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CHAPTER 1

Introduction

1.1 Introduction

This Ph.D. dissertation consists of three essays on signaling games. A signaling game is a

strategic setting between possibly many senders and many receivers. In a signaling game,

the senders who are partially or fully informed about the state of nature choose messages,

and the uninformed receivers, who (partially or fully) observe the message of the senders,

make inferences about the state of nature and, then, choose responses. The pay-o�s of the

players depend on the chosen actions and the state of nature.1 Signaling games are useful

and tractable tools to study many social phenomena. In particular, signaling games have

found a vast number of applications in Economics. These include the job market signaling

model of Spence (1973), the advertising model of Milgrom and Roberts (1986) and the limit

1This de�nition is a more general version of the description given in Van Damme (1991). Sobel (2020b)

presents two de�nitions. In the more general de�nition, he de�nes a signaling game more broadly than here.

He says that �a signaling game is a strategic setting in which players can use actions of their opponents to

make inferences about hidden information.�
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pricing model of Milgrom and Roberts (1982).2 Despite their modeling appeal, signaling

games typically have the disadvantage of having multiple equilibria. Hence, to analyze and

make predictions, one has to decide which equilibria are more sensible than others. In

the literature many authors propose various equilibrium re�nements to select more sensible

equilibria.

This thesis studies various signaling games and it introduces and uses equilibrium re-

�nements to analyze them. In Chapters 2 and 3 of the thesis, (one-sender) two-audience

costly signaling games are studied.3 Chapter 2 introduces two equilibrium re�nements for a

class of two-audience private signaling games, which are inspired by the D1-concept of Cho

and Kreps (1987) and the Universal Divinity-concept of Banks and Sobel (1987). Chapter

3 studies a costly gift-giving game with two audiences and investigates how observability of

gifts a�ects pro-social behavior. Chapter 4 studies a costly persuasion game with uncertain

intentions of the sender and investigates how truthful information sharing is a�ected by the

intentions of the sender.

1.2 Chapter 2

Chapter 2 considers two-audience (costly) private signaling games and introduces compu-

tationally tractable equilibrium re�nements. To the best of my knowledge, in contrast to

two-audience costly signaling games with public signals, two audience costly signaling games

with private signals were not previously considered.4 Costly two-audience private signaling

games have applications in behavioral economics and organizational economics . One ap-

plication on gift-giving is presented in Chapter 3. As one-audience costly signaling games,

two-audience private signaling games have a plethora of equilibria. In one-audience costly

signaling games, to select reasonable equilibrium outcomes, one typically uses the re�ne-

ments D1 of Cho and Kreps (1987) or the closely related notion of Universal Divinity of

Banks and Sobel (1987). Roughly, these re�nements require that, when receiving an unex-

pected signal, a receiver attempts to rationalize his observation by answering the question

which type is most likely to have deviated from the equilibrium. In two-audience private

2For more applications, one can consult the surveys of Sobel (2020b) and Riley (2001)
3In this thesis only one-sender signaling games are studied. Hence, only the number of receivers will be

speci�ed.
4Bar-Isaac and Deb (2014) consider a reputation model with two-audiences with private and public

messages. In their model, di�erently from the signaling models, the receivers do not intrinsically care about

the type of the sender, but they only care about the actions of the sender. There is also a related literature

on multilateral vertical contracting. In such models, an upstream �rm makes private contract o�ers to

multiple downstream �rms. See McAfee and Schwartz (1994).
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signaling games, at any message, each receiver faces additional uncertainty about the mes-

sage sent to the other receiver and he has to make a guess about unobserved message. This

necessitates that the receiver considers all of the sender's options. The concepts of D1 and

Universal Divinity do not allow one to consider multiple message pairs at the same time.

Hence, it is necessary to adapt these concepts.

More speci�cally, Chapter 2 focuses on a class of two-audience private signaling games

called SER games, and introduces two computationally tractable generalizations of D1 and

Universal Divinity: Weak D1 and Strong D1. These re�nements are studied in relation

to the strategic stability concept of Kohlberg and Mertens (1986). The strategic stability

concept satis�es desirable properties and it is the main inspiration behind the re�nements

of D1 and Universal Divinity. I derive two main results. Firstly, I show that, in any SER

game, any stable equilibrium outcome is Weak D1. Secondly, I show that, for almost any

SER game in which a monotonicity property is satis�ed, any Strong D1 outcome for which

there does not exist any upsetting cycle is stable. This property is satis�ed if the utility of

each type is increasing with respect to the receivers' responses and the receivers have the

same preferences.

To sum up these points, Chapter 2 introduces computationally tractable re�nements for

two-audience private signaling games with reasonable properties. These re�nements make

it easier to analyze two-audience private signaling games and to make predictions in them.

1.3 Chapter 3

Chapter 3 studies a model in which a sender, who can be altruistic or sel�sh, can give costly

gifts to two receivers in the hope of in�uencing the assessment of the receivers (reputation

concerns). I consider three variants that di�er in terms of observability of gifts: a private

gifts variant, a public gifts variant and a compound gifts variant in which the sender can use

private or public gifts.5 Surprisingly, pro-social behavior in a two-audience signaling set-up

with private messages was not previously studied, and it is not known how observability of

actions a�ects pro-social behavior in such set-up. Chapter 3 attempts to answer this ques-

tion. In particular, I aim to explain why gifts are not always given equally, as documented

in Laferrère (1992) and Dunn and Phillips (1997). I am also interested in comparing the

informativeness of public gift or private gift variants about the intention of the sender.

To select reasonable equilibrium outcomes, I incorporate equilibrium re�nements. For

5The results for the compound gifts variant are less clear compared to the results for the other variants.

Hence, for the sake of clarity, I do not discuss compound gifts here.
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the private gifts variant, I use Strong D1 (introduced in Chapter 2), and for the public gifts

variant I use D1 (Cho and Kreps, 1987) to select a unique equilibrium outcome. In the public

gifts variant, a possibly small di�erence in the high type's altruism towards the receivers

leads to a sharp asymmetry in gifts: the �rst (more preferred) receiver gets a positive gift

and the second receiver gets no gift. On the other hand, in the private gifts case, such a

di�erence may still lead to (an albeit reduced) asymmetry in gifts. These results are largely

consistent with the empirical work of Laferrère (1992) and Dunn and Phillips (1997). I

also �nd that, for some values of the reputation coe�cient, the private gifts case is weakly

more informative about the type of the sender than the public gifts. This aspect can be

useful in settings where the receivers, after the signaling stage, make choices which depend

on the type of the sender. To see this clearly, one can consider a re-interpretation of the

model as a setting between a worker and two supervisors. The results indicate that a �rm

�culture� that makes supervisors refrain from sharing their views about the workers may be

more informative. Such a �culture� may allow the supervisors to assign the worker to more

e�cient tasks: tasks at which the worker has a higher chance of success.

Chapter 3 contributes to the literature by o�ering a signaling-reputational explanation to

some empirical observations encountered in gift-giving. Chapter 3 also provides a tractable

model to investigate how observability of actions a�ects the equilibrium behavior in two-

audience signaling settings. The chapter also shows that the re�nement of Strong D1,

introduced in Chapter 2, selects a unique equilibrium outcome in a simple framework. This

gives support to the usefulness of the re�nement of Strong D1.

1.4 Chapter 4

Chapter 4 studies a persuasion game. A persuasion game is a signaling game in which a

sender, who is informed about the state of nature, can only send truthful messages of the

form �The state is in the set of states A�. Hence, in a persuasion game, the sender cannot lie:

the above message is only possible when the true state belongs to the set A. The persuasion

games are �rst studied by Grossman (1981) and Milgrom (1981) and they are distinct from

Bayesian persuasion models pioneered by Kamenica and Gentzkow (2011). In the canonical

persuasion game models of Grossman (1981) and Milgrom (1981), the sender (the seller),

who observes the quality of a product (from some interval), can send truthful messages of

the form �the quality of the product is at least x�. Observing such a message, the receiver

(the buyer) chooses a response from a continuum. It is assumed that the sender's utility is

increasing with respect to the responses of the receiver, and the receiver's optimal response
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is increasing with respect to the state. These assumptions ensure that each type of the

sender has an incentive to distinguish himself (unraveling). Consequently, there is a unique

equilibrium with full disclosure (Milgrom, 1981).

Now consider a plausible variant in which a sender, who can be biased or good, observes

the value of two attributes about a project. In this variant, the informed sender can reveal

the value of each attribute (or both of them) by paying a �xed cost for each revealed

attribute. The receiver, who observes the information that the sender provided, chooses to

implement the project or not. In such a variant, there are many equilibria, and there is no

equilibrium in which, at each state, the sender reveals the state completely. Hence, it is not

obvious what the receiver would think, when faced with partial information. Would he hold

pessimistic or optimistic beliefs about the unrevealed attribute's value? What strategy will

each type of the sender pursue? How will the probability that the sender is biased a�ect

the skepticism of the receiver?

Chapter 4 considers a model which captures the elements outlined above and attempts

to answer the stated questions. There is a large literature on multidimensional persuasion

games with or without costly signals. But, with some exceptions, this literature focuses

on models with a continuum of actions for the receivers and di�erent costs (or no costs) of

revelation for each dimension. In many applications it is more sensible to assume that the

receiver has binary or �nitely many actions and that the cost of revelation is the same for

each attribute.6 The particular combination of binary actions of the receivers, equal costs

of revelation, and uncertainty about the intentions of the sender leads to some new insights.

In this framework, there exist multiple equilibria. I focus on pure strategy equilibria in

which the receiver does not implement the project if the sender does not reveal any informa-

tion. To select the reasonable equilibria, I incorporate the equilibrium re�nement of Perfect

Sequential Equilibrium of Grossman and Perry (1986a). I �nd that, in reasonable equilib-

ria, the receiver uses a threshold for one-dimensional messages. That is, he implements the

project only if the revealed attribute's value is su�ciently high. The threshold is increasing

with respect to the probability that a sender is biased. The persuasion literature focuses on

equilibria in which the sender chooses the most favorable message for the receiver out of an

equally costly set of alternatives. In contrast, in any reasonable equilibrium of my game,

the sender reveals with positive probability only the lowest attribute's value. This implies

that, in contrast to the canonical persuasion model, at some messages, the receiver holds

6One particularly interesting but stylized application is a setting in which a (possibly biased) media

outlet decides which attribute of a politician to focus on in the hopes of in�uencing the decision of an

audience/voter.
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the most optimistic beliefs possible. I also show that, when the cost of revelation is high

but not too high, the receiver prefers that the sender is biased. This �nding has a simple

reason. The biased sender has more to gain from persuading the receiver.

Chapter 4 contributes to the equilibrium selection literature in multi-dimensional costly

persuasion games. It also illustrates that some of the main messages of the persuasion

literature do not hold, when there is uncertainty about the intentions of the sender, the

receiver has binary actions and the cost of revelation of each attribute is the same.

1.5 General Remarks

To sum up, the thesis contributes to the literature on equilibrium re�nements in two-

dimensional signaling games. It studies two-audience costly private signaling games and

two-dimensional costly persuasion games. In these models the receiver or the receivers are

generally uninformed about a relevant portion of the state of nature or about the other mes-

sage of the sender. The additional uncertainty makes equilibrium selection more challenging

but also allows me to gain some new insights that are not possible by using one-dimensional

signaling models and techniques developed for such models.



CHAPTER 2

Equilibrium Re�nements for Two-Audience

Private Signaling Games



Abstract In this chapter equilibrium re�nements for a class of �nite

two-audience private signaling games are introduced. These re�ne-

ments (Weak D1 and Strong D1) are generalizations of the D1-concept

and the Universal Divinity-concept (Cho and Kreps, 1987, Banks and

Sobel, 1987) that have been widely applied in signaling games with

one receiver. These re�nements require that, when receiving an un-

expected signal, a receiver attempts to rationalize his observation by

answering the question which type is most likely to have deviated

from the equilibrium. I study these re�nements in relation to the

strategic stability concept of Kohlberg and Mertens (1986). As the

main result, I show that, for a subclass of private signaling games,

any Strong D1 equilibrium outcome for which there does not exist

any upsetting cycle, is stable. This condition is satis�ed if the utility

of each type of the sender is increasing with respect to the responses

of the receivers and the receivers have the same preferences.
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2.1 Introduction

In many economic and social interactions, an agent acts in the presence of multiple audiences.

A worker may have two independent supervisors and, by strategically allocating his e�orts

to di�erent tasks, he may try to in�uence their assessment of his work. A grandchild who

cares to be appreciated by her grandparents can choose how to allocate time between them.

When deciding whether or not to support a policy, a politician considers her constituency

as well as her fellow party members. All such interactions can be modeled as a two-audience

signaling game between a sender and two receivers. In such a game, a sender chooses an

action, trying to convince the receivers to act in a certain way. The receivers, who initially

are uninformed of the quality (type) of the sender, try to infer this quality from what they

observe about the sender's action. In the end, the receivers choose actions which also a�ect

the pay-o�s of the sender.

Two-audience signaling games have a relatively simple structure. However, as in other

signaling games, there exist multiple equilibria and selecting among these is not a trivial

task. For ordinary (one-sender, one-audience) signaling games, equilibrium re�nements have

been developed to select reasonable outcomes. In particular, Cho and Kreps (1987) and

Banks and Sobel (1987) provide equilibrium re�nements which are implied by the strategic

stability concept of Kohlberg and Mertens (1986).1 In any game, the latter concept satis�es

the desirable properties of Existence, Invariance, Admissibility, Robustness to Elimination

of Dominated Strategies, Robustness to Elimination of Non-Best Replies, and a variation

of Connectedness. Additionally, in some games, including signaling games, it satis�es the

property of Backwards Induction.2 The D1-re�nement of Cho and Kreps (1987) and the

Universal Divinity-concept of Banks and Sobel (1987) are both based on variations of an

idea which is derived from the elimination of non-best replies property. According to this

1Informally, a set of equilibria is (strategically) stable if for any strategy perturbation of the game the

perturbed game has a close-by equilibrium to the set of equilibria, provided that the perturbation is small.
2The explanation of these properties are as follows. Existence: Every game has a solution. Invariance:

two games with the same reduced normal form have the same solutions. Backwards Induction: Every

solution contains a sequential equilibrium. Admissibility: Every element of a solution is undominated.

Robustness to elimination of Dominated Strategies: A solution contains a solution of a game obtained by

eliminating a dominated strategy. Robustness to elimination of non-best Replies: A solution contains a

solution of a game obtained by eliminating a strategy that is not a best-reply against any element of the

solution. Connectedness: A solution constitutes a connected set of equilibria. Note that, in some games,

the stability concept does not satisfy the backwards induction property. This is illustrated in an example

attributed to Faruk Gul in Kohlberg and Mertens (1986).
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idea, if a certain o�-path message is less attractive3 for type t than for type t′, then, at this

message, the receiver should attach zero probability to type t. Hence, these re�nements

insist that the receiver puts positive weight only on those types that are most likely to

deviate to this unsent message. In two-audience signaling games with public messages (i.e.

both receivers observe the same information), this idea can be readily applied. However,

for two-audience signaling games with private messages, things are more complicated and

neither the D1 nor the Universal Divinity concept can be applied. This is because in such

games, before the receiver can make an inference about the type of the sender, it is typically

necessary for him to make inferences also about the message that the other receiver received.

In this chapter I focus on two-audience signaling games with private messages, i.e. each

receiver receives a separate message and does not get to observe the other message.4 For a

speci�c class of such games called separable and equal response (SER) games, I introduce

equilibrium re�nements that explicitly take the additional uncertainty of the receivers into

account. SER games are characterized by two properties. Firstly, it is assumed that the

receivers are almost independent. That is, the receivers do not intrinsically care about

what the other receiver receives or does.5 Nevertheless, each receiver needs to consider the

unobserved action of the other receiver in assessing the type of the sender. Secondly, for

each type of the sender, the utility is additively separable into three components: the cost

from the sent message pair, the return from the �rst receiver's response and the return from

the second receiver's response. It is also assumed that only the cost component varies across

types. For such games, I introduce two generalizations of D1: Weak D1 and Strong D1.

I now describe these concepts in rough outlines. These concepts build on the notion of

a reasonable conjecture. A conjecture is a particular guess of a receiver about the devia-

tion from the equilibrium and it is given as a statement �type t deviated to message pair

m.�. One can compare conjectures in terms of the receiver strategy pairs that rationalize

3A message m is o�-path, if it is not sent in the equilibrium under consideration. Such a message is

less attractive for t than for type t′, if whenever some best response of the receiver makes m a pro�table

deviation for t, then m is also be pro�table for t′ and there is some best response that makes m pro�table

for t′, but not for t.
4I am not aware of any other paper (except the model of Chapter 3) that studies costly private signaling

to multiple audiences. Note that there are some two-audience reputation models with private signals. But

in these models, the receivers do not intrinsically care about the type of the sender. See footnote 12.
5This is a strong assumption. But, in my view, it is a natural starting point for modeling two-audience

private signaling games. It makes the analysis tractable. Furthermore, the assumption may be appropriate

in some two-audience signaling settings. Two-audience public signaling models of Bernheim and Severinov

(2003) and Austen-Smith and Fryer Jr (2005) and the model of Chapter 3 make this assumption. Note also

that the re�nements introduced in this chapter can easily be de�ned for more general environments.
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them. One then may discard conjectures that are rationalized by a smaller set of receiver

strategy pairs than other deviations. The conjectures that survive this elimination are said

to be reasonable conjectures. I show that the reasonable conjectures are precisely the set

of conjectures that survive the Robustness to Elimination of Non-Rest Replies (RENBR)

criterion of Kohlberg and Mertens (1986). Strong D1 imposes that no reasonable conjecture

is upsetting an equilibrium outcome. That is, if both receivers believe the same reasonable

conjecture and respond accordingly, then the deviation described in the conjecture is not

strictly pro�table for the speci�ed type. Hence, Strong D1 tests the outcome against each

reasonable conjecture and it implicitly assumes that both receivers coordinate on the same

conjecture. Weak D1, on the other hand, imposes that the outcome can be supported by

beliefs that are compatible with the iterated elimination of conjectures that fail the RENBR

criterion.

A particular goal of this chapter is to relate these re�nements to the strategic stability

concept of Kohlberg and Mertens (1986). As stated above, stable sets of equilibria satisfy

several desirable properties and these properties are considered essential for an equilibrium

outcome to be considered as self-enforcing.6 Kohlberg and Mertens (1986) showed that

any strategically stable set of equilibria satis�es the RENBR criterion. Iterated application

of this result implies that in SER games any strategically stable equilibrium outcome is

Weak D1. Furthermore, I show that for a subset of SER games in which a monotonicity

property is satis�ed (called M-SER games), any Strong D1 equilibrium outcome, for which

there does not exist any upsetting cycle, is strategically stable. Roughly speaking, the

latter condition ensures that multiple reasonable conjectures cannot collectively upset the

equilibrium.7 These results show that the re�nements that I propose do not only have

reasonable properties, but that they also provide computationally tractable conditions, some

of which are su�cient and some of which are necessary for stability. This is of signi�cance,

because the de�nition of stability does not provide an easy method to check the stability

of equilibria. One cannot simply try all strategy perturbations and �nd an equilibrium of

each perturbed game. Mertens (1989) introduces a reformulation of stability and proposes

abstract algebraic topological methods to �nd sets of equilibria which are stable according

to his reformulation. His methods are very technical and do not seem to be suitable for

6See the surveys of Van Damme (2002) and Hillas and Kohlberg (2002) for further discussions and for

other requirements for self enforcing sets of equilibria.
7This property is satis�ed if the receivers have the same preference ordering. In the Appendix, I prove

another su�ciency result which says that an Strong D1 equilibrium outcome is stable if a condition called

quasi-cycle independence is satis�ed.
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practical applications.8

One can use the su�ciency result to verify that some equilibrium outcomes are stable

as follows. First, one can verify whether an equilibrium outcome is Strong D1 by �rst

calculating the upsetting conjectures, and, then, by checking whether a convex polytope

(solutions of a set of linear inequalities) is a subset of another convex polytope. Second, one

can check whether there exists an upsetting cycle by using a simple algorithm. Hence, for

M-SER games, one can verify that some equilibrium outcomes are stable by using a �nite

algorithm and by solving a �nite number of linear programs.9

The existence of Weak D1 equilibrium outcomes in SER games follows from the exis-

tence of stable outcomes. I do not however, establish the general existence of Strong D1

equilibrium outcomes in SER games. I conjecture that only weak conditions are necessary

for the existence of Strong D1. In Chapter 3 I show that in a simple subset of M-SER games

with in�nite message space a unique Strong D1 equilibrium outcome exists.

As far as methodology is concerned, the closest papers to mine are Banks and Sobel

(1987), Cho and Kreps (1987) and Cho and Sobel (1990). Cho and Sobel (1990) focus

on one-audience signaling games that satisfy a monotonicity condition. Since this mono-

tonicity condition is di�erent from the monotonocity condition that de�nes M-SER games,

I call it CS-monotonicity.10 Using Cho and Kreps's (1987) and Banks and Sobel's (1987)

characterization result of stable outcomes,11 they show the generic equivalence of D1 and

strategic stability for one-audience CS-monotonic signaling games. SER games satisfy CS-

monotonocity, hence my su�ciency result, which relates Strong D1 and stability, can be

8Govindan and Wilson (2002) propose a su�cient condition and a method to compute some Mertens

stable outcomes. On top of these, Govindan (1995) studies a chain store game. Govindan, by making

use of a connectedness property of Mertens stable sets of equilibria, eliminates some equilibria (including

some equilibria that are stable in the sense of Kohlberg and Mertens (1986)). Hauk and Hurkens (2002)

study some two-player outside option games. They discuss the use of index theory to �nd some Mertens

stable equilibria. They cite a theorem of Demichelis and Ritzberger (2003) and state that any equilibrium

component with non-zero index contains a Mertens stable set of equilibria. In the games that they consider,

the set of equilibria has typically two components. Hence, in their set-up, it is not a di�cult task to �nd

some of the Mertens stable equilibria. One can possibly make use of similar ideas to �nd Mertens stable

equilibria in this framework, but this is not the approach that I pursue here.
9Unfortunately, such linear programs are only solvable when the data of the game and the data of the

equilibrium consist of rational values. But, one can �nd a sequence of vectors of rationals which converge

to the data, and apply a linear programming algorithm to each element of the sequence. In the Appendix I

describe such a method.
10CS-mononocity requires that the utilities of each type of the sender is a�ected by the receivers' responses

in the same way.
11Theorem 3 of Banks and Sobel (1987).
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seen as a partial extension of their result. Note that the general strategy that I employ in

proving this result is similar to Banks and Sobel (1987). For any strategy perturbation of

the game, I construct two auxiliary games: one for sent message pairs and one for deviations.

I stabilize the deviations via a voluntary sender strategy and I put the strategies derived

from both systems together. The crucial di�erence between Banks and Sobel's (1987) ap-

proach and mine lies in stabilizing deviations. Contrary to one-audience signaling games,

in two-audience case, stabilizing deviations is not self-evident, as one can not �take care�

of each deviation at a time. To tackle this issue, I introduce an auxiliary game. Roughly

speaking, the non-existence of an upsetting cycle ensures that in any equilibrium of this

auxiliary game, the deviations are stabilized.

In the domain of applications, multiple audience signaling papers closely related to this

chapter are Chapter 3 of this thesis, Austen-Smith and Fryer Jr (2005) and Bernheim and

Severinov (2003). With the exception of Chapter 3, these papers deal with public messages;12

hence, the receivers get the same signal. In Chapter 3 I consider a simple model of gift giving

with two receivers and I separately analyze the cases of public and private observations.

The model of Chapter 3 can be considered as an application of the more general model

studied in this chapter. Speci�cally, in that model, there are two types of the sender, the

message space is compact and the pay-o�s satisfy SER and a single crossing property. In

the private observations case, a unique Strong D1 equilibrium outcome exists. Austen-

Smith and Fryer (2005) consider a two-audience signaling model of education choice under

social pressure. In their model, an individual who has a two-dimensional type (social and

educational type) chooses the time to allocate to education which also determines his leisure.

Austen-Smith and Fryer Jr's (2005) framework satis�es SER. Austen-Smith and Fryer Jr

(2005) incorporate a straightforward extension of D1. The solution concepts de�ned in this

chapter are applicable to a private message version of their framework.13

12Bar-Isaac and Deb (2014) consider a reputation model with two-audiences with private and public

messages. The sender who can be of two types decides on whether to cater the receivers. The type of

the sender determines whether it is relatively more costly for him to serve the �rst receiver or the second.

Di�erently from the signaling models, the receivers do not intrinsically care about the type of the sender, but

they only care about the future and present actions (messages) of the sender. Because of these di�erences,

it is hard to compare their results and mine. There is also a related literature on multilateral vertical

contracting. In such models, an upstream �rm makes private contract o�ers to multiple downstream �rms.

There is no uncertainty about the type of the upstream �rm, but each downstream �rm cares about the

contract that is agreed upon by the other downstream �rm and the upstream �rm. For such games, some

authors proposed criteria for plausible o�-path beliefs. See McAfee and Schwartz (1994) for a model and a

discussion of such criteria.
13Incorporating private messages into such a framework would only be meaningful, if leisure is divided



14 | Chapter 2 � Equilibrium Re�nements for Two-Audience Private Signaling Games

Bernheim and Severinov (2003) consider a model of bequests to two children. In their

model, similar to Austen-Smith and Fryer Jr (2005), the sender chooses a one-dimensional

action. Their model does not satisfy SER, as the pay-o�s of the sender's types are a�ected

di�erently by the actions of the children. Bernheim and Severinov (2003) also incorporate

cheap talk messages into their set-up. They use an extension of D1 called �monotonic D1�

and show the existence of such equilibrium in which di�erent types pool at a costly signal,

but types di�erentiate themselves by sending cheap talk messages.

Less closely related to the current framework are papers on Cheap Talk and Certi�able

Information Transmission and Bayesian Persuasion, which incorporate private signals for

multiple audiences. Farrell and Gibbons (1989), Goltsman and Pavlov (2011), Eliaz and

Serrano (2014), Koessler (2008) and Wang (2013) are examples. As these papers incorporate

non-costly signals, the results of this chapter are not applicable.

The remainder of the chapter is structured as follows. In the next two sections, I formally

describe the model and de�ne the equilibrium re�nements: Strategic Stability (Kohlberg and

Mertens, 1986), Strong D1 and Weak D1. I also present examples that illustrate the di�er-

ences between the new re�nements and show that for all SER games any stable equilibrium

outcome is Weak D1. In Section 2.4 I introduce M-SER games and the concept of an upset-

ting cycle, and prove that for almost all M-SER games, any Strong D1 equilibrium outcome,

for which there does not exist any upsetting cycle, is stable. In the Appendix I introduce the

quasi-cycle independence condition which is related but di�erent from, the non-existence of

an upsetting cycle. I show that, for almost all M-SER games, any Strong D1 equilibrium

outcome which satis�es this condition is stable.

2.2 Model

2.2.1 Separable Private Signaling Games

I consider a two-audience private signaling game, which is represented by an 8-tuple <

N, T,M,A, u, v1, v2, p
0 >. In this 8-tuple, N denotes the set players N = {S,R1, R2}, S

denotes the sender, whereas R1 and R2 denote the receivers. The set T is a �nite set of

private types of the sender, which are realized according to a measure p0 with p0(t) > 0 for

all t ∈ T . The setM is a �nite subset of R2 which denotes the set of message pairs that S can

into two parts as true leisure and social investment making the decisions of the sender essentially multidi-

mensional.
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choose from. I further assume thatM = M1×M2 for someM1 andM2.
14 A typical element

of M is given by (m1,m2). Observing his message mi, each receiver Ri chooses a response

ai, from a �nite set A ⊂ R. The utility of type t of the sender is given by ut(m1,m2, a1, a2).

I assume that for each i ∈ {1, 2} and j ∈ {1, 2} \ {i}, the utility of Ri does not depend on

the responses of Rj, nor on the message that Rj receives. Hence, the utilities of R1 and R2

are given by v1(t,m1, a1) and v2(t,m2, a2). I say that any two-audience private signaling

game that satis�es these conditions is a two-audience separable private signaling game.

Notational Conventions 15 Throughout the paper, messages and message pairs are

distinguished. I denote a message bymi (orm), whereas a message pair is written in boldm

or as (m1,m2) or (mi,m−i). Whenever I use i as a subscript for a receiver or for a message

for that receiver, it is an element of {1, 2} and −i denotes the other element. Without

subscripts, the �rst message of a message pair always is the message for R1.

Behavioral Strategies and Best Responses I denote a typical mixed response by α.

Hence, α ∈ ∆(A). I denote a typical mixed response pair by α. I denote a behavioral

strategy of the receiver Ri by ri. Hence, ri : Mi → ∆(A). A receiver strategy pair is

denoted by r, hence r = (r1, r2). On the other hand, I denote a behavioral strategy of

the sender by s, where s : T → ∆(M). Given a strategy s, the probability that a type t

chooses message pairm is denoted by st(m). Similarly, given s, the probability that a type

t attaches to message mi ∈Mi is denoted by st(mi). Hence, st(mi) =
∑

m−i∈M−i

st(mi,m−i).

I write the (expected) utility of type t from message pairm, and receiver strategy pair r

as ut(m, r). The set of best responses of type t of S to r is given by BRt(r). After receiving

a message, each receiver forms a belief about the type of the sender and the message sent to

the other receiver. A typical belief at a messagemi is denoted by λ. Hence, λ ∈ ∆(T×M−i).
The probability that λ attaches to (t,m−i) is given by λ(t,m−i). Moreover, the probability

that λ attaches to t ∈ T is given by λ(t). Hence, for a given t, λ(t) =
∑

m−i∈M−i

λ(t,m−i). I

introduce belief schedules that specify a belief after every message: µi : Mi → ∆(T ×M−i).
I denote a belief schedule pair as µ. At a given message mi, the probability that the belief

schedule µi attaches to type-message pair (t,m−i) is given by µi((t,m−i)|mi). Similarly, for

such a belief schedule the probability that is attached to type t at message mi is given by

µi(t|mi). I write BRi(λ,mi) to denote the set of pure best responses of receiver i at message

14The assumption of a product form message space is not too restrictive, and all the results hold in

non-product message spaces.
15In the Appendix, I present a list of basic notation used in the chapter.
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mi ∈Mi and belief λ ∈ ∆(T ×M−i). Accordingly, we have

BRi(λ,mi) = argmax
a∈A

∑
t∈T

vi(t,mi, a)λ(t).

Similarly, the set of mixed best responses is given by MBRi(λ,mi). For any subset T ′ ⊂ T ,

the set of mixed and pure best responses at message m for beliefs concentrated on the set

T ′, are given by BRi(T
′,mi) and MBRi(T

′,mi). Formally,

BRi(T
′,mi) =

⋃
λ∈∆(T ′×M−i)

BRi(λ,mi),

and

MBRi(T
′,mi) =

⋃
λ∈∆(T ′×M−i)

MBRi(λ,mi).

2.2.2 Sequential Equilibrium

De�nition 2.2.1. A sequential equilibrium (SE) e = (s, r,µ) consists of a strategy s for

the sender and a pair (r,µ) for the receivers, where r is a strategy pair and µ is a belief

schedule pair, such that the following conditions are satis�ed:

1a - Sequential Rationality For all t ∈ T , all m ∈M :

if st(m) > 0, thenm ∈ BRt(r).

1b - Sequential Rationality For all i ∈ {1, 2}, all mi ∈Mi:

ri(mi) ∈MBRi(µi(mi),mi) .

2 - Consistency There exists a sequence of completely mixed behavioral strategies (sk)k∈N

for the sender and a sequence of belief schedule pairs µk for the receivers such that

� sk converges to s.

� For all i ∈ {1, 2} and all mi ∈Mi:

� µski (mi) converges to µi(mi),

� µski (mi) is derived from Bayesian Updating of sk:

µski ((t,m−i)|mi) =
p0(t)skt (mi,m−i)∑
t′∈T

p0(t)skt′(mi)
. (2.1)
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Note In the construction of the sequential equilibrium, at each message, the receivers are

assumed to form beliefs about the type of the sender and the message sent to the other

receiver. For tractability, the beliefs of the receivers about the action of other receiver are

not explicitly incorporated. This does not pose a problem, however, since, at any message

mi, the belief of Ri about the action of R−i can be recovered from the belief of Ri on T×M−i
and the strategy of R−i.

De�nition 2.2.2. An outcome o is a probability distribution over the end-points of the game.

A strategy pair (s, r) induces an outcome o on T ×M × A2 given by o(t,m1,m2, a1, a2) =

p0(t) · st(m1,m2) · r1(a1|m1) · r2(a2|m2). I say that o is a sequential equilibrium outcome

(SEO) if there exists a sequential equilibrium e with that outcome.

2.2.2.1 Preliminary Notations and The Set of Sequential Equilibria

In this part, I introduce some useful notation and show that an outcome is a SE outcome

if and only if it is a Perfect Bayesian Equilibria (PBE) outcome. I will also show that for

any PBE e, there is a SE in which both players use the same strategies as in e. This result

will provide a simple criterion to check whether a receiver strategy pair belongs to some SE

with the given outcome.

I �x an SEO o of some SE e = (s∗, r∗,µ∗). For a given type t, the utility that t attains

in any equilibrium with this outcome is denoted by ut(o). For o, the set of message pairs

that are used with positive probability is denoted by M(o). For o, the set of messages sent

to receiver i with positive probability is denoted by Mi(o). Similarly, the set of messages

in Mi that are not sent with positive probability is denoted by Mn
i (o). I write <(o) for the

set of receiver strategy pairs that specify the equilibrium responses at sent messages and

specify some best responses, otherwise. Hence, we have

<(o) = {r : ∀mi ∈Mi(o), ri(mi) = r∗i (mi), ∀mi ∈Mn
i (o), ri(mi) ∈MBRi(T,mi)}.

Notice that <(o) assumes that if a receiver sees an expected message, then he does not devi-

ate from the equilibrium response. I say that a receiver strategy pair r ∈ <(o) is supporting,

if no type has a pro�table deviation from o. The set of supporting receiver strategy pairs is

denoted by <sup(o). Hence, <sup(o) = {r ∈ <(o) : ∀t ∈ T,∀m ∈M,ut(m, r) ≤ ut(o)}.
For completeness, I present the de�nition of a PBE.

De�nition 2.2.3. Any e = (s, r,µ) is a PBE if 1a) and 1b) of De�nition 2.2.1 are satis�ed,

and for any sent message mi, µi(mi) is derived by Bayesian updating.

I now relate SE to the concept of a Perfect Bayesian Equilibrium (PBE) in the present

context. Moreover, for a given outcome o, I show that <sup(o) is precisely the set of receiver

strategy pairs that are part of a sequential equilibrium with outcome o.
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Proposition 2.2.1. An outcome o is an SE outcome if and only if it is a PBE outcome.

For any SEO o, the set of receiver strategy pairs that belong to some sequential equilibrium

with this outcome is <sup(o).

Proof. I will show that for any PBE (s, r,µ), there is a corresponding SE (s, r,µ′). Both

statements will immediately from this result. To prove this result, I will show that there

is a sequence of completely mixed behavioral strategies sk that converges to s and a be-

lief schedule pair µ′ such that for any i, any message mi and any type t, µi(t|mi) =

lim
k→∞

µski (t|mi) and for any i, any message mi and any (t,m−i) ∈ T ×M−i, µ′i((t,m−i)|mi) =

lim
k→∞

µski ((t,m−i)|mi). For any i and any ε > 0, one can construct a function xi : T×Mn
i (o)→

[0, ε] such that for each t ∈ T , each mi ∈ Mn
i (o), µi(t|mi) =

p0(t)xi(t,mi)∑
t′∈T

p0(t′)xi(t′,mi)
. Let

ε < 1
|M ||T | and x1, x2 be two functions that satisfy the conditions. Fix m′1 ∈ M1(o),

m′2 ∈M2(o) and set s′ such that

� For any t ∈ T and any mi ∈Mn
i (o), s′t(mi,m

′
−i) = xi(t,mi).

� For any t ∈ T , s′t(m′1,m′2) = 1−
∑

m1∈Mn
1 (o)

x1(t,m1)−
∑

m2∈Mn
2 (o)

x2(t,m2).

� For any t ∈ T and any (m1,m2) ∈M1 \ {m′1} ×M2 \ {m′2}, s′t(m1,m2) = 0.

Note that since ε < 1
|M ||T | , s

′ is a well-de�ned strategy for the sender. Take some arbitrary

completely mixed strategy s′′, and consider sk such that for all t ∈ T , andm ∈M , skt (m) =

(1− 1
2k
− 1

4k
)st(m) + 1

2k
s′t(m) + 1

4k
s′′t (m). It is clear that sk converges to s and µi(t|mi) =

lim
k→∞

µski (t|mi). It is easy to see that for any mi and any (t,m−i) ∈ T ×M−i, µski ((t,m−i)|mi)

is convergent. Set a belief schedule pair µ′ = (µ′1, µ
′
2) such that for any i and any mi ∈ Mi

µ′i(mi) = lim
k→∞

µski (mi). It is easy to see that (s, r,µ′) is an SE.

2.2.3 Strategic Stability

For completeness, in this part, I give the de�nition of strategic stability (Kohlberg and

Mertens, 1986). The de�nition is given for an arbitrary �nite normal form game G. First,

I de�ne the concept of a perturbed game for a completely mixed strategy vector σ and a

vector of perturbation probabilities δ.

De�nition 2.2.4. Let G be a normal form game. For a completely mixed strategy vector σ

and a perturbation probability vector δ ∈ (0, 1)|N |, the perturbation G(σ, δ) of G is de�ned

as follows: G(σ, δ) has the same strategy space as G and if a strategy vector σ̃ is played in

G(σ, δ), then the payo�s are the same as if each player i plays (1− δi)σ̃i + δiσi in G.
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With this, I de�ne the strategic stability concept.

De�nition 2.2.5. A set of Nash equilibria of G is stable, if it is minimal among the set of

all V with the property: V is a closed set of Nash equilibria of G such that for each ε > 0

there exists δ̄ > 0, such that for any vector δ with (for all i ∈ N): 0 < δi < δ̄ and for any

completely mixed strategy vector σ, G(σ, δ) has a Nash equilibrium with distance less than ε

to V .

Note that for any extensive form game G stability is de�ned on the normal form of G.16

Accordingly, if a set of equilibria V is a stable set of the normal form of G, then I say that V

is a stable set of G. With some abuse of notation, for any two-audience signaling game G, I

denote the perturbation of the normal form of G by G(σ, δ). If every strategy combination

in a stable set of equilibrium results in the same outcome, I say that this outcome is stable.

Similarly, I say that a sequential equilibrium outcome is stable, if there exist a stable set

with this outcome. Kohlberg and Mertens (1986) showed that given an arbitrary game

tree, for almost all games with that tree, there exists a stable outcome. In the Appendix

(Proposition 2.6.3), I prove the counterpart of this result for SER games.

2.2.4 Separable and Equal Response (SER) Games

I now introduce an assumption that de�nes the basic class of games that is considered in

this chapter.

Assumption 1 (A1). For all t ∈ T , all (m1,m2) ∈M, and all a1, a2 ∈ A :

ut(m1,m2, a1, a2) = ft(m1,m2) + ψ1(m1, a1) + ψ2(m2, a2),

where ft, ψ1 and ψ2 are some functions of the respective variables.

Assumption 1 says that the utility of a type t is additively separable into three com-

ponents: a component ft whose value depends on the type of the sender and the message

pair, and two components ψ1 and ψ2 whose values depend on the message to the respective

receiver and his response. Note that A1 implies that the utilities of the di�erent types of

the sender are a�ected by the responses in the same way, i.e. ψ1 and ψ2 do not depend on

16In this setting, one can alternatively work on the agent-normal form. The agent-normal form of an

extensive form game is derived by splitting each player into agents. Hence, in the agent-normal form, each

agent corresponds to an information set of the player and each agent has the same pay-o�s as the player. In

the games that I consider, a set of equilibria is stable if and only if it is stable in agent-normal form game.

This result follows from Theorem 10.3.5 of Van Damme (1991, p. 276).
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t. Although A1 is a strong assumption, it is not unnatural. The one-audience counter-part

of this assumption is satis�ed in natural settings such as the job signaling model of Spence

(1973). In Spence's signaling model, the utility of a type t of the sender is given by ft(m)+a,

where −ft would correspond to costs of e�ort of the type t worker and a would correspond

to his wage. I call any two-audience separable private signaling game, which satis�es A1 a

SER (Separable and Equal Response) game. SER games satisfy a monotonicity property

that is introduced in Cho and Sobel (1990). I will call that property CS-monotonicity. It

dictates that in one-audience signaling games at any �xed message, every type of the sender

has the same preference ordering over the receivers' responses.17 Cho and Sobel (1990)

prove that, for almost all CS-monotonic one-audience signaling games, any D1 equilibrium

outcome is strategically stable. CS-monotonicity will also be useful in the present context.

It will enable me to prove that in certain SER games any Strong D1 outcome is strategically

stable.

Note that, for any given tree described by T , M and A, and a prior belief on T , the

set of SER games corresponds to Euclidean space R|T |×‖M |+(|A|+|A||T |−1)(|M1|+|M2|). This is

shown in the Appendix. Throughout the chapter, whenever I say that a property is satis�ed

for almost all SER games, I mean that the property is satis�ed for an open subset of SER

games that has full measure.18

2.3 The Re�nements: Strong D1 and Weak D1

2.3.1 Key Concepts and Key Ideas

In SER games, as in many other signaling games, there generally exist multiple sequen-

tial equilibrium outcomes. I will argue that not all sequential equilibrium outcomes are

reasonable and I will introduce two re�nements to re�ne the set of sequential equilibrium

outcomes.

In this introductory section, I study an example of a SER game and two equilibrium

outcomes of such a game. The analysis will give the reader the necessary understanding of

the underlying ideas. To make the analysis transparent as much as possible, I will �rst give

the formal de�nitions of 6 basic concepts that will be crucial for the rest of the chapter.

These concepts are a deviation, a potentially pro�table deviation, a most likely type, a

17Cho and Sobel (1990) call games that satisfy this property monotonic signaling games. In Section 2.4,

I will introduce another kind of monotonicity. To avoid confusion, I call the property of Cho and Sobel

(1990) CS-monotonicity.
18I also call such a property a generic property.
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dominant deviation, a conjecture and a reasonable conjecture. The motivation for these

concepts will be provided in the analysis.

The following concepts are all de�ned with respect to a given SEO o.

De�nition 2.3.1. A message pair m is said to be a deviation if at least one component of

m is not used in o. The set of deviations is denoted by Mdv(o).

De�nition 2.3.2. A deviation m is potentially pro�table, if there is some r ∈ <(o) such

that for some t, ut(m, r) ≥ ut(o). The set of potentially pro�table deviations is denoted by

Mdv
+ (o).

De�nition 2.3.3. For a potentially pro�table deviation m, t′ is a most likely type, if

t′ ∈ arg max
t∈T

(ft(m)− ut(o)).

The set of most likely types of a potentially pro�table deviation m is denoted by T (o,m).

For a given deviation m, it is useful introduce notation <0(o,m) for the subset of <(o)

for which m is (weakly) pro�table for some type. Hence, <0(o,m) = {r ∈ <(o) : ∃t ∈ T :

ut(m, r) ≥ ut(o)}. Similarly, the subset of <(o) for which m is strictly pro�table for some

type is denoted by <+(o,m).

De�nition 2.3.4. Let m ∈ Mdv(o). A set of message pairs M ′ ⊂ Mdv(o) dominates m if

m 6∈M ′ and
⋃

m′∈M ′
<+(o,m′) ⊃ <0(o,m). A deviationm is dominant if it is not dominated

by Mdv(o) \ {m}. I denote the set of dominant deviations by Mdm(o).

If a deviation m is dominated by a set of deviations M ′, this means that whenever m

is pro�table for some type, some deviation from the set M ′ is strictly pro�table for some

type. Accordingly, if a deviation is dominant, then there exists a receiver strategy pair for

which the deviation is pro�table for some type and no other deviation is strictly pro�table

for a type.

The �nal concepts that I need to de�ne before I can turn to the example is a conjecture

and a reasonable conjecture. The notion of a conjecture formalizes a guess of a receiver

about a particular deviation from o.

De�nition 2.3.5. Any pair (t,m) ∈ T ×Mdv(o) is a conjecture.

The concept of a reasonable conjecture connects the concepts of a most likely type and

a dominant deviation.

