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Strategic Bargaining for the Control of a Dynamic 
System in State-Space Form* 

HAROLD HOUBA 
Free University, Amsterdam, and Department of Econometrics, Tilburg University, P.O. Box 90153, 
5000 LE Tilburg, the Netherlands 

AART DE ZEEUW 
T[Iburg University, the Netherlands 

Abstract. 

The partition of a pie model is integrated into a two-player difference game in state-space form with a finite horizon, 
in order to derive strategic bargaining outcomes in the framework of difference games. It is assumed that agreements 
are binding. In contrast to the model for the partition of a pie, the outcomes are not necessarily Pareto-efficient. 
For one-dimensional, linear-quadratic difference games, the subgame perfect bargaining outcome is unique, Pareto- 
efficient, and analytically tractable. However, for higher dimensions the linear-quadratic structure breaks down 
and one has to resort to numerical methods. 
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1. Introduction 

The framework of differential and difference games has proved to be very useful for the 
analysis of a variety of economic problems. When economic agents can be considered to 
have intertemporal objective functionals which depend on the use of their instruments and 
the state of the economy, and when the dynamics of the state of the economy can be described 
by a dynamic system in state-space form which is driven by the use of these instruments, 
this framework is appropriate. For example, the state of the economy can be the capital 
stock which accumulates by investments in fiscal policy games (Fischer 1980), in capacity 
investment games (Reynolds 1987), or in the Lancaster (1973) game of capitalism. Other 
examples are the sluggish price level which changes due to excess demand or supply in 
dynamic duopolistic competition (Fershtman and Kamien 1987), the stock of resources 
which is depleted in resource extraction games (Reinganum and Stokey 1985), and the 
concentration level of pollutants which increases due to emissions in the game of trans- 
boundary pollution control (van der Ploeg and de Zeeuw 1992). 

In most analyses of this kind, first the respective control problems are solved, and then 
noncooperative equilibria are derived in the resulting strategies. Depending on whether 
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the decisions are taken simultaneously or sequentially, the Nash or Stackelberg equilibrium 
concept is employed. Because of the correspondence with control techniques such as 
Pontryagin's maximum principle and Bellman's dynamic programming, the focus is mostly 
on open-loop outcomes and feedback outcomes. In the first decision model, it is assumed 
that the players only have initial state information and are committed to the initially chosen 
strategies, whereas in the second decision model it is assumed that the players only have 
current state information and are free to choose their actions at the time of play (e.g., Ba~ar 
and Olsder 1982). All these outcomes are generally not Pareto-efficient. To put it differently, 
if the players would cooperate, which means that they would decide jointly on all the available 
controls, they generally could reach a Pareto improvement over the noncooperative out- 
come. To be able to evaluate the incentives to cooperate, one of the Pareto-efficient out- 
comes can be selected and compared with the noncooperative outcome. The selection can 
be done on the basis of axiomatic bargaining theory (e.g., Roth 1979) and leads to, for 
example, the Nash or Kalai-Smorodinski bargaining solution. This approach was chosen 
to evaluate the incentives to cooperate in a linked macroeconometric model for two Com- 
mon Market countries (de Zeeuw 1984). This type of selection of Pareto improvements 
over feedback Nash equilibria in differential and difference games is also used in Ehtamo, 
Ruusunen, aad H~rn~il~iinen (1990). Cooperative outcomes with trigger strategies for dif- 
ference games in a dynamic programming framework are derived in Tolwinski (1982) and 
Haurie and Tolwinski (1984). Selection is again based on the concepts of axiomatic bargain- 
ing theory. 

Axiomatic bargaining theory is unsatisfactory, because the bargaining process is not 
described and because one would like to have a noncooperative underpinning of the 
cooperative outcome. For this purpose, the alternating offer model was developed, where 
the players in turn propose how to partition a pie (Rubinstein 1982). This approach is called 
strategic bargaining theory. In the context of a difference game, a proposal consists of a 
joint strategy from a certain point in time onwards. One player makes a proposal, and the 
other player accepts or rejects the proposal. In the case of rejection, the players choose 
their disagreement action, and the game proceeds to the next period, in which it is the 
other player's turn to make a proposal for a joint strategy from that period in time on- 
wards. As in the strategic bargaining model for the partition of a pie, these proposals have 
to be subgame-perfect. Strategic bargaining in the context of a difference game has already 
been suggested and analyzed (Stefanski and Cichocki 1986; Houba and de Zeeuw 1991). 
However, in these articles (and in the articles on the integration of axiomatic bargaining 
theory and difference games), it is assumed that the disagreement actions are exogenously 
prescribed by, for example, the feedback or open-loop Nash equilibrium of the difference 
game. In this article, subgame perfectness is not only required for the proposals in the 
bargaining process but also for the disagreement actions, which are therefore endogenously 
determined in the unraveling of the optimal proposals. 

Time is valuable in this model, because the possible gains of cooperation shrink as time 
passes by: there is a clear incentive for an early agreement. The unique equilibrium pro- 
posal of the partition of a pie model (Rubinstein 1982) is necessarily Pareto-efficient. It 
will be shown in this article, however, that a subgame-perfect equilibrium proposal for 
a joint strategy in a difference game may be Pareto-inefficient. The reason is that it is possible 
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to have two (or more) subgame-perfect equilibrium proposals such that the reacting player 
strictly prefers one proposal to the other, whereas the proposing player is indifferent be- 
tween the two. 

Section 2 of the article is concerned with the formalization of the subgame-perfect 
equilibrium proposals with subgame-perfect disagreement controls in a difference game 
with a finite horizon. It is shown that a proposal can be Pareto-inefficient and an example 
is given. Section 3 of the article deals with the strictly convex linear-quadratic case. If 
the dimension of the state-space is one, it is possible to solve for the subgame-perfect 
equilibrium proposals analytically, backwards in time. The equilibrium is unique, and, 
therefore, in this model, also Pareto-efficient. However, if the dimension of the state-space 
is higher than one, the linear-quadratic structure breaks down and the subgame-perfect 
equilibrium proposals are not analytically tractable anymore. In section 4, two important 
examples are presented. Section 5 concludes the article. 

2. The bargaining model 

The starting point is a standard difference game with two players and a finite time horizon 
tf (e.g., Ba~ar and Olsder 1982). Difference games are dynamic games in discrete time 
in which the objectives depend on the values of the state variables and the chosen controls, 
and in which these state variables change over time under influence of the controls of the 
players. For instance, investments change the capital stock, output decisions change the 
market price, depletion changes the resource stock, emissions change the stock of pollu- 
tion, and budget deficits change the government's debt position. 

The control vector of player i, i = 1, 2, at time t, t fi T : = {0, 1 . . . .  , q - 1}, is denoted 
by ui(t), which is an element of the set of feasible control vectors Ui(t) ~ IR mi. The state 
vector at time t fi T tO {tf} is denoted by x( t ) ,  which is an element of the set of feasible 
state vectors X(t)  c IR n, and the state transition is given by 

x( t  + 1) = f ( x ( t ) ,  u(t), t), t E T, x(O) = Xo, 

where u(t) := (ul(t), u2(t)). The preferences of player i, i = 1, 2, are represented by a 
cost function Ji, which is a real-valued function on the cartesian product of the sets of feasi- 
ble state vectors and control vectors. 

The bargaining process is modeled in a similar fashion as the alternating offer model 
for the partition of a pie (Rubinstein 1982). It is assumed that in each period of time first 
one round of bargaining takes place before the players choose their controls. Therefore, 
the number of bargaining rounds is equal to the number of time periods, tf, in which the 
players can try to control the system. In each round of bargaining, one of the players makes 
a proposal to the other player on how to use their control vectors from that period of time 
t onwards. The other player either accepts or rejects the proposal. If the proposal is ac- 
cepted, the agreement is binding and both players continue the game by implementing the 
contract, i.e., each player uses his/her control variables as prescribed in the contract. If 
the proposal is rejected, both players choose their controls for one period in a noncooperative 
way, and, in the next period of time t + 1, it is the other player's turn to make a proposal. 
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The disagreement control vector of player i, i = 1, 2, at time t, t E T, is denoted by ud,(t) 
E Ui(t). In the alternating offer model (Rubinstein 1982) and in earlier attempts to incor- 
porate strategic bargaining into difference games (Cichocki and Stefanski 1986; Houba 
and de Zeeuw 1991), the disagreement controls were exogenously given. However, in the 
model of this article, the disagreement controls form an integral part of the subgame-perfect 
equilibria of the bargaining game. The following scheme represents the bargaining model 
in which player 1 proposes at every even period, and player 2 proposes at every odd period. 

t even 

t odd 

stage 1 Player 1 proposes a joint strategy. 
stage 2 Player 2 accepts/rejects. 
stage 3 Both players use their controls simultaneously. 

stage 1 Player 2 proposes a joint strategy. 
stage 2 Player 1 accepts/rejects. 
stage 3 Both players use their controls simultaneously. 

