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Esteemed Rector Magnificus, dear audience, 

 I would like to share with you some stories about maxima and minima
i
. Some of these 

stories are very old, some quite recent, but all are from a book whose ending is not yet 

written.  

You may not have the same understanding of the terms maxima and minima as I do, so it is 

best to start with an example [Figure 1]. This beautiful picture is in fact an example of a 

minimum configuration; in particular it represents the solution of a so-called traveling 

salesman problem (TSP). A traveling salesman may wish to visit a number of cities in turn 

and subsequently return to his or her home city. In doing so, it may be desirable to travel 

the shortest possible total distance. A historical example of a traveling salesman tour of 42 

cities in the USA is shown in Figure 2.
ii
 The link between our picture in Figure 1 and the 

traveling salesman problem is as follows. The picture is first represented by pixels (or dots) 

[Figure 3]; in this case there are 19,934 such dots. These pixels correspond to cities on a 

map of the travelling salesman. The pixels are now connected by a single line that passes 

exactly once through each pixel and forms a closed circuit. Moreover, the length of this 

circuit is a minimum. This closed circuit is an example of a so-called Jordan curve that divides 

the plane of the drawing in two parts:
iii
 the part inside the curve and the part outside. In 

Figure 4 these parts are colored orange and blue respectively. 

The traveling salesman problem is therefore an example of a so-called mathematical 

optimization problem; we wish to minimize the total distance traveled, subject to the 

constraints that we should visit each city exactly once, and return to our home city.  The 

traveling salesman problem was originally motivated as a practical question of route 

planning
iv
, but as I have just shown you has also led to a type of modern art, called TSP art.

v
 

Story I: Euclid’s geometric problem 

The oldest story I wish to tell you is from the book Elements
vi
 by Euclid of Alexandria and 

dates back to ca 300BC. That is, the first mathematical optimization problem to appear in 

print was from this book.   

The problem may be stated as follows [Figure 5]:  In a given triangle, find an inscribed 

parallelogram of maximum area, such that that each edge of the parallelogram is parallel to 

an edge of the triangle. 

In the figure, it is clear that we only have to choose the position of the point marked by F. 

This fixes the shape of the parallelogram, since its edges have to be parallel to edges in the 

triangle. A little high school geometry tells us that the area of the parallelogram may be 

written in terms of x. Thus the goal is to find the value of x that maximizes the area. 

This 2300 year old problem illustrates several key features of mathematical optimization.  

First of all, note that the quantity of interest (the area of the parallelogram) could be given 

in terms of an unknown parameter x.  Also note that there are restrictions on the position of 
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x, since the point F has to be in the triangle. In optimization terms we would say that we 

have an objective function to maximize (the area) and constraints that must be satisfied (the 

restrictions on the choice of x). The picture in fact illustrates the optimal choice of F, namely 

right in the middle of the edge AC.   

Story II: Kepler’s conjecture 

For our second story we jump to the turn of the 17
th

 century.  

Sir Walter Raleigh was an adventurer, courtier to Queen Elizabeth I of England, navigator, 

author and poet. Sir Walter was no stranger to naval warfare with the Spanish, and once 

asked his mathematical assistant, Thomas Harriot, how he could quickly calculate the 

number of cannonballs in a square pyramidal stack [Figure 6]. Harriot gave the following 

answer:  If k is the number of cannonballs along the side of the bottom layer, the number of 

cannonballs in the pyramid is equal to n=1/6 k(1 + k)(1 + 2k). For example, if k = 5, then n = 

55, i.e. there are 55 cannonballs in Figure 6. Harriot inspired the famous German 

astronomer Johannes Kepler to pose a more general problem: is it possible to stack balls in 

some way that the density of the balls is greater than in the case of the obvious
vii

 packing? 

In other words, is it possible to store more balls per unit volume than when using the 

obvious packing? Note that we may view this as a mathematical optimization problem: the 

objective is to maximize the density of the packing, under the constraint that the balls 

should not overlap. The solution of this problem has proven fiendishly difficult, and had to 

wait almost 400 years.  