De�nition 2.3.6. Let (t,m) be a conjecture. (t,m) is said to be reasonable ifm ∈Mdm(o)

and t ∈ T (o,m).
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2.3.1.1 An Example: Multiplicity of Equilibria and Reasonable Equilibrium Out-

comes

Consider a game between Bob and his two Aunts. Bob decides on giving private gifts (or

not) to his Aunts. Bob can be of two types, either l (low type) or h (high type). The

low type is sel�sh and the high type is somewhat altruistic but inequality averse.19 Aunts,

observing only the gift to themselves, assess the type of Bob, and choose a response (admire,

despise, etc.) that a�ects the pay-o�s of Bob. Let M = {n, g}× {n, g}, where n denotes no

gift and A = {0, 4, 7}. I assume that ψi(m, a) = a and that vi(t,m, a) does not depend on i

and m. I assume that p0 = (1
2
, 1

2
). fl, fh and v are given by Figure 2.1.

fl, fh n g

n 5, 5 4, 2

g 4, 2 2, 2.5

v t = l t = h

a = 0 5 2

a = 4 3 5

a = 7 0 6

Figure 2.1: fl, fh and v.

Note that in this game it is less costly for the high type than for the low type to give

gifts to both receivers. But, the high type is inequality averse and it is more costly for him

to send a gift to only one aunt. Notice also that both receivers value the high type more

than the low type. More speci�cally, for any Ri and any mi ∈ Mi BRi(µi(mi),mi) = 0 if

µi(h|mi) < 0.4, BRi(µi(mi),mi) = 4 if 0.4 < µi(h|mi) < 0.75 and BRi(µi(mi),mi) = 7 if

0.75 < µi(h|mi).

In this game, there are multiple SE outcomes. For each message pair, there is a corre-

sponding SEO in which both types pool at the message pair. There are also in�nitely many

mixed equilibria.20 But I will focus on two of the pooling outcomes and I will argue that,

in my view, only one of these is reasonable.

I begin by considering the equilibrium outcome o in which both types of Bob pool at

giving no gifts to the �rst Aunt and giving a gift to the second aunt, (n, g). According to o,

the �rst aunt responds with a = 4 at n and the second aunt responds with a = 4 at g. It is

easily seen that o is an SE outcome. If at each unsent message (g for the �rst aunt and n

for the second aunt) the respective aunt believes that Bob is of the low type and responds

19The inequality aversion of the high type may crowd-out his altruism.
20This stems from the fact that the game is not generic.
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with a = 0, we have an SE. It is easy to see that no type of Bob can pro�tably deviate.

Notice that ul(o) = 12, uh(o) = 10 and Mdv
+ (o) = Mdv(o) = {(g, g)), (g, n), (n, g), (n, n)}.

Is this equilibrium outcome reasonable? To answer this, one may check whether the out-

come can be supported by reasonable o�-path beliefs. But it is not obvious what reasonable

beliefs are. I will argue that reasonable beliefs should be derived from a general theory that

attempts to answer the question: which deviations are more likely?

To understand the logic behind the general theory, it useful to �rst consider a local ap-

proach that deals with the problem of a receiver at an unexpected message. Consider the sit-

uation in which the �rst aunt observes the unexpected message g. In this case, the following

conjectures are compatible with her observation {(l, (g, g)), (h, (g, g)), (l, (g, n)), (h, (g, n))}.
The �rst aunt may ask which of these conjectures are more sensible. As a �rst step, she

may concentrate on a particular deviation, for instance (g, g), and may investigate whether

(l, (g, g)) or (h, (g, g)) is more sensible. In this case, it is natural for the �rst aunt to

assume that the second aunt at g will stick to the equilibrium response. After-all, the sec-

ond aunt cannot detect such a deviation. Knowing this, she may speculate what would

happen if she chooses a particular expected response at g: r1(g).21 She will realize that

whenever she chooses a response that makes the deviation (g, g) pro�table for l, that is

when r1(g) ≥ 6, (g, g) is strictly pro�table for h. Hence, the �rst aunt may conclude

that it is more likely that the type h made the deviation (g, g) and discard the conjec-

ture (l, (g, g)). Notice that the notion of a most likely type formalizes this idea. Note that

fh(g, g)− uh(o) = −7.5 > fl(g, g)− ul(o) = −10, and, for any possible response of R1, type

h will gain more from deviating to (g, g). The �rst aunt may also notice that both types

are most likely types of the deviation (g, n), and she cannot discard any of the conjectures

(l, (g, n)) or (h, (g, n)).

The �rst aunt can use the same logic to compare the likelihood of deviations that are

compatible with her observation g. Speci�cally, she can consider deviations (g, n) and (g, g)

at the same time and compare the set of strategy pairs that rationalize these deviations for

the associated most likely types.22 Note that <0(o, (g, n)) = {r ∈ <(o) : r1(g) + r2(n) ≥ 8}
and <0(o, (g, g)) = {r ∈ <(o) : r1(g) ≥ 3.5}. In this case the �rst aunt may reason as

follows: �I do not know what would the other aunt do at n. I can imagine a situation in

which r1(g) = 5 and r2(n) = 0. In such a situation, (g, n) is strictly pro�table for both types

whereas (g, g) is not pro�table for type h. But the opposite situation is also possible. Hence,

21Throughout the chapter, in the context of examples, I use ri(m) also to denote the expectation of the

corresponding receiver's response at m. This is an abuse of notation, but it simpli�es the analysis.
22Note that for a given deviation m, this is precisely the set <0(o,m).
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I do not have a particular reason to think one of the deviations is more likely than the other.�

The argument illustrates that <0(o, (g, n)) 6⊂ <+(o, (g, g)) and <0(o, (g, g)) 6⊂ <+(o, (g, n)).

Hence, none of the deviations (g, n) and (g, g) dominates the other. Reasoning this way, the

�rst aunt may not discard the conjecture (l, (g, n)), and it may seem reasonable that she

responds with a = 0 at g.

Notice however that the local approach described above imposes an arti�cial constraint

on Bob's choices and implicitly assumes that he makes a choice between (g, n) or (g, g). In

reality, Bob can also choose to deviate to (n, n), and this option cannot be ignored. If (n, n)

is considered together with the other deviations, it can be noticed that the deviation (g, n) is

dominated by {(g, g), (n, n)}. To see this, notice that <0(o, (n, n)) = {r ∈ <(o) : r2(n) ≥ 1}
and that if r1(g) + r2(n) ≥ 8, then r1(g) > 3.5 or r2(n) > 1. Hence, it does not seem

reasonable that (g, n) is played and the receivers should disregard the deviation (g, n) and

the conjectures (l, (g, n)) and (h, (g, n)). The notion of a reasonable conjecture formalizes

the conjectures that survive this elimination procedure. Hence, a conjecture is reasonable

if it consists of a dominant deviation and a most likely type. This discussion suggests that,

at g, the �rst aunt should realize that the only reasonable conjecture that is compatible

with her observation is (h, (g, g)) and she should respond with a = 7. But then type h can

pro�tably deviate to (g, g). The equilibrium outcome o is not supported by the reasonable

conjectures. Hence, it may be deemed as not reasonable.

Another Equilibrium Outcome I will now consider another equilibrium outcome o′ of

this game in which both types of Bob pool at giving no gifts and both Aunts respond with

a = 4 at n and with a = 0 at g. Note that if at unsent messages, the aunts believe that l

deviated and that the other message is n, they will respond with a = 0 and no deviation

can be pro�table. Hence, the outcome is an SEO. Note that uh(o
′) = 13 and ul(o

′) = 13.

The potentially pro�table deviations are (g, g), (n, g) and (g, n). It is also easy to see that

the most likely types of deviations (g, g), (g, n) and (n, g) are h, l and l, respectively. One

may notice that

<0(o, (g, g)) = {r ∈ <(o) : r1(g) + r2(g) ≥ 10.5},

<0(o, (g, n)) = {r ∈ <(o) : r1(g) ≥ 5},

<0(o, (n, g)) = {r ∈ <(o) : r2(g) ≥ 5}.

Note that if r1(g) + r2(g) ≥ 10.5, then r1(g) > 5 or r2(g) > 5. Hence, (g, g) is dominated

by the other deviations. On the other hand, (g, n) and (n, g) are dominant deviations. For

example, take some r such that r1(g) = 5 and r2(g) = 0, then only the deviation (g, n) is

pro�table for some type. The same idea works for (n, g). Hence, the reasonable conjectures
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are {(l, (g, n)), (l, (n, g))} and these support the equilibrium outcome. Hence, one can say

that the equilibrium outcome o′ is reasonable.

Re�nements of The Idea Notice that for both of the equilibrium outcomes, at each

unsent message, there is only one reasonable conjecture compatible with the message and

the corresponding receiver has a unique best response to that conjecture. It is easy to see

that, for almost all SER games, for any unsent message, the corresponding receiver indeed

has a unique best response to a conjecture that is compatible with the message.23 But,

in general, there may be multiple reasonable conjectures possible at an unsent message.

The equilibrium outcome may be supported only when the receivers hold particular beliefs

that are compatible with the set of reasonable conjectures. Hence, it may be necessary

that the receivers implicitly coordinate their reasonable beliefs. A strong re�nement would

require that the equilibrium outcome is supported whenever the receivers use strategies

that are compatible with the reasonable conjectures. That is, at each unsent message,

whenever possible, the corresponding receiver's response should be a best response to some

probability distribution over the compatible reasonable conjectures. I will now explain two

milder options that correspond to the re�nements that I will study in the rest of the chapter.

i) One possible option would require that no reasonable conjecture (t,m) is upsetting

when both receivers at unsent components of m best respond to the conjecture. This

requirement will be called Strong D1.24 Note that, in testing each reasonable conjecture,

this concept assumes that the deviation is common knowledge. Although this is clearly an

unrealistic assumption, it is the only possible way to test a single reasonable conjecture.

Furthermore, the requirement that no reasonable conjecture is upsetting, does not seem to

lead to a very strong concept.25

ii) A second possibility is to argue that if some deviations are more likely, then the

receivers should use strategies that are consistent with these more likely deviations. But

under such strategies, some reasonable conjectures may be less plausible. One would then

require that the equilibrium is supported by a belief schedule pair that takes into account

that some reasonable conjectures are more plausible. This procedure can be used itera-

23This will be proved.
24To see why this requirement is milder than the mentioned requirement, for each reasonable conjecture

(t,m) and some response combination that is consistent with (t,m), one can set a receiver strategy pair

that specify the same response combination and that is compatible with the reasonable conjectures. The

strong concept would require that under such receiver strategy pair no deviation is pro�table. Hence, the

above construction showed that no reasonable conjecture is upsetting.
25In Chapter 3 of this thesis, I show the existence of Strong D1 in a simple set-up with in�nite message

space.
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tively. The re�nement that requires the equilibrium outcome is supported by �iteratively�

reasonable beliefs will be called Weak D1.

2.3.2 Reasonable Conjectures and Strong D1

I �x some SEO o of some e = (s∗, r∗,µ∗) and de�ne the notions with respect to o. I

now introduce the Robustness to Elimination of Non-Best Replies (RENBR) criterion of

Kohlberg and Mertens (1986).26 In the present context, this criterion says that a deviation

can be discarded for a type, if the type does not attain his equilibrium pay-o� from the

deviation in any SE with this outcome.

De�nition 2.3.7. A deviation m survives the RENBR criterion for type t if there exists

some r ∈ <sup(o) such that ut(o) = ut(m, r).

I will also say that a conjecture (t,m) survives the RENBR criterion if m survives the

RENBR criterion for type t.

I will now show that if the potentially pro�table deviation set is non-empty, the dominant

deviation set is non-empty. Furthermore, I will show that a conjecture is reasonable if and

only if it satis�es the RENBR criterion. To prove both of the results, I will use that <(o)

has the property that: if, at a given message, two receiver strategy pairs induce di�erent

expected returns, then for any value in-between these returns, there is another strategy pair

that induces the intermediate return. If the set of potentially pro�table deviations is non-

empty, one can use this property and �nd a supporting receiver strategy pair for which at

least one deviation is a best response for some type. Similarly, if a conjecture is reasonable,

using this property, one can always construct a supporting receiver strategy pair such that

the deviation yields the equilibrium pay-o� for the most likely types.

Proposition 2.3.1. i) If Mdv
+ (o) 6= ∅, then Mdm(o) is non-empty.

ii) A conjecture (t,m) is reasonable if and only if m survives RENBR for t.

Proof. i) I �rst show that the set <(o) has the following property. For any mi ∈ Mn
i (o) if

ψi(mi, ri(mi)) < ψi(mi, r
′
i(mi)), then for any x ∈ [ψi(mi, ri(mi)), ψi(mi, r

′
i(mi))], there exists

some response r′′i (mi) ∈MBRi(T,mi) such that ψi(mi, r
′′
i (mi)) = x. Let

A+(x) = {a ∈ A : ψi(mi, a) ≥ x} and A−(x) = {a ∈ A : ψi(mi, a) ≤ x}.

26Kohlberg and Mertens (1986) call this property Forward Induction. Other authors, including Cho and

Kreps (1987) call it the Never Weak Best Response (NWBR) criterion.
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By the upper hemi-continuity of the best response correspondence, there exists some µ ∈
∆(T ) such that BRi(mi, µ) ∩ A+(x) ∩ A−(x) 6= ∅. Accordingly, there exists some r′′i (mi) ∈
MBRi(µ,mi) such that ψi(mi, r

′′
i (mi)) = x and the property is proved. Take now some

r ∈ <(o) such that at least one deviation m′ is pro�table for some type t′. Then, by the

�rst there is some r′ ∈ <(o) such that for every mi ∈Mn
i (o), ψi(mi, ri(mi)) ≥ ψi(mi, r

′
i(mi))

and ut′(m
′, r′) = ut′(o). One can repeat this operation of �nding a receiver strategy pair

with �lower� responses, until all deviations are unpro�table for all types and at least one

deviationm yields the equilibrium pay-o� for the associated most likely types. By de�nition,

as no other deviation is strictly pro�table, m is dominant. Hence Mdm(o) is non-empty.

ii) By i), it is clear that any conjecture that satis�es the condition is reasonable. To

prove the other side, assume that there is a reasonable conjecture (t,m) such that there

is no r ∈ <sup(o) such that ut(o) = ut(m, r). Note that by dominance of m there exists

some r ∈ <(o) such that ut(m, r) ≥ ut(o) and for any t′ ∈ T and any m′ ∈ M \ {m},
ut′(m

′, r) ≤ ut′(o). Applying the same logic as before, one can �nd r′ ∈ <(o), such that

ut(m, r′) = ut(o) and, for all t
′ ∈ T and allm′ ∈M , ut′(m

′, r′) ≤ ut′(o). Contradiction.

De�nition 2.3.8. A response pair α is consistent with o and conjecture (t, (m1,m2)), if for

any i the following holds. If mi ∈ Mn
i (o), then αi(mi) ∈ MBRi(t,mi) and if mi ∈ Mi(o),

then αi(mi) = r∗i (mi).

De�nition 2.3.9. A conjecture (t,m) is upsetting if for any α that is consistent with o

and (t,m), ut(m,α) > ut(o).

In words, a conjecture is upsetting if the given deviation is strictly pro�table for the given

type, whenever the receivers use responses consistent with the outcome and the conjecture.

De�nition 2.3.10. An equilibrium outcome is Strong D1 if no reasonable conjecture is

upsetting.

Discussion The Strong D1 concept requires that the outcome is robust against reasonable

conjectures. As stated earlier, in testing each reasonable conjecture, this concept assumes

that the conjecture is shared by both receivers. The concept is simple and computationally

tractable. Moreover, it will be shown that in some relevant subsets of SER games this

concept implies strategic stability.27 Accordingly, in such games, it inherits the desirable

properties of the strategic stability concept, and outcomes that satisfy the re�nement can

be seen as self-enforcing.

27The model of Chapter 3 is an example of a subset of games in which Strong D1 implies stability.
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Note on the Relationship Between Strong D1, D1 and Universal Divinity The

concept of Strong D1 is a generalization of the D1 concept of Cho and Kreps (1987) and

the Universal Divinity concept of Banks and Sobel (1987).28 Cho and Sobel (1990) showed

that in CS-monotonic one-audience signaling games these concepts are equivalent and they

require that the equilibrium outcome is supported by beliefs that are compatible with the

RENBR criterion. It can be shown that, for almost any CS-monotonic game, for any po-

tentially pro�table deviation, only one type survives the RENBR criterion. Hence, for such

games, D1 and Universal Divinity require that no conjecture that consists of a potentially

pro�table unsent message and its most likely type is upsetting.

Example-Revisited Consider again the outcome o′. Remember that the reasonable

conjectures are {(l, (g, n)), (l, (n, g))}. Furthermore, notice that if each aunt at g responds

with a = 0, then (n, g) and (g, n) are not pro�table for l. Hence, none of the reasonable

conjectures is upsetting. The outcome o′ is Strong D1.

Strong D1 and Stability In this part, I will informally argue why the outcome o′ is

stable. The argument will provide some intuition for the results relating Strong D1 and

Stability of Kohlberg and Mertens (1986). I �rst introduce a terminology that will be

useful throughout the chapter. For any perturbed game, any strategy perturbation can be

interpreted as an involuntary strategy for the associated player. Accordingly, I will call any

strategy that is used in an equilibrium of a perturbed game a voluntary strategy.

The argument is as follows. For su�ciently small perturbations, a perturbed game

constitutes a problem only if at g, both receivers put su�ciently high weight on facing type

h so that at least one of them chooses at least a = 4, with at least one of them having as

unique best response a = 7. In such a case, a close-by equilibrium can be constructed by

stabilizing deviations, i.e. by making deviations unpro�table through the use of a voluntary

strategy of the sender. I now explain how deviations can be stabilized. As we have seen,

when (g, g) is a best response, either (n, g) or (g, n) is strictly pro�table for type l. Without

loss of generality, assume that (n, g) is strictly pro�table. In this case, type l can use a

voluntary strategy which puts positive probability to (n, g) and which induces the belief

µ(h) = 0.75. If at g R2 chooses a mixed best response that makes l indi�erent between

(n, n) and (n, g), then (n, g) is also not pro�table for h. Hence, (n, g) is stabilized. Similarly

(g, n) can be stabilized. Since (n, g) and (g, n) are not pro�table, (g, g) is not pro�table

either and it is stabilized. Note that the total mass of voluntary mixtures that type l

uses for these deviations gets arbitrarily small, as the perturbation probability gets small.

This implies that for a su�ciently small perturbation, the perturbed game has a close-by

28The de�nitions of D1 and Universal Divinity are provided in the Appendix.
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equilibrium in which both types choose (n, n) with almost certainty. Hence, the equilibrium

outcome is stable.29

2.3.3 Iterated Elimination of Non-Best Replies and Weak D1

In the previous section, I introduced the concept of Strong D1. That concept takes care

of reasonable conjectures independently and assumes a form of coordination between the

receivers. The concept of Weak D1 follows a di�erent approach. This concept asks whether

the equilibrium outcome can be supported by beliefs that are compatible with more plausible

reasonable conjectures. In deriving a set of more plausible reasonable conjectures, this

concept uses the following idea. If reasonable conjectures are more sensible than the other

conjectures, then the receivers should only use strategies that take this into account. But,

under such receiver strategy pairs, some reasonable conjectures may now fail the RENBR

criterion and it is sensible to discard them.

In this section I will formally introduce an iterated procedure which generalizes this idea

and the concept of Weak D1. To illustrate the main ideas, I will begin by presenting two

examples. These examples will also show that some equilibrium outcomes that survives this

iterated procedure may fail Strong D1.

2.3.3.1 Examples: Non-Strong D1 Outcomes that may be considered Reasonable

I start by considering a very slight variation of the previous example. I just set fh(g, g) = 3,

but keep all the other elements intact. It is easy to see that the outcome o′ is also SEO

of this variation. Note that as before uh(o
′) = 13 and ul(o

′) = 13. Moreover, we have

Mdv
+ (o) = {(g, g), (n, g), (g, n)} and T (o, (g, g)) = h, T (o, (g, n)) = T (o, (n, g)) = l. It is

easy to see that

<sup(o) = {r ∈ <(o) : r1(g) ≤ 5, r2(g) ≤ 5}.

Notice that there is a supporting receiver strategy pair r with : r1(g) = r2(g) = 5, and

under r, every deviation is a best-response for the corresponding most likely type. Hence,

by Proposition 2.3.1, the reasonable conjectures are {(h, (g, g)), (l, (n, g)), (l, (g, n))}. It is

easy to see that (h, (g, g)) is an upsetting conjecture. Hence, the outcome o′ is not Strong

D1.

One may observe that the strategy pair r is compatible with the reasonable conjectures

in the sense that there is an SE (s, r,µ) with this outcome where for each i, µi((h, g)|g) = 3
4

29In more complicated games, deviations cannot be independently stabilized. In Section 2.4 I introduce

an auxiliary game to stabilize deviations simultaneously.
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and µi((l, n)|g) = 1
4
.30 Since the equilibrium outcome is supported by reasonable conjectures,

one may argue that the outcome is sensible. One may attempt to re�ne the set of reasonable

conjectures and re-test the outcome. However, since r is compatible with the reasonable

conjectures and all reasonable conjectures are justi�ed under r, one cannot eliminate r or

any reasonable conjectures. Hence, the equilibrium outcome would also survive a re�ned

test and it may be deemed as reasonable.

This example has the disadvantage that the analysis is sensitive to small changes in the

pay-o�s.31 Furthermore, the example did not illustrate that some reasonable conjectures

may be more plausible than others. Next, I will present another example which does not

have these drawbacks.

Third Example This example is loosely related to the previous examples. I assume that

there is an additional type, that there are two additional messages, and that some of the

pay-o�s are modi�ed. Let T = {l, h, w}, M = {n, g, z, y} × {n, g, z, y}, A = {−5, 0, 4, 7}
and p0 = (1

3
, 1

3
, 1

3
). I assume that fw(y, y) = 20 and that for any other message pair m,

fw(m) = −20. I assume that as in the previous examples, ψi(m, a) = a and that vi(t,m, a)

does not depend on i and m. fl,fh and v are given by Figure 2.2.

fl, fh n g z y

n 5, 5 −5,−5 −5,−5 −5,−5

g −5,−5 2, 2.5 8, 2 −5,−5

z −5,−5 8, 2 −5,−5 −5,−5

y −5,−5 −5,−5 −5,−5 −5,−5

v t = l t = h t = w

a = −5 2 1 7

a = 0 5 2 3

a = 4 3 5 2

a = 7 0 6 1

Figure 2.2: fl, fh and v.

Note that in this game, (y, y) is a dominant action for type w. Hence, in any equilibrium

(y, y) will be choosen by type w with certainty. Consider an equilibrium outcome o in which

30Hence, {4, 7} ⊂ BRi(µi(g), g) and r1(g) and r2(g) are compatible with µ. To see why the consistency

requirement is satis�ed, take s′ such that s′h(g, g) = 1 and s′l(g, n) = 1
3 and s′l(n, g) = 1

3 . Notice that for

any i µs′

i ((h, g)|g) = 3
4 and µs′

i ((l, n)|g) = 1
4 . Now take some completely mixed strategy s′′ and consider

the sequence of strategies sk such that for each t ∈ T and each m ∈ M , skt (m) = (1 − 1
2k
− 1

4k
)st(m) +

1
2k
s′t(m) + 1

4k
s′′t (m). Clearly sk converges to s. Let for any mi ∈ Mi, µi(mi) = lim

k→∞
µsk
i (mi). Notice that

for any mi ∈Mn
i (o), µi(mi) = µs′

i (mi).
31If one perturbs fh(g, g) slightly, then for the same outcome either (l, (n, g)) and (l, (g, n)) are the only

reasonable conjectures or (h, (g, g)) is the sole reasonable conjecture.
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type h and type l pool at (n, n), type w plays (y, y) with certainty and both Aunts respond

with a = 4 at n and with a = −5 at y. It is easily seen that this outcome is an SE outcome.

Simply let each Ri believe that zero probability messages g, z are sent by l, and, the other

message is g. Hence, these zero probability messages will be rewarded with a = 0 and,

with these responses of the receivers, no type can pro�tably deviate from the equilibrium.

Note that uh(o) = ul(o) = 13. It is easy to see that Mdv
+ (o) = {(g, g), (g, z), (z, g)} with

T (o, (g, g)) = h and T (o, (g, z)) = T (o, (z, g)) = l. Notice the following:

<sup(o)) = {r ∈ <(o) : r1(g) + r2(z) ≤ 5, r1(z) + r2(g) ≤ 5, r1(g) + r2(g) ≤ 10.5}.

Note that for any r ∈ <sup(o) with r1(z) = r2(z) = 0 and r1(g) = r2(g) = 5. (g, z) and

(z, g) are best responses for type l. Hence, (l, (g, z)) and (l, (z, g)) are reasonable conjectures.

Furthermore, for any r′ ∈ <sup(o) with r′1(z) = r′2(z) = −5 and r′1(g) = r′2(g) = 5.25, (g, g)

is a best response for type h. Accordingly, (h, (g, g)) is also a reasonable conjecture. It is

easy to see that (h, (g, g)) is an upsetting conjecture. Hence, the equilibrium outcome is not

Strong D1.

It is easy to see that the outcome is supported by reasonable conjectures. Take some

r ∈ <sup(o) with r1(z) = r2(z) = 0 and r1(g) = r2(g) = 5 and consider an SE (s, r,µ)

with this outcome, where for any i, µi((h, g)|g) = 3
4
and µi((l, z)|g) = 1

4
.32 As a next step,

one may attempt to re�ne the set of reasonable conjectures. It is already seen that any

r ∈ <sup(o) with r1(z) = r2(z) = 0 and r1(g) = r2(g) = 5 is compatible with the reasonable

conjectures. Hence, one may not discard the conjectures: (l, (g, z)) and (l, (z, g)). On the

other hand, notice that for any receiver, at z, the only possible reasonable conjecture is

(l, (g, z)) or (l, (z, g)). This means that under any receiver strategy pair that is consistent

with the reasonable conjectures, each receiver should respond z with a = 0. But if one

restricts attention to supporting strategy pairs with r1(z) = r2(z) = 0, then (g, g) cannot be

a best response for h and (h, (g, g)) does not survive RENBR. Hence, one may argue that

the conjectures (l, (g, z)) and (l, (z, g)) are more plausible than the conjecture (h, (g, g)).

These more plausible conjectures support the equilibrium outcome. Hence, one may argue

that the equilibrium outcome is reasonable.

Next, I describe this iterated procedure in formal language.

2.3.3.2 Formal De�nitions: Iterated Elimination of Non-Best Replies and Weak D1

I will assume that in each step of the iterative procedure the sender can use a particular

set of deviations. I now introduce the notation for reasonable beliefs which are compatible

with a particular set of deviations. For any M ′ ⊂ Mdv
+ (o) and any i, the set of unsent

32The consistency can be proved by using the same idea as in the previous example.
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messages in Mi which belong to a deviation in M ′ is denoted by M ′
i . Formally, M ′

i =

{mi ∈ Mn
i (o) : ∃m−i ∈ M−i, (mi,m−i) ∈ M ′}. Now consider some mi ∈ M ′

i , and assume

that at mi, Ri believes that (i) only message pairs (mi,m−i) ∈ M ′ are played, and (ii) if

(mi,m−i) is played, then it is only played by T (o, (mi,m−i)). For any mi ∈M ′
i , I denote the

set of conjectures compatible with such beliefs by conjM ′(o,mi).
33 Hence, conjM ′(o,mi) =

{(t,m−i) : (mi,m−i) ∈M ′, t ∈ T (o, (mi,m−i))}.

De�nition 2.3.11 (Iterated Elimination of Non-Best Replies).

� Set M̂1 = Mdm(o) and <̂1 = <sup(o). For k ≥ 1

� If <̂k 6= ∅ M̂k 6= ∅, let

<̂k+1 = {r ∈ <̂k : ∃SE e = (s, r,µ)with outcome o :

∀mi ∈ M̂k
i , µi(mi) ∈ ∆(conjM̂k(o,mi))}

M̂k+1 = {m ∈ M̂k : ∃r ∈ <̂k,∃t ∈ T : ut(m, r) = ut(o)}.

� Otherwise, set <̂k+1 = <̂k and M̂k+1 = M̂k

� Let <̂idm =
⋂

k∈N\{0}
<̂k.

De�nition 2.3.12. An SEO o satis�es Weak D1, if Mdv
+ (o) = ∅ or <̂idm 6= ∅.

Description Weak D1 imposes that an equilibrium survives the iterated elimination of

non-best replies. The iterated procedure is similar to the procedure used in Banks and

Sobel (1987, p. 653), but there are two di�erences. In their procedure, which is given in

the context of one-audience signaling games, each unsent message is treated in isolation and

furthermore, at each stage, the receivers are assumed to attach less probability to the less

likely types than the prior belief does.

Relationship to Stability Kohlberg and Mertens (1986) proved the following result

Proposition 2.3.2 (Kohlberg and Mertens (1986)). Any stable set of equilibria contains a

stable set of equilibria of a game that is obtained by elimination of a non-best reply.

An application of this result brings us to the following.

Proposition 2.3.3. For all SER games, any stable equilibrium outcome is Weak D1.

33Note that, di�erently from before, in this case, the conjectures are represented relative to a message

mi and, accordingly, they are conveniently represented in reduced form as elements of T ×M−i.
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Proof. To prove the result, I will consider variations of SER games in which some message

pairs are not available to certain types. I will call such a game Restricted-SER game. In

the Appendix (Proposition 2.6.3), I prove that any stable set of equilibria of a SER game

contains a sequential equilibrium. One can easily extend this argument and show that if

a stable set of equilibria of a Restricted-SER game induce the same outcome then this set

is a subset of the set of sequential equilibria with the same outcome. Now take a stable

equilibrium outcome of the original SER game. For each type, remove the deviations that

fail the RENBR criterion for the set of SE with this outcome. If a message pair fails

RENBR for the set of SE, it also fails the RENBR for the stable set of equilibria. Hence,

by Proposition 2.3.2, the new game also contains a stable set of equilibria that induce the

same outcome. One can repeat this procedure iteratively. It is clear that, at each stage, in

any sequential equilibrium from the set, the belief schedule pairs are compatible with the

remaining set of reasonable conjectures.

In the Appendix, I prove that in almost all SER games, a stable outcome exists. (Propo-

sition 2.6.3). By that result and by Proposition 2.3.3, the following corollary is obtained.

Corollary 2.3.1. For almost all SER games, a Weak D1 equilibrium outcome exists.

Note on the Relationship Between Weak D1 and Strong D1 The names of Weak

D1 and Strong D1 are slightly misleading. I do not have a general result that establishes

that Strong D1 is stronger than Weak D1. However, I conjecture that this is generally true.

Furthermore, the results will establish that in some relevant subsets of SER games Strong

D1 is the stronger concept.

2.4 Strong D1 and Stability

In this section, I show that in a class of SER games called Monotone (M)-SER games, any

Strong D1 equilibrium outcome which satis�es the no upsetting cycle condition is stable.

In Section 2.4.1 I introduce necessary preliminaries and the de�nitions of these additional

notions. The exposition is relatively long. But the section also includes some crucial lemmas

and discussions of the concepts which prepare the reader for some of the ideas used in proving

the result. In Section 2.4.2 I provide the proof of the result.

2.4.1 M-SER Games and Upsetting Cycles

In this section I introduce Monotone SER (M-SER) games. These games satisfy a natural

monotonicity property. Before de�ning this property, I need to introduce some regularity
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conditions.

Assumption 2 (A2). For a SER game G, I assume that the following properties hold:

a) |A| ≥ |T |.

b) For any i, any m ∈ Mi and any t ∈ T , BRi(t,m) is unique and for any distinct

t, t′ ∈ T , BRi(t,m) 6= BRi(t
′,m).

c) For any i, any m ∈Mi and any distinct a, a′ ∈ A, ψi(m, a) 6= ψi(m, a
′).

d) For any SEO o, any m ∈Mdv
+ (o), T (o,m) is a singleton (to be denoted: t(o,m)).

e) For any SEO o, if a reasonable conjecture (t,m) is not upsetting and α is the unique

response pair that is consistent with o and (t,m), then ut(m,α) < ut(o).

Observation 2.4.1. For a given game tree with |A| ≥ |T |, the conditions b to e hold for a

positive measure of SER games.

It is easy to see that, for a given tree with |A| ≥ |T |, the conditions b) and c) hold for a

positive measure of SER games.34 I prove that conditions d) and e) also hold for almost all

SER games in Lemma 2.6.1 in the Appendix. These properties hold because, for any game

tree, the SER games in which these requirements do not hold, satisfy additional hyper-plane

restrictions, which reduces the �dimension� of such games.

For games that satisfy A2, I now introduce a natural order, which will allow me to

de�ne the monotonicity property. Note that by A2, given a mi ∈ Mi for any t, t
′ ∈ T with

t 6= t′, ψi(mi, BRi(t,mi)) 6= ψi(mi, BRi(t
′,mi)). Hence, for a given mi ∈ Mi, types can be

completely ordered with respect to the returns that they induce. Formally, such order �mi
is

constructed as follows, for any t, t′ ∈ T , t′ �mi
t if ψi(mi, BRi(t

′,mi)) > ψi(mi, BRi(t,mi)).

I call �mi
the return order on T at mi.

Assumption 3 (A3) (Monotonicity Property). For all i, all mi ∈ Mi, all t ∈ T and all

T ′ ⊂ T \ {t} , the following conditions are satis�ed:

34It is clear that, for almost all SER games, for any i, any mi ∈Mi, BRi(t,mi) is unique. Then, one can

categorize this generic set of games using a mapping ξ : T ×M1 ∪M2 → A, with the interpretation that

ξ(t,mi) = BRi(t,mi). Hence, each such game induces a mapping ξ, and the games for which the conditions

a) and b) are satis�ed includes at least one class of games that induce the same ξ. The measure of such

games can be found by calculating the number of possible permutations and it is always positive.
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a) If ∀t′ ∈ T ′, t �mi
t′, then ∀λ ∈ ∆(T ′ ∪ {t}), max

a∈BRi(λ,mi)
ψi(mi, a) ≤ ψi(mi, BRi(t,mi)).

b) If ∀t′ ∈ T ′, t′ �mi
t, then ∀λ ∈ ∆(T ′ ∪ {t}), min

a∈BRi(λ,mi)
ψi(mi, a) ≥ ψi(mi, BRi(t,mi)).

The monotonicity property says that for any receiver, any message and any type the

maximum (minimum) return from a belief which puts positive probability to only t or any

lower (higher) type, is less (greater) than or equal to the return that t induces. This condition

is typically satis�ed in applications such as the job signaling model of Spence (1973).35 Note

that this condition is satis�ed if ψi(mi, a) is increasing in a and the receiver's preferences

satisfy the single peakedness property that is encountered in social choice theory.36 I say

that any SER game is a M-SER game if it satis�es A2-A3. It is easy to see that, given

a tree with |A| ≥ |T |, the set of M-SER games constitutes a subset of SER games with

positive measure and with non-empty interior. Hence, given such a tree, the properties that

are satis�ed for almost all SER games, are also satis�ed for almost all M-SER games.

2.4.1.1 Upsetting Cycle and Upsetting Strategy

In this section I introduce the related concepts of an upsetting cycle and an upsetting

strategy. I will show that for almost any M-SER game, any Strong D1 equilibrium outcome

for which there does not exist any upsetting cycle, there does not exist any upsetting strategy.

In Section 2.4, I show that for almost all M-SER games, any Strong D1 equilibrium outcome

for which there does not exist any upsetting cycle is stable.

Before introducing the concept of an upsetting cycle, I introduce some preliminaries.

De�nition 2.4.1. Let o be a Strong D1 equilibrium outcome. Let (t, (mi,m−i)) (t′, (mi,m
′
−i))

be two reasonable conjectures with m−i 6= m′−i and mi ∈Mn
i (o). Then,

a) (mi,m
′
−i) improves upon (mi,m−i), if t

′ �mi
t.

b) (mi,m
′
−i) su�ciently improves upon (mi,m−i), if m

′
−i ∈Mn

−i(o) and

ft(mi,m−i) + ψi(mi, BRi(t
′,mi)) + ψ−i(m−i, BR−i(t,m−i)) ≥ ut(o). (2.2)

c) (mi,m
′
−i) pro�tably improves upon (mi,m−i), if m

′
−i ∈Mn

−i(o) and (2.2) is strict.

35In such models, the ordering of the receiver does not depend on the message.
36Denote the greater or than order on real numbers by ≥. The single peakedness property relative to

≥, can be de�ned as follows. For a given t ∈ T and mi ∈ Mi, let a = BRi(t,mi), then the preferences

of Ri satis�es single peakedness property at (t,mi), with respect to ≥, if for any a′ < a′′ ≤ a, we have

vi(t,mi, a
′) < vi(t,mi, a

′′) and for any a ≤ a′′ < a′, we have vi(t,mi, a
′) < vi(t,mi, a

′′). This de�nition is

taken from Mas-Colell et al. (1995) p.801.
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Description and Discussion The de�nition applies to a situation in which there are

two possible reasonable conjectures for Ri at mi: (t, (mi,m−i)) and (t′, (mi,m
′
−i)). a) says

that Ri will choose a response with higher return, if he believes the second conjecture. b)

then says that with such optimistic beliefs and with R−i still believing t, t will not lose if he

chooses the �rst message pair. c) says that the same as b, but that t strictly pro�ts from

choosing the �rst message pair.

Assume now that the receivers only hold beliefs that are compatible with the set of rea-

sonable conjectures. In this case, for a given reasonable conjecture (t,m), ifm is pro�table

for t, then at least one receiver should be convinced that a deviationm′ which is improving

upon m is sent by the associated most likely type. But for deviation m′ to be plausible, a

receiver also needs to be convinced that this deviation is improved upon by another devia-

tion. Iterated use of this logic brings us to the notion of an upsetting cycle. Before de�ning

this notion formally, I introduce some helpful concepts. I say that two distinct deviations

are neighbors if both deviations include a common unsent message. Moreover, for a given

mi ∈ Mn
i (o), the set of neighbor deviations which include mi is denoted by N(o,mi). For-

mally, N(o,mi) = {(mi,m−i) : (mi,m−i) ∈ Mdv(o)}. For any o, the set of message pairs

that include no sent message is denoted by Mn(o). Hence, Mn(o) = Mn
1 (o)×Mn

2 (o).

De�nition 2.4.2. Given a Strong D1 equilibrium outcome, an upsetting cycle C is a �nite

sequence of distinct deviations {m1, ...mK} in Mdm(o) ∩ Mn(o) such that the following

conditions are satis�ed:

� Any deviation is only a neighbor of its predecessor and its successor (mK is predecessor

of m1).

� Any deviation su�ciently improves its predecessor. At least one deviation pro�tably

improves its predecessor.

An example of an upsetting cycle is depicted in Figure 2.3. A complete example of a

Strong D1 equilibrium for which there exists an upsetting cycle, is provided at the end of

this section.

I �rst show that in a natural class of games in which the receivers' return order are the

same,37 for any Strong D1 equilibrium, there does not exist any upsetting cycle.

Proposition 2.4.1. For any Strong D1 equilibrium outcome o of an M-SER game, if there

is an order � on T such that for any i and any mi ∈Mi, �mi
coincides with �, then there

does not exist any upsetting cycle.

37Irrespective of the message.



Section 2.4 � Strong D1 and Stability | 37

(m′1,m
′
2)

(m′1,m
′′
2) (m′′1,m

′
2)

(m′′1,m
′′
2)

Figure 2.3: An upsetting cycle.

Proof. Note that by A2 and A3, � is a strict linear order. For any upsetting cycle {m1, ...mK},
by transitivity we have t(o,mK) � t(o,m1). Contradiction.

I now introduce the concept of an upsetting strategy. In the de�nition, for any type t, I

denote the set of dominant deviations for which t is a most likely type by Mdm(o, t).

De�nition 2.4.3. Given an equilibrium outcome o, a strategy s of S is a upsetting strategy

for o, if there is some r ∈ <(o) such that the following properties are satis�ed:

� For all t ∈ T , supp(st) ⊂ Mdm(o, t) ∪M(o) and for any m ∈ supp(st) : ut(m, r) ≥
ut(o).

� For some t ∈ T and some m ∈ supp(st): ut(m, r) > ut(o).

� For all i and allmi ∈ suppi(s)∩Mdm
i (o), ri(mi) ∈MBRi(µ

s
i (mi),mi), where suppi(s) =

{mi ∈Mi : ∃t ∈ T,∃m−i ∈M−i, st(mi,m−i) > 0}.

Explanation A strategy s is an upsetting strategy if the following conditions are satis�ed:

i) According to s, only dominant deviations or equilibrium message pairs can be played and

dominant deviations can only be played by the associated most likely types. At least one

deviation is used. ii) There is a strategy pair r ∈ <(o) such that, at each message that is not

used in o but used in s, r speci�es a best response to s. iii) Under r, each used deviation

yields at least equilibrium pay-o� for the associated most likely type. (at least one is strictly

pro�table)
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The concept of an upsetting strategy is a generalization of an upsetting reasonable con-

jecture. It is easy to see that if there is a reasonable conjecture (t,m) that is upsetting,

then one can construct an upsetting strategy in which all types except t chooses their equi-

librium choice and t deviates to m. The concept of Strong D1 imposes that no reasonable

conjecture is upsetting. Hence, requiring that an equilibrium outcome does not admit an

upsetting strategy, is generally a stronger requirement than Strong D1.38

I will now show that for almost all M-SER games if for a Strong D1 equilibrium there

does not exist any upsetting cycles, then there does not exist any upsetting strategy for the

same outcome.39

Proposition 2.4.2. For almost all M-SER games, for any Strong D1 equilibrium outcome o

for which there does not exist any upsetting cycle there does not exist any upsetting strategy.

Proof. Suppose that o is a Strong D1 outcome and s is a upsetting strategy with associated

receiver strategy pair r ∈ <(o). For simpli�cation, I write s(m) instead of st(o,m)(m), for

any m ∈ Mdm(o). I say that a deviation in a set of deviations is maximal, if it is not

improved by any deviation in the same set. Note that by the monotonicity property, if

for some m, s(m) > 0, then for some deviation m′ which is improving upon m, we have

s(m′) > 0. This implies that there exists a deviation m = (m1,m2) ∈ Mdm(o) ∩Mn(o)

which is maximal in {m′ ∈ Mdm(o) ∩Mn(o) ∩ N(o,mi), s(m
′) > 0}, for some i. By the

monotonicity property, one can similarly �nd a deviation which su�ciently improves upon

(m1,m2) and which is maximal in {m′ ∈ Mdm(o) ∩Mn(o) : m′ ∈ N(o,m−i), s(m
′) > 0}.

Repeat this procedure of �nding a maximal su�ciently improving deviation, until reaching

back to a previously used deviation. Remove the deviations that were added to the sequence

before the connection. A �cycle� is derived in which each deviation su�ciently improves upon

its predecessor. It is easy to see that, for almost all M-SER games, for any equilibrium, if

a deviation su�ciently improves upon another deviation, it also pro�tably improves upon

the same deviation. Hence, for almost all M-SER games, the �cycle� is an upsetting cycle.

Contradiction.

Upsetting Cycles and Stability Proposition 2.4.2 allows us to stabilize deviations for

any Strong D1 equilibrium for which there does not exist any upsetting cycle. The intuition is

as follows. It is easy to see that, in a perturbed game, to stabilize deviations, only dominant

deviations can be used voluntarily and only by the associated most likely types.40 The non-

38As it will be shown, for some games these concepts will be equivalent.
39The monotonicity property is crucial for this result.
40The idea is that if a non-dominant deviation is used or a dominant deviation is used by a non-most

likely type, then the used deviation is pro�table for some type. This contradicts the stabilization.
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existence of an upsetting cycle ensures that, in a perturbed game, for any sender strategy

in which only dominant deviations are chosen and only by the associated most likely types,

if the perturbation gets negligible, then at least one deviation yields lower than equilibrium

utility. This implies that for su�ciently small perturbation, there is an �intermediate� point

in which all dominant deviations are stabilized at the same time. Lastly, one can put

together the voluntary mass of sender strategy used for deviations and the voluntary mass

used for sent message pairs and �nd a close-by equilibrium to the equilibrium of the original

game.41

2.4.1.2 An Example of an Upsetting Cycle and an Upsetting Strategy

I now present an example where the receivers do not value the types in the same way,

and a Strong D1 equilibrium outcome for which there exist an upsetting cycle and an

upsetting strategy. I consider a game in which T = {l, h}, A = {0, 1}, M = {mo
1,m

′
1,m

′′
1}×

{mo
2,m

′
2,m

′′
2} and p0 = (1

2
, 1

2
). I assume that for any i and any mi ∈ Mi, ψi(mi, a) = a and

that vi(mi, a) does not depend on mi. fl, fh and v1, v2 are given by Figure 2.4.

fl, fh mo
2 m′2 m′′2

mo
1 1, 1 0, 0 0, 0

m′1 0, 0 3
2
, 1 1, 3

2

m′′1 0, 0 1, 3
2

3
2
, 1

v1, v2 l h

a = 0 0, 4 4, 0

a = 1 5, 3 3, 5

Figure 2.4: fl, fh and v1, v2.

