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Abstract. Two primal-dual affine scaling algorithms for linear programming are extended to semidefinite pro-
gramming. The algorithms do not require (nearly) centered starting solutions, and can be initiated with any
primal-dual feasible solution. The first algorithm is the Dikin-type affine scaling method of Jansen et al. (1993b)
and the second the classical affine scaling method of Monteiro et al. (1990). The extension of the former has a
worst-case complexity bound ofO(τ0nL) iterations, whereτ0 is a measure of centrality of the the starting solution,
and the latter a bound ofO(τ0nL2) iterations.

Keywords: interior-point method, primal-dual method, semidefinite programming, affine scaling, Dikin steps

1. Introduction

The introduction of Karmarkar’s polynomial-time projective method for LP in 1984
(Karmarkar, 1984) was accompanied by claims of some superior computational results.
Later it seemed likely that the computation was done with a variant of theaffine scaling
method, proposed by Dikin nearly two decades earlier in 1967 (Dikin, 1967). The two
algorithms are closely related, and modifications of Karmarkar’s algorithm by Vanderbei
et al. (1986) and Barnes (1986) proved to be a rediscovery of the affine scaling method.
Dikin’s affine scaling method is a purely primal method, and the underlying idea is to
minimize the objective function over an ellipsoid which is inscribed in the primal feasible
region. Interestingly enough, polynomial complexity of Dikin’s affine scaling method in
its original form has still not been proved.

In the primal-dual setting, the natural extension of the notion of affine scaling is to
minimize the duality gap over some inscribed ellipsoid in the primal-dual space. A primal-
dual affine scaling method is studied by Monteiro et al. (1990) where the primal-dual search
direction minimizes the duality gap over a sphere in the primal-dual space. This algorithm
may be viewed as a ‘greedy’ primal-dual algorithm, which aims for the maximum reduction
of the duality gap at each iteration, without attempting to stay centered. The worst-case
iteration complexity for this method isO(nL2).

Jansen et al. proposed a primal-dual Dikin-type affine scaling variant in (Jansen et al.,
1993b) with improvedO(nL) polynomial complexity. This search direction minimizes the
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duality gap over the so-called Dikin ellipsoid in the primal-dual space. The advantage of
this method is that each step involves both centering and reduction of the duality gap.

It was shown in (Jansen et al., 1993a) that the Dikin-type affine scaling method (Jansen
et al., 1993) and the original primal-dual affine scaling method (Monteiro et al., 1990) both
belong to a generalized family of affine scaling directions.

In this paper we generalizeboththe primal-dual affine scaling method of Monteiro et al.
(1990) and the method of Jansen et al. (1993b) to semidefinite programming (SDP). The
former will be referred to as theclassical primal-dual affine scaling method, and the latter
as theDikin-type primal-dual affine scaling method(or Dikin step method).

Recently Muramatsu (1996) proved that the obvious extension of Dikin’sprimal affine
scaling algorithm to SDP can converge to an infeasible point. This gives added interest to
the analysis of the primal-dual variants discussed in this paper.

The extension of interior point methods from LP to SDP is currently an active research
area. The first algorithms were extended by Alizadeh (1991) and Nesterov and Nemirovskii
(1994). Recently, much work has been done on primal-dual central path following algo-
rithms, see e.g., (Faybusovich, 1996; He et al., 1997) (primal methods), and (Kojima et al.,
1995; Monteiro, 1995; Potra and Sheng, 1995; Sturm and Zhang, 1995) (primal-dual meth-
ods). The methods here do not belong to any of these two classes, and as such constitute a
new approach. In particular, a nearly centered starting solution is not required, although the
worst case complexity bounds depend on the degree of centrality of the starting solution.

The importance of algorithms which can start from arbitrary feasible points is discussed
by Goldfarb and Scheinberg (1996), where they study trajectories leading to the optimal set
from arbitrary feasible starting points.

1.1. The semidefinite programming problem

We will work with the following standard SDP formulation of the primal problem (P):

min Tr(C X)

subject to Tr(Ai X) = bi , i = 1, . . . ,m

X º 0

and of the dual problem (D):

max bT y

subject to
m∑

i=1

yi Ai + Z = C

Z º 0

whereC and the matricesAi are symmetricn× n matrices,b, y ∈ IRm and ‘X º 0’ means
X is symmetric positive semi-definite. The matricesAi are further assumed to be linearly
independent. We will assume that a strictly feasible pair(X, Z) exists. This ensures a zero
duality gap (Tr(X Z) = 0) at an optimal primal-dual pair (Vandenberghe and Boyd, 1996).
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These assumptions may be made without loss of generality: A general primal-dual pair
of SDP problems may be embedded in a self-dual SDP problem with nonempty interior
and known interior feasible solution (De Klerk et al., 1996). The Newton system for the
embedding problem only has two added rows and columns.

