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Chapter 1

Introduction

1.1 Background

Traditional economic and finance theory is based on the assumptions of investor ho-

mogeneity and rational expectations, the latter of which isregarded as an extreme

informational assumption (see, for example, Cochrane, 2001). However, there is a

growing dissatisfaction with models of asset price dynamics, based on these assump-

tions, as expressed, for example, by Kirman (1992). More importantly, developments

in the empirical finance literature reveal that financial markets share some important

characteristics: the so called stylized facts (see, for example, Pagan, 1996). These styl-

ized facts for financial time series include excess volatility (relative to the dividends

and underlying cash flows), volatility clustering (high/low fluctuations are followed by

high/low fluctuations), skewness (either negative or positive), excess kurtosis (com-

pared to normally distributed returns), and long-range dependence in volatility (i.e.,

hyperbolic decline of its autocorrelation function). At present, it is difficult to accom-

modate these findings within the established theoretical structure of market efficiency

and rational expectations (see, for example, Shiller, 2003).

Alternatively, Agent-Based approaches may provide an appropriate theoretical and

methodological framework to explain the stylized facts; for example, Hommes (2005)

and LeBaron (2005) provide reviews of the recent literature.This literature highlights

the growth in the development of Agent-Based models. These models allow for het-

erogeneous agents, potentially showing bounded rational behavior, who have different

attitudes to risk, and different expectations about the future evolution of prices. These

Agent-Based models have been shown to be able to characterizethe dynamics of fi-

nancial asset prices.

One approach, within the Agent-Based models, to understand and explain the ob-

1



2 CHAPTER 1. Introduction

servable behavior and phenomena is to do Microscopic Simulation (MS). A typical

example is Levyet al. (2000). In general, it is very difficult to describe the individ-

ual behavior (decision making under risk and uncertainty),and the implied aggregated

phenomena explicitly: economics, including financial markets, is a complex system.

It is very difficult, if not impossible, to find analytical solutions for such systems. The

idea of MS is to study complex systems by representing each ofthe microscopic ele-

ments individually and by simulating the behavior of the entire system, keeping track

of all of the individual elements and their interactions over time. Throughout the simu-

lation, the macroscopic variables that are of interest can be recorded, and their dynam-

ics can be investigated. Various competing microscopic simulation models have been

developed to explain observed phenomena in real-life financial markets. The works of

Arthur et al. (1997), Chiarella and He (2002), Brock and Hommes (1997), LeBaron

(2000), Levyet al. (2000), Lux (1998), among others, are examples of various MS

models.

These models attempt to explain various types of market behavior, and to replicate

the well documented empirical features of actual financial markets. The recent liter-

ature has demonstrated the ability to explain various typesof market behavior. For

example, Brock and Hommes (1997, 1998) proposed a simpleAdaptive Belief System

to model economic and financial markets. Agents’ decisions are based upon predic-

tions of future values of endogenous variables whose actualvalues are determined by

the equilibrium equations. A key aspect of these models is that they exhibit feed-

back of expectations. Agents adapt their beliefs over time by choosing from different

predictors or expectations functions, based upon their past performance as measured

by the realized profits. The resulting dynamical system is nonlinear and, as Brock

and Hommes (1998) show, capable of generating the entirezoo of complex behavior

from local stability to high order cycles and even chaos as various key parameters of

the model change. It has been shown (for example, Hommes, 2002) that such simple

nonlinear adaptive models are capable of explaining important empirical observations,

including fat tails, clustered volatility, and long memory, of real financial time series.

The analysis of the stylized simple evolutionary adaptive system, and its numerical

analysis provides insight into the connection between individual and market behavior.

Specifically, it provides insight into whether asset pricesin real markets are driven only

by news, or are, at least in part, driven by market psychology.

In relation to the stylized facts, one of these that various MS models have attempted

to replicate is the persistence in volatility. While stock returns themselves are relatively

uncorrelated, the square and absolute returns are highly correlated. Positive correla-
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tions continue a year or more, and decay at much more of a hyperbolic rate, rather than

an exponential rate. This has been extensively studied since Ding, Engle and Granger’s

seminal paper in 1993. This is a possible indication of a longmemory of fractionally

integrated time series for volatility. The mere fact that volatility is persistent is puz-

zling enough, but the fact that it also possesses long memory-like properties presents a

high hurdle for agent-based financial markets to beat in terms of empirical replication.

Recently, a number of universal power laws, including cubic power distributions of

large returns, hyperbolic decline of return autocorrelation function, temporal scaling

of trading volume and multi-scaling of higher moments of returns, have been found in

financial data and this has spurred attempts at theoretical explanations and understand-

ing of the underlying mechanisms, see, for instance, Lux (2004).

In practice, volatility fluctuation has been modeled as a GARCHprocess which

produces fat tails of the unconditional distribution and captures the short-run dynamics

of volatility autocorrelations. However, the implied decay of the volatility autocorre-

lation is exponential rather than hyperbolic. While GARCH can econometrically cap-

ture volatility fluctuation it does not explain the empirical regularities. In comparison,

heterogeneous Agent-Based models attempt to explain this phenomena, one example

being herding models. These models incorporate herding andcontagion phenomena

which produces volatility persistence (see, for example, Alfarano and Lux, 2003, Aoki

and Yoshikawa, 2002, Chenet al., 2001, Kirman, 1991, 1993, Lux, 1995, 1997, 1998,

and Lux and Marchesi, 1999). Alfarano and Lux (2003) show that price changes are

generated by either exogenous inflow of new information about fundamentals or en-

dogenous changes in demand and supply via the herding mechanism. Their model

is able to produce relatively realistic time series for returns whose distributional and

temporal characteristics are astonishingly close to empirical findings. This is due to

a bi-modal limiting distribution for the fraction of noise traders in the two groups of

optimistic and pessimistic individuals and the stochasticnature of the process, leading

to recurrent switches from one majority to another and increase of volatility which

will last for some time until locked-in again by either one ofthe majorities. However,

with the increase of the population size, a law of large number comes to play and the

intermittency and power-law statistics get lost.

Another example of an Agent-based model capable of explaining various market

behavior and important stylized facts, including fat tails, and clustered volatility, is

Brock and Hommes (1997, 1998) framework and its various extensions. Its potential

to generate realistic time series has only recently been revealed. In particular, a mech-

anism of switching between predictors and co-existing attractors is used in Gauners-
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dorfer and Hommes (2000) to characterize volatility clustering. The highly nonlin-

ear deterministic system may exhibit co-existence of different types of attractors and

adding noise to the deterministic system may then trigger switches between low- and

high-volatility phases. Their numerical simulation showsquite satisfactory statistics

between their simulated data and empirical data. Compared tothe herding mecha-

nism, Brock and Hommes’ framework allows an infinite population of speculators.

However, like most of the analytical heterogeneous agent literature, the comparison

to the empirical records is mainly based upon visual inspection, or only based upon a

few realizations of the model. A formal investigation of thedifference of time series

properties between the heterogeneous agent model and the real world, in particular the

estimation of power law indices, is still lacking.

Overall both herding and switching models discussed above have shown their po-

tential to explain the power-law behavior. To generate realistic time series, some kind

of intermittent dynamics and self-amplification of fluctuations via herding or technical

trading are necessary. As pointed out by Lux (2004),one of the more important prob-

lems of these models is the relationship between system size, deterministic forces and

stochastic elements. Herding and simulation models’ results are critically dependent

upon the size of agent population, while switching models are similarly dependent

upon the size of the noise. For instance, for the switching model of Gaunersdorfer

and Hommes (2000), the stochastic movement between the co-existing (locally stable)

steady state and limit cycle of the deterministic system is indeed the mechanism in

generating realistic time series. However, the noise levelhas to be adjusted in a way

to counterbalance the deterministic core of their market dynamics. Very often, finding

co-existence equilibria and the right noise level can be difficult.

While heterogeneous Agent-Based models have had success in explaining mar-

ket behavior and reproducing stylized facts, what is not clear is the interplay of noisy

and deterministic dynamics. Deterministic models are simplified versions of realistic

stochastic models and stability and bifurcation are a powerful tool to investigate the

dynamics of nonlinear systems. It is interesting to know howdeterministic properties

influence the statistical properties, such as the existenceand convergence of stationary

processes and the autocorrelation (AC) structure of the corresponding stochastic sys-

tem. In particular, we can ask if there is a connection between various AC patterns of

the stochastic system and different types of bifurcations of the underlying deterministic

skeleton. This has the potential to provide insights into the mechanisms of generating

various AC patterns and stylized facts in financial markets.

In relation to the stylized facts, heterogeneous Agent-Based models have been
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shown to be able to reproduce observed empirical findings. Itis well known that

most of the stylized facts can be observed only for high frequency data (e.g. daily)

and not for low frequency data (e.g. yearly). However, two unrealistic assumptions

underpin this literature (see, e.g., Arthuret al., 1997, Brock and Hommes, 1997, Chen

and Yeh, 2002, Chiarellaet al., 2004, Chiarella and He, 2002, 2003b, Iori, 2001,

LeBaron, 2002, LeBaronet al., 1999, Levyet al., 1994). The first is a risk-free rate of

approximately 10 per-cent per trading period.1 In this literature, as the risk-free rate

per trading period decreases, demand on the risky asset increases. Consequently, the

price of the risky asset becomes rather large resulting sometimes in a break-down in

the theoretical analysis and overflows in the numerical simulations. In addition, some

of the interesting dynamics disappear as the risk-free rateof trading period decreases

to realistic level (e.g. (5/250)% per day given a risk-free rate of 5% p.a. and 250 trad-

ing days per year). Given that this rate is crucial for model calibration in generating

stylized facts, it is obviously unrealistic. Second, the unrealistic nature of the assumed

trading period is problematic for the quantitative calibration to actual time series. As

pointed out by LeBaron (2002),‘This (unrealistic trading period) is fine for early qual-

itative comparisons with stylized facts, but it is a problemfor quantitative calibration

to actual time series’.

Moreover, an evaluation as to whether an Agent-Based models share some of the

stylized facts is achieved by running ‘representative realization’ of the MS model.

The recorded variables, such as stock returns, which can be analyzed by the standard

financial econometric techniques as described in Cochrane (2001). Although much

work has already been done along these lines (see, for instance, Chenet al., 2001,

Hommes, 2005, LeBaron, 2005, Lux, 2004, and references therein), to our knowledge,

the systematic procedures to investigate the difference between two MS models, to

judge whether a MS model is realistic or not, and to calibratea MS model have not yet

been developed.

1.2 Overview and Outline

In this thesis, we introduce a Market Fraction (MF ) model with heterogeneous traders

in a simple asset-pricing and wealth dynamics framework, and we propose to evalu-

ate MS models using statistical and econometric techniques. This thesis contributes

to the literature on two fronts. First, the MF model itself contributes to the literature

1Apart fromrf = 1% in Gaunersdorfer (2000) and LeBaron (2001a) andrf = 0.04% in Hommes
(2002).
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by incorporating a realistic trading period and eliminatesthe untenable risk-free rate

assumption. The relationship between deterministic forces and stochastic elements by

focusing on various aspects of financial market behavior, including market dominance,

under and over-reaction, profitability and survivability,and statistical properties, in-

cluding autocorrelation structure, of the stochastic model are examined. Statistical

analysis based on Monte Carlo simulations shows that the long-run behavior and con-

vergence of the market prices, long (short)-run profitability of the fundamental (trend

following) trading strategy, survivability of chartists can be characterized by the dy-

namics of the underlying deterministic system. In particular, we show that various

under and over-reaction autocorrelation patterns of returns can be characterized by the

bifurcation nature of the deterministic system. Such an analysis helps us to understand

potential sources of generating realistic time series properties. In this thesis, we also

investigate the potential of the MF model to explain the longmemory characteristics

of financial markets. Essentially, we examine whether the heterogeneity, trend chas-

ing through learning, and the interplay of stable deterministic equilibria and stochastic

noisy processes can be a source of power-law distributed fluctuations. This is further

verified via Monte Carlo simulations and statistical analysis on the decay patterns of

autocorrelation functions of returns, squared returns andabsolute returns, and the es-

timates of (FI)GARCH(1, 1) parameters. We can then see whether the MF model can

provide a mechanism to address the power-law behavior.

Second, we develop and apply econometric techniques to evaluate and compare

different microscopic simulation models, and more importantly, to compare the MS

model generated data with real life data. When comparing different models, important

factors that drive MS models can be detected and investigated. The statistical tools to

compare different MS models can also easily be used to check the robustness of the

outcomes of a MS model with respect to its initial conditionsand parameter settings.

In this way we gain a better understanding of the underlying mechanism of MS models.

When comparing an MS model with real life data, factors might be identified, which

have to be adapted or integrated to create more realistic models, whose changes are

comparable to the empirical findings in the financial markets. Confronting a MS model

with real life data is not only a way to check the “realism” of the model, which will

enhance our knowledge of financial markets, but it is also an essential step from a

practical point of view. For example, when MS models are usedto evaluate the impacts

of government policies, or to forecast, we need to link the MSmodels with real life

data. Therefore, calibration becomes necessary.

To summarize, building upon the existent literature, we setup a model which is
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referred to as the Market Fraction Model. The model assumes three types of par-

ticipants in the asset market, including two groups of boundedly rational traders—

fundamentalists (also called informed traders) and trend followers (also called less

informed traders or chartists), and a market-maker. It seeks to explain aspects of finan-

cial market behavior (such as market dominance, under and over-reaction, profitability

and survivability) and to characterize various statistical properties (including autocor-

relation structure) of the stochastic model by using the dynamics of the underlying

deterministic system, traders’ behavior and market fractions. At present, the mathe-

matic theory has not yet been able to achieve those tasks in general. Consequently,

statistical analysis and Monte Carlo simulations are applied to investigate the long-run

behavior and convergence of the market prices, long (short)-run profitability of the

fundamental (trend following) trading strategy, survivability of chartists, and various

under and over-reaction autocorrelation patterns of returns, which can be characterized

by the stability and bifurcations of the underlying deterministic system. Our analysis

underpins the mechanisms on various market behaviors (suchas under/over-reactions),

market dominance, and stylized facts in high frequency financial markets.

Corresponding to the persistence of volatility, various parameters, such as the

memory parameter, (FI)GARCH, are estimated and examined. Subsequently, they are

compared with those of the real world, which is represented by S&P 500, by using the

econometric method. It shows the model does have a mechanismto generate realistic

long-memory feature, although the estimates are difficult to match exactly.

We then turn to discuss how to use the statistical and econometric methods to com-

pare different MS models and how to compare a MS model with thereal world. The

parameters of interest can be estimated either parametrically or non- or semi- paramet-

rically, for instance, the probability density function, the spectral density function, and

the memory parameters. We illustrate the methodology by theMS models developed

by Levy, Levy, and Solomon (2000) and the MF model.

This thesis is presented as a collection of papers. The first paper, Chapter 2, intro-

duces a market fractions model with heterogeneous traders in a simple asset-pricing

and wealth dynamics framework. It contributes to the literature by incorporating a

realistic trading period and eliminates the untenable risk-free rate assumption. The re-

lationship between deterministic forces and stochastic elements is examined; focusing

on various aspects of financial market behavior, including market dominance, under

and over-reaction, profitability and survivability, and statistical properties including

autocorrelation structure.

Chapter 3 investigates the time series behavior of simulateddata from the simple
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market fraction model with two types of traders (fundamentalists and trend followers),

developed in Chapter 2. From this analysis we report that the heterogeneity, trend

chasing through learning, and interplay of noise and stabledeterministic equilibria can

be used to explain the power-law distributed fluctuations. Through a Monte Carlo

simulation, statistical analysis and estimates of (FI)GARCHwe show that the model

shares some of the long memory characteristics that are wellestablished in the em-

pirical finance literature. The exact decay rates of autocorrelation functions of return,

squared return and absolute return, and estimates of (FI)GARCH are difficult to match

to that of the S&P 500. This is probably due to the simplicity of our model. It is this

simplicity that makes it possible to identify the potentialsources and mechanisms that

generate realistic time series behavior. This mechanism isdifferent from either herding

or switching mechanisms in terms of modeling. However, it shares the same spirt in a

much simpler way.

Chapter 4 provides a MS model evaluation methodology, which can evaluate dif-

ferent MS models parameters relative to each other and also in relation to actual data.

In this chapter the evaluation methodology focuses on thoseparameters which can be

estimated parametrically. They are classified and characterized. Various econometric

methods are applied to make the comparison. We also discussed how to calibrate a

MS model. We illustrate the methodology by comparing various specifications of the

MS model developed by Levy, Levy, and Solomon (2000) and by comparing this MS

model with the real world. We also report the calibration results of the MF model, and

compare the calibrated MF model with the real world.

Finally, we evaluate MS models in terms of parameters that can be estimated non-

or semi- parametrically in Chapter 5. We focus on parameters such as the probability

density function, the spectral density function and memoryparameters. The MS model

developed by Levy, Levy, Solomon (2000) and the market fraction model developed

in Chapter 2 are evaluated relative to each other and also in relation to actual data.

Chapters 2, 3, 4, and 5 have appeared before as He and Li (2005a), He and Li

(2005b), Li, Donkers, and Melenberg (2005a), and Li, Donkers and Melenberg (2005b),

respectively.

1.3 Further Discussions

So far, we find that MS models, such as the MF model and LLS model, only reproduce

the stylized facts to a limited extent, they have difficulties to pass the econometric
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tests. This means that we need to set up more realistic models. However, we should

bear in mind that the model should be simple and parsimonious. A big model with

many degrees of freedom and many parameters might fit the actual data better, but the

underlying mechanism of the MS model itself would likely be difficult to understand,

which means we might be able to build up a MS model to replicatemost of the stylized

facts, while the question‘where do the stylized facts of financial markets come from?’

is still open. So, for instance, extending the MF model to a changing fraction model, in

which part of the market fractions are governed by herding (Lux and Marchesi, 1999)

and part follows some adaptive switching process (Brock and Hommes, 1997, 1998)

might be interesting and has the potential to generate more realistic time series. We

should also notice that most often the MS models, such as the MF model, are highly

nonlinear, this may make them difficult to estimate within the traditional econometric

framework.

Regarding the evaluation of the performance of MS models in terms of actual data,

we notice that, in our context, we use the S&P 500 to representthe real world. How-

ever, in the MS model (such as the MF model) we do not include any specific features

of the S&P 500 index in our model except for the calibration ofthe risk-free rate,

etc. One possible way to proceed might be using some actual data, for instance the

dividends, in the MS model instead of by drawing random numbers. Another pos-

sible way might be targeting at a specific stock exchange, forinstance, the London

Stock Exchange, taking into account the microstructure elements of the markets in the

MS models, and then compare the model generated data with theindex of this stock

exchange. This is important, not only because it will provide better MS model to un-

derstand the stylized facts of financial markets, but also because it will provide guides

to market design and policy design.





Chapter 2

Heterogeneity, Profitability, and
Autocorrelations

This chapter contributes to the development of the recent literature on

the explanation power and calibration issue of heterogeneous asset pric-

ing models by presenting a simple stochastic market fraction asset pricing

model of two types of traders (fundamentalists and trend followers) under

a market maker scenario. It seeks to explain aspects of financial market

behavior (such as market dominance, under and over-reaction, profitabil-

ity and survivability) and to characterize various statistical properties (in-

cluding the autocorrelation structure) of the stochastic model by using the

dynamics of the underlying deterministic system, traders’behavior and

market fractions. A statistical analysis based on Monte Carlo simulations

shows that the long-run behavior and convergence of the market prices,

long (short)-run profitability of the fundamental (trend following) trading

strategy, survivability of chartists, and various under and over-reaction au-

tocorrelation patterns of returns can be characterized by the stability and

bifurcations of the underlying deterministic system. Our analysis under-

pins the mechanisms on various market behaviors (such as under/over-

reactions), market dominance and stylized facts in high frequency finan-

cial markets.

2.1 Introduction

Traditional economic and finance theory is based on the assumptions of investor homo-

geneity and the efficient market hypothesis. However, thereis a growing dissatisfac-

11
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tion with models of asset price dynamics, based on the representative agent paradigm,

as expressed for example by Kirman (1992), and the extreme informational assump-

tions of rational expectations. As a result, the literaturehas seen a rapidly increasing

number of heterogeneous agents models. These models characterize the dynamics of

financial asset prices; resulting from the interaction of heterogeneous agents having

different attitudes to risk and having different expectations about the future evolution

of prices.1 For example, Brock and Hommes (1997, 1998) proposed a simpleAdap-

tive Belief Systemto model economic and financial markets. Agents’ decisions are

based upon predictions of future values of endogenous variables whose actual values

are determined by the equilibrium equations. A key aspect ofthese models is that they

exhibit feedback of expectations. Agents adapt their beliefs over time by choosing

from different predictors or expectations functions, based upon their past performance

as measured by the realized profits. The resulting dynamicalsystem is nonlinear and,

as Brock and Hommes (1998) show, capable of generating the entire zooof complex

behavior from local stability to high order cycles and even chaos as various key para-

meters of the model change. It has been shown (e.g. Hommes, 2002) that such simple

nonlinear adaptive models are capable of explaining important empirical observations,

including fat tails, clustering in volatility and long memory of real financial series. The

analysis of the stylized simple evolutionary adaptive system, and its numerical analysis

provides insight into the connection between individual and market behavior. Specif-

ically, it provides insight into whether asset prices in real markets are driven only by

news or, are at least in part, driven by market psychology.

The heterogeneous agents literature attempts to address two interesting issues among

many others. It attempts to explain various types of market behavior, and to replicate

the well documented empirical findings of actual financial markets, the stylized facts.

The recent literature has demonstrated the ability to explain various types of market

behavior. However, in relation to the stylized facts, thereis a gap between the hetero-

geneous agents models and observed empirical findings. It iswell known that most of

the stylized facts can be observed only for high frequency data (e.g. daily) and not for

low frequency data (e.g. yearly). However, two unrealisticassumptions underpin this

1See, e.g., Arthuret al. (1997), Brock and Hommes (1997, 1998), Brock and LeBaron (1996),
Bullard and Duffy (1999), Chen and Yeh (1997a, 2002), Chiarella (1992), Chiarellaet al. (2002),
Chiarella and He (2001, 2002, 2003b), Dacorognaet al. (1995), Day and Huang (1990), De Longet
al. (1990), Farmer and Joshi (2002), Frankel and Froot (1987), Gaunersdorfer (2000), Hommes (2001,
2002), Iori (2001), LeBaron (2000, 2001, 2002), LeBaronet al. (1999), Lux (1995, 1997, 1998) and
Lux and Marchesi (1999)
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literature.2 The first is a risk-free rate of approximately 10 per-cent pertrading period.3

Given that this rate is crucial for model calibration in generating stylized facts4, it is

obviously unrealistic. Second, the unrealistic nature of the assumed trading period is

problematic for the quantitative calibration to actual time series. As pointed out by

LeBaron (2002),‘This (unrealistic trading period) is fine for early qualitative compar-

isons with stylized facts, but it is a problem for quantitative calibration to actual time

series’.

Another more important issue for various heterogeneous asset pricing models is

the interplay of noisy and deterministic dynamics. Given that deterministic models

are simplified versions of realistic stochastic models and stability and bifurcation are

the most powerful tools (among other things) to investigatethe dynamics of nonlinear

system, it is interesting to know how deterministic properties influence the statistical

properties, such as the existence and convergence of stationary process, and the au-

tocorrelation (AC) structure of the corresponding stochastic system. In particular, we

can ask if there is a connection between various AC patterns of the stochastic system

and different types of bifurcations of the underlying deterministic skeleton. This has

the potential to provide insights into the mechanisms of generating various AC pat-

terns and stylized facts in financial markets. At present, the mathematic theory has not

yet been able to achieve these tasks in general. Consequently, statistical analysis and

Monte Carlo simulations is the approach adopted in this chapter.

This chapter builds upon the existent literature by incorporating a realistic trad-

ing period5, which eliminates the unrealistic risk-free rate assumption, whilst also in-

troducing market fractions of heterogeneous traders into asimple asset-pricing and

wealth dynamics model. In this study this model is referred to as the Market Fraction

(MF ) Model. The model assumes three types of participants in theasset market. This

includes two groups of boundedly rational traders—fundamentalists (also called in-

formed traders) and trend followers (also called less informed traders or chartists), and

2See, e.g., Arthuret al. (1997), Brock and Hommes (1997), Chen and Yeh (2002), Chiarella et al.
(2002), Chiarella and He (2002, 2003), Iori (2001), LeBaron(2002), LeBaronet al. (1999), Levyet al.
(1994).

3Apart fromrf = 1% in Gaunersdorfer (2000) and LeBaron (2001a) andrf = 0.04% in Hommes
(2002).

4In this literature, as risk-free rate of trading period decreases, demand on the risky asset increases.
Consequently, the price of the risky asset become rather larger numbers resulting sometimes in break-
down in theoretic analysis and overflows in numerical simulations. In addition, some of interesting
dynamics disappear as the risk-free rate of trading period decreases to realistic level (e.g. (5/250)% per
day given a risk-free rate of 5% p.a. and 250 trading days per year).

5In fact, the trading period of the model can be scaled to any level of trading frequency ranging from
annually, monthly, weekly, to daily.



14 CHAPTER 2. Heterogeneity, Profitability, and Autocorrelations

a market-maker. The aim of this chapter is to show that in the MF model the long-run

behavior of asset prices, wealth accumulations of heterogeneous trading strategies, and

the autocorrelation structure of the stochastic system canbe characterized by the dy-

namics of the underlying deterministic system, traders’ behavior, and market fractions.

In addition, this chapter also contributes to the literature how to use statistical analysis

based on Monte Carlo simulations to study the interplay of noise and deterministic dy-

namics in the context of heterogeneous asset pricing models. The statistical analysis

shows that the long-run behavior and convergence of the market prices, long (short)-

run profitability of the fundamental (trend following) trading strategy, survivability of

chartists, and various under- and over-reaction AC patterns of returns can be charac-

terized by the stability and bifurcations of the underlyingdeterministic system. Our

analysis gives us some insights into the mechanism of various market behavior (such

as under/over-reactions), market dominance, and stylizedfacts in high frequency fi-

nancial markets.

This chapter is organized as follows. Section 2 outlines a market fraction model of

heterogeneous agents with the market clearing price set by amarket maker, introduces

the expectations function and learning mechanisms of the fundamentalists and trend

followers, and derives a full market fraction model on assetprice and wealth dynam-

ics. Price dynamics of the underlying deterministic model is examined in Section 3.

Statistical analysis, based on Monte Carlo simulations, of the stochastic model is given

in Section 4. By using the concept of a random fixed point, we examine the long-run

behavior and convergence of the market price to the fundamental price. By examin-

ing wealth accumulation, we analyze the profitability and survivability. By choosing

different sets of parameters near different types of bifurcation boundaries of the under-

lying deterministic system, we explore various under and over-reaction AC patterns.

Section 5 concludes and all proofs and additional statistical results are included in the

Appendices.

2.2 Heterogeneous beliefs, market fractions and market-
maker

Both empirical (e.g. Taylor and Allen, 1992) and theoretical(e.g. Brock and Hommes,

1997) studies indicate that market fractions among different types of traders might

have an important role to play in financial markets. Empirical evidence from Tay-

lor and Allen (1992) suggests that at least 90% of the tradersplace some weight on
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technical analysis at one or more time horizons. In particular, traders rely more on

technical analysis, as opposed to the fundamental analysis, at shorter horizons. As the

length of time horizons increases, more traders rely on the fundamental rather than

technical analysis. In addition, there is a certain proportion of traders who do not

change their strategies over all time horizons. Theoretically, the study by Brock and

Hommes (1997) shows that, when different groups of traders,such as fundamentalists

and chartists, having different expectations about futureprices and dividends com-

pete between trading strategies and choose their strategy according to an evolutionary

fitness measure, the corresponding deterministic system exhibits rational routes to ran-

domness. The adaptive switching mechanism proposed by Brockand Hommes (1997)

is an important element of the adaptive belief model. It is based on both afitness func-

tion and a discrete choice probability. In this chapter, we take asimplified version of

the Brock and Hommes’ framework. The MF model assumes that themarket fractions

among heterogeneous agents are fixed and are treated as fixed parameters. Apart from

mathematical tractability, this simplification is motivated as follows. First, because of

the amplifying effect of the exponential function used in the discrete choice probability,

the market fractions become very sensitive to price changesand the fitness functions.

Therefore, it is not very clear to see how different market fractions themselves do actu-

ally influence the market price. Secondly, when agents switch intensively, it becomes

difficult to characterize market dominance, profitability and survivability when deal-

ing with heterogeneous trading strategies.6 Thirdly, it is important to understand how

the behaviors of different types of agents are linked to certain dynamics (such as the

autocorrelation structure we discuss later). Such an analysis becomes clear when we

isolate the market fractions from switching. In doing so, wecan examine explicitly the

influence of the market fractions on the price behavior.

The set up follows the standard discounted value asset pricing model with hetero-

geneous agents, which is closely related to the framework ofDay and Huang (1990),

Brock and Hommes (1997, 1998) and Chiarella and He (2002). However, the market

clearing price is arrived at via a market maker scenario in line with Day and Huang

(1990) and Chiarella and He (2003b) rather than the Walrasianscenario used in Brock

and Hommes (1998). We focus on a simple case in which there arethree classes of

participants in the asset market: two groups of traders, fundamentalists and trend fol-

lowers, and a market maker, as described in the following discussion.

6This analysis in turn leads to a justification on agents switching, which is discussed in Section 3.
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2.2.1 Market fraction and market clearing price under a market
maker

Consider an asset pricing model with one risky asset and one risk free asset. It is

assumed that the risk free asset is perfectly elastically supplied at a gross return of

R = 1 + r/K, wherer stands for a constant risk-free rate per annum andK stands

for the trading frequency measured in a year. Typically,K = 1, 12, 52 and250 for

of trading period of a year, a month, a week and a day, respectively. To calibrate

the stylized facts observed from daily price movement in financial markets, we select

K = 250 in our following discussion.

Let Pt be the price (ex dividend) per share of the risky asset at timet and{Dt}
be the stochastic dividend process of the risky asset. Then the wealth of a typical

investor-h at t+ 1 is given by

Wh,t+1 = RWh,t + [Pt+1 +Dt+1 −RPt]zh,t, (2.2.1)

whereWh,t andzh,t are the wealth and the number of shares of the risky asset purchased

by investor-h at t, respectively. LetEh,t andVh,t be thebeliefsof typeh traders about

the conditional expectation and variance of quantities att+1 based on their information

set at timet. Denote byRt+1 the excess capital gain on the risky asset att+ 1, that is

Rt+1 = Pt+1 +Dt+1 −RPt. (2.2.2)

Then it follows from (2.2.1) and (2.2.2) that

Eh,t(Wt+1) = RWt + Eh,t(Rt+1)zh,t, Vh,t(Wt+1) = z2
h,tVh,t(Rt+1), (2.2.3)

wherezh,t is the demand by agenth for the risky asset. Assume that traders have a con-

stant absolute risk aversion (CARA) utility function with therisk aversion coefficient

ah for typeh traders (that isUh(W ) = − exp(−ahW )) and their optimal demand on

the risky assetzh,t are determined by maximizing their expected utility of the wealth.

Then

zh,t =
Eh,t(Rt+1)

ahVh,t(Rt+1)
. (2.2.4)

Given the heterogeneity and the nature of asymmetric information among traders,

we consider two most popular trading strategies corresponding to two types of bound-

edly rational traders—fundamentalists and trend followers, and their beliefs will be

defined in the following discussion. Assume the market fraction of the fundamentalists
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and trend followers isn1 andn2 with risk aversion coefficienta1 anda2, respectively.

Letm = n1 − n2 ∈ [−1, 1]. Obviously,m = 1,−1 correspond to the cases when all

the traders are fundamentalists or trend followers, respectively. Assume a zero supply

of outside shares. Then, using (2.2.4), the aggregate excess demand per investor (ze,t)

is given by

ze,t ≡ n1z1,t + n2z2,t =
1 +m

2

E1,t[Rt+1]

a1V1,t[Rt+1]
+

1 −m

2

E2,t[Rt+1]

a2V2,t[Rt+1]
. (2.2.5)

To complete the model, we assume that the market is cleared bya market maker.

The role of the market maker is to take a long (whenze,t < 0) or short (whenze,t > 0)

position so as to clear the market. At the end of periodt, after the market maker

has carried out all transactions, he or she adjusts the pricefor the next period in the

direction of the observed excess demand. Letµ be the speed of price adjustment of

the market maker (this can also be interpreted as the market aggregate risk tolerance).

To capture unexpected market news or noise created bynoise traders, we introduce

a noisy demand term̃δt which is an IID normally distributed random variable7 with

δ̃t ∼ N (0, σ2
δ ). Based on those assumptions, the market price is determined by

Pt+1 = Pt + µze,t + δ̃t.

Using (2.2.5), this becomes

Pt+1 = Pt +
µ

2

[
(1 +m)

E1,t[Rt+1]

a1V1,t[Rt+1]
+ (1 −m)

E2,t[Rt+1]

a1V2,t[Rt+1]

]
+ δ̃t. (2.2.6)

It should be pointed out that the market maker behavior in this model is highly stylized.

For instance, the inventory of the market maker built up as a result of the accumulation

of various long and short positions is not considered. This could affect his or her

behavior and the market maker price setting role in (2.2.6) could be a function of the

inventory. Allowingµ to be a function of inventory would be one way to model such

behavior. Such considerations are left to future research.Future research should also

seek to explore the microfoundations of the coefficientµ. In the present chapter it is

best thought of as a market friction, and an aim of our analysis is to understand how

this friction affects the market dynamics.

7In this chapter, we assume a constant volatility noisy demand and the volatility is related to an
average fundamental price level. This noisy demand may alsodepend on the market price. Theoretically,
how the price dynamics are influenced by adding different noisy demand is still a difficult problem.
Here, we focus on the constant volatility noisy demand case and use Monte Carlo simulations and
statistical analysis to gain some insights into this problem.
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2.2.2 Fundamentalists

Denote byFt = {Pt, Pt−1, · · · ;Dt, Dt−1, · · · } the common information set formed at

time t. We assume that, apart from the common information set, the fundamentalists

havesuperiorinformation on the fundamental value,P ∗
t , of the risky asset and they

also realize the existence of non-fundamental traders, such as trend followers to be in-

troduced in the following discussion. They believe that thestock price may be driven

away from the fundamental value in the short-run, but it willeventually converge to

the fundamental value in the long-run. The speed of convergence measures their confi-

dence level in the fundamental value. More precisely, we assume that the fundamental

value satisfies a stationary random walk process8

P ∗
t+1 = P ∗

t [1 + σǫǫ̃t], ǫ̃t ∼ N (0, 1), σǫ ≥ 0, P ∗
0 = P̄ > 0, (2.2.7)

where ǫ̃t is independent of the noisy demand processδ̃t. This specification ensures

that neither fat tails nor volatility clustering are brought about by the exogenous news

arrival process. Hence, emergence of any autocorrelation pattern of the return of the

risky asset in our late discussion would be driven by the trading process itself, rather

than news. We assume the conditional mean and variance of thefundamental traders

are

E1,t(Pt+1) = Pt + α(P ∗
t+1 − Pt), V1,t(Pt+1) = σ2

1, (2.2.8)

whereσ2
1 stands for a constant variance on the price. Here parameterα ∈ [0, 1] is

the speed of price adjustment of the fundamentalist toward the fundamental value. It

measures their confidence level on the fundamental value. Inparticular, forα = 1, the

fundamental traders are fully confident about the fundamental value and adjust their

expected price at next period instantaneously to the fundamental value. Forα = 0, the

fundamentalists become naive traders. In general, the fundamental traders believe that

markets are efficient and prices converge to the fundamentalvalue. An increase (de-

crease) inα indicates that the fundamental traders have high (low) confidence on their

estimated fundamental value, leading to a quick (slow) adjustment of their expected

price towards the fundamental price.

