ≤ z ≤ z +m ≤ b,

(7.35)

where the function φ(z, S) degenerates to max{S − z, 0} if z +m > b. In this case,

sup
P∈P(µ,b,d)

EP[φ(z, S)] =

{
z( d

2µ − 1) + µ, if z ≤ µ,
d(b−z)
2(b−µ) , if z ≥ µ.

(7.36)
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(c) Insurer’s benefit: m = 5.
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Figure 7.8 – The bounds and ‘true’ values of the expected claim payment
of the insurance company EP[ψ(z, S)] and the insurer’s benefit EP[φ(z, S)] as
functions of the retention limit z with µ = 5, d = 1.77, and m = 3, m = 5 or
m → ∞. The red lines depict the upper bounds and the blue lines give the
true expected claim payments when S ∼ Poisson(5).



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 211PDF page: 211PDF page: 211PDF page: 211

More Applications for Sums and Optimization 203

An illustration of the bounds for the stop-loss payments is provided in Figure 7.8,
where we display payments as functions of z with µ = 5, d = 1.77, and m = 3,
m = 5 and m → ∞. We assume that the ‘true’ total claim S follows a Poisson(5)
distribution. Note the resemblance of the stop-loss bounds to the mean-MAD tail
probability bounds in Section 7.2.1. The former bounds, however, have an additional
linear part with a negative slope for z ≤ µ ≤ z+m. This linear segment is only present
when m exceeds dµ/(2µ − d); moreover, the bound approaches a linear function for
z ≤ µ when m is chosen sufficiently large. Additionally, letting m→∞, our example
results in a bound equal to the constant d/2 if z ≥ µ, and thus the bound for the stop-
loss payment of the reinsurer degenerates to a piecewise linear function consisting of
two parts (a linear part with negative slope d/(2µ)− 1 and a constant part equal to
d/2).

These results complement the literature on tight bounds for expected claim pay-
ments. Cox (1991), considering bounded support and known first and second moment,
obtains tight bounds using general results for moment problems. Other related works
explore ways to sharpen the bounds using additional information. When modifying
the ambiguity set by incorporating skewness information, imposing unimodality and
symmetry conditions, or using higher order moments, the gap between the upper
and lower bounds narrows significantly; see Heijnen (1990), De Vylder and Goovaerts
(1982), and Jansen et al. (1986). Note that the mean-MAD information can easily be
extended with skewness parameters, such as the probability β = P(S ≥ µ) or the me-
dian. In our case it is also possible to impose unimodality and symmetry conditions by
altering the dual problem. Section 4 of Popescu (2005) discusses these modifications
for general piecewise polynomial functions in the constraints of the dual problem. We
discuss one such extension in the next section: the multivariate stop-loss reinsurance
problem.

7.4 More Applications for Sums and Optimization

As alluded to in the introduction, the novel tail bounds are part of a much larger
research effort within the area of distributionally robust optimization (DRO), trying
to exploit the tractability that comes with mean-MAD ambiguity constraints. To
show this connection with DRO, we first extend our tail probability bound to sums
of random variables (that arise often in DRO applications) in Section 7.4.1 and illus-
trate the effectiveness with an insurance example in Section 7.4.2. Section 7.4.3 then
discusses the application of tail probability bounds to reformulate ambiguous chance
constraints in DRO. In Section 7.4.4 we provide a realistic DRO example that arises
in radiotherapy optimization.

7.4.1 Sums of Random Variables

Widely used in probability theory and stochastic OR, sums of random variables find
application in areas such as inventory management, service operations management,
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mathematical finance and credit risk. Mathematical techniques for sums or random
variables are covered in many standard texts on probability theory (Chung, 2001;
Feller, 1971). For sums of i.i.d. random variables, variance then enters naturally
(e.g., variance of the sum, central limit theorem), also for deriving tail bounds. The
MAD of i.i.d. variables, on the other hand, cannot simply be summed. Leveraging the
tight univariate tail bound, we establish a generic multivariate tail bound for sums of
random variables. We do so without a specific application in mind, but with the goal
of deriving broadly applicable distribution-free bounds.

Consider n random variables X1, . . . , Xn with known support, mean and MAD,
and consider the worst-case tail probability

sup
P∈F

P
( n∑
i=1

Xi ≥ t
)

(7.37)

with F is the multi-dimensional ambiguity set, i.e.,

F = {P : Bn → [0, 1] | P (Xi ∈ [0, bi]) = 1, EP [Xi] = µi,

EP [|Xi − µi|] = di, i = 1, . . . , n} , (7.38)

and Bn the n-dimensional Borel σ-algebra. Note that we do not make any assump-
tions with regard to (in)dependence or correlation between the random variables. To
analyze (7.37) we define a new random variable Y =

∑n
i=1Xi. Clearly, the support

and mean of Y follow from (7.38):

P
(
Y ∈

[
0,

n∑
i=1

bi

])
= 1, EP [Y ] =

n∑
i=1

µi.

Unfortunately, the mean absolute deviation is unknown and applying Theorem 7.1 is
thus not straightforward. To ease notation, we shall denote the sums of µi, bi and di,
by µ̄, b̄ and d̄, respectively. Theorem 7.9 presents a bound on (7.37) for any upper
bound on the mean absolute deviation of Y .

Theorem 7.9. Assume

E
[∣∣∣ n∑
i=1

Xi − µ̄
∣∣∣] ≤ d̂.

Then,

sup
P∈F

P
( n∑
i=1

Xi ≥ t
)
≤

{
1, if t ≤ µ̄,
min

{
d̂

2(t−µ̄) ,
µ̄
t

}
, if t ∈ (µ̄, b̄].

(7.39)

Proof. We consider the following ambiguity set for the distribution of Y :

G = {P | P
(
Y ∈

[
0, b̄

])
= 1, EP [Y ] = µ̄, E [|Y − µ̄|] ≤ d̂}. (7.40)
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It should be noted that (7.40) is not an ambiguity set of the form (7.4), because of the
inequality for the mean absolute deviation. This also means that the tightest upper
bound this approach can obtain for t ∈ [0, µ̄] is 1, as the distribution with probability
mass 1 on µ̄ is an element of G. For t ∈

(
µ̄, b̄
]
, we can however infer from Theorem

7.1 that

sup
P∈F

P
( n∑
i=1

Xi ≥ t
)
≤ sup

P∈G
P (Y ≥ t)

=

{
1, if t ≤ µ̄,
maxd∈[0,d̂]

{
min

{
d

2(t−µ̄) , 1− d
2µ̄

}}
, if t ∈ (µ̄, b̄].

We will now simplify this expression by solving the maximization problem over d
explicitly. To that end, we first note that the minimum is taken over two linear
functions of d, an increasing and a decreasing one. Therefore, the global maximum is
at the intersection of these functions, and the optimal d is thus either d̂ or d∗, where
d∗ is such that

d∗

2 (t− µ̄)
= 1− d∗

2µ̄
.

Solving this equation yields

d∗ =
2µ̄ (t− µ̄)

t
.

We remark that d̂ is the optimal solution when

d̂

2 (t− µ̄)
< 1− d̂

2µ̄
,

as this means that d̂ < d∗. Therefore, we find that

max
d∈[0,d̂]

{
min

{ d

2 (t− µ̄)
, 1− d

2µ̄

}}
= min

{ d̂

2 (t− µ̄)
,

d∗

2 (t− µ̄)

}
= min

{ d̂

2 (t− µ̄)
,
µ̄

t

}
.

The most obvious candidate for d̂ is given by the sum of all mean absolute devia-
tions d̄, which is clearly an upper bound as (Postek et al., 2018):

E
[∣∣∣ n∑
i=1

Xi − µ̄
∣∣∣] = E

[∣∣∣ n∑
i=1

(Xi − µi)
∣∣∣] ≤ n∑

i=1

E [|Xi − µi|] = d̄.

