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Temporal Aggregation of GARCH Processes

FEIKE C. DROST AND THEO E. IVIJMAN`
Tilburg Univeraity

Abstract

We derive low frequency, say weekly, models implied by high frequency, say
daily, ARMA models with symmetric GARCH errora. Both atock and flow vari-
able cases are considered. We show that low frequency models exhibit conditional
heteroskedasticity of the GARCH form as well. The parameters in the conditional
variance equation of the low frequency model depend upon mean, variance and kur-
tosis parameters of the correaponding high frequency model. Moreover, strongly
consistent estimators of the pazameters in the high frequency model can be derived
from low frequency data in many interesting cases. The common assumption in
applications that rescaled innovationa are independent ia disputable, aince it de-
pends upon the available data frequency.

Kevwoxns: ARMA-GARCH, GARCH models, heteroskedasticity, temporal
aggregation.

1 Introduction.

It is well known, nowadays, that many financial time-series such as exchange rates
and stock returns exhibit conditional heteroskedasticity, i.e. big shocks are clustered
together. GARCH models are often used to parameterize conditional heteroskedastic-
ity. The GARCH model generalizes the ARCH model of Engle (1982) and is proposed
by Bollerslev (1986). In applications GARCH models have been specified for data at
different frequencies, typically assuming that the rescaled innovations are i.i.d. and are
generated by either norma} or t distributions. Implicitly it is assumed that a GARCH
process at one frequency, say daily, is consistent with some GARCH procesa at another
frequency, say wcekly. T}ie aggregation properties of ARIMA models are well-known:
high frequency ARIMA processes aggregate to low frequency ARIMA processes. For an
extensive literature we refer to e.g. Amemiya and Wu (1972), Harvey and Pierse (1984),

'Dept. of Econometrica, Tilburg Univeraity, P.O. Box 90153, 5000 LE Tilburg, The Netherlanda. Her-
man Bierens, ]ames Davidson, Svend Hylleberg, the co-editor, Lara Peter Hanaen, and three anonymoua
refeteea provided helpful commenta. The authora also benefited from discuasiona with the partieipants
of the International Conference on ARCH Modela and Applicationa to Financial or Monetary Econo-
metrics (Paris, June 25-26, 1990). Both suthore gratefully acknowledge financial support of the Royal
Netherlands Academy of Arta and Sciencea (K.N.A.W.). Revision of Center Diacussion Paper 9068.
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Palm and Nijman (1984), Lutkepohl (1986) and Nijman and Palm (1990a,b). Little
is known about the impact of temporal aggregation upon GARCH processes. Only
the Iimiting cases of an increasing sampling interval and of an increasing sampling fre-
quency have been considered in the literature. Diebold (1988) shows that conditional
heteroskedasticity disappears if the sampling time interval increases to infinity. In case
of flow variables the implied marginal low frequency distribution converges to the normal
distribution. Nelson (1990) considers an increasing sampling frequency. A continuous
time model is derived that yields accurate approximations to high frequency data. This
model is close to I-GARCH. See also Drost and Nijman (1992).

It is the purpose of this paper to derive results on temporal aggregation over a finite
number of periods. We show that the classical GARCH assumptions are not robust to
the specification of the sampling interval. Independent daily rescaled innovations e.g.
imply dependent rescaled innovations at the weekly frequency. In applied work these
dependencies are neglected [cf. e.g. Baillie and Bollerslev (1989)]. The dependencies also
complicate attempts to construct efficient semi-pazametric estimators of the variance
parameters [cf. e.g. Gallant and Tauchen (1989) and Engle and González-Rivera (1991)].

Three definitions of GARCH are adopted in this paper, which will be referred to
as respectively strong, semi-strong and weak GARCH. The respective definitions are of
increasing generality. Strong GARCH requires that rescaled innovations are independent,
semi-strong GARCH assumes that rescaled innovations are uncorrelated while in weak
GARCH models only projections of the conditional variance are considered.

In this paper, first of all, we show that the classical (semi-)strong GARCH assumptions
on the available data frequency are arbitrary. Generally a(semi-)strong GARCH procesa
aggregates to some weak GARCH process that is not semi-strong GARCH. Second, we
show that the assumption of symmetric weak GARCH models at different frequencies is
internally consistent. More generally, we show that every ARMA model with symmet-
ric weak GARCH errors aggregates to a model in this class. Third, our results imply
that strongly consistent estimation of low frequency parameters is possible with the
low frequency data set. A straightforward consistent estimator of these parameters can
be derived from the ARMA model that generates the squared observations [cf. Boller-
slev (1988)]. Simulations suggest that the popular quasi maximum likelihood estimates
are also close to the true parameters even if the low frequency model is weak GARCH
(see Appendix B). Finally we note that high frequency parameters can be identified from
the corresponding low frequency ones in many interesting cases.

The paper is organized as follows. Notations and several GARCH concepts are pre-
sented in Section 2. Temporal aggregation of the commonly used GARCH(1,1) model
is considered in Section 3. The class of weak GARCH(1,1) models appears to be closed
both in case of stock and flow variables. In both cases (semi-)strong GARCH(1,1) only
aggregates to weak GARCH(1,1), see Examples 3 and 4. In the stock variable case
the low frequency conditional variance parameters depend only upon the high frequency
variance parameters. In case of flow variables the low frequency variance parameters
depend also upon the kurtosis of the high frequency observations. In both cases the low
frequency parameters are expressed as explicit functions of the high frequency parame-
ters. Our main results are presented in Section 4: the class of ARMA models with weak
GARCH errors is closed under temporal aggregation. The proof of thia result is deferred
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to Appendix A. Our results are easily extended to ARIMA models. Varioua examplea
illustrate the main theorem. In general the high frequency orders of the ARMA part
of ARMA-CARCH models influence the low frequency ordera of the GARCH part (see
'1'able 1). E.g. tcmporal aggregation of an ARMA(1,1) model with GARCH(1,1) errora
leads to low frequency ARMA(1,1)-GARCH(2,2) models. In Section 5 we illustrate the
empirical implications of our results. We compare the daily, weekly and monthly models
of six major exchange rates presented in Baillie and Bollerslev (1989). Finally Section 6
contains some concluding remarks.

2 Definitions and Notation.
In order to define the models properly let {Et, t E Z} be a sequence of stationary errora
with finite fourth moments. Define operators A(L) - 1 f~;-1 a;L' and B(L) - 1-
~'1~;L' and let the sequence {ht, t E Z} be defined as the stationary solution of

B(L)ht - ~i f {A(L) - 1}E~. (1)

We assume that B(L) and B(L) ~ 1 - A(L) have roots outside the unit circle and hence
are invertible'.