Note that for any m1 ∈M1, BR1(µ,m1) = 1, if µ(l) > 1
6
and BR1(µ,m1) = 0 if µ(l) < 1

6

and for any m2 ∈M2, BR2(µ,m2) = 1 if µ(h) > 1
6
and BR2(µ,m2) = 0, if µ(h) < 1

6
.

Equilibrium Consider an equilibrium in which both types pool at (mo
1,m

o
2) and each Ri

rewards mo
i with a = 1 and any other message with a = 0. It is easily seen that these

strategies with appropriate beliefs constitute an SE. Simply let R1 believe that any zero

probability message is sent by h and let R2 believe that any such message is sent by l.

Reasonable Conjectures Note the following: uh(o) = ul(o) = 3 andMdv
+ (o) = {(m′1,m′2),

(m′′1,m
′
2), (m′1,m

′′
2), (m′′1,m

′′
2)}. Moreover, we have t(o, (m′′1,m

′
2)) = t(o, (m′1,m

′′
2)) = h, and

t(o, (m′′1,m
′′
2)) = t(o, (m′1,m

′
2)) = l. By symmetry, no deviation is dominated. Hence,

the reasonable conjectures are {(h, (m′′1,m′2), (h, (m′1,m
′′
2), (l, (m′1,m

′
2), (l, (m1,m2)}. To see

that no reasonable conjecture is upsetting, take (m′1,m
′
2) and notice that BR1(l,m′1) = 1,

41Detailed discussions are provided in Section 2.4.2.
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BR2(l,m′2) = 0 and ul(m
′
1,m

′
2, 1, 0) = 3

2
+ 1 < 3. The same argument works for each

deviation. The equilibrium outcome is Strong D1.

Upsetting Cycle Consider (m′1,m
′
2). Note that if R1 believes that m′1 is played by

t(o,m′1,m
′
2) = l, then he will reward with a = 1. Similarly if, R2 believes that m′2 is

played by t(o,m′′1,m
′
2) = h, then he will reward with a = 1. With these responses of the

receivers, type l will attain utility 7
2
from (m′1,m

′
2), hence, (m′′1,m

′
2) pro�tably improves upon

(m′1,m
′
2). Repeating this argument shows that {(m′1,m′2), (m′′1,m

′
2), (m′′1,m

′′
2), (m′1,m

′′
2)} is

an upsetting cycle.

Upsetting Strategy I now construct an upsetting strategy s. Let sh(m
′′
1,m

′
2) = sh(m

′
1,m

′′
2) =

1
2
and sl(m

′
1,m

′
2) = sl(m

′′
1,m

′′
2) = 1

2
and consider r ∈ <(o) such that for each i and any

mi ∈ Mn
i (o), ri(mi) = 1. Note that, at each unsent message, r speci�es a best response to

s and under r, each type attains utility 7
2
from any used message pair. Note that s satis�es

the conditions of De�nition 2.4.3 and hence is an upsetting strategy.

Remark The reader may have the impression that the Strong D1 equilibrium outcome of

this example is not stable. This is not correct. In the Appendix, I introduce a condition

called quasi-cycle independence condition and show that, for almost all M-SER games, any

Strong D1 equilibrium outcome that satis�es that condition is stable. The equilibrium

of this example also satis�es that condition. Roughly speaking, this condition allows one

to stabilize perturbations by neutralizing each quasi-cycle independently. In the present

example, the upsetting cycle is the unique quasi-cycle, and one can neutralize this upsetting

cycle by almost prohibiting a most likely type from choosing the associated deviation. When

such a deviation cannot be chosen with high probability by the associated most likely type,

then the other deviations cannot be chosen with high probability and no deviation can be

strictly pro�table.

To give the reader some perspective, I now present an overview of the relationship

between the re�nements in the context of M-SER games.

Weak D1No Upsetting Strategy

Strong D1

Strong D1
+

No Upsetting C.

Quasi-Cycle S.
+

S. Stable

Figure 2.5: The Relationship between the Re�nements in Generic M-SER games.
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2.4.2 Strong D1: Results

General Strategy In this section I prove that, for almost all M-SER games, any Strong

D1 equilibrium outcome for which there does not exist any upsetting cycle is stable. In

proving this result, I use a general strategy which is similar to the strategy used in the proof

of Theorem 3 of Banks and Sobel (1987). Firstly, it can be shown that for almost all M-SER

games, any equilibrium in which all messages are used, is stable. I prove this result in the

Appendix (Proposition 2.6.1).

For any strategy perturbation of the game, I construct two auxiliary games: one for sent

message pairs, and one for deviations.42 By Proposition 2.6.1, in the auxiliary game for

sent message pairs, a close-by equilibrium can be found, provided that the auxiliary game

is generic and the perturbation is small. It turns out that the pay-o�s from such close-by

equilibrium and the associated receiver voluntary strategies can be speci�ed irrespective

of the sender strategy perturbation. This aspect allows me to stabilize deviations (i.e.

make deviations unpro�table through the use of a voluntary strategy) without disturbing

the receiver's responses at sent messages. Accordingly, I stabilize deviations in the auxiliary

game for deviations and I incorporate the mass used for deviations and unsent message pairs

into the other auxiliary game as a strategy perturbation. Lastly, I combine the strategies

that I �nd from both games and put them back to the original perturbed game to derive a

close-by equilibrium.

Auxiliary Game For Sent Message Pairs I �x an M-SER game G and a Strong

D1 outcome o of an equilibrium e. I derive the auxiliary game for sent message pairs Gsent

as follows. I eliminate all message pairs in G, except the ones in M1(o)×M2(o) and add a

message pair (m̄1, m̄2). Hence, each Ri can only observe messages in Mi(o)∪{m̄i}. Assume

that the pay-o�s of the original game are extended to this game and that each type strictly

prefers all message pairs to (m̄1, m̄2), irrespective of the receivers' responses. I denote the

projection of e to Gsent by esent. It is clear that esent does not depend on the particular

selection of e. The message pair (m̄1, m̄2) will allow us to treat the perturbation of the

original game and voluntary strategies used to stabilize deviations together as a perturbation

of the auxiliary game.

I now show that for almost all M-SER games esent is stable. More importantly, I show

the crucial property that, for almost all M-SER games, for a given σR1 , σR2 and given

42If the set of deviations is empty, one can use almost the same argument. Clearly, in that case, one does

not need to de�ne a game for deviations.
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perturbation probability, the pay-o�s from a close-by equilibrium and receiver voluntary

strategies can be speci�ed, irrespective of σS.

Lemma 2.4.1. For almost all M-SER games, for any equilibrium outcome o, the equilibrium

esent of Gsent (as a singleton set) is stable. For any ε > 0 there exists a δ̄(ε) > 0 such that:

for given (σR1 , σR2) and two completely mixed strategies σS and σ′S for S the following

holds. For any δ = (δS, δR1 , δR2) and δ′ = (δ′S, δR1 , δR2) with δ, δ′ < δ̄(ε), the perturbed

games Gsent(σS, σR1 , σR2 , δ) and Gsent(σ′S, σR1 , σR2 , δ
′) have equilibria which have common

strategies of the receivers and are both ε-close to esent.

Proof. By Proposition 2.6.1, esent is stable and quasi-strict, that is for each player at each

information set, any action which is a best response to other player's actions is used with

positive probability. Let δ = (δS, δR1 , δR2) and δ′ = (δ′S, δR1 , δR2). For any ε > 0 there is a

δ̄ such that if δ, δ′ < δ̄, then Gsent(σS, σR1 , σR2 , δ) has an ε
2
-close equilibrium ẽ1 = (s̃1, r̃1)

and Gsent(σ′S, σR1 , σR2 , δ
′) has an ε

2
-close equilibrium ẽ2 = (s̃2, r̃2). Note that since esent

is quasi-strict, if ε
2
> 0 is su�ciently small, then both in ẽ1 and ẽ2, for each player, the

set of actions which are used voluntarily are equal to the set of actions which are used in

esent. Assume w.l.o.g. that ε
2
> 0 is su�ciently small. Then, (s̃2, r̃1) is an equilibrium of

Gsent(σ′S, σR1 , σR2 , δ
′) which is ε-close to esent.

In the proof of the main result, I will temporarily consider a perturbed variation of Gsent

in which types of the sender are treated as di�erent players and, hence, their actions are

perturbed by di�erent probabilities. I denote the unperturbed speci�c agent-form variation

by Gsent
A and its perturbation by Gsent

A (σT , σR1 , σR2 , δT , δR1 , δR2), where σT denotes the T

dimensional strategy vector and δT denotes the T dimensional perturbation probability

vector. Moreover, I denote the projection of esent to Gsent
A by esentA . Given these, a version

of Lemma 2.4.1 can be presented as follows:

Lemma 2.4.2. For any ε > 0 there exists some δ̄A(ε) > 0 such that: for given (σR1 , σR2)

and two completely mixed strategy vectors σT and σ′T the following holds. For any δ =

(δT , δR1 , δR2) and δ
′ = (δ′T , δR1 , δR2) with δ, δ

′ < δ̄A(ε), the perturbed games Gsent
A (σT , σR1 , σR2 , δ)

and Gsent
A (σ′T , σR1 , σR2 , δ

′) have equilibria which have common strategies of the receivers and

are both ε-close to esentA .

Stabilizing Deviations- Motivation and Strategy In this part I introduce a per-

turbed auxiliary game to stabilize deviations at the same time. As mentioned before, in
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many situations, deviations cannot be stabilized individually.43The auxiliary game allows

us to overcome this problem. The de�ning feature of this game is that only dominant de-

viations can be voluntarily chosen by the sender. Moreover, in this game the receivers can

only choose voluntary responses at unsent messages. The non-existence of an upsetting

cycle ensures that in any Nash equilibrium of this game, as the perturbation gets small, the

probability that each type uses the outside option approaches 1. This implies that all dom-

inant deviations are stabilized and consequently all deviation are stabilized. I now formally

introduce the auxiliary game and prove Lemma 2.4.3.

Auxiliary Game for Deviations For an Strong D1 outcome o of some e = (s∗, r∗,µ∗),

the auxiliary game for deviations is given by Gun(ū, ron, σ, δ), where ū is a T dimensional

real valued vector, ron = (ron1 , r
on
2 ) is a receiver strategy pair restricted to sent messages, i.e.

roni : Mi(o) → ∆(A) and (σ, δ) is a strategy perturbation of the original game. Similarly, I

denote the restriction of r∗ to sent messages by ron∗.44 Moreover, for the given outcome o,

I will denote the equilibrium outcome pay-o� vector of the types simply by u(o).

Moves and Players of the Auxiliary Game The set of players is N . For any t ∈ T ,
the action set is Mdm(o, t) ∪ {θ}, where θ is an outside option which ends the game with

pay-o� ū. For any receiver at any message mi ∈Mn
i (o), the action set is A. A strategy of S

is given by s̃un,res : T → ∆(Mdm(o)∪ {θ}) such that for any t, s̃un,rest ∈ ∆(Mdm(o, t)∪ {θ}).
A strategy of Ri is denoted by r̃uni . Hence, r̃uni : Mn

i (o) → ∆(A). The pay-o� of each t

fromm ∈Mdm(o, t) is the same as if, for each i, at every mi ∈Mi(o), Ri chooses the mixed

response δRi
σRi

+ (1− δRi
)roni (mi) and at every mi ∈Mn

i (o), Ri chooses the mixed response

δRi
σRi

+ (1− δRi
)r̃uni (mi) in G. Let s̃

un be some sender strategy of the original game such

that for all t ∈ T , s̃unt (m) = 0, ifm ∈Mdv(o) \Mdm(o, t) and s̃unt (m) = s̃un,rest (m), ifm ∈
Mdm(o, t). The pay-o� of Ri is the same as if the sender uses the strategy δSσS +(1−δS)s̃un

in G.

Equilibrium of the Auxiliary Game A Nash equilibrium ẽun consists of strategies

s̃un,rest for each t ∈ T and a receiver strategy pair r̃un. For tractability, I will consider some

s̃un that satis�es the condition given in the previous paragraph. Hence, with slight abuse of

notation, eun will be given by a pair (s̃un, r̃un).

I now show that, for a given completely mixed strategy vector and any sequence of

auxiliary game for deviations, if the on-path restricted receiver's strategy pair converges

43This is because, each step of stabilizing may a�ect the pay-o�s of the sender from the previously

stabilized neighbor deviations, violating the indi�erence conditions.
44Note that ron∗ does only depend on o, not to the particular selection of the receiver strategy pair r∗.
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to the equilibrium restricted receiver's strategy pair and the utility that each type obtains

from the outside option converges to the equilibrium utility, then in any equilibrium of the

corresponding auxiliary game, as the perturbation gets small, the probability that each type

uses a deviation vanishes. Hence, all dominant deviations are stabilized. Moreover, it turns

out that, as the perturbation gets small, the receiver strategy pair that the receivers use

converges to some receiver strategy pair of some equilibrium with the same outcome.

Lemma 2.4.3. For almost all M-SER games, for any Strong D1 equilibrium outcome o, for

which there does not exist an upsetting cycle, the following holds. For any ε > 0, there exist

numbers δ̄un(ε), εun > 0 such that: if δ < δ̄(ε), ron is εun-close to ron∗ and ū is εun-close to

u(o), then for any σ and any equilibrium ẽun = (s̃un, r̃un) of Gun(ū, ron, σ, δ), we have

i)
∑

m∈Mdv
+ (o)

s̃unt(o,m)(m) < ε.

ii) There exists a strategy pair r′ of some e with outcome o which is ε close to r̂, where

∀i,∀mi ∈Mi(o) : r̂i(mi) = roni (mi) and ∀mi ∈Mn
i (o) : r̂i(mi) = r̃uni (mi).

Proof. i) First, I state an observation which follows almost immediately from Proposi-

tion 2.4.2. For almost all M-SER games, for any Strong D1 equilibrium outcome for which

there does not exist an upsetting cycle, there exists no pair (s, r) with r ∈ <(o) such that

� For any t, supp(st) ∈ Mdm(o, t) ∪M(o). For any mi ∈ suppi(s) ∩Mdm
i (o), ri(mi) ∈

MBRi(µ
s
i (mi),mi).

� For some m ∈ supp(s) ∩Mdm(o), ut(o,m)(m, r) ≥ ut(o,m)(o).

Furthermore, I introduce the following notation for the set of receiver strategy pairs that

are consistent with some on-path restricted receiver strategy pair ron and strategy of the

sender s. Formally, let

<(ron, s) = {r : ∀mi ∈Mi(o) : ri(mi) = roni (mi), ∀mi ∈Mn
i (o)∩suppi(s) : ri(mi) ∈MBR(µs,mi)}.

I now prove a property which will allow me to prove the result. I show that there is some

ε̂ > 0 such that for any ron and ū that are ε̂ close to ron∗ and u(o), respectively, and any

strategy s with
∑
t∈T

∑
m∈Mdv

+ (o)

st(m) > 0, the following holds. If
∑

m∈Mdm(o)

st(o,m)(m) > (1 −

ε̂)
∑
t∈T

∑
m∈Mdv(o)

st(m) then, for any r ∈ <(ron, s), there exists some m ∈ supp(s) such that

ut(o,m)(m, r) < ūt(o,m). Assume that there exists a sequence of (sk, ronk , rk, ūk, ε̂k) for which

the property is not satis�ed and ε̂k converges to 0. One can assume w.l.o.g. that there is some
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L > 0 such that for each sk, we have
∑
t∈T

∑
m∈Mdv

+ (o)

skt (m) = L. By the Bolzano-Weierstrass

Theorem (B.W.), there is a convergent subsequence with in which sk converges to s̄ and rk

converges to r̄. Note that r̄ ∈ <(o). By the upper hemi-continuity of the best response

correspondence, for any mi ∈ suppi(s̄) ∩ Mdm
i (o), we have r̄i(mi) ∈ MBRi(µ

s̄
i (mi),mi).

Moreover for any deviation m ∈ supp(s̄) ∩Mdm
i (o), ut(o,m)(m, r̄) ≥ ut(o,m)(o). But this

contradicts the observation presented in the �rst paragraph. To �nish the proof, note that

the property implies that if ron is ε̂-close to ron∗ and ū is ε̂-close to u(o), then, for any ẽun,

we have
TδS

∑
t∈T

∑
m∈Mdv

+ (o)

σt(m)

(1− δS)
∑

m∈Mdv
+ (o)

s̃unt(o,m)(m)
>

ε̂

1− ε̂
.

Since
∑
t∈T

∑
m∈Mdv

+ (o)

σt(m) < 1, for any ε > 0, we can pick εun = ε̂ and δ̄un(ε) as the solution

of δ̄un(ε)

1−δ̄un(ε)
= ε ε̂

T (1−ε̂) such that the statement holds.

ii) Assume that for any ε > 0, there is a sequence of (r̂k, ūk) such that each r̂k is ε

distant to the set of receiver strategy pairs of outcome o. Assume also w.l.o.g that ε is

small such that, by part i), for all k we have m ∈ Mdm(o) : ut(o,m)(m, r̂k) ≤ ūkt(o,m). By

B.W., the sequence has a convergent subsequence that converges to some r̄. By the upper

hemi-continuity of the best response correspondences, we have r̄ ∈ <(o). Hence, it belongs

to some e with outcome o. Contradiction.

I now prove the main result. In simpli�ed terms, I put together strategies derived from

two auxiliary games to derive a close-by equilibrium. The method is roughly the same with

the one used in the proof of Theorem 3 of Banks and Sobel (1987). Banks and Sobel (1987)

show that for almost all one-audience signaling games, if deviations can be independently

stabilized, then one can construct a close-by equilibrium by putting together voluntary

strategies used for stabilizing deviations and voluntary strategies used for equilibrium mes-

sages.

Theorem 2.4.1. For almost all M-SER games, any Strong D1 equilibrium outcome which

satis�es the no upsetting cycle condition is strategically stable.

Proof. Take a completely mixed strategy vector σ = (σS, σR1 , σR2) and project it to Gsent

by replacing the sum of mass that S attaches to the message pairs in Mn(o) to (m̄1, m̄2) for

each type t and project σR1 and σR2 respectively to M1(o) and M2(o). Denote the projected

mixed strategy of S by σ′s. Hence, σ
′
t(m̄1, m̄2) =

∑
m∈Mn(o)

σt(m), and σ′t(m) = σt(m) for all

m ∈M1(o)×M2(o).
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I consider ẽsent = (s̃sent, r̃sent) of Gsent(σ′, δ), and, when no confusion can arise, I denote

the restriction of r̃sent to M1(o) × M2(o) also by r̃sent. Moreover, let ūsent be the T -

dimensional utility vector that speci�es the utility that each type obtains from voluntarily

chosen message pairs in ẽsent. For any ε > 0, let δ̄( ε
3
) and δ̄A( ε

3
) be as de�ned in Lemma 2.4.1

and Lemma 2.4.2. For any εun, let δ̄1( ε
3
, εun) < δ̄( ε

3
) be a number such that for any δ <

δ̄1( ε
3
, εun), for any ẽsent = (s̃sent, r̃sent) of Gsent(σ′, δ), r̃sent and ūsent are εun close to u(o)

and ron, respectively.

Using these observations together with Lemma 2.4.3 imply that there exists δ̂ such that

for any δ < δ̂, there exists ẽsent of Gsent(σ′, δ) and ẽun of Gun(ūsent, r̃sent, σ, δ) such that

ẽsent is ε
3
close to esent, r̂ is ε

3
close to some r′ of e with outcome o, and∑

m∈Mdv
+ (o)

s̃unt(o,m)(m) < min{δ̄( ε
3

), δ̄A(
ε

3
),
ε

3
}. (2.3)

From now-on assume that δ < δ̂ and assume w.l.o.g. that ε
3
is so small that in any ẽun

all dominant deviations are stabilized. Since the equilibrium outcome is Strong D1, all

deviations are stabilized. Note that it is not guaranteed that the combination of s̃un and

s̃sent constitutes a well de�ned strategy of the sender for G(σ, δ). To solve this, �rst I

consider Gsent
A (σ̄T , σ

′
R1
, σ′R2

, δ̄T , δR1 , δR2), where (σ̄t, δ̄t)t∈T is given by

∀t ∈ T : δ̄t = δS + (1− δS)
∑

m∈Mdv(o)

s̃unt (m),

∀t ∈ T : ∀m ∈M(o) : σ̄t(m) =
δSσ

′
t(m)

δ̄kt
,

∀t ∈ T : σ̄t(m̄1, m̄2) =

δSσ
′
t(m̄1, m̄2) + (1− δS)

∑
m∈Mdv(o)

s̃unt (m)

δ̄t
.

Notice that by (2.3) for any t: δ̄t < δ̄A( ε
3
). Hence, by Lemma 2.4.2, Gsent

A (σ̄T , σ
′
R1
, σ′R2

, δ̄T , δR1 , δR2)

has an ε
3
-close equilibrium with the same receiver strategy pair as ẽsent. Transform the sender

strategy to Gsent and denote it by s̃′
sent

. Mapping back the voluntary strategies of the sent

game together with the voluntary mixtures of the sender, a strategy s̃ for G(σ, δ) is derived.

Formally, s̃ is constructed as follows:

∀m ∈M1(o)×M2(o),∀t ∈ T : s̃t(m) =
(1− δ̄t)s̃′

sent

t (m)

1− δS
,

∀m ∈Mdm(o), ∀t ∈ T : s̃t(m) = s̃unt (m).

Similarly, combining the receiver responses of r̃un and r̃sent, a receiver strategy pair r̃ for
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G(σ, δ) is derived. Formally, r̃ is constructed as follows:

∀i, ∀mi ∈Mi(o) : r̃i(mi) = r̃senti (mi),

∀i, ∀mi ∈Mdm
i (o) : r̃ki (mi) = r̃uni (mi),

∀i, ∀mi ∈M i \ (Mi(o) ∪Mdm
i (o)) : r̃i(mi) ∈MBR(µσS ,mi).

These strategies constitute a Nash equilibrium of G(σ, δ), and, by construction, this equi-

librium is ε-close to some e′ with outcome o(e). The equilibrium outcome is stable.

Note that by Proposition 2.4.1, Theorem 2.4.1 has an immediate corollary.

Corollary 2.4.1. For almost all M-SER games, the following condition is satis�ed. If there

is an order � on T such that for any i and any mi ∈ Mi, �mi
coincides with �, then any

Strong D1 equilibrium outcome is stable.

2.5 Concluding Remarks

In this chapter I have introduced simple generalizations of the concepts D1 (Cho and Kreps,

1987) and Universal Divinity (Banks and Sobel, 1987) for a class of two-audience private

signaling games. As the main result, I showed that for almost all M-SER games, any Strong

D1 equilibrium outcome, for which there does not exist any upsetting cycle, is stable. In

future work, it would be interesting to characterize classes of games for which Strong D1

equilibrium outcomes exist, and perhaps to �nd classes of games where Strong D1 is implied

by stability. I conjecture that the uniqueness and existence result, presented in the simple

model of Chapter 3, can be extended to the case of more than two types.

2.6 Appendix

2.6.1 List of Notations

I write the notation, and brie�y explain it.

� S,Ri : The sender, Receiver i

� T : Type set

� M : Message Set

� m, (mi,m−i) : Message pair
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� Mi : Messages for Ri

� m,mi : Message(singleton)

� λ : For a given mi, a probability distribution on T ×M−i

� µi : A belief schedule, µ : A belief schedule pair

� BRi(λ,mi), MBRi(λ,mi) : The set of pure and mixed best responses of the Receivers

� s : Strategy of the sender

� r : Strategy pair of the receivers

� BRt(r) : Best responses of type t to strategies of the Receivers

� e : Sequential Equilibrium

� o : Sequential Equilibrium Outcome

� Mi(o) : The set of sent messages to receiver i

� Mn
i (o) : The set of message pairs in Mi that are not sent to receiver i

� <(o) : The set of receiver strategy pairs that are consistent with o at sent messages

� <sup(o) : The set of supporting receiver strategy pairs that are consistent with o at

sent messages

� Mdv(o) : The set of deviations

� Mdv
+ (o) The set of potentially pro�table deviations

� T (o,m) : The set of most likely types for a deviation (denoted as t(o,m), if singleton)

� comp(o,m) : Necessary compensation of types in T (o,m) at m

� Mdm(o) : The dominant deviation set

� Mdm(o, t) : The set of dominant deviations for which t is a most likely type

� N(o,mi) : The set of neighbor message pairs which has common unsent message mi

� m ∧m′ : Common unsent message of two neighbor message pairs

� ron∗ : Equilibrium on-path restricted strategy pair for the receivers
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� Cq : Quasi-cycle

� �mi
: Preference ordering of Receiver i at mi

� sel(o, Cq) : Selected Half of a quasi-cycle

� �c: Order consistent with quasi-cycle selection

2.6.2 D1 and Universal Divinity for One-Audience Signaling Games

In this section, I brie�y introduce the notions of D1 of Cho and Kreps (1987) and Universal

Divinity of Banks and Sobel (1987). I will follow the treatment of Cho and Sobel (1990).

Fix an equilibrium e, for a message m that is not used in e, I de�ne P (t|m) and P 0(t|m) by

P (t|m) = {α ∈MBR(T,m) : ut(e) < ut(m,α)},

P 0(t|m) = {α ∈MBR(T,m) : ut(e) = ut(m,α)}.

P (t|m) corresponds to the set of responses that make a type t better-o� at a message m and

P 0(t|m) corresponds to the set of the responses that make a type t indi�erent at a message

m, compared to the equilibrium message.

D1 Criterion A type t survives D1 for unsent message m if there is no t′ ∈ T \ {t} such
that

P (t|m) ∪ P 0(t|m) ⊂ P (t′|m).

In words, a type t survives the D1 criterion for unsent message m, if for any other type t′

there exists a response α for which the unsent message m is pro�table for t, but the unsent

message is not strictly pro�table for t′. A sequential equilibrium is said to be D1 if the

equilibrium is supported by beliefs that survive the above criterion or if no types survive the

criterion. An equilibrium outcome of a D1 equilibrium is called a D1 equilibrium outcome.

Universal Divinity Criterion A type t survives Universal Divinity for unsent message

m if

P (t|m) ∪ P 0(t|m) 6⊂
⋃

t′∈T\{t}

P (t′|m).

In words, a type t survives the Universal Divinity criterion for unsent message m, if there

exists a response α for which the unsent messagem is pro�table for t, but the unsent message

is not strictly pro�table for any other type. Similarly, one say that a sequential equilibrium

satisfy Universal Divinity, if the equilibrium is supported by beliefs that survive the above

criterion or if no types survive the criterion.
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2.6.3 Generic SER and M-SER Games

For a �xed prior p0, the set of private signaling games are given as R3(|T |×‖M |×|A|2). The set of

private separable signaling games, corresponds to Euclidean space: R(|T |×‖M |×|A|2)+|T ||A|(|M1|+|M2|).

SER games on the other hand, corresponds to a subset of such games in which the utility of

the senders can be represented by : (ft(), (ψ1), (ψ2()). Therefore, it might seem that SER

games corresponds to the space R|T |×‖M |+(|A|+|A||T |)(|M1|+|M2|), however note that the same

game can be represented by more than one (ft(), (ψ1), (ψ2()). Therefore, a normalization is

necessary. In the following observation, I present such a normalization.

Observation 2.6.1. The set of SER games is represented by R|T |×‖M |+(|A|+|A||T |−1)(|M1|+|M2|).

Proof. Fix an action a ∈ A and a number b ∈ R. Set ψi(mi, a) = b for all mi ∈ Mi. I

now show that any SER game can be represented by this normalization. Take some other

representation with ∀mi ∈ Mi : ψi(mi, a) 6= b, choose an action a and deduct ψi(mi, a) to

make new ψ′i(mi, a) = b, while also increasing ft with the total deduction. Adjust other

ψ at other points. An element of space R|T |×‖M |+(|A|+|A||T |−1)(|M1|+|M2|) with the desired

normalization is derived. To show that the same game in SER can not represented by two

elements of this set, note that for each such representation all values of ft(m1,m2) should

coincide. Moreover, since ψ1(m1, a) and ψ2(m2, a) are �xed; they determine all ψi(mi, a
′)

for all i, all mi ∈Mi and all a′ ∈ A. The conclusion follows.

2.6.4 Stability and Finiteness of Equilibrium Outcomes

In this part of the Appendix, I provide the proof of various crucial preliminary results.

Proposition 2.6.1. For almost all SER or M-SER games, an equilibrium outcome in which

all messages are used, is quasi-strict and stable.

Proof. I will use a relatively straightforward adaptation of constructions and arguments of

Kreps and Wilson (1982). Such a proof is warranted, because Kreps and Wilson's (1982)

results and constructions are not directly applicable to SER games which are not generic

in the set of two-audience private signaling games. Note also that Banks and Sobel (1987)

use (without proof) a version of this result for one-audience signaling games. I will �rst

introduce preliminaries and then construct a mapping which maps roughly an equilibrium

of a game together with some data of the game to the set of SER games. I will show that

this mapping behaves �nicely� for almost all SER games. It turns out that, for such games,

for any equilibrium in which all messages are used, for any small perturbation, there is a
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close-by equilibrium. An easy extension of this argument will show that such equilibria are

stable.

I �x a game tree and consider SER games with that tree. I use the representation given in

Observation 2.6.1. Hence, SER games are given by U = R|T |×‖M |+(|A|+|A||T |−1)(|M1|+|M2|). Let

(s, r) be some strategy pair, for such a pair, I call the mapping which maps the information

sets of players to the actions used with positive probability, the carrier. I denote the carrier

of (s, r) by C(s, r). Formally, C(s, r) : M1 ∪ M2 ∪ T → 2M∪A \ ∅ and for each t ∈ T ,

C(t) = supp(st) and for all i and all mi ∈ Mi, C(mi) = supp(ri(mi)). Moreover, let

M c
i = {mi ∈ Mi : ∃t ∈ T,∃m−i ∈ M−i, (mi,m−i) ∈ C(t)} and for any mi ∈ M c

i , let

T c(mi) = {t ∈ T : ∃m−i ∈ M−i, (mi,m−i) ∈ C(t)}. Similarly, I introduce a best response

mapping for (s, r) which maps information sets of players to the best response actions. This

mapping is denoted by B(s, r). Now, with slight abuse of notation, consider two arbitrary

mappings B and C such that B : M1∪M2∪T → 2M∪A \∅ and C : M1∪M2∪T → 2M∪A \∅.
For a given (B,C), I will be interested in the sets of equilibria with strategies (s, r) such

that B(s, r) = B and C(s, r) = C.

More speci�cally, I focus on equilibria in which the beliefs of the receivers, at unsent

messages, put positive probability to a restricted set of types. Denote Mi \M c
i by M

nc
i . For

any C, I say that any mapping T nc : Mnc
1 ∪Mnc

2 → T is a type-restriction mapping. For a

given C and T nc, let

EC,Tnc = {(s, r,µ) : C(s, r) = C, µi : Mnc
i → ∆+(T nc(mi))},

where ∆+(T nc(mi)) is the interior of simplex ∆(T nc(mi)). Note that the elements of EC,Tnc

correspond to some sequential equilibria of some u. For a given B, consider for each t ∈ T
and each mi ∈Mi, consider the sets:

DB(t) = {dt ∈ R|M | : ∀m ∈ B(T ), dt(m) = 0,∀m 6∈ B(T ), dt(m) < 0},

DB(mi) = {dmi
∈ R|A| : ∀a ∈ B(mi), dmi

(a) = 0, ∀a 6∈ B(mi), dmi
(a) < 0}.

I denote the collection of these sets DB and a typical element by d. Note that any d

determines how much utility each action of the given player induces compared to the best

responses at the given information set.

For a given C and T nc, I now remove some information from u. To do this formally, I

introduce a function gC : T ∪M1 ∪M2 →M ∪ (T × A) such that

∀t ∈ T : gC(t) ∈ C(t), ∀mi ∈Mnc
i : gC(mi) ∈ (T nc(mi)× C(mi)),

∀mi ∈Mi \Mnc
i , gC(mi) ∈ (T c(mi)× C(mi)).
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For all t ∈ T and all M \ gC(t), remove ft(m). For all mi, if gC(mi) = (t, a), remove

vi(t,mi, a
′) for all a′ ∈ A \ a. Denote the space of data of SER games, derived by removing

the data according to a function gC , by U−gC . For a given (B,C), T nc and gC and some

e ∈ EC,Tnc and d ∈ DB and some u−gC ∈ U−gC , I can now recover u. I will do this as follows.

Note that for any t ∈ T and any m′ = (m′1,m
′
2) ∈M \ gC(t), we have

ft(m
′) = ft(gC(t)) + ψ1(m1, r1) + ψ2(m2, r2)− ψ1(m′1, r1)− ψ2(m′2, r2) + dt(m

′). (2.4)

Hence, ft(m
′) can be recovered, as we know the value of the right-side of the equality. For

any mi, let st(mi) =
∑

m−i∈M−i

st(mi,m−i). For any mi ∈ Mi \Mnc
i , if gC(mi) = (t, a), then

for any a′ ∈ A \ a, vi(t,mi, a
′) can also be recovered. This is because, we have

vi(t,mi, a
′) =

∑
t′∈T

st′(mi)vi(t
′,mi, a)−

∑
t′∈T\t

st′(mi)vi(t
′,mi, a

′) + dmi
(a′)

st(mi)
. (2.5)

The last equality is applicable to the case where mi ∈ Mnc
i , if we replace st(mi) with

µi(t|mi). I denote the map which recovers the removed data as above and self-projects

the remaining data, by φ. Hence, φ : EC,Tnc ×DB × U−gC → U . Note that the operations

described above, include projections, addition, subtraction, multiplication and divisions only

by positive numbers, hence, φ is a smooth map. I say that u ∈ U is nice (similar to Kreps

and Wilson, 1982), if for any C, any T nc and any B ⊃ C, u is a regular value of the mapping

φ. Notice that for a given B,C and T nc regular values of φ are invariant to the choice of

gC . This follows because EC,Tnc ×DB × U−gC is di�eomorphic to EC,Tnc ×DB × U−g′C , for
any selection gC , g

′
C .

For any u ∈ U and any C consider games derived from removing moves which do not

belong to C and projecting the values of u into the sub-game. I say that u is very nice, if

its projection to end points of any such sub-game is nice. Since there are many �nitely such

games and �nitely many C,B, T nc, an application of Sard's theorem shows that the set of

not very nice games has zero measure in U .

I now show two properties which follow from counting dimensions. I �rst consider an

equilibrium in which all messages are used, i.e. ∪
t∈T
C(t) = M . In this case, counting

dimensions yields

dim(EC,Tnc) =
∑
t∈T

|C(t)|+
∑

m1∈M1

|C(m1)|+
∑

m2∈M2

|C(m2)| − |M1| − |M2| − |T |,

dim(DB) =
∑
t∈T

|M | − |B(t)|+
∑

m1∈M1

|A| − |B(m1)|+
∑

m2∈M2

|A| − |B(m1)|,

dim(U−gC ) = dim(U)− |T |(|M | − 1)− (|M1 + |M2|)|A|.
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Notice that when C = B, we have dim(EC,Tnc ×DB × U−gC ) = dim(U). Consequently, for

any C in which all messages are used, if B ⊃ C and B 6= C, then we have dim(EC,Tnc ×
DB × U−gC ) < dim(U). This implies that at points in (EC,Tnc × DB × U−gC ), the rank of

the Jacobian of φ is smaller than dim(U). But since all elements of φ−1(Uvnice) are regular

points, we have φ−1(Uvnice) ∩ (EC,Tnc ×DB × U−gC ) = ∅. Hence, in any equilibrium of any

game u ∈ Uvnice in which all messages are used, we have C = B. In other words, such

equilibrium is quasi-strict.

Secondly, consider the case where for any t ∈ T and any mi ∈ Mi, B(t) = M and

B(mi) = A. In words, any action of any player is a best response according to B. In this

case for any C ⊂ B with C 6= B, we have dim(EC,Tnc × DB × U−gC ) < dim(U). This

follows from the �rst observation of the previous paragraph and from the observation that

�dimensions� gained by unused messages is lower than the �dimensions� lost by indi�erence

conditions of types. Hence, φ−1(Uvnice) ∩ (EC,Tnc ×DB × U−gC ) = ∅. There does not exist
any weak (non-quasi-strict) equilibrium with this carrier.

I now show that the set of not very nice games is closed. Take a sequence of not very nice

games, un → u. Assume w.l.o.g. that critical points (en, dn, u−gC ,n) are in EC,Tnc×DB×U−gC ,
and that they converge to some point (e, d, u−gC ) in EC,T ′nc×DB×U−gC such that for every

mi ∈ Mnc
i , T ′nc(mi) ⊂ T nc(mi). This can be done because otherwise the limit equilibrium

is a weak equilibrium of some sub-game derived from eliminating some actions. It is easy

to see that by the continuity of the Jacobian, (e, d, u−gC ) is a critical point. Hence, u is a

critical value and not very nice. To see this, for a �xed mi ∈ Mnc
i with gC(mi) = (t, a),

consider the sub-matrix of the Jacobian formed by selecting the rows on partial derivatives

of vi(mi, t, a
′) for each a′ ∈ A \ a. The rank of this sub-matrix at point (e, d, u−gC ) is lower

or equal to rank of associated sub-matrices at nearby points. Hence, Uvnice is open and full

measure subset of U .

Take now some equilibrium e of uvnice in which all messages are used. Let (e, d, ugc) be

the corresponding element in EC,Tnc ×DB × UgC . At this point, the Jacobian is invertible,

and by the Inverse Function Theorem for Manifolds (Lee, 2012), there is an open set V ⊂
EC,Tnc ×DB × U−gC , such that φV : V → φ(V ) is a di�eomorphism, where φ(V ) is an open

subset of Uvnice. One can choose arbitrarily small open set V ′ around (e, d, u−gC ) such that

for some open set U ′ ⊂ Uvnice ∪ {u}, φV (V ′) ⊂ U ′. Since e is quasi-strict, this implies that

for any small perturbation of u, there is a close-by equilibrium to e.

Note that this does not yet establish that such e is stable. This follows easily from notic-

ing that for any small strategy perturbation of the game, there is close-by SER game which

has a close-by equilibrium to e. Let (σ, δn) be a sequence of strategy perturbations such that
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δn → 0. Consider un derived from u by replacing each vi(t,mi, a) with (1− δnS)vi(t,mi, a) +

δnSvi(µ
σS ,mi, a) and replacing each ψi(mi, a) with (1−δnRi

)ψi(mi, a)+δnRi
ψi(mi, r̃). It is clear

that un → u. Notice that for any ε, there is n such that en is ε close to e and that en is also

an equilibrium of G(σ, δn). Hence, e is stable.

Proposition 2.6.2. For almost all SER games and almost all M-SER games, there exist

�nitely many sequential equilibrium outcomes and �nitely many Nash equilibrium outcomes.

Proof. I use an argument almost identical to the one given in Kreps and Wilson (1982).

Take some very nice u and some B and consider the sub-game derived by removing actions

that do not belong to B. By the previous proof, there is no weak equilibrium of this game

with the best response correspondence B. Suppose that there are in�nitely many quasi-

strict equilibria with C = B. Then, by above the limit equilibrium is also quasi-strict. But,

by the arguments in Proposition 2.6.1, such equilibrium is locally unique. Contradiction.

Repeat this procedure for any sub-game derived as above. Hence, there are many �nitely

many sequential equilibrium outcomes.

To see the �niteness of Nash equilibrium outcomes. For any message mi ∈ Mi and any

action of Ri, which is not a best response to any belief µ ∈ ∆(T ), add a dummy type and

message pair to the game such that the dummy type prefers the additional message pair

to original message pairs (irrespective of the receiver's responses) and similarly all types

prefer the original message pairs to the additional message pairs. Adjust the prior belief

such that the relative likelihood of the original types stay the same. It can be shown easily

that for generic u, such modi�ed game has �nite number of sequential equilibrium outcomes.

Note that for each Nash equilibrium outcome of the original game, the modi�ed game has

a corresponding sequential equilibrium outcome. Hence, the result follows.

I now state a crucial result that follows from the results of Kohlberg and Mertens (1986),

the properties of the signaling games and Proposition 2.6.2. Cho and Kreps (1987) proved

the counterpart of this result for one-audience signaling games.

Proposition 2.6.3. For almost all SER games, there exists a stable outcome, and for each

such outcome, there exists a sequential equilibrium that induces this stable outcome.

Proof. Using Proposition 2.6.2, one can state a version of the statement of Kohlberg and

Mertens (1986, p. 1020) as follows : For any generic SER game, all equilibria in the same

connected component, give rise to the same outcome. Moreover Kohlberg and Mertens

(1986) proved that for any game there is at-least one connected component of Nash equilibria
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that contains an hyperstable set. Using these two observation yields that for almost all

SER games there is a hyperstable outcome and consequently a stable outcome. For the

second part of the statement, note that in SER games, the types of a player can not act

in succession. Hence, any perfect equilibrium of the normal form of a SER game is also

a perfect equilibrium of its extensive form. Moreover, an easy application of the Bolzano-

Weirstrass theorem shows that any stable set includes a perfect equilibrium in normal-form.

Moreover, by Kreps and Wilson (1982), any perfect equilibrium of an extensive game is also

sequential. Therefore, by the �rst two statements, in any SER game, any stable set includes

a sequential equilibrium.

Because of Proposition 2.6.3 the following de�nition is justi�ed.

De�nition 2.6.1. For SER and M-SER games, if every strategy combination in a stable

set results in the same outcome, this common outcome is stable. A sequential equilibrium

outcome is stable, if there exist a stable set with the same outcome

Lemma 2.6.1. a) There exists an open and generic subset of (M)-SER games, in which

in every equilibrium outcome o, for every m ∈ Mdv
+ (o), T (o,m) is unique. Hence,

T (o,m) is denoted by t(o,m).

b) For any SEO o, if a reasonable conjecture (t,m) is not upsetting and α is the unique

response pair that is consistent with o and (t,m), then ut(m,α) < ut(o).

Proof. a) This comes from the �niteness of the equilibrium outcomes. Informally, perturb

ft(m) slightly for all types, except one in T (o,m), if T (o,m) is not singleton. Then, the

result follows. b) For all m ∈ Mdv
+ (o) \Mdm(o), one can perturb ft(o,m)(m) slightly such

that the indi�erence is not satis�ed for any reasonable conjecture that is not upsetting.

2.6.5 Quasi-Cycle Independence and Stability

In this section I introduce the quasi-cycle independence condition which is related but

independent from the non-existence of an upsetting cycle. I show that, for almost all M-

SER games, any Strong D1 equilibrium outcome that satis�es his condition is strategically

stable. Note that this result will be independent from Theorem 2.4.1. Hence, one can obtain

a stronger result by combining this result with Theorem 2.4.1.

To prove the result, I use the same general strategy as in Section 2.4.2. The di�erence

lies in stabilizing deviations. The quasi-cycle independence condition allows me to stabilize

deviations by imposing message speci�c probability restrictions.
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m2

m1 m3

m4

m′

Figure 2.6: An example of a quasi-cycle.

2.6.5.1 Quasi-Cycle Independence Condition

I begin by introducing two useful concepts. For any outcome o and potentially pro�table

deviation m, I denote the necessary compensation that makes t(o,m) indi�erent between

m and the equilibrium choice by comp(o,m). Hence, comp(o,m) = ut(o,m)(o)− ft(o,m)(m).

I also denote the common unsent message of two neighbor deviationsm andm′ bym∧m′.
I now de�ne the concept of a quasi-cycle, which a concept weaker than an upsetting

cycle.

De�nition 2.6.2. A quasi-cycle Cq is a �nite sequence of distinct dominant deviations

{m1, ...mK} in Mdm(o) such that

� Each deviation has two neighbor message pairs.

� For all i < K, mi improves upon mi−1.

� There is a message pairm′ 6∈ Cq which improves uponmK andmK∧m′ = mK∧m1

and m′ is not a neighbor of other message pairs.

The set of quasi-cycles is denoted by Cq(o).

A quasi-cycle is depicted by Figure 2.6. Note that the undirected edge betweenm4 and

m′ symbolizes that these deviations are neighbors.

I introduce a notion called quasi-cycle compatible order. To de�ne this order, I �rst

introduce the notion of quasi-cycle selection.

