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Abstract

We analyze optimal social security in a two-period overlapping generations model
with endogenous retirement and demographic change. In this model, households
choose to spend the second period of their lives in full retirement if the tax rate
on labor income exceeds a certain threshold. We find that this threshold is increas-
ing in life expectancy and decreasing in the fertility rate, which implies that both
types of demographic change increase the relevance of the partial retirement case
in which households participate on the labor market. Related, both an increase in
life expectancy and a drop in fertility imply that retirement is delayed in the partial
retirement case. We also show that when the government decides about the retire-
ment age, the command optimum can be replicated through social security policies
as long as the laissez-faire equilibrium features an overaccumulation of capital. When
households decide about their retirement age themselves, however, replication of the
command optimum is not possible, even if overaccumulation of capital applies. In
both cases, it is optimal to expand social security when longevity increases and to
reduce it when fertility drops.
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1 Introduction

Population aging poses a significant amount of fiscal pressure on the sustainability of so-

cial security systems (Hosseini and Shourideh, 2019; McGrattan and Prescott, 2017; Eu-

ropean Comission, 2021). In pay-as-you-go (PAYG) pension schemes, a relatively small

working-age population limits the fiscal resources available to finance the retirement

benefits of a relatively large group of pensioners (Le Garrec, 2015). If population ag-

ing leaves everything else unchanged1, it induces governments to increase marginal tax

rates, reduce pension benefits, or implement institutional reforms such as raising the

pension eligibility age (or a mix of these measures) in order to ensure fiscal sustainabil-

ity (Hosseini and Shourideh, 2019). But is it reasonable to assume that everything else

will be unchanged?

For instance, in Figure 1, we can look at the labor force participation rate for peo-

ple aged 65 years old or more, life expectancy at birth and total fertility rates for the

United States from 1970 to 2018. We observe that during the last three decades, the labor

force participation rate of the old people has been increasing consistently. Likewise, life

expectancy has been improving as well over the period. Fertility rates declined in the

first decade and remained stable until the beginning of this century when they started

to reduce again. Notice that similar patterns can be observed for the OECD area.

This paper extends the standard two-period overlapping generations (OLG) model

á la Diamond (1965) with demographic change, age-dependent labor productivity, and

endogenous retirement to support three claims. First, decreasing mortality rates and

decreasing fertility levels can be associated with delayed retirement and an increase in

labour market participation. Hence, this model confirms the trends that we see in the

data (see figure 1 above). Second, the government is unable to replicate the command

optimum when it cannot control the age at which households choose to retire. This

implies a welfare loss that is reflected in an overaccumulation of capital. We show that

an increase in longevity will increase this welfare loss, whereas a decrease in fertility

will reduce it. Thirdly, we find that the optimal level of social security is increasing in

life expectancy and decreasing in fertility.

Hence, if future mortality rates will decrease and fertility rates will increase, as is

widely expected (European Comission, 2021), this would call for an expansion of social

security.2 This contrasts with current actual policy reforms that rather aim at reducing

1Note that this is a common assumption in so-called aging studies (European Comission, 2021).
2As regards life expectancy, the European Comission (2021) expects an increase from 2019 to 2070 in
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Figure 1: Labor force participation and demographics in US, 1970-2018

Source: OECD Database (2022), Labor force participation rate 65 year-old or more, life expectancy at birth,
and total fertility rate (children per woman).

the size of social security.

This paper adopts an analytical framework to analyze the effects on optimal social

security policies in an aging society. This framework extends the standard two-period

overlapping generations (OLG) model á la Diamond (1965) with demographic change

i.e., exogenous trends for fertility and life expectancy, age-dependent labor productiv-

ity, and endogenous retirement. We follow Michel and Pestieau (2013) in considering

logarithmic preferences over consumption and leisure and a Cobb-Douglas production

function, which allows us to derive closed-form solutions for optimal policies.3 We study

three types of equilibria. First, we analyze behavior in the decentralized economy, condi-

EU member states. In the EU as whole, life expectancy at birth is expected to increase: for males, life
expectancy at birth is expected to increase by 7.4 years, from 78.7 in 2019 to 86.1 in 2070, while for females
a 6.1 years increase is expected, from 84.2 in 2019 to 90.3 in 2070. As regards the total fertility rates in EU
countries, the European Comission (2021) projects that the total fertility ratio in the EU as a whole will
increase from 1.52 in 2019 to 1.65 in 2070. Total fertility rates in EU member states are projected to increase
over the projection period, with the exclusion of France, where the total fertility ratio is expected to remain
stable at a relatively high level of slightly above 1.8.

3A fully-fledged model with more generations could be important to check the validity of our main
results, and to connect with new available micro-data at the household level. Nonetheless, we believe
that a simpler model allows us to get a better sense of the mechanisms. In this paper, we follow tradition
and use an otherwise standard two-period OLG model, with the second period being divided into two
sub-periods, for tractability reasons. Our model relates to that used by Ludwig and Vogel (2010): a two-
period OLG model extended with education and human capital, but without a retirement decision as in
our model.
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tional on social security policies. Second, we solve the social planner problem. Thirdly,

we explore optimal social security policies in the decentralized economy. In all cases,

we distinguish between the case in which workers retire immediately at the start of the

second period (full retirement) and the case in which they retire later (partial retirement).

As Michel and Pestieau (2013) and Miyazaki (2019) have shown, in the decentral-

ized economy there exists a threshold for the tax rate that separates a full retirement

equilibrium from a partial retirement equilibrium. If the tax rate exceeds this threshold,

households choose to completely retire at the beginning of the second period of their

lives. If the tax rate falls short of this threshold, households choose to retire later. Unlike

Michel and Pestieau (2013) and Miyazaki (2019), we show that the threshold tax rate also

depends on demographic parameters, i.e., the fertility rate and the probability of surviv-

ing into the second period. In particular, we find that the threshold is an increasing

function of life expectancy and a decreasing function of the fertility rate. Both a higher

probability of survival and a lower fertility rate increase the wage rate and decrease the

rate of return on savings in general equilibrium. Hence, older households are encour-

aged to work more in the second period of their lives even if they need to contribute to a

greater extent to the social security system. Both types of population aging thus reduce

the relevance of the full retirement case.

Second, we identify when the threshold is negative and households choose for full

retirement for any positive tax rate. As in Miyazaki (2019), we confirm that the threshold

is negative if preferences for leisure are sufficiently strong, the capital share is sufficiently

high, and productivity in old age is sufficiently low. In our framework, in addition, we

find that either a high fertility rate or a low life expectancy make people fully retire once

they reach their old age. These considerations help to explain why demographic change

i.e., either a fertility bust or a longevity boom, creates incentives for people to retire later.

Third, we solve for optimal policies by assuming that a social planner maximizes

the welfare of a generation born in the steady state. In this command optimum, the

golden rule of capital accumulation applies. In the command optimum, we can again

distinguish between a full retirement case and a partial retirement case, that now apply

when the productivity of the old is sufficiently low and high respectively. As in the

decentralized equilibrium, both an increase in life expectancy and a decrease in fertility

increase the role of the partial retirement case, now by reducing the threshold level of

productivity during old age. Further, again similar to the decentralized equilibrium, the

two types of demographic change imply an increase in labor market participation by
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delaying the retirement decision of old workers.