Story III: The kissing number  

 This story started with a famous disagreement in the 18
th

 century, between Sir Isaac 

Newton, and the Scottish mathematician David Gregory. The argument between the 

distinguished gentlemen was again about packing balls, namely, they could not agree on 

how many balls can simultaneously touch a central ball in 3 dimensions [Figure 7]. In two 

dimensions, it is clear for the figure that the answer is 6, but in three dimensions it was 

unclear if the correct answer is 12 or 13. Newton claimed that 12 was the maximum, but 

Gregory contended that 13 touching balls were also possible. It would turn out that Newton 

was right, but he did not know how to demonstrate this. In fact, in his correspondence with 

Gregory he used theological arguments to argue against the “occult” number 13. The 

question was only completely resolved following a breakthrough in 1953. Mathematically, 

one may ask what the situation is in higher dimensions, and this remains an unsolved 

problem to this day. 

Story IV: The crossing number 

Our next story dates back to the Second World War, where the Hungarian mathematician 

Paul Turán had to push carts filled with bricks along tracks in a labor camp. Each time the 

cart would come to a crossing in the tracks some bricks would fall out and slow his progress. 

Being a mathematician, he wondered how to lay tracks between the required points with a 

minimum number of crossings. Mathematically, we may state the crossing number problem 
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as follows. We are given nodes (or vertices) and certain pairs of these nodes have to be 

connected by edges. How can we draw this graph (or network) on paper such that the 

number of edge crossings in our drawing is a minimum? In Figure 8 we see two drawings of 

the complete bipartite graph K2,3. Here complete bipartite means that all the red nodes 

should be connected to all the blue ones, but no two blue nodes should be connected by an 

edge and no two red nodes either. In one drawing there are 3 edge crossings, while in the 

other there are none. We therefore say that the crossing number of this graph is zero, since 

it is possible to draw it on paper without any edges crossing. 

Thankfully Turán survived his ordeal in the labor camp and after the war became one of the 

most influential graph theorists of his generation.  His question about crossing numbers 

remains unanswered, even for complete bipartite graphs. 

The link with modern optimization 

 The latest insights into the problems of Kepler, Newton and Turán are all linked to modern 

developments in mathematical optimization. To explain this will require some overview of 

developments of the last 60 years.  

Linear programming 

Linear programming is perhaps the best known example of mathematical optimization. In 

this case the objective and constraints are linear (or affine) functions of the unknowns. The 

birth of modern mathematical optimization was arguably the development of the simplex 

method for linear programming by George Dantzig in the late 1940’s. This development 

went hand in hand with the development of the first electronic computers. Indeed, the 

development of the simplex method heralded the age of computational optimization.  Anno 

2010, linear programming has been called the “most computed problem in history”.
viii

  

The birth years of practical computing closely followed the beginning of the theory of 

computational complexity, pioneered by the English mathematicians Church and Turing.  

Church and Turing were interested in the inherent limits of computing machines.  In the 

1960’s and 70’s this framework led to the idea that not all optimization problems are 

created equal – certain problems may be solved by algorithms that require a modest 

number of operations, while for other problems no such algorithms could be found. The 

graph theorist Jack Edmonds
ix
 began to distinguish between “good” and “bad” algorithms, 

depending on whether the number of operations could be nicely bounded or not.  A 

conceptual breakthrough came when Steven Cook
x
 showed that there is a large class of 

problems, called NP-complete, where the existence of an efficient algorithm for one type of 

problem would imply the existence of efficient algorithms for all. An example of an NP-

complete problem is the traveling salesman problem from the beginning of this 

presentation; another is the computation of the crossing number of a graph. Thus the 

picture began to emerge that there is a clear separation to be made between easy and hard 

optimization problems.  At this time it was not clear whether linear programming belongs to 

the class of NP-complete (i.e. hard) problems or not. A breakthrough came in 1979 when the 
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Russian mathematician Leonid Khachiyan
xi
 proved that linear programming belonged to the 

problem class P of efficiently solvable problems. The algorithm used by Khachiyan was 

called the ellipsoid algorithm and was developed in Russia earlier by the mathematicians 