Quasi-Cycle Selection For any quasi-cycle Cq ∈ Cq(o), partition the message pairs into

two halves with the property, that no message pair is a neighbor of the elements in the

subset. Hence, I write h1(Cq) = {m1,m3,m5, ....} and h2(Cq) = {m2,m4,m6, ....} .
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De�nition 2.6.3. hi(Cq) is a selected half: sel(o, Cq) of Cq if∑
m∈hi(Cq)

comp(o,m) ≥
∑

m′∈h−i(Cq)

comp(o,m′). (2.6)

I assume that following condition holds.

Assumption 4 (A4). For any equilibrium outcome o for any Cq ⊂ Mn(o), sel(o, Cq) is

unique.

I now de�ne the concept of quasi-cycle compatible order.

De�nition 2.6.4. For any equilibrium outcome o, a linear order �c on Mdm(o) is a quasi-

cycle compatible order, if for each quasi-cycle Cq in M
dm(o), all �c minimal elements of Cq

belong to sel(o, Cq). An equilibrium outcome satis�es the quasi-cycle independence condition,

if there exists a quasi-cycle compatible order on Mdm(o).

Explanation If such an order exists, this implies that in a particular sense quasi-cycles

are independent from each other. This would allow me to stabilize quasi-cycles, by means

of imposing probability restrictions.

I now present a simple example to illustrate a quasi-cycle compatible order.

An Example of a Quasi-Cycle Compatible Order Assume that for an equilibrium

outcome o, Mdm(o) = {m1, ..m7}. Moreover, assume that the following information given

in Figure 2.7 is true. In Figure 2.7, each edge corresponds to an improving relationship and

the number below each deviation represents the compensation for the associated most likely

type.

t(o,m2) = t(o,m5),

t(o,m4) = t(o,m7),

m1 ∧m6 = ∅.

m2

1

m3

3

m1

2

m4

1

m5

2

m6

1

m7

4

Figure 2.7: An example of a quasi-cycle compatible order.
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Note that Mdm(o) consists of two quasi-cycles: C1
q = {m1,m2,m3,m4} and C2

q =

{m3,m7,m6,m5}. This is the case, because m2, m7 and m5, m4 can not belong to the

same quasi-cycle. If m2 andm7 belong to a quasi-cycle, this implies thatm6 andm5 also

belong to the quasi-cycle, but m2 and m5 can not not be in the same quasi-cycle. I now

�nd the selected-half of C1
q and C2

q . Note that

comp(o,m1) + comp(o,m3) = 2 + 3 > comp(o,m2) + comp(o,m4) = 1 + 1,

comp(o,m5) + comp(o,m7) = 2 + 4 > comp(o,m3) + comp(o,m6) = 3 + 1.

Hence sel(o, C1
q ) = {m1,m3} and sel(o, Cq

2) = {m5,m7}. Consider a linear order such

that for any m′ ∈ C1
q ∪ C2

q ,m
′ � m5 and for any m′ ∈ C1

q ∪ C2
q \ {m5},m′ � m3. Note

that the minimal element in C1
q is m3 and the minimal element in C2

q is m5. Hence, the

order is quasi-cycle compatible order.

Note that the quasi-cycle independence condition is satis�ed, if every dominant deviation

have at most two neighbors in Mdm(o)∩Mn(o). Hence, this condition is satis�ed in simple

games even if there is an upsetting cycle.

Note also that in the example of Section 2.4.1.2, for the Strong D1 outcome, there is an

upsetting cycle. But this upsetting cycle happens to be the only quasi-cycle for the outcome.

Hence, the equilibrium outcome satis�es the quasi-cycle independence condition.

2.6.5.2 A Variation of the Auxiliary Game for Deviations

I now introduce a variation of the auxiliary game for deviations for a Strong D1 equilibrium

outcome o that satis�es the quasi-cycle independence condition. Di�erently from the aux-

iliary game in the main text, in this game each type t is split into |Mdm(o, t)| types who
can choose the respective dominant deviation or an option which yields a pay-o� close to

equilibrium pay-o�. Moreover, the �probability� that type t uses a deviation m ∈ Mdm(t)

is restricted by x(m). Formally, this variation is given by GUn(ū, x, ron,k, σ, δ), where x

is a vector of dimension Mdm. The set of players is T̃
⋃
{R1, R2}, where T̃ is the set of

split types. Formally, T̃ =
⋃
t∈T

⋃
m∈Mdm(o,t)

t̃m, where t̃m denotes the m restricted version

of t. For any t̃m ∈ T̃ , the action set is {θ,m}. A strategy of split type t̃m is given by

s̃un
t̃m
∈ ∆({θ,m}). A strategy of Ri is denoted by r̃uni , where r̃uni : Mn

i (o) → ∆(A). The

pay-o� of each t̃m from m is the same as if, at every mi ∈ Mi(o), Ri chooses mixed re-

sponse δRi
σRi

+ (1 − δRi
)roni (mi) and at every mi ∈ Mn

i (o), Ri chooses mixed response

δRi
σRi

+ (1 − δRi
)r̃uni (mi) in G. Let s̃un be some sender strategy such that s̃unt (m) = 0 if

m ∈ Mdv(o) \Mdm(o, t) and s̃unt (m) = s̃un
t̃m

(m)x(m). The pay-o� of Ri is the same as if

the sender uses the strategy δSσS + (1 − δS)s̃un in G. x is speci�ed according to a quasi-

cycle compatible order �c as follows: Partition Mdm(o) into equivalence classes according
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to �c: Mdm,1(o), ....Mdm,K(o) such thatm �c m′ ifm ∈Mdm,n(o) andm′ ∈Mdm,k(o) and

n < k. Take a positive number ε̃ such that 0 < ε̃ < 1
|M | . I say x is determined by {�c, ε̃}, if

x(m) = ε̃k, when m ∈Mdm(o, t) ∩Mdm,k(o).

An Example of Probability Restriction Vector Consider the previous example of an

quasi-cycle compatible order. Assume further that |M | = 9, and hence pick ε̃ = 1
10
. The

probability restriction vector which is determined by {�c, ε̃}, is given as follows, x(m3) =
1

100
, x(m5) = 1

1000
and for all other message pairs m, x(m) = 1

10
.

2.6.5.3 Results

I now prove the results. First, I prove a useful lemma.

Lemma 2.6.2. For any Cq ∈ Cq(o), for any sequence of real numbers chosen for each mes-

sage: ymi
, the following holds. If there exists (m′1,m

′
2) ∈ sel(o, Cq): and for every (m1,m2) ∈

Cq \ (m′1,m
′
2}: we have ym1 + ym2 = comp(o,m1,m2), then ym′1 + ym′2 < comp(o,m′1,m

′
2).

Proof. Assume not, then we have: 2
∑

mi∈Cq

y(mi) ≥
∑

m∈sel(o,Cq)

comp(o,m)+
∑

m′∈Cq\sel(o,Cq)

comp(o,m′).

We know
∑

m′∈Cq\sel(o,Cq)

comp(o,m′) =
∑

mi∈Cq

y(mi) , but then, we have
∑

m∈sel(o,Cq)

comp(o,m) ≤∑
m′∈Cq\sel(o,Cq)

comp(o,m′). Contradiction.

I also introduce a useful property. A slightly weaker version of this property was implic-

itly used in Section 2.4.

Property 1. For any M-SER game with |T | ≥ 2, there exists a real number q ∈ (0, 1) such

that the following condition is satis�ed. If for some sender strategy s, st(mi,m−i) > 0 and

ψi(mi, BRi(t,mi)) < max
a∈BRi(µsi (mi),mi)

ψi(mi, a) for some t ∈ T and some (mi,m−i) ∈M , then

there is some t′ ∈ T and some m−i ∈M−i such that t′ �mi
t and st′(mi,m

′
−i) > qst(mi,m−i).

With these, I now present a counterpart of Lemma 2.4.3. Note that in the statement, q

refers to some value such that Property 1 is satis�ed for the associated SER game.

Lemma 2.6.3. For almost all M-SER games, for any Strong D1 equilibrium outcome o

which satis�es the quasi-cycle independence condition, the following holds. For any ε > 0,

there exist numbers δ̄un(ε), εun > 0 such that: if δ < δ̄(ε), ron is εun-close to ron∗ and ū is

εun-close to u(o), then for any σ, any restriction vector x which is determined by (�, q|M |)
and any equilibrium ẽun = (s̃un, r̃un) of Gun(ū, x, ron, σ, δ), we have

i)
∑

m∈Mdv
+ (o)

s̃unt(o,m)(m) < ε.
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ii) There exists a strategy pair r′ of some e with outcome o which is ε close to r̂, where

∀i,∀mi ∈Mi(o) : r̂i(mi) = roni (mi) and ∀mi ∈Mn
i (o) : r̂i(mi) = r̃uni (mi).

Proof. I will prove only i). ii) follows from using the identical argument of Lemma 2.4.3.

Note that for almost all M-SER games, for any Cq, sel(o, Cq) is unique. As a consequence,

when ū is su�ciently close to u(o), even if we replace comp(o,m) with ūt − ft(m), the

conclusion of Lemma 2.6.2 holds. Assume w.l.o.g that εun is su�ciently small such that, for

any dominant deviation m, if the receivers use responses consistent with t(o,m), then m

will yield a loss for t(o,m).

I will show that, for any ẽun,

q|M|
∑

m∈Mdv
+ (o)

s̃un
t(o,m)

(m)

|M | < δS, which will establish the result.

Assume that this property does not hold. Letm′ = (m′1,m
′
2) = arg max

m∈Mdm(o)

s̃unt(o,m)(m). Hence,

s̃unt(o,m′)(m
′)q|M | ≥ δS. Repeated application of Property 1 implies that for some i the

maximal element of the set

{m ∈ N(o,m′i) :
s̃unt(o,m)(m)

s̃unt(o,m′)(m
′)
≥ q|(N(o,mi)∩Mdm(o))\Mn(o)|},

belongs toMdv(o)∩Mn(o) and it improves uponm′. Here, as before, the maximal deviation

means that the deviation is not improved by another deviation in the set. Denote that

deviation by m′′ = (m′′1,m
′′
2). Remove all deviations in (N(o,mi) ∩Mdm(o)) \Mn(o) from

the message set and denote the set of remaining message pairs by M ′. For each i denote

|(M ′ ∩N(o,m′′i ) ∩Mdm(o)) \Mn(o))| by k(i). Then, the same idea shows that, for some i,

the maximal deviation in {m ∈ N(o,m′′i ) :
s̃un
t(o,m)

(m)

s̃un
t(o,m′′)

(m′′)
≥ qk(i)} improves upon m′′. Using

this procedure iteratively brings us to a quasi-cycle Cq with the following property:

q|M |−1 max
m∈Cq

s̃unt(o,m)(m) ≤ min
m∈Cq

s̃unt(o,m)(m). (2.7)

Note that as sel(o, Cq) is unique, there exists a non-minimal (according to �c) message

pair m′ in Cq with ũ
un
t(o,m′)(m

′) > ūt(o,m′) and x(m′) = s̃unt(o,m′)(m
′). These hold because

otherwise by Lemma 2.6.2, for at least one non-minimal message m we have ũunt(o,m)(m) <

ūt(o,m). Let m′′ be a minimal message of Cq. Note that, by construction, s̃unt(o,m′′)(m
′′) ≤

x(m′′) < q|M |x(m′) which contradicts (2.7).

Using the results in Section 2.4.2 and making use of the proof of Theorem 2.4.1, the

following result is immediately obtained.

Theorem 2.6.1. For almost all M-SER games, any Strong D1 equilibrium outcome o which

satis�es the quasi-cycle independence condition is strategically stable.
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2.6.6 Computational Tractability of Concepts

In this part of the Appendix, I analyze the tractability of concepts including Strong D1, the

no upsetting cycle condition, and the quasi-cycle independence condition. By tractable, it

is meant that there is a well-de�ned and �nite procedure to check. Note that computational

e�ciency is not aimed, as this is outside scope of this paper.45

2.6.6.1 Computational Tractability of Strong D1

I now investigate the tractability of the Strong D1 concept. Note that via a �nite and

simple procedure, one can calculate the set of upsetting conjectures. Having calculated

the set of upsetting deviations, checking whether an equilibrium outcome is Strong D1, is

reduced to solving �nitely many linear programming problems. I assume that A1-A4 are sat-

is�ed. Moreover, for tractability, I will call a potentially pro�table deviationm upsetting if

(t(o,m),m) is an upsetting conjecture. I denote the set of upsetting deviations byMups(o).

Below, I consider the space R|Mn
1 (o)|+|Mn

2 (o)|, where for any vector x ∈ R|Mn
1 (o)|+|Mn

2 (o)|, xmi

denotes the value x attaches to mi ∈Mn
i .

Observation 2.6.2. An equilibrium outcome o of equilibrium e = (s∗, r∗,µ∗) is Strong D1,

if any vector x ∈ R|Mn
1 (o)|+|Mn

2 (o)| that satis�es the system of linear inequalities described by

(2.8), (2.9),(2.10), does not satisfy any linear inequality described by (2.11) and (2.12).

∀mi ∈Mn
i (o),minψi(mi, BRi(T,mi)) ≤ xmi

≤ maxψi(mi, BRi(T,mi)), (2.8)

∀m ∈ (Mn(o) ∩Mdv
+ (o)) \Mups(o) : xmi

+ xm−i
≤ comp(o,m), (2.9)

∀m = (mi,m−i) ∈Mdv
+ (o) \Mups(o) : m−i ∈M−i(o) : xmi

+ ψ−i(m−i, r
∗) ≤ comp(o,m),

(2.10)

∀m ∈Mups(o) ∩Mn(o) : xmi
+ xm−i

≥ comp(o,m), (2.11)

∀m = (mi,m−i) ∈Mups(o),m−i ∈M−i(o) : xmi
+ +ψ−i(m−i, r

∗) ≥ comp(o,m). (2.12)

Linear Programming Scheme The conditions of Observation 2.6.2 can be checked by

solving �nitely many linear programs, as follows:

1 If m ∈ Mups(o) ∩Mn(o), then solve the linear program max(xmi
+ xm−i

) subject to

(2.8), (2.9), (2.10), and check whether x∗mi
+ x∗m−i

≥ comp(o,m), where x∗ denote the

solutions. If the inequality is satis�ed, then the equilibrium outcome is not Strong D1.

2) Ifm ∈Mups(o), and m−i ∈M−i(o), then solve the linear program maxxmi
subject to

(2.8), (2.9), (2.10), and then check whether x∗mi
≥ comp(o,m)− ψ−i(m−i, r∗). If the

inequality is satis�ed, the equilibrium outcome is not Strong D1.

45See McKelvey et al. (1996) for discussions about computation and e�ciency.
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3) If the inequalities are not satis�ed for any message pair m ∈ Mups(o), then the

equilibrium outcome is Strong D1.

Note that known algorithms can solve each linear programming problem in polynomial

time, if the coe�cients of the linear program are rational numbers.46 Unfortunately, the

data of the game and equilibrium do not generally consists of only rationals. However, one

can approximate the data of the game and equilibrium by rational valued vectors and �nd

whether the equilibrium outcome is Strong D1.

I simply approximate each polytope by a sequence of larger convex polytopes with ratio-

nal coe�cients. In the following discussion, I denote a converging sequence from below by

→
<

and from above by →
>
. I introduce for each k ∈ N and m ∈ Mdv

+ (o): a rational number

εk(m), and for each k ∈ N and mi ∈ Mn
i (o), two rational numbers εkmax(mi) and εkmin(mi)

which satisfy the following conditions:

� If m ∈ (Mn(o) ∩Mdv
+ (o)) \Mups(o), then εk(m)→

>
comp(o,m).

� Ifm ∈Mdv
+ (o)\Mups(o) and m−i ∈Mn

i (o), then εk(m)→
>
comp(o,m)−ψ−i(m−i, r∗).

� If m ∈Mups(o) ∩Mn(o) then εk(m)→
<
comp(o,m).

� If m ∈Mups(o) and m−i ∈Mn
−i(o), then ε

k(m)→
<
comp(o,m)− ψ−i(m−i, r∗).

� If m ∈Mn
i (o), then εkmin(mi)→

<
minψi(mi, BRi(T,mi)).

� If m ∈Mn
i (o), then εkmax(mi)→

>
maxψi(mi, BRi(T,mi)).

Then, replace the coe�cients by the rational numbers de�ned for each k. Apply the

linear programming scheme described above for each m ∈ Mups(o). If the inequality is

satis�ed for no m ∈ Mups(o), then the equilibrium outcome is Strong D1. If not, then

repeat the procedure for k + 1. If the equilibrium outcome is Strong, this procedure stops

in �nite time. Similar to the above procedure, if I can �nd a sequence of smaller polytopes

with rational coe�cients, then I can repeat the same procedure. Such a procedure veri�es

if the equilibrium outcome is not Strong D1 in �nite time.

Note that the above procedure is used to verify that Mdm(o) ⊂ (Mdv
+ (o) \Mups(o)). A

slight variation of the procedure can be used to �nd Mdm(o) explicitly.

46The Simplex method solves each problem in average polynomial time, and Khachiyan's algorithm solves

each problem at most in polynomial time. See Schrijver (1998) for more information.
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2.6.6.2 Computational Tractability of the No Upsetting Cycle Condition and the

Quasi-cycle Independence Condition

No Upsetting Cycle condition Note that it is easy to check whether an equilibrium

outcome satisfy this condition. This follows from the ideas presented in Proposition 2.4.2.

Consider the message pairs in Mdm(o)∩Mn(o) and in each step, eliminate deviations which

are not su�ciently improved by any other deviation that remains in the set. This procedure

stops in |M | − 1 steps (crude limit), and if a message pair is not eliminated, it implies that

it belongs to a upsetting cycle.

Quasi-Cycle Independence condition In this case, as the problem is discrete, one can

�nd the set of quasi-cycles and the selected half cycles of each quasi cycle in �nite steps.

Note also that a linear order is simply a permutation of partition of Mdm(o). Hence, one

can �nd all linear orders on Mdm(o) and randomly pick a linear order and check whether

for each quasi cycle the minimal elements belong to the selected half of the quasi-cycle. If

not, then eliminate this quasi-cycle from the consideration set. Repeat this step, until there

exists no more quasi-cycles or a quasi-cycle compatible order is found.





CHAPTER 3

Gift Giving to Two Receivers



Abstract In this chapter a gift giving game between a sender and

two receivers is studied. A sender who can be altruistic or sel�sh

can give a costly gifts to one or two receivers. The high (altruistic)

type cares more about the material utility of each receiver than the

low (sel�sh) type does, but also cares relatively more about the �rst

receiver. Each receiver, after observing the size of gift(s), assesses the

type of the sender. Each type of the sender wants to be assessed as

the high type (reputation concerns). I study three variants (games):

private gifts, public gifts and compound gifts. For the private gifts

case, I use Strong D1, which is introduced in Chapter 2, and for the

public gifts case I use D1 (Cho and Kreps, 1987) to select a unique

equilibrium outcome. I �nd that in the public gifts game the gifts are

unequal (in favor of the �rst receiver), and that in the private gifts

game this asymmetry is reduced. I �nd that if reputation concerns are

important but not too important, then the private gifts case is weakly

more informative about the type of the sender than the public gifts.

Hence, private gifts may be desirable in contexts where the receivers

can make use of the information on the type of the sender.
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3.1 Introduction

People act in seemingly altruistic ways: they give gifts, donations and make sacri�ces. In

these acts, the individual may be intrinsically motivated, whereas in some others the indi-

vidual may value what an observer may do in return, or may care about what an observer

can think of the individual's intentions. These di�erent motivations are not mutually ex-

clusive and are not always easy to distinguish. The individual may be willing (or more

willing than others) to do a sacri�ce, yet he may also value what the observer thinks of him.

When there are multiple observers, the problem of the individual gets more complicated.

The individual faces countervailing reputational incentives. An action that may impress

one observer, may disappoint another. It is also crucial whether the interaction is private

i.e. each observer observes a piece of the action, or is public i.e. both observers observe

the same action. Surprisingly, pro-social behavior in a two-audience set-up with private

observations was not previously studied, and it is not known how observability of actions

a�ects pro-social behavior in such a set-up.

In this chapter I present a model in which a sender, who can be altruistic or sel�sh, can

give (privately or publicly) costly gifts to two receivers. My goal is to �nd out how a sender

chooses to give gifts in the presence of two receivers, and how his behavior is a�ected by

(non) observability of gifts. In particular, I aim to explain why gifts are not always given

equally as documented in Dunn and Phillips (1997). On top of this, I am also interested

in �nding out which variant (private or public gifts) is more informative about the type of

the sender. This is relevant, because as Blackwell (1953) shows, informativeness is valuable.

Furthermore, in contrast to other communication settings,1 the e�ects of observability on

the informativeness were not studied before in a two-audience costly signaling setting.

Speci�cally, in the model I assume that the sender can be sel�sh (low type) or altruistic

(high type) and I assume that the preferences of the sender satisfy the following properties:

1) For the high type, it is less costly to give gifts than for the low type. (Altruism)

2) For the high type, it is less costly to give gifts to receiver 1. Hence, the high type

cares more about receiver 1. (Asymmetry)

3) For the low type, gift giving to each receiver is equally costly. (Symmetry)

Each type of the sender sends a pair of gifts, and the sum of the gifts can not exceed a

given budget. The receivers either observe both gifts or only the gift that they receive.

1Cheap talk and persuasion set-ups.
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Based on what he learns about the type of the sender, each receiver chooses a response.

Each type of the sender wants to be perceived as the high type by both receivers, and

each type cares about the assessments of each receiver equally. The relative importance of

assessments compared to the cost of a gift, is measured by a coe�cient. I call this coe�cient

the reputation coe�cient. I consider three variants (games): private gifts, public gifts, and

compound gifts where private and public gifts are allowed.

As in other signaling games, to make predictions and to compare variants, I use equilib-

rium re�nements. For the private gifts case, I make use of the Strong D1 concept, that is

introduced in Chapter 2, to select a unique equilibrium outcome. For the public gifts case, I

make use of the D1 concept of Cho and Kreps (1987) to select a unique equilibrium outcome.

In the case of compound gifts, I introduce a re�nement which is almost a combination of

the re�nements of the other cases.2

Firstly, I �nd that in the public gifts case, a (possibly small) di�erence in the altruism

of the high type towards the receivers, leads to a sharp asymmetry in gifts: the �rst (more

preferred) receiver gets a positive gift while the second receiver receives no gift. On the

other hand, I �nd that in the private gifts case, the asymmetry is reduced. To be more

speci�c, for intermediate values of the reputation coe�cient, the �rst receiver receives in

expectation a smaller gift than what he receives in the public gifts case and the second

receiver receives in expectation a positive gift.3 This holds, because by giving only a gift

to the �rst receiver, the high type can only capture half reputational bene�t, and he needs

to give a positive gift to the second receiver to di�erentiate himself from the low type.

The results for both the public and the private gift variants are largely consistent with

the empirical work of Laferrère (1992) and Dunn and Phillips (1997) who document that

parents do not give gifts equally to their children.4 Of course, in many cases, parents may

like their children equally much: hence, my assumption that the sender is more altruistic

towards one receiver may be violated. Note that the phenomenon of unequal gifts can

2For more explanation about the re�nements, see the discussion on the relationship between Chapter 2

and Chapter 3.
3In the private gifts game, if the probability that a sender is a high type is very low and the reputation

coe�cient has an intermediate value, the second receiver may get in expectation larger gifts. But other than

this case, the �rst receiver gets in expectation larger gifts than the second receiver.
4These authors show that in contrast, parents distribute bequests more or less equally to their children.

Note that none of the variants of the game is applicable to model bequests. To model bequests, it seems

necessary to incorporate an intrinsic fairness or a reputation for fairness element to the model. Laferrère

and Wol� (2006) quotes Laferrère (1999) as follows � When asked, parents say that they help their children

according to their needs (that is altruistically) when they are alive, but an overwhelming majority condemns

unequal inheritances.�
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also be explained by a (non-signaling) pure-altruism model in which the sender internalizes

the utilities of the receivers.5 In the context of the compound gifts game, I �nd that the

equilibrium re�nement does not select a unique equilibrium outcome and some selected

equilibrium outcomes coincide with the outcomes of the private or the public gift variants.

Furthermore, in some selected equilibrium outcomes, private gift pairs and public gift pairs

are used at the same time. Perhaps, the most interesting result is that, for intermediate

values of the reputation coe�cient, in equilibrium, both types of the sender use private and

public gift pairs, and both types attain pay-o�s which are not attainable in other variants.

Secondly, I compare Blackwell (1953) informativeness of equilibrium outcomes of the

private gifts and the public gifts. From the viewpoint of given receiver, each selected equi-

librium outcome generates an information structure: a mapping between the set of types

and the distribution of signals that corresponds to the observations of the receiver. For a

given value of the reputation coe�cient, I compare the informativeness of these induced in-

formation structures of the public gifts game and the private gifts game. I �nd that for some

values of the reputation coe�cient, for the �rst receiver, the private gifts game is strictly

more informative than the public gifts game, and for the second receiver both variants are

equally informative. But the public gifts game is never (weakly) more informative for one

receiver and strictly more informative for the other. The part of the logic of this result is as

follows. In the private gifts game, the high type gives a larger gift to the �rst receiver than

he gives to the second receiver. Furthermore, the gift that high type gives to the �rst receiver

is larger than the average of public gifts. This implies that for the low type it is relatively

more costly to imitate the high type by giving a gift to the �rst receiver. Accordingly, the

low type will choose such a gift with relatively low probability and the �rst receiver will be

better informed than he would be in the public gifts game.

In the literature gift giving and gift exchange are studied in various ways. Mauss (1954)

and Akerlof (1982) emphasize that gift giving is reciprocal in nature: a gift creates an

obligation to give something in return. Carmichael and MacLeod (1997) model gift giving

in an evolutionary dynamic set-up and analyze norms-conventions that arise in such a set-up.

Camerer (1988) studies a model of gift-exchange in which agents simultaneously signal their

conditional co-operativeness. My approach and focus are di�erent. Firstly, I incorporate

uncertainty about the type of the sender to a game of one round of gift giving to two

receivers, Secondly, I study how the observability of gifts to two receivers a�ects pro-social

behavior of the sender, if the sender cares about his reputation.

5McGarry (1999) and Lundholm and Ohlsson (2000) attempt to explain why bequests are divided equally

in contrast to gifts using non-signaling models.
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Foremost, the model of this chapter belongs to the literature on social reputation which

is pioneered by Bernheim (1994).6 In this literature, it is typically assumed that the reputa-

tional bene�ts are increasing in the beliefs of the receivers. It may seem that these models

are mostly suited for one-time interactions, but the reputation game can also be interpreted

as a reduced form of a longer interaction, where the reputational bene�ts represent expected

bene�ts from future interactions.

The most closely related paper in this literature is Bernheim and Severinov (2003).

They study a model in which a sender (parent) publicly divides his/her bequest between

two receivers (children), and he can send public cheap talk messages. In their model, in

contrast to the one from this chapter, the sender cannot leave anything on the �table�. Hence,

unless there is additional uncertainty on the endowments of the sender, it does not matter

whether bequests are private or public. Bernheim and Severinov (2003) further assume that

the type of the sender determines how much he relatively cares about the �rst receiver's

material utility and his assessment. Moreover each receiver gives higher assessments to

types who care more about them. Bernheim and Severinov (2003) focus on a case in which

each type wants to be seen as caring for the receivers more equally than they really do. In

their framework, the single crossing property is not satis�ed and the receivers' assessments

a�ect the pay-o�s of types of the sender di�erently. Accordingly D1 does not select a unique

equilibrium outcome. The authors introduce the concept of �monotonic D1� and �nd that,

if the reputation is su�ciently important, then a class of equilibria in which some portion of

types pool at some central pooling point (and possibly use cheap talk messages) exist, and

only such equilibria satisfy this re�nement. Using the focal point idea of Schelling (1980),

they argue that the most plausible �monotonic D1� equilibrium is the one with central

pooling at the middle point i.e. equal division. Bernheim and Severinov (2003) argue that

such an equilibrium with equal division can not be sustained if there is additional uncertainty

about the endowment of the sender and the messages are private as in gift giving. Bernheim

and Severinov, however, do not formally study a game with private gifts, and the above

argument does not apply to the model of this chapter, where the endowment is known, but

it is not known how much the sender keeps to himself.

This chapter also contributes to the literature on two-audience costly signaling games.

Some of the in�uential papers in this literature are Austen-Smith and Fryer Jr (2005), Bern-

heim and Severinov (2003), and Gertner et al. (1988). The model of this chapter together

with the more general model of Chapter 2 constitute the �rst models which incorporate

6Some of the in�uential papers in the social reputation literature are Andreoni and Bernheim (2009),

Bernheim and Severinov (2003), Bénabou and Tirole (2006) and Ellingsen and Johannesson (2008).
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private signals into such a game.7 The game that I study is a two-audience generalization

of the job signaling game of Spence (1973). Hence, it can also be interpreted as a game

between a worker and two supervisors within an organization. With such an interpretation,

the private gift speci�cation would correspond to an organization �culture�, that makes su-

pervisors refrain from sharing their views about the workers.8 Hence, the results indicate

that for some values of the reputation coe�cient, such a culture is more informative.

More broadly, this chapter contributes to the literature on two-audience communication

games which compares the informativeness of private and public communication. In this

literature, Farrell and Gibbons (1989) and Goltsman and Pavlov (2011) study cheap talk

models. These authors �nd that public communication can be more informative than pri-

vate communication for both receivers, whereas private communication can only be weakly

more informative for both receivers. Koessler (2008) studies a persuasion model and �nds

that private communication can be more informative for both receivers, but public commu-

nication can never be more informative for both receivers. I complement this literature by

showing that private communication can be weakly more informative, when messages are

costly. Moreover, in contrast to these models, I don't select the most informative equilibrium

outcome of each variant, but I use equilibrium re�nements to select equilibrium outcomes.9

3.1.1 The Relationship to Cho and Sobel (1990) and Chapter 2

The model I consider in this chapter is a Separable and Equal Response (SER) two-audience

signaling game. SER games are introduced in the context of two audience private signaling

games in Chapter 2.10 SER games satisfy a monotonicity condition that is introduced in

Cho and Sobel (1990). This property which I call CS-monotonicity dictates that the pay-o�s

of each type are a�ected by the responses of the receiver(s) in the same way. Cho and Sobel

7Bar-Isaac and Deb (2014) consider a reputation/signaling model with private and public messages,

however their model is not an extension of the canonical signaling model. In their model a sender which

can be of two types, repeatedly interacts with two audiences and sends two costly signals. The receivers

only care about the two dimensional action of the sender, and have opposing preferences.
8This argument assumes that the worker has no way of informing the supervisors about his complete

e�orts, or that such information sharing is also banned.
9Note that Goltsman and Pavlov (2011) also incorporate compound communication into their framework

and �nd that the sender can achieve higher pay-o�s compared to private or public communication.
10In Chapter 2, SER games were de�ned as a subset of two-audience private signaling games. In this

chapter, whenever I say a SER game, I mean any two-audience signaling game with �SER� pay-o� structure:

i)The receivers do not care about the actions of the other receivers and the other messages. ii)The utility

of each type is separable into a cost term and two response terms. The cost term is dependent on type and

message pair, but the response terms do not depend on the type.
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(1990) showed that for almost all �nite CS-monotonic one-audience signaling games, any

D1 equilibrium outcome is stable in the sense of Kohlberg and Mertens (1986). Their result

is easily adaptable to a �nite version of the public gifts variant. Furthermore, in Chapter

2, I show that for almost all �nite SER two-audience private signaling games in which the

receivers have the same preferences and the returns from the best responses of the receivers to

their beliefs is monotonic, any Strong D1 outcome is stable. These results suggest that each

re�nement has desirable properties in the corresponding variant of the model.11 Note that

in contrast to the model of Chapter 2, in this chapter, I assume that the gift (message) set is

a continuum.12 I additionally assume that the single crossing property is satis�ed and that

the isocost curves of the types do not cross more than once.13 These assumptions enable me

to prove that in the public gifts variant there is a unique D1 equilibrium outcome and that

in the private gifts variant there is a unique Strong D1 equilibrium outcome. Cho and Sobel

(1990) prove a comparable result in the context of CS-monotonic one-audience signaling

games with continuum message set, single crossing and �nitely many types. Accordingly,

the uniqueness results of this chapter can be regarded as partial extensions of Cho and

Sobel's (1990) results.

3.1.2 Structure of the Chapter

The remainder of the chapter is structured as follows. In the next section, I formally

introduce the model. Thereafter, in consecutive sections 3.3, 3.4 and 3.5, I introduce the

equilibrium re�nements and characterize the selected equilibrium outcomes for public gifts,

private gifts and compound gifts, respectively. In Section 3.6 I compare the public gifts game

and the private gifts game in terms of their informativeness and in Section 3.7 I conclude.

11Note that in Chapter 2 of this thesis, I introduce another re�nement Weak D1 for two-audience private

signaling games. Although Weak D1 satisfy some desirable properties, in the present context it is not clear

whether it implies stability or whether it can be considered as self-enforcing. For these reasons, in the

context of private gifts, I only incorporate the re�nement of Strong D1.
12Hence, the results of Cho and Sobel (1990) and Chapter 2 are not directly applicable. But, in my view,

the continuum assumption is appropriate in the present setting and this assumption does not diminish the

desirability of the re�nements. Furthermore, this assumption will help me in proving the uniqueness result.

In �nite set-ups, if the message set is not su�ciently rich, multiple pooling equilibrium outcomes may survive

the re�nements.
13Note that these are two distinct properties. The single crossing property tells that if a message pair

is �larger� than the other, then for no strategy pair of the receivers, two types are indi�erent between both

message pairs. On the other hand, the isocost crossing property only concerns the costs of the message pairs

and it tells that two message pairs cannot be equally costly for two types at the same time.
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3.2 Model

I consider a two-audience gift giving model between a sender S and two receivers R1, R2.

Hence, the set of players is N = {S,R1, R2}. The type space of S is given by T = {l, h}.
S can be of the high type (altruistic) or of the low type (sel�sh). The (prior) probability

that S is type h is given by p0. I consider three variants (games): Private Gifts, Public

Gifts and Compound Gifts. These games are denoted by Gpr, Gpub, Gcomp. In each game, S

gives a gift pair, and the receivers choose responses, which are interpreted as assessments.

Formally, the moves in each game are as follows:

Private Gifts: S gives a gift pair (m1,m2) fromM = {(m1,m2) ∈ [0, 1]2 : m1 +m2 ≤
1}, each Ri only observes mi ∈Mi = [0, 1] and chooses a response τi ∈ [0, 1].14

Public Gifts: S gives a gift pair (m1,m2) from M = {(m1,m2) ∈ [0, 1]2 : m1 +m2 ≤
1}, each Ri observes (m1,m2) and chooses a response τi ∈ [0, 1].

Compound Gifts: S gives a gift pair (m1,m2) fromM = Mpub∪Mpr whereMpub and

Mpr are the sets of public gifts and private gifts, as speci�ed above.15 If (m1,m2) ∈
Mpub is given, then each Ri observes (m1,m2). If (m1,m2) ∈ Mpr is given, then each

Ri observes mi ∈ Mpr
i = [0, 1]. Ri at each such gift or gift-pair, chooses a response

τi ∈ [0, 1].

The Utility Speci�cation of the Sender I denote a gift pair (m1,m2) also by m.

Similarly, I denote a response pair by (τ1, τ2) by τ . The utility of type t of the sender

at the gift pair (m1,m2) from receiver responses τ1 and τ2 is given by ut(m1,m2, τ1, τ2).

Speci�cally:

ul(m1,m2, τ1, τ2) = fl(m1,m2) +
β

2
(τ1 + τ2) = −m1 −m2 +

β

2
(τ1 + τ2),

uh(m1,m2, τ1, τ2) = fh(m1,m2) +
β

2
(τ1 + τ2) = −m1(1− α1)−m2(1− α2) +

β

2
(τ1 + τ2),

where α1, α2 ∈ (0, 1) andα1 > α2.

Note that −ft represents the intrinsic cost of a gift for a type t and the part starting with

β represents the (common) reputational bene�t which arises from the assessments of the

14Throughout the chapter, whenever I use i as a subscript, it is an element of {1, 2} and −i denotes the
other element in {1, 2}.

15Note that I abuse notation here. These set are technically the same interval, but they are informatively

di�erent.
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receivers.16 Since α1 > α2 > 0, for the high type it is less costly to give gifts than for

the low type. Furthermore, for the high type it is less costly to give a gift to R1. These

assumptions imply that the isocost curves of two types do not cross more than once. That

is, for no two distinct message pairsm andm′, fl(m) = fl(m
′) and fh(m) = fh(m

′). Since

α1, α2 < 1, absent reputational bene�ts, no type of the sender will give a gift. Note also

that the utilities of the types are a�ected exactly in the same way by the assessments, and

that the value of each assessment of the receiver is determined by the reputation coe�cient
β
2
. Note that since ft is also separable, the utility forms are separable into two parts. I

separate ut into two parts u1
t and u2

t . For instance, u1
l (m1, τ1) = −m1 + β

2
τ1. Note that

the signaling problem consists of two almost independent one-audience signaling problems

which are tied together because of the common budget regarding gifts. For any two gift

pairs m = (m1,m2),m′ = (m′1,m
′
2) ∈M , I write m ≤m′ if m1 ≤ m′1 and m2 ≤ m′2.

De�nition 3.2.1. The preferences of S satisfy the single crossing property if ∀m,m′ ∈M ,

∀τ , τ ′ the following condition is satis�ed: if m 6= m′, m ≤m′ and ul(m, τ ) ≤ ul(m
′, τ ′),

then uh(m, τ ) < uh(m
′, τ ′).

To see that the preferences satisfy the single crossing property, note that

ul(m, τ ) ≤ ul(m
′, τ ′) implies

uh(m, τ ) = ul(m, τ ) + α1m1 + α2m2 < ul(m
′, τ ′) + α1m

′
1 + α2m

′
2 = uh(m

′, τ ′).

The single crossing property means that if the low type weakly prefers a �larger� gift pair

to another gift pair, then the high type strictly prefers the �larger� gift pair. This property

together with the property that the isocost curves do not cross twice will ensure that the

high type does not randomize in the selected equilibrium. Note also that u1 and u2 satisfy

the one-dimensional version of the single crossing property.

The Utility Speci�cation of the Receivers I assume that the utilities of the receivers

do not depend on the observed message. Hence, the utility of Ri from type t of S and

response τ is given by vi(t, τ). At each message mi, Ri forms a belief about the type of the

sender. In the present context, a belief can be represented by the probability that the receiver

attaches to the high type. A typical belief is given by λ ∈ [0, 1]. For any belief λ, the expected

utility ofRi from response τ is denoted by vi(λ, τ). Hence, vi(λ, τ) = λvi(h, τ)+(1−λ)vi(l, τ).

I assume that vi() satis�es the following properties.

16This is a Separable and Equal Response (SER) game which is introduced in Chapter 2 in the context

of two-audience private signaling games. In such games, the utility of a type t takes the form ft(m1,m2) +

ψ1(m1, τ1) + ψ2(m2, τ2) for message pair (m1,m2) and receiver responses τ1, τ2.
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i) For any λ ∈ [0, 1], vi(λ, τ) is strictly quasi-concave in τ .

ii) vi(h, τ) is strictly increasing in τ .

iii) vi(l, τ) is strictly decreasing in τ .17

I denote the best responses of receiver i to some type t by BRi(t). When no confusion can

arise, I also denote the best responses of a receiver i to a belief λ by BRi(λ). Condition

i) implies that, for any λ, BRi(λ) is unique. Conditions ii) and iii) imply that BRi(l) = 0

and BRi(h) = 1. Furthermore, it is not di�cult to show that these assumptions imply

that BRi(λ) is increasing in λ.18 I denote the unique best response to the prior p0 by r0.

I denote the set of best responses which are compatible with set T ′, by BRi(T
′). Hence,

BRi(T
′) =

⋃
t∈T ′

BRi(t).

Strategies and Belief Schedules I consider behavioral strategies of the sender. A

behavioral strategy of the sender is denoted by s, where s : T → ∆(M). I will later

prove that in any variant of the game in the selected equilibrium outcomes, each type of

the sender uses �nitely many gift pairs. Hence, in this section, w.l.o.g., I will only consider

strategies of the sender that have �nite support.19 Similarly, the utility speci�cation of the

receiver implies that for any belief each receiver has a unique best response. Hence, w.l.o.g.

I will only consider pure strategies of the receivers. I de�ne a pure strategy of each receiver

for each speci�cation as follows:

� For private gifts, a strategy ri of Ri is a function such that ri : Mi → [0, 1].

� For public gifts, a strategy ri of Ri is a function such that ri : M → [0, 1].

� For compound gifts, a strategy ri of Ri is a function such that ri : Mpub∪Mpr
i → [0, 1].

I denote a receiver strategy pair (r1, r2) by r. After observing a gift (or gift pair), each

receiver will form a belief about the type of the sender. A belief schedule µi() of receiver

i speci�es a belief after every gift (or gift pair). For instance, in the private gifts game a

belief schedule is given as µi : Mi → [0, 1]. I denote a belief schedule pair by µ. For a given

receiver strategy pair r, the (expected) utility of type t of S from gift pairm is denoted by

17As an example, these properties are satis�ed by function vi(t, τ) with vi(h, τ) = −(1−τ)2 and vi(l, τ) =

−τ2.
18Notice that for any λ′ > λ, vi(λ

′, τ)−vi(λ, τ) = (λ′−λ)(vi(h, τ)−vi(l, τ)) and the left-hand expression

is strictly increasing in τ .
19In the proofs of the respective results of Proposition 3.3.1 and Proposition 3.4.2, there is no implicit

assumption that the support of s is �nite. Hence, this fact is established as a result.
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ut(m, r). Similarly, for a given receiver strategy pair r, the set of (pure) best responses of

type t of S is denoted by BRt(r).

I now de�ne the baseline equilibrium concept Perfect Bayesian Equilibrium (PBE), for

the case of public gifts. Slight variations of this de�nition are applicable to private and

compound gifts.

De�nition 3.2.2. A Perfect Bayesian Equilibrium e = (s, r,µ) consists of a strategy s for

S, and a pair (r,µ) for the receivers, where r is a strategy pair, and µ is a belief schedule

pair, such that the following conditions are satis�ed:

1a- Sequential Rationality For any t ∈ T :

if st(m) > 0, then m ∈ BRt(r).

1b- Sequential Rationality For any m ∈M :

ri(m) ∈ BRi(µ(m)).

2- Bayesian Updating For any gift pair m that is used in equilibrium,

µi(m) =
p0sh(m)

p0sh(m) + (1− p0)sl(m)
.

Notes In the present context, di�erently from Chapter 2, I incorporate the concept of

PBE and I assume that the receivers only form beliefs about the type of the sender. The

�rst change is necessary because the concept of a sequential equilibrium of Kreps and Wil-

son (1982) is not applicable to non-�nite games and there is no trivial way to incorporate

the consistency requirement in line with Kreps and Wilson (1982). The second change is

appropriate because the equilibrium re�nement of Strong D1 that I consider in the con-

text of private gifts treats deviations in isolation and assumes implicitly that the receivers

know what deviation is played. Hence, equilibrium beliefs about the unobserved message

is irrelevant for Strong D1. In contrast, in the �nite set-up of Chapter 2, the consistency

requirement may have a bite and the re�nement of Weak D1 consider all deviations in

totality.

De�nition 3.2.3. An outcome o is a probability distribution on the end-points of the game.

An outcome o is said to be a PBE outcome (PBEO) if it is induced by a PBE.



Section 3.3 � Public Gifts | 77

3.3 Public Gifts

In this section I study the public gifts game. I begin by introducing the equilibrium re�ne-

ment.

3.3.1 Equilibrium Re�nement: D1 for Public Gifts

For public gifts I will readily use the D1 concept, originally designed for one-audience sig-

naling games by Cho and Kreps (1987). This re�nement as well as the other re�nements

that I will introduce in this chapter are de�ned for equilibrium outcomes.

Throughout the section, I �x an equilibrium (PBEO) o and I introduce concepts in

relation to o. I denote the utility that a type attains in any equilibrium with this outcome

by ut(o). For o, the set of gift pairs that are used with positive probability is denoted by

M(o). I say that any gift pair that is not used with positive probability is a deviation. I

denote the set of deviations by Mdv(o).

I now de�ne the concepts of a potentially pro�table deviation and a most likely type.

De�nition 3.3.1. A deviation m ∈ Mdv(o) is potentially pro�table, if there exists t ∈ T
such that ut(m, 1, 1) > ut(o).

20 The set of potentially pro�table deviations is denoted by

Mdv
+ (o).

In words, a potentially pro�table deviation is a gift pair which some type can pro�tably

deviate to, if it leads to most favorable responses.