Three definitions of GARCH will be adopted in this paper.

Definition 1(Strong GARCH) The sequence {Et, t E Z} is defined to be generated
6y a sirong GARCH(p,q) process ijiG, A(L) and B(L) can be chosen such that

~t - Et~ ht ~ i.i.d. D(0,1), (2)

where D(0,1) specifies a distribution with mean zero and unit variance.

Definition 2(Semi-strong GARCH) The sequence {Et, t E Z} is deftned to 6e gen-
erated by a semi-strong GARCH(p,q) process ije~i, A(L) and B(L) can 6e chosen such
that

E[Et ~ Ee-t, Ee-a, ...] - 0 and
s

E[Et I Et-1,Et-4,...] - ht.

(3)
(4)

Definition 3(Weak GARCH) The sequence {Et,t E Z} is deftned to be generated by
a weak CARCH(p,qJ process ijiG, A(L) and B(L) can be chosen such that

P[EL I Et-1,Et-2,...] - O and (5)

P[Ei I Et-1, Et-2, ...] - hh (6)

where P[xt ~ EL-t,Et-z,...] denotes the best tinear predictor of xt in terms of
s z1,Et-],Et-Y,...,Et-I,Et-Z,..., i.e.

E(xt - P[xt [ Et-1iEt-~,...])E~-; - 0 for i~ 1 and r- 0,1,2. (7)

tIn the literature attention is reatricted to parameter valuea eatiafying ty ~ 0, ~; ~ 0 and a; 1
0(di). llowever, thie condition aeeme to be unneceaearily restrictive. Defining x(L) -~~t zf;Lt -
B(L)-~ {A(L) - 1} the weaker assumption ,G ~ 0 and r; ~ 0(Vi) alao guarantees the nonnegativity of
ht. Moreover, one can easily conatruct examplee to ehow that even the nonnegativity of x; (Vi) ia not
necessary.
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Observe that all these GARCH definitions require ~' 1 p; t~;-1 cr; C 1. The strong
GARCH definition has been adopted by e.g. Engle (1982) and Bollerslev (1986). The
most popular distributions are normal and t distributiona. The second definition has
been adopted by e.g. Weiss (1986). Evidently a strong GARCH process will also be
semi-strong GARCH. On the other hand a semi-strong GARCH process with time-
varying higher order conditional moments of the rescaled innovations {~ - Et~~ is not
strong GARCH (see e.g. Example 3). Finally the requirements for weak GARCH are
met both by strong and semi-strong GARCH processes. Observe that the weak GARCH
definition is quite general and captures the characterizing features of the other GARCH
formulations. As we will prove below, it is still possible to obtain strongly conaiatent
estimators of the GARCH parameters in this general formulation.

The most genera] model considered in this paper ia the ARMA model with GARCH
errors

r(L)y~ - e(L)Et, (8)
where P(I,) - jjP~(1 - y;L) and ~(L) - jjQ ~(1 - B;L). Throughout we assume that all
standard regularity conditions are fulfilled. This implies that the roots of I'(L) and 6(L)
are all outside the unit circle and that no roots of I'(L) coincide with roots of 6(L).

High frequency observations are assumed to be on yt ( t - 1, ..., T). If yt is a atock
variable low frequency observations are assumed to be on yi (t - m, 2m, . .., T), where
m is some known integer ( for simplicity we suppose that T is a multiple of m). If y~ is
a flow variable low frequency observations are assumed to be on ylmlt -~;`pr y~-; (t -
m, 2m, . .., T) with m and T as before. Note that this case applies if e.g. y~ - Oxt, where
xt is a stock variable. Extensions to ARIMA models are easily added by constructing
slightly more general observation schemes [compare e.g. Pahn and Nijman ( 1984), Sec-
tion 2].

3 Aggregation of GARCH(1,1).
In this section we consider temporal aggregation of GARCH(1,1) models with either
stock or flow variables. Example 1 considers stock variables and Example 2 presents
aggregation results in case of flow variables. Higher order models are treated in a similar
manner. The discussion of the general case is deferred to Section 4. In both cases the
class of symmetric weak GARCH(1,1) models is shown to be closed against temporal
aggregation. The proofs of these results rely upon aggregation techniques in ARMA
models. The high frequency parameters ~i, Q, a and Kv determine the corresponding
low frequency parameters. Explicit formulas for the aggregated GARCH(1,1) model are
available. The unconditional kurtosis ~cy - Eyi ~(Eyi )~ of the observations influences

the low frequency GARCH parameters only in case of flow variables. Each example is
followed by a díscussion of the implications of aggregation. In both cases it is easy to
construct (semi-)strong GARCH(1,1) processes showing that the class of (semi-)strong
GARCH(1,1) models is not closed under temporal aggregation, see Examples 3 and 4.
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Example 1(GARCH(1,1), Stocks) The class of symmetric weak GARCH(1,1) pro-
cesses with stock variables is closed under temporal aggregation. More precisely
stated, if {yt,t E Z} is weak GARCH(1,1) with symmetric marginal distributiona
and ht -~ t Qht-t t ayt-r then {ytm,t E Z} is symmetric weak GARCH(1,1) with
h(m)tm -~G(m) t p(mlh(m)tm-m t a(m)Yt -m, where

rG(m) - rG 1-(Q } a)m , a(m) -(Q f a)m - Q(m). (9)1 - (Q ~- a)

and ,Q(m) E(0,1) is the solution of the quadratic equation

Q(m) - l'(Q } a)m-' (10)
1 f Q~m) 1 f az 1 1- Átam-~ f Qz(ij f a)zm-z

PROOF: We testrict attention to m- 2. Along the same lines one obtains results for
general m. Obviously relation (5) is satisfied for {yzt, t E Z}. To derive the projection of
yt consider the ARMA(1,1) model that is known to generate the squared observations [cf.
Bollerslev (1988)j. Put rlt - yi - ht, observe that the 7)t are uncorrelated [use equation (7)
with xt - y~] and rewrite the equation detetmining ht :

yi -~ f(Q f a)yi-r f pt - fJqe-1. (11)

To obtain the low frequency GARCH model we derive the low frequency model corre-
sponding to thc ARMA(],1) model in squared observations. We proceed as in Palm and
Nijman (1984). Substituting (11) into itself yields

yi -t~(ltflfa)t(Qta)zyi zfvt (12)

with vt - qt f aqt-1 - Q(p ~ a)qt-z. Equation ( 12) determines the autoregressive part
of the low frequency model. It remains to determine the moving average structure. It is
easily checked that (dk ~ 1) Evtvt-zk - 0. Put tat -(1 -aLz)-7vt, where a is such that
the wt with even indices are uncorrelated, i.e. -a~(1 ~ az) - Evtvt-z~Evi. Since mt is
a linear combination of y~ , yt z, . .. it follows that