The bargaining phase of period t, t E T, can be defined as the first two stages of this 
period, and the disagreement phase of period t is the third stage of this period, provided 
the players did not agree before period t. 

At time t E T, the controls used until time t are history and cannot be changed. This 
simply means that players cannot undo the past. Therefore, the player whose turn it is to 
make a proposal at time t can propose a joint strategy u t from the set 

~ t : =  U(t)  x U(t  + 1) • . . .  x U ( t f -  1), 

where U(s) := Ul(S) • U2(s). In what follows Ji(x, ut), i = 1, 2, denotes player i's costs 
associated with the proposed joint strategy u t E 9 t ,  given the state x at time t. 

In the partition of a pie model (Rubinstein 1982), both players have an incentive to reach 
an early agreement because time has value. In the bargaining game in this article, there 
is also an incentive to reach an early agreement. This incentive is different from the time 
preference in the partition of a pie model, although this type of time preference can also 
be included. As time goes by, the set of available control vectors shrinks, because for all 
t E T  

~ t  D {ut l u (r )  = ua(r) ,  r = t} D . . .  D { d  l u(r)  = ud(r) ,  r = t, . . . ,  t f -  1}. 

The intuition behind this result is that the sooner the players start with the joint use of 
available instruments the more they can control the system to their joint benefit. 

In order to obtain analytical results, attention is focused on convex linear-quadratic (LQ) 
games. LQ games are difference games with quadratic cost functions and a linear state 
transition. Because these games are analytically tractable and can be considered as ap- 
proximations to general difference games, applications often resort to LQ games (e.g., 
Fershtman and Kamien 1987; van der Ploeg and de Zeeuw 1991. Furthermore, LQ games 
are well understood and are therefore the natural starting point to investigate the bargain- 
ing model. Formally, for i = 1, 2, convex LQ games are defined as 
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minJ i ( . )  m i n l x ' ( O ) Q i x ( O )  + Et~T 1 *'  = [u i ( t )Riui( t )  + x ' ( t  + 1)Qix( t  + 1)], 
ui( ) u~(. ) 

with state transition 

X(t  + 1) = Ax(t) + BlUl(t  ) + B2u2(t), t E T, x(O) = x O, 

where R i is positive definite and Qi is semipositive definite. All matrices can be time- 
dependent, but, for simplicity, detailed notation will be omitted. 

Note that LQ games have cost functions Ji, with the property that the remaining costs 
at time t do not depend directly upon u(0) . . . .  , u(t - I), but may depend indirectly on 
these controls through the state variable x ( t ) .  In other words, the past is sunk with respect 
to direct costs of used controls in the past, but not directly, because the past controls deter- 
mine the current state. Furthermore, the cost functions from period t onwards will be the 
same for different histories which result in the same state vector x ( t ) .  

It is assumed that both players have current state information and are free to choose their 
actions at the time of play. Consider the game that starts in state x at time t. Since x can 
be the result of different histories, x can be an "information set" in the terminology of 
game theory, so that this game is not a proper subgame. However, the continuation from 
each node in this "information set" is the same, so that sequential rationality can be ap- 
plied without worries about beliefs (Kreps 1990). Therefore, the equilibrium concept is 
very close to subgame perfectness (SPE) (Selten 1978), and will be referred to as such. 
Another way out is to require that the matrices B 1 and B 2 have full column rank and that 
the players have perfect recall. That means that the players remember the states before 
time t and their own actions, so that they can reconstruct the history that has led to the 
state x at time t. Subgame-perfect equilibria can be found by backwards induction. 

The bargaining model is rich enough to analyze renegotiation of agreements. Renegotia- 
tion means that the players are allowed to continue the bargaining process in order to reach 
a new agreement that will replace the existing agreement. Renegotiation has to be con- 
sidered, because it is unlikely that players will refrain from bargaining after they have agreed 
upon a joint strategy that is not Pareto-efficient. However, for explanatory reasons, it is 
first assumed that no renegotiation takes place. At the end of section 3, it is shown that 
for convex LQ difference games renegotiation does not change the results. 

Before the class of convex LQ games is analyzed in the next section it is useful first 
to consider an example to illustrate how equilibria are computed. The example (see Figure 1) 
also shows that in general more than one subgame-perfect equilibrium proposal for a joint 
strategy exists and that equilibria can be Pareto-inefficient. The reason is that for the case 
in which player 2 is the proposing player in the first period, this player is indifferent be- 
tween two subgame-perfect equilibrium proposals, whereas player 1, the reacting player, 
strictly prefers one proposal to the other. 

Consider the two-player, two-period tree game in Figure 1, in which player i, i = 1, 
2, has to choose between L i (left) and Ri (right) in each period. Furthermore, only pure  
strategies are allowed, a The numbers between brackets represent costs which the players 
try to minimize. 
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R1,L2 
2,2 

R1,L2 
1,3 

R1,R2 
2,2 ~ ~  

L1,L2 
0,2 ~ { - ~ - ' l  

L1 ,R2 i ~  
4,1 

R1,R2 
2,2 

LI ,L2 ~ ~  
5,0 

R1,L2 
3,1 ~ 

R1,R2 
2,2 

L1,L2 
0,3 I x = l l  

LI,R2 
2,, - - - i  x=~ I 

LI,R2 
-1,1 

R I ,L2 IJ'-Y-'Z'~-I 
[ " - "  I 2,3 

RI,R2 
5,2 

LI'L2 
0,3 

LI,L2 
4,1 

Figure 1. The game-tree example (from Start and Ho 1969). 

The first step in computing SPEs is to determine what the equilibrium disagreement ac- 
tions are in the last period, in case the players end up in a situation in which they have 
failed to reach an agreement. For each state variable x (1) in period 1 the players have to 
play a bi-matrix game. Subgame perfectness requires that the disagreement actions in this 
period, given the state x(1), are Nash-equilibrium actions of the bi-matrix game. This yields 
the following result: 

( -  (Rl, R2), 
ua(1, x) = -~ (L1, L2), 

[,_ (L1, R2), 

if  x = 2, 
i f x  = 1, 
i f x  = O. 

Note that the equilibrium disagreement outcomes in states 0 and 1 are Pareto-efficient. 
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The next step consists of deriving the optimal behavior of the responding player in each 
state x(1) to a proposed joint strategy u 1 E 91. If  this player rejects the proposed joint 
strategy, both players will use the equilibrium disagreement actions. The responding player 
will certainly accept any proposed joint strategy that is strictly better for him/her than the 
disagreement outcome and will certainly reject it if the proposed joint strategy is strictly 
worse for him/her than the disagreement outcome. If the responding player is indifferent 
between the proposed joint strategy and the disagreement outcome, accepting and reject- 
ing are both optimal for this player. 2 In what follows, emphasis will be on the derivation 
of equilibria, in which the responding player accepts whenever this player is indifferent. 

The proposing player's best joint strategy that will be accepted by the responding player 
minimizes the proposing player's costs for the remainder of the game, given the constraint 
that the responding player's costs are at most this latter player's disagreement costs. It is 
possible that the proposing player is indifferent between this best joint strategy and a pro- 
posal that will be rejected, which implies that both kinds of behavior are optimal for this 
player in this situation. However, in what follows, equilibria will be computed, in which 
the proposing player proposes the best joint strategy if the corresponding costs are at most 
the disagreement costs. 

The set of joint strategies that will be accepted by the responding player contains the 
equilibrium disagreement actions ud(1, x) and, thus, this set is not empty. Furthermore, 
this set consists of a finite number of joint strategies. Hence, the proposing player's best 
joint strategy exists and will be at least as good as the equilibrium disagreement actions 
for both players. 

Suppose the proposing player is player 1 in period 1, then this player's best joint strategy 
u*l(x) ~ 9 x in period 1 is given by 

~-(L1, L2), i f x  = 2, 
u*l(x) = ~(L1,  L2), i f x  = 1, 

~_ (L 1, R2), if x = 0. 