For this upper bound on the mean-absolute deviation, it can be shown the resulting
tail probability bound (7.39) is tight under specific conditions on the parameters of
F and t.
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Proposition 7.2. Let F and t be such that for i = 1, . . . , n, it holds that t−µ̄
d̄
≥ µi

2µi−di
and bi − µi ≥ di

d̄
(t− µ̄). Then, the bound (7.39) is tight for d̂ = d̄.

Proof. Consider a distribution P with marginal distributions

P (Xi = 0) =
di

2µi
, P (Xi = µi) = 1− di

2µi
− di

2(ti − µi)
, P (Xi = ti) =

di
2(ti − µi)

,

where

ti = µi +
di(t− µ̄)

d̄
.

Note that we have not yet assumed any dependence structure for P, but recall that
F does not impose any restrictions on this structure.

ti ≤ bi ⇐⇒ µi +
di(t− µ̄)

d̄
≤ bi

⇐⇒ bi − µi ≥
di
d̄

(t− µ̄),

which is true by assumption. Additionally, we find that all probabilities are nonneg-
ative, since

1− di
2µi
− di

2(ti − µi)
= 1− di

2µi
− di

2di(t−µ̄)

d̄

= 1− di
2µi
− d̄

2(t− µ̄)

≥ 1− di
2µi
− 2µi − di

2µi

= 0,

where the inequality holds by the first assumption. From discussion on the univariate
tailbound, it directly follows that EP [Xi] = µi and EP [|Xi − µi|] = di, as this marginal
distribution corresponds to case (iv) in Proposition 7.1.

P (Xi = ti) =
di

2(ti − µi)
=

d̄

2(t− µ̄)
,

for all i = 1, . . . , n and additionally such that

n∑
i=1

ti = µ̄+
t− µ̄
d̄

n∑
i=1

di = t.

Now, consider the dependence structure where all Xi are equal to ti ‘simultaneously’,
that is,

P (Xi = ti ∀i) =
d̄

2(t− µ̄)
.
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Then clearly we find that

P

(
n∑
i=1

Xi ≥ t

)
= P (Xi = ti ∀i) =

d̄

2(t− µ̄)
,

which is the upper bound provided by Theorem 7.9.

We remark that the conditions outlined in the theorem correspond to the require-
ments for the constructed probability distribution to be a member of the ambiguity
set. In particular, they are such that one of the three points on which the marginal
distributions is supported (ti) is in the interval [τ2, bi], where τ2 is defined as in The-
orem 7.1. Furthermore, we note that the provided distribution is comonotonic, that
is, in some sense ‘maximally dependent’.

The allowed correlation structure is convenient in many situations. Take for in-
stance the portfolio loss in credit risk, traditionally modeled as Ln =

∑n
i=1Xi, with

X1, . . . , Xn the losses (due to default) of the individual obligors (Glasserman and Li,
2005). The standard scenario in credit risk is that losses are positively correlated,
allowing Ln to assume relatively large values, which can be measured in terms of
Value-at-Risk, the α quantile of the loss distribution, i.e. VaRα := inf{t ≥ 0 : P[Ln ≤
t] ≥ α}. The multivariate tail bound can be translated directly into bounds for
Value-at-Risk.

7.4.2 Insurance Portfolio Example

Consider an insurer that holds a portfolio that can incur random losses X1, ..., Xn,
which correspond to different types of insurance claims. The insurer considers the
cumulative value of the claims X1, ..., Xn and the probability that this value exceeds
the available capital t, that is, the insurer is interested in the ruin probability, which
is given by

P(X1 + · · ·+Xn ≥ t), (7.41)

where the distribution P lies in F . Similar to the portfolio loss in credit risk, the
allowed dependence structure proves useful when considering insurance problems with
catastrophic risks.

Figure 7.9 demonstrates the multivariate bound with an experiment inspired by
Van Parys et al. (2016b), Section 6. Suppose that an insurance company sells three
insurance policies. The claims are modeled by random variables Xi, i = 1, 2, 3.
The insurance company only has information about their support, mean, and MAD.
Assume that the losses are lognormally distributed with location parameter m̄i and
scale parameter vi. The parameters have the following values: m̄1 = −0.3, v1 =
0.8, m̄2 = 0.4, v2 = 0.5, m̄3 = 0.8, and v3 = 0.5. The insurer has reliably estimated
the mean and MAD of these distributions. Using bounds for sums of random variables
with mean-MAD information, we can provide a conservative bound for the probability
of the event that the total claim exceeds t. In Figure 7.9 we show the mean-MAD
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Figure 7.9 – An example of the multi-dimensional bound for a risk aggre-
gation application. The red and green line are obtained through simulation.

bound and the actual ruin probabilities for two different dependence structures, i.e.,
the independence and comonotonic copula which couple the Xi, i = 1, 2, 3. Sums of
random variables are known to be the ‘riskiest’ when they are comonotonic, that is,
the terms grow simultaneously and hence a component can in no way hedge another
one. The joint cumulative distribution of X1, . . . , Xn attains the so-called Fréchet-
Hoeffding upper bound (Kaas et al., 2008):

P(X1 ≤ x1, . . . , Xn ≤ xn) = min
i=1,...,n

P(Yi ≤ xi),

where Yi ∼ Xi, i = 1, . . . , n, which entails that these are, in a certain sense, the
most related variables. Notice that our novel conservative tail bound holds for all
dependence structures, and it also covers heavy-tailed distributions with finite MAD.
This is shown in Figure 7.10. Estimating dependence between insurance claims is
often practically infeasible with only a limited amount of data; see McNeil et al.
(2015) for a comprehensive discussion on this topic. It is doable, however, to estimate
the mean and MAD accurately even when data is scarce.

In the previous section we assumed that the distributional parameters of S are
known. In practice, however, the insurer relies on claim data of individual contracts.
The total loss often consists of several different types of insurance contracts, e.g., the
three claim types mentioned in the example above. Assume next that we have exact
knowledge of the mean µi, MAD di, and upper bound of the support bi of each of
these losses X1, . . . , Xn. We are now interested in evaluating

sup
P∈F

EP

[
φ
(
z,

n∑
i=1

Xi

)]
. (7.42)

Note that we again do not make any assumptions with respect to the dependence
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Figure 7.10 – An example of the multi-dimensional bound for the stop-loss
risk aggregation application with m = 10. The red and green line are obtained
through simulation.

structure of the random variables. To evaluate (7.42) we sum them all together:
Sn :=

∑n
i=1Xi. The support and mean of the aggregate risk Sn are given by

P
(
Sn ∈

[
0,

n∑
i=1

bi

])
= 1, EP[Sn] =

n∑
i=1

µi.

The mean absolute deviation is again unknown, and hence we follow an approach
similar to the derivation of the multi-dimensional tail probability bound. We also
adopt the same notation. Theorem 7.10 presents an upper bound of (7.42) for any
upper bound on the mean absolute deviation of Sn. The proof is included in 7.E.

Theorem 7.10. For any d̂ such that

E
[∣∣∣ n∑
i=1

Xi − µ̄
∣∣∣] ≤ d̂,

it holds that

sup
P∈F

EP[φ(z, Sn)] ≤


m, if z ≤ m+ z ≤ µ̄,
min{ mµ̄m+z , z(

d̂
2µ̄ − 1) + µ̄}, if z ≤ µ̄ ≤ z +m ≤ b̄,

min{ mµ̄m+z ,
d̂m

2(m+z−µ̄)}, if µ̄ ≤ z ≤ z +m ≤ b̄.
(7.43)

Figure 7.10 displays our bound applied to a stop-loss reinsurance contract. As
before, we model the three claims as random variables Xi, i = 1, 2, 3, for which the
insurance company only has information regarding the support, mean, and MAD.
For the sake of comparison, assume that the ‘true’ losses are lognormally distributed
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with the aforementioned parameter values and that the insurer has reliably estimated
the mean and MAD. Using the bounds for sums of random variables with mean-
MAD information, we can provide a conservative bound for the expected stop-loss
payment given the retention limit z. In Figure 7.10 we show the mean-MAD bound
and the ‘true’ expected claim payments for two different dependency structures. We
again consider the independence and comonotonic copulas as the underlying structures
coupling the losses Xi, i = 1, 2, 3.