P[yi ~ ye-z, yt-~, ...] - 1P[yi-z ~ ye-4, yt-s, ...] -
-rG(1fQfa)f{(Qfa)z-a}yé z

proving that {y2t, t E Z} is weak GARCH(1,1) with parameters ~(z) - r~(1 fQ~a), ,B(z) -
a and a(z) - (Q -F a)z - a( replacing the high frequency parameters 1[i, Q and a). [J

DISCUSSION: The class of ARCH(1) models is also closed under temporal aggregation
in case of stock variables [Q(ml - 0 if ,0 - 0]. Note that ( 10) is a simple quadratic problem
admitting a real solution in closed form. Observe that p(m) ~ a(m) -(Q ~ a)m tends to
zero as m tends to infinity. Hence, conditional heteroskedasticity disappears in the limit
if the process is aggregated more and more [compare e.g. Diebold ( 1988)]. On the other
side, assume for the moment that the current observed process ia a low frequency procesa
generated by some very high frequency GARCH(1,1) process. Then the data generating
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Figure 1: Aggregation of GARCH(1,1): Stocks. Subsequent marks indicate the variance

parameters of weak GARCH(1,1) models generated by repeated doubling or halving the

sampling interval, starting with models where Q-.8 and a -.05, .1, .15, .19, .199 and
.1999 respectively.

process ( DGP) of the original series is cloae to I-GARCH(1,1) with ~~ 1 and u N 0
[compare e.g- Nelson ( 1990) and Droat and Nijman ( 1992)].

Next we derive strongly consistent estimators of the high and low frequency parame-

ters only based upon low frequency data. Consider the low frequency ARMA(1,1) model

that is known to generate the squared observations [compare Bollerslev ( 1988)]:

rJim -~(m) -f ( Q(m) f o(m))Utm-m f rltm - ~(m)ptm-m~

where pt,,, - yi-h(m)e,,, and observe that the qtm are uncorrelated [use equation (7)]. As-
sume that {yi } is ergodic. Then one easily derives strongly consistent estimatora of the
GARCH parameters because the vector process {(yi ,yf -m,ym-zm)} ia also ergodic.
This implies that the sample mean and the first two sample autocorrelations converge
almost surely and a simple one-one relation between these limits and the GARCH pa-
rameters determines the required estimatora. The assumption of ergodicity of the low
frequency process is e.g. trivially satisfied ií there exists an underlying high frequency

strong GARCH process. Then the low frequency GARCH parameters can be consistently

estimated using low freyuency data. This implies that consistent estimation of the high

frequency parameters, based on low [requency data only, is posaible ( the high frequency
parameters are uniquely determined by the corresponding low frequency onea). The
problem of multiple high freyuency models that are consistent with the low frequency

evidence, that can arise in ARMA(1,1) models [cf. e.g. Palm and Nijman ( 1984)], is

absent in the GARCH(1,1) model because of the restriction that all parametera are

non-negative.
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The relation between high and low ftequency GARCH modela ie diaplayed in Fig-
ure 1. Subsequent marks to the left on the linee in the figure indicate the effect of
doubling the sampling period, while subsequent marks to the right indicate the effect of
doubling the sampling frequency. The six lines are generated by doubling and halving
the sampling interval starting with models where fJ -.8 and a-.05, .1, .15, .19, .199
and .1999 respectively. E.g. if the obaerved sample is weak GARCH with ~-.800 and
a-.050 then the corresponding parametera for the weak GARCH model where obeer-
vations with odd indexea are skipped (m - 2) are Q-.677 and a-.046. Similarly
it follows from the figure that the parameter pairs for m- 4 and m- 8 are equal to
(.488,.034) and (.254,.018). If the obaervationa are generated by a very high frequency
DGP then the parameters corresponding to the model where the sampling frequency ia
doubled are ~-.873 and a-.048. Doubling once more and redoubling yielda reapec-
tively (.917,.043) and (.944,.036). Of courae the latter valuea are only valid if the true
underlying DGP contains the calculated frecluency. Obaerve that GARCH(1,1) modela
are close to ARCH(1) models if the sampling interval is large and that conditional het-
eroskedasticity disappears when the sampling period is very large. On the other side
the figure shows that highly aggregated models with non-trivial variance parameters are
generated by a DGP close to the integration in variance model.

Example 2(GARCH(1,1), Flows) The clase of symmetric weak GARCH(1,1) pro-
cesses with 8ow variablea is closed under temporal aggregation. More preciaely stated,
if {y,,t E Z} is weak GARCH(1,1) with symmetric marginal diatributione, h~ -
~i f Qh,-~ f ayt ~ and unconditional kurtoais Kr then {'y~mlim, t E Z} is eymmetric
weak GARCH(1,1) with hl,,,le,,, -~l,,,l f~1,,,~h(m)tm-m -} ~(~,)b~,,,li,,,-,,,, and kurtosis
ic~,,,ly where

t~11,n1 - mt~11 -( F~ } a)m Qlml - (Y f a)m - i~(ml, (13)
1-(Q~a)'

ic~ml~ - 3 ~ (rcY - 3)~m

f 6(Ky - 1)
{m - 1- m(~ -F a) f(~ -1- a)m}{a -~a(Q f a)}.

(14)
m~(1 - ~ - a)~(1 - ,B~ - 2~a)

and ~(i~ml ~G 1 is the solution of the quadratic equation

Q(m) - a(A, a, Kv, m)(Q f a)m - 6(~, a, m)
1~ Q~m) - a(p, a, wy, m){1 t(,B f a)~m} - 26(,B, a, m)'

(15)

with

a(~3, a, KY , r~i) - rn( l- p)~ ~ 2m(m - 1)
(Ky - 1){1 - (~ ~ a)~}

t 4
{m - 1 - m(~ -E a) ~- (~ ~ a)m}{a - ~a(~ ~} a)}

(1 - ~ - a)~(1 - ~~ - 2~a)

1 - (~ f a)~

b(Q, a, m) - {a -~a(Q -~ a}}
1-(Q f a)sm

1-(l~ta)~
.

(16)

(17)
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REMARK 1 For strong GARCH modela the distribution of the rescaled innovations is
usually given. To make the aggregation reaulta directly applicable to this situation the
relation between the kurtoais of the reacaled innovationa K{ - Ef~ and re~ ia given:

1 - (~ t a)r
a~-xfl-(Qfa)~-(K;-1)a~ (18)

PROOF: Once more we restrict derivationa to the caae with m- 2. Similar but tedioua
calculations prove the general case. Equation ( 5) is easily checked. In order to derive
the projection P[y~x)e ~ y(~)~-„ y(s)~-„ ... ] let q~ - yi - ht be defined as in the preceding
example. Then equation (12) implies

yjz)i - 2~(1 -F Q-F a) f( Q ~f- a)~y~z)~-z -~ ve,

where

vs - ni f(I f a)ne-r ~- {a -~(Q } a)}9~-r - Q(A-F a)rle-3

f 2yiyi-i - 2(i~ f a)'ye-syi-s.