However, the proposing player's best joint strategy need not be unique. Suppose the pro- 
posing player is player 2 in period 1, then this player's best joint strategy u**a(x) E 91 
in period 1 is given by 

~-{(R1, g2), (L1, L2)}, 
u**~(x) ~ "~ {(L1, /~)}, 

t._ {~L~, rig}, 

i f x  = 2, 
i f x  = 1, 
i f x  = 0. 

Note that the equilibrium in state 2 in which player 2 proposes the joint strategy (R1, 
R2) is not Pareto-efficient, because the joint strategy (L1,/-,2) is strictly better for player 
1 and not worse for player 2. Hence, a subgame-perfect equilibrium proposal need not 
be Pareto-efficient. The reason for this result is that the proposing player is indifferent 
between the two joint strategies and that the responding player strictly prefers one joint 
strategy to the other but accepts both. 

The analysis above shows that several equilibria exist for each subgame starting at period 
1. However, when the equilibrium costs are considered, it follows that the states x(1) -- 0 
and x(1) = I always have the same equilibrium costs, namely, (4, 1) and (0, 3), respectively. 
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These equilibrium costs are also independent of whether player 1 or player 2 is the propos- 
ing player, because the equilibrium disagreement actions are Pareto-efficient. The 
equilibrium actions in state x(1) = 2 are not unique, and, in this case, it also matters which 
player is the proposing player. However, all equilibria in state x(1) = 2 have either costs 
(0, 2) or costs (2, 2). Therefore, define the value functions V(1, x) and 17"(1, x) as follows 

( - (0 ,2 ) ,  i f x  = 2, ( - ( 2 , 2 ) ,  i f x  = 2. 
V(1, x) = ~ ( 0 ,  3), i f x  = 1, and I7"(1, x) = ~ ( 0 ,  3), i f x  = 1, 

~_(4, 1), i f x  = 0, 1_(4, 1), i f x  = 0. 

The equilibrium disagreement actions in period 0 are derived from a reduced-form, hi- 
matrix game, which is the bi-matrix game of the first period augmented with the equilibrium 
costs in the resulting state x(1). Subgame perfectness requires that the disagreement ac- 
tions in the first period, given the state x(0), are Nash equilibria of this reduced-form, 
bi-matrix game. Independent of V(1, x) and I7"(1, x), it follows that the equilibrium disagree- 
ment actions in period 0 are 

ud(O, X) = (RI, L2). 

If these disagreement actions are played, then the state x(1) = 2 results. This means 
that the disagreement costs from the first period onwards are either (2, 4) or (4, 4). 

Similar to the analysis of period 1, it follows that subgame perfectness requires that the 
responding player accept every proposed joint strategy u ~ ~ ~0 if the associated costs are 
at most this player's disagreement costs. The set of joint strategies that will be accepted 
by the responding player is finite and contains the joint strategy (ua(0, x), u*l(x)). 
Therefore, the proposing player's best joint strategy exists and is at least as good as the 
equilibrium disagreement outcome for both players. 

Suppose the proposing player is player I in period 0, then this player's best joint strategy 
u.O(x) ~ ~o in period 1, independent of whether (2, 4) or (4, 4) are the disagreement costs, 
is given by 

u*O(x) = ((Zl, g2),  (g l ,  Z2)), 

with total costs (1, 4). Suppose the proposing player is player 2 in period 0, then the unique 
equilibrium disagreement costs from the first period onwards are (2, 4). Player 2's best 
joint strategy u**~ E x~o in period 0 is one of two possibilities: 

u**O(x) E {((el ,  Z2) , ( t l ,  Z2)), ((Zl, g2) , e l ,  Z2))} , 

with total costs (1, 4) and (2, 4), respectively. Note that the equilibrium joint strategy need 
not be unique and need not be Pareto-efficient. 

Besides the equilibria found above many other equilibria exist in this example. The 
equilibrium strategies of these other equilibria can only differ from the equilibrium strategies 
derived above when the optimal behavior for a specific player is not uniquely determined. 
For instance, when the responding player is indifferent between a proposed joint strategy 
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and the disagreement outcome, then accepting and rejecting are both optimal. Above, it 
was assumed that the responding player accepts whenever indifferent. Consider the op- 
timal strategy in which the responding player accepts whenever the proposed joint strategy 
yields strictly lower costs than the disagreement costs and rejects otherwise. Then the pair 
of costs (3, 2) can be supported as an equilibrium outcome in the bargaining game in which 
player 2 is the proposing player in period 0. The disagreement actions in the last period 
are the same as before, while for every state x(1) no joint strategy exists that gives player 
1 at most this player's disagreement costs and player 2 strictly less than this last player's 
disagreement costs. Hence, disagreement will result in all subgames, and V(1, x) is the 
corresponding value function. It will be clear that this leads to the same disagreement ac- 
tions in period 0 as before, with total costs (4, 4). Player 2's best joint strategy u**~ 
E ~/0 from the set of joint strategies that will be accepted by player 1 is given by 

u**~ = ((L1, R2), (L1, R2)), 

with total costs (3, 2). Note that the equilibrium in which player 2 rejects when indifferent 
is strictly better for this player than the equilibria derived above in which this player ac- 
cepts when indifferent. 

It may also be the case that the proposing player is indifferent between this player's best 
joint strategy and disagreement. For instance, this occurs for all subgames of the bargain- 
ing game in which player 2 is the proposing player in period 1. Above it was assumed 
that the proposing player proposes this player's best joint strategy whenever indifferent. 
It is also possible to derive equilibria in which the proposing player proposes a best joint 
strategy whenever this joint strategy yields strictly lower costs than the disagreement costs 
and proposes some tmacceptable joint strategy otherwise. These equilibria yield equilibrium 
costs which are the same as before. 

It should be noted that the tie-breaking assumption that the proposing player always pro- 
poses this player's best joint strategy and the responding player accepts when indifferent 
leads to a simple procedure to derive equilibria. The proposing player's best joint strategy 
minimizes the proposing player's costs on the set of all joint strategies that will be accepted 
by the responding player. Finally, the existence of equilibria in which either the respond- 
ing player rejects whenever indifferent or the proposing player does not propose this player's 
best joint strategy whenever indifferent is due to the fact that the set of joint strategies, 
given the state x at time t, is finite. 

3. Convex Linear-Quadratic Bargaining Games 

Each period t, t E T, of the bargaining game can be divided into a bargaining phase and 
a disagreement phase. Suppose that for each phase in each period quadratic value func- 
tions in the state vector of that period can be postulated, which represent the continuation 
costs of the SPE. If the LQ bargaining game has a vector of state variables x of dimension 
n equal to 1, then indeed an equilibrium for quadratic value functions exists, the equilibrium 
costs are unique and Pareto-efficient, the equilibrium is analytically tractable, and both 
the proposed joint strategy and the disagreement controls are contingent upon the state 
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of the system. If the LQ bargaining game has a vector of state variables of dimension n 
larger than 1, then necessary and sufficient conditions for a breakdown of the quadratic 
structure can be derived, and no equilibrium for quadratic value functions exists. The special 
case of LQ bargaining games that have a vector of state variables x of dimension n equal 
to 1 is treated separately in the corollaries to the general results. 

Player i's value function, given state x at time t, is denoted by V/(t, x), i = 1, 2. 
Superscripts b and d denote the value function in the bargaining phase respectively the 
disagreement phase of that period. Formally, 

1 , o -  1 , d -  Vbi(t, x) = ~x  Ki( t )x  and Vai(t, x) = ~ x  Ki(t)x,  i = 1, 2. 

Without loss of generality, it is assumed that K~(t) and K~(t), i = 1, 2, are semi-positive 
definite, which is denoted as K~(t), Kai(t) >_ O. 

Backwards induction implies that the analysis can be split into two steps. First, given 
state x at t and the value functions ~ ( t  + 1, f ( x ,  u, t)) one period later, the equilibrium 
disagreement controls ua(t, x) ~ U(t) are derived. Second, given state x at time t and the 
value functions l~/(t, x), the equilibrium proposal u t (x) ~ r t at time t is derived. The first 
step is essentially the same as in the derivation of the feedback-Nash (or Markov-perfect) 
equilibrium in ordinary difference games without bargaining. In the next proposition it 
is assumed that the matrices E(t)  are regular. 

Proposit ion 1. The equilibrium disagreement controls at time t, t E T, for state x are given by 

uai(t, x) = -RF1Bi'K~(t + 1)E(t) -1 Ax, i = 1, 2, 

where 

E(t)  = I + BaR[IB~K~(t + 1) + B2R~IB~Kb(t + 1). 