We then determine the tax rate on labor income that decentralizes the allocation de-

rived in the command optimum as a competitive equilibrium. In particular, we solve

two different cases: (i) when the government, in addition to the tax rate as a policy in-

strument, can also decide about retirement and (ii) when the government cannot manip-

ulate the retirement age, but only the tax rate on labor income. The first case may be less

realistic, but serves as a useful benchmark for understanding the effects of endogenous

retirement on optimal policies.

We show that when the government is not able to decide about retirement, she can

replicate the command optimum only when households do not work at all in the second

period of their lives and when there is an overaccumulation of capital in the laissez-faire

equilibrium. Under partial retirement, optimal social security policies imply a welfare

loss relative to the command optimum, reflecting that in that case the government has

too little policy instruments to implement both the golden rule and the optimal level of

leisure.

In a numerical example, we characterize optimal policies under partial retirement

and discuss the effects of an increase in life expectancy and a reduction in the fertility

rate. The first shock increases the optimal tax rate and encourages households to work

more when they get older relative to the benchmark. The second shock decreases the

optimal tax rate on labor income in order to increase labor market participation.

Our paper relates to different strands of literature. One is that on the sustainabil-

ity of unchanged fiscal policies in light of aging of populations (European Comission,

2021). Reforms of social security clearly serve as an example of policy reforms that can

be adopted to restore fiscal sustainability. Related is the literature that examines the rela-

tion between population aging and policy reform in general (Attanasio et al., 2007; Kitao,

2014, 2015) or the relation between population aging and increasing the retirement age

specifically (Attanasio et al., 2007; Díaz-Giménez and Díaz-Saavedra, 2009; Andersen,

2012). Further, this relates to studies on the impact of population aging on the inter-

est and wage rate when labour market participation may change on account of aging

(Krueger and Ludwig, 2007). Our paper also connects with the literature that explores

the relationship between decreasing mortality and the retirement decision (French, 2005;

d’Albis et al., 2012; Bloom et al., 2014). Finally, our paper directly relates to the literature

that explores whether governments are able to conduct optimal social security policies if

they cannot control the savings and labour supply decisions of households (Michel and
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Pestieau, 2013; Miyazaki, 2019). Indeed, our paper is most close to these two papers, but

extends the models in them with demographics and an analysis of the implications of

demographic change for optimal social security policies. Our extension also allows to go

further into the effects of population aging on fiscal policies and the role of endogenous

retirement, similar in spirit to Chen (2018), who studies the impact of fertility rates and

flexible retirement on pension benefits, and to Cipriani (2018), who develops a frame-

work to analyze the effect of population aging on pension payouts, but does not derive

optimal policies.4

The paper is organized as follows. Section 2 introduces our model. Section 3 solves

for the competitive equilibrium and presents a steady-state analysis using comparative

statics. Section 4 discusses optimal policies under different constraints on fiscal instru-

ments. Section 5 presents a numerical example. Section 6 concludes.

2 The model

Along the lines of Miyazaki (2019) and Michel and Pestieau (2013), consider a two-period

overlapping generations model extended with demographic features, particularly, time-

varying fertility rates and survival probabilities. Young people supply labor inelastically,

consume, accumulate assets, and contribute to a PAYG scheme. Given a specific prob-

ability of survival for the second period, households who reach old age consume the

returns on their savings.5 Households may want to work less than full-time in the sec-

ond period of their lives and choose to consume some leisure time. If so, we assume

their preferred amount of leisure determines their retirement date: before that date, they

work full time, whereas after that date they do not work at all.6 Finally, older people

also pay taxes on their labor income to finance the social security system and receive

pensions upon retirement.

2.1 Demographics

The size of each young generation is given by Ny
t . It evolves as Ny

t+1 = nt+1Ny
t , where

nt+1 denotes the fertility rate. Of each young generation only a fraction π survives to the

4For the implications of endogenous fertility see, for example, Cipriani and Fioroni (2019). Nonetheless,
they do not discuss optimal policies.

5We follow tradition and model life expectancy as the probability of surviving into the second period.
6Dividing the second period in two sub-periods allowing for longevity increases and early retirement

is a standard trick used in two-period OLG models for tractability reasons.
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next period. Hence, the size of the old generation, No
t+1, can be expressed as πt+1Ny

t . The

total population in period t is then Nt = Ny
t + πtN

y
t−1. The old-age dependency ratio,

defined as the size of the old relative to that of the young generation, can be expressed

as follows,
No

t

Ny
t
=

πtN
y
t−1

ntN
y
t−1

=
πt

nt
(1)

This indicates that both a lower fertility rate and a higher life expectancy, measured as

the probability of survival, lead to a higher old-age dependency ratio, and to an aging

society.

2.2 Households

Time is discrete and runs to infinity. Households live for two periods and have prefer-

ences over consumption when they are young, cy
t , and old, co

t ; and receive utility from

leisure, vo
t+1 ≤ 1, in the second period when they may decide how much labor to sup-

ply (or when to become a retiree). In the first period, households supply inelastically

their time endowment of one. As mentioned above, for the utility function we adopt a

logarithmic functional form.

Households discount the future using a subjective discount factor β ∈ (0, 1], and a

time-varying survival rate, πt+1 ∈ (0, 1], and maximize over consumption and leisure

using preferences described by,

ut = ln cy
t + βπt+1

[
ln co

t+1 + ξ ln vo
t+1
]

(2)

subject to a sequence of budget constraints as follows,

cy
t + st = (1− τt)φ

ywt (3)

co
t+1 = Rt+1st + φo(1− vo

t+1)wt+1(1− τt+1) + vo
t+1pt+1 (4)

Assuming the existence of perfect annuity markets, Rt+1 ≡ rt+1/πt+1 is the longevity

risk-adjusted return on savings and rt+1 describes the market interest rate.7 τt is the

tax rate that applies to the young and the older people uniformly. pt+1 denotes pension

benefits and φy, φo > 0 indicate productivity levels for young and older people, respec-

tively. Notice that, under this specification, households only receive pension benefits
7This assumption implies that the wealth of people who do not survive into the second period is trans-

ferred to the survivors of the same generation via higher returns.
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when they retire.8

By substituting savings, one can then derive the lifetime budget constraint as follows,

cy
t +

co
t+1

Rt+1
= (1− τt)φ

ywt +
φo(1− vo

t+1)wt+1(1− τt+1) + vo
t+1pt+1

Rt+1
(5)

The solution to the households’ maximization problem, taking as given fiscal policy

i.e., the labor income tax rate and pension benefits, can be summarized by the usual

Euler equation and the intra-temporal condition which refers to the trade-off between

consumption and leisure in old age (see Appendix A.1),

co
t+1 = βrt+1cy

t (6)

ξco
t+1

vo
t+1
≥ φowt+1(1− τt+1)− pt+1 (7)

where the last weak inequality follows from the constraint on the amount of time avail-

able for leisure. Since preferences are separable and logarithmic, households will never

choose a zero amount of leisure, that is, in any equilibrium we must have vo
t+1 > 0. So,

given the value of parameters and policies, there are two alternatives. First, the house-

hold can fully retire once it reaches old age, vo
t+1 = 1, or it can work a fraction of its time,

0 < vo
t+1 < 1.