Aa before we derive the low frequency ARMA(1,1) equation correaponding to thia
model in squared observations. The componenta of vt are uncorrelated and hence
(`dk ~ 1) Evivi-zk - 0. Put ioi -(1 - áL~)-rv~, where á is such that the i~zr are
uncorrelated. Thus the low frequency ARMA(1,1) equation ia given by

Y(s)i - 2~(1 f Q f a) f(~ -F a)~g~~)~-~ -~ ioi -~i-~.

Finally a simple projection argument implies that the low frequency model ie weak
GARCH(1,1) with parameters ~(i(z) - 2~(i(1 -{- ~.} a), ~(~) - á and á(~) - (~ -~ a)~ - a
(replacing the parameters r~, ,0 and a). The other conclusiona of the propoaition are
easy.

The main difference with the case of stock variables is the presence of the ctoas-
products ytyt-1 and yi-2yi-3 in vi. Thia complicatea the computation of a since
Ey~yi ~~Erl~ has to be expressed in ~cr, a and ~. More details are provided in Drost
and Nijman (1990). []

DISCOSSION: Observe that the clasa of weak ARCH(1) modele with flow variables
ie not closed under temporal aggregation. Generally high frequency ARCH(1) modela
aggregate to low frequency GARCH(1,1) with ~(m) ~ 0. The relationa (13)-(17) imply
that the variance parameters of the low frequency model depend upon the high frequency
variance parametera but also on the kurtoais of the observations. This contrasts the
case of flow variables with the case of stock variablea. As in the preceding example
~(m) t á(m) -(Q t a)m, implying that conditional heteroakedasticity disappeare when
m is large and that very liigh frequency procesaea are cloee to I-GARCH. Moreover
ic(m)y ~ 3 as m~ oo, suggesting asymptotic normality of y(m)i~~. Thie reeult hae
been eatablished by Diebold ( 1988). As before the one-one correapondence between high
and low frequency parameters and the ARMA equation in squared obaervationa implied
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Figure 2: Aggregation of GARCH(1,1): Flows. Subsequent marka indicate the
variance parameters of weak GARCH(1,1) models generated by repeated doubling
the sampling interval, starting with strong GARCH(1,1) models where (~,a) -
(.887, . 035), (.871, . 051) and (.800, .050). The rescaled innovations are either normal
(~) or student distributed with five degrees of freedom (o).

by the CAR.CII rnodel permits consistent eatimation o[ high frequency parameters from
low frequency data.

The results of temporal aggregation of GARCH(1,1) models with 8ow variables are
illust.rxt1~11 in I~iRiim 2. Six di(ferent CAR.CH f)GP's are considered. The parameter
vectors of ~i, n aud KY are giveu by (.871,.051,3.1 I), (.2387,.035,3.U5), (.800,.050,3.06),
(.871,.051,10.47),(.887,.035,9.62) and (.800,.050,9.70). For strong GARCH modela these
kurtosis values correspond to normal rescaled innovations for the first three parameter
vectors and t5 distributed rescaled innovations for the last onea [see Remark 1, equa-
tion ( l8)~. Similar to Figure 1 subsequent marks to the left indicate the effect of doubling
the sampling period. Stars u." correspond to low frequency models obtained with the
first three parameter vectors and diamonda "o" to low frequency models obtained with
thc last ones. From tlie figure it is evident that differences in the high frequency kurtoais
produce di(fereut low frequency variance parameters. E.g. aggregation of the fitst re-
spectively fourth model with m- 2 yields (.800,.050,3.26) respectively (.777,.073,7.68).
The first and fifth parameter vectors are chosen such that the parameters a and ~ of the
third pair are obtained if the sampling period is doubled. Thia illustratea that knowledge
of the low frequency variance parameters is insufficient to identify the high frequency
ones unless information about ic{mly is available. From the applied point of view, never-
theless, the impact of the kurtosis on the low frequency variance parametera appears to
be minor. Numerical results for exchange rates will be presented in Section 5.
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Drost and Nijman ( 1992) show that the kurtoais ic(m)y is a function of the variance
parameters only, rather than an independent parameter, if it is asaumed that the data
are generated by a GARCH model at arbitrarily high frequency. If the exiatence of
an underlying continuous time model is asaumed, high frequency parametera can be
identified from low [requency data only.

Example 3(Strong GARCH not cloeed) To ehow that the class ofetroag GARCH
modela is not closed under temporal aggregation conaider the classical model

yt - fe ~t ayi t-~~ h~

with ~i ~ i.i.d N(0,1). In the low frequency atock model with e.g. m- 2 relation (2) ia
violated. Let vi - yi~ h(z), - yi~ tli(1 ~ a) f~~y~ ~ denote the reacaled low frequency
innovations and note that

ve - ~s ae -F ~i t(1 - ae) (19)
with ai - ~(i~h(~)i. Therefore rescaled low frequency innovationa depend upon past obeer-
vations. From ( 19) one can show that the conditional fourth moment of vi dependa on the
information set. Rescaled innovations are not i.i.d. and hence the low frequency model
implied by a high frequency strong ARCH(1) model does not satisfy the atrong GARCH
asaumption. Therefore the common asaumption that reacaled diaturbances are i.i.d. at
the available data frequency is disputable. Ideally, economic theory ahould indicate at
which time intervals innovations occur. It ia easily checked that in thia particular exam-
ple the low frequency model is semi-atrong GARCH. This property does not generalize
to the case of How variables or to higher order modela.

Example 4(Semi-strong GARCH not cloaed) To ahow that the class of semi-
strong GARCH models is not closed under temporal aggregation conaider the model

yi - ~~ ~ f ~yé-t - ~e he

where the ~~ are i.i.d. with the distribution determined by P{{t - 0} - 1- a and
P{~i --l~f}- P{~~ - 1 ~f} - a~2. A posaible realization of the proceas ia e.g.

iG~a ~0, -1, ~, f, -~, 0, 0,1, 0, 0, 0,1, - f, 0, ...). In the low frequency flow model
wtth e.g. m- 2 the semi-strong GARCH definition is vtolated. Asaume for inatance that
{y(z)~,} is semi-strong GARCH(p,q) for some p and q. Then it is clear that p- q- 1
since the conditional expectations are necessarily equal to the projectione in Example 2.
Thus, with tG, á and ~ determined by (13)-(17),

h(s)e - EIy~~)~ ~ tl(s)t-z, Y(s)e-~, ...] - ~ f~ U(~)e-y f~h(s)e-y.

