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Chapter 1

Introduction

1.1 Latent class modeling

Latent class analysis is an approach used in the social and behavioral sciences for classifying
objects into a smaller number of unobserved groups (categories) based on their response
pattern on a set of observed indicator variables. Examples of applications include the
identification of types of political involvement (Hagenaars & Halman 1989), subgroups
of juvenille offenders (Mulder, Vermunt, Brand, Bullens, & Van Marle, 2012), types
of psychological contract (De Cuyper et al. 2008), and types of gender role attitudes
(Yamaguchi 2000).

Identifying the unknown subgroups or clusters is usually just the first step in an analysis
since researchers are often also interested in the causes and/or consequences of the cluster
membership. In other words, they may wish to relate the latent variable to covariates
and/or distal outcomes. For example, De Cuyper et al. (2008) investigated whether
being on a temporary or permanent contract has an impact on the type of psychological
contract that exists between the employee and employer (relating LC membership to
covariates), as well as whether the type of psychological contract has an impact on
job and life satisfaction, organizational commitment, and contract violation (relating LC
membership to distal outcomes). Similarly, not only identifying groups of juvenile offenders
is important, but also seeing their recidivism pattern, a research question that in the work
of Mulder et al. meant exploring the relationship between LC membership with more than
70 distal outcomes.

Until recently there were two possible ways to relate LC membership to external
variables of interest, namely, the one-step or the three-step approach presented in the
following. Let us denote the latent class variable by X, the vector of indicators by Y,
the covariate (predictor of LC membership) by Zp, and the distal outcome by Zo. While
throughout this chapter for simplicity we refer to a single external variable, both the
covariate and distal outcome could be a vector of variables.

Using the one-step approach, the relation between the external variables Zp and/or
Zo and the latent class variable is estimated simultaneously with the measurement model
defining the latent classes (Dayton & Macready 1988; Hagenaars 1990; Yamaguchi 2000;

1
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2 CHAPTER 1. INTRODUCTION

Zp

YZo

X

Figure 1.1: Associations between the latent variable (X), its indicators (Y ), and external
variables (Z) which can be outcome variables (Zo) or predictor variables (Zp).

Muthen 2004), as is shown in the model depicted in Figure 1.1. While Figure 1.1 shows
the simplest association structure, a more complex model may also include direct effects of
covariates on distal outcomes and/or indicator variables, as well as associations between
distal outcomes and indicators.

The one-step approach is hardly ever used by practitioners, mostly because of the
reasons enumerated below.

I Researchers prefer to separate the measurement part (relating the latent variable to
the indicators) and the structural part (relating the latent variable to the external
variables of interest) of the model especially when more complex models are investi-
gated.

II When LC membership is related to a distal outcome using the one-step approach, this
later is added to the LC model as an additional indicator. This means that unwanted
assumptions need to be made about the conditional distribution of the distal outcome
given the latent variable.

III Furthermore, an unintended circularity is created: while the interest is in explaining
the distal outcome by the LC membership, the distal outcome contributes to the
formation of the latent classes.

Until recently the only alternative to the one-step approach was the three-step ap-
proach. As depicted in Figure 1.2, when using this approach, first the underlying latent

1.2. BIAS ADJUSTED STEPWISE LC MODELS 3

Y Y W W Z

(3)(2)(1)

X

Figure 1.2: The steps of the standard three-step approach

class variable (X) is identified based on a set of observed indicator variables (Y), then
individuals are assigned to latent classes (we denote the class assignments by W ), and
subsequently the class assignments are used in further analyses investigating the W -Z
relationships (Hagenaars, 1990). This approach tackles problem I, since the measurement
and structural part of the model are separated. However, this approach also has an impor-
tant deficit, namely, that the classification error introduced in the second step is ignored.
This leads to biased estimates of the association of LC membership and external variables
(Hagenaars, 1990; Bolck, Croon, and Hagenaars, 2004).

1.2 Bias adjusted stepwise LC models

Bolck, Croon and Hagenaars (2004) showed that the amount of classification error intro-
duced in step two can be estimated and accounted for in the step-three analyses. These
authors show that the true score on X can be re-obtained in step three by weighting W
by the inverse of the classification errors. The approach, which we refer to as the BCH ap-
proach, proceeds as follows: the data on covariates and the classification are summarized
in a multidimensional frequency table, the cell frequencies are reweighted by the inverse of
the classification error matrix, and lastly a logit model is estimated using the reweighted
frequency table as data, which yields the log-odds ratios describing the relationship be-
tween the external variables and the class membership. It should be mentioned that a
similar approach was proposed by Fuller (1987), however has not been implemented.

The BCH approach is general, in the sense that it can be used in any situation that
boils down to estimating the log-odds ratios in a contingency table, thus can be used with
both covariates and distal outcomes as long as these are categorical variables. While the
BCH approach offers a breakthrough by highlighting that the amount classification error
is estimable and can be accounted for, it also has various disadvantages. That is, it can
be used with categorical variables only, it is somewhat tedious since a new reweighted
frequency table has to be created for each set of external variables, and it yields standard
errors which are severely downward biased.

Vermunt (2010) suggested one important modification of the BCH approach, which
eliminates the abovementioned limitations. Instead of creating and analyzing reweighted
frequency tables, he proposed creating an expanded data file with T records per individual,
where T is the number of latent classes. An additional column contains the BCH weights
for each individual-class combination. The step-three model of interest can subsequently
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class variable (X) is identified based on a set of observed indicator variables (Y), then
individuals are assigned to latent classes (we denote the class assignments by W ), and
subsequently the class assignments are used in further analyses investigating the W -Z
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boils down to estimating the log-odds ratios in a contingency table, thus can be used with
both covariates and distal outcomes as long as these are categorical variables. While the
BCH approach offers a breakthrough by highlighting that the amount classification error
is estimable and can be accounted for, it also has various disadvantages. That is, it can
be used with categorical variables only, it is somewhat tedious since a new reweighted
frequency table has to be created for each set of external variables, and it yields standard
errors which are severely downward biased.

Vermunt (2010) suggested one important modification of the BCH approach, which
eliminates the abovementioned limitations. Instead of creating and analyzing reweighted
frequency tables, he proposed creating an expanded data file with T records per individual,
where T is the number of latent classes. An additional column contains the BCH weights
for each individual-class combination. The step-three model of interest can subsequently
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be estimated using pseudo maximum likelihood methods, where the BCH weights are
used as sampling weights. With this extended BCH approach, the latent class variable
can be related to continuous covariates as well. Moreover, the bias in the standard errors
(SEs) can be prevented by using a sandwich estimator that accounts for the weighting
and the clustering in the expanded data file. When referring to the BCH approach in
the remainder of this text, we mean this amended version, which is also the one which is
currently used in practice.

Vermunt also proposed an alternative more direct bias-adjusted three-step approach,
which he called the ML approach. It involves estimating a LC model in step three, with
W as the single indicator variable having known classification error probabilities. Thus,
while the BCH method weights W by the inverse of the classification error probabilities
in a model for observed variables only, the ML approach estimates a LC model using the
classification error probabilities as fixed (known) parts of the model, and freely estimates
the structural part of the model in which LC membership is predicted by covariates.

A few unsolved problems with the ML and amended BCH approaches are that they can
be used only with models with covariates, and the SE estimates are still somewhat down-
ward biased. The reason for this bias is that in the step three model the estimates from
step one are used as known values, while they are estimates having sampling fluctuation.

Another stepwise approach recently proposed specifically for models with distal out-
comes is the LTB approach, so named after the developers, Lanza, Tan and Bray (2013).
This approach was specifically developed to tackle the problem of the one-step approach
presented above, namely that assumptions need to be made about the conditional distri-
bution of the outcome(s) given the classes. This LTB approach is a two-step method in
which first a LC model is estimated in which the distal outcome is used as a covariate in a
one-step estimation procedure (see Figure 1.3). Using the outcome as covariate affecting
LC membership no distributional assumptions are made about the outcome. In the sec-
ond step, the class-specific means of the distal outcome are calculated using the model
parameters obtained in the first step. A few problems of this approach are that the SE
estimators available in literature are strongly downward biased, and using the approach
with multiple distal outcomes is not well developed.

In summary, we can say that in the recent years various important improvements
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have been proposed to bias-adjusted stepwise latent class modeling. Nevertheless, the
ML, BCH, and LTB approaches are rather new, and still much is unknown about their
performance under different circumstances. Furthermore, the approaches still have certain
limitations, such as that the three-step approaches (BCH and ML) can be used only with
covariates and that the LTB approach can deal only with a single distal outcome.

1.3 Outline of the thesis

This thesis proposes to contribute to the development of bias-adjusted stepwise modeling
in three main aspects:

1. extend the ML and amended BCH approaches to models with distal outcomes and
multiple latent variables;

2. amend for the bias in the SE estimates of the ML method that are caused by not
accounting for the uncertainty about the fixed parameters;

3. analyze the robustness of the ML, BCH, and LTB approaches when applied with
continuous distal outcomes, and present three possible improvements of the LTB
approach.

In Chapter 2 we show how the ML and amended BCH approaches can be extended
to a wider range of models. We show how the correction developed for the conditional
distribution of the LC variable given the covariates can be generalized to modeling the
joint distribution of class membership and external variables, from where specific subcases
can be derived. For example in case of relating LC membership to a distal outcome using
the BCH approach a weighted ANOVA is performed, while with the ML approach a LC
model is estimated with 2 indicators: W and Z, where the misclassification probabilities
for W are assumed to be known. We show that as long as all model assumptions hold
both the ML and BCH approaches are unbiased estimators of the association between LC
membership and distal outcomes or of the association between multiple LC variables.

Next in Chapter 3 we pay attention to the SE estimators of the ML approach. While
the parameter estimates obtained with this approach are unbiased, there is still some
bias left in the SE estimates that is due to ignoring the sampling fluctuation of the fixed
value parameters. We propose investigating several candidate SE estimators that can
account for this additional source of uncertainty based on the literature on non-linear
models (Carroll, Ruppert, Stefanski, & Crainiceanu, 2006), three-step structural equation
modeling (Skrondal & Kuha, 2012; Oberski & Satorra, 2013), and econometric theory for
two-stages least squares (Murphy & Topel, 1985). We apply the general theory of Gong
and Samaniego (1981) to latent class modeling, noting similarities and differences with
these other approaches.

Furthermore in Chapter 4 we investigate the robustness of the ML, BCH and LTB
approaches when applied to models with continuous distal outcomes. Note that while the
LTB approach was specifically developed for these type of models, the use of the ML and
BCH approach for these models was proposed only in Chapter 2 of this dissertation. While
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all three approaches perform well when the underlying model assumptions hold, we can
expect that some of the approaches are less robust for violations of these assumptions.
We can expect that the BCH approach, that is an ANOVA is more robust than the
ML approach to violations of normality. At the same time the LTB approach assumes
that the relationship between the continuous outcome variable and the LC membership is
linear-logistic. The impact of the violation of this assumption on the class-specific means
calculated in step two is unknown.

Based on the results of Chapter 4 we recommend a few extensions to the LTB ap-
proach in Chapter 5. First in the spirit of this dissertation, a true stepwise implementation
is provided in which the building of the latent classes and the investigation of the rela-
tionship of the classes with the distal outcomes is separated. This simplifies the analysis
in situations where the LC membership should be related to multiple distal outcomes. As
a second extension, similar to quadratic discriminant analysis, the inclusion of a quadratic
term in the logistic model for the LCs is proposed, for situations where the variances of
the continuous distal outcome differs across LCs, thus violating the assumption of linear-
logistic association. The quadratic term prevents that one obtains biased estimates of
the class-specific means in such situations. The third extension involves estimating the
standard errors of the class-specific means by means of jackknife or a (non-parametric)
bootstrap procedure. Both SE estimators proposed here yield much better coverage rates
than the currently available estimator which shows clear undercoverage.

Chapter 2

Estimating the association
between latent class
membership and external
variables using bias adjusted
three-step approaches

Abstract

Latent class (LC) analysis is a clustering method widely used in social science research.Usu-
ally the interest lies in relating the clustering to external variables. This can be done using
a three-step approach, which proceeds as follows: the LC model is estimated (step 1),
predictions for the class membership scores are obtained (step 2) and used to assess the
relationship between class membership and other variables (step 3). Bolck, Croon, and
Hagenaars (2004) showed that this approach leads to severely biased estimates of the
third step estimates, and proposed correction methods, that were further developed by
Vermunt (2010). In the current study, we extend these correction methods to situations
where class membership is not predicted but used as an explanatory variable in the third
step. A simulation study tests the performance of the proposed correction methods, and
their practical use was illustrated with real data examples. The results show that the
proposed correction methods perform well under conditions encountered in practice.

This chapter is published as Bakk, Z., Tekle, F.B. & Vermunt, J. K. (2013). Estimating the associ-
ation between latent class membership and external variables using bias adjusted three-step approaches.
Sociological Methodology, vol.43, 1 pp. 272-311
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2.1 Introduction

The use of latent class analysis (LCA) (Lazarsfeld & Henry, 1968; Goodman, 1974; Mc-
Cutcheon, 1987) is becoming more and more widespread in social science research, espe-
cially because of increasing modeling options and software availability. In its basic form,
LCA is a statistical method for grouping units of analysis into clusters, that is, to identify
subgroups that have similar values on a set of observed indicator variables. Examples
of applications include the identification of types of political involvement (Hagenaars &
Halman 1989), types of psychological contract (De Cuyper et al. 2008), types of gender
role attitudes (Yamaguchi, 2000), and types of music consumers (Chan & Goldthorpe
2007).

Identifying the unknown subgroups or clusters is usually just the first step in an analysis
since researchers are often also interested in the causes and/or consequences of the cluster
membership. In other words, they may wish to relate the latent variable to covariates
and distal outcomes. There are two possible ways to proceed with this latter extension,
namely, using a one-step or a three-step approach. Using the one-step approach, the
relation between the external variables of interest (covariates and/or distal outcomes)
and the latent class variable is estimated simultaneously with the model for identifying
the latent variable (Dayton & Macready 1988; Hagenaars 1990; Yamaguchi 2000; Van
der Heijden, Dessens & Bockenholt 1996). Using the other alternative, the three-step
approach, first the underlying latent construct is identified based on a set of observed
indicator variables, then individuals are assigned to latent classes, and subsequently the
class assignments are used in further analyses (Bolck et al. 2004; Vermunt 2010). When
all the model assumptions hold, the more complex one-step approach is better from a
statistical point of view, because it is more efficient.

However, most applied researchers prefer using the simpler three-step approach. De
Cuyper et al. (2008) and Chan & Goldthorpe (2007) use such a three-step approach with
covariates, as do Olino et al. (2011) with distal outcomes. One reason for using the three-
step approach is that researchers see constructing a latent typology and investigating how
the latent typology is related to external variables as two different steps in an analysis. For
instance, in an LCA with distal outcomes, the latent classes will typically be risk groups
(e.g., groups of youth delinquents based on delinquency histories or groups of persons
with different lifestyles), and the distal outcomes are events in a later life stage (e.g.,
recidivism or health status). It is substantively difficult to argue that the distal outcomes
should be included in the same model as the one that is used to identify the risk groups
if one wishes to investigate the predictive validity of the latent classification.

Another argument for the three-step approach as opposed to the one-step is that in
applications wherein a possibly large set of external variables is considered, the estimation
procedure for the latter approach might fail because of the sparseness of the analyzed
frequency table and the potentially large number of parameters (Goetghebeur, Liinev, &
Boelaert, 2000; Huang & Bandeen-Roche, 2004; Clark & Muthen, 2009). For example,
in a study by Mulder et al. (2012), the association of subgroups of recidivism with 70
possible distal outcomes was analyzed, which would be impossible using the one-step
approach.

A related problem with the one-step approach is that the inclusion of covariates or
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distal outcomes can distort the class solution because additional assumptions are made
that may be violated (Huang, Brecht, Hara, & Hser, 2010; Tofighi & Enders, 2008; Bauer
& Curran, 2003; Petras & Masyn, 2010). For example, the inclusion of a distal outcome
requires specification of its within-class distribution, which if misspecified can distort the
whole class solution. It may even happen that rather different class solutions are obtained
when different distal outcomes are included separately in the model, though theoretically
the latent classes should be based on the indicators and predict only the distal outcome.

Although there are many situations in which researchers may prefer the three-step
LCA, the main disadvantage of this approach is that it yields severely downward-biased
estimates of the association between class membership and external variables (Bolck et
al. 2004; Vermunt 2010). Recently, several correction methods were developed to tackle
this problem. Clark and Muthen (2009) proposed a correction method based on pseudo
class draws from their posterior distribution. However this approach, still maintains a
relatively large bias in the log odds ratios of the association of the latent class variable
with covariates. Petersen, Bandeen-Roche, Budtz-Jrgensen, and Groes (2012) developed
a method based on a translation of the idea of Bartlett scores to the LCA context, which
in the simulation study performed by the authors turned out to perform well. Bolck et
al. (2004) developed a correction method that involves analyzing a reweighted frequency
table and that can be used in three-step LCA with categorical covariates. Later Vermunt
(2010) suggested a modification of this method, making it possible to obtain correct
standard errors (SEs) and accommodate continuous covariates, and also introduced a
more direct maximum likelihood (ML) correction method.

A limitation of the currently available adjustment methods for three-step LCA is that
they were all developed and tested for the situation wherein class membership is treated
as depending on the external variables. Moreover, all these methods were studied using
models with only a single latent variable. However, applied researchers are often interested
in a much broader use of the latent class solution. Therefor there should be correction
methods available for a larger variety of modeling options. Given this gap in the literature,
in the current article, we show how the three-step correction methods developed by Bolck
et al. (2004) and Vermunt (2010) can be adapted to the situation in which the latent
variable is a predictor of one or more distal outcomes, which may be categorical or contin-
uous variables. We also pay attention to the situation in which the distal outcome itself
is also a categorical latent variable. This implies that one should adjust for classification
errors in both the predictor and the outcome variable.

The content of the article is outlined as follows. First we introduce the basic latent
class model and discuss class assignment and quantification of the associated classification
error. Then, the two classic ways of handling external variables in LCA will be presented
(namely, the one-step and three-step approaches). Next, we discuss the correction meth-
ods developed by Bolck et al. (2004) and Vermunt (2010) for three-step LCA and show
how these can be generalized for modeling the joint distribution of class membership and
external variables, from where specific subcases can be derived. Subsequently, we check
the performance of the different correction methods using a simulation study and illustrate
them with real data applications.
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2.2 Latent class modeling and classification

2.2.1 The basic latent class model

Let us denote the categorical latent variable by X, a particular latent class by t, and the
number of classes by T , as such we have t = 1, 2, ...T . Let Yk represent one of the K
manifest indicator variables, where k = 1, 2, ...K. Let Y be a vector containing a full
response pattern and y its realization. A latent class model for the probability of observing
response pattern y can be defined as follows:

P (Y = y) =

T∑
t=1

P (X = t)P (Y = y|X = t), (2.1)

where P (X = t) represents the probability of belonging to class t and P (Y = y|X = t)
the probability of having response pattern y conditional on belonging to class t. As we
can see from Equation 2.1, the marginal probability of obtaining response pattern y is
assumed to be a weighted average of the t class-specific probabilities.

In a classical LCA we assume local independence, which means that the K indicator
variables are assumed to be mutually independent within each class t. This implies that,
the joint probability of a specific response pattern on the vector of indicator variables is
the product of the item specific probabilities:

P (Y = y|X = t) =

K∏
k=1

P (Yk|X = t), (2.2)

Combining Equation 2.1 and 2.2 we obtain the following:

P (Y) =

T∑
t=1

P (X = t)

K∏
k=1

P (Yk|X = t). (2.3)

The model parameters of interest are the class proportions P (X = t) and the class-
specific response probabilities P (Y = y|X = t). These parameters are usually estimated
by maximum likelihood (ML).

2.2.2 Obtaining latent class predictions

While the true class memberships cannot be observed, the parameters of the measurement
model described in Equations 2.1 to 2.3 can be used to derive procedures for estimating
these class memberships, that is, for assigning individuals to classes (Goodman 1974,
2007; Hagenaars 1990). The prediction is based on the posterior probability of belonging
to class t given an observed response pattern y, P (X = t|Y = y), which can be obtained
by using Bayes’ theorem, that is:

P (X = t|Y = y) =
P (X = t)P (Y = y)

P (Y = y)
. (2.4)
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These posterior class membership probabilities provide information about the distri-
bution over the T classes among individuals with response pattern y, which reflects that
persons having the same response pattern can belong to different classes. It is important
to note that each individual belongs to only one class but that we do not know to which.
Using the posterior class membership probabilities, different types of rules can be used
for assigning subjects to classes, the most popular of which are modal and proportional
assignment. When using modal assignment, each individual is assigned to the class for
which its posterior membership probability is the largest. Denoting the predicted class by
W and subject i

′
s response pattern by yi, the hard partitioning corresponding to modal

assignment can be expressed as the following:

P (W = s|Y = yi) =

{
1 if P (X = s|Y = yi) > P (X = t|Y = yi)∀s �= t.
0 else.

An individual is assigned with probability or weight equal to 1 to the class with the
largest posterior probability and with weight 0 to the other classes. Below we will also
use the shorthand notation wis for P (W = s|Y = yi).

To illustrate the class assignment, let us assume that we have a two-class model and
that for a particular response pattern containing 20 respondents we find a probability of
0.8 of belonging to class 1, and of 0.2 of belonging to class 2. This means that 16 persons
belong to class 1 and 4 to class 2. Under modal assignment, all 20 individuals will be
assigned to class 1, which means that 4 will be misclassified (but we do not know who).
This can be expressed as follows: 16*(0) + 4*(1) = 4. It should be noted that modal
assignment is optimal in the sense that the number of classification errors is smaller than
with any other assignment rule.

An alternative to modal assignment is proportional assignment, which in the context
of model-based clustering is referred to as a soft partitioning method (Dias and Vermunt
2008). An individual with the response pattern yi will then be assigned to each class s
with a weight P (W = s|Y = yi) = P (X = s|Y = yi). That is, with a weight equal to
the posterior membership probability. In our example, this would mean that each of the
20 observations receive weights of .8 and .2 for belonging to the first and second class,
respectively. In practice, this is achieved by creating an expanded data file with one record
per class per respondent and by using the class membership probabilities as weights in
subsequent analyses.

While at first glance it may seem that proportional assignment prevents introducing
misclassifications, this is clearly not the case. In our example, the 16 persons belonging
to class 1 receive a weight of .8 for class 1 instead of a weight of 1, which corresponds to
a misclassification of .2, and the 4 persons belonging to class 2 receive a weight of .2 for
class 2 instead of a weight of 1, which corresponds to a misclassification of .8. The total
number of misclassifications for the data pattern concerned is therefore 16*(.2) + 4*(.8)
= 6.4.

Although modal and proportional assignment are the most common methods, it is also
possible to use other rules. An example is the random assignment of individuals to classes
based on the posterior class membership probabilities, which is in fact a stochastic version
of the proportional assignment rule. The expected number of misclassification is the same
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under random and proportional assignment. A rule similar to modal assignment involves
assigning individuals to class s if the posterior probability is larger than a threshold.
For example, in a two class model, one assigns an individual to class 1 if the posterior
membership probability for this class is larger than .7 and otherwise to class 2. Compared
to modal assignment, such a rule reduces the number of misclassifications into class 1
but increases the misclassifications into class 2.

It is clear that irrespective of the assignment method used, class assignments and true
class scores will differ for some individuals (Hagenaars 1990; Bolck et al. 2004). As is
shown in more detail below, the overall proportion of misclassifications can be obtained by
averaging the misclassification probabilities of all data patterns. This overall classification
error can be calculated irrespective of the assignment rule applied.

2.2.3 Quantifying the classification errors

The overall quality of the classification obtained from a LCA can be quantified by P (W =
s|X = t); that is, by the probability of a certain class assignment conditional on the true
class. The larger the probabilities for s = t, the better the classification. Using the LCA
parameters this quantity can be obtained as follows 2:

P (W = s|X = t) =
∑
Y

P (Y = y|X = t)P (W = s|Y = y)

=
∑
Y

P (Y = y)P (X = t|Y = y)P (W = s|Y = y

P (X = t)
. (2.5)

In fact, the overall classification errors are obtained by averaging the classification errors for
all possible response patterns. As indicated by Vermunt (2010), when the possible number
of response patterns is very large, it is more convenient to estimate the classification errors
by averaging over the patterns occurring in the sample, which involves replacing P (Y = y)
by its empirical distribution:

P (W = s|X = t) =

1
N

N∑
i=1

P (X = t|Y = yi)wis

P (X = t)
, (2.6)

where N is the sample size and as indicated above wis = P (W = s|Y = yi). Below we
will show how P (W = s|X = t) is used in the correction methods for three-step LCA.

The concept of classification error is strongly related to the concept of separation
between classes. The latter refers to how well the classes can be distinguished based
on the available information on Y. More specifically, lower separation between classes
corresponds to larger classification errors. Measures for class separation, and therefor
also for classification error, quantify how much the posterior membership probabilities
P (X = s|Y = yi) deviate from uniform. For this purpose, one can (among others) use

2Note that in Equation 2.5, we implicitly use the equality P (W |Y,X) = P (W |Y ). This follows from
the fact that class assignment depends only on Y (and the latent class analysis model parameters) but
not directly on X.
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Figure 2.1: Types of associations between the latent variable (X), its indicators (Y ), and
other external variables (Z) that can be outcome variables (Zo) or predictor variables
(Zp) of the latent variable.

the principle of entropy: −
T∑

t=1
P (X = t|Y = y) logP (X = t|Y = y). The proportional

reduction of entropy when Y is available compared to the situation in whichY is unknown
is a pseudo R2 measure for class separation (Vermunt & Magidson, 2013), and thus also
for the quality of the classification of a sample.

2.3 LCA with external variables: traditional approaches

There are a variety of ways in which external variables may play a role in a LCA; the most
common ones are depicted in Figure 2.1(2.1.1 - 2.1.5). We denote an external variable
by Z, the latent variable by X, and the vector of indicators by Y. It should be noted
that while the use of multiple latent variables is possible, for clarity of exposition, in the
main part of the current paper, we focus on the situation of a single X and illustrate the
possibility of extension to multiple latent variables in one of the empirical examples.

In its most general form, we can think of the latent class variable X being measured
by its indicators Y and being associated with external variables Z, without specifying a
causal order between X and Z (Figure 2.1.1). More specific cases are when Z is a distal
outcome (Figure 2.1.2), when Z is a predictor of X (Figure 2.1.3), or when Z contains
both predictors Zp and distal outcomes Zo (Figure 2.1.4). The most general form of an
association between X and Z, without specifying a causal order (Figure 2.1.1) involves
modeling the joint probability of the three sets of variables as follows:

P (Z = z,X = t,Y = y) = P (Z = z,X = t)P (Y = y|X = t). (2.7)

Note that in this expression we make the assumption that Z and Y are conditionally
independent of one another given X. This means that Z is associated with X, but
controlling for X it is not associated with the indicators. This is a rather standard
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There are a variety of ways in which external variables may play a role in a LCA; the most
common ones are depicted in Figure 2.1(2.1.1 - 2.1.5). We denote an external variable
by Z, the latent variable by X, and the vector of indicators by Y. It should be noted
that while the use of multiple latent variables is possible, for clarity of exposition, in the
main part of the current paper, we focus on the situation of a single X and illustrate the
possibility of extension to multiple latent variables in one of the empirical examples.

In its most general form, we can think of the latent class variable X being measured
by its indicators Y and being associated with external variables Z, without specifying a
causal order between X and Z (Figure 2.1.1). More specific cases are when Z is a distal
outcome (Figure 2.1.2), when Z is a predictor of X (Figure 2.1.3), or when Z contains
both predictors Zp and distal outcomes Zo (Figure 2.1.4). The most general form of an
association between X and Z, without specifying a causal order (Figure 2.1.1) involves
modeling the joint probability of the three sets of variables as follows:

P (Z = z,X = t,Y = y) = P (Z = z,X = t)P (Y = y|X = t). (2.7)

Note that in this expression we make the assumption that Z and Y are conditionally
independent of one another given X. This means that Z is associated with X, but
controlling for X it is not associated with the indicators. This is a rather standard
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assumption in latent variables models with external variables, which is moreover needed
for the adjusted three-step approaches.

Based on the substantive theoretical arguments about the causal relationship between
X and Z, the joint distribution in Equation 2.7 can be adapted to accommodate specific
cases. For instance, if we assume that the latent variable depends on the external variable,
the relationship between X and Z can be analyzed using a model of the form (see Figure
2.1.3):

P (Z = z,X = t,Y = y) = P (Z = z)P (X = t|Z = z)P (Y = y|X = t).

Because the marginal distribution of Z is typically not of interest, it can be dropped and
the model can be defined as follows:

P (X = t,Y = y|Z = z) = P (X = t|Z = z)P (Y = y|X = t). (2.8)

Another type of situation that is often of interest is when the latent variable is a
predictor of the external variable (see Figure 2.1.2). In this case, we use a model of the
form 3:

P (Z = z,X = t,Y = y) = P (X = t)P (Z = z|X = t)P (Y = y|X = t). (2.9)

When some of the Z variables are predictors and others outcomes (Figure 2.1.4), the
model becomes:

P (Zp = zp, X = t,Y = y, Zo = zo) = P (X = t|Zp = zp)

P (Zo = zo|X = t, Zp = zp)P (Y = y|X = t)

where Zo is the distal outcome variable, and Zp a covariate. Note that the latter two
models require the specification of the conditional distribution of Z (Zo) in order to
quantify the effect of X on Z. In the current paper, we will use a normal distribution for
continuous Z and a multinomial distribution for ordinal and nominal Z. The regression
models used are linear, cumulative logistic, and multinomial logistic regression (Agresti
2002).

When the implied conditional independence assumption holds, each of the four variants
described above can be investigated using either a one-step or a three-step procedure.
However when this is not the case, one may prefer using a one-step approach, in which it
is possible to relax the assumption that Z and Y are conditionally independent given X
(Huang and Bandeen-Roche 2004), contrary to the three step approaches where this is not
yet possible 4. Extensions of the standard latent class model using the one-step approach

3While in Equation 2.8 it is clear that the extension to more covariates Z is straightforward, this is
also possible using Equation 2.9, assuming conditional independence of outcomes given X.

4Although in this article we emphasize the need of the conditional independence assumption to hold to
be able to use any of the three-step methods, it should be mentioned that an extension of the corrected
three-step approaches could be developed that makes it possible to include direct effects of categorical
covariates on indicators in the model. This could be done by applying the weighting that we present in
the following pages separately at every level of the external covariate.
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make it possible to include direct effects of covariates on indicators, or residual correlations
between indicators and distal outcomes, as shown on Figure 2.1.5. Readers interested in
such extensions are referred to the literature available on these models (Hagenaars, 1988;
Bandeen-Roche, Miglioretti, Zegger, & Rathouz, 1997; Huang & Bandeen-Roche, 2004) .
It should be mentioned that when the assumptions of conditional independence of Z and
Y is violated this can influence model parameters. There is a need to further investigate
whether the three or the one-step approach is more affected by this problem.

In the following we will restrict ourselves to the situation in which Z and Y can be
assumed to be independent given X. We will show how the relevant models can be
estimated using one-step LCA, standard three-step LCA, and bias adjusted three-step
LCA.

2.3.1 One-step approach

Using this approach, the external variables are incorporated in the latent class model and
the resulting extended model is estimated simultaneously with the measurement model.
The extended model can be seen as being composed of two parts: the measurement
model that comprises information on Y given X, and the structural part that deals with
the relationship between X and Z.

Both covariates (Figure 2.1.3) and distal outcome variables (Figure 2.1.2) can be
included, possibly in combination with one another (Figure 2.1.4). In situations where
the class membership is used as a predictor of one or more external distal outcomes Z,
the latter have a role similar to those of the indicator variables (Hagenaars 1990:135-142;
Huang et.al 2010).

2.3.2 The standard three-step approach

The method which is presented graphically in Figure 2.2 proceeds as follows. In the
first step, the measurement model for the relationship between the latent variable and
its indicators is built, as described by Equation 2.3 and depicted in Figure 2.2.1. In
the next step, using the information from the first step, subjects are assigned to latent
classes based on their scores on the indicator variables, as depicted in Figure 2.2.2. In this
process different assignment rules can be used, the most common ones being modal and
proportional assignment. In the third step, the predicted class membership variable (W )
is used in further analysis, implying analyzing the relationship between W and Z (Figure
2.2.3).

Bolck et al. (2004) proved that the estimates of the log-odds ratios characterizing
the relationship between Z and W will always be smaller than those characterizing the
relationship between Z and X, and proposed a correction method that can be used with
categorical external predictors (Figure 2.1.3). Their correction method was later extended
by Vermunt (2010), who showed how to adjust for the downward bias in the standard
errors (SE) obtained by the initial method and how to include continuous covariates in
the step-three model. Vermunt (2010) also proposed a maximum likelihood (ML) based
correction method. In the following, we present these two correction methods and show
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assumption in latent variables models with external variables, which is moreover needed
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first step, the measurement model for the relationship between the latent variable and
its indicators is built, as described by Equation 2.3 and depicted in Figure 2.2.1. In
the next step, using the information from the first step, subjects are assigned to latent
classes based on their scores on the indicator variables, as depicted in Figure 2.2.2. In this
process different assignment rules can be used, the most common ones being modal and
proportional assignment. In the third step, the predicted class membership variable (W )
is used in further analysis, implying analyzing the relationship between W and Z (Figure
2.2.3).

Bolck et al. (2004) proved that the estimates of the log-odds ratios characterizing
the relationship between Z and W will always be smaller than those characterizing the
relationship between Z and X, and proposed a correction method that can be used with
categorical external predictors (Figure 2.1.3). Their correction method was later extended
by Vermunt (2010), who showed how to adjust for the downward bias in the standard
errors (SE) obtained by the initial method and how to include continuous covariates in
the step-three model. Vermunt (2010) also proposed a maximum likelihood (ML) based
correction method. In the following, we present these two correction methods and show
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Figure 2.2: The steps of the standard three-step approach

how these can be generalized to the situation in which the class membership is a predictor
instead of an outcome variable.

2.4 Generalization of existing correction methods

While in the standard three-step procedure we estimate the relationship between W and
Z, actually we are interested in the relationship between X and Z. The key to the
correction methods lies in the fact that it is possible to show how the X −Z distribution
is related to the W −Z distribution. Let us first refer to Figure 2.3, which shows how the
four (sets) of variables of interest are connected. From the joint distribution of X,Z,W,
and Y, we can derive the marginal distribution of W and Z by summing over all possible
values of X and Y; that is,

P (W = s, Z = t) =
∑
t

∑
y

P (X = t, Z = z,Y = y,W = s)

=
∑
t

P (X = t, Z = z)
∑
y

P (Y = y,W = s|X = t, Z = z)

=
∑
t

P (X = t, Z = z)
∑
y

P (Y = y|X = t, Z = z)P (W = s|X = t, Z = z,Y = y).

Given thatW depends only onY (as a consequence of the way the class assignment are
obtained), and assuming that Z is independent of Y given X (the assumption depicted
in Figure 2.1.1), and subsequently replacing P (Y = y|X = t) by (P (Y = y)P (X =
t|Y = y))/P (X = t) using Bayes theorem we obtain:

P (W = s, Z = z) =
∑
t

P (X = t, Z = z)

∑
y P (Y = y)P (X = t|Y = y)P (W = s|Y = y)

P (X = t)

=
∑
t

P (X = t, Z = z)P (W = s|X = t). (2.10)

The last substitution follows from the definition presented in Equation 2.5. As can be
seen from Equation 2.10, the entries in the W and Z distribution are weighted sums
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of the entries in the X and Z distribution, where the weights are the misclassification
probabilities P (W = s|X = t). This suggests that the relationship between X and Z
can be obtained by adjusting the relationship between W and Z for the misclassification
probabilities P (W = s|X = t).

The correction methods developed by Bolck, et al. (2004) and Vermunt (2010) are
based on an equality similar to the one described in Equation 2.10. The difference is
that these concern the relationship between the conditional distributions of X given Z
and W given Z, so the situation where Z is a covariate and X is the outcome. As we
have shown above in Equation 2.10, the correction methods can also be applied to the
joint distribution of X and Z. From this joint distribution the conditional distribution of
Z given X can be obtained when the latent variable X is considered to be a predictor
of external variable Z. The extension of the methods lies on the realization that the
classification error depends only on the measurement model. The consequence of this
is that irrespective of the role of X and Z in describing their mutual relationship, the
adjustments remain the same. The same type of adjustments can also be used with
multiple latent variables as we will discuss shortly in a later section.

2.4.1 The three-step ML approach

The ML-based correction method introduced by Vermunt (2010) involves defining a latent
class model with one or more covariates Z affecting the latent variable X and with the
predicted class membership W as the single indicator of the underlying latent variable
X. An important difference compared to a standard LCA is that the conditional response
probabilities P (W = s|X = t) are not estimated but fixed to their estimated values from
the previous step.
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of the entries in the X and Z distribution, where the weights are the misclassification
probabilities P (W = s|X = t). This suggests that the relationship between X and Z
can be obtained by adjusting the relationship between W and Z for the misclassification
probabilities P (W = s|X = t).

The correction methods developed by Bolck, et al. (2004) and Vermunt (2010) are
based on an equality similar to the one described in Equation 2.10. The difference is
that these concern the relationship between the conditional distributions of X given Z
and W given Z, so the situation where Z is a covariate and X is the outcome. As we
have shown above in Equation 2.10, the correction methods can also be applied to the
joint distribution of X and Z. From this joint distribution the conditional distribution of
Z given X can be obtained when the latent variable X is considered to be a predictor
of external variable Z. The extension of the methods lies on the realization that the
classification error depends only on the measurement model. The consequence of this
is that irrespective of the role of X and Z in describing their mutual relationship, the
adjustments remain the same. The same type of adjustments can also be used with
multiple latent variables as we will discuss shortly in a later section.

2.4.1 The three-step ML approach

The ML-based correction method introduced by Vermunt (2010) involves defining a latent
class model with one or more covariates Z affecting the latent variable X and with the
predicted class membership W as the single indicator of the underlying latent variable
X. An important difference compared to a standard LCA is that the conditional response
probabilities P (W = s|X = t) are not estimated but fixed to their estimated values from
the previous step.
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Vermunt’s procedure can easily be adapted for the modeling of the joint distribution
of X and Z or the conditional distribution of Z given X. As can be seen from Equation
2.10, even if we have information only on Z and W and if P (W = s|X = t) is known, it is
possible to specify a (latent class) model yielding information on the association between
X and Z. This requires using W as an indicator of X and defining the form of the X−Z
distributions. Equation 2.10 can also be re-expressed as follows:

P (W = s, Z = z) =
∑
t

P (X = t)P (Z = z|X = t)P (W = s|X = t), (2.11)

corresponding to the situation in which X is a predictor of Z. Note that this yields a
latent class model with two indicators, Z and W , where W comprises all the information
on the classification from the first two steps. An assumption underlying this model is that
Z and W are conditionally independent given X, which is in agreement with the structure
depicted in Figure 2.3 and is necessary for all currently existing three-step approaches.
What is also required is that one specifies the distributional form of P (Z = z|X = t). The
parameters of the model in Equation 2.11 can be estimated by maximizing the following
log likelihood function:

logLML =

N∑
i=1

log
∑
t

P (X = t)P (Z = z|X = t)P (W = s|X = t). (2.12)

This can be achieved with any software for LCA that can accommodate parameters fixed
to some specific values. We fix P (W = s|X = t) to the estimates from step 2.