De�nition 3.3.2. For a potentially pro�table deviation m, t is a most likely type, if

t ∈ arg max
t′∈T

(ft′(m)− ut′(o)). (3.1)

The non-empty set of most likely types of a potentially pro�table deviation m is denoted by

T (o,m).

Note that a most likely type of a potentially pro�table deviation is a type who, for a

given response, would gain the most from making the potentially pro�table deviation. I

now de�ne the concept of D1.

20Note that, in De�nition 3.3.1, in contrast to Chapter 2, I use a strict inequality in de�ning the concept

of a potentially pro�table deviation. This is only for simplicity of exposition: it allows me to write some

of the lemmas more easily. This di�erence has no consequence for the de�nition of the re�nement. This

simply stems from the fact that a deviation that can never be strictly pro�table cannot upset an equilibrium

and hence such a deviation can be discarded. I will also incorporate strict inequalities when I consider the

private gifts variant.
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De�nition 3.3.3. An equilibrium outcome o in the public gifts game satis�es D1 if for

each potentially pro�table deviation m there exist τ1, τ2 ∈ BR(T (o,m)) such that for all t

ut(m, τ1, τ2) ≤ ut(o).

Explanation An equilibrium outcome is D1, if for each potentially pro�table deviation

there exist best responses of the receivers to the most likely types of the potentially pro�table

deviation, which makes the deviation un-pro�table.

3.3.2 Public Gifts: Results

In this section I characterize the unique D1 equilibrium outcome. I do this by utilizing two

propositions. In Proposition 3.3.1, I present the common characteristics of D1 equilibrium

outcomes. Two of these characteristics are as follows: In any D1 equilibrium outcome,

the high type does not randomize and the low type is indi�erent between his gift pair and

the gift pair that the high type uses.21 In Proposition 3.3.2, by using the properties given

in Proposition 3.3.1, I show that, for any value of the reputation coe�cient, a unique D1

equilibrium outcome exists.

Proposition 3.3.1. In the public gifts game, an equilibrium outcome is D1 if and only if

for any potentially pro�table deviation m, l ∈ T (o,m). Moreover, for any D1 equilibrium

outcome, the following properties hold:

a) There does not exist a non-empty open subset U ⊂ R2 which is contained in M(o).

b) The low type is indi�erent between a gift pair that he uses and a gift pair that the high

type uses.

c) If a gift pair (m1,m2) is used by both types, then m1 +m2 = 1.

d) The high type does not randomize.

Proof. Let o be a D1 outcome and e = (s∗, r∗,µ∗) be some PBE with this outcome. The

�rst statement follows from De�nition 3.3.1. Because if l 6∈ T (o,m) for some m ∈ M ,

BRi(h) = {1} and by construction uh(m, 1, 1) > uh(o). Contradiction.

a) Assume not, then there exist such a U and distinct gift pairs (m1,m2), (m′1,m
′
2) ∈ U

such that m1 + m2 = m′1 + m′2 and ri(m1,m2), ri(m
′
1,m

′
2) ∈ (0, 1). This implies that

21Throughout the chapter, when I say a type use a gift or a gift pair, I mean that he uses it with positive

probability
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both types are indi�erent between these gift pairs. m1 + m2 = m′1 + m′2 implies that

r∗i (m1,m2) = r∗i (m
′
1,m

′
2) for all i. But fh(m1,m2) 6= fh(m

′
1,m

′
2). Contradiction.

b) If the low type is not indi�erent between a gift pair that he uses and a gift pair that

the high type uses, then there exists a gift pair m = (m1,m2) which only the high type

uses. By sequential rationality, m1 > 0 and m2 > 0. Moreover, by part a), there is some

unsent gift pair (m′1,m
′
2) which is ε-close to m such that m′1 < m1 and m′2 < m2. Then,

uh(o) − fh(m′1,m′2) < β = ul(o) − fl(m′1,m′2). Hence, T (o, (m′1,m
′
2)) = {h}. This implies

uh(m
′
1,m

′
2, 1, 1) > uh(o). Contradiction.

c) Assume not, then for small ε there exists (m′1,m
′
2) ∈Mdv

+ (o) which is ε-close tom such

that m′1 > m1 and m′2 > m2. This implies T (o, (m′1,m
′
2)) = {h}. Hence, the equilibrium is

not D1.

d) a) and c) imply that two types can not use the same two gift pairs. If the high type

uses the gift pairs m and m′, and if none of these gift pairs are used by the low type,

then for all i, we have r∗i (m) = r∗i (m
′) and m1 + m2 = m′1 + m′2. The high type can not

be indi�erent between these gift pairs. Contradiction. If one of the gift pairs (m1,m2) is

used by the low type, then this implies that (m1,m2) induces lower reputational bene�t,

and by c) m1 +m2 = 1. Hence, (m′1,m
′
2) is a strictly pro�table deviation for the low type.

Contradiction.

Next, I prove the following helpful lemma.

Lemma 3.3.1. In any PBE outcome o of the public gifts game, if m′ = (m′1,m
′
2) is used

by the high type, then for any m = (m1,m2) ∈ Mdv
+ (o) with m 6= m′, m ≤ m′, we have

T (o,m) = {l}.

Proof. This follows easily from the single crossing property. Notice that ul(o) = fl(m) +

r∗1(m1)+r∗2(m2) and uh(o) = fh(m)+r∗1(m1)+r∗2(m2). Moreover, we have fl(m)−fl(m′) <
fh(m)− fh(m′). Hence, ul(o)− fl(m′) < uh(o)− fh(m′).

3.3.2.1 Characterization of the D1 Equilibrium Outcome

I now characterize the unique D1 equilibrium outcome for each value of the reputation

parameter β. I show that if β is su�ciently high, then separation is not possible. Moreover,

I show that the sender never gives a positive gift to the second receiver. The intuition

behind this result is as follows. If the high type gives a positive gift to the second receiver,

then giving slightly more to the �rst receiver and slightly less to the second receiver is a

potentially pro�table deviation with the high type being the most likely type. Moreover, if

the receivers best respond to the belief that the deviator is the high type, then the deviation

is strictly pro�table for the high type.
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Proposition 3.3.2. In the public gifts game, for all values of β there exists a unique D1

equilibrium outcome. Speci�cally, the following properties hold:

a) If β ∈ (0, 1], then in each D1 equilibrium the high type gives the gift pair (β, 0), whereas

the low type gives the gift pair (0, 0).

b) If β ∈ (1, 1
r0

), then in each D1 equilibrium the high type gives the gift pair (1, 0),

whereas the low type randomizes between (1, 0) and (0, 0).

c) If β ≥ 1
r0
, then in each D1 equilibrium both types give the gift pair (1, 0).

Proof. I will show the existence and the uniqueness case by case. a) In this case no gift pair

can be used by both types. To see this, notice that by Proposition 3.3.1c) for any such gift

pairm = (m1,m2), we have m1 +m2 = 1. But since −1 +β < 0, the low type prefers (0, 0)

to such m for any receiver strategy pair. Hence, in any D1 equilibrium outcome there is

separation and the low type gives the gift pair (0, 0). By Proposition 3.3.1b), the low type

is indi�erent between the gift pair he uses and the gift pair that the high type uses. Hence,

the high type uses a gift pair (m1,m2) such that m1 +m2 = β. Note that

(β, 0) = arg max
{(m1,m2)∈M :m1+m2=β}

fh(m1,m2). (3.2)

If according to outcome o (β, 0) is not used by the high type, then (3.2) implies that

(β, 0) ∈Mdv
+ (o) and T (o, (β, 0)) = h. Contradiction. Note that, by Proposition 3.3.1d), the

high type does not randomize. Hence, he gives the gift pair (β, 0) with certainty. There is

a unique PBE outcome in which the low type gives the gift pair (0, 0) and the high type

gives the gift pair (β, 0). In such an outcome, at gift pair, (0, 0) both receivers respond with

0 and, at gift pair (β, 0), both receivers respond with 1. To see that the outcome is a PBE

outcome, consider the following receiver strategy pair and the belief schedule pair as follows.

For any i:

r∗i (m1,m2) =

1 ifm1 ≥ β
2
,m2 ≥ β

2

0 otherwise
and µ∗i (m1,m2) =

1 ifm1 ≥ β
2
,m2 ≥ β

2

0 otherwise.

The beliefs satisfy Bayesian updating. Moreover note that for any i, 1 ∈ BRi(µ
∗(m1,m2)) if

m1 ≥ β
2
,m2 ≥ β

2
and 0 ∈ BRi(µ

∗(m1,m2)) otherwise. Hence, the strategies of the receivers

are sequentially rational. Note also that (β, 0), (0, 0) ∈ BRl(r
∗) and (β, 0) ∈ BRh(r

∗).

Hence, the strategies and the beliefs constitute a PBE. I now show that this equilibrium

outcome is D1. Note that for all m ∈Mdv
+ (o), we have m1 +m2 ≤ β and

uh(o)− fh(m1,m2)− (ul(o)− fl(m1,m2)) = α1β − α1m1 + α2m2 > 0. (3.3)
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Hence, for all m ∈Mdv
+ (o), T (o,m) = {l}. The equilibrium outcome is D1.

b-c) If β > 1, full separation is not possible. This implies that the high type uses

a gift pair (m1,m2) such that m1 + m2 = 1. The same logic of (3.2) shows that the

high type uses (1, 0). Accordingly, the low type can only use (0, 0) or (1, 0). If βr0 ≥ 1,

then in any such equilibrium, the low type can not randomize. Because if he does, then

ul(1, 0, r
∗
1(1, 0), r∗2(1, 0)) > 0 = ul(o). Contradiction. Similarly, If βr0 < 1, then in any such

equilibrium, the low type randomizes between (0, 0) and (1, 0). The same argument as in

(3.3) shows that for any potentially pro�table deviation m, T (o,m) = {l}. Hence, the

equilibrium outcome is D1.

3.4 Private Gifts

In this section I study the private gifts game.

3.4.1 Equilibrium Re�nement: Strong D1 for Private Gifts

I �x some outcome o and some PBE e = (s∗, r∗,µ∗) with this outcome. For o, the set of gift

pairs that are used with positive probability is denoted by M(o) and the set of gifts given

to receiver i with positive probability is denoted by Mi(o). Similarly, the set of gifts in Mi

that are not used with positive probability is denoted by Mn
i (o). I write <(o) for the set of

receiver strategy pairs that specify the equilibrium responses at used gifts and specify some

best responses, otherwise. Hence, we have

<(o) = {r : ∀i, ∀mi ∈Mi(o), ri(mi) = r∗i (mi),∀mi ∈Mn
i (o), ri(mi) ∈ BRi(T )}. (3.4)

Note that the concept of <(o) assumes that the receivers at sent messages stick to the

equilibrium response. This is natural, after-all, the receivers cannot detect such deviations

from the equilibrium. I say that a gift pair is a deviation if at least one component of it is

not used. I denote the set of deviations by Mdv(o).

De�nition 3.4.1. A deviation is potentially pro�table if there exists some r ∈ <(o) such

that for some t, ut(m, r) > ut(o).
22 The set of potentially pro�table deviations is denoted

by Mdv
+ (o).

22Note that, as in the previous section, I de�ned the concept of a potentially pro�table deviation using

strict inequalities. This is in contrast to Chapter 2. However, the sole aim is to simplify the statement of

some lemmas and this di�erence does not have any consequence for the re�nement. The reason is that the

deviations that can never be strictly pro�table cannot upset the equilibrium.
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For any potentially pro�table deviation m, I de�ne the notion of a most likely type

exactly as before and denote the set of most likely types by T (o,m). Note that in this

case the receivers have no way of knowing which deviation is played. But if a receiver has a

particular guess about the potentially pro�table deviation, then it is sensible that he believes

that an associated most likely type made the deviation.

Next, I de�ne a notion which answers the question of which deviations are more sensible.

De�nition 3.4.2. A potentially pro�table deviation m is dominant, if there exists some

r ∈ <(o) such that, for some t, ut(m, r) ≥ ut(o) and, for any t
′ ∈ T and anym′ ∈M \{m},

ut′(m
′, r) ≤ ut′(o). The set of dominant deviations is denoted by Mdm(o).

In words, a potentially pro�table deviation is dominant, if there exists a receiver strat-

egy pair in <(o) under which the deviation is pro�table and no other deviation is strictly

pro�table.

I now introduce an example that illustrates these concepts.

Example Consider a simpli�ed version of the main model in whichM = {(1, ε), (0, ε), (0, 0),

(1 + ε, 0)} for some small ε > 0. Assume that 2 > β > 2(1 − α1) and that other elements

of the model are retained. Consider an outcome o in which the high type gives the gift pair

(1, ε), the low type gives the gift pair (0, ε), at gift 1, R1 responds with a = 1, at gift 0, R1

responds with a = 0 and , at gift ε, R2 responds with a = r0.23

To see that o is a PBE outcome, consider a PBE (s∗, r∗,µ∗) in which, at message

1 + ε, R1 believes that the type is h and responds with a = 1 and, at 0, R2 believes that

the type is l and responds with a = 0. Note that since 2 > β and β > 2(1 − α1), the

low type cannot pro�tably deviate to (1, ε) and the high type cannot pro�tably deviate to

(0, ε). Similarly, no other deviation is pro�table for any type. Hence, o is a PBE outcome.

Note that ul(o) = β
2
r0 − ε and uh(o) = −(1 − α1) − ε(1 − α2) + β

2
(1 + r0). Furthermore,

notice that fh(1 + ε, 0) > fh(1, ε) and fl(0, 0) > fl(0, ε). These inequalities imply that

uh(1 + ε, 0, 1, 1) > uh(o) and ul(0, 0, 1, 1) > ul(o). Hence, M
dv
+ (o) = {(0, 0), (1 + ε, 0)}. Note

that fl(0, 0) = fh(0, 0) and uh(o) > ul(o). Hence T (o, (0, 0)) = {l}. Note that

ul(o)− fl(1 + ε, 0) =
β

2
r0 + 1 < ε(α2 − α2) +

β

2
(1 + r0) = uh(o)− fh(1 + ε, 0).

Hence, T (o, (1 + ε, 0)) = {h}. I now show that (0, 0) is the only dominant deviation. To

do this, I will �rst show that if (1 + ε, 0) is pro�table for h, then (0, 0) is strictly pro�table

for l. Note that, for any r ∈ <(o), we have u1
h(1 + ε, r1(1 + ε)) < u1

h(1, 1). Hence, for any

23Remember that BR(p0) = r0.
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1

10

(0, 0) is a profitable deviation for l

(1 + ε, 0) is a profitable deviation for h

a b

r1(1 + ε)

r2(0)

Figure 3.1: (0, 0) is a dominant deviation.

r ∈ <(o) for which (1 + ε, 0) is pro�table for h, we have

u2
h(0, r2(0)) ≥ u2

h(ε, r
∗
2(ε)) ⇐⇒ r2(0) ≥ r0 − 2ε(1− α2)

β
. (3.5)

which implies

r2(0) > r0 − 2ε

β
⇐⇒ u2

l (0, r2(0)) > u2
l (ε, r

∗
2(ε)). (3.6)

By (3.6), (0, 0) is strictly pro�table for l. Note that (3.6) is a manifestation of the single

crossing property. Furthermore, it is easy to see that there is some r′ ∈ <(o) such that

ul(0, 0, r
′) = ul(o) and for any type t and any gift pair m, ut(m, r) ≤ ut(o). Hence, (0, 0)

is the only dominant deviation. Figure 3.1 illustrates why this is the case. The shaded

rectangle region depicts the set of response pairs (r1(1 + ε), r2(0)) for which (0, 0) is strictly

pro�table for l. Moreover, the set of response pairs for which (1 + ε, 0) is pro�table for

h is depicted by the shaded triangle. In the �gure, a and b correspond to r0 − 2ε
β

and

r2(ε)− 2ε(1−α2)
β

, respectively.

To de�ne the equilibrium re�nement, it will be useful to consider speci�c conjectures of

the receivers about deviations from the outcome. A conjecture is a pair (t,m) where t ∈ T
and m ∈ Mdv(o). I now de�ne the concept of a reasonable conjecture that connects the

concepts of a most likely type and a dominant deviation.

De�nition 3.4.3. A conjecture (t,m) is said to be reasonable if t ∈ T (o,m) and m ∈
Mdm(o).
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De�nition 3.4.4. A response pair τ is consistent with o and conjecture (t, (m1,m2)) if for

any i the following holds. If mi ∈ Mi(o), then ri(mi) = r∗i (mi) and if mi ∈ Mn
i (o), then

ri(mi) ∈ BRi(t).

Note that De�nition 3.4.4 assumes a form of coordination between the receivers. It

assumes that each receiver is somehow aware of the conjecture.

I now introduce the notion of Strong D1.

De�nition 3.4.5. I say that a reasonable conjecture (t,m) is upsetting if for any response

pair τ that is consistent with o and conjecture (t,m), ut(m, r) > ut(o).

De�nition 3.4.6. An equilibrium outcome o is Strong D1 if no reasonable conjecture is

upsetting.

Strong D1 tests whether an outcome is robust against reasonable conjectures. Since the

notion builds on the assumption that receivers use response pairs that are consistent with

the conjecture and the outcome, it presumes coordination between the receivers.24

Fortunately, in the present context, there is a simple condition that can be used to check

whether an equilibrium outcome is Strong D1.

Proposition 3.4.1. An equilibrium outcome o is Strong D1 if and only if for any dominant

deviation m, T (o,m) = {l}.

Proof. If h ∈ T (o,m) for some m ∈ Mdm(o), then (h,m) is an upsetting reasonable

conjecture. Furthermore, if for all dominant deviations the most likely likely type is l, then

no reasonable conjecture is upsetting.

Example-Revisited Going back to the example, observe that the only dominant devia-

tion is (0, 0). Remember that T (o, (0, 0)) = {l}. Hence, by Proposition 3.4.1, the outcome

o is Strong D1.

3.4.2 Private Gifts: Results

I now characterize the unique Strong D1 equilibrium outcome for every value of the repu-

tation coe�cient. As in the case of public gifts, I show this in two steps. First, in Propo-

sition 3.4.2 (the counterpart of Proposition 3.3.1), I present the common characteristics of

Strong D1 equilibrium outcomes. Proposition 3.4.2 indicates that Strong D1 equilibrium

outcomes have a simple structure: the high type does not randomize and the low type is

24See Chapter 2 for more discussions and results about this concept.
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indi�erent between the gift pair that he uses and the gift pair that the high type uses.

Afterwards, in Proposition 3.4.3 and Proposition 3.4.4, I show that, for every value of the

reputation parameter, there exists a unique Strong D1 equilibrium outcome.

Proposition 3.4.2. In the private gifts game, for any Strong D1 equilibrium outcome the

following properties hold:

a) There does not exist a non-empty open set U ⊂ R which is contained in M1(o) or

M2(o).

b) The low type is indi�erent between any gift pair that he uses and any gift pair that the

high type uses.

c) If a gift mi is used by both types, then the high type can not use a gift pair (mi,m−i)

with mi +m−i < 1.

d) The high type does not randomize.

Proof. Let o be a Strong D1 outcome and e = (s∗, r∗,µ∗) be some PBE with this outcome.

a) Assume w.l.o.g. that such a U ⊂ M1(o) exists. Then for any m1 ∈ U , we have

r∗1(m1) < 1 and m1 is used by the low type. Note also that for any m′1,m1 ∈ U , with

m′1 > m1, we have

u1
h(m

′
1, r
∗
1(m′1)) + max

m2∈[0,1−m′1]
u2
l (m2, r

∗
2(m2)) = u1

h(m1, r
∗
1(m1)) + max

m2∈[0,1−m1]
u2
l (m2, r

∗
2(m2))

and

max
m2∈[0,1−m′1]

u2
l (m2, r

∗
2(m2)) ≤ max

m2∈[0,1−m1]
u2
l (m2, r

∗
2(m2)).

From these inequalities we get u1
h(m

′
1, r
∗
1(m′1)) ≥ u1

h(m1, r
∗
1(m1)). The single crossing

property implies u1
h(m

′
1, r
∗
1(m′1)) > u1

h(m1, r
∗
1(m1)). This implies that (m1, 1 − m1) and

(m′1, 1 − m′1) are used by h in equilibrium. Because otherwise, the high type can prof-

itably deviate from (m1,m2) with m1 + m2 < 1 to (m1 + ε,m2) for small ε > 0. Se-

quential rationality also implies that the low type is indi�erent between (m1, 1 −m1) and

(m′1, 1 − m′1). Hence, r∗1(m1) + r∗2(1 − m1) = r∗1(m′1) + r∗2(1 − m′1). But this implies that

fh(m1, 1−m1) 6= fh(m
′
1, 1−m′1). Contradiction to the sequential rationality of s.

b) Assume that there is some (m1,m2) ∈ M such that sh(m1,m2) > 0 and ul(o) >

ul(m1,m2, r
∗). I will show that this leads to a contradiction in two steps.

i) Assume that both of gifts m1 and m2 are used by the low type. Assume also w.l.o.g.

that the low type uses a gift pair (m′1,m2) such that m′1 > m1. But u1
l (m

′
1, r
∗
1(m′1)) >
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u1
l (m1, r

∗
1(m1)) implies u1

h(m
′
1, r
∗
1(m′1)) > u1

h(m1, r
∗
1(m1)). Accordingly, uh(m

′
1,m2, r

∗) >

uh(m1,m2, r
∗). Contradiction.

ii) Assume w.l.o.g. that m1 is not used by the low type. The sequential rationality of

s implies that the low type uses a gift pair (m′1,m
′
2) such that m1 > m′1 and m2 ≥ m′2. If

ul(m
′
1,m

′
2, r
∗) > ul(m1,m2, r

∗), then by part a), there exists some m̄1 ∈ Mn
1 (o) ∩ [m′1,m1]

such that

u1
l (m

′
1, r
∗
1(m′1)) > u1

l (m̄1, 1) andu1
h(m̄1, 1) > u1

h(m1, 1). (3.7)

Let r ∈ <(o) such that u1
h(m̄1, r1(m̄1)) = u1

h(m1, 1) and for all m′′1 ∈Mn
1 (o)\{m̄1}, r1(m′′1) =

0 and for all m′′2 ∈ Mn
2 (o), r2(m′′2) = 0. It is clear that uh(m̄1,m2, r) = uh(o) and that no

deviation is strictly pro�table for any type under r. Hence, (m̄1,m2) is a dominant deviation.

Notice also that, by (3.7), T (o, (m̄1,m2)) = h. Contradiction to Proposition 3.4.1.

c) Assume that w.l.o.g. that m1 is used by both types and the high type uses (m1,m2)

with m1 + m2 < 1. Then, there is su�ciently small ε > 0 such that m1 + ε ∈ Mn
1 (o),

T (o, (m1 + ε,m2)) = h. Consider some r ∈ <(o) such that r1(m1 + ε) solves u1
l (m1 +

ε, r1(m1 + ε)) = u1
l (m1, r

∗
1(m1)), and for all m′1 ∈ Mn

1 (o) \ {m1 + ε}, r1(m′′1) = 0 and for all

m′′2 ∈ Mn
2 (o), r2(m′′2) = 0. It is clear that uh(m1 + ε,m2, r) = uh(o) and that no deviation

is strictly pro�table for any type under r. Hence, (m1 + ε,m2) is a dominant deviation.

Contradiction to to Proposition 3.4.1.

d) Assume that the high type randomizes between m = (m1,m2) and m′ = (m′1,m
′
2).

Assume that for each gift pair, there exists a gift which is used by both types. Then part

c) implies that m1 +m2 = m′1 +m′2, and part b) implies that l is indi�erent between these

gift pairs. The same argument in the proof of a) shows that this contradicts the indi�erence

condition of the high type. If no gift of m and m′ is used by the low type, this implies

that r∗1(m′1) = r∗2(m′2) = r∗1(m1) = r∗2(m2) = 1. Hence m1 + m2 = m′1 + m′2. Contradiction.

If only one gift mi is used by the low type, this implies that r∗(m′1) = r∗(m′2) = 1 and

m′1 + m′2 < m1 + m2 and either r∗1(m1) 6= 1 or r∗2(m2) 6= 1. Hence, m can not be used in

equilibrium. Contradiction.

3.4.2.1 Characterization of Strong D1 Equilibrium Outcomes

Next, I characterize the unique Strong D1 for di�erent reputation parameters. I �rst show

that if β ∈ (0, 1), then the unique Strong D1 equilibrium outcome is separating. In this case,

in contrast to the public gifts case, the high type gives positive gifts to both receivers. This

is because the high type needs to di�erentiate himself from the low type for each receiver

separately.



Section 3.4 � Private Gifts | 87

Proposition 3.4.3. In the private gifts game, if β ∈ (0, 1], then there is a unique Strong

D1 equilibrium outcome. In each Strong D1 equilibrium, the high type gives the gift pair

(β
2
, β

2
) and the low type gives the gift pair (0, 0).

Proof. Assume w.l.o.g. that the high type uses a gift pair (m1,m2) and m2 is also used by

the low type. This implies that m1 + m2 = 1 by c) of Proposition 3.4.2. Consequently, we

have m1 >
β
2
or m2 >

β
2
. If m2 >

β
2
, then the low type prefers the gift pair (m1, 0) to the

gift pair (m1,m2). Contradiction. Hence, any Strong D1 equilibrium outcome is separating,

and the low type gives the gift pair (0, 0). Proposition 3.4.2b) implies that the high type

gives the gift pair (β
2
, β

2
). Hence, the sender's strategy is fully determined. To see that such

an outcome is a PBE outcome, consider the receiver strategy pair r∗ and the belief schedule

pair µ∗ given as follows. For any i:

r∗i (mi) =

1 ifmi ≥ β
2

0 ifmi <
β
2

and µ∗i (mi) =

1 ifmi ≥ β
2

0 ifmi <
β
2
.

The beliefs satisfy Bayesian updating. Moreover note that for any i: 1 ∈ BRi(µ
∗
i (mi)) if

mi ≥ β
2
and 0 ∈ BRi(µ

∗
i (mi)) otherwise. Hence, the strategies of the receivers are sequen-

tially rational. To see that s∗ satis�es sequential rationality, note that (0, 0) ∈ BRl(r
∗) and

(β
2
, β

2
) ∈ BRh(r

∗). Hence, the strategies and the beliefs constitute a PBE. The outcome

is a PBE outcome. I now show that the equilibrium outcome is Strong D1. Assume there

exists some dominant deviation (m1,m2) with h ∈ T (o, (m1,m2)). By Lemma 3.3.1 and the

de�nition of a dominant deviation, for some i, mi >
β
2
and m−i ≤ β

2
. If for some r ∈ <(o)

uh(m1,m2, r) ≥ uh(o), then uih(mi, ri(mi)) ≥ uih(
β
2
, 1). By the single crossing property,

uil(mi, ri(mi)) > uil(
β
2
, 1). Hence, ui(mi, 0, r) > ul(o). This implies either (m1,m2) is not

a dominant deviation or h 6∈ T (o, (m1,m2)). Contradiction. The equilibrium outcome is

Strong D1.

I now characterize the unique Strong D1 equilibrium outcome for β > 1. When β ∈ (1, 2)

it turns out that the low type and the high type give di�erent gifts to the �rst receiver,

whereas the low type may use two di�erent gifts for the second receiver. The logic is almost

as in the introductory example. If the high type does not separate himself from the low type

in the eyes of the �rst receiver, then the high type is the most likely type of a potentially

pro�table deviation which consists of a slightly larger gift for the �rst receiver and a slightly

smaller gift for the second receiver. This implies that such a deviation is dominant. This

contradicts Proposition 3.4.1.
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Proposition 3.4.4. a) In the private gifts game, if β ∈ (1, 2], then there is a unique

Strong D1 equilibrium outcome. In each Strong D1 equilibrium the high type gives

the gift pair (β
2
, 1 − β

2
); the low type gives the gift pair (0, 1 − β

2
) if 2

r0+1
≤ β, and

randomizes between (0, 0) and (0, 1− β
2
) if 2

r0+1
> β.

b) In the private gifts game, if β > 2, then there is a unique Strong D1 equilibrium

outcome. In each Strong D1 equilibrium the high type gives the gift pair (1, 0); the

low type gives the gift pair (1, 0) if 2
r0
≤ β, and randomizes between (0, 0) and (1, 0) if

2
r0
> β > 2.

Proof. The proofs of parts a) and b) are almost identical. Therefore, I only present the

proof for part a). Note that in this case full separation is not possible. Hence by Proposi-

tion 3.4.2b), the high type uses a gift pair (m1,m2) with m1 +m2 = 1. I �rst show that there

is separation at the �rst gift. Assume not, then in some Strong D1 equilibrium outcome we

have r∗(m1) < 1 and m1 <
β
2
. Consider a potentially pro�table deviation (m1 + ε,m2 − ε)

for su�ciently small ε > 0. Then, we have

ul(o)−fl(m1,m2) =
β

2
(r∗1(m1)+r∗2(m2)) >

β

2
(r∗1(m1)+r∗2(m2))−(ε(α1−α2)) = uh(o)−fh(m1,m2).

Hence, T (o, (m1 +ε,m2−ε)) = {h}. Take some r ∈ <(o) such that r1(m1 +ε) = r∗1(m1)+ε 2
β

and r2(m2 − ε) = r∗2(m2) − ε 2
β
and r1(m′1) = 0 for any m′1 ∈ Mn

1 (o) \ {m1 + ε}, and
r2(m′2) = 0 for any m′2 ∈ Mn

2 (o) \ {m2 − ε}. It is easy to see that, for any deviation m,

ul(m, r) ≤ ul(o). Notice that, since α1 > α2, uh(m1 + ε,m2 − ε, r) > uh(o). Furthermore,

note that m1 + ε ∈ arg max
m′1∈[0,1]

uh1(m′1, r) and m2 − ε ∈ arg max
m′2∈[0,m2−ε]

uh2(m′2, r). This implies that

for any m′2 ∈ [0,m2 − ε], uh(m1 + ε,m′2, r) ≤ uh(m1 + ε, 0, r) ≤ uh(o). Similarly, for any

m ∈M \{(m1 +ε,m2−ε)}, we have uh(m, r) ≤ uh(o). Hence, (m1 +ε,m2−ε) is a dominant

deviation. Contradiction. It is also easy to see that in any Strong D1 equilibrium outcome,

the high type gives gift β
2
. This is because if the high type gives the gift pair (m1,m2) and

the low type gives the gift pair (0,m′2). Then by indi�erence condition and the fact that the

high type separates, we have ul(m1, 1) = ul(0, 0). Hence, m1 = β
2
. By Proposition 3.4.2c),

the high type gives the gift pair (β
2
, 1− β

2
). If 1− β

2
≤ r0 β

2
, then the low type gives the gift

pair (0, 1 − β
2
). If the inequality does not hold, then the low type randomizes between gift

pairs (0, 1 − β
2
) and (0, 0). Let q be the probability that the low type chooses (0, 1 − β

2
),

then q will solve BR2( p0

p0+(1−p0)q
) = 2

β
− 1. Consider the following receiver strategy pair r∗

and the belief schedule pair µ∗:

r∗1(m1) =

1 ifm1 ≥ β
2

0 ifm1 <
β
2

and r∗2(m2) =

 2
β
− 1 ifm2 ≥ 1− β

2

0 ifm2 < 1− β
2
,



Section 3.5 � Compound Gifts | 89

µ∗1(m1) =

1 ifmi ≥ β
2

0 ifmi <
β
2

and µ∗2(m2) =


p0

p0+(1−p0)q
ifmi ≥ β

2

0 ifmi <
β
2
.

The beliefs satisfy Bayesian updating. Moreover, note that 1 ∈ BR1(µ∗1(m1)) if mi ≥ β
2
and

0 ∈ BR1(µ∗1(m1)) otherwise, and 2
β
− 1 ∈ BR2(µ∗2(m2)) if m2 ≥ 1− β

2
and 0 ∈ BR2(µ∗2(m2))

otherwise. Hence, the receiver strategies are sequentially rational. To see that s∗ satis�es

sequential rationality, note that (0, 0), (0, 1 − β
2
) ∈ BRl(r

∗) and (β
2
, 1 − β

2
) ∈ BRh(r

∗).

Hence, the strategies and the beliefs constitute a PBE. Hence, the outcome is PBEO. To

see that this equilibrium outcome is Strong D1, note that, for any (m1,m2) ∈ Mdv
+ (o), we

have

uh(o)− fh(m1,m2)− (ul(o)− fl(m1,m2))

= α1
β

2
+ α2(1− β

2
)−m1(1− α1)−m2(1− α2)− (m1 −m2).

This implies that if m1 < β
2
, then uh(o) − fh(m1,m2) > ul(o) − fl(m1,m2), and

T (o, (m1,m2)) = l. Assume that (m1,m2) with m1 > β
2
is a dominant deviation such

that h ∈ T (o, (m1,m2)). Note that for any r ∈ <(o) with uh(m1,m2, r) ≥ uh(o), then

by the single crossing property, u2
l (m2, r2(m2)) > u2

l (1 −
β
2
, r2(1 − β

2
)). This implies

ul(0,m2, 0, r2(m2)) > ul(o). Hence, either (m1,m2) is not dominant or T (o, (m1,m2)) = {l}.
Contradiction to Proposition 3.4.1. The outcome o is Strong D1.

Proposition 3.4.4 has a surprising implication. For some values of the reputation param-

eter, the ex-ante expected value of gifts that R2 receives is higher than the ex-ante expected

value of gifts that R1 receives. This is surprising because type h intrinsically cares more

about R1, and type l does not intrinsically care about any receiver.

Observation 3.4.1. If β ∈ (1, 2) and p0 < 2
β
− 1, then in the unique Strong D1 equilibrium

outcome the ex-ante expected value of gifts that R2 receives is higher than the ex-ante expected

value of gifts that R1 receives.

3.5 Compound Gifts

In this section I study the compound gifts game. This variant allows the sender to give

public or private gift pairs.25 I �rst introduce the re�nement.

25Note that as stated in the beginning, the compound gifts does not allow the sender to give public and

private gifts at the same time. In my view, a variant that allows the sender to give private and public gifts

at the same time, may generate interesting results. Unfortunately, the techniques that are developed in

Chapter 2 are not easily adaptable to such a variant.
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3.5.1 Equilibrium Re�nement: Strong D1 for Compound Gifts

For the compound gift game, I introduce a re�nement which is almost a combination of the

concepts introduced for public and private gifts.26 Before going with the formal analysis,

two remarks are in order.

1) The set of private gift pairs and the set of public gift pairs can be separately analyzed,

just as each public gift pair in the public gifts game is separately analyzed. This can

be done because there is no interaction between the receivers' responses to the public

gift pairs and the private gift pairs.

2) In the compound gifts variant, each gift pair has two versions: a public one and a

private one. This creates the possibility that both types may be indi�erent between

two gift pairs at the same time. By the same token, if only one version of a gift pair is

used in equilibrium, then both types may be most likely types of the unused version

of the gift pair. Because of this, I slightly adjusted the de�nition.

Fix an equilibrium outcome o. I denote the set of gift pairs that are used in o by M(o).

I say that a gift pair is a deviation, if it is public and it is not used, or it is private and one

of its components is not used. I denote the set of deviations by Mdv(o). For o, the set of

private gifts that are given to Ri with positive probability is denoted by Mi(o). The set of

private gifts that are not given to Ri is denoted by Mn
i (o). As in the private gifts variant,

it is useful to consider receiver strategy pairs that specify the equilibrium responses at used

private gifts and that specify some best response at unused private gifts. I will denote this

set by <(o). Hence,

<(o) = {r : ∀i, ∀mi ∈Mi(o), ri(mi) = r∗i (mi),∀mi ∈Mn
i (o), ri(mi) ∈ BRi(T )}.

De�nition 3.5.1. A deviation m is said to be potentially pro�table if one of the following

conditions are satis�ed:

a) m ∈Mpub \M(o) and ∃t ∈ T : ut(m, 1, 1) > ut(o).

b) m = (m1,m2) ∈Mpr \M(o), ∃r ∈ <(o),∃t ∈ T : ut(m, r) > ut(o).

The set of potentially pro�table deviations is denoted by Mdv
+ (o).

26In the �nite version of this set-up, one can show that the for almost all games, the re�nement implies

strategic stability of Kohlberg and Mertens (1986). A proof of such a result can be easily derived, by

applying the results in Chapter 2.
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For any potentially pro�table deviation m, I denote the set of most likely types by

T (o,m). It only makes sense to de�ne domination between deviations that consists of

private gifts. Hence, I now de�ne the concept of a dominant deviation for potentially

pro�table private gift pairs.

De�nition 3.5.2. Let m be a potentially pro�table deviation in Mpr. m is said to be

dominant if there exists some r ∈ <(o) such that, for some t, ut(m, r) ≥ ut(o) and, for any

t′ ∈ T and any m′ ∈ Mpr \ {m}, ut′(m′, r) ≤ ut′(o). The set of dominant deviations is

denoted by Mdm(o).

In Section 3.4 I showed that, in the private gifts variant of the present context, the

de�nition of Strong D1 can be simpli�ed. For the sake of exposition, I will now directly

introduce the re�nement in the simpli�ed form. As stated in the introduction of this section,

I modify the de�nition slightly to accommodate for the fact that two types may be indi�erent

between two gift pairs at the same time.27

De�nition 3.5.3. An equilibrium outcome o is Strong D1 if for any potentially pro�table

deviation m ∈Mpub ∪Mdm(o), l ∈ T (o,m).

Notes I impose the condition l ∈ T (o,m), instead of imposing the condition T (o,m) =

{l}. The second condition would be consistent with the re�nements that are introduced

in the previous sections. I believe, however, the condition l ∈ T (o,m) is sensible for the

current set-up. If I, instead, assume that T (o,m) = {l}, such a concept would eliminate all

equilibrium outcomes in which the high type uses only one version (public or private) of a

gift pair.

3.5.2 Compound Gifts: Results

Overview The case of compound gifts is not as clear-cut as the other cases. In the

compound gifts game, the equilibrium re�nement selects multiple equilibrium outcomes.

This results from the indi�erences the sender may have between public and private gift

pairs. I summarize the main result of this section as follows:

� The unique D1 equilibrium outcome of the public gifts game is a Strong D1 outcome

of the compound gifts game. For high values of the reputation parameter, the unique

Strong D1 equilibrium outcome of the private gifts game is a Strong D1 outcome of

the compound gifts game.

27See the note after the de�nition.
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� For all values of the reputation coe�cient, there are multiple Strong D1 equilibrium

outcomes in which private and public gifts are used at the same time. For high values

of the reputation parameter, in such equilibrium outcomes the high type uses both

private and public gift pairs.

� For intermediate values of the reputation coe�cient, there exist Strong D1 equilibrium

outcomes in which both types attain higher (lower) pay-o�s than in the public (private)

gifts game.

I begin by stating the common properties of Strong D1 equilibrium outcomes of the

compound gifts game. For clarity, I write public gift pairs as (m1,m2)pub and private gift

pairs as (m1,m2)pr.

Proposition 3.5.1. In the compound gifts game, for any Strong D1 equilibrium outcome

the following properties hold:

a) There does not exist any non-empty open set U ⊂ R2 which is contained inM(o)∩Mpub

or M(o) ∩Mpr.

b) The low type is indi�erent between any of his equilibrium gift-pairs and any gift pair

that the high type uses.

c) If a gift pair (m1,m2)pub is used by both types, then mi +m−i = 1. If a private gift mi

is used by both types, then the high type can not use (mi,m−i)pr with mi +m−i < 1.

d) The high type can at most use one gift pair from each Mpr and Mpub.

Proof. The result follows from the proofs of Proposition 3.3.1 and Proposition 3.4.2.

I �rst show under what conditions a D1 equilibrium outcome of the public gifts game

and a Strong D1 equilibrium outcome of the private gifts game is a Strong D1 equilibrium

outcome of the compound gifts game. It will turn out that if the reputation coe�cient is

small, then the high type will not use private gifts, hence in such cases Strong D1 equilibrium

outcomes of the private gifts game are not Strong D1 outcomes of the compound gifts game.

Proposition 3.5.2. Any D1 equilibrium outcome of the public gifts game is an Strong D1

equilibrium outcome of the compound gifts game. If β ≥ 2, then any Strong D1 equilibrium

outcome of the private gifts game is a Strong D1 equilibrium outcome of the compound gifts

game.
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Proof. I begin by proving that any D1 equilibrium outcome of the public gifts game, is an

Strong D1 equilibrium outcome of the compound gifts case. Note that in the public gifts

case for any deviation m ∈ Mdv
+ (o), we have T (o,m) = l. But if we carry this outcome to

the compound gifts game, this implies that for anym ∈Mdv
+ (o)∩Mpr, l ∈ T (o,m). Hence,

such an outcome is Strong D1 in the compound gifts game. Note also that if β ≥ 2, then it

is possible to carry the Strong D1 equilibrium outcome to the compound gifts game. Note

that as (1, 0)pr is used by both types, for anym ∈Mdv
+ (o)∩Mpub, l ∈ T (o,m). Hence, such

an outcome is Strong D1 in the compound gifts game.

I now characterize the equilibrium outcomes in which both private and public gift pairs

are used.

Proposition 3.5.3. For any value of the reputation coe�cient, there exists a continuum

of Strong D1 equilibrium outcomes where both private and public gift pairs are used. Such

equilibrium outcomes are characterized as follows:

a) If β ∈ (0, 1], the high type gives (β, 0)pub, whereas the low type randomizes between

(0, 0)pub and (0, 0)pr. Any such equilibrium outcome is pay-o� equivalent to the D1

equilibrium outcome of Gpub.

b) If β ∈ (1, 2), the high type gives (1, 0)pub, whereas the low type randomizes between

(0, 0)pub, (0, 0)pr and (1, 0)pub. Any such equilibrium outcome is pay-o� equivalent to

the D1 equilibrium outcome of Gpub .

c) If β ∈ [2, 2
r0

), the high type randomize between (1, 0)pub and (1, 0)pr, and the low

type randomizes between (1, 0)pub, (1, 0)pr and (0, 0)pr. The pay-o�s of both types are

decreasing with respect to the probability that the high type uses (1, 0)pub. The pay-o�s

of both types are higher (lower) than in the D1 (Strong D1) equilibrium outcome of

Gpub (Gpr).

d) If β > 2
r0

), the high type and the low type randomizes between (1, 0)pub and (1, 0)pr.

Any such equilibrium outcome is pay-o� equivalent to the D1 equilibrium outcome of

Gpub, and to the Strong D1 equilibrium outcome of Gpr.

Proof. a) First, I show that if β < 1 then the high type can not use a private gift pair. Note

that Proposition 3.5.1c) implies that a gift or gift pair can not be used by both types. This

implies that the low type uses (0, 0)pr or (0, 0)pub. Note that

(β, 0) = arg max
{(m1,m2)∈M :m1+m2=β}

fh(m1,m2). (3.8)
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This implies that if (β, 0)pub is not used, then T (o, (β, 0)pub) = {h} and uh(β, 0, 1, 1) > uh(o).

Contradiction. Any other public gift pair is not used by the high type, because of (3.8).

Moreover (β, 0)pr can not be used, because then (0, 0)pr is used by the low type. Hence, the

low type randomizes between (0, 0)pr and (0, 0)pub. To see that such equilibrium outcomes are

Strong D1, note that the previous arguments imply that, for anym ∈Mdv
+ (o), l ∈ T (o,m).

Hence, the equilibrium outcomes are Strong D1.

b) This part can be proven using essentially the same idea of part a).

c) To see that such an equilibrium exists, we have to �nd a sender's strategy and corre-

sponding receiver strategy such that the high type is indi�erent between gift pairs (1, 0)pub

and (1, 0)pr and the low type is indi�erent between gift pairs (1, 0)pub, (1, 0)pr and (0, 0)pr.

These indi�erence conditions can be reduced to the following equalities:

r1((1, 0)pub) + r2((1, 0)pub) =
2

β
+ r2(0pr), (3.9)

r1(1pr) =
2

β
. (3.10)

Denote the probabilities that the high type and the low type attach to (1, 0)pub by p and q,

respectively. Consider an auxiliary game between the low type sender and the two receivers,

in which the high type is assumed to be passive and that he chooses a involuntary mixture

(p, 1− p) where p is a number smaller but close to 1. In this game, the low type's strategy

space is the set of mixtures between the three gift pairs, whereas the receivers can only use

pure strategies. Note that the best response correspondence of each player is convex valued,

and has a closed graph, and accordingly by Kakutani �xed point theorem, this game has a

Nash equilibrium. Note that in any such equilibrium (1, 0)pub and (1, 0)pr and (0, 0)pr are

used by the low type. To see this, if (1, 0)pub is not used, then the deviation gives the low-type

a utility of β−1 > 0, but if p is su�ciently close to 1, then the utility of the low type at gift

pair (0, 0)pr is smaller. The same idea works for the gift pair (1, 0)pr. If (0, 0)pr is not used

by the low type, then either (1, 0)pr or (1, 0)pub induce a response lower than r0. But then

the incentive compatibility condition of the low type dictates that β
2
r0 > 1. Contradiction.