However, the squared process {ayi ~t(~} consists of aequencea of succeaeive integera of
different length starting at zero. Hence if y(~)t - tlin~o for some integer n 1 2 then

yi - 0 and yi-t - rGn~a. This remark implies, for n 1 2,

E~y(s)~ I Y(z)a-s - ~n~o, Y(z)i-~~ . . .]

- E~yi f Yi t-f 2yeys-t ~ yi-s - O, yi-3 -~n~~, Y(s)~-~, ...]

- E]~ t(1 f a)yi-t ~ y~-s - 0, ys-s - ~n~o,Y(s)e-„ ...] -~(2 f~).
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The RIIS does not depend on n and yl~l~-„ y~z~i-ei . . .. Hence á-~- 0, contradicting
both the values derived above and the assumption of aemi-strong CARCH.

4 Aggregation of ARMA-GARCH.
In this section we derive the low frequency ARMA-GARCH model corresponding to
a general high frequency ARMA model with weak GARCH errors. As a corollary it
follows that the class of ARMA-GARCH modeLs is closed under temporal aggregation
both in the cases of stock and flow variables. Furthermore we present two corollaries for
pure GARCH models. The orders of low frequency models are explicitly given and some
important cases are summarized in Table 1. Low frequency parameters are determined by
high frequency mean, kurtosis and variance parameters. Numerical techniques are often
necessary to derive the low frequency parameters [similar to the ARIMA case, c.f. Palm
and Nijman (1984)]. The proof of Theorem 1 is deferred to the Appendix. A relaxation
of the symmetry condition is also discussed in the Appendix. In this paragraph [x] is
the largestinteger G x.

Theorem 1(ARMA-GARCH) Let {yt,t E Z} be generated by the ARMA(P,Q)
model (8) with symmetric weak CARCH(p,q) errors determined 6y (1). Put W(L) -
~wow;L' then {W(L)y~m,t E Z} follows an ARMA(P,Q) process with symmetric weak
GARCH(p, q) errors, where P- P, Q- P-} [-~~] and p - q- r f sQ(Q-h 1), where
r - max(p, q).

1111~ 1(1 ~-ry;L t --. f rym-~Lm-~)O(L)W(L) - 6(Lm) for some polynomial6 then
the low jrequency error process és CARCH(r ~[m], r).

Corollary 2 The classes oj ARMA models with symmetric weak CARCH errors and
either stock or Jlow variables are closed under temporal aggregation.

Corollary 3(GARCH, Stocks) If {y,,t E Z} is symmetric weak GARCH(p,q) then
{ysm,t E Z} is symmetric weak CARCH(r-f [m],rJ.

Corollary 4(GARCH, Flows) !f {y~, t E Z} is symmetréc weak CARCH(p,qf then
{y~m~~m, t E Z} is symmetric weak GARCH(r, rJ.

In Table 1 we present upper bounds on the orders of some low frequency models. Observe
that the orders of the variance equation are influenced by the properties of the mean equa-
tion. The calculated true low frequency orders may be smaller than the calculated upper
bounds. Consider e.g. a high frequency ARMA(1,1)-GARCH(1,1) model. Then the cor-
responding low frequency models with m- 2 and m- 4 are ARMA(1,1)-GARCH(2,2).
However, if we started at the level m- 2 with an ARMA(1,1)-GARCH(2,2) model
Theorem 1 suggests an ARMA(1,1)-GARCH(3,3) model for m- 4. Hence if the model
under consideration is alrcady aggregated, there may be intricate connections between
the parameters. These connections influence the orders of more highly aggregated mod-
els. Furthermore seasonal terms in the polynomials may influence the orders of the low
frequency model. In the proof of Theorem 1 we did not exploit possible special struc-
tures in the ARMA polynomials determining the mean equation and the GARCH part.
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high frequency model low frequency model
ARCH(q) stock GARCH(q-l,q)
ARCH(q) flow GARCH(q,q)
GARCH(1,1) atock GARCH(1,1)
GARCII(l,qt) stock GARCH(q-l,q)
GARCH(l,q) flow GARCH(q,q)
MA(1)-ARCH(q) stock GARCH(q,q)
MA(1)-ARCH(q) flow MA(1)-GARCH(qfl,qfl)
AR(1)-ARCH(q) atock AR(1)-GARCH(q,q)
AR(1)-ARCH(q) flow ARMA(1,1)-GARCH(qfl,qfl)
ARMA(1,1)-GARCH(l,q) stock ARMA(1,1)-GARCH(q-~l,qfl)
~1RMr1(l,l) G~~RCIi(l,q) fluw ARMA(l,lj-GARCH(q-fl,q-}1)

Table 1: Upper bounds on the ordera of low frequency modela implied by high frequency
models. (tq ? 2)

If these polynomials contain seasonal factors of type 1 - cLm then other factorizations
can be used to show that the orders of the low frequency ARMA-GARCH model are
amaller.

Note also that high frequency parameters can be identified from low frequency pa-
rameters in many interesting casea. The aliasing problem implying that infinitely many
high frequency models are consiatent with the low frequency parametera [well-known
for ARMA models, see e.g. Phillips ( 1973), Hansen and Sargent ( 1983) and Palm snd
Nijman ( 1984)] is generally abaent in GARCH models. The condition from Palm and
Níjman ( 1984) that the number of autoregresaive parametera ia at least equal to the
number of moving average parameters ia satiafied in the ARMA model for aquared ob-
servationa if p~ q or ~y ~ a9. In higher order GARCH modela the existence of a finite
number of observationally equivalent GARCH procesaea cannot be excluded [compare
the results on ARMA procesaes of Nijman and Palm ( 1990a)].