The possibility of using Z variables of different scale types requires that one should
be able to specify an appropriate distribution for Z. Logical choices are a normal distri-
bution for continuous Z, a multinomial distribution for nominal or ordinal Z, a Poisson
distribution for count Z, and so forth.

2.4.2 The Bolck-Croon-Hagenaars (BCH) approach

The ML correction method described above uses the classification errors from step two
directly in a latent class model for W and Z. In contrast, the solution developed by Bolck
et al. (2004) for categorical external predictor variables - which we refer to as the BCH
approach - involves re-expressing the relationship described in Equation 2.10 as follows:

P (X = t, Z = z) =
∑
s

P (W = s, Z = z)d∗st, (2.13)

where d∗st represents an element of the inverted T−by−T matrix D with elements P (W =
s|X = t).5

In other words, if we weight the W −Z distribution by the inverse of the classification
errors we obtain the distribution we are interested in. Bolck et al. (2004) proposed using

5Using matrix algebra, we can write Equation 2.10 as E = AD, where E contains the P (W = s, Z =
z), A the P (X = t, Z = z), and D the P (W = s|X = t). Standard matrix operation yields A = ED−1

which is what is expressed in Equation 2.13.
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this relation which applies at the population level to reweight the data on W and Z (the
frequency table with observed counts nzs). As shown by Vermunt (2010), their approach
involves maximizing the following pseudo (or weighted) log-likelihood function:

logLBCH =
∑
z

∑
s

nzs

T∑
t=1

d∗st logP (X = t, Z = z)

=
∑
z

T∑
t=1

n∗
zt logP (X = t, Z = z), (2.14)

where the n∗
zt =

∑
s
nzsd

∗
st are the reweighted frequencies used to estimate the relationship

between X and Z.

2.4.3 The modified BCH approach

Vermunt (2010) highlighted three shortcomings of the BCH method: only categorical
predictors can be used, standard errors are underestimated, and the method needs a
tedious data preparation stage which has to be repeated for each external variable. To
solve these issues, the author proposed a modification to the BCH method consisting in
reexpressing the pseudo log-likelihood function in terms of individual observations. That
is,

logLBCH =

N∑
i=1

T∑
s=1

wis

T∑
t=1

d∗st logP (X = t, Z = z)

=
N∑
i=1

T∑
t=1

w∗
it logP (X = t, Z = z), (2.15)

where wis is a class assignment weight and w∗
it =

T∑
s=1

wisd
∗
st. Note that the standard

three-step procedure involves using the non-reweighted wis in the third step. In order to
apply this modified BCH method, an expanded data file has to be created containing T
records for each subject with X values t = 1, 2, 3...T and weights w∗

it. This weighted data
set can be analyzed with standard methods. While Equation 2.15 shows how to estimate
parameters of the joint distribution of X and Z, it can be modified for the estimation of
the conditional distribution of Z given X as follows:

logLBCH =

N∑
i=1

T∑
t=1

w∗
it logP (X = t)P (Z = z|X = t)

=
N∑
i=1

T∑
t=1

w∗
it logP (X = t) +

N∑
i=1

T∑
t=1

w∗
it logP (Z = z|X = t). (2.16)
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Because the first term does not contain parameters of interest it can be ignored and
we can just maximize a pseudo log-likelihood function based on the second term. Note
that this formulation makes it possible to apply the BCH method to external variables
of any scale type, thus also with continuous and ordinal Z variables. By applying a
robust or sandwich variance estimator, one can prevent that standard errors (SEs) are
underestimated as is the case with the original BCH approach. The robust variance-
covariance matrix of the parameters is the inverse of the matrix obtained by ”sandwiching”
the Hessian by the average outer product of gradients for the independent observations
(Skinner, Holth and Smith 1989).

2.4.4 ML adjustment with multiple latent variables

For the clarity of exposition, so far we have focused on the situation in which the step
three latent class model of interest contains only one latent variable. However, both
the ML and BCH method can easily be extended to be applicable with multiple latent
variables. We will illustrate this for the somewhat simpler ML approach.

Suppose one is interested in the association between latent variables X1 and X2. A
stepwise modeling approach implies that one performs a separate LCA for each of these
two latent variables and obtains class assignments W1 and W2. Implicitly, this means that
an additional assumption is made, namely that the indicators used in the model for X1 are
independent of X2 conditionally on X1 and vice versa. Given these assumptions are met,
it is no problem to estimate the measurement models separately. The relationship between
the joint distribution of the assigned class memberships and the true class memberships
can be expressed similar to Equation 2.10 as follows:

P (W1 = s1,W2 = s2) =
∑
t1

∑
t2

P (X1 = t1, X2 = t2)

P (W1 = s1|X1 = t1)P (W2 = s2|X2 = t2). (2.17)

This is a latent class model that can be estimated using LCA packages that support
the use of multiple latent variables (here X1 and X2) and fixed value parameters [here
P (W1 = s1|X1 = t1) and P (W2 = s2|X2 = t2)]. As shown for the X − Z association,
rather than modeling the joint distribution of X1 and X2, it is also possible to model the
conditional distribution P (X2 = t2|X1 = t1), also when observed predictors are included
in the model - P (X2 = t2|X1 = t1, Z = z). Moreover, extension to more than two latent
variables is straightforward. We illustrate the use of this method with our second real
data example.

The generalized correction methods introduced above will be tested in the following
with a simulation study and illustrated with two real data examples. For ease of readability,
the simulation study focuses on the situation with one independent latent variable and
one dependent variable. The extension to more complex models is shown using the
examples. In order to show the ease of use and applicability with the real data example,
the syntax used in Latent Gold (Vermunt and Magidson, 2013) will be included as well.
Since Vermunt (2010) showed that the SE’s are underestimated using the original BCH
method, here we will use only the modified BCH method with robust standard errors.
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2.5 Simulation study

2.5.1 Design

A simulation study was conducted in order to check the quality of the proposed adjusted
three-step LCA methods in situations in which the latent variable is treated as a predictor
of one or more external variables (distal outcomes). In the simulation study, the BCH
and ML correction methods were compared with the one-step and the standard three-step
approach. A method can be considered to perform well when the parameter estimates
are unbiased and their variation is small, and in general the estimates are accurate. In
the simulation study we will manipulate two key factors: the separation between classes
(which as explained earlier is strongly related to the size of the classification error)6 and
the sample size, which both have been found to affect the performance of the correction
methods when the three-step LCA involved prediction of class membership using external
variables (Vermunt 2010). Separation between classes is manipulated via the strength of
the relationship between the classes and the indicators. Other conditions that could have
been varied are number of items, number item categories, and class sizes, but these are
all conditions that basically affect the separation between classes. To keep the simulation
simple and manageable, we decided to manipulate class separation only via the class-item
association.

We tested the performance of the correction methods for three types of distal out-
comes; that is, for Z nominal, ordinal, or continuous. Two conditions were used for the
strength of the X −Z relationship, corresponding to a weaker and a stronger effect of X
on Z. Data were generated from the full (X,Y, Z) model. In the following the population
values for all the parts of the model are provided. The population model we used is a
three-class model for six dichotomous response variables and a single distal outcome vari-
able. The profile of the classes is as follows: class one is likely to give the high response on
all indicators, class two scores high on the first three indicators and low on the last three,
and class three is likely to give the low response on all indicators. The separation between
classes was manipulated by changing the conditional response probabilities for the indi-
cators. The probability for the likely response was set to .70, .80, and .90, corresponding
to a (very) low, middle, and high separation between classes. These settings correspond
with entropy based R2 values of .36, .65, and .90, respectively. In the following we will
refer to these conditions as the low, mid, and high separation condition. Sample size is
also important because it affects the accuracy of the estimates. The three sample sizes
used were 500, 1000, and 10000. Note that a class separation of .36 is in fact extremely
low and a sample size of 10000 is rather large. We used three types of outcome variables,
a trichotomous nominal, a trichotomous ordinal, and a continuous outcome, which we
modeled using a multinomial logit, a cumulative logit, and a linear model, respectively,
with the first class and the first category of the outcome variable as the reference category.

For the nominal outcome, the condition with a strong effect of X on Z was obtained
by setting the intercepts β2 and β3 to -2.08 and the effect parameters to 3.87 (β22),

6The separation is measured by the Entropy R2, which tells how much the prediction of X improved
when using the information on Y. If P (X = t|Y = y) is close to 0 or 1 for most data patterns, the
separation between the classes is good, and the classification error is low.
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been varied are number of items, number item categories, and class sizes, but these are
all conditions that basically affect the separation between classes. To keep the simulation
simple and manageable, we decided to manipulate class separation only via the class-item
association.

We tested the performance of the correction methods for three types of distal out-
comes; that is, for Z nominal, ordinal, or continuous. Two conditions were used for the
strength of the X −Z relationship, corresponding to a weaker and a stronger effect of X
on Z. Data were generated from the full (X,Y, Z) model. In the following the population
values for all the parts of the model are provided. The population model we used is a
three-class model for six dichotomous response variables and a single distal outcome vari-
able. The profile of the classes is as follows: class one is likely to give the high response on
all indicators, class two scores high on the first three indicators and low on the last three,
and class three is likely to give the low response on all indicators. The separation between
classes was manipulated by changing the conditional response probabilities for the indi-
cators. The probability for the likely response was set to .70, .80, and .90, corresponding
to a (very) low, middle, and high separation between classes. These settings correspond
with entropy based R2 values of .36, .65, and .90, respectively. In the following we will
refer to these conditions as the low, mid, and high separation condition. Sample size is
also important because it affects the accuracy of the estimates. The three sample sizes
used were 500, 1000, and 10000. Note that a class separation of .36 is in fact extremely
low and a sample size of 10000 is rather large. We used three types of outcome variables,
a trichotomous nominal, a trichotomous ordinal, and a continuous outcome, which we
modeled using a multinomial logit, a cumulative logit, and a linear model, respectively,
with the first class and the first category of the outcome variable as the reference category.

For the nominal outcome, the condition with a strong effect of X on Z was obtained
by setting the intercepts β2 and β3 to -2.08 and the effect parameters to 3.87 (β22),

6The separation is measured by the Entropy R2, which tells how much the prediction of X improved
when using the information on Y. If P (X = t|Y = y) is close to 0 or 1 for most data patterns, the
separation between the classes is good, and the classification error is low.
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3.17 (β23), 2.08 (β32), and 2.08 (β33), where the first index refers to the distal outcome
category and the second to the class. Note that this set up yields some probabilities close
to 0, which can cause estimation problems, as we will see in the Results section. For the
condition with a weaker effect of X on Z we set both intercepts equal to -1.098, β22to
2.01, β23 to 1.50, β32 to 2, and β33 to 1.09.

For the ordinal outcome variable, in the high effect condition the thresholds were set
to 2.94 (β2), 1.55 (β3), and the effect parameters to -1.55 (β2) and -4.33 (β2), for class
2 and 3 respectively. This setup also yields some probabilities close to 0. In the low effect
condition, the thresholds were set to 2.74 (β2) and 1.82 (β3) and the effect parameters
to -1.23 (β2) and -3.01(β3).

For the continuous outcome variable, in the strong effect condition, we set the class
specific means to -1, 0 and 1 (corresponding with an intercept of -1 and slopes of 1 and
2), and the error variance to 1. In the weak effect condition, we set the class specific
means equal to -0.2, 0, 0.2, and kept the same error variance.

For the simulation study and the real data application, two computer programs were
used: Latent GOLD (Vermunt and Magidson 2013) and R (Venables, Smith, the R Core
Team, 2013). In Latent GOLD we simulated the data, set up the measurement model,
saved the scores on the posterior class assignment, and run all the correction methods
with both modal and proportional assignment. We used R to construct the D matrix
and compute its inverse, and to create the expanded data matrix containing the relevant
weights. The D matrix was computed using Equation 2.6; that is, using the empirical
distribution of the responses. For each of the 54 conditions, which were obtained by
crossing the 3 separation, 3 sample size, 3 types of external variable, and 2 effect size
conditions, we used 500 replications.

2.5.2 Results

The results are presented both averaged across conditions, and separately for some of
the conditions. We pay attention to parameter bias (measured by comparing the av-
erage estimated value with the true values) and efficiency (measured by the standard
deviation across replications), and to the bias in the estimated standard errors (measured
by comparing the average estimated standard error with the standard deviation across
replications).

Before looking at these figures, we would like to present an important unanticipated
result for the BCH method when applied with a nominal or an ordinal outcome variable Z.
Some of the replications turned out to contain negative cell frequencies in the adjusted
X − Z frequency table, in which case the corresponding multinomial distribution is not
defined. This happened mainly in the least favorable condition coupling a low class
separation (large classification errors) with a small sample size (large sampling fluctuation).
The possibility of such a failure of the BCH method is an important new result because
it was not reported by Bolck et al. (2004) or Vermunt (2010). While an ad hoc solution
could be to fix the probabilities corresponding to negative counts to zero, we decided
to exclude replications with negative frequencies from the results reported below. In the
replication samples where the BCH method gave negative frequencies, the three-step ML
method gave logit coefficients going to plus or minus infinity, corresponding to boundary

2.5. SIMULATION STUDY 23

Table 2.1: Number of Excluded Replications for the Nominal and Ordinal Outcome Vari-
able due to Negative Frequencies or Boundary Solutions

Sample size Separation level Correction methods One-step ML
Nominal - strong X-Z effect

500 Low 63 200
1000 Low 59 59
500 Mid 4 1
1000 Mid 1 0

Nominal - weak X-Z effect
500 Low 9 46
1000 Low 5 4

Ordinal - strong X-Z effect
500 Low 20 28
1000 Low 18 0

solutions. Boundary solutions also occurred with the one-step ML method in the low
separation and low sample size conditions. The replications with negative frequencies and
boundary solutions were excluded from further analysis. Table 2.1 provides information
on the number of excluded replications per condition.

Table 2.2 presents the results averaged over all sample sizes and separation levels for
one parameter per outcome variable. It reports the average estimate, average SE, and SD
of estimates for each method. As can be seen, the proportional standard method has the
largest bias. When averaged across conditions, we can see that the correction methods
still slightly underestimate the parameters. The bias is less than 5% for the continuous
and ordinal outcome variable, and close to 10% for the nominal outcome variable. As
shown below, bias varies strongly across separation and sample size conditions (is larger
with low separation and small sample size, and absent with higher separation and large
sample size). As expected, when estimating a correctly specified model, the one-step
approach yields a good approximation of the parameter of interest (bias less than 5%).
It should be mentioned that with the exception of the low sample size and low separation
between classes conditions the correction methods perform well, having bias less than 5%
for all outcome variables as well.

As can be seen from the standard deviations across replications (SD’s), the correc-
tion methods perform similar in terms of efficiency with each other and the one-step ML
method. Comparison of the average estimated SE across replications with the SD of the
parameter estimate across replications shows that the correction methods slightly under-
estimate the SE, with the exception of the proportional ML method, which overestimates
the SE for the nominal outcome variable. Overall, the difference between the SE’s and
SD’s is smallest for the proportional ML method, except for the nominal outcome variable.

When we look at the parameter estimates separately in each of the investigated con-
ditions, we see large differences between conditions. As seen in Tables 2.3 and 2.4, the
one-step ML method obtains estimates close to the true values, with the exception of the
combination of small sample size and low separation between classes, where it tends to
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3.17 (β23), 2.08 (β32), and 2.08 (β33), where the first index refers to the distal outcome
category and the second to the class. Note that this set up yields some probabilities close
to 0, which can cause estimation problems, as we will see in the Results section. For the
condition with a weaker effect of X on Z we set both intercepts equal to -1.098, β22to
2.01, β23 to 1.50, β32 to 2, and β33 to 1.09.

For the ordinal outcome variable, in the high effect condition the thresholds were set
to 2.94 (β2), 1.55 (β3), and the effect parameters to -1.55 (β2) and -4.33 (β2), for class
2 and 3 respectively. This setup also yields some probabilities close to 0. In the low effect
condition, the thresholds were set to 2.74 (β2) and 1.82 (β3) and the effect parameters
to -1.23 (β2) and -3.01(β3).

For the continuous outcome variable, in the strong effect condition, we set the class
specific means to -1, 0 and 1 (corresponding with an intercept of -1 and slopes of 1 and
2), and the error variance to 1. In the weak effect condition, we set the class specific
means equal to -0.2, 0, 0.2, and kept the same error variance.

For the simulation study and the real data application, two computer programs were
used: Latent GOLD (Vermunt and Magidson 2013) and R (Venables, Smith, the R Core
Team, 2013). In Latent GOLD we simulated the data, set up the measurement model,
saved the scores on the posterior class assignment, and run all the correction methods
with both modal and proportional assignment. We used R to construct the D matrix
and compute its inverse, and to create the expanded data matrix containing the relevant
weights. The D matrix was computed using Equation 2.6; that is, using the empirical
distribution of the responses. For each of the 54 conditions, which were obtained by
crossing the 3 separation, 3 sample size, 3 types of external variable, and 2 effect size
conditions, we used 500 replications.

2.5.2 Results

The results are presented both averaged across conditions, and separately for some of
the conditions. We pay attention to parameter bias (measured by comparing the av-
erage estimated value with the true values) and efficiency (measured by the standard
deviation across replications), and to the bias in the estimated standard errors (measured
by comparing the average estimated standard error with the standard deviation across
replications).

Before looking at these figures, we would like to present an important unanticipated
result for the BCH method when applied with a nominal or an ordinal outcome variable Z.
Some of the replications turned out to contain negative cell frequencies in the adjusted
X − Z frequency table, in which case the corresponding multinomial distribution is not
defined. This happened mainly in the least favorable condition coupling a low class
separation (large classification errors) with a small sample size (large sampling fluctuation).
The possibility of such a failure of the BCH method is an important new result because
it was not reported by Bolck et al. (2004) or Vermunt (2010). While an ad hoc solution
could be to fix the probabilities corresponding to negative counts to zero, we decided
to exclude replications with negative frequencies from the results reported below. In the
replication samples where the BCH method gave negative frequencies, the three-step ML
method gave logit coefficients going to plus or minus infinity, corresponding to boundary

2.5. SIMULATION STUDY 23

Table 2.1: Number of Excluded Replications for the Nominal and Ordinal Outcome Vari-
able due to Negative Frequencies or Boundary Solutions

Sample size Separation level Correction methods One-step ML
Nominal - strong X-Z effect

500 Low 63 200
1000 Low 59 59
500 Mid 4 1
1000 Mid 1 0

Nominal - weak X-Z effect
500 Low 9 46
1000 Low 5 4

Ordinal - strong X-Z effect
500 Low 20 28
1000 Low 18 0

solutions. Boundary solutions also occurred with the one-step ML method in the low
separation and low sample size conditions. The replications with negative frequencies and
boundary solutions were excluded from further analysis. Table 2.1 provides information
on the number of excluded replications per condition.

Table 2.2 presents the results averaged over all sample sizes and separation levels for
one parameter per outcome variable. It reports the average estimate, average SE, and SD
of estimates for each method. As can be seen, the proportional standard method has the
largest bias. When averaged across conditions, we can see that the correction methods
still slightly underestimate the parameters. The bias is less than 5% for the continuous
and ordinal outcome variable, and close to 10% for the nominal outcome variable. As
shown below, bias varies strongly across separation and sample size conditions (is larger
with low separation and small sample size, and absent with higher separation and large
sample size). As expected, when estimating a correctly specified model, the one-step
approach yields a good approximation of the parameter of interest (bias less than 5%).
It should be mentioned that with the exception of the low sample size and low separation
between classes conditions the correction methods perform well, having bias less than 5%
for all outcome variables as well.

As can be seen from the standard deviations across replications (SD’s), the correc-
tion methods perform similar in terms of efficiency with each other and the one-step ML
method. Comparison of the average estimated SE across replications with the SD of the
parameter estimate across replications shows that the correction methods slightly under-
estimate the SE, with the exception of the proportional ML method, which overestimates
the SE for the nominal outcome variable. Overall, the difference between the SE’s and
SD’s is smallest for the proportional ML method, except for the nominal outcome variable.

When we look at the parameter estimates separately in each of the investigated con-
ditions, we see large differences between conditions. As seen in Tables 2.3 and 2.4, the
one-step ML method obtains estimates close to the true values, with the exception of the
combination of small sample size and low separation between classes, where it tends to
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Table 2.2: Average Estimate of One Selected β Parameter, and its Average Estimated
SE and SD across Replications Aggregated over the Nine Separation and Sample Size
Conditions for all Three types of Outcome Variables (for strong and weak X-Z association)

Nominal Ordinal Continuous

Method Estimate SE SD Estimate SE SD Estimate SE SD
β23 = 3.17 β2 = -1.56 β1 = 1.00

One-step ML 3.22 0.55 0.50 -1.58 0.27 0.27 1.00 0.07 0.07
Modal standard 2.06 0.22 0.23 -1.18 0.15 0.20 0.80 0.06 0.08
Proportional standard 1.73 0.21 0.18 -1.07 0.15 0.16 0.72 0.06 0.07
Modal BCH 2.97 0.50 0.51 -1.52 0.26 0.33 0.97 0.07 0.09
Proportional BCH 2.98 0.56 0.48 -1.55 0.25 0.32 0.97 0.07 0.10
Modal ML 2.97 0.50 0.51 -1.52 0.25 0.31 0.97 0.07 0.09
Proportional ML 2.98 0.83 0.51 -1.53 0.30 0.30 0.97 0.07 0.08

β23 = 1.50 β2 = -1.23 β1 = 0.20

One-step ML 1.53 0.40 0.35 -1.26 0.25 0.26 0.20 0.07 0.06
Modal standard 1.05 0.21 0.22 -0.97 0.15 0.17 0.16 0.05 0.05
Proportional standard 0.90 0.19 0.15 -0.88 0.14 0.14 0.14 0.04 0.05
Modal BCH 1.42 0.31 0.32 -1.22 0.23 0.26 0.19 0.06 0.06
Proportional BCH 1.42 0.29 0.30 -1.24 0.22 0.26 0.20 0.06 0.06
Modal ML 1.42 0.31 0.32 -1.22 0.22 0.26 0.19 0.06 0.06
Proportional ML 1.42 0.41 0.30 -1.23 0.28 0.26 0.20 0.07 0.06

overestimate the parameter. For all outcome variables, the correction methods perform
poorly in the low separation and small sample size conditions, a result that is similar to
the one reported by Vermunt (2010). Note that this applies to each of the three types of
response variables and both for a strong and a weak X − Z association. The reason for
this bad performance with low separation and small sample size is that in this situation
the differences between classes are overestimated in the first step yielding an underes-
timate of (a too optimistic) classification error, and as a consequence a too moderate
adjustment by the BCH and ML correction methods. In the middle and high separation
conditions, the correction methods perform well. While in the high separation conditions
the performance of the correction methods using modal versus proportional assignment
did not differ, in the lower separation condition this is not the case. With middle sep-
aration and especially with low separation between classes, the estimates obtained with
the proportional assignment approximated better the true values than the ones obtained
using modal assignment for all three types of outcome variables.

Table 2.5 reports the average SE and SD across replications for one selected parameter
(from the condition with a nominal Z variable weakly related to the classes) for the
nine sample size and class separation combinations. As we can see, in the conditions
with a low separation and a smaller sample size the proportional ML and one-step ML
method tend to overestimate parameter uncertainty (SE is higher than SD). The other
correction methods slightly underestimate the SE’s in all nine conditions. With regard to
efficiency the correction methods perform similar to the one-step ML method, with the
exception of the combination of small sample size coupled with low separation, for which
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Table 2.3: Average Estimate of Selected β Parameter Separately for each of the Nine
Separation and Sample Size Conditions for all Three types of Outcome Variables for
strong X-Z association

Separation level Low Medium High
Sample size 500 1000 10000 500 1000 10000 500 1000 10000
Method Nominal Z: β23 = 3.17
One-step ML 3.28 3.24 3.11 3.36 3.22 3.17 3.20 3.18 3.16
Modal standard 1.14 1.20 1.34 2.07 2.11 2.13 2.85 2.83 2.82
Proportional standard 0.90 0.87 0.85 1.69 1.69 1.68 2.63 2.61 2.60
Modal BCH & ML 2.03 2.40 3.16 3.17 3.24 3.17 3.21 3.18 3.15
Proportional BCH & ML 2.13 2.58 3.11 3.11 3.15 3.16 3.18 3.16 3.15

Ordinal Z: β2 = -1.56

One-step ML -1.64 -1.61 -1.56 -1.60 -1.57 -1.56 -1.59 -1.56 -1.56
Modal standard -0.83 -0.84 -0.84 -1.22 -1.21 -1.22 -1.51 -1.49 -1.48
Proportional standard -0.67 -0.65 -0.65 -1.11 -1.09 -1.09 -1.46 -1.44 -1.44
Modal BCH -1.40 -1.41 -1.54 -1.55 -1.52 -1.55 -1.58 -1.56 -1.56
Proportional BCH -1.49 -1.50 -1.56 -1.57 -1.55 -1.56 -1.58 -1.56 -1.56
Modal ML -1.39 -1.42 -1.54 -1.56 -1.52 -1.55 -1.58 -1.56 -1.56
Proportional ML -1.43 -1.42 -1.56 -1.57 -1.56 -1.55 -1.58 -1.56 -1.56

Continuous Z: β1 = 1.00

One-step ML 1.00 1.00 0.99 0.99 1.00 1.00 1.03 1.00 1.00
Modal standard 0.57 0.59 0.60 0.81 0.83 0.84 0.96 0.96 0.96
Proportional standard 0.47 0.47 0.45 0.74 0.75 0.75 0.94 0.94 0.94
Modal BCH 0.85 0.91 0.98 0.97 0.99 1.00 1.00 1.00 1.00
Proportional BCH 0.88 0.94 0.98 0.97 1.00 1.00 1.00 1.00 1.00
Modal ML 0.85 0.91 0.99 0.97 1.00 1.00 1.00 1.00 1.00
Proportional ML 0.87 0.93 0.99 0.98 1.00 1.00 1.00 1.00 1.00

the correction methods are more efficient. Comparison of these results to those for other
outcome variables and effect sizes showed that the SE bias of the correction methods is
slightly larger in the strong effect condition for nominal and ordinal outcomes, and smaller
for continuous outcomes irrespective of the effect size.

2.6 Two empirical examples

2.6.1 Example 1: Psychological contract types

To illustrate the working of the correction methods, we analyzed data from the Dutch
and Belgian sample of the Psychological Contracts across Employment Situation (PSY-
CONES) project (European Commission, 2006). We used the same questionnaire items as
De Cuyper, Rigotti, De Witte and Mohr (2008) who performed a LCA to build a typology
for psychological contracts between employers and employees. Out of the 8 dichotomous
indicators, 4 refer to employees obligations (whether a promise was made or not) and 4
to employers obligations, where each set of 4 items contained 2 items for relational and
2 for transactional obligations. Examples of the wording of items are: ’This organization
promised me a reasonably secure job’ and ’This organization promised me a good pay for
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Table 2.2: Average Estimate of One Selected β Parameter, and its Average Estimated
SE and SD across Replications Aggregated over the Nine Separation and Sample Size
Conditions for all Three types of Outcome Variables (for strong and weak X-Z association)

Nominal Ordinal Continuous

Method Estimate SE SD Estimate SE SD Estimate SE SD
β23 = 3.17 β2 = -1.56 β1 = 1.00

One-step ML 3.22 0.55 0.50 -1.58 0.27 0.27 1.00 0.07 0.07
Modal standard 2.06 0.22 0.23 -1.18 0.15 0.20 0.80 0.06 0.08
Proportional standard 1.73 0.21 0.18 -1.07 0.15 0.16 0.72 0.06 0.07
Modal BCH 2.97 0.50 0.51 -1.52 0.26 0.33 0.97 0.07 0.09
Proportional BCH 2.98 0.56 0.48 -1.55 0.25 0.32 0.97 0.07 0.10
Modal ML 2.97 0.50 0.51 -1.52 0.25 0.31 0.97 0.07 0.09
Proportional ML 2.98 0.83 0.51 -1.53 0.30 0.30 0.97 0.07 0.08

β23 = 1.50 β2 = -1.23 β1 = 0.20

One-step ML 1.53 0.40 0.35 -1.26 0.25 0.26 0.20 0.07 0.06
Modal standard 1.05 0.21 0.22 -0.97 0.15 0.17 0.16 0.05 0.05
Proportional standard 0.90 0.19 0.15 -0.88 0.14 0.14 0.14 0.04 0.05
Modal BCH 1.42 0.31 0.32 -1.22 0.23 0.26 0.19 0.06 0.06
Proportional BCH 1.42 0.29 0.30 -1.24 0.22 0.26 0.20 0.06 0.06
Modal ML 1.42 0.31 0.32 -1.22 0.22 0.26 0.19 0.06 0.06
Proportional ML 1.42 0.41 0.30 -1.23 0.28 0.26 0.20 0.07 0.06

overestimate the parameter. For all outcome variables, the correction methods perform
poorly in the low separation and small sample size conditions, a result that is similar to
the one reported by Vermunt (2010). Note that this applies to each of the three types of
response variables and both for a strong and a weak X − Z association. The reason for
this bad performance with low separation and small sample size is that in this situation
the differences between classes are overestimated in the first step yielding an underes-
timate of (a too optimistic) classification error, and as a consequence a too moderate
adjustment by the BCH and ML correction methods. In the middle and high separation
conditions, the correction methods perform well. While in the high separation conditions
the performance of the correction methods using modal versus proportional assignment
did not differ, in the lower separation condition this is not the case. With middle sep-
aration and especially with low separation between classes, the estimates obtained with
the proportional assignment approximated better the true values than the ones obtained
using modal assignment for all three types of outcome variables.

Table 2.5 reports the average SE and SD across replications for one selected parameter
(from the condition with a nominal Z variable weakly related to the classes) for the
nine sample size and class separation combinations. As we can see, in the conditions
with a low separation and a smaller sample size the proportional ML and one-step ML
method tend to overestimate parameter uncertainty (SE is higher than SD). The other
correction methods slightly underestimate the SE’s in all nine conditions. With regard to
efficiency the correction methods perform similar to the one-step ML method, with the
exception of the combination of small sample size coupled with low separation, for which

2.6. TWO EMPIRICAL EXAMPLES 25

Table 2.3: Average Estimate of Selected β Parameter Separately for each of the Nine
Separation and Sample Size Conditions for all Three types of Outcome Variables for
strong X-Z association

Separation level Low Medium High
Sample size 500 1000 10000 500 1000 10000 500 1000 10000
Method Nominal Z: β23 = 3.17
One-step ML 3.28 3.24 3.11 3.36 3.22 3.17 3.20 3.18 3.16
Modal standard 1.14 1.20 1.34 2.07 2.11 2.13 2.85 2.83 2.82
Proportional standard 0.90 0.87 0.85 1.69 1.69 1.68 2.63 2.61 2.60
Modal BCH & ML 2.03 2.40 3.16 3.17 3.24 3.17 3.21 3.18 3.15
Proportional BCH & ML 2.13 2.58 3.11 3.11 3.15 3.16 3.18 3.16 3.15

Ordinal Z: β2 = -1.56

One-step ML -1.64 -1.61 -1.56 -1.60 -1.57 -1.56 -1.59 -1.56 -1.56
Modal standard -0.83 -0.84 -0.84 -1.22 -1.21 -1.22 -1.51 -1.49 -1.48
Proportional standard -0.67 -0.65 -0.65 -1.11 -1.09 -1.09 -1.46 -1.44 -1.44
Modal BCH -1.40 -1.41 -1.54 -1.55 -1.52 -1.55 -1.58 -1.56 -1.56
Proportional BCH -1.49 -1.50 -1.56 -1.57 -1.55 -1.56 -1.58 -1.56 -1.56
Modal ML -1.39 -1.42 -1.54 -1.56 -1.52 -1.55 -1.58 -1.56 -1.56
Proportional ML -1.43 -1.42 -1.56 -1.57 -1.56 -1.55 -1.58 -1.56 -1.56

Continuous Z: β1 = 1.00

One-step ML 1.00 1.00 0.99 0.99 1.00 1.00 1.03 1.00 1.00
Modal standard 0.57 0.59 0.60 0.81 0.83 0.84 0.96 0.96 0.96
Proportional standard 0.47 0.47 0.45 0.74 0.75 0.75 0.94 0.94 0.94
Modal BCH 0.85 0.91 0.98 0.97 0.99 1.00 1.00 1.00 1.00
Proportional BCH 0.88 0.94 0.98 0.97 1.00 1.00 1.00 1.00 1.00
Modal ML 0.85 0.91 0.99 0.97 1.00 1.00 1.00 1.00 1.00
Proportional ML 0.87 0.93 0.99 0.98 1.00 1.00 1.00 1.00 1.00

the correction methods are more efficient. Comparison of these results to those for other
outcome variables and effect sizes showed that the SE bias of the correction methods is
slightly larger in the strong effect condition for nominal and ordinal outcomes, and smaller
for continuous outcomes irrespective of the effect size.

2.6 Two empirical examples

2.6.1 Example 1: Psychological contract types

To illustrate the working of the correction methods, we analyzed data from the Dutch
and Belgian sample of the Psychological Contracts across Employment Situation (PSY-
CONES) project (European Commission, 2006). We used the same questionnaire items as
De Cuyper, Rigotti, De Witte and Mohr (2008) who performed a LCA to build a typology
for psychological contracts between employers and employees. Out of the 8 dichotomous
indicators, 4 refer to employees obligations (whether a promise was made or not) and 4
to employers obligations, where each set of 4 items contained 2 items for relational and
2 for transactional obligations. Examples of the wording of items are: ’This organization
promised me a reasonably secure job’ and ’This organization promised me a good pay for
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Table 2.4: Average Estimate of Selected β Parameter Separately for each of the Nine
Separation and Sample Size Conditions for all Three types of Outcome Variables for weak
X-Z association

Separation level Low Medium High
Sample size 500 1000 10000 500 1000 10000 500 1000 10000

Method Nominal Z: β23 =1.50

One-step ML 1.53 1.61 1.51 1.57 1.53 1.51 1.51 1.51 1.50
Modal standard 0.61 0.66 0.72 1.10 1.10 1.10 1.39 1.40 1.39
Proportional standard 0.49 0.49 0.47 0.93 0.91 0.90 1.30 1.31 1.30
Modal BCH & ML 1.02 1.22 1.46 1.50 1.52 1.51 1.50 1.51 1.50
Proportional BCH & ML 1.06 1.29 1.44 1.50 1.50 1.51 1.50 1.51 1.50

Ordinal Z: β2 = -1.23

One-step ML -1.33 -1.29 -1.25 -1.25 -1.25 -1.23 -1.25 -1.27 -1.24
Modal standard -0.72 -0.72 -0.72 -0.99 -1.01 -0.99 -1.20 -1.22 -1.19
Proportional standard -0.59 -0.57 -0.55 -0.91 -0.91 -0.90 -1.17 -1.19 -1.16
Modal BCH -1.14 -1.18 -1.23 -1.21 -1.24 -1.22 -1.25 -1.27 -1.24
Proportional BCH -1.22 -1.23 -1.25 -1.23 -1.24 -1.23 -1.25 -1.27 -1.24
Modal ML -1.14 -1.18 -1.24 -1.22 -1.25 -1.23 -1.25 -1.27 -1.24
Proportional ML -1.21 -1.22 -1.24 -1.23 -1.24 -1.23 -1.22 -1.27 -1.24

Continuous Z: β1= 0.20

One-step ML 0.21 0.20 0.20 0.21 0.20 0.20 0.20 0.20 0.20
Modal standard 0.12 0.12 0.12 0.17 0.16 0.17 0.19 0.19 0.19
Proportional standard 0.10 0.09 0.09 0.16 0.15 0.15 0.18 0.18 0.19
Modal BCH 0.18 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
Proportional BCH 0.19 0.20 0.20 0.20 0.19 0.20 0.20 0.20 0.20
Modal ML 0.18 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
Proportional ML 0.19 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20

the work I do’. The sample consisted of 1353 respondents. The distal outcome variable
Z was the perceived job insecurity measured using a scale developed by De Witte (2000).
This scale consists of 4 items with 5 categories and had a Cronbach’s alpha value of .88.

In the first step, we fitted the measurement model using the eight indicator variables.
Based on the BIC values and the bivariate residuals between the items, it was concluded
that a four-class model fitted the data well. Table 2.6 presents the parameter estimates
for this four-class model. Class 1 (9 % of respondents) is characterized by mutual low
obligations. Class 2 (10%) represents employee under obligation: these respondents are
likely to perceive employers obligations as given, and have a lower probability of perceiving
own obligations as promised. Class 3 (29%) represent employees who themselves made
promises to the organization, but received less: the over obligation class. Class 4 (52%)
scores high on all items, representing mutual high obligations.