Combining these optimality conditions with the lifetime budget constraint, (5), one

can derive the following expressions for the individual saving rate and leisure demand

as functions of prices, labor income taxes, and pension benefits,

st =
βπt+1

1 + βπt+1
(1− τt)φ

ywt −
φo(1− vo

t+1)wt+1(1− τt+1) + vo
t+1pt+1

(1 + βπt+1)Rt+1
(8)

vo
t+1 = min

{
ξRt+1st + ξφowt+1(1− τt+1)

(1 + ξ) [φo(1− τt+1)wt+1 − pt+1]
, 1
}

(9)

From equations (8) and (9), we can derive a few interesting results about the direct

effects of parameter changes. A higher productivity during old age increases the labor

supply of people in old age and reduces their savings. A higher productivity during

young age has no direct effects upon labor supply, but increases savings.9 The impact of

8An alternative pension system is one that provides social security benefits once households reach a
certain age. Michel and Pestieau (2013) found that under this alternative pension scheme the first-best
equilibrium can be reproduced. Hence, we will not explore this pension scheme here.

9Note that labor supply of the young is exogenous.
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a higher life expectancy is similar: it does not affect labor supply directly, but increases

savings. Finally, changes in the fertility rate have no direct effects, not on savings nor

on labor supply. Obviously, changes in the fertility rate have general equilibrium effects.

These will be discussed below.

2.3 Firms

A representative firm produces the final good using capital, Kt, and labor, Lt. The tech-

nology is given by a standard Cobb-Douglas production function which satisfies the

usual Inada conditions. We assume full depreciation of capital and abstract from pro-

ductivity growth, so that total factor productivity, A, is just a scaling factor,

Yt = AKα
t L1−α

t (10)

where aggregate labor, in effective units of labor, is Lt = φyNy
t + φo(1− vo

t )No
t .

Profit maximization by firms gives the standard optimality conditions, i.e. the marginal

product of capital equals the interest rate and the marginal product of labor the wage

rate,

rt = αAkα−1
t (11)

wt = (1− α)Akα
t (12)

where kt ≡ Kt/Lt is the capital-labor ratio.

2.4 Government

Since we assume that the only role for the government in this economy is to run a PAYG

system, its budget constraint can be written as follows,

vo
t+1No

t+1pt+1 = τt+1wt+1φyNy
t+1 + τt+1wt+1φo(1− vo

t+1)No
t+1 (13)

Here, the left-hand side of the equation describes the amount of resources the govern-

ment should raise in order to finance the PAYG system; the right-hand side denotes

collected revenue by taxing labor income. Using the definition for the old-dependency

ratio, (1), the budget constraint for the government simplifies to,

vo
t+1pt+1 = τt+1wt+1

{
φy nt+1

πt+1
+ φo(1− vo

t+1)

}
(14)
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3 Competitive equilibrium

Aggregate capital is given by individual savings times the size of the young generation,

that is,

Kt+1 = Ny
t st (15)

Aggregate labor in effective units, in terms of old-age productivity and size of the pop-

ulation in each cohort, is given by,

Lt = φyNy
t + φo(1− vo

t )No
t = Ny

t

{
φy + φo(1− vo

t )
πt

nt

}
(16)

Hence, it turns out that aggregate capital can be written as,

Kt+1 = Lt

{
φy + φo(1− vo

t )
πt

nt

}−1

st (17)

Aggregate labor in effective units evolves as follows,

Lt+1

Lt
=

φyNy
t+1 + φo(1− vo

t+1)No
t+1

φyNy
t + φo(1− vo

t )No
t

=
φynt+1 + φo(1− vo

t+1)πt+1

φy + φo(1− vo
t )

πt
nt

(18)

Hence, combining equations (17) and (18), it turns out that the capital-labor ratio can be

expressed as a function of individual savings,

kt+1 =
(
φynt+1 + φo(1− vo

t+1)πt+1
)−1 st (19)

Combining this relation between the capital-labor ratio and individual savings with

the individual savings function, (8), the optimality conditions for firms, (11) and (12),

and the budget constraint for the social security system, (14), one can derive the dynam-

ics for the capital-labor ratio as follows,

Proposition 1. The aggregate dynamics for the capital-labor ratio are described by the following

first-order difference equation,

kt+1 =
αβπt+1(1− τt)φy(1− α)Akα

t
α(φynt+1 + φo(1− vo

t+1)πt+1)(1 + βπt+1) + (1− α)(τt+1φynt+1 + φo(1− vo
t+1)πt+1)

(20)

Proof. Substituting the conditions, (11)-(12), (14), and (19) into the individual savings

function, (8), and solving for kt+1 yields the expression for the dynamics of the capital-
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labor ratio, (20). �

As expected, the evolution of the capital-labor ratio, (20), thus depends on demo-

graphic features, tax policy, pension benefits (implicitly), and labor supply in old age.

3.1 Steady-state analysis and comparative statics

In the steady state, the expressions for capital per worker and labor supply are,

Corollary 1. In the steady state, capital per worker and leisure during old age are given by,

k =

[
αβπ(1− τ)φy(1− α)A

α(φyn + φo(1− vo)π)(1 + βπ) + (1− α)(τφyn + φo(1− vo)π)

] 1
1−α

(21)

vo = min
{

ξ (αφyn + φoπ) + τ(1− α) [(1 + ξ)φyn + φoπ]

φoπ(1− α + ξ)
, 1
}

(22)

As shown in the previous subsection, there are then two possible equilibria in this

economy, the first with full retirement, vo = 1, and the second with positive labor supply,

0 < vo < 1.

3.1.1 Tax policy and retirement decisions

Whether households choose for full retirement or partial retirement, depends among

other things on the tax rate. Indeed, if the tax rate exceeds a certain threshold, they

choose not to work at all during the second period of their lives.

Proposition 2. Households choose to leave the labor market in old age, vo = 1, if and only if the

tax rate is higher than or equal to the following threshold, τ,

τ ≡ φo(1− α)π − ξαφyn
(1− α) [(1 + ξ)φyn + φoπ]

(23)

Proof. Use (22) to solve for τ when vo = 1, then the threshold follows. �

It is worth mentioning that the threshold is an increasing function of life expectancy

and a decreasing function of the fertility rate. Since both a longevity boom and a fertility

bust have general equilibrium effects that increase the wage rate and decrease capital

income, older people are encouraged to work more even if they have to pay higher taxes.

Likewise, a higher productivity for the old puts upward pressure on the threshold, while
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an increase in leisure preferences, an increase in the productivity of the young, or an

increase in the capital share decrease it. That is,

∂τ

∂π
,

∂τ

∂φo > 0 (24)

∂τ

∂n
,

∂τ

∂φy ,
∂τ

∂ξ
,

∂τ

∂α
< 0 (25)

Note that this threshold is not necessarily positive. Indeed, one can derive the fol-

lowing for the threshold.

Corollary 2. The threshold for the tax rate is positive, τ > 0, if and only if,

α <
1

1 + ξ
φyn
φoπ

(26)

Proof. The expression follows from the threshold, (23), so that the inequality condition

(26) ensures that the tax rate is strictly positive. Notice that the threshold is always below

one. �

Hence, the threshold for the tax rate can be negative, depending on the values of

the capital share, the ratio of labor productivities, the old-age dependency ratio and

the preference for leisure. If the threshold is negative, households choose to fully retire

during old age, irrespective the level of the tax rate.