5 Empirical Example: Exchange R.ates.

In order to illustrate the empirical implications of the resulta in the previous aections we
compare the estimated daily, weekly and monthly models of six exchange ratea preaented
in Baillie and Bollerslev (1989) (BB from now on). BB analyzea obaervationa on the ex-
change rates of the French Franc, Italian Lira, Japaneae Yen, Swias Franc, Britieh Pound
and German Mark with respect to the US Dollar from the New York Exchange Market
between March 1, 1980 and January 28, 1985. BB asaumea that rescaled innovationa ia

the daily and weekly GARCH(1,1) model for the returne are t distributed. Their eati-

matea of the parameters for the daily and weekly model are reproduced in the firat aix
columns of Table 2. Weiss (1986) and Bolleralev and Wooldridge (1992) have ahown that

the quasi maximum likelihood estimator (QMLE), that ia based upon atrong GARCH
and conditional normal distributions, ie conaiatent if the conditional variance of the semi-

strong GARCH procesa is correctly specified. Similar reaults are not avaílablefor QMLE
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daily estimates
Q a ~(

aweekly estimates
F~ b ~b ~b

3implied weekly
l~ b ~b ~8

FF~~ .829 . 114 4.92 . 655 .144 5.13 .589 . 157 5.81
IL~~ .848 . 113 3.89 . 658 .187 3.00 . 663 .157 5.13
JY~á .941 . 049 5.62 . 927 .072 6.65 . 839 .112 4.71
SF~~ .907 .073 3.41 .784 . 121 3.00 . 792 .112 4.05
BP~~ .910 .061 4.16 . 842 .049 3.00 . 768 .096 4.09

GM~S .881 . 085 3.41 . 636 .249 3.00 .728 .113 4.11

Table 2: Estimates of weekly parametera for aix exchange ratee. Comparison of direct
weekly estimates with eatimates implied by daily eatimatea.

based upon conditional t distributiona (used by BB). Moreover, this paper showe that the
assumption of semi-stroiig exchange returns at all frequenciea ie internally inconaiatent.
No analytical results are available for QMLE applied to weak GARCH models. We have
carried out a number of simulation experiments where data were generated by atrong
GARCII models (sce Appendix B). Subsequently the parameters at lower frequencies
were estimated by QMLE. For large samples the true GARCH parametera were close
to the estimated ones. These results suggest that the asymptotic bias of the QMLE, if
there is any, is small. For ease of reference with BB we present the calculated Kf of the
rescaled innovations in Table 2 in stead of xy although not all preaented procesaea can be
strong GARCH. The ~cy are obtained along the lines of Remark 1. Note that the dummy
variables contained in the BB model drop out in the weekly model or are inaignificant.
We use the results of Example 2 to eatimate the variance and kurtoais parameters in the
weekly GARCH(1,1) model. Plugging in the daily eatimatea in equationa (13)-(18) we
obtain an alternative eatimation procedure to direct weekly eatimates. Theae eatimatea
are given in the last three columns of Table 2. Except for the Japaneae Yen and given
the large standard errors [cf. Baillie and Bolletslev (1989)] the direct eatimators are cloae
to the implied weekly estimates. The latter estimates, based on daily data, are probably
better. The problems with the Japaneae Yen are probably caused by the high kurtoais.
BB's estimate of the kurtosis in the weekly JY~S model equals rcf - 6.65 implying that
the fourth moment of the observations does not exist. This probably invalidatea both
the estimation procedures and our aggregation reaults for the JY~á case.

hourly estimates implied by daily eatimatea with Kt from
daily data auperimposed N auperimposed te

p,8 ~,8 K~a a~e ~~e ~, a~e ~~a K~
FF~S .957 .035 7.36 .934 .058 3.99 .954 .039 4.63
IL~3 .936 .059 2.66 .941 .054 3.96 .959 .036 4.60

JY~S .990 .009 18.12 .978 .020 3.32 .985 .014 3.78
SF~t .958 .039 2.31 .965 .032 3.53 .976 .022 4.04
BP~~ .979 .017 7.62 .967 .029 3.42 .97? .019 3.90

GM~3 .928 .067 1.69 .956 .040 3.65 .969 .027 4.19

Table 3: Estimates of hourly parameters for six exchange ratea implied by dailyestimatea.
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From the results in Example 2 it is clear that the high frequency GARCH(1,1) model
can be ideatified from low frequency data. Hourly parameter eatimatea are obtained
by plugging in daily est,imates in equationa (13)-(18) (we take 8 hours a day and we
neglect po~sible scasonal pattenrs). We also present the high frequency variance pa-
rameter estimates if rc{ in the high frequency model is assumed to be known (in that
case the estimated kurtosis in the low frequency model is neglected). We compare two
superimposed values: the low value rc{ - 3(e.g. normal innovationa) and the relatively
high value K{ - 6(e.g. tg innovations). Observe that the estimated daily kurtosis values
in Table 2 are between these two values. For these cases we present the implied daily
kurtosis in stead of repeating the superimposed hourly kurtosis. Table 3 illustrates that
the parameters do not change dramatically if the kurtoais varies in a reasonable range. A
warning applies at this moment. Calculation of high frequency parameters is not always
possible by plugging in the low frequency parametera in equationa (13)-(18). A solution
dces not always exist. If the inserted parameters are the true parameters, this impliea
that an underlying high frequerrcy model does not exist. Disaggregating more and more
is not [easible. In applications, however, the fact that no solutiona exists can be cauaed
by discrepancies between true and estimated parameters. This problem of embeddabil-
ity is well-known in the literature of Markov models. Stroock and Varadhan (1979)
present general conditions such that a sequence of discrete time modela convergea to
an Ito process. See also De Haan and Karandikar (1989). Nelson (1990) and Drost
and Nijrnan (1992) discuss the implications of embeddabiGty in the context of GARCH
processes.

Finally we present in Table 4 the monthly variance and kurtosia estimatea implied
by the daily and weekly ones. In both casea the monthly model atill containa etrong
conditional heteroskedasticity, although BB cannot reject the homoskedasticity asaump-
tion by direct estimation of the monthly parametera. The estimates in Table 4 seem to
be better than the direct estimates based on 59 monthly observations. Note that the
estimated weekly parameters in the JY~~ model imply that the fourth moment of the
returns does not exist. Itence we cannot apply the temporal aggregation resulta in this
case.

monthly estimatea implied by
daily estim ates weekly estimates

Q 20 ~ 20 K 20 { l~ 20 a 20 K 20 {

FF~~ .206 .103 6.27 .299 .109 5.56
IL~á .325 .126 6.04 .391 .119 4.48
JY~~ .661 .157 5.48 -
SF~~ .553 .115 4.54 .570 .101 3.90
BP~~ .472 .083 4.17 .593 .037 3.26

Gh1~~ .411 .090 4.36 .426 .187 6.26

Table 4: Estimates of monthly parameters for six exchange rates. Comparison of monthly
estimates implied by daily and weekly estimates. (-: temporal aggregation results not
applicable since fourth moment dces not exist)
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6 Concluding Remarks.