2.2.3 Trend followers

Unlike the fundamentalists, trend followers are technicaltraders who believe the fu-

ture price change can be predicted from various patterns or trends generated from the

8As we know that the fundamental value driven by this random walk process can be negative.
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history of prices. The trend followers are assumed to extrapolate the latest observed

price change over prices’ long-run sample mean and to adjusttheir variance estimate

accordingly. More precisely, their conditional mean and variance are assumed to sat-

isfy

E2,t(Pt+1) = Pt + γ(Pt − ut), V2,t(Pt+1) = σ2
1 + b2vt, (2.2.9)

whereγ, b2 ≥ 0 are constants, andut andvt are sample mean and variance, respec-

tively, which may follow some learning processes. The parameter γ measures the

extrapolation rate and high (low) values ofγ correspond to strong (weak) extrapola-

tion from the trend followers. The coefficientb2 measures the influence of the sample

variance on the conditional variance estimated by the trendfollowers who believe in a

more volatile price movement. Various learning schemes9 can be used to estimate the

sample meanut and variancevt. In this chapter we assume that

ut = δut−1 + (1 − δ)Pt, (2.2.10)

vt = δvt−1 + δ(1 − δ)(Pt − ut−1)
2, (2.2.11)

whereδ ∈ [0, 1] is a constant. This process of the sample mean and variance isa

limiting process of ageometric decay processwhen the memory lag length tends to

infinity.10 Basically, a geometric decay probability process(1 − δ){1, δ, δ2, · · · } is

associated to the history prices{Pt, Pt−1, Pt−2, · · · }. The parameterδ measures the

geometric decay rate. Forδ = 0, the sample meanut = Pt, which is the latest

observed price, whileδ = 0.1, 0.5, 0.95 and0.999 gives a half life of 0.43 day, 1 day,

2.5 weeks and 2.7 years, respectively. The selection of thisprocess is two fold. First,

traders tend to put a high weight to the most recent prices andless weight to the more

remote prices when they estimate the sample mean and variance. Secondly, we believe

that this geometric decay process may contribute to certainautocorrelation patterns,

even the long memory feature observed in real financial markets. In addition, it has the

mathematical advantage of analytical tractability.

2.2.4 The complete stochastic model

To simplify our analysis, we assume that the dividend process Dt follows a normal

distributionDt ∼ N (D̄, σ2
D), the expected long-run fundamental valueP̄ = D̄/(R −

9For related studies on heterogeneous learning and asset pricing models with heterogeneous agents
who’s conditional mean and variance follow various learning processes, we refer to Chiarella and He
(2003a, 2003c).

10See Chiarellaet. al.(2006) for the proof.
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1), and the unconditional variances of price and dividend overthe trading period are

related byσ2
D = qσ2

1.11 Based on assumptions (2.2.8)-(2.2.9),

E1,t(Rt+1) = Pt + α(P ∗
t+1 − Pt) + D̄ −RPt = α(P ∗

t+1 − Pt) − (R− 1)(Pt − P̄ ),

V1,t(Rt+1) = (1 + q)σ2
1

and hence the optimal demand for the fundamentalists are given by

z1,t =
1

a1(1 + q)σ2
1

[α(P ∗
t+1 − Pt) − (R− 1)(Pt − P̄ )]. (2.2.12)

In particular, whenP ∗
t = P̄ ,

z1,t =
(α+R− 1)(P̄ − Pt)

a1(1 + q)σ2
1

. (2.2.13)

Similarly, from (2.2.9), (usinḡD = (R− 1)P̄ )

E2,t(Rt+1) = Pt + γ(Pt − ut) + D̄ −RPt = γ(Pt − ut) − (R− 1)(Pt − P̄ ),

V2,t(Rt+1) = σ2
1(1 + q + b vt),

whereb = b2/σ
2
1. Hence the optimal demand of the trend followers is given by

z2,t =
γ(Pt − ut) − (R− 1)(Pt − P̄ )

a2σ2
1(1 + q + b vt)

. (2.2.14)

Subsisting (2.2.12) and (2.2.14) into (2.2.6), the price dynamics under a market maker

is determined by the following 4-dimensional stochastic difference system (SDShere-

after)





Pt+1 = Pt +
µ

2

[
1 +m

a1(1 + q)σ2
1

[α(P ∗
t+1 − Pt) − (R− 1)(Pt − P̄ )]

+ (1 −m)
γ(Pt − ut) − (R− 1)(Pt − P̄ )

a2σ2
1(1 + q + b vt)

]
+ δ̃t,

ut = δut−1 + (1 − δ)Pt,

vt = δvt−1 + δ(1 − δ)(Pt − ut−1)
2,

P ∗
t+1 = P ∗

t [1 + σǫǫ̃t].

(2.2.15)

11Here we chooseσ2
1 = σ2

P̄
/K andq = r2. This can be justified as follows. LetσP̄ be the annual

volatility of Pt andD̄t = rPt be the annual dividend. Then the annual variance of the dividendσ̄2
D =

r2σ2
P̄

. Thereforeσ2
D = σ̄2

D/K = r2σ2
P̄
/K = r2σ2

1 . For all numerical simulations in this chapter, we
chooseP̄ = $100, r = 5% p.a. σ = 20% p.a.,K = 250. Correspondingly,R = 1 + 0.05/250 =
1.0002, σ2

1 = (100 × 0.2)2/250 = 8/5 andσ2
D = 1/250.
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2.2.5 Wealth dynamics and shares

The traders’ wealth in general follows a stochastic process. To be able to measure the

wealth dynamics among different trading strategies, to examine the market dominance

and price behavior, we introduce two wealth measures. The first measures the absolute

level of the wealth share (or proportion) of the representative agent from each type,

called theabsolute wealth sharefor short, which is defined by

w1,t =
W1,t

W1,t +W2,t

, w2,t =
W2,t

W1,t +W2,t

, (2.2.16)

whereW1,t andW2,t are the wealth at timet of the representative trader of the fun-

damentalists and trend followers, respectively. This measure can be used to measure

the evolutionary performance or profitability of the two trading strategies: A highw1,t

(w2,t) indicates profitability of the fundamentalists (trend followers). The second mea-

sures the overall market wealth share, called themarket wealth sharefor short, of the

different trading strategies and it is defined as the market fraction weighted average of

the absolute wealth proportions,

w̄1,t =
(1 +m)W1,t

(1 +m)W1,t + (1 −m)W2,t

, w̄2,t =
(1 −m)W2,t

(1 +m)W1,t + (1 −m)W2,t

.

(2.2.17)

A high market wealth sharēw1,t (w̄2,t) indicates market dominance of the fundamen-

talists (trend followers) with respect to the overall market wealth. LetV1,t = 1/W1,t

andV2,t = 1/W2,t. Then it follows from (2.2.1) that

V1,t+1 =
V1,t

R +Rt+1z1,tV1,t

, V2,t+1 =
V2,t

R +Rt+1z1,tV1,t

.

Note that

V1,t

V1,t + V2,t

=
1/W1,t

1/W1,t + 1/W2,t

=
W2,t

W1,t +W2,t

,

V2,t

V1,t + V2,t

=
1/W2,t

1/W1,t + 1/W2,t

=
W1,t

W1,t +W2,t

and, therefore, the absolute wealth shares are determined by

w1,t =
V2,t

V1,t + V2,t

, w2,t =
V1,t

V1,t + V2,t

(2.2.18)

and the market wealth shares are governed by

w̄1,t =
(1 +m)V2,t

(1 +m)V2,t + (1 −m)V1,t

, w̄2,t =
(1 −m)V1,t

(1 +m)V2,t + (1 −m)V1,t

. (2.2.19)
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For these wealth measures, it is difficult to obtain explicitclosed form expressions in

terms of (stationary) state variables. In this chapter, we use the auxiliary functions

(V1,t, V2,t) and numerical simulations to study the wealth dynamics of the fundamen-

talists and trend followers and the market impact of the two different trading strategies.

It has been widely accepted that stability and bifurcation theory is a powerful tool

in the study of asset-pricing dynamics (see, for example, Day and Huang, 1990, Brock

and Hommes, 1997, 1998, and Chiarella and He, 2002, 2003b). However, the ques-

tion how the stability and various types of bifurcation of the underlying deterministic

system affect the nature of the stochastic system, including stationarity, distribution

and statistic properties of returns, is not very clear at thecurrent stage. Although the

techniques discussed in Arnold (1998) may be useful in this regard, the mathematical

analysis of nonlinear stochastic dynamical system is stilldifficult in general. In this

chapter, we consider first the corresponding deterministicskeleton of the stochastic

model by assuming that the fundamental price is given by its long-run valueP ∗
t = P̄

and there is no demand shocks, i.e.σδ = σǫ = 0. We then conduct a stochastic analysis

of the stochastic model through Monte Carlo simulation.

2.3 Dynamics of the deterministic model

When the long run fundamental price is a constant and there is no noisy demand,

the 4-dimensional stochastic system (2.2.15) reduces to the following 3-dimensional

deterministic difference system (DDShereafter)






Pt+1 = Pt + µ
1 +m

2

[
(1 − α−R)(Pt − P̄ )

a1(1 + q)σ2
1

]
+

1 −m

2

[
γ(Pt − ut) − (R− 1)(Pt − P̄ )

a2σ2
1(1 + q + b vt)

]
,

ut = δut−1 + (1 − δ)Pt,

vt = δvt−1 + δ(1 − δ)(Pt − ut−1)
2.

(2.3.1)

The following result on the existence and uniqueness of steady state of the determin-

istic system is obtained.

Proposition 2.3.1.For DDS (2.3.1),(Pt, ut, vt) = (P̄ , P̄ , 0) is the unique steady state.

Proof. See Appendix 2.A.1.

We call this unique steady state the fundamental steady state. In the following

discussion, we focus on the stability and bifurcation of thefundamental steady state
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of the deterministic model. We first examine two special casesm = 1 andm = −1,

before we deal with the general casem ∈ (−1, 1).

2.3.1 The casem = 1

In this case, the following result on the global stability and bifurcation is obtained.

Proposition 2.3.2.For DDS (2.3.1), if all the traders are fundamentalists, i.e. m = 1,

then the fundamental pricēP is globally asymptotically stable if and only if

0 < µ < µ0,1 ≡
2a1(1 + q)σ2

1

(R + α− 1)
. (2.3.2)

In addition,µ = µ0,1 leads to a flip bifurcation withλ = −1, where

λ = 1 − µ
R + α− 1

a1(1 + q)σ2
1

. (2.3.3)

Proof. See Appendix 2.A.2.

The stability region of the fundamental pricēP is plotted in(α, µ) plane in Fig.2.A.1

in Appendix 2.A.2, whereµ0,1(1) = [2a1(1 + q)σ2
1]/R for α = 1 andµ0,1(0) =

[2a1(1 + q)σ2
1]/(R − 1) for α = 0. The stability condition (2.3.2) is equivalent to

µ(R+α− 1) < 2a1(1 + q)σ2
1, implying that the fundamental price is locally stable as

long as the reactions from both the market maker and the fundamentalists are balanced

(i.e. a high (low)µ is balanced by a low (high)α so that the productµ(R + α − 1) is

below the constant2a1(1+ q)σ2
1). Given the stabilizing role (to the fundamental price)

of the fundamentalists, over-reactions from either the fundamentalists or the market

maker will push the market price to flipping around the fundamental price and this

is indeed the mechanism of the flip bifurcation when the fundamental price becomes

unstable. Numerical simulations indicate that the over-reaction from either the market

maker or the fundamentalists can push the price to explode (through the flip bifurca-

tion).

2.3.2 The casem = −1

Similarly, we obtain the following stability and bifurcation result when all traders are

trend followers.

Proposition 2.3.3.For DDS (2.3.1), if all the traders are trend followers (that ism =

−1), then



24 CHAPTER 2. Heterogeneity, Profitability, and Autocorrelations

(1) for δ = 0, the fundamental steady state is globally asymptotically stable if and

only if 0 < µ < Q/(R − 1), whereQ = 2a2(1 + q)σ2
1. In addition, a flip

bifurcation occurs along the boundaryµ = Q/(R− 1);

(2) for δ ∈ (0, 1), the fundamental steady state is stable for

0 < µ <

{
µ̄1 0 ≤ γ ≤ γ̄0

µ̄2, γ̄0 ≤ γ,

where

µ̄1 =
Q

(R− 1) − γ2δ/(1 + δ)
, µ̄2 =

(1 − δ)Q

2δ[γ − (R− 1)]
, γ̄0 = (R−1)

(1 + δ)2

4δ
.

In addition, a flip bifurcation occurs along the boundaryµ = µ̄1 for 0 < γ ≤ γ̄0

and a Hopf bifurcation occurs along the boundaryµ = µ̄2 for γ ≥ γ̄0.

Proof. See Appendix 2.A.3.

The local stability regions and bifurcation boundaries areindicated in Fig. 2.A.2

(a) forδ = 0 and (b) forδ ∈ (0, 1) in Appendix 2.A.3, wherēγ2 = (1+δ)(R−1)/(2δ)

is obtained by lettinḡµ2 = Q/(R − 1). Given thatR = 1 + r/K is very close to 1,

the value ofµ along the flip boundary is very large andγ̄o is close to 0. This implies

that, forδ = 0, the fundamental price is stable for a wide range of values ofµ. For

δ ∈ (0, 1), the stability region is mainly bounded by the Hopf bifurcation boundary.

Along the Hopf boundary,µ decreases asγ increases, implying that the stability of the

steady state is maintained when the speed of the market makerand the extrapolation of

the trend followers are balanced. When the fundamental pricebecomes unstable, the

Hopf bifurcation implies that the market price fluctuates (quasi)periodically around the

fundamental price. Intuitively, extrapolation of the trend followers results a sluggish

reaction of the market price to the fundamental price. The interplay of such sluggish

reaction from the trend followers and the stabilizing forcefrom the fundamentalists

leads the market price fluctuate around the fundamental price. Numerical simulations

indicate that, near the bifurcation boundary, the price either converges periodically

to the fundamental value or oscillates regularly or irregularly. In addition, the Hopf

bifurcation boundary shifts to the left whenδ increases. This implies that the steady

state is stabilizing when more weights are given to the most recent prices.

2.3.3 The general casem ∈ (−1, 1)

We now consider the complete market fraction model DDS with both fundamentalists

and trend followers by assumingm ∈ (−1, 1). Let a = a2/a1 be the ratio of the
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absolute risk aversion coefficients. It turns out that the stability and bifurcation of

the fundamental steady state are different from the previous two special cases and

they are determined jointly by the geometric decay rate and extrapolation rate of the

trend followers, the speed of the price adjustment of the fundamentalists towards the

fundamental steady state, and the speed of adjustment of themarket maker towards the

market aggregate demand.

Proposition 2.3.4.For DDS (2.3.1) withm ∈ (−1, 1),

(1) if δ = 0, the fundamental steady state is stable for0 < µ < µ∗, where

µ∗ =
2Q

(R− 1)(1 −m) + a(R + α− 1)(1 +m)
.

In addition, a flip bifurcation occurs along the boundaryµ = µ∗ withα ∈ [0, 1];

(2) if δ ∈ (0, 1), the fundamental steady state is stable for

0 < µ <

{
µ1 0 ≤ γ ≤ γ0

µ2, γ0 ≤ γ,

where

µ1 =
1 + δ

δ

Q

1 −m

1

γ2 − γ
, µ2 =

1 − δ

δ

Q

1 −m

1

γ − γ1

,

γ1 = (R− 1) + a(R + α− 1)
1 +m

1 −m
, γ0 =

(1 + δ)2

4δ
γ1, γ2 =

1 + δ

2δ
γ1.

In addition, a flip bifurcation occurs along the boundaryµ = µ1 for 0 < γ ≤ γ0

and a Hopf bifurcation occurs along the boundaryµ = µ2 for γ ≥ γ0.

Proof. See Appendix 2.A.3.

The model with the fundamentalists only can be treated as a degenerated case of

the complete model withδ = 0. Forδ ∈ (0, 1), the fundamental steady state becomes

unstable through either flip or Hopf bifurcation, indicatedin Fig.2.3.1, where

µ̄0 =
2

1 − δ
µ̄, µ̄ =

2Q

(R− 1)(1 −m) + a(R + α− 1)(1 +m)
.

Variations of the stability regions and their bifurcation boundaries characterize differ-

ent impacts of different types of trader on the market price behavior, summarized as

follows.
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Flip Boundaryµ = µ1

Hopf Boundaryµ = µ2

γ

µ

γ1 γ0 γ2

µ̄

µ̄0

Figure 2.3.1: Stability region and bifurcation boundariesfor m ∈ (−1, 1) andδ ∈
(0, 1).

• The market fractionhas a great impact on the shape of the stability region and

its boundaries. It can be verified thatγ1, γ0, γ2 andµ1, µ2 increase asm in-

creases. This observation has two implications: (i) the local stability region of

the parameters(γ, µ) is enlarged as the fraction of the fundamentalists increases

and this indicates a stabilizing effect of the fundamentalists; (ii) the flip (Hopf)

bifurcation boundary becomes dominant as the fraction of the fundamentalists

(trend followers) increases, correspondingly, the marketprice displays different

behavior near the bifurcation boundaries. Numerical simulations of the nonlin-

ear system (2.3.1) show that the price becomes explosive near the flip bifurcation

boundary, but converges to either periodic or quasi-periodic cycles near the Hopf

bifurcation boundary.

• The speed of price adjustment of the fundamentalists towards the fundamental

valuehas an impact that is negatively correlated to the market fraction. This

observation comes from the fact that, asα increases,γ1 and henceγ0 andγ2

decrease. In other words, an increase (decrease) of the fundamentalists frac-

tion is equivalent to a decrease (increase) of the price adjustment speed of the

fundamentalists toward the fundamental value.

• The memory decay rateof the trend followers has a similar impact on the price

behavior as the speed of the price adjustment of the fundamentalists does. This

is because, asδ decreases, bothγ0 andγ2 increase. In particular, asδ → 0,

thenγ0, γ2 → +∞ and the stability and bifurcation is then characterized by the
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model with the fundamentalists only. On the other hand, asδ → 1, bothγ0 and

γ2 tend toγ1 whilst µ̄0 tends to infinity and the stability and bifurcation are then

characterized by the model with the trend followers only. Inaddition, µ̄o in-

creases asδ decreases, implying the steady state is stabilizing as trend followers

put more weights on the more recent prices.

• The risk aversion coefficientshave different impact on the price behavior, de-

pending on the relative risk aversion ratio. Note thatµ̄, and hencēµ0, in-

creases fora = a2/a1 < a∗ and decreases fora = a2/a1 > a∗, wherea∗ =

(R − 1)/(R + α − 1) ∈ (1 − 1/R, 1]. Hence the local stability region is en-

larged (reduced) when the trend followers are less (more) risk averse than the

fundamentalists in the sense ofa2 < a∗a1 (a2 > a∗a1).

Overall, in terms of the local stability and bifurcation of the fundamental steady state,

a similar effect happens for either a high (low) geometric decay rate, or a high (low)

market fraction of the trend followers, or a high (low) speedof the price adjustment of

the fundamentalists towards the fundamental value. This observation make us concen-

trate our statistical analysis of the stochastic model (2.2.15) onm (the market fraction)

andα (the speed of the price adjustment of the fundamentalists toward the fundamental

value). Numerical simulations (not reported here) for the deterministic system (2.3.1)

show that: (i) the market prices converge to the fundamentalvalue for the parameters

located insider the local stability region; (ii) near the flip bifurcation boundary, prices

explode and near the Hopf bifurcation boundary, prices converge to either periodic or

quasi-periodic price cycles (as we move away from the Hopf boundary, more compli-

cated price dynamics can be generated, but this is not the focus of this chapter.); (iii)

there is no significant difference between the average wealth shares of two types of

investors.12

2.4 Statistical analysis of the stochastic model

In this section, by using numerical simulations, we examinevarious aspects of the

price dynamics of the stochastic heterogeneous asset pricing model (2.2.15) where

both the noisy fundamental price and noisy demand processesare presented. The

12There is no difference when prices converge to the fundamental value. However, when prices con-
verge to cycles, the trend followers can accumulate more wealth share (at most of 2% over 5,000 trading
days, about 20 years). Overall, for the deterministic system, the fundamentalists cannot accumulate
more wealth than the trend followers and both survive in the market.
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analysis is conducted by establishing a connection of the price dynamics between SDS

(2.2.15) and its underlying DDS (2.3.1). In so doing, we are able to obtain some

theoretical insights into the generating mechanisms of various statistical properties,

including those econometric properties and stylized factsobserved in high frequency

financial time series.

Our analysis is conducted as follows. As a benchmark, we firstreview briefly the

so-called stylized facts based on both S&P500 and AOI (Australian All Ordinary In-

dex). Secondly, we use the concept of random fixed point to examine the convergence

of the market temporal equilibrium price and its long-run behavior. It is found that the

convergence of asset prices of SDS (2.2.15) to the random fixed point is related to the

stability of the fixed point of DDS (2.3.1). Thirdly, we use Monte Carlo simulations

to conduct a statistical analysis and test on the convergence of the market prices to the

fundamental price. It is commonly believed that the market price is mean-reverting to

the fundamental price in the long-run, but it can deviate from the fundamental price

in the short-run. We analyze market conditions under which this is true. Fourthly,

by analyzing wealth accumulation, we examine the profitability and survivability of

different trading strategies. Our analysis shows long-run(short-run) profitability of

the fundamental (trend following) strategy and long-run survivability of the trend fol-

lowers. Finally, by examining the autocorrelation (AC) structure of (relative) returns

near different types of bifurcations, we study the generating mechanism of different

AC patterns. Most of our results are very intuitive and can beexplained by various be-

havioral aspects of the model, including the mean revertingof the fundamentalists, the

extrapolation of the trend followers, the speed of price adjustment of the market maker,

and the market dominance. The statistical analysis and tests are based on Monte Carlo

simulations.

2.4.1 Financial time series and stylized facts

Recent research on heterogeneous asset pricing models are aimed to explain various

market behavior and to replicate the econometric properties and stylized facts of finan-

cial time series. As a benchmark, we include time series plots on prices and returns

for both S&P500 and AOI (Australian All Ordinary Index) fromAug. 10, 1993 to

July 24, 2002 and the corresponding density distributions,autocorrelation coefficients

(ACs) and statistics of the returns in Appendix 2.B. All (high-frequency) financial

time series share some common facts, the so called stylized facts, including excess

volatility (relative to the dividends and underlying cash flows), volatility clustering
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(high/low fluctuations are followed by high/low fluctuations), skewness (either neg-

ative or positive) and excess kurtosis (compared to the normally distributed returns),

long range dependence (insignificant ACs of returns, but significant and decaying ACs

for absolute and squared returns), etc. For a comprehensivediscussion of stylized facts

characterizing financial time series, we refer to Pagan (1996) and Lux (2004).

Recent structural models on asset pricing and heterogeneousbeliefs have shown a

relatively well understood mechanism of generating volatility clustering, skewness and

excess kurtosis. However, these are less clear on the mechanism of generating long-

range dependence.13 In addition, there is a lack of statistical analysis and tests on these

mechanisms. Our statistical analysis is based on Monte Carlosimulations, aiming to

establish a connection between various AC patterns of the SDS and the bifurcation of

the underlying DDS. Such a connection is necessary to understand the mechanism of

generating stylized facts, to replicate econometric properties of financial time series,

and to calibrate the model to financial data.

In the following discussion, we choose the annual volatility of the fundamental

price to be 20% (henceσǫ = (20/
√
K)% with K = 250) and the volatility of the

noisy demandσδ = 1, which is about 1% of the average fundamental price level

P̄ = $100. For all of the Monte Carlo simulation, we run 1,000 simulations over

6,000 time periods and discard the first 1,000 time periods towash out possible initial

noise effects. Each simulation builds on two independent sets of random numbers, one

is for the fundamental price and the other is for the noisy demand. The draws are i.i.d.

across the 1,000 simulations, but the same sets of draws are used for different scenarios

with different sets of parameters.

2.4.2 Random fixed point and long-run behavior

One of the primary objectives of this chapter is to analyze the long run behavior of SDS

(2.2.15). For DDS (2.3.1), the long-run behavior is characterized by either stable fixed

points or various attractors examined in the previous section. For a stochastic dynamic

system, the long-run behavior is often characterized by stationarity and invariant prob-

ability distributions. As pointed out in Bohm and Chiarella (2003), this view does not

provide information about stationary solutions generatedby the stochastic difference

system and cannot supply any information about the stability of a stationary solution.

The theory of random dynamical system (e.g. Arnold, 1998) provides the appropri-

13See Lux (2004) for a recent survey on possible mechanisms generating long range dependence,
including coexistence of multiple attractors and multiplicative noise process.
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ate concepts and tools to analyze sample paths and investigate their limiting behavior.

The central concept is that of arandom fixed point14 and its asymptotic stability, which

are generalizations of the deterministic fixed point and itsstability. Intuitively, a ran-

dom fixed point corresponds to a stationary solution of a stochastic difference system

like (2.2.15) and the asymptotic stability implies that sample paths converge to the ran-

dom fixed point wise for all initial conditions of the system.We are interested in the

existence and stability of a random fixed point of SDS (2.2.15) when the deterministic

fixed point of DDS (2.3.1) is asymptotical stable. However, since SDS (2.2.15) is non-

linear, a general theory on the existence and stability of a random fixed point is not yet

available and we conduct our analysis by numerical simulations.

For illustration, we choose the parameters as follows

γ = 2.1, δ = 0.85, µ = 0.43, m = 0, w1,0 = 0.5 and α = 1, 0.5, 0.1, 0.

(2.4.1)

For DDS (2.3.1) with the set of parameters (2.4.1), applyingProposition 2.3.4 implies

that the fundamental value is locally asymptotically stable for α = 1, 0.5, 0.1 and

unstable forα = 0. Our numerical simulations show that this is also true for the

nonlinear system (2.3.1).

For the parameter set (2.4.1), Fig.2.4.1 shows the price dynamics of the corre-

sponding SDS (2.2.15) with four different values ofα = 1, 0.5, 0.1, 0 and (arbitrarily)

different initial conditions but with a fixed set of noisy fundamental value and demand

processes. It is found that, forα = 1, 0.5 and0.1, respectively, there exists a random

fixed point and prices with different conditions converge tothe fixed random point in

the long run. In fact, the convergence only takes about 50, 100 and 400 time peri-

ods forα = 1, 0.5 and 0.1, respectively. However, there is no such stable random

fixed point forα = 0 and prices with different initial conditions lead to different ran-

dom sample paths. In fact, the sample paths are shifted by different initial conditions.

This is a surprising result—the stability of the fixed point of both the deterministic

and stochastic systems is the same for the same parameter set(2.4.1). In fact, this

result holds for other selections of parameters (as long as the solutions of DDS (2.3.1)

do not explode). Theoretically, how the stability of the deterministic system and the

corresponding stochastic system are related is a difficult problem in general.15

14We refer to Arnold (1998) for mathematical definitions of random dynamical systems and of stable
random fixed points and Bohm and Chiarella (2004) for economical applications to asset pricing with
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Figure 2.4.1: Price convergence withα=1 (a); 0.5 (b); 0.1 (c); and 0 (d) for different
initial conditions.

2.4.3 Convergence of market price to the fundamental value

We now turn to the relation between the market price and the fundamental price. It is

commonly believed that the market price is mean-reverting to the fundamental price

in the long-run, but it can deviate from the fundamental price in the short-run. The

following discussion indicates that this is true under certain market conditions.

As we know from the local stability analysis of DDS (2.3.1) anincrease inα has a

similar effect as an increase inm. The parameterα measures the confidence level of

the fundamentalists on their estimated fundamental valueP ∗
t . The previous discussion

heterogeneous mean variance preferences.
15It is well known from the stochastic differential equation literature (e.g. see the examples in Mao,

1997, pages 135-141) that, for continuous differential equations, adding noise can have double-edged
effect on the stability—it can either stabilize or destabilize the steady state of the differential equations.
For our SDS (2.2.15), numerical simulations show that adding a small (large) noise can stabilizing
(destabilize) the price dynamics when parameters are near the flip bifurcation boundary of the DDS
(2.3.1).
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illustrates that, for fixedm = 0, asα increases (i.e., as the fundamentalists become

more confident on their estimated fundamental price), the speed of convergence of the

market price to the random fixed point increases. When the price of DDS (2.3.1) is

stable, it converges to the fixed point corresponding to the constant fundamental value

P̄ . For SDS (2.2.15), it is interesting to know how the stable random fixed point is

related to the fundamental value process.

To illustrate, for parameter set (2.4.1), the averaged timeseries of the difference of

market and fundamental pricesPt−P ∗
t based on Monte Carlo simulations are reported

in Fig. 2.4.2. It shows that, asα increases, the deviation of the market price from the

fundamental price decreases. That is, as the fundamentalists become more confident on

their estimated fundamental price, the deviation of marketprice from the fundamental

price are reduced.
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Figure 2.4.2: Time series of price differencePt − P ∗
t with α=0 (top left); 0.1 (top

right); 0.5 (second left); and 1 (second right).

A statistical analysis is conducted by using Monte Carlo simulations for the given
set of parameters (2.4.1) with four different values ofα. The average prices, returns,
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absolute wealth shares of the fundamentalists are reportedin Fig. 2.4.4. Because
of m = 0, the absolute and market wealth shares are the same. The resulting Wald
statistics to detect the differences between market pricesand fundamental prices are
reported in Table 2.4.1. The null hypothesis is specified as,respectively,

• Case 1:H0 : Pt = P ∗
t , t = 1000, 2000, ..., 5000;

• Case 2,H0 : Pt = P ∗
t , t = 3000, 3500, 4000, ..., 5000;

• Case 3,H0 : Pt = P ∗
t , t = 4000, 4100, 4200, ..., 5000;

• Case 4,H0 : Pt = P ∗
t , t = 4000, 4050, 4100, ..., 5000;

• Case 5,H0 : Pt = P ∗
t , t = 4901, 4902, 4903..., 5000, which refers to the last one

hundred periods;

• Case 6,H0 : Pt = P ∗
t , t = 4951, 4952, ..., 5000, which refers to the last fifty periods.

Notice that the critical values corresponding to the above test statistics come from

theχ2 distribution with degree of freedom 5, 5, 11, 21, 100, and 50,respectively, at

the 5% significant level. We see that forα = 0, all of the null hypothesis are strongly

rejected at the 5% significant level. Forα = 0.5 and1, all of the null hypothesis cannot

be rejected at the 5% significant level. We also see that whenα increases, the resulting

Wald statistics decreases (except Case 5 withα = 1). This confirms that whenα

increasing, i.e. when the fundamentalists become more confident on the fundamental

price, the differences between prices and fundamental prices become smaller.

Table 2.4.1: Wald test statistics forPt andP ∗
t .

α = 0 α = 0.1 α = 0.5 α = 1 Critical value

Case 1 100.585 13.289 5.225 3.698 11.071
Case2 99.817 13.964 6.782 4.358 11.071
Case 3 121.761 24.971 16.041 10.840 19.675
Case 4 148.690 38.038 23.836 19.190 32.671
Case 5 293.963 105.226 99.618 103.299 124.342
Case 6 177.573 50.970 45.043 43.052 67.505

As we know that an increase inα has similar effect to an increase of the market

fraction of the fundamentalists. The above statistic analysis thus implies that, as the

fundamentalists dominate the market (asm increases), the market prices follow the

fundamental prices closely. Trend extrapolation of the trend followers can drive the

market price away from the fundamental price. This result isvery intuitive.
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2.4.4 Wealth accumulation, profitability and survivability

It is commonly believed that irrational traders (such as thetrend followers in our

model) may do better than rational traders (such as the fundamentalists) over a short-

run, but over a long-run, irrational traders will be driven out of the market and rational

traders will be the only survivors in the long-run. We now justify this common be-

lief by analyzing the wealth dynamics of our heterogeneous market fraction model in

which traders do not change their beliefs over time periods.Consequently, we exam-

ine profitability and survivability of both types of tradingstrategies. Two situations are

considered in the following discussion.
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Figure 2.4.3: Time series of the absolute wealth accumulation of the fundamentalists
w1,t with α = 1, 0.5, 0.1 and0.

In the first case, we choose parameter set (2.4.1) by fixing market fractionm and

varyingα. For each set of parameters, we run one simulation over 20,000 time periods

in order to see possible limiting behaviors. Fig. 2.4.3 demonstrates the absolute wealth

share accumulations of the fundamentalists withα = 1, 0.5, 0.1, 0 and keeping all the

other conditions the same. This figure shows that (i) trend followers survive in the

long-run forα = 1, 0.5 and0.1 in the sense that their absolute wealth share does not

vanish, although they accumulate less wealth shares over the time period; (ii) the trend

followers are doing better than the fundamentalists whenα = 0; (iii) the profitability

of the fundamentalists improves asα increases (i.e. as they become more confident

on their estimated fundamental value). These results are further confirmed when we

run Monte Carlo simulations, the results are given in Fig. 2.4.4. For each value ofα,

we plot the average market price (left column), return (middle column) and absolute
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wealth share accumulation (right column)16 of the fundamentalists for four values of

α. Forα = 0, the absolute wealth share of the fundamentalists is dropped from 50%

to about 43%, while forα = 0.1, 0.5 and 1, it is increased from 50% to 55%, 76% and

86%, respectively.
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Figure 2.4.4: Average Monte Carlo time series of market prices, returns, absolute
wealth share and market wealth share of the fundamentalistswith α = 0, 0.1, 0.5 and
1.

Given that bothα andm have similar impact on the local stability of the determin-

istic system, we can demonstrate that they play a similar role in terms of wealth accu-

mulation. Again, by running one simulation over 20,000 timeperiods, Fig. 2.4.5 shows

the absolute wealth share accumulations of the fundamentalists for three different val-

ues ofm = −0.95, 0 and0.5 with α = 0.5, γ = 2, µ = 0.5, δ = 0.85, w1,0 = 0.5. In

this case, the fundamentalists form their conditional expectation by taking average of

the latest market price and fundamental price. In all four cases, (i) the fundamentalists

accumulate more wealth share than the trend followers in thelong-run (an increase

16The initial wealth share for both types of traders are equalw1,0 = 0.5. Because ofm = 0, both the
absolute and market wealth shares are the same.
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from 50% to about 70-75%), however, the trend followers survive in the long-run and

they can even accumulate more wealth share in the short-run when they dominate the

market (this is the case whenm = −0.95, which corresponds to 97.5% of trend fol-

lowers and 2.5% of the fundamentalists); (ii) the profitability of the fundamentalists

improves asm increases (i.e. as the market fraction of the fundamentalists increases).

Essentially, we have shown that bothα andm play a similar role on profitability (of

the fundamentalists) and survivability (of the trend followers).17
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Figure 2.4.5: Time series of the absolute wealth accumulation of the fundamentalists
w1,t with m = −0.95, 0, 0.5 andα = 0.5, γ = 2, µ = 0.5, δ = 0.85, w1,0 = 0.5.

In the second case, we assume that the fundamentalists are naive traders (i.e.α = 0

andE1,t(Pt+1) = Pt). In this case the fundamental price plays no role on the condi-

tional expectation formation of the fundamentalists. We choose

α = 0, γ = 1, µ = 0.4, δ = 0.85, w1,0 = 0.5 and m = −1,−0.5, 0, 0.5, 1.