Yudin and Nemirovski
xii

 for more general problems. The insight of Khachiyan was that the 

general method had could be adapted to settle the complexity question for linear 

programming. The ellipsoid method settled the theoretical question, but, paradoxically, did 

not perform nearly as well as the simplex method in practice. The next major breakthrough 

was therefore hailed when Narenda Karmarkar
xiii

 not only discovered a new polynomial–

time algorithm in 1984, but also claimed it to be much faster than the simplex method in 

practice. The result was more than a decade of intense research into this class of algorithms 

now known as interior point methods.  

Extension to nonlinear programming 

In the beginning of the 1990’s, interior point methods were also extended to more general 

mathematical optimization problems, most notably second order cone optimization, and 

semidefinite programming. The seminal work underlying this development was by the 

Russian mathematicians Nesterov and Nemirovski
xiv

, who identified a key property that 

linear programming shares with certain more general, convex optimization problems. 

New tools for old problems 

The development of new, efficient algorithms in conjunction with ever faster digital 

computers provided researchers with powerful new tools. These tools were brought to bear 

on the problem of Kepler, to show that the traditional way of stacking cannonballs was 

indeed optimal. The first step was taken by the Hungarian mathematician László Fejes 

Tóth
xv

, who showed that the problem of Kepler could be reduced to considering a large, but 

finite number of situations. Following the approach suggested by Fejes Tóth, Thomas 

Hales
xvi

 determined that the optimal packing could be found by minimizing a function with 

150 variables. Approximating the minimum involved solving around 100,000 linear 

programming problems to get a suitable lower bound on the minimum value of the 

function.  

This technique of proof remains somewhat controversial to this day, since the arguments 

cannot be checked by a person in one lifetime. Indeed, it is not a practical prospect for any 

individual to solve 100,000 linear programming problems by hand. This type of proof is 

known as “computer assisted”, and has slowly become more mainstream as it gains 

recognition from the mathematical community.
xvii

  We will dwell more on this topic later on. 

Similar advances were made for the kissing number problem by using computer assisted 

proofs and modern optimization techniques, this time semidefinite programming instead of 

linear programming. Recall that the kissing number in two dimensions is 6 and in three 

dimensions it is 12. Apart from this the kissing number is only known in a few special cases, 

like dimension 4, 8, and 24. Since it has proved too difficult to find the kissing number 

exactly in other dimensions, it is also interesting to find lower and upper bounds. Lower 
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bounds are obtained by constructions, and upper bounds may be obtained via optimization. 

In a seminal paper in 2006, Christine Bachoc and Frank Vallentin
xviii

 used semidefinite 

programming to derive improved upper bounds on the kissing number in several 

dimensions. For example, they showed that the kissing number in 6 dimensions is at most 

78. A construction is known where 72 balls touch the central ball, and the kissing number is 

therefore somewhere between 72 and 78. 

We return to our final example, namely the crossing number problem of Turán.  Similarly to 

the kissing number, it has proved difficult to obtain the crossing number of complete 

bipartite graphs exactly, and the game is again to give lower and upper bounds. This time 

the upper bounds are from constructions, i.e. drawings, like the one in the Figure 9.  The 

drawing in Figure 9 can be generalized to complete bipartite graphs of all sizes, and it is the 

best known drawing, if the aim is to minimize the number of edge crossings. In particular, 

one can always put the blue nodes on the vertical axis, and the red nodes on the horizontal 

axis with no node at the origin, and connect each pair of blue and red nodes by a straight 

line. Together with several colleagues, I used semidefinite programming to show that the 

true crossing number is at least 83% of the number of crossings obtained by generalizing the 

drawing in the figure.
xix

 In other words, if the type of drawing in the figure is not in fact the 

best possible, then it is close to being the best.  