The optimality conditions for the pair of problems (P) and (D) are

Tr(Ai X) = bi , i = 1, . . . ,m
m∑

i=1

yi Ai + Z = C

X Z = 0

X, Z º 0.

The system of relaxed optimality conditions:

Tr(Ai X) = bi , i = 1, . . . ,m
m∑

i=1

yi Ai + Z = C

X Z = µI

X, Z Â 0

has a unique solution{X(µ), y(µ), Z(µ)} which gives a parametric representation of the
central path as a function ofµ (Vandenberghe and Boyd, 1996).

1.2. Primal-dual affine scaling search directions

Any set of feasible primal-dual search directions(1X,1y,1Z) must satisfy

Tr(Ai1X) = 0, i = 1, . . . ,m
(1)

m∑
i=1

1yi Ai +1Z = 0.

Note that1X and1Z are orthogonal, i.e., Tr(1X1Z) = 0. After a feasible step(X +
1X, Z +1Z), the duality gap becomes Tr(X +1X)(Z +1Z).

The search direction of the Dikin-type affine scaling algorithm minimizes this duality
gap over the so-called Dikin ellipsoid in the scaled primal-dual space, which will be defined
in the next section. We show that the computation of this search direction amounts to the
solution of

1X + D1Z D = − X Z X

(Tr(X Z)2)
1
2

, (2)

subject to the conditions (1), whereD is the Nesterov-Todd (NT) scaling-matrix

D := Z−
1
2
(
Z

1
2 X Z

1
2
) 1

2 Z−
1
2 , (3)

whereZ
1
2 is the unique symmetric square root factor ofZ.
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The classical primal-dual affine scaling search direction minimizes the duality gap over
a sphere; the computation of this direction involves the solution of the system

1X + D1Z D = −X, (4)

subject to (1). This direction is also well-known as the predictor direction in predictor-
corrector methods using the NT scaling (Sturm and Zhang, 1995).

1.3. Measure of centrality

The Dikin steps have the feature that the proximity to the central path is maintained, where
this proximity is quantified by

κ(X Z) := λmax(X Z)

λmin(X Z)
(5)

with λmax(X Z) the largest eigenvalue ofX Z andλmin(X Z) the smallest.1

The classical affine scaling steps may become increasingly less centered with respect
to this measure which complicates the analysis somewhat. Note thatκ(X Z) ≥ 1 and
κ(X Z) = 1 if and only if X Z = µI for someµ > 0, i.e., if the pair(X, Z) is centered
with parameterµ.

1.4. The algorithms

The two primal-dual affine scaling algorithms can both be described in the following
framework:2

Generic short step primal-dual affine-scaling algorithms

Input
A strictly feasible pair(X0, Z0);

Parameters
A parameterτ0 > 1 such thatκ(X0Z0) ≤ τ0;
An accuracy parameterε > 0.
L := ln Tr(X0Z0)

ε
;

α := 1√
nτ0

(Dikin-type steps);

α := 1
nLτ0

(Classical affine-scaling steps);

begin
X := X0; S := S0;
while Tr(X Z) > ε do

Compute1X,1Z from (2) and (1)
(Dikin-type steps)
or from (4) and (1) (Classical affine-scaling steps);
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X := X + α1X;
Z := Z + α1Z;

end
end

We prove that the Dikin step algorithm computes a strictly feasibleε-optimal solu-
tion (X∗, Z∗) in O(τ0nL) steps, and this solution satisfiesκ(X∗Z∗) ≤ τ0. The classical
primal-dual affine scaling algorithm converges inO(τ0nL2) steps, and the solution satisfies
κ(X∗Z∗) ≤ 3τ0.