Furthermore, 

Kai(t) = Qi + A'E(t)-l[Kbi( t + 1)BiRT1Bi'Kbi( t + 1) + Kbi(t + 1)]E(t) - 1 A  >__ 0, 

for i = 1, 2 and 

x( t  + 1) = E(t)  -1 Ax(t). 

Proof The optimization problem minu,~Vi(t, x) for player i, i = 1, 2 is given by 

1 , 
rain ~[u iRiu  i + x 'Qix  + (Ax + BlU 1 + B2u2)'Kb(t + 1)(Ax + BlU 1 + B2u2) ]. 
ui~R 

The first order condition is 

g iu  i + Bi'g6i(t + 1)(Ax + BlU 1 + O2u2) = 0. (1) 
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To obtain the following equation, first premultiply both sides by BiR~ l, then sum up 
over i = 1, 2 and add Ax to both sides, and finally rewrite the equation. This yields 

Ax + Blu 1 + B2u2 = E(t) -1 Ax, 

where 

E(t) "= I + B1RllB;Kbl(t + 1) + B2R~IB~K~(t + 1). 

The term on the left-hand side is equal to x(t  + 1) and, therefore, x(t  + 1) = E(t) -1 
Ax(t). Substitution of these results into (1) and premultiplying by R, -1 yields the expressions 
for udi(t, x). Finally, substitution of udi(t, x) and x (t + 1) into the value function V i(t, x) 
yields the expression for Kd(t). Given Kbi(t + 1) >_ 0, it is easy to show that Kd(t) >_ O. 

Corollary 1. If the vector of state variables x has dimension n equal to 1, then E(t) is regular. 

Proof If n = 1, then the matrix product of the semi-positive definite 1 • 1 matrices 
BiR~IB~ ', i = 1, 2 and Kb(t + 1) is a semi-positive definite matrix, and, thus, E(t) is 
positive definite) �9 

Remark. The matrices E(t) are regular if the Q, R, A and B matrices are diagonal matrices 
with positive elements. Therefore, E(t)  must also be regular if these matrices have positive 
diagonal elements and off-diagonal elements that are relatively small in absolute values. 

The second step in deriving the equilibrium consists of solving the bargaining phase. 
Subgame perfectness requires that the responding player in period t accept every proposed 
joint strategy that yields strictly lower costs than the equilibrium disagreement outcome 
and reject if the proposed joint strategy yields strictly higher costs. When the responding 
player is indifferent, accepting and rejecting are both optimal. In what follows, it is assumed 
that the responding player accepts in case of indifference. Thus, the responding player, 
denoted by subscript R, accepts the proposed joint strategy u t ~ 'Jl t, given state x at time 
t, if JR(X, u t) <_ vd(t,  X), and rejects otherwise. 

The proposing player, denoted by the subscript P, can always secure this player's disagree- 
ment costs V~e(t, x) by proposing an unacceptable joint strategy or a joint strategy that 
prescribes the actions that will lead to those costs. The proposing player's best joint strategy 
that will be accepted by the responding player minimizes the proposing player's costs for 
the remainder of the game, given the constraint that the responding player's costs are at 
most this latter player's disagreement costs. Hence, this best joint strategy ut(x) is found 
by the following optimization problem: 

d(x) = arg rain JR(X, ut), s . t .  JR(x, u t) <-- vd( t ,  x). 
ut(:~ t 
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Let d'a(x) E x~t denote the path of controls, given state x at time t, that will result if 
both players follow the equilibrium strategies in case of  disagreement. By definition, Ji(x, 
ut'd(x)) = vdi(t, x), i = P, R, and, therefore, ut'd(x) belongs to the set of joint strategies that 
will be accepted by the responding player. It follows that the proposing player's best joint 
strategy d(x)  yields costs that are at most vd(t ,  x). I f  player P is indifferent between the 
best joint strategy and disagreement, then it is assumed that the best joint strategy u t(x) is 
proposed, and not some other strategy u t ~ q t  that will be rejected by the responding player. 

The next lemma gives a necessary and sufficient condition that must be satisfied in order 
to have a binding constraint in the optimization problem for the proposing player for every 
vector x # O. 

Lemma 1. Suppose that the system is one-step, zero-controllable with the controls of the 
responding player. Then the constraint JR(X, U t) < vd( t ,  x) is binding for every x # 0 
if  and only if y 'S ( t ) y  > 0 for every y ~ (R(E(t) - 1 A ) \  {0}, where 

S(t)  = [I + N( t  + 1)]M+[I + N(t  + 1)] + 211 + N(t  + 1)]Kb(t + 1) -- Kb(t  + 1), 

with N(t  + 1) = BpRpIB)Kb( t  + 1), M = BRRR1B]r and M + the Moore-Penrose  in- 
verse of M. 

Proof Suppose the constraint is not binding. Then d(x)  = (u*(t, x) . . . .  , u*(tf - 1, x)) 
satisfies 

u~(t, x) = O, BRU~(t, x) = - A x  and u*(s, x) = O, 

for i = P, R, s = t + 1, . . .  , tf - 1. The corresponding costs are vb( t ,  x) = ~xl ,Qpx 
, t  

and v b  (t, x) = �89 + UR (t, X)RRU~(t, x)]. The control u,~(t, x) may not be unique, 
and in order to derive the contradiction that all these controls yield higher costs than the 
disagreement outcome, it is sufficient to consider the responding player's best control that 
satisfies this relation. Solving 

min vb(t ,  x) + X'[BRU~(t, x) + Ax] 
u~ (t. x) 

yields 

, 1 , 
u~(t, x) = - R ~ I B R  ~, Mh = Ax and vb(t ,  X) = ~[X QRx + X'MX]. 

It easily follows that vb(t,  X) = �89 + A ' M  + A]x, because M = M M  + M and 
MX = Ax. This leads to the contradiction JR(x, u t) > Vd(t,  x), because substitution of 
the expression for Kd(t)  derived in Proposition 1 yields the following equivalence: 

~xl ,[QR + A 'M+ A]x > ~xl ,KR(t)xd . ~ x ' A ' E ( t ) - I S ( t ) E ( t ) - I A x  > O. 
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The condition y 'Sy  > 0 for every y ~ 6l(E(t) -1A) \  {0} is equivalent to the latter con- 
dition. Hence, the constraint is binding. �9 

Corollary 2. I f  the LQ bargaining game has a vector of state variables x of dimension n 
equal to 1, then the constraint JR(X, u t) < vd( t ,  x) is binding for every x # 0. 

Proof If  n = 1, then N(t  + 1), M and Kb(t  + 1) are positive numbers. Therefore, S is 
positive definite, and y 'Sy  > 0 for every year y ~ IR\  {0}. �9 

Besides the case mentioned in the previous corollary, the necessary and sufficient con- 
dition of the previous lemma surely holds if the Q, R, A, and B matrices are diagonal matrices 
with positive elements. Therefore this condition also holds if these matrices have positive 
diagonal elements and off-diagonal elements that are relatively small in absolute values. 
It seems not possible to formulate the necessary and sufficient condition of the previous 
lemma in terms of the parameters of the LQ bargaining game. 

In what follows only the class of bargaining games for which the constraint is binding 
is considered. The next proposition formulates the proposing player's best joint strategy 
d(x )  in period t, given state x at time t and the value functions Vai(t, x), i = P, R. 

Proposition 2. If  the constraint is binding, then the proposing player's best contract at time 
t, t ~ T, for state x is given by ut(x) = (u*(t, x) . . . . .  u*(tf - 1, x)), where u*(s, x), 
s = t . . . .  , t f -  1, i s g i v e n b y  

u* (s, x)  ~-  1 = -G,(s)H~=t [A - BG(r)]x,  i = P, R, 

with 

B = [Bp, BR] and G(s) = I G e ( s )  1 
G R ( s )  " 

The matrices Gi(s), i = P, R, s = t . . . . .  tf - 1, are found by solving backwards recur- 
sively the system of equations 

G(s) = [R + B' (Ke(s  + 1) + XKR(s + 1))B] -1B' (Ke(s  + 1) + XKR(s + 1))A, 

K~(s) = Qi + Gi'(s)RiGi(s) + [A - BG(s)I 'Ki(s + 1)[A - BG(s)], i = P, R, 

Ki(tf) = Qi, i = P, R, 

for a parameter X > 0, with 

~ R =  XR R 
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and requiring that X is such that x'[KR(t) -- Kd(t)]x = 0. The resulting total costs are 
�89 i = P, R, which will be denoted as �89 

Proof. The previous lemma implies that ut(x) has to minimize the Lagrange function 

L(x, u', X) = Jp(x, u t) + X[JR(x, u t) -- vd( t ,  x)], 

with X > 0. Dynamic programming requires the optimization 

1 
rain 2 [u'(s)Ru(s) + x* ' (s ,  x)(Qp + XQR)x*(s, x )+ 

u(s)~ U(s) 

(Ax*(s, x) + Bu(s)) ' (Ke(s  + 1) + XKR(s + 1))(Ax*(s, x) + Bu(s))], 

where Ke(s + 1) + kK R(s + 1) is the parameter of the quadratic value function of this 
problem and u is the stacked vector [u~, u~] '. This yields 

u*(s) = -G(s )x* ( s ) ,  i = P, R, 

with state transition x* (s + 1) = [A - BG(s)]x* (s). Substitution of these results into the 
dynamic programming equation yields the backwards recursive equations in K~, i = P, R. 
The resulting total costs are �89 i = P, R. Finally, the value of the Lagrange 
parameter k can be found, because the constraint Jn(x, ut(x)) - vd( t ,  x) = 0 has to be 
satisfied, which leads to the requirement x'[Kn(t)  - Kd(t)]x = O. 