To derive the implications for the dynamics of capital, below we solve the cases of

full retirement and partial retirement separately and look at the effects of demographic

features on capital accumulation and labor supply.

3.1.2 Full retirement

Suppose that condition, (23), is satisfied so that full retirement is optimal from the house-

holds’ perspective. The capital-labor ratio with full retirement, kFR, is then given by,

Corollary 3. In the steady state, with full retirement, vo = 1, it follows,

kFR =

[
αβπ(1− τ)(1− α)A

(αn(1 + βπ) + (1− α)nτ)

] 1
1−α

(27)

In this case, it is easy to check that either a decreasing fertility rate or an increasing

survival rate, holding the tax rate constant, lead to a higher capital-labor ratio. To under-
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stand the intuition behind these effects, notice that a lower fertility rate reduces popula-

tion growth which increases the steady-state capital-labor ratio, other things equal. The

same applies when people expect to live longer. They save more, and, as a result, the

capital-labor ratio is higher and the returns on capital decrease. In mathematical terms,

that means,
∂kFR

∂n
< 0 (28)

∂kFR

∂π
> 0 (29)

It is worth mentioning that the capital-labor ratio does not increase with the productivity

level of the youngsters:
∂kFR

∂φy = 0 (30)

A higher level of productivity when young enables households to increase their savings.

In steady state, these additional savings increase the stock of capital as much as the rise

in productivity increases effective labor supply. As expected, moreover, without labor

supply in the second period of life, productivity during old age also does not matter for

the dynamics of the capital-labor ratio.

Using the Euler equation and the lifetime budget constraint over the life cycle, con-

sumption levels for young and older people under full retirement are as follows,

cy,FR =
(1− τ)(1− α)φy AkFRα

+ τφyn (1−α)
α kFR

1 + βπ
(31)

co,FR =
β(1− τ)(1− α)φyαA2kFR2α−1

+ βτφyn(1− α)AkFRα

1 + βπ
(32)

Noting that population dynamics and productivity levels affect indirectly consump-

tion patterns through the capital-labor ratio and the tax rate, we can identify the direct

effects of demographic change in consumption levels as,

∂cyFR

∂π
,

∂co,FR

∂π
< 0 (33)

∂cy,FR

∂n
,

∂co,FR

∂n
> 0 (34)

From the previous partial derivatives, we can claim that life expectancy directly reduces

consumption in both periods, other things equal, whereas fertility rates have the oppo-
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site effect.

3.1.3 Partial retirement

When the optimal solution for leisure is interior, one can use it to obtain a closed-form ex-

pression for the capital-labor ratio with partial retirement, kPR. Hence, using the steady-

state expressions for capital and leisure described in Corollary 1 we get that,

Corollary 4. In the steady state, the capital-labor ratio with partial retirement, 0 < vo < 1, is,

kPR =

[
αβπφy(1− α + ξ)A

αφyn(1 + βπ + ξβπ) + φoπ(1 + αβπ)

] 1
1−α

(35)

It is worth mentioning that in the case of partial retirement the capital-labor ratio

does not depend on the tax rate. An increase in the tax rate that is used to finance

higher pension spending reduces labor supply on account of a substitution effect. It also

reduces saving as the reform reduces disposable income during young age and increases

disposable income during old age to the same extent. The effects on labor supply and

the capital stock are equally large, so the increase in the tax rate does not change the

capital-labor ratio.

Again, partial derivatives with respect to demographic parameters yield the expected

effects, that is, higher capital-labor ratios and lower returns on capital as a consequence

of population aging,
∂kPR

∂n
< 0 (36)

∂kPR

∂π
> 0 (37)

Nonetheless, productivity levels now affect the capital-labor ratio in a different way,

∂kPR

∂φy > 0 (38)

∂kPR

∂φo < 0 (39)

These effects reflect distinct motives for saving. On the one hand, high productivity

when young leads to a higher labor income, so that households can increase both con-

sumption and savings yielding an increase in the capital stock. On the other hand, high

productivity in old age reduces the need for saving on account of higher labor income.
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For the case of partial retirement, we can derive leisure demand and consumption

levels over the life cycle as follows,

vo =
ξ (αφyn + φoπ) + τ(1− α) [(1 + ξ)φyn + φoπ]

φoπ(1− α + ξ)
(40)

cy,PR =
(1− τ)(1− α)φy AkPRα

+ (1−α)
α πkPR (φo(1− vo) + τφy n

π

)
1 + βπ

(41)

co,PR =
β(1− τ)(1− α)φyαA2kPR2α−1

+ β(1− α)πAkPRα (
φo(1− vo) + τφy n

π

)
1 + βπ

(42)

The expressions in equations (40) to (42) allow us to analyze the effects of demo-

graphic change on consumption and leisure under partial retirement. Starting with life

expectancy, its effect upon leisure is unambiguously negative, as people want to work

more when they expect to live longer. Its effects upon consumption, holding constant

the tax rate, cannot be signed unambiguously, however. On the one hand, an increase in

life expectancy requires resources to cover a longer lifetime, necessitating a reduction of

consumption. On the other hand, lifetime resources rise as a high probability of survival

endorses an increase in labor supply in old age.

Nonetheless, as shown before for the case of full retirement, an increase in fertility

rates imply higher consumption in both periods, other things equal. Likewise, holding

constant the tax rate, we see that an increase in the fertility rate leads to a higher demand

for leisure in older ages due to a rise in pension benefits.

Hence,

∂vo

∂n
> 0 (43)

∂vo

∂π
< 0 (44)

4 Optimal policies

4.1 The command optimum

Here, assume that a social planner maximizes the welfare of the generation born at the

steady state subject only to the aggregate resource constraint, which is given by,
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cy +
π

n
co = [Akα − nk]

[
φy + φo(1− vo)

π

n

]
(45)

From the necessary conditions for an optimum (see Appendix A.2), it yields the usual

Euler equation, the capital-labor ratio, and the intra-temporal condition for leisure deci-

sions respectively,

co = βncy (46)

kFB =

[
Aα

n

] 1
1−α

(47)

ξco

φovo ≥ A(kFB)α − nkFB (48)

As expected, the first-best level for the capital-labor ratio does not depend on whether

households fully retire or not, and is given by the standard Golden rule as in Diamond

(1965), which hinges on total factor productivity, the fertility rate and the capital share.

As in the competitive equilibrium, there are two well-defined equilibria, with full and

partial retirement. Below, we will show that productivity in old age determines which

of the two prevails. In particular, if φo > φ
o ≡ φy βξn

1+βπ , the case of partial retirement will

apply.