7.4.3 Ambiguous Chance Constraints

A large class of decision problems in OR can be formulated as optimization problems
of the form

min
x

f(x)

s.t. gi(x,Z) ≤ 0 i = 1, . . . ,m,

for some convex functions f and g1, . . . , gm. Here, x denotes the decision variable,
while Z is some given parameter. In many applications, Z is uncertain and the
constraints are often replaced by chance constraints, i.e., for some accepted risk level
ε ∈ (0, 1), it is instead required that

P (gi(x,Z) ≤ 0) ≥ 1− ε,

for each i = 1, . . . ,m. This type of chance constraint is referred to as a single chance
constraint, while a single probabilistic constraint on all constraints being satisfied
simultaneously is known as a joint chance constraint. Examples of such applications
include, but are not limited to finance (Dert and Oldenkamp, 2000), network design
(Wang, 2007) and call-center staffing (Gurvich et al., 2010). Chance constraints suffer
from tractability issues, however, and additionally require an exact specification of the
distribution. Recently, therefore, there has been an emerging interest in ambiguous
chance constraints, in which the distribution of the uncertain parameters is not fully
specified. A single ambiguous chance constraint takes the form

inf
P∈P

P (g(x,Z) ≤ 0) ≥ 1− ε, (7.44)

for some ambiguity set P. The primary goals in analyzing such constraints are (i)
determining under which conditions (7.44) defines a convex set in x and (ii) finding
a representation and/or approximation of this set in terms of simple convex inequal-
ities. Often, such conditions and representations are prohibitively hard to find when
considering joint ambiguous chance constraints. We therefore contain our discussion
to single ambiguous chance constraints.

One way to find convex reformulations of single ambiguous chance constraints is
the use of classical probability inequalities. Hoeffding’s inequality, for example, has
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been used by Ben-Tal and Nemirovski (2000) and Bertsimas and Popescu (2005) to
derive approximations and reformulations of (7.44), respectively, when g is linear
and the components of Z are independent, symmetric, and bounded. Building on
that, Bertsimas et al. (2019a) use sub-Gaussian theory to derive safe approximations
under the same assumptions on Z, and the relaxed assumption that g is concave in
Z. Similarly, a generalized Chebyshev inequality is used by Xu et al. (2012) to find
convex reformulations, while Nemirovski and Shapiro (2007) and Postek et al. (2018)
use Bernstein bounds to derive convex approximations. The tail probability bounds
we derive also allow for such methods to be applied. We discuss convex reformulations
of single chance constraints in which the uncertainty is present as a single random
variable. Specifically, we consider the case where m = 1, i.e., there is only a single
uncertain parameter Z, and use our main result from Theorem 7.1 to reformulate the
semi-infinite constraint (7.44) into a convex constraint for certain forms of g.

We first present a convex reformulation of an ambiguous chance constraint when
g is convex in x and affine in Z. This case is often referred to as right-hand side
uncertainty.

Theorem 7.11. Let g̃ : Rn → R and let Z be a 1-dimensional random variable whose
distribution lies in the ambiguity set

P = {P : P [Z ∈ [−1, 1]] = 1, E [Z] = 0, E [|Z|] = d} ,

for some d ∈ [0, 1]. For any ε ∈
(
0, 1

2

)
and x ∈ Rn it holds that

inf
P∈P

P [g̃(x) + Z ≤ 0] ≥ 1− ε, (7.45)

if and only if

g̃(x) + min

{
1,

d

2ε

}
≤ 0. (7.46)

Proof. We first rewrite (7.45) to

sup
P∈P

P [Z > −g̃(x)] ≤ ε.

From Theorem 7.1 and the fact that ε < 1
2 we know that it must hold that −g̃(x) >

E [Z] = 0. Given that requirement, we know by Theorem 7.1 that

sup
P∈P

P [Z > −g̃(x)] =

{
min

{
d

−2g̃(x) , 1− d
2

}
if − g̃(x) < 1

0 if − g̃(x) ≥ 1.

From d ∈ [0, 1] and ε ∈
(
0, 1

2

)
, it follows that 1− d

2 > ε, and thus any feasible solution

x must satisfy −g̃(x) ≥ 1 and/or d
−2g̃(x) ≤ ε. The latter can be equivalently stated

as

−g̃(x) ≥ d

2ε
,
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which can easily be combined with the former as

−g̃(x) ≥ min

{
1,

d

2ε

}
⇐⇒ g̃(x) + min

{
1,

d

2ε

}
≤ 0.

Because d
2ε > 0, we find that the requirement −g̃(x) > 0 is redundant, and thus (7.45)

is equivalent to (7.46).

We note that assuming d ∈ [0, 1] is equivalent to assuming that P(µ,b,d) is nonempty.
Moreover, we note that we cannot assume a support of [−1, 1] and a mean of 0 with-
out loss of generality, as this implies that the support of Z is symmetric around the
mean. It is straightforward, however, to extend our results to an ambiguity set with
support [−1, u] for some u > 0, which can be assumed without loss of generality.

A similar reasoning to that in Theorem 7.11 can be applied to joint chance con-
straints with independent right-hand side uncertainty. Here, because of the use of
the support information of the random variable, we do not provide an exact reformu-
lation, but a safe approximation instead. Providing a tractable reformulation when
uncertainty is present in the left-hand side, on the other hand, is significantly more
complicated. Using our results, we provide a reformulation when g is bilinear in x
and Z. For the sake of conciseness, the first two results as well as the proof of the
result below are included in 7.F.

Theorem 7.12. Let ā, â ∈ Rn, h ∈ R and Z ∈ R be a random variable whose
distribution lies in the ambiguity set

P = {P : P [Z ∈ [−1, 1]] = 1, E [Z] = 0, E [|Z|] = d} ,

for some d ∈ [0, 1]. For any ε ∈
(
0, 1

2

)
and x ∈ Rn it holds that

inf
P∈P

P
[
(ā+ Zâ)

>
x ≤ h

]
≥ 1− ε, (7.47)

if and only if

ā>x+ min

{
1,

d

2ε

}
· |â>x| ≤ h. (7.48)

Observe that (7.48) has a linear representation, and optimization problems con-
taining ambiguous chance constraints of the form (7.47) can thus be solved very
efficiently. Also observe that our results extend to any constraint that consists of a
bilinear term in x and Z and any other convex term independent of Z.

For the sake of conciseness, we only presented convex reformulations for two types
of ambiguous chance constraints in this section. The tail probability bound derived in
Theorem 7.1 can be applied to derive convex reformulations and safe approximations
to other ambiguous chance constraints as well.

We mention two related works to our discussion on ambiguous chance constraints.
Hanasusanto et al. (2017) present a tractable framework for joint ambiguous chance
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constraints under a few simplifying conditions. In particular, they assume a conic,
hence unbounded, support, which is a key difference to our approach. Their approach
is very powerful in settings for which an unbounded support makes sense, however,
as they are able to elegantly deal with joint ambiguous chance constraints. Xie and
Ahmed (2018), on the other hand, consider ambiguous chance constraints given a
bounded support and moment information. Their assumptions on the ambiguity set
do, however, exclude exact distributional information on nonlinear functions of the
uncertain parameter, which we do assume in exact knowledge of the mean absolute
deviation.

7.4.4 Optimization Problem from Radiotherapy

We now illustrate these implications by applying our result to an optimization problem
that arises in radiotherapy. Here, the biological effective radiation dose delivered to
a tumor is to be maximized subject to a constraint on the biological effective dose
delivered to the surrounding healthy tissue. Mathematically, the biological effective
dose (BED) for a dose x ∈ Rn delivered over n fractions is given by

B(x) =

n∑
t=1

xt +
1

ρ
x2
t ,

where ρ is the radiosensitivity parameter of the irradiated tissue. More specifically,
it can be interpreted as the tissue’s sensitivity to fractionation, where a low value
indicates a high sensitivity to fractionation, i.e., the distribution of treatment over
multiple fractions.