Coupling these mixtures of the low type, receiver strategies and the involuntary mixture

of the high type (p, 1 − p), an equilibrium is derived. To see that any such equilibrium is

Strong D1, note that for any deviation m ∈Mdv
+ (o), l ∈ T (o,m).

Note that the construction implies that there exists a pmin ∈ (0, 1) such that there exists

an equilibrium with p as the probability that the high type chooses (1, 0)pub, if and only if

p ∈ [pmin, 1). I now show that the equilibrium outcome is fully determined by p ∈ [pmin, 1)

and that the ratio p
q
is increasing in p. Denote p

q
by z. Rewriting each receiver's response



Section 3.5 � Compound Gifts | 95

in (3.9) with some abuse of notation as a function of their beliefs, we get

2r1

(
p0

p0 + (1− p0)z)

)
− r2

(
p0

p0 + (1− p0)( (1−zp)
1−p )

)
=

2

β
. (3.11)

Let B(p, z) = (1−zp)
1−p . Taking the derivative of the left side of (3.11) with respect to z yields

∂(2r1 − r2)

∂z
= 2

∂r1

∂z
− ∂r2

∂B

∂B

∂z
. (3.12)

Note that
∂r1

∂z
< 0,

∂r2

∂B
< 0,

∂B

∂p
> 0 and

∂B

∂z
< 0. (3.13)

Hence, ∂(2r1−r2)
∂z

< 0. Note that ∂r1
∂p

= 0 and (3.13) implies that ∂r2
∂p

> 0. Hence, ∂(2r1−r2)
∂p

> 0.

Using the implicit function theorem, we have that for any p ∈ (pmin, 1), z(p) is unique and

that dz
dp

> 0. Therefore, the pay-o�s can be written as ucomph (p) and ucompl (p) and since
∂r1
∂z

< 0, we have
ducomp

h (p)

dp
> 0 and

ducomp
l (p)

dp
> 0.

I now show that the pay-o�s are higher (lower) than the pay-o�s induced by the D1

(Strong D1) equilibrium outcome of Gpub(Gpr). Note that by construction of the equilibrium,

(0, 0)pr is used by the low type with positive probability. Using this observation and (3.9)

yields r2(0pr) < r1((1, 0)pub) < r1(1pr). Note also that r1((1, 0)pub) > r0, because otherwise

r2(0pr) > r0. Hence, p > q and accordingly r2(0pr) < r0. Summarizing these �ndings, we

have

r2(0pr) < r0 < r1((1, 0)pub) < r1(1pr). (3.14)

(3.10) and (3.14) imply that

upubh = uh(1, 0, r
0, r0) < ucomph (p) < uh(1, 0, r1(1pr), r

0) = uprh .

Similarly, upubl < ucompl (p) < uprl . Denote the probability that the low type uses (1, 0) in the

Strong D1 equilibrium of the private gifts game by 1− x. Note that by (3.10), the low type

uses gift pair (1, 0)pr with probability z(p)(1− x) and by (3.14) we have z(p) > (1− x).

d) In this case the low type can not use gift pair (0, 0)pr. Because then he could pro�tably

deviate to (1, 0)pr. The sequential rationality dictates that the reputation pay-o�s at (1, 0)pr

and (1, 0)pub are the same. Hence, if the high type uses a mixture (p, 1−p), the low type uses

the same mixture. The same arguments as above imply that for any deviationm ∈Mdv
+ (o)

we have l ∈ T (o,m). Hence, such an equilibrium outcome is Strong D1.
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3.6 Informativeness of Variants

In this section, I will compare the Blackwell informativeness of private gifts with that of

public gifts. I will show that for some values of the reputation coe�cient, for receiver 1 the

private gifts game is more informative than the public gifts game and for receiver 2 both

variants are equally informative. This will mean that for some parameters, if each receiver

does not observe the gift given to the other receiver, they will be more informed than in the

situation in which they observe both gifts.

3.6.1 Blackwell Informativeness

I will �rst introduce the notion of an information structure and Blackwell's ordering of

informativeness. I will follow the treatment of de Oliveira (2018). An information structure

for a decision maker is a mapping between the relevant set of states and the distribution of

informative signals. Hence, formally σ : Ω→ ∆(Sg), where Ω is the set of states and Sg is

a set of signals. Blackwell (1953) introduced the following criterion.

De�nition 3.6.1 (Blackwell (1953) Informativeness). Given Ω, let σ : Ω → ∆(Sg) and

σ′ : Ω → ∆(Sg′) be two information structures. σ′ is a garbling of σ, if there exists a

mapping ψ : Sg → ∆(Sg′) such that ∀ω ∈ Ω,∀sg′ ∈ Sg′:

σ′(sg′|ω) =
∑
sg∈Sg

ψ(sg′|sg)σ(sg|ω). (3.15)

σ is more informative than σ′ if σ′ is a garbling of σ.

Note that if σ is more informative than σ′, then σ′ can be generated by σ by adding

some noise (garbling). I will say that σ is strictly more informative than σ′, if σ is more

informative than σ′, but σ′ is not more informative than σ.28

Information Structures Generated by Equilibrium Outcomes In the present set-

ting, from the perspective of a single receiver, each equilibrium outcome generates an infor-

mation structure on T : σ : T → ∆(Sg). For instance, consider the Strong D1 equilibrium

outcome o of e = (s∗, r∗,µ∗) of the private gifts game for β ∈ [1, 2] and β > 2
r0+1

. In this

case l randomizes between gift pairs (0, 0) and (0, 1− β
2
) and h gives the gift pair (β

2
, 1− β

2
).

This implies that R2 observes two signals 0 = sgl and 1 − β
2

= sgl. Hence, o generates

the information structure σo2 for R2 such that σo2(sgh|h) = s∗h(
β
2
, 1 − β

2
) = 1, σo2(sgl|h) = 0,

σo2(sgh|l) = s∗l (0, 1−
β
2
) and σo2(sgl|l) = s∗l (0, 0). This structure is no coincidence. Remember

28To the best of my knowledge, this notion is non-standard. But it will be useful in the present context.
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Private Gifts Public Gifts

Receiver 1 Receiver 2 Receiver 1 Receiver 2

β ∈ (0, 1] Sep. Sep. Sep. Sep.

β ∈ (1, 1
r0

) Sep.
β ∈ [1, 2

r0+1
) Par. Pool.

Par. Pool. Par. Pool.
β ∈ [ 2

r0+1
, 1
r0

) Pool.

β ∈ [ 1
r0
, 2
r0

)
β ∈ [ 1

r0
, 2] Sep.

Pool. Pool. Pool.
β ∈ [2, 2

r0
) Par. Pool.

β ≥ 2
r0

Pool. Pool. Pool. Pool.

Table 3.1: Summary of Results in terms of Separation and Pooling.

that in the unique D1 outcome of the public gifts game and in the unique Strong D1 out-

come of the private gifts game, h does not randomize. This implies that, for receiver i, each

such outcome o generates σoi such that Sg = {sgl, sgh} and σoi (sgh|h) = 1, σoi (sgl|h) = 0

and σoi (sgh|l) = 1− x and σoi (sgl|l) = x for some x ∈ [0, 1].

I now present a useful criteria to compare the informativeness of information structures

that are generated by D1 and Strong D1 outcomes.

Lemma 3.6.1. Let σ : T → ∆(Sg) and σ′ : T → ∆(Sg) be two information structures such

that Sg = {sgl, sgh}, σ(sgh|h) = σ′(sgh|h) = 1 and σ(sgl|h) = σ′(sgl|h) = 0. σ is more

informative than σ′ if σ(sgl|l) ≥ σ′(sgl|l).

Proof. Let σ(sgl|l) = x ≥ σ′(sgl|l) = x′. Set ψ such that ψ(sgl|sgh) = 0, ψ(sgh|sgh) = 1,

ψ(sgl|sgl) = x′

x
, and ψ(sgh|sgl) = x−x′

x
. It is easy to see that (3.15) is satis�ed and σ′ is a

garbling of σ.

3.6.2 Comparison of Informativeness of Variants

In this section, I will consider various values of the reputation coe�cient β and, for each β,

I will compare the informativeness of the private gifts game and the public gifts game. The

following de�nition is useful.

De�nition 3.6.2. For a given β, let o be the unique D1 outcome of the public gifts game

and o′ be the unique Strong D1 outcome of the private gifts game. If for Ri, σ
o
i is more

(less) informative than σo
′
i , then I say that public gifts game is more (less) informative than

the private gifts game.
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I now show that for some values of the coe�cient β, the private gifts game is strictly more

informative for R1 and (weakly) more informative for R2, whereas the public gifts game is

never strictly more informative for a receiver and (weakly) more informative for the other

receiver. The intuition is roughly as follows. For a given value of the reputation coe�cient,

in both variants, the amount of gifts that h gives are equal. Furthermore, in the private

gifts game, h gives a larger (or equal) gift to R1. This implies that it is more �costly� for l

to imitate h, by sending a private gift to the R1 than sending a private gift to R2, or than

sending a public gift pair. Hence, l will use the gift that h gives to R1 with less probability

than the gift that h gives to R2 and than h's public gift pair. This will imply that for some

values of the coe�cient β, for R1, the private gifts game is strictly more informative than

the public gifts game and, for R2, both games are equally informative (pooling).

Proposition 3.6.1. The informativeness of the private gifts game and the public gifts game

satisfy the following properties:

� If β ∈ (0, 1], then both games are fully informative for both receivers.

� If β ∈ (1, 1
r0

), then the private gifts game is strictly more informative for R1 and the

public gifts game is strictly more informative for R2.

� If β ∈ [ 1
r0
, 2
r0

), then the private gifts game is strictly more informative for R1 and the

private gifts game is (weakly) more informative for R2.

� If β ≥ 2
r0
, then both games are non-informative for both receivers.

Proof. The result largely follows from Table 3.1. Table 3.1 shows for each value of the

reputation coe�cient, whether types separate, pool or partially pool from the viewpoint of

each receiver in the public gifts and private gifts game.29 Hence, it su�ces to only consider

the cases with partial pooling. Lemma 3.6.1 together with the fact that BR(λ) is strictly

increasing in λ imply the following. If, in outcome o, the response of Ri to the common

signal (gift or gift pair that both types may use) is higher than Ri's response to the common

signal in o′, then, for Ri, o is strictly more informative than o′. Using this observation,

notice that if β ∈ (1, 1
ro

), then in Gpub there is partial pooling at (1, 0) and r1(1, 0) = 1
β
. If

β ∈ (2, 2
r0

), then in Gpr there is partial pooling at 1 for R1 and r1(1) = 2
β
. If β ∈ (1, 2

r0+1
),

then in Gpr there is partial pooling at (1− β
2
) for R2 and r2(1− β

2
) = 2

β
− 1. Notice that if

β > 1, then 2
β
> 1

β
> 2

β
− 1 and that 1

r0
> 2

r0+1
. These imply that if β ∈ [ 1

r0
, 2
r0

), then the

public gifts game is non-informative for both receivers and for R1 the private gifts game is

29For tractability, I assume that 1
r0 < 2.
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strictly more informative than the public gifts game. Similarly, if β ∈ [1, 1
r0

), then for R1

the private gifts game is strictly more informative, whereas for R2 the public gifts game is

strictly more informative.

3.7 Conclusion

In this chapter I presented a simple two-audience gift giving game and incorporated public

gifts, private gifts and compound gifts. I used the Strong D1 concept which was introduced in

Chapter 2. I showed that, in the private gifts case, this concept selects a unique equilibrium

outcome. I showed that gifts may not be given equally. I also showed that the asymmetry

in gifts may reduce when the gifts are given privately. On top of this, I compared the

informativeness of the private gifts game and the public gifts game and found that for some

values of the reputation coe�cient, the private gifts game is strictly more informative for

the �rst receiver and (weakly) more informative for the second receiver.

Future Research I believe that the current model can be extended in several ways.

First, one can extend the model by adding more types, while retaining the single crossing

property and the property that the isocost curves do not cross more than once. I conjecture

that in both public and private gifts variants, the associated re�nements will select unique

equilibrium outcomes. Second, one can incorporate a more general type space or assume

that the receiver's preferences are not aligned, and characterize the Strong D1 equilibrium

outcomes in the private gifts game and D1 equilibrium outcomes in the public gifts game.

One such natural extension would include three types: a sel�sh type and two altruistic types

who care more about one receiver than the other. For simplicity, denote the type who cares

more about the �rst receiver and the type who cares more about the second receiver by h1

and h2, respectively. In such an extension, it would be natural to assume that R1 values h1

the most and R2 values h2 the most. I conjecture that in the private gifts variant of such

an extension, when the reputation is not too important, there will be perfect separation

in which R1 receives a larger gift from h1 and R2 receives a larger gift from h2. When

the importance of the reputation increases, then it will be impossible to fully separate. I

conjecture that in this case there may be multiple Strong D1 equilibrium outcomes with

partial pooling.
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Costly Persuasion with Uncertain Sender

Preferences



Abstract In this chapter a persuasion game with uncertain sender

preferences and two-dimensional state space is studied. In this game

a sender who can be �biased� or �good� observes the values of two

attributes (e.g. qualities of a project). The privately informed sender

chooses which of these attributes' values to reveal truthfully to the re-

ceiver, in the hope of in�uencing the action of the receiver. Revelation

of the value of each attribute is costly. I use the equilibrium re�ne-

ment PSE (Perfect Sequential Equilibrium) of Grossman and Perry

(1986a) to select reasonable equilibria. I �nd that in reasonable equi-

libria the receiver uses a threshold for one-dimensional messages. This

threshold is increasing with respect to the probability that a sender is

biased. I also show that, in the selected equilibria, the sender some-

times reveals only the lowest attribute's value. Furthermore, I show

that, when revelation costs are intermediate, the receiver prefers that

the sender is biased.
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4.1 Introduction

Suppose you need a new computer and a friend of yours works in the local computer store.

Over a phone call, your friend tells you that according to Computer Magazine X, model

Y has the most e�ective processor. This information can be checked and veri�ed on the

Internet so you have no reason to doubt it. Still, you may wonder why he shared this

information (and only this information) with you. If you trust your friend, you would think

that he would share this information only if this is a really good deal. If you know that he

has incentives to sell as many computers as possible (e.g. he gets bonuses), would you still

think the same? What would you infer about the missing information (e.g. the price)?

In this chapter I study a persuasion game between a sender and a receiver which in-

corporates the elements given in the example.1 I assume that the sender could either have

good intentions (be honest) or be biased. A good sender, apart from any costs of send-

ing messages, shares the preferences of the receiver, whereas a biased sender prefers that

a receiver chooses a certain action, e.g. implementing a project. The sender of any type

observes the values of two relevant attributes of a project and chooses which (if any) of these

attributes to reveal truthfully to the receiver in the hope of in�uencing the latter's (binary)

action. Revelation of attributes' values is costly and the cost only depends on the number

of revealed attributes.2 I assume that the receiver prefers to implement the project if the

sum of the attributes' values is higher than given (commonly known) threshold.

I aim to �nd out when informative communication occurs and how such communication

is a�ected by the probability that the sender is biased. I am also interested in determining

whether the receiver prefers that the sender is biased or good. Although there are many

related models, to the best of my knowledge, a persuasion model with uncertain preferences,

multiple attributes and costly signals was not previously studied. The interplay of these

elements gives rise to some new insights3 and the framework has applications in settings

in Media-Political Economy (Outlet vs Voter) and in Organizational Economics (Expert vs

1The model of this chapter builds on the canonical persuasion game models of Grossman (1981) and

Milgrom (1981). In such models, the sender observes the relevant state from a one-dimensional space and

sends a veri�able message, typically a subset of states, to the receiver. The receiver then chooses an action

which a�ects both players' payo�s. The �rst generation of models assumes communication is costless, and

the intention of the sender is known. It is useful to note that such persuasion game models are distinct from

Bayesian persuasion models pioneered by Kamenica and Gentzkow (2011). In a Bayesian persuasion model,

in contrast to persuasion game models, both the sender and the receiver are initially uninformed about the

relevant state. The sender designs and commits to a information structure to persuade the receiver.
2I will discuss the appropriateness of the main assumptions at the end of this section.
3See next page.
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Principal).

It is known that in the canonical persuasion models of Milgrom (1981) and Grossman

(1981), there is a unique (full disclosure) equilibrium. In contrast, in my setting, as in other

multi-dimensional persuasion games with binary actions of the receiver, there exist multiple,

typically non full-disclosure equilibria. I concentrate on pure strategy Perfect Bayesian

Equilibrium (PBE) in which the receiver does not implement the project if no information

is revealed.4 Pure strategy PBE with this property are numerous. To select reasonable

equilibria among this class of equilibria, I incorporate the concept of Perfect Sequential

Equilibrium (PSE) of Grossman and Perry (1986a).5 The concept of PSE eliminates a PBE

if the sender can credibly claim that he will deviate to an unsent message at a speci�ed

set of states. A claim is considered credible if the following condition is satis�ed. If the

receiver best responds to the claim, then, at some of the speci�ed states, the sender strictly

bene�ts from deviating and at no state the sender has a strict incentive to diverge from

his claim.6 The concept of PSE has an intuitive appeal, but, it some games, it may lead

to non-existence.7 Fortunately, in the present context, if the attributes' values are i.i.d,

concave and symmetrically distributed, then there exists a pure strategy PSE in which the

receiver does not implement the project if the sender does not reveal any information.

I �nd that, in all such PSE, the receiver uses a threshold for one-dimensional messages.

That is, he implements the project if and only if the revealed attribute's value is higher than

or equal to the threshold. The intuition behind this is as follows. It is possible to assign

a credibility estimate to any one-dimensional message, without specifying an equilibrium.

Such an estimate roughly tells whether the one-dimensional message would be credible, if it

was not used in an equilibrium. It can be shown that the credibility estimate is increasing in

4Such pure strategy PBE coincide with the pure strategy equilibria of a variation of the model, in which

the receiver only makes an implementation decision if the sender proposes the project by revealing some

information.
5In this chapter I do not study mixed strategy equilibria. It can be shown that there may exist mixed

strategy PSE that are not pay-o� equivalent to any pure strategy PSE. I will give such an example in the

Appendix. I conjecture that all non-equivalent mixed PSE in which the receiver does not implement the

project if no information is revealed, can be eliminated by a plausible strengthening of the PSE concept.

Such a concept would not only consider the credibility of deviations but also of sent messages.
6For simplicity, here, I abstract from a situation in which a claim may induce more than one best

response. Note also that the sender can take part of a credible deviation even if he is indi�erent between his

equilibrium choice and the deviation. This assumption may be considered as too strong. However, in my

view, if the sender is allowed to make claims and deviate when it is strictly pro�table, then he should also

be allowed to choose either the equilibrium message or the deviation when he is indi�erent, as both would

yield the same pay-o�.
7Grossman and Perry (1986a) showed the non-existence of PSE for some games.
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the value of the message and that only one-dimensional messages with su�cient credibility

are used in PSE. Hence, in such equilibria, the receiver uses a threshold. Furthermore,

I show that if the cost of revelation is low, the threshold is increasing in the probability

that the sender is biased. This holds because, as the probability that the sender is biased

increases, the credibility of each one-dimensional message decreases, and the receiver needs

to set a higher threshold. The receiver's threshold strategy determines when each type of

the sender reveals a single attribute's value. Speci�cally, in equilibrium, the biased type

sends a one-dimensional message whenever he can at-least match the threshold and the

good type sends such a message, also if the project is of su�cient quality. This implies that

all such pure strategy PSE are pay-o� and informationally equivalent.8 Moreover, it turns

out that such pure strategy PSE induce the lowest possible threshold. Consequently, in any

such PSE, each type of the sender achieves the highest utility.

Notice that, in the paragraph above, I have not speci�ed the equilibrium sender strategy

completely. The reader may conjecture that, in equilibrium, whenever the sender reveals

a single attribute's value, he should reveal the highest attribute's value. Such a conjecture

would be consistent with the persuasion literature which focuses on equilibria in which the

sender chooses the most favorable message for the receiver out of an equally costly set of

alternatives. But this is not valid for the pure strategy PSE that I concentrate on. In

any such pure strategy PSE, the sender reveals with positive probability only the lowest

attribute's value.9 This is a consequence of two facts. First, since I assume that revelation

of each attribute's value is equally costly and the receiver has two actions, the sender may be

indi�erent between revealing the lower and higher attributes' values. Second, PSE requires

that an equilibrium, at unsent one-dimensional messages, is stable with respect to most

optimistic beliefs. That is, the receiver may expect the non-revealed attribute's value is

higher than the revealed attribute's value. This necessitates that the sender, in equilibrium,

reveals the lower attribute's value when the lower attribute's value is equal to or just above

the threshold, and the other attribute's value is su�ciently high.

I also investigate whether the receiver prefers a good sender or a biased one. I �nd that,

for some values of the cost of revelation, the receiver prefers that the sender is biased instead

of being good. This result may look surprising, but the logic is simple. The biased type,

compared to the good type, gains more from persuading the receiver. Consequently, if the

8Two equilibria are informationally equivalent, if, for almost any given state, in both equilibria, the

sender reveals the same number of attributes' values.
9In a variation of the framework in which the receiver has a continuum of actions, there is a pure strategy

PSE in which the sender always reveals the highest attribute's value. I conjecture that, in that variation,

all pure strategy PSE satisfy this property.
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cost of revelation is high but not too high, then in equilibrium the good type will not reveal

any information. On the other hand, the biased type's behavior will not be a�ected, and,

consequently, the receiver will prefer that the sender is biased.

This chapter contributes to various branches of the persuasion games literature. Firstly,

the chapter complements the literature on (costly) multi-dimensional persuasion games.

Most closely related papers in this literature are Dye (1986), Kirschenheiter (1997),

Bertomeu and Cianciaruso (2018) and Dziuda (2011).10 Dye (1986) and Kirschenheiter

(1997) in accounting-�nance settings, study two-dimensional costly persuasion games. In

both of these models, a biased sender tries to maximize the receiver's expectation of the

value of a �rm or an asset by revealing two signals e.g. information about cash-�ows or the

value of an asset.

Dye (1986) assumes the expectation of the value is increasing in the signals and that

both signals are correlated. Furthermore, Dye (1986) makes an assumption, which e�ectively

implies that the sender can only reveal the �rst signal or both signals at the same time.11

Hence, in contrast to the model of this chapter, in Dye's model, the sender never makes

a choice from a set of equally informative messages. Moreover, Dye does not incorporate

equilibrium re�nements but he selects the best equilibrium for the sender.12

On the other hand, Kirschenheiter (1997) studies a general model in which two possibly

correlated signals may have di�erent precision and relevance about the true state of the

world. The most relevant subcase of his model is the case in which the cost of revelation,

the precision and the relevance of the signals are the same. Kirschenheiter (1997) does not

allow the sender to send an uninformative message, and considers two variants: a one in

which only one signal is revealed and a second one in which both of the signals can be

revealed. He �nds that in both variants there exists a unique equilibrium and that, if both

signals have the same costs of revelation, the same precision and the same relevance, then the

sender never reveals only the signal with a lower value. This is in contrast to my result that,

in a reasonable equilibrium, the sender reveals with positive probability the lower attribute's

value. The intuition of the result of Kirschenheiter (1997) is as follows. The assumption that

the receiver has a continuum of actions together with the non-existence of an informative

10For Dziuda (2011), see the discussion on persuasion games with uncertain preferences.
11Speci�cally, Dye (1986) assumes that the sender can reveal a signal by paying a cost, but that it is

costless for him to reveal the �rst signal, provided that he also reveals the second signal. This amounts to

assuming that the sender can only reveal the �rst signal or both signals at the same time.
12Finding the best equilibrium from a single player's perspective is a form of equilibrium selection, but in

my view, such an approach is relatively ad-hoc and it avoids the question of whether such an equilibrium is

reasonable or self-enforcing. The re�nements that I consider in this thesis, attempt to answer this question.
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signal and the un-boundedness of the signal space imply that all one-dimensional signals

are used in equilibrium. This is because, for any signal and any response of the receiver,

one can always �nd a su�ciently unfavorable value for the other signal. Furthermore, one

can show that the receiver's response is strictly increasing with respect to the value of the

signals. The idea is roughly that, if the receiver's equilibrium responses to two (say) left

signals are the same, then one can �nd the set of right signals that induce a lower response

than these left signals. If, for these values of the right signal, the sender chooses to send one

of the left signals, then the signal with the higher value should induce a higher response.

As the receiver's response is increasing with respect to the signals, the sender will never

reveal only the signal with the lower value. In this chapter, I prove a comparable result

in a variation of the present set-up in which the receiver has in�nitely many actions and

the sender is allowed to reveal only one attribute's value. I show that in such a variation

there exists a pure strategy PSE in which the sender never reveals only the lower attribute's

value.13

Bertomeu and Cianciaruso (2018) study equilibrium selection in a general model, which

nests many models in the (costly) multidimensional persuasion literature. Bertomeu and

Cianciaruso (2018) assume that the state space is �nite and the sender is biased, and they

concentrate on pure strategy equilibrium. They further impose a condition, which implies

that, in equilibrium, the sender is never indi�erent between two messages. They incorpo-

rate an adaptation of the equilibrium re�nement Neologism Proof Equilibrium (NPE) of

Farrell (1993), which is closely related to the concept of PSE.14 They call their adaptation

Grossman-Perry-Farell Equilibrium (GPFE). They show that GPFE selects a class of equi-

libria that are pay-o� and informationally equivalent. In my model, since the receiver has

only two actions and the cost of revelation of each attribute's value is the same, the never-

indi�erent condition of Bertomeu and Cianciaruso (2018) does not hold. Consequently, in

my model, if the sender is biased, then GPFE selects a set of equilibria that are not pay-o�

or informationally equivalent.15

Glazer and Rubinstein (2006) also study a multi-dimensional (costless) persuasion game

with a biased sender and binary actions of the receiver. They assume that the receiver

can commit to a strategy, and show that an optimal commitment strategy of the receiver

13In such an equilibrium, the sender reveals only the highest attribute's value if it is higher than or equal

to a certain threshold. Any deviation that is lower than the threshold is not consistent because such a

deviation cannot be attractive for S for the relatively more favorable attribute vectors.
14NPE is designed for cheap talk games. I will later compare these concepts in detail.
15In the general case in which the receiver does not know the type of the sender, GPFE may lead to

non-existence. I will show this in the Appendix.
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belongs to an equilibrium of the persuasion game without commitment. To compare the

predictions of Glazer and Rubinstein (2006) and my model, I consider the main speci�cation

of my model and a variation of it in which at most one attribute's value can be revealed.

Moreover, I assume that the sender is biased and I concentrate on pure strategies. For

both variants, I call the receiver's optimal commitment strategy a Glazer-Rubinstein (GR)

strategy and the resulting equilibrium a GRE. I show that in GRE of the main speci�cation

the receiver never implements the project after receiving a one-dimensional message. On

the other hand, in a GRE of the variation, the receiver uses a threshold which is higher than

the one induced by PSE. These di�erences stem from the fact that Glazer and Rubinstein

(2006) select the best pure strategy equilibrium for the receiver, whereas PSE selects the

best pure strategy equilibrium for the sender.

This chapter also complements the persuasion literature with uncertain preferences of

the sender.16 Wolinsky (2003) studies a persuasion model with uncertain sender preferences

and two actions for the receiver. In Wolinsky (2003) the sender, who can be biased towards

either action of the receiver, observes the quality of a project and can reveal that the

quality is higher than or equal to some value. Wolinsky (2003) �nds that all equilibria are

characterized by a threshold and are informationally equivalent. Dziuda (2011) extends

Wolinsky's (2003) framework by incorporating uncertainty about the quality of the outside

option and two-dimensional messages. I extend Wolinsky (2003) in another direction. In

my framework, there is no uncertainty on the outside option, but the quality of the project

has two unknown components. Moreover, I do not allow that the sender can reveal partial

information about the value of an attribute.17

Beyer and Dye (2012), in a more distanced work, study a two-period persuasion model

with reputation building. In their framework, a sender who can be truthful or strategic,

at each stage, observes with a �xed probability a one dimensional signal and can choose

to reveal it, if his type is strategic.18 The strategic type in the �rst period tries to build

reputation for being truthful, to bene�t in the second period.

This chapter also contributes to the small literature on equilibrium re�nements in per-

16Outside of this literature, some authors, including Seidmann and Winter (1997), only allow partial

information revelation. These authors do not put an explicit structure on the unveri�able information, as

I do, and they �nd conditions such that full disclosure equilibrium exists and it is unique. In cheap talk

models, Sobel (1985) and Morris (2001) incorporate uncertain sender preferences. The good type in my

model corresponds to a friend in Sobel (1985).
17In the Appendix I consider a variation of this framework in which disclosure of partial information

about the attributes' values is allowed. I show that in that variation no pure strategy PSE exists.
18To be more precise, Beyer and Dye (2012) assume that the type of the sender determines how often a

sender is a forthcoming or strategic.
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suasion games. This literature includes Hedlund (2015), Miura (2016), Miura (2018), and

Bertomeu and Cianciaruso (2018). In this literature, to the best of my knowledge, only

Hedlund (2015) and Bertomeu and Cianciaruso (2018) consider costly persuasion games.

As noted, Bertomeu and Cianciaruso (2018) adapt a version of Neologism Proof Equilibria

(NPE). Hedlund (2015) studies a one-dimensional persuasion model, where the privately

informed biased sender can reveal that the state lies in a interval, by paying a cost that is

decreasing with respect to the length of the interval. He incorporates a version of Strong

Announcement Proofness of Matthews et al. (1991) and �nds that there exists a fully sep-

arating, e�ectively full disclosure equilibrium.19 That is, the receiver can infer the state by

Bayesian updating.

I have stated that some of the results are tight (sensitive to the assumptions). I now

brie�y discuss the appropriateness of the main assumptions of my model.

1) The assumption that the revelation of each attribute's value is equally costly may be

an appropriate approximation if the revelation of the attributes' values are costly but

the environment does not provide an obvious clue to why revealing an attribute is more

costly then another. Clearly, this assumption may not be realistic in a set-up in which

a seller decides on revealing the price of the good or the quality of the good. But the

assumption may be appropriate in situations where attributes represent qualities of a

project or the qualities of a politician. Furthermore, all qualitative results carry over

to a variation of the model in which at most one attribute's value can be revealed.

Hence, it is also possible to interpret the revelation cost as a cost of calling or of

preparing a report.

2) The assumption that the receiver's action set is binary is reasonable in settings where,

for example, the receiver decides on buying a good or implementing a project.

3) The assumption that each attribute's value can only be perfectly revealed is appro-

priate in settings in which the receiver knows that the sender is fully informed and

the sender can prove that he provided all relevant information about the attribute. In

such a setting, if an attribute's value is only partially revealed, then the receiver may

feel cheated.

4.1.1 Structure of the Chapter

The remainder of the chapter is structured as follows. In the next section, I formally

introduce the model and the equilibrium re�nement. Thereafter, in Sections 4.3 and 4.4,

19Strong Announcement Proofness is an equilibrium re�nement which is related to NPE and PSE
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I analyze the cases where the sender's type is known. Studying these cases separately

will be instructive for general analysis. Firstly, in Section 4.3, I show that the reasonable

equilibria of the case where the sender is known to be good has a di�erent structure than the

reasonable equilibria of the other cases. Secondly, in Section 4.4, I introduce some key ideas

and the basic concept of a credibility measure that will also be vital for the general analysis.

The case where the sender is known to be biased will also provide a useful benchmark to

study extensions of the model and to compare the �ndings with other papers that does not

incorporate preference uncertainty. In Section 4.5 I �nally study the case where the sender's

type is unknown. In Section 4.6 I �nd GRE in this set-up and in a variation of it and

compare GRE with PSE. In Section 4.7 I consider variations of the model that di�er with

respect to the receiver's action set, and I explore in which of these variations the sender

sometimes reveals the lower attribute's value. Lastly, I conclude.

4.2 Model

I consider a game Γ between an informed (but possibly biased) sender S and a receiver R,

who, on the basis of information provided by S, takes a decision d ∈ D = {0, 1} which

in�uences both players' payo�s. The set of possible states (of the world) Ω is given by

Ω = {(t, θ1, θ2) : t ∈ {G,B}, θ1 ∈ [0, 1], θ2 ∈ [0, 1]}. The sender S knows the state ω, while

the receiver initially only knows its distribution. The �rst element t of ω represents the

type of the sender. If t = G (Good), then (apart from the cost of sending messages) S

and R have the same preferences over R's decision; in contrast, if t = B (Biased), then

S is biased towards R taking action d = 1. The second element θ = (θ1, θ2) is the vector

of attributes that S observes and whose values he can share with R. The type and the

values of the attributes are independently distributed. B occurs with probability φ where

0 ≤ φ ≤ 1. The values of the attributes θ1 and θ2 are identically, independently and

continuously distributed in [0, 1] with density f and cumulative distribution function F . I

denote the joint probability density of the attribute vector by fjo. I denote the probability

of a (Borel) subset U ⊂ [0, 1], by P(U) and the probability of a (Borel) subset V ⊂ [0, 1]2 by

P2(V ). I denote the expected value of an attribute, conditional on a positive probability set

U ⊂ [0, 1], by E(U). Throughout the chapter, I assume that f is log-concave. That is the

logarithm of f is concave.20 I also assume that f is symmetric around its expected value of

20This is equivalent to the property that f(x)
F (x) is decreasing in x. The log-concavity is a weaker condition

than concavity, but stronger than quasi-concavity. Relevant properties of log-concave distributions are

covered in Bagnoli and Bergstrom (2005). I will make use of their Theorem 5 later. The log-concavity of f
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1
2
. In Section 4.5 I will further assume that f is concave to prove an existence result.

Given an attribute vector θ ∈ Θ, S is allowed to send one of the following four messages:

1) �The value of attribute 1 is θ1.�

2) �The value of attribute 2 is θ2.�

3) �The attribute vector is θ.�

4) �I do not provide information.�

Note that S is not allowed to lie, but that S is not forced to tell the full truth either

(Sobel, 2020a): S may omit some relevant information. 21With some abuse of notation,

I denote the above messages by θ1, θ2, θ and N , respectively. I denote the set of possible

messages at θ by M(θ), i.e. M(θ) = {θ1, θ2, θ, N}. I denote a generic message by m and

denote the set of all possible messages by M .

For every attribute that he reveals, S pays a cost c. Hence, if m is a scalar, then

c(m) = c, while providing full information is more costly: c(θ) = 2c. After having received

the message, R chooses an action d from the set D = {0, 1}. I present the utility functions of
R, G and B and the conditions on the relevant parameters by means of a formal assumption.

Assumption 1 (A1).

i) c ∈ (0, 1).

ii) uR(θ, d) = d(θ1 + θ2 − a), where 1 < a < 2.

iii) uG(θ,m, d) = d(θ1 + θ2 − a)− c(m).

iv) uB(θ,m, d) = 2d− c(m).

v) a ≤ max{3
2
, 2− c}.

Note that Condition i) says that the cost of revealing an attribute is between (0, 1).

Condition ii) says that R prefers d = 1 if and only if the sum of the attributes' values is

su�ciently high. Note that, since I assume E(θi) = 1
2
, it is optimal for R to choose d = 0

implies that the hazard rate f(x)
1−F (x) is increasing. This condition is encountered in the mechanism design

literature.
21This aspect makes it possible that S in�uentially deceives R. That is, S can manipulate R to choose

an ex-post non-optimal action.(Sobel, 2020a). In the present set-up, it will be seen that, in particular, type

B will in�uentially deceive R.
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conditional on his prior beliefs. Condition iii) says that apart from the cost of communication

G has the same preferences as R. Condition iv) says that B prefers that R chooses d = 1,

irrespective of the state. Furthermore, the condition indicates that, for B, the bene�t of

persuading R outweighs the cost of revealing the value of both attributes. This implies that

B has a greater incentive to persuade R than G has. Condition v) implies that G may attain

a positive pay-o� by revealing some information or B can alone convince R to choose d = 1

by sending a su�ciently high one-dimensional message. Unless stated otherwise, I assume

that all conditions hold. For various combinations of parameters φ, a and c, the game will

be denoted by Γ(φ, a, c).

4.2.1 (Pure Strategy) Perfect Bayesian Equilibrium

Similar to above, I partition the set of messages M into subsets depending on the revealed

attributes as M1, M2, M12 and N , where for any i ∈ {1, 2} Mi = [0, 1] and M12 = [0, 1]2.22

Throughout the chapter, I concentrate on pure strategy equilibria. A pure strategy for S

is a pair s = (sG, sB), where st(θ) ∈ {θ1, θ2, θ, N} for any θ ∈ [0, 1]2. I further assume that

s is measurable, hence, for any t ∈ {G,B} and any Borel subset U of M1 or M2, s
−1
t (N)

and s−1
t (U) are Borel measurable sets. A pure strategy of R is a function r : M → {0, 1}.

After receiving a message m ∈ M the receiver R will learn the revealed attributes' values

and will form a belief µ(m) about the value of the non-revealed attribute(s). Hence, µ(θ1)

is a probability measure on {θ1} × [0, 1], µ(N) is a probability measure on [0, 1]2 and µ(θ)

is a degenerate probability measure on point θ.23 Let U be a measurable subset of [0, 1]

and let θ1 and θ2 be values of the attributes. I will simplify notation and write µ(U |θ1) and

µ(U |θ2) instead of µ({θ1} × U |θ1) and µ(U × {θ2}|θ2), respectively. A belief schedule µ(.)

is a function that assigns a belief µ(m) to every m ∈ M . Given a message m and a belief

schedule µ(.), with some slight abuse of notation, I write R's utility of choosing d as:

uR(µ,m, d) = d

∫∫
θ∈Θ(m)

(θ1 + θ2 − a)dµ(θ|m),

where Θ(m) denotes the set of θ that is consistent with m. Hence, for example, if m = θ1,

then Θ(m) = {(x, y) ∈ [0, 1]2 : x = θ1}. The set of pure best responses of R at m to a belief

µ is denoted by BR(µ,m). Note that 1 ∈ BR(µ,m), if E(θ1 + θ2|µ,m) ≥ a. Finally, for

t ∈ T , θ ∈ Θ, m ∈ M(θ) and a strategy r of R, the utility of S is ut(θ,m, r) and the set of

pure best responses of t at θ to r is denoted by BRt(θ, r).

22Throughout the chapter, whenever I use i as a subscript it is an element of {1, 2} and −i denotes the
other element of {1, 2}. Furthermore, a list of notations can be found in the Appendix.

23Similarly µ(θ2) is a probability measure on [0, 1]× {θ2}.
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De�nition 4.2.1. A pure strategy Perfect Bayesian Equilibrium e = (s, r, µ) consists of a

pure strategy s for S, a pure strategy r for R and a belief schedule µ such that the following

conditions are satis�ed:

Sequential Rationality

i) For any t ∈ {G,B}, any θ ∈ Θ, and any m ∈M(θ):

if st(θ) = m, then m ∈ BRt(θ, r).

ii) For any m ∈M , r(m) ∈ BR(µ,m).

Bayesian Updating

I denote the set of messages that are used in e by M e. Hence, M e = {m ∈ M : ∃t ∈
{G,B},∃θ ∈ [0, 1]2 : st(θ) = m}. Moreover, for any type t and any θi ∈M e, let

Ke
t (θi) = {θ−i ∈ [0, 1] : st(θi, θ−i) = θi},

Ke
t (N) = {θ ∈ [0, 1]2 : st(θ) = N}.

iii) For any θ1 ∈M e, the support of µ(θ1) lies in {θ1}×(Ke
G(θ1)∪Ke

B(θ1)). For any θ2 ∈M e,

the support of µ(θ2) lies in (Ke
G(θ2)∪Ke

B(θ2))×{θ2}. If N ∈M e, then the support of

N lies in Ke
G(N) ∪Ke

B(N).

iv) For any θi ∈M e, if P(Ke
t (θi)) > 0 for some type t, then for any Borel set U ⊂ [0, 1]:

µ(U |θi) =
(1− φ)P(Ke

G(θi) ∩ U) + φP(Ke
B(θi) ∩ U)

(1− φ)P(Ke
G(θi)) + φP(Ke

B(θi))
. (4.1)

iv) If P2(Ke
t (N)) > 0 for some type t, then for any Borel set V ⊂ [0, 1]2:

µ(V |N) =
(1− φ)P2(Ke

G(N) ∩ V ) + φP2(Ke
B(N) ∩ V )

(1− φ)P2(Ke
G(N)) + φP2(Ke

B(N))
. (4.2)

Notes on PBE There is no universal de�nition of PBE for games with an in�nite number

of states or moves.24A technical di�culty is to specify beliefs at messages which are used in

equilibrium, but which can only be sent at measure zero set of states. Since I concentrate on

pure strategies, the attributes are independently distributed and each attribute's value can

only be perfectly revealed, there is a natural way to update beliefs, as in equations (4.1) and

(4.2). It can be shown that the beliefs which satisfy these equations are regular conditional

probabilities.25 Hence, they are mathematically sound.

24See González-Díaz and Meléndez-Jiménez (2014) and Watson (2017) for de�nitions of PBE for such

games.
25See Billingsley (2008).
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Some Useful Notation For any pure strategy PBE e = (s, r, µ), any t ∈ T and any θ ∈
[0, 1]2, I write the ex-post equilibrium pay-o� of t and R by uet (θ) and u

e
R(t, θ), respectively.

Hence, ueR(t, θ) = uR(θ, r(st(θ))). Similarly, I denote the expected equilibrium pay-o�s of

G,B and R by ueG,u
e
B and ueR respectively. Throughout the chapter, for a given e and

a message m ∈ M \ M12 that is used with positive probability, I denote the receiver's

(equilibrium) expectation of the sum of the attributes' values by ae(m). Hence, for any

one-dimensional message θi that is used with positive probability, we have

ae(θi) =

(1− φ)

∫
Ke

G(θi)

f(θ−i)θ−idθ−i + φ

∫
Ke

B(θi)

f(θ−i)θ−idθ−i

(1− φ)

∫
Ke

G(θi)

f(θ−i)dθ−i + φ

∫
Ke

B(θi)

f(θ−i)dθ−i

+ θi. (4.3)

Similarly, if the message N is used with positive probability, we have

ae(N) =

(1− φ)

∫∫
Ke

G(N)

(θ1 + θ2)fjo(θ)dθ + φ

∫∫
Ke

B(N)

(θ1 + θ2)fjo(θ)dθ

(1− φ)

∫∫
Ke

G(N)

(θ1 + θ2)fjo(θ)dθ + φ

∫∫
Ke

B(N)

(θ1 + θ2)fjo(θ)dθ
. (4.4)

For a given e, a type t and a one-dimensional sent message θi with P(Ke
t (θi)) > 0, I denote the

expected sum of the attributes' values conditional on set Ke
t (θi), by a

e
t (θi). For degenerate

cases where S = t, I write Ke instead of Ke
t .

4.2.2 Multiplicity of Equilibria and Examples

In this chapter I concentrate on pure strategy PBE with r(N) = 0. Before explaining why,

it is useful to describe the structure of pure strategy PBE with r(N) = 1. In any such

equilibrium, the biased type always sends the uninformative message and the good type

sends an informative message only if the sum of the attributes' values is su�ciently low. In

my view, pure strategy PBE with r(N) = 0 are more intuitive than pure strategy PBE with

r(N) = 1. After all, given that the response of the receiver to the prior is not to implement

the project, it seems reasonable that after receiving the uninformative message, the receiver

does not implement the project. Moreover, pure strategy PBE with r(N) = 0 coincide with

the pure strategy PBE of a variant of the game in which R is forced to respond to N with

d = 0. Note that a pure strategy PBE with r(N) = 1 exists only if the probability that the

sender is good is su�ciently high. Furthermore, some pure strategy PBE with r(N) = 1
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may survive the re�nement that I will introduce.26 For tractability, throughout the chapter,

I also assume that in each equilibrium R chooses d = 1, when he is indi�erent between both

actions.27

There exist multiple pure strategy PBE with r(N) = 0. This is for two reasons. Firstly,

at one-dimensional messages, the receiver can threaten to hold pessimistic beliefs i.e. he

believes that the non revealed attribute's value is 0. Hence, the equilibria may di�er with

respect to the strategy of the receiver. Secondly, if in an equilibrium the strategy of the

receiver speci�es the same response after two one-dimensional messages θ1 and θ2, then S

will be indi�erent between the messages θ1 and θ2 at θ. Hence, two equilibria can only

di�er with respect to the strategy of the sender. The equilibria that di�er with respect to

the strategy of the receiver may be quite di�erent, whereas equilibria which di�er only with

respect to the strategy of the sender may be considered similar.28

To illustrate these points, I now present two examples of equilibria. To simplify the

discussion, I only consider the case where the receiver knows that sender is good.29 I �rst

consider an equilibrium where the receiver has pessimistic beliefs and consequently there is

no communication at one-dimensional messages.