The paper is structured as follows. The Dikin step method is presented first, and its
simple analysis is then extended to the classical affine scaling method. In Section 2 is
shown how the two affine scaling directions (3) and (4) are derived by working in a scaled
primal-dual space. It is shown how the two directions correspond to the minimization of
the duality gap over two different ellipsoids in the scaled space. In Section 3 conditions to
ensure a feasible steplength are derived, and convergence and the polynomial complexity
result for the Dikin-type affine scaling method are proven in Section 4. In Sections 5 and 6
the analysis is extended to the classical primal-dual affine scaling method.

1.5. Notation

The following notation will be used in the paper:

λi (A): i th eigenvalue of then× n matrix A;
λmax(A) = max

i
λi (A), if λi (A) ∈ IR ∀i ;

λmin(A) = min
i
λi (A), if λi (A) ∈ IR ∀i ;

A º 0: A is symmetric positive semidefinite;
‖A‖2 = Tr(AAT ) =

∑
i

∑
j

A2
i j (Frobenius norm)

=
∑

i

λ2
i (A) if A symmetric;

‖A‖2 = (λmax(A
T A))

1
2 (spectral norm)

= λmax(A) if A º 0;
ρ(A) = max

i
|λi (A)| (spectral radius ofA);

κ(A) = λmax(A)

λmin(A)
if λi (A) > 0 ∀i

= condition number ofA if A Â 0;
A ∼ B: The matricesA andB are similar;

Z
1
2 = unique symmetric square root factor ofZ º 0.
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2. Minimizing the duality gap over ellipsoids

For strictly feasible solutionsX Â 0 andZ Â 0 to (P) and (D) respectively, the scaling
matrix D defined in (3) satisfiesD−1X = Z D, or

D−
1
2 X D−

1
2 = D

1
2 Z D

1
2 := V.

In other words, the matrixD may be used to scale the variablesX and Z to the same
symmetric positive definite matrixV . Note that

V2 = D−
1
2 X Z D

1
2 ∼ X Z,

i.e.,V2 has the same eigenvalues asX Zand is symmetric positive definite. As a consequence
the duality gap is given by

Tr(X Z) = Tr(V2) = ‖V‖2 =
∑

i

λ2
i (V).

We can similarly scale the primal-dual search directions1X and1Z via

DX = D−
1
21X D−

1
2

and

DZ = D
1
21Z D

1
2 .

The scaled directionsDX andDZ are orthogonal by the orthogonality of1X and1Z, i.e.,
Tr(DX DZ) = 0. In particular, we have

DZ = −
m∑

i=1

1yi D
1
2 Ai D

1
2 ,

i.e., DZ must be in the span of matricesD
1
2 Ai D

1
2 and DX in its orthogonal complement,

i.e.,

Tr
(
D

1
2 Ai D

1
2 DX

) = 0, i = 1, . . . ,m.

The scaled Newton step in the V-space is defined by

DV := DX + DZ .

After a feasible primal-dual step1X,1Z the duality gap becomes

Tr((X +1X)(Z +1Z)) = Tr((V + DX)(V + DZ))

= Tr(V2+ V DV ),

where we have used the linearity of the trace as well as the property Tr(AB) = Tr(B A).
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2.1. The Dikin step direction

The search direction of the Dikin-type affine scaling algorithm is derived by minimizing
the duality gap over the so-calledDikin ellipsoid:3

D∗V :=
{

argmin
DV

Tr(V2+ V DV ) :
∥∥V−

1
2 DV V−

1
2
∥∥ ≤ 1

}
. (6)

Note thatV + DV º 0 if DV is feasible in (6).
It is easily verified that the optimal solution is given by

D∗V = D∗X + D∗Z = −
V3

‖V2‖ . (7)

The transformation back to the unscaled space is done by premultiplying and postmultiply-
ing (7) by D

1
2 to obtain

1X + D1Z D = −X Z X

(Tr(X Z)2)
1
2

. (8)

The Dikin-type primal-dual affine scaling direction is obtained by solving (8) subject to the
conditions (1).

2.2. The classical primal-dual affine scaling direction

The classical primal-dual affine scaling direction is derived by minimizing the duality gap
over a sphere:

D∗V :=
{

argmin
DV

Tr(V2+ V DV ) :
∥∥V−

1
2 DV V−

1
2
∥∥

2 ≤ 1

}
. (9)

Note that‖V− 1
2 DV V−

1
2‖2 ≤ 1 is equivalent to the condition

I º V−
1
2 DV V−

1
2 º −I .