4.1.1 Full retirement

Assume now first that φo ≤ φ
o, so that vo = 1. We then have that,

cy,FB,FR =
(1− α)φy A

1
1−α

1 + βπ

[α

n

] α
1−α (49)

co,FB,FR =
(1− α)βnφy A

1
1−α

1 + βπ

[α

n

] α
1−α (50)

What are then the effects of aging? A fertility bust increases the optimal capital-

labor ratio (see equation (47)). This reduces the interest rate and induces households to

raise their young-age consumption and reduce their old-age consumption. An increase

in longevity, however, has no effect upon the optimal capital-labor ratio (see equation

(47)). A higher survival probability implies that, due to the possibility of working in the

second period, households can earn more wage income and do not need to raise their

savings to finance a longer life. The higher survival probability reduces both young-age
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consumption and old-age consumption, however. Summarizing,

∂cy,FB,FR

∂n
< 0,

∂co,FB,FR

∂n
> 0 (51)

∂cyFB,FR

∂π
,

∂co,FB,FR

∂π
< 0 (52)

4.1.2 Partial retirement

Using the same procedure as before but assuming that φo > φ
o, the consumption levels

are described as,

cy,FB,PR =
(1− α)A

1
1−α α

α
1−α (φyn + φoπ)

n
1

1−α (1 + βπ + βξπ)
(53)

co,FB,PR =
(1− α)βA

1
1−α α

α
1−α (φyn + φoπ)

n
α

1−α (1 + βπ + βξπ)
(54)

Finally, solving for the optimal level of leisure using the intra-temporal condition, one

gets

vo,FB,PR =
βξ(φyn + φoπ)

φo[1 + βπ + βξπ]
(55)

Equation (55) confirms that vo,FB,PR < 1 if φo > φ
o
= φy βξn

1+βπ . That is, a relative high

productivity level in old age makes people to work more and reduce their leisure con-

sumption. Likewise, it is easy to check that leisure depends on both the fertility rate and

the survival rate. Particularly,
∂vo,FB,PR

∂n
> 0 (56)

so a fertility bust increases labor supply. The effect of fertility upon the capital-labor ratio

is the same as in the full retirement case, because as mentioned before, the capital-labor

ratio does not relate to retirement decisions. Moreover, the direction of the effects of a

fertility bust upon both young- and old-age consumption levels correspond to the ones

found in the case of full retirement. That is,

∂cy,FB,PR

∂n
< 0,

∂co,FB,PR

∂n
> 0 (57)

The effects of a higher life expectancy upon consumption are indeterminate, although
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they are qualitatively the same for the three types of consumption. The reason is that two

effects work against each other. To understand them, we first elaborate the effect of an

increase in life expectancy upon aggregate labor supply of the old, i.e. π(1− vo). It can

be easily derived that the effect of life expectancy upon this measure of labor supply

is unambiguously positive. Like in the competitive equilibrium, living longer increases

labor supply when the partial retirement case applies. This mechanism helps to explain

that the consumption effects may be positive or negative. Living longer in itself means

that lifetime resources must be allocated over more years, necessitating a decrease in

consumption. The implied increase in aggregate labor supply has the opposite effect,

however. We can also derive when the consumption effects change sign. If productivity

during old age, φo, is sufficiently low, i.e., φo < φ̂o ≡ φyβn(1 + ξ), then the former effect

dominates: living longer reduces all types of consumption. But if φo > φ̂o, the latter

effect dominates and an increase of life expectancy allows for an increase in all types of

consumption. Note that the case in which φo > φ̂o does not look very realistic. It requires

productivity during old age, φo, to be significantly higher than that during young age,

φy, which is at odds with empirical estimates. Hence, we impose that φo < φ̂o and con-

clude that a rise in longevity reduces consumption of leisure and that of commodities,

∂vo,FB,PR

∂π
< 0 (58)

∂cy,FB,PR

∂π
< 0,

∂co,FB,PR

∂π
< 0 (59)

4.2 Decentralized equilibrium when the government decides about

retirement

The previous subsection derived the full and partial retirement cases that correspond to

the command optimum. Here, we characterize the tax rates that decentralize the capital-

labor ratio when the government can choose both the tax rate and the retirement age.

We identify this allocation by using the superscript, “PD” (partly decentralized).

4.2.1 Full retirement

Assume that the government wants to decentralize the optimal allocation in the scenario

in which full retirement is optimal and the government controls both the retirement age

and the tax rate on labor income. In order to implement that allocation, the social planner
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can then solve for the tax rate that implements the Golden rule for capital accumulation

when households leave the labor market once they reach their second period of life. It

is worth mentioning that, by doing so, the social planner ensures that the consumption

levels also coincide in the command optimum and the decentralized economy when full

retirement is optimal. Moreover, recall that utility depends on cy and co, so utility levels

coincide if only if the consumption levels are equivalent.

Proposition 3. The optimal tax rate on labor income that decentralizes the first-best allocation

under full-retirement is,

τPD,FR =
βπ(1− α)− α(1 + βπ)

(1− α)(1 + βπ)
(60)

where τPD,FR > 0 if and only if,

α < α̂ ≡ βπ

1 + 2βπ
(61)

Proof. By using the expression for capital-labor ratio at the first-best, (47), and the capital-

labor ratio in a competitive equilibrium, (21), we can calculate the optimal tax rate. The

proof for the second part of the proposition is straightforward and it is omitted here. �

The sign of the tax rate in equation (60) is closely related to the possible overaccumu-

lation of capital in the competitive equilibrium. Indeed, if one compares the capital-labor

ratio in the laissez-faire equilibrium, i.e. the competitive equilbrium when τ = 0, with the

capital-labor ratio in the command optimum, one derives that there is overaccumulation

of capital in the laissez-faire equilibrium if α < α̂. In that case, social security is needed to

combat the dynamic inefficiency that is expressed in the overaccumulation of capital. If

α > α̂ however, there will be underaccumulation of capital in the laissez-faire equilibrium

and a negative tax rate is needed to decentralize the command optimum. If a negative

tax rate is not allowed (which may be considered quite realistic as it would imply taxing

the retired), the first-best allocation cannot be decentralized if α > α̂.

Note that this tax rate is independent of labor productivity levels and the fertility

rates. However, life expectancy has an unambiguously positive effect on the tax rate,

∂τPD,FR

∂π
> 0 (62)

The positive impact of an increase in the probability of survival on the tax rate on la-

bor income relates to the social planner’s desire of implementing the Golden rule for

the capital-labor ratio. Recall that households respond to a rise in longevity by increas-
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ing their savings and the aggregate capital in the economy. So, in order to avoid over-

accumulation, the government would use the tax rate to reduce the incentives for savings

and move the capital-labor ratio to its Golden rule level.

4.2.2 Partial retirement

When the government would like to implement a competitive equilibrium with partial

retirement at the level of leisure the social planner wants to see in the economy, vo,FB,PR,

following the same procedure as before, the optimal tax on labor income can be chosen

such that the Golden rule for the capital-labor ratio and the one that comes from the

decentralized equilibrium coincide. Thus,

Proposition 4. The optimal tax rate on labor income that maximizes social welfare under partial

retirement when the government decides about retirement is,

τPD,PR =
φyn [βπ − α(1 + 2βπ)] [1 + βπ + ξβπ]− π(1 + αβπ) [φo(1 + βπ)− βξφyn]

φyn(1− α)(1 + βπ) [1 + βπ + ξβπ]
(63)

Proof. First, substitute the leisure demand, (55), that comes from the command optimum

into the capital-labor ratio in a competitive equilibrium, (21). Second, calculate the tax

rate that equalize the latter expression to the capital-labor ratio in the command opti-

mum, (47). Then, the optimal tax rate, (63), follows. �

Like in the full retirement case, the sign of the tax rate in equation (63) is closely re-

lated to the possible overaccumulation of capital in the competitive equilibrium. Indeed,

the tax rate will be positive if there is overaccumulation of capital in the laissez-faire equi-

librium and negative in the opposite case of underaccumulation of capital. Again, if a

negative tax rate is not allowed, the first-best allocation cannot be decentralized if the

laissez-faire equilibrium features underaccumulation of capital.