Equilibrium 1: Consider the pure strategy PBE e = (s, r, µ) with r(N) = 0, in which

R chooses to implement (d = 1) if and only if S directly demonstrates that the sum of

the attributes' values is higher than (or equal to) a and in which S reveals the attribute

vector completely whenever the sum of the attributes' values is higher than a+2c, otherwise

S reveals nothing. Note that according to the sender strategy s, Ke(N) = {θ ∈ [0, 1]2 :

θ1 + θ2 ≤ a + 2c}. I specify the belief schedule µ as follows.30 Let R adopt the most

pessimistic beliefs possible, hence at any message θi ∈ Mi, R believes surely that the other

attribute's value is 0, i.e. µ(0|θi) = 1. To see that s is sequentially rational, note that for

any θ with θ1 + θ2 < a + 2c, the best response of S against r is N and it is m = θ for any

θ with θ1 + θ2 > a + 2c. When θ1 + θ2 = a + 2c, S is indi�erent between θ and N . Hence,

s is sequentially rational. To see that r is sequentially rational, note that, since a > 1, for

26This point will be illustrated after introducing the re�nement.
27This assumption is a weak one and it will be implied by the equilibrium re�nement.
28I will show that such equilibria are pay-o� equivalent.
29I could have also introduced an example that includes the possibility that the sender is biased. But

the degenerate case of the good type is adequate to explain the reason behind the multiplicity of equilibria.

Furthermore, this choice allows me to contrast counter-intuitive and intuitive equilibria more easily. An

analogous discussion for the case of biased sender would rapidly complicate things. Hence, such discussions

are relegated to the formal model.
30Of course, when m is a sent message, µ(m) is calculated by Bayes' rule as in (4.2), hence, we do not

need to state this explicitly. This remark also applies to later examples.
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every m ∈ M1 ∪M2, BR(µ,m) = 0. Moreover, note that S sends an informative message

only if the sum of the attributes' values is higher than or equal to a+2c. This together with

E([0, 1]) = 1
2
imply that ae(N) < 1 < a. Hence, BR(µ,N) = 0. Accordingly, the strategies

and the belief schedule constitute a PBE.

The equilibrium e seems counter-intuitive because the preferences of G and R are aligned

(except for the costs) and there seems to be room for mutually bene�cial communication.

Notice that, S is willing to send a one-dimensional message θi ∈ [a+ c− 1], only if θ1 + θ2 ≥
a+ c and R responds θi with d = 1. But if R knows that S would make such a deviation θi

only when θ1 +θ2 ≥ a+ c, then it is optimal for him to choose d = 1. Hence, it is reasonable

to expect that S uses such one-dimensional messages. I now introduce such an equilibrium.

Equilibrium 2 Consider the pure strategy PBE e′ = (s, r, µ) with r(N) = 0, where s and

r are given as follows:31

s(θ) =

min{θ1, θ2} if θ1 + θ2 ≥ a+ c

N Otherwise
and r(m) =


1 ifm = θ and θ1 + θ2 ≥ a

1 ifm = θi and θi ≥ a+ c− 1

0 Otherwise.

The belief schedule µ is determined in the same way as in the �rst equilibrium. Note

that S cannot convince R by sending a one-dimensional message that is lower than a+c−1.

Receiving such a message, R knows that the sum of attributes' values is lower than a. Hence,

it is optimal (sequentially rational) for him to choose d = 0 after such a message. Notice

also that S uses any one-dimensional message that is equal to or higher than a+ c− 1 and

he sends a one-dimensional message θi only if θ1 + θ2 ≥ a + c. These imply that for each i

M e′
i = [a + c − 1, 1] and for each θi ∈ M e′

i , a
e′(θi) > a. The last inequality, as in the �rst

equilibrium, implies that ae
′
(N) < a. The strategies and the belief schedule constitute a

PBE.

Note that in this equilibrium, in contrast to the other equilibrium, communication occurs

whenever it is bene�cial for both players.32 Hence, this equilibrium may be considered

as more reasonable compared to the former equilibrium. Indeed, I will show that this

31I write s(θ) = min{θ1, θ2} to indicate that If θi < θ−i, then S sends the message "the value of the

attribute i is θi"; if θ1 = θ2, then he sends such a message for either i = 1 or i = 2. I will also use

s(θ) = max{θ1, θ2} in the same way.
32Note that the the particular choice of the sender's strategy is not important for the argument. It is

easy to construct other equilibria in which communication occurs whenever it is bene�cial for both players.

Consider an equilibrium in which the sender reveals the highest attribute's value whenever the sum of the

attributes' values is higher than or equal to a+ c.
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equilibrium satis�es the equilibrium re�nement. Before introducing the re�nement, I will

�rst introduce a classi�cation of equilibria.

4.2.3 Informational Classi�cation of PBE with r(N) = 0

In this short section, I introduce a natural classi�cation of equilibria in terms of the informa-

tion content of the used messages. I de�ne the concept of informational equivalence, and I

show that any two equilibria with the same receiver strategy are informationally equivalent

and that any two informationally equivalent equilibria are pay-o� equivalent. These results

will help us in showing that all reasonable PBE with r(N) = 0 are informationally and

pay-o� equivalent.

I now introduce the concept of an information partition. For any PBE e = (s, r, µ) and

any t ∈ T , I denote the set of attribute vectors for which t reveals nothing (no information),

reveals one attribute's value (partial information) and reveals both attributes' values (full

information) by N e
t , P

e
t and F

e
t , respectively. With slight abuse of terminology, I say that the

set {{N e
G, P

e
G, F

e
G}, {N e

B, P
e
B, F

e
B}} is the information partition induced by e. I am interested

in equilibria that have almost the same information partition. Let V, V ′ be two subsets of

[0, 1]2. I say that V and V ′ are almost equal if P2 ((V \ V ′) ∪ (V ′ \ V )) = 0. That is, the

probability of the union of the set di�erence of V and V ′ and the set di�erence of V ′ and

V is equal to 0. If V and V ′ are almost equal, I write V ∼= V ′. I say that two information

partitions are almost equal, if all respective elements are almost equal.

De�nition 4.2.2. Two pure strategy PBE are informationally equivalent, if the information

partitions induced by the respective sender strategies are almost equal.

I now show that the receiver strategy of any pure strategy PBE with r(N) = 0 determines

the information partition. Moreover, I show that if any two pure strategy PBE with r(N) =

0 are informationally equivalent, then for almost all states they are ex-post pay-o� equivalent

and consequently they are expected pay-o� equivalent.

Lemma 4.2.1. If two pure strategy PBE e and e′ with r(N) = 0 have the same receiver

strategy, then they are informationally equivalent. If two pure strategy PBE with r(N) = 0

are informationally equivalent, then for almost all states, they are ex-post pay-o� equivalent.

Hence, they are expected pay-o� equivalent.

Proof. Note that, for B, the bene�t of persuading R outweighs the cost of revealing the

value of both attributes. This implies that, for a given pure receiver strategy r, type B is

never indi�erent between two messages, if one of the messages is more informative than the
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other. Similarly, type G is never indi�erent between two messages if one of the messages

is more informative than the other, except at attribute vectors θ with θ1 + θ2 = a + c or

θ1 + θ2 = a + 2c. Hence, for any pure strategy PBE e = (s, r, µ) with r(N) = 0 and any

t ∈ T , we have

P e
t
∼= {θ ∈ [0, 1]2 : BRt(θ, r) ⊂M1 ∪M2},

F e
t
∼= {θ ∈ [0, 1]2 : BRt(θ, r) ⊂M12}.

Hence, r determines the information partition, almost surely. I now prove the second state-

ment. Let e = (s, r, µ) and e′ = (s′, r′, µ′) be two informationally equivalent PBE with

r(N) = 0. Note that by assumption, for any t ∈ T , P e
t \ P e′

t
∼= ∅ and P e′

t \ P e
t
∼= ∅. More-

over, for any θ ∈ P e
t ∩ P e′

t , c(st(θ)) = c(s′t(θ)) = c and r(st(θ)) = r(s′t(θ)) = 1. These imply

that uet (θ) = ue
′
t (θ) and ueR(t, θ) = ue

′
R(t, θ). The same idea holds for F e

t and F e′
t . Hence,

for almost all states, e and e′ are ex-post pay-o� equivalent. As a result, they are expected

pay-o� equivalent.

4.2.4 PSE

In this section I introduce the equilibrium re�nement concept that I will use in the remainder

of the chapter: PSE (Perfect Sequential Equilibrium) of Grossman and Perry (1986a). PSE

is originally de�ned for �nite games. I present a natural extension of it, suitable for the

present framework.33 PSE eliminates a PBE if the sender can credibly make a deviation. I

now introduce preliminary concepts and formalize this idea. Fix a pure strategy equilibrium

e = (s, r, µ). I denote the set of messages in Mi that are used in e by M e
i . Hence, M e

i =

M e ∩Mi. I call a one-dimensional message that is not used in e a deviation and I denote

the set of deviations in Mi by M
n(e)
i . For any deviation θi ∈ Mn(e)

i , let rc(θi) = 1 − r(θi).
For a given deviation θi and a type t, the set of values of attribute −i, for which t would
strictly bene�t from deviating to θi with response rc(θi) is denoted by Ke+

t (θi). Similarly,

the set of values of attribute −i for which t is indi�erent between θi and the equilibrium

message that he uses, is given by Ke0
t (θi). Formally, we have

Ke+
t (θi) = {θ−i ∈ [0, 1] : ut(θ, θi, r

c) > uet (θ)},

Ke0
t (θi) = {θ−i ∈ [0, 1] : ut(θ, θi, r

c) = uet (θ)}.

Using these preliminaries, I now de�ne a consistent deviation.

33Note also that Grossman and Perry (1986b) use a version of the concept with an in�nite number of

states. I will explain the di�erences after giving the formal de�nition.
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De�nition 4.2.3. Given a pure strategy PBE e = (s, r, µ), a deviation θi ∈ M
n(e)
i is

consistent if the following conditions are satis�ed:

a) For some t ∈ T , Ke+
t (θi) 6= ∅.

b) There exist sets KG(θi), KB(θi) ⊂ [0, 1] such that

i) For each t ∈ T , Ke+
t (θi) ⊂ Kt(θi) ⊂ (Ke+

t (θi) ∪ Ke0
t (θi)) and for some t ∈ T ,

P(Kt(θi)) > 0.

ii) rc(θi) ∈ BR(µKG,KB , θi), where for any Borel set U ⊂ [0, 1],

µKG,KB(U |θi) =
(1− φ)P(KG(θi) ∩ U) + φP(KB(θi) ∩ U)

(1− φ)P(KG(θi)) + φP(KB(θi))
.

Explanation Condition a) says that, for some type t, the set of values of attribute −i for
which t can pro�tably deviate to θi, provided that the receiver changes his action to rc(θi),

is non-empty. Condition b-i) says that, for a given t, there exists a set Kt(θi) that includes

all values of attribute −i for which t strictly bene�ts from deviating to θi and that Kt(θi) is

a subset of the set of values of attribute −i for which t obtains at least his equilibrium utility

from θi. This condition also says that KG(θi) or KB(θi) has a positive measure. Condition

b-ii) says that the action rc(θi) is a best response of the receiver to the belief that each type,

for the given set of values of attribute −i, makes the deviation.

In other words, a deviation is consistent if types of the sender can convincingly claim to

make the deviation θi for the speci�ed attribute vectors. Such a claim is convincing because,

if the receiver best responds to the claim, then for each type t it is optimal to deviate when

the attribute −i's value belongs to Kt(θi), and it is not pro�table to deviate, otherwise.

De�nition 4.2.4. A pure strategy PBE is a Perfect Sequential Equilibrium (PSE) if there

is no consistent deviation.

Notes This de�nition di�ers from the original de�nition, given for �nite games in Gross-

man and Perry (1986a), on three aspects. First, in contrast to Grossman and Perry, I

only consider pure equilibria. Accordingly, I assume w.l.o.g. that rc(θ) is a pure response.

Second, Grossman and Perry allow that, when indi�erent between the deviation and the

equilibrium choice, a type of the sender can randomize between the deviation and the equi-

librium choice. In the games considered in this chapter, there is a continuum of states.

Hence, I assume w.l.o.g. that each type of the sender, for any attribute vector for which the

deviation can be made, either chooses to make the deviation with certainty or not. Third, in
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the original de�nition, it is assumed that the states in which the sender makes the deviation,

has a positive measure. Instead, I require that the set of states in which the sender makes

the deviation, has a positive measure, conditional on the revealed attribute's value. This is

consistent with the essence of the re�nement.

Relationship To Other Re�nements The concept of PSE is closely related to the

concept of Neologism Proof Equilibrium (NPE) of Farrell (1993) which is de�ned for cheap

talk games.34 NPE builds on the concept of a self-signaling set. For a given equilibrium e, a

set of states K is self-signaling, if there exists a best response r to the belief that the state

is in K, and K is precisely the set of states in which S attains more than equilibrium utility

with response r. NPE requires that there is no self-signaling set relative to the equilibrium.

Farrell (1993) assumes that for any set of states K, a message with literal meaning �The

state is in K.� is available. Accordingly, if a set of states is self-signaling, then it would be

credible that, in these states, the sender sends such a message.

In costly persuasion games di�erent messages have di�erent information content and

costs. Taking these aspects into account, Bertomeu and Cianciaruso (2018) introduce a

straightforward adaptation of NPE for costly persuasion games with a biased sender. They

de�ne a self-signaling set relative to an equilibrium e and a message m, and require that

for an equilibrium e, there does not exist any self signaling set at any message (not nec-

essarily o�-path). They call their adaptation Grossman-Perry-Farell equilibrium (GPFE).

The concept of GPFE is di�erent from the PSE concept in the following ways. First, a

self-signaling set only includes states in which the sender gains from choosing a message.

Second, in contrast to PSE, in GPFE the sender can also use an on-path message to upset

an equilibrium. In my model, when the sender is biased, in a pure strategy PBE, an on-path

message cannot admit a self signaling set, implying that any pure strategy PSE is GPFE.

I will show later that when the sender is biased, the set of pure strategy GPFE is strictly

larger than the set of pure strategy PSE. On the other hand, in the case where R does not

know the type of S, if φ is su�ciently low, then GPFE does not exist.35

Examples Revisited: PSE I now consider the two equilibria given in the previous

section and show that only the second one is a PSE. Take the �rst equilibrium e and deviation

θi ∈ [a + c − 1, 1]. Note that Ke+(θi) = (a + c − θi, 1]. Similarly: Ke0(θi) = {a + c − θi}.
Set K(θi) = [a + c − θi, 1]. Note that Ke+(θi) 6= ∅, P(K(θi)) > 0 and 1 ∈ BR(µK , θi).

Hence, θi is a consistent deviation. The equilibrium is not PSE. Now consider the second

equilibrium e′. Note that in e′, if θ1 + θ2 ≥ a+ c, then S sends a one-dimensional message,

34To explain this concept, I will make use of the treatment in Sobel (2020b).
35I show this in the Appendix.
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and R chooses d = 1. Hence, there exists no attribute vector for which S bene�ts from

deviating to a one-dimensional message. Hence, for any deviation θi, we have K
e′+(θi) = ∅.

The equilibrium is PSE.

It should be remarked that the second equilibrium is not the only pure strategy PSE

with r(N) = 0. I will later show that for any φ ∈ [0, 1], there exists a continuum of pure

strategy PSE with r(N) = 0 and that all such equilibria are informationally and pay-o�

equivalent. Moreover, the reader may have noticed that in the second equilibrium, the

sender attains the highest pay-o� among the set of pure strategy PBE with r(N) = 0. This

is a consequence of the equilibrium re�nement. Indeed, I will later show, case by case, that

in any pure strategy PSE with r(N) = 0, each type attains the highest pay-o� among pure

strategy PBE with r(N) = 0. I call any such pure strategy PBE with r(N) = 0: S-Best.

4.3 Analysis: S is Good (φ = 0)

In this section I consider the case of S = G. Although, in this case there may exist

pure strategy PBE with r(N) = 1, as stated before, I will focus on pure strategy PSE

with r(N) = 0.36 I show that if a pure strategy PBE e with r(N) = 0 leaves room

for bene�cial communication (for both players), then such a PBE cannot be a PSE. This

implies that, in any pure strategy PSE with r(N) = 0, for almost all attribute vectors in

which communication is bene�cial for both players, the sender sends an informative message,

and the receiver implements the project.

Proposition 4.3.1. If φ = 0, then Γ(φ, a, c) has a pure strategy PSE with r(N) = 0. All

such equilibria have P e
G
∼= {θ ∈ [0, 1]2 : θ1 + θ2 ≥ a + c} and F e

G
∼= ∅. Hence, all pure

strategy PSE with r(N) = 0 are pay-o� equivalent.

Proof. In Section 4.2.4 it was shown that there exists a pure strategy PSE with r(N) = 0.

Let e = (s, r, µ) be such a PSE. I �rst show that P e
G
∼= {θ ∈ [0, 1]2 : θ1 + θ2 ≥ a + c}. Note

that the sequential rationality of s implies that

P e
G ∪ F e

G ⊂ {θ ∈ [0, 1]2 : θ1 + θ2 ≥ a+ c}. (4.5)

Assume that V = {θ ∈ [0, 1]2 : θ1 + θ2 ≥ a + c} \ P e
G is a set with positive measure.

This implies that for some θ′i, P(Vθ′i) > 0, where Vθ′i = {θ−i : (θ′i, θ−i) ∈ V }. If I set

Ke+(θ′i) = K(θ′i) = Vθ′i , then θ
′
i is a consistent deviation. Contradiction. Hence, P e

G
∼= {θ ∈

36It is easy to show that a pure strategy PSE with r(N) = 1 exists whenever a pure strategy PBE with

r(N) = 1 exists. Furthermore, for any such PSE, we have P e
G
∼= {θ ∈ [0, 1]2 : θ1 + θ2 ≤ a− c}.
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θ1 + θ2 = a+ c

(1, 1)
θ2

θ1

1

1(0, 0)

Ne
G

P e
G

Figure 4.1: Information Partition of PSE with r(N) = 0, φ = 0.

[0, 1]2 : θ1 +θ2 ≥ a+c} and F e
G
∼= ∅. The corresponding information partition is represented

by Figure 4.1.

I now show that any pure strategy PSE with r(N) = 0 is S-Best.

Proposition 4.3.2. If φ = 0, then every pure strategy PSE with r(N) = 0 is S-Best.

Proof. Let e be such an equilibrium and let e′ be some pure strategy PBE. Then, by (4.5),

we have P e′
G ⊂ P e

G. It is easy to see that F e′
G ∪ P e′

G ⊂ F e
G ∪ P e

G. Hence, e is S-Best.

Another implication of Proposition 4.3.1 is the following:

Corollary 4.3.1. There exist in�nitely many PSE with r(N) = 0. For any Borel subset L

of {θ ∈ [0, 1]2 : θi + θ−i ≥ a + c}, there exists a pure strategy PSE with r(N) = 0 in which

S reveals the �rst attribute's value if and only if the attribute vector belongs to L.

The underlying idea of Corollary 4.3.1 is that the sender sends a one-dimensional message

if and only if the sum of the attributes' values is su�ciently high. Hence, given such a

strategy, it is optimal for the receiver to implement the project whenever he receives a

message consistent with the strategy.
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4.4 Analysis: S is Biased (φ = 1)

In this section I consider the game in which R knows with certainty that S is biased. In

this case the sender is willing to persuade the receiver irrespective of the values of the

attributes. Consequently, in any pure strategy PBE, we have r(N) = 0. Moreover, because

of the opportunistic nature of the sender, it is reasonable to expect that the receiver uses a

threshold strategy. That is, if the receiver receives a one-dimensional message, he implements

the project only if the value of the message is su�ciently high.

In Section 4.4.1 I show that if a ≤ 3
2
, then, in any pure strategy PSE, the receiver

indeed uses a threshold strategy. In contrast, if a > 3
2
, then, in any pure strategy PSE,

the receiver never implements the project after receiving a one-dimensional message. In the

case of a ≤ 3
2
, the characterization of the threshold has a somewhat surprising implication:

in a pure strategy PSE, the sender sometimes reveals only the lower attribute's value. In

Section 4.4.2 I prove the existence of PSE.

4.4.1 Common Properties of Pure Strategy PSE

In this section I characterize the common properties of pure strategy PSE. Note that, in

any pure strategy PBE e = (s, r, µ), if at θ, both θi and θ−i are in M
n(e)
i , then by making a

deviation to any of these messages would be bene�cial if the receivers changes his action to

d = 1. Hence, for such θi ∈Mn(e)
i , Ke+(θi) = M

n(e)
−i . Clearly, if R responds to some θi with

d = 1, then, for any θ ∈ {θi} × [0, 1], sending message θi yields S at least as much as the

equilibrium payo�. Hence, for any deviation θi, we have Ke+(θi) ∪ Ke0(θi) = [0, 1]. Note

also that for deviation θi to be consistent, it has to be in R's interest to reply with 1. This

can be done most easily by making sure that S deviates to θi for all θ−i with θi + θ−i ≥ a.

This brings us to the following useful lemma:

Lemma 4.4.1. For any pure strategy PSE e, we have

M e
i = {θi ∈ [0, 1] : E(M

n(e)
−i ∪ [a− θi, 1]) + θi ≥ a} i ∈ {1, 2}.

Proof. It is clear from the discussion thatM e
i ⊃ {θi ∈ [0, 1] : E(M

n(e)
−i ∪ [a−θi, 1])+θi ≥ a}.

To see the other direction, note that, if for any θi ∈ M e
i and E(M

n(e)
−i ∪ [a − θi, 1]) +

θi < a, then since Ke(θi) ⊃ M
n(e)
−i , we have ae(θi) < a, where ae(.) is de�ned as in (4.3).

Contradiction.

The following lemma shows that if a one-dimensional message is used in a pure strategy

PSE, then any higher one-dimensional message is also used in the same equilibrium.
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Lemma 4.4.2. If e is a pure strategy PSE, E(M
n(e)
−i ∪ [a− θi, 1]) + θi ≥ a and θ′i > θi, then

E(M
n(e)
−i ∪ [a− θ′i, 1]) + θ′i > a.

Proof. Assume the conditions are satis�ed. Note that if P(M
n(e)
−i \ [a− θ′i, a− θi]) = 0, then

E(M
n(e)
−i ∪ [a − θi, 1]) = E(M

n(e)
−i ∪ [a − θ′i, 1]), and the result follows. If not, notice that

E(M
n(e)
−i ∪ [a− θ′i, 1]) ≥ min{E(M

n(e)
−i ∪ [a− θi, 1]), E([a− θ′i, a− θi] \M

n(e)
−i )} > a− θ′i.

I now show that if a ≤ 3
2
, then, in any pure strategy PSE, the receiver uses the threshold

a − 1
2
for both attributes. If a > 3

2
, then the receiver never chooses d = 1 after receiving

a one-dimensional message. To prove this result, I introduce a natural credibility measure.

To gain intuition, suppose for a moment that, in a pure strategy PSE, the receiver uses the

threshold z ∈ [0, 1] for both attributes. Given the symmetry of the problem, this is quite

natural. If z is the common threshold that is used in pure strategy PSE, then Lemma 4.4.1

and Lemma 4.4.2 imply that

E([0, z] ∪ [a− z, 1]) + z = a. (4.6)

Hence, the following de�nition is justi�ed:

De�nition 4.4.1. For any z ∈ (0, 1], a(z) ≡ E([0, z]∪ [a− z, 1]) + z. I say that a(z) is the

credibility measure of z. I say that z ∈ [0, 1] is (su�ciently) credible if a(z) ≥ a.

Note that the credibility measure roughly tells whether a message of given value z would

be consistent, if it is not used in equilibrium. The results will show that, under the regularity

conditions, a one-dimensional message is used in a pure strategy PSE if and only if it is

su�ciently credible.

Given that f is di�erentiable and log-concave (by assumption), I can prove the following

lemma:

Lemma 4.4.3. For any z ∈ (0, 1], a(z) is strictly increasing and continuous in z, with

lim
z→0+

a(z) = 0 and a(1) = 3/2.

Proof. The continuity and the di�erentiability of a(.) follows from the fact that attributes are

continuously distributed with density f . It is easy to see that lim
z→0+

a(z) = 0 and a(1) = 3/2.

I will now show that a′(z) > 0 for any z ∈ (0, 1]. Note that for any z ∈ [a − 1
2
, 1], we

have a′(z) = 1. I now consider the case of z ∈ [0, a − 1
2
] ∩ [0, 1]. For tractability, I denote

E([0, z]) + z and E([a− z, 1]) + z by a1(z) and a2(z), respectively. By construction, we have

a(z) = Pr(z)a1(z) + (1− Pr(z)) a2(z),
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where Pr(z) = ( F (z)
(F (1−a+z)+F (z))

). Taking the derivative with respect to z yields

a′(z) = Pr′(z)(a1(z)− a2(z)) + (1− Pr(z)) a′2(z) + Pr(z)a′1(z). (4.7)

By symmetry and log-concavity, f(z)
F (z)

< f(1−a+z)
F (1−a+z)

and, consequently, Pr′(z) < 0. Note that

a′1(z) > 0. By Theorem 5 of Bagnoli and Bergstrom (2005), for any log-concave density f ,

(
∫ y
0 f(x)xdx

F (y)
) − y is decreasing in y. This implies that 0 < a′2(z) < 1. Combining this with

(4.7) and using Pr′(z) < 0 yields that a′(z) > 0.

I now prove the main result of this section.

Proposition 4.4.1. If e is a pure strategy PSE, then M e
i = {θi ∈ [0, 1] : a(θi) ≥ a}

(i = 1, 2). Hence, if a > 3
2
, then M e

i = ∅ and if a ≤ 3
2
, then M e

i = [a− 1
2
, 1]. Hence, all pure

strategy PSE are pay-o� equivalent.

Proof. I will show that for any pure strategy PSE, if z̄ = sup(M
n(e)
1 ∪Mn(e)

2 ), then a(z̄) ≤ a.

Combining this �nding with Lemmas 4.4.1, 4.4.2 and 4.4.3 will yield that M e
i = {θ ∈

[0, 1] : a(θ) ≥ a}. Moreover, these will imply that if a > 3
2
, then M e

i = ∅, and if a ≤
3
2
, then M e

i = [a − 1
2
, 1]. Let z̄ = sup(M

n(e)
1 ∪ Mn(e)

2 ). Assume that a(z̄) > a. Take

w.l.o.g. a sequence (zn)n∈N in M
n(e)
2 such that lim

n→∞
zn = z̄. Note that Ke+(zn) ⊂ [0, z̄]

and Ke0(zn) ∪Ke+(zn) = [0, 1]. By continuity of a(.), there exists some k such that, for all

n > k, E([0, z̄] ∪ [a − z̄, 1]) + zn > a. Consequently such zn is a consistent deviation with

K(zn) = [0, z̄] ∪ [a− z̄, 1]. Contradiction.

I now show that, in any pure strategy PSE, for a set of attribute vectors with positive

measure, the sender reveals only the lowest attribute's value. This property follows directly

from the characterization of the threshold. In any PSE the sender will send the threshold

message whenever an attribute's value is equal to the threshold and the other attribute's

value is lower than threshold. Hence, at the threshold, the receiver needs to be convinced

that the sender also sends the message when the sum of the attributes' values is high.

Proposition 4.4.2. If a < 3
2
, then in any pure strategy PSE, for a set of attribute vectors

with positive measure, the sender reveals only the lower attribute's value.

Proof. Assume that there exists a pure strategy PSE e = (s, r, µ) such that s(θ) =

max{θ1, θ2} for almost all attribute vectors in {θ ∈ [0, 1]2 : max{θ1, θ2} ≥ a − 1
2
}. This

implies that for almost any θi ∈ [a − 1
2
, 1], we have ae(θi) = E([0, θi]) + θi, where a

e(.)

is as de�ned in (4.3). It is easy to see that there exists ε > 0 such that for almost all

θi ∈ [a− 1
2
, a− 1

2
+ ε], ae(θi) = E([0, θi]) + θi < a. Contradiction.
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Figure 4.2: The Information Partition of PSE with r(N) = 0, for a < 3
2 , φ = 1.

As shown in Section 4.2.3, the strategy of the receiver determines the information par-

tition. The common information partition of pure strategy PSE is depicted by Figure 4.2.

I now show that, in any pure strategy PSE, the receiver uses the lowest possible threshold

among the pure strategy PBE. Consequently, any pure strategy PSE is S-Best.

Proposition 4.4.3. If e is a pure strategy PBE, then M e
i ⊂ {θi ∈ [0, 1] : a(θi) ≥ a}(i =

1, 2). Every pure strategy PSE is S-Best.

Proof. Assume that for some PBE e, M e
i ∩ {θi ∈ [0, 1] : a(θi) < a} 6= ∅. Moreover, suppose

for simplicity that there is a smallest used message θ′i ∈ M e
i . The sequential rationality

of s implies that Ke(θ′i) ⊃ [0, θ′i]. Note that a(θ′i) < a. But this implies that ae(θ′i) < a.

Contradiction. Let e′ be a pure strategy PSE and let e be a pure strategy PBE. Then, we

have P e
B ⊂ P e′

B . It is easy to see that F e
B ∪ P e

B ⊂ F e′
B ∪ P e′

B . Hence, e
′ is S-Best.

4.4.2 Existence of PSE

In this section I show the existence of a pure strategy PSE by constructing a sender strategy

which is compatible with the receiver's strategy. One has to make sure that at each sent

one-dimensional message, the receiver's expectation of the sum of the attributes' values is

su�ciently high.
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Proposition 4.4.4. If φ = 1, then Γ(φ, a, c) has a pure strategy PSE. For any a ≤ 3
2
, the

following strategies are part of a PSE:37

s(θ) =



max{θ1, θ2} if max{θ1, θ2} ≥ a− 1
2
> min{θ1, θ2}

min{θ1, θ2} if min{θ1, θ2} ≥ a− 1
2

θ if a− 1
2
≥ max{θ1, θ2} and θ1 + θ2 ≥ a

N Otherwise

r(m) =


1 ifm = (θ1, θ2) and θ1 + θ2 ≥ a

1 ifm = θi and θi ≥ a− 1
2

0 Otherwise.

Proof. In the case of a > 3
2
, for any pure strategy PSE we have M e

i = ∅. To see the

existence of such an equilibrium, consider a pure strategy PBE in which S sends θ, whenever

θ1 + θ2 ≥ a, and he never sends a one-dimensional message. Using the de�nition of a(.), it

can be seen easily that no deviation is consistent and hence such an equilibrium is PSE. Note

that for any deviation θi we have K
e+(θi) ⊃ [0, θi]. Furthermore, it is easy to see that for any

K ⊃ Ke+(θi), since a(θi) < a, we have E(K)+θi < a. Hence, no such deviation is consistent.

I now prove the result for the case of a ≤ 3
2
. Consider s, r as in the statement. To see that s

is sequentially rational, observe that if max{θ1, θ2} ≥ a− 1
2
, then max{θ1, θ2} ∈ BR(θ, r) and

that if min{θ1, θ2} ≥ a− 1
2
, then min{θ1, θ2} ∈ BR(θ, r). Moreover, if max{θ1, θ2} < a− 1

2

and θ1 + θ2 ≥ a, then BR(θ, r) = θ. For any other attribute vector, it is optimal for S

to send N . Note that for any θi ∈ [a − 1
2
, 1], Ke(θi) = [0, a − 1

2
] ∪ [θi, 1]. I will now show

that for all θi ∈ [a − 1
2
, 1], ae(θi) ≥ a, where ae(.) is as de�ned in (4.3). This will also

imply that ae(N) < a and consequently that r is sequentially rational. Note that since

θi > a− 1
2
> 1

2
, we have (ae)

′
(θi) < 1. Moreover, note that by log-concavity, for any A > 0,

f(1−θ−i)
F (1−θ−i)+A

is increasing. This implies that (ae)
′′
(θi) < 0 for any θi ∈ [a − 1

2
, 1]. Moreover,

ae(a − 1
2
) = a and ae(1) ≥ a

2
+ 3

4
≥ a, as a < 3

2
. Therefore, for any θi ∈ [a − 1

2
, 1], we have

ae(θi) ≥ a. To see that ae(N) < a, note that the receiver's prior expectation of the sum

of the attributes' values is lower than a. It was already showed that at any sent message,

the receiver's expectation of the sum of the attributes' values is higher than or equal to a.

Hence, for the remaining set of attribute vectors for which S sends N , the expectation of

the sum of the attributes' values is lower than a. The strategies and the beliefs constitute a

PBE. The exact same argument that is presented in the beginning of the proof shows that

37This means that if I take the belief schedule µ such that for all i and all θi ∈ Mn(e)
i µ(0|θi) = 1 and

for sent messages µ is de�ned by Bayes' rule, then (s, r, µ) is a PBE and a PSE.
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Figure 4.3: a < 3
2 : E(Ke(θ2)) curve for θ2 ∈ [a− 1

2 ].

there is no consistent deviation. Hence, the equilibrium is a PSE. Ke(θ2) and E(Ke(θ2))

are depicted by Figure 4.3. Note that for each θ′2 ∈ [a− 1
2
, 1], the cut of the shaded region

of points corresponds to Ke(θ′2) and that (E(Ke(θ′2)), θ′2) lies above the line θ1 + θ2 = a.

Proposition 4.4.4 did not establish the uniqueness of pure strategy PSE. A quick re�ection

shows that there are in�nitely many pure strategy PSE. One can obtain many PSE by

keeping the same strategy of the receiver and slightly changing the sender's strategy at a

positive measure set of attribute vectors without upsetting the sequential rationality of the

receiver's strategy. This can be done, because Proposition 4.4.4 showed that for any sent

one-dimensional message in (a − 1
2
, 1] the receiver's expectation of the sum of attributes'

values is strictly above a.

I now show that in this framework there exists a Grossman-Perry-Farell Equilibrium

(GPFE) in which the sender never reveals only the lower attribute's value.38 This result

implies that, in contrast to PSE, GPFE selects multiple non-equivalent pure strategy equi-

libria. The underlying idea is that GPFE, does not require an equilibrium to be stable

38Note that GPFE does not generally exist when the receiver does not know the type of the sender. See

the Appendix.
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against the most optimistic beliefs at unsent messages. For tractability, I present the result

only for the case of a < 3
2
, c < 1 and the uniform distribution.

Proposition 4.4.5. If φ = 1, a < 3
2
, c < 1 and F is the uniform distribution, then the

following strategies are part of a GPFE of Γ(φ, a, c):

s(θ) =


max{θ1, θ2} if max{θ1, θ2} ≥ 2

3
a

θ if max{θ1, θ2} < 2
3
a and θ1 + θ2 ≥ a

N Otherwise

r(m) =


1 ifm = (θ1, θ2) and θ1 + θ2 ≥ a

1 ifm = θi and θi ≥ 2
3
a

0 Otherwise.

Proof. The belief schedule µ is determined in the same way as in Proposition 4.4.4. I now

show that (s, r, µ) is a GPFE . Note that for any θi ∈ [a + c − 1, 1], Ke(θi) = [0, θi]. Also

note that ae(2
3
a) = a and that ae() is strictly increasing on [2

3
a, 1]. Hence, r is sequen-

tially rational. To see that s is sequentially rational, note that if max{θ1, θ2} ≥ 2
3
a, then

max{θ1, θ2} ∈ BR(θ, r). It is also clear that if max{θ1, θ2} < 2
3
a, BR(θ, r) = θ if θ1 +θ2 ≥ a,

and BR(θ, r) = N if θ1 + θ2 < a. Hence, the strategies and the beliefs constitute a PBE. To

see that this equilibrium is GPFE, note that for any deviation θ′i, we have K
e+(θ′i) = [0, 2

3
a].

This implies that E(Ke+(θ′i)) + θ′i < ae(2
3
a) = a. Hence, there exists no self-signaling set at

any message.

4.5 Analysis: S can be Good or Biased (φ ∈ (0, 1))

In this section I analyze the case where the sender can be of both types, i.e. φ ∈ (0, 1).

Although in this case there may exist pure strategy PSE with r(N) = 1, I again focus on

pure strategy PSE with r(N) = 0. I consider two cases depending on whether c is larger or

smaller than 1
2
. I �rst consider the simpler case of c ∈ (1

2
, 1]. In this case a− 1

2
or any lower

one-dimensional message is dominated for G. This will imply that, in any pure strategy

PSE with r(N) = 0, the receiver uses the threshold a− 1
2
.39

In the case of c ∈ (0, 1
2
], a − 1

2
is not dominated for G, and, consequently, one can not

treat the behavior of the types independently. I introduce an adaption of the credibility

measure given in Section 4.4 that takes this aspect into account. Using this measure, I show

that, in a pure strategy PSE with r(N) = 0, the receiver either uses a threshold or he never

39For the intuition, see the introductory paragraph of Section 4.5.1.
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implements the project after a one-dimensional message. Lastly, I show the existence of

pure strategy PSE with r(N) = 0.

4.5.1 The case of c ∈ [1
2 , 1): No Interference

I �rst consider the case of c ∈ [1
2
, 1). I �rst show that, in this case, for any pure strategy

PSE with r(N) = 0, the receiver uses the threshold a − 1
2
. The intuition is simple. G can

only deviate when the sum of the attributes' values is higher than a+ c. This implies that

the presence of G can only positively a�ect the credibility of deviations in the sense that all

deviations that are credible according to the credibility measure of Section 4.4 will remain

to be credible. That is, for any i, any message θi ∈ [a− 1
2
, 1] will be su�ciently credible and

will be used in a pure strategy PSE. Furthermore, no lower one-dimensional message can be

chosen by G.

Lemma 4.5.1. If φ ∈ (0, 1) and c ∈ [1
2
, 1], then for any pure strategy PSE with r(N) = 0,

we have M e
i = [a− 1

2
, 1] for i = 1, 2.

I now show that a PSE can be obtained by simply pasting together the good type's

strategy of Equilibrium 2 of Section 4.2.2 and the strategies of the biased type and the

receiver given in Proposition 4.4.4.

Proposition 4.5.1. If φ ∈ (0, 1) and c ∈ [1
2
, 1], then Γ(φ, a, c) has a pure strategy PSE with

r(N) = 0. The following strategies are part of a PSE:

sG(θ) =

min{θ1, θ2} if min{θ1, θ2} ≥ a+ c− 1

N Otherwise

sB(θ) =



max{θ1, θ2} if max{θ1, θ2} ≥ a− 1
2
> min{θ1, θ2}

min{θ1, θ2} if min{θ1, θ2} ≥ a− 1
2

θ if a− 1
2
≥ max{θ1, θ2} and θ1 + θ2 ≥ a

N Otherwise

r(m) =


1 ifm = θ and θ1 + θ2 ≥ a

1 ifm = θi and θi ≥ a− 1
2

0 Otherwise.

Proof. Consider s, r as in the statement. Note that for any θi ∈ (a+c−1, 1], E(Ke
G(θi))+θi >

a. Moreover, for any θi ∈ [a− 1
2
, 1] by Proposition 4.4.4, we have E(Ke

B(θi))+θi ≥ a. Hence,

for any θi ∈ [a− 1
2
, 1], ae(θi) ≥ a. Hence, the equilibrium is a PSE.
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4.5.2 The case of c ∈ (0, 1
2): Characterization

I now consider the case of c ∈ [0, 1
2
). In this case, in contrast to the previous subsection, the

credibility measure should take into account that when attribute −i's value is in [a+c−θi, 1],

the good type can take part in a deviation θi in [a + c− 1, a− 1
2
]. Accordingly, for a given

a,φ, c and z ∈ (0, 1], the credibility measure a(a, φ, c, z) becomes

a(a, φ, c, z) =


(1− φ)P(K̄G(z))E(K̄G(z)) + φP(K̄B(z))E(K̄B(z))

(1− φ)P(K̄G(z)) + φP(K̄B(z))
+ z if z ∈ (a+ c− 1, 1]

E(K̄B(z)) + z otherwise,

where K̄G(z) = [a+ c− z, 1] and K̄B(z) = [0, z] ∪ [a− z, 1]. When no confusion can arise, I

simply denote the credibility measure by a(z). The measure a() satis�es all the properties

of its counterpart from Section 4.4. I �rst prove that it is continuous and increasing in z.

Lemma 4.5.2. If φ ∈ (0, 1) and c ∈ (0, 1
2
], then for any z ∈ (0, 1] a(z) is strictly increasing

and continuous in z.

Proof. In the Appendix.

Using Lemma 4.5.2, the following characterization result can be derived.40

Proposition 4.5.2. If e is a pure strategy PSE with r(N) = 0, then M e
i = {θi ∈ [0, 1] :

a(θi) ≥ a} (i = 1, 2). Hence, if a(1) < a, then M e
i = ∅, and if a(1) ≥ a, then M e

i = [z̄, 1],

where z̄ is the unique solution of a(z) = a.

In this case, similar to the case when S is known to be biased, it can be shown that in

any pure strategy PSE with r(N) = 0, for a set of attribute vectors with positive measure,

the biased type reveals only the lower attribute's value. Below, I summarize the properties

of pure strategy PSE with r(N) = 0.

Proposition 4.5.3. If φ ∈ (0, 1), c ∈ (0, 1] and z̄ is such that a(z̄) = a, then for any pure

strategy PSE e with r(N) = 0, the following properties hold:

� P e
G
∼= {θ ∈ [0, 1]2 : θ1 + θ2 ≥ a+ c, max{θ1, θ2} ≥ z̄}, P e

B = {θ ∈ [0, 1]2 : max{θ1, θ2} ≥
z̄}.

� F e
G
∼= {θ ∈ [0, 1]2 : θ1+θ2 ≥ a+2c, max{θ1, θ2} < z̄}, F e

B = {θ ∈ [0, 1]2 : max{θ1, θ2} <
z̄, θ1 + θ2 ≥ a}.

40The ideas used in the proof of Proposition 4.4.1 also apply to this case.
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All such equilibria are S-best.

Proof. To see that such equilibrium is S-Best. Note that the argument of Proposition 4.4.3

is applicable to this case. Hence, for any pure strategy e with r(N) = 0, we have M e
i ⊂

{θi : a(θi) ≥ a} (i = 1, 2). The result follows. The corresponding information partition is

depicted by Figure 4.4 for the case where z̄ > a+c
2
.

A natural question is how the threshold z̄ depends on the probability φ that the sender

is biased. I will now show that the threshold z̄() is increasing with respect to φ.41 The

intuition of this result is as follows. As the probability that the sender is biased increases,

the credibility of one-dimensional messages decreases and the receiver needs to set a higher

threshold.

Proposition 4.5.4. For any c ∈ (0, 1
2
), any φ ∈ [0, 1] and any a ∈ (1, 2) such that

a(a, φ, c, 1) > a, we have ∂z̄
∂φ
> 0.

Proof. Note that z̄ ∈ [a + c− 1, a− 1
2
] and for any z ∈ [a + c− 1, 1], we have E(K̄G(z)) >

E(K̄B(z)). This implies that for such z, ∂a
∂φ

< 0. By Proposition 4.5.2, for any z ∈ [a +

c− 1, 1], ∂a
∂z
> 0. Then, the implicit function theorem implies that, for a given (a, c), z̄ is a

function of φ and ∂z̄
∂φ
> 0.

4.5.3 The case of c ∈ (0, 1
2): Existence

In this section I show the existence of pure strategy PSE with r(N) = 0. This task is

more challenging than in Section 4.4. The threshold depends on the probability that the

sender is biased and one cannot determine what each type does in isolation. A speci�c

technical di�culty is to construct a strategy s such that high one-dimensional messages

induce su�ciently optimistic beliefs. To overcome these di�culties, I will further assume

that the distribution function f is concave.42 Speci�cally, I will make use of the fact that

any symmetric and concave distribution satis�es the following property:

De�nition 4.5.1. A density function f on [0, 1] satis�es the Decreasing Interval Expectation

(DIE) property if for any y ∈ (0, 1) and any l ∈ (0, 1− y), d(E([y,y+l])
dy

≤ 1.43

41Notice that if φ = 0, as seen in Section 4.3, the receiver does not necessarily use a threshold.
42It is unknown to me whether the existence can be proven with the milder concept of log-concavity.
43It is not known to me whether this property is satis�ed by non-symmetric concave distributions or

by non-concave log-concave distributions. The property is satis�ed by some log-concave distributions, such

as the exponential distribution. To see that, for any parameter λ, any y ∈ (0, 1) and any l ∈ (0, 1 − y),

E([y, y + l]) =
e−λ(y+l)(

−(y+l)
λ − 1

λ2
)+e−λ(y+l)(

(y)
λ + 1

λ2
)

1
λ (−e−λ(y+l)+e−λ(y))

= y +
e−λl(−l− 1

λ )+
1
λ

1−e−λl . Hence, d(E([y,y+l])
dy = 1.
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P e
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Figure 4.4: The information Partition when z̄ > a+c
2 .