(2.4.2)

For each set of parameters, we run one simulation over 20,000time periods such that

the corresponding limiting behaviors become clear. Fig. 2.4.6 illustrates the absolute

wealth share accumulations of the fundamentalists with different market fractionm =

−1,−0.5, 0, 0.5, 1, and keeping all the other conditions the same. They converge to

different constant levels for different value ofm in long-run. Note that, unlike the

market price, the absolute wealth shares are independent from the market fractionm

17Comparison of Fig.2.4.3 and Fig. 2.4.5 indicates that parameterα plays more important role on the
wealth accumulation than parameterm does.
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and they are calculated for the given market price series. Inparticular, whenm = ±1,

the market price is affected only by one type of traders, but the absolute wealth share

accumulations can still be calculated based on the market price. Fig. 2.4.6 shows that,

overall, no one is doing significant better by accumulating significant higher absolute

wealth share than the others. Form = 1, the trend followers plays no role on the

market price. In this case, the long-run absolute wealth share accumulation of the

fundamental trading strategy stays just above the average level, indicating that the

trend followers will survive in long-run, although they have no impact on the market

price and accumulate less absolute wealth share. Form 6= 1, different from the first

case, trend followers are doing slightly better by accumulating a higher absolute wealth

share. In particular, form = −1, the fundamentalists plays no role on the market price.

In this case, the trend followers accumulate more absolute wealth share in long-run.

Overall, the profitability of the fundamentalists improvesasm increases (i.e. as their

market population share increases). These results are further confirmed when we run

Monte Carlo simulations, the results are given in Fig. 2.B.2 inAppendix 2.B, which

includes the average market price, return and absolute wealth share accumulation of the

fundamentalists.18 It is also interesting to see that the average market price increases,

rather than decreases in the first case, stochastically. Given the naive expectation of the

fundamentalists, this may be due to the trend chasing activity of the trend followers.
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Figure 2.4.6: Time series of the absolute wealth accumulation of the fundamentalists
w1,t with m = −1,−0.5, 0, 0.5, 1 andα = 0, γ = 1, µ = 0.4, δ = 0.85, w1,0 = 0.5.

The above analysis leads to the following implications on the profitability and sur-

18The initial wealth share for both types of traders are equalw1,0 = 0.5. For different value ofm,
the market wealth shares are different.
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vivability:

• Although the trend followers have no information on the fundamental value,

they survive in the long-run. This may be due to the learning mechanism they

are engaged in. In addition, they can do even better than the fundamentalists

over the short-run.

• The profitability of the fundamentalists improves as eitherthey become more

confident on their estimated fundamental value or they dominate the market.

• The trend followers are doing better by accumulating a higher wealth share when

the fundamentalists become naive traders. In addition, their profitability im-

proves as their market population share increases.

Overall, we have shown the long-run (short-run) profitability of the fundamental (trend

following) trading strategy and long-run survivability ofthe trend following strategy.

This result partially verifies a common belief that the chartists may do better in the

short-run, but the market will be dominated by the fundamentalists in the long-run.

However, the chartists do survive in the long-run due to the learning mechanism. This

result provides essentially incentive and justification onrecent studies on heteroge-

neous asset pricing (e.g. Brock and Hommes, 1997, and Chiarella and He, 2002,

2003b) in which traders switch their trading strategy basedon a certain fitness func-

tion from time to time.

2.4.5 Bifurcations and autocorrelation patterns

Understanding the autocorrelation (AC) structure of returns plays an important role in

the market efficiency and predictability. It is often a difficult task to understand the

generating mechanism of various AC patterns, in particularthose realistic patterns ob-

served in financial time series. It is believed that the underlying deterministic dynamics

of the stochastic system play an important role in the AC structure of the stochastic sys-

tem. But how they are related is not clear. In the following discussion, we are trying to

establish such a connection by analyzing changes of autocorrelation (AC) structures of

the stochastic returns when the parameters change near the bifurcation boundaries of

the underlying deterministic model. The analysis is conducted through Monte Carlo

simulations. This analysis leads us to some insights into how particular AC patterns

of the stochastic model are characterized by different types of bifurcation of the un-

derlying deterministic system. In doing so, it helps us to understand the mechanism of

generating realistic AC patterns.
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From our discussion in the previous section, we know that thelocal stability region

of the steady state is bounded by both flip and Hopf bifurcation boundaries in gen-

eral. To see how the AC structure changes near the different types of the bifurcation

boundary, we select two sets of parameters, denoted by (F1) and (H1), respectively,

(F1) α = 1, γ = 0.8, µ = 5, δ = 0.85, w1,0 = 0.5 andm = −0.8,−0.5,−0.3, 0;

(H1) α = 1, γ = 2.1, µ = 0.43, δ = 0.85, w1,0 = 0.5 andm = −0.95,−0.5, 0, 0.5.
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Figure 2.4.7: Monte Carlo simulation on the average ACs of return for m =
−0.8,−0.5,−0.3, 0 for parameter set(F1).

For (F1) with different values ofm, the steady state of DDS (2.3.1) is locally sta-

ble.19 However, asm increases, we move closer to the flip boundary.20 For (H1), there

19The solutions become exploded when parameters are near the flip bifurcation boundary and hence
we only choose parameters from inside the stable region.

20This means that the difference between the givenµ and the corresponding flip bifurcation value
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exists a Hopf bifurcation when̄m ∈ (0, 0.005), the steady state is locally stable for

m = 0.5 ≥ m̄ and unstable form = −0.95,−0.5, 0 < m̄ through a Hopf bifurcation.

Asm decreases, we are moving closely to the Hopf bifurcation boundary initially, and

then crossing over the boundary, and then moving away from the boundary. Therefore,

an increase inm is stabilizing the steady state. It is interesting to see that the market

fraction has different stabilizing effects near differentbifurcation boundaries.

For SDS (2.2.15), Fig. 2.4.7 and Fig. 2.4.8 report the average ACs of relative return

for four different values ofm with parameter set (F1) and (H1), respectively. Tables

2.B.2 and 2.B.3 in Appendix 2.B report the average ACs of returnsover the first 100

lags, the number in the parentheses are standard errors, thenumber in the second row

for each lag are the total number of ACs that are significantly (at 5% level) different

from zero among 1,000 simulations. It is found that adding the noise demand does not

change the nature of ACs of returns.21

Given that there is no significant AC structure from the noisyreturns of the funda-

mental values, the persistent AC patterns displayed in Figs. 2.4.7-2.4.8 indicate some

connections between AC patterns of SDS (2.2.15) and the dynamics of the underlying

DDS (2.3.1). For parameter set (F1), the fundamental value of the underlying DDS

(2.3.1) is locally stable and the AC structure of returns of SDS (2.2.15) changes as

the parameters are moving closer to the flip bifurcation boundary. For the determin-

istic model, we know that an increase ofm has a similar effect to an increase ofα,

the speed of price adjustment of the fundamentalists, orµ, the speed of price adjust-

ment of the market maker. Corresponding to the case ofm = −0.8 in Fig. 2.4.7,

anunder and over-reactionpattern22 characterized by oscillatory decaying ACs with

AC(i) > 0 for small lags followed by negative ACs for large lags is observed when

the parameters are far away from the flip bifurcation boundary. Intuitively, this results

from the constant price under-adjustment from either the fundamentalists or the mar-

ket maker. As the parameters are moving toward the flip bifurcation boundary, such as

in the case ofm = −0.5,−0.3 in Fig. 2.4.7, anover-reaction pattern characterized

by increasing ACs withAC(i) < 0 for small lagsi appears. As the parameters move

closely to the flip boundary, such as whenm = 0 in Fig. 2.4.7, this over-reaction

pattern becomes astrong over-reaction pattern characterized by an oscillating and

µ1(m) becomes smaller asm increases. It is in this sense that an increase inm is destabilizing the
steady state.

21Noisy processes in our model do not change the qualitative nature of the AC of returns, however,
they do change the AC patterns of the absolute and squared returns. This issue is addressed in our
separate paper He and Li (2005b).

22This means a short-run under-reaction and long-run over-reaction.
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Figure 2.4.8: Monte Carlo simulation on the average ACs of return for m =
−0.95,−0.5, 0, 0.5 for parameter set(H1).

decaying ACs which are negative for odd lags and positive for even lags. These results

are very intuitive. When the market fractions of the fundamentalists are small, it is

effectively equal to a slow price adjustment from either thefundamentalists or market

maker, leading to under-reaction. Asm increases, such adjustment becomes strong,

leading to an over-reaction.23

Near the Hopf bifurcation boundary, the AC structure behaves differently when

parameters cross the Hopf boundary from the unstable regionto the stable region, see

Fig. 2.4.8. For smallm, saym = −0.95,−0.5, the steady state of the deterministic

model is unstable and it bifurcates to either periodic or quasi-periodic cycles. For the

23Based on this observation, one can see that both the fundamentalists and market maker need to
react to the market price atright wayin order to generate insignificant AC patterns observed in financial
markets. Essentially, this is the mechanism we are using to characterizing the long range dependence in
our separate paper He and Li (2005b).
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stochastic model, astrong under-reaction AC pattern characterized by significantly

decaying positiveAC(i) for small lagsi and insignificantly negativeAC(i) for large

lagsi, as illustrated in Fig. 2.4.8 form = −0.95.24 Asm increases, say tom = −0.5

and0, the strong under-reaction pattern is replaced by an over-reaction pattern. As

m increases further, say tom = 0.5 in Fig. 2.4.8, the steady state of the determinis-

tic model becomes stable and the AC structure of the stochastic return reduces to an

insignificant under-reaction pattern.

The above discussion is based onα = 1 (i.e. the fundamentalists are fully confident

about their estimated fundamental value). Similar resultsare observed forα < 1 (when

the fundamentalists are not fully confident about the fundamental value). Fig. 2.B.3 in

Appendix 2.B plots the results for the following set of parameters:

(FH) : α = 0.5, γ = 0.8, µ = 5, δ = 0.85, m = −0.9,−0.5, 0, 0.9.

In this case, small values ofm are close to the Hopf boundary and large values ofm

are close to the flip boundary. As we can see from the AC patterns in Fig. 2.B.3 in

Appendix 2.B that, asm increases, the AC patterns change from strong under-reaction

to under- and over-reaction, and to over-reaction, and thento strong over-reaction.

In all cases, the ACs decay and become insignificant after the first few lags (the

first 5 lags for under/over-reaction and the first 10 lags for strong reaction). Briefly,

activity of the fundamentalists (either high fraction or high speed of price adjustment)

are responsible for over-reaction AC patterns and extrapolation from the trend follow-

ers are responsible for the under-reaction AC patterns. In addition, a strong under-

reaction AC patterns of SDS is in general associated with Hopf bifurcation of the

DDS, a strong over-reaction AC pattern is associated with flip bifurcation, and under

and over-reaction AC patterns are associated with both types of bifurcation (depending

on their dominance). This statistical analysis leads to some insights into how the AC

structure of the SDS are affected by different types of bifurcation of the underlying

DDS.

2.5 Conclusion

The model proposed in this chapter introduces a market fractions model with hetero-

geneous traders in a simple asset-pricing and wealth dynamics framework. It also

24The AC structure discussed here are actually combined outcomes of the under-reacting trend fol-
lowers and over-reacting fundamentalists. This leads price to be under-reacted for short lags, over-
reacted for medium lags, and mean-reverted for long lags.
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contributes to the literature by incorporating a realistictrading period, which elimi-

nates the untenable risk-free rate assumption. The relationship between determinis-

tic forces and stochastic elements by focusing on various aspects of financial market

behavior, including market dominance, under and over-reaction, profitability and sur-

vivability, and statistical properties, including the autocorrelation structure, of the sto-

chastic model is examined. A statistical analysis based on Monte Carlo simulations

shows that the long-run behavior and convergence of the market prices, long (short)-

run profitability of the fundamental (trend following) trading strategy, survivability of

chartists can be characterized by the dynamics of the underlying deterministic system.

In particular, we show that various under and over-reactionautocorrelation patterns of

returns can be characterized by the bifurcation nature of the deterministic system.

As we have seen, it is interesting and important to see how thedeterministic dy-

namics and noise interact with each other. A theoretical understanding of the connec-

tions between certain time series properties of the stochastic system and its underlying

deterministic dynamics is important but difficult, and a statistical analysis based on

various econometric tools seems necessary. Such an analysis helps us to understand

potential sources of generating realistic time series properties. As one of the stylized

facts, long-range dependence in volatility (i.e., hyperbolic decline of its autocorrelation

function) has been focused on in the recent literature.25 Based on our understanding

from this chapter, it is interesting to know that if our modelhas a potential to generate

realistic long-range dependence in volatility. In fact, this issue is addressed in our sep-

arate paper He and Li (2005b). It shows the model does have a mechanism to generate

realistic long-memory features.

It is worth emphasizing that all these interesting qualitative and quantitative fea-

tures arise from our simple market fraction model with fixed market fraction. It would

be interesting to extend our analysis from the current modelto a changing fraction

model, in which some part of the market fractions are governed by the herding mech-

anism (for instance, see Lux and Marchesi, 1999) and the other part follows some

evolutionary adaptive processes (see Brock and Hommes, 1997, 1998, for instance).

Taking together the herding and switching mechanisms and the findings in this chapter,

we hope we can better understand and characterize a large part of the stylized facts of

financial data.

25We refer to Lux (2004) for an extensive survey on empirical evidence, models and mechanisms in
financial power laws.
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2.A Proofs of Propositions

2.A.1 Proof of Proposition 2.3.1

ForP ∗
t = P̄ , the demand function for the fundamentalists becomes

z1,t =
(1 − α−R)(Pt − P̄ )

a1(1 + r2)σ2
1

.

Let (Pt, ut, vt) = (P0, u0, v0) be the steady state of the system. Then(P0, u0, v0)

satisfies

P0 = P0 +
µ

2

[
(1 +m)

(1 − α−R)(P0 − P̄ )

a1(1 + r2)σ2
1

+ (1 −m)
γ(P0 − u0) − (R− 1)(P0 − P̄ )

a2σ2
1(1 + r2 + b v0)

]
, (2.A.1)

u0 = δu0 + (1 − δ)P0, (2.A.2)

v0 = δv0 + δ(1 − δ)(P0 − u0)
2. (2.A.3)

One can verify that(P0, u0, v0) = (P̄ , P̄ , 0) satisfies (2.A.1)-(2.A.3); that is the fun-

damental steady state is one of the steady state of the system(2.3.1). It follows from

(2.A.2)-(2.A.3) andδ ∈ [0, 1) thatP0 = u0, v0 = 0. This together with (2.A.1) implies

thatP0 = P̄ . In fact, if P0 6= P̄ , then (2.A.1) implies that

1 +m

a1

(1 − α−R) +
1 −m

a2

(1 −R) = 0. (2.A.4)

However, sinceα ∈ [0, 1], R = 1 + r/K > 1 andm ∈ [−1, 1], equation (2.A.4)

cannot be hold. Therefore the fundamental steady state is the unique steady state of

the system.

2.A.2 Proof of Proposition 2.3.2

ForP ∗
t = P̄ andm = 1, equation (2.3.1) becomes

Pt+1 = Pt − µ
(R + α− 1)(Pt − P̄ )

a1(1 + r2)σ2
1

, (2.A.5)

which can be rewritten as

Pt+1 − P̄ = λ[Pt − P̄ ], (2.A.6)
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where

λ ≡ 1 − µ
R + α− 1

a1(1 + r2)σ2
1

.

Obviously, from (2.A.6), the fundamental pricēP is globally asymptotically attractive

if and only if |λ| < 1, which in turn is equivalent to0 < µ < µo.

α

µ

1

µ0,1(1)

µ0,1(0)

Flip Boundary

Figure 2.A.1: Stability region and bifurcation boundary for m = 1.

2.A.3 Proof of Propositions 2.3.3 and 2.3.4

For P ∗
t = P̄ , system (2.3.1) is reduced to the following 3-dimensional difference

deterministic system






Pt+1 = F1(Pt, ut, vt),

ut+1 = F2(Pt, ut, vt),

vt+1 = F3(Pt, ut, vt),

(2.A.7)

where

F1(P, u, v) = P +
µ

2

[
(1 +m)

(1 − α−R)(P − P̄ )

a1(1 + r2)σ2
1

+ (1 −m)
γ(P − u) − (R− 1)(P − P̄ )

a2σ2
1(1 + r2 + b v)

]
,

F2(P, u, v) = δu+ (1 − δ)F1(P, u, v),

F3(P, u, v) = δv + δ(1 − δ)(F1 − u)2.
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Denote

a =
a2

a1

, Q = 2a2(1 + r2)σ2
1.

At the fundamental steady state(P̄ , P̄ , 0),

∂F1

∂P
= A ≡ 1 +

µ

Q
[(1 +m)a(1 − α−R) + (1 −m)(1 + γ −R)],

∂F1

∂u
= B ≡ −µγ(1 −m)

Q
,

∂F1

∂v
= 0;

∂F2

∂P
= (1 − δ)A,

∂F2

∂u
= C ≡ δ + (1 − δ)B,

∂F2

∂v
= 0;

∂F3

∂P
=
∂F3

∂u
=
∂F3

∂v
= 0.

Then the Jacobian matrix of the system at the fundamental steady stateJ is given by

J =




A B 0

(1 − δ)A C 0
0 0 0



 (2.A.8)

and hence the corresponding characteristic equation becomes

λΓ(λ) = 0,

where

Γ(λ) = λ2 − [A+ δ + (1 − δ)B]λ+ δA.

It is well known that the fundamental steady state is stable if all three eigenvaluesλi

satisfy|λi| < 1 (i = 1, 2, 3), whereλ3 = 0 andλ1,2 solve the equationΓ(λ) = 0.

For δ = 0, Γ(λ) = λ[λ − (A + B)]. The first result of Proposition 2.3.3 is then

follows from−1 < λ = A+B < 1 andλ = −1 whenA+B = 1.

For δ ∈ (0, 1), the fundamental steady state is stable if

(i). Γ(1) > 0;

(ii). Γ(−1) > 0;

(iii). δA < 1.

It can be verified that

(i). Forα ∈ [0, 1], Γ(1) > 0 holds;
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(ii). Γ(−1) > 0 is equivalent to

either γ ≥ γ2 or 0 < γ < γ2 and 0 < µ < µ1,

where

γ2 =
1 + δ

2δ
[(R− 1) + a(R + α− 1)

1 +m

1 −m
],

µ1 =
1 + δ

δ

Q

1 −m

1

γ2 − γ
.

(iii). The conditionδA < 1 is equivalent to

either γ ≤ γ1 or γ > γ1 and 0 < µ < µ2,

where

γ1 = (R− 1) + a(R + α− 1)
1 +m

1 −m
,

µ2 =
1 − δ

δ

Q

1 −m

1

γ − γ1

.

Noting that, forδ ∈ (0, 1), γ1 < γ0 < γ2, where

γ0 =
(1 + δ)2

4δ

[
(R− 1) + a(R + α− 1)

1 +m

1 −m

]

solves the equationµ1 = µ2. Also,µ1 is an increasing function ofγ for γ < γ2 while

µ2 is a decreasing function ofγ for γ > γ1. Hence the two conditions for the stability

are reduced to0 < µ < µ1 for 0 ≤ γ ≤ γ0 and0 ≤ µ ≤ µ2 for γ > γ0. In addition, the

two eigenvalues ofΓ(λ) = 0 satisfyλ1 = −1 andλ2 ∈ (−1, 1) whenµ = µ1 andλ1,2

are complex numbers satisfying|λ1,2| < 1 whenµ = µ2. Therefore, a flip bifurcation

occurs along the boundaryµ = µ1 for 0 < γ ≤ γ0 and a Hopf bifurcation occurs along

the boundaryµ = µ2 for γ ≥ γ0.
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Flip Boundaryµ = Q̄
R−1

γ

µ

Q̄
R−1

Flip Boundaryµ = µ̄1

Hopf Boundaryµ = µ̄2

γ

µ

R − 1 γ̄0 γ̄2

Q̄
R−1

2
(1−δ)(R−1)

(a) δ = 0 (b) δ ∈ (0, 1)

Figure 2.A.2: Stability region and bifurcation boundariesfor the trend followers and
market maker model withδ = 0 (a) andδ ∈ (0, 1) (b).
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2.B Monte Carlo simulations and statistical results

Econometric Properties and Statistics of S&P 500 and AOI. In this appendix, we in-

clude time series plots on prices and returns for both S&P 500and AOI (Australian

Ordinary Index) from Aug. 10, 1993 to July 24, 2002 in Fig.2.B.1. The corresponding

density distributions, autocorrelation coefficients (ACs)and statistics of the returns are

also illustrated in Fig. 2.B.1 and Table 2.B.1.

Figure 2.B.1: Time series on prices and returns and density distributions and autocor-
relation coefficients (ACs) of the return for S&P 500 (a) and AOI (b) from Aug. 10,
1993 to July 24, 2002.
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Table 2.B.1: Statistics of returns series of for S&P500 and AOI from Aug. 10, 1993 to
July 24, 2002.

Index Mean Median Max. Min. Std. Dev. Skew. Kurt. Jarque-Bera
S&P500 0.000194 0.0000433 0.057361 -0.070024 0.0083 -0.504638 8.215453 2746.706

AOI 0.000269 0.000106 0.055732 -0.071127 0.010613 -0.23127 7.263339 1789.96
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Figure 2.B.2: Average Monte Carlo time series of market prices, returns and absolute
wealth share of the fundamentalists withα = 0, γ = 1, µ = 0.4, δ = 0.85, w1,0 = 0.5,
andm = −0.5 (top row), 0 (second row), 0.5 (third row), 1(4-th row), -1(the last row).

pr
ic

e

re
tu

rn

w
1

pr
ic

e

re
tu

rn

w
1

pr
ic

e

re
tu

rn

w
1

pr
ic

e

re
tu

rn

w
1

pr
ic

e

re
tu

rn

w
1

0 2000 40000 2000 40000 2000 4000

0 2000 40000 2000 40000 2000 4000

0 2000 40000 2000 40000 2000 4000

0 2000 40000 2000 40000 2000 4000

0 2000 40000 2000 40000 2000 4000

0.48

0.5

0.52

-0.02

0

0.02

95

100

105

0.46

0.48

0.5

-0.02

0

0.02

95

100

105

0.46

0.48

0.5

-0.02

0

0.02

90

100

110

0.46

0.48

0.5

-0.02

0

0.02

90

100

110

0.46

0.48

0.5

-0.02

0

0.02

100

110

120



2.B. Monte Carlo simulations and statistical results 51

Table 2.B.2: Autocorrelations ofrt for the flip-set parameter(F1).

Lag m = −0.8 m = −0.5 m = −0.3 m = 0

1 0.2933 (0.0169) -0.0256 (0.0149) -0.3076 (0.0136) -0.8602 (0.0084)
993 455 1000 1000

2 0.1664 (0.0162) -0.0760 (0.0152) -0.0278 (0.0169) 0.6939 (0.0161)
988 935 720 1000

3 0.0636 (0.0161) -0.0782 (0.0157) -0.0328 (0.0168) -0.5899 (0.0205)
883 915 456 1000

4 -0.0112 (0.0164) -0.0621 (0.0158) -0.0102 (0.0168) 0.5123 (0.0233)
297 826 115 998

5 -0.0630 (0.0168) -0.0420 (0.0158) -0.0058 (0.0167) -0.4528 (0.0250)
868 625 79 986

6 -0.0958 (0.0168) -0.0262 (0.0158) -0.0034 (0.0167) 0.4033 (0.0262)
949 379 70 978

7 -0.1116 (0.0169) -0.0134 (0.0158) -0.0014 (0.0167) -0.3631 (0.0269)
968 163 72 969

8 -0.1148 (0.0169) -0.0052 (0.0158) -0.0006 (0.0166) 0.3282 (0.0274)
976 57 54 955

9 -0.1102 (0.0169) -0.0015 (0.0159) -0.0010 (0.0167) -0.2981 (0.0278)
966 58 53 934

10 -0.0989 (0.0169) 0.0008 (0.0159) -0.0009 (0.0167) 0.2712 (0.0280)
953 63 57 916

20 0.0248 (0.0179) -0.0006 (0.0160) -0.0001 (0.0167) 0.1188 (0.0278)
338 51 57 690

30 -0.0036 (0.0181) 0.0002 (0.0160) 0.0002 (0.0167) 0.0565 (0.0268)
96 51 54 463

40 -0.0020 (0.0180) 0.0005 (0.0160) 0.0007 (0.0167) 0.0291 (0.0262)
88 39 47 299

50 0.0015 (0.0180) 0.0006 (0.0160) 0.0009 (0.0167) 0.0150 (0.0259)
77 66 56 230

60 -0.0017 (0.0181) -0.0014 (0.0161) -0.0013 (0.0167) 0.0059 (0.0259)
99 56 54 218

70 0.0012 (0.0181) 0.0003 (0.0161) 0.0001 (0.0167) 0.0046 (0.0259)
84 54 50 197

80 0.0005 (0.0180) 0.0013 (0.0161) 0.0014 (0.0167) 0.0032 (0.0258)
74 76 64 181

90 -0.0006 (0.0181) -0.0006 (0.0161) -0.0007 (0.0167) 0.0016 (0.0259)
84 64 54 184

100 -0.0003 (0.0181) -0.0005 (0.0162) -0.0001 (0.0168) 0.0023 (0.0258)
69 48 52 192
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Table 2.B.3: Autocorrelations ofrt for the Hopf-set parameter(H1).

Lag m = −0.95 m = −0.5 m = 0 m = 0.5

1 0.0746 (0.0345) 0.1037 (0.0196) 0.0688 (0.0176) 0.0205 (0.0168)
898 964 582 730

2 0.0825 (0.0326) 0.0802 (0.0189) 0.0429 (0.0174) 0.0064 (0.0169)
811 868 469 687

3 0.0720 (0.0315) 0.0593 (0.0187) 0.0241 (0.0173) -0.0020 (0.0170)
788 672 434 618

4 0.0631 (0.0309) 0.0426 (0.0183) 0.0116 (0.0173) -0.0059 (0.0171)
756 493 422 529

5 0.0535 (0.0301) 0.0294 (0.0182) 0.0023 (0.0174) -0.0079 (0.0171)
721 380 436 418

6 0.0456 (0.0292) 0.0185 (0.0182) -0.0050 (0.0173) -0.0099 (0.0171)
677 301 398 339

7 0.0388 (0.0288) 0.0107 (0.0180) -0.0080 (0.0173) -0.0085 (0.0170)
587 272 366 244

8 0.0333 (0.0287) 0.0049 (0.0179) -0.0095 (0.0171) -0.0068 (0.0170)
498 257 325 161

9 0.0309 (0.0278) -0.0009 (0.0178) -0.0111 (0.0173) -0.0066 (0.0170)
433 290 313 154

10 0.0250 (0.0268) -0.0050 (0.0177) -0.0116 (0.0172) -0.0055 (0.0170)
358 281 245 106

20 0.0021 (0.0230) -0.0152 (0.0175) -0.0048 (0.0171) -0.0012 (0.0170)
88 228 62 53

30 -0.0035 (0.0215) -0.0058 (0.0174) 0.0002 (0.0171) 0.0003 (0.0170)
78 76 53 58

40 -0.0066 (0.0201) -0.0013 (0.0175) -0.0003 (0.0172) -0.0004 (0.0170)
84 54 50 47

50 -0.0053 (0.0191) 0.0002 (0.0177) 0.0001 (0.0172) 0.0002 (0.0170)
80 56 63 62

60 -0.0059 (0.0193) -0.0005 (0.0175) -0.0012 (0.0172) -0.0013 (0.0171)
85 53 60 54

70 -0.0045 (0.0190) 0.0008 (0.0175) 0.0006 (0.0172) 0.0006 (0.0171)
72 61 59 56

80 -0.0034 (0.0186) 0.0008 (0.0175) 0.0009 (0.0172) 0.0010 (0.0170)
73 61 61 58

90 -0.0046 (0.0185) -0.0013 (0.0176) -0.0008 (0.0172) -0.0009 (0.0171)
73 60 65 63

100 -0.0037 (0.0183) -0.0001 (0.0178) -0.0002 (0.0173) -0.0003 (0.0171)
56 55 50 43
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Figure 2.B.3: Monte Carlo simulation on the average ACs of return form = −0.9 (top
left), -0.5 (top right), 0 (bottom left), 0.9 (bottom right)for parameter set(FH).
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Chapter 3

Long Memory, Heterogeneity, and
Trend Chasing

Long-range dependence in volatility is one of the most prominent ex-

amples in financial market research involving universal power laws. Its

characterization has recently spurred attempts to providetheoretical ex-

planations of the underlying mechanism. This chapter contributes to this

recent line of research by analyzing a simple market fraction asset pricing

model with two types of traders—fundamentalists who trade on the price

deviation from estimated fundamental value and trend followers whose

conditional mean and variance of the trend are updated through a geomet-

ric learning process. Our analysis shows that agent heterogeneity, risk-

adjusted trend chasing through the geometric learning process, and the in-

terplay of noisy fundamental and demand processes and a stable determin-

istic equilibrium can be the source of power-law distributed fluctuations.

In particular, the noisy demand plays an important role in the generation

of insignificant autocorrelations (ACs) on returns, while the significant de-

caying AC patterns of the absolute returns and squared returns are more

influenced by the noisy fundamental process. A statistical analysis based

on Monte Carlo simulations is conducted to characterize the long memory.

Realistic estimates of the power-law decay indices and the (FI)GARCH

parameters are presented.

55
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3.1 Introduction

It is well known that (high-frequency) financial time seriesshare some common fea-

tures, the so called stylized facts1; including excess volatility (relative to the dividends

and underlying cash flows), volatility clustering (high/low fluctuations are followed

by high/low fluctuations), skewness, and excess kurtosis. Traditional economic and

finance theory based on the representative agent with rational expectations has en-

countered great difficulties in explaining these facts. As aresult there has been an

increase in interest in models incorporating heterogeneous agents and bounded ratio-

nality. These models characterize the dynamics of financialasset prices resulting from

the interaction of heterogeneous agents having different attitudes to risk and having

different expectations about the future evolution of prices. For a representative sample

of this literature see, Frankel and Froot (1987), Day and Huang (1990), De Longet

al. (1990), Chiarella (1992), Dacorognaet al. (1995), Lux (1995, 1997, 1998), Brock

and LeBaron (1996), Arthuret al. (1997), Brock and Hommes (1997, 1998), Chen

and Yeh (1997, 2002), Lux and Marchesi (1999), Bullard and Duffy (1999), LeBaron

et al. (1999), LeBaron (2000, 2001, 2002), Iori (2002), Hommes (2002) and Farmer

and Joshi (2002). Some of these models derive their price dynamics from nonlinear

trading rules while others consider some nonlinear switching mechanism between dif-

ferent trading strategies.

One of the key aspects of these models is that they exhibit feedback of expectations—

the agents’ decisions are based upon predictions of future values of endogenous vari-

ables whose actual values are determined by equilibrium equations. In particular,

Brock and Hommes (1997, 1998) proposed anAdaptive Belief Systemmodel of eco-

nomic and financial markets. The agents adapt their beliefs over time by choosing from

different predictors or expectations functions, based upon their past performance. The

resulting nonlinear dynamical system is, as Brock and Hommes(1998) and Hommes

(2002) show, capable of generating a wide range of complex behavior from local sta-

bility to high order cycles and chaos. They are also capable of explaining some of the

stylized facts of financial markets. It is very interesting to find that adaptation, evolu-

tion, heterogeneity, and even learning, can be incorporated into the Brock and Hommes

type of framework. This broader framework also gives rise torich and complicated dy-

namics and can be used to obtain a deeper understanding of market behavior. In this

regard see, Gaunersdorfer (2000), Hommes (2001, 2002), Chiarella and He (2001,

1See Pagan (1996) for a comprehensive discussion of stylizedfacts characterizing financial time
series.
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2002, 2003), Chiarellaet al. (2002), De Grauwe and Grimaldi (2003) and Westerhoff

(2003). Moreover, recent works by Westerhoff (2004), Chiarella et al. (2005, 2006)

and Westerhoff and Dieci (2006) show that complex price dynamics may also result

within a multi-asset market framework.

Among the stylized facts, volatility clustering and long-range dependence (that is,

insignificant autocorrelations (ACs) of raw returns and hyperbolic decline of ACs of

the absolute and squared returns) have been extensively studied since the seminal pa-

per of Ding, Engle and Granger (1993). Recently, a number of universal power laws2

have been found to hold in financial markets. This has spurredattempts at a theoret-

ical explanation and the search for an understanding of the underlying mechanisms

responsible for such power laws.3 This chapter contributes to the development of this

literature.

Various models have been developed to explain the power law behavior. For in-

stance the very popular (in standard textbooks on theoretical and empirical finance)

GARCH processes, introduced in Engle (1982), model returns asa random process

with a time-varying variance that shows autoregressive dependence. These models

produce fat tails of the unconditional distribution and capture the short-run dynamics

of volatility autocorrelations. However, the implied decay of the volatility autocorre-

lation is exponential rather than hyperbolic. In addition,the GARCH class of models

does not provide an explanation of the empirical regularities referred to earlier.

As a consequence of rational bubble models, multiplicativestochastic processes

(with multiplicative and additive stochastic components)have been used to explain the

power law behavior (see Kesten, 1973 and Lux, 2004). The power-law exponent can

be determined from the distribution of the multiplicative component, not the additive

noise components. However, as shown by Lux and Sornette (2002), the range of the

exponent required for the rational bubble models is very different from the empirical

findings. In addition, the rational bubble models share the conceptual problems of

economic models withfully rational agents.

Herding models of financial markets have been developed to incorporate herding

and contagion phenomena.4 With a stripped down version of an extremely parsimo-

nious stochastic herding model with fundamentalists (who trade on observed mispric-

2They include cubic power distribution of large returns, hyperbolic decline of return autocorrelation
function, temporal scaling of trading volume and multi-scaling of higher moments of returns.

3We refer to Lux (2004) for a recent survey on empirical evidence, models and mechanisms of
various financial power laws.

4See Kirman (1991, 1993), Lux (1995, 1997, 1998), Lux and Marchesi (1999), Chenet al. (2001),
Aoki and Yoshikawa (2002), and Alfaranoet al. (2005).
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ing) and noise traders (who follow the mood of the market), Alfaranoet al. (2005)

show that price changes are generated by either exogenous inflow of new informa-

tion about fundamentals or endogenous changes in demand andsupply via the herding

mechanism. The model is able to produce relatively realistic time series for returns

whose distributional and temporal characteristics are astonishingly close to the empir-

ical findings. This is partly due to a bi-modal limiting distribution for the fraction of

noise traders in the optimistic and pessimistic groups of individuals and partly due to

the stochastic nature of the process leading to recurrent switches from one majority

to another. Lux and Marchesi (1999) argue that the indeterminateness of the market

fractions in a market equilibrium and the dependence of stability on the market frac-

tions exist in a broad class of behavioral finance models. This argument is supported

by Giardina and Bouchaud (2003) and Lux and Schornstein (2005). However, with

the increase of the population size, the law of large numberscomes into effect and the

intermittency and power-law statistics disappear.