This impliesV + DV º 0 andV − DV º 0 which in turn implies that

0 ≤ Tr((V + DV )(V − DV ))

= ‖V‖2− ‖DV‖2,

or, ‖DV‖2 ≤ ‖V‖2 (spherical constraint). Using this reformulation it is easy to show that
D∗V = −V . Premultiplying and postmultiplyingD∗V = −V by D

1
2 as before, one obtains

1X + D1Z D = −X. (10)

The solution of this equation subject to conditions (1) yields the classical primal-dual affine
scaling direction.
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2.3. Solution of the linear systems

It is easily shown that (8) and (1) imply

n∑
j=1

1yj Tr(Ai D Aj D) = −Tr(Ai X Z X)

(Tr(X Z)2)
1
2

, i = 1, . . . ,m, (11)

for the Dikin step direction and that (10) and (1) imply

n∑
j=1

1yj Tr(Ai D Aj D) = −Tr(Ai X), i = 1, . . . ,m, (12)

for the classical primal-dual affine scaling direction. The solution of thesem× m linear
systems yield1y for the respective search directions. The coefficient matrices of the
systems (11) and (12) are positive definite (for a proof, see Faybusovich, 1995). Once1y
is known,1Z follows from

∑m
i=11yi Ai = −1Z, and1X is subsequently obtained from

(8) (Dikin steps) or (10) (classical primal-dual affine scaling steps).

2.4. A note on the centrality measure

The centrality measureκ(X Z) defined in (5) satisfies

0≤ 1− 1

κ(X Z)

with equality holding on the central path. A different measure for proximity to the central
path was used by Sturm and Zhang (1995):

δ(X Z) :=
∥∥∥∥I − 1

µ
V2

∥∥∥∥,
whereµ = Tr(X Z)/n = Tr(V2)/n. Note that one may haveδ(X Z) = O(

√
n) if κ(X Z) =

O(1). This shows thatκ(X Z) ≤ τ defines a larger neighbourhood of the central path than
δ(X Z) ≤ τ . The following relation between the two measures is readily proved:

δ(X Z) =
∥∥∥∥(I − n

Tr(V2)
V2

)∥∥∥∥
≤ √n

∥∥∥∥(I − n

Tr(V2)
V2

)∥∥∥∥
2

= √n

(
1− nλmin(V2)∑

i λi (V2)

)

≤ √n

(
1− λmin(V2)

λmax(V2)

)
= √n

(
1− 1

κ(X Z)

)
.
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3. Feasibility of the Dikin step

We proceed with the analysis of the Dikin-type affine scaling method, after which we will
extend the analysis to cover the classical primal-dual affine scaling method.

Having computed the Dikin step direction(1X,1Z) from (8) and (1), a feasible
steplength must be established. Denoting

X(α) := X + α1X, Z(α) := Z + α1Z,

we establish a valuēα > 0 such thatX(ᾱ) Â 0 andZ(ᾱ) Â 0. The following lemma gives
a sufficient condition for a feasible steplengthᾱ.

Lemma 3.1. If one has

det(X(α)Z(α)) > 0 ∀ 0≤ α ≤ ᾱ,

then X(ᾱ) Â 0 and Z(ᾱ) Â 0.

Proof: The function

f (α, λ) := det[(X + α1X)− λI ]

is continuously differentiable ifα ∈ (0, ᾱ) andλ ∈ IR and is zero ifλ is an eigenvalue of
X(α). The implicit function theorem therefore implies that the eigenvalues ofX(α) (and
similarly of Z(α)) are continuous functions ofα.

Since det(X(α)Z(α)) = det(X(α)) det(Z(α)), one has

det(X(α)Z(α)) =
∏

i

λi (X(α))
∏

i

λi (Z(α)) (13)

The left hand side of Eq. (13) is strictly positive on [0, ᾱ]. This shows that the eigenvalues
of X(α) andZ(α) remain positive on [0, ᾱ]. 2

In order to derive bounds onα which are sufficient to guarantee a feasible steplength, we
need the following three technical results.

Lemma 3.2. The spectral radius of DX DZ + DZ DX is bounded by

ρ(DX DZ + DZ DX) ≤ 1

2
‖DX + DZ‖2.

Proof: It is trivial to verify that

DX DZ + DZ DX = 1

2
[(DX + DZ)

2− (DX − DZ)
2]
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which implies

−1

2
(DX − DZ)

2 ¹ DX DZ + DZ DX ¹ 1

2
(DX + DZ)

2.