While there is an extensive body of research on the value of ρ for different tumor
sites, it remains subject to significant uncertainty (Joiner and Van der Kogel, 2016).
Moreover, since this value can differ from patient to patient, there is a very limited
amount of data available and there is little evidence to suggest it follows some well
known distribution. Throughout the rest of the example, we denote the sensitivity
to fractionation by ρ1 and ρ2 for the tumor and the surrounding healthy tissue,
respectively.

For illustrative purposes, we consider a setting in which it has been decided to
deliver the treatment over two fractions, i.e., the optimization variables are limited
to the dose in the first and second fraction. Moreover, we focus on the uncertainty of
ρ2, and thus model the restriction of sparing the healthy tissue through an ambigu-
ous chance constraint. Mathematically, we wish to solve the following optimization
problem (Ten Eikelder et al., 2019):

max
x∈R2

x1 + x2 +
1

ρ1

(
x2

1 + x2
2

)
(7.49a)

s.t. P
(
σ(x1 + x2) +

1

ρ2
σ2
(
x2

1 + x2
2

)
≤ t(ρ2)

)
≥ 1− ε ∀P ∈ P(µ,b,d) (7.49b)
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x1, x2 ≥ xmin, (7.49c)

where σ is the generalized dose-sparing factor that denotes the fraction of the mean
tumor dose that the healthy tissue receives on average, xmin is the minimum dose
that must be delivered in each fraction, and t(ρ2) denotes the tolerance level of the
healthy tissue and is given by

t(ρ2) = φD

(
1 +

φD

T

1

ρ2

)
.

In other words, the healthy tissue is known to tolerate a total dose of D gray if it
is delivered in T fractions under dose shape factor φ. This dose shape factor is a
parameter that characterizes the spatial heterogeneity of a dose distribution (Perkó
et al., 2018).

The ambiguity of ρ is modeled through the mean-MAD ambiguity set, where
the lower bound of the support is given by a instead of 0. The ambiguous chance
constraint (7.49b) is not naturally stated in a form that Theorem 7.11 or 7.12 can be
applied to. It can be rewritten, however, as

P
(
ρ · (σ(x1 + x2)− φD) >

φ2D2

T
− σ2(x2

1 + x2
2)

)
≤ ε ∀P ∈ P(µ,b,d), (7.50)

where we note multiplication by ρ is allowed as its support is nonnegative. Leveraging
the tail probability bound, we find for ε ∈ (0, µ−ab−a ) that (7.50) is equivalent to

µσ(x1 + x2) + σ2(x2
1 + x2

2) +
d

2ε
|σ(x1 + x2)− φD| ≤ µφD +

φ2D2

T
.

We solve (7.49) for a specific, realistic set of parameters taken from Ten Eikelder et al.
(2019), which are reported in Table 7.3.

Parameter Value

τ 4
σ 0.9
φ 2
D 27
T 5
xmin 1.5
a 3
b 6
µ 4
d 0.25

Table 7.3 – Parameter values used for solving (7.49).
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Figure 7.11 – The feasible region and optimal solution of (7.49) for different
values of ε as well as exact knowledge that ρ = µ. Dots indicate the optimal
solution.

Figure 7.11 shows the feasible region and optimal solution of (7.49) for different
values of ε as well as the feasible region when we assume having the exact knowledge
that ρ = µ. Remarkable in this example is the similarity between the feasible region
of the problem without uncertainty and that of the ambiguous problem for ε = 0.1
and ε = 0.05. From the feasible region for ε = 0.01, however, it is clear that requiring
that a low risk of violation results in a solution that is much worse in terms of tumor
BED. It does, on the other hand, illustrate how the shape of the feasible region
changes with ε: the feasibility of unbalanced solutions, i.e., solutions that administer
a different dose in the two fractions, is impacted much more severely than that of
balanced solutions.

7.5 Conclusion and Outlook

Tail probabilities are ubiquitous in probabilistic studies in many areas of science
and application domains. As the original Chebyshev’s inequality for mean-variance
ambiguity, we expect our novel tail bounds for mean-MAD ambiguity to find many
applications.

In our search for tight bounds under limited information, we had to solve for
the worst-case distribution and worst-case value of the expectation of the indicator
function 1{X ≥ t}. In this chapter the limited information was captured through
ambiguity sets P(µ,b,d) and P(µ,b,d,β), and it turned out that the combination of the
non-convex indicator function with these ambiguity set gave rise to semi-infinite linear
programs with easy, closed-form solutions.

In future work, we expect to find more such solvable classes, i.e. specific combina-
tions of objective function (other than the indicator function) and ambiguity sets that
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together give rise to solvable liner programs and hence easy extremal distributions.
In this way, one could try to sharpen the tail bounds by including more information
(e.g. higher moments or percentiles), or to consider objective functions other than the
tail probability. Our proof method based on solving the dual problem with piecewise-
linear majorants is not tailor-made for the indicator function, and could potentially
work for a much larger class of (measurable) objective functions. Another direction
we shall pursue is the application of the bounds to more complex, and possible high-
dimensional robust optimization problems. To do so, we shall leverage the connection
with the quickly evolving field of DRO, as illustrated by examples in Section 7.4.
Indeed, minmax and maxmin decision problems arise naturally, and the bounds and
proof techniques can help in advancing that field.
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Appendices

7.A Proofs of Tail Bounds

Proof Theorem 7.3. We will show that additional information on a particular instance
of the tail distribution (e.g., β = P(X ≥ µ)) results in tighter bounds. We again
consider the Borel measurable function 1{x≥t}. Under P(µ,b,d,β) ambiguity of the
random variable X we now need to solve

sup
P∈M+

∫
x

1{x≥t}dP(x) (7.51a)

s.t.

∫
x

dP(x) = 1,

∫
x

xdP(x) = µ, (7.51b)∫
x

|x− µ|dP(x) = d,

∫
x

1{x≥µ}dP(x) = β, (7.51c)

which is a semi-infinite linear program with four equality constraints.
Consider the dual of (7.51),

inf
λ0,λ1,λ2,λ3

λ0 + λ1µ+ λ2d+ λ3β (7.52a)

s.t. 1{x≥t} ≤ λ0 + λ1x+ λ2|x− µ|+ λ31{x≥µ}, ∀x ∈ [0, b]. (7.52b)

Define F (x) = λ0 + λ1x+ λ2|x−µ|+ λ31{x≥µ}. Then the inequality in (7.52) can be
written as 1{x≥t} ≤ F (x), ∀x, i.e. F (x) majorizes 1{x≥t}. Note that F (x) has both
a ‘kink’ and a jump discontinuity at x = µ. The dual problem has four variables,
and therefore the tightest majorant touches 1{x ≥ t} at four or fewer points. Since
F (x) is piecewise linear with a jump discontinuity there are four candidate scenarios,
which are described in Figure 7.12. When t ∈ [0, µ), F (x) touches 1{x≥t} in {0, t, µ, b}
(scenario 1a), or F (x) = 1 and touches in {t, µ, b} (scenario 1b). When t ∈ [µ, b], F (x)
touches in {0, µ, t} (scenario 2a), or in {0, t, b} (scenario 2b).

Scenario 1a implies F (0) = 0, F (t) = F (µ) = F (b) = 1, which gives

λ0 =
µ

2t
, λ1 =

1

2t
, λ2 = − 1

2t
, λ3 =

µ− t
t

, (7.53)

and objective value

λ0 + λ1µ+ λ2d+ λ3β =
(1− β)µ+ βt

t
− d

2t
. (7.54)

Solving the primal problem (7.51) with probability masses on the points {0, t, µ, b}
gives ∫

x

1{x ≥ t}dP(x) = pt + pµ + pb =
(1− β)µ+ βt

t
− d

2t
. (7.55)
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x

1{x ≥ t}
F1a(x)
F1b(x)

µt0 b
x

1{x ≥ t}
F2a(x)
F2b(x)

µ t0 b

Figure 7.12 – Scenario 1 and the majorizing functions F1a(x) and F1b(x) un-
der scenarios 1a and 1b, respectively. Scenario 2 and the majorizing functions
F2a(x) and F2b(x) under scenarios 2a and 2b, respectively.