As discussed earlier, the Brock and Hommes framework and its various extensions

are capable of explaining various market behaviors and important stylized facts. For

example, a mechanism of switching between predictors and co-existing attractors is

used in Gaunersdorfer and Hommes (2000) to characterize volatility clustering. The

highly nonlinear deterministic system may exhibit co-existence of different types of

attractors and adding noise to the deterministic system maythen trigger switches be-

tween low- and high-volatility phases. Their numerical simulations show quite sat-

isfactory statistics between the simulated and actual data. Compared to the herding

mechanism, the Brock and Hommes framework allows an infinite population of spec-

ulators. However, like most of the analytical heterogeneous agent literature developed

so far, the comparison with empirical facts is mainly based upon visual inspection, or

upon a few realizations of the model. A formal investigationof the time series proper-

ties of heterogeneous agent models, including the estimation of power law indices, is

still lacking. This chapter seeks to fill this gap in the literature.

Overall both the herding and switching models discussed above have shown their

potential to explain power-law behavior.5 To generate realistic time series, some kind

of intermittent dynamics and self-amplification of fluctuations via herding or technical

trading are necessary. As pointed out by Lux (2004),“one of the more important

problems of these models is the relationship between systemsize, deterministic forces

and stochastic elements”.

5Other behavioral finance explanations for volatility clustering exist. Manzan and Westerhoff (2005)
develop a model in which traders tend to over or under-react to the arrival of new information.
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In this chapter, we consider the market fraction (MF) model established in He and

Li (2005a) and explore the potential mechanism of the model to generate the long

memory feature observed in empirical data. The MF model is a simple stochastic asset

pricing model, involving two types of traders (fundamentalists and trend followers)

under a market maker scenario. He and Li (2005a) aim to explain various aspects of

financial market behavior and establish the connection between the stochastic model

and its underlying deterministic system. Through a statistical analysis, the paper shows

that convergence of market price to fundamental value, long- and short-run profitabil-

ity of the two trading strategies, survivability of trend followers and various under-

and over-reaction autocorrelation patterns of the stochastic model can be explained by

the dynamics, including the stability and bifurcations, ofthe underlying deterministic

system.

This chapter builds on He and Li (2005a) and reveals the potential of the MF model

to characterise the volatility clustering and the long-range dependence of asset returns.

We show that heterogeneity, risk-adjusted trend chasing through a geometric learning

process, and the interplay of a stable deterministic equilibrium and stochastic noisy

processes can be the source of power-law distributed fluctuations. This is further ver-

ified via a Monte Carlo simulation, a statistical analysis of the decay patterns of au-

tocorrelation functions of returns, the squared returns and the absolute returns, and

the estimates of (FI)GARCH(1, 1) parameters. Both the analysis of the generating

mechanism and the statistical estimates via a Monte Carlo simulation of the power-

law behavior are the main contributions of the current chapter.

The remainder of the chapter is organized as follows. Section 3.2 reviews the MF

model established in He and Li (2005a). Section 3.3 is devoted to a discussion of the

potential generating mechanism of the power-law behavior.In Section 3.4 we estimate

the power-law decay parameters of the autocorrelation of returns, the squared returns

and the absolute returns and (FI)GARCH(1,1) parameters for the Standard & Poor 500

(hereafter S&P 500) stock market daily closing price index,which we use to represent

the real world. The long memory properties of the market fraction model and the

comparison with the real world is analyzed in Section 3.5. Section 3.6 concludes.

3.2 The Market Fraction model

The market fraction (MF) model is a standard discounted value asset pricing model

with heterogeneous agents. It is closely related to the framework of Brock and Hommes
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(1997, 1998) and Chiarella and He (2002). We outline the modeland refer the readers

to He and Li (2005a) for details.

Consider an economy with one risky asset and one risk free asset. It is assumed

that the risk free asset is perfectly elastically supplied at gross return ofR = 1 + r/K,

wherer stands for a constant risk-free rate per annual andK stands for the trading

frequency measured in a year.6 Let Pt andDt be the (ex dividend) price and dividend

per share of the risky asset at timet, respectively. Then the wealth of a typical investor-

h at t+ 1,Wh,t+1, is given by

Wh,t+1 = RWh,t + [Pt+1 +Dt+1 −RPt]zh,t, (3.2.1)

wherezh,t is the number of shares of the risky asset purchased by investor-h at t.

Let Eh,t andVh,t be thebeliefs of type h traders about the conditional expectation

and variance of quantities att + 1 based on their information at timet. Denote by

Rt+1(= Pt+1 +Dt+1−RPt) the excess capital gain on the risky asset att+1. Assume

that traders have constant absolute risk aversion (CARA) utility functions with the risk

aversion coefficientah for typeh traders (that isUh(W ) = − exp(−ahW )) and their

optimal demands for the risky assetzh,t are determined by maximizing their expected

utility of wealth. Then it turns out that

zh,t =
Eh,t(Rt+1)

ahVh,t(Rt+1)
. (3.2.2)

Given the heterogeneity and the nature of asymmetric information among traders,

we consider two popular trading strategies corresponding to two types of boundedly

rational traders—fundamentalists and trend followers. Assume the market fractions of

the fundamentalists and trend followers aren1 andn2, respectively. Letm = n1−n2 ∈
[−1, 1], thenm = 1(−1) corresponds to the case when all the traders are fundamental-

ists (trend followers). Assume zero supply of outside shares. Then, using (3.2.2), the

population weighted aggregate excess demandze,t is given by

ze,t ≡ n1z1,t + n2z2,t =
1 +m

2

E1,t[Rt+1]

a1V1,t[Rt+1]
+

1 −m

2

E2,t[Rt+1]

a2V2,t[Rt+1]
. (3.2.3)

To complete the model, we assume that the market is cleared bya market maker.

The role of the market maker is to take a long (whenze,t < 0) or short (whenze,t > 0)

position so as to clear the market. At the end of periodt, after the market maker

6Typically,K = 1, 12, 52 and250 for trading period of year, month, week and day, respectively. To
calibrate the stylized facts observed from daily price movement in financial market, we selectK = 250
in our discussion.
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has carried out all transactions, he or she adjusts the pricefor the next period in the

direction of the observed excess demand. Letµ be the speed of price adjustment of the

market maker (this can also be interpreted as the market aggregate risk tolerance). To

capture unexpected market news or the excess demand of noisetraders, we introduce

a noisy demand term̃δt which is an i.i.d. normally distributed random variable with

δ̃t ∼ N (0, σ2
δ ). Based on these assumptions and (3.2.3), the market price is determined

by7

Pt+1 = Pt +
µ

2

[
(1 +m)

E1,t[Rt+1]

a1V1,t[Rt+1]
+ (1 −m)

E2,t[Rt+1]

a1V2,t[Rt+1]

]
+ δ̃t. (3.2.4)

Now we turn to discuss the beliefs of fundamentalists and trend followers.

Fundamentalists—Denote byFt = {Pt, Pt−1, · · · ;Dt, Dt−1, · · · } the common

information set formed at timet. Apart from the common information set, the funda-

mentalists are assumed to havesuperiorinformation on the fundamental value,P ∗
t , of

the risky asset which is introduced as an exogenous news arrival process. More pre-

cisely, the relative return (P ∗
t+1/P

∗
t − 1) of the fundamental value is assumed to follow

a normal distribution, and hence we write

P ∗
t+1 = P ∗

t [1 + σǫǫ̃t], ǫ̃t ∼ N (0, 1), σǫ ≥ 0, P ∗
0 = P̄ > 0, (3.2.5)

where ǫ̃t is independent of the noisy demand processδ̃t. This specification ensures

that neither fat tails nor volatility clustering are brought about by the exogenous news

arrival process. Hence, emergence of any autocorrelation pattern of the return of the

risky asset in our later discussion would be driven by the trading process itself, rather

than news. The fundamentalists also realize the existence of non-fundamental traders,

such as trend followers to be introduced in the following discussion. The fundamen-

talists believe that the stock price may be driven away from the fundamental value in

the short-run, but it will eventually converge to the fundamental value in the long-run.

Hence the conditional mean and variance of the fundamental traders are assumed to

follow

E1,t(Pt+1) = Pt + α(P ∗
t+1 − Pt), V1,t(Pt+1) = σ2

1, (3.2.6)

whereσ2
1 stands for a constant variance of the fundamental value. Here the parameter

α ∈ [0, 1] represents the speed of price adjustment of the fundamentalist toward the

7Equation (3.2.4) interprets̃δt as unexpected market news, a simple rescaling would see it interpreted
as noisy demand.
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fundamental value and it measures how fast the fundamentalists believe the price con-

verges to the fundamental value and reflects how confident they are in the fundamental

value. In particular, forα = 1, the fundamental traders are fully confident about the

fundamental value and adjust their expected price at next period instantaneously to the

fundamental value. Forα = 0, the fundamentalists become naive traders.

Trend followers—Unlike the fundamental traders, trend followers are technical

traders who believe the future price change can be predictedfrom various patterns or

trends generated from the historical prices. They are assumed to extrapolate the latest

observed price change over a long-run sample mean price and to adjust their variance

estimate accordingly. More precisely, their conditional mean and variance are assumed

to satisfy

E2,t(Pt+1) = Pt + γ(Pt − ut), V2,t(Pt+1) = σ2
1 + b2vt, (3.2.7)

whereγ, b2 ≥ 0 are constants, andut andvt are the sample mean and variance, re-

spectively, which may follow some learning processes. The parameterγ measures the

extrapolation rate and high (low) values ofγ correspond to strong (weak) extrapola-

tion by the trend followers. The coefficientb2 measures the influence of the sample

variance on the conditional variance estimated by the trendfollowers who believe in

more volatile price movements. Intuitively, the trend followers reduce their demand

for the risky asset when the estimated risk is high. It turns out that this risk-adjusted

demand mechanism plays a very important role in the price dynamics8. Various learn-

ing schemes (see for example Chiarella and He 2002, 2003) can be used to estimate

the sample meanut and variancevt. Here we assume that

ut = δut−1 + (1 − δ)Pt, vt = δvt−1 + δ(1 − δ)(Pt − ut−1)
2, (3.2.8)

whereδ ∈ [0, 1] is a constant. These processes for the sample mean and variance are

the limit of ageometric decay processwhen the memory lag length tends to infinity9.

Basically, a geometric decay probability process(1−δ){1, δ, δ2, · · · } is associated with

the history prices{Pt, Pt−1, Pt−2, · · · }. The parameterδ measures the geometric decay

rate10. The rational for the selection of this process is two fold. First, traders tend to put

a high weight on the most recent prices and less weight on the more remote prices when

8A similar set up under different learning process is used in Chiarellaet al. (2006) and it shows that
the time-varying second moment can change the nonlinear dynamics, particularly when the steady state
is unstable.

9See Chiarellaet. al.(2006) for the proof.
10For δ = 0, the sample meanut = Pt, which is the latest observed price, whileδ = 0.1, 0.5, 0.95

and0.999 gives a half life of 0.43 day, 1 day, 2.5 weeks and 2.7 years, respectively.
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they estimate the sample mean and variance. Secondly, we believe that this geometric

decay process may contribute to certain autocorrelation patterns, in particular the long

memory feature observed in real financial markets. In addition, it has the mathematical

advantage of affording a degree of tractability to the subsequent analysis.

To simplify the calculations, we assume that the dividend processDt follows

Dt ∼ N (D̄, σ2
D), the expected long-run fundamental valueP̄ = D̄/(R − 1), and the

unconditional variances of the price (σ2
1) and dividend (σ2

D) over the trading period are

related11 by σ2
D = qσ2

1. Based on (3.2.6),E1,t(Rt+1) = α(P ∗
t+1 − Pt) − (R− 1)(Pt −

P̄ ), V1,t(Rt+1) = (1 + q)σ2
1 and hence the optimal demand of the fundamentalist is

given by

z1,t =
1

a1(1 + q)σ2
1

[α(P ∗
t+1 − Pt) − (R− 1)(Pt − P̄ )]. (3.2.9)

Similarly, from (3.2.7),E2,t(Rt+1) = Pt + γ(Pt − ut) + D̄ − RPt = γ(Pt − ut) −
(R− 1)(Pt − P̄ ), V2,t(Rt+1) = σ2

1(1 + q + b vt), whereb = b2/σ
2
1. Hence the optimal

demand of the trend followers is given by

z2,t =
γ(Pt − ut) − (R− 1)(Pt − P̄ )

a2σ2
1(1 + q + b vt)

. (3.2.10)

Subsisting (3.2.9) and (3.2.10) into (3.2.4), the market price under a market maker is

determined by the following 4-dimensional stochastic difference system





Pt+1 = Pt +
µ

2

[
1 +m

a1(1 + q)σ2
1

[α(P ∗
t+1 − Pt) − (R− 1)(Pt − P̄ )]

+ (1 −m)
γ(Pt − ut) − (R− 1)(Pt − P̄ )

a2σ2
1(1 + q + b vt)

]
+ δ̃t,

ut = δut−1 + (1 − δ)Pt,

vt = δvt−1 + δ(1 − δ)(Pt − ut−1)
2,

P ∗
t+1 = P ∗

t [1 + σǫǫ̃t].

(3.2.11)

By using Monte Carlo simulation and statistical analysis, He and Li (2005a) found

that the long-run behavior and convergence of the market prices, long (short)-run prof-

itability of the fundamental (trend following) trading strategy, survivability of trend

11 Let σP̄ be the annual volatility ofP ∗
t andD̄t = rP ∗

t be the annual dividend. In this chapter, we
chooseσ2

1 = σ2
P̄
/K andq = r2. In fact, the annual variance of the dividendσ̄2

D = r2σ2
P̄

. Therefore
σ2

D = σ̄2
D/K = r2σ2

P̄
/K = r2σ2

1 . For all numerical simulations in this chapter, we chooseP̄ =
$100, r = 5% p.a. σ = 20% p.a.,σP̄ = σP̄ andK = 250. Correspondingly,R = 1 + 0.05/250 =
1.0002, σ2

1 = (100 × 0.2)2/250 = 8/5 andσ2
D = 1/250.
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followers, and various under and over-reaction autocorrelation patterns of returns can

be characterized by the dynamics, including the stability and bifurcations, of the un-

derlying deterministic system. The analysis provides someinsights into the generating

mechanism of various types of market behavior (such as under/over-reactions), market

dominance and stylized facts in high frequency financial markets. In the following

discussion, we reveal the potential of the MF model to characterize the volatility clus-

tering and the long-range dependence of asset returns by examining the autocorrela-

tion patterns under different noise structures and by estimating the decay indices and

(FI)GARCH parameters.

3.3 A mechanism analysis on volatility clustering and
long memory

We now proceed with an analysis of the volatility clusteringand long memory mech-

anism of the MF model. The aim of the analysis is to explore possible sources of

volatility fluctuations. In doing so, we provide some insights into the interplay be-

tween system size, deterministic forces and stochastic elements, in particular, the po-

tential for this interplay to generate realistic time series properties.

Aside from the parameters stated before, the parameters used for the simulations

are given by Table 3.3.112. Following from the stability and bifurcation analysis in He

Table 3.3.1: Parameter settings and initial values

α γ a1 a2 µ m δ b σǫ σδ P0 P ∗
0

0.1 0.3 0.8 0.8 2 0 0.85 1 0.01265 1 100 100

and Li (2005a), the constant steady state fundamental priceP̄ of the corresponding

deterministic system is locally asymptotically stable. The intuition behind this selec-

tion of parameters comes from the analysis of the return autocorrelation (AC) patterns

near the Hopf bifurcation boundary conducted in He and Li (2005a). When the mar-

ket prices converge to the fundamental values in an oscillating manner, any significant

AC patterns of returns are washed out by the noisy market demand process with rea-

sonable volatility. On the other hand, the noisy fundamental process seems necessary

to generate more realistic price series. The oscillatory convergence of the underlying

12The return volatilityσǫ of the fundamental value corresponds to an annual volatility of 20% (hence
σǫ = (20/

√
K)% with K = 250) and the volatility of the noisy demandσδ = 1, which is about 1% of

the average fundamental price levelP̄ = $100.
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deterministic system and the noisy fundamental process lead to volatility clustering—

high (low) volatility is more likely followed by high (low) volatility.

To see how the price dynamics, in particular, the AC patternsof returns, are affected

under different noise processes, we consider the four caseslisted in Table 3.3.2. Case-

Table 3.3.2: Four Cases of the noisy effect

Cases Case-00 Case-01 Case-10 Case-11
(σδ, σǫ) (0, 0) (0, 0.01265) (1, 0) (1, 0.01265)

00 corresponds to the deterministic case. Case-01 (Case-10) corresponds to the case

with noisy fundamental price (noisy excess demand) only andboth noise processes

appear in Case-11.
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Figure 3.3.1: Time series of prices for the four cases in Table 3.3.2.

Figure 3.3.1 illustrates the price time series for the four cases. The corresponding

time series and density distributions of the returns are given in Figure 3.3.2 for the

three cases involving noise. Figure 3.3.3 shows the ACs of returns, absolute returns

and squared returns. For comparison, the same set of noisy demand and fundamental

processes is used for Case-11. Each simulation is run for 6,000 time periods and the

first 1,000 are dropped to wash out the initial effect of the estimates of density and ACs

of returns and so to make the estimates robust.13

13Robust here means that the estimates of the density distributions and ACs are independent of the
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Figure 3.3.2: Time series and density distributions of the returns for Cases-01, 10 and
11.

Both Figs.3.3.2 and 3.3.3 show significantly different impacts of different noise

processes on the market return volatility. For Case-01, the stochastic fundamental price

process is the only noise process. In this case, the market price displays astrong under-

reaction14 AC pattern of returns, which is characterized by the significantly positive

decaying ACs shown in the top left panel in Figure 3.3.3. This significant AC pattern is

also carried forward to the AC patterns for the absolute and squared returns. For Case-

10, the noisy excess demand is the only noise process. In thiscase, the market price

displays no volatility clustering, which is characterizedby insignificant AC patterns for

return, the absolute and squared returns shown in the middlerow in Figure 3.3.3. For

Case-11, both the noisy excess demand and noisy fundamental price processes appear.

In this case, we observe the relatively high kurtosis in Figure 3.3.2 and insignificant

ACs for returns, but significant ACs for the absolute and squared returns shown in the

bottom panel in Figure 3.3.3. In fact, the estimates in Section 5 of the power-law decay

indices, GARCH and FIGARCH effects based on Monte Carlo simulations show that

the model is able to produce relatively realistic volatility pattern and the long memory

initial conditions. In fact, numerical simulations show that, for each of the three noisy cases, prices
converge to an invariant distribution which characterizesthe so-called stable random fixed point of the
stochastic system in the random dynamics literature. Further discussion of the statistical analysis and
test on the convergence of the market price to the fundamental value can be found in He and Li (2005a).

14See He and Li (2005a) for more detailed analysis on the generating mechanism for various under-
and over-reaction AC patterns.
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Figure 3.3.3: The ACs of returns (the left column), the absolute returns (the middle
column), and the squared returns (the right column) of Cases-01, 10 and 11.

feature.

The above result demonstrates that the simple MF model is able to generate appro-

priate long range dependence for returns when both noise processes are present. What

is the reason for this outcome? Let us start our analysis withthe dynamics of the under-

lying deterministic system. He and Li (2005a) show that, forthe deterministic system,

the constant fundamental value can become unstable througheither a flip or a Hopf

bifurcation. The flip bifurcation is mainly due to the strongprice adjustment of the

fundamentalists towards the fundamental value, while the Hopf bifurcation is mainly

due to the strong extrapolation of the trend followers towards the trend, which itself

follows a geometric decay learning process. For the chosen set of parameters, the Hopf

bifurcation value, in terms of the extrapolation parameterγ of the trend followers, is

given byγ̄ ≈ 0.32684. The fundamental value is locally stable forγ < γ̄. Forγ = 0.3,

the market price is oscillating initially but converging tothe fundamental value even-

tually, as illustrated in Case-00 in Figure 3.3.1. When the fundamental price fluctuates

stochastically, as in the Case-01, the fundamental values are shifted to different levels

at different times. This stochastic shift of the fundamental price and the local stability

of the underlying deterministic system leads to highly dependent volatility (measured

by the absolute and squared returns), which is clearly demonstrated by the AC pattern

in the top row in Figure 3.3.3. When the market price is also perturbed by the noisy
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excess demand process, the returns display insignificant ACpatterns (see the second

and third rows in Figure 3.3.3). Our simulations show that the two noise processes

play different roles. For a given noisy fundamental processwith σǫ > 0, there exists a

critical valueσ∗
δ = σ∗

δ (σǫ) > 0 for the noisy demand process such the ACs of the re-

turns display a significant pattern forσδ < σ∗
δ and an insignificant pattern forσδ > σ∗

δ .

On the other hand, for a given noisy excess demand withσδ > 0, there exists a critical

valueσ∗
ǫ = σ∗

ǫ (σδ) > 0 such that the ACs for the absolute and squared returns display

an insignificant pattern forσǫ < σ∗
ǫ and a significant pattern forσǫ > σ∗

ǫ . It is worth

emphasizing that neither one of the two noise processes alone is responsible for the

long memory feature.
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Figure 3.3.4: The geometric volatility (vt, the top panel) and the demands of the trend
followers (z2t, the middle panel)) and the fundamentalists (z1t, the bottom panel).

Another important factor possibly affecting the volatility clustering is the endoge-

nous learning process engaged in by the risk averse trend followers. The endogenous

development of the expected mean and variance of the trend followers produces a sim-

ple feedback effect. The trend followers tend to push the market price away from

the fundamental value by extrapolating the trend, leading to high volatility. Because

of the perceived increase of risk, their demand/supply is then reduced. The partial

withdrawal of the trend followers then leads to less volatile dynamics, which makes

them revise the risk downward so that eventually their demand/supply increase again.

This simple feedback mechanism is clearly illustrated in Figures 3.3.4 and 3.3.5. In
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Figure 3.3.5: The phase plots of the geometric moving variance (vt) and the demands
of the trend followers (z2t, the left panel) and of the fundamentalists (z1t, the right
panel).

Figure 3.3.4, we plot the time series for the geometric moving variancevt (the top

panel) and the excess demands of the trend followersz2t (the middle panel) and of the

fundamentalistsz1t (the bottom panel) over a short time period. It demonstrateslow

(high) demand from the trend followers following high (low)perceived volatility. This

is further confirmed by the phase plot of(z2t, vt) in the left panel in Figure 3.3.5. As

expected, the right panel in Figure 3.3.5 shows that there isno clear evidence on the

relationship between the perceived volatility (vt) of the trend followers and the excess

demand of the fundamentalists.

Overall, we see that the interaction of speculators, the simple feedback of the trend

followers, and the interplay of noise and a stable deterministic equilibrium can be a

source of long-memory behavior. Our analysis allows us to gain some insights into

the origin of this realistic dynamic behavior. In principle, different types of dynamics

could be the source of power-law distributed fluctuations aswe have discussed in our

introduction. Based on our analysis, it appears that the dynamics near the Hopf bifur-

cation boundary (or surface) play important role in this aspect. Such Hopf behavior

can be generated by many mechanisms including herding (as inLux, 1995) and adap-

tive switching (as in Brock and Hommes, 1997). Also the interplay of noise and the

dynamics of the deterministic system plays a crucial role. In particular, the size of the

noise process is a very subtle issue. For the herding mechanism in Lux and Marchesi
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(2001), a balanced disposition among noise traders is necessary. For the switching

mechanism in Gaunersdorfer and Hommes (2000), the noisy component added to the

excess demand is responsible for the switching between locally co-existing attractors,

and hence the noise level has to be large to obtain their realistic results. In our model,

the distributed fluctuations due to the lagged learning and risk adjusted extrapolation

from the trend followers need to be balanced to the noise level of the excess demand.

At this stage, a theoretical analysis on the interplay of deterministic dynamics and

noise seems difficult. Our analysis indicates that the noisydemand plays a more im-

portant role in the insignificant AC patterns for the returns, while the noisy fundamen-

tal process plays more important role on the significant AC patterns for the absolute

and squared returns.

In the following discussion, we adopt statistical methods based on Monte Carlo

simulation to estimate various models related to the long memory characterization.

The estimates are obtained for both the MF model and the S&P 500. We use the

estimates for S&P 500 to represent the real world and then compare to those from the

MF model.

3.4 Empirical evidence and long memory behavior of
S&P 500

As an empirical evidence and a benchmark for our comparison,this section provides

a brief statistical analysis of the S&P 500 price index15. There are altogether 5306

observations from Oct 20, 1982 to Oct 27, 2003. Denotept as the price index for the

S&P 500 at timet (t = 0, ..., 5305) and log returnsrt are defined asrt = lnpt− lnpt−1.

3.4.1 Statistics and autocorrelations of returns

Table 3.4.1 gives the summary statistics forrt. We can see from Table 3.4.1 that

the kurtosis forrt, 44.76, is much higher than that of a normal distribution which

is 3. The kurtosis and studentized range statistics (which is the range divided by the

standard deviation) show the characteristic fat-tailed behavior compared with a normal

distribution. The Jarque-Bera normality test statistic is far beyond the critical value

which suggests thatrt is far from a normal distribution.

Figures 3.4.1 (a) and 3.4.1 (b) give the plots ofpt, rt. It is evident that there is a

clear trend forpt whereasrt is stable. The large absolute returns are more likely to be

15We get the data from http://finance.yahoo.com.
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Table 3.4.1: Summary statistics ofrt.

data sample size mean std skewness kurtosis min max studentized range Jarque-Bera
rt 5305 0.00037 0.0108 -1.933 44.76 -0.229 0.087 29.16 388510

followed by large absolute returns than small absolute returns. The market volatility

is changing over time which suggests that a suitable model for the data should have a

time varying volatility structure as suggested by the ARCH model.
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Figure 3.4.1: Time series on prices (a) and log returns (b) ofS&P 500 from Oct 20,
1982 to Oct 27, 2003.

A well known stylized fact of the stock return is that the returns themselves contain

little serial correlation, but the squared returnsr2
t and absolute return|rt| do have sig-

nificantly positive serial correlation over long lags. For example, Ding, Granger, and

Engle (1993) investigate autocorrelations of returns (andtheir transformations) of the

daily S&P 500 index over the period 1928 to 1991 and find that the absolute returns

and squared returns tend to have very slow decaying autocorrelations, and further, the

sample autocorrelations for the absolute returns are greater than the sample autocorre-

lations for squared returns at every lag up to at least 100 lags. Table 3.A.1 in Appendix

3.A reports the autocorrelation coefficients for the returns, squared returns, and ab-

solute returns and their corresponding confidence intervals, which are constructed by

using the Newey-West corrected standard error. The autocorrelations are plotted in

Figure 3.4.2, where the lines from the bottom to the top are the autocorrelation coeffi-

cients for the returns, squared returns, and absolute returns respectively. These results

coincide with the findings in Ding, Granger and Engle (1993).
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Figure 3.4.2: Autocorrelations ofrt, r2
t and|rt| for the S&P 500.

3.4.2 Estimates of power-law decay index via ARFIMA

Besides the visual inspection of autocorrelations ofrt, r2
t and|rt| for the S&P 500, one

can also construct models to estimate the decay rate of the autocorrelations ofrt, r2
t

and|rt|. For instance, we consider the simple ARFIMA(0, d, 0) process (for example,

see the review paper by Baillie(1996))

(1 − L)dxt = εt, εt ∼ NID(0, σ2), (3.4.1)

whereL is the lag operator, andd is the order of integration. Ford = 0, xt is simply

white noise and its autocorrelation function exhibits an exponential decay, whereas for

d = 1, xt is a random walk and hence has an autocorrelation function that remains at

unity. For non-integer values ofd, the autocorrelation function ofxt declines hyper-

bolically to zero. To be precise, the autocorrelations are given by

ρk = Ck2d−1,

whereC is a constant, so the hyperbolic decay indexµ ≡ 2d− 1 depends upond. For

the daily return, absolute return, and squared return of theS&P 500, we estimate the

ARFIMA(0, d, 0) model; the estimates of parameterd are summarized in Table 3.4.2.

We see that the results do provide evidence of long persistence for squared returns

and absolute returns. It seems that the estimatedd is not significant for the daily

returns: We cannot reject the null hypothesis thatd is zero. But it is significant for the

absolute returns and squared returns, and the persistence in absolute returns is much

stronger than that in squared returns. These results coincide with the well-established

findings in the empirical finance literature.
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Table 3.4.2: Estimates ofd for S&P 500

d Std. P-value 95% CI
r -0.0192 0.0112 0.086 [-0.0410, 0.0027]
r2 0.1233 0.0102 0.000 [0.1033, 0.1433]
|r| 0.1762 0.0085 0.000 [0.1594, 0.1931]

3.4.3 Volatility clustering, long memory and (FI)GARCH estimates

Another striking feature of the return series observed fromFigure 3.4.1 isvolatility

clustering. A lot of econometric models of changing conditional variance have been

developed to test and measure the volatility clustering. The most widely used one is the

family of ARCH (Autoregressive Conditionally Heteroskedastic) models introduced

by Engle (1982) and its generalization, the GARCH model, introduced by Bollerslev

(1986). Following their specification, for instance, if we model the returns as an AR(1)

process, then a GARCH(p, q) model is defined by:

{
rt =a+ brt−1 + εt, εt = σtzt,

σ2
t =α0 + α(L)ε2

t + β(L)σ2
t , zt ∼ N(0, 1),

(3.4.2)

whereL is the lag operator,α(L) =
∑q

i=1 αiL
i andβ(L) =

∑p
j=1 βiL

j. Defining

vt = ε2
t − σ2

t , the process can be rewritten as an ARMA(m, p) process

[1 − α(L) − β(L)]ε2
t = α0 + [1 − β(L)]vt (3.4.3)

with m = max{p, q}. Table 3.4.3 reports the estimates of the GARCH(1, 1) model,

where the mean process follows an AR(1) structure. Based on theestimates, one can

Table 3.4.3: GARCH(1, 1) Parameter Estimates for S&P 500

a× 103 b α0 × 105 α1 β1

0.608 0.0359 0.113 0.0783 0.9145
(0.125 ) (0.014) (0.059) (0.0304) (0.0305)

Note: The numbers in parentheses are standard errors.

see that a small influence of the most recent innovation (α1 < 0.1) is accompanied

by a strong persistence of the variance coefficient (β1 > 0.9). It is also interesting

to observe that the sum of the coefficientsα1 + β1 is close to one, i.e., the process
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is close to an integrated GARCH (IGARCH) process. Such parameterestimates are

rather common when considering returns from high frequencydaily financial data of

both share and foreign exchange markets (see, Pagan (? )). The GARCH implies

that shocks to the conditional variance decay exponentially. However, the IGARCH

implies that the shocks to the conditional variance persistindefinitely.

In response to the finding that most of the financial time series are long memory

volatility process, Baillie, Bollerslev, and Mikkelson (1996) consider the Fractional

Integrated GARCH (FIGARCH) process, where a shock to the conditional variance

dies out at a slow hyperbolic rate of decay. Later on, Chung (1999) suggests a slightly

different parameterization of the model:

φ(L)(1 − L)d(ε2
t − σ2) = α0 + [1 − β(L)]vt, (3.4.4)

whereφ(L) = 1 −∑q
i=1 φiL

i, α0 = φ(L)(1 − L)dσ2, andσ2 is the unconditional

variance of the corresponding GARCH model. Table 3.4.4 reports the estimates of

the FIGARCH(1, d, 1) model, where the mean process follows an AR(1) model. The

estimate for the fractional differencing parameterd̂ is statistically very different from

both zero and one. This is consistent with the well known findings that the shocks to

the conditional variance dies out at a slow hyperbolic rate.

Table 3.4.4: FIGARCH(1, d, 1) Parameter Estimates for S&P 500

a b α0 × 104 d φ1 β
-0.0258 0.0166 0.000017 0.3933 0.1012 0.7968

(0.00039 ) (0.0083) (0.1930) (0.0091) (0.0116) (0.0035)

Note: The numbers in parentheses are standard errors.

3.5 Econometric characterization of the MF model

This section is devoted to an econometric analysis on the power-law behavior and

the volatility persistence of the MF model. Targeted for theresults that we obtained

in Section 3.4 for the S&P 500, various models are estimated using the MF model-

generated data outlined in Section 3.3, and subsequently, these estimates are compared

with those of the S&P 500 to see how close we are to the real world. The analysis

and estimates are based on Monte Carlo simulations. For a chosen set of parameter
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and two noisy processes specified in Case-11 in Section 3.3, weran 1,000 independent

simulations over 6,306 time periods and discard the first 1,000 time periods to wash out

the possible initial noise effect. For each run of the model we have 5,306 observations,

which matches the sample size of S&P 500 that we used in previous section.

3.5.1 Autocorrelations of returns

First, we look at the autocorrelation coefficients of returns, squared returns and ab-

solute returns. It is interesting to see whether our simulation model can replicate the

well known findings as described in Figure 3.4.2. By running 1,000 independent sim-

ulations, we estimate the autocorrelation coefficients andcalculate Newey-West cor-

rected standard errors of returns, squared returns and absolute returns for each run of

the model, and then we take the average. The results for returns, squared returns and

absolute returns are reported in Table 3.A.2, 3.A.3 and 3.A.4 in Appendix 3.A, respec-

tively. We also plot the autocorrelation coefficients and their corresponding confidence

interval in Figure 3.5.1.
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Figure 3.5.1: Autocorrelations ofrt, r2
t and|rt| for the MF model.

From Figure 3.5.1, we see that for the market fraction model,not only the sample

correlations ofr2
t and|rt| are all outside the95% confidence interval ofrt but they also

are all positive over long lags. Further, the sample autocorrelations for absolute returns

are greater than the sample autocorrelations for squared returns at every lag up to at

least 100 lags. Comparing to Figure 3.4.2 for the S&P 500, we see that the patterns of

decay of the autocorrelation functions of return, squared return and absolute return are

quite similar.
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3.5.2 Estimates of power-law decay index via ARFIMA

We also look at the decay rate of the autocorrelations of returns, squared returns, and

absolute returns that are estimated from the ARFIMA(0, d, 0) model. The resulting

estimates are reported in Table 3.5.1, where the last columnindicates the percentages

of simulations that the corresponding estimates are significant at the 5% level over

1,000 independent simulations. Comparing with the estimated results of the S&P 500

in Table 3.4.2, we find that in both cases the estimate ofd for returns is not significant.

There is a clear evidence of long memory for squared returns and absolute returns, and

also the patterns of the estimates ofd for the returns, squared returns, and absolute

returns are the same.

Table 3.5.1: Estimates ofd for the MF model

d Std. P-value 95% CI Sig%
r 0.0341 0.0113 0.1684 [0.0334, 0.0348] 382
r2 0.1381 0.0083 0.000 [0.1375,0.1386] 1000
|r| 0.1454 0.0081 0.000 [0.1449, 0.1459] 1000

3.5.3 Volatility clustering, long memory and (FI)GARCH estimates

We now check the ARCH/GARCH effects. We want to see whether the MF model

is capable of capturing the feature of volatility clustering. We implement the test

suggested by Engle (1982). The null hypothesis is that the residuals of a regression

model are i.i.d. and the alternative hypothesis is that the errors are ARCH(q). Sup-

pose the stock returns follow an AR(1) process with innovationsεt. If the returns are

homoscedastic, then the variance cannot be predicted and the variations inε2
t will be

purely random. However, if ARCH effects are present, large values ofε2
t will be pre-

dicted by large values of the past squared residuals. This idea leads to aTR2 test sta-

tistic. In order to compute the test statistic, we first fit thereturns series with an AR(1)

model, and then regress the squared residualsε2
t on a constant andε2

t−1, ..., ε
2
t−q. R

2 is

then computed from this regression. Under the null hypothesis that there is no ARCH,

the test statistic is asymptotically distributed as a chi-square distribution withq degrees

of freedom. We implement the test for both the S&P 500 and the simulation model.

The results are reported in Table 3.5.2. In both cases, the null hypothesis is strongly

rejected. In terms of Engle’s test, both the data from the S&P500 and the MF model
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do have clear ARCH effects. So, we turn to look at the GARCH estimates, and the

FIGARCH estimates which describe the volatility persistence.