It follows that

−1

2
‖DX − DZ‖2I ¹ DX DZ + DZ DX ¹ 1

2
‖DX + DZ‖2I .

SinceDX andDZ are orthogonal the matrices(DX + DZ) and(DX − DZ) have the same
norm. Consequently

−1

2
‖DX + DZ‖2I ¹ DX DZ + DZ DX ¹ 1

2
‖DX + DZ‖2I

from which the required result follows. 2

Corollary 3.1. For the Dikin step DX + DZ = −V3/‖V2‖, one has

ρ(DX DZ + DZ DX) ≤ 1

2
ρ(V2),

whereρ(·) again denotes the spectral radius.

Proof: By Lemma 3.2 one has

2ρ(DX DZ + DZ DX) ≤ ‖DX + DZ‖2

=
(‖V3‖
‖V2‖

)2

= Tr(V6)

(‖V2‖)2

≤ ρ(V2)
Tr(V4)

(‖V2‖)2 = ρ(V
2)

which is the required result. 2

Lemma 3.3. Let QÂ 0, and let S∈ IRn×n be skew-symmetric. One hasdet(Q+ S) > 0.
Moreover, if it is known thatλi (Q+ S)∈ IR (i = 1, . . . ,n), then

0< λmin(Q) ≤ λmin(Q+ S) ≤ λmax(Q+ S) ≤ λmax(Q),

which impliesκ(Q+ S) ≤ κ(Q).
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Proof: First note thatQ+ S is nonsingular since for all nonzerox ∈ IRn:

xT (Q+ S)x = xT Qx > 0,

using the skew symmetry ofS. We therefore know that

ψ(t) := det[Q+ t S] 6= 0 ∀t ∈ IR,

sincet S remains skew-symmetric. One now has thatψ is a continuous function oft which
is nowhere zero and strictly positive fort = 0 as det(Q) > 0. This shows det(Q+ S) > 0.

To prove the second part of the lemma, assumeλ > 0 is such thatλ > λmax(Q). It then
follows that Q − λI ≺ 0. By the same argument as above we then have(Q + S) − λI
nonsingular, or

det((Q+ S)− λI ) 6= 0.

This implies thatλ cannot be an eigenvalue ofQ + S. Similarly, Q + S cannot have an
eigenvalue smaller thanλmin(Q). This gives the required result. 2

We are now in a position to find a step sizeα which guarantees that the Dikin step will
be feasible. To simplify the analysis we introduce a parameterτ >1 such thatκ(X Z) =
κ(V2)≤ τ . This implies the existence of numbersτ1 andτ2 such that

τ1I ¹ V2 ¹ τ2I , τ2 = τ1τ. (14)

Lemma 3.4. The steps X(α) = X+ α1X and Z(α) = Z + α1Z are feasible if the step
sizeα satisfiesα ≤ ᾱ where

ᾱ = min

{‖V2‖
2τ2

,
4τ1

‖V2‖
}
.

Furthermore

κ(X(ᾱ)Z(ᾱ)) ≤ τ.

Proof: We show that the determinant ofX(α)Z(α) remains positive for allα ≤ ᾱ. One
then hasX(ᾱ), Z(ᾱ) Â 0 by Lemma 3.1.

To this end note that

X(α)Z(α) ∼ (V + αDX)(V + αDZ)

= V2+ αDXV + αV DZ + α2DX DZ

= V2− αV4

‖V2‖ +
1

2
α2(DX DZ + DZ DX)

+
[

1

2
α2(DX DZ − DZ DX)+ 1

2
α(DXV + V DZ − V DX − DZV)

]
,
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sinceDX + DZ = −V3/‖V2‖. The matrix in square brackets is skew-symmetric. Lemma 3.3
therefore implies that the determinant of [X(α)Z(α)] will be positive if the matrix

M(α) := V2− αV4

‖V2‖ +
1

2
α2(DX DZ + DZ DX)

is positive definite. Note thatM(0) = V2 Â 0 andκ(M(0)) ≤ τ . We proceed to prove that
κ(M(α)) remains bounded byκ(M(α)) ≤ τ for 0≤ α ≤ ᾱ. This is sufficient to prove that
M(α) Â 0, 0≤ α ≤ ᾱ, and therefore that a step of lengthᾱ is feasible.