Since primal and dual feasible solutions have the same objective value we have strong
duality and hence found the optimal solutions.

Scenario 1b implies that F (0) = F (t) = F (µ) = F (b) = 1, and hence λ0 = 1, λ1 =
λ2 = λ3 = 0 with objective value 1. It is clear that the optimal primal objective value
is also equal to 1.

Scenario 2a implies F (0) = F (µ) = 0, F (t) = 1 which gives

λ0 = − µ

2(t− µ)
, λ1 = λ2 =

1

2(t− µ)
, λ3 = 0, (7.56)

with objective value

λ0 + λ1µ+ λ2d+ λ3β =
d

2(t− µ)
. (7.57)

Solving the optimal probabilities for the primal problem (7.51) indeed shows that
pt = d

2(t−µ) .

Scenario 2b implies that F (0) = 0, F (µ) = F (t) = F (b) = 1, which gives as the
dual feasible solution

λ0 = λ1 = λ2 = 0, λ3 = 1, (7.58)

and objective value

λ0 + λ1µ+ λ2d+ λ3β = β. (7.59)

Solving the optimal probabilities of (7.51) confirms that p0 = (1− β).
The proof is then completed by looking which scenario prevails on a specific inter-

val, and these intervals can be determined by simply equating the minimum objective
values and thereafter solving for t to find τ1 and τ2 for, respectively, scenario 1 and
scenario 2.

Proof Theorem 7.4. We will use similar arguments as in the proof of Theorem 7.3,
but now we consider a dual problem where we are maximizing a minorizing function.
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Under P(µ,b,d,β) ambiguity of the random variable X we now need to solve

inf
P∈M+

∫
x

1{x>t}dP(x) (7.60a)

s.t.

∫
x

dP(x) = 1,

∫
x

xdP(x) = µ, (7.60b)∫
x

|x− µ|dP(x) = d,

∫
x

1{x≥µ}dP(x) = β, (7.60c)

which is a semi-infinite linear program with four equality constraints. The dual prob-
lem is given by

sup
λ0,λ1,λ2,λ3

λ0 + λ1µ+ λ2d+ λ3β (7.61a)

s.t. 1{x>t} ≥ λ0 + λ1x+ λ2|x− µ|+ λ31{x≥µ} =: F (x), ∀x ∈ [0, b]. (7.61b)

Note that F (x) has both a ‘kink’ and a jump discontinuity at x = µ. Additionally,
we are to construct the tightest minorant this time. The dual problem has four
variables, and hence the tightest minorant touches 1{x>t} at four or fewer points.
Since F (x) is piecewise linear with a jump discontinuity there are four candidate
solutions, which are depicted in Figure 7.13. Note that we have a strict inequality
inside of the indicator function. When t ∈ [0, µ), F (x) touches 1{x>t} in {t, µ, b}
(scenario 1a) or in {0, t, µ, b} (scenario 1b). When t ∈ [µ, b], F (x) touches in {0, t, b}
(scenario 2a), or F (x) = 0 and touches in {0, µ, t} (scenario 2b).

Scenario 1a implies F (t) = 0, F (µ) = F (b) = 1, which gives the dual solution

λ0 =
2t− µ

2(t− µ)
, λ1 = − 1

2(t− µ)
, λ2 =

1

2(t− µ)
, λ3 = 0, (7.62)

and objective value

λ0 + λ1µ+ λ2d+ λ3β = 1− d

2(µ− t)
. (7.63)

Solving the primal problem (7.60) with probability masses on the points {t, µ, b} gives∫
x

1{x > t}dP(x) = 1− pt = 1− d

2(µ− t)
. (7.64)

Scenario 1b implies that F (0) = F (t) = 0, F (µ) = F (b) = 1, and hence λ0 =
λ1 = λ2 = 0, λ3 = 1 with objective value β. Now solving the primal problem with
probability masses on {0, t, µ, b} gives us∫

x

1{x > t}dP(x) = pµ + pb = β. (7.65)
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x

1{x > t}
F1a(x)
F1b(x)

µt0 b
x

1{x > t}
F2a(x)
F2b(x)

µ t0 b

Figure 7.13 – Scenario 1 and the minorizing functions F1a(x) and F1b(x) un-
der scenarios 1a and 1b, respectively. Scenario 2 and the minorizing functions
F2a(x) and F2b(x) under scenarios 2a and 2b, respectively.

Scenario 2a implies that F (0) = F (t) = 0 and F (b) = 1, which results in

λ0 =
µ

2(t− b)
, λ1 = λ2 =

1

2(b− t)
, λ3 = − (µ− t)

(b− t)
, (7.66)

with objective value

λ0 + λ1µ+ λ2d+ λ3β =
β(µ− t)
(b− t)

+
d

2(b− t)
. (7.67)

Indeed, solving the primal problem with probability masses on {0, t, b} gives pb =
β(µ−t)
(b−t) + d

2(b−t) .

Scenario 2b implies that F (0) = F (µ) = F (t) = F (b) = 0, which gives the dual
feasible solution

λ0 = λ1 = λ2 = λ3 = 0, (7.68)

with objective value 0. All probability mass is placed on points that are less than or
equal to t. Hence, the optimal primal objective value is also equal to 0.

Finally, the proof is completed by inspecting which scenario prevails on a specific
interval. These intervals are determined by equating the maximum objective values
and solving these equations with respect to t to find τ1 and τ2 for scenario 1 and 2,
respectively.

7.B Comparison with Tight Bounds for (µ, b, σ) Ambiguity

Next to the comparison with Cantelli’s inequality in Section 7.2.2, we also look at the
tight bounds for the (µ, b, σ)-ambiguity set. De Schepper and Heijnen (1995) provide
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Figure 7.14 – A comparison of the mean-MAD upper bound with the upper
bound of De Schepper and Heijnen (1995) for three different values of σ with
the parameter chosen as follows: a = 0, µ = 1, b = 2 and d = 1

4
.

expressions for these bounds. The upper bound is given by

sup
P∈P(µ,b,σ)

P(X ≥ t) =


1, t ∈

[
0, µ− σ2

b−µ
]
,

1− σ2+(b−µ)(t−µ)
bt , t ∈

[
µ− σ2

b−µ , µ+ σ2

µ

]
,

σ2

σ2+(t−µ)2 , t ∈
[
µ+ σ2

µ , b
]
.

(7.69)

The lower bound equals

inf
P∈P(µ,b,σ)

P(X ≥ t) =


(µ−t)2

(µ−t)2+σ2 , t ∈
[
0, µ− σ2

b−µ
]
,

σ2+µ(µ−t)
b(b−t) , t ∈

[
µ− σ2

b−µ , µ+ σ2

µ

]
,

0, t ∈
[
µ+ σ2

µ , b
]
.

(7.70)

Comparing these bounds with their MAD equivalents is again not straightforward,
and we will be using a similar numerical example to compare our results with those
of De Schepper and Heijnen (1995). We use the following parameter setting: a = 0,
µ = 1, b = 2, d = 1/4. Furthermore, we consider three values for σ: σ = d = 1/4,
σ = 1/3, and σ =

√
db/2 = 1/2.

Figure 7.14 shows the upper bounds for mean-MAD ambiguity and the (µ, b, σ)-
ambiguity sets. The difference with Cantelli’s inequality essentially lies in the behavior
of the bound near the mean µ. Expression (7.69) sharpens the bounds of the tail
probability for t ∈ [µ − σ2/(b − µ), µ + σ2/µ] by using information about the upper
bound of the support. Note that Cantelli’s inequality and the tight upper bound
are equivalent in the tail. Another interesting observation is the equivalence of the
mean-variance and mean-MAD bound for t = µ and σ =

√
db/2. Figure 7.15 paints

a similar picture for the lower bounds.
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Figure 7.15 – A comparison of the mean-MAD lower bound with the lower
bound of De Schepper and Heijnen (1995) for three different values of σ with
the parameters chosen as follows: a = 0, µ = 1, b = 2 and d = 1

4
.