In this paper we derived the low frequency model that ia implied by an aasumed high
frequency GARCH model. We reatricted ourselvea primarily to propertiea of the parame-
tera in the mean and variance equations. Moreover we ahowed that the i.i.d. asaumption
on the rescaled innovations at the data frequency which one happena to have available
is arbitrary. The low frequency variance parameters generally depend on mean, variance
and kurtosis parameters of the high frequency model. Furthermore we ahowed that the
orders of the low frequency GARCH proceas can be affected by properties of the high
frequency mean equation. Identification of the parametere in a high frequency strong
GARCH model from low frequency data ia often posaible. In addition we ahowed how
high frequency observationa can be uaed to obtain estimates of the low frequency variance
parameters which are likely to be better than direct estimates from low frequency data.
A menu-driven computer program yielding aggregation and disaggregation reaulta for
GARCH(1,1) models is available on request from the authore. Eatimatee of parametere
in a variance equation for monthly exchange tates derived in thia way auggeat atrong con-
ditional heteroskedasticity, as opposed to direct estimatea. Simulation results ahow that
the clasaical quasi maximum likelihood eatimator yielda parameter eatímatea cloae to the
true parameters of weak GARCH modela. Although we do not claim that this estimator
is consistent these simulations suggest that the bias is negligible in applications.

A Appendix: Proof of Theorem 1.

We introduce some more notation. If P(L) - jj; 1 (1 - p;L) is aome polynomial oforder
p define P,~(Lm) and Pm(L) by

v
P,~(L~`) - ~(1 -pmLm) and

.-i

Pm(L) -
P

~ (1 ~ pi L ~ . . . ~ })j~-~ Lm-1).
~-i

Note that Pm(Lm) - Pm(L)P(L).
First we derive the ARMA structure of the low frequency process y~ - W(L)y~, (t -

..., m, 2m, 3m, . ..). Multiplying the ARMA equation (8) by Í'm(L)W(L) we obtain

Cm(L~`)y~ - hm(L)A(L)W(L)e, - v~.

The autoregressive part of the low frequency model is evident from thia equation. To de-
termine the moving average structure note that ( `dk 7 Q) Ev~vi-mk - 0. Thia determinea
the order of the MA part. To derive the MA parametera proceed as in Palm and Nij-
man (1984) and construct a polynomial 6(Lm) -~ao B;L'm - 1 t B1Lm f... -~ B~Lam
auch that ~:m - Ó(Lm)-~l~~,~ is an uncorrelated aequence. Explicit determination of
the MA parameters 9; (i - 1, ..., Q) usually requirea numerical procedurea. Combining
these results the low frequency ARMA equation ia given by

rm(Lm)yt - e(Lm)~s-
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Next we derive the GARCH etructure of thia equation. By construction the ~i,,, are
uncorrelated and hence the proof ia complete if the projection P[~~ ~~r-~„ ~e-~,,,, ,..) ie
of the required form. Put q, - e~ - h~, C(L) - B(L) f 1- A(L) with order r and obaetve
that

C(L)ei - ~(i f B(L)qi. (20)

Let ~Y(L) -~;oo~;L' - 6(Lm)-'Í'm(L)9(L)W(L) auch that ~i -~Y(L)é~ and put
iY~(L) -~-o tli?L'. Multiplying equation (20) by ~m(L)~Y~(L) and rearranging aome
terma yields

Cm(Lm)Ci - Cm(1)~'(I)~G f ~,~(L)B(L)~'(L)~f
t Cm(Lm) ~ {~Y(L)et}' - ~Y'(L)e,~ .

The second and third term of the RH5 are uncorrelated aince qi and ee-;e~-~ are uncor-
related by assumption (Vi ~ j E Z). The moving average etructure of the RHS ís not
necessarily finite. To obtain a suitable ARMA structure in ~~ we have to multiply the
latter equation once more by a polynomial. Note that 6(Lm)~Y(L) ia a polynomial of
finite order (m - 1)P t Q f w, hence ( with Bo - 1)

4
~ 8~tli;-~m - 0 for i~ (m - 1)P f Q f w.
~-o

This difference equation in tG of order Q determinea a difference equation in ~i~ of order

zQ(Q f 1)~ saY

;O(4t1)
~ ~(i~r~i?im-0fori )(m- 1)PfQ -}-w-b2mQ(Q-1).
~-o

Put
}Gi(Oti)

~`(Lm) - ~ TG:L:m
:-o

and observe that ~(Lm)~Y~(L) is a polynomial of order (m -1)P.{- Q f w-} ~mQ(Q - 1).

Pre-multiplying with ~(Lm) yields

~I'ÍLn`)Cm(Ln`)Cé -
- ~(1)Cm(1)~'(1)~ f Z`m(L)B(L)~(Lm)~'(L)vi
-F Cm(Lm)~Y(Lm) ~{~Y(L)e,}~ - rY'(L)e~~ .

By construction of ~(Lm) the variables in the RHS are: r~t-;, (i E{0,..., (m -1)r-1-qt
(m-1)PtQtwfzmQ(Q-1)}) ande~-;ei-~ (i ~ j, i or j E {0,...,mr.}(m-1)Pf

Q-~ w f ámQ(Q - 1)}). Hence the order of the MA term in the low frequency model

is equal to r f zQ(Q f 1). Calculation of the autocorrelations of the MA term requires
knowledge of Eeiei-;~Erlt . Tedious calculations imply that these quantitiee depend only
upon the high frequency kurtosis Kv and the high frequency variance parameters. This



17

determines the autocorrelationa and aimilar to the ARMA mean equation one has to
determine a low frequency MA term with the same autocorrelation structure. Thia low
frequency MA term determines the F4's of the low frequency GARCH equation. The a's
are obtained by subtracting the low frequency MA polynomial from ~Y(Lm)Cm(Lm).

Under the conditiona of the second part of the theorem ~i - ei. In this caee multiply
relation (20) by Cm(L) and obtain

C,n(Lm)~i - C,n(1)~ t G~,,,(L)B(L)Or.

Proceed as before and replace the rightmoat term by the correaponding low frequency
term. The proof is complete. ~

REMARK 2 The symmetry condition can be relaxed in Theorem 1. The proof needs
(,~) (d 0 C i G j) Eyiy~-;y,-; - o and ( ~) (b~ 0 C i C j C k, i ~ 0 or j~
k) Ey,ys-;y~-;ye-k - 0. Recall that equation ( 3) impliea such resulta for i~ 0. Con-
ditions ( ~) and ( ~) are somewhat technical and, therefore, they are replaced by the more
appealing symmetry condition.

B Appendix: Simulation results on QMLE.
Aa stated in Section 3, weak GARCH parameters can be eatimated conaietently from the
autocorrelations in squared obaervationa. Since many empirical reaulta in the literature
are based on the use of a quasi maximum likelihood eetimator under the asaumption of a
atrong GARCH process and conditional normality, it ia of intereat to asaea the properties
of this estimator if these assumptions are violated. It has been ahown by Weisa (1986)
that the QMLE estimator ia consiatent if the procesa is semi-strong GARCH, but ita
properties under weaker conditions have not yet been eatabliahed. In thie appendix we
preaent reaulta of a small scale Monte Carlo experiment where we analyze the propertiea
of the QMLE estimator in cases where observationa are aggregated data from aome high
frequency atrong GARCH procesa.