Corollary 3. If the constraint is binding, then the proposing player's best joint strategy ut(x) 
is unique and Pareto-efficient, and the responding player is indifferent between this best 
joint strategy and the equilibrium disagreement outcome. 

Proof Since Ri, i = P, R, are positive definite, Ki(s + 1) is semi-positive definite, and 
> 0, it follows that R + B(Kv(s + 1) + Mfg(S + 1))B' is positive definite, so that ut(x) 

is unique. Suppose ut(x) is not Pareto-efficient, then there exists a vt(x) ~ q t  such that 
Ji(x, vt(x)) <- Ji(x, ut(x)) <- vd(t ,  x), i = P, R, and either (i) the first inequality for the 
proposing player is strict, or (ii) the first inequality for the responding player is strict. Case 
(i) contradicts the fact that ut(x) solves the minimization problem, and case (ii) contradicts 
the fact that ut(x) is the unique joint strategy that solves the minimization problem. �9 

The optimization problem to find the proposing player's best joint strategy can be ex- 
plained graphically in the two-dimensional cost space at time t, given state x at t. The Pareto 
frontier can be derived by solving the following optimization problems 

min Jp(x, u t) + MR(x, ut), X E [0, oo). 
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The shaded area in Figure 2 satisfies the constraint JR(X, U t) "~ V~(t, x), and the pro- 
posing player's best joint strategy has to lie in this shaded area. It follows immediately 
that the best joint strategy is found at the intersection of the line JR(x, u t) = Van(t, x) with 
the Pareto frontier. 

The constraint in the optimization problem is binding, and thus the responding player 
is indifferent between accepting and rejecting the proposed joint strategy ut(x). The 
equilibrium derived above is supported by equilibrium strategies in which the responding 
player accepts when this player is indifferent. It can be shown that no equilibrium exists 
in which the responding player rejects when this player is indifferent. In that case, the 
proposing player's best joint strategy is found by minimizing this player's costs, given the 
restriction JR(x, u t) < Van(t, x). No best joint strategy exists in the latter optimization 
problem, because the set of joint strategies that will be accepted by the responding player 
is open and no interior solution exists. 

If for each state x at time t the same Lagrange multiplier k results, then the value func- 
tions vbi(t, x) are quadratic. However, if the Lagrange multiplier X depends on state x at 
time t, then Ki(t) depends on state x at time t, and the value functions V~(t, x) are not 
quadratic. In the next lemma, a property of the matrices Ki(.) and Gi(.) as functions of 
the Lagrange multiplier X will be proved. 

dR 

dp 
Figure 2. The proposing player's optimization problem, where P = 1 and R = 2. 
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Lemma 2. Each element of  the matrices Ki(s), Ki(tf),  and G~(s), i = P, R, s = t . . . . .  
tf - 1, can be written as a fraction of two polynomials in the Lagrange multiplier k with 
the same denominator for each matrix. 

Proof The proof will use backwards induction. 

Each element of  Ki(tf) = Qi, i = P, R, is a fraction of two polynomials in X, which 
are both of degree 0, and each element has the same denominator, namely, 1. Suppose 
that for i = P, R, each element of K i (s + 1) is the fraction of two polynomials in ~ and 
that all elements of Ki(s + 1) have the same denominator. By definition, 

G(s) = [R + B ' (Ke(s  + 1) + XKR(s + 1))B] - 1 B ' ( K p ( s  + 1) + kKn(s + 1))A. 

Each element o f R  + B' (Ke(s  + 1) + kKn(s + 1))B and B' (Ke(s  + 1) + XKR(S + 1))A 
is a fraction of two polynomials in k, and the polynomial in the denominator is the 
same for all elements of both matrices. Therefore, the denominator in B'(Kp(s  + 1) + 
kKn(s + 1))A cancels out against the denominator in R + B ' (Ke(s  + 1) + MfR(s + 1))B 
when the inverse of the latter matrix is taken. Only the numerators of  the elements of 
R + B ' (Ke(s  + 1) + kKn(s + 1))B and B'(Kp(s  + 1) + Mfn(s + 1))A remain. There 
are several ways to compute the inverse of a matrix, but in what follows the method which 
makes use of cofactors will be applied (e.g., Strang 1980, paragraph 4.3). Each element 
of the inverse of R + B ' (Ke(s  + 1) + XKR(s + 1))B is the fraction of the corresponding 
cofactor divided by the determinant of  this matrix and, thus, all elements of  the inverse 
have the same denominator. The determinant and each cofactor are polynomials in k. Post- 
multiplication of this inverse with B'(Ke(s  + 1) + kKR(s + 1))A yields that each element 
is also a fraction of a polynomial in X, divided by the determinant o f R  + B' (Ke(s  + 1) 
+ kKn(s + 1))B. Thus, each element of G(s) is a fraction of two polynomials in k, and 
all elements of G(s) have the same denominator. This immediately implies that the elements 
of G i (S) and K, (s) have the same property. �9 

The previous lemma implies that the elements of the matrix [KR(t ) - K~(t)] can be 
written as a fraction of two polynomials in the Lagrange multiplier k, and that all elements 
have the same denominator, namely, the denominator of each element of  Kn(t).  Thus, 
rewriting of x '  [KR(t) - K~(t)] x yields the symmetric matrix 

x t 

all(~k) 

anl(Jk) 

�9 . .  aln(k) 

�9 . .  a,n(h) 

X, 

where each aij(k) is a polynomial in the Lagrange multiplier k. The Lagrange multiplier 
X > 0 has to solve the equation x ' [Kn( t  ) - Kd(t)]x = O. In order to explain why the 
Lagrange multiplier k > 0 depends on state x at t, consider the states x = ek and x = el, 
k, l = 1, . . . ,  n and k ;~ l. Then, h > 0 has to solve au (h )  = O, in c a s e x  = ek, and 
X > 0 has to solve au(X) = O, in case x = et. In general, all(X ) ~ akk(X) and, thus, the 
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solution for X > 0 depends on whether x = el or x = ek. The next proposition states 
necessary and sufficient conditions for the Lagrange multiplier X > 0 to be independent 
of state x at time t. 

Proposi t ion 3. The Lagrange multiplier X > 0 is independent of state x at time t iff there 
exists a k* > 0 such that akt(X*) = 0 for all k, l = 1 . . . . .  n. 

Proof  According to Corollary 3, the solution ut(x) is unique. ( = )  Substitution of X* yields 
x '  [0Ix = 0 for all x. Hence, X = X* > 0 is independent of x. ( = )  Suppose that there 
does not exist a X* > 0 such that akl(X*) = 0 for all k, l = 1, . . . ,  n. Define X* > 0 
such that an(X*) = 0, then there exist k and l such that akl(X*) ~ 0. There are two cases 
that have to be considered: 

Case 1: k = l > 1. 

Then x = el implies that X = k* and x = ek implies that X ~ X* This contradicts 
that X > 0 is independent of  x. 

Case 2: k ;~ l. 

Renumber such that k = 2 and 1 = 1. Assume a22(~k*) = 0 (if not, then case 1 applies). 
Then, x = el and x = e2 imply that X = X* Consider the state J with ~l, ~2 ~ 0 and 
Yj = 0 f o r j  = 3, . . . ,  n. Then X has to solve 

all(X).~l 2 + 2a21(X).~lo?2 + a22(~k))~22 = 0 

and X # X*, because 2a21(X*)~1~ 2 ~ 0. Hence, X depends on x, which is a contradiction. 