Moreover, after such a feasible step we will haveX(ᾱ) Â 0, Z(ᾱ) Â 0. The matrix
X(ᾱ)Z(ᾱ) therefore has positive eigenvalues and we can apply the second part of Lemma 3.3
to obtain

κ(X(ᾱ)Z(ᾱ)) ≤ κ(M(ᾱ)) ≤ τ.
We start the proof by noting that ifλ is an eigenvalue ofV2 then(λ− αλ2/‖V2‖) is an

eigenvalue of [V2− αV4/‖V2‖]. The function

φ(t) := t − α t2

‖V2‖
is monotonically increasing ont ∈ [0, τ2] if α ≤ ᾱ, sinceᾱ ≤ ‖V2‖/(2τ2). Thus

φ(τ1)I ¹ V2− αV4

‖V2‖ ¹ φ(τ2)I ∀ 0≤ α ≤ ᾱ
or

φ(τ1)I + 1

2
α2(DX DZ + DZ DX) ¹ M(α) ¹ φ(τ2)I + 1

2
α2(DX DZ + DZ DX),

∀ 0≤ α ≤ ᾱ.
We will therefore certainly haveκ(M(α)) ≤ τ if

τ

[
φ(τ1)I + 1

2
α2(DX DZ + DZ DX)

]
º φ(τ2)I + 1

2
α2(DX DZ + DZ DX).

This matrix inequality can be simplified usingτ2 = ττ1 and subsequently dividing byα.
This yields(

τ 2
2 − ττ 2

1

‖V2‖
)

I + α(τ − 1)

(
1

2
(DX DZ + DZ DX)

)
º 0.

This may be further simplified using

τ 2
2 − ττ 2

1 = (τ − 1)τ1τ2

to obtain(
τ1τ2

‖V2‖
)

I + 1

2
α(DX DZ + DZ DX) º 0
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which will surely hold if(
τ1τ2

‖V2‖
)

I − αρ
(

1

2
(DX DZ + DZ DX)

)
I º 0.

Substituting the bound

ρ

(
1

2
(DX DZ + DZ DX)

)
≤ 1

4
ρ(V2) ≤ 1

4
τ2

from Corollary 3.1 yields

τ1τ2

‖V2‖ −
1

4
ατ2 ≥ 0,

or

α ≤ 4τ1

‖V2‖
which is the second bound in the lemma. This completes the proof. 2

4. Convergence and complexity analysis

A feasible Dikin step of lengthα reduces the duality gap by at least a factor(1− α√
n
).

Formally, we have the following result.

Lemma 4.1. Given a feasible primal-dual pair(X, Z) and a steplengthα such that the
Dikin step is feasible, i.e., X(α) := X + α1X Â 0, and Z(α) := Z + α1Z Â 0, it holds
that

Tr(X(α)Z(α)) ≤
(

1− α√
n

)
Tr(X Z).

Proof: The duality gap after the Dikin step is given by

Tr(X(α)Z(α)) = Tr((V + αDX)(V + αDZ))

= Tr(V2+ αV(DX + DZ))

= Tr

(
V2− α V4

‖V2‖
)

= ‖V‖2− α‖V2‖

=
(

1− α ‖V
2‖

‖V‖2
)

Tr(X Z).
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By the Cauchy-Schwartz inequality one has

‖V‖2 = Tr(I V 2) ≤ ‖I ‖‖V2‖ = √n‖V2‖,
which gives the required result. 2

We are now in a position to prove a worst-case iteration complexity bound.

Theorem 4.1. Let ε >0 be an accuracy parameter, and letτ0> 1 be such thatκ(X0Z0)

≤ τ0. Further, let L = ln(Tr(X0Z0)/ε), andα = 1
τ0
√

n
. The Dikin Step Algorithm requires

at mostτ0nL iterations to compute a feasible primal-dual pair(X∗, Z∗) satisfyingκ(X∗Z∗)
≤ τ0 and Tr(X∗Z∗) ≤ ε.

Proof: We first prove that the default choice ofα always allows a feasible step. To this
end, note that

α = 1

τ0
√

n
= τ1

τ2
√

n
≤ τ1
√

n

2τ2
= ‖τ1I ‖

2τ2
≤ ‖V

2‖
2τ2

,

since 0¹ τ1I ¹ V2. This shows thatα meets the first condition of Lemma 3.4. Moreover,
it holds that‖V2‖ ≤ τ2

√
n, which implies

4τ1

‖V2‖ ≥
4τ1

τ2
√

n
= 4

τ0
√

n
> α.