Symmetry: a key ingredient 

A crucial concept in the modern approaches to the problems of Kepler, Newton and Turán is 

symmetry. In Figure 10 we see a historical photograph of a snowflake with the typical 

hexagonal symmetry. In other words, we can rotate the snowflake by 60 degrees and still 

get the same picture. We may also flip it along one of its six axes without changing the 

picture. The problems of Kepler, Newton and Turán all involve a type of symmetry that may 

be exploited. Thus one may reduce the size of the related optimization problems to 

manageable proportions. Symmetry also plays a role in many other optimization problems. 

For example, a traveling salesman problem with 6 cities has the same underlying symmetry 

as our snowflake, as do the outer ring of six coins in Figure 7. Using algebraic techniques to 

reduce the size of optimization problems with underlying symmetry has been a key part of 

my own research in recent years.
xx

 It gives me great pleasure that such beautiful techniques 

can be used for something as mundane as solving optimization problems faster on a 

computer. 

The philosophy of computer assisted proofs and of Imre Lakatos 

As already mentioned, the advances described here for the problems of Kepler, Newton and 

Turán all involve computer assisted proofs. The first such proofs date from the 1970’s and 

were very controversial at that time. One commentator wrote in 1979 that: 

“If we accept [computer assisted proofs], then we are committed to changing […] the sense 

of the underlying concept of “proof”.”
xxi
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The main philosophical objection is that the introduction of computers can undermine the 

rigor of the logical argument, since it becomes difficult, if not impossible, to check each step 

by hand. To me it seems that this invokes the concept of a formal proof that does not reflect 

the daily practice of mathematics. To be precise, a formal proof starts from basic 

assumptions (called axioms in mathematics) and proceeds one logical deduction at a time 

until the required statement is obtained. 

Why do I claim that formal proofs do not reflect daily mathematical practice? Many 

published theorems in the mathematical literature contain logical flaws that were not 

detected by the originators or the reviewers at first. In practice one sees an iterative process 

of mistakes and corrections until a proof becomes established or completely rejected. For 

example, a faulty “proof” of the Kepler conjecture was published in 1993
xxii

, and a faulty 

proof of the crossing number of complete bipartite graphs in 1954
xxiii

. Both these “proofs” 

were subsequently rejected by the mathematical community following careful reflection.  

To give one more example, consider our earlier theorem that any Jordan curve divides the 

plane into two parts. This statement seems almost self-evident, but it is very difficult to 

prove rigorously. The shortest formal proof available today requires 6,500 lines of text. As a 

final twist to the tale, formal proofs like this are generated by computer software, since it is 

a very tedious and time consuming task. Usually the starting point is a well established proof 

from the mathematical literature, and the role of the computer program is to “fill in the 

missing details”. 
xxiv

 In fact, before the use of computers to generate formal proofs, the 

common consensus was that: 

“formalized mathematics cannot in practice be written down in full.”
xxv

 

 

Moreover, even with the help of computers we do not have formal proofs of all the well-

established theorems of mathematics. And the formal proofs that are available will never 

find their way into mathematical textbooks: they are simply too long and not insightful 

enough, since it becomes difficult to see the forest through the trees.  To illustrate the 

point, here are a few of the 6,500 lines from the formal proof of the Jordan curve theorem: 

Lm3: 

         for A, B, C, D, Z being set st A misses Z & B misses Z & 

         C misses Z & D misses Z holds A \/ B \/ C \/ D misses Z 

         proof 

           let A, B, C, D, Z be set; 

           assume A misses Z & B misses Z & C misses Z; 

           then A \/ B \/ C misses Z by XBOOLE_1:114; 

           hence thesis by XBOOLE_1:70; 

         end; 

  

These lines would not mean much even to a student of mathematics; they certainly bear 

little resemblance to typical proofs seen in mathematical textbooks. The question is 

therefore what such a formal proof adds to our knowledge of mathematics. It gives us the 
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consolation that we could “fill in the missing details”, but provides no further insight into 

the underlying mathematics. 