After identifying the classes, the posterior class membership probabilities were saved,
and the D matrix with elements P (W = s|X = t) and its inverse were calculated (note
the calculations of the weighting happens behind the scenes for the version 5.00 of Latent
GOLD). The one-step and the corrected and uncorrected three-step methods were used
to analyze the relationship between class membership and perceived job insecurity, where
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Table 2.5: Average Estimated SE and SD across replications for all nine conditions sep-
arately for One Parameter for nominal outcome variable Z ( β23 = 1.50) obtained using
the One-step ML and the step three correction methods

Sample size 500 1000 10000

Method SD SE SD SE SD SE
Low separation

One-step ML 0.88 1.28 0.64 0.74 0.09 0.09
Modal BCH 0.66 0.65 0.53 0.51 0.16 0.15
Proportional BCH 0.61 0.58 0.48 0.46 0.15 0.14
Modal ML 0.66 0.64 0.53 0.51 0.16 0.15
Proportional ML 0.61 0.90 0.48 0.79 0.15 0.27

Mid separation

One-step ML 0.46 0.43 0.33 0.30 0.09 0.09
Modal BCH 0.47 0.45 0.34 0.31 0.10 0.10
Proportional BCH 0.44 0.42 0.32 0.29 0.09 0.09
Modal ML 0.47 0.45 0.34 0.31 0.10 0.10
Proportional ML 0.44 0.55 0.32 0.39 0.09 0.12

High separation

One-step ML 0.34 0.33 0.22 0.23 0.07 0.07
Modal BCH 0.34 0.33 0.22 0.23 0.07 0.07
Proportional BCH 0.34 0.33 0.22 0.23 0.07 0.07
Modal ML 0.34 0.33 0.22 0.23 0.07 0.07
Proportional ML 0.34 0.35 0.22 0.25 0.07 0.08

the latter is treated as a continuous variable with a constant error variance; that is, in
the three step approaches we used a linear regression to regress job insecurity on class
membership, and in the one step method we used job insecurity as a continuous indicator
variable. This is the relevant part of the Latent GOLD 5.00 syntax used for three-step
ML with modal assignment:

"step3 modal ML

variables:

latent cluster nominal posterior = ( cluster1 cluster2 cluster3 cluster4 );

dependent insecurity continuous;

equations

Insecurity <- 1 + cluster;

Insecurity"

The estimated effect sizes of psychological contract type on job insecurity (and their
SE’s) and the value of the Wald test for the overall effect (and its p value) are reported in
Table 2.7. As we can see in the table, the job insecurity of the employee under obligation
(class 2) and mutual high obligations group (class 3) is lower than for those in the mutual
low obligation group (class 1). The job insecurity of the employee over obligation group
is similar to that of the mutual low obligation group. Comparing the effect parameters
obtained by the different methods, we can see that the standard three-step procedures
yield estimates that are far away from the ones of the other methods, while all the other
methods yield similar estimates. The correction methods have slightly smaller parameter
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Table 2.4: Average Estimate of Selected β Parameter Separately for each of the Nine
Separation and Sample Size Conditions for all Three types of Outcome Variables for weak
X-Z association

Separation level Low Medium High
Sample size 500 1000 10000 500 1000 10000 500 1000 10000

Method Nominal Z: β23 =1.50

One-step ML 1.53 1.61 1.51 1.57 1.53 1.51 1.51 1.51 1.50
Modal standard 0.61 0.66 0.72 1.10 1.10 1.10 1.39 1.40 1.39
Proportional standard 0.49 0.49 0.47 0.93 0.91 0.90 1.30 1.31 1.30
Modal BCH & ML 1.02 1.22 1.46 1.50 1.52 1.51 1.50 1.51 1.50
Proportional BCH & ML 1.06 1.29 1.44 1.50 1.50 1.51 1.50 1.51 1.50

Ordinal Z: β2 = -1.23

One-step ML -1.33 -1.29 -1.25 -1.25 -1.25 -1.23 -1.25 -1.27 -1.24
Modal standard -0.72 -0.72 -0.72 -0.99 -1.01 -0.99 -1.20 -1.22 -1.19
Proportional standard -0.59 -0.57 -0.55 -0.91 -0.91 -0.90 -1.17 -1.19 -1.16
Modal BCH -1.14 -1.18 -1.23 -1.21 -1.24 -1.22 -1.25 -1.27 -1.24
Proportional BCH -1.22 -1.23 -1.25 -1.23 -1.24 -1.23 -1.25 -1.27 -1.24
Modal ML -1.14 -1.18 -1.24 -1.22 -1.25 -1.23 -1.25 -1.27 -1.24
Proportional ML -1.21 -1.22 -1.24 -1.23 -1.24 -1.23 -1.22 -1.27 -1.24

Continuous Z: β1= 0.20

One-step ML 0.21 0.20 0.20 0.21 0.20 0.20 0.20 0.20 0.20
Modal standard 0.12 0.12 0.12 0.17 0.16 0.17 0.19 0.19 0.19
Proportional standard 0.10 0.09 0.09 0.16 0.15 0.15 0.18 0.18 0.19
Modal BCH 0.18 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
Proportional BCH 0.19 0.20 0.20 0.20 0.19 0.20 0.20 0.20 0.20
Modal ML 0.18 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
Proportional ML 0.19 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20

the work I do’. The sample consisted of 1353 respondents. The distal outcome variable
Z was the perceived job insecurity measured using a scale developed by De Witte (2000).
This scale consists of 4 items with 5 categories and had a Cronbach’s alpha value of .88.

In the first step, we fitted the measurement model using the eight indicator variables.
Based on the BIC values and the bivariate residuals between the items, it was concluded
that a four-class model fitted the data well. Table 2.6 presents the parameter estimates
for this four-class model. Class 1 (9 % of respondents) is characterized by mutual low
obligations. Class 2 (10%) represents employee under obligation: these respondents are
likely to perceive employers obligations as given, and have a lower probability of perceiving
own obligations as promised. Class 3 (29%) represent employees who themselves made
promises to the organization, but received less: the over obligation class. Class 4 (52%)
scores high on all items, representing mutual high obligations.

After identifying the classes, the posterior class membership probabilities were saved,
and the D matrix with elements P (W = s|X = t) and its inverse were calculated (note
the calculations of the weighting happens behind the scenes for the version 5.00 of Latent
GOLD). The one-step and the corrected and uncorrected three-step methods were used
to analyze the relationship between class membership and perceived job insecurity, where
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Table 2.5: Average Estimated SE and SD across replications for all nine conditions sep-
arately for One Parameter for nominal outcome variable Z ( β23 = 1.50) obtained using
the One-step ML and the step three correction methods

Sample size 500 1000 10000

Method SD SE SD SE SD SE
Low separation

One-step ML 0.88 1.28 0.64 0.74 0.09 0.09
Modal BCH 0.66 0.65 0.53 0.51 0.16 0.15
Proportional BCH 0.61 0.58 0.48 0.46 0.15 0.14
Modal ML 0.66 0.64 0.53 0.51 0.16 0.15
Proportional ML 0.61 0.90 0.48 0.79 0.15 0.27

Mid separation

One-step ML 0.46 0.43 0.33 0.30 0.09 0.09
Modal BCH 0.47 0.45 0.34 0.31 0.10 0.10
Proportional BCH 0.44 0.42 0.32 0.29 0.09 0.09
Modal ML 0.47 0.45 0.34 0.31 0.10 0.10
Proportional ML 0.44 0.55 0.32 0.39 0.09 0.12

High separation

One-step ML 0.34 0.33 0.22 0.23 0.07 0.07
Modal BCH 0.34 0.33 0.22 0.23 0.07 0.07
Proportional BCH 0.34 0.33 0.22 0.23 0.07 0.07
Modal ML 0.34 0.33 0.22 0.23 0.07 0.07
Proportional ML 0.34 0.35 0.22 0.25 0.07 0.08

the latter is treated as a continuous variable with a constant error variance; that is, in
the three step approaches we used a linear regression to regress job insecurity on class
membership, and in the one step method we used job insecurity as a continuous indicator
variable. This is the relevant part of the Latent GOLD 5.00 syntax used for three-step
ML with modal assignment:

"step3 modal ML

variables:

latent cluster nominal posterior = ( cluster1 cluster2 cluster3 cluster4 );

dependent insecurity continuous;

equations

Insecurity <- 1 + cluster;

Insecurity"

The estimated effect sizes of psychological contract type on job insecurity (and their
SE’s) and the value of the Wald test for the overall effect (and its p value) are reported in
Table 2.7. As we can see in the table, the job insecurity of the employee under obligation
(class 2) and mutual high obligations group (class 3) is lower than for those in the mutual
low obligation group (class 1). The job insecurity of the employee over obligation group
is similar to that of the mutual low obligation group. Comparing the effect parameters
obtained by the different methods, we can see that the standard three-step procedures
yield estimates that are far away from the ones of the other methods, while all the other
methods yield similar estimates. The correction methods have slightly smaller parameter
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Table 2.6: Class Proportions and Class-Specific Probabilities of a Positive Response for
the Four-Class Model Estimated for the PSYCONES Data

Class 1 Class 2 Class 3 Class 4
Mutual low Under-obligation Over-obligation Mutual high

Class proportion .09 .10 .29 .52
Employers’ obligations
Secure job .21 .87 .36 .90
Advancement .18 .85 .30 .90
Good pay .26 .75 .28 .87
Safe work environment .29 .73 .55 .97
Employees’ obligations
Loyalty .08 .36 .73 .98
Volunteer .17 .37 .83 .98
On time .18 .39 .96 .98
Good performance .28 .77 .97 .99

Table 2.7: Effect of Class Membership on Job Insecurity, SE’s, Multivariate Wald Test for
the Effect, and its Significance Obtained with the Seven Different Methods, using Dummy
Coding with First Class as Reference Category.

Method Class 2 (SE) Class 3 (SE) Class 4 (SE) Wald (DF) p

One-step ML -0.59 (0.16) 0.09 (0.13) -0.45 (0.11) 63.67 (3) <.001
Modal standard -0.42 (0.13) 0.01 (0.10) -0.36 (0.10) 47.21 (3) <.001
Proportional standard -0.34 (0.12) 0.01 (0.10) -0.34 (0.10) 39.77 (3) <.001
Modal BCH -0.53 (0.17) 0.03 (0.13) -0.42 (0.11) 44.58 (3) <.001
Proportional BCH -0.51 (0.16) 0.06 (0.12) -0.42 (0.11) 53.43 (3) <.001
Modal ML -0.54 (0.16) 0.04 (0.13) -0.43 (0.11) 48.16 (3) <.001
Proportional ML -0.54 (0.19) 0.08 (0.14) -0.43 (0.12) 41.19 (3) <.001

values than the one-step method, where the three-step ML methods are closer to the
one-step method than the BCH methods. Similarly to the results of the simulation study,
the SE’s obtained using the proportional ML method are slightly larger than the ones
obtained using the other correction methods and the one-step ML. The SE’s obtained by
the other correction methods are similar to the ones obtained using one-step ML method.
Looking at the Wald tests of the correction methods, it can be seen that the Wald value
for the proportional ML method is the lowest, meaning that this method is the most
conservative.

2.6.2 Example 2: Political ideology

In many research situations, it is of interest to predict a latent outcome variable from
other latent variables. We will illustrate how the ML three-step method can be used
for this purpose with data from the Dutch sample of the 1981 European Value Survey
(GESIS-Variable Reports No. 2011/06). More specifically, we investigate how religiosity
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Table 2.8: Class Proportions and Class-Specific Probabilities of Religiosity for the Three-
Class Model Estimated for the 1981 wave of the EVS data

Class 1 Class 2 Class 3
Non-religious Middle Religious

Class proportion .34 .33 .33
Religiosity No .95 .06 .01

Yes .05 .94 .99
Personal God No .99 .80 .11

Yes .01 .20 .89
Traditionalism Nontraditional .84 .15 .01

Intermediate .15 .65 .06
Traditional .01 .20 .93

Religious org. membership No .96 .66 .25
Yes .04 .34 .75

Denomination Yes .08 .80 .99
No .92 .20 .01

Prayer Yes .32 .66 .96
No .68 .33 .04

affects political ideology while controlling for social status. Social status is an observed
variable with four ordinal categories: professional/managerial, semi-skilled, unskilled or
unemployed or pensioner (1); skilled manual workers (2); sales, clerical and other non-
manual (3); above average life style (4). We used social status as a numeric covariate in
the analysis. Similarly to Hagenaars and Halman (1989) work on the same dataset, we
modeled political ideology and religiosity as categorical latent variables measured using
multiple indicators.

Religiosity was measured with six indicators, among which praying, belonging to a
church, and belonging to a denomination (see Table 2.8). We selected the three-class
model based on the BIC and the goodness-of fit (L2=83.68, df=74, p=0.21). Class
separation is good (entropy R2=.85).Table 2.8 shows the class solution. Group one,
(34%) are the ’non religious’ scoring low on all items, while group 2 the ’middle’ (33%)
has mixed scores, and the last group the ’religious’ (33%) score high on all items.

Political ideology was measured with six indicators, among which party closeness and
left-right orientation (see Table 2.9). We fitted LC models with different numbers of
classes and selected the three-class model based on the lowest BIC and a nonsignifi-
cant goodness-of-fit statistic (L2 =79.38, df=74, p=0.31). Class separation is moderate
(entropy R2=.68). Group one can be characterized as ’left wing’ (27%), group two as
’middle/indifferent’ (37%), and the last group as ’right wing’ (35%).

Note that the two measurement models are estimated separately. Each yields a set
of modal class assignments and an estimate of the D matrix with the conditional prob-
ability of being assigned to a class conditional on the true class membership. The class
assignments and the two D matrices can be used to set up the model in which (latent)
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Table 2.6: Class Proportions and Class-Specific Probabilities of a Positive Response for
the Four-Class Model Estimated for the PSYCONES Data

Class 1 Class 2 Class 3 Class 4
Mutual low Under-obligation Over-obligation Mutual high

Class proportion .09 .10 .29 .52
Employers’ obligations
Secure job .21 .87 .36 .90
Advancement .18 .85 .30 .90
Good pay .26 .75 .28 .87
Safe work environment .29 .73 .55 .97
Employees’ obligations
Loyalty .08 .36 .73 .98
Volunteer .17 .37 .83 .98
On time .18 .39 .96 .98
Good performance .28 .77 .97 .99

Table 2.7: Effect of Class Membership on Job Insecurity, SE’s, Multivariate Wald Test for
the Effect, and its Significance Obtained with the Seven Different Methods, using Dummy
Coding with First Class as Reference Category.

Method Class 2 (SE) Class 3 (SE) Class 4 (SE) Wald (DF) p

One-step ML -0.59 (0.16) 0.09 (0.13) -0.45 (0.11) 63.67 (3) <.001
Modal standard -0.42 (0.13) 0.01 (0.10) -0.36 (0.10) 47.21 (3) <.001
Proportional standard -0.34 (0.12) 0.01 (0.10) -0.34 (0.10) 39.77 (3) <.001
Modal BCH -0.53 (0.17) 0.03 (0.13) -0.42 (0.11) 44.58 (3) <.001
Proportional BCH -0.51 (0.16) 0.06 (0.12) -0.42 (0.11) 53.43 (3) <.001
Modal ML -0.54 (0.16) 0.04 (0.13) -0.43 (0.11) 48.16 (3) <.001
Proportional ML -0.54 (0.19) 0.08 (0.14) -0.43 (0.12) 41.19 (3) <.001

values than the one-step method, where the three-step ML methods are closer to the
one-step method than the BCH methods. Similarly to the results of the simulation study,
the SE’s obtained using the proportional ML method are slightly larger than the ones
obtained using the other correction methods and the one-step ML. The SE’s obtained by
the other correction methods are similar to the ones obtained using one-step ML method.
Looking at the Wald tests of the correction methods, it can be seen that the Wald value
for the proportional ML method is the lowest, meaning that this method is the most
conservative.

2.6.2 Example 2: Political ideology

In many research situations, it is of interest to predict a latent outcome variable from
other latent variables. We will illustrate how the ML three-step method can be used
for this purpose with data from the Dutch sample of the 1981 European Value Survey
(GESIS-Variable Reports No. 2011/06). More specifically, we investigate how religiosity
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Table 2.8: Class Proportions and Class-Specific Probabilities of Religiosity for the Three-
Class Model Estimated for the 1981 wave of the EVS data

Class 1 Class 2 Class 3
Non-religious Middle Religious

Class proportion .34 .33 .33
Religiosity No .95 .06 .01

Yes .05 .94 .99
Personal God No .99 .80 .11

Yes .01 .20 .89
Traditionalism Nontraditional .84 .15 .01

Intermediate .15 .65 .06
Traditional .01 .20 .93

Religious org. membership No .96 .66 .25
Yes .04 .34 .75

Denomination Yes .08 .80 .99
No .92 .20 .01

Prayer Yes .32 .66 .96
No .68 .33 .04

affects political ideology while controlling for social status. Social status is an observed
variable with four ordinal categories: professional/managerial, semi-skilled, unskilled or
unemployed or pensioner (1); skilled manual workers (2); sales, clerical and other non-
manual (3); above average life style (4). We used social status as a numeric covariate in
the analysis. Similarly to Hagenaars and Halman (1989) work on the same dataset, we
modeled political ideology and religiosity as categorical latent variables measured using
multiple indicators.

Religiosity was measured with six indicators, among which praying, belonging to a
church, and belonging to a denomination (see Table 2.8). We selected the three-class
model based on the BIC and the goodness-of fit (L2=83.68, df=74, p=0.21). Class
separation is good (entropy R2=.85).Table 2.8 shows the class solution. Group one,
(34%) are the ’non religious’ scoring low on all items, while group 2 the ’middle’ (33%)
has mixed scores, and the last group the ’religious’ (33%) score high on all items.

Political ideology was measured with six indicators, among which party closeness and
left-right orientation (see Table 2.9). We fitted LC models with different numbers of
classes and selected the three-class model based on the lowest BIC and a nonsignifi-
cant goodness-of-fit statistic (L2 =79.38, df=74, p=0.31). Class separation is moderate
(entropy R2=.68). Group one can be characterized as ’left wing’ (27%), group two as
’middle/indifferent’ (37%), and the last group as ’right wing’ (35%).

Note that the two measurement models are estimated separately. Each yields a set
of modal class assignments and an estimate of the D matrix with the conditional prob-
ability of being assigned to a class conditional on the true class membership. The class
assignments and the two D matrices can be used to set up the model in which (latent)
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Table 2.9: Class Proportions and Class-Specific Probabilities of Political mentality for the
Three-Class Model Estimated for the 1981 wave of the EVS data

Class: Class 1 Class 2 Class 3
Left Middle/Indifferent Right

Class proportion .27 .37 .35
Left/right Left .89 .25 .02

Middle .10 .53 .27
Right .01 .22 .71

Political interest No .28 .77 .39
Yes .72 .23 .61

Trust in parliament No .60 .68 .26
Yes .40 .32 .74

Societal change No .17 .20 .41
Yes .83 .80 .59

Equality vs freedom Equality .51 .60 .76
Freedom .49 .40 .24

Party closeness Yes .92 .10 .83
No .08 .90 .17

political ideology is predicted from social status and (latent) religiosity. The syntax for
the specified model using the three-step ML method is provided in Appendix 1 with the
automated Latent GOLD syntax, and the version with the user defined D matrices as well.
Table 2.10 reports the estimates for the effects of religiosity and social class on political
ideology obtained with the one-step, the adjusted three-step, and the standard unadjusted
three-step approach. As can be seen, the results obtained with all three methods point
toward the same tendencies. While the estimates from the one-step and the corrected
three-step method are rather similar, the uncorrected three-step approach yields smaller
effect sizes.

Based on the estimated multinomial logit coefficients one can conclude that controlling
for social class, the more religious a person, the more likely it is that (s)he is political
right or middle/indifferent rather than left. Moreover, the higher the social class the more
likely to be rightwing rather than leftwing, while there is no significant effect of social
class on the middle-left contrast.

2.7 Discussion

We proposed a generalization of existing correction methods for the attenuation problem
appearing in three-step LCA with external variables. We showed how two existing correc-
tion methods for latent class models with covariates can be generalized to a broader range
of situations; that is, to formulate models for the joint probability of class membership and
external variables. The correction methods can therefore now be applied in any situation
where we wish to relate scores on class membership with external variables, irrespective
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Table 2.10: Multinomial Logit Coefficients from the Regression of Religiosity on Social
Class on Political Ideology, SE’s, Multivariate Wald Tests, obtained with Three Different
Methods using Dummy Coding with the First Class as Reference Category for Religiosity
and Political Ideology

Political= Political= Wald(DF)
Middle (SE) Right (SE)

One step ML

Religiosity =Middle 0.67(0.35) 0.80(0.41) 52.80(4)
Religiosity =Religious 1.23(0.57) 3.09(0.50)
Social Class -0.27(0.47) 1.39(0.39) 18.33(2)
Modal ML

Religiosity =Middle 0.48(0.34) 0.72(0.45) 39.85(4)
Religiosity =Religious 1.10(0.46) 2.76(0.48)
Social class -0.15(0.43) 1.33(0.41) 14.83(2)
Uncorrected Modal

Religiosity =Middle 0.43(0.27) 0.65(0.31) 47.94(4)
Religiosity =Religious 0.99(0.31) 2.10(0.33)
Social Class 0.04(0.33) 1.03(0.32) 16.74(2)

of the hypothesized causal order. Though we focused mainly on the situation in which
class membership is a predictor of a continuous, ordinal, or nominal outcome variable, the
correction methods can be applied in relation with distal outcome variables having almost
any of the distributional forms from the exponential family. We also showed how the ML
correction method can be extended to models with more than one latent variable.

The performance of the correction methods was tested by a simulation study and il-
lustrated with two real data examples. The results of the simulation study show, similarly
to previously reported results, that using the uncorrected three-step approach leads to
seriously biased parameter estimates of the association of class membership with external
variables. Although the direction of the effects is correct, the effect sizes are very much
attenuated. As such it is recommended to use one of the correction methods when decid-
ing to use the three-step approach. All correction methods we tested perform well; both
their estimates and SE’s can be trusted, with the exception of the situations where the
class separation of the measurement model is very low, in which situation they underes-
timate the parameter estimates and SE’s. The most efficient correction method is the
proportional ML method. In general, the results obtained with proportional assignment
are better than those obtained using modal assignment. A non-anticipated result is that
for nominal outcomes the BCH method may fail because of the occurrence of negative
cell frequencies, a problem that is much more likely to occur with a (very) low separa-
tion between classes. Therefore, the use of the one-step or three-step ML methods is
recommended in these situations.
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Table 2.9: Class Proportions and Class-Specific Probabilities of Political mentality for the
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toward the same tendencies. While the estimates from the one-step and the corrected
three-step method are rather similar, the uncorrected three-step approach yields smaller
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Based on the estimated multinomial logit coefficients one can conclude that controlling
for social class, the more religious a person, the more likely it is that (s)he is political
right or middle/indifferent rather than left. Moreover, the higher the social class the more
likely to be rightwing rather than leftwing, while there is no significant effect of social
class on the middle-left contrast.

2.7 Discussion

We proposed a generalization of existing correction methods for the attenuation problem
appearing in three-step LCA with external variables. We showed how two existing correc-
tion methods for latent class models with covariates can be generalized to a broader range
of situations; that is, to formulate models for the joint probability of class membership and
external variables. The correction methods can therefore now be applied in any situation
where we wish to relate scores on class membership with external variables, irrespective
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Table 2.10: Multinomial Logit Coefficients from the Regression of Religiosity on Social
Class on Political Ideology, SE’s, Multivariate Wald Tests, obtained with Three Different
Methods using Dummy Coding with the First Class as Reference Category for Religiosity
and Political Ideology

Political= Political= Wald(DF)
Middle (SE) Right (SE)

One step ML

Religiosity =Middle 0.67(0.35) 0.80(0.41) 52.80(4)
Religiosity =Religious 1.23(0.57) 3.09(0.50)
Social Class -0.27(0.47) 1.39(0.39) 18.33(2)
Modal ML

Religiosity =Middle 0.48(0.34) 0.72(0.45) 39.85(4)
Religiosity =Religious 1.10(0.46) 2.76(0.48)
Social class -0.15(0.43) 1.33(0.41) 14.83(2)
Uncorrected Modal

Religiosity =Middle 0.43(0.27) 0.65(0.31) 47.94(4)
Religiosity =Religious 0.99(0.31) 2.10(0.33)
Social Class 0.04(0.33) 1.03(0.32) 16.74(2)

of the hypothesized causal order. Though we focused mainly on the situation in which
class membership is a predictor of a continuous, ordinal, or nominal outcome variable, the
correction methods can be applied in relation with distal outcome variables having almost
any of the distributional forms from the exponential family. We also showed how the ML
correction method can be extended to models with more than one latent variable.

The performance of the correction methods was tested by a simulation study and il-
lustrated with two real data examples. The results of the simulation study show, similarly
to previously reported results, that using the uncorrected three-step approach leads to
seriously biased parameter estimates of the association of class membership with external
variables. Although the direction of the effects is correct, the effect sizes are very much
attenuated. As such it is recommended to use one of the correction methods when decid-
ing to use the three-step approach. All correction methods we tested perform well; both
their estimates and SE’s can be trusted, with the exception of the situations where the
class separation of the measurement model is very low, in which situation they underes-
timate the parameter estimates and SE’s. The most efficient correction method is the
proportional ML method. In general, the results obtained with proportional assignment
are better than those obtained using modal assignment. A non-anticipated result is that
for nominal outcomes the BCH method may fail because of the occurrence of negative
cell frequencies, a problem that is much more likely to occur with a (very) low separa-
tion between classes. Therefore, the use of the one-step or three-step ML methods is
recommended in these situations.
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One of the limitations of the current study is that it examined the behavior of the cor-
rection methods only for the situation in which model assumptions hold; that is, we did not
look at situations in which distributional assumptions about the external variables and/or
conditional independence assumptions are violated. Our expectation is that the adjusted
three-step methods may perform better than the one-step method under misspecification,
which is one of the issues we will focus on in future research. Another limitation is that
we focused mainly on parameter bias and less on hypothesis testing. This means that
no statements can be made about issues such as amount of power decrease of statistical
tests such as the Wald test resulting from using the proposed correction methods. This
is another topic for future research.

Chapter 3

Stepwise LCA: Standard errors
for correct inference

Abstract

Latent class analysis is used in the political science literature in both substantive applica-
tions and as a tool to estimate measurement error. Many studies in the social and political
sciences relate estimated class assignments from a latent class model to external variables.
Though common, such a “three-step” procedure effectively ignores classification error in
the class assignments. Vermunt (2010) showed that this leads to inconsistent parameter
estimates and proposed a correction. Although this correction for bias is now implemented
in standard software, inconsistency is not the only consequence of classification error. We
demonstrate that the correction method introduces an additional source of variance in the
estimates, so that standard errors and confidence intervals are overly optimistic when not
taking this into account. We derive the asymptotic variance of the third-step estimates of
interest, as well as several candidate corrected sample estimators of the standard errors.
These corrected standard error estimators are evaluated using a Monte Carlo study and we
provide practical advice to researchers as to which should be used so that valid inferences
can be obtained when relating estimated class membership to external variables.

This chapter is published as Bakk, Z., Oberski, D.L. & Vermunt, J. K. (2014). Relating latent
class membership to continuous distal outcomes: improving the LTB approach and a modified three-step
implementation. Political Analysis, vol 22, pp. 520-540
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3.1 Introduction

Latent class analysis (LCA) is a tool used to classify objects for further analysis (Ahlquist
& Breunig, 2012), with a wide range of applications in political science. For example,
McCutcheon (1985) examined the effect of education and age cohort on Americans’
tolerance for nonconformity as obtained from a latent class model; Mustillo (2009, Table 4)
provided a hard partitioning of new political parties in volatile party systems. Furthermore
Grimmer and Stewart (2013) discuss latent class analysis as an unsupervised machine
learning method for political texts such as debates, legislation, news reports, and party
manifestos; and Grimmer (2013) related latent classes obtained from US Senators’ press
releases to their publicly expressed priorities. Further applications of LCA in political
science include Feick (1989); Sniderman, Tetlock, Glaser, Green, and Hout (1989);Breen
(2000), Hill and Kriesi (2001); Blaydes and Linzer (2008); Linzer (2011); Glasgow, Golder,
and Golder (2012); Ristei Gugiu and Centellas (2013) and Beissinger (2013). While most
applications we refer to are substantive, LCA, and in general latent variable models can
be used in a more instrumental manner as well, as a tool to estimate measurement error
in observed variables (Fuller, 1987; Alwin, 2007; Fornell & Larcker, 1981; Rabe-Hesketh,
Skrondal, & Pickles, 2001; Oberski & Satorra, 2013).

As the above examples already suggest in most applications the interest lies not only in
creating a latent classification, but also in relating this classification to external variables
of interest. Usually this is done using a three-step procedure, even though a simultaneous
estimation procedure is also available (Dayton & Macready, 1988; Hagenaars, 1990, 1993;
Bandeen-Roche et al., 1997; van der Heijden, Dessens, & Bockenholt, 1996). The three-
step approach proceeds as follows: in the first step, the latent class model is estimated;
secondly units are classified into classes using some assignment mechanism based on the
first step; and thirdly the newly created observed variable is related to external variables
using standard methods such as (logistic) regression. Note that in the second step a
classification error is introduced because the true class membership is unknown, unless
there is perfect classification, and this error leads to biased parameter estimates in the
third step (Vermunt, 2010; Bolck, Croon, & Hagenaars, 2004).

Bias notwithstanding the three-step approach is still very popular in applied social and
bio-medical research (Olino et al., 2011; McCutcheon, 1985; R. M. Clark & Besterfield-
Sacre, 2009; Marsh, Ludtke, Trautwein, & Morin, 2009; Loken, 2004; Chan & Goldthorpe,
2007). This popularity can be explained among other factors by the intuitive nature of
the approach: researchers prefer to first establish a measurement model or a construct,
and later regress the construct on potential predictors (Vermunt, 2010). The stepwise
approach is preferred even more in situations where the classification needs to be related
to dependent variables (distal outcomes). The reason for this preference is that if the de-
pendent variables are added in a single step these variables would define the classification,
whereas the intent is to explain them by the classification (Bakk, Tekle, & Vermunt, 2013;
Lanza, Tan, & Bray, 2013), thus an unintended circularity would be created. In many
situations the different steps are performed by different researchers, at different points
in time. The stepwise approach can also be used in situations where the simultaneous
estimation would be impossible, for instance when information about the classification
error comes from a different sample.
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Inspired by the widespread use of the three-step approach, Vermunt (2010) provided
an improved three-step procedure in which the third step is amended by correcting for
classification errors, thus removing the parameter bias. Bakk et al. (2013) and Asparouhov
and Muthén (2014) tested Vermunt’s approach via simulation studies by using models
with distal outcome variables and latent transition analysis respectively, showing that in
all these situations the bias-adjusted three-step approach performs well with regard to
parameter bias reduction. Furthermore Feingold, Tiberio, and Capaldi (2013) applied
the corrected three-step approach to substance abuse data, and implementations of the
method are available in standard latent class software Mplus Version 7.1 (Asparouhov &
Muthén, 2014) and Latent GOLD Version 5.00 (Vermunt & Magidson, 2013).

As such the improved three-step procedures of Vermunt (2010) are easy to use due to
their availability in mainstream software. However, as we show in this article, even after
correcting for parameter bias an additional source of error remains, namely the three-
step procedure causes additional variance in the estimates that should be accounted for.
Depending on the assignment method used in step two, standard errors will be over- or
underestimated (Vermunt, 2010; Bakk et al., 2013) in the last step. This means that
even though the parameter estimates are correct, statistical inferences are not. When
underestimated standard errors are used the confidence intervals will be too narrow and
significance tests overly optimistic, thus increasing the probability of Type I error. At the
same time, using overestimated standard errors leads to loss of power. Considering the
broad applications of three-step latent class modeling, this is an undesirable situation.

The problem of additional variance caused by using estimates from a previous step
has been dealt with in the context of non-linear models (Carroll et al., 2006), and three-
step structural equation modeling (Skrondal & Kuha, 2012; Oberski & Satorra, 2013),
and econometric theory for two-stages least squares is already well-developed (Murphy &
Topel, 1985). In this paper we apply the general theory of Gong and Samaniego (1981)
to latent class modeling, noting similarities and differences with these other approaches.

In this article we introduce two correction methods that are based on the general
theory of Gong and Samaniego (1981) and can account for the bias in the standard
errors. We evaluate different possible estimators of the standard errors using Monte Carlo
simulations showing how the optimal variance estimator depends on the class assignment
method. We also provide advice which estimators to use in different situations in order
to obtain correct inferences. Based on this study, the methods discussed have been made
available to applied researchers in the syntax version of the software Latent GOLD 5.00
(Vermunt & Magidson, 2013).

Whereas most of this paper focuses on correct inferences using Vermunt’s approach
that conditions on the first step ML estimates (an approach that can be used in most
practical situations), in the discussion we introduce the possibility of Bayesian inference,
showing how the uncertainty about the first step parameters can be accounted for in the
last step using multiple imputation. The Bayesian approach can be useful for instance
in situations where model uncertainty is high, or sample size is low and there are strong
priors available.

The structure of the paper is as follows: in Section 3.2 we introduce the bias-adjusted
three-step latent class analysis. Next section 3.3 presents possible variance estimators of
this model. Section 3.4 then evaluates and compares the performance of these different
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variance estimators in a simulation study. Section 3.5 revisits McCutcheon’s (1985) anal-
ysis of how education and age groups differ in their tolerance. While the author initially
used the uncorrected three-step approach, we show how inferences change using the cor-
rections we propose. We conclude in Section 3.6, also showing directions for the Bayesian
implementation of the methods we propose.

3.2 Bias-adjusted three-step latent class analysis

To model the relationship between a latent classification and external variables of interest
without allowing the external variables to influence the classification, a three-step approach
may be followed (Vermunt, 2010; Hagenaars, 1990):

Step one Using only the indicator variables, estimate a latent class model;

Step two Based on the first-step latent class model, create a new observed vari-
able W that assigns to each unit its estimated latent class membership;

Step three Relate the estimated classification W to the external variables of inter-
est.

Note that the assigned scores on W obtained in the second step do not correspond
exactly to the true values unless the classification is perfect. Thus, classification error
is introduced. As a consequence the parameter estimates of the third-step model will
be biased, since a model with variables with measurement error is estimated (Bolck et
al., 2004; Hagenaars, 1990). However, a specific of this model is that the amount of
error introduced in step two is known. Thus, the step three model can be augmented to
account for this known classification error (Bolck et al., 2004; Vermunt, 2010). In the
following we introduce in detail each of the steps, explaining how the step three model is
corrected for classifictaion error.

Special attention is given to the possible variance estimators. In each step a choice can
be made between Hessian or robust variance estimator, nevertheless it is not clear which
is better. More importantly in the third step the variance estimators should also account
for the additional variance due to the correction method implemented. We propose two
correction methods, and later in the simulation study we cross the choice of Hessian or
robust estimator with the choices of correction methods to give practical advice on which
variance estimator to use.

Similar models, in which the amount of error in the proxy is known or the true value is
approximated via multiple proxies, are available in political science literature (Blackwell,
Honaker, & King, 2012) and in the literature on measurement error correction via latent
variable models (Alwin, 2007; Fornell & Larcker, 1981; Skrondal & Kuha, 2012; Oberski
& Satorra, 2013).

3.2.1 Step one: estimating a latent class model

The first step is a standard latent class analysis of K categorical indicator variables
(McCutcheon, 1987; Goodman, 1974; Hagenaars, 1990). By indicator variables we un-
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derstand, the observed variables used to define the LC model. Given a sample of n units,
the observations Yi are modeled as arising from T unobserved (latent) classes X,

P (Yi) =

T∑
t=1

P (Xi = t)P (Yi|Xi = t). (3.1)

The T − 1 unique latent class sizes (mixture proportions) will be denoted P (X = t) = ρt
and are the first set of parameters of the first-step model to be estimated.

Note that in most applications the number of latent classes is not known a priori,
but can be selected based on a set of modification indices (AIC, BIC). While selecting
the right number of classes is outside the focus of this paper, we recommend for those
interested in this problem to refer to Nylund, Asparouhov, and Muthén (2007); Van der
Heijden, ’t Hart, and Dessens (1997); Sclove (1987).

Further, the responses of each unit to the K categorical indicator variables are usually
assumed to be locally independent given the unit’s latent class membership. The con-
ditional probability of the i-th response given the latent class can then be written as a
product of conditional item responses,

P (Yi |Xi = t) =

K∏
k=1

P (Yik|Xi = t) =

K∏
k=1

Rk∏
r=1

π
I(Yik=r)
ktr , (3.2)

where the indicator variable I(Yik = r) = 1 if subject i has response r on item k, and 0
otherwise. The last step assumes that conditional item responses are equal for all units
and defines the (K − 1)KT unique probabilities {πktr} as the second set of first-step
model parameters to be estimated.

The first-step log-likelihood of the sample data L1 follows by combining equations 3.1
and 3.2 and assuming independence of observations:

L1(θ1) =

N∑
i=1

logP (Yi) =

N∑
i=1

log

[
T∑

t=1

ρt

K∏
k=1

Rk∏
r=1

π
I(Yik=r)
ktr

]
. (3.3)

The first-step parameter vector to be estimated θ1 = [ρ,π] collects the latent class sizes ρ

and conditional item response probabilities π. Sample estimates θ̂1 of the first-step param-
eters can be obtained by maximum-likelihood (ML). Usually expectation-maximization,
a quasi-Newton method, or a combination of both is used to maximize the first-step
likelihood in Equation 3.3.

The maximum-likelihood estimates are sample estimates and will contain sampling
variance. Assuming that the first-step model in Equation 3.3 is correct, standard theory
suggests that the sampling variance equals the inverse of the Fisher information (negative
of the Hessian matrix):

ΣH
1 = (−H)−1, (3.4)

where the Hessian matrix H is defined as the second derivative of the first-step data
log-likelihood with respect to the first-step parameters, H = ∂2L1/∂ θ1 ∂ θ′

1.
The first-step model may not be correct-for instance because the local independence

assumption may not hold. If this misspecification is small, it will likewise have a small
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a quasi-Newton method, or a combination of both is used to maximize the first-step
likelihood in Equation 3.3.

The maximum-likelihood estimates are sample estimates and will contain sampling
variance. Assuming that the first-step model in Equation 3.3 is correct, standard theory
suggests that the sampling variance equals the inverse of the Fisher information (negative
of the Hessian matrix):

ΣH
1 = (−H)−1, (3.4)

where the Hessian matrix H is defined as the second derivative of the first-step data
log-likelihood with respect to the first-step parameters, H = ∂2L1/∂ θ1 ∂ θ′

1.
The first-step model may not be correct-for instance because the local independence

assumption may not hold. If this misspecification is small, it will likewise have a small
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effect on the first-step estimates θ̂1. However, misspecification then still affects standard
errors and sampling variance. The robust or “sandwich” variance should then be used,

ΣR
1 = ΣH

1 BΣH
1 , (3.5)

where the “meat” of the sandwich, B, is the average outer product of the case wise
gradients (White, 1982). Although the robust variance estimator corrects for model
misspecification, it will also lead to a loss of efficiency (Kauermann & Carroll, 2001). It
is therefore not clear in practice whether ΣH

1 or ΣR
1 should be preferred.

In situations where the misspecification is strong using robust standard errors does
not suffice. As King and Roberts (2012) highlight in these situations instead of relying on
robust standard errors it is recommended to check where the misspecification is located,
and correct for that. Some useful tools to check for misspecification are: the BVR statistics
that checks whether there is residual association between two indicators after controlling
for latent class membership (Vermunt & Magidson, 2013, p.72-73), or the EPC statistics,
that shows how much the model parameters would change if one parameter was freed
(Oberski & Vermunt, 2013). These statistics are especially useful to test whether there is
a direct effect between an indicator and external variable or if there is residual association
left between the indicators after controlling for class membership. If such effects exist
they should be modeled in the step one model.

For simplicity of exposition in the following we restrict ourselves to models where all
model assumptions hold, that is the conditional independence assumption of the indicators
holds, and there are no direct effects of external variables on the indicators. Furthermore
we assume that the number of classes is known. 2

3.2.2 Step two: assignment of units to classes

After estimating the latent class model in the first step, a new variable W is created,
assigning each unit to an estimated class. Following Bayes’ rule, each unit’s posterior
probability of belonging to class t is

P (Xi = t|Yi) =
P (Xi = t)P (Yi|X = t)

P (Yi)
. (3.6)

Sample estimates of the posterior probabilities P (Xi = t|Yi) can be obtained by replacing
class sizes P (X = t) with ρ̂t, conditional probability P (Yi|X = t) with

∏
π̂ktr, and

generally substituting elements of θ1 in Equation 3.6 with their first-step sample estimates
θ̂1. These estimates can be used in different ways to create an estimated class membership
variable W (Vermunt, 2010). We introduce the two most widely known and applied
assignment rules: modal and proportional assignment.