The default choice ofα therefore meets the conditions of Lemma 3.4 and ensures a feasible
Dikin step.

The initial duality gap is Tr(X0Z0) which is reduced at each iteration by at least a factor
(1− 1/nτ) (Lemma 4.1). Afterk iterations the duality gap will be smaller thanε if(

1− 1

nτ0

)k

Tr(X0Z0) ≤ ε.

Taking logarithms yields

k ln

(
1− 1

nτ0

)
+ ln(Tr(X0Z0)) ≤ ln(ε).

Since

−ln

(
1− 1

nτ0

)
≥
(

1

nτ0

)
,

this will certainly be satisfied if

k

nτ0
≥ ln(Tr(X0Z0))− ln ε = ln

Tr(X0Z0)

ε

which implies the required result. 2
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TheO(τ0n) complexity bound is a factor
√

n worse than the best known bound for primal-
dual algorithms, but this is due to the use of large neighbourhoods of the central path.

5. The classical primal-dual affine scaling method

We return to the analysis of the classical primal-dual affine scaling algorithm. This analysis
is analogous to that of the Dikin step method, but there is one significant difference: whereas
the Dikin steps stay in the same neighbourhood of the central path, the same is not true of
the classical affine scaling steps. The deviation from centrality at each step can be bounded
at each iteration, though, and polynomial complexity can be retained at a price: the step
length has to be shortened to

α = 1

nLτ0
, (15)

and the worst case iteration complexity bound becomesO(τ0nL2).
We need to modify the analysis of the Dikin step algorithm with regard to the following:

— We allow for an increase in the distanceκ(X Z) from the central path by a constant
factort > 1 at each step;

— The steplengthα in (15) is shown to be feasible forτ0nL2 iterations, provided that:
— We choose the factort in such a way that the distance from the central path stays within

the boundκ(X Z) < 3τ0 for O(τnL2) iterations—the convergence criterion is met
before the deviation from centrality becomes worse than 3τ0.

6. Analysis of the classical primal-dual affine scaling method

Recall that the classical primal-dual affine scaling direction is obtained by solving

1X + D1Z D = −X,

subject to (1). A feasible step in this direction gives the following reduction in the duality
gap:

Lemma 6.1. Given a feasible primal-dual pair(X, Z) and assume that the affine scaling
step with steplengthα is feasible, i.e., X(α) := X+α1X Â 0, and Z(α) := Z+α1Z
Â 0. It holds that

Tr(X(α)Z(α)) ≤ (1− α)Tr(X Z).

Proof: Analogous to the proof of Lemma 4.1. 2

As with the Dikin step analysis, we will also need the following bound:
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Lemma 6.2. For the primal-dual affine scaling step DV = DX + DZ = −V, one has

ρ(DX DZ + DZ DX) ≤ 1

2
‖V‖2.

Proof: Follows from Lemma 3.2. 2

Now letτ = κ(X Z) andτ0 = κ(X0Z0) for the current pair of iterates(X, Z) and starting
solution(X0, Z0) respectively, and letτ1, τ2 satisfy (14). We also define the amplification
factor

t := 1+ 1

nL2τ0
,

which is used to bound the deviation from centrality in a given iteration.

Lemma 6.3. If τ ≤ 3τ0
t , then the steps X(α) = X + α1X and Z(α) = Z + α1Z are

feasible for the step size

ᾱ = 1

nLτ0
,

and the deviation from centrality is bounded by

κ(X(ᾱ)Z(ᾱ)) ≤ tτ.

Proof: As in the proof of Lemma 3.4, we show that the determinant ofX(α)Z(α) remains
positive for allα ≤ ᾱ, which ensuresX(ᾱ), Z(ᾱ) Â 0 by Lemma 3.1.

As before, note that

X(α)Z(α) ∼ (V + αDX)(V + αDZ)

= V2+ αDXV + αV DZ + α2DX DZ

= (1− α)V2+ 1

2
α2(DX DZ + DZ DX)

+
[

1

2
α2(DX DZ − DZ DX)+ 1

2
α(DXV + V DZ − V DX − DZV)

]
,

sinceDX + DZ = −V . The matrix in square brackets is skew-symmetric. Lemma 3.3
therefore implies that the determinant of [X(α)Z(α)] will be positive if the matrix

M(α) := (1− α)V2+ 1

2
α2(DX DZ + DZ DX)

is positive definite. Note thatM(0) = V2 Â 0 andκ(M(0)) = τ . We proceed to prove that
κ(M(α)) remains bounded byκ(M(α)) ≤ tτ for 0 ≤ α ≤ ᾱ, for the fixed amplification
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factort . This is sufficient to prove thatM(α) Â 0, 0≤ α ≤ ᾱ, and therefore that a step of
lengthᾱ is feasible.