In the first set of experiments we generate data from a conditionally normal atrong
GARCH procesa with variance parameters ,B -.81 and a-.14. In Tablea 5 and 6
below we report quasi maximum likelihood eatimatea at frequenciea m- 1, 2, 4, 8 and 16
both for stock and How variablea. The kurtoais of the reacaled pseudo innovations K~ ie
estimated directly from the empirical moments of the paeudo innovationa. The atandard
errors have been computed as auggested by Weias (1986) (theae estimatea are conaistent
if the process is semi-strong GARCH). The number of high frequency data is auch that
80000 low frequency observations are analyzed in all casea.

Tablea 5 and 6 show that, at least in the example analyzed here, the behavior of the
QMLE estimates at different frequencies providea agood deacription of the weak GARCH
parameters. The tablea contain no evidence of syatematic deviations of the estimates for
Q and a from the weak GARCH parameters. On the othet hand, the eatimated value
of the pseudo kurtosis Kf tends to be somewhat amaller than the true value. Note that
even with sample sizea as large as 80000 obaervations, the eatimated etandard errors are
not negligible.
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QMLE estimates weak GARCH
Q á ic ~ a K

m-1 .804 .145 2.97 .810 .140 3.00
(.004) (.003) (.02)

m-2 .751 .159 3.30 .736 .166 3.30
(.006) (.004) (.02)

m-4 .621 .175 3.61 .634 .180 3.71
(.009) (.004) (.02)

m-8 .510 .147 3.97 .495 .169 4.20
(.015) (.004) (.02)

m-16 .327 .112 4.38 .318 .122 4.68
(.025) (.004) (.02)

Table 5: QMLE estimates for aggregated stock variables if data are generated by higher
frequency conditionally normal strong GARCH process (~ -.81 and ct - .14) and
comparison with weak GARCH parameters.

QMLE estimates weak GARCH
Q á K ~ a K

m-1 .804 .145 2.97 .810 .140 3.001
(.004) (.003) (.02) '

m-2 .757 .149 3.81 .756 .147 3.82
(.005) (.003) (.02)

m-4 .659 .145 4.34 .663 .151 4.50
(.009) (.004) (.02)

m-8 .527 .140 4.86 .521 .142 5.03
(.014) (.004) (.02)

m-16 .312 .113 4.85 .328 .112 5.24
(.024) (.004) (.02)

Tablc 6: QMLE estimates for aggregated flow variables if data are generated by higher
frequency conditionally normal strong GARCH process (~ -.81 and a-. 14) and
comparison with weak CARCH parameters.
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normal innovations ta innovatione
true ~1 a K ~ a K

.563 .094 3.24 .563 .094 12.74
QMLE ~ á ic ~ á K

run 1 .587 .089 3.24 .513 .103 10.61
run 2 .557 .093 3.22 .573 .098 8.64
run 3 .550 .089 3.63 .482 .101 8.61
run 4 .565 .091 3.24 .551 .110 15.8b
run 5 .550 .097 3.24 .562 .093 8.96

true (i a K ~ a K
.759 .055 3.10 .759 .055 10.36

QMLE ~ á ic ~ á icf
run 1 .779 .054 3.09 .749 .069 12.59
run 2 .731 .062 3.08 .704 .072 8.27
run 3 .774 .052 3.09 .754 .061 13.61
run 4 .788 .052 3.10 .789 .051 7.74
run 5 .745 .059 3.10 .760 .060 7.41

Table 7: QMLE estimates for aggregated atock variables (m - 4) if data are generated
by a strong GARCH process (~ -.8 and ~-.1 reapectively ~-.9 and cY -.05) with
conditional normal or ib-distribution and comparison with weak GARCH parametera.

normal innovations ta innovatione
true Q a K ~ a K

.575 .081 3.67 .514 .142 7.88
QMLE ~ á icf ~i á ic
run 1 .587 .084 3.69 .544 .124 5.64
run 2 .527 .092 3.63 .513 .134 6.59
run 3 .567 .079 3.62 .500 .135 6.41
run 4 .612 .081 3.65 .544 .129 6.23
run 5 .592 .085 3.70 .517 .126 6.02
true Q a K ~ rr K

.764 .051 3.32 .720 .094 5.85
QMLE ~ á K ~ á ic
run 1 .771 .049 3.28 .725 .089 4.91
run 2 .759 .054 3.31 .730 .081 4.90
run 3 .757 .055 3.29 .737 .083 5.09
run 4 .764 .051 3.31 .714 .080 5.12
run 5 .752 .050 3.28 .760 .072 4.98

Table 8: QMLE estimates for aggregated flow variablea ( m - 4) if data are generated
by a strong GARCH procesa (~ -.8 and a-. 1 respectively ~-.9 and a- . 05) with
conditional normal or ts-distribution and comparison with weak GARCH parametera.
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In the second set of experiments we concentrate on the impact of the kurtoais of
the conditional distribution on GARCH parametera at lower frequenciea. We generate
data both from a conditionally normal strong GARCH procese as well ae from a etrong
GARCH process where the conditional diatribution ia t-distributed with 5 degreea of
freedom. The variance parameters are ,B -.8 and a-.1 in one subaet of the reaulta and
Q-.9 and ~-.05 in another aubaet. The empirical reaulta for the QMLE eatimatot
are reported in Table 7 for stock variables, while Table 8 containa the reaulta for flow
variables. For simplicity we restricted ouraelvea to the case with m- 4. As before 80000
low frequency observations are analyzed in every aimulation run. Five aimulation runa
have been carried out for every parameter configuration.

The resulta in Tables 7 and 8 confirm the reaults in Tablea 5 and 6, which auggeat that
in case of an underlying conditionally normal atrong GARCH procesa the weak GARCH
parameters give a very precise indication of the probability limit of the commonly used
quasi maximum likelihood estimator of the variance parametera. In line with the weak
GARCH parameters, the QMLE eatimatea of o increase if the underlying model hae a
conditional t-distribution rather than a conditional normal diatribution. In the case of
an underlying conditional t-distribution, the QMLE eatimatea deviate aomewhat more
from the weak GARCH parameters than under normality, but the results in Tablea 7
and 8 do not show a clearcut systematic pattern in these deviatione. More research ie
needed in order to get a clear picture of the probability limit of the QMLE eatimator if
data are generated by etrong GARCH procesaes at aome higher frequency.
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