The modal assignment rule to generate a posterior classification W is the most widely
used rule (Collins & Lanza, 2010, p. 72). Each unit is simply assigned the class label
with the largest (modal) estimated posterior probability from Equation 3.6. Using modal

2In situations where there is model uncertainty in step one a Bayesian approach might be used, as
introduced in the discussion. Note that uncertainty about the number of classes cannot easily be handled
with the Bayesian approach, only uncertainty about direct effects.
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assignment the value of P (Wi = t|Yi) = 1 is assigned for P (Xi = t|Yi) > P (Xi =
t
′ |Yi) for all t �= t

′
. For all other classes this value is set to 0, leading to a hard

partitioning.
Proportional assignment, in contrast, is a soft partitioning method (Dias & Vermunt,

2008). For each unit, T records are first created, one for each latent class. The T values
of Wi are then set equal to the posterior probabilities P (Xi = t|Yi). The data matrix is
therefore expanded to include T instead of one records for each of the n units, where the
within-unit values of the class assignment variable W will act as weights in the third step
of the analysis.

Irrespective of the assignment method used, the true (X) and assigned (W ) class
membership scores will differ. Classification errors are inevitable, even if the entire pop-
ulation were observed. The amount of classification errors will depend on the posterior
classification and the assignment method chosen. After assignment, the assignment vari-
able W will require correction for classification errors in the third step; therefore, the
amount of error in it must first be calculated (Bolck et al., 2004).

Summing over all observed data patterns the amount of classification errors can be
expressed as the posterior class membership conditional on the true value (Vermunt, 2010;
Bakk et al., 2013),

P (W = s|X = t) =

1

N

N∑
i=1

P (Xi = t|Yi)P (Wi = s|Yi)

P (X = t)
. (3.7)

Note that while for any assignment method used the general form of equation 3.7 is
the same, the values of P (Wi = s|Yi) will differ per assignment method, and thus the
amount of classification error P (W = s|X = t) will also differ per assignment method.
For example, P (Wi = s|Yi) is either 0 or 1 using modal assignment, and with proportional
assignment P (Wi = s|Yi) = P (Xi = s|Yi). As we will show later this difference is
not problematic, it just reflects that the amount of classification error depends on the
assignment method used.

The classification error can be re-expressed on the logit scale as follows:

P (W = s|X = t) =
exp(γst)

T∑
s=1

exp(γst)

, (3.8)

where

γst = log

[
P (W = s|X = t)

P (W = t|X = t)

]
.

Note that the logistic γst parameters do not constitute free parameters but follow as a
function of the first-step results and the assignment rule chosen.

We collect the γst parameters in the vector θ2, with sample estimates θ̂2, calculated
directly from θ̂1. These logistic effects of the true latent class on the estimated classifica-
tion W are later needed to correct for classification error. Since these logit coefficients are
calculated from the uncertain first-step estimates, they are themselves uncertain. Their
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effect on the first-step estimates θ̂1. However, misspecification then still affects standard
errors and sampling variance. The robust or “sandwich” variance should then be used,

ΣR
1 = ΣH

1 BΣH
1 , (3.5)

where the “meat” of the sandwich, B, is the average outer product of the case wise
gradients (White, 1982). Although the robust variance estimator corrects for model
misspecification, it will also lead to a loss of efficiency (Kauermann & Carroll, 2001). It
is therefore not clear in practice whether ΣH

1 or ΣR
1 should be preferred.

In situations where the misspecification is strong using robust standard errors does
not suffice. As King and Roberts (2012) highlight in these situations instead of relying on
robust standard errors it is recommended to check where the misspecification is located,
and correct for that. Some useful tools to check for misspecification are: the BVR statistics
that checks whether there is residual association between two indicators after controlling
for latent class membership (Vermunt & Magidson, 2013, p.72-73), or the EPC statistics,
that shows how much the model parameters would change if one parameter was freed
(Oberski & Vermunt, 2013). These statistics are especially useful to test whether there is
a direct effect between an indicator and external variable or if there is residual association
left between the indicators after controlling for class membership. If such effects exist
they should be modeled in the step one model.

For simplicity of exposition in the following we restrict ourselves to models where all
model assumptions hold, that is the conditional independence assumption of the indicators
holds, and there are no direct effects of external variables on the indicators. Furthermore
we assume that the number of classes is known. 2

3.2.2 Step two: assignment of units to classes

After estimating the latent class model in the first step, a new variable W is created,
assigning each unit to an estimated class. Following Bayes’ rule, each unit’s posterior
probability of belonging to class t is

P (Xi = t|Yi) =
P (Xi = t)P (Yi|X = t)

P (Yi)
. (3.6)

Sample estimates of the posterior probabilities P (Xi = t|Yi) can be obtained by replacing
class sizes P (X = t) with ρ̂t, conditional probability P (Yi|X = t) with

∏
π̂ktr, and

generally substituting elements of θ1 in Equation 3.6 with their first-step sample estimates
θ̂1. These estimates can be used in different ways to create an estimated class membership
variable W (Vermunt, 2010). We introduce the two most widely known and applied
assignment rules: modal and proportional assignment.

The modal assignment rule to generate a posterior classification W is the most widely
used rule (Collins & Lanza, 2010, p. 72). Each unit is simply assigned the class label
with the largest (modal) estimated posterior probability from Equation 3.6. Using modal

2In situations where there is model uncertainty in step one a Bayesian approach might be used, as
introduced in the discussion. Note that uncertainty about the number of classes cannot easily be handled
with the Bayesian approach, only uncertainty about direct effects.
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assignment the value of P (Wi = t|Yi) = 1 is assigned for P (Xi = t|Yi) > P (Xi =
t
′ |Yi) for all t �= t

′
. For all other classes this value is set to 0, leading to a hard

partitioning.
Proportional assignment, in contrast, is a soft partitioning method (Dias & Vermunt,

2008). For each unit, T records are first created, one for each latent class. The T values
of Wi are then set equal to the posterior probabilities P (Xi = t|Yi). The data matrix is
therefore expanded to include T instead of one records for each of the n units, where the
within-unit values of the class assignment variable W will act as weights in the third step
of the analysis.

Irrespective of the assignment method used, the true (X) and assigned (W ) class
membership scores will differ. Classification errors are inevitable, even if the entire pop-
ulation were observed. The amount of classification errors will depend on the posterior
classification and the assignment method chosen. After assignment, the assignment vari-
able W will require correction for classification errors in the third step; therefore, the
amount of error in it must first be calculated (Bolck et al., 2004).

Summing over all observed data patterns the amount of classification errors can be
expressed as the posterior class membership conditional on the true value (Vermunt, 2010;
Bakk et al., 2013),

P (W = s|X = t) =

1

N

N∑
i=1

P (Xi = t|Yi)P (Wi = s|Yi)

P (X = t)
. (3.7)

Note that while for any assignment method used the general form of equation 3.7 is
the same, the values of P (Wi = s|Yi) will differ per assignment method, and thus the
amount of classification error P (W = s|X = t) will also differ per assignment method.
For example, P (Wi = s|Yi) is either 0 or 1 using modal assignment, and with proportional
assignment P (Wi = s|Yi) = P (Xi = s|Yi). As we will show later this difference is
not problematic, it just reflects that the amount of classification error depends on the
assignment method used.

The classification error can be re-expressed on the logit scale as follows:

P (W = s|X = t) =
exp(γst)

T∑
s=1

exp(γst)

, (3.8)

where

γst = log

[
P (W = s|X = t)

P (W = t|X = t)

]
.

Note that the logistic γst parameters do not constitute free parameters but follow as a
function of the first-step results and the assignment rule chosen.

We collect the γst parameters in the vector θ2, with sample estimates θ̂2, calculated
directly from θ̂1. These logistic effects of the true latent class on the estimated classifica-
tion W are later needed to correct for classification error. Since these logit coefficients are
calculated from the uncertain first-step estimates, they are themselves uncertain. Their
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sampling variance Σ2 can be obtained using the delta method from the variance of the
first step model (Oehlert, 1992):

Σ2 =

(
∂θ2
∂θ1

)
Σ1

(
∂θ2
∂θ1

)′

. (3.9)

Either of the Σ1 estimators discussed above can be plugged in to the formula, leading to
an observed Hessian based (ΣH

2 ) or robust (ΣR
2 ) variance estimator of the second step

parameters.

3.2.3 Step three: relating estimated class membership to covari-
ates

In the third step the assigned classification W is related to a vector of covariates, Z, say,
while also correcting for classification error in W . Logistic regression of W on Z may
appear to be an obvious solution, but would yield biased estimates due to classification
errors in W . In effect, the relationship with the error-prone W is modeled, where the
relationship with the true but unobserved latent class variable X is of interest, leading to
measurement error effects on the parameter estimates (Bolck et al., 2004).

Bolck et al. (2004) showed how the P (X = t|Zi), and P (W = s|Zi) are related to
each other, namely that the P (W = s|Zi) can be written as a weighted sum of the latent
classes given the covariates,with the classification error probabilities as the weights:

P (W = s|Zi) =

T∑
t=1

P (X = t|Zi)︸ ︷︷ ︸
free

P (W = s|X = t)︸ ︷︷ ︸
fixed

. (3.10)

Details of the derivation are available in Bolck et al. (2004). Equation 3.10 can be
seen as a latent class model with W as a single indicator that is fixed to the “known”
classification error probabilities P (W = s|X = t), as defined in Equation 3.8 (Vermunt,
2010). This means that relating the estimated membership to covariates while correcting
for classification errors can be achieved by using standard latent class software that allows
the user to fix classification error parameters to those obtained in the second step. This
model is composed of two parts: (1) the structural part, i.e. the model of interest for
P (X = t|Zi), relating the latent class membership to the vector of external variables and
(2) the measurement part P (W = s|X = t) fixed to the parameter values estimated in
step 2, as shown in Equation 3.7.

Denoting by Ziq the value of subject i on one of the Q covariates, the structural part
of the model can be parametrized by means of a multinomial logistic regression model,

P (X = t|Zi) =

exp(β0t +
Q∑

q=1
βqtZiq)

T∑
s=1

exp(β0t +
Q∑

q=1
βqsZiq)

. (3.11)

Although we only present the third-step model with predictors of latent class membership
here, Bakk et al. (2013) showed how the correction method can be used for a wider
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class of models, including models where the class membership is a predictor of a distal
outcome variable, or with multiple latent variables. For the measurement part the logistic
parametrization can be used as defined in Equation 3.8.

The parameters of interest are the logistic regression coefficients βqt, gathered in

the vector θ3. Consistent estimates θ̂3 can be obtained by maximizing the third-step
log-likelihood (Vermunt, 2010),

L3(θ3 |θ2 = θ̂2) =

N∑
i=1

T∑
s=1

P (W = s|Yi) log

T∑
t=1

P (X = t|Zi)P (W = s|X = t).

(3.12)
Thus, in the third step, the logistic regression coefficients, contained in the third-step
parameter vector θ3, are freely estimated, while the classification errors of the class mem-
bership variable W as a measure of X, contained in the second-step parameter vector θ2,
are held fixed at their sample maximum-likelihood estimates, θ2 = θ̂2. The third-step
ML estimates can therefore be seen as conditional estimates (θ̂3|θ2 = θ̂2).

3.3 Variance of the third-step estimates

Although the third-step maximum-likelihood estimates θ̂3 are consistent, their sampling
variance now contains two sources of variation: that variation due to estimation at the
third step, and that carried over from the first step. Ignoring the second source of variance
will lead to an underestimation of the standard errors, as the results of previous simulation
studies showed (Vermunt, 2010; Bakk et al., 2013).

In the following we introduce two correction methods to account for this additional
uncertainty. We also highlight a special problem of proportional assignment that needs
to be solved regardless of the choice made for correction for uncertainty in the variance
estimator.

To see why underestimation occurs, write the variance of the third-step estimate as
conditional on the second step (Oberski & Satorra, 2013):

Σ∗
3 ≡ Var(θ̂3) = Eθ2 [Var(θ̂3|θ2)] + Varθ2 [E(θ̂3|θ2)]. (3.13)

The first term in Equation 3.13 corresponds approximately to the usual variance calcula-
tions obtained after fixing parameters in the third step,

Eθ2 [Var(θ̂3|θ2)] ≈ Σ3, (3.14)

where Σ3 may, again, be estimated as the inverse third-step Fisher information or with
the robust variance estimator. This is the basis for standard errors currently given by
standard latent class analysis software when performing three-step analysis.

In the case of proportional assignment, each unit has several cases associated with it.
Simulation studies by Vermunt (2010) and Bakk et al. (2013) found that using the third-
step Hessian matrix to obtain an estimator of Σ3, standard errors were underestimated
for modal assignment but overestimated for proportional assignment, a phenomenon that
can be explained by the duplication of records present in proportional assignment. To
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sampling variance Σ2 can be obtained using the delta method from the variance of the
first step model (Oehlert, 1992):

Σ2 =

(
∂θ2
∂θ1

)
Σ1

(
∂θ2
∂θ1

)′

. (3.9)

Either of the Σ1 estimators discussed above can be plugged in to the formula, leading to
an observed Hessian based (ΣH

2 ) or robust (ΣR
2 ) variance estimator of the second step

parameters.

3.2.3 Step three: relating estimated class membership to covari-
ates

In the third step the assigned classification W is related to a vector of covariates, Z, say,
while also correcting for classification error in W . Logistic regression of W on Z may
appear to be an obvious solution, but would yield biased estimates due to classification
errors in W . In effect, the relationship with the error-prone W is modeled, where the
relationship with the true but unobserved latent class variable X is of interest, leading to
measurement error effects on the parameter estimates (Bolck et al., 2004).

Bolck et al. (2004) showed how the P (X = t|Zi), and P (W = s|Zi) are related to
each other, namely that the P (W = s|Zi) can be written as a weighted sum of the latent
classes given the covariates,with the classification error probabilities as the weights:

P (W = s|Zi) =

T∑
t=1

P (X = t|Zi)︸ ︷︷ ︸
free

P (W = s|X = t)︸ ︷︷ ︸
fixed

. (3.10)

Details of the derivation are available in Bolck et al. (2004). Equation 3.10 can be
seen as a latent class model with W as a single indicator that is fixed to the “known”
classification error probabilities P (W = s|X = t), as defined in Equation 3.8 (Vermunt,
2010). This means that relating the estimated membership to covariates while correcting
for classification errors can be achieved by using standard latent class software that allows
the user to fix classification error parameters to those obtained in the second step. This
model is composed of two parts: (1) the structural part, i.e. the model of interest for
P (X = t|Zi), relating the latent class membership to the vector of external variables and
(2) the measurement part P (W = s|X = t) fixed to the parameter values estimated in
step 2, as shown in Equation 3.7.

Denoting by Ziq the value of subject i on one of the Q covariates, the structural part
of the model can be parametrized by means of a multinomial logistic regression model,

P (X = t|Zi) =

exp(β0t +
Q∑

q=1
βqtZiq)

T∑
s=1

exp(β0t +
Q∑

q=1
βqsZiq)

. (3.11)

Although we only present the third-step model with predictors of latent class membership
here, Bakk et al. (2013) showed how the correction method can be used for a wider
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class of models, including models where the class membership is a predictor of a distal
outcome variable, or with multiple latent variables. For the measurement part the logistic
parametrization can be used as defined in Equation 3.8.

The parameters of interest are the logistic regression coefficients βqt, gathered in

the vector θ3. Consistent estimates θ̂3 can be obtained by maximizing the third-step
log-likelihood (Vermunt, 2010),

L3(θ3 |θ2 = θ̂2) =

N∑
i=1

T∑
s=1

P (W = s|Yi) log

T∑
t=1

P (X = t|Zi)P (W = s|X = t).

(3.12)
Thus, in the third step, the logistic regression coefficients, contained in the third-step
parameter vector θ3, are freely estimated, while the classification errors of the class mem-
bership variable W as a measure of X, contained in the second-step parameter vector θ2,
are held fixed at their sample maximum-likelihood estimates, θ2 = θ̂2. The third-step
ML estimates can therefore be seen as conditional estimates (θ̂3|θ2 = θ̂2).

3.3 Variance of the third-step estimates

Although the third-step maximum-likelihood estimates θ̂3 are consistent, their sampling
variance now contains two sources of variation: that variation due to estimation at the
third step, and that carried over from the first step. Ignoring the second source of variance
will lead to an underestimation of the standard errors, as the results of previous simulation
studies showed (Vermunt, 2010; Bakk et al., 2013).

In the following we introduce two correction methods to account for this additional
uncertainty. We also highlight a special problem of proportional assignment that needs
to be solved regardless of the choice made for correction for uncertainty in the variance
estimator.

To see why underestimation occurs, write the variance of the third-step estimate as
conditional on the second step (Oberski & Satorra, 2013):

Σ∗
3 ≡ Var(θ̂3) = Eθ2 [Var(θ̂3|θ2)] + Varθ2 [E(θ̂3|θ2)]. (3.13)

The first term in Equation 3.13 corresponds approximately to the usual variance calcula-
tions obtained after fixing parameters in the third step,

Eθ2 [Var(θ̂3|θ2)] ≈ Σ3, (3.14)

where Σ3 may, again, be estimated as the inverse third-step Fisher information or with
the robust variance estimator. This is the basis for standard errors currently given by
standard latent class analysis software when performing three-step analysis.

In the case of proportional assignment, each unit has several cases associated with it.
Simulation studies by Vermunt (2010) and Bakk et al. (2013) found that using the third-
step Hessian matrix to obtain an estimator of Σ3, standard errors were underestimated
for modal assignment but overestimated for proportional assignment, a phenomenon that
can be explained by the duplication of records present in proportional assignment. To
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correct the standard errors for this duplication, Σ3 must be estimated with the well-
known “complex sampling” (clustered) robust variance estimator (Wedel, Ter Hofstede,
& Steenkamp, 1998), which will be denoted ΣR

3 . Using this estimator we expect the
standard error estimates to be down-weighted, because the sum of square of weights is
always smaller then one with proportional assignment.

The second term in Equation 3.13 can be obtained by a first-order Taylor expansion
(Gong & Samaniego, 1981; Oberski & Satorra, 2013),

Varθ2 [E(θ̂3|θ2)] ≈
(
∂ θ3

∂ θ2

)
Σ2

(
∂ θ3

∂ θ2

)′

, (3.15)

where an estimate of Σ2 is available from the second step, and ∂ θ3 /∂ θ2 can be obtained
using implicit function theorem:

∂ θ3

∂ θ2
=

(
− ∂2L3

∂ θ3 ∂ θ′
3

)−1
∂2L3

∂ θ3 ∂ θ′
2

≡ −H−1
3 C, (3.16)

which thus requires obtaining the second derivatives of the third-step log likelihood to-
wards the free parameters (H) and towards the free parameters with respect to the fixed
parameters (C). Therefore, the third-step variance defined in Equation 3.13 can be writ-
ten as the sum of two positive-definite terms,

Σ∗
3 = Σ3 +H−1

3 CΣ2 C
′ H−1

3 . (3.17)

If a second-order Taylor expansion is used instead of Equation 3.15, an additional term
results (Gong & Samaniego, 1981, Theorem 2.2), leading to

Σ∗∗
3 = Σ3 +H−1

3 (CΣ2 C
′ −CH−1

2 R′ −RH−1
2 C′)H−1

3 , (3.18)

where the R matrix is the outer product of the case-wise gradients of the first and third-
step models, R = (∂L3/∂ θ3)

′(∂L1/∂ θ1). However, perhaps surprisingly, this extra term
vanishes as the sample size increases: provided the first-step estimates are consistent,
asymptotically R = 0 (Parke, 1986). Therefore, the two variance estimators are equal

in large samples, Σ∗∗ a
= Σ∗, although they may not be equal in small samples. In small

samples it is possible that Σ∗ will overestimate the standard errors of the third-step
estimates, although this overestimation should decrease as sample size increases; on the
other hand, the calculation of the extra terms in Σ∗∗ may add considerable effort and
instability to the standard errors.

Whether Σ∗ or Σ∗∗ is the more appropriate variance estimate is therefore unclear.
Furthermore, it can be concluded from the preceding discussion that at each step a range
of possible choices of variance estimators exist. The following section investigates how
combinations of these different choices perform and which, if any, of the standard error
corrections is likely to be necessary in practice.
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Table 3.1: Possible variance estimators of the third step model
Final Components

2nd step 3rd step

Uncorrected (Σ3) - Hessian (ΣH
3 )

- Robust (ΣR
3 )

1st order correction (Σ∗
3) Hessian (ΣH

2 ) Hessian (ΣH
3 )

Hessian(ΣH
2 ) Robust (ΣR

3 )

Robust(ΣR
2 ) Robust (ΣR

3 )

2nd order correction (Σ∗∗
3 ) Hessian(ΣH

2 ) Hessian (ΣH
3 )

Hessian (ΣH
2 ) Robust (ΣR

3 )

Robust (ΣR
2 ) Robust (ΣR

3 )

3.4 Monte Carlo simulation

3.4.1 Design

In order to see which variance estimator performs the best, we crossed the choice of vari-
ance estimators (for Σ2 and Σ3: observed Hessian based or robust) with the options for
correcting for uncertainty (Σ3 - uncorrected, Σ∗

3 first order and Σ∗∗
3 second order correc-

tion) for both modal and proportional assignment. In the following table we summarize
the different choices of the variance estimators compared.3

As used in Table 3.1 the 1st order correction, Σ∗
3 is defined in Equation 3.17 and the

2nd order correction, Σ∗∗
3 in 3.18, and Σ3 is the variance of the free parameters ignoring

the additional uncertainty attributable to the fixed parameter values. In reporting the
simulation study results and real data example we use the term ΣR

3 in case of proportional
assignment for the complex sampling variance estimator (Wedel et al., 1998), and for
modal assignment for the sandwich estimator as defined by White (1982). All in all we
investigate 8 variance estimators for each of the two assignment methods separately.

The need for the uncertainty correction is expected to depend on the amount of
uncertainty about the model parameters, that we varied by changing sample size and
separation between classes.

As population model we chose a LCA model with three classes measured by six dichoto-
mous indicators, and regressed on three numerical covariates (each with five categories:
1-5). The first class is likely to give positive response on all 6 items, class two has a high
probability of a positive response on the first three items, and negative response on the
other three items. In class three all items have a high probability of a negative answer.
We manipulated the separation between classes by changing the size of the conditional
probability of the indicators given the classes. The two levels of separation we used for
the probability of a positive answer are .80 and .90, corresponding to entropy R2 values
of .65 and .90. We chose the following sample sizes: 500, 1000, 2000. Thus in total
we had six conditions of combinations of sample size and separation between classes, in

3The simulation set up is available in the dataverse replication material of this article: Study Global
Id: doi:10.7910/DVN/24497 (v1)
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correct the standard errors for this duplication, Σ3 must be estimated with the well-
known “complex sampling” (clustered) robust variance estimator (Wedel, Ter Hofstede,
& Steenkamp, 1998), which will be denoted ΣR

3 . Using this estimator we expect the
standard error estimates to be down-weighted, because the sum of square of weights is
always smaller then one with proportional assignment.

The second term in Equation 3.13 can be obtained by a first-order Taylor expansion
(Gong & Samaniego, 1981; Oberski & Satorra, 2013),

Varθ2 [E(θ̂3|θ2)] ≈
(
∂ θ3

∂ θ2

)
Σ2

(
∂ θ3

∂ θ2

)′

, (3.15)

where an estimate of Σ2 is available from the second step, and ∂ θ3 /∂ θ2 can be obtained
using implicit function theorem:

∂ θ3

∂ θ2
=

(
− ∂2L3

∂ θ3 ∂ θ′
3

)−1
∂2L3

∂ θ3 ∂ θ′
2

≡ −H−1
3 C, (3.16)

which thus requires obtaining the second derivatives of the third-step log likelihood to-
wards the free parameters (H) and towards the free parameters with respect to the fixed
parameters (C). Therefore, the third-step variance defined in Equation 3.13 can be writ-
ten as the sum of two positive-definite terms,

Σ∗
3 = Σ3 +H−1

3 CΣ2 C
′ H−1

3 . (3.17)

If a second-order Taylor expansion is used instead of Equation 3.15, an additional term
results (Gong & Samaniego, 1981, Theorem 2.2), leading to

Σ∗∗
3 = Σ3 +H−1

3 (CΣ2 C
′ −CH−1

2 R′ −RH−1
2 C′)H−1

3 , (3.18)

where the R matrix is the outer product of the case-wise gradients of the first and third-
step models, R = (∂L3/∂ θ3)

′(∂L1/∂ θ1). However, perhaps surprisingly, this extra term
vanishes as the sample size increases: provided the first-step estimates are consistent,
asymptotically R = 0 (Parke, 1986). Therefore, the two variance estimators are equal

in large samples, Σ∗∗ a
= Σ∗, although they may not be equal in small samples. In small

samples it is possible that Σ∗ will overestimate the standard errors of the third-step
estimates, although this overestimation should decrease as sample size increases; on the
other hand, the calculation of the extra terms in Σ∗∗ may add considerable effort and
instability to the standard errors.

Whether Σ∗ or Σ∗∗ is the more appropriate variance estimate is therefore unclear.
Furthermore, it can be concluded from the preceding discussion that at each step a range
of possible choices of variance estimators exist. The following section investigates how
combinations of these different choices perform and which, if any, of the standard error
corrections is likely to be necessary in practice.
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Table 3.1: Possible variance estimators of the third step model
Final Components

2nd step 3rd step

Uncorrected (Σ3) - Hessian (ΣH
3 )

- Robust (ΣR
3 )

1st order correction (Σ∗
3) Hessian (ΣH

2 ) Hessian (ΣH
3 )

Hessian(ΣH
2 ) Robust (ΣR

3 )

Robust(ΣR
2 ) Robust (ΣR

3 )

2nd order correction (Σ∗∗
3 ) Hessian(ΣH

2 ) Hessian (ΣH
3 )

Hessian (ΣH
2 ) Robust (ΣR

3 )

Robust (ΣR
2 ) Robust (ΣR

3 )

3.4 Monte Carlo simulation

3.4.1 Design

In order to see which variance estimator performs the best, we crossed the choice of vari-
ance estimators (for Σ2 and Σ3: observed Hessian based or robust) with the options for
correcting for uncertainty (Σ3 - uncorrected, Σ∗

3 first order and Σ∗∗
3 second order correc-

tion) for both modal and proportional assignment. In the following table we summarize
the different choices of the variance estimators compared.3

As used in Table 3.1 the 1st order correction, Σ∗
3 is defined in Equation 3.17 and the

2nd order correction, Σ∗∗
3 in 3.18, and Σ3 is the variance of the free parameters ignoring

the additional uncertainty attributable to the fixed parameter values. In reporting the
simulation study results and real data example we use the term ΣR

3 in case of proportional
assignment for the complex sampling variance estimator (Wedel et al., 1998), and for
modal assignment for the sandwich estimator as defined by White (1982). All in all we
investigate 8 variance estimators for each of the two assignment methods separately.

The need for the uncertainty correction is expected to depend on the amount of
uncertainty about the model parameters, that we varied by changing sample size and
separation between classes.

As population model we chose a LCA model with three classes measured by six dichoto-
mous indicators, and regressed on three numerical covariates (each with five categories:
1-5). The first class is likely to give positive response on all 6 items, class two has a high
probability of a positive response on the first three items, and negative response on the
other three items. In class three all items have a high probability of a negative answer.
We manipulated the separation between classes by changing the size of the conditional
probability of the indicators given the classes. The two levels of separation we used for
the probability of a positive answer are .80 and .90, corresponding to entropy R2 values
of .65 and .90. We chose the following sample sizes: 500, 1000, 2000. Thus in total
we had six conditions of combinations of sample size and separation between classes, in

3The simulation set up is available in the dataverse replication material of this article: Study Global
Id: doi:10.7910/DVN/24497 (v1)
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Table 3.2: Parameter estimates and their standard deviation (sd) for all parameters aver-
aged over all conditions for all estimators

Modal Proportional One-Step
Value True Estimate sd Estimate sd Estimate sd
β12 -2.00 -1.98 0.30 -1.97 0.28 -2.07 0.30
β13 1.00 1.00 0.12 1.00 0.11 1.01 0.11
β22 1.00 1.00 0.17 0.98 0.16 1.02 0.18
β23 0.00 0.00 0.08 0.00 0.07 0.00 0.08
β32 0.00 0.00 0.11 0.00 0.11 0.00 0.11
β33 0.00 0.00 0.07 0.00 0.07 0.00 0.07

which the performance of all eight variance estimators was compared for both modal and
proportional assignment. For each condition 500 replications were used.

Using the first class as reference category we set the logit parameters of covariate
effects on latent classes to -2 (β12) and 1 (β13) for the effect of Z1 on X. Where we use
the first subscript for Z, and the second subscript for X, as such for example β13 stands
for the effect of Z1 on the third class. Te effect of Z2 on X is set to 1 (β22) and 0 (β23),
and to 0 for both parameters (β32, β33) for the effect of Z3 on X. The intercepts were
set to values yielding equal class sizes.

Two measures were used to compare the performance of the variance estimators. We
compared the coverage rate over replications to a nominal 95 % rate, and the average
standard errors (se) across replications to the standard deviation (sd) across replications.
For a well performing standard error estimator we expect the se/sd to be 1. Also the
coverage rate should be 95 %, which is the nominal coverage rate used.

We used the computer programs Latent GOLD (Vermunt & Magidson, 2013) and R
(Venables, Smith, the R Core Team, 2013) to run the analysis.

3.4.2 Simulation results

First we compare the parameter estimates and standard deviation across replications ob-
tained with the three-step approach with the two assignment methods and the one-step
approach in order to see whether the three-step estimates are comparable with regard to
parameter bias and efficiency to the estimates obtained using the one-step approach. In
Table 3.2 we report the mean parameter estimates over all replications, and the standard
deviation across replications for all three estimation methods. On average the parameter
bias is low with all three estimators for all the parameters. We compared the efficiency
of the parameter estimators by comparing the standard deviation across replications. As
we can see in Table 3.2 the standard deviations of all parameters are very close to each
other with the three methods. These results are in accordance with previous simulation
studies (Bakk et al., 2013; Vermunt, 2010), and show that the three-step approach can
be used without loss of efficiency or parameter bias.

Given the unbiased parameter estimates reported in Table 3.2 in the following we
restrict the discussion only to the variance estimators of the third-step model. Let us first
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Table 3.3: Comparison of the different variance estimators averaged across all conditions
for one parameter, β13 for modal and proportional assignment separately
Final Components Modal Proportional

2nd step 3rd step se se/sd coverage se se/sd coverage

Σ3 - ΣH
3 .11 0.95 .95 .12 1.08 .97

Σ∗
3 ΣH

2 ΣH
3 .12 1.03 .96 .13 1.14 .98

Σ∗∗
3 ΣH

2 ΣH
3 .12 1.04 .96 .13 1.12 .97

Σ3 - ΣR
3 .12 0.97 .95 .11 0.99 .95

Σ∗
3 ΣH

2 ΣR
3 .12 1.04 .96 .12 1.05 .96

Σ∗∗
3 ΣH

2 ΣR
3 .13 1.05 .96 .12 1.03 .96

Σ∗
3 ΣR

2 ΣR
3 .13 1.05 .96 .12 1.06 .96

Σ∗∗
3 ΣR

2 ΣR
3 .13 1.06 .96 .12 1.04 .96

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18,

and ΣH and ΣR are the Hessian based and robust estimators

look on the results averaged across all conditions of sample size and separation between
classes, that are reported in Table 3.3 for one parameter (β13 = 1.00). The results for
the other parameters are very similar.

For modal assignment, as can be seen in Table 3.3 the two uncorrected standard error
estimators that do not account for the additional uncertainty (ΣH

3 and ΣR
3 ) underestimate

the variance (the se/sd is .95 for ΣH
3 , and .97 for ΣR

3 ). Using either of the correction
methods (Σ∗

3 or Σ∗∗
3 ) improves the results for both Hessian based and robust estimator.

Comparing the first and second order corrections ( Σ∗
3, Σ

∗∗
3 ) to each other we see that

the standard error estimates obtained with the later are slightly higher irrespective of the
choice for robust or Hessian based estimator. When comparing observed Hessian based
to robust estimator for the modal assignment, we see that the standard errors obtained
with the later are somewhat larger, thus less efficient. The differences are small, as can
be seen from the coverage rate, which is almost the same with all estimators.

Next, looking on the results for proportional assignment, we see, that as hypothesized
the standard error estimates obtained with the observed Hessian based estimator overes-
timate the standard error for all three estimators (Σ3,Σ

∗
3,Σ

∗∗
3 ). This can be seen from

both the se/sd (which is higher than 1 for all three estimators) and coverage rate (that
is .97 for Σ3 and Σ∗∗

3 and .98 for Σ∗
3). Using the robust variance estimator in the third

step improves the results (the se/sd using ΣR
3 is .99, and using the correction methods

this value becomes slightly larger then 1). Similarly to modal assignment we can see, that
using robust variance estimator in the first step yields larger standard error estimates.

Following we look separately into the results averaged over the different levels of
separation between classes and the different sample size conditions. First the results
averaged over the three sample sizes separately for the 2 separation levels are presented.
For the condition with high separation between the classes (entropy R2=.90) all variance
estimators perform well. In case of modal assignment for all the variance estimators the
ratio of the standard error to the standard deviation (se/sd) is between 1.00-1.02, and the
coverage rate is 96 %, results that show that all standard error estimators perform well in
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Table 3.2: Parameter estimates and their standard deviation (sd) for all parameters aver-
aged over all conditions for all estimators

Modal Proportional One-Step
Value True Estimate sd Estimate sd Estimate sd
β12 -2.00 -1.98 0.30 -1.97 0.28 -2.07 0.30
β13 1.00 1.00 0.12 1.00 0.11 1.01 0.11
β22 1.00 1.00 0.17 0.98 0.16 1.02 0.18
β23 0.00 0.00 0.08 0.00 0.07 0.00 0.08
β32 0.00 0.00 0.11 0.00 0.11 0.00 0.11
β33 0.00 0.00 0.07 0.00 0.07 0.00 0.07

which the performance of all eight variance estimators was compared for both modal and
proportional assignment. For each condition 500 replications were used.

Using the first class as reference category we set the logit parameters of covariate
effects on latent classes to -2 (β12) and 1 (β13) for the effect of Z1 on X. Where we use
the first subscript for Z, and the second subscript for X, as such for example β13 stands
for the effect of Z1 on the third class. Te effect of Z2 on X is set to 1 (β22) and 0 (β23),
and to 0 for both parameters (β32, β33) for the effect of Z3 on X. The intercepts were
set to values yielding equal class sizes.

Two measures were used to compare the performance of the variance estimators. We
compared the coverage rate over replications to a nominal 95 % rate, and the average
standard errors (se) across replications to the standard deviation (sd) across replications.
For a well performing standard error estimator we expect the se/sd to be 1. Also the
coverage rate should be 95 %, which is the nominal coverage rate used.

We used the computer programs Latent GOLD (Vermunt & Magidson, 2013) and R
(Venables, Smith, the R Core Team, 2013) to run the analysis.

3.4.2 Simulation results

First we compare the parameter estimates and standard deviation across replications ob-
tained with the three-step approach with the two assignment methods and the one-step
approach in order to see whether the three-step estimates are comparable with regard to
parameter bias and efficiency to the estimates obtained using the one-step approach. In
Table 3.2 we report the mean parameter estimates over all replications, and the standard
deviation across replications for all three estimation methods. On average the parameter
bias is low with all three estimators for all the parameters. We compared the efficiency
of the parameter estimators by comparing the standard deviation across replications. As
we can see in Table 3.2 the standard deviations of all parameters are very close to each
other with the three methods. These results are in accordance with previous simulation
studies (Bakk et al., 2013; Vermunt, 2010), and show that the three-step approach can
be used without loss of efficiency or parameter bias.

Given the unbiased parameter estimates reported in Table 3.2 in the following we
restrict the discussion only to the variance estimators of the third-step model. Let us first
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Table 3.3: Comparison of the different variance estimators averaged across all conditions
for one parameter, β13 for modal and proportional assignment separately
Final Components Modal Proportional

2nd step 3rd step se se/sd coverage se se/sd coverage

Σ3 - ΣH
3 .11 0.95 .95 .12 1.08 .97

Σ∗
3 ΣH

2 ΣH
3 .12 1.03 .96 .13 1.14 .98

Σ∗∗
3 ΣH

2 ΣH
3 .12 1.04 .96 .13 1.12 .97

Σ3 - ΣR
3 .12 0.97 .95 .11 0.99 .95

Σ∗
3 ΣH

2 ΣR
3 .12 1.04 .96 .12 1.05 .96

Σ∗∗
3 ΣH

2 ΣR
3 .13 1.05 .96 .12 1.03 .96

Σ∗
3 ΣR

2 ΣR
3 .13 1.05 .96 .12 1.06 .96

Σ∗∗
3 ΣR

2 ΣR
3 .13 1.06 .96 .12 1.04 .96

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18,

and ΣH and ΣR are the Hessian based and robust estimators

look on the results averaged across all conditions of sample size and separation between
classes, that are reported in Table 3.3 for one parameter (β13 = 1.00). The results for
the other parameters are very similar.

For modal assignment, as can be seen in Table 3.3 the two uncorrected standard error
estimators that do not account for the additional uncertainty (ΣH

3 and ΣR
3 ) underestimate

the variance (the se/sd is .95 for ΣH
3 , and .97 for ΣR

3 ). Using either of the correction
methods (Σ∗

3 or Σ∗∗
3 ) improves the results for both Hessian based and robust estimator.

Comparing the first and second order corrections ( Σ∗
3, Σ

∗∗
3 ) to each other we see that

the standard error estimates obtained with the later are slightly higher irrespective of the
choice for robust or Hessian based estimator. When comparing observed Hessian based
to robust estimator for the modal assignment, we see that the standard errors obtained
with the later are somewhat larger, thus less efficient. The differences are small, as can
be seen from the coverage rate, which is almost the same with all estimators.

Next, looking on the results for proportional assignment, we see, that as hypothesized
the standard error estimates obtained with the observed Hessian based estimator overes-
timate the standard error for all three estimators (Σ3,Σ

∗
3,Σ

∗∗
3 ). This can be seen from

both the se/sd (which is higher than 1 for all three estimators) and coverage rate (that
is .97 for Σ3 and Σ∗∗

3 and .98 for Σ∗
3). Using the robust variance estimator in the third

step improves the results (the se/sd using ΣR
3 is .99, and using the correction methods

this value becomes slightly larger then 1). Similarly to modal assignment we can see, that
using robust variance estimator in the first step yields larger standard error estimates.

Following we look separately into the results averaged over the different levels of
separation between classes and the different sample size conditions. First the results
averaged over the three sample sizes separately for the 2 separation levels are presented.
For the condition with high separation between the classes (entropy R2=.90) all variance
estimators perform well. In case of modal assignment for all the variance estimators the
ratio of the standard error to the standard deviation (se/sd) is between 1.00-1.02, and the
coverage rate is 96 %, results that show that all standard error estimators perform well in
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Table 3.4: Comparison of the different variance estimators across the three sample sizes,for
the low separation levels for one parameter, β13 for modal and proportional assignment
separately
Final Components Modal Proportional

2nd step 3rd step se se/sd coverage se se/sd coverage

Σ3 - ΣH
3 .12 0.91 .93 .14 1.11 .98

Σ∗
3 ΣH

2 ΣH
3 .14 1.03 .96 .15 1.21 .98

Σ∗∗
3 ΣH

2 ΣH
3 .14 1.05 .96 .15 1.18 .98

Σ3 - ΣR
3 .13 0.93 .94 .12 0.97 .95

Σ∗
3 ΣH

2 ΣR
3 .14 1.05 .96 .14 1.08 .97

Σ∗∗
3 ΣH

2 ΣR
3 .14 1.06 .96 .13 1.05 .96

Σ∗
3 ΣR

2 ΣR
3 .15 1.07 .96 .14 1.10 .97

Σ∗∗
3 ΣR

2 ΣR
3 .15 1.08 .96 .14 1.07 .96

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18,

and ΣH and ΣR are the Hessian based and robust estimators

this condition. The same holds for all standard error estimates for proportional assignment
that are based on the robust variance estimator. As such we do not present these results
in more detail, but move toward the discussion of the low separation condition, where we
see more variability.