There is therefore a need for a philosophy of mathematics that is more in tune with the way 

that it is practiced, as was realized by the Hungarian philosopher Imre Lakatos (1922-

1974).
xxvi

 Lakatos was greatly influenced by the philosophy of Karl Popper, who had 

introduced the term ‘falsification’ for the refutation of theories by empirical facts; his 

famous thesis was that there can be no empirical verification of scientific theories. In 

layman’s terms, if we ever find an apple that does not fall to the ground when dropped, we 

would have a refutation of Newton’s theory of gravity, but all the apples in the world cannot 

prove that the theory is universally correct. Lakatos applied this emphasis on refutations to 

mathematics, and showed that mathematical creation often involves “refutations” of 

incorrect arguments. Thus Lakatos strove to introduce the practice of mathematics into its 

philosophy. One could even say Lakatos gave mathematics an empirical flavor.
xxvii

  

In his essay Proofs and Refutations
xxviii

 Lakatos describes this new philosophy indirectly, by 

portraying a fictional classroom setting. In this fictional setting the teacher and pupils try to 

prove the famous result by Euler that relates the number of faces (F), edges (E), and vertices 

(V) of a polyhedron via V-E+F=2. Various proofs and techniques of proofs are proposed and 

discarded as a proof of consensus slowly emerges. Importantly, the progress is not linear, 

several dead ends and detours are explored, and proofs that at first seem adequate are 

discarded after more careful reflection. What Lakatos is illustrating here is that the formalist 

view of theorems being deduced by sequential logical steps from axioms does not reflect 

the daily practice of mathematics.  Mathematical creation is a much messier business, 

where in my view computers also have their part to play. 

Fundamental research and the life of G.H. Hardy 

It may strike you, my audience, as odd that I have chosen historical examples of 

optimization problems to illustrate the use of modern optimization techniques. Indeed, the 

same semidefinite programming methods that were used to estimate kissing and crossing 

numbers have also been used to design a part of the wing of the new Airbus A380 airliner 

[Figure 11]. Here semidefinite programming was used to determine the optimal 

composition of materials of a part of the wing.
xxix

 

Why then do I choose to discuss such “esoteric” examples as opposed to more technological 

ones? 

The reason is twofold:  in the first instance I wish to make a case for fundamental research, 

i.e. for research that does not promise immediate financial or technological benefit. In the 

second instance, I cannot escape the feeling that the problems of Kepler, Newton and Turán 

will be remembered long after today’s more technological applications of optimization are 

forgotten. 



9 

 

Perhaps the greatest champion of fundamental (as opposed to applied) research in 

mathematics was an Englishman popularly known as G.H. Hardy.  

Godfrey Harold Hardy lived from 1877 to 1947 and worked at the universities of Cambridge 

and Oxford. As a mathematician he made important contributions to the fields of number 

theory and analysis. For those of you not familiar with number theory, I cannot resist 

recounting a small episode from Hardy’s life. Being a very shy man, Hardy was ill at easy 

when visiting his protégé and fellow number theorist Ramanujan
xxx

 in hospital. Not knowing 

what to say, he remarked that he had ridden in taxi cab number 1729 and remarked that the 

number seemed a rather dull one. "No, Hardy, no!", Ramanujan replied, "it is a very 

interesting number; it is the smallest number expressible as the sum of two cubes in two 

different ways."
xxxi

  

Hardy was known for his precise statements, even when being sarcastic. One example: 

“It is never worth a first class man's time to express a majority opinion. By definition, there 

are plenty of others to do that.” 

His friend C.P. Snow wrote that: 

“By his side anyone else’s [mind] seemed a little muddy, a little pedestrian and confused”. 

Hardy was apparently honest to a fault. His own assessment of his abilities was that: 

“For a short time I was the fifth-best pure mathematician in the world”. 

To the casual observer this may seem as false modesty, but it was simply Hardy’s very 

precise and brutally honest evaluation of his own achievements. Hardy was eccentric in 

many other ways: although unusually handsome in his youth, he shunned mirrors and 

covered hotel room mirrors with a towel upon arrival. He was a great lover of the game of 

cricket, and his greatest accolade was “in the Bradman” class, referring to the great 

Australian batsman. 