7.C Upper Bound for Retention Function

Proposition 7.3. The worst-case expected claim payment of the direct insurer as a
function of the retention limit z is given by

sup
P∈P(µ,b,d)

EP[ψ(z, S)] =


z, if z ∈ [0, τ1],

µ− d(b−z)
2(b−µ) , if z ∈ [τ1, µ],

z(1− d
2µ ), if z ∈ [µ, τ2],

µ, if z ∈ [τ2, b],

(7.71)

where the values of τ1 and τ2 are given by

τ1 = µ− d(b− µ)

2(b− µ)− d
, τ2 = µ+

dµ

2µ− d
.

Proof. First, note that

ψ(z, S) = min{S, z} = S −max{S − z, 0},

and hence our problem boils down to solving

sup
P∈P(µ,b,d)

EP[ψ(z, S)] = µ− inf
P∈P(µ,b,d)

EP[max{S − z, 0}]. (7.72)

The second term is convex in the uncertain parameter and therefore we can apply
the lower bounds discussed by Postek et al. (2018), that is, we solve the optimization
problem
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inf
P∈P(µ,b,d)

EP[max{S − z, 0}] = min
d

2(b−µ)
≤θ≤1− d

2µ

{
θmax{µ+

d

2θ
− z, 0}+

(1− θ) max{µ− d

2(1− θ)
− z, 0}

}
, (7.73)

which is convex and piecewise linear in the optimization variable θ. Hence, one can
find the optimal solution value that depends on the retention limit z. Solving problem
(7.73) and subtracting the optimal value from µ results in the four cases mentioned
in (7.71).

7.D Proof of Theorem 7.7

We shall now solve (7.32).
Let us make some observations about the functions G(t) := infP∈P(µ,d)

P(B ≥ t)
and F (r) := rG(r). The function G(t) starts in G(0) = (2µ−d)/(2µ), decays until τ1,
remains flat for t ∈ [τ1, µ], decays until reaching zero at t = τ2, and then remains zero.
The function F (r) starts in 0, is concave until τ1, increases linearly for t ∈ [τ1, µ], and
then remains concave until reaching zero. This implies that the maximum of F (r)
is the maximum of the first concave part, the point F (µ), or the maximum of the
second concave part.

The first concave part is given by the function

F1(r) := r − dr

2(µ− r)
for r ∈ [0, τ1],

for which F ′1(r) = 0 gives

r1 = µ−
√
dµ

2

and F1(r1) = µ + d/2 −
√

2dµ. This value should be compared with F (µ) = dµ
2(b−µ) ,

and in fact solving for d for which F1(r1) = F (µ) gives

d1 =
2bµ(b− µ)− 4

√
µ3(b− µ)3

(b− 2µ)2
.

The second concave part is given by the function

F2(r) := r

(
µ− r
b− r

+
dr

2µ(b− r)

)
for r ∈ [µ, τ2],

for which F ′2(r) = 0 gives

r2 = b−
√
b(2µ− d)(2µ(b− µ)− bd)

2µ− d
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Figure 7.16 – The functions d1 = d1(µ, b), d2 = d2(µ, b), and dmax =

dmax(µ, b) = 2(b−µ)µ
b

for b = 1.

and

F2(r2) =
2bµ− bd− µ2 −

√
b(2µ− d)(2µ(b− µ)− bd)

µ
.

Solving for d for which F2(r2) = F (µ) gives

d2 =
2
(
bµ− µ2

)
2b− µ

.

Upon reflection, d2 must be the point where the right-derivative of F2(r) turns pos-
itive, which indeed is the case. It can be shown that d2 ≤ d1 for µ ∈ [0, b/5] and
d2 ≥ d1 for µ ∈ [b/5, b]; see Figure 7.16.

First consider the case d1 ≤ d2 ≤ dmax, hence assuming b ≤ 5µ. For d ∈ [0, d1],
the maximum of F (r) is located at r1. For d ∈ [d1, d2], the maximum of F (r) is at
r = µ, because F (µ) ≥ F (r1) and the function F (r) will not increase for r ≥ µ. For
d ∈ [d2, dmax], the maximum of F (r) is located at r2, because F (µ) ≤ F (r1) and the
function F (r) still increases after r = µ until r = r2. Figure 7.6 illustrates these three
scenarios by plotting F (r) for various values of d.

Then consider the case d2 ≤ d1 ≤ dmax, hence assuming b ≥ 5µ. Now r = µ is
no longer a candidate optimizer, because F (r) viewed as a function of d, will become
increasing at r = µ before F (µ) beats F (r1). Therefore, the maximum will be in
either r1 or r2. It will be r1 when F (r1) > F (r2) and vice versa. Solving for d for
which F (r1) = F (r2) is computationally tractable, but does not lead to a closed-form
solution. See Figure 7.17 for an example of this case.
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Figure 7.17 – The functions F (r) for µ = 0.1 and b = 1 for which d1 =
0.1125, d2 = 0.0947, and dmax = 1/2.
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Figure 7.18 – The optimal revenue F (r∗) for µ = 0.5 and b = 1.

7.E Proofs of Distribution-Free Stop-Loss Bounds

Proof of Theorem 7.8. We will show via primal-dual reasoning that the stated stop-
loss formulas are tight upper bounds. We now consider the measurable function
φ(z, s). Under P(µ,b,d) ambiguity of the random variable S we now need to solve

sup
P∈M+

∫
s

φ(z, s)dP(s) (7.74a)

s.t.

∫
s

dP(s) = 1,

∫
s

sdP(s) = µ,

∫
s

|s− µ|dP(s) = d, (7.74b)

which is a semi-infinite linear program with three equality constraints.
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s

φ(z, s)
F1a(s)
F1b(s)

z m+ z0 bµ
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F2a(s)
F2b(s)

z m+ z0 bµ

s

φ(z, s)
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Figure 7.19 – Scenario 1 and the majorizing functions F1a(x) and F1b(x)
under scenarios 1a and 1b, respectively. Scenario 2 and the majorizing func-
tions F2a(x) and F2b(x) under scenarios 2a and 2b, respectively. Scenario 3
and the majorizing functions F3a(x) and F3b(x) under scenarios 3a and 3b,
respectively.

Consider the dual of (7.74),

inf
λ0,λ1,λ2

λ0 + λ1µ+ λ2d (7.75a)

s.t. φ(z, s) ≤ λ0 + λ1s+ λ2|s− µ|, ∀s ∈ [0, b]. (7.75b)

Define F (s) := λ0 + λ1s + λ2|s − µ|. Then the inequality in (7.75) can be written
as φ(z, s) ≤ F (s), ∀s, i.e. F (s) majorizes the ‘staircase’ function φ(z, s). Note that
F (s) has a ’kink’ at s = µ. The dual problem has three variables, and therefore there
exists a majorant that touches φ(z, s) at three or fewer points. Since F (s) is piecewise
linear with a ’wedge’ shape there are six candidate scenarios, which are displayed in
Figure 7.19. When m + z ≤ µ, F (s) = 1 and touches φ(z, s) in [m + z, b] (scenario
1a), or F (s) touches φ(z, s) in {0,m+ z, b} (scenario 1b). When z ≤ µ ≤ m+ z, F (s)
touches in {0} ∪ [µ,m+ z] (scenario 2a) or in {0} ∪ [m+ z, b] (scenario 2b). Finally,
if µ ≤ z ≤ m + z, F (s) coincides with φ(z, s) in [0, µ] ∪ {m + z} (scenario 3a) or in
{0} ∪ [m+ z, b] (scenario 3b).