In Table 3.4 the results averaged over the three sample sizes for the low separation
condition are presented. For modal assignment the uncertainty uncorrected standard error
estimate (Σ3) underestimates the standard error with both Hessian based and robust
estimators (se/sd is .91 and .93 while coverage rate is .93 and .94 for ΣH

3 and ΣR
3

respectively). Using either of the correction methods (Σ∗
3,Σ

∗∗
3 ) the se/sd becomes slightly

larger then 1, and the coverage rate increases to 96%, for both the Hessian based and
robust estimators. When comparing the observed Hessian based estimates to the robust
estimates we can see that the later obtains slightly larger standard error estimates.

For proportional assignment we can see that the variance estimators that use the
observed Hessian in the third-step overestimate the standard error. Using the robust
variance estimator in the third step decreases the variance. Once this is used, the difference
between the standard error estimates is small (Σ3 obtains se/sd 0.97,with Σ∗

3 this is 1.08,
and withΣ∗∗

3 1.05). Using robust variance estimator in the first step increases the standard
error estimates.

Next in Table 3.5 we present the standard error estimates averaged over the two
separation levels separately for the three sample size conditions. For modal assignment we
can see that in the small sample size condition the uncorrected standard error estimates
are underestimated (se/sd 0.87 for ΣH

3 and 0.90 for ΣR
3 and coverage rate 0.92 and

0.93 respectively), but using any of the correction methods this values get closer to 1.
Comparing the first and second order correction (Σ∗

3 , Σ∗∗
3 ) we see that the standard error

estimates obtained with the later are slightly larger irrespective of the choice of Σ3. The
same tendencies can be seen in the larger sample size conditions as well, though in the
2000 sample size condition it can be seen, that on average the uncorrected standard error

3.5. EXAMPLE APPLICATION 47

estimates are the same as the corrected ones with the precision of 2 decimals. Comparing
the Hessian based estimators to the robust ones we see that the later ones are somewhat
larger. Using proportional assignment the same tendencies can be observed, once in the
third step the robust standard error is used.

In summary it can be said, that in conditions where the uncertainty about the fixed
parameters is high (that is low separation between classes and/or low sample sizes) the
use of the uncertainty correction is needed.4 It can be seen that the difference with the
results using Σ∗

3 and Σ∗∗
3 is low, thus the use of the first order correction is recommended,

because it needs less calculations. With regard to the choice of Hessian or robust variance
estimator we see that in case of proportional assignment this choice is important. With
proportional assignment the use of robust estimator is recommended for all situations,
while for modal assignment this choice is not so relevant.

3.5 Example application

We now show how correcting for parameter bias in the three-step latent class analysis
makes a difference for substantive conclusions. For this purpose we re-analyze the often-
cited example of latent class analysis in political science, McCutcheon (1985)’s assessment
of how age and education groups differ in their tolerance towards out-groups. In addition,
we illustrate how the different choices of standard error discussed above can affect results.

The question of who is more intolerant originated with Stouffer (1955). His analysis,
conducted at the height of the McCarthy era, focused on citizens’ tolerance for com-
munists: should they be allowed basic democratic rights to free speech according to the
public? McCutcheon (1985) re-assessed this question by including other groups in the
questionnaire besides communists, namely atheists, homosexuals, militarists, and racists.
He then used a latent class model to integrate respondents’ tolerance for these different
groups into a single categorical latent variable that represents each person’s “tolerance
for nonconformity”. After estimating this model (step 1) and assigning a “tolerance”
classification to each respondent (step 2), McCutcheon then regressed the categorical
“tolerance” assignment on age cohort and educational attainment (step 3). This com-
monly cited example of a latent class analysis in political science is therefore in fact a
bias-uncorrected three-step analysis.

Here we examine how McCutcheon (1985)’s conclusions might change when the neces-
sary bias corrections (Vermunt, 2010) are applied to the third step, predicting “tolerance”
from age cohort and education. We also show how the standard errors of this regres-
sion differ over the various choices of standard error estimator described in the preceding
sections.

The original data are obtained from the 1976 and 1977 General Social Survey (GSS),
which are publicly available5. Each of the 2689 respondents (nr. of respondents obtained

4This tendency can be seen in more detail in the Appendix in Tables B1 and B2, which show that once
the uncertainty decreases (either by a stronger effect of classes on indicators or higher sample size) the
effect of the corrections is lower, but when the uncertainty is high the corrections make a big difference.

5https://www.icpsr.umich.edu/icpsrweb/ICPSR/series /28/studies/7398?archive=ICPSRsort,
also available in the dataverse replication material of this article: Study Global Id:
doi:10.7910/DVN/24497 (v1)
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Table 3.4: Comparison of the different variance estimators across the three sample sizes,for
the low separation levels for one parameter, β13 for modal and proportional assignment
separately
Final Components Modal Proportional

2nd step 3rd step se se/sd coverage se se/sd coverage

Σ3 - ΣH
3 .12 0.91 .93 .14 1.11 .98

Σ∗
3 ΣH

2 ΣH
3 .14 1.03 .96 .15 1.21 .98

Σ∗∗
3 ΣH

2 ΣH
3 .14 1.05 .96 .15 1.18 .98

Σ3 - ΣR
3 .13 0.93 .94 .12 0.97 .95

Σ∗
3 ΣH

2 ΣR
3 .14 1.05 .96 .14 1.08 .97

Σ∗∗
3 ΣH

2 ΣR
3 .14 1.06 .96 .13 1.05 .96

Σ∗
3 ΣR

2 ΣR
3 .15 1.07 .96 .14 1.10 .97

Σ∗∗
3 ΣR

2 ΣR
3 .15 1.08 .96 .14 1.07 .96

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18,

and ΣH and ΣR are the Hessian based and robust estimators

this condition. The same holds for all standard error estimates for proportional assignment
that are based on the robust variance estimator. As such we do not present these results
in more detail, but move toward the discussion of the low separation condition, where we
see more variability.

In Table 3.4 the results averaged over the three sample sizes for the low separation
condition are presented. For modal assignment the uncertainty uncorrected standard error
estimate (Σ3) underestimates the standard error with both Hessian based and robust
estimators (se/sd is .91 and .93 while coverage rate is .93 and .94 for ΣH

3 and ΣR
3

respectively). Using either of the correction methods (Σ∗
3,Σ

∗∗
3 ) the se/sd becomes slightly

larger then 1, and the coverage rate increases to 96%, for both the Hessian based and
robust estimators. When comparing the observed Hessian based estimates to the robust
estimates we can see that the later obtains slightly larger standard error estimates.

For proportional assignment we can see that the variance estimators that use the
observed Hessian in the third-step overestimate the standard error. Using the robust
variance estimator in the third step decreases the variance. Once this is used, the difference
between the standard error estimates is small (Σ3 obtains se/sd 0.97,with Σ∗

3 this is 1.08,
and withΣ∗∗

3 1.05). Using robust variance estimator in the first step increases the standard
error estimates.

Next in Table 3.5 we present the standard error estimates averaged over the two
separation levels separately for the three sample size conditions. For modal assignment we
can see that in the small sample size condition the uncorrected standard error estimates
are underestimated (se/sd 0.87 for ΣH

3 and 0.90 for ΣR
3 and coverage rate 0.92 and

0.93 respectively), but using any of the correction methods this values get closer to 1.
Comparing the first and second order correction (Σ∗

3 , Σ∗∗
3 ) we see that the standard error

estimates obtained with the later are slightly larger irrespective of the choice of Σ3. The
same tendencies can be seen in the larger sample size conditions as well, though in the
2000 sample size condition it can be seen, that on average the uncorrected standard error
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estimates are the same as the corrected ones with the precision of 2 decimals. Comparing
the Hessian based estimators to the robust ones we see that the later ones are somewhat
larger. Using proportional assignment the same tendencies can be observed, once in the
third step the robust standard error is used.

In summary it can be said, that in conditions where the uncertainty about the fixed
parameters is high (that is low separation between classes and/or low sample sizes) the
use of the uncertainty correction is needed.4 It can be seen that the difference with the
results using Σ∗

3 and Σ∗∗
3 is low, thus the use of the first order correction is recommended,

because it needs less calculations. With regard to the choice of Hessian or robust variance
estimator we see that in case of proportional assignment this choice is important. With
proportional assignment the use of robust estimator is recommended for all situations,
while for modal assignment this choice is not so relevant.

3.5 Example application

We now show how correcting for parameter bias in the three-step latent class analysis
makes a difference for substantive conclusions. For this purpose we re-analyze the often-
cited example of latent class analysis in political science, McCutcheon (1985)’s assessment
of how age and education groups differ in their tolerance towards out-groups. In addition,
we illustrate how the different choices of standard error discussed above can affect results.

The question of who is more intolerant originated with Stouffer (1955). His analysis,
conducted at the height of the McCarthy era, focused on citizens’ tolerance for com-
munists: should they be allowed basic democratic rights to free speech according to the
public? McCutcheon (1985) re-assessed this question by including other groups in the
questionnaire besides communists, namely atheists, homosexuals, militarists, and racists.
He then used a latent class model to integrate respondents’ tolerance for these different
groups into a single categorical latent variable that represents each person’s “tolerance
for nonconformity”. After estimating this model (step 1) and assigning a “tolerance”
classification to each respondent (step 2), McCutcheon then regressed the categorical
“tolerance” assignment on age cohort and educational attainment (step 3). This com-
monly cited example of a latent class analysis in political science is therefore in fact a
bias-uncorrected three-step analysis.

Here we examine how McCutcheon (1985)’s conclusions might change when the neces-
sary bias corrections (Vermunt, 2010) are applied to the third step, predicting “tolerance”
from age cohort and education. We also show how the standard errors of this regres-
sion differ over the various choices of standard error estimator described in the preceding
sections.

The original data are obtained from the 1976 and 1977 General Social Survey (GSS),
which are publicly available5. Each of the 2689 respondents (nr. of respondents obtained

4This tendency can be seen in more detail in the Appendix in Tables B1 and B2, which show that once
the uncertainty decreases (either by a stronger effect of classes on indicators or higher sample size) the
effect of the corrections is lower, but when the uncertainty is high the corrections make a big difference.

5https://www.icpsr.umich.edu/icpsrweb/ICPSR/series /28/studies/7398?archive=ICPSRsort,
also available in the dataverse replication material of this article: Study Global Id:
doi:10.7910/DVN/24497 (v1)
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after listwise deletion was applied) answered the following questions on communists, athe-
ists, homosexuals, militarists, or racists:

• “Suppose this wanted to make a speech in your community. Should he be
allowed to speak?” (Yes/No)

• “Should such a person be allowed to teach in a college or university, or not?”
(Yes/No)

• “Suppose he wrote a book which is in your public library. Somebody in your com-
munity suggests that the the book should be removed from the library. Would you
favor removing it or not?” (Yes/No)

The bold-faced answers are those indicating tolerance. McCutcheon coded a respondent
as “tolerant” towards a group if all three of these bold-faced answers were given, and
“intolerant” otherwise. This yields five binary indicators of general tolerance (one for
each group).

The first step is to fit local independence models with a successively increasing number
of latent classes. Resulting model fit statistics are shown in Table 3.6. This Table shows
that the AIC selects the four-class model, while the BIC selects the three-class model.
Looking at the absolute model fit of the four-class model, however, it is clear that both the
likelihood ratio as well as the largest bivariate residual (BVR; see Vermunt and Magidson
(2013)) indicate residual dependencies between the indicators in the three-class model. We
therefore follow McCutcheon (1985) and select the four-class model, which fits the data
well. None of the residual dependencies between the observed variables are substantively
large or statistically significant in the four-class model, thus we can reasonable assume
that there is no residual variance left between the indicators.

Estimates of class sizes and conditional probabilities obtained from the four-class model
are shown in Table 3.7. The first row of this table indicates the labels given to the four
classes. These labels are based on the pattern of estimated conditional probabilities
given on the subsequent rows. For example, the first class, to which 56% (±2%) of
respondents are estimated to belong, exhibits low probabilities of tolerance for all groups,
ranging between 0.03 for atheists to 0.13 for homosexuals (both ±0.01). Therefore this
latent class was labeled “intolerant”. There are also classes of those respondents who
are tolerant towards some groups and not others. Since these preferences appear to
correspond to political ideology, McCutcheon labeled the classes “intolerant of right”
and “intolerant of left” respectively. It should be noted, however, that this ideological
intolerance is not symmetric: those who are intolerant of “right-wing” groups such as
racists and militarists are more extreme in their opinion than those who are intolerant of
“leftist” groups such as atheists or communists. The difference between these classes in
their tolerance for homosexuals is not statistically significant (z = −1.52, p = 0.064).

While the latent class analysis of these five indicators (step 1) is interesting in itself,
to Stouffer (1955) and McCutcheon (1985) the main substantive question was how age
cohorts and educational groups differ in their overall tolerance. For this reason, each
respondent was assigned to one of the four estimated classes using proportional assign-
ment based on the latent class model (step 2). This assigned class variable is highly
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convenient for further analysis: the analyst performing the latent class analysis may be
separate from the researcher investigating substantive questions using the result. Thus,
the researcher interested in the effect of cohort and education on tolerance need not have
the same expertise as the latent class analyst. Furthermore, the definition of the latent
class assignment has not been affected by the cohort and education variables, preventing
circularity in the final results.

Following McCutcheon (1985), educational attainment was coded into three cate-
gories: those with fewer than twelve grades (1), those who completed high school (2),
and those with more than twelve years of formal education (3). Birth cohort was coded
into four categories: those born in or before 1914 (4), those born between 1915 and 1933
(3), those born between 1934 and 1951 (2), and those born after 1951 (1). We ran a
multinomial regression of assigned tolerance on these covariates, corrected for misclassifi-
cation error in the assignment and using the first categories of each variable as a reference
category. The interaction effect of education × cohort turned out to be small and not
statistically significant (Wald = 12.2 on 18 df , p = 0.84), and we therefore decided to
exclude the interaction from further analysis. The resulting main effect estimates are
shown as points with 95% confidence intervals in Figure 3.1.

Figure 3.1 summarizes the 15 multinomial logit coefficients and their standard errors
from the uncorrected analysis (black dots) performed by McCutcheon (1985) and the
corrected analysis (gray points). The effect size estimates show that the more educated
and younger a person is, the more likely they are “tolerant”. Looking at Figure 3.1 from
bottom to top reveals a monotonic increase of logits with these two covariates. This
applies to a lesser degree to the “intolerant to right” group, and to the “intolerant to
left” group to an even lesser degree. This ordering in effect size from the rightmost to
leftmost panel in Figure 3.1 is probably due to ideological differences between age and
education groups: the younger and more educated were more likely to prefer the political
left.

For comparisons between corrected and uncorrected analyses, the 15 coefficients from
the corrected three-step analysis are shown below each estimate (gray points). It can
be seen that there is a substantial difference between the corrected and the uncorrected
estimates. To bring this point into perspective, Figure 3.2 shows the ratios of corrected
to uncorrected point estimates. The most extreme case is the logit coefficient of the
oldest cohort on being in the “intolerant to right” class, which increases almost twofold.
Even the smallest correction entails a 20% larger coefficient, however. This emphasizes
the practical significance of correcting for classification error in the class assignment:
substantial bias will otherwise occur.

While the first-step sample size of 2689 is relatively large, the entropy R2 of the
“tolerance” latent classification is 0.71, falling short of the 0.90 our simulations identified
as an indicator of “small” uncertainty about the classification error. The standard errors
of this analysis may therefore benefit from correction for this uncertainty.

Does the correction to standard errors introduced in this paper make a difference for
the results? Figure 3.1 shows that it does. First of all, qualitative differences can be
observed for the effect of being in the younger cohort (2) on being “intolerant to left”:
this cohort is no longer deemed to differ significantly from the youngest cohort (1) when
the correction is applied.
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Second, Figure 3.1 exhibits large quantitative differences in standard errors, particularly
for the effects of being in the oldest cohort (4). Figure 3.3 shows the sizes of these standard
errors relative to each other. For instance, the finite-sample robust standard error for the
oldest cohort’s effect on being “intolerant to right” is twice as large as the standard error
without the correction discussed above (triangle in the bottom-right graph). Since the
relative standard error must be squared to obtain a “misspecification effect” (Skinner,
Holt, & Smith, 1989), this means that if the correction introduced here is ignored, the
researcher will claim that the sample is four times more informative than it is. This clearly
demonstrates the relevance of the corrections to standard errors introduced above.

3.6 Discussion and conclusion

Social scientists often aim to study the relationship of an unobserved classification with
external variables. The “three-step” approach is common: a latent class model is fit
(step 1), units are assigned to estimated classes (step 2), and the relationships of interest
are studied using the assigned classes, for instance by multinomial regression (step 3).
Three-step analysis potentially has several advantages over the “one-step” full-information
maximum likelihood approach (Vermunt, 2010). Despite being common and attractive,
this approach is also inconsistent — a problem solved by the bias-corrected three-step
approach introduced by Bolck et al. (2004) and Vermunt (2010) in this journal and
further generalized by Bakk et al. (2013).

Correct inferences about the relationships of interest, however, require not only con-
sistent point estimates but also correct standard errors. In this article we show both
analytically and by simulation that correct standard errors from the third step must in-
corporate the uncertainty about the classification error. We therefore provide in this
paper the correct standard errors allowing for appropriate inferences, based on classic
likelihood theory of Gong and Samaniego (1981). As a result of our study, the different
standard error estimators discussed have been implemented in the standard latent class
analysis software Latent GOLD 5.00 (Vermunt & Magidson, 2013), making the methods
developed here directly available to applied researchers.

Moreover, we evaluate eight possible types of standard errors. Although these stan-
dard errors are asymptotically equivalent under model correctness, they may yield different
results in finite samples. A Monte Carlo simulation study compared them and found that
the correction to standard errors introduced here can make a large difference when un-
certainty about the first-step parameters is substantial. On the other hand, when the
uncertainty about fixed estimates is low, the standard error corrections are not needed.
Low uncertainty about the classification error will occur with large first-step sample sizes
and high entropy R2 (high class separation). No substantial differences between inferences
based on corrected versus uncorrected standard errors were found with first-step sample
sizes above 2000 combined with entropy R2 > 0.90. We also noted little difference be-
tween an asymptotic and finite-sample version of the corrected estimator. The asymptotic
corrected standard error estimator (Oberski & Satorra, 2013), which is considerably easier
to compute, is therefore recommended. Finally, we reproduced the finding of Vermunt
(2010) that proportional assignment requires robust standard errors to account for the
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replication of cases.
Considering these findings, bias correction and the choice of standard errors can make

a difference for substantive conclusions. Reanalysis of an example bias-uncorrected three-
step analysis from the political science literature (McCutcheon, 1985) clearly demonstrated
this effect. The logistic regression coefficients that give the strength of the relationship
between being in the “intolerant to the right” class and all age and education cate-
gories are between one-and-a-half and twice as large as their uncorrected counterparts,
for instance. The correction for classification error need not always increase estimated
relationships: one of the coefficients of interest is much lower after correction. “Quali-
tative” differences also occur after correcting both the point estimates and the standard
errors: the younger cohort’s logistic coefficient for “intolerant to left” is not statistically
significant in the uncorrected analysis, but is so after correction. Conversely, the highly
educated group’s coefficient is statistically significant in the uncorrected analysis, but not
after correction. This demonstrates the importance of the corrections, both for point
estimates and standard errors.

A limitation of our study is that we restricted ourselves to situations where the sepa-
ration between classes is relatively good (entropy R2= 60 or higher). We did so because
previous research showed that in situations where the entropy is lower than this, the step
three methods obtain biased estimates. This is due to the fact that in step one the
classification error is underestimated, and thus over-optimistic correction terms are used
(Vermunt, 2010, Bakk et al., 2013).

A further limitation of our study is that we assumed an (approximately) correct model
can be found. That is, we assume that mostly sampling variance drives the first-step
model uncertainty. For this reason, model checking in the first step is essential. A
possible alternative approach would be to obtain point and uncertainty estimates under
model uncertainty, after which these may be propagated to the third step as described
above.

A completely different approach is the Bayesian multiple imputation framework (Rubin,
1987). In this framework, the first step is to formulate a Bayesian latent class model,
the second to obtain M multiple draws from the latent class distribution, and the third
to estimate M regression models, averaging the M parameter estimates and using the
rules described by (Schafer, 1997) to correctly obtain standard errors. The idea of using
Bayesian data augmentation to estimate the conditional distribution of a latent variable X
given predictors Z was introduced by Tanner and Wong (1987). Applications of this idea
can be found in the “plausible values” literature for continuous latent variables (Mislevy,
1988), as well as the method of “pseudo-class draws” (Bandeen-Roche et al., 1997; Wang,
Brown, & Bandeen-Roche, 2005; Asparouhov & Muthén, 2014).

However, the same inconsistency problems that plague the uncorrected three-step
method also affect the Bayesian multiple imputation approach. The key difference be-
tween, three-step analysis, plausible values, and pseudo-class draws on the one hand,and
the Bayesian augmentation literature, on the other is the inclusion of the covariates in the
first-step model. As shown by Tanner and Wong (1987), the multiple imputations of the
latent variable X must be generated from p(X|Y, Z), not just p(X|Y ) as is done in the
three-step, plausible values, and pseudo-class draws procedures. Leaving out the predictor
variables Z from the first-step imputations will therefore cause the same inconsistency as
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this approach is also inconsistent — a problem solved by the bias-corrected three-step
approach introduced by Bolck et al. (2004) and Vermunt (2010) in this journal and
further generalized by Bakk et al. (2013).

Correct inferences about the relationships of interest, however, require not only con-
sistent point estimates but also correct standard errors. In this article we show both
analytically and by simulation that correct standard errors from the third step must in-
corporate the uncertainty about the classification error. We therefore provide in this
paper the correct standard errors allowing for appropriate inferences, based on classic
likelihood theory of Gong and Samaniego (1981). As a result of our study, the different
standard error estimators discussed have been implemented in the standard latent class
analysis software Latent GOLD 5.00 (Vermunt & Magidson, 2013), making the methods
developed here directly available to applied researchers.

Moreover, we evaluate eight possible types of standard errors. Although these stan-
dard errors are asymptotically equivalent under model correctness, they may yield different
results in finite samples. A Monte Carlo simulation study compared them and found that
the correction to standard errors introduced here can make a large difference when un-
certainty about the first-step parameters is substantial. On the other hand, when the
uncertainty about fixed estimates is low, the standard error corrections are not needed.
Low uncertainty about the classification error will occur with large first-step sample sizes
and high entropy R2 (high class separation). No substantial differences between inferences
based on corrected versus uncorrected standard errors were found with first-step sample
sizes above 2000 combined with entropy R2 > 0.90. We also noted little difference be-
tween an asymptotic and finite-sample version of the corrected estimator. The asymptotic
corrected standard error estimator (Oberski & Satorra, 2013), which is considerably easier
to compute, is therefore recommended. Finally, we reproduced the finding of Vermunt
(2010) that proportional assignment requires robust standard errors to account for the
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replication of cases.
Considering these findings, bias correction and the choice of standard errors can make

a difference for substantive conclusions. Reanalysis of an example bias-uncorrected three-
step analysis from the political science literature (McCutcheon, 1985) clearly demonstrated
this effect. The logistic regression coefficients that give the strength of the relationship
between being in the “intolerant to the right” class and all age and education cate-
gories are between one-and-a-half and twice as large as their uncorrected counterparts,
for instance. The correction for classification error need not always increase estimated
relationships: one of the coefficients of interest is much lower after correction. “Quali-
tative” differences also occur after correcting both the point estimates and the standard
errors: the younger cohort’s logistic coefficient for “intolerant to left” is not statistically
significant in the uncorrected analysis, but is so after correction. Conversely, the highly
educated group’s coefficient is statistically significant in the uncorrected analysis, but not
after correction. This demonstrates the importance of the corrections, both for point
estimates and standard errors.

A limitation of our study is that we restricted ourselves to situations where the sepa-
ration between classes is relatively good (entropy R2= 60 or higher). We did so because
previous research showed that in situations where the entropy is lower than this, the step
three methods obtain biased estimates. This is due to the fact that in step one the
classification error is underestimated, and thus over-optimistic correction terms are used
(Vermunt, 2010, Bakk et al., 2013).

A further limitation of our study is that we assumed an (approximately) correct model
can be found. That is, we assume that mostly sampling variance drives the first-step
model uncertainty. For this reason, model checking in the first step is essential. A
possible alternative approach would be to obtain point and uncertainty estimates under
model uncertainty, after which these may be propagated to the third step as described
above.

A completely different approach is the Bayesian multiple imputation framework (Rubin,
1987). In this framework, the first step is to formulate a Bayesian latent class model,
the second to obtain M multiple draws from the latent class distribution, and the third
to estimate M regression models, averaging the M parameter estimates and using the
rules described by (Schafer, 1997) to correctly obtain standard errors. The idea of using
Bayesian data augmentation to estimate the conditional distribution of a latent variable X
given predictors Z was introduced by Tanner and Wong (1987). Applications of this idea
can be found in the “plausible values” literature for continuous latent variables (Mislevy,
1988), as well as the method of “pseudo-class draws” (Bandeen-Roche et al., 1997; Wang,
Brown, & Bandeen-Roche, 2005; Asparouhov & Muthén, 2014).

However, the same inconsistency problems that plague the uncorrected three-step
method also affect the Bayesian multiple imputation approach. The key difference be-
tween, three-step analysis, plausible values, and pseudo-class draws on the one hand,and
the Bayesian augmentation literature, on the other is the inclusion of the covariates in the
first-step model. As shown by Tanner and Wong (1987), the multiple imputations of the
latent variable X must be generated from p(X|Y, Z), not just p(X|Y ) as is done in the
three-step, plausible values, and pseudo-class draws procedures. Leaving out the predictor
variables Z from the first-step imputations will therefore cause the same inconsistency as
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is present in likelihood-based uncorrected three-step analysis. This was also shown by the
simulations of Asparouhov and Muthén (2014, Table 1).

However, including Z in the first-step analysis partially defeats the purpose of the
three-step procedure. Moreover, researchers performing complicated latent variable mod-
els to publish imputations for the broader research community (König, Marbach, & Os-
nabrügge, 2013) cannot possibly foresee all predictor variables Z that might someday be
of interest.

The problem of inconsistency in the Bayesian multiple imputation approach caused
by ignoring Z in the imputation model can in principle be solved by performing the bias
correction described above in each imputation. The combined corrected point estimates
will then be consistent for p(X|Z). Afterwards, combining the resulting multiple cor-
rected estimates will yield correct standard errors (Schafer, 1997). This method could
substantially improve the quality of inferences from recent efforts in political science to
publish multiple imputations of latent variables for further analysis such as Democracy
(Treier & Jackman, 2008) or party positions (König et al., 2013). It should be noted
that the proposed correction method is not limited to Bayesian multiple imputation, but
can be used in any situation in which an integration or missing data problem is solved
by simulation and is based on a (step-one) model that excludes some of the relevant
variables. The resulting corrected “pseudo-class draws” or “plausible values” analysis is
an interesting and potentially useful application of the presented three-step approach that
warrants future study.
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is present in likelihood-based uncorrected three-step analysis. This was also shown by the
simulations of Asparouhov and Muthén (2014, Table 1).

However, including Z in the first-step analysis partially defeats the purpose of the
three-step procedure. Moreover, researchers performing complicated latent variable mod-
els to publish imputations for the broader research community (König, Marbach, & Os-
nabrügge, 2013) cannot possibly foresee all predictor variables Z that might someday be
of interest.

The problem of inconsistency in the Bayesian multiple imputation approach caused
by ignoring Z in the imputation model can in principle be solved by performing the bias
correction described above in each imputation. The combined corrected point estimates
will then be consistent for p(X|Z). Afterwards, combining the resulting multiple cor-
rected estimates will yield correct standard errors (Schafer, 1997). This method could
substantially improve the quality of inferences from recent efforts in political science to
publish multiple imputations of latent variables for further analysis such as Democracy
(Treier & Jackman, 2008) or party positions (König et al., 2013). It should be noted
that the proposed correction method is not limited to Bayesian multiple imputation, but
can be used in any situation in which an integration or missing data problem is solved
by simulation and is based on a (step-one) model that excludes some of the relevant
variables. The resulting corrected “pseudo-class draws” or “plausible values” analysis is
an interesting and potentially useful application of the presented three-step approach that
warrants future study.
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Table 3.6: Fit of different latent class models to five indicators of tolerance for nonconfor-
mity from the 1976/77 General Social Survey (N=2689). Shown are the likelihood ratio
(L2), degrees of freedom (df), Bayesian Information Criterion (BIC), Akaike Information
Criterion (AIC), and the largest bivariate residual (BVR) in the pairwise cross-table of the
five indicators.

L2 df p BIC AIC max(BVR)
Independence model 4695.8 26 0.00 4490.5 4643.8 1048.5
2-class model 240.8 20 0.00 82.9 200.8 13.2
3-class model 48.7 14 0.00 -61.7 20.7 6.0
4-class model 6.5 8 0.59 -56.6 -9.4 0.11
5-class model 2.9 2 0.24 -12.9 -1.1 0.08

Table 3.7: Parameter estimates (standard errors) for the four-class model: class sizes and
conditional probabilities to give all-tolerant answers given the latent class.

“Intolerant” “Tolerant” “Intolerant of
right”

“Intolerant of
left”

Class size .56 (0.02) .23 (0.01) .11 (0.03) .10 (0.03)

Tolerance for...
Atheists .03 (0.01) .98 (0.01) .41 (0.06) .61 (0.07)
Communists .04 (0.01) .95 (0.02) .59 (0.11) .27 (0.07)
Militarists .05 (0.01) .92 (0.02) .34 (0.05) .38 (0.06)
Racists .08 (0.01) .90 (0.02) .02 (0.06) .81 (0.20)
Homosexuals .13 (0.01) .96 (0.01) .72 (0.07) .56 (0.06)

Chapter 4

Robustness of stepwise latent
class modeling with continuous
distal outcomes

Abstract

Recently, several bias-adjusted stepwise approaches to latent class modeling with con-
tinuous distal outcomes have been proposed in literature and implemented in generally
available software for latent class analysis. In this paper, we investigate the robustness
of these methods to violations of underlying model assumptions by means of a simula-
tion study. While each of the four investigated methods yield unbiased estimates of the
class-specific means of distal outcomes when the underlying assumptions hold, three of
the methods may fail to different degrees when assumptions are violated. Based on our
study, we provide recommendations on which method to use under what circumstances.
The differences between the various stepwise latent class approaches are illustrated by
means of a real data application on outcomes related to recidivism for clusters of juvenile
offenders.

This chapter is accepted for publication as Bakk, Z., & Vermunt, J. K. (forthcoming). Robustness
of stepwise latent class modeling with continuous distal outcomes Structural Equation Modeling
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4.1 Introduction

Latent class (LC) analysis is a method widely used in the social and behavioral sciences to
group individuals based on their responses on a set of observed variables (Goodman, 1974).
Examples include the creation of a clustering concerning tolerance toward nonconformity
(McCutcheon, 1985) or a typology of psychological contract types (De Cuyper, Rigotti,
Witte, & Mohr, 2008). Often, in LC analysis applications the interest lies not only in
obtaining a clustering, but also in determining whether the classes differ with respect to
one or more, possibly continuous, distal outcome variable. For example, De Cuyper et al.
(2008) tested whether the means of variables related to well being differed for latent classes
representing types of psychological contracts, Pastor, Barron, Miller, and Davis (2007)
studied differences in academic achievement of college students across goal orientation
clusters, and Mulder et al. (2012) compared the means of 70 variables measuring different
aspects of recidivism across clusters of juvenile offenders.

The class-specific means of a distal outcome can be determined by either a one-step
or a stepwise approach. In the one-step approach, the distal outcome is incorporated
in the LC model as an additional response variable and the resulting expanded model
is estimated in the usual way. But this approach has several disadvantages. The main
problem is related to the fact that rather strong assumptions need to be made about the
within-class distribution of the distal outcome, and if these assumptions are violated the
original LC model may be completely distorted. A related issue is that it is problematic
to deal with multiple distal outcomes, which may either be dealt with simultaneously,
requiring strong assumptions about their joint distribution, or one by one, implying that
the LC solution may change per distal outcome. Furthermore, since the interest lies in
explaining differences across classes in the distal outcome, using the distal outcome as
one of the variables defining the latent classes creates an unintended circularity. Because
of these problems, researchers often prefer using a three-step approach in which one first
builds the LC model without the distal outcome(s), then determines the class member-
ships, and subsequently investigate the relationship between class memberships and the
distal outcome(s), say using a simple ANOVA (Bakk et al., 2013). However, a well known
disadvantage of this approach is that the estimates obtained in the third step are atten-
uated because of the classification error introduced when assigning individuals to classes
(Bolck et al., 2004).

Recently, alternative three-step approaches have been proposed which yield unbiased
estimates of the class differences in the distal outcome (Bakk et al., 2013). One method,
called ML involves estimating the class-specific means and variances by maximum like-
lihood while correcting for the classification errors (Vermunt, 2010; Bakk et al., 2013).
Another approach based on the work of Bolck et al. (2004), which we therefore call BCH
approach, involves performing a weighted ANOVA, with weights which are inversely re-
lated to the classification error probabilities (Vermunt, 2010; Bakk et al., 2013). Both
approaches can be used with either equal or unequal variance across classes.

A different type of stepwise approach for dealing with distal outcomes was proposed by
Lanza et al. (2013). This approach, which we will refer to as the LTB approach, involves
estimating a LC model in which the distal outcome of interest is used as a covariate
predicting class membership using a logistic model rather than as a response variable
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affected by the classes. As a second step, the class-specific means for the distal outcome
are calculated from the parameters of the estimated LC model using Bayes theorem.

While simulation studies have shown that these three recently developed stepwise
approaches (ML, BCH, and LTB) yield unbiased estimates of the class-specific means of
distal outcomes when all underlying model assumptions hold (Bakk et al., 2013; Lanza
et al., 2013), it is unknown whether these methods are robust for violations of these
assumptions. For example, the ML and BCH approaches assume that the distal outcome
is normally distributed within classes. While the ML approach is expected to be affected
by violations of this assumption (Asparouhov & Muthén, 2014), the BCH approach is
probably more robust since it is similar to a standard ANOVA. At the same time, for
continuous variables, the LTB approach assumes that the relationship between the latent
classes and the distal outcome is linear on a logit scale, and it is unknown whether violation
of this assumption will bias the estimates of the class-specific means.

In the remaining of this paper, we first introduce the different types of stepwise ap-
proaches and describe their assumptions. Subsequently, in a simulation study, we compare
the performance of the various approaches when certain underlying assumptions are vi-
olated. Next, we illustrate the methods with an analysis of a data example on juvenile
recidivism. We end with a discussion and recommendations regarding the use of the
different methods.

4.2 The basic LC model and extensions

In the following, we first introduce the basic LC model. Then, we describe different ways
to deal with distal outcomes; that is, the simultaneous or one-step method, the LTB
approach, and the three-step ML and BCH approaches. Special attention is dedicated to
the assumptions made by the various approaches.

4.2.1 The basic LC model

Let Yik denote the response of individual i on one of K categorical response variables,
where 1 ≤ k ≤ K and 1 ≤ i ≤ N. The full response vector is denoted by Yi. LC
analysis assumes that individuals belong to one of the T categories of an underlying
categorical latent variable X which affects the responses (McCutcheon, 1987; Goodman,
1974; Hagenaars, 1990). Denoting a particular latent class by t, the model can be
formulated as follows:

P (Yi) =

T∑
t=1

P (X = t)P (Yi|X = t), (4.1)

where P (X = t) represents the (unconditional) probability of belonging to class t and
P (Yi|X = t) represents the class-specific distribution of the responses Yi. These class-
specific distributions are simplified further by assuming that the K response variables are
independent within classes, which is known as the local independence assumption. This
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4.1 Introduction
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lated to the classification error probabilities (Vermunt, 2010; Bakk et al., 2013). Both
approaches can be used with either equal or unequal variance across classes.

A different type of stepwise approach for dealing with distal outcomes was proposed by
Lanza et al. (2013). This approach, which we will refer to as the LTB approach, involves
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affected by the classes. As a second step, the class-specific means for the distal outcome
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where 1 ≤ k ≤ K and 1 ≤ i ≤ N. The full response vector is denoted by Yi. LC
analysis assumes that individuals belong to one of the T categories of an underlying
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1974; Hagenaars, 1990). Denoting a particular latent class by t, the model can be
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P (Yi) =
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where P (X = t) represents the (unconditional) probability of belonging to class t and
P (Yi|X = t) represents the class-specific distribution of the responses Yi. These class-
specific distributions are simplified further by assuming that the K response variables are
independent within classes, which is known as the local independence assumption. This
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yields:

P (Yi) =

T∑
t=1

P (X = t)

K∏
k=1

P (Yik|X = t). (4.2)

For categorical responses, P (Yik|X = t) =
Rk∏
r=1

π
I(Yik=r)
ktr , where πktr is the probability of

giving response r on variable k for class t, and I(Yik = r) is an indicator variable taking
on the value 1 if Yik = r and 0 otherwise.

The basic LC model described in Equation 4.1 can be extended to include a continuous
distal outcome denoted by Zi (visualized in Figure 4.1). This yields the following joint
model for Yi and Zi:

P (Yi, Zi) =

T∑
t=1

P (X = t)

K∏
k=1

P (Yik|X = t)f(Zi|X = t), (4.3)

where f(Zi|X = t) denotes the class-specific distribution of Zi, which for continuous
distal outcomes is typically defined to be a normal distribution with mean µt and variance
σ2
t . Note that the distal outcome serves as an additional response variable in the LC

model.
The main disadvantage of this simultaneous modeling procedure is that the inclusion

of Z in the model can alter the meaning of the classes (Petras & Masyn, 2010), espe-
cially when the normal distribution assumption for f(Zi|X = t) does not hold. Such a
misspecification can even lead to over-extraction of the classes (Bauer & Curran, 2003).
Moreover, when re-specifying the model for a different outcome variable, the definition
of the classes may change. Another disadvantage is that from a substantive perspective
it is undesired that the distal outcome contributes to the definition of the classes, that
is, it creates a kind of circularity. To prevent these problems, alternative methods were
proposed that we present in the following.
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4.2.2 The LTB approach

To overcome the problems of the one-step approach resulting from the normal distribution
assumption for Z, Lanza et al. (2013) proposed an alternative procedure which does not
require making such an assumption. The LTB approach is a two-step procedure, which
proceeds as follows:

Estimate a LC model in which Z is included as a covariate instead of a response variable
(Figure 4.2.1).

Based on the estimates from the first step, calculate the class-specific means for Z (Figure
4.2.2).