Moreover, after such a feasible step we will haveX(ᾱ) Â 0, Z(ᾱ) Â 0. The matrix
X(ᾱ)Z(ᾱ) therefore has positive eigenvalues and we can apply the second part of Lemma 3.3
to obtain

κ(X(ᾱ)Z(ᾱ)) ≤ κ(M(ᾱ)) ≤ tτ.

To start the proof, note that

τ1(1− α)I + 1

2
α2(DX DZ + DZ DX) ¹ M(α)

¹ τ2(1− α)I + 1

2
α2(DX DZ + DZ DX) ∀ 0≤ α ≤ ᾱ.

We will therefore certainly haveκ(M(α)) ≤ tτ if

tτ

[
τ1(1− α)I + 1

2
α2(DX DZ + DZ DX)

]
º τ2(1− α)I + 1

2
α2(DX DZ + DZ DX).

Usingτ2 = ττ1 the last relation becomes

τ2(1− α)(t − 1)I + 1

2
α2(tτ − 1)(DX DZ + DZ DX) º 0. (16)

Since one hasρ(DX DZ + DZ DX) ≤ 1
2‖V‖2 ≤ 1

2τ2n by Lemma 6.2, inequality (16) will
hold if

(1− α)(t − 1)− 1

4
α2(tτ − 1)n ≥ 0. (17)

Using the assumption thattτ ≤ 3τ0, it follows that (17) will surely hold if

(1− α)
(

1

nL2τ0

)
− 1

4
α2(3τ0− 1)n ≥ 0,

which is satisfied bȳα = 1
nLτ0

. 2

We now investigate how many iterations can be performed while still satisfying the
assumptionκ(X Z) ≤ 3τ0/t of Lemma 6.3.

Lemma 6.4. One has

κ(X Z) ≤ 3τ0

for the first nL2τ0 iterations of the classical primal-dual affine scaling algorithm.
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Proof: By Lemma 6.3 one has

κ(X Z) ≤ τ0tk afterk iterations,

provided thatk is sufficiently small to guaranteeτ0tk ≤ 3τ0. Usingt = 1+ 1
nL2τ0

, we obtain

τ0tk = τ0

(
1+ 1

nL2τ0

)k

< 3τ0 if k ≤ nL2τ0,

which gives the required result. 2

It only remains to prove thatnL2τ0 iterations are sufficient to guarantee convergence.
This is easily proved, analogously to the proof of Theorem 4.1. Formally we have the
following result:

Theorem 6.1. Letε > 0 be an accuracy parameter, and letτ0 > 1 be such thatκ(X0Z0)

≤ τ0. Further, let L = ln(Tr(X0Z0)/ε) andα = 1
τ0nL . The classical primal-dual affine

scaling algorithm requires at mostτ0nL2 iterations to compute a feasible primal-dual pair
(X∗, Z∗) satisfyingκ(X∗Z∗) ≤ 3τ0 and Tr(X∗Z∗) ≤ ε.

Notes

1. The eigenvalues ofX Z are real and positive ifX, Z Â 0, sinceX Z ∼ X−
1
2 [X Z]X

1
2 = X

1
2 Z X

1
2 Â 0, where

‘∼’ denotes the similarity relation.

2. The notationL = ln Tr(X0Z0)
ε

is used below to emphasize the analogy of the worst case iteration complexity
bound with the LP case; it has nothing to do with the bitlength of the output (which can be exponential in the
SDP case, even if the problem data is integer).

3. There is some inconsistency in the literature concerning the definition of the primal-dual Dikin ellipsoid. In the

paper by Nemirovskii and Gahinet (1994) it is defined as‖X− 1
21X X−

1
2 ‖2+‖Z− 1

21Z Z−
1
2 ‖2 ≤ 1, which is

the same as‖V− 1
2 DX V−

1
2 ‖2+‖V− 1

2 DZ V−
1
2 ‖2 ≤ 1. The definition used in this paper extends the definition

of Jansen et al. (1993b).
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