Table 3.5.2: Engle’s test statistics for the presence of ARCH/GARCH effects

Lag 1 Lag 2 Lag 5 Lag 100
S&P 72.88 174.26 270.62 342.00
MF 140.79 (98.7) 228.20 (99.3) 372.65 (99.8) 821.32 (99.9)

Note: The numbers in parentheses are the percentages that the test statistics are
significant at5% level over 1000 independent simulations.

We report the estimates of the GARCH and FIGARCH model in Table 3.5.3 and

Table 3.5.4, respectively. The specifications of the modelsare the same as that we

estimated for the S&P 500. Again, all these estimates are obtained from the estimation

for each run of the simulation model and then averaged over independent simulations.

The results from the GARCH model are astonishingly similar to what one usually

extracts from real life data: a small influence of the most recent innovation (α1 <

0.1) is accompanied by strong persistence of the variance coefficient (β1 > 0.9) and

the sum of the coefficientsα1 + β1 = 0.9928 is close to one. For the estimates of

FIGARCH(1, d, 1), we see that the estimate ofd is significantly different from zero

and one.

Table 3.5.3: GARCH(1, 1) Parameter Estimates of the MF Model

a b α0 × 104 α1 β
0.000074 0.0725 0.0078 0.0260 0.9738
(0.00023 ) (0.0139) (0.0035) (0.0032) (0.0033)

47 77.1 17.7 100 100

Note: The numbers in parentheses are the standard errors, and the numbers in the
last row are the percentages that the test statistics are significant at5% level over
1000 independent simulations.

Overall, we find that the MF model do provide a mechanism for the long-range

dependence in volatility. Now we turn to assess the differences between the MF model

and the real world quantitatively.
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Table 3.5.4: FIGARCH(1, d, 1) Parameter Estimates of the MF Model

a b α0 × 104 d φ1 β
0.0137 0.0769 0.3620 0.3797 0.3439 0.7933

(0.0010 ) (0.0195) (0.6112) (0.0386) (0.0281) (0.0295)
41.2 72.6 35.6 87.6 83.1 98.5

Note: The numbers in parentheses are the standard errors, and the numbers in the
last row are the percentages that the test statistics are significant at5% level over
1000 independent simulations.

3.5.4 Comparing the MF model with the real world

We use the S&P 500 to represent the real world. Then, we compare the MF model with

the real world in terms of the autocorrelation of returns, squared returns and absolute

returns, power-law decay index, and (FI)GARCH(1,1) parameters, respectively.

In Figure 3.4.2 and 3.5.1, we plot the autocorrelation coefficients of returns, squared

returns and absolute returns for the S&P 500 and the MF model respectively. For the

purpose of comparison, we combine them together and plot theautocorrelation coeffi-

cients and their corresponding confidence intervals in Figure 3.5.2.

For the returns, we see from Figure 3.5.2 (b) that the confidence intervals of the

simulation model lies inside the confidence intervals of theS&P 500. However, Figure

3.5.2 (c) and (d) indicate that the speed of decay of the squared return and absolute

return from the MF model are different from what we see from the S&P 500, especially

for large lags.

For the decay indexd for returns, squared returns or the absolute returns, we want

to know whether the parameterd of the S&P 500 is the same as that of the MF model,

in other words, we want to testH0 : dS&P = dMF . If we think thatd̂S&P (d̂MF ) is

a good approximation of the true one, then we can check whether d̂MF (d̂S&P ) lies in

the confidence interval of̂dS&P (d̂MF ) or not. Because both of thedS&P anddMF are

estimated, the null hypothesis can be tested by the Wald testby assuming that both

the number of simulations and the number of time periods for each simulation go to

infinity. In the construction of Wald test

W = (d̂S&P − d̂MF )Σ̂−1(d̂S&P − d̂MF ),

Σ̂ is simply the sum of sample variance ofd̂S&P andd̂MF , because the outcomes of the

MF model is statistically independent of the real world. We also notice that the sample
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Figure 3.5.2: (a) Autocorrelations of returns, squared returns and absolute returns for
the MF model (bold lines) and the S&P 500. Autocorrelations of the returns (b), the
squared returns (c), and the absolute returns (d) for the MF model and the S&P 500.
The bold line refers to the MF model while the confidence intervals are constructed for
the S&P 500.

variance ofd̂MF is much smaller than that of̂dS&P , this is becausedMF is estimated

from the simulated data by running the MF independently manytimes. For a more

general discussion on comparing the simulation models and comparing a simulation

model with the real world, see Liet al. (2005a). The resulting test statistics for the

returns, the squared returns and the absolute returns are 22.624, 2.1040, and 13.1181

respectively. Noting that the critical value of the Wald test at 5% significant level is

3.84, we find that the null hypothesis for returns and absolute returns are rejected, but it

is not rejected in case of the squared return. So, the differences between the estimated

d of the S&P 500 and the MF model for returns and absolute returns are statistically

significant, but the difference is not significant for the squared returns.

For (FI)GARCH parameters, first, we want to detect the differences between the

GARCH estimates in Table 3.4.3 and 3.5.3 for the S&P 500 and the MF model respec-

tively. Formally, for the parameterθ = (a, b, α0, α1, β), this is to testH0 : θS&P =

θMF . This hypothesis can be tested again by the Wald test, which can be constructed

similarly to that for parameterd. The resulting Wald statistic is 33.8971, which sug-

gests that the null hypothesis is strongly rejected and hence the GARCH(1, 1) esti-

mates of the MF model and that of the S&P 500 are significantly different. Similarly,
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for the FIGARCH(1, 1) estimates, we can also detect the difference between the esti-

mates ofϑ = (a, b, α0, d, α1, β) of the MF model and that of the S&P 500. The null

hypothesis becomesH0 : ϑS&P = ϑMF . The resulting Wald statistics is 1914, which

is far beyond the critical value at any conventional significant level. So the estimates

of FIGARCH(1, d, 1) model of MF model are significantly different from that of the

S&P 500.

The above analysis indicates that the simple market fraction model is able to repli-

cate the long memory properties of the actual stock market qualitatively. However, the

formal statistical tests find that the decay rate and (FI)GARCHestimates from the MF

model are difficult to match that of the S&P 500 exactly. This is probably due to the

simplicity of the MF model. The long memory mechanism of the MF model is differ-

ent from either herding (for instance, the mechanism developed in Lux and Marchesi,

1999) or switching mechanisms (for instance, the adaptive switching mechanism in

Brock and Hommes, 1997, 1998) in terms of modeling, but it shares the same spirit in

a much simpler way. We should notice that it is this simplicity that makes it possible to

identify potential sources and mechanisms to generate certain characteristics and this

is one of the contributions of this chapter.

3.6 Conclusion

Motivated by the recent interest in the power law behavior ofhigh frequency financial

market time series and the explanatory power of heterogeneous-agent asset-pricing

models, this chapter investigates the long memory properties of a simple market frac-

tion model involving two types of traders (fundamentalistsand trend followers). Ex-

tending earlier work on long-run asset price behavior, profitability, survivability, var-

ious under- and over-reaction AC patterns, and their connections to the underlying

deterministic dynamics, we are interested in the characterization of the power law

volatility behavior of the MF model and its comparison with the real world. We found

that agent heterogeneity, risk-adjusted trend chasing through the geometric learning

process, and the interplay of noise and a stable deterministic equilibrium can explain

power-law distributed fluctuations.

It is interesting and important to see how the deterministicdynamics and noise in-

teract with each other, and further, to understand the connections between the nonlinear

dynamics of the underlying deterministic system and certain time series properties of

the corresponding stochastic system. The theoretical analysis is important but difficult
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given the current state of knowledge on nonlinear random dynamic systems. There-

fore statistical analysis with powerful econometric toolsseems necessary. Based upon

Monte Carlo simulations, statistical analysis, including estimates of the (FI)GARCH

parameters and related tests, we have been able to show that the MF model is able to

explain some of the characteristics that are well established in the empirical finance

literature. There is clear evidence of long memory and GARCH effects. However, the

exact decay rates of autocorrelation functions of returns,squared returns and absolute

returns, and the (FI)GARCH(1, 1) parameters are difficult to match completely with

those of the actual data. It is worth emphasizing that all these interesting qualitative

and quantitative features arise from the simple model with fixed market fractions. Fur-

ther investigation and extension of the simple model to the case of changing fractions

should be the next step in the research strategy initiated inthis chapter.

It may be interesting to extend our analysis to the model established recently by

Dieci et al. (2005), in which part of the market fractions are governed bymarket

mood and the rest follow some adaptive switching process. One way to start might be

to estimate the model first, and then implement misspecification tests. Econometric

methods, such as efficient methods of moments could be used. Allowing for market

mood and switching mechanisms and using these econometric estimation approaches,

we may gain a better characterization and understanding of the mechanisms driving

financial markets.

3.A Tables of autocorrelations
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Table 3.A.1: Autocorrelations ofrt, r2
t and|rt| for the S&P 500.

Lag rt r2
t |rt|

1 0.0140 (0.0199) 0.1108 (0.0297) 0.1952 (0.0421)
[-0.0250,0.0530] [0.0526,0.1689] [0.1127,0.2777]

2 -0.0395 (0.0312) 0.1525 (0.0080) 0.2187 (0.0392)
[-0.1007,0.0217] [0.1369,0.1682] [0.1418,0.2957]

3 -0.0382 (0.0243) 0.0824 (0.0324) 0.2171 (0.0302)
[-0.0858,0.0094] [0.0190,0.1459] [0.1580,0.2762]

4 -0.0133 (0.0190) 0.0257 (0.0177) 0.1776 (0.0248)
[-0.0505,0.0239] [-0.0090,0.0604] [0.1290,0.2262]

5 0.0008 (0.0363) 0.1406 (0.0047) 0.2268 (0.0245)
[-0.0703,0.0719] [0.1313,0.1499] [0.1787,0.2749]

6 -0.0096 (0.0198) 0.0330 (0.0142) 0.1764 (0.0177)
[-0.0484,0.0292] [0.0051,0.0609] [0.1417,0.2110]

7 -0.0298 (0.0192) 0.0182 (0.0149) 0.1554 (0.0257)
[-0.0674,0.0078] [-0.0110,0.0474] [0.1051,0.2058]

8 -0.0014 (0.0199) 0.0523 (0.0090) 0.1788 (0.0161)
[-0.0404,0.0376] [0.0346,0.0699] [0.1472,0.2104]

9 -0.0073 (0.0234) 0.0346 (0.0200) 0.1645 (0.0208)
[-0.0532,0.0386] [-0.0046,0.0738] [0.1238,0.2052]

10 0.0015 (0.0193) 0.0162 (0.0119) 0.1568 (0.0232)
[-0.0363,0.0393] [-0.0070,0.0395] [0.1113,0.2024]

20 -0.0114 (0.0174) 0.0100 (0.0104) 0.1273 (0.0251)
[-0.0455,0.0227] [-0.0103,0.0304] [0.0780,0.1766]

30 -0.0066 (0.0168) 0.0123 (0.0097) 0.1161 (0.0182)
[-0.0395,0.0263] [-0.0067,0.0312] [0.0804,0.1519]

40 -0.0324 (0.0154) 0.0056 (0.0060) 0.0958 (0.0190)
[-0.0626,-0.0022] [-0.0062,0.0174] [0.0584,0.1331]

50 -0.0159 (0.0152) 0.0111 (0.0079) 0.1098 (0.0187)
[-0.0457,0.0139] [-0.0045,0.0266] [0.0732,0.1464]

60 0.0009 (0.0136) 0.0006 (0.0034) 0.0675 (0.0206)
[-0.0258,0.0276] [-0.0060,0.0073] [0.0271,0.1079]

70 -0.0069 (0.0141) 0.0035 (0.0026) 0.0791 (0.0151)
[-0.0345,0.0207] [-0.0016,0.0086] [0.0494,0.1088]

80 0.0040 (0.0139) 0.0008 (0.0031) 0.0572 (0.0166)
[-0.0232,0.0312] [-0.0053,0.0068] [0.0248,0.0897]

90 -0.0062 (0.0132) -0.0004 (0.0026) 0.0652 (0.0180)
[-0.0321,0.0197] [-0.0055,0.0047] [0.0299,0.1005]

100 -0.0030 (0.0140) 0.0009 (0.0032) 0.0729 (0.0192)
[-0.0304,0.0244] [-0.0052,0.0071] [0.0352,0.1105]

Note: The numbers in parentheses are Newey-West corrected standard errors, and95% confidence intervals indicate by square brackets.
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Table 3.A.2: Autocorrelations ofrt for the MF model.

Lag β Min. Max. 95% CIs
1 0.0504 (0.0186) -0.2987 0.5411 [0.0492,0.0515]
2 0.0393 (0.0182) -0.1556 0.5060 [0.0382,0.0404]
3 0.0279 (0.0182) -0.1412 0.4546 [0.0267,0.0290]
4 0.0200 (0.0178) -0.1303 0.4197 [0.0189,0.0211]
5 0.0141 (0.0178) -0.1008 0.3721 [0.0130,0.0152]
6 0.0087 (0.0178) -0.1125 0.3619 [0.0076,0.0098]
7 0.0055 (0.0177) -0.1002 0.3325 [0.0054,0.0076]
8 0.0034 (0.0176) -0.0799 0.2934 [0.0023,0.0044]
9 0.0011 (0.0175) -0.1191 0.2668 [0.0000,0.0022]
10 0.0004 (0.0174) -0.0900 0.2435 [-0.0007,0.0015]
20 -0.0053 (0.0172) -0.2243 0.0937 [-0.0063,-0.0042]
30 -0.0024 (0.0171) -0.0592 0.0566 [-0.0034,-0.0013]
40 -0.0007 (0.0170) -0.0652 0.0572 [-0.0018,0.0004]
50 0.0009 (0.0170) -0.0580 0.0793 [-0.0002,0.0019]
60 -0.0002 (0.0170) -0.0646 0.0887 [-0.0013,0.0009]
70 -0.0004 (0.0170) -0.0615 0.0689 [-0.0015,0.0006]
80 0.0006 (0.0171) -0.0627 0.0802 [-0.0004,0.0017]
90 -0.0007 (0.0171) -0.0761 0.0795 [-0.0017,0.0004]
100 0.0002 (0.0170) -0.0763 0.0723 [-0.0008,0.0013]

Table 3.A.3: Autocorrelations ofr2
t for the MF model.

Lag β Min Max 95% CIs
1 0.1443 (0.0256) 0.0135 0.4917 [0.1427,0.1459]
2 0.1397 (0.0256) 0.0049 0.5457 [0.1381,0.1413]
3 0.1362 (0.0254) -0.0059 0.4338 [0.1346,0.1378]
4 0.1325 (0.0247) 0.0076 0.4431 [0.1309,0.1340]
5 0.1301 (0.0246) -0.0051 0.3251 [0.1286,0.1316]
6 0.1304 (0.0249) -0.0084 0.4107 [0.1289,0.1320]
7 0.1280 (0.0243) -0.0002 0.4056 [0.1265,0.1295]
8 0.1270 (0.0240) -0.0026 0.3644 [0.1255,0.1284]
9 0.1259 (0.0240) -0.0035 0.3683 [0.1245,0.1274]
10 0.1242 (0.0234) -0.0066 0.3219 [0.1227,0.1256]
20 0.1195 (0.0226) 0.0009 0.5453 [0.1181,0.1209]
30 0.1153 (0.0226) -0.0056 0.4194 [0.1139,0.1167]
40 0.1143 (0.0222) -0.0040 0.3041 [0.1129,0.1156]
50 0.1138 (0.0226) -0.0039 1.2611 [0.1124,0.1152]
60 0.1119 (0.0221) -0.0063 0.4257 [0.1105,0.1133]
70 0.1122 (0.0228) -0.0144 0.7911 [0.1108,0.1136]
80 0.1103 (0.0222) -0.0078 0.5088 [0.1089,0.1117]
90 0.1082 (0.0220) -0.0038 0.3497 [0.1068,0.1095]
100 0.1101 (0.0224) -0.0093 0.4121 [0.1087,0.1115]
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Table 3.A.4: Autocorrelations of|rt| for the MF model.

Lag β Min Max 95% CIs
1 0.1710 (0.0185) 0.0111 0.5923 [0.1699,0.1722]
2 0.1676 (0.0186) 0.0074 0.5018 [0.1664,0.1688]
3 0.1649 (0.0186) -0.0030 0.4928 [0.1637,0.1660]
4 0.1624 (0.0183) 0.0026 0.5154 [0.1613,0.1636]
5 0.1607 (0.0181) -0.0029 0.4567 [0.1596,0.1618]
6 0.1600 (0.0181) -0.0055 0.4892 [0.1589,0.1612]
7 0.1587 (0.0181) -0.0035 0.4918 [0.1576,0.1598]
8 0.1572 (0.0180) -0.0004 0.4684 [0.1560,0.1583]
9 0.1562 (0.0179) -0.0024 0.4954 [0.1551,0.1573]
10 0.1548 (0.0177) -0.0067 0.4642 [0.1537,0.1559]
20 0.1507 (0.0175) 0.0033 0.5045 [0.1496,0.1518]
30 0.1464 (0.0174) -0.0018 0.4620 [0.1453,0.1475]
40 0.1461 (0.0174) -0.0014 0.4826 [0.1451,0.1472]
50 0.1444 (0.0173) -0.0174 0.4781 [0.1433,0.1455]
60 0.1433 (0.0174) -0.0069 0.4716 [0.1423,0.1444]
70 0.1432 (0.0174) -0.0085 0.4970 [0.1422,0.1443]
80 0.1419 (0.0174) -0.0113 0.4974 [0.1409,0.1430]
90 0.1401 (0.0173) -0.0043 0.4863 [0.1390,0.1412]
100 0.1407 (0.0174) -0.0069 0.5069 [0.1397,0.1418]



Chapter 4

The Econometric Analysis of
Microscopic Simulation Models

Microscopic simulation models are often evaluated based onvisual in-

spection of the results. This chapter presents formal econometric tech-

niques to compare microscopic simulation (MS) models with real-life data.

A related result is a methodology to compare different MS models with

each other. For this purpose, possible parameters of interest, such as

mean returns, or autocorrelation patterns, are classified and characterized.

For each class of characteristics, the appropriate techniques are presented.

We illustrate the methodology by comparing the MS model developed by

Levy, Levy, and Solomon (2000) and the market fraction modeldeveloped

by He and Li (2005a, b) with actual data.

4.1 Introduction

In financial markets, the observable quantities are usuallythe consequences of aggre-

gated individual movements at the macro level, but the determinants lie at the micro

level. In general, it might be very difficult to describe the individual behavior (decision

making under risk and uncertainty), and the implied aggregated phenomena explicitly:

economics, including financial markets, is a complex system. Very often, it is very

difficult, if not impossible, to find analytical solutions for such systems. In order to

get some insight into it, a possible approach is to apply Microscopic Simulation (MS).

The idea is to study complex systems by representing each of the microscopic elements

individually (on a computer) and by simulating the behaviorof the entire system, keep-

ing track of all of the individual elements and their interactions over time. Throughout

85
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the simulation, the macroscopic variables that are of interest can be recorded, and their

dynamics can be investigated.

The growing literature of MS in finance has resulted in various competing micro-

scopic simulation models to explain observed phenomena in real-life financial markets.

The works of Arthuret al. (1997), Brock and Hommes (1997, 1998), Chiarella and

He (2003), Chiarellaet al. (2005), Levyet al. (2000), Lux (1998), Lux and March-

esi (1999, 2001), Manzan and Westerhoff (2005), Westerhoff(2004), Westerhoff and

Dieci (2005), among others, provide good examples of various MS models. So far,

research has mainly focused on investigating whether a model shares some important

characteristics of the actual financial markets, the stylized facts, such as short-term

momentum, excess volatility, heavy trading volume, a positive correlation between

volume and contemporaneous absolute returns, endogenous market crashes, etc. The

typical way to do this is by running a single or at most a few (‘representative’) realiza-

tions of the MS model under consideration, and to analyze whether the outcomes of

the variables of interest, like stock returns, share more orless the same patterns as can

be found in the actual data. Although much work has already been done along these

lines (see, for instance, Chenet al., 2001, Hommes, 2005, LeBaron, 2000, 2005, Lux,

2004, and references therein), to our knowledge,systematicprocedures to investigate

the difference between two MS models, and to judge whether a MS model is realistic

or not have not yet been developed.

The relevance of such systematic procedures is clear: First, when comparing dif-

ferent microscopic simulation models, important factors that drive MS economies can

be detected and investigated. Second, when the comparison of a MS model with real

life data leads to rejection of the MS model, factors might beidentified that need to be

adapted or integrated to create models that better fit the empirical findings on financial

markets. Third, the procedures to compare different MS models can be used to check

the sensitivity of the outcomes of a MS model with respect to its initial conditions and

parameter settings. In this way we might gain a better understanding of the underlying

mechanism of MS models and, in particular, we can find out which parameter values

or initial settings are most useful when calibrating a MS model. Note also that con-

fronting a MS model with real life data is not only a way to check the “realism” of

the model, which might enhance our knowledge of financial markets, but it is also an

essential step from a practical point of view. For example, when MS models are used

to evaluate the impact of government policies, or to forecast, we need to explicitly link

the MS models with real life data.

The aim of this chapter is to develop and applyeconometrictechniques to compare
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different microscopic simulation models, and, more importantly, to compare data gen-

erated by a MS model with real life data. We shall study such comparisons in terms

of distribution functions of the variables of interest, focussing on distributional char-

acteristics that are considered to be relevant. The distributional characteristics of an

MS economy can be retrieved with an arbitrary level of precision, since we can run

the MS model independently as many times as we want. In particular, this possibility

of independent runs of a MS model allows us to quantify the simulation inaccuracy in

a straightforward way, making comparisons between different MS models a standard

exercise in econometrics.

When comparing a MS model with actual data the sampling inaccuracy of the ac-

tual data has to be taken into account. The quantification of this sampling inaccuracy

usually takes place via time series asymptotics. Exploiting the extra simulation dimen-

sion available in MS models, the combined sampling and simulation inaccuracy in the

MS outcomes can be made negligibly small, when compared withthe actual outcomes,

by having the number of simulations sufficiently large. Thismeans that we only have

to quantify the estimation inaccuracy of the actual data, making also the comparison

of a given MS model with actual data a straightforward exercise in econometrics.

However, usually we do not have available a single MS model, but a whole class,

where each MS model in the class corresponds to different parameter values, initial

conditions, and so on. Preferably, we would like to be able toestimate the appropri-

ate MS model in this model class. Generally, however, this seems to be infeasible,

due to the complexity of the microscopic simulation models,which makes verification

of identification rather difficult, and thus proving consistency of estimation trouble-

some. Moreover, in case consistent estimation is possible,the likely heavily nonlinear

relationship between observables and unknown parameters to be estimated might seri-

ously complicate estimation. Therefore, in this chapter, we only considercalibration

of a model in a model class, by choosing some model in the modelclass that mini-

mizes a distance between particular actual data based parameters and MS model based

parameters, restricting attention to a subset of MS models.

To illustrate the methodology, we consider two applications. The first one is the

Levy et al. (2000) microscopic simulation model, and the second one is the He and

Li (2005a, b) Market Fraction model. In the first application, we focus on a single

model, the LLS-model, and test its sensitivity to changes inthe input variables as well

as designed mechanism, and we confront this single model with actual data. In the

second application, we consider a whole model class, and select one model by means

of calibration, before confronting it to actual data.
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The remainder of this chapter is organized as follows. In thenext section, we

present the econometric methodology, focussing particularly on the case of stationary

data. Then we discuss the two applications, the Levyet al. (2000) microscopic sim-

ulation model in Section 3, and the He and Li (2005a, b) MarketFraction model in

Section 4. The final section concludes.

4.2 Econometric background

In this section we present some econometric background. First, we discuss the general

set up. Then we specialize to the stationary case, distinguishing between short range

and long range dependent distributional characteristics.

4.2.1 Set up

A microscopic model will be denoted bym. A class of microscopic models will be

denoted byM. Generally speaking, a microscopic simulation model consists of a de-

signed mechanism of the system, inputs, and outputs. The designed mechanism de-

scribes the functioning of the system, and how the dynamics evolve over time; inputs

include parameters, initial conditions, and also noise; the outputs are the observations

of variables like−in our case− stock prices and returns. Usually, models in the same

model class will differ in terms of inputs, but not in terms ofthe designed mechanism.

For instance, the Levy, Levy, Solomon (LLS) model class,MLLS, (see Levyet al.,

2000) consists of models aimed to study the behavior of individual investors. Accord-

ing to the designed mechanism, these investors make their decision by maximizing a

standard expected utility function and they interact via a market mechanism consist-

ing of buying and selling stocks and bonds within a temporaryWalrasian equilibrium

mechanism. Different input values, like the number of investors, the number of shares,

the (parameters of the) utility functions, the initial dividend value, and the standard

deviation of the random noise affecting the investors’ decisions, etc., result in different

modelsm in the model classMLLS.

These MS models generate as output observations on variables, including, in our

case, stock prices and stock returns, but possibly also other interesting variables, like

the subdivision of total wealth among groups of investors, etc. One of the main aims

of microscopic simulation models is to be able to give a description of actual data.

However, before making this comparison with actual data, itmight also be relevant to

compare different microscopic modelsm in the same model classM, for instance, to
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find out the sensitivity of the output variables with respectto the input values. Both

comparisons can be quantified using econometric techniques.

Let the actual data consist ofT time period observations on ak-dimensional vector

of variablesXa
t ∈ R

k, t = 1, ..., T , where the superscripta refers toactual. The actual

data is then described by the distribution functionda,T , i.e., (Xa
1 , ..., X

a
T ) ∼ da,T . We

haveda,T ∈ DT , whereDT is a set of distribution functions. Given a microscopic

model classM, we assume a transformationdT , that assigns to eachm ∈ M the

corresponding distribution functiondT (m), where we assume thatdT (m) ∈ DT , thus,

dT : M 7→ DT . The set of all distribution functions that can be generatedby the

microscopic model classM is denoted bydT (M). Notice that the setDT is assumed

to be so large that it includes bothda,T anddT (M). Givenm, we can generateN

simulations, which we assume to be independent from one another. Each simulation

run results inT observations on thek variables, one observation for each time period.

We denote the observations for microscopic modelm in simulation runj for time

periodt by the vectorXm,j
t ∈ R

k. We then have
(
Xm,j

1 , ..., Xm,j
T

) i.i.d.∼ dT (m), for

j = 1, ..., N .

In order to compare distributions, we shall make use ofdistribution characteristics,

like the mean, other moments, density functions, etc. The set in which these character-

istics take their value is denoted byE . To work with distributional characteristics, we

assume, givenDT , the presence of a transformationψT , that assigns to eachδT ∈ DT

the corresponding characteristicsϕT = ψT (δT ) ∈ E .1 Defineϕm,T = ψT (dT (m)),

the distribution characteristics of microscopic modelm. The actual distribution char-

acteristics are given byϕa,T = ψT (da,T ).

1The transformationψT might be defined explicitly or implicitly. In case we consider means, other
moments, or density functions of some or all marginal distributions, the transformationψT can be de-
fined explicitly. But in many cases one works with an econometric model class to describe the data,
which generally will result in an implicitly definedψT . An econometric model class consists of a set
Me of econometric models and a transformationde

T : Me 7→ DT , that assigns to each econometric
modelme the corresponding induced distributionde

T (me) ∈ DT . In addition, there will be a trans-
formationχT : de

T (Me) 7→ E (the estimation procedure) that assigns to each distribution in the set
de

T (Me), the set of distribution functions described by the econometric model classMe, the corre-
sponding distributional characteristicϕT ∈ E . Assuming that the econometric model class is identified,
we have thatde

T is injective. The model classMe is exactly identified in casede
T is also one-to-one,

in which caseψT is immediately determined byχT : ψT = χT . But, generally, we are dealing with
the case of overidentification, whende

T is not one-to-one, meaning thatde
T (Me) is a strict subset of

DT , and we have to take into account the possibility of misspecification, i.e.,da,T /∈ de
T (Me). In this

case the setDT has to be partitioned into equivalence classes such that each δT ∈ DT belongs to an
equivalence class fully described by a uniquede

T (me) ∈ de
T (Me), andψT : DT 7→ E is then defined by

ψT (δT ) = χ(de
T (m)) in caseδT belongs to the equivalence class ofde

T (me). Usually, the partitioning
of DT into the equivalence classes follows implicitly from the estimation method employed.
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Given the above formalization, our aim is to comparedT (m) for different micro-

scopic modelsm in M, and to confrontdT (m) with da,T , for some or allm ∈ M. This

will be achieved by using the distribution characteristicsof the microscopic model(s)

m ∈ M under consideration,ϕm,T , and the corresponding actual distribution char-

acteristicsϕa,T . To proceed, notice that we can estimatedT (m) by the empirical

distribution function based onN i.i.d.-simulations. Denote this empirical distribution

function by d̂m,T,N . Using this empirical distribution function we can estimate ϕm,T

by ϕ̂m,T,N = ψT

(
d̂m,T,N

)
. Under appropriate regularity conditions, this estimator

will be consistent forN → ∞, and, moreover, we will be able to quantify its estima-

tion and simulation inaccuracy. So, using standard econometric estimation and testing

techniques, we will then be able in a straightforward way to make a comparison be-

tweendT (m1) anddT (m2) by means of comparingϕm1,T andϕm2,T , on the basis of

the corresponding estimatorŝϕm1,T,N andϕ̂m2,T,N .

However, for the actual data we only have one realization(Xa
1 , ..., X

a
T ) drawn from

da,T , so that, without further assumptions, we will be limited inour possibilities to con-

front ϕm,T with ϕa,T . In order to be able to make a comparison betweendT (m) and

da,T , we shall consider the limiting caseT → ∞, together with appropriate regularity

conditions to ensure thatϕa,∞ ≡ limT→∞ ϕa,T is well defined, and̂ϕa,T = ψT

(
d̂a,T

)

is a consistent estimator forϕa,∞, whose estimation inaccuracy can be quantified as-

ymptotically (asT → ∞). Then it becomes possible to confrontϕm,∞ with ϕa,∞ (as

approximations ofϕm,T with ϕa,T , respectively), using their respective estimatesϕ̂a,T

andϕ̂m,T,N . Notice that now we might have two limits to take into account: the time

dimension limitT → ∞ and the simulation limitN → ∞.

We shall make the various comparisons under the assumption of (strict) stationarity

of (Xa
1 , ..., X

a
T ) and

(
Xm,j

1 , ..., Xm,j
T

)
(for eachj). Such a stationarity assumption

might become more or less realistic after appropriate data transformations, like, for

instance, transforming stock prices into returns, or bond prices into yields. We shall

distinguish between short range distributional characteristics, like the mean at some

time t, and long range distributional characteristics, like a long memory parameter.

In the former case a comparison between two microscopic models using econometric

techniques is possible for finiteT , i.e., onlyN → ∞-asymptotics suffices. In the latter

case we shall needT → ∞, also when comparing two microscopic models.
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4.2.2 Stationarity with short range distributional characteristics

Due to the (strict) stationarity assumption, the distribution ofXa
t+k1

, ..., Xa
t+kℓ

does not

depend ont, i.e., we can write

(
Xa

t+k1
, ..., Xa

t+kℓ

)
∼ da,(k1,...,kℓ),

with da,(k1,...,kℓ) the distribution function of
(
Xa

t+k1
, ..., Xa

t+kℓ

)
, the same for eacht,

and, similarly, we have

(
Xm,j

t+k1
, ..., Xm,j

t+kℓ

)
∼ d(k1,...,kℓ) (m) ,

with d(k1,...,kℓ) (m) the distribution function of
(
Xm,j

t+k1
, ..., Xm,j

t+kℓ

)
, also the same for

eacht. We denote the set of induced(k × ℓ)-dimensional distribution functions to

which da,(k1,...,kℓ) andd(k1,...,kℓ) (m) belong byD(k1,...,kℓ), and the subset generated by

the model classM by d(k1,...,kℓ) (M).

Short range dependent distribution characteristics are transformations of distribu-

tion functions inD(k1,...,kℓ) for sufficiently large but finitekℓ. Thus, letψ : D(k1,...,kℓ) 7→
E be such a transformation, that assigns to each distributionδ(k1,...,kℓ) ∈ D(k1,...,kℓ) the

corresponding distribution characteristics of interest in E . Then we have as actual

distribution characteristics

ϕa,(k1,...,kℓ) = ψ
(
da,(k1,...,kℓ)

)
∈ E

and as distribution characteristics of the corresponding microscopic modelm

ϕm,(k1,...,kℓ) = ψ
(
d(k1,...,kℓ) (m)

)
∈ E .

Estimators and their limit distributions —Assuming asymptotic independence,2

in addition to stationarity, we can estimate the characteristics of the actual data DGP

ϕa,(k1,...,kℓ) = ψ
(
da,(k1,...,kℓ)

)
consistently by

ϕ̂a,(k1,...,kℓ),T = ψ
(
d̂a,(k1,...,kℓ),T

)
,

for T → ∞, assuming additional smoothness conditions onψ. Hered̂a,(k1,...,kℓ),T de-

notes the empirical distribution function ofda,(k1,...,kℓ), using the time series(Xa
1 , ..., X

a
T ).

2Asymptotic independence corresponds to ergodicity and/ormixing conditions. See, for instance,
Billingsley (1968), or, more recently, Bierens (2004).
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Moreover, under appropriate additional regularity conditions we will be able to quan-

tify the (asymptotic) estimation inaccuracy ofϕ̂a,(k1,...,kℓ),T . Indeed, the limit distribu-

tion of ϕ̂a,(k1,...,kℓ),T for T → ∞ can easily be found by linearization of the transforma-

tionψ : D(k1,...,kℓ) 7→ E (assuming that it is smooth enough so that it can be linearized),

combined with an appropriate limit distribution3.

Similarly, and under the same smoothness assumptions regardingψ, we can esti-

mateϕm,(k1,...,kℓ) = ψ
(
d(k1,...,kℓ) (m)

)
consistently, but here we have various alternative

ways to estimateϕm,(k1,...,kℓ), due to the extra simulation dimensionN .

a We can estimateϕm,(k1,...,kℓ) consistently bŷϕj
m,(k1,...,kℓ),T

= ψ
(
d̂j

m,(k1,...,kℓ),T

)
,

for T → ∞, whered̂j
m,(k1,...,kℓ),T

is the empirical distribution function ofd(k1,...,kℓ) (m),

using the time series of thej-th simulation
(
Xm,j

1 , ..., Xm,j
T

)
. This is compara-

ble to the way we estimateϕa,(k1,...,kℓ), and is based on exploiting the asymptotic

independence assumption in addition to the stationarity assumption.

b We can estimateϕm,(k1,...,kℓ) consistently bŷϕt
m,(k1,...,kℓ),N

= ψ
(
d̂t

m,(k1,...,kℓ),N

)
,

forN → ∞, whered̂t
m,(k1,...,kℓ),N

is the empirical distribution function ofd(k1,...,kℓ) (m),

using theN simulations
(
Xm,1

t+k1
, ..., Xm,N

t+kℓ

)
for some givent (with 1 ≤ t +

k1, ..., t+kℓ ≤ T ). Obviously, this estimator does not require stationarityand an

asymptotic independence assumption to yield a consistent estimator for the dis-

tribution of
(
X1

t+km,1
, ..., Xm,N

t+kℓ

)
, for the givent, but only the i.i.d.-assumption

over theN simulations.

c We can estimateϕm,(k1,...,kℓ) consistently by averaginĝϕj
m,(k1,...,kℓ),T

over theN

simulations:ϕN
m,(k1,...,kℓ),T

= 1
N

∑N
j=1 ϕ̂

j
m,(k1,...,kℓ),T

is a consistent estimator, at

least, if we take the sequential limitT → ∞, possibly followed byN → ∞.

d We can estimateϕm,(k1,...,kℓ) consistently by averaginĝϕt
m,(k1,...,kℓ),N

over time:

ϕT
m,(k1,...,kℓ),N

= 1
T

∑T
t=1 ϕ̂

t
m,(k1,...,kℓ),N

is a consistent estimator, at least, if we

take the sequential limitN → ∞, possibly followed byT → ∞.

e We can estimateϕm,(k1,...,kℓ) consistently bŷϕm,(k1,...,kℓ),N,T = ψ
(
d̂m,(k1,...,kℓ),N,T

)
,

for N, T → ∞, whered̂m,(k1,...,kℓ),N,T is the empirical distribution function of

3Essentially, in the general case this means combining Donsker’s theorem for dependent sequences
(see, for instance, Billingsley (1968), or, more recently,Andrews and Pollard (1994), also for the
required regularity conditions), to find the limiting distribution of d̂a,(k1,...,kℓ),T for T → ∞, and
the functional delta method (see, for instance, van der Vaart, 1998), applied to the transformation
ϕ : D(k1,...,kℓ) 7→ E , assuming that it is smooth enough to be Hadamard differentiable.
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d(k1,...,kℓ) (m) using all observationsXm,j
t , t = 1, ..., T , j = 1, ..., N , taking the

limit NT → ∞.