In the first step, “covariate” Z is added to the model by extending the basic LC model
described in Equation 4.1 as follows:

P (Yi|Zi) =

T∑
t=1

P (X = t|Zi)

K∏
k=1

P (Yik|X = t), (4.4)

where P (X = t|Zi) denotes the probability of belong to class t given the “covariate”
value Zi. This probability is modeled by a multinomial logistic regression equation:

P (X = t|Zi) =
eαt+βtZi

T∑
s=1

eαs+βsZi

, (4.5)

with intercepts αt and slopes βt.
The second step involves computing the class-specific means µt. It should be noted

that these can be obtained as follows:

µt =

∫

Z

Z f(Z|X = t), (4.6)

where f(Z|X = t), the class-specific distribution of Z, can be calculated using Bayes
theorem as follows (Lanza et al., 2013):
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4.2.2 The LTB approach

To overcome the problems of the one-step approach resulting from the normal distribution
assumption for Z, Lanza et al. (2013) proposed an alternative procedure which does not
require making such an assumption. The LTB approach is a two-step procedure, which
proceeds as follows:

Estimate a LC model in which Z is included as a covariate instead of a response variable
(Figure 4.2.1).

Based on the estimates from the first step, calculate the class-specific means for Z (Figure
4.2.2).

In the first step, “covariate” Z is added to the model by extending the basic LC model
described in Equation 4.1 as follows:

P (Yi|Zi) =
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t=1

P (X = t|Zi)
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P (Yik|X = t), (4.4)

where P (X = t|Zi) denotes the probability of belong to class t given the “covariate”
value Zi. This probability is modeled by a multinomial logistic regression equation:

P (X = t|Zi) =
eαt+βtZi

T∑
s=1

eαs+βsZi

, (4.5)

with intercepts αt and slopes βt.
The second step involves computing the class-specific means µt. It should be noted

that these can be obtained as follows:

µt =

∫

Z

Z f(Z|X = t), (4.6)

where f(Z|X = t), the class-specific distribution of Z, can be calculated using Bayes
theorem as follows (Lanza et al., 2013):
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f(Z|X = t) =
f(Z)P (X = t|Z)

P (X = t)
. (4.7)

The quantities P (X = t|Z) and P (X = t) can be obtained from the estimated LC
model, but f(Z) is unknown. Lanza et al. (2013) suggested approximating f(Z) by a
kernel density estimate, and calculate the class-specific mean of Z using this estimate.
However, as suggested by Asparouhov and Muthén (2014), a much simpler solution is to
use the empirical distribution of Z, which involves replacing the integral in Equation 4.6
by a sum over the N sample units and replacing f(Z) in Equation 4.7 by 1

N . This yields:

µt =

N∑
i=1

Zi
P (X = t|Zi)

N P (X = t)
. (4.8)

This is how the LTB method is implemented in Mplus7.1 (Muthén & Muthén, 1998-2012)
and LatentGOLD 5.0 (Vermunt & Magidson, 2013).

Lanza et al. (2013) did not discuss standard error estimation for the µt, implying
that they did not solve the statistical testing problem. However, Asparouhov and Muthén
(2014) suggested estimating these SEs as the square root of the within-class variance
divided by the class-specific sample size; that is, as σ2

t /[N P (X = t)], where

σ2
t =

N∑
i=1

(Zi − µt)
2P (X = t|Zi)

N P (X = t)
. (4.9)

These SE estimates seem to somewhat underestimate the actual variation (Asparouhov
& Muthén, 2014), which is probably caused by the fact that the uncertainty about the
individuals’ class memberships is not accounted for.

The simulation study by Lanza et al. (2013) showed that when generating Z from
normal distribution with different means but equal variances (homoskedastic errors), the
LTB estimates of the class-specific means are unbiased. It should be noted that in this
situation the relationship between Z and X is linear-logistic, which is a well-known result
on the relationship between linear discriminant analysis and logistic regression analysis
(Agresti, 2002, p. 335). In other words, Lanza et al. (2013) looked only at the situation
in which the “covariate” model is correctly specified. However, in other situations the
relationship between Z and X may not be linear-logistic, in which case applying the LTB
method may yield biased estimates of the class-specific means. This occurs, for example,
when Z is normally distributed but with unequal variances across classes (when errors
are heteroskedastic). In our simulation study, we investigate whether violating the linear-
logistic association assumption of the “covariate” part of the LC model leads to biased
estimates of the class-specific means.

A limitation of the LTB approach is that it cannot be used with multiple distal out-
comes. A possible way out is to repeat the LTB analysis for every distal outcome, but in
doing so there is no guarantee that the LC solution will remain the same across analyses.
Moreover, when there are missing values on the Z variables, also the sample may vary
per distal outcome, which may yield additional differences in the definition of the latent
classes. As the one-step approach, the LTB is also affected by the fact that the classes
are partially defined by Z, the outcome variable one wishes to predict.
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4.2.3 The bias-adjusted three-step approaches

We will now discuss the bias-adjusted three-step approaches for dealing with continuous
distal outcomes. These proceeds as follows:

1. Build a standard LC model based on the categorical response variables (Figure
4.3.1).

2. Assign individuals to latent classes (Figure 4.3.2). The assigned class memberships
are denoted by W .

3. Estimate the association between X and Z using the assigned class memberships
W , taking into account that these contain classification errors (Figure 4.3.3).

In the first step, a model is built for response variables Yi using the basic LC model
described in Equation 4.1 and depicted in Figure 4.3.1. In the second step, individuals
are assigned to latent classes based on their posterior class membership probabilities Z
(Figure 4.3.2). These are calculated from the parameters of the step-one model using
Bayes rule:

P (X = t|Yi) =
P (X = t)P (Yi|X = t)

P (Yi)
. (4.10)

Two possible assignment rules are modal and proportional assignment, which in cluster
analysis terminology yield a hard and a soft partitioning, respectively (Dias & Vermunt,
2008). In modal assignment, each individual is assigned to a single class; that is, the
class for which the posterior membership probability is largest. This can be expressed as
follows: P (W = s|Yi) = 1 if P (X = s|Yi) > P (X = t|Yi) for all s �= t and equals
to 0 for the other classes. In proportional assignment, each individual is assigned to each
of the classes with a weight equal to P (W = s|Yi) = P (X = s|Yi). In practice, this
implies that subsequent analyses should be performed using an expanded data with T
records for each unit, with records weights equal to P (W = s|Yi).

Irrespective of the assignment method used, classification errors will be present unless
the classification is perfect (Bolck et al., 2004). By aggregating over the observed data
patterns, the amount of errors can be expressed as the probability of an assigned class
membership s conditional on the true class membership t (Vermunt, 2010; Bakk et al.,
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4.2.3 The bias-adjusted three-step approaches

We will now discuss the bias-adjusted three-step approaches for dealing with continuous
distal outcomes. These proceeds as follows:

1. Build a standard LC model based on the categorical response variables (Figure
4.3.1).

2. Assign individuals to latent classes (Figure 4.3.2). The assigned class memberships
are denoted by W .

3. Estimate the association between X and Z using the assigned class memberships
W , taking into account that these contain classification errors (Figure 4.3.3).

In the first step, a model is built for response variables Yi using the basic LC model
described in Equation 4.1 and depicted in Figure 4.3.1. In the second step, individuals
are assigned to latent classes based on their posterior class membership probabilities Z
(Figure 4.3.2). These are calculated from the parameters of the step-one model using
Bayes rule:

P (X = t|Yi) =
P (X = t)P (Yi|X = t)

P (Yi)
. (4.10)

Two possible assignment rules are modal and proportional assignment, which in cluster
analysis terminology yield a hard and a soft partitioning, respectively (Dias & Vermunt,
2008). In modal assignment, each individual is assigned to a single class; that is, the
class for which the posterior membership probability is largest. This can be expressed as
follows: P (W = s|Yi) = 1 if P (X = s|Yi) > P (X = t|Yi) for all s �= t and equals
to 0 for the other classes. In proportional assignment, each individual is assigned to each
of the classes with a weight equal to P (W = s|Yi) = P (X = s|Yi). In practice, this
implies that subsequent analyses should be performed using an expanded data with T
records for each unit, with records weights equal to P (W = s|Yi).

Irrespective of the assignment method used, classification errors will be present unless
the classification is perfect (Bolck et al., 2004). By aggregating over the observed data
patterns, the amount of errors can be expressed as the probability of an assigned class
membership s conditional on the true class membership t (Vermunt, 2010; Bakk et al.,
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2013),

P (W = s|X = t) =

N∑
i=1

P (X = t|Yi)P (W = s|Yi)

N P (X = t)
. (4.11)

Lastly, in the third step, the class assignments W are used to estimate the relation
between X and Z while correcting for the known classification errors introduced in step
two (Figure 4.3.3). This is achieved using a model of the form (Bakk et al., 2013):

P (W = s, Zi) =

T∑
t=1

P (X = t)f(Zi|X = t)P (W = s|X = t). (4.12)

Note that this is a LC model in which Z andW are used as response variables, and in which
P (W = s|X = t) is fixed. The model described in Equation 4.12 can be either estimated
using maximum likelihood estimation (yielding the ML approach) or using a weighted
analysis as proposed by Bolck, Croon and Hagenaars (yielding the BCH approach) (Bolck
et al., 2004; Vermunt, 2010). These two approaches are presented in more detail in the
following.

The ML approach

The ML approach estimates the LC model defined in Equation 4.12 directly. The P (W =
s|X = t) are fixed to their estimated values from the second step (see Equation 4.11),
while the parameters in the part of interest, f(Zi|X = t), are freely estimated. To be
able to estimate the class-specific means µt, we need to specify the distributional form
of f(Zi|X = t), which for continuous Z is usually defined to be a normal distribution.
The variance of Z can be modeled as either equal or unequal across classes, which we
refer to as the ML(equal) and ML(unequal) approaches. Standard error estimates for the
free parameters are obtained based on the robust estimator, which is especially needed
when proportional assignment is used (Bakk, Oberski, & Vermunt, 2014). Tests for the
equality of means can be performed using Wald tests.

The ML approach yields unbiased estimates of the µt and their standard errors when
normality assumption holds (Bakk et al., 2013, 2014). However, the approach may fail
when this assumption is violated. For example, when Z has a bimodal distribution within
the classes, the step-three LC model may pick up this bi-modality in Z which will fully
distort the original definition of the latent classes (Asparouhov & Muthén, 2014). To
decrease the likelihood of obtaining a completely different LC solution, both in the Mplus
7.1 and the LatentGOLD 5.0 implementation specific starting values are used for the
step-three model.2 In this way, a local maximum of the likelihood is obtained with class
definitions which are closer to those of first-step model than of the global maximum
(Asparouhov & Muthén, 2014).3

2Note that the ML approach is called 3step in Mplus 7.1 and is an option of ’Auxiliary’
3Mplus 7.1 estimates the step-three model using as starting values the estimated class sizes from the

first step, while Latent GOLD 5.0 fixes these values. For the means of Z, Mplus 7.1 uses the unadjusted
class-specific means, while Latent GOLD 5.0 starts using the overall mean and variance of Z for all classes.
Due to this different implementation in some cases different results can be obtained, though this is rare
and occurs mainly in situations where the use of the ML approach is anyway not recommended.

4.2. THE BASIC LC MODEL AND EXTENSIONS 65

The ML approach may also lead to biased estimates for µt if the error variance is
wrongly assumed to be equal across the classes. However, it is less clear how problem-
atic such a misspecification will be. In the simulation study, we investigate the impact of
bimodality and of wrongly assuming homoskedastic variances when they are heteroskedas-
tic.

The BCH approach

While the ML approach estimates the LC model defined in Equation 4.12 directly, the
BCH approach transforms the problem and estimates an ANOVA model with observed
variables only. It “recreates” the true latent classification by weighting W with the inverse
of the classification errors (Bolck et al., 2004, Vermunt, 2010). The resulting model is
estimated using a pseudo maximum likelihood estimation procedure. To account for the
multiple (T ) records per individual and for the weighting, robust standard errors should
be used (Vermunt, 2010, Bakk et al., 2014). The equality of class-specific means is tested
using Wald tests.

An important advantage of the BCH approach compared to the ML approach is that
the class definitions will not change when the distribution of Z is misspecified. The reason
for this is that it involves performing an ANOVA-like analysis with observed variables only
rather than estimating a LC model. Moreover, a positive side effect of using robust
standard errors is that these correct for all kinds of misspecifications, thus also for a
possible misspecification of the distribution of the errors. This means, for example, that
Wald tests for the class-specific means are identical irrespective of whether one assumes
homoskedastic or heteroskedastic errors. So, we can simply assume equal error variances
when using the BCH approach.

A possible problem associated with the BCH approach, which may occur with very low
class separation and small sample sizes, is that the error variance may become negative
in one or more classes when these variances are specified to be unequal across classes.
In these situations, it is recommended not to use the BCH approach with class-specific
variances. A similar problem was reported by Bakk et al. (2013) for nominal outcomes,
where negative cell frequencies could be found. However, negative variances will not
occur when using the BCH method with equal variances, which is therefore the preferred
approach.

The BCH approach is available in Latent GOLD 5.0, with the default specification for
continuous distal outcomes being the one with equal variances. The Mplus 7.1 version
available at the time we performed this research did not implement the BCH approach,
but we were notified that it will become available in a next version.

4.2.4 A comparison of the underlying assumptions

Table 4.1 summarizes the assumptions of the various approaches and the possible conse-
quences of their violations. As can be seen, for certain assumptions it is known that their
violation will have an impact on the estimated class-specific means and/or their SEs. For
example, violation of the normality assumption, such as when class-specific distributions
are bimodal, may bias the results obtained with the ML method (Asparouhov & Muthén,
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2013),

P (W = s|X = t) =

N∑
i=1

P (X = t|Yi)P (W = s|Yi)

N P (X = t)
. (4.11)
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2Note that the ML approach is called 3step in Mplus 7.1 and is an option of ’Auxiliary’
3Mplus 7.1 estimates the step-three model using as starting values the estimated class sizes from the

first step, while Latent GOLD 5.0 fixes these values. For the means of Z, Mplus 7.1 uses the unadjusted
class-specific means, while Latent GOLD 5.0 starts using the overall mean and variance of Z for all classes.
Due to this different implementation in some cases different results can be obtained, though this is rare
and occurs mainly in situations where the use of the ML approach is anyway not recommended.
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using Wald tests.
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in one or more classes when these variances are specified to be unequal across classes.
In these situations, it is recommended not to use the BCH approach with class-specific
variances. A similar problem was reported by Bakk et al. (2013) for nominal outcomes,
where negative cell frequencies could be found. However, negative variances will not
occur when using the BCH method with equal variances, which is therefore the preferred
approach.

The BCH approach is available in Latent GOLD 5.0, with the default specification for
continuous distal outcomes being the one with equal variances. The Mplus 7.1 version
available at the time we performed this research did not implement the BCH approach,
but we were notified that it will become available in a next version.

4.2.4 A comparison of the underlying assumptions

Table 4.1 summarizes the assumptions of the various approaches and the possible conse-
quences of their violations. As can be seen, for certain assumptions it is known that their
violation will have an impact on the estimated class-specific means and/or their SEs. For
example, violation of the normality assumption, such as when class-specific distributions
are bimodal, may bias the results obtained with the ML method (Asparouhov & Muthén,
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Table 4.1: Underlying assumptions of the stepwise LC analysis approaches and hypothe-
sized consequences of their violation

BCH ML(equal) ML(unequal) LTB
Assumptions:
Normal distribution yes yes yes no
Linear-logistic Z-X relationship no no no yes
Equal variances yes yes no yes
No uncertainty in step-one parameters yes yes yes yes
Violation hypothesized to affect:
Normal distribution none means, SEs means, SEs –
Linear-logistic Z-X relationship – – – means
Equal variances none means, SEs – means
No uncertainty in step-one parameters SEs SEs SEs SEs

2014). It is also known that plugging in the parameter values from step one without
accounting for their sampling fluctuation can lead to underestimated SEs when using the
three-step approaches (Bakk et al., 2014). The same seems to apply to the somewhat
ad hoc SE estimates proposed by Asparouhov and Muthén (2014) for the LTB approach.
However, the extent of these effects have not systematically been investigated so far.
Moreover, for some of the assumptions it is unknown whether their violation will cause
bias. For instance, we do not know how strongly the LTB method is affected by a possible
logistic non-linearity of the true Z-X association.

4.3 Simulation study

The goal of the simulation study is to compare the different stepwise LC methods for
dealing with continuous distal outcomes with regard to their robustness against viola-
tions of underlying assumptions. We will focus on the assumptions summarized in Table
4.1. More specifically, we generated data under different degrees of bimodality and het-
eroskedasticity. Bimodality violates the assumption of normality made by the BCH and
the two ML approaches. Heteroskedasticity violates the assumption of equal variances of
the ML(equal) approach and the assumption of logistic linearity of the LTB method. We
not only investigate bias, but also the quality of the SE estimates provided by the various
stepwise methods. The results of two studies are presented, in the first study we focus
solely on bias, whereas in the second study the consequences of sampling fluctuation are
also considered.

4.3.1 Study 1

In Study 1, we investigated the bias in the estimated class-specific means of the distal
outcome for each of the stepwise methods. The population model was a 2-class model
for 6 dichotomous response variables. Class sizes were set to be equal. The class-specific
probability of a positive answer was set to .80 in class 1 for all indicators, and to .20 in
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class 2, corresponding to an entropy-based R2 value of .82 4. Both modal and proportional
assignment were used when applying the three-step approaches.

Furthermore, we manipulated the degree of heteroskedasticity and bimodality in the
class-specific distribution of Z. We defined four conditions with gradually increasing
degrees of heteroskedasticity. We set the variance in class 1 equal to 1, and in class 2
equal to 1, 4, 9, and 25, respectively, thus going from equal to highly unequal variances.
In addition, we defined three conditions with gradually increasing degrees of bimodality.
In class 1, Z was assumed to come from the mixture of normal distributions of the form
0.75N(−2, τ2) + 0.25N(2, τ2), thus having a class-specific mean of -1. In class 2, Z
followed the mixture distribution 0.75N(2, τ2) + 0.25N(−2, τ2), thus having a class-
specific mean of 1. The degree of bimodality was manipulated by setting the variance σ2

to either 0.01, 0.50, or 1, which affects the overlap between the mixing distributions. In
this way, conditions were created without any overlap at all and thus extreme bimodality
(τ2 = 0.01), some overlap and thus moderate bimodality (τ2 = 0.50), and large overlap
and thus nonextreme bimodality (τ2 = 1).

In all investigated conditions, we generated a single data set with 1,000,000 observa-
tions. For each condition and each estimator, we determined the bias in the difference in
means between the two classes (the true difference is 2). The ML estimator was applied
with equal and unequal variances, and for both of these methods we used versions with
random and with predefined starting values. Because results were very similar for modal
and proportional assignment, we report only the results obtained with modal assignment.

Table 4.2 summarizes the results for the four heteroskedasticity conditions. As can
be seen in the first row, when the variances are equal between the two classes, all the
methods perform well. This result is similar to what was found in previous simulation
studies (Bakk et al., 2013; Lanza et al., 2013; Asparouhov & Muthén, 2014). However,
as the degrees of heteroskedasticity increases (variance in class 2 increases), the ML(equal)
estimate becomes more strongly biased. The ML approach with random starting values
shows larger bias than its counterpart with predefined starting values. At the same time,
the BCH and the ML(unequal) approaches obtain unbiased estimates in all conditions.
The estimates obtained with the LTB approach have a small bias when the variances are
unequal, which shows that the method is indeed affected by the relationship between Z
and X being nonlinear on the logit scale.

Table 4.3 summarizes the conditions where Z has a bimodal within-class distribution.
In all three conditions, the BCH and LTB methods obtain the correct class-specific means.
In contrast, the ML approaches are highly sensitive to bimodality. When the bimodality
becomes more extreme, the bias of the ML estimates increases. The ML approaches with
prespecified starting values show somewhat smaller bias than their counterparts with the
random starting values.

In summary, the LTB and the ML(equal) approaches yielded biased estimates when
variances are unequal between classes. Moreover, both ML approaches were sensitive
for bimodality. The ML approaches with predefined starting values (as implemented
as default setting in Mplus 7.1 and LatentGOLD 5.0) performed somewhat better than

4Note that in both the data generating and step-one models (for the three-step methods) the response
probabilities were constrained across the items to be equal, however conclusions remain unchanged with
the unconstrained model. The same constraint was active in Study 2 as well
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not only investigate bias, but also the quality of the SE estimates provided by the various
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class 2, corresponding to an entropy-based R2 value of .82 4. Both modal and proportional
assignment were used when applying the three-step approaches.
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class-specific distribution of Z. We defined four conditions with gradually increasing
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tions. For each condition and each estimator, we determined the bias in the difference in
means between the two classes (the true difference is 2). The ML estimator was applied
with equal and unequal variances, and for both of these methods we used versions with
random and with predefined starting values. Because results were very similar for modal
and proportional assignment, we report only the results obtained with modal assignment.

Table 4.2 summarizes the results for the four heteroskedasticity conditions. As can
be seen in the first row, when the variances are equal between the two classes, all the
methods perform well. This result is similar to what was found in previous simulation
studies (Bakk et al., 2013; Lanza et al., 2013; Asparouhov & Muthén, 2014). However,
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estimate becomes more strongly biased. The ML approach with random starting values
shows larger bias than its counterpart with predefined starting values. At the same time,
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The estimates obtained with the LTB approach have a small bias when the variances are
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In all three conditions, the BCH and LTB methods obtain the correct class-specific means.
In contrast, the ML approaches are highly sensitive to bimodality. When the bimodality
becomes more extreme, the bias of the ML estimates increases. The ML approaches with
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Table 4.2: Absolute bias in the estimated difference of means obtained with the stepwise
LC methods for varying degrees of heteroskedasticity using modal assignment in Study 1

ML(equal, ML(unequal, ML(equal, ML(unequal,
Heteroskedasticity BCH nonrandom) nonrandom) random) random) LTB
none 0.00 0.00 0.00 0.00 0.00 0.00
low 0.00 0.15 0.00 0.19 0.00 0.04
medium 0.01 0.05 0.01 0.06 0.01 0.04
high 0.00 0.10 0.00 0.11 0.00 0.03

Table 4.3: Absolute bias in the estimated difference of means obtained with the stepwise
LC methods for varying degrees of bimodality using modal assignment in Study 1

ML(equal, ML(unequal, ML(equal, ML(unequal,
Bimodality BCH nonrandom) nonrandom) random) random) LTB
low 0.00 0.11 0.11 0.11 0.11 0.01
medium 0.00 0.12 0.12 0.12 0.12 0.01
high 0.01 0.21 0.21 2.00 2.00 0.01

their counterparts with random starting values. The BCH approach performed well in all
conditions.

4.3.2 Study 2

In the following, we compare the different methods using a larger and more realistic LC
model and, moreover, accounting for sampling fluctuation. Given that the ML methods
with random starting values proved to be more biased than their counterparts that use
predefined starting values, we restrict ourselves to the later implementation.

Data was generated from a 4-class model with 8 dichotomous indicators, with param-
eter values based on the application to psychological contract types described by Bakk et
al. (2013). The class sizes were set to .50, .30, .10, and .10, similarly to this real data ex-
ample used as starting point. In class 1, all indicators have a high probability of a positive
answer, while in class 2 the first 4 indicators have a high probability of a positive answer,
and the last 4 of a negative answer. At the same time, in class 3 the first 4 indicators

Table 4.4: Bias and coverage rate for one class-specific mean for different degrees of
heteroskedasticity and bimodality

BCH ML LTB BCH ML LTB

heteroskedsticity: None High

Bias 0.00 0.00 0.00 -0.01 -0.24 -0.50
Coverage 0.94 0.93 0.88 0.96 0.86 0.64

bimodality: Low High

Bias 0.00 -0.05 -0.02 0.00 -0.50 -0.01
Coverage 0.94 0.87 0.84 0.93 0.01 0.84
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have a low probability of a positive answer, while the last 4 have a high probability of a
positive answer, and in class 4 all indicators have a low probability of a positive answer.
We manipulated the class separation by setting the probability of a positive answer to .80
(.20) or .90 (.10), which yields a moderate and a high separation condition.

The class-specific means of the distal outcome were set to -1, -0.5, 0.5, and 1, respec-
tively. Similarly to Study 1, we looked into two types of situations: unequal class-specific
variances of Z (heteroskedasticity) and bimodal class-specific distributions of Z. More
specifically, the conditions with heteroskedasticity were created by setting the variance
of Z to 1, 4, 9, and 25 in class 2 and 3, while keeping it equal to 1 in class 1 and
4. The bimodal conditions were defined such that class 2 and 3 have bimodal distri-
butions, while class 1 and 4 have unimodal distributions. The bimodality was again
obtained by using the mixture distribution: 0.75N(−1, τ2) + 0.25N(1, τ2) in class 2 and
0.75N(1, τ2)+0.25N(−1, τ2) in class 3. We manipulated the extremeness of the bimodal
distributions by setting τ2 equal to 1, 0.5, and 0.01.

Three sample size conditions were investigated: 500, 1000, 2000. For all conditions,
500 replications were used. The bias in class-specific means and the coverage rate based
on the SE estimates was investigated for the LTB, BCH, ML(equal), and ML(unequal)
approach, where by coverage we mean the proportion of the time that the interval contains
the true value of interest. We consider an estimator to perform well if it has a bias close
to 0 and a coverage rate close to .95.

Results under heteroskedasticity

Table 4.5 shows the results averaged across separation level and sample size conditions
for all levels of heteroskedasticity. Note that the 4 different levels of heteroskedasticity
(none, small, medium, and large) correspond with a variance of 1, 4, 9, and 25 in class 2
and 3. Similarly to Study 1, the estimates obtained with the BCH approach are unbiased
in all conditions. Moreover, coverage rates are between .93 and .95, thus slightly too low
in some conditions. Also the ML approaches yield results comparable to Study 1. That
is, in all conditions the estimates obtained with the ML(unequal) approach are unbiased.
Coverage rates are between .93 and .95. With ML(equal) the estimates are highly biased.

At the same time, the LTB estimates are increasingly biased as the degree of het-
eroskedasticity increases. While the first class is hardly biased, the other classes are
strongly affected, especially class 2. The coverage rates obtained with LTB are too low
even in the none heteroskedastic condition (between .86 and .91), although the estimated
class-specific means are unbiased. This shows that the undercoverage is the result of an
underestimation of the SEs.

Table 4.6 presents the bias and coverage rate for the mean of class 2, but now sepa-
rately for each separation level and sample size condition. We chose to give the detailed
results only for the mean of class 2 because this parameter showed the largest bias. For
all methods at hand, it can be seen that as uncertainty increases (smaller sample size
and lower separation) the bias increases and the coverage rate decreases. Only the BCH
approach obtains almost unbiased estimates and good coverage rates in all conditions.
However, even this method obtains a somewhat too low coverage rate with low separation
and small sample size (between .91 and .93), thus showing that the SEs are somewhat
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their counterparts with random starting values. The BCH approach performed well in all
conditions.

4.3.2 Study 2

In the following, we compare the different methods using a larger and more realistic LC
model and, moreover, accounting for sampling fluctuation. Given that the ML methods
with random starting values proved to be more biased than their counterparts that use
predefined starting values, we restrict ourselves to the later implementation.

Data was generated from a 4-class model with 8 dichotomous indicators, with param-
eter values based on the application to psychological contract types described by Bakk et
al. (2013). The class sizes were set to .50, .30, .10, and .10, similarly to this real data ex-
ample used as starting point. In class 1, all indicators have a high probability of a positive
answer, while in class 2 the first 4 indicators have a high probability of a positive answer,
and the last 4 of a negative answer. At the same time, in class 3 the first 4 indicators
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have a low probability of a positive answer, while the last 4 have a high probability of a
positive answer, and in class 4 all indicators have a low probability of a positive answer.
We manipulated the class separation by setting the probability of a positive answer to .80
(.20) or .90 (.10), which yields a moderate and a high separation condition.

The class-specific means of the distal outcome were set to -1, -0.5, 0.5, and 1, respec-
tively. Similarly to Study 1, we looked into two types of situations: unequal class-specific
variances of Z (heteroskedasticity) and bimodal class-specific distributions of Z. More
specifically, the conditions with heteroskedasticity were created by setting the variance
of Z to 1, 4, 9, and 25 in class 2 and 3, while keeping it equal to 1 in class 1 and
4. The bimodal conditions were defined such that class 2 and 3 have bimodal distri-
butions, while class 1 and 4 have unimodal distributions. The bimodality was again
obtained by using the mixture distribution: 0.75N(−1, τ2) + 0.25N(1, τ2) in class 2 and
0.75N(1, τ2)+0.25N(−1, τ2) in class 3. We manipulated the extremeness of the bimodal
distributions by setting τ2 equal to 1, 0.5, and 0.01.

Three sample size conditions were investigated: 500, 1000, 2000. For all conditions,
500 replications were used. The bias in class-specific means and the coverage rate based
on the SE estimates was investigated for the LTB, BCH, ML(equal), and ML(unequal)
approach, where by coverage we mean the proportion of the time that the interval contains
the true value of interest. We consider an estimator to perform well if it has a bias close
to 0 and a coverage rate close to .95.

Results under heteroskedasticity

Table 4.5 shows the results averaged across separation level and sample size conditions
for all levels of heteroskedasticity. Note that the 4 different levels of heteroskedasticity
(none, small, medium, and large) correspond with a variance of 1, 4, 9, and 25 in class 2
and 3. Similarly to Study 1, the estimates obtained with the BCH approach are unbiased
in all conditions. Moreover, coverage rates are between .93 and .95, thus slightly too low
in some conditions. Also the ML approaches yield results comparable to Study 1. That
is, in all conditions the estimates obtained with the ML(unequal) approach are unbiased.
Coverage rates are between .93 and .95. With ML(equal) the estimates are highly biased.

At the same time, the LTB estimates are increasingly biased as the degree of het-
eroskedasticity increases. While the first class is hardly biased, the other classes are
strongly affected, especially class 2. The coverage rates obtained with LTB are too low
even in the none heteroskedastic condition (between .86 and .91), although the estimated
class-specific means are unbiased. This shows that the undercoverage is the result of an
underestimation of the SEs.

Table 4.6 presents the bias and coverage rate for the mean of class 2, but now sepa-
rately for each separation level and sample size condition. We chose to give the detailed
results only for the mean of class 2 because this parameter showed the largest bias. For
all methods at hand, it can be seen that as uncertainty increases (smaller sample size
and lower separation) the bias increases and the coverage rate decreases. Only the BCH
approach obtains almost unbiased estimates and good coverage rates in all conditions.
However, even this method obtains a somewhat too low coverage rate with low separation
and small sample size (between .91 and .93), thus showing that the SEs are somewhat
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Table 4.5: Bias and coverage rate for class-specific means averaged across separation level
and sample size conditions for different degrees of heteroskedasticity. Study 2

Bias Coverage
Method Heter. X = 1 X = 2 X = 3 X = 4 X = 1 X = 2 X = 3 X = 4
BCH none 0.00 0.00 0.01 -0.01 .94 .94 .94 .93

low 0.00 0.00 0.01 0.01 .94 .94 .94 .94
medium 0.00 0.00 0.00 0.00 .94 .94 .95 .94
high 0.00 -0.01 0.01 0.00 .94 .96 .94 .94

ML(eq.) none 0.00 0.00 0.00 -0.01 .94 .93 .93 .93
low 0.01 -0.10 0.01 0.17 .94 .84 .91 .77
medium 0.02 -0.18 -0.05 0.36 .93 .81 .90 .70
high 0.03 -0.24 -0.12 0.53 .93 .86 .89 .77

ML(uneq.) none 0.00 0.00 0.00 -0.01 .94 .93 .92 .93
low 0.00 0.00 0.00 -0.01 .94 .94 .93 .94
medium 0.00 0.00 0.00 0.00 .95 .94 .94 .94
high 0.00 -0.01 -0.01 0.00 .94 .95 .94 .95

LTB none 0.00 0.00 0.00 0.00 .91 .88 .86 .86
low 0.00 -0.18 0.11 0.00 .97 .65 .71 .94
medium -0.02 -0.48 0.22 0.12 .94 .58 .64 .83
high -0.03 -0.50 0.21 0.29 .91 .64 .64 .86

Note. heter=heteroskedasticity, eq= equal

underestimated in these situations.
It can be seen that the LTB method is very sensitive to the stability of the step-one

model: in the low separation conditions the bias is extremely large, while in the high
separation conditions the bias is negligible. The coverage rates with the LTB approach
are clearly too low (between .87 and .94), even in the conditions with equal variances,
which shows that the SEs are underestimated. At the same time, the ML methods are
less affected by the class separation. If the variance of Z is correctly specified, the ML
estimates are unbiased in all conditions, obtaining a coverage rate between .92 and .94
(thus having a minor undercoverage). However, if the variances are wrongly assumed to
be equal, the bias is always large.

Results with bimodality

The results for the three bimodality conditions which are presented in Table 4.7. These
are again averages across sample size and separation level conditions. The BCH estimates
are unbiased in all conditions and their coverage rates are between .90 and .94, with lowest
coverage rates occurring in the most extreme bimodality condition.

At the same time, the ML(equal) approach fails when the bimodality is the most
extreme, but as the bimodality becomes less extreme the bias decreases. The bias in
the ML(unequal) estimates is lower than in those of ML(equal). However, even the
ML(unequal) estimates are much worse than the LTB and BCH estimates. Both ML
approaches show much too low coverage rates, but these are in fact uninformative given
that these estimates are biased anyhow. Furthermore, the LTB approach yields estimates
with very small bias, however, the coverage rate is again too low (.77 at its worst),
especially in class 2 and 3 which have a bimodally distributed Z.
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Table 4.5: Bias and coverage rate for class-specific means averaged across separation level
and sample size conditions for different degrees of heteroskedasticity. Study 2

Bias Coverage
Method Heter. X = 1 X = 2 X = 3 X = 4 X = 1 X = 2 X = 3 X = 4
BCH none 0.00 0.00 0.01 -0.01 .94 .94 .94 .93

low 0.00 0.00 0.01 0.01 .94 .94 .94 .94
medium 0.00 0.00 0.00 0.00 .94 .94 .95 .94
high 0.00 -0.01 0.01 0.00 .94 .96 .94 .94

ML(eq.) none 0.00 0.00 0.00 -0.01 .94 .93 .93 .93
low 0.01 -0.10 0.01 0.17 .94 .84 .91 .77
medium 0.02 -0.18 -0.05 0.36 .93 .81 .90 .70
high 0.03 -0.24 -0.12 0.53 .93 .86 .89 .77

ML(uneq.) none 0.00 0.00 0.00 -0.01 .94 .93 .92 .93
low 0.00 0.00 0.00 -0.01 .94 .94 .93 .94
medium 0.00 0.00 0.00 0.00 .95 .94 .94 .94
high 0.00 -0.01 -0.01 0.00 .94 .95 .94 .95

LTB none 0.00 0.00 0.00 0.00 .91 .88 .86 .86
low 0.00 -0.18 0.11 0.00 .97 .65 .71 .94
medium -0.02 -0.48 0.22 0.12 .94 .58 .64 .83
high -0.03 -0.50 0.21 0.29 .91 .64 .64 .86

Note. heter=heteroskedasticity, eq= equal

underestimated in these situations.
It can be seen that the LTB method is very sensitive to the stability of the step-one

model: in the low separation conditions the bias is extremely large, while in the high
separation conditions the bias is negligible. The coverage rates with the LTB approach
are clearly too low (between .87 and .94), even in the conditions with equal variances,
which shows that the SEs are underestimated. At the same time, the ML methods are
less affected by the class separation. If the variance of Z is correctly specified, the ML
estimates are unbiased in all conditions, obtaining a coverage rate between .92 and .94
(thus having a minor undercoverage). However, if the variances are wrongly assumed to
be equal, the bias is always large.

Results with bimodality

The results for the three bimodality conditions which are presented in Table 4.7. These
are again averages across sample size and separation level conditions. The BCH estimates
are unbiased in all conditions and their coverage rates are between .90 and .94, with lowest
coverage rates occurring in the most extreme bimodality condition.

At the same time, the ML(equal) approach fails when the bimodality is the most
extreme, but as the bimodality becomes less extreme the bias decreases. The bias in
the ML(unequal) estimates is lower than in those of ML(equal). However, even the
ML(unequal) estimates are much worse than the LTB and BCH estimates. Both ML
approaches show much too low coverage rates, but these are in fact uninformative given
that these estimates are biased anyhow. Furthermore, the LTB approach yields estimates
with very small bias, however, the coverage rate is again too low (.77 at its worst),
especially in class 2 and 3 which have a bimodally distributed Z.
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Table 4.7: Bias and coverage rate for the class-specific means averaged across separation
level and sample size conditions for different degrees of bimodality. Study 2

Bias Coverage
Method Bimodality X = 1 X = 2 X = 3 X = 4 X = 1 X = 2 X = 3 X = 4
BCH low 0.00 0.00 0.01 -0.01 .93 .94 .93 .93

medium 0.00 0.00 0.00 -0.01 .93 .94 .93 .93
high 0.00 0.00 0.01 0.00 .90 .93 .93 .92

ML(eq.) low 0.00 -0.05 0.04 0.07 .94 .87 .90 .88
medium 0.00 -0.13 0.16 0.10 .93 .62 .69 .68
high 0.00 -0.50 0.49 0.00 .95 .01 .01 .95

ML(un.) low -0.01 0.00 0.02 0.01 .93 .94 .91 .93
medium -0.02 -0.02 0.05 0.04 .90 .92 .87 .87
high 0.00 -0.17 0.26 0.01 .93 .65 .47 .90

LTB low 0.00 -0.02 0.03 -0.01 .94 .84 .84 .94
medium 0.01 -0.03 0.04 -0.02 .96 .77 .81 .95
high 0.01 -0.01 0.03 -0.03 .95 .84 .82 .94

Table 4.8 presents the results for the mean in class 2, but now separately per sample
size and separation condition. The BCH approach is unbiased. In the low separation
conditions, it has a coverage rate between .89 and .93. However in the high separation
condition the coverage rate is better.

The ML methods fail with the most extreme bimodality, which is also what we saw
in Study 1. As the bimodality becomes less extreme, the estimates obtained using
ML(unequal) become less biased. This tendency depends solely on the amount of bi-
modality and not on separation level or sample size. At the same time, using the LTB
method, the bias is small in all conditions. However, in the low separation conditions, the
coverage rate is too low irrespective of the sample size.

To conclude the ML approaches fail when Z has a bimodal distribution within classes.
At the same time, in the heteroskedastic variance conditions, estimated class-specific
means obtained with the ML approach are unbiased if the variance is modeled correctly.
This shows that the ML methods are very sensitive to misspecification when dealing
with continuous distal outcomes. The LTB approach turns out to yield biased estimates
when the underlying assumption of logistic linearity is violated. In all conditions, the
method that obtained the least biased estimates was the BCH approach. All investigated
approaches yield too low coverage rates in the higher uncertainty conditions; that is, when
class separation is lower and sample size is smaller.