The question is then, what is the effect of demographic change on the optimal tax

rate? We can see from the expression for the optimal tax rate, (63), a fertility boom would

then lead to a higher tax rate because, as shown above, fertility has a positive effect on

the demand for leisure, so people would like to retire earlier, putting more pressure on

the social security system.
∂τPD,PR

∂n
> 0 (64)
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The case for life expectancy is more interesting because two different channels play

a role, making the impact on the tax rate ambiguous. On one hand, a higher survival

probability in itself reduces life-time resources. This implies higher savings and a higher

capital-labor ratio, which induces the government to increase the tax rate in order to

reduce the over-accumulation of capital. On the other hand, households respond to

the perspective of living longer by increasing their labor supply when they reach old

age, thereby increasing lifetime resources.10 Without imposing further restrictions, one

cannot determine which of the two effects dominates.

4.3 Decentralized equilibrium when households decide about their

retirement

In the previous section, we studied the case where the government can implement the

command optimum under full and partial retirement by using two instruments: the tax

rate on labor income and the retirement age. Here, we discuss the implications for tax

policy when the only instrument available is the tax rate on labor income and the gov-

ernment must respect the level of leisure that comes from individual decisions. We iden-

tify this decentralized equilibrium by using the superscript, “FD” (fully decentralized).

As before, given a labor income tax rate there are two possible equilibria, i.e., partial

and full retirement. Notice that now this problem becomes more involved because the

government has only one instrument and takes the labor supply from the competitive

equilibrium as given.

4.3.1 Full retirement

To begin with, assume that for a particular τ ∈ [0, 1), households do not supply labor

and fully retire from the labor market, so that vo = 1. Below, we will check whether the

solution for τ obeys the condition τ > τ, ensuring that households will fully retire from

the labor market in the competitive equilibrium. The sequence of budget constraints can

then be written as follows,

cy = (1− τ)(1− α)φy A(kFR)α − φynkFR (65)

co =
φyn
π

A(kFR)α[α + τ(1− α)] (66)

10Recall that under full retirement the second channel is shut down, and then higher life expectancy
leads unambiguously to a higher tax rate.
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The problem of the government can now be stated as,

max
τ

ln cy + βπ ln co (67)

where cy and co are defined by the budget constraints and subject to the dynamics of the

capital-labor ratio under full retirement,

kFR =

[
αβπ(1− τ)(1− α)A

αn(1 + βπ) + (1− α)τn

] 1
1−α

(68)

The first-order condition yields,

1
cy

[
∂cy

∂τ
+

∂cy

∂kFR
∂kFR

∂τ
+

1
R

(
∂co

∂τ
+

∂co

∂kFR
∂kFR

∂τ

)]
= 0 (69)

Solving for the partial derivatives, then the labor income tax rate that maximizes welfare

is the one that satisfies the following expression,

1
cy (1− α)φy

(αA(kFR)α−1 − n
)

︸ ︷︷ ︸
+/−

(
∂kFR

∂τ
(1− τ)− kFR

α

)
︸ ︷︷ ︸

−

 = 0 (70)

Remark 1. Social welfare is an increasing function of the tax rate on labor income if and only if,

the economy is dynamically inefficient, that is,

rFR < n (71)

Since ∂kFR/∂τ < 0, and both the tax rate and the capital share are positive, the sign of

equation (70) depends upon whether the economy is on a dynamically inefficient path.

This result is not surprising. It is well known that the introduction of a social security

system in dynamically inefficient economies yields welfare benefits. We thus derive the

following result:

Proposition 5. The optimal tax rate on labor income that maximizes social welfare under full

retirement is,

τFD,FR =
βπ(1− α)− α(1 + βπ)

(1− α)(1 + βπ)
(72)

where τFD,FR > 0 if and only if,

α < α̂ ≡ βπ

1 + 2βπ
(73)
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Proof. From equation (70), it is easy to see that the first-order condition is satisfied if and

only if rFR = n, so that kFR(τFD,FR) = [(αA)/n]1/(1−α), as the Golden rule implies. Hence,

by using the previous expression and the dynamics of the capital-labor ratio under full

retirement, (68), we can solve for the optimal labor income tax that decentralizes the

allocation. �

Under full retirement, the tax rate in the decentralized economy with two policy in-

struments and the tax rate in a market economy with only one instrument coincide, that

is, τPD,FR = τFD,FR. This implies that since optimal tax rates in both the decentralized

economy with two policy instruments and the market economy with only one instru-

ment are the same, capital accumulation achieves the Golden rule. It also implies the

same level of consumption for both the young and the elderly when people leave the

market once they reach old age.

To check that this optimal tax rate indeed induces full retirement, we need to verify

that τFD,FR is greater that the maximum tax rate, τ, at which households would fully

retire from the labor market in the competitive equilibrium, that is,

βπ(1− α)− α(1 + βπ)

(1− α)(1 + βπ)
>

φoπ(1− α)− ξαφyn
(1− α)[(1 + ξ)φyn + φoπ]

(74)

which it is true, if and only if, α < α̂ and φo < φ̂o. Recall that these conditions ensure that

the tax rate is positive and that labor supply for the old is an increasing function of life

expectancy, respectively. This conclusion resembles the argument laid out in Miyazaki

(2019). When labor productivity at old age is low, and the capital share is not too high

such that previous conditions holds, the households decide to fully retire. Hence, in the

case of full retirement, the optimal policy when households decide about their retirement

coincides with the policy in a decentralized economy where the government can decide

about retirement.

4.3.2 Partial retirement

Consider now the case in which τ < τ, so that households do not fully retire once they

get older. Hence, the sequence of budget constraints in steady state are,

cy = (1− τ)(1− α)φy AkPRα − (φyn + φo(1− vo)π)kPR (75)

co = αAφy n
π

kPRα
+ φo(1− vo)AkPRα

+ τ(1− α)AkPRφy n
π

(76)
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The social planner problem is then given by,

max
τ

ln cy + βπ ln co + βπξ ln vo (77)

where cy and co are given by the budget constraints, subject to both the capital-labor

ratio and leisure demand under partial retirement, that is,

kPR =

[
αβπφy(1− α + ξ)A

αφyn(1 + βπ + ξβπ) + φoπ(1 + αβπ)

] 1
1−α

(78)

vo =
ξ (αφyn + φoπ) + τ(1− α) [(1 + ξ)φyn + φoπ]

φoπ(1− α + ξ)
(79)

The first-order condition then implies,

1
cy

{
−(1− α)φy AkPRα−1

+ (1− τ)(1− α)φyαAkPRα ∂kPR

∂τ

}
(80)

+ 1
cy

{
φoπkPR ∂vo

∂τ − (φyn + φo(1− vo)π) ∂kPR

∂τ

}
+ βπ

co

{
α2Aφy n

π kPRα−1 ∂kPR

∂τ + φo(1− vo)αAkPRα−1 ∂kPR

∂τ − φo AkPRα ∂vo

∂τ

}
+ βπ

co

{
(1− α)AkPRα

φy n
π + τ(1− α)Aφy n

π αkPRα−1 ∂kPR

∂τ

}
+ βπξ

vo
∂vo

∂τ = 0

Recall that the capital-labor ratio under partial retirement is independent of the tax rate

because the effects of tax policy on individual savings and labor supply cancel out. In

addition to the Euler equation, (6), the previous optimality condition thus simplifies to,

1
cy (1− α)φy AkPRα

{
n

αAkPRα−1 − 1
}
+

∂vo

∂τ

{
1
cy φoπkPR (α− 1)

α
+

βπξ

vo

}
= 0 (81)

Notice that, in contrast to the case with full retirement, the optimality condition for the

tax rate becomes more involved. As before, by looking at the first term, we can see

that a social security system increases welfare if the economy is dynamically inefficient,

rPR < n. Now, however, the social planner also has to take into account the labor supply

response to changes in the tax rate, the second term.