This property means that, as the interval moves to the right, the conditional expectation

on the interval gets closer to the lower bound of the interval.

Lemma 4.5.3. Any concave and symmetric probability density function f on [0, 1] satis�es

the Decreasing Interval Expectation property.

Proof. I �rst show that for any y ∈ (0, 1) and any l ∈ (0, 1 − y)
∫ y+l

y
f(x)dx ≥ l

2
(f(y) +

f(y + l). To see this, notice that substitution of t = x−y
l

and Jensen's inequality yields:∫ y+l

y

f(x)dx = l

∫ 1

0

f(y+lt)dt ≥ l

∫ 1

0

tf(y)+(1−t)f(y+l)dt =
l

2
(f(y) + f(y + l)) . (4.8)

I now show another useful property:

If f(y+ l) ≥ f(y), E([y, y+ l]) ≥ y+
l

2
. If f(y+ l) ≤ f(y), E([y, y+ l]) ≤ y+

l

2
. (4.9)

To prove this property, take two integrable functions g, h : [0, 1] → R that takes only non-

negative values, for any U ⊂ [0, 1] with
∫
U

g(x)dx > 0 and
∫
U

h(x)dx > 0. Let g + h denote

the function derived by adding h and g pointwise. Denote the expectation of g and h,

g + h in U by Eg(U) and Eh(U), Eg+h(U). It is easy to see that if Eg(U) ≥ Eh(U), then

Eg(U) ≥ Eg+h(U) ≥ Eh(U).44 Now consider the case where f(y + l) ≥ f(y) and y + l ≥ 1
2
.

44This follows from an elementary inequality relation if A
B ≥

C
D and A,B,C,D > 0, then A

B ≥
A+C
B+D ≥

C
D .
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y y + l 10

f(y)

f(y + l)

1 + y − l

f

f1

f2

Figure 4.5: f ,f1 and f2.

By quasi-concavity and symmetry, 1 − (y + l) > y. Consider the function f1 such that

f1(x) = f(x) − f(y + l) if x ∈ [1 − (y + l), y + l], and f1(x) = 0, otherwise. Furthermore

consider f2(x) = f(y + l) − f(x) for all x ∈ [y, 1 − (y + l)] and f2(x) = 0, otherwise.

Notice that Ef1([y, y + l]) = 1
2
> y + l

2
and Ef2([y, y + l]) < y + l

2
and Ef−f1([y, y + l]) >

Ef−f1+f2([y, y+ l]) = y+ l
2
. Combining these expressions gives E([y, y+ l]) ≥ y+ l

2
. For this

case, f , f1, and f2 are illustrated in Figure 4.5. Now, consider the case where f(y+l) ≥ f(y)

and y + l < 1
2
. In this case f is increasing on [y, y + l] and one can consider f2 exactly as

before. It is easy to see that Ef2([y, y + l]) < y + l
2
and Ef+f2([y, y + l]) = y + l

2
. Hence,

E([y, y + l]) ≥ y + l
2
. By symmetry, the other part of (4.9) follows.

I now complete the proof:

d

dy

( ∫ y+l

y
xf(x)dx

F (y + l)− F (y)

)
=
y(f(y + l)− f(y)) + lf(y + l)−

∫ y+l
y xf(x)dz

F (y+l)−F (y)
(f(y + l)− f(y))

F (y + l)− F (y)

=
(y − E([y, y + l]))(f(y + l)− f(l)) + lf(y + l)

F (y + l)− F (y)

≤
−l
2

(f(y + l)− (f(y)) + lf(y + l)

F (y + l)− F (y)
By (4.9)

=
l

2

f(y + l) + f(y)

F (y + l)− F (y)
≤ 1. By (4.8).

Now, it is time to prove the existence of a pure strategy PSE with r(N) = 0. I present

the proof for the case where the solution z̄ of a(z) = a is in [0, a
2
). The existence for the cases

of z̄ ∈ [a+c
2
, 1] and z̄ ∈ [a

2
, a+c

2
] can be proved using similar strategies of the sender. In each

case, one can specify s such that for each t and attribute vector θ ∈ P e
t , st(θ) = min{θ1, θ2}
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if min{θ1, θ2} ≥ z̄ and θ1 + θ2 ≥ a, and st(θ) = max{θ1, θ2}, otherwise.45

Proposition 4.5.5. If φ ∈ (0, 1), c ∈ (0, 1
2
) and f is concave and symmetric around 1

2
,

then Γ(φ, a, c) has a pure strategy PSE. If the solution z̄ of a(z) = a is in [0, a
2
), then the

following strategies are part of a PSE:

sG(θ) =


min{θ1, θ2} if min{θ1, θ2} ≥ z̄ and θ1 + θ2 ≥ a+ c

max{θ1, θ2} if θ1 + θ2 ≥ a+ c and max{θ1, θ2} ≥ z̄ > min{θ1, θ2}

N Otherwise

sB(θ) =



min{θ1, θ2} if min{θ1, θ2} ≥ z̄ and θ1 + θ2 ≥ a

max{θ1, θ2} if max{θ1, θ2} ≥ z̄ and θ1 + θ2 < a

max{θ1, θ2} if max{θ1, θ2} ≥ z̄ > min{θ1, θ2}

N Otherwise

r(m) =


1 ifm = θ and θ1 + θ2 ≥ a

1 ifm = θi and θi ≥ z̄

0 Otherwise.

Proof. Consider s, r as in the statement. Note that for any θi ∈M e
i , we have

Ke
G(θi) = [a+ c− θi, 1]

⋂
([θi, 1] ∪ [0, z̄]) ,

Ke
B(θi) = [0, z̄] ∪ [max{θi, a− θi}, 1] ∪ [0,min{θi, a− θi}].

Ke
G(θ2) and Ke

G(θ2) are depicted in Figure 4.6. Note that for each θ′2 ∈ [z̄, 1], the cut at the

left-side represents Ke
G(θ′2), whereas the cut at the right side represents Ke

B(θ′2).

To see that sG is sequentially rational, note that if max{θ1, θ2} ≥ z̄ and θ1 + θ2 ≥ a+ c,

then max{θ1, θ2} ∈ BRG(θ, r). Similarly, if min{θ1, θ2} ≥ z̄ and θ1 + θ2 ≥ a + c, then

min{θ1, θ2} ∈ BRG(θ, r). It is clear that for any other θ, we have BRG(θ, r) = N . To

see that sB is sequentially rational, note that if max{θ1, θ2} ≥ z̄, then any one-dimensional

message is a best response, provided that its value is higher than or equal to z̄. On the

other hand, if max{θ1, θ2} < z̄, then θ1 + θ2 < a and consequently BRB(θ, r) = N . I

now establish that for any θi ∈ [z̄, 1]: ae(θi) ≥ a. This will establish that ae(N) < a and

consequently the sequential rationality of r. First, note that for any θi ∈ [z̄, a
2
], we have

45Here, I slightly abuse the notation. Notice that for each type t, P e
t is speci�ed up to a set of attribute

vectors with zero measure.
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Figure 4.6: When z̄ < a
2 : K

e
G(θ2) and Ke

B(θ2) for θ2 ∈M e
2 .

Ke
G(θi) = K̄G(θi) and Ke

B(θi) = K̄B(θi). Hence, for such θi, we have ae(θi) = a(θi) > a.

Note that for any θi ∈ (a
2
, a − z̄], there exists some θ′i ∈ [z̄, a

2
] such that Ke

B(θi) = Ke
B(θ′i).

Since Ke
G(θi) ⊃ Ke

G(θ′i), we have ae(θi) > ae(θ′i) > a. By symmetry, quasi-concavity and

(DIE), we have

aeB(θi) ≥
z̄

2
+ 1 ≥ 1

2
+ z̄ ≥ aeB(z̄) and aeG(1) ≥ aeG(z̄). (4.10)

Note that Pr′(G,Ke(θi)) > 0, where Pr(G|Ke(θi)) is the probability that S has type G

conditional on states in Ke(θi). Combining this observation with (4.10) yields ae(1) ≥ a.

Moreover note that for any θi ∈ (a − z̄, 1], by log-concavity we have (aeB)
′
(θ2) < −1 and

(aeB)
′′
(θi) < 0. Note that Ke

B(a − z̄) = Ke
B(z̄) and accordingly, aeB(a − z̄) ≥ aeB(z̄). Using

this together with (4.10) and noting that (ae)
′′
< 0, we get that for any θi ∈ (a− z̄, 1]:

aeB(θi) ≥ aeB(z̄). (4.11)

Moreover, for any θi ∈ [z̄, 1], construct a set U(θi) ⊂ Ke
G(θi), such that, for any θi ≤

a + c − z̄, U(θi) = [a + c − z̄, 1], and for any θi > a + c − z̄, U(θi) = Ke
G(θi). Note

that for any θi ∈ (z̄, a + c − z̄), E(Ke
G(θi) \ U(θi)) + θi > a, and by quasi-concavity for

any θ ∈ (z̄, 1], E(U(θi)) + θi ≥ aeG(z̄). Using these together with (4.11) and noting that

Pr′(G|U(θi) ∪Ke
B(θi)) > 0, we get ae(θi) ≥ a.
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4.5.4 Comparison of Cases in terms of the Receiver's Utility

I have characterized PSE with r(N) = 0, for all values of φ. I now compare all the cases in

terms of receiver's equilibrium utility. Recall that, in each of the cases, this utility does not

depend on which PBE is considered. It will be useful to �rst compare the degenerate cases

of S = G and S = B. I show that, for some values of the cost of revelation c, R prefers

that S is B rather than G. The intuition is as follows. In the case of a < 3
2
, Figure 4.1

illustrates that if c converges to 2 − a, then the utility of the receiver from a good type

approaches 0. On the other hand, the receiver's utility from a biased type is not a�ected

by changes in c.46 Consequently, if c is su�ciently high, then the receiver prefers that the

sender is biased. In the case of a > 3
2
, Proposition 4.4.1 implies that, in equilibrium, the

biased type will only send two-dimensional messages. Consequently, the receiver will obtain

the complete information utility from a biased sender. For a given c, I denote the utility

that the receiver attains in pure strategy PSE from cases φ = 0, 1 by upseR (0, c) and upseR (1, c),

respectively. Similarly for a given type t, I will use the notation P pse
t and F pse

t to denote

elements of common information partition pure strategy PSE with r(N) = 0.47

Proposition 4.5.6.

a) If a < 3
2
, there exists c̄ ∈ (0, 2 − a) such that for all c ∈ (0, c̄), upseR (1, c) < upseR (0, c)

and for all c ∈ (c̄, 2), upseR (1, c) > upseR (0, c).

b If a > 3
2
and c < 1, then upseR (1, c) > upseR (0, c).

Proof. a) Note that by Proposition 4.3.1 and Proposition 4.4.4, if c < 1, we have

ueR(0, c) =

∫∫
θ1+θ2>a+c

(θ1 + θ2 − a)fjo(θ)dθ,

ueR(1, c) =

∫∫
max{θ1,θ2}>a− 1

2

(θ1 + θ2 − a)fjo(θ)dθ +

∫∫
max{θ1,θ2}<a− 1

2
θ1+θ2>a

(θ1 + θ2 − a)fjo(θ)dθ.

Note that if c→ 0, then upseR (0, c) approaches the complete information pay-o� of R, whereas

for c < 1, upseR (1, c) does not locally depend on c and it is lower than the complete information

pay-o� of R. Hence, if c is su�ciently small, then upseR (1, c) < upseR (0, c). Furthermore, for

46Note that this result also holds when the biased sender's utility is given by uB(θ,m, d) = (2−a− ε)d−
c(m), for su�ciently small ε > 0.

47Note that as before, I abuse the terminology slightly. P pse
t and F pse

t are speci�ed up to a set of attribute

vectors with zero measure.
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upseR (1, c) > 0 and upseR (0, c) is strictly decreasing in c and upseR (0, 2 − a) = 0. Hence, there

exists some c̄ ∈ (0, 2− a) such that upseR (0, c̄) = upseR (1, c).

b) This result immediately follows from noticing that when a > 3
2
and c < 1, the biased

sender will reveal the values of both attributes whenever the sum of the attributes' values

is higher than or equal to a. Hence, the receiver will obtain the complete information

pay-o�.

Best φ for the Receiver I now can �nd the best φ for the receiver for each parameter of

the game. I will show that if the cost of revelation is su�ciently low, then the receiver prefers

that the sender is good with certainty, and that, if the cost of revelation is intermediate,

then the receiver prefers that the sender is biased with certainty. If the costs are high, then

for all values of the φ, there will be no information transmission and the receiver will be

indi�erent between them. The result will follow from Proposition 4.5.6 and the observation

that, except when c = c̄, the best φ for the receiver is unique and it is 0 or 1. The intuition

behind the observation is as follows. If c ≥ 1
2
, the equilibrium utility of the receiver is a

weighted average of the equilibrium utilities of the degenerate cases, and, except when c = c̄,

only one of the degenerate cases yields the highest utility for the receiver. If c < 1
2
, the

value of the threshold z̄ is increasing in the probability that the sender is biased. Moreover,

the receiver's utility, conditional on the sender being biased (good), is increasing (weakly

decreasing) in the value of the threshold. This again implies that the best φ is degenerate.

Proposition 4.5.7.

a) If a < 3
2
, then there exists c̄ ∈ (0, 2− a) such that, for all c ∈ (0, c̄), φ = 0 maximizes

upseR and, for all c ∈ (c̄, 1), φ = 1 maximizes upseR . If c = c̄ < 1
2
, then φ = 1 and φ = 0

maximize upseR . If c = c̄ ≥ 1
2
, then any value of φ maximizes upseR .

b) If a ≥ 3
2
and c < 1 then φ = 1 maximizes upseR .

Proof. a) Note that in this case aK̄B
(1) > a, hence aK̄(1) > a. For a given c, I write upseR (φ)
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as a weighted sum of type-conditional expected utilities: λG and λB.
48 Hence,

upseR (φ) = (1− φ)λG(z̄(φ)) + φλB(z̄(φ))

= (1− φ)

∫∫
P pse
G ∪F pse

G

(θ1 + θ2 − a)fjo(θ)dθ + φ

∫∫
P pse
B ∪F pse

B

(θ1 + θ2 − a)fjo(θ)dθ

= (1− φ)
( ∫∫
θ1+θ2>a+c

max{θ1,θ2}>z̄

(θ1 + θ2 − a)fjo(θ)dθ +

∫∫
θ1+θ2>a+2c
max{θ1,θ2}<z̄

(θ1 + θ2 − a)fjo(θ)dθ
)

+ φ
( ∫∫
max{θ1,θ2}>z̄

(θ1 + θ2 − a)fjo(θ)dθ +

∫∫
θ1+θ2>a

max{θ1,θ2}<z̄

(θ1 + θ2 − a)fjo(θ)dθ
)
.l

I now show that for any φ ∈ (0, 1) and any c ∈ (0, 1), we have upseR (φ) ≤ max{λG(a + c −
1), λB(a− 1

2
)}. Note that if c ≥ 1

2
, then by Proposition 4.5.1, we have

upseR (φ, c) = (1− φ)λG(a+ c− 1) + φλB(a− 1

2
). (4.12)

In the case of c ∈ (0, 1
2
), if z̄ < a+c

2
, then P pse

G and F pse
G are insensitive to small changes in

z̄. If z̄ ≥ a+c
2
, then as z̄ increases P pse

G ∪ F pse
G shrinks. Hence, ∂λG

∂z̄
≤ 0. It is easy to see

that ∂λB
∂z̄

> 0. By Proposition 4.5.4, we have ∂λG
∂φ
≤ 0 and ∂λB

∂φ
> 0. This implies that for all

c ∈ (0, 1
2
) and all φ ∈ (0, 1), λG(z̄(0)) = λG(a+c−1) ≥ λG(z̄(φ)) and λB(z̄(1)) = λG(a− 1

2
) >

λB(z̄(φ)). Hence, for such c and such φ, upseR (φ) < max{λG(a+ c− 1), λB(a− 1
2
)}.

b) This part follows immediately from Proposition 4.5.6.

4.6 Commitment of the Receiver: The Glazer and Ru-

binstein (2006) Solution in this Framework

In this section I apply Glazer and Rubinstein (2006)'s solution to my model and to a variation

of it. I contrast the receiver strategies of pure strategy PSE with the pure receiver strategies

that arise from Glazer and Rubinstein's model. Glazer and Rubinstein (2006) consider a

general persuasion model with a biased sender, and they allow that before the sender takes

his action, the receiver can commit to a (not necessarily pure) strategy. Translating to the

context of this chapter, this yields a game with the following order of moves:

1. R commits to a strategy r : M → ∆(D).

2. S = B observes θ ∈ [0, 1]2 and the receiver strategy r and sends a message m ∈M(θ).

48Note that if c ≥ 1
2 , I take z̄ = a− 1

2 .
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Here M = M1 ∪M2 ∪M12 ∪N , D = {0, 1} and the pay-o�s are as given as in my model.49

Note that Glazer and Rubinstein assume that messages are costless. They concentrate on

the optimal receiver's strategies of the commitment game. Glazer and Rubinstein (2006)

show that if M and Θ are �nite and D is binary, then there exists a pure optimal strategy.

They also show that if r is an optimal strategy and s is the sender's response to such a

strategy in the commitment game, then (s, r) belongs to a PBE of the ordinary persuasion

game.

Glazer and Rubinstein's (2006) approach is based on the premise that, for a given strat-

egy of the receiver, any best response strategy of the sender induces the same pay-o�s. Since

messages are costly, this premise does not apply to the present model. Consequently, in the

commitment version of my game, there may exist multiple non pay-o� equivalent equilibria.

Fortunately, the proof of Lemma 4.2.1 indicates that such multiplicity does not arise when

one restrict attention to pure strategies. Hence, I will impose that the receiver can use only

pure strategies in the commitment game and I call any equilibrium receiver's strategy of

such a game a GR strategy.50 I show that a GR strategy is unique up to a set with zero

measure, and that, for each such strategy, there is a corresponding pure strategy PBE (to

be denoted by GRE) in the game without commitment. For tractability, I will assume that

a < 3
2
, c < 1 and that F is the uniform distribution. Next, I �nd a GRE in this framework.

GRE in the Model In my model it is easy to �nd the GR strategy. R can simply obtain

his complete information pay-o� by committing to a strategy r such that r(m) = 1 if and

only if m = θ with θ1 + θ2 ≥ a. Set s such that s(θ) = θ, if θi + θ−i ≥ a and otherwise

s(θ) = N . The belief schedule µ is determined as before. It is easy to see that (s, r, µ) is a

GRE. Note that a GRE is not a PSE.

GRE in a Variation of the Model I now consider the variation in which M = M1 ∪
M2 ∪ N . It can be easily shown that my results extend to this case. Hence, in any pure

strategy PSE of this variation, the receiver uses the threshold a − 1
2
. I now contrast that

strategy with the GR strategy. I show that, if the receiver can commit to a strategy as in

49Note that Glazer and Rubinstein (2006), instead, introduce a persuasion problem which is isomorphic

to the game considered here. Moreover, they consider slightly di�erent pay-o�s, but they claim their results

would not change if the pay-o�s are speci�ed as in this model.
50Note that this does not imply that the receiver cannot do better by committing to a behavioral strategy.

The problem with such a behavioral strategy is that it generally does not constitute an equilibrium together

with the sender's strategy that the sender uses in the commitment game. To see this more clearly, assume

that M = M1 ∪M2 and consider the receiver's strategy r in which r(0|N) = 1 and r(1|m) = c for any

m ∈ M1 ∪M2. Note that r with s such that s(θ) ∈ M1 ∪M2, if and only if θ1 + θ2 ≥ a constitutes an

equilibrium of the commitment game. But (s, r) is not part of a PBE of the ordinary game and for any s′

for which (s′, r) is part of a PBE, the receiver obtains a pay-o� of 0.
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the GR game, R will commit to a threshold strategy with threshold 2
3
a. A version of this

result for games with slightly di�erent pay-o�s appeared in Glazer and Rubinstein (2006).51

I present an di�erent proof for this simple case.

Proposition 4.6.1. If M = M1 ∪M2 ∪N , a < 3
2
, c < 1 and F is the uniform distribution,

then the pure strategy r such that r(θi) = 1 with θi ∈ [2a
3
, 1], is a GR strategy.

Proof. Let r be a GR strategy. Let U1 = {m ∈ M1 : r(m) = 1} and U2 = {m ∈ M2 :

r(m) = 1}. Note that P([0, 1] \ U1) > 0 and P([0, 1] \ U2) > 0. I will show that U2
∼= {θ2 :

E([0, 1] \ U1) + θ2 ≥ a} = [z2, 1], where z2 ∈ (0, 1). Assume that P(U2 \ [z2, 1]) > 0, then R

can choose d = 0 for all θ2 ∈ U2 \ [z2, 1], and induce S to reveal θ1 for all attribute vectors

in {θ ∈ [0, 1]2 : θ1 ∈ U1, θ2 ∈ U2 \ [z2, 1]}. Hence, R will gain

−
∫∫

θ1∈[0,1]\U1,
θ2∈U2\[z2,1]

(θ1 + θ2 − a)dθ1dθ2 > 0.

Contradiction. The same idea establishes that P([z2, 1] \ U2) = 0. Hence, U2
∼= [z2, 1] and

U1
∼= [z1, 1] for some z1, z2 ∈ (0, 1). Note also that E([0, z1])+z2 = a and E([0, z2])+z1 = a.

Solving yields z1 = z2 = 2
3
a.

Note that it is not surprising that the GR strategy prescribes a higher threshold than

the threshold that pure strategy PSE prescribe. This follows from the fact that GR selects

the R-Best pure strategy equilibrium, whereas PSE selects the S-Best equilibrium.

4.7 Variations of the Model and a Conjecture

In this section I investigate how generalizable a main insight of the chapter is. Speci�cally,

I consider variations of the model with varying richness of the receiver's action set, and I

explore in which of these variations, in pure strategy PSE, the sender sometimes reveals the

lower attribute's value. I argue that this property holds only when the receiver's action set

is not rich compared to the state/message space, and I formalize a conjecture.

Before presenting the conjecture, I �nd it useful to present a version of the model in which

the receiver has a continuum of actions and show that the insight does not hold in such a

model. The continuum assumption is commonly made in the �nancial disclosure literature.

I believe presenting that �negative� result will give the reader a better perspective why my

51This result is Example 2 of Glazer and Rubinstein (2006). To derive this result, Glazer and Rubinstein

use techniques that they use in the related paper Glazer and Rubinstein (2004).
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result diverges from that literature. Throughout the section, for simplicity of exposition, I

assume that the sender is biased, the message set isM = M1∪M2∪N and F is the uniform

distribution. Note that these restrictive assumptions are not critical for the arguments.

4.7.1 Continuum Actions of the Receiver

I now consider the variation in which the receiver's action set is rich: a continuum. I

assume that the action set of the receiver is given by D = [0, 2]. The sender's utility is given

by uB(θ,m, r) = r − c(m), where c(m) is speci�ed as in the main model. For simplicity of

exposition, I denote the best response of the receiver conditional on a set of attribute vectors

V ⊂ [0, 1]2 with P2(V ) > 0 by BR(V ). In this game, consistent with the disclosure literature

summarized in Bertomeu and Cianciaruso (2018), I assume that for any V ⊂ [0, 1]2 with

P2(V ) > 0, BR(V ) = E(θ1 + θ2|V ).52 Hence, for any e = (s, r, µ) and any θi ∈M e
i , we have

r(θi) = θi + E(Ke(θi)). For a given equilibrium e, a deviation θi ∈ M e
i and some response

rc(θi) ∈ [0, 2], Ke+(θi, r
c(θi)) and K

e0(θi, r
c(θi)) are de�ned as before. I now de�ne PSE.

De�nition 4.7.1. A deviation θi is consistent if there exists a set K(θi) ⊂ [0, 1] and response

rc(θi) ∈ [0, 2] such that the following properties hold:

� Ke+(θi, r
c(θi)) 6= ∅.

� Ke+(θi, r
c(θi)) ⊂ K(θi) ⊂ Ke+(θi, r

c(θi)) ∪Ke0(θi, r
c(θi)) and P(K(θi) > 0.

� rc(θi) = θi + E(K(θi)).

A pure strategy PBE is PSE if no deviation is consistent.

I now show that, in this variation, there exists a PSE in which the sender never re-

veals only the lower attribute's value. The intuition behind this result is as follows. In

the PSE that I construct, the receiver's response is strictly increasing in the value of the

one-dimensional messages, and the sender is indi�erent between sending an uninformative

message and the lowest used one-dimensional message. These properties imply that to make

a deviation θi consistent, one has to �enlist� some attribute vectors in which θ−i > θi. But

if θ−i is the highest element of K(θi), then the sender will prefer to reveal θ−i over θi.

52This assumption is common in the �nancial disclosure literature. See Jovanovic (1982). Note that

qualitatively the same result holds when the receiver's action set is a continuum, the best response of the

receiver is unique and it is strictly increasing in each attribute's value.
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Proposition 4.7.1. For the variation of the persuasion game with a continuum of actions

of the receiver, the following strategies are part of a PSE:

s(θ) =

max{θ1, θ2} if max{θ1, θ2} ≥ 2c

N Otherwise
and r(m) =


3
2
θi ifm = θi and θi ≥ 2c

θi ifm = θi and θi < 2c

2c Otherwise.

Proof. Consider s, r as in the statement. The belief schedule µ is determined as before.

Note that for any θi ∈ [2c, 1], Ke(θi) = [0, θi] and that Ke(N) = [0, 2c)2. The sequential

rationality of s is clear. To see that r is sequentially rational, note that E(θ1+θ2|N) = 2c and

E(θ−i|θi) = 3
2
θi. Hence, r is sequentially rational and e = (s, r, µ) is a PBE. I now show that

e is PSE. Suppose that a deviation θi < 2c is consistent with some set K(θi) and response

rc(θi). Denote sup{θ−i ∈ K(θi)} by z and suppose that z > 2c. Note that r() is increasing in

θi and accordingly K(θi) ∼= [0, z]. This implies that rc(θi) = E(K(θi)) + θi = z
2

+ θi <
3
2
z =

r(z). This implies that for any z′ su�ciently close to z, we have r(z) > rc(θi). Contradiction.

Hence, we have K(θi) ⊂ [0, 2c). It is easy to see that if Ke+(θi, r
c(θi)) ∩ [0, 2c) 6= ∅, then

Ke+(θi, r
c(θi)) = [0, 2c). Hence, K(θi) = [0, 2c). Notice that E(K(θi)) + θi = c + θi < 3c.

The sender will be worse-o� by deviating to θi. Contradiction.

4.7.2 Finite Actions of the Receiver: A Conjecture

In this part I consider two variations in which the receiver's action set is �nite. I begin

by considering a variation where θ ∈ [0, 1]2 and D is a �nite set. Speci�cally, I let D =

{τ1, ...τD} ⊂ [0, 2], where τ1 < τ2... < τD and for each τn, τn′ ∈ D, τn 6= τn′ + c. I let

uR(θ,m, τ) = −(θ1 + θ2 − τ)2 and as before uS(θ, τ,m) = τ − c(m). I assume that there

exists ε > 0 such that for any V ⊂ [0, 1]2 with P([0, 1]2 \ V ) < ε, we have BR(V ) =

BR([0, 1]2) = τk′ . Furthermore, I assume that BR([0, 1] × {1}) = τk′′ , where τk′′ > τk′ + c.

These assumptions ensure that, in any pure strategy PSE, for a set of attribute vectors with

positive measure, the sender sends a one-dimensional message.

Consider now a pure strategy PSE e = (s, r, µ), in which the sender never reveals only

the lower attributes. Assume for simplicity that e is symmetric. Note that the idea of

Lemma 4.4.2 is also applicable to this case. Hence, if deviation θi is consistent, then any

higher deviation θ′i is also consistent. This implies that M e
i = [θ′i, 1] for each i. Moreover, it

is easy to see that if θi, θ
′
i ∈M e

i and θ′i > θi, then r(θ
′
i) ≥ r(θi). Let r(θ

′
i) = τn. Note that if

τn is the unique best response to belief µ(θ′i), then for any deviation θi which is su�ciently

close to θ′i, we have τn = BR({θi} × [0, θ′i]). Hence, setting K(θi) = {θi} × [0, θ′i] yields that

θi is a consistent deviation. If τn is not the unique best response, then there is an interval
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[θ′i, θ
′′
i ] such that for any θi ∈ [θ′i, θ

′′
i ], r(θi) = τn. In this case, for any deviation θi which is

su�ciently close to θ′i, we have τn = BR({θi}× [0, θ′′i ]). Hence, setting K(θi) = {θi}× [0, θ′′i ]

yields that θi is a consistent deviation. The equilibrium is not PSE. The underlying reason is

that, for any deviation that is su�ciently close to the threshold θ′i, the sender can induce the

same receiver response, by �enlisting� some higher attribute vectors. This condition concerns

only a neighborhood around the threshold. A more general condition can be given as follows.

For almost all θ′i ∈ [0, 1], there exists some ε > 0 such that for any θi ∈ [θ′i − ε, θ′i + ε],

BR({θ′i} × [0, θ′i]) = BR({θi} × [0, θ′i]). (4.13)

A similar condition can be derived for a variation in which the attribute/message set is �nite.

To see this, assume that each attribute can take �nitely many values from the ordered �nite

set {θ1
, ....θ

q} ⊂ [0, 1]. Hence, θk < θk
′
if k < k′. Moreover, for a given θk, denote the set of

values of attributes which are lower than or equal to θk by L(θk). In this case an adaptation

of (4.13) is given by

BR({θk} × L(θk)) = BR({θk−1} × L(θk)), ∀k − 1 ∈ {1, ...q − 1}. (4.14)

Accordingly, I conjecture that in a variation of the model with �nitely many actions of

the receiver, if it is possible to persuade the receiver by sending one-dimensional messages

and the receiver's action set is not rich in the sense of (4.13) and (4.14), then in any pure

strategy PSE, the sender sometimes reveals only the lower attribute's value. Note that this

conjecture does not say anything on whether such equilibrium exists. I expect that the

existence can be established using the same regularity conditions used in the model.

4.8 Concluding Remarks

In this chapter I studied a two-dimensional costly persuasion model with uncertain sender

preferences. I used the Perfect Sequential Equilibrium (PSE) concept of Grossman and

Perry (1986a) to select equilibria. I found that, in pure strategy PSE, the receiver uses a

threshold to implement the project and that this threshold is increasing in the probability

that a sender is biased.

I also complemented the persuasion literature by showing that in a costly two-

dimensional set-up, in pure strategy PSE, the sender sometimes reveals only the lower

attribute's value. I conjecture that this result also holds in extensions of the model provided

that the receiver's response set is not rich compared to the attribute/message set. It remains

to be seen whether such equilibria match real life behavior and how much, in practice, the
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sender chooses to reveal the least favorable message out of equally costly alternatives. It

could be interesting to test the implications of the model in an experimental setting and

compare the predictions of PSE, GRE and GPFE.53

On top of this, the chapter provided a simple answer for why sometimes a biased expert

or information source (media outlet) may be more useful than a one with good intentions.

The biased sender can gain more from persuading the receiver.

4.9 Appendix

4.9.1 List of Notations

I write the notation, and brie�y explain it.

� S,R: The sender, the receiver.

� Ω: The set of possible states.

� ω = (t, θ1, θ2): A state of the world.

� t: A type of the sender.

� G,B: Good type and Biased type.

� φ: The probability that the sender is biased.

� θi: A value of attribute i.

� θ = (θ1, θ2): An attribute vector.

� f : The density of distribution of an attribute's values.

� F : The cumulative distribution function of an attribute's values.

� fjo: The joint probability distribution of attribute vector.

53Burdea et. al (2018) experimentally test versions of the models of Glazer and Rubinstein (2004) and

Glazer and Rubinstein (2006). In the variation that is most relevant to this chapter, they assume that the

sender �rst sends a cheap talk message about the values of the attributes and then reveals the value of an

attribute. This aspect, I believe, makes it di�cult to compare their empirical �ndings with the predictions

of this chapter. Note that, as stated, Burdea et. al (2018) allows very speci�c cheap talk messages about

the value of an attribute. Hence, such cheap talk messages cannot account for more general speeches that

are used in motivating the concepts of NPE and PSE.
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� P(U): The probability of set U ⊂ [0, 1].

� E(U): The expected value of an attribute conditional on U .

� P2(V ): The probability of set V ⊂ [0, 1]2.

� m: A typical message.

� M : The set of messages.

� m = θi: The message: �The value of attribute i is θi.�

� m = θ: The message: �The attribute vector is N .�

� m = N : The message: � I do not provide information.�

� m = θ1: The message: �The value of attribute 1 is θ1.�

� If θi > θ−i, m = max{θi, θ−i}: �The value of attribute i is θi.�

� If θi > θ−i, m = min{θi, θ−i}: �The value of attribute −i is θ−i.�

� M(θ) = {θ1, θ2, θ, N}: The set of messages available to set at θ.

� Mi = [0, 1]: The set of messages that contain information only about attribute i.

� M12 = [0, 1]2 The set of messages that contain information about both attributes.

� c: The cost of revealing a value of a single attribute.

� D = {0, 1}: The set of actions of R.

� d: A typical action of R.

� uR(θ, d): The utility function of the receiver. uR(θ, d) = d(θ1+θ2−a), where 1 < a < 2.

� ut(θ,m, d): The utility function of a type t of the sender. uG(θ,m, d) = d(θ1 + θ2 −
a)− c(m) and uB(θ,m, d) = 2d− c(m).

� Γ(φ, a, c): The game for given parameters φ, a and c.

� s = (sG, sB): A pure strategy of S.

� r: A pure strategy of R.

� µ: A belief schedule pair of R.
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� BR(µ,m): The set of pure best responses of R at m ∈M to a belief µ.

� ut(θ,m, r): The utility of S for t ∈ T , θ ∈ Θ, m ∈M(θ) and a strategy r of R.

� BRt(θ, r): The set of pure best responses of t at θ to r is denoted by BRt(θ, r).

� e = (s, r, µ): A pure strategy Perfect Bayesian Equilibrium (PBE).

� M e: The set of messages that are used in e.

� Ke
t (θi): For a given e and type t and a used message θi, the set of values of attribute

−i, for which t chooses to send m = θi.

� Ke
t (N): For a given e and type t, the set of values of attribute −i, for which t chooses

to send m = N .

� ueR(t, θ): For a given e, type t and attribute vector θ, the ex-post equilibrium pay-o�

of R.

� uet : Given e, the expected equilibrium pay-o� of type t.

� ueR: For a given e, the expected equilibrium pay-o� of R.

� ae(m): Given e and a used message m ∈ M \M12, the receiver's expectation of the

sum of attributes' values.

� aet (θi): Given e and a one dimensional sent message that is used with positive proba-

bility by t, the expected sum of the attributes' values conditional on set Ke
t (θi).

� N e
t , P

e
t and F e

t : For a given e, the set of attribute vectors for which t reveals nothing

(no information), reveals one attribute's value (partial information) and reveals both

attributes' values (full information), respectively.

� ∼=: Almost Equal Relationship. V ∼= V ′ if P2 ((V \ V ′) ∪ (V ′ \ V )) = 0.

� M e
i : For a given e, the set of messages in Mi that are used in e. M e

i = M e ∩Mi

� Mn(e)
i : For a given e, the set of deviations (unsent messages) in Mi.

� rc(θi): For a given e and a deviation θi, the action that the receiver does not used in

e.

� Ke+
t (θi): For a given e, a deviation θi and a type t, the set of values of attribute −i,

for which t would bene�t from deviating to θi with response rc(θi).
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� Ke0
t (θi) For a given e, a deviation θi and a type t, the set of values of attribute −i, for

which t is indi�erent between θi and the equilibrium message that he uses.

� a(z): The credibility measure of z for the case where the sender is known to be biased.

� a(z) and a(a, φ, c, z): The credibility measure for the general case.

4.9.2 Proof of Proposition 4.5.2

Lemma 4.5.2. If φ ∈ (0, 1) and c ∈ (0, 1
2
], then for any z ∈ (0, 1] a(z) is strictly increasing

and continuous in z.

Proof. First note that

a(z) = Pr(G|z)aG(z) + (1− Pr(G|z))aB(z), (4.15)

where aG(z) = E(K̄G(z)) + z and aB(z) = E(K̄B(z)) + z. Taking the derivative in (4.15)

with respect to z yields

a′(z) = Pr′(G|z)(aG(z)− aB(z)) + (1− Pr(z)) a′B(z) + Pr(G|z)a′G(z).

Note that using symmetry of the density, we have

Pr(G|z)

1− Pr(G|K̄(z))
=

(1− φ)F (1− a− c+ z)

φ(F (z) + F (1− a+ z))
.

By log-concavity and symmetry, we have

f(z) + f(1− a+ z)

(F (z) + F (1− a+ z)
≤ max{ f(z)

(F (z)
,
f(1− a+ z)

(F (1− a+ z)
} ≤ f(1− a− c+ z)

F (1− a+ z)
.

This implies that ( Pr(G|z)
1−Pr(G|z )′ > 0. Moreover, using the ideas of Proposition 4.4.1, we get

that for all z ∈ (0, 1) a′G(z) > 0 and a′B(z) > 0. Consequently, Pr′(G|z)(aG(z)− aB(z)) ≥ 0

and Pr(G|z)a′G(z) + (1− Pr(G|z))a′B(z) ≥ 0. Therefore, for all z ∈ (0, 1), a′(z) > 0. Done.

4.9.3 An Example of a Mixed PSE

In this part I show the existence of mixed PSE which are not equivalent to pure strategy

PSE. I assume for simplicity that the sender is biased and M = M1 ∪M2. Consider the

behavioral strategy r : M → ∆(D) in which r(0|N) = 1, r(1|θi) = c for any θi ∈ [a − 1, 1]

and r(0|θi) = 0 for any θi ∈ [0, a − 1). Let s be some pure strategy such that s(θ) = N if

θ1 + θ2 6= a, s(θ) ∈M1 ∪M2 if and only if θ1 + θ2 = a, and that ∀θi ∈ [a− 1, 1], ∃θ−i ∈ [0, 1]

such that s(θi, θ−i) = θi. It is easy to see that (s, r) is part of a PBE. It is also easy to see

that there is no consistent deviation. Hence, the equilibrium is PSE. Notice that, in such

equilibrium, the receiver and the sender obtain a utility of 0.



Section 4.9 � Appendix | 149

4.9.4 Non Existence of GPFE

In this part I show that if φ is su�ciently low, there does not exist any GPFE. The idea

behind this result is simple. When φ = 0, depending on the receiver's response at N , the

good type can always self-signal either in states in which the sum of the attributes' values

is high or in states in which the sum of the attributes' values is low. Consequently, when φ

is su�ciently close to 0 there does not exist any GPFE.

Proposition 4.9.1. Let KG = {θ ∈ [0, 1]2 : θ1 + θ2 ≥ a}. If the following condition is

satis�ed:
(1− φ)P2(KG)E(KG) + φ

(1− φ)P2(KG) + φ
≥ a, (4.16)

then in Γ(φ, a, c) there does not exist any GPFE.

Proof. Let e = (s, r, µ) be a GPFE. Note that for the proof we will just need to specify

the receiver's response at N . Denote the expected value of the receiver's response at N

by E(r(N)). Suppose that E(r(N)) < 1. In this case if the receiver changes his action to

r(N) = 1, then, for attribute vectors in KG, the good type and, for all attribute vectors,

the biased type will attain more than equilibrium utility from choosing N . Combining this

observation with (4.16) indicates that {G}×KG∪{B}×[0, 1]2 is a self-signaling set. Suppose

now that E(r(N)) > 0. In this case, if the receiver changes his action to r(N) = 0, then only

the good type may bene�t from choosing N and only if the sum of the attributes' values is

lower than a. Hence, we obtain a self-signaling set.

4.9.5 Partial Information Revelation

In this part I consider a plausible variant of this framework in which the sender can reveal

that the value of an attribute is above a certain value. I show that in this variant pure

strategy PSE may not exist. Hence, one should not take the existence of pure strategy

PSE as granted for multidimensional costly persuasion games. For simplicity of exposition,

I concentrate on the case where the sender is biased. In this variation, for any θ ∈ [0, 1]2,

M(θ) is given by

M(θ) = {[x1, 1] : x1 ≤ θ1} ∪ {[x2, 1] : x2 ≤ θ2} ∪ {([x1, 1], [x2, 1]) : x1 ≤ θ1, x2 ≤ θ2} ∪N,

where [x1, 1] : x1 ≤ θ1} and {[x2, 1] : x2 ≤ θ2} are denoted by M1 and M2, respectively. I

keep the other elements of the main model. Hence, the sender incurs a cost of c for any

message in M1 or M2 and he incurs a cost of 2c for any message in M12. For simplicity, I
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refer to any message of the form [xi, 1] simply by xi. In this case, for a given equilibrium e

and a deviation xi ∈Mn(e)
i , Ke+(xi) and K

e0(xi) are given as follows:

Ke+(xi) = {θ ∈ [0, 1]2 : θi ≥ xi, uB(θ, xi, r
c) > ueB(θ)},

Ke0(xi) = {θ ∈ [0, 1]2 : θi ≥ xi, uB(θ, xi, r
c) = ueB(θ)}.

The de�nition of PSE is given as follows:

De�nition 4.9.1. Given a pure strategy PBE e = (s, r, µ), a deviation xi ∈ M
n(e)
i is

consistent, if the following conditions are satis�ed:

a) Ke+(xi) 6= ∅.

b) There exists a set K(xi) ⊂ {θ ∈ [0, 1]2 : θi ≥ xi} such that

i) P2(K(xi)) > 0 and Ke+(xi) ⊂ K(xi) ⊂ (Ke+(xi) ∪Ke0(xi)).

ii) rc(θi) ∈ BR(µK(xi)), where µ
K is the probability measure on [0, 1]2, conditional

on K(xi).

Any pure strategy PBE is PSE, if no deviation is consistent.

I now show that, if a < 3
2
, then in this variation there does not exist any pure strategy

PSE. The intuition of this result is as follows. If the value of the lowest one-dimensional

message is positive. Then, for any slightly lower deviation, the set of favorable attribute

vectors for which the sender can be �enlisted� is �large� compared to the set of attribute

vectors for which the sender can pro�tably make the deviation. This implies that such a

deviation is consistent. Hence, the lower limit of used one-dimensional messages is 0, but

this violates the sequential rationality of the receiver's strategy.

Proposition 4.9.2. For the variation of the persuasion game with partial information rev-

elation, if a < 3
2
, then there does not exist any pure strategy PSE.

Proof. Suppose that e = (s, r, µ) is a pure strategy PSE and let z′ = inf(M e
1 ∪M e

2 ). I �rst

show that z′ ∈ (0, 1). If z′ = 0, then for almost all θ ∈ [0, 1]2, s(θ) ∈M1∪M2. But this will

violate the sequential rationality of r at some message. If z′ = 1, take some z′′ ∈Mn(e)
i which

is su�ciently close to z′. Take K(z′′) = {θ ∈ [0, 1]2 : θi ≥ z′}. Clearly E(θ1 +θ2|K(z′′)) > a.

Hence, z′′ is a consistent deviation. Contradiction. Hence, z′ ∈ (0, 1). For any ε > 0, let

z′′(ε) ∈Mn(e)
i such that z′′ > z′ − ε. It is easy to see that Ke0(z′′) = [z′′, 1]× [0, 1] and

Ke+(z′′) = {θ ∈ [0, 1]2 : θi ∈ [z′′, z′] ∩Mn(e)
i , θ−i ∈Mn(e)

−i ∩ [0, inf(M e
−i)]}.
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Now, consider the set of attribute vectors

K̄(z′′) = {θ ∈ [0, 1]2 : θi ≥ z′′, θi + θ−i ≥ a}
⋃

Ke+(z′′).

As z′′ approaches z′ (ε → 0), Ke+(z′′) gets in�nitely small compared to the �rst part of

K̄(z′′). Hence, if z′′ is su�ciently close to z′, then E(θ1 + θ2|K(z′′)) > a and z′′ is a

consistent deviation. Contradiction.
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