4.4 Empirical example

To illustrate the stepwise LC modeling approaches we use a data set on juvenile offenders’
recidivism from the Dutch Ministry of Justice, which was analyzed earlier by Mulder et
al. (2012) using unadjusted three-step LC analysis. Though these authors were aware of
the fact that this approach may yield biased estimates, for them it was the only way to
proceed given the large number (70) of distal outcomes, which cannot be dealt with using
a one-step approach (Mulder et al., 2012), and given that bias-adjusted approaches were
not available at that time.
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Table 4.7: Bias and coverage rate for the class-specific means averaged across separation
level and sample size conditions for different degrees of bimodality. Study 2

Bias Coverage
Method Bimodality X = 1 X = 2 X = 3 X = 4 X = 1 X = 2 X = 3 X = 4
BCH low 0.00 0.00 0.01 -0.01 .93 .94 .93 .93

medium 0.00 0.00 0.00 -0.01 .93 .94 .93 .93
high 0.00 0.00 0.01 0.00 .90 .93 .93 .92

ML(eq.) low 0.00 -0.05 0.04 0.07 .94 .87 .90 .88
medium 0.00 -0.13 0.16 0.10 .93 .62 .69 .68
high 0.00 -0.50 0.49 0.00 .95 .01 .01 .95

ML(un.) low -0.01 0.00 0.02 0.01 .93 .94 .91 .93
medium -0.02 -0.02 0.05 0.04 .90 .92 .87 .87
high 0.00 -0.17 0.26 0.01 .93 .65 .47 .90

LTB low 0.00 -0.02 0.03 -0.01 .94 .84 .84 .94
medium 0.01 -0.03 0.04 -0.02 .96 .77 .81 .95
high 0.01 -0.01 0.03 -0.03 .95 .84 .82 .94

Table 4.8 presents the results for the mean in class 2, but now separately per sample
size and separation condition. The BCH approach is unbiased. In the low separation
conditions, it has a coverage rate between .89 and .93. However in the high separation
condition the coverage rate is better.

The ML methods fail with the most extreme bimodality, which is also what we saw
in Study 1. As the bimodality becomes less extreme, the estimates obtained using
ML(unequal) become less biased. This tendency depends solely on the amount of bi-
modality and not on separation level or sample size. At the same time, using the LTB
method, the bias is small in all conditions. However, in the low separation conditions, the
coverage rate is too low irrespective of the sample size.

To conclude the ML approaches fail when Z has a bimodal distribution within classes.
At the same time, in the heteroskedastic variance conditions, estimated class-specific
means obtained with the ML approach are unbiased if the variance is modeled correctly.
This shows that the ML methods are very sensitive to misspecification when dealing
with continuous distal outcomes. The LTB approach turns out to yield biased estimates
when the underlying assumption of logistic linearity is violated. In all conditions, the
method that obtained the least biased estimates was the BCH approach. All investigated
approaches yield too low coverage rates in the higher uncertainty conditions; that is, when
class separation is lower and sample size is smaller.

4.4 Empirical example

To illustrate the stepwise LC modeling approaches we use a data set on juvenile offenders’
recidivism from the Dutch Ministry of Justice, which was analyzed earlier by Mulder et
al. (2012) using unadjusted three-step LC analysis. Though these authors were aware of
the fact that this approach may yield biased estimates, for them it was the only way to
proceed given the large number (70) of distal outcomes, which cannot be dealt with using
a one-step approach (Mulder et al., 2012), and given that bias-adjusted approaches were
not available at that time.
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Table 4.9: Profile of latent classes of juvenile offenders
Violent property Property Serious violent Sexual

Class proportion .46 .29 .15 .10
Number of offences

low .00 .32 .73 .80
medium .30 .45 .27 .18

high .70 .24 .00 .02
Misdemeanour .56 .08 .20 .05
Drugs .06 .03 .05 .00
Vandalism .00 .00 .00 .00
Property .99 1.0 .28 .17
Moderate violent .91 .36 .74 .15
Violent property .63 .82 .18 .01
Serious violent .41 .05 .24 .00
Sexual same age .14 .04 .11 .63
Pedosexual .04 .00 .00 .61
Manslaughter .08 .03 .43 .06
Arson .05 .00 .10 .00
Murder .01 .01 .18 .03

Table 4.10: Mean (and SE) of frequency and severity of recidivism for the four offender
classes obtained with five stepwise LC approaches

Violent property Property Serious violent Sexual

Frequency of recidivism
Unadjusted 9.85(.62) 6.08(.53) 3.33(.58) 2.78(.54)
BCH 10.46(.72) 5.73(.65) 3.03(.65) 2.74(.57)
ML(equal) 10.39(.65) 5.69(.48) 3.31(.49) 2.83(.51)
ML(unequal) 12.72(.76) 3.50(.51) 1.31(.47) 3.07(.61)
LTB 10.15(.66) 5.92(.50) 3.27(.40) 2.81(.43)
Severity of recidivism
Unadjusted 5.60(.17) 4.80(.22) 3.75(.33) 2.13(.34)
BCH 5.73(.20) 4.77(.26) 3.75(.38) 2.02(.36)
ML(equal) 5.74(.20) 4.76(.27) 3.72(.39) 2.03(.35)
ML(unequal) 5.73(.20) 4.76(.27) 3.83(.40) 1.89(.50)
LTB 5.69(.17) 4.79(.22) 3.76(.30) 1.98(.31)

4.4. EMPIRICAL EXAMPLE 75

As Mulder et al. (2012), we built a LC model using 13 categorical indicators, represent-
ing the offense frequency prior to conviction (grouped into three categories: low, average,
and high) and 12 types of offenses (yes/no). The model selected based on the BIC is
the 4-class model (BIC = -3769), which turns out to be a rather strong clustering model
in terms of class separation (Entropy-based R2=.75). The four groups are, as shown in
Table 4.9, the violent property offenders (being differentiated from the other groups by
high scores on the property offenses and misdemeanor, and a high number of offenses),
the property offenders (similar to first group, but lower offense rates), the serious violent
offenders (with high scores on manslaughter and murder) and the sexual offenders (with
high scores on sexual offenses with same age victims and pedophilic offenses).

While Mulder et al. (2012) built the step-one model using the full sample of 1082
respondents, we used a subsample of 728 respondents. This is the subsample for which
recidivism information is available; that is, meeting the requirement of having been re-
leased to the community for a minimum of 2 years at the time of the data collection.
We used this subsample instead of the full sample because the LTB approach requires
that the distal outcomes are observed for all units. For comparability of results, the same
sample was used for the three-step approaches as well, though for these approaches it is
no problem to base the third step analysis on subsample of the sample used to build the
LC model.5

We computed the class-specific means and their SEs of two distal outcome variables,
the frequency and severity of recidivism, using the stepwise LC methods (see Table 4.10).
The overall Wald test indicates that there is a significant difference between the class-
specific means of the frequency of recidivism with all methods at hand. It can be seen,
that as a result of the attenuation effect, the differences between the classes are some-
what smaller for the unadjusted 3-step approach. Irrespective of the method used, violent
property offenders have the highest recidivism frequency, followed by the property offend-
ers. All methods except ML(unequal) obtain a somewhat higher class-specific mean for
the serious violent offenders than for sexual offenders, while this later method reverses
the order of these two groups. This may be the result of the fact that ML(unequal) is
more strongly affected by arbitrary deviations from within-class normality. The estimated
class-specific means are similar for BCH and ML(equal), but somewhat different from LTB
estimates. This may indicate that the linear-logistic assumption is violated to a certain
extent. Note also that the SEs obtained with the LTB approach are smaller than those of
the bias-adjusted three-step methods and sometimes even smaller than those of the unad-
justed three-step analysis. This confirms that the LTB SEs are probably underestimating
the actual sampling variability in the reported class-specific means.

Also for severity of recidivism, the overall Wald test shows a significant difference in
means across classes for all methods at hand. Moreover, again the differences between the
classes are somewhat smaller for the unadjusted 3-step approach. The severity is highest
among violent property offenders, followed by property offenders, violent offenders, and
sexual offenders. Note that all adjusted methods give almost the same class-specific
means, showing that assumption violations are not a problem here. SE estimates are
again probably too low for the LTB approach.

5The model parameters obtained with 1082 observation are very similar, which probably the result of
the measurement model being strong.
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4.5 Conclusions and discussion

We investigated the robustness of four stepwise LC analysis methods for studying the re-
lationship between class membership and continuous distal outcomes. The BCH method,
the ML method with equal variances, and the ML method with unequal variances are
bias adjusted three-step approaches, which assume that the distal outcome is normally
distributed, whereas ML(equal) also assumes homoskedasticity. The LTB method, which
obtains the class-specific means of the distal outcome by estimating a LC model in which
the distal outcome is treated as a covariate, assumes that the relationship between the
distal outcome and class membership is linear on a logistic scale.

In a simulation study we investigated the performance of the stepwise methods under
different degrees of heteroskedasticity and bimodality of the class-specific distributions
of the distal outcome. Bimodality is a violation of the assumption of normality needed
for the BCH and ML approaches; heteroskedasticity violates the assumption of logistic
linearity of the LTB approach, and the assumption of homoskedasticity of the ML approach
with equal variances. The simulation results revealed that the BCH method is the most
robust approach: it yielded unbiased estimates under all investigated conditions. This is
most probably the result of the fact that it involves performing a weighted ANOVA, a
method that is known to be robust against violations of assumptions. The other methods
are sensitive to the violations considered. The ML approach fails to different degrees
in all the situations investigated. When the variance is heteroskedastic, modeling it as
equal between the classes produces a bias in the class-specific means. However, if the
heteroskedasticity is correctly modeled, the ML method works fine. The ML approach
cannot handle bimodal class-specific distributions of the outcome variable and probably
any other departure from normality as well.6 The LTB approach yields biased estimates
of the class-specific means when the errors are heteroskedastic, and shows a small bias
with certain conditions of bimodality.

All four methods yielded coverage rates lower than the nominal .95 rate when the sep-
aration between classes is low and the sample size is small. For the three-step approaches,
the too low coverage rate is caused by ignoring the uncertainty about the fixed parameter
estimates from step one (Bakk et al., 2014). However, by taking this uncertainty into ac-
count, coverage rates close to the nominal .95 level can be obtained, as shown by Bakk et
al. (2014) for the ML approach. For the LTB approach a somewhat ad hoc SE estimator
was used, which turned out to yield a too low coverage in all investigated conditions, the
undercoverage increases when the uncertainty about the step-one parameters and about
the class memberships increases.

Because it performed very well in all investigated conditions, we recommend using the
BCH approach for stepwise LC modeling with continuous distal outcomes. The use of
the ML methods with continuous distal outcomes is recommended only with precaution
due to its sensitivity to assumption violations. We also recommend caution with the LTB
method, both due to the bias that can occur with heteroskedastic errors and due to the
undercoverage resulting from the current SE estimates. The application to the juvenile
recidivism data showed that results may indeed differ depending on the method that is

6Note that Mplus gives a warning when the definition of the classes changes due to deviations from
normality. When this problem occurs, the BCH approach should clearly be preferred.
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used. It seems to be safest to rely on the results obtained with the very robust BCH
approach.

While in this paper we focused on the performance of stepwise LC analysis approaches
for the simple case in which one studies the relationship between class membership and
a single continuous distal outcome, it should be mentioned that these approaches can
also be used in much more general situations. The ML and BCH three-step approaches
are very flexible, and can, for instance, also be applied with covariates (Vermunt, 2010),
with multiple latent variables (Bakk et al., 2013), with continuous indicators (Gudicha
& Vermunt, 2011), with latent Markov models (Vermunt & Magidson, 2013), and with
multilevel models (Bennink, Croon, & Vermunt, 2014), as well as with models combining
these features, for example, a regression model for a continuous distal outcome in which
not only the LC variable but also other predictors are included, or a structural equation
model in which the LC variable is predicted by other variables and is itself a predictor of one
or more distal outcomes. While all these possibilities exist and are available in software,
there is a need for further research into the performance of the stepwise approaches in
these more complex setups. For example, in models in which variance estimates are of
interest, one should investigate the effect of the negative weighting used in BCH on the
parameter estimates. It should be stressed that the LTB approach is more limited in the
sense that it can only be used for the situation in which there is a single distal outcome,
the situation investigated in this article. It should, however, be mentioned, that it can
also be used with distal outcomes which are not continuous (Lanza et al., 2013). When
used with categorical outcomes, the problems reported here do not occur and the LTB
approach can be used without any concern.

Future research may focus on improving the recently proposed LTB method in var-
ious ways. First, it seems to be possible to prevent the encountered bias by expanding
the logistic part of the model with quadratic and higher-order terms. Moreover, the un-
dercoverage problem may be resolved by using better SE estimates, for instance, SEs
obtained by bootstrapping. It may also be useful to transform the LTB approach into
true stepwise approach, in which as in the three-step approaches the estimation of the
LC model and the investigation of the association between classes and distal outcomes
are fully separated. This would prevent the need to reestimate the original LC model for
each distal outcome. Moreover, it would also make it possible to base the distal outcome
analysis on a subsample, as was actually needed in our real data example, or even on a
fully different sample, as would be the case when the classification information is obtained
from an earlier study.

Another area that needs further attention are the somewhat underestimated BCH
standard errors in the conditions with small sample size and low class separation. The SE
estimates could be corrected for by accounting for the uncertainty in the BCH weights
which are computed using the step-one parameter estimates, similarly to the correction
proposed for the ML approach by Bakk et al. (2014). Another possible solution could be
to switch to bootstrap SEs in these conditions. It should then be investigated whether
bootstrapping in step three only suffices, or whether it is needed in step one as well.

A limitation of our study is that we focused on problems associated with heteroskedas-
ticity and bimodality. It is recommended for future research to analyze whether other types
of violations of normality, such as skewness, excess kurtosis, and outliers, are problem-
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6Note that Mplus gives a warning when the definition of the classes changes due to deviations from
normality. When this problem occurs, the BCH approach should clearly be preferred.
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used. It seems to be safest to rely on the results obtained with the very robust BCH
approach.

While in this paper we focused on the performance of stepwise LC analysis approaches
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a single continuous distal outcome, it should be mentioned that these approaches can
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with multiple latent variables (Bakk et al., 2013), with continuous indicators (Gudicha
& Vermunt, 2011), with latent Markov models (Vermunt & Magidson, 2013), and with
multilevel models (Bennink, Croon, & Vermunt, 2014), as well as with models combining
these features, for example, a regression model for a continuous distal outcome in which
not only the LC variable but also other predictors are included, or a structural equation
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or more distal outcomes. While all these possibilities exist and are available in software,
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the situation investigated in this article. It should, however, be mentioned, that it can
also be used with distal outcomes which are not continuous (Lanza et al., 2013). When
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approach can be used without any concern.

Future research may focus on improving the recently proposed LTB method in var-
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the logistic part of the model with quadratic and higher-order terms. Moreover, the un-
dercoverage problem may be resolved by using better SE estimates, for instance, SEs
obtained by bootstrapping. It may also be useful to transform the LTB approach into
true stepwise approach, in which as in the three-step approaches the estimation of the
LC model and the investigation of the association between classes and distal outcomes
are fully separated. This would prevent the need to reestimate the original LC model for
each distal outcome. Moreover, it would also make it possible to base the distal outcome
analysis on a subsample, as was actually needed in our real data example, or even on a
fully different sample, as would be the case when the classification information is obtained
from an earlier study.

Another area that needs further attention are the somewhat underestimated BCH
standard errors in the conditions with small sample size and low class separation. The SE
estimates could be corrected for by accounting for the uncertainty in the BCH weights
which are computed using the step-one parameter estimates, similarly to the correction
proposed for the ML approach by Bakk et al. (2014). Another possible solution could be
to switch to bootstrap SEs in these conditions. It should then be investigated whether
bootstrapping in step three only suffices, or whether it is needed in step one as well.

A limitation of our study is that we focused on problems associated with heteroskedas-
ticity and bimodality. It is recommended for future research to analyze whether other types
of violations of normality, such as skewness, excess kurtosis, and outliers, are problem-
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atic for the stepwise approaches at hand. We hypothesize that such violations will have
only minor impact on the rather robust BCH approach, while they may bias parameter
estimates of the ML and LTB methods to varying degrees.

Chapter 5

Relating latent class
membership to continuous distal
outcomes: improving the LTB
approach and a modified
three-step implementation

Abstract

The LTB approach relates latent classes (LCs) to distal outcomes by estimating a LC
model with the outcome treated as covariate. Based on this model the class-specific
means of the outcome are calculated. In this manner no distributional assumptions about
the outcome are made Lanza et al. (2013). We provide a stepwise implementation of
the approach that separates the building of the latent classes and the investigation of
the relationship of the classes with the outcomes. Next, similar to quadratic discriminant
analysis, we propose including a quadratic term in the logistic model for the LCs when the
variances of the outcome are heteroskedastic in order to prevent parameter bias. And lastly
we propose two alternative SE estimators (non-parametric bootstrap, jackknife), that yield
better coverage rates than the currently used SE estimator proposed by Asparouhov and
Muthén (2014) . The proposed improvements are tested via a simulation study with good
results, and applied to real data.

This chapter is accepted for publication as Bakk, Z., Oberski, D.L. & Vermunt, J. K. Relating latent
class membership to continuous distal outcomes: Improving the LTB approach and a modified three-step
implementation. Structural Equation Modeling
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5.1 Introduction

Latent class (LC) analysis is a well-known approach used in the social and behavioral
sciences to create subgroups of units with similar scores on a set of observed indicator
or response variables. In many applications, the interest lies not only in the clustering of
units, but also in investigating whether LCs differ with respect to the mean of one or more
continuous distal outcome variable. For example, De Cuyper et al. (2008) compared the
class-specific means of job insecurity for psychological contract type clusters and Mulder
et al. (2012) compared the means of juvenile offenders clusters on outcomes measuring
recidivism. Other examples are predicting alcohol dependence from early substance abuse
clusters and predicting the contraction of sexually transmitted diseases from sexual risk
behavior clusters (Lanza et al., 2013).

The class-specific means of a continuous distal outcome can be estimated by expanding
the LC model with the outcome as an additional indicator. The main problem with this
approach, which is referred to as the one-step approach, is that assumptions have to
be made about the within-class distribution of the distal outcome. Typically this will
be the assumption of normality. However, in case this assumption is violated the whole
LC solution can change when including the distal outcome, or even more classes can be
extracted than would without this variable included (Bauer & Curran, 2003).

Lanza, Tan, and Bray propose an approach (called LTB approach after the developers)
that bypasses the difficulties arising from potential violations of distributional assumptions.
It involves estimating a LC model in which the distal outcome variable used as a covariate
affecting the LCs instead of a response variable. Subsequently, using the estimates from
this model, the class-specific means of the distal outcome variable are calculated (Lanza
et al., 2013). The approach is implemented in the mainstream software for LC analysis,
such as Mplus 7.1 (Muthén & Muthén, 1998-2012), and Latent GOLD 5.0 (Vermunt &
Magidson, 2013).

While promising, the LTB approach has a few shortcomings that we address in this
paper. First of all, when the distal outcome has heteroskedastic errors across classes, the
LTB method may yield biased estimates of the class-specific means (Bakk & Vermunt,
in press). We show how this bias can be prevented by including a quadratic term in the
multinomial regression model for the classes. This is similar to what is done in a quadratic
discriminant analysis. Furthermore while in the original article (Lanza et al., 2014) no
standard error estimator was proposed, Asparouhov and Muthén (2014) proposed an ad-
hoc estimator that is downward biased (Bakk & Vermunt, in press; Asparouhov & Muthén,
2014), thus obtaining too low coverage rates. We propose resolving this problem by using
bootstrap-based or jackknifed standard errors.

Furthermore we propose a three-step estimation of the LTB approach. Many applied
researchers prefer to first establish a measurement model, and in a later stage relate it to
external variables of interest. It is also common that the measurement model is built by
a researcher, and the structural model (relating LC membership to external variables) is
built by different researchers. In this type of situations it is useful to have a three-step
approach available. This proceeds as follows: 1) a standard LC analysis is performed
using only the indicator variables, 2) individuals are assigned to latent classes, and 3)
the assigned class scores are regressed on the distal outcome of interest, while correcting
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for the classification error introduced in the second step (Vermunt, 2010). Based on
the parameters obtained in the third step, the class-specific means of the distal outcome
can be calculated. This three-step implementation can also be useful when the model
estimates using the LTB approach is part of a larger, complex model.

In the remainder of this paper, we first introduce the basic LC model, then present
the simultaneous LTB approach (as proposed by Lanza et al. 2014), and subsequently
discuss its three-step implementation. Next, we introduce the proposed correction for the
situation where the distal outcome has heteroskedastic errors, followed by the introduction
of the alternative SE estimators. Subsequently, we present the results of a simulation study
investigating the performance of the proposed improvements, and we demonstrate the use
of the proposed methods via an example explaining respondent’s income from parents’
social status. Lastly, we conclude and suggest directions for future research.

5.2 The basic LC model

Let Yik denote the response of individual i on one of K categorical indicator variables,
where 1 ≤ k ≤ K and 1 ≤ i ≤ N. The full response vector is denoted by Yi. LC
analysis assumes that respondents belong to one of the T categories of an underlying
categorical latent variable X which affects the responses (McCutcheon, 1987; Goodman,
1974; Hagenaars, 1990). Denoting a particular latent class by t, the model can be
formulated as follows:

P (Yi) =

T∑
t=1

P (X = t)P (Yi|X = t), (5.1)

where P (X = t) represents the (unconditional) probability of belonging to latent class
t and P (Yi|X = t) represents the class-specific response probabilities on the indicators.
Furthermore, we assume that the K indicator variables are independent within classes,
which is known as the local independence assumption. This yields:

P (Yi) =
T∑

t=1

P (X = t)
K∏

k=1

P (Yik|X = t). (5.2)

For categorical responses, P (Yik|X = t) =
Rk∏
r=1

π
I(Yik=r)
ktr , where πktr is probability of

response r on variable k for class t, and I(Yik = r) is an indicator variable taking on the
value 1 if Yik = r and 0 otherwise.

The basic LC model can be extended to include a continuous distal outcome variable,
which involves adding this variable to the model as an additional indicator and defining
its class-specific distribution. However, this approach is hardly ever used in practice.
Alternative approaches are the LTB approach and the three-step approach discussed in
the next sections.
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5.3 The simultaneous LTB approach

The LTB approach was developed with the goal to make it possible to estimate the as-
sociation between the LC membership and the distal outcome without making strong
distributional assumptions about the latter. This is especially important in case of a
continuous outcome variable, in which case the assumption of normal class-specific dis-
tribution is often violated. As a consequence of violating this assumption a completely
different LC model can be estimated, when the distal outcome is added, a possibility that
is often not intended/ desired by researchers. Because of this issues the LTB approach
is preferred over the one-step approach in many applications. Using the LTB approach,
first a LC model is estimated with the distal outcome, say Z, included as covariate to the
basic LC model. Subsequently, using Bayes theorem the class-specific means of the distal
outcome are calculated (see Figure 1). We will call this approach originally proposed by
Lanza, Tan, and Bray (2014) the simultaneous LTB approach.

Z

Y

X ZX

Figure 5.1: Original LTB approach

In step one, Z is included as a covariate to the basic model, by extending Equation
5.2 to model P (Yi|Zi) instead of P (Yi) (Dayton & Macready, 1988; Bandeen-Roche et
al., 1997):

P (Yi|Zi) =

T∑
t=1

P (X = t|Zi))

K∏
k=1

P (Yik|X = t). (5.3)

This model assumes that the indicator variables are conditionally independent of the
covariate given the latent variable X. This is a standard assumption, made by the ap-
proaches available in literature to relate LC membership to external variables. If a direct
effect is hypothesized, this should be explicitly modeled. The P (X = t|Zi) is parametrized
using a multinomial logistic regression model:

P (X = t|Zi) =
eαt+βtZi

1 +
∑T−1

t′=1 e
αt′+βt′Zi

, (5.4)

where αt and βt are the intercept and slope coefficients for class t.
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Next, in step two, the class-specific means µt are computed. These means equals:

µt =

∫

Z

Z f(Z|X = t) (5.5)

where f(Z|X = t), the class-specific distribution of Z, is obtained as follows (Lanza et
al., 2013):

f(Z|X = t) =
f(Z)P (X = t|Z)

P (X = t)
. (5.6)

The quantities P (X = t|Z) and P (X = t) can be obtained from the estimated LC model.
The distribution of Z, f(Z), can be approximated using the empirical distribution of this
variable (Asparouhov & Muthén, 2014). That is, replacing the integral in Equation 5.5
by a sum over the N sample units and replacing f(Z) in Equation 5.6 by 1

N (Bakk &
Vermunt, in press). This yields:

µt =

N∑
i=1

Zi
P (X = t|Zi)

N P (X = t)
. (5.7)

Simulation studies show that the estimated class-specific means obtained with this imple-
mentation of the LTB approach are unbiased as long as the relation between X and Z is
linear-logistic (Asparouhov & Muthén, 2014; Bakk & Vermunt, in press). However, when
the linearity does not hold the estimates are biased (Bakk & Vermunt, in press). This
occurs for instance when the distal outcome has heteroskedastic errors. It turns out that
larger the differences in the variances between classes, the larger the bias. We address
this problem in more detail in section 4.

Lanza et al. (2013) did not discuss how to obtain SEs for the class-specific means,
which are needed to make statistical inference possible. As a way out, Asparouhov and
Muthén (2014) suggested obtaining approximate SEs by taking the square root of the
within-class variance divided by the class-specific sample size; that is,

σ2
t =

N∑
i=1

(Zi − µt)
2P (X = t|Zi)

NP (X = t)
(5.8)

Simulation studies show that the Mplus approximate SE estimates underestimate the
true sampling variability of the class-specific means (Asparouhov & Muthén, 2014; Bakk
& Vermunt, in press), a problem that we address in section 5.

5.4 The three-step LTB approach

While originally proposed as a simultaneous estimation procedure, the LTB approach can
easily be transformed into a three-step estimation procedure similar to the one proposed
by Vermunt (2010). This can be beneficial mostly because it better follows the logic of
researchers, who prefer to first establish a measurement model, and later associate it with
one or more distal outcomes. Furthermore, it can be computationally less demanding
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when the LTB approach is used with multiple distal outcome(s). The alternative is to
repeat the full LTB analysis for every distal outcome, which means that larger, more
complex models need to be estimated in all the different runs. Moreover, when there are
missing values on the Z variables, also the sample may vary per distal outcome, which
may yield additional differences in the definition of the latent classes. Finally, in some
situations the simultaneous LTB approach cannot be used at all, for example, when the
sample used to estimate the LC measurement model does not (fully) overlap with the
sample containing the distal outcomes of interest (Bakk & Vermunt, in press).

The three-step LTB approach can be implemented as follows. Steps one and two
involve performing a standard LC analysis (without distal outcome) and assigning indi-
viduals to classes, whereas in step three the assigned class memberships are related to
the external variables of interest while correcting for classification errors, followed by the
calculation of the class-specific means (Vermunt, 2010; Bakk et al., 2013) (see Figure 2).
Using this approach, the first two steps need to be performed only once. Step three is re-
peated for each distal outcome variable, while keeping the measurement model parameters
and the resulting classifications fixed.

Figure 5.2: Three-step LTB approach

After estimating the step-one model (that includes only the indicator variables), as
described in Equation 5.2, the units are assigned to the latent classes based on their
posterior class membership probabilities: P (X|Yi). During the assignment process a new
variable, Wi is created, which equals the assigned class membership score for person i.
Different assignment rules can be used, the best-known ones being modal and proportional
assignment. Using modal assignment, each unit is assigned to a single class; namely, to the
class for which the posterior membership probability is largest (Bolck et al., 2004), yielding
what is called a hard partitioning. Using proportional assignment, each unit is assigned to
each of the T classes with a weight equal to P (Wi = s|Yi) = P (X = s|Yi), leading to
what is sometimes referred to as a soft partitioning (Dias & Vermunt, 2008). Irrespective
of the assignment rule used, there will be classification errors unless all classifications are
perfect. These errors can be quantified as the off-diagonal elements of the T − by − T
classification table with entries P (Wi = s|X = t) (Bolck et al., 2004; Vermunt, 2010;
Bakk et al., 2013).

In step three, a LC model is estimated withW as a single indicator of class membership
and with Z as a covariate affecting the classes:

P (Wi = s|Zi) =

T∑
t=1

P (X = t|Zi)P (Wi = s|X = t), (5.9)
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where P (Wi = s|X = t) is fixed to the estimated values from step two, and P (X = t|Zi)
contains the logistic parameters to be estimated. Next, just as with the simultaneous
LTB approach, with the estimated values for P (X = t|Zi), the class-specific means of
Z are calculated using Equation 5.7. This three-step LTB analysis is implemented in the
Latent GOLD 5.0 program (Vermunt & Magidson, 2013).

5.5 The LTB approach with a quadratic term

While not stated explicitly by Lanza et al. (2013), if Z is normally distributed within
classes with means µt and variances σ2

t , the logistic model for P (X = t|Zi) is actually
described by the discriminant function (Narsky & Porter, 2013, pp. 221-225). That is:
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Thus, using the logistic formulation, the model for P (X = t|Zi) equals:

P (X = t|Zi) =
exp(αt + βtZi + γtZ
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In a multinomial logistic regression, one would impose identifying constraints on the αt,
βt, and γt terms, for example, set them equal to 0 for class T . This means αt = at−aT ,
βt = bt − bT , and γt = ct − cT .

Since Zi and Z2
i are correlated, the estimates of P (X = t|Zi) based on Equation 5.4

which does not contain the quadratic term and resulting estimates of the class-specific
means will be biased unless the γt term is equal to 0. It should be noted that γt = 0
when the variances σ2

t are equal across classes, that is, when errors are heteroskedastic.
However, when variances are unequal across classes, the quadratic term should be included
in the multinomial logistic regression model to obtain the correct estimates for µt. By
plugging in the estimates for P (X = t|Zi) obtained using Equation 5.10 into Equation
5.7, unbiased estimates of the class-specific means can also be obtained in the case of
heteroskedastic errors.
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when the LTB approach is used with multiple distal outcome(s). The alternative is to
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Figure 5.2: Three-step LTB approach
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5.6 Alternative SE estimators

Another issue with regard to the LTB approach implementation that needs further atten-
tion is the problem of the underestimated standard errors reported by Asparouhov and
Muthén (2014) and Bakk and Vermunt (in press). This occurs because the Mplus ap-
proximate SEs do not take into account the sampling variability of the logistic parameters
defining P (X = t|Zi) nor the fact that it conditions on the sample distribution of Z. A
natural way to obtain SEs in such situations is by means of non-parametric resampling
methods, that can be done by either a non-parametric bootstrapping or using the jackknife
procedure.

5.6.1 Bootstrap SEs for the LTB approach

For the simultaneous LTB approach, bootstrap SEs (Guan, 2003) are obtained as follows:

1. Draw B random replication samples with replacement from the original data set.

2. Obtain the class-specific means of Z for each of these B bootstrap samples by
applying the LTB approach.

3. Calculate the standard deviations of the class-specific means across the B bootstrap
replications. This yields the bootstrap SE estimates.

For the three-step LTB method, a choice can be made whether to bootstrap only
the third step or also the first step. In the latter case, one would also account for the
uncertainty about the classification errors, which are fixed parameters in the step-three
analysis. However, such a double bootstrap is much more costly and complex; that
is, for each first-step bootstrap replication one should perform a full bootstrap of the
third step. Because preliminary analyses showed that the step-three bootstrap is much
more important for the SEs, we decided to bootstrap only the step-three parameters and
evaluate the performance of this approach in the simulation study.

Bootstrapping the third step is similar to the non-parametric bootstrap described
above. The main difference is that we sample from a data set with Z values and posterior
class membership probabilities instead of Z values and Y values. That is:

1. Draw B random replication samples with replacement from the data set containing
the distal outcome(s) of interest and the classification probabilities.

2. Obtain the class-specific means of Z for each of these B samples by applying the
step-three LTB approach.

3. Calculate the standard deviation of the class-specific means across the B replica-
tions. This gives the bootstrap SE estimates.
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5.6.2 Jackknife standard errors for the LTB approach

When using the jackknife approach, first the ML estimates of the parameters of interests
(the class-specific means µt) are obtained based on the full sample of size N . Following,
the estimates are recalculated leaving out one observation i at a time. The jackknife SE
estimator is defined as follows:

SE(µt) =

√√√√N − 1

N

N∑
i=1

(µ̂t − µ̂t(−i))2, (5.11)

where µ̂t is the original estimate and µ̂t(−i) the estimate when leaving out observation i.
In the three-step approach, the jackknife estimator can be applied in the step-three

analysis, when the parameter estimates pertaining to the Z − X relationship and the
corresponding µ̂t are obtained.

5.7 Simulation study

To evaluate the performance of the proposed adaptations of the LTB approach, we per-
formed a simulation study. These adaptations are the inclusion of a quadratic term, the
use of bootstrap and jackknife SEs, and the three-step variant of LTB approach.

In the simulation study we compare the performance of the LTB approach with the
different modifications to the BCH approach. This is done because the BCH approach is
known to be the most robust stepwise estimator for relating LC membership to continuous
distal outcomes (Bakk & Vermunt, in press).

Data sets were generated from a four-class model for eight dichotomous indicators.
The parameter settings were based on the LC application concerning psychological con-
tract types described by Bakk et al. (2013). The class proportions were set to .50, .30,
.10, and .10, similarly to those in this application. In class 1, the probability of a positive
answer was set to .80 for all indicators, and in class 4 to .20. In class 2, it was set to .80
for the first four indicators and to .20 for the last four indicators, while in class 3 these
settings were reversed.

The distal outcome variable Z was specified to have means of -1, -0.5, 0.5, and 1 in
the four classes. The variance of Z was fixed to 1 in classes 1 and 4, but varied in classes
2 and 3. More specifically, in these two classes, the variance was set to 1, 4, 9, or 25,
which corresponds to four different degrees of heteroskedasticity (none, small, medium,
and large), and thus to different degrees of deviation from linearity of the logistic model
for the association between Z and the classes.

The second factor that was varied was the sample size, which was specified to be
either 500 or 1000. For all combinations of heteroskedasticity and sample size conditions,
500 simulation replications were used. The simulation were done using the computer
programs R (Venables, Smith, & the R Core Team, 2013) and Latent GOLD 5.0 (Vermunt
& Magidson, 2013).

The LTB approach was applied with and without the quadratic term, in both its
simultaneous and its three-step form, where the three-step variant was used with either
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Table 5.1: Bias in the estimates of class-specific means under eight simulation conditions,
averaged over 500 replications and over the four classes.

Condition: heteroskedasticity × sample size condition
None Small Medium Large

Estimator 500 1000 500 1000 500 1000 500 1000
LTB, linear model

Modal 0.005 0.004 0.020 0.012 0.063 0.074 0.103 0.293
Proportional 0.003 0.005 0.022 0.014 0.094 0.110 0.150 -0.313
Simultaneous -0.003 0.003 0.092 0.075 0.237 0.226 0.239 -0.222

LTB, quadratic model
Modal 0.002 0.006 0.012 -0.002 0.013 0.003 -0.010 0.007
Proportional 0.006 0.007 0.010 -0.002 0.011 0.003 -0.013 -0.005
Simultaneous 0.001 0.000 0.003 -0.003 0.002 0.000 -0.003 0.000

BCH
Modal -0.005 -0.002 -0.008 -0.002 -0.006 0.002 -0.002 -0.005
Proportional -0.006 -0.002 -0.009 -0.002 -0.007 0.003 -0.002 -0.005

modal or proportional class assignment. This yielded six different implementations of the
LTB method. Each of these was combined with both the approximate SEs, jackknife SEs,
and bootstrap-based SEs. For the bootstrap SEs we use B = 1000 bootstrap samples to
obtain stable estimates. The BCH approach was applied with both modal and proportional
assignment, using the sandwich standard error estimator, as proposed by Vermunt (2010).

The six different LTB implementations and two BCH implementations were compared
with respect to parameter bias and relative efficiency. The efficiency of the LTB implemen-
tations was compared to proportional BCH, by dividing the simulation standard deviations
of the estimates by those using BCH. Moreover, coverage rates of the 95% confidence
intervals obtained with the different SE estimators were compared. In the following the
results are presented averaged over the classes (a weighted average is used, with the class
size as weight).

In Table 5.1 we show the bias in the estimates of the class-specific means under the
different conditions, averaged over 500 replications and over the four classes. As the first
three rows of Table 5.1 show the linear LTB is an unbiased estimator only when there is no
heteroskedasticity. As heteroskedasticity increases the bias increases using this approach.
This results hold for both the simultaneous and three step implementations. However
using the quadratic term unbiased estimates of the class specific means are obtained also
in the high heteroskedasticity conditions. Comparing the estimates obtained with the LTB
approach using the quadratic model and BCH we can see that results are comparable. The
bias is the lowest using the simultaneous approach, however the differences are negligible
(only on the third decimals).

Next Table 5.2 shows the relative efficiency of the LTB estimators as compared to the
BCH method. In almost all conditions the LTB estimators (when used with the correct
model) are more efficient then BCH. Furthermore the simultaneous LTB is the most
efficient estimator in all conditions. This results is expected, since in general simultaneous
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Table 5.2: Relative efficiency compared with the proportional-assignment BCH estimator.
Shown are simulation standard deviations of the estimates divided by those using BCH.

Condition: heteroskedasticity × sample size
None Small Medium Large

Estimator 500 1000 500 1000 500 1000 500 1000

LTB, linear model vs. BCH
Modal 1.024 0.976 1.251 1.308 1.819 2.262 2.258 3.523
Proportional 0.966 0.965 1.407 1.489 2.279 2.902 3.199 4.718
Simultaneous 0.942 0.848 1.958 2.298 2.671 3.251 3.099 3.825

LTB, quadratic model vs. BCH
Modal 1.040 0.988 1.006 0.990 0.912 0.873 0.822 0.884
Proportional 0.983 0.976 0.958 0.981 0.898 0.866 0.780 0.852
Simultaneous 0.942 0.848 0.946 0.904 0.848 0.834 0.792 0.834

estimators are more efficient then stepwise estimators.
Following Table 5.3 shows the coverage rates obtained with the different estimators.

When the correctly specified LTB approach is used with the approximate SEs the coverage
rate is low (below 90%), even in the larger sample size conditions. The coverage rate
obtained using the jackknife and bootstrap approaches is closer to the nominal 95%.
The coverage rates obtained with the three-step LTB (with both modal and proportional
assignment) is lower (between 90%- 96%) than the coverage using the simultaneous
approach (between 94%- 96%). However when the sample size is large enough even with
the three-step implementation the coverage rate with both the jackknife and bootstrap
estimators is close to the nominal rate. In all conditions the bootstrap estimator is
somewhat better than the jackknife, however the differences are very small. The coverage
rates obtained using the BCH approach while close to the nominal 95% rate (between
90%- 95%), are somewhat smaller than the coverage obtained with the LTB approach
using the bootstrap or jackknife SEs.

In summary, when the within-class errors of Z are heteroskedastic, the quadratic term
should be used to obtain unbiased estimates of the class-specific means. The three-step
LTB approaches perform as well as the original simultaneous approach with regard to bias
however they are somewhat less efficient. The bootstrap and jackknife SEs yield coverage
rates much closer to the nominal 95% rate than the Mplus approximate SEs. Furthermore
the LTB apporach (both the simultaneous and teh three-step implementation) proved to
be more efficient than the BCH approach.