By using the intra-temporal condition for leisure and consumption in old age, (7), the

Euler equation, (6), and the budget constraint for the social security system, (14), we can
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rewrite the previous expression as follows,

1
cy (1− α)kPRα

{
φyn

αkPRα−1 − Aφy − ∂vo

∂τ

1
α

τkPR1−α (φyn + φoπ)

vo

}
= 0 (82)

Then, replacing the other two additional constraints from the social planner problem,

that is, the capital-labor ratio, (78), under partial retirement and the optimal level of

leisure chosen by the households, (79), we can solve for the optimal tax rate as before

such that the previous expression holds,

Proposition 6. The optimal tax rate on labor income that maximizes social welfare under partial

retirement when households decide about retirement is,

τFD,PR =
ξ {βπφyn(1 + ξ)− φoπ − α [φyn(1 + ξβπ) + βπ(2φyn + φoπ)]}

(1− α)[(1 + ξ)φyn + φoπ](1 + βπ + ξβπ)
(83)

Proof. Using the expression for the optimality condition, (82), the capital-labor ratio, (78),

leisure in the partial retirement scenario, (79), and the partial derivative of the level for

leisure with respect to the tax rate, we can solve then for the tax rate in closed form. �

Comparing this solution with the one for the optimal tax rate under partial retire-

ment, (63), we conclude that the government cannot replicate the command optimum if

she cannot choose the retirement age, because the two expressions for the tax rate do not

coincide. This result support the ideas in Michel and Pestieau (2013) and Miyazaki (2019)

as, at least under partial retirement, the government cannot decentralize the command

optimum when it cannot control directly the retirement age.

One can interpret this result also from a different perspective. Note that the govern-

ment wants to maximize social welfare by choosing a tax rate that induces households

to do two things: make a saving decision that yields the capital-labor ratio in the com-

mand optimum and make a leisure decision that yields the amount of leisure in the

command optimum. The capital-labor ratio in the partial retirement case is indepen-

dent of the tax rate (see equation (35)), but the amount of leisure depends positively on

the tax rate (equation (40)). Hence, the best the government can do is to equalize the

amount of leisure in the command optimum and that in the competitive equilibrium.

Doing so yields the expression for the optimal tax rate above. This also indicates under

what circumstances the government will choose a positive tax rare. If leisure demand

in the laissez-faire equilibrium is below leisure demand in the command optimum, the

government will choose a positive tax rate in order to increase leisure demand in the

25



competitive equilibrium. And if leisure demand in the laissez-faire equilibrium is higher

than leisure demand in the command optimum and negative tax rates are excluded, nei-

ther the optimal capital-labor ratio nor the optimal leisure demand can be obtained.

Despite of being able to derive a closed-form solution for the optimal tax rate under

partial retirement when households decide about retirement, the effects of demographic

change are ambiguous unless we give a more detailed description of the parameter val-

ues. That is the route we follow in the next section.

5 A numerical example

From previous sections, we know that there is a threshold for the tax rate on labor income

that separates an equilibrium with full retirement in old age from an equilibrium in

which older people still supply labor. Yet, the value of such a threshold hinges on a set

of different parameters, so without a certain characterization of such parameters, we are

not able to say which equilibrium would prevail. The purpose of this section is thus to

provide a numerical example that allows us, conditional on certain parameter values, to

determine the optimal tax rates and their respective allocations.

Notice that we do not want to put forward a full calibration, but only to illustrate the

effects on optimal policies of changes in key parameter values. To begin with, we set the

subjective discount factor at β = 1. Given that we have too many parameters, this choice

follows from a conservative approach. As in Miyazaki (2019) and Kitao (2014), we set

the weight of leisure in the utility function at ξ = 0.5123.11

The capital share is set at α = 0.3. We assume that people enter the model at age 15

and that every period in our model is equivalent to 30 years. Hence, without mortality

risk, people would live for certain until the age of 75. Bearing in mind this, and that the

life expectancy at birth in 2020 is 72.69 years according to the United Nations Population

Division, we set life expectancy at π = (72.69− 45)/30 = 0.9230 to target that value.

For the fertility rate, we proceed as follows: we know that in 2020 the total fertility rate

(birth per woman) is 2.426 as reported by the United Nations Population Division, so

that we set the fertility rate per household in our model at n = 2.426/2 = 1.213. Finally,

we normalize productivity during young age at a value of one: φy = 1.

With these values, it turns out that φ
o
= 0.323 and φ̂o = 1.8344. Recall that if φo > φ

o,

11Typically, this parameter is calibrated such that average work hours represent one third of disposable
time.
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then the social planner would like to implement an equilibrium with partial retirement,

and with full retirement otherwise. Likewise, if φo < φ̂o, life expectancy would decrease

leisure demand. Above we show that the command optimum under full retirement can

always be replicated in a market economy both when the government set the retirement

age and when households decide on when they become retirees. Here, we thus focus

only on the cases in which partial retirement is optimal and tax policies may differ de-

pending on the set of instruments available to the government. We set the productivity

of the elderly at φo = 0.35.12 The level of total factor productivity is set at A = 1.

Table 1: Optimal policies under partial retirement

PD FD
(1) (2) (3) (4) (5) (6)

π = 0.9230 π = 1.0000 π = 0.9230 π = 0.9230 π = 1.0000 π = 0.9230
n = 1.2130 n = 1.2130 n = 1.1095 n = 1.2130 n = 1.2130 n = 1.1095

cy 0.2033 0.1973 0.2154 0.2085 0.2040 0.2180

co 0.2466 0.2393 0.2390 0.2393 0.2304 0.2357

vo 0.9384 0.9106 0.8752 0.9384 0.9106 0.8752

k 0.1359 0.1359 0.1544 0.1471 0.1505 0.1601

CEV -0.2588 -0.4526 -0.0554

τ 0.0359 0.0475 0.0169 0.0103 0.0135 0.0048

τ 0.0263 0.0383 0.0397

p 0.0196 0.0250 0.0096 0.0058 0.0073 0.0028

φ
o 0.3232 0.3107 0.2956 0.3232 0.3107 0.2956

φ̂o 1.8344 1.8344 1.6779 1.8344 1.8344 1.6779

Note: Recall that “PD” denotes the decentralized equilibrium when the government decides
about retirement (it also represents the command optimum) and “FD” describes the decen-
tralized equilibrium when the households decide about retirement. CEV reports the welfare
gains (in %) relative to the first best allocation in consumption-equivalent units.