Scenario 1a implies that F (0) = F (m + z) = F (µ) = F (b) = m, and hence
λ0 = m, λ1 = λ2 = 0 with objective value m. It is clear that the optimal primal
objective value is also equal to m as the primal solution can only assign probability
to values greater than or equal to m + z (which is a consequence of complementary
slackness).
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Scenario 1b implies F (0) = 0, F (m+ z) = F (b) = m, which gives

λ0 =
mµ(b− (m+ z))

2(m+ z)(b− µ)
, λ1 =

m(b+m+ z − 2µ)

2(m+ z)(b− µ)
, λ2 =

m(m+ z − b)
2(m+ z)(b− µ)

,

and objective value

λ0 + λ1µ+ λ2d =
m

m+ z

(
µ− d(b− (m+ z))

2(b− µ)

)
.

Solving the primal problem (7.74) with probability masses on the points {0,m+ z, b}
gives ∫

s

φ(z, s) dP(s) = m

(
2µ+ bd/(µ− b)

2(m+ z)
+

d

2(b− µ)

)
=

m

m+ z

(
µ− d(b− (m+ z))

2(b− µ)

)
.

Since primal and dual feasible solutions have the same objective value we have strong
duality and hence found the optimal solutions.

Scenario 2a implies F (0) = 0, F (µ) = µ− z, F (m+ z) = m which gives

λ0 = −z
2
, λ1 = 1− z

2µ
, λ2 =

z

2µ
,

with objective value

λ0 + λ1µ+ λ2d = z

(
d

2µ
− 1

)
+ µ.

Solving the optimal probabilities for the primal problem (7.74) with masses on {0, µ,m+
z} indeed gives∫

s

φ(z, s) dP(s) = (µ− z)
(

1− d(m+ z)

2µ(m+ z − µ)

)
+m

(
d

2(m+ zµ)

)
= z

(
d

2µ
− 1

)
+ µ.

Scenario 2b implies that F (0) = 0, F (µ) = F (m+ z) = F (b) = m, which gives as
the dual feasible solution

λ0 =
m

2
, λ1 =

m

2µ
, λ2 = −m

2µ
,

and objective value

λ0 + λ1µ+ λ2d = m

(
1− d

2µ

)
.
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Solving for the corresponding optimal probabilities of (7.74) confirms that∫
s

φ(z, s) dP(s) = p(m+z)m+ pbm = m

(
1− d

2µ

)
.

Scenario 3a implies F (0) = 0, F (µ) = 0, F (m+ z) = m which gives

λ0 = − mµ

2(m+ z − µ)
, λ1 =

m

2(m+ z − µ)
, λ2 =

m

2(m+ z − µ)
,

with objective value

λ0 + λ1µ+ λ2d =
dm

2(m+ z − µ)
.

Solving the optimal probabilities for the primal problem (7.74) with masses on {0, µ,m+
z} indeed gives ∫

s

φ(z, s) dP(s) = p(m+z)m =
dm

2(m+ z − µ)
.

Scenario 3b implies that F (0) = 0, F (µ) = F (m + z) = F (b) = m, which again
gives as the dual feasible solution

λ0 =
m

2
, λ1 =

m

2µ
, λ2 = −m

2µ
,

and objective value

λ0 + λ1µ+ λ2d = m

(
1− d

2µ

)
.

Solving for the corresponding optimal probabilities of (7.74) on {0,m+ z, b} confirms
that ∫

s

φ(z, s) dP(s) = p(m+z)m+ pbm = m(1− d

2µ
).

The proof of the first part of the theorem is then completed by taking the minimum
for each scenario. The second part is an immediate consequence of upper bound (8)
in Postek et al. (2018), which is a result that was already shown by Ben-Tal and
Hochman (1972).

Proof of Theorem 7.10. We consider the following ambiguity set for the distribution
of S:

G = {P | P
(
S ∈

[
0, b̄

])
= 1, EP [S] = µ̄, E [|S − µ̄|] ≤ d̂}. (7.76)

We can deduce from F ⊆ G and Theorem 7.8 that

sup
P∈F

EP

[
φ
(
z,

n∑
i=1

Xi

)]
≤ sup

P∈G
EP[φ (z, S)]
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=


maxd∈[0,d̂]

{
min{m, m

m+z (µ− d(b̄−(m+z))

2(b̄−µ̄)
}
}
, if z ≤ m+ z ≤ µ̄,

maxd∈[0,d̂]

{
min{m(1− d

2µ̄ ), z( d
2µ̄ − 1) + µ̄}

}
, if z ≤ µ̄ ≤ m+ z ≤ b̄,

maxd∈[0,d̂]

{
min{m(1− d

2µ̄ ), dm
2(m+z−µ̄)}

}
, if µ̄ ≤ z ≤ m+ z ≤ b̄.

We will now solve the maximization problems over d explicitly. For the instance with
m + z ≤ µ̄ the problem is easily solved by recognizing that the distribution with
probability mass 1 on µ̄ is a member of G, and therefore the maximum m will be paid
almost surely.

For the second case, note that we take the minimum over two linear functions
of d, an increasing and a decreasing one. Therefore, the global maximum is at the
intersection of these functions, and the optimal d is thus either d̂ or d∗, where d∗ is
such that

m(1− d

2µ̄
) = z(

d

2µ̄
− 1) + µ̄.

Solving this equation yields

d∗ =
2µ̄(m+ z − µ̄)

m+ z
.

Note that d̂ is the optimal solution when

z(
d

2µ̄
− 1) + µ̄ < m(1− d

2µ̄
),

as this means that d̂ < d∗. Therefore, we find that

max
d∈[0,d̂]

{
min{m(1− d

2µ̄
), z(

d

2µ̄
− 1) + µ̄}

}
= min{m(1− d∗

2µ̄
), z(

d̂

2µ̄
− 1) + µ̄}

= min{ mµ̄

m+ z
, z(

d̂

2µ̄
− 1) + µ̄}.

Finally, the third case can be solved in the exact same way, resulting in the established
theorem.

7.F Additional Results on Ambiguous Chance Constraints

Proof of Theorem 7.12. Rewriting (7.47) we find

inf
P∈P

P
[
(ā+ Zâ)

>
x ≤ h

]
= 1− sup

P∈P
P
[
(ā+ Zâ)

>
x ≤ h

]
= 1− sup

P∈P
P
[
Z · â>x > h− ā>x

]
.
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Thus, clearly, (7.47) is equivalent to

sup
P∈P

P
[
Z · â>x > h− ā>x

]
≤ ε, (7.77)

and since ε ∈
(
0, 1

2

)
, it must hold that h − ā>x > 0, because for any h − ā>x ≤ 0,

the supremum is at least 1
2 by Theorem 7.1. Given that h− ā>x > 0 we thus find

sup
P∈P

P
[
Z · â>x > h− ā>x

]
=

{
min

{
d·|â>x|

2(h−ā>x)
, 1− d

2

}
if h− ā>x < |â>x|

0 if h− ā>x ≥ |â>x|.

Since 1− d
2 ≥

1
2 , it must hold that min

{
d·|â>x|

2(h−ā>x)
, 1− d

2

}
= d·|â>x|

2(h−ā>x)
for any x that

satisfies (7.77). Rewriting the case where h− ā>x < |â>x| we find

d · |â>x|
2(h− ā>x)

≤ ε ⇐⇒ ā>x+
d

2ε
· |â>x| ≤ h.

We can thus combine both cases, such that (7.77) is equivalent to

ā>x+ min

{
1,

d

2ε

}
· |â>x| ≤ h,

where it should be noted that this implies h− ā>x > 0, which is therefore redundant.

Theorem 7.13. Let g : Rn 7→ R, h ∈ R and let Z be an 1-dimensional random
variable whose distribution lies in the ambiguity set

P = {P : P [Z ∈ [−1, b]] = 1, E [Z] = 0, E [|Z|] = d} ,

for some d ∈
[
0, 2u

1+b

]
. For any ε ∈

(
0, 1

1+b

)
and x ∈ Rn it holds that

inf
P∈P

P [g(x) + Z ≤ 0] ≥ 1− ε,

if and only if

g(x) + min

{
b,
d

2ε

}
≤ 0.