5.8 An example application

We will now illustrate the different LTB implementations with an application using data
from the 1976 and 1977 General Social Survey, a cross-sectional survey of the English-
speaking, non institutionalized adult population of the U.S.A., conducted by the National
Opinion Research Center (GENERAL SOCIAL SURVEY 1976-1977 , 1977). We built a LC
model for parents’ social status using mother’s education, father’s education, and prestige
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rates much closer to the nominal 95% rate than the Mplus approximate SEs. Furthermore
the LTB apporach (both the simultaneous and teh three-step implementation) proved to
be more efficient than the BCH approach.

5.8 An example application

We will now illustrate the different LTB implementations with an application using data
from the 1976 and 1977 General Social Survey, a cross-sectional survey of the English-
speaking, non institutionalized adult population of the U.S.A., conducted by the National
Opinion Research Center (GENERAL SOCIAL SURVEY 1976-1977 , 1977). We built a LC
model for parents’ social status using mother’s education, father’s education, and prestige
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Table 5.3: Coverage of 95% confidence intervals under the eight conditions. Performance
is shown for three difference standard error estimators for LTB.

Condition: heteroskedasticity × sample size
None Small Medium Large

Estimator . 500 1000 500 1000 500 1000 500 1000

LTB, linear model
Modal

Approximate 0.830 0.839 0.816 0.782 0.780 0.735 0.780 0.721
Jackknife 0.909 0.924 0.927 0.923 0.905 0.892 0.894 0.825
Bootstrap 0.909 0.927 0.932 0.927 0.920 0.913 0.923 0.846

Proportional
Approximate 0.843 0.856 0.781 0.770 0.691 0.642 0.672 0.594
Jackknife 0.903 0.926 0.913 0.923 0.845 0.822 0.791 0.720
Bootstrap 0.903 0.926 0.919 0.933 0.874 0.847 0.812 0.748

Simultaneous
Approximate 0.863 0.887 0.770 0.781 0.673 0.679 0.674 0.888
Jackknife 0.946 0.957 0.891 0.896 0.803 0.789 0.818 0.811
Bootstrap 0.961 0.961 0.914 0.910 0.824 0.806 0.829 0.824

LTB, quadratic model
Modal

Approximate 0.829 0.832 0.856 0.871 0.881 0.881 0.906 0.891
Jackknife 0.900 0.921 0.935 0.931 0.932 0.946 0.959 0.941
Bootstrap 0.906 0.921 0.936 0.936 0.940 0.947 0.962 0.942

Proportional
Approximate 0.836 0.856 0.872 0.885 0.888 0.907 0.922 0.904
Jackknife 0.904 0.924 0.932 0.930 0.942 0.948 0.955 0.936
Bootstrap 0.903 0.924 0.931 0.931 0.943 0.955 0.963 0.941

Simultaneous
Approximate 0.861 0.880 0.878 0.895 0.900 0.924 0.925 0.905
Jackknife 0.947 0.956 0.944 0.954 0.951 0.953 0.963 0.936
Bootstrap 0.954 0.965 0.952 0.956 0.959 0.959 0.967 0.944

BCH
Modal 0.907 0.919 0.927 0.929 0.932 0.930 0.945 0.954
Proportional 0.898 0.908 0.917 0.921 0.929 0.930 0.941 0.952
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of the father’s job as indicators. Education was measured on a five-point scale ranging
from 0 to 4, where 0 corresponds to ’lower than high school’ and 4 to ’graduate’. Father’s
job prestige measured on a scale from 12 to 82 which recoded into three categories: low
(12-36), medium (37-61), and high (62-82) prestige. As distal outcome variable we chose
the real income of the respondent in thousand dollars increments.

In step 1, we fitted various LC models with the three indicators and selected the
three-class model as best fitting model (L2 = 98.10, p = 0.65, entropy R2 = 0.66). The
bivariate residuals were also small. The parameters of the three-class model are presented
in Table 5.4. Class one, the largest class, comprises of respondents whose parents had a
lower social status, while class 2 corresponds to medium, and class 3, the smallest class,
to high social status of the parents. Note that in the step-one analysis the full sample of
3029 respondents was used by keeping also cases with missing values on one or more of
the indicators in the analysis.

Next we related the respondent’s income to the latent classes using the one-step
approach in which income is an additional indicator and the LTB approach, both with and
without accounting for possible heteroskedastic errors. The LTB approach was used with
the original and three-step implementation. The estimated class-specific means obtained
with the different approaches are presented in Table 5.5. The estimates obtained using
the four different LTB approaches are very similar. They show that the income is highest
among those respondents whose parents have the highest social status, and lowest for
those whose parents have the lowest social status. However, the estimates obtained with
the one-step approach (with equal or unequal variances) are very different, especially for
class 3, which is the result of the fact that its definition changes drastically (for details,
see Table C1 and C2 in the Appendix). Using unequal variances does also not solve the
problem of completely changed class definitions, implying that the results of the one-step
approach cannot be meaningfully interpreted in this application.

These results obtained with this application are in line with previous research. That is,
in conditions where the sample size is large and the separation between the classes is good,
the LTB approach obtains unbiased estimates, even without the quadratic term (Bakk &
Vermunt, in press, Table 5). However, in the one-step approach, the class solution can
drastically change to fit the distribution of the distal outcome, which is what happens
in this example. Note that while the original LTB approach yields similar class-specific
means of income as the three-step approach, the class proportions and the class-specific
response probabilities on the indicators change somewhat (see Table C3 and C4 in the
Appendix).

Table 5.6 presents the SE estimates obtained with the approximate jackknife, and
bootstrap estimator for the four LTB approaches. The bootstrap and jackknife SE es-
timates are larger than the approximate estimates for both the original and three-step
approaches with and without quadratic term. In this application, all SE estimators yield
the same conclusion with regard to the significance of the income difference across classes.
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class 3, which is the result of the fact that its definition changes drastically (for details,
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problem of completely changed class definitions, implying that the results of the one-step
approach cannot be meaningfully interpreted in this application.

These results obtained with this application are in line with previous research. That is,
in conditions where the sample size is large and the separation between the classes is good,
the LTB approach obtains unbiased estimates, even without the quadratic term (Bakk &
Vermunt, in press, Table 5). However, in the one-step approach, the class solution can
drastically change to fit the distribution of the distal outcome, which is what happens
in this example. Note that while the original LTB approach yields similar class-specific
means of income as the three-step approach, the class proportions and the class-specific
response probabilities on the indicators change somewhat (see Table C3 and C4 in the
Appendix).

Table 5.6 presents the SE estimates obtained with the approximate jackknife, and
bootstrap estimator for the four LTB approaches. The bootstrap and jackknife SE es-
timates are larger than the approximate estimates for both the original and three-step
approaches with and without quadratic term. In this application, all SE estimators yield
the same conclusion with regard to the significance of the income difference across classes.
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Table 5.4: The 3-class model of parents social status. Class proportions and conditional
response probabilities

low medium high
Class Size .69 .24 .07
Father’s job status
low .47 .31 .05
medium .53 .67 .46
high .00 .02 .49
Mother’s education
lt high school .83 .14 .15
high school .16 .78 .44
junior college .00 .03 .01
bachelor .01 .04 .30
graduate .00 .01 .10
Father’s education
lt high school .95 .08 .01
high school .05 .86 .12
junior college .00 .00 .05
bachelor .00 .05 .38
graduate .00 .00 .43

Note.The sample consists of 3029 respondents

Table 5.5: Estimates of the class-specific means of income for the classes of parental
social status obtained with the different methods
Method Model µ class 1 µ class 2 µ class 3
Simultaneous LTB linear 25.37 36.49 44.16
Simultaneous LTB quadratic 25.73 35.76 45.68
3-step LTB linear 26.43 37.88 44.40
3-step LTB quadratic 26.74 36.94 44.85
Standard 1-step equal variances 25.36 36.62 62.59
Standard 1-step unequal variances 21.33 26.98 69.73

Note. Sample size is 2767 obtained by excluding missing values on income
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Table 5.6: SE estimates of the class-specific means of income for the different LTB
approaches with the approximate and bootstrap SE estimators

SE estimator Original 3-step
linear quadratic linear quadratic

Class1
approximate 0.90 0.58 0.55 0.44
bootstrap 1.03 0.78 0.63 0.63
jackknife 0.98 0.83 0.65 0.59

Class2
approximate 1.16 1.57 1.45 1.31
bootstrap 1.20 1.52 1.51 1.76
jackknife 1.26 2.39 1.46 1.43

Class3
approximate 2.62 3.42 2.81 3.04
bootstrap 3.00 3.30 2.96 3.15
jackknife 2.87 4.58 2.96 3.22

5.9 Discussion

The basic idea of the LTB approach is that LC membership can be related to distal
outcome variables by inverting the relationship, that is, by regressing the LC membership
on the outcomes of interest. Based on the parameter estimates of this “reversed” model,
the class-specific means of the distal outcome are calculated. The main benefit of the LTB
approach is that no strong distributional assumptions have to be made about the distal
outcomes. Furthermore this approach provides a direct test of the overall association
between the LC variable and the distal outcomes.

In this paper, we presented three possible improvements of the LTB approach applied
to continuous distal outcomes. One of these is that we proposed incorporating the LTB
approach into a three-step estimation procedure. This is especially useful if one wishes
to relate the LC variable to multiple outcomes. It prevents the need to reestimate the
full LC model with each distal outcome and makes sure that the class definitions remain
the same across distal outcomes. Furthermore, contrary to the original approach, the
three-step approach also can be applied when the step-one and step-three samples do not
(fully) overlap. A disadvantage of the three-step approach is that when the uncertainty
about the step one estimates is large (low entropy and/or sample size) the parameters
are somewhat biased (Bakk et al., 2013; Vermunt, 2010; Asparouhov & Muthén, 2014).
Furthermore this implementation is less efficient than the simultaneous LTB.

We showed that omission of the quadratic term in the logistic model for the LC
variable yields biased estimates of the class-specific means when the distal outcome has
heteroskedastic errors; that is, when means and variances are dependent. In such situ-
ations, unbiased estimates of the class-specific means can be obtained by including the
quadratic effect of the distal outcome on the classes. We proposed using a jackknife or
bootstrap-based SE estimator as an alternative to the currently used approximate estima-
tor. Contrary to the latter, the bootstrap and jackknife estimators can account for the
overall sampling variability in the distal outcome and for the sampling fluctuation in the
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logistic parameters for the association between the LCs and the distal outcome.
The results of the simulation study showed that unbiased parameter estimates can be

obtained if the heteroskedastic error is modeled using the quadratic term in the logistic
regression of the LC variable on the outcome. This is the case with both the original and
three-step implementation. Even in the highest heteroskedasticity conditions the LTB
approach with the quadratic term is just as unbiased as the BCH approach, which is
known to be the most robust estimator (Bakk & Vermunt, in press). At the same time
the jackknife and bootstrap SEs obtain coverage rates close to the nominal 95% rate for
both the original and three-step implementation of the LTB approach. The coverage rate
is somewhat better using the simultaneous estimator than the three-step estimators. The
LTB coverage rate (with both simultaneous and three-step implementation) is somewhat
better than the one obtained using the BCH approach.

Furthermore we compared the relative efficiency of the different LTB estimators to the
BCH approach. When used with the correct model the LTB estimators are more efficient
than the BCH approach in all conditions. The simultaneous LTB is the most efficient
estimator.

The real data example illustrated a situation where using a standard LC model with
a distal outcome or the LTB approach makes a big difference. In the standard one-step
approach, the full LC solution changed and became hard to interpret, while with the
LTB approach this problem did not occur. Furthermore, the different implementations of
LTB yielded similar results, which can be explained by the large sample size, the strong
measurement model, and minor deviation from homoskedasticity.

We can conclude that the LTB method can be used with confidence for relating LC
membership to continuous distal outcomes. However, attention should be paid to whether
a linear or a quadratic model should be used. The results of the simulation study showed
that when heteroskedasticity is present this effect should be added to the model. It is
recommended to use the jackknife or the bootstrap standard errors in all conditions. The
proposed three-step LTB can be used with a minimum loss of efficiency whenever using
the original approach is less practical or not feasible and the uncertainty about the step
one model is not too high.

It is recommended for further research to develop better tools for detecting whether
a quadratic term needs to be added. For instance, the EPC-interest measure could be
used, which quantifies how much the parameters of interest (here the class-specific means)
change when adding the quadratic term (Oberski, 2014). Future research can also analyze
the robustness of the LTB approach for other types of violations of possibly implicit
assumption, such as when distal outcome distribution are skewed or show access kurtosis.
In such situations, third- and fourth-order polynomials of the distal outcome might need
to be included in the logistic model for the classes. However we do not assume that the
impact of using higher than second order terms on the estimated class specific means will
be important. It is also recommended to analyze its performance with continuous distal
outcomes coming from other distributions than normal, such gamma, exponential, or beta
distributions.

Chapter 6

Conclusions and discussion

In this dissertation we consider bias adjusted stepwise latent class analysis approaches that
can be used to relate latent class (LC) membership to external variables of interest. Two
main types of approaches are available: the bias-adjusted three-step approaches and the
LTB approach. The three-step approaches first estimate the LC model with the indicator
variables only, assign cases to classes, and relate the assigned scores in step three to
external variables of interest while correcting for classification errors (Vermunt, 2010).
Two implementations of the step-three model are available. The first one, the BCH
approach estimates a model with observed variables only weighting the class assignment
scores by the inverse of the classification error probabilities. Using the other approach
-the ML approach- in step three a LC model is estimated with the class assignment
as single indicator of LC membership with known misclassification probabilities. These
three-step approaches were suggested for models with covariates only (Vermunt, 2010).
The other option, the LTB approach, was developed specifically for situations where the
LC membership is related to a distal outcome. Using this approach, first a LC model is
estimated where the distal outcome is added as a covariate, and based on this model, the
class-specific distribution of the distal outcome is calculated (Lanza, Tan and Bray, 2013).
In the following, we discuss the different aspects with regard to the further development
and testing of the three approaches described here that were addressed in this dissertation.

In Chapter 2, we proposed a generalization of the existing three-step methods. We
show how the two existing three-step methods for latent class models with covariates can
be generalized to a broader range of situations; that is, to formulate models for the joint
probability of class membership and external variables. The correction methods can there-
fore now be applied in any situation where we wish to relate scores on class membership
with external variables, irrespective of the hypothesized causal order. Though we focused
mainly on the situation in which class membership is a predictor of a continuous, ordinal,
or nominal outcome variable, the correction methods can be applied with distal outcome
variables having any distribution from the exponential family. We also show how the ML
correction method can be extended to models with more than one latent variable.

The performance of the correction methods was investigated by a simulation study and
illustrated with two real data examples. The results of the simulation study show, similarly
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to previously reported results, that the proposed three-step approaches yield unbiased
estimates of the association between LC membership and external variables. All correction
methods we tested performed well, meaning that their parameter estimates can be trusted.
An exception occurs in the situations where the class separation of the measurement
model is extremely low, in which case the step-three parameters are underestimated.
Furthermore, the SE estimates show a small bias, which is more observable in situations
with small sample sizes; with larger sample sizes, the SE bias is negligible.

In Chapter 3, we showed both analytically and by simulation that correct standard
errors of the third-step model of the three-step approaches must incorporate the uncer-
tainty about the classification error. We evaluatde eight possible types of standard error
estimators for the ML approach, which we introduce based on the classic likelihood theory
of Gong and Samaniego (1981). Although these standard error estimators are asymptoti-
cally equivalent under model correctness, they may yield different results in finite samples.
A Monte Carlo simulation study showed that these SE corrections can make a large dif-
ference when the uncertainty about the first-step parameters is substantial. On the other
hand, when the uncertainty about fixed estimates is low, the standard error corrections
are not needed. Low uncertainty about the classification error will occur with large first-
step sample sizes and high entropy R2 (high class separation). No substantial differences
between inference based on corrected versus uncorrected standard errors were found with
first-step sample sizes above 2000 combined with entropy R2 > 0.90. We also noted
little difference between the asymptotic and finite-sample version of the corrected SEs.
The asymptotic corrected standard error estimator (Oberski & Satorra, 2013), which is
considerably easier to compute, is therefore recommended.

In Chapter 4, we investigated via a simulation study the robustness of the stepwise
methods for models with continuous distal outcomes. We generated data under different
degrees of heteroskedasticity and bimodality of the class-specific distributions of the distal
outcome. Bimodality is a violation of the assumption of normality needed for the BCH
and ML approaches; heteroskedasticity violates the assumption of logistic linearity of
the LTB approach, and the assumption of homoskedasticity of the ML approach, when
modeled with equal variances across classes. The simulation results revealed that the BCH
method is the most robust approach: it yielded unbiased estimates under all investigated
conditions. This is most probably the result of the fact that it involves performing a
weighted ANOVA, a method that is known to be robust against violations of model
assumptions. The other methods are sensitive to the violations considered. The ML
approach fails to different degrees in all the situations investigated. When the variance
is heteroskedastic, modeling it as equal between the classes produces a bias in the class-
specific means. The ML approach cannot handle bimodal class-specific distributions of
the outcome variable and probably any other departure from normality as well. The
LTB approach yields biased estimates of the class-specific means when the errors are
heteroskedastic, and shows a small bias with certain conditions of bimodality.

In Chapter 5, we presented three possible improvements of the LTB approach when
applied to continuous distal outcomes. One of these is that we proposed incorporating
the LTB approach into a three-step estimation framework. This is especially useful if one
wishes to relate the LC variable to multiple outcomes. Furthermore, we showed that omis-
sion of the quadratic term in the logistic model for the LC variable yields biased estimates
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of the class-specific means when the distal outcome has heteroskedastic errors; that is,
when means and variances are not independent. In such situations, unbiased estimates
of the class-specific means can be obtained by including the quadratic effect of the distal
outcome on the classes. We also proposed using either a jackknife or a bootstrap-based
SE estimator as an alternative to the currently used approximate estimator. Contrary to
the latter, the bootstrap and jackknife estimators can account for the overall sampling
variability in the distal outcome distribution and in the logistic parameters describing the
association between the LCs and the distal outcome.

The results of the simulation study showed that unbiased parameter estimates can be
obtained if the heteroskedastic error is modeled using the quadratic term in the logistic
regression of the LC variable on the outcome. This applies to both the original and three-
step implementation. At the same time, the jackknife and bootstrap SEs obtain coverage
rates close to the nominal 95% rate for both the original and three-step implementation
of the LTB approach. It should be mentioned that the coverage rate obtained with the
jackknife estimator is slightly better than the one obtained by bootstrapping, though both
are close to the nominal 95% level.

As a result of our study, the different developments discussed have been integrally
implemented in the standard latent class analysis software Latent GOLD 5.00 (Vermunt
& Magidson, 2013), making the methods developed here directly available to applied
researchers. All three approaches are also available in Mplus (Muthén & Muthén, 1998-
2012), however, the corrected SE estimators were not yet implemented in that software.

An important limitation of the three-step approaches presented/developed in this the-
sis is that in situations where the class separation is low the parameter estimates of the
third step model are still downward biased. The reason for this is that in the first step
the measurement model is too optimistic, yielding too low estimates for the classification
errors. As such the correction term (which is based on the off-diagonal elements of the
classification error matrix) is too low, thus leading to biased parameter estimates of the
association of LC membership and external variables. In these situations, when the inter-
est is on a distal outcome, the LTB approach might be the method of choice, because
incorporating the external variables as covariates provides more information about the
class membership while preventing the need of making strong distributional assumptions.

Three main types of further developments are recommended, which we shortly discuss
in the following. First of all, further work is needed on the application of three-step
approaches with more complex LC models. These approaches can be very useful to
simplify larger complex models by estimating smaller pieces of the model separately, and
combining the estimates in a step three model while controlling for classification error
in the subparts. For example, the approach can be used for multilevel mixture models,
where both at the lower and the higher level latent class models are defined. Such
applications can be found for example in educational research, where clusters of students
belonging to different ability clusters are nested in clusters of schools (for an example
see Bennink, Croon, Keuning, and Vermunt (2014)). Estimating first a model at the
lower level (students) and using the class assignments in a step-three model in which the
level two model is estimated would simplify the analysis a lot. Other applications can
be in mixture models for longitudinal data, for example, in latent Markov models. The
measurement model could be established in step one, and the transitions over time can
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be estimated separately in a step three model, where covariates affecting the transition
probabilities can also be added. Work in this area was already started by Bartolucci,
Montanari, and Pandolfi (2015) and Asparouhov and Muthén (2014).

There is need to further investigate the robustness of the three-step approaches under
different types of violations of underlying model assumptions. In this thesis, we focused on
violation of normality in case of continuous outcomes; however, the three-step approaches
make more assumptions. For example, it should be investigated in more detail what the
performance of the three-step approaches is when there are direct effects of covariates on
the indicators, or when there are residual associations between a distal outcome and the
indicators. Bennink, Croon, and Vermunt (2014) and Asparouhov and Muthén (2014)
already started some work in this area, showing that when such direct effects are not
taken into account, the step-three estimates can become biased.

Future work is also recommended with regard to the LTB approach. While in its
current form it can deal with only a single distal outcome at a time, it may be expanded
to multiple distal outcomes. Recently, Bray, Lanza, and Tan (2014) suggested applying
the LTB approach with more complex LC models containing both covariates and a distal
outcome. However, the authors did not provide SE estimates for such models, though our
jackknife- and bootstrap-based estimates may also work in these situations. Furthermore,
it needs further investigation the severity of the paramter bias in such complex models
estimated in one run when some parts of the model are misspecified.

Appendix A

Latent GOLD syntax files for
the examples in Ch. 2

A1. User defined Latent GOLD syntax for Example 1

options

output parameters=first standarderrors estimatedvalues;

variables

dependent Political Modal, Religiosity Modal;

independent socialClass;

latent political nominal 3, Religiosity nominal 3;

equations

Religiosity <- 1 + SocialClass;

Political <- 1 + Religiosity + SocialClass;

PoliticalModal <- (D~wei) Political;

Religiosity Modal <- (F~ wei) Religiosity;

D = {0.854843 0.078100 0.067056

0.036183 0.890474 0.073343

0.022912 0.113239 0.863849};
F = {0.970735 0.029264 0.000000

0.037784 0.883258 0.078959

0.000000 0.050674 0.949326};

A2. Automated Latent GOLD syntax for Example 2

.
step3 ml modal;

variables independent socialclass nominal coding=last;

latent

Political nominal posterior=(Cluster11 Cluster12 Cluster13),

Religiosity nominal posterior=(Cluster21 Cluster22 Cluster23);

equations

Religiosity <- 1 + socialclass;

Political <- 1 + Religiosity + socialclass;

99
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102 APPENDIX B. RESULTS SIMULATION

Table B1: Comparison of the different variance estimators for low separation,for the 3
sample sizes separatly for one parameter, β13 for modal and proportional assignment

Final Components 500 1000 2000
2nd step 3rd step se se/sd coverage se se/sd coverage se se/sd coverage

Modal

Σ3 ΣH
3 0.17 0.83 0.90 0.12 0.97 0.94 0.08 1.03 0.96

Σ∗
3 ΣH

2 ΣH
3 0.20 0.98 0.95 0.13 1.06 0.97 0.09 1.12 0.97

Σ∗∗
3 ΣH

2 ΣH
3 0.20 0.99 0.95 0.13 1.08 0.97 0.09 1.14 0.97

Σ3 ΣR
3 0.18 0.87 0.91 0.12 0.98 0.94 0.08 1.04 0.97

Σ∗
3 ΣH

2 ΣR
3 0.21 1.01 0.95 0.13 1.07 0.97 0.09 1.12 0.97

Σ∗∗
3 ΣH

2 ΣR
3 0.21 1.01 0.95 0.13 1.09 0.97 0.09 1.14 0.97

Σ∗
3 ΣR

2 ΣR
3 0.21 1.05 0.95 0.13 1.08 0.97 0.09 1.12 0.97

Σ∗∗
3 ΣR

2 ΣR
3 0.22 1.06 0.96 0.14 1.10 0.97 0.09 1.15 0.97

Proportional

Σ3 ΣH
3 0.19 1.04 0.97 0.14 1.16 0.98 0.10 1.25 0.99

Σ∗
3 ΣH

2 ΣH
3 0.21 1.14 0.98 0.15 1.24 0.98 0.10 1.33 0.99

Σ∗∗
3 ΣH

2 ΣH
3 0.21 1.11 0.97 0.14 1.22 0.98 0.10 1.31 0.99

Σ3 ΣR
3 0.17 0.92 0.94 0.12 1.00 0.95 0.08 1.07 0.96

Σ∗
3 ΣH

2 ΣR
3 0.19 1.04 0.95 0.13 1.10 0.97 0.09 1.17 0.98

Σ∗∗
3 ΣH

2 ΣR
3 0.19 1.00 0.95 0.13 1.07 0.97 0.09 1.14 0.98

Σ∗
3 ΣR

2 ΣR
3 0.20 1.07 0.95 0.13 1.11 0.98 0.09 1.17 0.98

Σ∗∗
3 ΣR

2 ΣR
3 0.20 1.04 0.95 0.13 1.08 0.97 0.09 1.15 0.98

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18, and ΣH and ΣR

are the Hessian based and robust estimators

Table B2: Comparison of the different variance estimators for high separation,for the 3
sample sizes separatly for one parameter, β13 for modal and proportional assignment

Final Components 500 1000 2000
2nd step 3rd step se se/sd coverage se se/sd coverage se se/sd coverage

Modal

Σ3 ΣH
3 0.14 0.93 0.95 0.10 1.08 0.97 0.07 1.09 0.96

Σ∗
3 ΣH

2 ΣH
3 0.14 0.94 0.95 0.10 1.09 0.97 0.07 1.10 0.96

Σ∗∗
3 ΣH

2 ΣH
3 0.15 0.95 0.95 0.10 1.10 0.98 0.07 1.11 0.96

Σ3 ΣR
3 0.14 0.94 0.94 0.10 1.10 0.97 0.07 1.09 0.96

Σ∗
3 ΣH

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.98 0.07 1.11 0.96

Σ∗∗
3 ΣH

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.96 0.07 1.11 0.96

Σ∗
3 ΣR

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.97 0.07 1.11 0.96

Σ∗∗
3 ΣR

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.98 0.07 1.11 0.96

Proportional

Σ3 ΣH
3 0.15 0.95 0.95 0.10 1.14 0.98 0.07 1.11 0.97

Σ∗
3 ΣH

2 ΣH
3 0.15 0.96 0.95 0.10 1.15 0.98 0.07 1.15 0.97

Σ∗∗
3 ΣH

2 ΣH
3 0.15 0.95 0.95 0.10 1.14 0.98 0.07 1.14 0.97

Σ3 ΣR
3 0.14 0.92 0.95 0.10 1.10 0.96 0.07 1.10 0.96

Σ∗
3 ΣH

2 ΣR
3 0.14 0.93 0.95 0.10 1.10 0.96 0.07 1.11 0.96

Σ∗∗
3 ΣH

2 ΣR
3 0.14 0.92 0.95 0.10 1.10 0.96 0.07 1.10 0.96

Σ∗
3 ΣR

2 ΣR
3 0.14 0.93 0.95 0.10 1.10 0.96 0.07 1.11 0.96

Σ∗∗
3 ΣR

2 ΣR
3 0.14 0.92 0.95 0.10 1.10 0.96 0.07 1.10 0.96

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18, and ΣH and ΣR

are the Hessian based and robust estimators
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Table B1: Comparison of the different variance estimators for low separation,for the 3
sample sizes separatly for one parameter, β13 for modal and proportional assignment

Final Components 500 1000 2000
2nd step 3rd step se se/sd coverage se se/sd coverage se se/sd coverage

Modal
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3 0.21 1.01 0.95 0.13 1.09 0.97 0.09 1.14 0.97

Σ∗
3 ΣR

2 ΣR
3 0.21 1.05 0.95 0.13 1.08 0.97 0.09 1.12 0.97

Σ∗∗
3 ΣR

2 ΣR
3 0.22 1.06 0.96 0.14 1.10 0.97 0.09 1.15 0.97

Proportional

Σ3 ΣH
3 0.19 1.04 0.97 0.14 1.16 0.98 0.10 1.25 0.99

Σ∗
3 ΣH

2 ΣH
3 0.21 1.14 0.98 0.15 1.24 0.98 0.10 1.33 0.99

Σ∗∗
3 ΣH

2 ΣH
3 0.21 1.11 0.97 0.14 1.22 0.98 0.10 1.31 0.99

Σ3 ΣR
3 0.17 0.92 0.94 0.12 1.00 0.95 0.08 1.07 0.96

Σ∗
3 ΣH

2 ΣR
3 0.19 1.04 0.95 0.13 1.10 0.97 0.09 1.17 0.98

Σ∗∗
3 ΣH

2 ΣR
3 0.19 1.00 0.95 0.13 1.07 0.97 0.09 1.14 0.98

Σ∗
3 ΣR

2 ΣR
3 0.20 1.07 0.95 0.13 1.11 0.98 0.09 1.17 0.98

Σ∗∗
3 ΣR

2 ΣR
3 0.20 1.04 0.95 0.13 1.08 0.97 0.09 1.15 0.98

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18, and ΣH and ΣR

are the Hessian based and robust estimators

Table B2: Comparison of the different variance estimators for high separation,for the 3
sample sizes separatly for one parameter, β13 for modal and proportional assignment

Final Components 500 1000 2000
2nd step 3rd step se se/sd coverage se se/sd coverage se se/sd coverage

Modal

Σ3 ΣH
3 0.14 0.93 0.95 0.10 1.08 0.97 0.07 1.09 0.96

Σ∗
3 ΣH

2 ΣH
3 0.14 0.94 0.95 0.10 1.09 0.97 0.07 1.10 0.96

Σ∗∗
3 ΣH

2 ΣH
3 0.15 0.95 0.95 0.10 1.10 0.98 0.07 1.11 0.96

Σ3 ΣR
3 0.14 0.94 0.94 0.10 1.10 0.97 0.07 1.09 0.96

Σ∗
3 ΣH

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.98 0.07 1.11 0.96

Σ∗∗
3 ΣH

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.96 0.07 1.11 0.96

Σ∗
3 ΣR

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.97 0.07 1.11 0.96

Σ∗∗
3 ΣR

2 ΣR
3 0.15 0.96 0.95 0.10 1.10 0.98 0.07 1.11 0.96

Proportional

Σ3 ΣH
3 0.15 0.95 0.95 0.10 1.14 0.98 0.07 1.11 0.97

Σ∗
3 ΣH

2 ΣH
3 0.15 0.96 0.95 0.10 1.15 0.98 0.07 1.15 0.97

Σ∗∗
3 ΣH

2 ΣH
3 0.15 0.95 0.95 0.10 1.14 0.98 0.07 1.14 0.97

Σ3 ΣR
3 0.14 0.92 0.95 0.10 1.10 0.96 0.07 1.10 0.96

Σ∗
3 ΣH

2 ΣR
3 0.14 0.93 0.95 0.10 1.10 0.96 0.07 1.11 0.96

Σ∗∗
3 ΣH

2 ΣR
3 0.14 0.92 0.95 0.10 1.10 0.96 0.07 1.10 0.96

Σ∗
3 ΣR

2 ΣR
3 0.14 0.93 0.95 0.10 1.10 0.96 0.07 1.11 0.96

Σ∗∗
3 ΣR

2 ΣR
3 0.14 0.92 0.95 0.10 1.10 0.96 0.07 1.10 0.96

Note: Σ∗
3 is the 1st and Σ∗∗

3 the 2nd order correction, as defined in equation 17 and 18, and ΣH and ΣR

are the Hessian based and robust estimators
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104 APPENDIX C. EXAMPLE CH. 4

Table C1: The modified 3-class model of parents social status obtained using the one-step
approach without accounting for heteroskedasticity

Class Size 0.69 0.30 0.02
Father’s job status
low 0.47 0.23 0.20
medium 0.53 0.64 0.68
high 0.00 0.13 0.13
Mother’s education
lt high school 0.82 0.12 0.42
high school 0.17 0.72 0.42
junior college 0.00 0.03 0.00
bachelor 0.00 0.11 0.13
graduate 0.00 0.03 0.03
Father’s education
lt high school 0.93 0.08 0.52
high school 0.07 0.66 0.26
junior college 0.02 0.00 0.00
bachelor 0.00 0.13 0.10
graduate 0.00 0.11 0.13

Table C2: The modified 3-class model of parents social status obtained using the one-step
approach with accounting for heteroskedasticity

Class Size 0.59 0.33 0.08
Father’s job status
low 0.48 0.33 0.05
medium 0.52 0.67 0.47
high 0.00 0.01 0.48
Mother’s education
lt high school 0.92 0.17 0.16
high school 0.08 0.75 0.47
junior college 0.00 0.03 0.01
bachelor 0.00 0.04 0.27
graduate 0.00 0.01 0.08
Father’s education
lt high school 0.96 0.32 0.01
high school 0.04 0.65 0.17
junior college 0.00 0.01 0.05
bachelor 0.00 0.03 0.37
graduate 0.00 0.00 0.40
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Table C3: The modified 3-class model of parents social status obtained using the original
LTB approach without accounting for heteroskedasticity

Class Size 0.59 0.33 0.08
Father’s job status
low 0.48 0.33 0.05
medium 0.52 0.67 0.47
high 0.00 0.01 0.48
Mother’s education
lt high school 0.92 0.17 0.16
high school 0.08 0.75 0.47
junior college 0.00 0.03 0.01
bachelor 0.00 0.04 0.27
graduate 0.00 0.01 0.08
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Table C4: The modified 3-class model of parents social status obtained using the original
LTB approach with accounting for heteroskedasticity

Class Size 0.61 0.31 0.08
Father’s job status
low 0.47 0.33 0.06
medium 0.52 0.67 0.48
high 0.00 0.00 0.47
Mother’s education
lt high school 0.92 0.15 0.16
high school 0.08 0.78 0.47
junior college 0.00 0.03 0.01
bachelor 0.00 0.04 0.27
graduate 0.00 0.01 0.09
Father’s education
lt high school 0.95 0.31 0.02
high school 0.05 0.65 0.20
junior college 0.00 0.01 0.05
bachelor 0.00 0.03 0.36
graduate 0.00 0.00 0.38
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Appendix D

Latent GOLD syntax for the
example application of the LTB
approach in Ch. 4

In this appendix, we present the LG 5.0 syntax used for the real data example. The
following is the syntax for the original one-step LTB approach:

‘‘options

output

parameters=effect standarderrors=npbootstrap profile=LTB;

variables

dependent fatherjob nominal, mothereduc nominal, fathereduc nominal;

independent income;

latent

Cluster nominal 3;

equations

Cluster <- 1 + income;

fatherjob <- 1 + Cluster;

mothereduc <- 1 + Cluster;

fathereduc <- 1 + Cluster;’’

In the options, we indicate what output we would like to have. The command ’pro-
file=LTB’ yields class-specific means for the independent variables, as well as their stan-
dard errors. As can been, in this example, the chosen type of standard error estimator is
the nonparametric bootstrap SE (npbootstrap). This can also be jackknife or standard.

The subsection ’variables’ defines the indicators as dependent variables, the distal
outcome as independent variable, and the latent class variable. The section ’equations’
defines the model of interest. The heteroskedastic model is obtained by changing the first
line of the equations into

‘‘ Cluster <- 1 + income + income * income;’’
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When using a step-three approach, one first estimates a LC model and saves the
classification information and other variables of interest to an output file. In the third
step, this output file is used as the data set to be analyzed. The class assignments are
related to the distal outcome as follows:

‘‘ options

step3 modal ml simultaneous;

output

parameters=effect standarderrors=npbootstrap profile=LTB;

variables

independent income;

latent Cluster nominal posterior = ( Cluster#1 Cluster#2 Cluster#3 );

equations

Cluster <- 1+ income;’’

The choice of the type of three-step approach is defined by the command line ’step3
modal ml simultaneous’. In the definition of the LC variable one specifies the variables
in the data file containing the posterior classification probabilities from the first step:
’(Cluster#1 Cluster#2 Cluster#3)’.
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Summary

This thesis focuses on the development of stepwise latent class analysis approaches for
situations where LC membership is associated with external variables of interest. Two
types of approaches are considered: the three-step approaches and the LTB approach.

Using the three-step approaches first a LC model is estimated with the indicator
variables only, then in step two individuals are assigned to latent classes, and subsequently
in step three the class assignments are used in further analysis while accounting for the
measurement error introduced in step two. While until recently the three-step approach
was used without correcting for the classification error introduced in step two, in this
thesis we advocate for the use of bias-corrected step three models, based on the work of
Bolck, Croon, and Hagenaars (2004), who showed how the amount error introduced in
step two can be accounted for in step three. This work was further developed by Vermunt
(2010), who introduced a user friendly implementation of the correction, and suggested
a more direct approach, that we call the ML approach. Both approaches use the same
classification error matrix for applying the bias adjustment. The BCH approach uses a
model with observed variables only, weighting the LC membership by the inverse of the
classification errors. The ML approach involves estimating a LC model in step three in
which the class assignments are used as an indicator with known classification errors.

An alternative is the LTB approach (so called after the developers, Lanza, Tan and
Bray, (2013)) that is specifically developed for models where LC membership is related
to a distal outcome. Using this approach first an LC model is estimated with the distal
outcome added as a covariate to the model, and in the next step the class-specific means
of the distal outcome are calculated.

This thesis proposes various extensions of the bias-adjusted three-step approaches and
the LTB approach. In Chapter 2, we show how the three-step approaches, which were
initially developed only for models with covariates, can be extended to models with distal
outcomes and multiple latent variables, making the applicability of the approaches more
widespread. We show that when the model assumptions hold, both the ML and BCH
approaches yield unbiased estimators of the relationship between LC membership and
external variables in all special cases investigated.

In Chapter 3, we show that the currently available standard error estimators for the ML
approach are biased and we suggest alternative SE estimators. More specifically, we show
both analytically and by simulation that in the estimation of the standard errors of the
third step estimator, one should incorporate the uncertainty about the classification error.
We provide alternative standard error formulae based on the classic likelihood theory of
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Gong and Samaniego (1981).
In Chapter 4, we investigated the robustness of the different stepwise LC analysis

approaches to violations of underlying model assumptions when used with continuous
distal outcomes. The BCH method, the ML method with equal variances, and the ML
method with unequal variances assume that the distal outcome is normally distributed,
whereas ML(equal) also assumes homoskedasticity. The LTB method assumes that the
relationship between the distal outcome and class membership is linear on a logistic scale.
The BCH approach turned out to be the most robust. The ML approach, which involves
estimating a LC model is sensitive to model misspecifications, such as assuming equal
variances across classes when this does not hold, and to nonnormality. At the same time,
the LTB approach proved to be sensitive to violations as well; that is, estimates are biased
when the error term is heteroskedastic.

Finally, in Chapter 5, we propose various improvements to the LTB approach. We show
that using a quadratic term in the first-step logistic model relating the LC membership
to the distal outcome, eliminates the bias in the class-specific means calculated from this
model in situations where the error term is heteroskedastic. Furthermore, we propose
using either a bootstrap or jackknife SE estimator, both of which perform better than
the currently available estimator. We also suggest a true stepwise implementation of
the procedure; that is, analyzing a step one model with indicators only, saving the class
assignments, and running a step three model with the ML approach using the distal
outcome as covariate. The class-specific mean of the distal outcome can be computed
based on the step-three model parameters.
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