Perhaps Hardy’s greatest legacy to the non-mathematical world was a booklet called A 

Mathematician’s Apology,
xxxii

 written near the end of his life. The booklet contains a 

passionate defense of the study of pure mathematics. Indeed, Hardy made a strong 

distinction between pure and applicable mathematics. In his apology he writes: 

“I have never done anything ‘useful’. No discovery of mine has made, or is likely to make, 

directly or indirectly, for good or ill, the least difference to the amenity of the world.” 

 

From a modern perspective, Hardy was not correct in his assertion that pure mathematics is 

unlikely to make a difference to the real world. To give but one example, Hardy’s beloved 

number theory is essential for modern cryptography, which in turn impacts everyone in 

today’s society. 
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Hardy’s need to distinguish between pure and applied work may have stemmed from his 

abhorrence of the two world wars, and the wartime use of mathematics. He was not so 

much a pacifist – he had volunteered for duty in WWI but was rejected on medical grounds 

– but he had a great respect for the German intellectual and educational tradition, 

especially in mathematics.  Hardy’s friend C.P. Snow wrote that: 

“... in most respects the German culture, including its social welfare, appeared to him higher 

than his own. ... Hardy … did not believe that the war should have been fought. Further, with 

his ingrained distrust of English politicians, he thought the balance of wrong was on the 

English side.” 

When Hardy’s friend and collaborator Littlewood
xxxiii

 worked on ballistics during the First 

World War, Hardy remarked that: 

“… even Littlewood could not make ballistics respectable.” 

Indeed, Hardy even described applied mathematics (like ballistics) as follows: 

“… it is perhaps hard to call [applied mathematical disciplines] ‘trivial’, but none of them has 

any claim to rank as ‘real’. They are indeed repulsively ugly and intolerably dull;” 

 

If Hardy’s view of pure and applicable mathematics seems a bit extreme and unrealistic 

today, what then is a more accurate reflection of the state of things?  

To me it seems almost impossible to predict a priori if fundamental research will ultimately 

lead to applications. If one looks at examples, and not only in mathematics, it would seem 

that unforeseen applications are the norm rather than the exception. A famous example from 

physics is the laser, which was once called “a solution looking for a problem”
 xxxiv

, but today is used 

in eye surgery, DVD players, bar code readers in shops and countless other applications. I give 

another more humble example from my own work; a joint paper of mine was recently cited 

in: 

“Conflict Resolution in the Scheduling of Television Commercials” by D.R. Gaur, R. 

Krishnamurti, and R. Kohli (2009), Operations Reseach,  Volume: 57,  Issue: 5,   Pages: 1098-

1105. 

To be clear: I know nothing about the scheduling of TV commercials, and in fact would 

prefer them not to be scheduled at all. The work of mine that was cited dealt with an 

optimization problem in graphs called the maximum k-cut problem;
xxxv

 nevertheless, this 

purely theoretical work apparently has some relevance to scheduling TV commercials. 

 Hardy would probably not have approved of blurring the boundaries between pure and 

applicable mathematics. In any event, his passion was for the beauty of mathematical ideas. 
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Whether a certain idea will ultimately be applied to a practical problem seems neither here 

nor there. A fitting final word on this topic is the closing paragraph of Hardy’s apology:   

“The case for my life, then, […], is this: that I have added something to knowledge, and 

helped others to add more; and that these somethings have a value which differs in degree 

only, and not in kind, from that of the creations of the great mathematicians, or of any of the 

other artists, great or small, who have left some kind of memorial behind them.” 

 

Words of gratitude 

I arrived in The Netherlands in 1994 with little more than a backpack and high hopes. The 

fact that I am standing here today is due to the kindness, sacrifice and influence of several 

people, some of whom I would like to mention by name. 

First of all I would like to thank my mother and brother for their support through the years, 

and for suffering my absence for so long.  

My Alma Mater is the University of Pretoria in South Africa, and my interest in mathematical 

optimization began there under the kind guidance of Professor Jan Snyman. I would like to 

thank him, and warn all the professors present here today: you can have a lifelong influence 

on your students! 