Corollary 4. If  the LQ bargaining game has a vector of  state variables x of dimension n 
equal to 1, then the Lagrange multiplier X > 0 is independent of state x at time t. 

Proof  If  n = 1, then X > 0 has to solve an(X ) = 0, and it is obvious that X > 0 is in- 
dependent of the state x at time t. �9 

If  the vector of state variables has a dimension n larger than 1, then the sufficient and 
necessary condition of the previous proposition will be violated in general, and, therefore, 
the Lagrange multiplier is a function of the state x at t. To illustrate this statement a relatively 
simple LQ bargaining game is analyzed with diagonal matrices with positive elements in 
Example 1 in section 4. Furthermore, it is not possible to derive the Lagrange multiplier 
as an explicit function of  the state x at time t, because X has to solve a polynomial of  a 
very high degree. The conclusion is that no equilibrium for quadratic value functions exists. 

Theorem 1. I f  the vector of  state variables has a dimension n larger than 1, and the suffi- 
cient and necessary condition of Lemma 1 holds, then, in general, no equilibrium for 
quadratic value functions exists. 
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The next proposition states that the sequence of disagreement controls for the LQ bargain- 
ing game found by applying Proposition 1 in general differs from the sequence of feedback- 
Nash (or Markov-perfect) equilibrium controls of the ordinary difference game (without 
the bargaining procedure). The reason is that in the bargaining game both players anticipate 
the proposing player's best joint strategy that will be agreed upon in the next period, while 
in the ordinary difference game such a best joint strategy is not anticipated. Hence, assum- 
ing that the equilibrium disagreement controls are the feedback-Nash (or Markov-perfect) 
equilibrium controls of the ordinary difference game (Houba and de Zeeuw 1991) will, 
in general, imply that the disagreement controls are not subgame-perfect in the bargaining 
game and that the bargaining outcome is then different from the bargaining outcome as 
derived in this section. 

Proposition 4. The disagreement controls in period t, given state x at t, differ from the 
feedback-Nash (or Markov-perfect) equilibrium controls for ordinary LQ difference games 
without bargaining, except for period tf - 1, and in case the feedback-Nash (or Markov- 
perfect) equilibrium is Pareto-efficient. 

Proof The quadratic value functions corresponding to the feedback-Nash equilibrium are 
denoted by V~(t, x) = �89 i = 1, 2, and the equilibrium controls u~Vi (t, x) and 
parameters K~(t) satisfy the same relations as udi(t, x) and Kd(t) in proposition 3.1, where 
Kb(t + 1) is replaced by K~(t + 1). For period tf - 1, it follows that Kb(tf) = K~(tf) 
= Q,, and, hence, ud(tf -- 1, x) = u~Vi(tf -- 1, X). Suppose that the disagreement outcome 
is Pareto-efficient in period t, then K b (t) = Kdi(t), because both players can secure their 
disagreement costs. If the feedback-Nash equilibrium is Pareto-efficient, then it can be 
shown by induction that Kd(t + 1) = K~(t  + 1), and, thus, Kb(t + 1) = K~(t  + 1) for 
all t E T. Consequently, udi(t, x) = u~(t, x) for all t E T. In case the feedback-Nash 
equilibrium is not Pareto-efficient, it is no longer true that Kbi(t + 1) = Kdi(t + 1) for 
each i = 1, 2, and therefore Kb(t + 1) ;~ K~(t + 1), t E T \ { t f  - 1} for at least one 
player. Hence, udi(t, x) ;~ u~(t, x), t E T \ { t f  - 1}. �9 

The remainder of this section is entirely devoted to LQ bargaining games that have a 
vector of state variables of dimension n equal to 1 and wraps up the results stated in Cor- 
ollaries 1, 2, and 4. These three corollaries imply that an equilibrium for quadratic value 
functions exists. 

Before stating the next theorem, the following remark should be made. Suppose that the 
disagreement outcome is Pareto-efficient (e.g., x = 0). In that case, the proposing player's 
best joint strategy ut(x) is equal to the disagreement outcome, and both players are indif- 
ferent between this best joint strategy and the disagreement outcome. From the equilibrium 
strategies above, it follows that both players agree on ut(x). However, many other 
equilibrium strategies exist, for instance, proposing a joint strategy that will be rejected, 
or rejecting when indifferent. Although many equilibrium strategies exist, all equilibrium 
costs coincide with the disagreement costs, and the bargaining behavior of the two players 
is irrelevant for the equilibrium costs. An equilibrium is called essentially unique iff the 
equilibrium costs are unique, although several SPE strategies may exist which support these 
equilibrium costs. The following theorem formulates the second main result of this section. 
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Theorem 2. If the vector of state variables x has dimension one, then there exists an essen- 
tially unique subgame-perfect equilibrium that is supported by the following equilibrium 
strategies. The proposing player in period t, given state x at t, proposes this player's best 
joint strategy ut(x) of Proposition 2, and the responding player accepts this proposed joint 
strategy. If  both players fail to reach an agreement, the disagreement controls ua(t, x) of 
proposition 1 will be used. In this equilibrium, players immediately agree, and the agreed 
upon joint strategy is Pareto-efficient. All value functions are quadratic. 

Renegotiation of agreements can be easily incorporated into the bargaining model. In 
case the two players have agreed upon a joint strategy, the bargaining continues as before. 
However, the assumption of binding agreements means that as long as they do not agree 
upon a new joint strategy both players have to implement the controls specified by the ex- 
isting agreement. It should be noted that the assumption of one bargaining round per period 
means that if players agree upon a joint strategy in period t, t fi T, then the first opportunity 
to replace this agreement is in period t + 1, and, therefore, the existing agreement's con- 
trois for period t have to be implemented in this period. Similarly, as in the analysis above, 
the value functions Vbi(s, x,  u t) and Vdi(s, x, ut), i = L 2, s = t + 1 . . . .  , tf - 1, are 
defined for the subgame in which the two players renegotiate an existing agreement u t E 
~t, t E T. Renegotiation of the agreement u t E ~t, t E T, is as if the two players are bargain- 
ing in a model with exogenously given disagreement controls from period t onwards, given 
state x at t. Therefore, 

1 2 r vdi(s, X, U t) = -~[Qix(s) + u i(s)Riui(S)] + vbi(s + 1, x,  ttt), 

for i = 1, 2, s = t + 1 . . . .  , tf - 1. Subgame perfectness requires that proposition 3.2 
be applied recursively in each period, in order to determine V~(s, x, ut), i = 1, 2, s = 
t + 1 . . . . .  tf - 1, starting with the bargaining phase of period tf - 1 and working 
backwards to the bargaining phase of period t + 1. Hence, every Pareto-inefficient agree- 
ment u t E ~t  reached at period t, t E T, will be replaced in period t + 1 by a new agree- 
ment. This new agreement is unique and Pareto-efficient, has quadratic functions, and is 
individually rational with respect to the existing agreement u t from period t + 1 onwards. 
Player i 's total costs of an agreement u t ~ ~t,  taking into account renegotiation, are equal 
to Ji(x, u t) = l [ Q i x ( t ) 2  + ui,(t)Riui(t) ] + vb( t  + 1, A X  + Bu(t) ,  d ) ,  i = 1, 2, given 
state x at t. 

The proof that renegotiation of agreements does not change the result of Theorem 2 uses 
backwards induction. Similarly, as in the analysis of the bargaining model without renegotia- 
tion, the value functions IT"/b(t, x) and ~'a(t, x), i = 1, 2, are defined for the bargaining 
game in which agreements can be renegotiated. It is trivial that ~,b (tf, x) = Qi = Vbl (tf, 
x) = 1, 2. Suppose V/b(s, x) = Vbi(s, x), i = 1, 2, s = t + 1, . . . ,  tf - 1, then proposi- 
tion 1 implies that ~'/a(t, x) = V~(t,  x), i = 1, 2. Subgame perfectness requires that the 
responding player accept every proposed joint strategy u t E ff, t i f f  JR(x, u t) < V~(t ,  x) 
and that the proposing player propose the joint strategy u t E ~t  that minimizes Jp(x,  ut), 
subject to this constraint. Let u *t ~ ~ t  denote this optimal joint strategy, then Ji(x, u *t) 
<- Ji(x, ut(x)) <- Vai(t, x), i = 1, 2, where ut(x) E ql t denotes the best joint strategy of 
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proposition 3.1. Because ut(x) is Pareto-efficient, it follows that Ji(x,  u *t) = Ji(x,  d(x)), 
i = 1, 2, and, therefore, d ( x )  is also an optimal joint strategy in the bargaining model 
with renegotiation. It should be noted that u *t may not be unique, but all u *t yield the 
same pair of equilibrium costs. Consequently, ~-b (t, x) = V b (t, x), i = 1, 2. Hence, in- 
troducing renegotiation does not change the results of the bargaining model. 