Under appropriate additional regularity conditions we areable to quantify the (asymp-

totic) estimation/simulation inaccuracy and to characterize the asymptotic distribution

of the estimator in each of these cases. In particular, the limit distributions of cases

c)-e), when both limitsN → ∞ andT → ∞ are taken (in appropriate orders) satisfy

(with any of the three estimators simply represented byϕ̂m,(k1,...,kℓ))

√
NT

(
ϕ̂m,(k1,...,kℓ) − ϕm,(k1,...,kℓ)

) d→ N
(
0,Σϕm,(k1,...,kℓ)

)
,

with Σϕm,(k1,...,kℓ)
the same in all three cases (as can easily be checked under appropriate

smoothness conditions).

In general terms, the limit distribution of the characteristics based on actual data,

ϕ̂a,(k1,...,kℓ),T takes a similar form:

√
T
(
ϕ̂a,(k1,...,kℓ),T − ϕa,(k1,...,kℓ)

) d→ N
(
0,Σϕa,(k1,...,kℓ)

)
,

with Σϕa,(k1,...,kℓ)
the asymptotic covariance matrix. Moreover, in cased(k1,...,kℓ)(m) =

da,(k1,...,kℓ) it holds thatΣϕm,(k1,...,kℓ)
= Σϕa,(k1,...,kℓ)

. The difference between the limit

distributions ofϕ̂a,(k1,...,kℓ),T and the three estimatorŝϕm,(k1,...,kℓ) lies, of course, in

the rate of convergence: the microscopic simulation based estimators have the extra

dimensionN , making them converge much faster than the actual data basedestimator,

in caseN → ∞.

Example 1: The meanE(Xm,j
t )

The meanµm = E(Xm
t ) can be rewritten asµm =

∫
xdFm(x) = ψ(Fm) = ϕm,(0),

whereFm ≡ dm,(0) stands for the marginal distribution function ofXm
t , the same for

eacht, and where we haveℓ = 1 and(k1) = (0). We assume also thatk = 1, i.e.,

Xm
t ∈ R. The functionψ is defined asψ : F ∈ D(0) ⊆ D(R) 7→

∫
xdF (x) ∈ R, with

D(0) = {F ∈ D(R),
∫
|z| dF (z) < ∞}, and withD(R) the set of all non-decreasing

right continuous functionsz : R 7→ R such thatz(−∞) = 0 andz(+∞) = 1.

With T possibly fixed andN → ∞, we can take as estimators b) and d) (with in the

latter case possibly no second limitT → ∞). In case of b), we have that the empirical

distribution functionF̂ t
m ≡ d̂t

m,(0),N ∈ D(R) is given by

F̂ t
m(x) =

1

N

N∑

j=1

1[−∞,x](X
m,j
t ).
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The corresponding estimate is given by

µ̂t
m ≡ ϕ̂t

m,(0),N = ψ(F̂ t
m) =

∫
xdF̂ t

m(x) =
1

N

∑

j

Xm,j
t .

Averaging overT time periods yields case d)

µ̂T
m ≡ ϕ̂T

m,(0),N =
1

T

∑

t

µ̂t
m.

In the alternative case withN possibly fixed andT → ∞, we can take as estimators

a) and c) (with in the latter case possibly no second limitN → ∞). In case of estimator

a), we have that the empirical distribution functionF̂ j
m ≡ d̂j

m,(0),T ∈ D(R) is given by

F̂ j
m(x) =

1

T

T∑

t=1

1[−∞,x](X
m,j
t ).

The corresponding estimate is given by

µ̂j
m ≡ ϕ̂j

m,(0),T = ψ(F̂ j
m) =

∫
xdF̂ j

m(x) =
1

T

∑

t

Xm,j
t .

Averaging over theN independent simulations yields method c)

µ̂N
m ≡ ϕ̂N

m,(0),T =
1

N

∑

j

µ̂j
m.

In case of estimation method e), we haveF̂m ≡ d̂m,N,T given by

F̂m =
1

NT

N∑

j=1

T∑

t=1

1(−∞,x](X
m,j
t )

and

µ̂m,N,T ≡ ϕ̂m,(0),N,T =

∫
xdF̂m(x) =

1

NT

N∑

j=1

T∑

t=1

Xm,j
t .

Straightforward calculations show for estimation procedure d)

√
N(µ̂T

m − µm)
d→ N

(
0,

(
1

T
γm,0 + 2

T−1∑

i=1

T − i

T 2
γm,i

))
,

whenN → ∞, with γm,i = Cov(Xm,j
t , Xm,j

t+i ). For estimation method c), we find

√
T (µ̂N

m − µm)
d→ N

(
0,

1

N

(
γm,0 + 2

∞∑

i=1

γm,i

))
,
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for T → ∞. And for estimation method e), we have

√
NT (µ̂m,N,T − µm)

d→ N
(

0,

(
γm,0 + 2

∞∑

i=1

γm,i

))
,

whenN → ∞ andT → ∞. This latter limit distribution also applies to estimation

method d) with additional, sequential limitT → ∞ (and scaling by
√
NT instead of√

T ) and to method c) with additional, sequential limitN → ∞ (and similar adaptation

of scaling).

Comparing microscopic simulation models—A comparison between two micro-

scopic modelsm1 andm2 in M corresponds to the null hypothesis

H0 : ϕm1,(k1,...,kℓ) = ϕm2,(k1,...,kℓ)

versus the alternative hypothesis

H1 : ϕm1,(k1,...,kℓ) 6= ϕm2,(k1,...,kℓ).

To test these hypotheses, we can use each of the estimators a)-e), so it is possible to

use those not requiringT → ∞. As test procedure we can use the standard Wald-test.

For instance, when bothN andT are assumed to go to∞, we can take as test statistic

NT
(
ϕ̂m1,(k1,...,kℓ) − ϕ̂m2,(k1,...,kℓ)

)′ (
Σ̂ϕm1,(k1,...,kℓ)

+ Σ̂ϕm2,(k1,...,kℓ)

)−1

×
(
ϕ̂m1,(k1,...,kℓ) − ϕ̂m2,(k1,...,kℓ)

) d→ χ2
ν

whereϕ̂m1,(k1,...,kℓ) is any of the estimators c)-e), and̂Σϕma,(k1,...,kℓ)
is a consistent es-

timator forΣϕma,(k1,...,kℓ)
, a ∈ {1, 2}, for instance, the Newey-West (1987) estimator.

The degree of freedomν is typically equal to the number of elements inϕma,(k1,...,kℓ).

Comparing a microscopic simulation model with actual data—The question

whether some particular microscopic modelm ∈ M is able to describe the actual data

leads to the following null hypothesis

H0 : ϕm,(k1,...,kℓ) = ϕa,(k1,...,kℓ)

versus the alternative hypothesis

H1 : ϕm,(k1,...,kℓ) 6= ϕa,(k1,...,kℓ).

To be able to test the implied hypotheses we shall use as estimators

ϕ̂a,(k1,...,kℓ),T = ψ
(
d̂a,(k1,...,kℓ),T

)
,
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for ϕa,(k1,...,kℓ) = ψ
(
da,(k1,...,kℓ)

)
and

ϕN
m,(k1,...,kℓ),T

=
1

N

N∑

j=1

ϕ̂j
m,(k1,...,kℓ),T

=
1

N

N∑

j=1

ψ
(
d̂j

m,(k1,...,kℓ),T

)

for ϕm,(k1,...,kℓ) = ψ
(
d(k1,...,kℓ) (m)

)
. When testing the equality ofϕm,(k1,...,kℓ) and

ϕa,(k1,...,kℓ) we exploit the simulation dimension in the asymptotics, assumingN → ∞,

and ignore the estimation inaccuracy in the microscopic simulation based estimator.

We can therefore apply the standard Wald test statistic

W = T
(
ϕ̂a,(k1,...,kℓ),T − ϕN

m,(k1,...,kℓ),T

)′
Σ̂−1

ϕa,(k1,...,kℓ)

(
ϕ̂a,(k1,...,kℓ),T − ϕN

m,(k1,...,kℓ),T

)
,

with Σ̂ϕa,(k1,...,kℓ)
a consistent estimator forΣϕa,(k1,...,kℓ)

, like the Newey-West estimator.

Comparing a microscopic simulation model class with actualdata—Finally,

and perhaps most interestingly, we might be interested in finding out whether a partic-

ular microscopic modelclasscontains some modelm that is able to describe the actual

data. This leads to the following null hypothesis

H0 : ϕa,(k1,...,kℓ) ∈
{
ϕm,(k1,...,kℓ) : m ∈ M

}

versus the alternative hypothesis

H1 : ϕa,(k1,...,kℓ) /∈
{
ϕm,(k1,...,kℓ) : m ∈ M

}
.

When testing these implied hypotheses, we have to deal with a problem. Estima-

tion of microscopic simulation models is quite often infeasible. First of all, the class

M might be rather complicated, so that we are unable to determine whether the trans-

formationdT : M 7→ DT is injective. If dT is not injective, then the microscopic

model classM is underidentified, i.e., the same distribution

δ(k1,...,kℓ) ∈ d(k1,...,kℓ)(M) ⊂ D(k1,...,kℓ)

might correspond to different microscopic models inM, making (consistent) estima-

tion impossible. But even if the transformationdT : M 7→ DT would turn out to be

injective (which we might not be able to find out), then still the distribution character-

istic

ϕm,(k1,...,kℓ) = ψ
(
d(k1,...,kℓ) (m)

)

usually will depend in a heavily nonlinear way onm, so that estimation ofm by mini-

mizing some distance between, say,ϕa,(k1,...,kℓ) = ψ
(
da,(k1,...,kℓ)

)
andϕm,(k1,...,kℓ) over

all m ∈ M is likely to be too complicated.
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Instead, we shallcalibrateby selecting some microscopic modelm ∈ Mf ⊂ M,

over some subsetMf of MS models inM. In this subset, we select the modelm that

minimizes some distance between the sample and simulation analogues ofϕa,(k1,...,kℓ)

andϕm,(k1,...,kℓ), respectively.4 The null hypothesis

H0 : ϕa,(k1,...,kℓ) ∈
{
ϕm,(k1,...,kℓ) : m ∈ Mf

}

versus the alternative hypothesis

H1 : ϕa,(k1,...,kℓ) /∈
{
ϕm,(k1,...,kℓ) : m ∈ Mf

}

is then tested by comparinĝϕa,(k1,...,kℓ),T andϕN
m,(k1,...,kℓ),T

, for m = m̂, as in case

of comparing a given modelm with the real data case, but with using the calibrated

modelm̂ instead of some givenm.

4.2.3 Stationarity and long range distributional characteristics

Next to short range distributional characteristics, we might have to deal with long

range distributional characteristics. These are distributional characteristics that require

the knowledge of the distribution of(Xa
1 , X

a
2 , ...), or of

(
Xm,j

1 , Xm,j
2 , ...

)
. Denote

the distribution of(Xa
1 , X

a
2 , ...) by da,∞, and the distribution of

(
Xm,j

1 , Xm,j
2 , ...

)
by

dm,∞. Long range distributional characteristics are of the formϕa = ϕa,∞ = ψ(da,∞)

andϕm = ϕm,∞ = ψ(da,∞), and there is no(k1, ..., kℓ), with ℓ < ∞, such that

ϕa,∞ = ψ(da,(k1,...,kℓ)) or ϕm,∞ = ψ(dm,(k1,...,kℓ)). In this case we need estimators

ϕ̂a,T = ψT (d̂a,T ) and ϕ̂m,T = ψT (d̂m,T ) that are consistent forϕa,∞ andϕm,∞ as

T → ∞, respectively, and whose estimation/simulation inaccuracy can be quantified.

Notice that now, even in the case of comparing two microscopic simulation models,

we cannot obtain results without the limitT → ∞. We illustrate this case by two

examples we will use in the sequel.

Example 2: ARFIMA

Granger (1980) and Hosking (1981) introduced the ARFIMA(p, d, q) processXt ∈ R,

t ∈ Z

Φ(L)(1 − L)dXt = Θ(L)εt,

4In the application, we solve

m̂ ≡ m̂(k1,...,kℓ),N,T ∈ arg minm∈Mf

1

N

N∑

j=1

‖ϕ̂j

m,(k1,...,kℓ),T
− ϕ̂a,(k1,...,kℓ),T ‖2,

for the standard Euclidian norm‖ · ‖, using the generalized simplex algorithm.
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whered ∈ (−1
2
, 1

2
], whereL is the lag operator, with the fractional difference operator

(1 − L)d defined as

(1 − L)d :=
∞∑

j=0

(
d
j

)
(−1)jLj,

with Lj the composition ofj lag operators, and whereΦ(L) andΘ(L) are lag polyno-

mials of ordersp andq respectively:

Φ(L) = 1 +A1L+ A2L
2 + ...+ ApL

p

and

Θ(L) = 1 +M1L+M2L
2 + ...+MqL

q.

Thus, a processXt is said to be fractionally integrated (FI), if, after applying the op-

erator(1 − L)d, it follows an ARMA(p, q) process. Generally, it is assumed that the

roots ofΦ(x) are simple, and the roots ofΦ(x) andΘ(x) are outside the unit circle,

andεt
i.i.d∼ N (0, σ2). It is proved in Granger (1980) and Hosking (1981) that when

d ∈ (−1
2
, 1

2
], Xt is (strictly) stationary and ergodic. For0 < d < 1

2
, the process has

long memoryin the sense that its autocovariances are eventually positive and decay

slowly (at a hyperbolic rate). In the frequency domain, for small frequencies,ω, an

approximation for the spectral density function is given byω−2d. For−1
2
< d < 0, the

autocovariances are eventually negative and decline slowly. In the frequency domain,

the spectral density declines to zero as frequency approaches zero.

When modeling the process ofXa
t or Xm,j

t by means of an ARFIMA(p, d, q)

process, the unknown parameters are given byϕb = (db, Ab1, ..., Abp,Mb1, ...,Mbq, σ
2
b )

′,

satisfyingϕb = ϕb,∞ = ψ∞(db,∞) for b ∈ {a,m}.

Consistent estimation with quantification of estimation/simulation inaccuracy is

possible by means of Maximum Likelihood, cf. Sowell (1992).This yields estimators

ϕ̂a,T for the actual data and̂ϕj
m,T for the simulated data of simulationj that both

converge at rate
√
T , assuming the number of time periods per simulation equals that

of the actual data. For the simulation based estimates, we can construct averages of the

formϕm,T = 1
N

∑N
j=1 ϕ̂

j
m,T , which will converge at rate

√
NT , in case we also exploit

the limitN → ∞, sequentially afterT → ∞. This allows us to construct Wald tests,

in which we can ignore the simulation inaccuracy in the simulation based estimator

ϕm,T , as in the case of short range dependence.

Example 3: FIGARCH
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The family of ARCH (Autoregressive Conditionally Heteroskedastic) models was in-

troduced by Engle (1982) and its generalization, the GARCH model, was introduced

by Bollerslev (1986). Following their specification, a GARCH(p, q) model is defined

by:
{
Xt =a+ bXt−1 + εt, εt = σtzt,

σ2
t =α0 + α(L)ε2

t + β(L)σ2
t , zt ∼ N (0, 1),

(4.2.1)

whereL is the lag operator,α(L) =
∑q

i=1 αiL
i andβ(L) =

∑p
j=1 βiL

j. Defining

vt = ε2
t − σ2

t , the process can be rewritten as an ARMA(m, p) process

[1 − α(L) − β(L)]ε2
t = α0 + [1 − β(L)]vt (4.2.2)

with m = max{p, q}.

Baillie et al. (1996) consider the Fractionally Integrated GARCH (FIGARCH)

process, where a shock to the conditional variance dies out at a slow hyperbolic rate of

decay. Chung (1999) suggested a slightly different parameterization of the model:

φ(L)(1 − L)d(ε2
t − σ2) = α0 + [1 − β(L)]vt, (4.2.3)

whereφ(L) = 1 −∑q
i=1 φiL

i, α0 = φ(L)(1 − L)dσ2, andσ2 is the unconditional

variance of the corresponding GARCH model.

When modeling the process ofXa
t orXm,j

t by means of an FIGARCH process, the

unknown parameters are given by

ϕb = ϕb,∞ = (ab, bb, φb0, ...φbq, db, βb1, ..., βbp, σ
2
b )

′ = ψ∞(db,∞)

for b ∈ {a,m}. Consistent estimation with quantification of estimation/simulation

inaccuracy is possible by means of Maximum Likelihood, allowing us to construct as

estimatorŝϕa,T for the actual data, andϕm,T = 1
N

∑N
j=1 ϕ̂

j
m,T for the simulated data,

so that we can proceed as in the ARFIMA-case.

4.3 An application to the LLS model

In this section, we illustrate how the proposed econometrictools can be used to analyze

the model by Levyet al. (2000) (LLS model from now on). First, we briefly describe

the LLS model classMLLS, and the LLS-model,mLLS, obtained by choosing the

parameter settings and initial conditions according to Levy et al. (2000). Then we

investigate the sensitivity ofmLLS to some initial conditions and parameter values,

and we compare it with an extended model, allowing for extra investors, and finally,

we confront this modelmLLS with real life data.
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4.3.1 The Levy-Levy-Solomon Model Class

In the model class by Levyet al. (2000), LLS economy from now on, there are two

assets: a stock and a bond. The bond is assumed to be a risk freeasset, while the stock

is a risky asset. The bond is exogenous with infinite supply, so the investors can buy

from it as much as they wish at a given rate of return,r. The stock is in bounded supply.

There areN outstanding shares of the stock.5 The return on the stock is composed of

capital gains and dividend payments. The dividend per shareat time t,Dt, is a random

variable that follows a multiplicative random walk:Dt = Dt−1(1 + z), wherez is

distributed uniformly in the range[z1, z2]. The overall rate of gross return on the stock

in periodt,Rt, is then given by

Rt =
Pt +Dt

Pt−1

(4.3.1)

wherePt is the stock price at timet.

The investors are expected utility maximizers, characterized by the utility index

U(W ) = W 1−α/ (1 − α), which reflects their personal preference. The investors are

divided into two groups, the first group will be referred to asthe rational informed

investors (RII), and the second group will be referred to as the efficient market believers

(EMB).

The RII investors—At time t the RII investors believe that the convergence of the

price to the fundamental value will occur in periodt + 1. Furthermore, RII investors

estimate the next period fundamental value of stock priceP f
t+1 by

P f
t+1 =

Et+1[Dt+2]

k − g
, (4.3.2)

according to Gordon’s dividend stream model. Herek is the discount factor, andg

is the expected growth rate of the dividend, i.e.,g = E(z), which is known to the

investors. UsingEt+1[Dt+2] = Dt+1(1 + g) andDt+1 = Dt(1 + z), RII investors thus

believe thatPt+1 = P f
t+1 is given by

P f
t+1 =

Dt(1 + z)(1 + g)

k − g
. (4.3.3)

Investing a proportionx of wealth in the stock at timet, the expected utility becomes

E {U(Wt+1)} = E {U (Wt[(1 − x)r + xRt+1])} ,
5To keep close to the original notation by LLS, we might have togive the same symbol, likeN ,

different meanings, but we expect that the context makes thecorrect interpretation straightforward.
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with Wt the wealth at timet, and where the expectation is over the rate of return

Rt+1 = (Pt+1 +Dt+1)/Pt, with Pt+1 = P f
t+1. A solution for this optimization problem

can be found by solving the first order conditions.

The EMB investor—EMB investori has only a limited memory, and uses the

most recentmi returns on the stock to estimate the ex ante distribution. Attime t, each

of these past returns on the stockRj, j = t, t − 1, ..., t − mi + 1 is given an equal

probability1/mi to reoccur in the next period (t + 1). Therefore, the expected utility

of EMB investori is given by

E {U(Wt+1)} =
1

mi

mi∑

j=1

1

1 − α
[Wt[(1 − x)r + xRt−j]]

1−α. (4.3.4)

Maximization of this expected utility yields the optimal proportion of wealth,x∗i, that

will be invested in the stock by EMB-investori. To allow for noise around the optimal

portfolio choice, LLS assume

xi = x∗i + εi

whereεi is a random variable drawn from a normal distribution with mean zero and

standard deviationσ. For simplicity, noise is only added to the portfolio share of stocks

for the EMB investors.

Given the stock demand of the RII- and EMB-investors, togetherwith the total

supply of sharesN fixed, the (temporary) Walrasian equilibrium stock price attime t,

Pt, can be determined. This price leads to updated expectations and a new equilibrium

arises in the next period, and so on.

The parameter values and initial conditions chosen by Levyet al. (2000) are as

follows.

• Time periods: quarters of a year.

• Number of investors= 1000, with 96% RII investors and4% EMB investors.

There are two types of EMB investors, with memory span5 and15, respectively.

Both groups are equally large.

• At time t = 1 each investor is endowed with a total wealth of$1000, which

is composed of10 shares worth an initial price of$20.94 per share, and the

remainder in cash.

• The initial dividend is set at$0.5.
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• N = 1000, r = 1%, k = 4%, z1 = −7%, z2 = 10%, σ = 0.2, α = 1.5.

The model with these initial conditions and parameter settings will be referred to

asmLLS.

4.3.2 Sensitivity analysis

In this subsection we investigate the sensitivity of the benchmark modelmLLS to

changes in initial conditions and parameter values. We illustrate this by estimating

ARFIMA(p, d, q)-processes, as discussed inExample 2, restricting attention to the

ARFIMA(0, 1, 0)- and ARFIMA(1, d, 1)-cases.

Table 4.3.1 summarizes the results of the benchmark modelmLLS, by presenting

the average results over the simulations, as well as the numbers of significant parameter

estimations. We run 5,000 independent simulations over 1,000 time periods, and for

each run we use the last 152 observations to estimate the two ARFIMA-models by

Maximum Likelihood. The reason that we use the final 152 observations is, first, to

wash away the initial noise effects, and, secondly, to matchthe sample size of the

actual data (the S&P 500) that we use later on.

In case of ARFIMA(0, d, 0), we find on average a negative value ofd, but which is

in only 7.6% out of the 5,000 simulations significant. So, based on a single simulation,

we would accept most of the times the hypothesisd = 0. However, combining the

5,000 simulations, we find ast-valuet = −23.80,6 so that we clearly have to reject the

hypothesisd = 0!

In case of ARFIMA(1, d, 1) we find in most cases a significantly negative value

of d. Moreover, in most cases also the AR-coefficient is significant, while the MA-

coefficient in most cases turns out to be insignificant. However, combining again the

5,000 simulations, we find ast-value for the MA-coefficient,t = 9.66,7 so that the

MA-coefficient is clearly significantly different from zero.

To investigate the sensitivity, we next run the LLS model with different input val-

ues, including different initial price (P0 ∈ {16, 26}), initial dividend (D0 ∈ {0.4, 0.6}),

different risk aversion parameter (α ∈ {1.45, 1.55}), different maximum single-period

dividend decrease (z1 ∈ {−0.08,−0.06}), and different initial wealth (50%W0 = 500,

50%W0 = 1500, andW0 drawn from uniform distribution over[500, 1500]) We re-

port the estimation results of the ARFIMA (0, d, 0) model in Table 4.3.2 and in Table

6t = −0.0272/(0.0808/
√

5000) = −23.80.
7t = 0.0208/(0.1521/

√
5000) = 9.66.
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Table 4.3.1: Maximum likelihood estimation of ARFIMA(p, d, q) model for the LLS
model

Coefficient Std. p-value 95% CI Sig%
(0, d, 0) −0.0272 0.0808 0.5210 [-0.0294, -0.0250] 7.6

(1, d, 1)
−0.7444
0.6983
0.0208

0.2155
0.1356
0.1521

0.0339
0.0151
0.5342

[-0.7506, -0.7382]
[0.6911, 0.7055]
[0.0147, 0.0269]

88.2
93.4
5

Note: The reported numbers under Coefficients, Std., andp-value are averages
over 5,000 simulations. The 95% confidence interval presents the simulation
accuracy. ‘Sig%’ reports the percentage of the estimates that are significant at
5% level among 5,000 independent simulations. The estimated coefficients of
ARFIMA(1, d, 1) model are listed in the order:d, AR coefficient, MA coefficient.
This is also true for other tables in this section.

4.3.3 we also report thet-test for the difference of estimatedd between the benchmark

model and the models with different initial parameters.

Table 4.3.2: Maximum likelihood estimation of ARFIMA(0, d, 0) model for the LLS
models

d Std. p-value 95% CI Sig%

P0
16
26

−0.0286
−0.0282

0.0807
0.0807

0.5201
0.5247

[-0.0308, -0.0264]
[-0.0304, -0.0260]

7.7
7.6

D0
0.4
0.6

−0.0272
−0.0247

0.0808
0.0807

0.5228
0.5193

[-0.0294, -0.0250]
[-0.0269, -0.0225]

7.4
6.7

α
1.45
1.55

−0.0281
−0.0273

0.0808
0.0808

0.5172
0.5233

[-0.0303, -0.0259]
[-0.0295, -0.0251]

7.9
7.4

z1
−0.08
−0.06

0.0077
−0.1806

0.0837
0.0707

0.6621
0.0848

[0.0063, 0.0091]
[-0.1827, -0.1785]

0.7
70

W0
unif.
50%

−0.0239
−0.0279

0.0809
0.0808

0.5241
0.5230

[-0.0261, -0.0217]
[-0.0301, -0.0257]

6.9
7.7

We see from Table 4.3.3 that the LLS model is rather insensitive with respect to

the initial prices, initial dividend, risk aversion parameter in terms ofd. However, the

changes of maximal one-period dividend decreasez1 has a big impact. The reason

seems to be that the dividend process is the driving force in the LLS-model, and a

change inz1 changes the whole distribution of the dividend process.

In the benchmark model each investor is endowed equally witha total wealth of

$1000. If half of the investors is endowed$500 and the other half endowed with
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Table 4.3.3: Thet-test for the sensitivity analysis of the LLS models in termsof
ARFIMA(0, d, 0) estimates

P0 D0 α z1 W0

16 26 0.4 0.6 1.45 1.55 -0.08 -0.06 unif. 50%
t 1.167 0.840 0.047 1.935 0.760 0.125 26.696 105.53 2.546 0.554

$1500, then, compared to the benchmark model, the difference ind is not significant.

However, the difference ind is significant when all of the investors initial wealth is

drawn from a uniform distribution on[500, 1500].

We also calculate the estimation results of the ARFIMA (1, d, 1) model, and the

Wald test for the difference in the estimated parameters between the benchmark model

and the models with different initial parameters (not reported). The results are more

or less in line with the ARFIMA(0, d, 0)-case, although the insensitivity of the LLS

model with respect to the initial conditions and parametersbecomes somewhat more

ambiguous, due to the fact that now three parameters are being estimated.

A sensitivity analysis, like the one above, may be of help in determining which

parameters or initial conditions, in particular, to use when one would like to calibrate

(or even estimate) a MS model using actual data. In case of theLLS model, the divi-

dend process seems to be an appropriate choice in a calibration exercise. By modeling

it flexibly, one might become able to describe a wide range of potential distribution

characteristics, so that a calibration exercise might become successful.

4.3.3 Comparing two LLS models

In the benchmark modelmLLS, there are only two types of investors, the RII and the

EMB investors. It might be interesting to investigate what will happen when we in-

troduce a new type of investors. Similar to Zschischang and Lux (2001), we consider

as deviation from the benchmark model an economy with an extra type of investors,

namely the constant portfolio investors, who always investa constant proportion of

their wealth in the stocks. Zschischang and Lux (2001) investigate the LLS model

where initially all the investors are EMB investors (consisting of three or more sub-

groups). The authors found, when the market is invaded by only a small amount of

constant portfolio investors (1%), that, even when these new investors are endowed

with a small initial wealth and hold1.5% of their portfolio in the stock, they eventu-

ally achieve dominance and asymptotically gain100% of the available wealth. As an

alternative economy, we consider an economy where0.5% of the investors are constant
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portfolio investors instead of RII-investors (having the same initial wealth as the other

investors). These constant portfolio investors invest1.5% of their wealth in the stock.

We keep the other characteristics of the economy the same as the benchmark model.

We performed a Wald test to investigate whether the introduction of the con-

stant portfolio investors has a significant impact on the economy. The comparison

with the benchmark model are made in terms of log return, log price, and propor-

tion of total wealth held by the two groups EMB investors withdifferent memory

span. We considered two cases to see the variations of these quantities over time

and their long run behavior. InCaseI, the periods under consideration are the last

100 periods,t = 901, 902, ..., 1000; in CaseII, only six time points are considered,

t = 500, 600, ..., 900, 1000. The resulting test statistics are summarized in Table 4.3.4.

Within the column named ‘Log Return’, the first subrow reportsthe Wald statistics of

the benchmark economy, for instance, 101.88 is the Wald statistic corresponding to the

null hypothesis of equality of the average log return in periodst = 901, 902, ..., 1000

(with degrees of freedom between brackets), and so on, the second subrow reports the

Wald statistics of the new economy, and the third subrow reports the results of compar-

ing the new economy with the benchmark model, andms stands for memory span. It

is clear that none of the comparison statistics is significant, thus the constant portfolio

investors do not cause a significant impact on the economy.

Table 4.3.4: The comparison results with the benchmark model in terms of the mean

Log Return Log Price Wealth(ms = 5) Wealth(ms = 15)
101.88(99) 42085.5(99) 122.20(99) 125.10(99)

CaseI 101.68(99) 43413.2(99) 124.84(99) 113.73(99)
77.95(100) 76.95(100) 97.29(100) 79.13(100)

9.53(5) 192436.7(5) 383.93(5) 772.40(5)
CaseII 2.65(5) 194884.1(5) 388.87(5) 757.85(5)

8.33(6) 7.44(6) 3.37(6) 2.45(6)

Figure 4.3.1 explains why. It presents the average proportion of total wealth of

the extra constant portfolio investors across 5,000 simulations. As the figure shows,

the wealth of the constant portfolio investors decreases gradually. In the Zschischang

and Lux-analysis the constant portfolio investors are the only investors who are at the

opposite side of the market in case of the cycles, so that eventually they are able to gain

all wealth. But in the economy considered here, the RII investors for a large part take

over this role by buying or selling, depending on the price being lower or higher than
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its fundamental value, resulting in a gradually decreasingwealth held by the constant

portfolio investors.
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Figure 4.3.1: Proportion of total wealth held by constant portfolio investors, averaged
over 5,000 simulations.

4.3.4 Comparing the LLS model with real life data

We use quarterly data of the S&P 500 from Datastream as representation of the real

life situation, which runs from the first quarter of 1965 to the first quarter of 2003. See

Table 4.3.5 for some descriptive statistics.

Table 4.3.5: Sample statistics of returns of the S&P 500

Mean Median Std.Dev. Max Min Skew. Kurt.
0.0194 0.0162 0.0848 0.2923 -0.2548 -0.0575 3.800

We consider a comparison in terms of AR coefficients and the coefficients of the

ARFIMA(p, d, q) process. First, for the actual data, we calculate the autocorrelations

and construct a confidence interval for each autocorrelation, using the Newey-West

corrected standard errors. Then we estimate the averaged autocorrelations that comes

from LLS model and verify whether the average autocorrelations lie in the confidence

intervals for the actual data. As one cannot compute all possible autocorrelations, we

focus on the autocorrelation for lags 1 to 60. The results aresummarized in Figure

4.3.2. The average autocorrelations of the LLS economy lie entirely in the 95% confi-

dence intervals around the real-life data autocorrelations. Hence, we conclude that the

LLS model fits the real world very well in terms of the first sixty AR coefficients.
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Figure 4.3.2: The confidence intervals for the autocorrelations of the S&P 500 and
the averaged autocorrelation of the LLS model.Note: In this Figure, “betta” means the
estimated autocorrelation of the S&P 500, “lbcis” and “ubcis” indicate the lowerand upper
bounds of the confidence intervals, and “Mean” is the averaged autocorrelation of the LLS
model.

Next, we illustrate our comparison method in terms of the coefficients of the ARFIMA(p, d, q)

process. We estimate the ARFIMA (0, d, 0) model and the ARFIMA (1, d, 1) model

for stock returns and summarize the results for the S&P 500 inTable 4.3.6.

Table 4.3.6: Maximum likelihood estimation of ARFIMA(p, d, q) model for the S&P
500

Coefficient Std. Error t-value p-value
(0, d, 0) −0.0183 0.0675 −0.272 0.786

(1, d, 1)
−0.0527
−0.5668
0.6365

0.0813
0.4687
0.4240

−0.648
−1.21
1.5

0.518
0.229
0.135

We see from the table that in both of the ARFIMA (0, d, 0) and ARFIMA (1, d, 1)

model the parameterd is not significant; there is no evidence of long memory in the

quarterly stock return process. For the ARFIMA (0, d, 0) model, the estimatedd from

the LLS model (the average reported in Table 4.3.1) lies within the 95% confidence

interval of estimates ofd from actual data, which is(−0.1506, 0.114). However, for

the ARFIMA (1, d, 1) model, there is a significant difference between the actualdata

and the data of LLS model: The average value ofd according to the LLS-model does

not lie in the 95% confidence interval around the estimate ofd according to the actual

data.

So, the ‘standard’ version of the LLS-model,mLLS, considered here, seems to
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be able to give, at least, a description of some aspects of theactual data, but not all

aspects. However, the sensitivity analysis that we performed, suggests that by choosing

a model in the LLS model classMLLS by calibration (or estimation), particularly using

a flexible description of the dividend process, might resultin a LLS-model that is able

to describe many aspects of the actual data quite well.

4.4 An application to the Market Fraction Model Class

4.4.1 The Market Fraction Model Class

The market fraction (MF) model is a standard discounted value asset pricing model

with heterogeneous agents. It is closely related to the framework of Chiarella and He

(2003). We outline the model and refer the readers to He and Li(2005a) for details.

There is one risky and one risk free asset. The risk free assetis perfectly elastically

supplied at gross returnR = 1 + r/K, wherer stands for a constant risk-free rate

per annum andK = 250 stands for the frequency of trading periods (days) per year.