I was privileged to pursue PhD studies at the TU Delft under the guidance of professors Kees 

Roos and Tamás Terlaky. I greatly benefitted from the constant stream of visiting professors 

and the excellent academic atmosphere in the group. It was the heyday of research into 

interior point algorithms, and the excitement in the research group was tangible. 

I have had many other research collaborators through the years, but I would like to single 

one out, namely Dimitrii Pasechnik. We seem destined to continue working together despite 

the fact that we are no longer located on the same continent. I would also like to mention 

one more contempory researcher who has had a marked influence on my research through 

his own work, namely Pablo Parrilo. 

After ten years in Delft, I moved to the Department of Combinatorics and Optimization of 

the University of Waterloo in Canada in September 2003. I was privileged to be associated 

with such a wonderful department, and I want to thank all my former colleagues there for 

their friendship and the lasting impact they have had on my life and work.  In particular, I 

would like to mention Bertrand Guenin, Chris Godsil, Penny Haxell, Romy Shioda, Jacques 

Verstraete and Henry Wolkowicz. 

 After Waterloo I came to Tilburg University through the mediation of Dick den Hertog; I am 

grateful to him for creating this opportunity for me. Here in Tilburg I am housed at the 

Department of Econometrics and Operations Research, and would like to thank my 

colleagues there for their companionship, especially the growing group of “optimizers”: 
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Edwin van Dam, Willem Haemers, Monique Laurent, Renata Sotirov, Marianna Nagy, 

Fernando de Oliveira Filho, and Cristian Dobre. 

The TSP art pictures shown at the start of this lecture were kindly supplied by Robert Bosch 

of Oberlin College in Ohio. I would like to thank him for his help and for such wonderfully 

“inapplicable” applications of optimization. 

Finally, I want to thank my wife Dorota and son Karol for their love and support. Karol is 

studying to be a scientist himself now, and we are very proud of him. 

 As for Dorota, I never tire of pointing out that her name is derived from the Greek name 

Δωροθέα (Dōrothea), meaning “gift from above”. Dorota, it has been good to share the 

highs and lows with you through the years, or should I say: “The maxima and the minima”? 

Ik heb gezegd. 
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Figure 1. Portrait of Princess Maxima of the Netherlands from a solution of a traveling salesman 

problem. Courtesy of Robert Bosch ©2010. 
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Figure 2: A traveling salesman tour of 42 cities in the USA.  
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Figure 3. The dots in the picture correspond to cities in the traveling salesman problem.  Courtesy of 

Robert Bosch ©2010. 
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Figure 4. The traveling salesman path is a Jordan curve that divides the plane into two parts, here 

colored orange and blue respectively. Courtesy of Robert Bosch ©2010. 
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Figure 5. The problem by Euclid: find an inscribed parallelogram ADEF of maximum area in the 

triangle ABC, such that each edge of the parallelogram is parallel to an edge of the triangle. 

 

 

Figure 6: According to Harriot’s formula, this stack contains 55 cannonballs. 
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Figure 7: (Top) At most six coins can simultaneously touch a central coin, implying that the kissing 

number in 2 dimensions is 6. (Bottom) At most 13 balls can simultaneously touch a central ball, i.e. 

the kissing number in 3 dimensions is 13. Pictures courtesy of Frank Vallentin. 
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Figure 8: Two drawings of the complete bipartite graph K2,3. In the top drawing there are 3 edge 

crossings, and in the bottom drawing there are none. Thus the crossing number of K2,3 is zero. 

 

 

Figure 9: A drawing of K4,5 that can be generalized to any complete bipartite graph to give the best 

known drawing in terms of minimal edge crossings. 
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Figure 10: The hexagonal symmetry of a snowflake. Photograph by Wilson Bentley (1865-1935). 

 

Figure 11: The first stage design of the leading edge rib of the Airbus A380 was done using 

semidefinite programming as a tool. Picture courtesy of Michael Stingl. 
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