4. Two numerical examples 

In this section, two examples are treated in order to illustrate the results derived in the 
previous section. Example 1 illustrates that even for relatively simple matrices Ri, Qi, A,  
and B i the quadratic structure breaks down. This example belongs to the class of bargain- 
ing games in which the matrices E( t )  of Proposition 1 are regular and the conditions of 
Lemma 1 hold. Example 2 illustrates Theorem 2 and compares the equilibrium costs of 
the LQ bargaining game, in which player 1 starts the negotiations, and the LQ bargaining 
game, in which player 2 starts the bargaining process. Furthermore, this example is used 
to compare the feedback-Nash (or Markov-perfect) equilibrium of the ordinary difference 
game without bargaining with the two LQ bargaining games. It follows that player 2 is 
better off in the ordinary difference game than in the LQ bargaining game, in which player 
1 starts the negotiations. 

Example 1. Consider the convex linear-quadratic difference game with T = {0, 1} and 
with dimension n equal to 2: 

1 Iu [ 1  
Jl(u)  = ~t=o.1 ;(t) 0 

1 I u l  1 
0 

ul(t)  + x ' ( t  + 1)Ix(t + 1 + x'(O)Ix(O), 

with state transition 

x ( t  + 1) = Ix ( t )  + IUl(t ) + Iu2(t), t fi T, x(0) = [1, 1]' 

and no restrictions on the set of controls: 

u,(t)  E IR 2, i = 1 , 2 ,  t ~ T. 

Furthermore, it is assumed that player 2 is the proposing player in period 0, so that player 
1 is the proposing player in period 1. It will be shown that the value functions V b (1, x), 
i = 1, 2, are not quadratic in x, because X depends on state x in period 1. 
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The first step consists of computing the matrix Kd(1) in period 1. Each player i, i = 1, 2, 
solves the minimization problem 

1 
min ui(1)'Riui(1) + -~ [x(1) + Ul(1) + u2(1)]'[x(1) + Ul(1 ) + u2(l)]. 

ut(1)fiR 2 

Proceeding as in the proof of Proposition 1 yields 

Kd(1) = I + E - I ( 1 ) E - I ( 1 )  + E - I ( 1 ) R 2 1 E - l ( 1 ) ,  

where E(1) = I + R11 + R2 2. It follows that, 

E, ~ 1 E464 ~ 1 E(1) = 0 4 ~ 0 450 " 

In order to derive player l's best joint strategy the following optimization problem has 
to be solved: 

s.t. 

1 1 
m i n  ~u;(1)RlUl(1) + ~[x(1)  + u~(1) + u2(1)]'[x(1) + Ul(1) + u2(1)]. 
ulExI rl 

x'(1)Ka2(1)x(1) >_ x'(1)x(1) + u~(1)R2u2(1) + 

Ix( l)  + ul(1 ) + u2(1)]'[x(1 ) + Ul(1 ) + u2(1)]. 

Tedious calculations lead to 

K2(1) = 

3 + (}`2 + 5}` + 3) 2 + (2 + 3}`) 2 

(}`2 + 5}` + 3) 2 
0 ] 

1 + (2}` 2 + 4}` + 1) 2 + 4(1 + 2}`) 2 

(2}` 2 + 4}` + 1) 2 

The constraint J2(x, u 1) <- Vzd(1, x) has to be binding, because }` = 0 implies that 

,2,x ul, o 1 = x > x'Kdz(1)x. 
0 6 

Therefore, }` has to be solved from the equation x'[K2(1 ) - K2d(1)]x, which can be 
rewritten as 

(2}, 2 + 4X + 1)2(40013 + (2 + 3}`) 2] - 64(}` 2 + 5}` + 3)2)x~1 + 

(}`2 + 5}` + 3) 2 (40011 + 4(1 + 2}`) 2] -- 50(2}` 2 + 4}` + 1)2)X 2 = 0. 
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It is not possible to derive k > 0 as an explicit function of  x, because the polynomial 
in k is of fourth degree (and, in general, this degree rises as t goes backwards from 
tf - 1 to 0). And even if an explicit function k(x) could be stated, then substitution of 
k(x) into Ki(1), i = 1, 2, would not yield a nice value function vb(1, x) that could be used 
in the analytical derivation of V/d(0, x0). 

For x = el the equation in k becomes 

4X 4 + 40k 3 - 101k 2 - 180~ - 139 = 0, 

which has one positive solution, namely, k = 3.2204. 
Similarly, for x = e2 the equation in k becomes 

4k 4 + 4X 3 - 123X 2 - 126k - 39 = 0, 

which has one positive solution, namely, k = 5.5794. 
It follows that k depends on x, and the quadratic structure of the problem breaks down. 

Example 2. 

Consider the convex linear-quadratic difference game with T = {0, 1} and with dimension 
n equal to 1, 

1 2 1 Jl(u) = Et=0,1~[ul( t )  + x2( t + 1)] + x2(0), 

1 2 J2(u) = ~t=o,1 ~ [u2(t) + 2x2( t + 1)] + x2(O), 

with state transition 

x(t + 1) = x(t) + ul(t) + u2(t), t ~ T, x(0) = 1 

and no restrictions on the set of controls: 

ui(t) fi IR, i = 1, 2, t E T. 

A superscript * denotes the equilibrium actions of the LQ bargaining game, in which 
player 1 proposes at period 0 and player 2 proposes at period 1. Similarly, a superscript 
�9 * denotes the equilibrium actions of  the LQ bargaining game, in which player 2 proposes 
at period 0 and player 1 proposes at period 1. 

Consider the bargaining game in which player 1 proposes at period 0. The equilibrium 
disagreement controls at period 1, given state x, are 

U'd(1, X) = (--0.25X, --0.5X) with costs ((0.5625x z, 1.1875x 2) 
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and x(2) = 0.25x. Therefore, player 1 rejects every joint strategy u 1 fi ~1 if the corre- 
sponding costs J~(x, u 1) > 0.5625x 2 and accepts otherwise. Player 2's equilibrium pro- 
posal at period 1, given state x, is 

u*l(x) = (-0.3221x, -0.5322x) with costs (0.5625x 2, 1.1628x 2) 

and x(2) = 0.1457x. Player 1 accepts this equilibrium proposal. 
The equilibrium disagreement controls at period 0, given state x(0) = 1, are 

u'd(0, 1) = (-0.2528, -0.5225) with total costs (0.5603, 1.1952) 

and x(1) = 0.2247 and x(2) = 0.0327. Therefore, player 2 rejects every joint strategy 
u ~ E ~0 if the corresponding costs J2(1, u ~ > 1.1952 and accepts otherwise. Player l's 
equilibrium proposal at period 0, given state x(0) = 1, is 

u*~ = ((-0.2800, -0.5937), (-0.0347, -0.0736)), 

with total equilibrium costs 

J(1, u*~ = (0.5479, 1.1952) 

and x(1) = 0.1262 and x(2) = 0.0179. Hence, the unique equilibrium in which player 
1 proposes at period 0 implies immediate agreement on u*~ at this period. 

Next, consider the bargaining game in which player 2 proposes at period 0. The 
equilibrium disagreement controls at period 1, given state x, are again 

u**d(1, X) = (--0.25X, --0.5X) with costs (0.5625X 2, 1. 1875X 2) 

and x(2) = 0.25x. Therefore, player 2 rejects every joint strategy U 1 E XI t l  if the corre- 
sponding costs J2(x, u 1) > 1.1875x 2 and accepts otherwise. Player l ' s  equilibrium pro- 
posal at period 1, given state x, is 

u**l(x) = (-0.2794x, -0.5784x) with costs (0.5491x 2, 1.1875x 2) 

and x(2) = 0.1421x. Player 2 accepts this equilibrium proposal. 
The equilibrium disagreement controls at period 0, given state x(0) = 1, are 

U**d(0, 1) = (--0.2455, --0.5309), with total costs (0.5576, 1.2003) 

and x(1) = 0.2236 and x(2) = 0.0318. Therefore, player 1 rejects every joint strategy 
u ~ E ,/to if the corresponding costs Jl(1, u ~ > 0.5576 and accepts otherwise. Player 2's 
equilibrium proposal at period 0, given state x(0) = 1, is 

u**~ = ((-0.3110, -0.5603), (-0.0393, -0.0708)), 
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with total equilibrium costs 

J(1, u**~ = (0.5576, 1.1764) 

and x(1) = 0.1287 and x(2) = 0.0186. Hence, the unique equilibrium in which player 2 
proposes at period 0 implies immediate agreement on u**~ at this period. 