Let Pt be the price (ex dividend) per share of the risky asset at timet and{Dt} be the

stochastic dividend process of the risky asset. Then the wealth of a typical investor-h

at t+ 1 is given by

Wh,t+1 = RWh,t + [Pt+1 +Dt+1 −RPt]zh,t, (4.4.1)

whereWh,t andzh,t are the wealth and the number of shares of the risky asset purchased

of investor-h att, respectively. LetEh,t andVh,t be the “beliefs” of typeh traders about

the conditional expectation and variance of quantities att+1 based on their information

set. Denote byRt+1 the excess capital gain on the risky asset att+ 1, that is

Rt+1 = Pt+1 +Dt+1 −RPt. (4.4.2)

Traders have a constant absolute risk aversion (CARA) utilityfunction with the risk

aversion coefficientah for typeh traders (that isUh(W ) = − exp(−ahW )) and their

optimal demand on the risky assetzh,t are determined by maximizing their expected

utility of the wealth, resulting in

zh,t =
Eh,t(Rt+1)

ahVh,t(Rt+1)
. (4.4.3)

Given the heterogeneity and the nature of asymmetric information among traders,

we consider two popular trading strategies corresponding to two types of boundedly
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rational traders—fundamentalists and trend followers. The market fraction of the fun-

damentalists and trend followers isn1 andn2, respectively. Letm = n1−n2 ∈ [−1, 1].

Then, using (4.4.3), the aggregate excess demand per investor ze,t is given by

ze,t ≡ n1z1,t + n2z2,t =
1 +m

2

E1,t[Rt+1]

a1V1,t[Rt+1]
+

1 −m

2

E2,t[Rt+1]

a2V2,t[Rt+1]
. (4.4.4)

The market is cleared by a market maker, who takes a long (whenze,t < 0) or

short (whenze,t > 0) position so as to clear the market. Letµ be the speed of price

adjustment of the market maker. To capture unexpected market news or speculators’

excess demand, there is a noisy demand termδt which is an i.i.d. normally distributed

random variable with mean0 and varianceσ2
δ . Based on these assumptions and (4.4.4),

the market price is determined by

Pt+1 = Pt +
µ

2

[
(1 +m)

E1,t[Rt+1]

a1V1,t[Rt+1]
+ (1 −m)

E2,t[Rt+1]

a1V2,t[Rt+1]

]
+ δt. (4.4.5)

Now we turn to discuss the beliefs of fundamentalists and trend followers.

Fundamentalists—Apart from the common information onPt, Pt−1, · · · , Dt ,

Dt−1, · · · , the fundamentalists havesuperiorinformation on the fundamental value.

The relative return (P ∗
t+1/P

∗
t − 1) of the fundamental value follows a Wiener process,

P ∗
t+1 = P ∗

t [1 + σǫǫt], ǫt ∼ N (0, 1), σǫ ≥ 0, P ∗
0 = P̄ > 0, (4.4.6)

whereǫt is independent of the noisy demand processδt. The conditional mean and

variance of the fundamental traders are assumed to follow

E1,t(Pt+1) = Pt + α(P ∗
t+1 − Pt), V1,t(Pt+1) = σ2

1, (4.4.7)

whereσ2
1 stands for a constant variance on the price, and withα ∈ [0, 1] the speed of

price adjustment of the fundamentalist towards the fundamental value.

Trend followers—The trend followers extrapolate the latest observed pricechange

over a long-run sample mean price and adjust their variance estimate accordingly.

More precisely, their conditional mean and variance are assumed to follow

E2,t(Pt+1) = Pt + γ(Pt − ut), V2,t(Pt+1) = σ2
1 + b2vt, (4.4.8)

whereγ, b2 ≥ 0 are constants, andut andvt are sample mean and variance, respec-

tively, which follow the learning processes

ut = δut−1 + (1 − δ)Pt, (4.4.9)

vt = δvt−1 + δ(1 − δ)(Pt − ut−1)
2, (4.4.10)
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whereδ ∈ [0, 1] is a memory parameter.

The dividend processDt follows Dt ∼ N (D̄, σ2
D), the expected long-run funda-

mental valueP̄ = D̄/(R − 1), and the unconditional variances of price and dividend

over the trading period are related byσ2
D = qσ2

1, with σ2
1 = σ2

P̄
/K andq = r2.

The parameters in the model used by He and Li (2005a, b), to be denoted bymMF ,

areP = 100, q = r2 = 0.052, σ = 0.20, α = 0.1, γ = 0.3, a1 = 0.8, a2 = 0.8, µ = 2,

m = 0, δ = 0.85, b = 1, σε = 0.013, andσδ = 1.

4.4.2 Comparing the MF model class with real life data

Instead of comparing the original MF-modelmMF with real data, we consider a sub-

class of MF-models,Mf
MF ⊂ MMF , with the aim to test whether some microscopic

simulation model in this subclass is able to give an accuratedescription of real life

data.

The real life data—As real life data we use the S&P 500 price index8. There

are altogether 5,306 daily observations from Oct 20, 1982 toOct 27, 2003. Table

4.4.1 gives summary statistics for the log returns. We can see from Table 4.4.1 that

the kurtosis (44.76) is much higher than that of a normal distribution. The kurtosis

and studentized range statistics (which is the range divided by the standard deviation)

show the characteristic fat-tailed behavior compared witha normal distribution. The

Jarque-Bera normality test statistic is far beyond the critical value which suggests that

the log return-distribution is far from a normal distribution.

Table 4.4.1: Summary statistics ofrt.

data sample size mean std skewness kurtosis min max studentized range Jarque-Bera
rt 5305 0.00037 0.0108 -1.933 44.76 -0.229 0.087 29.16 388510

A well known stylized fact of high frequency stock returns isthat the log returns

themselves contain little serial correlation, but the squared returnsr2
t and absolute re-

turn |rt| do have positive serial correlation over long lags. For example, Dinget al.

(1993) investigate autocorrelations of returns (and theirtransformations) of the daily

S&P 500 index over the period 1928 to 1991 and find that the absolute returns and

squared returns tend to have very slow decaying autocorrelations, and, further, the

sample autocorrelations for the absolute returns are greater than the sample autocor-

relations for squared returns at every lag up to at least 100 lags. Figure 4.4.1 shows

8Data are obtained from http://finance.yahoo.com.
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the autocorrelation coefficients for the returns, squared returns, and absolute returns,

where the lines from the bottom to the top are the autocorrelation coefficients for the

returns, squared returns, and absolute returns respectively. These results coincide with

the findings in Dinget al. (1993).
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Figure 4.4.1: Autocorrelations ofrt, r2
t and|rt| for the S&P 500.

Calibration of the MF model—We calibrate the MF-model by minimizing the

average distance between the actual (a = S&P500) autocorrelations of the log returns

(the squared log returns, the absolute log returns), and thecorresponding autocorre-

lations according to the MF-models inMf
MF ,9 based on 1000 independent simula-

tions.10 Again, it is not possible to use autocorrelations at all lags, so we focus on a

limited set of autocorrelations. In particular, we focus onlag lengths of 1 to 10, 20, 30,

40, 50, and 60 periods. To see how well the model classMf
MF is able to match the au-

tocorrelationsrt, r2
t and|rt| separately, we calibrate the model to the autocorrelations

for each quantity separately, resulting in̂mMF,rt
, m̂MF,r2

t
, andm̂MF,|rt|, respectively.

In addition, we try to find the best model inMf
MF for the autocorrelations of all three

quantities by calibrating the model to the total set of autocorrelations simultaneously.

The resulting MF-model is denoted bŷmMF .

Table 4.4.2 contains the parameter values of the original modelmMF , as used by

He and Li (2005a, b) and the calibrated modelsm̂MF,rt
, m̂MF,r2

t
, m̂MF,|rt|, andm̂MF .

9The setMMF is chosen by making a few steps in a generalized simplex algorithm, where the
parameters are chosen to lie in the following ranges:α ∈ [0, 1], γ ∈ [0.05, 5.5], a1, a2 ∈ [0.05, 1.35],
µ ∈ [0.1, 5],m ∈ [−1, 1], δ ∈ [0, 1], b ∈ [0.05, 1.5], σε ∈ [0.1, 1.5], andσδ ∈ [0.05, 1.5]. P = 100, and
q = r2 = 0.052 are kept fixed.

10Each simulation run consisted of 6,306 time periods. The first 1,000 periods were discarded to
wash out potential initial condition effects.
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Table 4.4.2: Original and estimated MF models

α γ a1 a2 µ m δ b σε σδ

mMF 0.1 0.3 0.8 0.8 2 0 0.85 1 0.013 1
m̂MF,rt

1.000 0.754 0.400 0.713 2.829 -0.249 0.797 1.188 0.021 0.750
m̂MF,r2

t
0.998 3.185 0.382 0.578 4.995 -0.063 0.282 0.155 0.020 0.096

m̂MF,|rt| 0.046 1.429 0.572 0.198 1.671 0.496 0.977 0.766 0.012 0.531
m̂MF 0.999 0.754 0.400 0.650 2.829 -0.250 0.797 1.438 0.021 0.750

For the calibrated models, apart from̂mMF,|rt|, the fundamentalists are more confident

about their estimate of the fundamental price (sinceα is close to 1) and less risk averse

compared to the trend followers. In addition, as revealed bythe values ofm, there are

more trend followers than fundamentalists in the market. Incase ofm̂MF,|rt|, there are

about 75% (m = 0.496) fundamentalists who have almost no confidence (α is close

to 0) in their fundamental price and are more risk averse. Thememory decay rateδ is

close to 1, indicating that the trend followers put more weight on the historical trend

rather than the current price. Based on the stability and bifurcation analysis of the

underlying deterministic system in He and Li (2005a), amongthe five cases, the case

mMF is the only one where the steady state of the underlying deterministic system

is locally asymptotically stable. Among the four unstable cases, the casêmMF,|rt| is

the only one whereµ = 1.671 exceeds the boundary of the flip bifurcation (which is

0.355), and for the other three cases, the Hopf bifurcationsoccur (where the boundaries

of µ for m̂MF,rt
, m̂MF,r2

t
, andm̂MF are 0.610, 3.488 and 1.517, respectively). When

the steady state is unstable, the prices will eventually fliparound the steady state (in

case of flip bifurcation) or fluctuate (quasi) periodically around the steady state (in case

of Hopf bifurcation).

The implication of the stable (unstable) steady state for the statistical stationarity of

the returns is an important question. At present, the mathematical theory does not yet

seem to be able to give a clear answer to it, see, for instance,the discussions in Arnold

(1998). To investigate whether the assumption of stationarity and ‘asymptotic indepen-

dence’ makes sense, we ran 1000 independent simulations foreach of the MF model

over 100,000 periods. Table 4.4.3 reports the averaged means and variances (where we

divided the whole sample equally into 10 sub-samples) over 1000 independent simu-

lations. Although the averaged means and variances seem to fluctuate over time, there

does not seem to be a systematic trend, for instance, going upor going down. We take

this as indication that the assumption of stationarity is not too bad an approximation.
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We also estimate the long distance covariances, i.e., the covariance between the returns

in the first and final 10,000 observations. According to theseestimations the long dis-

tance correlation seems to be zero in most cases, indicatingthat also the assumption of

‘asymptotic independence’ might not be too bad an approximation.

Table 4.4.3: Means and variances (×103) of the MF models

Period-1 Period-2 Period-3 Period-4 Period-5 Period-6 Period-7 Period-8 Period-9 Period-10
mMF 0.016 0.002 -0.002 -0.001 0.005 -0.003 0.001 0.002 -0.005 -0.012

1.907 1.839 1.823 1.802 1.808 1.794 1.836 1.806 1.805 1.917bmMF,rt
0.072 0.021 -0.006 0.005 0.003 0.001 -0.007 0.008 -0.007 -0.029
0.770 0.695 0.688 0.693 0.673 0.677 0.678 0.689 0.683 0.697bmMF,r2

t
0.212 0.086 0.039 0.028 0.015 -0.017 -0.014 -0.020 -0.064 -0.108

0.537 0.468 0.459 0.452 0.450 0.449 0.453 0.460 0.463 0.488bmMF,|rt| 0.035 0.047 0.026 0.034 0.017 -0.009 0.005 -0.010 -0.030 -0.057
0.236 0.274 0.207 0.165 0.142 0.140 0.141 0.154 0.172 0.285bmMF 0.081 0.031 -0.007 0.002 0.019 -0.008 -0.012 0.002 -0.006 -0.036
0.708 0.668 0.664 0.671 0.650 0.645 0.661 0.659 0.663 0.679

Note: In each row of the table, the first sub-row reports the mean and the second sub-row reports the variance.
For instance, 0.016 is the averaged mean of the first 10,000 periods, and 1.907 is the averaged variance of the
first 10,000 periods over 1000 independent simulations of themMF model; 0.002 and 1.839 are those for the
second 10,000 periods; so on and so forth.

Comparison with actual data via autocorrelations—For the purpose of com-

parison with real data, we combine in Figure 4.4.2 the data based autocorrelations

with their confidence intervals and the autocorrelations resulting from the first three

calibrated MF-models. In general, the calibrated autocorrelations fit their actual coun-

terpart well. For example, the calibrated autocorrelations of the squared returns fit

those of the data relatively well in Figure 4.4.2(b), but there are large differences for

the autocorrelations of the returns and the absolute returns. Hence, theMf
MF class of

models is able to fit the autocorrelations ofrt, r2
t and|rt| individually rather well.

For the overall calibration̂mMF , Figure 4.4.3 plots the corresponding autocorrela-

tions. Here we see that the calibrated MF-model is able to fit the actual autocorrela-

tions of the log returns and their absolute values quite well. The calibrated MF-model,

however, has difficulties in fitting the squared log returns simultaneously.

To further illustrate the comparison methodology for the market fraction models,

we will focus onm̂MF , as this MS model best fits all three autocorrelation series (by

construction).

Comparison with actual data via ARFIMA —For the daily return, absolute re-

turn, and squared return of the S&P 500, we estimate the ARFIMA(0, d, 0) model; the

estimates of parameterd are summarized in Table 4.4.4.

We see that the results do provide evidence of long run persistence for squared
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Figure 4.4.2: Autocorrelations of returns, squared returns and absolute returns of the
S&P 500 (with confidence intervals) and the calibrated MF model m̂MF,rt

(a),m̂MF,r2
t

(b), andm̂MF,|rt| (c).
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Figure 4.4.3: Autocorrelations of returns, squared returns and absolute returns for the
MF model (bold lines) and the S&P 500 (top left). Autocorrelations of returns for the
MF model and the S&P 500 (top right). The bold line refers to the MF model while
the confidence intervals are constructed for the S&P 500, this also holds to squared
returns (low left), and absolute returns (low right).
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Table 4.4.4: Estimates ofd for the S&P 500

d Std. P-value 95% CI
r -0.0192 0.0112 0.086 [-0.0410, 0.0027]
r2 0.1233 0.0102 0.000 [0.1033, 0.1433]
|r| 0.1762 0.0085 0.000 [0.1594, 0.1931]

returns and absolute returns, while it seems that the estimatedd is not significant for

the daily returns: the persistence in absolute returns seems to be much stronger than

that in squared returns. These results coincide with the well-established findings in the

empirical finance literature.

The corresponding estimates of the calibrated MF-model arereported in Table

4.4.5, where the last column indicates the percentage of theestimates that are sig-

nificantly different from zero at the 5% level, for 1,000 independent simulations.

Table 4.4.5: Estimates ofd for the MF model

d Std. p-value 95% CI Sig%
r -0.0525 0.0112 0.0225 [-0.0532, -0.0518] 93.9
r2 0.1252 0.0088 0.000 [0.1247,0.1257] 100
|r| 0.1286 0.0086 0.000 [0.1281, 0.1291] 100

The average value ofd according to the calibrated MF-model does not lie in the

95%-confidence interval of the corresponding estimate ofd based on the actual data in

case of the log returns and in case of the absolute returns, while it fits inside the 95%

confidence interval for the squared log returns.

Thus, the calibrated MF model is able to give partial descriptions of the actual

data, but not a full description. In terms of the log returns and absolute log returns, the

autocorrelation structure can be described, but not the long memory parameter, while

in terms of the squared log returns the situation is the otherway around: the memory

parameter can be described, but not the autocorrelation structure. This indicates that

the MF model class might require adaptations, if the aim is todescribe aspects of actual

data as the ones considered here.

Comparison with actual data via (FI)GARCH—Table 4.4.6 reports the esti-

mates of the GARCH(1, 1) model applied to the actual data, where the mean process

follows an AR(1) structure, cf.Example 3. Based on the estimates, one can see that a

small influence of the most recent innovation (α1 < 0.1) is accompanied by a strong

persistence of the variance coefficient (β1 > 0.9). It is also interesting to observe that



116 CHAPTER 4. The Econometric Analysis of Microscopic Simulation Models

Table 4.4.6: GARCH(1, 1) Parameter Estimates for the S&P 500

a× 103 b α0 × 105 α1 β1

0.608 0.0359 0.113 0.0783 0.9145
(0.125 ) (0.014) (0.059) (0.0304) (0.0305)

Note: Standard errors are in parentheses. This is also true for other tables in this
section

the sum of the coefficientsα1 + β1 is close to one, i.e., the process is close to an in-

tegrated GARCH (IGARCH) process. Such parameter estimates are rather common

when considering returns from high frequency daily financial data of both share and

foreign exchange markets (Pagan, 1996).

Table 4.4.7 reports the S&P 500-estimates of the FIGARCH(1, d, 1) model, where

the mean process follows an AR(1) model. The estimate for the fractional differencing

parameterd is positive and significantly different from zero. This is consistent with

the well known findings that the shocks to the conditional variance dies out at a slow

hyperbolic rate.

Table 4.4.7: FIGARCH(1, d, 1) Parameter Estimates for the S&P 500

a b α0 × 104 d φ1 β
-0.0258 0.0166 0.000017 0.3933 0.1012 0.7968

(0.00039 ) (0.0083) (0.1930) (0.0091) (0.0116) (0.0035)

Next, we turn to look at the GARCH estimates and the FIGARCH estimates for the

calibrated MF-model̂mMF . We report the estimates of the GARCH and FIGARCH

model in Table 4.4.8 and Table 4.4.9, respectively. Again, these estimates are obtained

from the estimation for each run of the simulation model and then averaged over inde-

pendent simulations.

The resulting Wald statistic for testing equality of the S&P500 and calibrated MF-

model parameters is 38.29, which suggests that the null hypothesis is strongly rejected

and hence the GARCH(1, 1) model in case of the MF model and that of the S&P 500

are significantly different. Similarly, for the FIGARCH(1, 1) estimates, the resulting

Wald statistics is 4568, which is far beyond the critical value at any conventional sig-

nificant level. So, the FIGARCH(1, d, 1) model of the calibrated MF model seems to

be significantly different from that of the S&P 500, confirming the conclusion of the
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Table 4.4.8: GARCH(1, 1) Parameter Estimates for the MF Model

a× 103 b α0 × 104 α1 β
-0.1396 0.0620 0.0510 0.0194 0.9605

(0.3546 ) (0.0139) (0.1421) (0.0036) (0.0766)
1.5 88.7 12.9 95.7 96.8

Note: The last row presents the percentage of the simulations for which the para-
meter estimates are significantly different from zero.

Table 4.4.9: FIGARCH(1, d, 1) Parameter Estimates for the MF Model

a b α0 × 104 d φ1 β
0.0348 0.0733 0.2594 0.4182 0.2398 0.7928

(0.0014 ) (0.0189) (0.9175) (0.0366) (0.0255) (0.0199)
55.4 75 11 91.4 76.7 98.4

Note: The last row presents the percentage of the simulations for which the para-
meter estimates are significantly different from zero.

previous subsection that the MF model class might need to be adapted to better match

the features of the actual data we investigated.

4.5 Conclusions

Microscopic Simulation (MS-)models are a promising way to study financial markets,

since they allow for the possibility to include all kinds of realistic and complex behav-

ior of interacting economic agents, without having to worryabout analytical tractabil-

ity. However, in many cases judgements of the outcomes of MS models seem to be

based solely on visual inspection.

In this chapter we propose to investigate Microscopic Simulation (MS) models us-

ing statistical and econometric techniques. Such techniques can be used to study the

impact of changes in the initial parameter settings and initial conditions on the simu-

lated time series behavior of the relevant quantities. But also different MS economies

can be compared using these techniques, in order to find out whether particular adap-

tations are crucial or not. We also develop the methodology to compare real life data

with the MS economies.
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We consider two applications. In the first one, we compare theoriginal LLS-model,

developed by Levyet al. (2000), with variations by changing the inputs. This re-

veals which input changes turn out to be significant and whichones insignificant. We

also extend the LLS model by including an additional type of investor. The extended

model does not seem to deviate much from the original model: in the end the extra

agents are competed away by the originally included economic agents. Finally, we

compare the LLS model with actual data, by comparing variousdistributional charac-

teristics. When the actual data are described by means of an ARFIMA( 0, d, 0)-model,

the LLS-model seems to be able to provide a good description;however, in terms of an

ARFIMA(1, d, 1)-model the LLS-model is unable to provide an accurate description.

However, the sensitivity analysis suggests that when calibrating the LLS model class

using a flexible specification of the dividend process, the LLS model might be able to

provide appropriate descriptions of actual distributional characteristics.

The second application is the market fraction model introduced by He and Li

(2005a, b). Here, we first calibrate the model class to actualdata from the S&P 500

by minimizing the distance between the actual and model based autocorrelations of

returns, squared returns, and absolute returns. Then we investigate how well the cali-

brated model is able to describe the actual data in terms of ARFIMA and (FI)GARCH

models. The MF-model class seems to have some difficulties inproviding an accurate

description of all actual distributional characteristicsthat we investigated at the same

time.



Chapter 5

The Nonparametric and
Semiparametric Analysis of MS
Models

This chapter illustrates how to compare different microscopic simulation

(MS) models and how to compare a MS model with real data in casethe

parameters of interest are estimated non- or semiparametrically. As exam-

ples we investigate the marginal single-period probability density func-

tion of stock returns, and the corresponding spectral density function and

memory parameters. We illustrate the methodology by the MS models

developed by Levy, Levy, Solomon (2000) and the market fraction model

developed by He and Li (2005a, b), and confront the resultingreturn data

with the S&P 500 stock index data.

5.1 Introduction

Many of the classical models in finance are based upon the assumptions of investor

homogeneity and expected utility theory, including, for instance, the Capital Asset

Pricing Model (CAPM), see, for example, Cochrane (2001). Although recent research

reveals that these assumptions are hard to maintain (see, for instance, Barberiset al.,

2001, and Haliassos and Hassapis, 2001, for recent discussions), they are still used

because of their analytical tractability. The developments of computational power pro-

vide the possibility to relax these assumptions through theuse of Microscopic Simu-

lation (MS) techniques. The idea is to study financial markets by representing each

of the investors individually (on a computer) and by simulating the behavior of the

119
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entire market, keeping track of all of the investors and their interactions over time.

Throughout the simulation, the variables that are of interest, including, for example,

asset prices or asset returns, can be recorded, and their dynamics can be investigated.

The MS models of financial markets that result from the interaction of heteroge-

neous agents, having different attitudes towards risk and different expectations about

future asset returns, have been studied intensively in the literature, see, for example,

Chiarella and He (2003), Hommes (2005), LeBaron (2000, 2005),Levy et al. (2000),

and Lux (1998). So far, research has mainly focused on investigating whether a sin-

gle or some ‘representative’ simulation runs of an MS model shares some important

characteristics found in actual financial markets, the so-called stylized facts, such as

short-term momentum, excess volatility, heavy trading volume, a positive correlation

between volume and contemporaneous absolute returns, endogenous market crashes,

etc., see Hommes (2005), for instance. Although these worksprovide various ways to

explain the stylized facts, to our knowledge, systematic procedures to investigate the

differences between two MS models or to judge whether a MS model is realistic or not

have not yet been developed.

The work of Liet al. (2005) is a first attempt along this line. In Liet al. (2005), we

study how to compare different microscopic simulation (MS)models and how to com-

pare a MS model with actual data. Essentially, we investigate the comparison of some

given features of the distribution of the outcome series of interest (like asset returns)

by applying econometric techniques. In the current chapterwe apply this methodol-

ogy to some particular relevant features of the distribution of asset returns, namely the

marginal one-period probability density function, the spectral density function, and

particular memory parameters. The marginal one-period probability density function

gives insights into the distribution of the return process.This is linked directly to one

of the stylized facts of high frequency financial data, namely leptokurtosis, in which

case the return process exhibits high peaks around the mean and has fat tails. The spec-

tral density function measures the global cyclical behavior of the return process, and as

such contains much information about the dynamics of the return process of financial

markets. In fact, in the macroeconomics literature (see, for instance, Dieboldet al.,

1998), the comparison of the spectral density functions is astandard way to compare

the dynamics of model generated data with actual data. Finally, as memory parameters

we take the order of fractional integration in an ARFIMA process, which measures the

speed of decay of autocorrelations. In this way we can investigate the presence of long

range dependence in, for instance, squared or absolute returns.

We shall make the assumption of (strict) stationarity. Since we are dealing with re-
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turn data, this seems to be an acceptable approximation. Standard estimators and tests

are then available for the marginal one-period probabilitydensity function, the spec-

tral density function, and the memory parameters that we consider, and can be applied

straightforwardly. For instance, when making a comparisonin terms of the marginal

one-period probability density function or the spectral density function, nonparametric

kernel estimators and tests based upon these can be applied.For the memory parame-

ter we shall make use of available semiparametric techniques, including the estimators

of the fractional differencing parameter proposed by Geweke and Poter-Hudak (1983)

and Robinson and Henry (1999).

A special feature of MS models is that its outcome series can be observed along

two dimensions, namely, we can observe the outcome series for each run of the sim-

ulation, and we can run the MS model independently many times. Consequently, the

parameters of interest might be estimated in different ways. We shall exploit this pos-

sibility heavily in this chapter when applying the non- and semiparametric techniques,

particularly, when comparing actual data with outcomes of MS models.

The remainder of the chapter is organized as follows. In Section 5.2, we introduce

how to compare two different MS models, and how to compare a MSmodel with actual

data in terms of the marginal probability density function,the spectral density function,

and memory parameters. In Section 5.3 we illustrate the methods by the MS models

developed by Levy, Levy, Solomon (see Levyet al., 2000), and the market fraction

model developed by He and Li (2005a, b), where we use in both cases the Standard

& Poor 500 index (hereafter S&P 500) to represent the real world. We conclude in

Section 5.4.

5.2 Econometric methods

Given the outcomes of interest of MS models, for instance, the stocks returns, we

are interested in how to assess the differences between two MS models and that be-

tween an MS model and actual data in terms of specific characteristics of the stock

return distribution. As characteristics we shall considerin this section the marginal

single-period probability density function, the spectraldensity function, and memory

parameters. We shall make the assumption of (strict) stationarity, which seems to be

an acceptable approximation, since we are dealing with return data. When dealing

with asymptotic results, we shall also assume ‘asymptotic independence’ in the form

of appropriate mixing conditions, cf., for example, Bierens(2004).
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5.2.1 The marginal one-period probability density function

With observations{xt}T
t=1, the marginal one-period probability density functionf

evaluated atx ∈ (a, b) can be estimated consistently (under appropriate regularity

conditions, see, for example, Pagan and Ullah, 1999) by the Nadaraya-Watson kernel

estimator

f̂(x) =
1

Th

∑

t

K(
x− xt

h
) (5.2.1)

for eachx in the interval(a, b), whereK is anrth order kernel function andh is the

smoothing parameter.

Under some regularity conditions (see Pagan and Ullah, 1999, for instance), this

nonparametric estimator has an asymptotic normal distribution, whenTh→ ∞, T →
∞, andh→ 0

√
Th(f̂(x) − s(x)) → N

(
0, f(x)

∫
K2(u)du

)
, a < x < b, (5.2.2)

whereK is an appropriate kernel function, and where the asymptoticbias vanishes

when
√
Thh2 → ∞. On the basis of this limit distribution, one can easily construct

pointwise confidence intervals. However, rather than relying on the asymptotic limit

distribution, we apply the bootstrap (see, for instance, Horowitz 2001, 2003, for gen-

eral discussions) to construct such pointwise confidence intervals, where we follow

Hall (1992). As discussed by Hall (1992), there are two ways to deal with the as-

ymptotic bias. One is the method of explicit bias removal, the other method is under-

smoothing, which relies on choosing the bandwidthh so small that the asymptotic bias

becomes negligible. Hall (1992) compares these two methodsin terms of the errors in

the coverage probabilities of bootstrap confidence intervals. The conclusion seems to

be that undersmoothing is the better method for handling theasymptotic bias, when the

aim is to minimize the differences between the true and nominal rejection and cover-

age probabilities of the bootstrap-based confidence intervals. To get this result a fourth

order kernel, such asK(z) = (15/32)(7z4 − 10z2 + 3) if |z| < 1, andK(z) = 0

otherwise, needs to be used. Accordingly, this kernel and Hall’s suggestion on under-

smoothing will be used for the bias removal in our study.

Obviously, a set of(1 − α) pointwise confidence intervals constructed for a dis-

cretized finite interval will not achieve(1 − α) joint coverage probability. So, we also

consider a uniform confidence band. Hall (1993) suggests a bootstrap procedure to

construct a simultaneous confidence bands which we will use in our study. Hall (1993)
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suggests to remove the asymptotic bias by the so-called explicit method, because it is

difficult to determine the appropriate amount of undersmoothing. Hall (1993) uses

the standard normal kernel to estimatef , while the second order approximation of the

bias is estimated by estimating the second order derivativeof f , appearing in the bias

approximation, by using the second derivative of the standard normal kernel. We will

follow these suggestions in our study.

When the aim is to compare two MS models, we are dealing with twotime series

{xt} and{yt} associated with the marginal probability density functionf of one MS

model andg of an other MS model, respectively, and we are interested in testing the

null hypothesisH0 : f(x) = g(x) against the alternativeH1 : f(x) 6= g(x). We

shall test these hypotheses by applying a test proposed by Li(1996), which is based

on Î =
∫

(f̂ − ĝ)2dx. After rewriting, Î can be expressed as

Î = Î1 + 2
K(0)

Th
+Op(T

−1) (5.2.3)

where

Î1 =
1

T 2h

T∑

i=1

T∑

j=i,j 6=i

[
K(

xi − xj

h
) +K(

yi − yj

h
) −K(

yi − xj

h
) −K(

xi − yj

h
)

]
.

Li (1996) shows that underH0, whenh→ 0, andTh→ ∞,

JT :=

√
ThÎ1
σ̂1

d→ N (0, 1), (5.2.4)

where

σ̂2
1 =

2

T 2h

T∑

i=1

T∑

j=1

[
K(

xi − xj

h
) +K(

yi − yj

h
) + 2K(

xi − yj

h
)

] ∫
K2(ψ)dψ.

To use this result to compare the marginal probability density functions of two MS

models, we define the averaged, over simulations, estimatorof the probability density

functionf(x) as

f̂Si(x) :=
1

N

∑

n

f̂n(x), (5.2.5)

where the superscriptSi indicates that this estimator is obtained from the average

over independent simulations;̂fn is the kernel estimator of the probability density

functionf based upon then-th realization of the MS model, sôfSi is the average of the
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kernel estimators over independent simulations. The estimator f̂Si(x) is a consistent

estimator off(x) for T → ∞ with

√
Th(f̂Si(x) − f(x)) → N

(
0,
f(x)

N

∫
K2(u)du

)
, a < x < b, (5.2.6)

whenTh → ∞, h → 0, andT → ∞. WhenT goes to infinity and, sequentially, also

N goes to infinity, we have

√
TNh(f̂Si(x) − f(x))

d→ N
(

0, f(x)

∫
K2(v)dv

)
, (5.2.7)

whenTNh → ∞, h → 0, T → ∞ andN → ∞ (and the asymptotic bias vanishes

when
√
TNhh2 → 0). In other words, we can testH0 : f(x) = g(x) based upon the

estimatorsf̂Si andĝSi using all the data in one test. The correspondingσ̂2
1 appearing

in Li’s test can be computed by using all of theNT observations

Finally, we turn to the problem of comparing the probabilitydensity function of a

MS model with that of the real world. So, letf(x) andg(x) be the probability density

functions of the real world and a MS model, respectively, andwe are again interested in

testing the null hypothesisH0 : f(x) = g(x) against the alternativeH1 : f(x) 6= g(x).

f(x) can be estimated by the kernel estimator,f̂(x), using the time series observations;

g(x) can be estimated bŷgSi using the time series observations over many simulation

runs. Obviously,̂gSi converges much faster than̂f(x), if we also exploit the simulation

limit N → ∞ in addition (and sequential) toT → ∞. This means, when testing

equality off(x) andg(x), that we can ignore the estimation/simulation inaccuracy in

ĝSi. Testing equality off(x) andg(x) can be done, for instance, by simply checking

whetherĝSi lies in the confidence bound around̂f(x), where the confidence bound is

solely based on the estimation inaccuracy off̂(x).

5.2.2 The spectral density function

A standard way of investigating the dynamics commonly used in the macroeconomics

literature is based on the spectral density function (see, for instance, Dieboldet al.,

1998). The spectral analysis treats the time series globally and focuses on analyz-

ing the series as a whole, decomposing it into its periodic components corresponding

to different frequencies. This is in contrast to comparing only a limited number of

variances and covariances of the time series. As a consequence, this method yields

a complete second-order comparison of the dynamic properties of model and data,

providing a complete summary of the time series dynamics.



5.2. Econometric methods 125

We start with reviewing some basic concepts. For a time series {xt}, let γ(k)

denote its autocovariance at lagk. Then its spectral density function is defined as

s(ω) =
1

2π

+∞∑

k=−∞

e−ikωγ(k) =
1

π

[
γ(0) + 2

+∞∑

k=1

γ(k) cos(ωk)

]
. (5.2.8)

Suppose we have observationsx1, x2, ..., xT . LetL denote the largest integer less

than or equal toT/2, i.e.,L = [T/2], and letωk be the frequency given by2πk/T ,

−L ≤ k ≤ L. Let

IT (ω) =
1

T

∣∣∣∣∣

T∑

k=1

xke
ikω

∣∣∣∣∣

2

, −π ≤ ω ≤ π, (5.2.9)

be the periodogram of the sample, then the spectral density functions(ω) can be esti-

mated by

ŝ(ω, h) =
1

Th

L∑

k=−L

K(
ω − ωk

h
)IT (ωk), −π ≤ ω ≤ π. (5.2.10)

Because the precision of the sample analogue ofγ(k) decreases as the lagk in-

creases, this estimation consists of a weighting procedure, which gives less weight to

the values of the autocovariance function at higher lags. Various weighting functions

(kernel functions) can be used to estimate the spectrum, forinstance, the Blackman-

Tukey weight (see Chatfield, 2004, for more detailed discussion on these issues).

Under some regularity conditions (see Priestly, 1981, for instance), the above non-

parametric estimator of the spectral density function has an asymptotic normal distri-

bution. We have

√
Th(ŝ(ω) − s(ω)) → N

(
0, s2(ω)

∫
K2(u)du

)
, 0 < ω < π (5.2.11)

whenTh → ∞, T → ∞, andh → 0, whereK is a kernel function satisfying the

assumptions in Priestly (1981). On the basis of this limit distribution, one can easily

construct point wise confidence intervals. However, similar to the case of the marginal

one-period probability density function, we shall construct point wise confidence inter-

vals based on the procedure of bootstrapping kernel estimation of the spectral density

function. A way to do this is proposed by Franke and Härdle (1992). We shall follow

this approach in our application.