Table 1 displays the values for our variables of interest under a series of scenarios.

Columns (1) and (4) present the benchmark economy associated with the parameter val-

ues discussed above when the planner decides about retirement and when households

decide upon it, respectively. We see that the tax rate is higher in the case in which the

planner sets the retirement age than in the case in which it must respect the households’

choice on labor supply. Intuitively, when the planner cannot implement a particular re-

tirement age, it must establish a tax below the threshold, τ, so that a partial retirement

12Notice that a higher productivity level for the old mitigate, to a certain extent, the response of optimal
policies to demographic shocks, so that lower tax rates are required. These results are available upon
request.

27



equilibrium with only one instrument can be implemented. It is not a surprise then that

consumption for the young is higher in the second case than in the first case given the

tax rates they are facing. In contrast, consumption for the old is higher in the first case

than in the second one. Likewise, as shown above, when the government can decide

about retirement, it can implement the Golden rule for capital. However, in the case in

which people decide when to become retirees, there is over-accumulation of capital, as

in Michel and Pestieau (2013). The tax rate is insufficiently high to discourage individual

savings because it is set such that the labor supply is at the first-best level and below the

threshold, τ.

Columns (2) and (5) look at the effects of a positive shock to life expectancy. Ac-

cording to the data from the United Nations Population Division, the projection for life

expectancy at birth in 2050 is 77.83 years. Since in our model people could die at max-

imum age 75, we assume then that the new value for the probability of survival is at

π = 1 for such a shock. As expected, optimal policies tend to increase both the tax rate

and the threshold in response to a longevity boom. We also see that an increase in life

expectancy creates incentives to people to work more. Likewise, in terms of pension

benefits, we see an increase in them for both market economies.

Columns (3) and (6) describe the effects of a negative shock to the fertility rate. Using

data from the United Nations Population Division, the fertility rate (births per woman)

in 2050 is projected to be 2.219, so that we characterize a fertility bust by setting a new

value for the fertility rate at n = 1.1095. We see a strong effect on labor supply in re-

sponse to a decrease in the fertility rate. A fertility bust increases the capital-labor ratio

but it also reduces capital income. Hence, the planner finds it optimal to reduce leisure

demand and encourage people to stay longer in the labor market to partial offset the fall

in income. The increase in labor supply of the elderly and the associated fiscal revenues

reduce the pressure on the social security system, so that a lower tax rate on labor income

can be implemented. However, as a result, we see that pension benefits are reduced.

As expected, we observe that endogenous retirement leads to welfare losses relative

to the first best. Intuitively, when the government only has access to one policy instru-

ment, i.e., the tax rate, and partial retirement is optimal, the capital-labor ratio is above

the Golden rule level. Notice that even if the leisure demand is at the first best, the

optimal tax rate is not high enough to discourage capital accumulation. To further un-

derstand this intuition, recall that the capital-labor ratio under partial retirement does

not hinge on the tax rate because the impacts of tax policy on individual savings and
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labor supply are canceled out. So, given the instruments available, the planner can use

the tax rate only to target the optimal labor supply.

6 Discussion

Using an overlapping generations model, we derive optimal policies for financing a so-

cial security system based on pay-as-you-go contribution in the presence of population

aging. Along the lines of Miyazaki (2019), we confirm that the tax rate on labor income

faces an upper-bound so that values beyond such a threshold induces earlier retirement.

In this paper, we show that this threshold also depends on the old-age dependency ra-

tio and productivity levels. We find that such a threshold increases with life expectancy

and decreases with the fertility rate, supporting the idea that both types of aging trends

encourage older households to work more in the second period of their life.

Besides, we also provide a discussion for the cases under which households decide

to fully retire even if the tax rate on labor income is relatively low and less distorting.

For instance, in the presence of strong preferences for leisure, small labor shares, low

productivity in old age, high fertility rates, and low probability of survival make people

retire earlier from the labor market. These general equilibrium effects help us to under-

stand why a demographic transition towards an aging population generate incentives

for people to stay in labor market for a longer period of time.

Likewise, we find that regardless the type of equilibrium i.e., full or partial retire-

ment, the capital-labor ratio increases with life expectancy and decreases with the fer-

tility rate as shown in previous studies. In addition to that, we also consider the effects

of demographic change on the labor supply of the elderly when there is partial retire-

ment. We show that, holding the tax rate on labor income constant, a fertility bust and a

longevity boom both increase labor supply.

Finally, we discuss optimal policies and determine the labor income tax rates that

decentralize the command optimum as a competitive equilibrium. We do so by looking

at two different cases. The first, when the government has complete control on both

the tax rate and the retirement age, and the second, when the government cannot set

the retirement age, but only has control over the tax rate. Here, we show that only

under full retirement, optimal tax rates coincide. Under partial retirement, however, the

government has not enough policy instruments and the command optimum cannot be

replicated.
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In a numerical example, we discuss the effects of aging upon the tax rate, labor supply

and consumption under different scenarios. An increase in life expectancy increases

the optimal tax rate. Intuitively, living longer induces households to retire later. In

order to reduce the inefficiently high level of labor supply, the government should then

increase the tax rate that is used to finance spending on social security. A fertility bust

decreases the optimal tax rate. Although it induces households to work longer due to

higher wages, the increase of labor supply is lower than that in the command optimum.

In order to increase labor supply further, a lower tax rate is needed.

What do these results imply for future government policies? The projection of the

European Comission (2021) is that life expectancy may further increase in the future,

whereas the total fertility rate may catch up with the high level in France in a number

of countries. According to our analysis, both an increase in longevity and an increase in

fertility call for an expansion of social security. This stands in contrast with the now pop-

ular policies of raising retirement ages and suggests it would be a good idea to rethink

the optimal policy response to aging populations.
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A Appendix

A.1 Households’ problem

The Lagrangian function associated to the household maximization problem is,

L(·) ≡ ut + Θ1,tBCt + Θ2,t(1− vo
t+1) (A.1)

where BC is the life-time budget constraint as defined in (5), and for i = {1, 2} let Θi,t

denote the Langrange multipliers for the two constraints. By solving this problem, it

yields the expressions (6)-(7). Notice that we also have a slackness condition for labor

supply

Θ2,t(1− vo
t+1) = 0 (A.2)

so that this constraint is satisfied either when vo
t+1 < 1 and Θ2,t = 0, or when there is full

retirement, vo
t+1 = 1. Whether the households decide to fully retire or work for a fraction

of time in the second period depends on parameters and the tax rate on labor income.

A.2 First-best allocations

The social planner’s problem can be defined as follows,

L(·) ≡ u + Θ1

(
(Akα − nk)

[
φy + φo(1− vo)

π

n

]
− cy − π

n
co
)
+ Θ2(1− vo) (A.3)

The first-order conditions are,

cy :
1
cy = Θ1 (A.4)

co :
β

co = Θ1
1
n

(A.5)

vo :
βπξ

vo = Θ1(Akα − nk)φo π

n
+ Θ2 (A.6)

k : αAkα−1 = n (A.7)
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