Theorem 7.14. Let gi : Rn 7→ R for i = 1, . . . ,m and let Z be an m-dimensional
random variable whose distribution lies in the ambiguity set

P = {P : P [Zi ∈ [−1, 1]] = 1, E [Zi] = 0, E [|Zi|] = di ∀i, Zi⊥Zj ∀i 6= j} ,

for some d ∈ Rm such that di ∈ [0, 1] for all i. Let ε ∈
(
0, 1

2

)
and I be the set of

indices i such that di
2ε ≤ 1. For any y ∈ Rn it holds that

inf
P∈P

P [gi(y) + Zi ≤ 0 ∀i] ≥ 1− ε, (7.78)
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if 
∑
i∈I

log

[
1− di
−2gi(x)

]
≥ log [1− ε]

gi(x) + 1 ≤ 0 i 6∈ I
gi(x) < 0 i ∈ I,

(7.79a)

(7.79b)

(7.79c)

which is a convex set of constraints if all gi are convex functions.

Proof. Using the pairwise independence of Z we find

inf
P∈P

P [gi(x) + Zi ≤ 0 ∀i] = inf
P∈P

m∏
i=1

P [gi(x) + Zi ≤ 0]

=

m∏
i=1

inf
P∈P

P [gi(x) + Zi ≤ 0]

=

m∏
i=1

[
1− sup

P∈P
P [gi(x) + Zi > 0]

]

=
m∏
i=1

[
1− sup

P∈P
P [Zi > −gi(x)]

]
. (7.80)

From this, it readily follows that it must at least hold that supP∈P P [Zi > −gi(x)] ≤ ε
for all i. From Theorem 7.1 we consequently know that it must hold that −gi(x) >
E [Zi] = 0 for all i, as we know that ε < 1

2 . Given that −gi(x) > 0, we know that

sup
P∈P

P [Zi > −gi(x)] =

{
min

{
di

−2gi(x) , 1− di
2

}
if − gi(x) < 1

0 if − gi(x) ≥ 1.
(7.81)

Since 1 − di
2 ≥

1
2 it follows from ε < 1

2 that it must hold for any feasible solution x
that

min

{
di

−2gi(x)
, 1− di

2

}
=

di
−2gi(x)

i = 1, . . . ,m.

Moreover, we note that di
−2gi(x) ≤ ε is equivalent to −gi(x) ≥ di

2ε and thus if di
2ε ≥

1, imposing this is overly restrictive, as we know from (7.81) that the worst-case
probability of violation is 0, not ε in that situation. For all such i, we thus simply
require that gi(x) + 1 ≤ 0, such that

sup
P∈P

P [Zi > −gi(x)] = 0 ∀i 6∈ I.

Given this analysis, we find that (7.80) is equal to∏
i∈I

[
1− sup

P∈P
P [Zi > −gi(x)]

]
≤
∏
i∈I

[
1− di
−2gi(x)

]
,
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and thus (7.78) holds if
∑
i∈I log

[
1− di

−2gi(x)

]
≥ log [1− ε]

gi(x) + 1 ≤ 0 i 6∈ I
gi(x) < 0 i ∈ I.

Theorem 7.15. Let gi : Rn → R be convex for i = 1, . . . ,m and let Z be a 1-
dimensional random variable whose distribution lies in the ambiguity set

P = {P : P [Z ∈ [−1, 1]] = 1, E [Z] = 0, E [|Z|] = d} ,

for some d ∈ [0, 1]. For any ε ∈
(
0, 1

2

)
and x ∈ Rn it holds that

inf
P∈P

P [gi(x) + Z ≤ 0 ∀i] ≥ 1− ε, (7.82)

if and only if

max
i
{gi(x)}+ min

{
1,
d

2ε

}
≤ 0. (7.83)

Proof. Using the fact that every constraint features the same uncertain parameter Z
we find

inf
P∈P

P [gi(x) + Z ≤ 0 ∀i] = inf
P∈P

P [Z ≤ −gi(x) ∀i]

= inf
P∈P

P
[
Z ≤ min

i
{−gi(x)}

]
= 1− sup

P∈P
P
[
Z > min

i
{−gi(x)}

]
.

We thus know that (7.82) is equivalent to

sup
P∈P

P
[
Z > min

i
{−gi(x)}

]
≤ ε, (7.84)

to which we can apply Theorem 7.1 with t = mini {−gi(x)}. Since we know ε < 1
2 ,

we once again find that it must hold that mini {−gi(x)} > 0 and thus by the same
reasoning as in the proof of Theorem 7.14 we find that it must hold that

sup
P∈P

P
[
Z > min

i
{−gi(x)}

]
={
min

{
d

2 mini{−gi(x)} , 1− d
2

}
if mini{−gi(x)} < 1

0 if mini{−gi(x)} ≥ 1.
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Once again, it must hold that min
{

d
2 mini{−gi(x)} , 1− d

2

}
= d

2 mini{−gi(x)} and sub-

sequently both cases can be combined. We thus find that (7.82) is equivalent to

min
i
{−gi(x)} ≥ min

{
1,

d

2ε

}
,

which makes the condition mini {−gi(x)} > 0 redundant. This constraint is equiva-
lent to

max
i
{gi(x)}+ min

{
1,
d

2ε

}
≤ 0,

which concludes the proof.
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Goerigk, M. and Schöbel, A. (2016). Algorithm engineering in robust optimization.
In Algorithm Engineering, pages 245–279. Springer.

Gorissen, B. L., Blanc, H., den Hertog, D., and Ben-Tal, A. (2014). Deriving robust
and globalized robust solutions of uncertain linear programs with general convex
uncertainty sets. Operations Research, 62(3):672–679.

Gorissen, B. L. and Den Hertog, D. (2013). Robust counterparts of inequalities
containing sums of maxima of linear functions. European Journal of Operational
Research, 227(1):30–43.

Gorissen, B. L., Den Hertog, D., and Hoffmann, A. L. (2013). Mixed integer pro-
gramming improves comprehensibility and plan quality in inverse optimization of
prostate hdr brachytherapy. Physics in Medicine & Biology, 58(4):1041.
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Mudchanatongsuk, S., Ordóñez, F., and Liu, J. (2008). Robust solutions for net-
work design under transportation cost and demand uncertainty. Journal of the
Operational Research Society, 59(5):652–662.



564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos564214-L-bw-Roos
Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021Processed on: 27-7-2021 PDF page: 253PDF page: 253PDF page: 253PDF page: 253

245

Mutapcic, A. and Boyd, S. (2009). Cutting-set methods for robust convex optimiza-
tion with pessimizing oracles. Optimization Methods & Software, 24(3):381–406.

Myerson, R. B. (1981). Optimal auction design. Mathematics of Operations Research,
6(1):58–73.

Natarajan, K., Sim, M., and Uichanco, J. (2017). Asymmetry and ambiguity in
newsvendor models. Management Science, 64(7)(7):3146–3167.

Natarajan, K. and Zhou, L. (2007). A mean–variance bound for a three-piece linear
function. Probability in the Engineering and Informational Sciences, 21(4)(4):611–
621.

Nemirovski, A. and Shapiro, A. (2007). Convex approximations of chance constrained
programs. SIAM Journal on Optimization, 17(4)(4):969–996.

Pardalos, P. M. and Rosen, J. B. (1986). Methods for global concave minimization:
A bibliographic survey. Siam Review, 28(3):367–379.

Perakis, G. and Roels, G. (2008). Regret in the newsvendor model with partial
information. Operations Research, 56(1)(1):188–203.
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This thesis discusses different methods for robust optimization problems that are 
convex in the uncertain parameters. Such problems are inherently difficult to 
solve as they implicitly require the maximization of convex functions. First, an 
approximation of such a robust optimization problem based on a reformulation to 
an equivalent adjustable robust linear optimization problem is proposed. Then, an 
algorithm to solve convex maximization problems is developed that can be used 
in a cutting-set method for robust convex problems. Last, distributionally robust 
optimization is explored as an alternative approach to deal with this convexity. 
Specifically, it is applied to a novel problem formulation to reduce conservatism 
in robust optimization and project planning. Additionally, a new tail probability 
bound is derived that can be used for distribution-free analysis of many OR 
problems. 
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