For the uniform confidence band, similar to that of Hall (1993) for the probability

density function and Swanepoel and van Wyk (1986) for the spectral density function
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but with parametric estimation, we discuss in the appendix how potentially such a

uniform confidence band might be constructed. We shall use this potential uniform

confidence band in addition to the point wise version. Notice, however, that the formal

theory behind this construction still needs to be developed.

In our situation, we can run a MS model for many time periods and independently

many times. In order to use all of the available information,we define, similar to the

case of the marginal one-period probability density function, the estimator

ŝSi(ω) :=
1

N

∑

n

ŝn(ω), (5.2.12)

whereŝn is the estimated spectral density based upon thenth realization of the MS

model, and then̂sSi is the average of estimated spectral density over independent sim-

ulation. So,̂sSi is a consistent estimator ofs for T → ∞ with

√
Th(ŝSi(ω) − s(ω)) → N

(
0,
s2(ω)

N

∫
K2(u)du

)
, 0 < ω < π. (5.2.13)

When, sequentially, alsoN goes to infinity, we get1

√
TNh(ŝSi(ω) − s(ω)) → N

(
0, s2(ω)

∫
K2(u)du

)
, 0 < ω < π. (5.2.14)

So, similar to the case of the probability density function,the spectral density func-

tion estimator in case of the actual data will have rate of convergence
√
Th, while in

case of the simulation based case, it will have rate of convergence
√
TNh. So, again,

when sequentially toT → ∞ alsoN → ∞, the simulation based estimator will have

a much higher rate of convergence, and may be considered (at least, asymptotically) to

be known, when compared with the actual data based estimator.

5.2.3 Semiparametric estimation of memory parameters

There are several possible definitions of the property of “long memory”. Following

Baillie (1996), given a seriesxt, t = 0, ±1..., with autocorrelation functionρj at lag

j, we say that the process possesses long memory ifρj decays “slowly”, i.e., if the

quantity

lim
n→∞

j=n∑

j=−n

|ρj| (5.2.15)

1Notice that ifT is fixed and onlyN goes to infinity, in general, it is impossible to get a consistent
estimator for the spectral density function unless we have specific restrictions onγ(k), for instance,
γ(k) = 0 for k > T .
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is nonfinite. Equivalently, the spectral densitys(ω) will be unbounded at low frequen-

cies. We semiparametrically model long memory in a covariance stationary seriesxt,

t = 0, ±1, ..., by

s(ω) ≈ Gω−2d, ω → 0+, (5.2.16)

where0 < G < ∞, ands(ω) is the spectral density ofxt. Under (5.2.16),s(ω) has

a pole atω = 0 for 0 < d < 1/2 (when there is long memory inxt), while d ≥ 1/2

implies the process is not covariance stationary;s(ω) is positive and finite ford = 0;

for −1/2 < d < 0, we have short memory, negative dependence, or antipersistence.

Geweke and Poter-Hudak (1983), henceforth GPH, suggested asemiparametric

estimator of the fractional differencing parameter,d, that is based on a regression of

the ordinates of the log spectral density. The estimator exploits the theory of linear

filters to write the process(1 − L)dyt = ut, whereut ∼ I(0), i.e., the process{ut}
is stationary. Letsy(ω) andsu(ω) be the spectral densities ofyt andut, respectively.

Then

sy(ω) =
∣∣1 − e−iω

∣∣−2d
su(ω). (5.2.17)

This can be expressed as

log sy(ω) = log(4 sin2(ω/2))−d + log su(ω). (5.2.18)

Given spectral ordinatesω1, ω2, ..., ωm, this becomes

log sy(ωj) = log su(0) − d log(4 sin2(ωj/2)) + log(su(ωj)/su(0)). (5.2.19)

GPH suggest estimatingd from a regression of the ordinates from the periodogram of

yt, that isIy(ωj). Hence, forj = 1, 2, ...,m,

log Iy(ωj) = c− d log(4 sin2(ωj/2)) + vj, (5.2.20)

where

vj = log(su(ωj)/su(0)) (5.2.21)

andvj is assumed to be i.i.d. with zero mean and varianceπ2/6. Whenut is white

noise, then the above regression should provide a good estimate ofd. Whenut is au-

tocorrelated, GPH show that the above regression holds approximately for frequencies

in the neighborhood of zero. If this neighborhood shrinks atan appropriate rate with
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the sample size, then the GPH procedure should realize a consistent estimator ofd. If

the number of ordinatesm is chosen such thatm = g(T ), whereg(T ) is such that

limT→∞ g(T ) = ∞, limT→∞ g(T )/T = 0, limT→∞(log(T )2)/g(T ) = 0, then the

OLS estimator ofd based on (5.2.20) will have the limiting distribution

√
m(d̂GPH − d)

d→ N (0,
π2

24
) (5.2.22)

Robinson (1995) provided the formal proof for−1/2 < d < 1/2, Velasco (1998)

proved the consistency of̂dGPH in the case1/2 ≤ d < 1 and its asymptotic normality

in the case1/2 ≤ d < 3/4. The variance of this estimator can be obtained from the

usual OLS regression formula. It is clear from this result that the GPH estimator is not

T 1/2 consistent and will converge at a slower rate.

Another most often used estimator ofd is developed by Robinson and Henry

(1999), henceforth RH. They suggest a semiparametric Gaussian estimate of the mem-

ory parameterd, by considering

d̂RH = arg min
d
R(d), (5.2.23)

whereR(d) is

R(d) = log

{
1

m

m∑

j=1

ω2d
j I(ωj)

}
− 2

d

m

m∑

j=1

logωj, (5.2.24)

in whichm ∈ (0, [T/2]) andωj = 2πj/T . They proved that whenm < [T/2] such

that, asT → ∞,

1

m
+
m

T
→ 0, (5.2.25)

and under some further conditions (see Robinson and Henry, 1999), we have

√
m(d̂RH − d) → N (0,

1

4
) (5.2.26)

asT → ∞.

In case of the simulation models we can constructd̂Si
b = 1

N

∑N
n=1 d̂

n
b , with d̂n

b the

estimator ofd in simulation runn, andb ∈ {GPH,RH}. We have

√
Nm(d̂Si

GPH − d)
d→ N (0,

π2

24
),

and
√
Nm(d̂Si

RH − d)
d→ N (0,

1

4
).
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So, in case of the actual data the estimators will have rate ofconvergence
√
m, while

in case of the simulation based case, it will have rate of convergence
√
Nm. So,

again as in the previous cases, when sequentially alsoN → ∞, the simulation based

estimator will have a much higher rate of convergence, and may be considered (at least,

asymptotically) to be known, when comparing it with the actual data based estimator.

5.3 Applications

The MS literature attempts to explain various types of market behavior, and to replicate

the well documented empirical findings of actual financial markets, the stylized facts.

The recent literature has demonstrated the ability to explain various stylized facts, see,

for instance the recent survey papers Hommes (2005) and LeBaron (2005). But to

our knowledge, most of the MS models match some stylized facts only to a limited

extent; on the other hand, systematic procedures to investigate the differences between

two MS models or to judge whether a MS model is realistic or nothave not yet been

developed. Hence, our applications here are made for illustrative purposes, in the hope

that they will gain a better understanding of the MS models (under consideration) and

that they might be of help in developing even more realistic MS models.

In this section, we will study two MS models. Firstly, we investigate the model by

Levy et al. (2000), to which we shall refer to as the LLS model. Secondly,we study

the market fraction (MF) model proposed by He and Li (2005a, b).

5.3.1 Investigating the LLS model

We use the LLS model as a representation of MS models. Because the LLS model

is calibrated to quarterly frequency, we use the quarterly data of the S&P 500 from

Datastream as representation of the real life situation, starting in 1965 and running to

the first quarter of 2003.

For the method of comparison of two different MS models, we perform a sensi-

tivity analysis of the initial conditions and parameter settings in the LLS-economy to

illustrate the method to compare two different MS models. Weillustrate the sensitivity

analysis in terms of the initial price. The subsequent sensitivity analysis in terms of

initial dividend, the risk aversion parameter, the averagedividend growth rate, and ini-

tial wealth is performed in a similar way. To analyze the sensitivity to the initial price,

we first simulate the benchmark model. In the benchmark LLS model, we choose, fol-

lowing Levyet al. (2000), the initial priceIP = 20.94, the initial dividendID = 0.5,
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the risk aversion parameterRA = 1.5, the maximal one period dividend decreases

MDD = −0.07, and the initial wealthIW = 1000. Next, we keep all the conditions

and parameters the same, except for the initial price. Two additional simulations are

performed, one with an initial priceIP = 26 that is higher than the benchmark price,

and an other one with a lower initial price, namelyIP = 16. Then we look at the im-

pact of these different initial prices on the output parameters, in particular, the probabil-

ity density function, and see whether these parameters significantly deviate from those

of the benchmark model. Next, we do the same exercises in terms of the initial divi-

dend (withID ∈ {0.4, 0.6}), the risk aversion parameter (withRA ∈ {1.45, 1.55}),

the maximal one period dividend decreases (withMDD ∈ {−0.08,−0.06}), and the

initial wealth. In the latter case we consider two variations: In the first case (unif.), the

initial wealth is uniformly distributed over [500, 1500], while in the second case (50%)

half of the investors have an initial wealth of 500 and the other half have of 1500. In

this study, for each set of parameter, we ran 5,000 independent simulations over 1,000

time periods, and for each run of the model we use the last 152 observations to match

the sample size of the S&P 500 that we use.

Probability density function: In Table 5.3.1, we report the results of the sensi-

tivity analysis in terms of Li (1996)’s test (JT ). We find that the changes considered

do not have a serious impact, with one exception:MDD has a significant impact.

The reason for this seems to be that the dividend process is the driving force in the

LLS-economy, and changingMDD means changing the dividend distribution. These

test results are quite similar to those in Liet al. (2005), where a sensitivity analysis is

performed in terms of parametrically estimated output parameters.

Table 5.3.1: Sensitivity analysis in terms of probability density function

IP ID RA MDD IW

16 26 0.4 0.6 1.45 1.55 -0.08 -0.06 Unif. 50%
JT 1.7237 1.8158 1.7436 1.8845 1.8150 1.7028 17.0767 10.9783 1.7699 1.8100

Besides the comparison of two different economies, we next compare the bench-

mark LLS model with the real world, which is represented by the S&P 500. We plot

the probability density functions of the LLS model, the S&P 500, and that of a nor-

mal distribution with mean and variance equal to that of S&P 500 in Figure 5.3.12. In

addition, we also plot a 95%-point wise confidence interval in Figure 5.3.1(a) and a

95% uniform confidence band in Figure 5.3.1(b) around the S&P500 density estimate.

2The estimated density functions of the S&P 500 are slightly different in (a) and (b), this is because
we follow Hall (1992, 1993) and use different kernels.
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The normal density fits in both the point wise and uniform confidence intervals, but

the LLS-model based average density does not so fully in the point wise confidence

interval, while it almost fits in the uniform confidence band.Thus, the actual return

distribution as a whole can be reproduced by the LLS-model according to the confi-

dence band, but at some particular return outputs the LLS model has difficulty in fitting

the S&P 500 distribution. This applies particularly to returns close to zero.
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Figure 5.3.1: The estimated probability density functionsof the LLS model (dash-dot
line), normal distribution (dot line), and of the S&P 500 with confidence intervals (a)
and confidence band (b)

Spectral density function: First, we implement the sensitivity analysis in terms of

the spectral density function. Although we do not apply a formal test, we base our sen-

sitivity analysis on a comparison of the confidence intervals, following here Dieboldet

al. (1998). We present the estimated spectral density functions for the benchmark LLS

model, for the LLS model with priceIP = 16, and that with priceIP = 26 and their

corresponding 95% pointwise confidence intervals in Figure5.3.2. Similarly, we do

the same exercise in terms of initial dividend, the risk aversion parameter, the maximal

one period dividend decrease, and initial wealth; these results are presented in Figure

5.3.3. We find that the LLS model is quite robust in terms of thespectral density func-

tion with respect to the chosen initial parameters, except,again, for the maximal one

period dividend decrease,MDD, indicating that the dividend process also seriously

influences the shape of the spectral density function.

Next, we present the estimated spectral density function for the quarterly returns

of the S&P 500, and its corresponding 95% confidence intervals in Figure 5.3.4. We

also estimate the spectral density function for each simulation of the benchmark LLS
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Figure 5.3.2: The spectral density functions with its 95% pointwise confidence inter-
vals of benchmark LLS model (solid line), and those of LLS model with IP = 16
(dash-dot line), and of LLS model withIP = 26 (line with cross).

0 1.57 3.14

0.05

0.10 

0.15

0 1.57 3.14
0   

0.05

0.10 

0.15

0 1.57 3.14
0

0.1

0.2

0.3

0.4

0.5

0.6

0 1.57 3.14
0   

0.05

0.10 

0.15

Figure 5.3.3: The spectral density functions with its 95% pointwise confidence inter-
vals of the benchmark LLS model, and those of the LLS model in terms of different
initial dividend (a), different risk aversion parameter (b), differentMDD (c), and dif-
ferent initial wealth (d)
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model. Again, for the purpose of comparison, we only use the last 152 periods of the

simulated time series for estimation, which matches the length of the S&P 500 data

that we use. In Figure 5.3.4(a) we plot the averaged spectraldensity function over

5,000 simulations, and in Figure 5.3.4(b) we do the same for the uniform confidence

band. We find that, except for a few rather small frequencies,the LLS-based spectral

densities lies outside of the 95% confidence bands of the spectral density function

of the S&P 500. When we compare the frequencies correspondingto the peaks of the

spectra, which describe the cycles that dominate the cyclical behavior of the dynamics,

we see that they are not at the same pace. Thus, there seems to be a large difference

when we assess the second order moments between the LLS generated data and the

real life data.

An obvious approach to obtain a better fit of the actual data seems to be calibration.

Taking into account that changes in the dividend process influence both the marginal

one-period probability density function and the spectral density function, it seems to

make sense to perform a calibration in terms of the parameters of the current dividend

process of the LLS model, or, alternatively, in terms of the parameters of some adapted,

more flexibly specified dividend process.
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Figure 5.3.4: The spectral density functions with its 95% confidence intervals (a) and
uniform confidence band (b) of the S&P 500 and the LLS model

5.3.2 Investigation the Market Fraction model

As another example, this section provides an analysis on themarket fraction model

proposed by He and Li (2005a, b), and a calibrated version, calibrated to actual data as

described in Liet al. (2005), where the calibration is based on minimizing a distance

between actual and model based autocorrelations of variousorders of both the returns,

the squared returns, and the absolute returns. The real world is represented by the S&P
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500 stock market index. The market fraction model is calibrated to daily frequencies,

using the daily closing price index of the S&P 500. There are altogether 5,306 ob-

servations from Oct 20, 1982 to Oct 27, 2003. Denotept as the price index for S&P

500 at timet (t = 0, ..., 5305) and log returnsrt are defined asrt = ln pt − ln pt−1.

In case of the market fraction model we are particularly interested in the study of the

long memory properties of the market fraction model, since this model aims at giving

an explanation of long range dependence in stock returns.

In this study, for each set of parameters, we ran 1,000 independent simulations over

6,306 time periods and discard the first 1,000 time periods towash out the initial noise

effect. Thus, for each run of the model we have 5,306 observations, which matches the

sample size of the S&P 500 that we use.

Memory parameters: A well known empirical feature of high frequency (daily)

financial time series is that the returns themselves containlittle serial correlation, but

the squared returns and absolute returns have a significant positive serial correlation

over long lags, see, for instance, Dinget al. (1993). We first report the estimation

results for the S&P 500, and then we analyze the market fraction model. We notice that

a major issue in the application of the GPH and the RH estimators is the choice ofm,

due to the fact that some limited knowledge is now available concerning this issue (see,

Geweke, 1998, for instance), it is a wise precaution to report the estimated results for

a range of bandwidths. For instance, Lobato and Savin (1998)usem = 30, 40, 50, 60,

70, and80 for S&P 500 data from 1973 to 1994, in the comment by Geweke (1998),

the experiments results seem to suggest largerm, and Robinson (1998) suggests to

report the results for larger values ofm given the sample size and the fact thatd̂ is only

m1/2-consistent. So in our study, for both the GPH and the RH estimation of d, we

report the corresponding estimates form = 50, 100,150,200, and250, respectively.

Table 5.3.2 report the GPH and the RH estimation ofd for returns, squared returns,

and absolute returns, respectively. For instance, in the panel of rt in Table 5.3.2, the

first row reports the results from the GPH and the RH estimationwith m = 50, the

second row reports the results of the GPH and the RH estimationwith m = 100, and

so on. This also holds for the panels ofr2
t and|rt|, and for other tables in this section.

The reportedt statistic is that compared with0. We see that all of the estimatedd for

the returns are not significant at all conventional significance levels while those for the

squared returns, and the absolute returns are significant. Thus, for the S&P 500, there

is clear evidence of long memory for the squared and the absolute returns, whered is

positive.

Next, we examine the market fraction model. Table 5.3.3 and Table 5.3.4 report
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Table 5.3.2: The GPH and RH estimation ofd for the S&P 500 withm =
50, 100, 150, 200, 250

d̂GPH t p-value 95% CI d̂RH t p-value 95% CI
rt 0.0819 0.795 0.427 [-0.1201, 0.2838]0.0602 0.852 0.394 [-0.0784, 0.1988]

0.0907 1.307 0.191 [-0.0454, 0.2269]0.0358 0.715 0.475 [-0.0622, 0.1338]
0.0532 0.957 0.338 [-0.0558, 0.1622]0.0167 0.408 0.683 [-0.0634, 0.0967]
0.0365 0.766 0.444 [-0.0569, 0.1298]0.0070 0.199 0.842 [-0.0623, 0.0763]
0.0102 0.242 0.809 [-0.0727, 0.0932]0.0001 0.003 0.997 [-0.0619, 0.0621]

r2t 0.2386 2.316 0.021 [0.0367, 0.4406]0.2553 3.610 0.000 [0.1167, 0.3939]
0.2175 3.132 0.002 [0.0814, 0.3537]0.2452 4.904 0.000 [0.1472, 0.3432]
0.1651 2.969 0.003 [0.0561, 0.2741]0.1921 4.705 0.000 [0.1121, 0.2721]
0.1452 3.048 0.002 [0.0518, 0.2386]0.1737 4.913 0.000 [0.1044, 0.2430]
0.1387 3.277 0.001 [0.0557, 0.2216]0.1715 5.422 0.000 [0.1095, 0.2334]

|rt| 0.6492 6.301 0.000 [0.4473, 0.8512]0.6249 8.837 0.000 [0.4863, 0.7635]
0.6366 9.166 0.000 [0.5005, 0.7727]0.6241 12.48 0.000 [0.5261, 0.7221]
0.5606 10.08 0.000 [0.4516, 0.6696]0.5323 13.04 0.000 [0.4523, 0.6124]
0.4940 10.35 0.000 [0.4004, 0.5876]0.5021 14.20 0.000 [0.4328, 0.5714]
0.4564 10.78 0.000 [0.3734, 0.5394]0.4843 15.31 0.000 [0.4223, 0.5463]

the GPH and RH estimation of the memory parameterd, with correspondingt-value

andp-value, averaged over the 1000 simulations. The Tables alsocontain the 95%

confidence interval, representing the simulation inaccuracy, the number of times the

t-tests indicates a significant value ofd, as well as the test results for testing equality

between thed parameter according to the market fraction model, and the real data

(column ‘Wald’), using here the Wald test taking into account only the estimation

inaccuracy in the estimatedd according to the real data.

We see from Table 5.3.3 and Table 5.3.4 that both of the GPH andthe RH estima-

tion of d for the returns are in most if not all of the simulations not significant while

those for the squared returns, and the absolute returns are all significant. Thus, the

estimatedds for the absolute returns and the squared returns seem to provide clear ev-

idence of long memory in the market fraction model for both the squared and absolute

returns. Moreover, the Wald tests (notice that the criticalvalues with significance lev-

els 5% and 1% are 3.842 and 6.635, respectively) indicate that the estimatedds for

the returns following from the market fraction model match with those of the S&P

500, the estimatedds for the squared returns are difficult to match with each other, and

most of the estimatedds for the absolute returns match with each other at least at 1%

significance level with only one significant difference for the RH estimate.

So, the conclusion seems to be that the calibrated MF model seems to be able
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Table 5.3.3: GPH estimation ofd for the market fraction model withm =
50, 100, 150, 200, 250

d̂ t p-value 95% CI Sig% Wald
rt -0.0079 -0.0768 0.4731 [-0.0143, -0.0015] 9 0.760

-0.0115 -0.1651 0.4626 [-0.0158, -0.0072] 9 2.162
-0.0175 -0.3140 0.4406 [-0.0209, -0.0140] 11 1.617
-0.0252 -0.5287 0.4098 [-0.0281, -0.0222] 15 1.680
-0.0344 -0.8128 0.3751 [-0.0370, -0.0318] 21 1.112

r2
t 0.7502 7.2816 0.0000 [0.7439, 0.7566] 100 24.67

0.5816 8.3744 0.0000 [0.5773, 0.5859] 100 27.45
0.4791 8.6157 0.0000 [0.4757, 0.4826] 100 31.89
0.4100 8.6065 0.0000 [0.4071, 0.4130] 100 30.95
0.3631 8.5821 0.0000 [0.3605, 0.3657] 100 28.14

|rt| 0.8738 8.4810 0.0000 [0.8674, 0.8802] 100 4.755
0.7060 10.165 0.0000 [0.7017, 0.7103] 100 0.997
0.5942 10.685 0.0000 [0.5908, 0.5977] 100 0.365
0.5138 10.785 0.0000 [0.5108, 0.5168] 100 0.173
0.4572 10.805 0.0000 [0.4546, 0.4598] 100 0.000

Table 5.3.4: RH estimation ofd for the market fraction model withm =
50, 100, 150, 200, 250

d̂ t p-value 95% CI Sig% Wald
rt -0.0188 -0.2659 0.3971 [-0.0232, -0.0144] 17 1.249

-0.0157 -0.3139 0.3924 [-0.0188, -0.0126] 15 1.061
-0.0206 -0.5047 0.3728 [-0.0231, -0.0181] 18 0.836
-0.0279 -0.7890 0.3478 [-0.0301, -0.0257] 23 0.972
-0.0363 -1.1485 0.2963 [-0.0383, -0.0344] 31 1.327

r2
t 0.7386 10.445 0.0000 [0.7342, 0.7430] 100 46.73

0.5948 11.897 0.0000 [0.5917, 0.5979] 100 48.89
0.5149 12.613 0.0000 [0.5124, 0.5174] 100 62.60
0.4621 13.070 0.0000 [0.4599, 0.4643] 100 66.37
0.4256 13.459 0.0000 [0.4236, 0.4276] 100 64.66

|rt| 0.8557 12.101 0.0000 [0.8513, 0.8601] 100 10.66
0.7133 14.265 0.0000 [0.7102, 0.7164] 100 3.183
0.6267 15.350 0.0000 [0.6241, 0.6292] 100 5.353
0.5678 16.060 0.0000 [0.5656, 0.5700] 100 3.445
0.5262 16.641 0.0000 [0.5243, 0.5282] 100 1.758
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to reproduce the presence of long memory patterns in the S&P 500, although not at

the right magnitudes for the squared returns. Since the model is already calibrated to

actual data, the lesson seems to be that the model needs to be improved, when the aim

is to describe actual data.

5.4 Conclusion

Microscopic Simulation (MS-)models are a promising way to study financial markets,

since they allow for the possibility to include all kinds of realistic and complex behav-

ior of interacting economic agents, without having to worryabout analytical tractabil-

ity. However, in many cases judgements of the outcomes of MS models seem to be

based solely on visual inference.

Following the methodology in Liet al. (2005), we investigate in this chapter the

time series characteristics of Microscopic Simulation (MS) models using the probabil-

ity density function, the spectral density function, and particular memory parameters.

Econometric techniques can be used to study the impact of changes in the parame-

ters and the initial conditions on the simulated time seriesbehavior of the relevant

quantities of interest. We also present the method to compare real life data with data

generated by MS economies. Here, we exploit our control overthe number of sim-

ulations, creating one additional dimension for the asymptotic properties of the test

statistics. This allows us to ignore the estimation uncertainty present in the simula-

tions. Hence, we only need to account for the estimation uncertainty of the features of

the actual data.

We illustrate the use of the statistical and econometric techniques by studying one

of the earlier MS models, the economy considered by Levy, Levy, and Solomon (LLS),

and the market fraction model developed in He and Li (2005a, b).

For the LLS model, we perform a sensitivity analysis in termsof the marginal

one-period probability density function and the spectral density, and we find that the

LLS model is robust with respect to the changes we investigated in the initial prices,

the initial dividend, the risk aversion parameter, and the initial wealth. However, a

change in the one period maximal decrease of dividend has a serious impact, likely,

because this changes the whole distribution of the dividendprocess, and the dividend

process is the driving force in the LLS-model. We also illustrate how to compare the

LLS generated data with the actual data. We find that both the marginal single-period

probability density function and the second order characteristics of the LLS model are
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not fully in line with real data. Taking into account the sensitivity to the dividend

process, a natural way to proceed seems to be to calibrate theLLS-model, focussing,

in particular, on a parametrization of the dividend process.

For the market fraction model, we find that the model is able tomimic the long

memory phenomena of real financial market, although not yet at the right magnitude

for the squared returns. This suggests that the model needs improvement in case the

goal is being able to describe actual data.

5.A ‘Uniform confidence bands’ for the spectral den-
sity functions

To construct thepotentialconfidence band, we need to findcU andcL such that

Prob

{
sup

−π≤ω≤π

{√
Th

(ŝ(ω, h) − s(ω))

s(ω)

}
≤ cU

}
= 1 − α

2
, (5.A.1)

and

Prob

{
inf

−π≤ω≤π

{√
Th

(ŝ(ω, h) − s(ω))

s(ω)

}
≥ cL

}
= 1 − α

2
, (5.A.2)

then a(1 − α) uniform confidence band for̂s is
[
ŝ(·, h)(1 + cL/

√
Th), ŝ(·, h)(1 + cU/

√
Th)

]
. (5.A.3)

A bootstrap method to estimate them is as follows. First, define

c∗,kU = sup
−π≤ω≤π

{√
Th

(ŝ∗(ω, h, g) − ŝ(ω, g))

ŝ(ω, g)

}
, k = 1, ..., K. (5.A.4)

Then let sayc∗U , be theK(1 − α)th order statistics of
{
c∗,kU

}K

k=1
. The upper band of

the(1 − α) uniform confidence band is then

(1 + c∗U/
√
Th)ŝ(ω, g). (5.A.5)

Similarly, we can find the lower band as

(1 + c∗L/
√
Th)ŝ(ω, g). (5.A.6)

In practice, there are many options on the choice of the kernel function, here we

use the Bartlett-Priestley kernel

K(θ) =

{
3M
2

[
1 −

(
Mθ
π

)2] |θ| ≤ π/M

0 |θ| > π/M,
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whereM is the truncation point. This kernel satisfies the assumptions in Franke and

Härdle (1992). We also note that Chatfield (2004) gives the relationship between the

bandwidth and truncation point equal toh = 8π/3M , the choice of bandwidths is

based on the suggestion of Franke and Härdle.
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Samenvatting

In dit proefschrift wordt een Markt-Fractie (MF ) model met heterogene handelaren

gëıntroduceerd in een eenvoudig aandelenwaarderings- en vermogensdynamiek raamw-

erk. Daarnaast wordt het gebruik van econometrische en statistische technieken aan-

bevolen voor de evaluatie van Microscopische Simulatiemodellen. Dit proefschrift

draagt daarom op twee vlakken bij aan de huidige literatuur.

De eerste bijdrage is de ontwikkeling van een MF model, waarin een realistische

handelsperiode opgenomen kan worden zonder een onrealistisch hoge risicovrije rente

te moeten hanteren om tot acceptabele uitkomsten te komen. We analyseren de interac-

tie tussen de deterministische krachten en stochastische variabelen in het model. Hier-

bij wordt aandacht besteed aan diverse aspecten van het gedrag van financïele markten,

zoals marktdominantie, onder- en overreactie, en winstgevendheid van handelsstrate-

gieën, maar ook statistische eigenschappen zoals de seriële correlatie van rendementen

worden bestudeerd.

De statistische analyse op basis van Monte Carlo simulaties toont aan dat het

langetermijngedrag en de convergentie van marktprijzen, maar ook de korte- en langeter-

mijnwinstgevendheid van de fundamentele (trendvolgende)handelsstrategie en de mo-

gelijkheid voor chartists om te overleven, allemaal gekarakteriseerd kunnen worden

door de dynamiek van het onderliggende deterministische systeem. Met name de

bifurcatie-eigenschappen van het onderliggende deterministische systeem bepalen de

diverse onder- en overreacties in de autocorrelatiepatronen van de rendementen. Dit

resultaat levert nieuwe inzichten op in de mogelijke oorzaken van dergelijke patronen

in de rendementsreeksen van de aandelenmarkten.

Naast onder- en overreacties op de korte termijn is ook de langetermijnpersisten-

tie van een aantal karakteristieken van financiële markten een interessant fenomeen.

In dit proefschrift analyseren we of heterogeniteit, het extrapoleren van prijsreeksen

door agenten en de interactie tussen de stabiele deterministische evenwichten en het

stochastische ruisproces kunnen leiden tot de eigenschap van de diverse autocorre-

laties dat ze slechts dalen volgens een langzaam dalend patroon. Ook dit onderzoeken

151



152 Samenvatting

we met statistische technieken en Monte Carlo simulatie, waarbij we de autocorre-

latiepatronen en de schattingen van het (FI)GARCH(1, 1) model interpreteren voor

de rendementen, de absolute rendementen en de gekwadrateerde rendementen. Aan

de hand hiervan onderzoeken we of het MF model in staat is de langzaam dalende

autocorrelatiepatronen te reproduceren.

De tweede bijdrage van het proefschrift is de ontwikkeling en toepassing van

econometrische technieken voor de evaluatie en vergelijking van verschillende mi-

croscopische simulatiemodellen en, nog belangrijker, de vergelijking van MS mod-

ellen met data van de financiële markten. Door verschillende MS modellen met elkaar

te vergelijken kunnen we de belangrijkste factoren bepalenvoor de uitkomsten van

de MS modellen. Tegelijkertijd kunnen deze technieken ook gebruikt worden om de

gevoeligheid van MS modellen voor de initiële condities (de startwaarden) en de pa-

rameterwaarden te onderzoeken. Hierdoor krijgen we meer inzicht in en een beter

begrip van de mechanismen die de uitkomsten van een MS model bepalen. Wanneer

we vervolgens de eigenschappen van een MS model met die van definancïele markten

vergelijken, kunnen we bepalen welke factoren verder aangepast moeten worden om

realistische modellen te maken, d.w.z. modellen waarbij deresulterende rendementen

eigenschappen hebben die lijken op de eigenschappen van aandelenrendementen op

de financïele markten. Deze vergelijking van MS modellen met de werkelijkheid via

een ”realism check” op het model vergroot niet alleen onze inzichten in de financiële

markten, maar het is ook een essentiële stap voor de toepassing van MS modellen in

de praktijk. Wanneer een MS model wordt gebruikt om, bijvoorbeeld, de effectiviteit

van overheidsbeleid te analyseren of te voorspellen, dan moet het model wel zo goed

mogelijk de werkelijkheid beschrijven; er moet dus een sterke link zijn tussen model

en werkelijkheid. De calibratie en evaluatie van MS modellen is dan noodzakelijk.

Samenvattend bouwen we voor op de bestaande literatuur met een nieuw MS

model, het Markt-Fractie model. Dit model bestaat uit drie type deelnemers in de

aandelenmarkt: een marktmaker en twee groepen van beperkt rationele handelaren,

fundamentalisten (oftewel geı̈nformeerde handelaren) en trendvolgers (oftewel min-

der gëınformeerde handelaren ook wel chartists genoemd). Het doel is om diverse

aspecten van het gedrag van financiële markten te verklaren, inclusief zaken als markt-

dominantie, onder- en overreactie, winstgevendheid en de capaciteit van bepaalde type

agenten om te overleven. Ook analyseren we de statistische eigenschappen zoals au-

tocorrelatiepatronen van het stochastische systeem aan dehand van het onderliggende

deterministische systeem, het gedrag van de handelaren en de fracties van de types

handelaren aanwezig in de markt.
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Momenteel is de wiskundige theorie nog onvoldoende ver ontwikkeld om dit model

volledig analytisch te kunnen analyseren. Om toch conclusies te kunnen trekken com-

bineren we statistische methoden met de resultaten van een groot aantal Monte Carlo

simulaties van het MS model.

Om de MS modellen met de gegevens van financiële markten te kunnen vergelijken

gebruiken we data van de S&P 500. Bij het schatten van, bijvoorbeeld, een (FI)GARCH

model vinden we dat het MS model mechanismen bevat die in processen resulteren met

langetermijngeheugen voor onder andere de rendementen, deabsolute rendementen en

de gekwadrateerde rendementen. Het blijkt echter lastig omde geschatte waarde van

de parameters van het langeeheugenproces voor de S&P data goed te benaderen met

het Markt Fractie model. Dit is waarschijnlijk het gevolg van de eenvoud van het

gebruikte model. Het grote voordeel hiervan is echter wel dat we de mogelijke mech-

anismen die dit langegeheugeneffect aansturen kunnen identificeren. In het MF model

is dit anders dan in de modellen voor elkaar volgende agenten(herding) en anders dan

de regime switches die vaak in econometrische modellen gebruikt worden om dit soort

reeksen te analyseren. Het leidt echter wel tot vergelijkbare resultaten, maar dan op

een veel simpelere manier.

Na het MF model uitgebreid geanalyseerd te hebben gaat het proefschrift verder

met een verdere beschrijving van het gebruik van econometrische en statistische meth-

oden voor de analyse van MS modellen, zowel onderling als metdata van andere

bronnen, bijvoorbeeld financiële markten. We maken hierbij onderscheid tussen eigen-

schappen van de reeksen die parametrisch en die non- of semiparametrisch geschat

worden. Voorbeelden van non- en semiparametrische te schatten eigenschappen zijn

de kansdichtheid, de spectraaldichtheid en de geheugenparameters, terwijl autocorre-

latiecöefficiënten geschat kunnen worden als parameters in een lineair regressiemodel.

De parameters die parametrisch geschat kunnen worden, worden geanalyseerd in

Hoofdstuk 4, in combinatie met de manier waarop ze gebruikt kunnen worden voor

de evaluatie en vergelijking van MS modellen onderling en met data. We maken ook

een duidelijk classificatie van deze parameters aan de hand van de wijze waarop ze

consistent geschat kunnen worden. Diverse econometrischemethoden worden vervol-

gens toegepast om MS modellen met elkaar te vergelijken. We bespreken ook in detail

hoe een MS model gecalibreerd kan worden aan de hand van beschikbare data. De

methodologie wordt geı̈llustreerd door verschillende specificaties van het MS model

van Levy, Levy en Solomon (2000) met elkaar te vergelijken endoor MS modellen

met de data van de S&P 500 data. We geven ook de resultaten weervan de calibratie

van het MF model en vergelijken de resultaten hiervan wederom met die van de S&P
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500.

In Hoofdstuk 5 evalueren we MS modellen in termen van een aantal non- en semi-

parametrisch geschatte parameters. We richten ons hierbijop parameters zoals de

kansdichtheid, de spectraaldichtheid en de geheugenparameters. Net als in Hoofdstuk

4 vergelijken we specificaties van het model van Levy, Levy, en Solomon (2000) en

het Markt Fractie model met elkaar en met de S&P 500 data.