The feedback-Nash (or Markov-perfect) equilibrium can be found by applying Proposi- 
tion 1 twice. This yields the feedback equilibrium controls uU(1, x) = u*'l(1, x) = u**d(1, x) 
and 

uN(1, 0) = (-0.2632, -0.5263), with total costs J(1, u N) = (0.5596, 1.1911) 

and x(1) = 0.2105 and x(2) = 0.0526. If the feedback-Nash equilibrium controls uN(0, 1) 
are compared with equilibrium disagreement actions u*a(O, 1) and u**a(O, 1) (which are 
never used in the equilibrium), then it follows that the uN(0, 1) differs from u*'t(0, 1) and 
u**a(O, 1) which is in accordance with Proposition 4. The state variable x(1) has a higher 
value in the bargaining game (independent of who proposes first) than in the difference game. 

The example shows that for one of the two players the bargaining outcome may be worse 
than the feedback-Nash equilibrium of the ordinary difference game. For player 2, the 
equilibrium outcome of the bargaining game in which player 1 proposes in period 0 yields 
higher costs for player 2 than the feedback-Nash equilibrium outcome of the ordinary dif- 
ference game, namely, ./2(1, u*~ = 1.1952 > 1.1911 = ./2(1, uN(1)). Although the 
bargaining outcome in any subgame is individually rational with respect to the disagree- 
ment outcome, this result is due to the fact that the disagreement controls differ from the 
feedback-Nash equilibrium controls of the ordinary difference game. Player 2 cannot secure 
the feedback-Nash equilibrium costs of the ordinary difference game by announcing, for 
instance, the following strategy: "Reject any proposed joint strategy in period 0, propose 
a joint strategy in period 1 that will be rejected by player 1, and use the disagreement 
controls in both periods according to the feedback-Nash equilibrium of the ordinary dif- 
ference game." This announcement is not credible, because for every state x at period 
1 it is advantageous for player 2 to reconsider the announced strategy and propose this 
player's best joint strategy u*l(x) in period 1. Therefore, rational expectations imply that 
both players will not use the disagreement controls according to the feedback-Nash 
equilibrium of the ordinary difference game, but, instead, both players will use the disagree- 
ment controls u*~(1, x), i = 1, 2. Hence, the fact that player 2 lacks a credible commit- 
ment to refrain from bargaining in period 1 makes this player worse off than in the game 
without bargaining. Only if player 2 is able to disconnect all communication channels forever 
before the bargaining game starts could this player then secure the feedback-Nash- 
equilibrium costs of the ordinary difference game. This example shows that the introduc- 
tion of binding contracts and communication in the form of the bargaining process described 
in this article may not be beneficial for both players. 

5. Conclusion 

This article is a first step in integrating strategic bargaining into the framework of dif- 
ference games. The bargaining model introduced in this article integrates the alternating 
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offer model (Rubinstein 1982) into a difference game with a finite horizon. Each period 
consists of two phases, namely, a bargaining phase, in which one player proposes a joint 
strategy and the other player responds to it, and a phase in which the players either start 
to implement the contract (in case of an agreement) or unilaterally decide how to use their 
own controls in this period (in case of disagreement). This bargaining model takes into 
account the fact that in many (economic) situations the agents have to make decisions even 
if they are still in the process of negotiations with each other. For instance, all countries 
compete with each other on the world market and at the same time negotiate at the GATT- 
meetings. To take another example, wage bargaining between unions and employers' 
organizations does not stop the other processes in which workers and employers are involved. 

The subgame-perfect equilibrium strategies of the bargaining model are, in principle, 
found by backwards induction. The disagreement actions are not exogenously given, but 
endogenously derived in this process. An example is worked out in which multiple equilibria 
exist, where some of these equilibria are not Pareto-efficient. However, for linear-quadratic 
bargaining games with a state vector of dimension one, the equilibrium is unique and Pareto- 
efficient, and both players immediately agree. Furthermore, the equilibrium is analytically 
tractable. It is also shown that the quadratic structure breaks down in the case where the 
linear-quadratic difference game has a state vector with a higher dimension. Therefore, 
the equilibrium is not analytically tractable in this case, which means that one has to resort 
to numerical methods to solve the bargaining model. 

It is known from noncooperative game theory that equilibria are sensitive to the precise 
specification of the game. For instance, the alternating offer model (Rubinstein 1982) has 
a unique subgame-perfect equilibrium, while the simultaneous demand game (Nash 1953) 
has infinitely many, subgame-perfect equilibria. Therefore, it is important to investigate 
the robustness of the results obtained for linear-quadratic bargaining games that have a 
vector of state variables of dimension one. Adding more bargaining rounds in each period 
will not alter the results, because, for each bargaining round, the best joint strategy is found 
by recursively applying Proposition 2 to each bargaining round, starting with the last bargain- 
ing round and working backwards to the first bargaining round. The results of this article 
can be easily extended to the situation in which nature decides at every period which player 
proposes. The value functions of the bargaining phase become expected value functions, 
and the same conclusions hold as derived in this article. 

The assumption that players decide sequentially in each bargaining round is crucial for 
the results obtained. If decisions in each bargaining round have to be taken according to 
the simultaneous demand game (Nash 1953), then multiple subgame-perfect equilibria ex- 
ist, because the demand game itself has multiple equilibria. The disagreement controls 
of these equilibria also differ from the feedback-Nash (or Markov-perfect) equilibrium con- 
trols of the ordinary difference game. Furthermore, the arguments used in the wage bargain- 
ing models with endogenous strike decision Fernandez and Glazer 1991; Hailer and Holden 
1991) can be easily adapted to construct multiple other equilibria that may support Pareto- 
inefficient outcomes and delay. The bargaining model with an infinite time horizon (in- 
stead of finite) is likely to yield similar results, but this bargaining model has only been 
analyzed in the context of ordinary repeated games (Houba 1992). 

In this article, it is assumed that the bargaining model has a fixed order of proposals. 
This bargaining model and the alternating offer model (Rubinstein 1982) are not rich enough 
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to address the question as to why the players participate in the bargaining process and why 
they bargain in this particular order and not in some other order. Example 2 shows that 
this question should be raised, but it seems better to start with the relatively simple alter- 
nating offer model, and not with the bargaining model of this article. 

An open question is how the bargaining outcomes relate to the axiomatic bargaining out- 
comes that can be formulated for linear-quadratic games (e.g., de Zeeuw 1984; Ehtamo, 
Ruusunen, and HLm~il~iinen 1990). In these axiomatic bargaining models, the disagree- 
ment controls are exogneous and often equal to the feedback-Nash (or Markov-perfect) 
equilibrium controls. In the strategic bargaining model, disagreement controls are en- 
dogenous, and it is shown that these equilibrium controls differ from the feedback-Nash 
equilibrium controls, because players anticipate the outcome of the bargaining process. 
This result questions what the relevant disagreement controls are in the axiomatic bargain- 
ing models. Further research will be directed to relating strategic and axiomatic bargain- 
ing models. 

In many bargaining situations, agreements are not binding and agreements have to satisfy 
additional requirements in order to be self-enforcing (see, e.g., Tolwinski 1982; Haurie 
and Tolwinski 1984). In our view, self-enforcing means that an agreement has to be a pair 
of subgame-perfect equilibrium strategies in the ordinary difference game. Then, every 
LQ bargaining game (independent of the dimension of the state vector) has an essentially 
unique equilibrium, namely, the unique feedback-Nash (or Markov-perfect) equilibrium 
of the ordinary difference game. This latter result can also be found in Tolwinski (1982) 
and Haurie and Tolwinski (1984) in an axiomatic bargaining framework. 

The bargaining model of this paper is interesting, because it can handle bargaining situa- 
tions in which a dynamic model in state-space form plays a role. This is often the case, 
and further research will be directed to show the value of this bargaining model for economic 
analyses. 

Notes 

1. When mixed strategies are allowed, the results of this example break down. However, other examples can 
be constructed with subgame-perfect equilibria which are not Pareto-efficient. 

2. Without loss of generality, it is assumed that the responding player does not use mixed strategies to determine 
whether or not to accept. 

3. If n > 1, then this argument cannot be applied, because the product of two positive definite matrices is not 
necessarily positive definite. 
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